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ABSTRACT

INVESTIGATION OF THE INCOMMENSURATE (INC) PHASE BETWEEN
α AND β PHASES IN QUARTZ AND RELATED MATERIALS

Ateş, Simge

Ph.D., Department of Physics

Supervisor:

February 2021, 114 pages

Incommensurate (INC) phase as an intermediate sinusoidal phase which exists in a

narrow temperature range (∼ 1.3◦C) between the low-temperature α and the high-

temperature β phases in quartz, is investigated extensively. The phase transitions of

the α -INC and INC- β occurring as first order and second order type, respectively,

are studied using the experimental data from the literature. Order-disorder transi-

tion between the α and β quartz through the incommensurate phase is described by

temperature and pressure dependence of the experimentally measurable macroscopic

parameters in relation to the microscopic order parameter according to various mod-

els, mainly the Landau phenomenological model.

Our methods in this study form a guide to investigate crystals with similar phase

diagram with quartz as tridymite and cristobalite, and incommensurate phases in some

other materials with similar crystal structure to quartz such as NaNO2, K2SeO4 and

AlPO4.

Keywords: Landau Model, Phase Transitions, Incommensurate phase, Quartz
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ÖZ

QUARTZ VE İLGİLİ MALZEMELERDE α VE β FAZLARI ARASINDAKİ
INCOMMENSURATE FAZIN İNCELENMESİ

Ateş, Simge

Doktora, Fizik Bölümü

Tez Yöneticisi:

Şubat 2021 , 114 sayfa

Kuartzda düşük-sıcaklık α ve yüksek-sıcaklık β fazları arasındaki dar bir sıcaklık

aralığında (∼ 1.3◦C) var olan, bir ara (orta) sinüssel faz olarak incommensurate

(INC) fazı kapsamlı olarak incelenmektedir. Sırasıyla birinci ve ikinci derece tip ola-

rak görülen α -INC ve INC- β faz geçişleri, literatürdeki deneysel veriler kullanıla-

rak çalışılmıştır. α ve β quartz arasındaki incommensurate fazı üzerinden düzenlilik-

düzensizlik geçişi deneysel olarak ölçülebilen makroskopik parametrelerin sıcaklık

ve basınç bağımlılıklarını mikroskobik düzen parametresiyle ilişkilendirerek çeşitli

modellere, esasen Landau fenomenolojik modeline, göre tanımlanmaktadır.

Bu çalışmadaki yöntemlerimiz quartza benzer faz diyagramı olan tridymite ve cris-

tobalite gibi kristalleri ve NaNO2, K2SeO4 ve AlPO4 gibi quartza benzer kristal

yapısı olan bazı diğer malzemelerdeki incommensurate fazları incelemek için bir reh-

ber oluşturmaktadır.

Anahtar Kelimeler: Landau Modeli, Faz Geçişi, Incommensurate faz, Kuartz
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CHAPTER 1

INTRODUCTION

Phase transitions have a pivotal place in structural condensed matter physics. There-

fore, it is important to understand the concept of phase and phase transition from

classical to the catastrophic point of view. Although, there have been quite amount

of studies about the structural phase transitions both theoretically and experimentally,

there are still some unexplained processes especially in the vicinity of the transition

temperature.

Quartz is one of the most abundant crystalline on the earth and it is used in various

applications and technological device developments as in crystal oscillators, ultra-

sound devices, satellites and so on. Change in the thermodynamic parameters such

as pressure, temperature, volume and chemical replacement results in a change in

the crystal structure. Quartz exhibits a structural phase transition from α-phase to

β-phase through the incommensurate (INC) phase at around Tc = 573◦C. There-

fore, investigating quartz gives a lot information about crystal structure, nature of the

structural phase transitions, thermodynamic properties of the transition and the other

mechanisms occurring during the transition. In particular, INC phase needs more in-

vestigation. Since it is the intermediate phase, both α and β phases can coexist and it

shows properties of both phases [1].

On the basis of statistical mechanics and thermodynamics, there are many models

as Ising model and mean field theory that can explain the critical behavior of phase

transition around the critical point. For example, by the Landau phenomenological

model the changes in thermodynamic quantities during the transition can be investi-

gated, and the macroscopic observations of a system can be related to the microscopic

theories by defining an order parameter. With this method, it can be seen that very
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different structures seem to be similar around the critical point in terms of the order

parameter and the Landau energy which leads to explain their critical behavior. In

other words, investigating quartz with the Landau model can be a guide to understand

materials NaNO2, K2SeO4 AlPO4 and the like.

In this dissertation, the α − β phase transition through the incommensurate (INC)

phase of quartz is studied theoretically by mainly using the Landau phenomenolog-

ical model with the help of experimental data from the literature. Fourth power of

the tilt angle (φ4) is used as an order parameter in the calculation of the tempera-

ture dependence of the order parameter and susceptibility by means of the Landau

phenomenological model for the α − β transition in quartz [2]. The piezoelectric

resonance frequency (ν) is also used as an order parameter in the analysis of the tem-

perature dependence of the order parameter according to the power law formula for

the INC phase of quartz. In addition, anomalous strain is correlated to the piezoelec-

tric resonance frequency as an order parameter [3]. Resonance frequency shifts (∆ν)

are correlated to the elastic constants via spectroscopically modified Pippard relations

for the α − β transition in quartz [4]. Due to asymmetry, expansion of the Landau

model in terms of the order parameter with the cubic term is used to calculate the ther-

modynamic quantities at various temperatures [5]. Pseudo-spin (PS) coupling and the

energy fluctuation (EF) models are used to calculate the temperature dependence of

the damping constant (ΓLA) of the LA mode for the INC phase of quartz. By using

the power law analysis of the damping constant and frequency shifts (∆νLA), inverse

relaxation time (τ−1) and the activation energy (Ea) are predicted in the vicinity of

the INC phase of quartz. Close to the α-INC-β transition in quartz, heat capacity

CP is calculated as a function of temperature by renormalization-group expression

with the first order correction to the scaling term. Finally, the temperature depen-

dence of the order parameter (η) of the α-phase and the inverse susceptibility (χ−1)

of the α-INC-β transition in quartz are calculated by using free energy expansion of

the Landau phenomenological model in the absence and presence of the electric field.

The temperature dependence of the order parameter (ξ) and the inverse susceptibility

(χ−1) of the incommensurate (INC) phase of quartz are predicted.

Theoretical background of these calculations are given in the Chapter 2 and detailed

calculations by use of the experimental data from the literature are given in the Chap-

2



ter 3. In Chapter 4, discussions for the results of Chapter 3 results and some future

applications are expressed. Before passing to Theory chapter some introductory in-

formation about phase transitions and quartz material are given in this chapter.

1.1 Phase transitions

α-β transition in quartz is a structural-first order transition. But, with the introduction

of INC phase [1], classification of the α-INC-β transition in quartz includes a sec-

ond order transition between INC-β phases [6]. Before jumping into structural phase

transitions, some basic definitions should be made like phase and phase transitions.

Materials can show different mechanical, optical, electrical, etc. properties under dif-

ferent thermodynamic conditions despite having fixed chemical composition. These

different states of the matter which is uniform by means of thermodynamic parame-

ters like heat capacity, entropy and density in a macroscopic sense are the phases of

the material of interest. The equilibrium relationships between these phases are often

shown by graphical representations called phase diagrams which are mostly functions

of pressure, temperature and structural composition.

Figure 1.1: Schematic phase diagram for water.

Water is an every day example which shows three natural phases of the matter, that
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are solid, liquid and gaseous under specific conditions. For higher temperature and

pressure conditions there is also the fourth phase known as plasma. Schematic phase

diagram for water can be seen Fig1.1 at various pressures and temperatures. While

solid, liquid and gas phases of the pure substance can be found in areas separated

by the solid lines, both neighboring phases can coexists on these phase boundaries.

Critical point is the top of the liquid-steam equilibrium which means over a certain

temperature there is no any possibility of condensation via pressure. All three phases

can exists together on the triple point. Simply by changing temperature and pres-

sure conditions, change in the phase can be observed in the phase diagram which is

called the phase transition but this is not the only way of transitioning. To be sta-

ble, some solids exhibit phase transition without turning into liquid or gas instead

slightly changing the orientation of atoms like quartz crystal. Besides liquid-gas tran-

sitions, this could happen between the paramagnetic and ferromagnetic, ordered and

disordered, and conducting and superconducting phases. Phase transitions have been

classified based on thermodynamics (Ehrenfest [7], 1933), mechanism (Buerger [8],

1951) and kinetics (le Chatelier-Roy [9], 1973) over the time. The binary classifica-

tion, first order (discontinuous) and second order (continuous) phase transition, which

is the evolved version of Ehrenfest’s classification is used in this work. With in this

context, Landau phenomenological model can be used to investigate and explain both

type of the phase transition in the vicinity of the critical point, although it is mainly

suggested for the continuous phase transitions at first [10].

1.2 Silica Polymorphes and Phases of Quartz

The compound silica, SiO2, has 11 crystalline and 2 non-crystalline polymorphs.

Quartz is the only stable form of them at ambient conditions. If enough time is given

all other silica polymorphs will eventually be transformed into quartz. Other forms of

silica have special conditions like high pressure and temperature in order to be stable.

Pure silica phases under certain temperature and pressure conditions are given in Fig

1.2. At very high temperature and low pressure, silica takes liquid form as a stable

phase (yellow region on the diagram), and all the other parts are the solid phases.

Metastable states (e.g. moganite) and gaseous form which is above 2477◦C at normal

4



pressure are not shown in this diagram [11].

Figure 1.2: Phase diagram of silica schematically obtained from the observed data in

the literature [11].

Stishovite and Coesite are the high pressure phases of quartz and they are stable in the

earth’s mantle and crust respectively [12]. Low pressure phases Quartz, Tridymite and

Cristobalite have two forms as the low temperature-α phase and the high temperature-

β phase in terms of the stability whose transition temperatures are given in Table 1.1.

For tridymite and Cristobalite transition temperatures are outside of the stablity range

of the phases but this does not prevent the transition it still occurs [13]. α-quartz

Table 1.1: Transition tempratrures for the α-β transition of the low pressure phases

of silica

α-β transition Quartz Tridymite Cristobalite

Transition Temperature (◦C) 573 110-180 218 ± 2

is the most abundant form in ambient conditions and its transition to β-quartz has

been the focus of many studies since the discovery of α-β transition in quartz by

Le Chatelier (1889) [14]. Transition between α and β phases of quartz has been

investigated thermodynamically by measuring the heat capacity [1, 15], thermal dif-

fusivity [16], elastic constants and thermal expansion [17–20], dielectric constant and

5



thermal dilatation [21]. Additionally, the spectroscopic studies have also been con-

ducted by using Raman spectroscopy [22, 23], neutron [1, 24, 25], Brillouin [26, 27]

and light [28] scattering, experimentally. During these studies, the existence of an

intermediate region has been suggested as an heterogeneous structure where both

phases (α and β) can coexist [29, 30]. Afterwards, this intermediate region called

INC (incommensurate) phase due to the coupling of the order parameter to the elastic

strains [31] was proven experimentally [1]. Although INC phase occurs in a narrow

temperature interval (∼ 1.2 K), the critical behavior of the heat capacity was shown

during measurements of INC-β transition [32, 33]. Behavior of the acoustic phonons

in the INC phase of quartz was also studied experimentally [34].Then, piezoelectric

properties of α, INC and β phases of quartz were obtained [35]. INC phase of quartz

occurs in a relatively large and experimentable temperature interval with respect to

other crystallines with the INC phases, which makes the investigation of the INC

phase of quartz essential as well as interesting.
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CHAPTER 2

THEORY

In order to form a complete picture of α-INC-β transition in quartz, thermodynamic

motivations and types of phase transition are discussed and Landau phenomenological

model in relation to thermodynamic properties for the first and second order transition

is established in this chapter. The concepts of the soft mode and the critical exponents

are stated to support the Landau theory. Rippard relations, Grüneisen paramater and

damping constant are described to obtain relations between structural changes and

thermodynamic properties. Structure of α and β phases in quartz and its relation to

INC phase during transition are explained.

2.1 Thermodynamic Base of the Phase Transition

Stability of a Phase

Unstable materials undergo phase transition to achieve stability. Specific thermo-

dynamic conditions can refer specific states of the matter and stability of these states

can be explained by the entropy (S) change. Thermodynamic conditions of a state are

represented by a thermodynamic potential which is composed of the thermodynamic

variables of as pressure (p), temperature (T ), volume (V ) and amount of substance

(N ). The internal energy (U ), the Helmholtz free energy (F ), the Gibbs free en-

ergy (G), the enthalpy (H), and the grand potential (Ω) are five of the most common

thermodynamic potentials that give the equation of the state by Legendre transforma-
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tions [36]:

Internal Energy : dU = TdS − pdV + µdN

Helmholtz FreeEnergy : dF = −SdT − pdV + µdN

Gibbs FreeEnergy : dG = −SdT + V dp+ µdN

Enthalpy : dH = TdS + V dp+ µdN

GrandPotential : dΩ = −SdT − pdV −Ndµ

(2.1)

Each equation (Eq.2.1) gives information about the thermodynamic state and its sta-

bility under different constraints. Stability of the phase is directly related to the mini-

mum of these thermodynamic potentials. For a hypothetical transition without parti-

cle fluctuation (dN = 0), Gibbs Duhem stability condition of internal energy can be

written as,

∆U + p∆V − T∆S ≥ 0 (2.2)

where ∆ is the divergence of thermodynamic quantities from the equilibrium. Sta-

bility characterization of each thermodynamic potential with constant corresponding

thermodynamic variable (Eq.2.1) can be derived as in Eq.2.2. Stability also requires

maximum value of entropy (δS = 0 and δ2S < 0) with constant internal energy and

volume. By expanding ∆S close to the equilibrium as,

∆S = δS + (1/2)δ2S + (1/3!)δ3S + (1/4!)δ4S + ... (2.3)

where δn (n = 1, 2, 3...) nth order differentials, stability conditions can be defined

due to entropy. For maximum entropy conditions (δS = 0 and δ2S < 0), an equilib-

rium is called stable, if ∆S < 0 (Eq.2.3). If δ2S > 0, it is a violation of maximum

entropy conditions and the state is unstable. Despite satisfying the maximum en-

tropy conditions, some states violate stability condition and have ∆S > 0 which is a

metastable equilibrium. Metastability is kind of an intermadiate phase that shows the

thermodaynamic possibility of incommensurate phase [37]. Unstable and metastable

materials eventually undergo a phase transition to be more stable and this transition

can show different effects on thermodynamic quantities according to its order.
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Classification of Phase Transitions

Discontinuities of thermodynamic state quantities are one of many evidences of phase

transitions and Paul Ehrenfest classified phase transition due to these discontinuities

as first and second order [7].First order derivative of the state functions in terms of

state variables (Eq.2.1) gives the observables as volume, pressure or temperature,

nonobservable entropy or relation to the other type of energy as enthaply. Crystals

are like a closed box,therefore there is no particle fluctuations (dN = 0). By defining

the state variables as temperature and pressure, governing thermodynamic potential

becomes Gibbs free energy whose first order derivatives are given in Eq.2.4.

S = −
(
∂G

∂ T

)
p

, V =

(
∂ G

∂p

)
T

, H = −T
(
∂G

∂T

)
(2.4)

Second order derivative of the state functions (Eq.2.1) gives thermal response func-

tion, heat capacity (Cp), and mechanical response functions isothermal susceptibil-

ity (χT ), isothermal compressibility (κT ) and thermal expansivity (αP ) by means of

Maxwell relations.

Cp = T

(
∂2G

∂T 2

)
p

= T

(
∂S

∂ T

)
p

κT = − 1

V

(
∂2G

∂p2

)
T

= − 1

V

(
∂V

∂p

)
T

αp =
1

V

(
∂2G

∂T∂p

)
=

1

V

(
∂V

∂T

)
p

(2.5)

Thermodynamic classification of phase transition is defined by the order of discon-

tinuous derivative of the state functions of the phase (Eq.2.1) in terms of the state

variables. If the discontinuity is on the first order derivative, it is called first order

(discontinuous) phase transition (Eq.2.4). If the discontinuity is on the second order

derivative, it is called second order (continuous) phase transition (Eq.2.5) which

means that the lowest order discontinuous derivative of the thermodynamic potential

determines the type of transition. A latent heat is also involved in first order phase

transitions. Latent heat is the change in the enthalpy (Eq.2.1) and under constant

pressure latent heat of a first order transition can be written as,

L = ∆STtr (2.6)
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where Ttr is the transition temperature. Possible higher order transitions are called

multicritical transitions according to Ehrenfest or λ-transitions due to the λ shaped

temperature dependence of the heat capacity which includes the second order (con-

tinuous) phase transition later on. Thermodynamic quantities for the first and second

order transitions are given in Figures 2.1 and 2.2, respectively. The step ∆S in the

entropy graph is corresponding to the latent heat (Eq.2.6) of the first order transition.

Figure 2.1: 1st order phase transition representations for the thermodynamic potential

(G), external state function S (Eq.2.4) and thermal response function Cp (Eq.2.5) in

the vicinity of the transition temperature (Tm) [38].

Figure 2.2: 2nd order phase transition representations for thermodynamic potential

(G), external state function S (Eq.2.4) and thermal response function Cp (Eq.2.5) in

the vicinity of the transition temperature (Tm) [38].

Thermodynamic classification of the phase transition is important to understand the

transition behavior without dispute, but it is only one aspect and sometimes it is in-

sufficient to describe all the transitions in that matter. Transitions can result with a

new physical property as ferroelectricity, ferromagnetism or superconductivity due to

the change of symmetry, structure or order. These type of transitions can be classified

as structural phase transitions.
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2.2 Structural Phase Transitions

During phase transitions, besides the change in the thermodynamic quantities, solid

state materials exhibit some structural change as distortion in the crystal structure,

breaking of the symmetry , and change in the interatomic distance etc. Hence, it

is called structural phase transition and classified as reconstructive and displacive

transitions by Buerger due to the transition mechanism [8].

Figure 2.3: Reconstructive transition from graphite to diamond [39].

Reconstructive transition is a result of major rebuilding of chemical, crystallographic

or both structures by diffusion. Therefore, it is also known as diffusional transi-

tion [40]. Characteristically, it involves the breaking of interatomic primary or sec-

ondary bonds and there is no group-subgroup relationship between parent and product

phases. Transition of graphite to diamond by forming new bonds (Fig.2.3) is an ex-

ample of reconstructive transition which requires significant amount of energy and

time, so also referred as sluggish transition. Quartz-cristobalite transition is also a

reconstructive transition example.

Displacive transition is a result of lattice distortion by dilatation or rotation due to

the collective movements of atoms without changing the chemical composition and

net symmetry of material. Unlike reconstructive transition, parent and product phases

have a group-subgroup relationship, and it is a rapid transition due to the lack of

diffusion. Ferroelectric- paraelectric and low(α phase)-high (β phase) quartz transi-

tions are the examples of the displacive transitions. Rotational changes of perovskite

structures as an example of displacive transition are given in Figure 2.4. If the given
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Figure 2.4: Unitcell of perovskite structures with ABO3 general formula (a) and

structural change due to rotation of φ (b) [37].

perovskite structure is BaTiO3, cubic symmetry of high temperature paraelectric

phase reduces into tetragonal symmetry with decreasing temperature which results

with the ferroelectricity due to the distortion of polyhedra and displacement of ionic

elements. If the given perovskite structure is SiT iO3, it experiences the same symme-

try change without ferroelectric properties. These type of transitions are also called

order-disorder transitions.

There are also transitions without structural change like superfluid transition of liq-

uid helium below 2.17K and superconductor transitions of some metallic and organic

compounds below certain temperatures [37]. Covering the generalization and cate-

gorization of all types of phase transition in all types of materials is a quite extensive

topic and it is hard to express all of them in this study. Due to the displacive character

of α-INC-β transition of quartz, structural transition requires further attention. Prop-

erties of structural phase transitions can be investigated by using the Landau theory

in addition to the soft mode concept.

2.3 Landau Phenomenological Model

Landau phenomenological theory was first suggested for the second order (continu-

ous) phase transitions [41] to describe the transition mechanism in the vicinity of crit-
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ical transition region. Along with the indication of feasibility for the first order [10]

and the other types of transitions as reconstructive [42], superfluid [43] transitions

and so on, it becomes the modern theory of phase transition. By means of statisti-

cal mechanics, investigation of a phase transition and behavior of a system during the

transition requires to study microscopic interactions like exchange and dipole interac-

tions of a magnetic system, pairing interactions of a superconductor or Coulomb and

Van der Waals interaction of a structural transition. These atomic level calculations of

the partition function eventually give information about the macroscopic system by

relating to the thermodynamic variables. Without any need to these microscopic cal-

culations, Landau phenomenological model gives a general understanding of phase

transitions by defining an order parameter that is related to the change in the system.

The change is the symmetry change for structural transitions which is the founda-

tion of universality concept. Since, chemically and physically different systems with

similar symmetries show quite similar characteristics within the Landau theory.

Starting point of the Landau theory is the order parameter and Landau potential re-

lation in the vicinity of transition. Therefore, it is important to define a proper or-

der parameter for the transition. Order parameter is an extensive physical quantity

which occurs in the ordered (low symmetry) phase and vanishes in the disordered

(high symmetry) phase. Different types of transitions have different order parame-

ters. In paramagnetism-ferromagnetism transition it can be the magnetization m, in

paraelectricity-ferroelectricity transition it can be the polarization p and in displacive

transitions, it can be the tilt angle φ or distance between atoms η or ξ [37]. In this

study, generalized macroscopic order parameter Q will be used for integrity of the

study and to show multiple possible relation to different properties.

Order parameters of some structural transitions like α-INC-β transition in quartz, are

defined by active irreducible representations (irreps) of parent phase due to the group-

subgroup relation to the product phase. Stability of low symmetry phase is driven by

a single active irrep of the high symmetry phase which turns into the order parameter

of low symmetry phase by becoming nonzero in this phase. To define this type of

order parameters (active irreps), space groups of at least one of the low and high sym-

metry phases should be known and the other should be confined to a small number

of possible space groups [44]. As parent β phase has P6421 space group representa-
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tion, α phase has P3222 space group representation as product during cooling from

β phase, which satisfies the group-subgroup relation.

After definition of the proper order parameter (Q), Landau free energy and order

parameter relation can be constructed. Landau free energy is a continuous function

of the order parameter and transition drivers, temperature or pressure, through the

transition like thermodynamic potentials Gibbs (G) and Helmholtz (F ) free energies.

Hence both notation F and G can appear as the Landau free energy during calcula-

tions. Since it is continuous, excess free energy due to transitions is infinitesimal in

the vicinity of transition.The order parameter is also quite small and approaches zero

close to the transition. Therefore, Taylor series expansion of the Landau free energy

in terms of order parameter can be written as,

G(Q, T, P ) = αQ+
1

2
βQ2 +

1

3
uQ3 +

1

4
bQ4 +

1

5
γQ5 +

1

6
cQ6 + ... (2.7)

where α, β, u, b, γ and c are the Landau coefficients which could depend on pressure

and temperature. Under constant pressure condition, transition is driven by tempera-

ture change and symmetry changes are observed around the critical temperature Tc.

The linear term (αQ) generally refers to the coupling of order parameter to an ex-

ternal field and it is zero (α = 0) in the absence of that external field. Equilibrium

conditions due to minimization of Landau free energy are expressed as,(
∂G

∂Q

)
= 0,

(
∂2G

∂Q2

)
> 0 (2.8)

With the vanishing of the order parameter (Q = 0) in the high symmetry (disorder)

phase, equilibrium conditions of the transition (Eq.2.8) suggest positive and temper-

ature dependent β which changes sign at the transition temperature (T = Tc).

β = a(T − Tc) (2.9)

where a is a positive constant. Sign of β determines whether the phase is low tem-

perature phase (β < 0) or high temperature (β > 0) phase. As a result Landau free

energy takes the form of

G(Q, T ) =
1

2
a(T − Tc)Q2 +

1

3
uQ3 +

1

4
bQ4 +

1

5
γQ5 +

1

6
cQ6 + ... (2.10)

Classification of phase transition by Landau model is divided into two as symmetric

and asymmetric cases. In symmetric case, Landau free energy remains unchanged
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under inversion and reflection as shown in,

G(Q) = G(−Q) (2.11)

Therefore, symmetry considerations of transition (Eq.2.11) does not allow the odd

order terms which leads to free energy to its classic form

G =
1

2
a(T − Tc)Q2 +

1

4
bQ4 +

1

6
cQ6 + ... (2.12)

Minimizing symmetric free energy at the transition temperature gives the informa-

tion about the order of the transition. In the symmetric case, quadratic term (with

respect to Q2) is dominant and sign of this term is deterministic. Under appropriate

conditions, positive quadratic term (b > 0) induces second order transition, negative

quadratic term (b < 0) induces fist order transition in the sense of Ehrenfest classifi-

cation. However, presence of odd order terms bring asymmetry and discontinuity. In

the asymmetric case, cubic term becomes dominant and transition is first order with

a latent heat due to discontinuity.

Symmetric case with positive quadratic term (b > 0)

In the presence of positive quadratic term (b > 0), sixth order term can be neglected

(c = 0) which leads to the second order transition with a continuous order parameter.

G(Q, T ) =
1

2
a(T − Tc)Q2 +

1

4
bQ4 (2.13)

Minimization of the reduced Landau free energy of Eq.2.13 (∂G/∂Q = 0) gives, the

root of Q = 0 and nonzero roots of order parameter (Q) as

Q = ±
[a
b

(Tc − T )
]1/2

(2.14)

Combining Eqs. 2.13 and 2.14, Landau free energy of second order transition be-

comes,

G = −1

4

a2

b
(T − Tc)2 (2.15)

Continuous behavior of the order parameter (Fig.2.5) implies the transition is of

second order. Two deeps in the low temperature (ordered) phase (T < Tc) in Fig.2.5

which are represented by the two identical free energy, can be related to the twinning
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Figure 2.5: Order parameter dependence of Landau free energy (a) and temperature

dependence of order parameter (b) for a second order transition

structures of the low temperature α-phase of quartz. Since temperature dependence of

the free energy is obtained (Eq.2.15) in relation to Eq.2.14, thermodynamic quantities

can be deduced by taking first and second order derivatives of the free energy as in

Eqs. 2.4 and 2.5. The enthalpy H of the transition is deduced as

H = −1

2
aTcQ

2 +
1

4
bQ4 (2.16)

as a function of order parameter for a second order transition. Excess entropy S of

the transition can be subtracted as

S = −1

2
aQ2 (2.17)

which is a continuous function of order parameter for given conditions of the second

order transition. Heat capacity is a characteristic parameter for the second order tran-

sition where the discontinuity occurs. The excess heat capacity Cp can be derived as

Cp = T

(
∂S

∂ T

)
p

=
1

2

a2

b
T (2.18)

at constant pressure. Since there is no order paramter (Q = 0) in the disordered

phase, it also refers the jump in the heat capacity (∆Cp) as discontinuity. However,

in most experimental examples it is not like a step discontinuity but a divergent λ

shape discontinuity. As a result, Landau model should be supported by fluctuations

around the critical point.
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Symmetric case with negative quadratic term (b < 0)

In the presence of negative quadratic term (b < 0), positive sixth order term (c > 0)

become necessary due to symmetry and transition is called the fist order transition

with a latent heat. By minimizing Landau free energy

G =
1

2
a(T − Tc)Q2 +

1

4
bQ4 +

1

6
cQ6 (2.19)

for the first order transition, temperature dependence of the order parameter can be

obtained as

Q2 =
−b±

√
b2 − 4ac(T − Tc)

2c
(2.20)

with the zero root Q = 0 describing the disordered phase. For the first order tran-

sition, transition temperature Ttr is higher than the critical temperature Tc. At the

transition temperature, Q can be equal to zero and Q0 (change from zero during tran-

sition)

Q0
2 =
−b±

√
b2 − 4ac(Ttr − Tc)

2c
(2.21)

to form an equilibrium between the ordered and disordered phases which is also

shown in Fig.2.6. Discontinuity of the order parameter can easly be seen in Fig.2.6 at

Ttr as an indication of the first order transition.

Figure 2.6: Order parameter dependence of the Landau free energy (a) and tempera-

ture dependence of order parameter (b) for a first order transition.

At the transition temperature where Q = ±Q0, both G = (±Q0)

0 =
1

2
a(Ttr − Tc) +

1

4
bQ0

2 +
1

6
cQ0

4 (2.22)
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and the first order derivative of G with respect to the order parameter

0 = a(Ttr − Tc) + bQ0
2 + cQ0

4 (2.23)

become zero by using Eq.2.19. Solving Eqs. 2.22 and 2.23 gives the expressions for

Q0
2 and Q0

4 as

Q0
2 =
−4a

b
(Ttr − Tc), and Q0

4 =
3a

c
(Ttr − Tc) (2.24)

where Ttr takes the form of

Ttr = Tc +
3b2

16ac
(2.25)

Eq.2.24 shows that strength of the first order transition is directly related to the coef-

ficent of qaudratic term. Since b < 0, decreasing b increases the gap between critical

and transition temperatures as well as discontinuity. By combining Eqs. 2.24 and

2.25 the change of the order parameter can be expressed as

Q0
2 = −3b

4c
(2.26)

which is a constant at the transition temperature. As a result, thermodynamic quan-

tities enthalpy and excess entropy of the first order transition can be expressed as

H = −1

2
aTcQ

2 +
1

4
bQ4 +

1

6
cQ6 (2.27)

and

S = −1

2
aQ2 (2.28)

respectively, in the same way as the second order. Latent heat of a first order transition

is defined as the change in the enthalpy at the transition temperature and constant

pressure, which can be written as

L = −1

2
aTtrQ0

2 (2.29)

That is also defined over entropy as L = ∆STtr due to the jump in the entropy of first

order transition.

Asymmetric case with the cubic term (u > 0)

Asymmetric case involves the odd order terms to the classic form of free energy.

Adding only the cubic term is effective enough to show the characteristics of tran-

sition and positive quadratic term (with respect to Q2) is necessary to maintain the
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continuity of the free energy during transition.

G(Q, T ) =
1

2
a(T − Tc)Q2 +

1

3
u|Q|3 +

1

4
bQ4 (2.30)

Applying equilibrium condition of the first order transition (G(Q) = G(0)) to the

Eq.2.30 gives

0 = 6a (T − Tc) + 4u |Q|+ 3bQ2 (2.31)

with the roots of

Q1,2 = −2u

3b

{
1±

[
1− 9ab

2u2
(T − Tc)

]1/2
}

(2.32)

Due to the nonzero order parameter at the transition temperature, the difference be-

tween Ttr and Tc can be deduced from 2.32 as

Ttr − Tc =
2u2

9ab
(2.33)

Combining Eqs. 2.32 and 2.33 results with

Q = −3a

u
(Ttr − Tc)

{
1±

[
1− (T − Tc)

(Ttr − Tc)

]1/2
}

(2.34)

and at the transition temperature T = Ttr, this gives a constant order parameter Q0 as

Q (T = Ttr) = Q0 = −3a

u
(Ttr − Tc) (2.35)

and Q (T = Tc) = 2Q0 at the critical temperature T = Tc, where the first order

transition starts. Minimizing free energy (2.30) with respect to the order parameter as

in the previous part, gives

0 = a (T − Tc) + u |Q|+ bQ2 (2.36)

with the root of

Q1,2 = − u

2b

{
1±

[
1− 4ab

u2
(T − Tc)

]1/2
}

(2.37)

By inserting Eqs. 2.33 and 2.35 into the Eq.2.37, the temperature dependence of the

order parameter can be rewritten as

Q =
3

4
Q0

{
1 +

[
1− 8

9

(T − Tc)
(Ttr − Tc)

]1/2
}

(2.38)
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In order to deduce the thermodynamic quantities in the asymmetric case for the first

order transition, free energy with the qubic term (Eq.2.30) and the temperature de-

pendence of the order parameter (Eq.2.38) can be combined. Enthalpy and excess

entropy of the transition can be obtained as

H =
1

2
aTcQ

2 +
1

3
u|Q|3 +

1

4
bQ4 (2.39)

and

S = −1

2
aQ2 (2.40)

respectively. Since this is a first order transition, accompanying latent heat due to

entropy change is

L = −1

2
aTtrQ0

2 (2.41)

The order parameter dependence of the excess entropy has the same formulation for

all transitions (Eqs.2.17, 2.28 and 2.40), that shows the ciritcal behavior of the transi-

tion is governed by the order parameter. In addition, the inverse susceptibility of the

phases can be defined as

χ−1
Q =

∂2G

∂Q2
(2.42)

which gives information about the types of transitions close to the transition temper-

ature as a response function.

Although Landau model gives the general picture about the phase transitions and

their thermodynamic interpretations as shown up to this point, close to the critical

region it needs to be supplemented by considering displacive nature of the transition

as microscopic fluctuations with the soft mode concept and critical exponents.

2.4 Critical Exponents

Power laws are suggested to simplify problems which include a great number of de-

grees of freedom within a correlation length ξ as in the critical phenomena and quan-

tum field theory. During phase transition, correlation length ξ gets larger close to

the critical point (transition temperature) and becomes infinite at the critical point.

So, the system parameters and functions such as the order parameter, specific heat,

susceptibiliy etc. show some rapid changes or jumps close to the critical point. By
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the definition of the proper order parameter (Section2.3), critical behavior of a sys-

tem close to the transition temperature due to discontinuities or singularities, can be

expressed by the power laws

jump ∼ constant(−t)critical exponents (2.43)

where t is the dimensionless reduced temperature as

t =
T − Tc
Tc

(2.44)

which shows divergence from the critical temperature Tc [45]. From this point on,

temperature dependence of the order parameter can be written as

Q ∼ (T − Tc)β (2.45)

in the vicinity of the transition and β is the critical exponent of the order parameter.

In Section 2.3 for the symmetric second order transition, temperature dependence of

the order parameter was obtained as Q = ±
[
a
b
(Tc − T )

]1/2 (Eq. 2.14). By setting

Q = 1 at T = 0, it becomes

Q =

(
Tc − T
Tc

)1/2

(2.46)

with b
a

= Tc and critical exponent β = 1/2 below the transition temperature for the

Landau model. Under these conditions, Eq.2.15 takes the form of

G = − b
4

(
Tc − T
Tc

)2

(2.47)

By using the above equation, the inverse isothermal susceptibility (mechanic response

function) derived from Eq.2.42 ig given by

χ−1 =
∂2G

∂Q2
= − b

2

(
Tc − T
Tc

)
(2.48)

with the critical exponent γ = 1 from the Landau model. Other critical exponents

can be derived in the same way or by using different models such as Ising model or

spherical model. This is a simple example of scaling and renormalization for classical

theories. Critical exponents for different parameters are given in Table 2.1 [45].

Very different systems can have the same critical exponents close to the transition,

which is called the universal critical behavior. Systems with the same critical ex-

ponents and scaling can be assigned to the same universality class. Scaling is set
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Table 2.1: List of the critical exponents

Critical

exponent

Property Classical Theories Ising model

(d = 2)

Ising model

(d = 3)

α Specific heat 0 0 0.110

β Order parameter 1/2 1/8 0.325

γ Response function 1 7/4 1.24

ν Correlation term 1/2 1 0.64

δ Critical isotherm 3 15 4.82

of rules to relate the critical exponents and was presented by different scientists as

Stanley, Kadanoff and Fisher independently [46]. When the experimental results for

critical exponents showed dissimilarities from the calculated ones, necessity for the

more precise theory occurred. To solve this problem, Wilson suggested renormaliza-

tion group theory which includes the transformation of the system Hamiltonian by

mapping the critical point onto a fixed point [47]. Introduction of the renormalization

group theory brings an update the scaling laws. Scaling rules of Rushbrooke, Widom

and Griffiths can be constructed by using correlation function and dimensional analy-

sis with the renormalization group theory. Rusbrooke’s scaling law is given as [37,45]

α + 2β + γ = 2 (2.49)

by relating critical exponents. Fisher also renormalized the critical exponents as

αR = − α

1− α
and γR =

γ

1− α
(2.50)

where αR and γR are renormalized critical exponents of real systems due to hidden

variables [48, 49]. Thermodynamic properties can be expressed over renormalization

group theory by means of the approximated free energy. The renormalization group

expression for the specific heat can be written as

Cp = A±|t|−α
(

1 +D±|t|∆
)

+B (2.51)

where α is the critical exponent and ∆ = 0.5 with the constantsA±, D± for above and

below Tc and the constant B. First order corrections are implemented to scaling term

[47,50]. Soft mode related fluctuations of the α-INC-β transition can be investigated

with the above expressions of renormalization group.
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2.5 Soft Mode Concept

In displacive transitions, atoms or ions change their positions or orientations which

distorts lattice dynamics with specific vibrational phonon modes. These phonon

modes can be optical modes of the zone center or acoustic modes of the zone bound-

ary. Phonon frequency of these modes decreases as getting closer to the transition

region, that is called softening of the phonon mode, and it becomes zero (frozen) at

some point which induces the transition. After the transition, for stabilization soft

optic modes come to a new dynamic equilibrium, zone center transition, while soft

acoustic modes become a new zone center by folding, zone boundary transition. Re-

lation of soft modes to the Landau model is given by [51]

ω2 ∝ χ−1 (2.52)

where ω is the soft mode frequency and χ−1 is the susceptibility with the formula

χ−1 =
∂2G

∂Q2
=
∂H

∂Q
(2.53)

over the free energy and enthalpy.

Besides the explanation of structural phase transition, soft mode concept is important

to explain the existence of the incommensurate phase of quartz between α and β

phases. During the α-β transition in quartz, a heterogeneous structure was observed

due to the coexistence of phases and it was defined by the coupling of the transverse

acoustic (TA) modes with the soft modes [32].

In relation to the soft mode frequencies, Pippard relations and Grüneisen parameter

give another way to relate lattice dynamics to the thermodynamic properties to see

the compatibility of the used models.

2.6 Pippard Relations

Pippard relations can be suggested to relate the thermodynamic and elastic properties

in the vicinity of a transition temperature Tλ (λ point) by assuming the entropy surface

as a cylindrical surface [52]. By means of this cylindrical approximation, entropy can
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be expressed in terms of pressure p and temperature T close to Tλ

S(p, T ) = S0 + aT + f

[
T

(
dp

dT

)
λ

− p
]

(2.54)

where S0 and a are constants and λ notation is due to the λ like shape of specific heat

(Cp) close to the transition. By using Eq.2.54, the relation between specific heat (Cp)

and thermal expansion (αp) the first Pippard relation can be derived in the form of

Cp
T

= V αp

(
dp

dT

)
+

(
dS

dT

)
V

(2.55)

where V is the volume. By using Eq.2.54, the relation between thermal expansion,

αp ≡
(

1
V
dV
dT

)
p

and the isothermal compressibility κT ≡ −
(

1
V
dV
dp

)
T

as the second

Pippard relation can be derived in the form of

αp =

(
dp

dT

)
κT +

1

V

(
dV

dT

)
(2.56)

This Pippard relation will be used to form the relationship between the vibrational

modes and elastic constants of the α-INC-β transition in quartz with the Grünesien

parameter.

2.7 Grüneisen Parameter

Güneisen parameter (γ) can be defined both macroscopically in terms of termody-

namic properties with the quasiharmonic approximation and microscopically by the

vibrational frequencies and atomic motion. For the same material, both definitions

should refer to the same dimensionless value which gives the way to correlate struc-

tural dynamics to the thermodynamic properties. The mode Grüneisen parameter can

be defined as

γ = −V
ν

(
dν

dV

)
(2.57)

in terms of vibrational frequency (ν) and specific volume (V ) [53]. At a constant

pressure, the isobaric mode Grüneisen parameter (γp) can be generated from Eq.2.57

by its temperature dependence as

γp = −
V (∂ν/∂T )p
ν (∂V/∂T )p

= −
(1/ν) (∂ν/∂T )p

αp
(2.58)
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where αT ≡ 1
V

(
∂V
∂T

)
p

is the isothermal expansion. Similarly, at a constant tempera-

ture, the isothermal mode Grüneisen parameter (γT ) can be generated from Eq.2.57

by its pressure dependence as

γT = −V (∂ν/∂p)T
ν (∂V/∂p)T

=
(1/ν) (∂ν/∂p)T

κT
(2.59)

where κT ≡ − 1
V

(
∂V
∂p

)
T

is the isothermal compressibility. For both forms of the

mode Grüneisen parameter, ν can be related to the piezoelectric resonance and soft

mode frequencies can be predicted for the α-INC-β transition in quartz which is the

next part of our study.

2.8

a. Damping Constant

The soft mode relation to the structural transition was mentioned in the Section 2.5.

Coupling of the soft optical mode to the transverse acoustic mode and its relation

to the order parameter was shown for the α-INC-β transition in quartz by neutron

scattering measurements [6, 54]. Evidently, temperature dependence of the damping

constant (linewidth) of these phonon modes can be investigated by coupled models.

Foundation of this pseudospin- phonon interaction was first described over the damp-

ing constant Γ(kν, ων) as a function of the wave vector (k) and the peak frequency (ω)

of νth phonon by Matsushita [55].The Lorentzian shaped dynamic scattering function

S(q, ω) ,with the pseudospin wave vector q, can be used to find the FWHM (full width

at half maximum) which was related to the damping constant over an integration of

all q in the Brillouin zone (BZ) as

Γ(kν, ων) ≈ A

∫
BZ

S(q, 0)dq (2.60)

where A is a proportionality constant with the slight temperature dependence and

ω ≈ 0 due to the Debye type behaviour of S(q, ω ≈ 0) below the critical temperature

[56]. Calculation of the integral in Eq.2.60 for KDP (K2PO4 is a crystalline which

undergoes structural phase transition with the vibrational behavior) type of crystals,

leads to the temperature dependence of the damping constant close to the transition
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temperature Tc as

Γsp ≈ A(1−Q2)ln

(
Tc

T − Tc(1−Q2)

)
(2.61)

where Q is the order parameter [57]. This approximate relation can be expressed as

Γsp = Γ0
′
+ A

′
(1−Q2)ln

(
Tc

T − Tc(1−Q2)

)
(2.62)

where Γ
′
0 and A′ are background damping constant and the magnitude, respectively,

and Eq.2.62 can be called as the pseudospin-phonon coupled (PS) model.

Another model for the calculation of the temprature dependence of the damping con-

stant (Γsp) was suggested for the pseudospin-phonon coupled systems, by taking into

account the energy fluctuations due to the phonon frequency shifts [58]. The mode

frequency shifts of the phonon modes result in the broadening of the linewidths [56],

which leads to the simplified damping constant as

Γsp ≈
(

T (1−Q2)

T − Tc(1−Q2)

)1/2

(2.63)

As in the previous model, this approximate relation for the linewidth of the pseudospin-

phonon coupled system close to Tc can also be expressed as

Γsp = Γ0 + A

(
T (1−Q2)

T − Tc(1−Q2)

)1/2

(2.64)

where Γ0 and A are background damping constant and the magnitude, respectively,as

before and Eq.2.64 can also be called as the energy fluctiation (EF) model.

b. Relaxation time

The inverse relaxation time of a pseudospin-phonon coupled system for the relaxation

of the soft modes can be expressed as

τ−1 =
ω2

Γ
(2.65)

and, both PS and EF models can be used to describe the damping constant (Γ). Tem-

perature dependence of the relaxation time according to the Arrhenius law can be

written as

τ = τ0exp

(
− Ea
kBT

)
(2.66)
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where τ0, Ea and kB are the attempt relaxation time, activation energy and the Boltz-

mann constant, respectively. Eq.2.66 can be rewritten in the logarithmic form

lnτ = lnτ0 −
Ea
kBT

(2.67)

By combining Eqs. 2.65 and 2.67, activation energy of the crystalline system can be

obtained.

2.9 Structure and Phases of Quartz

Quartz structure is a SiO4 tetrahedra whose neighboring silica atoms share each oxy-

gen atoms (Fig.2.7) and it is reduced to a SiO2 . Orientation of Si-O-Si angle changes

with temperature and pressure to maintain the stability and forms the different phase

of quartz as high-temperature (β phase) and low-temperature quartz (α phase). Si-O-

Si angle is 144◦C for the α phase and 153◦C for the β phase. Structural representation

of the 2D projections of the α and β phase configurations due to the Si-O-Si link angle

is given in Fig.2.8. SiO4 piles in helical order and projected onto c plane.

Figure 2.7: Schematic representation of SiO4 tetrahedra.

α phase is stable at low pressure and temperature to be exact below 573◦C. It has

three fold-trigonal symmetry with space group D4
3. Adjacent tetrahedral structures

SiO4 in quartz piled in a hellical order (Fig.2.8), crystal has trigonal symmetry as a

result. β phase is the high temperature phase of quartz at low pressure and stable

between 573 and 870◦C. β phase has six fold-hexagonal symmetry with space group

D4
6. Incommensurate phase is a metastable phase which occurs between two com-
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Figure 2.8: Structural representation of the 2D projections of α and β configurations

[59]. Pink dots refer Oxygen atoms and small black dots are Silicon atoms.

mensurate phases during structural phase transition, in this case it is INC phase of

quartz between α-β phases. While the coupling of TA modes with soft modes aniso-

topically is the reason of the occurrence of INC phase of quartz [31], damping of the

LA modes can be related to the order parameter [60]. As an intermediate phase, INC

phase does not show translational periodicity but 3D long range order.

Table 2.2: Enantimorphic space groups of α and β phases of quartz

Quartz Right handed Left handed

α phase P3222 P3121

β phase P6221 P6422

Due to the discontinuity of order parameter, α-INC-β phase transition in quartz is a

first order transition with an accompanying latent heat. It is also a displacive transition

according to the rotation of hexagonal structure to the trigonal lattice structure without

changing the net hexagon while transforming from β to α phase of quartz through

the INC phase or vice versa with inverse symmetries [18]. Both α and β phases

have mirror symmetry enantimorphs with space groups given in Table 2.2. During

transition, rotation can be right or left handed which results in the twinning structures

mainly Dauphine and Brazil twins. Dauphine (electrical) twin structure consists of

only either right or left handed symmetry. Along the a axis of this twin structure,
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Table 2.3: Symmetry modes of quartz [64]

Crystal Spatial Symmetry Optic vibrations Acoustic vibrations

α quartz D4
3 4A1 + 4A2 + 8E A2 + E

β quartz D4
6 A1 + 3B1 + 2A2 + 2B2 + 4E1 + 4E2 A2 + E

mechanic pressure does not induce polarization. Brazil (optical) twin structure is

formed of both right and left handed structure. While passing through the c axis,

incident light changes its orientation in the direction of handedness in this twinning.

Combination of these two twin structures is called Japan twin but it is not as common

[11]. Although Brazil twin structure cannot be observed by diffraction experiments

as a result of optic effect, Dauphine twin structure occurs around the critical point in

the INC phase of quartz during transition. Observed structures have mirror symmetry

over optical axis [61–63].

There is also a symmetry argument over group theoretical analysis. Quartz’s unit

cell consists of three SiO2 tetrahedra in other words, nine atoms, so that the α and

β phases have 27 vibrational normal modes (3n, n = 9) which can be expressed in

terms of symmetry modes or irreducible representations (Table 2.3). A (rotationally

symmetric), B (rotationally antisymmetric) and E (doubly degenerate) are Mulliken

symbols for irreducible representations with subscripts 1 and 2 which represent sym-

metry and anti-symmetry with respect to a mirror plane (σv) that is perpendicular to

the principle axis, respectively, as shown in Table 2.3. There are also subscripts g for

the inversion symmetry and u for anti-symmetry [65, 66]. These vibrational modes

can be Raman and infrared active or inactive due to the symmetries they have and one

of them can become soft mode during transition. For the α-β transition in quartz, B1

silent and A1 Raman active modes are the soft modes in the β and α phases of quartz,

respectively, [67]. These soft modes can be used to describe elastic properties of

quartz [24] as we used in Sections 3.3 and 3.4. During α-β transition in quartz, elas-

tic constants (Cij) alter with respect to each other [19]. Such change effects intensely

the direction related the physical properties due to the quite anisotropic characteristics

of quartz. Therefore, complete set of elastic constants (Cij) and their linear combina-

tions as shear moduli (C44 and C66) and linear incompressibilities (K1 and K3) were

obtained experimentally [19, 68] and theoretically [69] for the α phase of quartz.
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For the α-β transition in quartz, the elastic constants in connection with the transfor-

mation strain should decrease while approaching the 2nd order transition point and

vanish at that point. For small lattice strain, transition changes its character to a 1st

order transition close to the 2nd order due to the coexistence of α and β phases which

corresponds to the INC phase [25]. Elastic [34] and piezoelectric [35] properties of

INC phase and thermal strain [70] close the transition have been measured for the

α-β transition in quartz.
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CHAPTER 3

CALCULATIONS AND RESULTS

3.1 Calculations of the tilt angle (φ4) and the tilt angle susceptibility (χ−1
φ )

Temperature dependence of the order parameter and susceptibility is calculated by

using Landau phenomenological model for the α − β transition in quartz.The fourth

power of the tilt angle (φ4) is defined as an order parameter which was fitted to the

experimental data [24] according to the Landau model.

For the symmetric first order transition, using the temperature dependence of the order

parameter (Eq.2.20), we can obtain

Q4 =
b2

2c2
− a

c
(T − Tc)±

b2

2c2

[
1− 4ac

b2
(T − Tc)

]1/2

(3.1)

by taking the square of both side of the equation. Square root in the Eq.3.1 can be

expanded up to x2 in the power series as

(1− x)1/2 = 1− 1

2
x+

1

8
x2 − ..... (3.2)

by neglecting all the higher order terms and with the condition that x� 0, we find

x =
4ac

b2
(T − Tc) (3.3)

The above approximation reduces Eq.3.1 to a quadratic equation in the form of

Q4 = a0 + a1T + a2T
2 (3.4)

with the constants a0, a1 and a2. This quadratic equation of the order parameter was

fitted to the experimental data for the tilt angle [24] as an order parameter (Q = φ)

for the α phase of quartz. As pointed out in Section 2.3, order parameter can take

different forms, which is the tilt angle (φ) in this study. The constants a0, a1 and a2

31



were obtained from the fit as given in Table 3.1. Fig. 3.1 shows that the tilt angle (φ)

fitted to the Eq.3.4 withe the observed data [24].

Figure 3.1: Temperature dependence of the tilt angle (φ) for the α-β transition in

quartz with the fit of Eq.3.4 to the experimental data [24] (Tc = 846K).

Eq.2.20 can also be written in the form of

Q2 +
b

2c
= ±

√
b2

4c2
− a

c
(T − Tc) (3.5)

By taking square of both sides, one can obtain

Q4 +
b2

4c2
+
b

c
Q2 =

b2

4c2
− a

c
(T − Tc) (3.6)

which simplifies to

ψ = Q4 +
b

c
Q2 = −a

c
(T − Tc) (3.7)

The above equation is approximately equivalent to the inverse susceptibility (Eq.2.42)

of order parameter above Tc which can be found from the definition

χ−1
Q =

∂2G

∂Q2
= a(T − Tc) + 3bQ2 + 5cQ4 (3.8)

in the ordered α phase and

χ−1
Q = a(T − Tc) (3.9)
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in the disordered β phase since the order parameter is zero in the β phase. By using

the experimental data for the tilt angle [24], the function ψ can be calculated as a

function of the temperature difference according to Eq.3.7 as shown in Figure 3.2. ψ

function was fitted to calculated data in the form of

ψ = c0 + c1(Tc − T ) (3.10)

with the constats c0 and c1 in the α phase of quartz and placed in Table 3.1

Table 3.1: Coefficients a0, a1 and a2 (Eq. 3.4) and c0 and c1 (Eq. 3.10) which were

determined by using the experimental data [24] for the α-β transition in quartz

(Tc = 846K).

a0x104 a1 (K−1) a2x10−2 (K−2) c0x10−2 c1 (K−1)

7.24 -24.9 6.33 22.73 66.13

Figure 3.2: Variation of the function ψ = φ4 + b
c
φ2 (Eq. 3.7) with temperature, which

was obtained for the α-β transition in quartz (Tc = 846K).

Inverse susceptibility of the tilt angle χ−1
φ (Q = φ) was calculated by using the con-

stants (Table 3.1) according to Eq.3.8 for the low temperature α phase and the high

temperature β phase (Eq.3.9) as plotted in Figure 3.3 as a function of temperature

difference (Tc − T ).
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Figure 3.3: Inverse tilt angle susceptibility χ−1
φ as a function of Tc − T , which was

calculated for the α-β transition in quartz (Tc = 846K).

In this study, the fourth power of the tilt angle (φ) as an order parameter and the

inverse susceptibility of the tilt angle (χ−1
φ ) were analyzed as a function of the tem-

perature for the α-β transition of quartz by using the Landau model (Eq.2.19).

Table 3.2: Values of the ratio of the parameters given in the free energy (Eq.2.19) for

the α-β transition in quartz (Tc = 846K). [2]

a/c b/c a/b (4ac/b2) x10−2

66.13 -77.65 -0.85 4.4

For this analysis, the symmetric solution of the Landau phenomenological model for

the first order transition (Eq.2.20) was fitted to the experimental data for the tilt angle

[24] in the form of the quadratic equation (Eq.3.4) with the help of the approximation

(Eq.3.2) close to the critical temperature Tc of quartz. Figure 3.1 shows that the fit is

reasonably well with the constants (Table 3.1). Once the tilt angle was set as an order

parameter, inverse susceptibility of the tilt angle (χ−1
φ ) was predicted as a function

of temperature according to Eq.3.8 via Eq.3.7 in the form of Eq.3.10. The ratio of

constants of the free energy (Eq.2.19) and order parameter (Eq.2.20) were determined

from Eq.3.1 through Eq.3.4 and ψ (Eqs.3.7 and 3.10) with the use of experimental
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values of tilt angle [24] as listed in Table 3.2. These ratios and the experimental

data [24] were also used in the determination of the temperature dependence of the

tilt angle inverse susceptibility (χ−1
φ ) by Eq.3.8 (Fig.3.3). Inverse susceptibility of

the tilt angle χ−1
φ decreases linearly with decreasing temperature difference Tc−T in

the α phase and increases also linearly above Tc in the β phase as expected from the

molecular dynamics calculations [71].

During the phase transition from the β phase to the α phase, SiO4 tetrahedra rotates

through tilt angle (φ) [72] which occurs in the α phase and vanishes in the β which

has as disordered structure [24]. According to the Landau theory, the order parameter

can take two opposite values in the α phase of quartz which leads to Dauphine twin

structure through rotations [18] which is directly related to the tilt angle. Therefore,

temperature dependence of the most physical properties can be expressed in terms of

order parameter in the α phase of quartz as shown in Section 2.3 and given in the

previous study [32] for the first order transition of Landau theory.
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3.2 Calculations of the thermodynamic properties via Landau model with the

cubic term

By using continuity of Gibbs free energy through the phase transition, thermody-

namic properties such as entropy S, susceptibility χ and heat capacity Cp can be

expressed over the temperature dependence of the order parameter according to the

Landau theory. This was studied for the symmetric first order transition of Landau

phenomenological model by means of free energy expansion in terms of the order pa-

rameter with the even terms up to sixth order [18]. Introduction of the INC phase [1]

brings the effects of fluctuations which can be provided by including the cubic term

to the free energy expansion in the Landau theory [73]. Thermodynamic properties

of interest were derived from the expansion of the Gibbs free energy by including

the cubic term as demonstrated in Section 2.3 with the experimental data of the ex-

cess heat capacity ∆Cp [18]. Temperature dependence of these quantities were also

compared with the experimental counterparts from the literature [6, 18, 74–76]

Order parameter (Q) calculations

Free energy expansion with the cubic term is given (Eq.2.30) as

G(Q, T ) =
1

2
a(T − Tc)Q2 +

1

3
u|Q|3 +

1

4
bQ4 (3.11)

with the solution

Q =
3

4
Q0

{
1 +

[
1− 8

9

(T − Tc)
(Ttr − Tc)

]1/2
}

(3.12)

under equilibrium conditions and constrictions of the α phase of quartz (Section 2.3).

Eq.3.12 was normalized with respect to Q0 at Ttr and the normalized order parameter

(Q/Q0) was calculated as a function of temperature as plotted in Figure 3.4 with the

observed data (η/η0) [6, 74] and (φ/φ0) [75].

The relation for the soft mode frequency (ω) and the macroscopic order parameter

was given in Section 2.5 and the order parameter was related to the fourth power of

the tilt angle (φ) in the previous study. Therefore, their relation can be written as

φ4 ∝ Q ∝ ω2 (3.13)
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According to the above equation, linear relationship between normalized macroscopic

order parameter Q/Q0 and the square of the soft mode frequency ω2 was constructed

in the form of

Q/Q0 = a
′
+ b

′
ω2 (3.14)

where a′ and b
′ are coefficients. At T < Tc in the α phase of quartz, calculated

normalized order parameter (Q/Q0) (Eq.3.12) was plotted as a function of the soft

mode frequency (squared) according to Eq.3.14 in Fig.3.5. The soft mode observed

Raman data were used with the uncertainties for the α-β transition in quartz [75]. The

coefficients a′ and b′ (Eq.3.14) were obtained from fit to the observed data as given

in Table 3.3.

Figure 3.4: Temperature dependence of normalized order parameter calculated for the

α-β transition in quartz by using Eq.3.12 according to the Landau phenomenological

model with the cubic term (Eq.3.11) and compared to observed data (η/η0) [6, 74]

and (φ/φ0) [75]
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Figure 3.5: "Variation of normalized order parameter with the observed Raman soft-

mode frequency ω (squared)(∼ 100cm−1 at 500◦C) in the α phase (T < Tc) with the

uncertainties [75] according to Eq.3.12 through Eq.3.14 close to the α-β transition in

quartz.

Table 3.3: a′ and b′(Eq.3.14), a0 and a1 (Eq.3.21) for the α-β transition in quartz with

the observed values [18] of the transition (Ttr) and critical (Tc) temperatures.

Quartz Ttr(K) Tc(K) −a′
b
′
(cm2) a0x105

(K4.J−2.mol2)

−a1

(K3.J−2.mol2)

α− β transition 847 840 0.5998 0.0367 1.73 200.3

Inverse susceptibility (χ−1) calculations

Inverse susceptibility of both α and β phases can be obtained from the definition of

the inverse susceptibility (Eq.2.42) by the free energy (Eq.3.11) as

χ−1 = a (T − Tc) + 2u |Q|+ 3bQ2 (3.15)
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which can be related to soft mode frequencies through Eq.3.13 as

χ−1 = a (T − Tc) + 2 u∗ω2 + 3b∗ω4 (3.16)

with the renormalized coefficients u∗ and b∗.

Table 3.4: Values of the parameters a, u and b (Eq.3.11 ), u∗ and b∗ (Eq.3.16 ) and,

the values of the order parameter Q0 (at T = Ttr) (Eq.2.35), latent heat L (Eq.2.41)

and the observed entropy Sβ (in the β phase) [76] for the α- β transition in quartz.

Observed values of the transition temperature (Ttr) and the critical temperature (Tc)

are also given [5, 18]

Quartz Ttr(K) Tc(K) −ux103

(J/mol)

bx103

(J/mol)

−u∗
(J/mol.cm−2)

b∗
(J/mol.cm−6)

α− β transition 847 840

18.27 104.1 0.237 0.292

a

(J/K.mol)

Q0 −L
(J/mol)

Sβ

(J/K.mol)

101.8 0.117 590.2 105.079

Temperature dependence of the normalized inverse susceptibility was estimated over

Eq.3.15 by means of Eq.3.11 and Eq.3.12 for the low and high temperature phases

of quartz with the coefficients a,u and b of Eq.3.11 (Table3.4) which were obtained

from the analysis of the order parameter according to the Landau mean field model

with a cubic term. Above Tc in β phase, order parameter becomes zero (Q = 0)

and the inverse susceptibility equation (Eq.3.15) reduces to χ−1 = a (T − Tc) which

was plotted in Figure 3.6. In this figure, the inverse susceptibility values calculated

from the Landau model with the cubic term are shown (black dots) and with the

even powers (Q4) [18] (triangles) for comparison. Molecular dynamics simulation

results [71] for two different number of atoms (N) with the system size N = 1080

(black squares) and N = 2060 (empty squares) were also shown in Fig.3.6 for the

inverse susceptibility per atom.

Inverse susceptibility as a function of the soft-mode frequency (squared) was also

calculated by Eq.3.16 using the experimental data for the α-phase (T < Tc) [75] and

β-phase (T > Tc) [67]. Silent soft mode dependence of the inverse susceptibility

is given in Figure 3.7 in the β-phase of quartz (T > Tc) with the renormalized co-

efficients u∗ and b∗ (Eq.3.16) (Table 3.4). They were determined from the fit to the
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observed data [67] for the β-phase. For the calculations below Tc , Eq.3.16 was fitted

to the observed data [75]. However, this did not work out for the α-phase.

Figure 3.6: (χ/χmax)
−1 calculated as a function of temperature according to Eq.3.15

through Eq.3.12 for the α-β transition in quartz (black dots). Calculated values with

different methods [18, 71] are also shown.
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Figure 3.7: Variation of the inverse susceptibility (χ−1) calculated (Eq.3.16) with the

square of the observed Raman frequency ω (squared) of the silent soft phonon in the

β phase [67] for the α-β transition in quartz [5].

Excess entropy (∆S) calculations

By using the latent heat definition for the first order transition L = −1
2
aTtrQ0

2

(Eq.2.41) and temperature dependence of the order parameter (Eq.3.12), excess en-

tropy in relation to the free energy as shown in Section 2.3 with S = −1
2
aQ2 (Eq.2.40),

can be rewritten in the form of

S =
9

16

L

Ttr

{
1 +

[
1− 8

9

(T − Tc)
(Ttr − Tc)

]1/2
}2

(3.17)

for α-β transition in quartz. Excess entropy (∆S) was defined as the entropy differ-

ence between α- phase (Sα) and β- phase (Sβ) and it was calculated by Eq.3.17 and

by fitting to the observed data [76] with the constant entropy at T = 850K in the β

phase (Fig.3.8). Calculated latent heat L and constant entropy Sβ are given in Table

3.4. Calculated and observed entropy values [76] are given in Figure 3.8.
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Figure 3.8: Temperature dependence of entropy S calculated according to Eq.3.17 in

the α phase of quartz. Observed data [76] are also shown.

Excess heat capacity (∆Cp) calculations

By using the free energy expansion with the cubic term (Eq.3.11) and its relation to

the heat capacity (Cp) (Eq.2.5) with the excess entropy (∆S) (Eq.3.17), temperature

dependence of heat capacity can be obtained in the form of(
T

Cp

)2

=
16 (Ttr − Tc)2

a2Q4
0

{
1 +

[
1− 8

9

(T − Tc)
(Ttr − Tc)

]−1/2
}−2

(3.18)

By using above equation, excess heat capacities were deduced at the critical temper-

ature
T

∆Cp
=

2 (Ttr − Tc)
aQ2

0

at T = Tc (3.19)

and at transition temperature

T

∆Cp
=

(Ttr − Tc)
aQ2

0

at T = Ttr (3.20)

for the α-β transition in quartz. Temperature dependence of the heat capacity is

plotted in the form of (T/Cp)
2 in Figure 3.9 with the observed data [18] in the α-

phase of quartz. Linearity of (T/Cp)
2 with the temperature was limited between

temperatures 720K and 840K where the critical and the transition temperatures are
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840K and 847K. Linear variation of the (T/Cp)
2 was fitted to the observed [18] data

according to

(T/Cp)
2 = a0 + a1T (3.21)

with the coefficients a0 and a1 as given in Table 3.3.

Figure 3.9: Temperature dependence of the heat capacity Cp calculated in the form of

(T/CP )2 according to Eq. 3.18 for the α phase of quartz with the observed data [18].

Spontaneous strain (Vs) calculations

Spontaneous strain (Vs) can be defined by the lattice parameter V (volume) of the α

phase as

Vs =
V − V0

V0

=
∆V

V0

(3.22)

where V0 is the reference parameter due to the stability field of high temperature β

phase by extrapolating to the same temperature [18]. By using the relation between

the order parameter and strain as

Vs ∝ Q2 (3.23)
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for the α-β transition in quartz [18] and the temperature dependence of order param-

eter (Eq.3.12), spontaneous strain can be written in the form of

Vs =
9

16
Vs,0

{
1 +

[
1− 8

9

(T − Tc)
(Ttr − Tc)

] 1
2

}2

(3.24)

with the discontinuity value Vs,0 [18] at the transition temperature. Proportionality in

Eq.3.23 leads to Vs,0 ∝ Q2
0 by the definitions in Eq.3.12 and Eq.3.24.

To calculate the dependence of the spontaneous strain, the temperature dependence

of V0 was first reconstructed according to

V0 = c0 + c1T (3.25)

with the constants c0 and c1 above the transition temperature Ttr. By fitting Eq.3.25

to the observed neutron and X-ray diffraction data [18], constants were determined

as shown in Table 3.5 with the reference volume V0 = 118.5Å at the stability field of

β-phase (Tc = 1138K) [18]. Vs,0 value was deduced from Eq.3.24 with the help of

the observed V value [18] at the transition temperature of 847K as also shown in the

Table 3.5.

Figure 3.10: Temperature dependence of the spontaneous strain Vs calculated ac-

cording to Eq.3.24 for the α -β transition in quartz as shown with the calculated Vs

values [18] from the neutron and X-ray diffraction data
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Spontaneous strain was calculated from Eq.3.24 as a function of temperature for α-β

transition in quartz. Calculated values (triangles) from the Landau mean field model

with the cubic term are shown in Figure 3.10 with those calculations from the ob-

served data [18]. Neutron (squares) and X-ray (dots) diffraction calculations were

obtained from the Landau model with the even order terms up to the fourth power

where the critical temperature was found as Tc = 843.9K [18] which was shifted

about ∆Tc = 3.9K to match the critical temperature of our calculations (Tc = 840K).

By using the relation between strain and the order parameter (Eq.3.23), normalized

order parameter squared can be obtained as

(Q/Q0)2 = c
′

0 + c
′

1Vs (3.26)

as a linear function of Vs where c′0 and c′1 are constants (Table 3.5). Calculated nor-

malized order parameter (Q/Q0)2 according to the Landau model with the cubic term

(Eq.3.11) plotted as a function of spontaneous strain Vs (Eq.3.24) in Figure 3.11a with

the calculated values from the observed neutron and X-ray diffraction data [18] for

the α phase of quartz.

Table 3.5: Values of the observed spontaneous strain V0 and Vs,0 (at T = Ttr) [18],

coefficients c0 and c1 (Eq.3.25) with the observed critical temperature (Tc), and the

values of the coefficients c′0 and c′1 (Eq.3.26) for the α- β transition in quartz [5].

Quartz V0(Å3)

at 1138 K

c0 (Å3) −c1x10−5

(Å3/K)

Tc(K) −Vs,0x103

(Å3)

c
′
0 c

′
1x10−3

α− β transition 118.15 118.15 3.64 843.9 5.1 0 5.1

Besides spontaneous strain, the relation between order parameter η [70] and anoma-

lous strain ∆L can be stated as

∆L ∝
〈
η2
〉

(3.27)

by the definition

∆L (T ) = L (T )− LB(T ) (3.28)

with the background elastic strain LB(T ) whose temperature dependence is given as

LB (T ) = b0 + b1T (3.29)

with constants b0 and b1 [70] (Table 3.6).
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Calculated normalized order parameter (squared) (Q/Q0)2, is plotted as a function of

∆L/LB ratio (Fig.3.11b), which was calculated by Eq.3.28 with the observed elastic

strain ∆L data [70] and the background elastic strain LB(T ) (Eq.3.29) for the INC-β

transition in quartz. This nonlinear relation was also constructed according to

(Q/Q0)2 = b
′

0 + b
′

1(∆L/LB) (3.30)

where constants b′0 and b′1 were obtained due to the two temperature intervals (Fig.3.11b

) as given in Table 3.6. Experimentally obtained critical (Tc = 838.7K) and transition

(T0 = Ttr = 845.7K) temperatures [70] with the temperature difference T0−Tc = 7K

were shifted to Tc = 840K and Ttr = 847K for the observed data [18], which were

used in our calculations (Fig.3.11b).

Table 3.6: "Values of the coefficients b0 and b1 (Eq.3.29), b′0 and b′1 (Eq.3.30), within

the temperature intervals indicated with the observed transition temperature T0 for the

elastic stain ∆L [70] close to the incommensurate (INC)- β transition in quartz." [5]
Quartz T0(K) b0(cm) b1x10−5

(cm/K)

Temperature Interval (K) −b0
′ b

′
1 Temperature Interval (K)

INC-β

transition
845.7 1.00834 1.5386 842.23 < T < 846.7

6.002 7.185 801.1 < T < 826.8

1.803 4.002 831.9 < T < 846.2
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(a)

(b)

Figure 3.11: (a)Variation of the normalized order parameter Q (Eq.3.12) with the

spontaneous strain (Eq.3.24) through Eq.3.26 for the α-β transition in quartz. Vs val-

ues calculated from the neutron and X-ray data [18] are also shown here. (b)Variation

of the normalized order parameter Q (Eq.3.12) with the observed [70] elastic strain

∆L (normalized) (Eqs.3.29 and 3.30) for the α-β transition in quartz [5].
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Discussions

Temperature dependence of the normalized order parameter (Q/Q0) was calculated

according to Eq.3.12 by the Landau mean field model with the cubic term. Anoma-

lous behavior of the order parameter close to the transition temperature (Ttr) was ob-

tained (Figure 3.4) both with our calculations and the observed values of η/η0 [6, 74]

and φ/φ0 [75] for the α-β transition in quartz. Compared to the observed ones, our

calculated normalized order parameter has an increasing slope with the slightly higher

magnitude. A linear variation of the order parameter with the Raman soft mode fre-

quency ω2 (squared) was obtained according to Eq.3.14 as shown in Figure 3.5 for the

low temperature α-phase of quartz. This linear relation suggests that the soft mode

frequency (squared) can be correlated to the order parameter for the α-β transition in

quartz.

Variation of the inverse susceptibility (normalized) with temperature was derived

from Eq.3.15 by the Landau mean field model with the cubic term (Q3) and it was

compared to the other calculated values from the literature by the Landau mean field

model with the even order terms up to the fourth power Q4 [18] and molecular dy-

namics simulations with the system sizes of N = 1080 and 2060 [71] in the vicinity

of the α-β transition in quartz. All calculations show the same linear and the critical

behavior in the vicinity of transition temperature (Fig.3.6). The inverse susceptibility

(χ−1) decreases with the temperature for both approaching from below and above the

critical temperature Tc. Our calculated values of χ−1 with the cubic term matches

with the χ−1 values by the even power calculations [18] below Tc while they are

relatively higher than the other calculated values [18, 71] above Tc.

The relation between the inverse susceptibility χ−1 and the soft mode frequency ω2

(squared) was also investigated by Eq.3.16 using the Raman soft mode with the fre-

quency ∼ 100cm−1 at 500◦C [67] in the β phase (T > Tc). Within the studied

temperature interval, the inverse susceptibility (χ−1) varies with the square of the soft

mode frequency ω2 linearly (Fig.3.7) above Tc as expected, in the vicinity of the α-β

transition. This linear relation suggests that the soft mode frequency (squared) can be

correlated to the order parameter and it can be used in the free energy expansion as

an order parameter (Eq.3.16) for the α-β transition in quartz.
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Temperature dependence of the excess entropy (S) which was calculated according

to Eq.3.17, shows also a linear increase while approaching the critical temperature

Tc from below in the α-phase (Fig.3.8) as the experimental data give [76]. This

linear increase suggests that the nearest-neighbor coupling constant is large and it

is intensely associated with the motions of the SiO4 tetrahedra with respect ro the

nearest-neighbors. Sufficiently enough above Tc, entropy is expected to saturate in

the β phase which causes stabilization in quartz.

Excess heat capacityCp which was calculated as a function of temperature in the form

of (T/Cp)
2 shows linear variation according to the Landau model with the cubic term

in the given temperature interval (720 < T (K) < 860) as shown in Figure 3.9 close

to the α-β transition in quartz. According to Eq.3.18, the temperature dependence of

(T/Cp)
2 becomes nonlinear with decreasing temperature in the α phase. Within the

studied temperature interval here, linear temperature dependence of (T/Cp)
2 deduced

from the Landau model with the cubic term Q3 according to Eq.3.21, agrees with

those from the Landau model with the even order terms up to the fourth order (Q4)

which was obtained as

(T/Cp)
2 = 1.47x105 − 173.0T (3.31)

in relation to the constants a0 and a1 (Table 3.3). It can be concluded that the tem-

perature dependence of (T/Cp)
2 shows similar critical behavior for values derived

from both Landau model with the Q3 term (Eq.3.21 through Eq.3.18) and with the

even order terms (Eq.3.31) [18] within the approximately same temperature interval

(Fig.3.9).

Variation of the spontaneous strain (Vs) with the temperature was obtained by using

the Gibbs free energy expansion including the cubic term Q3 (Eq.3.24), which shows

anomalous behavior in the vicinity of the transition. In the α phase, spontaneous

strain increases as approaching the transition temperature (Ttr) while it get stabilized

above Ttr in the β phase (Fig.3.10). Our calculated results with theQ3 term agree with

those calculated from the Landau model with the Q4 term by using neutron and X-

ray diffraction data [18] as shown in Fig.3.10. In addition, almost linear correlation

between the spontaneous strain and order parameter in the form of (Q/Q0)2 was

obtained from Eq.3.26 in the α phase of quartz (Fig.3.11a). Linearity is restricted in
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a temperature interval of 793.9 < T (K) < 845.9. However, the correlation between

the elastic strain ∆L/LB (normalized) and the normalized order parameter (squared),

(Q/Q0)2, is nonlinear (Fig.3.11b) for the α-β transition in quartz. Yet, the linear

dependence of (Q/Q0)2 to ∆L/LB was obtained for the two temperature intervals

(Table 3.6) with the values of coefficients b′0 and b′1 (Eq.3.30).

The rotations of the SiO4 tetrahedral can be defined with the tilt angle φ during the

structural transition, therefore it was associated with the macroscopic order parameter

and its anomalous behavior for the α-β transition in quartz [18] as

φ = AQ+BQ2 (3.32)

with the constantsA andB. Our calculated values of the macroscopic order parameter

(Eq.3.12) were fitted to the experimental data of Young as given previously [6] and

the structure refinements [77] according to Eq.3.32 and the constants A and B were

determined in the given temperature interval (Table 3.7). The linear variation of tilt

angle φwith the order parameter (Fig.3.12) suggests that the measured tilt angle of the

SiO4 tetrahedra (φ) can be accepted as an order parameter (Q) for the α-β transition

in quartz.

Table 3.7: The coefficients A and B (Eq.3.32) within the temperature interval indi-

cated for the α-β transition in quartz with the observed values [18] of the transition

(Ttr) and critical (Tc) temperatures.

Quartz Ttr(K) Tc(K) A(◦) −B(◦) Temperature Interval (K)

α-β transition 847 840 22.009 4.058 273 < T < 823

In this study, we used the free energy expansion of the Landau phenomenological

model with the cubic term (Q3) (Eq.3.11) to obtain the temperature dependence of

the thermodynamic properties such as entropy, heat capacity, inverse susceptibility

and the spontaneous strain in relation to the macroscopic order parameter (Eq.3.12)

close to the α-β transition in quartz. Below the transition temperature in the α phase,

macroscopic order parameter was correlated with the physical properties such as the

piezoelectric and elastic constants, which show nonlinear behavior due to the thermal

fluctuations close to the transition temperature [74]. Our calculated results agree with

the observed ones in a limited temperature interval close to the transition temperature.

Calculated (normalized) order parameter also agrees with the experimental data in
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Figure 3.12: Variation of the tilt angle φ with the macroscopic order parameter Q

according to Eq. 3.32 in the α phase close to the α-β transition in quartz.

the temperature interval of 830 < T (K) < 847 [6, 74] and 845 < T (K) < 850

[75] in the vicinity of α-β transition in quartz (Fig.3.4). Regarding the temperature

variation of the calculated heat capacity in the form of (T/Cp)
2 which agrees with

the experimental data [18], the acceptable temperature interval of 720 < T (K) <

850 is according to the Landau mean field model with the cubic term (Fig.3.9). As

shown in Figure 3.8, calculated entropy is highly dependent of temperature and it is

in agreement with the observed [76] data in a noticeably short temperature interval. It

also deviates quickly from the experimental values [76] as approaching the transition

temperature. In a very small temperature interval, order parameter can couple with the

acoustic phonons, which leads to the formation of an INC-phase [73,78]. Coupling of

the order parameter to the strain was constructed to explain the first order transition

in quartz [1]. In this study, we used Landau mean field model including the cubic

term without any coupling terms. It is efficient enough to explain the thermodynamic

properties in the vicinity of the α-β transition in quartz. For further investigation the

coupling terms can be included to the free energy expansion (Eq.3.11) of the Landau

model.
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3.3 Calculation of the Grüneisen parameter with the second Pippard relation

by the piezoelectric resonant frequency shifts in relation to the elastic con-

stants

By using spectroscopically modified Pippard relations, temperature dependence of

the piezoelectric resonance frequency shifts (ν) and the inverse incompressibilities

(1/K) were obtained. This was done by the deducing isobaric mode Grüneisen pa-

rameter (γp) by using the experimental data [19] close to the α-β transition in quartz.

Quartz has 27 normal modes as given in Section 2.9 and several measurements of

mode frequencies have carried out previously [19, 67–69] by using the various tech-

niques. The aim of this study is to show the correlation between the order parameter

and frequency shifts by considering the irreducible representations. For this, the fre-

quency measurements of Ag − 2 mode was used to calculate the frequency shifts as

a function of temperature (Fig.3.13). Ag − 2 mode has rotation and inversion sym-

metry and it is Raman active. Spectroscopically modified second Pipard relation was

used for this investigation. By combining second Pippard relation (Eq.2.56) and the

isobaric mode Grüneisen parameter (γp) (Eq.2.58), second Pippard relation can be

written in the form of(
1

ν

)(
∂ν

∂T

)
p

= −γp
(
dp

dT

)
κT+

1

V

(
dV

dT

)
(3.33)

where (1/ν) (∂ν/∂T )p is the resonant frequency shifts under constant pressure and

κT ≡ −
(

1
V
dV
dp

)
T

is the isothermal compressibility. Eq. 3.33 refers to a linear relation

between resonant frequency shifts and the isothermal compressibility from which the

isobaric mode Grüneisen parameter can be deduced with the dp
dT

(it is the slope of p-T

phase diagram).

Besides the isothermal compressibility, the linear incompressibilities K1 and K3 for

the isotropic dilatation can be defined as the linear combinations of the elastic con-

stants (Cij) as

K1 =

(
C11 + C12 + C13

3

)
(3.34)

in the direction perpendicular to the c-axis and

K3 =

(
C33 + 2C13

3

)
(3.35)
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which is in the direction also parallel to the c-axis. Their temperature dependences

were obtained from the observed data [19] above and below the critical temperature

Tc = 573◦C as plotted in Fig.3.14.
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Figure 3.13: The resonance frequency shifts (1/ν) (∂ν/∂T )P of the Ag − 2 mode as

a function of temperature using the observed data [19] in the α phase (T < Tc =

573◦C) of quartz.

Resonant frequency shifts were also related to the inverse linear incompressibilities

1/K1 and 1/K2 according to Eq.3.33 in the α phase of quartz for T < Tc = 573◦C as

shown in Fig. 3.15. The isobaric mode Grüneisen paramater can be deduced from Fig.

3.15 by using the experimental value of dp
dT

= 47bar/K [18] of the Ag−2 vibrational

mode for the α-β transition in quartz. Calculated values of the Grüneisen paramater

γp using the slope and volume variations (1/V ) (∂V /∂T ) from the intercept, are

given in Table 3.8.

Resonant frequency shifts (1/ν) (∂ν/∂T )P in relation to isothermal compressibil-

ity κT was also investigated with the experimental data of bulk modulus (KV RH =

1/κT ) [19] in the α phase of quartz. Grüneisen paramater γp and volume variations

(1/V ) (∂V /∂T ) γp of the Ag − 2 mode were calculated by using experimental value

of dp
dT

= 47Bar/K [18] for the α phase as before and given in Table 3.8.
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Figure 3.14: Temperature dependence of the linear incompressibilities (K1 and K3)

according to Eqs. 3.34 and 3.35 with the observed data [19] for the α-β transition in

quartz.
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Figure 3.15: Variation of the resonance frequency shifts of the Ag − 2 mode with

the inverse incompressibilities (K1 and K3) as a function of the isothermal com-

pressibility (κT ) according to Eq.3.33 by using the observed data [19] for α-quartz

(T < Tc = 573◦C).
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Table 3.8: Values of the isobaric mode Grüneisen parameter (γp) of the Ag − 2 mode

and the volume variation with the temperature due to the linear incompressibilities

(1/K1 and 1/K3) and the isothermal compressibility (κT ) according to Eq.3.33 within

the temperature range indicated for the α-quartz. The α-β transition temperature and

the observed dP
dT

[18] values are given here [5].
Tc(
◦C) Mode Compressibility

(GPa−1)

γp (1/V ) (∂V /∂T )x10−3

(◦C−1)

dP
dT

(bar/K)

Temperature Interval

(◦C)

573 Ag-2

1/K1 0.032 3.59

47 496.4<T<566.41/K3 0.017 5.31

κT 0.034 4.15

Correlation between the resonant frequency shifts, (1/ν) (∂ν/∂T )P , and the elas-

tic constants (Cij) in the form of the linear inverse incompressibility, 1/K (1/K1

and 1/K3) was obtained by using spectroscopically modified second Pipard relation

(Eq.3.33) close to the α-β transition in quartz. Due to the anomalous behavior of the

resonance frequency shifts (Fig.3.13) and the elastic parameters (Fig3.14) close to

the transition in the α phase, linear variation of the frequency shifts (1/ν) (∂ν/∂T )P

with the inverse incompressibility (1/K) was obtained below Tc (Fig.3.15). Unlike

highly symmetric β quartz, anomalous nature of the α quartz was already shown ex-

perimentally [19] and it is also valid for our correlation which is satisfactory below

Tc.

Deviation of the linearity which occurred in the variation of frequency shifts with

the inverse linear incompressibility (Fig.3.15), is consistent with the validity of the

spectroscopically modified Pippard relation (Eq.2.56 through Eq.3.33) below Tc. As

a result, correlation between the Ag − 2 vibrational mode frequencies and the inverse

linear incompressibility (1/K1 and 1/K3) becomes significant as approaching Tc for

the α-β transition in quartz. For the vibrationalAg−2 mode, isobaric mode Grüneisen

parameter (γp) was obtained due to the inverse linear incompessibility (1/K1 and

1/K3) and isothermal compressibility (κT ), as stated in the Table 3.8. Grüneisen

parameter obtained from 1/K3 is nearly half the value of the γp due to 1/K1 and κT

(Table 3.8).

Due to the observed anomalous behavior of various modes Au, Bu, Ag, Bg (with

peak positions from 1 to 7) [19] in the α phase, their frequency shifts can be correlated
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to the linear inverse incompressibility (1/K1 and 1/K3) as in this study and also the

shear moduliCS1 andCS3 (CS1 = (C11 + C33 − 2C13) /4 andCS3 = (C11 − C12) /2 =

C66 ) which are the linear combinations of elastic constants of α phase. This corre-

lation leads to the linear variation of the frequency shifts with the elastic features in

relation to the isobaric mode Grüneisen parameter γp for the α phase as expected.
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3.4 Variation of the piezoelectric resonance frequency (υ) with the tempera-

ture associated with the anomalous strain (∆L) close to the incommensu-

rate phase of quartz

In the previous part, we related the resonant frequency shifts as an order parameter to

the elastic properties for the α-β transition in quartz by starting with the temperature

dependence of frequency shifts [5] which was also stated experimentally [25]. That

brought the same possibility for the incommensurate (INC) phase which can also be

descried by the correlation between the resonant frequency shifts and elastic prop-

erties, in this study mainly strain, of the α phase of quartz in a narrow temperature

interval for the INC-β transition.

Variation of the piezoelectric resonance frequency with temperature was analyzed

according to a power law formula due to its critical behavior by using the experi-

mental data [34] close to the INC-β transition in quartz. The piezoelectric resonance

frequency was also related to the anomalous strain as an order parameter using the

observed data [70] in the vicinity of this transition.

In the previous parts we showed that the α-β transition in quartz can be describe by

the free energy expansion of Landau theory in terms of order parameter (Section 2.3,

3.1 and 3.2). For the INC-β transition, free energy can be expanded in terms of the

INC phase order parameter η as

FINC = aη2 + bη4 + cη6 − Eη (3.36)

in the presence of the electric field E, where a = α(T − Tc), with the α, b and

c constants. The critical temperature Tc can also be denoted as Ti for the INC-β

transition. According to the Cohran’s soft mode theory [79] and experimental Raman

lattice mode studies [22], soft mode frequency squared (υ2) is in a linear relation with

the order parameter (η) close to the α-β transition in quartz. Since INC phase occurs

in a considerably small temperature range (571.10 < T (◦C) < 572.55) [34], its order

parameter can be related to the piezoelectric resonance frequency of α as

υ2 ∝ η (3.37)

near the INC-β transition in quartz. Due to the critical behavior of order parameter in

57



the vicinity of the transition temperature Tc, it can be represented by the relation

η(T ) = η0 + A(Tc − T )β (3.38)

with the positive critical exponent β, amplitude A and the order parameter η0 at the

transition temperature. This power law representation of the order parameter was pre-

viously suggested for the α-β transition in quartz because of its critical behavior close

to the Tc [6, 75]. As a result, temperature dependence of the piezoelectric resonant

frequency can be analyzed according to

υ2 = υ2
0 + k(T − Tc)β (3.39)

by combining Eqs. 3.37 and 3.38 to describe the temperature dependence of the

order parameter (η) where β is the critical exponent for the order parameter, υ0 is the

resonance frequency at the transition temperature (T = Tc and β > 0) and k is the

amplitude. To analyze the temperature dependence of the experimental piezoelectric

resonance frequency [34], a power law formula can be expressed from the Eq.3.39 in

the form of

ln(υ2 − υ2
0) = lnk + βln(T − Tc) (3.40)

close to the transition temperature (Tc) for the INC-β transition in quartz. Values of υ0

(at T = Tc), k and β were obtained from the analysis of the piezoelectric resonance

frequency data from the cooling cycle [34] as a function of temperature as plotted

in Fig.3.16 for the INC-β transition in quartz with the parameters determined (Table

3.9).

For the analysis of correlation between the order parameter and elastic parameters, as

previously stated, the relation between the anomalous strain (∆L) and the mean value

of the order parameter (squared) [70]

∆L ∝
〈
η2
〉

(3.41)

was used, where

∆L = L(T )− LB(T ) (3.42)

with the background strain LB(T ). By assuming 〈η2〉 = η2, anomalous strain (∆L)

can also be related to the piezoelectric resonance frequency (υ) through the temper-

ature dependence of order parameter (Eq.3.39) by means of equations 3.37 and 3.41
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as

∆L1/2 ∝ υ2 (3.43)
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Figure 3.16: Temperature dependence of the piezoelectric resonance frequency (υ)

in the log-log scale according to Eq. 3.40 using the experimental data of cooling

run [34] close to the INC-β transition in quartz.

Table 3.9: Power law parameters according to Eq. 3.40 using the experimental data

of the piezoelectric resonance frequency [34] close to the INC-β transition in quartz.

Quartz Tc (◦C) β k[kHz2/°C]β υ0(kHz) Temperature interval (◦C)

INC-β transition 571.1 0.49 1.623 140.1 571.10<T<572.55

Since we assumed the strain as an order parameter (Eq.3.37), temperature dependence

of anomalous strain (∆L) and piezoelectric resonance frequency (υ) should exhibit

similar critical behavior close to the INC-β transition in quartz. In the normalized

forms, piezoelectric resonance frequency (υ2 − υ2
0)/υ2

0 in relation to the anomalus

stain ∆L(T )/LB(T ) can be written as

(υ2 − υ2
0)

υ2
0

= a0(T ) + a1(T )

[
∆L(T )

LB(T )

]1/2

(3.44)

with the temperature dependent parameters a0 and a1, where the background strain

with the temperature dependence [70] is given by

LB(T ) = b0 + b1T (3.45)
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with the constants b0 and b1 (Table 3.10). Variation of the observed piezoelectric

resonance frequency [34] with the anomalous strain [70] obtained according to the

Eq.3.44 with the temperature dependent background strain (Eq.3.45) linearly as in

Figure 3.17 by assuming initially a0 and a1 as constants in the given temperature

interval (Table 3.10) for the INC-β transition in quartz.
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Figure 3.17: The normalized piezoelectric resonance frequency [34] in relation to the

normalized anomalous strain [70] close to the INC-β transition in quartz in accor-

dance with the Eq.3.44.

Table 3.10: Values of the parameters of a0 and a1 (Eq. 3.44), b0 and b1 (Eq.3.45)

within the temperature intervals indicated by using the experimental data for the

piezoelectric resonance frequency [34] and the anomalous strain [70] for the INC-

β phase transition in quartz [3].
Quartz a0 a1 Temperature

interval (K)

b0 (cm) b1x10−5 (cm/K) Temperature

interval (K)

INC-β

transition

-0.573 0.661 842.23< T <846.17 1.00834 1.53837 T − T0 > 15K,

T0 = 845.7K [70]

Then by taking into account the temperature dependence of a0 and a1, the relation

between the piezoelectric resonance frequency (υ) and the anomalous strain (∆L)
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can be written in the linear form of

υ2 (normalised)

∆L1/2(normalised)
= a

′

0 + a
′

1T (3.46)

at their various temperatures (Fig.3.18) with the constants a′
0 and a

′
1 in the given

temprature interval (Table 3.11) for the INC-β phase transition in quartz.

Figure 3.18: Piezoelectric resonance frequency (normalized) (υ2) fitted to the anoma-

lous strain (normalized) (∆L1/2) as a function of temperature using Eq.3.44 through

Eq.3.46 in the vicinity of the INC-β transition in quartz.

Table 3.11: Fitting parameters of the normalized piezoelectric resonance frequency

(υ2) in relation to the square root of the normalized anomalous strain (∆L1/2) accord-

ing to Eq.3.46 for the INC-β transition in quartz.

Quartz Tc(
◦C) a

′
0 a

′
1 Temperature Interval (K)

INC-β transition 574.59 8.9734 -0.0156 842.23 < T < 846.17

Temperature dependence of the piezoelectric resonance frequency was analyzed ac-

cording to the power law formula (Eq.3.39 through Eq.3.40) close to the INC-β tran-

sition in quartz. As a result of this analysis, critical exponent of the order parameter

was obtained as β = 0.49 (Table 3.9) which is quite close to the critical exponent of

the Landau phenomenological model β = 0.5 (calculated in Section 2.4) for a second

order transition in a quite small temperature interval (571.10 < T (◦C) < 572.55)
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for the INC-β transition in quartz. Our critical exponent value β is also comparable

with the critical exponent value of Young β = 1/3 [80] obtained from the variations

of atomic position with temperature and the experimental one from the ultrasound

scattering with the value of β = 0.34 ± 0.02 [75] whose order parameter is mainly

related to the rotations of SiO4 structure as in this case.

By using the order parameter relations in Eq.3.37 and Eq.3.43, the relation between

piezoelectric resonance frequency (υ) and the anomalous strain (∆L) was analyzed

according to Eq.3.44 in the vicinity of INC-β transition in quartz. This analysis gives

linear variation between these two parameters as in Fig.3.17 and both parameters

decrease with increasing temperature in the α and INC phases toward the transi-

tion temperature (Tc = 573◦C). For our analysis, experimental data of anoma-

lous strain were shifted by about 3◦C due to match of its transition temperature

T = 845.70K (Tc = 571.55◦C) [70] to the transition temperature of the observed

piezoelectric resonance frequency as Tc = 573◦C [34] according to Eq.3.44. Due

to its anomalous behavior in the vicinity of INC-β transition in quartz, anomalous

strain (∆L) can be considered as an order parameter which leads to a power law as

∆L ∝ (T ∗−T )1/3 with a pseudo-critical exponent of the value 0.32±0.02 [70] and an

arbitrary parameter T ∗ . This pseudo-exponent obtained experimentally also indicates

the long range order according to Eq.3.41 as β = 0.16±0.01 ≈ 1/6 [70]. In compar-

ison with the previously stated critical exponents β = 1/3 [80] and β = 0.34± 0.02

[75], our critical exponent value β = 0.49 indicates that INC-β transition in quartz is

a nearly second order transition as predicted by the Landau phenomenological model.

In the first part, for the analysis of the relation between the observed piezoelectric res-

onance frequency [34] and the anomalous strain [70] according to Eq. 3.44, a0 and a1

(Table 3.10) were assumed to be constant and gave a linear relation (Fig.3.17). But,

both coefficients are the temperature dependent (3.44) as initially assumed. There-

fore, normalized υ2 fitted to the normalized ∆L1/2 at various temperatures (Eq.3.46)

with the coefficients a′
0 and a′

1 in a given temperature interval of INC-β transition in

quartz, Table3.11 gives the temperature dependence of a0 and a1 by multiplying a′
0

and a′
1 with the temperature dependence of normalized anomalous strain. As a result,

linear variation of piezoelectric resonance frequency and anomalous strain with tem-

perature was obtained in the vicinity of INC-β transition in quartz which is applicable

62



to the other crystals with INC phase.
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3.5 Calculation of the damping constant (Γsp) and the relaxation time (τ−1
LA ) of

the LA mode in the incommensurate phase of quartz

The variation of the damping constant (linewidth) for the longitudinal acoustic (LA)

mode with the temperature in the INC phase of quartz was calculated by using pseudo-

spin phonon coupled (PS) model and energy fluctuation (EF) model. Experimental

data for the linewidth (Γsp) at P = 0 and P = 80.5MPa from the Brillouin spectra

of the LA mode [81] were used for this calculation. Temperature dependence of the

linewidth was analyzed by a power law formula which was also adjusted for the ob-

served temperature dependence of the frequency shifts [81] (∆υLA) in the vicinity of

the INC phase of quartz. From this analysis, the values of the critical parameters for

both ΓLA and ∆υLA were extracted. Variation of the inverse relaxation time (τ−1
LA ) of

the LA mode with the temperature was established and it was used to determine the

activation energy values (Ea) at P = 0 and P = 80.5MPa in the incommensurate

phase of quartz.

Linewidth (Γsp) calculations by the PS and EF models

The damping constant of the LA mode was calculated as a function of temperature

according to PS and EF models by using the experimental Brillouin spectra data for

the piezoelectric frequency shifts (∆υLA) [81] in the INC phase of quartz at P = 0

and P = 80.5MPa. As stated in the previous section (Section 3.4) and it was used

for those calculations, piezoelectric frequency shifts (∆υLA) can be considered as an

order parameter according to (∆υLA)2 ∝ Q in the INC phase of quartz where Q is

the order parameter.

On the basis of the spin-phonon coupling, temperature dependence of the linewidth

can be expressed by the pseudo-spin phonon coupled (PS) model (Section 3.5) with

the order parameter Q close to the critical temperature Tc as

Γsp = Γ0
′
+ A

′
(1−Q2)ln

(
Tc

T − Tc(1−Q2)

)
(3.47)

where Γ
′
0 and A′ are background damping constant and the magnitude, respectively.

Γsp (Eq.3.47) of the PS model was fitted to the observed linewidth data ΓLA [81]
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at P = 0 (Fig.3.19) and P = 80.5MPa (Fig.3.20) for the INC phase of quartz

and the background parameters Γ
′
0 and A′ were determined at P = 0 (Table 3.12)

and P = 80.5MPa (Table 3.13) for the given temperature intervals. For zero pres-

sure, transition temperatures Tc and Ti (Table 3.12) were obtained from the almost

minimum and maximum values of the observed transverse acoustic mode linewidth

ΓTA [81], respectively, due to the coupling of soft modes in the INC phase of quartz

[31]. At P = 80.5MPa, Tc is the critical temperature, Ti1(= Tc + 6.18K) and

Ti3(= Tc+4.36K) (Table 3.13) are the transition temperatures in the INC phase [81].

Variations of the damping constant of the LA mode (ΓLA) with the temperature was

also calculated by using the observed data of the frequency shifts as an order param-

eter and the fitted parameters were determined (Tables 3.12 and 3.13) according to

the PS model (Eq.3.47) at P = 0 and P = 80.5MPa, respectively, close to the INC

phase of quartz as shown in Figures 3.19 and 3.20 (squares).

By taking into account the energy fluctuations due to the spin-phonon interactions,

temperature dependence of the linewidth can also be analyzed by energy fluctuation

(EF) model (Section 3.5) with the order parameter Q close to the critical temperature

Tc as

Γsp = Γ0 + A

(
T (1−Q2)

T − Tc(1−Q2)

)1/2

(3.48)

where Γ0 and A are background damping constant and magnitude, respectively. The

same steps in the analysis by PS model is followed for the analysis of the temperature

dependence of the damping constant for the LA mode by the EF model.

Γsp (Eq.3.48) of the EF model was fitted to the observed linewidth data ΓLA [81]

at P = 0 (Fig.3.21) and P = 80.5MPa (Fig.3.22) for the INC phase of quartz

and the background parameters Γ0 and A were determined at P = 0 (Table 3.12)

and P = 80.5MPa (Table 3.13) for the given temperature intervals. Variations of

damping constant of the LA mode ΓLA with temperature was calculated by using

the observed data of frequency shifts as an order parameter and the fitted parameters

were determined (Tables 3.12 and 3.13) according to EF model (Eq.3.48) at P = 0

and P = 80.5MPa close to the INC phase of quartz as shown in Figures 3.21 and

3.22 (squares).
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Figure 3.19: Variation of the linewidth of the LA mode (Eq.3.47) according to the PS

model with the temperature at P = 0. The observed ΓLA data [81] are also shown in

the INC phase of quartz.

Figure 3.20: Variation of the linewidth of the LA mode (Eq.3.47) according to the PS

model with the temperature at P = 80.5MPa. The observed ΓLA data [81] are also

shown in the INC phase of quartz.
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Table 3.12: Values of the transition temperatures (Tc and Ti = Tc + 1.43K), back-

ground damping constants (Γ0 and Γ
′
0) and the amplitudes (A andA′) of the LA mode

in the temperature intervals (T0 = 846.93K) indicated according to the PS and EF

models for the incommensurate phase of quartz (P = 0)

Models Tc(K) Ti(K) P = 0 Tc < T < T0 T0 < T < Ti T > Ti

PS (Eq.3.47) 846 847.43
Γ

′
0(cm−1) 0.176 0.141 0.167

A′(cm−1) -0.167 0.145 0.537

EF (Eq.3.48) 846 847.43
Γ0(cm−1) 0.265 0.067 -0.064

A(cm−1) -0.176 0.147 0.446

Table 3.13: Values of the transition temperatures Tc, Ti1 = Tc + 6.18K and Ti3 =

Tc + 4.36K, background damping constants (Γ0 and Γ
′
0) and the amplitudes (A and

A
′) of the LA mode in the temperature intervals (T0 = 848.82K) indicated according

to the PS and EF models for the incommensurate phase of quartz (P = 80.5MPa)
Models Tc(K) Ti1(K) Ti3(K) P = 80.5 MPa T0 < T < Tc Tc < T < Ti3 Ti3 < T < Ti1 T > Ti1

PS(Eq.3.47) 851.72 857.90 856.08
Γ

′
0x10−4(cm−1) 3.487 2425.9 1337.4 1070.3

A′(cm−1) 0.088 -0.263 0.048 0.257

EF(Eq.3.48) 851.72 857.90 856.08
Γ0(cm−1) -0.045 0.379 0.109 -0.007

A(cm−1) 0.091 -0.274 0.050 0.223
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Figure 3.21: Variations of the linewidth of the LA mode (Eq.3.48) by the EF model at

P = 0 with the temperature. The observed ΓLA data are also shown [81] in the INC

phase of quartz.

Figure 3.22: Variations of the linewidth of the LA mode (Eq.3.48) by the EF model

at P = 80.5MPa with the temperature. The observed ΓLA data are also shown [81]

in the INC phase of quartz.
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Critical behavior of linewidth (ΓLA) and frequency shifts (∆υLA) close to the INC

phase

Critical behavior of linewidth (ΓLA) and frequency shifts (∆υLA) close to the INC

phase was analyzed by using a power law formula and observed data [81] of Brillouin

spectra. Variation of the damping constant with temperature in the vicinity of the

critical temperature (Tc) can be obtained by a power law formula,

Γ(T ) = Γ
′
(0)

(
T − Tc
Tc

)−η
(3.49)

with the critical exponent η of the damping constant and the amplitude Γ
′
(0) of the

linewidth. Due to the critical behavior of the order parameter in the vicinity of the

critical temperature (Tc), its temperature dependence can be explained by a power

law formula (Section 2.4) which is related to the frequency shifts (∆υ) according to

(∆υ)2 ∝ Q as an order parameter. Hence, temperature dependence of the frequency

shifts can be written in the form of a power law formula,

(∆υ)2 = (∆υ0)2 + A

(
T − Tc
Tc

)β
(3.50)

where ∆υ0 is the value of frequency shifts (∆υ) at T = Tc, A is the amplitude and β

is the critical exponent of the order parameter below the transition temperature Ti in

the INC phase.

For T > Ti, frequency shifts as a function of temperature can be expressed as

(∆υ)2 = (∆υ0)2 + a

(
T − Tc
Tc

)
(3.51)

with the value of frequency shifts at T = Tc, ∆υ0, and the amplitude a as before.

Variations of the damping constant with the temperature were studied by means of

a power law formula (Eq. 3.49) by using the experimental linewidth data for the

LA mode (ΓLA) at P = 0 (Fig.3.23a) and P = 80.5MPa (Fig.3.23b) close to the

transition temperature Tc. Critical parameters η and Γ
′
(0) were obtained from the

analyses for both pressures in the given temperature intervals (Table3.14) with the

temperature Tmax at which the maximum value of linewidth Γmax occurs above Tc

for the INC phase of quartz.
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Variations of frequency shifts of the LA mode (∆υLA) with temperature were also

investigated by using the observed data [81] below (Eq3.50) and above (Eq3.51) the

transition temperature (Ti) at P = 0 (Fig.3.24a) and P = 80.5MPa (Fig.3.24b) close

to the INC phase of quartz. Critical exponent of the order parameter β, amplitude

A and coefficient a with the ∆υ0 (the frequency shift at the transition temperature)

were obtained from the analysis for both pressures in the given temperature intervals

(Table3.15) for the INC phase of quartz.

Table 3.14: Values of the transition temperatures Tc, Ti (P = 0), Ti1 (P = 80.5MPa),

and Ti3 (P = 80.5MPa) and the temperature Tmax at the maximum value of the

linewidth ΓLA of the observed LA mode [81]. Also, values of the critical exponent η

and the amplitude Γ
′
(0) are given within the temperature intervals indicated (P = 0

and P = 80.5MPa) according to Eq.3.49 for the incommensurate phase of quartz.
Linewidth Pressure

(MPa)

Tc(K) Ti(K) Ti1(K) Ti3(K) Tmax(K) η Γ
′
(0)x10−2

(cm−1)

Temperature

Interval (K)

ΓLA(cm−1)

0 846 847.43 - - 846.99
-0.28 100.34 Tc < T < Tmax

0.55 0.390 T > Tmax

80.5 851.72 - 857.90 856.08 856.68
-0.45 139.65 Tc < T < Tmax

1.3 0.020 T > Tmax

Table 3.15: Values of the transition temperatures Tc, Ti (P = 0), Ti1 (P = 80.5MPa),

and Ti3 (P = 80.5MPa) for the frequency shifts ∆υ of the observed LA mode [81].

Also, values of the critical exponent β for the order parameter, amplitude A, the

frequency shift ∆υ0 at the transition temperature and the coefficient a within the

temperature intervals indicated (P = 0 and P = 80.5MPa) according to Eqs.3.50

and 3.50, are given for the incommensurate phase of quartz.
Frequency

Shifts

Pressure

(MPa)

Tc(K) Ti(K) Ti1(K) Ti3(K) β A

(cm−2)

∆υ0

(cm−1)

a

(cm−2)

Temperature

Interval (K)

∆υLA

(cm−1)

0 846 847.43 - -
1.1 188.49 0.75 - Tc < T < Ti

- - 0.86 7.756 T > T i

80.5 851.72 - 857.9 856.08
2.49 41655 0.73 - Tc < T < Ti1

- - 0.79 11.767 T > T i1
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(a)

(b)

Figure 3.23: Analysis of the temperature dependence of the damping constant ΓLA

at P = 0 (a) and 80.5MPa (b) according to the power law formula (Eq.3.49) for

the LA mode using the observed data [81]. Solid lines represent the best fits to the

experimental data [81].
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(a)

(b)

Figure 3.24: Frequency shifts (∆υLA) squared as a function of temperature according

to Eqs.3.50 and 3.51 below and above the transition temperature Ti at P = 0 and Ti1

at P = 80.5MPa respectively, which were fitted to the experimental ∆υLA of the LA

mode [81] in the commensurate phase of quartz. Solid lines represent the best fits to

the experimental data [81].
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Inverse relaxation time (τ−1
LA) calculation

As stated in Section 2.8, inverse relaxation time of phonon modes can be expressed

in terms of the frequency shifts and damping constant (linewidth) Γ as

τ−1 =
υ2

Γ
(3.52)

According to the Arrhenius law, temperature dependence of the relaxation time can

be expressed as

τ = τ0exp

(
− Ea
kBT

)
(3.53)

where τ0, Ea and kB are the attempt relaxation time, activation energy and the Boltz-

mann constant respectively. Eq.3.53 can also be written in the logarithmic form

lnτ = lnτ0 −
Ea
kBT

(3.54)

Variations of inverse relaxation time (τ−1) with temperature were calculated by using

observed linewidth (ΓLA) and frequency shifts (∆υLA) [81] of the LA mode according

to Eq.3.52 at P = 0 (Fig.3.25a) and P = 80.5MPa (Fig.3.25b) in the incommen-

surate phase of quartz. Ti (P = 0), Ti1 (P = 80.5MPa), and Ti3 (P = 80.5MPa)

are the transition temperatures of given pressure conditions (Table 3.16). By using

this temperature dependence by means of Eq.3.54, activation energy Ea was deter-

mined with the sufficiently small attempt relaxation time (τ0) at P = 0 (Fig.3.26a)

and P = 80.5MPa (Fig.3.26b) within the given temperature intervals (Table 3.16)

for the INC phase of quartz. Above the transition temperatures Ti (P = 0) and Tc

(P = 80.5MPa), temperature dependence of inverse relaxation time (τ−1) was also

predicted according to the linear relations

τ−1
LA = a+ b(T − Ti) (3.55)

for P = 0 and

τ−1
LA = a+ b(T − Tc) (3.56)

for P = 80.5MPa above the incommensurate phase of quartz. Values of a and b

were determined by fitting Eqs. 3.55 and 3.55 to the calculated (τ−1) (Fig.3.25) and

they are given in Table 3.16.
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Table 3.16: Values of the activation energy Ea (Eq.3.53) and the coefficients a and

b (Eqs.3.55 and 3.56) of the LA mode with the values of Tc(K), Ti(K), Ti1(K),

Ti3(K) and T0(K) for the pressures within the temperature intervals indicated in the

incommensurate phase of quartz.
LA mode Pressure

(MPa)

Tc(K) Ti(K) Ti1(K) Ti3(K) T0(K) a

(s−1)

b

(s−1/K)

Eax10−18

(J/mol)

Ea

(eV/mol)

Temperature

Interval (K)

Relaxation

time

τLA(s)

Eq.3.53

0 846 847.43 - - 846.85 5.74 1.71

14.8 92.5 Tc < T < T0

-4.95 -30.9 T0 < T < Ti

-1.46 -9.1 T > T i

80.5 851.72 - 857.9 856.08 849.92 5.78 1.39

0.001 0.0075 T < T0

-1.04 -6.5 T0 < T < Tc

-2.18 -13.6 Tc < T < Ti3

-0.257 -1.6 Ti3 < T < Ti1

-0.843 -5.3 T > T i1

Discussion

Temperature dependence of the damping constant (Γsp) of the LA mode was cal-

culated by means of the Eq.3.47, PS model, (Figs. 3.19 and 3.20) and Eq.3.48,EF

model, (Figs.3.21 and 3.22) in the incommensurate phase of quartz by using observed

data [81] at pressures P = 0 and P = 80.5MPa. Fitted parameters given (Tables

3.12 and 3.13) with the close value of amplitudes A and A′ , indicates that PS and EF

models are adequate to describe the observed behavior of the LA mode linewidth due

to the pseudo-spin phonon coupling in the incommensurate phase of quartz.

Critical behavior of the damping constant (ΓLA) and frequency shifts (∆υLA) of the

LA mode close to the transition temperature Tc were also investigated by power law

formulas (Eqs.3.50 and 3.49), while the critical exponents η (Table 3.14) and β (Table

3.15) were determined in the given temperature intervals (Table 3.14 and 3.15) at

pressures P = 0 and 80.5MPa. Maximum value of ΓLA(max) was observed at Tmax

during the increase between Tc and Ti at P = 0 (Fig. 3.23a) and between Ti3(K) and

Ti1(K) at P = 80.5MPa (Fig. 3.23b) where the negative η values occur. Above

Tmax, positive η values are consistent with the abrupt decrease in ΓLA with increasing

temperature.
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(a)

(b)

Figure 3.25: Inverse relaxation time (τ−1
LA) calculated as a function of temperature for

the LA mode according to Eq.3.52 where the observed data for the frequency shifts

(∆υ) and the linewidth (ΓLA) of this mode [26] were used at the pressures of P = 0

(a) and 80.5MPa (b) in the incommensurate phase of quartz. Straight lines above

Ti (P = 0) and Tc(80.5 MPa) denote the best fits to the τ−1 values.
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(a)

(b)

Figure 3.26: Relaxation time (τLA) in the logarithmic form of the LA mode as a

function of the inverse temperature to determine the values of the activation energy

(Ea) according to Eq.3.54 for P = 0 (a) and 80.5MPa (b) in the incommensurate

phase of quartz. Solid lines represent best fits to the predicted values (τLA).
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In the analysis of the ∆υLA, linear temperature dependence of (∆υLA)2 above transi-

tion temperatures (Eq.3.51) Ti at P = 0 (Fig. 3.24a) and Ti1(K) at P = 80.5MPa

(Fig. 3.24b) ,that obeys the Curie-law form, adequately represent the observed behav-

ior of the LA mode [81] in the INC phase of quartz. In Fig. 3.24, as the temperature

decreases, a rapid decrease of frequency shifts, in other words a strong softening, be-

low transition temperatures Ti at P = 0 and Ti1(K) at P = 80.5MPa was observed

in the INC phase as compared to that in the β phase. It has been interpreted as a result

of the soft optic mode’s coupling to LA mode that it condenses below Ti (P = 0) [26].

Inverse relaxation time (τ−1
LA) was also calculated as a function temperature by us-

ing observed linewidth (ΓLA) and frequency shift (∆υLA) data of the LA mode by

Eq.3.52. As the temperature increases, τ−1
LA exhibits first a sudden decrease at Tc

(P = 0) and below Tc (P = 80.5MPa), then a smooth increase above Ti (P = 0)

and Tc through Ti3(K) and Ti1(K) (P = 80.5MPa) occurs (Fig3.25). This critical

behavior of τ−1
LA (Fig3.25) is in agreement with ΓLA (Fig3.23), especially for zero

pressure as τ−1
LA ∝ ΓLA. For P = 80.5MPa, the minimum value of τ−1

LA occurs be-

low Tc at around 850K (Fig3.25b), whereas the corresponding ΓLA has a maximum

value between Ti3(K) and Ti1(K) at around 857K (Fig3.23b). Since frequency shifts

∆υLA become dominant over the critical behavior, the inverse relaxation time τ−1 oc-

curs under pressure, due to the τLA−1 ∝ (∆υLA)2.

For the zero pressure case, frequency shifts ΓLA which are expected to show the

Landau-Khalatnikov type single relaxation behavior, indicate a linear temperature

dependence as τ ≈ 6.3x10−12(T−Ti)−1 [81]. Variations of sound wave with temper-

ature near the β-INC transition can be explained by single relaxation mechanism [81].

In this study, linear temperature dependence of the inverse relation time τLA−1 was

constructed by (T −Ti) at P = 0 (Eq.3.55) and (T −Tc) at P = 80.5MPa (Eq.3.55)

with the coefficients a snd b (Table 3.16). In accordance with the close values of

this coefficients, the Landau-Khalatnikov type single relaxation can also be observed

at high pressures P = 80.5MPa in the INC phase of quartz above the transition

temperate as in zero pressure case.

Activation energy Ea (in the units of J/mol and eV/mol) was calculated from the

variation of the relaxation time (τLA) of the LA mode with temperature accord-
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ing to Eq.3.54 for the INC phase of quartz. Positive Ea values were obtained in

the temperature intervals 846 < T (K) < 846.85 (P = 0) and T (K) < 849.92

(P = 80.5MPa) whereas the Ea values were negative in all the other tempera-

ture ranges in the incommensurate phase of quartz. Except the value of 7.5meV

below 849.92K (P = 80.5MPa), all other Ea values are too large compared to

some other piezoelectric materials ferroelectric MOFs (metal organic frameworks)

of NH4Zn(HCOO)3 and ND4Zn(DCOO)3 and LiTaO3 ], with the values of

0.17eV , 0.16eV [82] and 0.13eV [83] which could be the result of significantly

small attempt relaxation time (τ0) values which was obtained in the INC phase at

P = 0 and P = 80.5MPa according to Eq.3.53. Temperature dependence of in-

verse relaxation time can be expressed in the form of τ(T )−1 ∝ (T − Ti)−1 [35] at

P = 0 and (T − Tc)−1 at P = 80.5MPa since it is the the decay rate of the corre-

lation function of the order parameter below Tc [84] or below Ti (P = 0 ) in the INC

phase of quartz. As a result, Eq.3.52 can be rewritten in the form of

FWHM = A+BT + Cexp(−Ea/kBT ) (3.57)

regarding the Γ or the linewidth [85] as also studied for MOFs [82] In this equation,

A depends on structural and compositional defects, the BT term represents the influ-

ence of phonon-phonon anharmonic interactions and the last term defines thermally

activated reorientational process, which can also be considered for the reorientational

motion of the SiO4 in the incommensurate phase of quartz.
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3.6 Heat capacity (Cp) renormalization analysis with the renormalized critical

exponents

Variation of heat capacity (Cp) with the temperature was calculated according to the

renormalization-group (Section 2.4) expression with the first order corrected scaling

term by using various experimental data [1, 32, 33] in the vicinity of the α-INC-β

transition in quartz. Critical exponents of the heat capacity (Cp), order parameter (η)

and isothermal compressibility (κT ) , α, β and γ respectively, were also predicted

with the renormalized forms in relation to the Rusbrooke’s scaling law [37, 45] and

Fisher renormalization [48, 49] for the α-INC-β transition in quartz.

Temperature dependence of heat capacity Cp for the α-INC-β transition in quartz

according to the renormalization-group formula [47,50] can be expressed in the form

of

Cp = A±|t|−α
(

1 +D±|t|∆
)

+B (3.58)

with the reduced temperature

t =
T − Tc
Tc

(3.59)

where α is the critical exponent and ∆ = 0.5 with the constants A±, D± for above

and below critical temperature Tc and B.

Critical exponent of the order parameter can be rewritten in the renormalized form

according to Fisher renormalization [48, 49] as

αR = − α

1− α
(3.60)

due to the singular behavior of the heat capacity Cp asymptotically close to the tran-

sition.

Heat capacity renormalization formula (Eq.3.58) was fitted to the experimental data

from DSC (Differential Scanning Calorimetry) [1, 32] (Figs.3.27 and 3.28) and ac

calorimetry measurements [33] (Figs.3.27 and 3.28) for the α-INC-β transition in

quartz and parameters for Eq.3.58 were determined within the temperature intervals

and transition temperatures given in Tables 3.17 and 3.18. Temperature dependence

of heat capacityCp was investigated close to α-INC, INC-α, INC-β and β-INC transi-

tions in a reversible manner for both type of measurements [1,32,33] and ac calorime-
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try [33] measurements were also used in the study of cooling and heating runs in

quartz. Finally, renormalized critical exponent αR values for the heat capacity Cp

were calculated according to Fisher renormalization (Eq.3.60) for the α-INC-β tran-

sition within the temperature intervals are given in the Tables 3.17-3.19 by using the

critical exponent α in the each temperature interval.

Table 3.17: Values of the critical exponent α and αR (renormalized) (Eq.3.60) for the

heat capacity Cp with the parameters A, B and D according to Eq.3.58 for the tran-

sitions within the temperature intervals indicated for quartz. Transition temperatures

(Tc, T ′c and Ti) are also given from the observed Cp data [1,32]. Quality of fits is also

given for the transitions studied.
Cp

(Cal/K.g)

Transition

Temperature (K)

−α αR A

(Cal/K.g)

B

(Cal/K.g)

−D
(Cal/K.g)

Temperature

Interval (K)

Quality of fit

(R)

α-INC T ′c 845.26 0.70 0.41 -113.56 0.54 32.26 845<T<845.26 0.99

INC-α Tc 845.60 0.06 0.06 1.03 0.54 43.28 845.6<T<846 0.99

INC-β Ti 847.12 0.09 0.08 -0.85 0.59 30.62 846<T<847.12 0.98

β-INC Ti 847.12 0.50 0.33 -31.39 0.51 87.38 847.12<T<848 0.93

Table 3.18: Values of the critical exponent α and αR (renormalized) (Eq.3.60) for

the heat capacity Cp with the parameters A, B and D according to Eq.3.58 for the

transitions within the temperature intervals indicated for the cooling run in quartz.

Transition temperatures (Tc and Ti) are also given from the observed Cp data [33].

Quality of fits is also given for the transition studied.
Cp

(Cal/K.g)

Transition

Temperature (K)

α −αR Ax10−3 B −D Temperature

Interval (K)

Quality of fit

(R)

α-INC
Tc 846.9

0.52 1.061 -2.7 -1.529 4139.94 846.0<T<846.9 0.98

INC-α 0.51 1.028 -1.6 -15.66 15659.08 846.9<T<848.0 0.98

INC-β
Ti 848

0.50 1.004 4.2 30.12 4681.42 847<T<848 0.70

β - INC 0.93 - 3.0 36.40 268.9 848<T<849 0.99
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Table 3.19: Values of the critical exponents α and αR (renormalized) (Eq.3.60) for

the heat capacity Cp with the parameters A, B, and D according to Eq.3.58 for the

transitions within the temperature intervals indicated for the heating run in quartz.

Transition temperatures (Tc and Ti) are also given from the observed Cp data [33].

Quality of fits is given for the transition studied.
Cp

(Cal/K.g)

Transition

Temperature (K)

α −αR Ax10−5 B −D Temperature

Interval (K)

Quality of fit

(R)

α-INC
Tc 847.7

0.52 1.074 2.0 1.59 38273.90 847.0<T<847.7 0.99

INC-α 0.50 1.012 141 15.29 -3195.36 847.7<T<848.0 0.83

INC-β
Ti 848.0

0.10 0.110 181140 5.77 12.82 847<T<848 0.99

β- INC 0.42 0.730 101364 14.63 -761.73 848<T<849 0.91

Discussion

Temperature variation of the heat capacity was investigated by means of renormal-

iztion expression with the first order corrected scaling term (Eq.3.58) by using the

observed data [1, 32, 33] for the α-INC-β transition in quartz. Our fits to the ex-

perimental data [1, 32, 33] in Fig.3.27-3.30 seem reasonable and critical exponents

obtained from these fits were used to obtain renormalized critical exponent (αR) due

to Fisher renormalization [48] according to Eq.3.60. While analysis of DSC mea-

surements [1,32] gave negative critical exponent α with the positive renormalized αR

(Table 3.17), ac calorimetry measurements [33] gave positive critical exponent α with

the negative renormalized αR (Tables 3.18 and 3.19). Our analysis showed that for

the given temperature intervals and transitions (Tables 3.18 and 3.19) heat capacity

(Cp) diverges as observed experimentally [33] except β-INC (α = 0.93) and INC-β

(α = 0.10) transitions. The renormalized critical exponents (αR) deduced from ex-

perimental data [1,32] with the values varying from ∼ 0.1 to 0.41 (Table 3.17) refers

to two types of transitions for the α-INC-β transition in quartz. While the renormal-

ized critical exponent of α-INC (T ′c) transition αR = 0.41 (Table 3.17) refers to a

weakly first order transition, the values of αR = 0.06 and 0.08 (Table 3.17) indicate

that INC-α (Tc) and INC-β (Ti) transitions are nearly a second order.

Analysis from the ac calorimetry measurements [33] also agrees with above results

with the divergent heat capacity Cp within the temperature intervals. Transitions

81



(Tables 3.18 and 3.19) are as weakly first order β-INC transition αR = 0.5 (Table

3.18) and nearly second order INC-β α = 0.10 (3.19) which, are also comparable

to the values of αR = 0.1, 0.2 (TQ = 578◦C) and 0.4 (TQ = 577.1◦C) from earlier

studies [86, 87].

Our nonzero α and αR values (Tables 3.17-3.19) do not correspond to the mean field

value α = α
′
= 0 whereas the αR(∼ 0.1) values for the INC-α and INC-β transitions

(Table 3.17) agree with the the three dimensional Ising model values (α = 0.119 ±
0.060) [88, 89]. For the INC-α and INC-β transitions, critical behavior of the heat

capacity can also be described by the negative critical exponents α = −0.06 and

α = −0.09 (Table 3.17) in comparison with the values of α = −0.08 ± 0.04 and

α
′

= −0.02 according to the Heisenberg (d=3, D=3) model [88, 89] and the inverted

XY model (or helium analogy) [50] respectively.
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(a)

(b)

Figure 3.27: Variation of the heat capacity Cp with the reduced temperature t

(Eq.3.59) according to Eq.3.58 for the transitions of α-INC for T < T
′
c (a) and INC-α

for T > Tc (b) using the observed data [1, 32] in quartz with the critical temperatures

T
′
c and Tc (Table 3.17).
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(a)

(b)

Figure 3.28: Variation of the heat capacity Cp with the reduced temperature t

(Eq.3.59) according to Eq.3.58 for the transitions of INC-β for T < Ti (a) and β-INC

for T > Ti (b) using the observed data [1, 32] in quartz. Ti is the critical temperature

(Table 3.17).
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(a)

(b)

Figure 3.29: Variation of the heat capacity Cp with the reduced temperature t

(Eq.3.59) according to Eq.3.58 for the transitions of α-INC for T < Tc (a) and INC-α

for T > Tc (b) for heating and cooling runs, respectively, using the observed data [33]

in quartz with the critical temperature Tc (Tables 3.18 and 3.19).
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(a)

(b)

Figure 3.30: Variation of the heat capacity Cp with the reduced temperature t

(Eq.3.59) according to Eq.3.58 for the transitions of INC-β for T < Ti (a) and β-

INC for T > Ti (b) for heating and cooling runs, respectively, using the observed

data [33] in quartz with the critical temperature Ti (Tables 3.18 and 3.19).
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3.7 Landau mean field model with the coupling terms in the presence of the

electric field

The temperature dependence of the order parameter (η) and the inverse susceptibility

(χη−1) of the α-INC-β transition in quartz were calculated by using free energy ex-

pansion of the Landau phenomenological model in the absence and presence of the

electric field using approximations. For comparison they were fitted to experimental

data (E = 0) from the literature [6]. We also predicted the temperature dependence of

the order parameter (ξ) and the inverse susceptibility (χξ−1) of the incommensurate

(INC) phase of quartz. In addition, E−T phase diagram is obtained for the α-INC-β

transition in quartz by using the literature data.

α-INC transition

The free energy expansion for the first order α-INC transition in terms of the order

parameter η of the α phase in the presence of electric field (E) can be expressed in

the form of

Fα−INC =
1

2
a (T − Tc) η2 +

1

4
bη4 +

1

6
cη6 + dηξ + eη2ξ2 − Eη2 (3.61)

where a, b and c are constants and, d and e are the coupling constants between the

phases of α and INC for a > 0, b < 0, c > 0, d < 0 and e > 0. ξ is the order

parameter of the INC phase and Tc is the transition temperature. By minimizing free

energy (Eq.3.61) with respect to order parameter η as

∂Fα−INC
∂η

= 0 (3.62)

one can obtain

a (T − Tc) η + bη3 + cη5 + dξ + 2eηξ2 − 2Eη = 0 (3.63)

and by minimizing Eq.3.61 with respect to ξ

∂Fα−INC
∂ξ

= 0 (3.64)

one gets

dη + 2eη2ξ = 0 (3.65)
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The relation between the order parameters through Eq.3.65 can be constructed as

ξ = − d

2eη
(3.66)

Inserting Eq.3.66 into Eq.3.63 gives

a (T − Tc) + bη2 + cη4 − 2E = 0 (3.67)

with the roots of

η2
1,2 =

−b±
√
b2 − 4c[a (T − Tc)− 2E]

2c
(3.68)

For a > 0, b < 0, c > 0, real and positive order parameter (η) with a nonzero E-field

η is given by

η =

√
−b±

√
b2 − 4c[a (T − Tc)− 2E]

2c
(3.69)

For E = 0, the temperature dependence of the order parameter becomes

η =

√
−b+

√
b2 + 4ac (Tc − T )

2c
(3.70)

For the analysis of the temperature dependence of the order parameter η in the pres-

ence of E-field, Eq.3.70 was first fitted to the observed order parameter data [6] from

the X-ray measurements without E-field (Fig.3.31) for the α-β transition in quartz.

The determined constants a, b and c are given in Table 3.20. Electric field values with

the transition temperatures Tc (α-INC transition) and Ti (INC-β transition) were ob-

tained from the experimental E−T phase diagram [90] as given in Table 3.21. Then,

temperature dependence of the order parameter was calculated according to Eq.3.69

with the constants (Table 3.20) by using the experimental E-field and transition tem-

perature Tc [90], (Table 3.21) within the temperature interval of 825 < T (K) < 850

for the α-INC transition in quartz.

Table 3.20: Coefficients determined by using the experimental data for the α-β tran-

sition [6] according to Eq.(3.70) within the temperature interval indicated in quartz.

Transition Tc a b c Temperature Interval (K)

α-β 847K 7.79 -2.64 0.07 420 < T < 847
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Figure 3.31: Temperature dependence of the order parameter η (Eq.3.70) and the

observed data [6] for the α-β transition in quartz within the temperature interval

319 < T (K) < 847.

Table 3.21: Observed electric (E) field values with the transition temperatures Tc (α-

INC transition) and Ti (INC-β transition) from the E − T phase diagram [90].

E(kV/cm) Tc(K) Ti(K) ∆T (K)

8 832.5 837 4.5

5 842.9 845.4 2.5

4 844 846.5 2.5

2 846.8 848.9 2.1

0 848 850.5 2.5

By using the relation between the order parameters in Eq.3.66 due to the coupling

with the parameters d < 0 and e > 0, normalized order parameter of INC-β transition

can be written as
ξ

ξ0

= −1

η
(3.71)

where ξ0 = d/2e. Temperature dependence of the order parameter ξ of the INC phase

in the normalized form, was calculated according to the Eq.3.66 through Eq.3.71 by

using the calculated η values (Fig.3.32) for the INC phase of quartz in the presence

of E-field (Table 3.21).
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Figure 3.32: The order parameter calculated as a function of temperature for various

electric fields (E) for the α-INC phase transitions in quartz. Observed η at E = 0 [6]

are also shown within the temperature interval of 825 < T (K) < 850.

The inverse susceptibility χ−1 of this transition is defined as

χ−1
η =

∂2(Fα−INC)

∂η2
(3.72)

By using free energy in the presence of the E-field (Eq.3.61), inverse susceptibility

of the α-INC transition can be obtained as

χ−1
η = 5cη4 + 3bη2 + a (T − Tc) + 2eξ2 − 2E (3.73)

By inserting ξ = − d
2eη

(Eq.3.66) into Eq.3.73, and for d < 0 and e > 0 , by taking

d = −1 and e = 1, the inverse susceptibility can be written in the form of

χ−1
η = 5cη4 + 3bη2 + a (T − Tc) +

1

2η2
− 2E (3.74)

in terms of order parameter η.

Variation of the inverse susceptibility χ−1
η of the order parameter η with temperature

was obtained according to Eq.3.74 with the coefficients (Table 3.20) by using η values

which were calculated from Eq.3.70 (Fig.3.34). For this calculations, the experimen-

tal E-field and transition temperature Tc [90] were also used for the α-INC transition

in quartz.
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Figure 3.33: Temperature dependence of the order parameter ξ of the INC phase

in the normalized form, which was calculated according to the Eq.3.66 within the

temperature interval of 832.5 < T (K) < 850 with the E − T values [90] (Table

3.21).

Figure 3.34: Temperature dependence of the inverse susceptibility χ−1
η calculated

from Eqs.3.69 and 3.74 in the presence of E-field.
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Similarly, χ−1
ξ can be derived according to

χ−1
ξ =

∂2(Fα−INC)

∂ξ2
(3.75)

By taking the second derivative of Fα−INC (Eq.3.61) with respect to the order param-

eter ξ of the INC phase, we find

χ−1
ξ = 2eη2 =

d2

2eξ2
(3.76)

using Eq.(3.66). The inverse susceptibility of the INC phase χ−1
ξ was calculated in

the normalized form with χ−1
0 = −d2/2e as a function of temperature (Fig.3.35)

according to Eq.(3.76)at constant electric fields indicated in Table 3.21 for the α-INC

transition in quartz.

Figure 3.35: The inverse susceptibility χ−1
ξ of the order parameter ξ in the incommen-

surate (INC) phase (Tc < T < Ti) as a function of temperature at constant electric

fields for the α-INC transition in quartz. Ti denotes the transition temperature above

which the β phase occurs in quartz.

INC-β transition

β phase of quartz is the disordered phase without any ordering parameter (order pa-

rameter is zero). By expanding the free energy for the second order INC- β transition
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in terms of the order parameter ξ for the INC phase in the presence of the electric

field (E), we can write

FINC−β =
1

2
a2ξ

2 +
1

4
a4ξ

4 +
1

6
a6ξ

6 + dξη + eξ2η
2 − Eξ2 (3.77)

where a2 = α(T − Ti) and α > 0, a2 < 0, a4 > 0 (second order transition), a6 > 0.

Ti is the transition temperature between INC and β phases where its relation to Tc is

Ti = Tc + ∆T1 (3.78)

for ∆T1
∼= 1.3K and Ti ∼= 848.3K in quartz [34].

Minimizing the free energy (Eq.3.77) with respect to ξ gives

a2ξ + a4ξ
3 + a6ξ

5 + dη + 2eξη2 − 2Eξ = 0 (3.79)

By minimizing the free energy (Eq.3.77) with respect to η, we can obtain

η = − d

2eξ
(3.80)

as in the α-INC transition case (Eq.3.66). Inserting Eq.(3.80) into Eq.(3.79), gives

the quadratic equation

a2 + a4ξ
2 + a6ξ

4 − 2E = 0 (3.81)

with the roots of

ξ2
1,2 =

−a4 ±
√
a2

4 − 4a6(a2 − 2E)

2a6

(3.82)

for a2 < 0, a4 > 0 and a6 > 0, it becomes

ξ =

√
−a4 +

√
a2

4 − 4a6[a2 − 2E]

2a6

(3.83)

and for zero electric field as

ξ =

√
−a4 +

√
a2

4 − 4a6α(T − Ti)
2a6

(3.84)

with a2 = α(T − Ti). Constants of Eq.(3.84) (Table 3.22) was determined by fitting

to the experimental data [6] for the second order transition. By using these Table

3.22 constants and Eq.(3.84), temperature dependence of the order parameter ξ was

calculated as plotted in Fig.3.36 at constant electric fields for the INC-β transition.

By using calculated ξ values of Fig.3.36 and Eq.(3.66) with η0 = −d/2e, normalized

order parameter η was obtained as a function of T − Ti where Ti is the temperature

of the INC-β transition in quartz (Table 3.21).
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Table 3.22: Coefficients determined by using the experimental data for the INC-β

transition [90] according to equations within the temperature interval indicated in

quartz.

Transition α α0 α1x10−2 a4x10−16 a6x10−2 Eqs. Temperature Interval (K)

INC-β
3.65 - - 1.0 2.5 3.84

432.5 < T < 850.5
- -2.42 9.0 - - 3.94

Figure 3.36: Temperature dependence of the order parameter ξ for the incommen-

surate (INC) phase according to Eq.(3.84) at constant electric fields in quartz. Ti

indicates the temperature for the INC-β transition (Table 3.21)

The inverse susceptibility χ−1 of this transition is defined as

χ−1
ξ =

∂2F

∂ξ2
(3.85)

By taking the second derivative of the FINC−β (Eq.3.77) with respect to ξ, the inverse

susceptibility χ−1
ξ can be obtained as

χ−1
ξ = a2 + 3a4ξ

2 + 5a6ξ
4 + 2eη2 − 2E (3.86)

By inserting η = − d
2eξ

(Eq.3.66) into Eq.3.86, for d < 0 and e > 0 , by taking d = −1

and e = 1 as before, the inverse susceptibility in terms of the order parameter ξ of the
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Figure 3.37: Order parameter η of the α phase as a function of the temperature in

the incommensurate (INC) phase for the INC-β transition at constant electric fields

according to Eq. (3.66).

INC phase can be written as

χ−1
ξ = a2 + 3a4ξ

2 + 5a6ξ
4 +

1

2ξ2
− 2E (3.87)

By defining χ−1
η as

χ−1
η =

∂2(FINC−β)

∂η2
(3.88)

we obtain from Eq.(3.73),

χ−1
η = 2eξ2 =

d2

2eη2
(3.89)

through Eq.(3.66).

Variations of the inverse susceptibilities χ−1
ξ and χ−1

η with T − Ti (Eqs. 3.87 and

3.89) were also calculated as shown in Figs. 3.38 and 3.39, respectively for the INC-

β transition at constant electric fields with Ti which is the transition temperature of

the INC-β transition in quartz (Table 3.21).
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Figure 3.38: Inverse susceptibility susceptibility calculated from Eq.(3.87) in the

incommensurate (INC) phase for the INC-β transition at constant electric fields in

quartz.

Figure 3.39: Inverse susceptibility χ−1
η calculated as a function of the temperature at

constant electric fields according to Eq.(3.89) for the INC-β transition in quartz. Ti

denotes the temperature for the INC-β transition (Table 3.21).
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Phase line equations

We obtain the phase line equations under the electric field and the temperature (E−T )

for the transition of the α-INC (first order) and INC-β (second order) in quartz.

α-INC transition

In order to describe the fist order α-INC transition, we have the same free energy for

the α and the incommensurate (INC) phases along the transition line. This can be

obtained by equating

Fα−INC = FINC−β (3.90)

which gives from Eqs.(3.61) and (3.73),

1

2
a (T − Tc) η2 +

1

4
bη4 +

1

6
cη6 − Eη2 =

1

2
a2ξ

2 +
1

4
a4ξ

4 +
1

6
a6ξ

6 − Eξ2 (3.91)

where

a2 =
1

2
[α0(T − Ti) + α1(T − Ti)2] (3.92)

By using the solutions of η2 (Eq.3.69) and ξ2 (Eq.3.83) in Eq.(3.91) in the presence

of the electric field E, we obtain the phase line equation (E−T ) in terms of the coef-

ficients a, b, c (Table 3.20) and α0, α1, a4, a6 (Table 3.23) which can be determined

for the α-INC transition in quartz.

INC-β transition

For the second order INC-β transition, we use directly the free energy of FINC−β

(Eq.3.73) in terms of ξ2 by means of Eq.(3.66) which gives

FINC−β = [
1

2
a2 − E]ξ2 +

1

4
a4ξ

4 +
1

6
a6ξ

6 + dξη + eξ2η
2 (3.93)

Using the condition for the second order transition according to which the coefficients

of the quadratic term in the free energy expansion should be equal to zero, we get the

phase line equation for the INC-β transition in quartz simply as

1

2
[α0(T − Ti) + α1(T − Ti)2]− E = 0 (3.94)
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with the coefficients α0 and α1 (Table 3.22) which were determined by fitting Eq.(3.94)

to the experimental data [90] for the INC-β transition in quartz.

The E − T phase diagram was obtained according to the phase line equations, Eqs.

(3.91) and (3.94) for the transitions of α-INC and the INC-β, respectively,and fitted

to the experimental data [90] in quartz (Fig.3.40).

Table 3.23: Coefficients determined by using the experimental data for the α-INC

transition [90] according to Eq.(3.91) with the values of a, b and c (Table 3.20) within

the temperature interval indicated in quartz.

Transition α0x103 α1x10−3 a4x103 a6x10−4 Temperature Interval (K)

α-INC -12.69 1.21 17.21 -3.42 425 < T < 847

Figure 3.40: The E − T phase diagram according to the phase line equations, Eqs.

(3.91) and (3.94) for the transitions of α-INC (α-I) and the INC-β (I-β), respectively,

which were fitted (solid lines) to the experimental data [90] in quartz.

Landau phenomenological model with the coupling terms in the presence of the elec-

tric field was used to calculate the order parameters η (α-phase) and ξ (INC phase)

and their inverse susceptibilities (χ−1
η and χ−1

ξ ) as a function of temperature at con-

stant electric fields. Our predictions for the order parameters and the susceptibilities

are satisfactory.
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On the basis of the Landau phenomenological model, the electric field-temperature

(E − T ) phase diagram was constructed by fitting the phase line equations to the

experimental data from the literature which explains adequately the first order α-INC

and the second order INC-β transitions in quartz.
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CHAPTER 4

CONCLUSIONS

In this dissertation, the incommensurate (INC) phase that is the intermediate phase

between the α and β phases of quartz was investigated extensively in the vicinity of

the α-INC-β transition by using experimental data from the literature mainly by the

Landau phenomenological model.

In Section 3.1, variations of the tilt angle (φ) and its inverse susceptibility (χ−1
φ ) with

temperature were calculated in the vicinity of the α-INC-β transition (Tc = 846K)

according the Landau phenomenological model with the even order terms up to the

sixth order. Calculated tilt angle as an order parameter was fitted to the experimental

data [24] and temperature dependence of the tilt angle susceptibility was predicted

according to this fit. Our results indicate that the observed behavior of the α-β tran-

sition in quartz is adequately described by the Landau mean field model in this study.

Other types of quartz with the similar structural phase transition regime as tridymite

and crystobalite can also be analyzed by this method.

In Section 3.2, temperature dependence of thermodynamic properties was analyzed in

the vicinity of the α-β transition in quartz according to the Landau model including

the cubic term for the first order transition. The order parameter(Q), inverse sus-

ceptibility (χ−1), entropy (S), heat capacity (Cp) and strain (Vs) were calculated as a

function of temperature in relation to the observed excess heat capacity ∆Cp data [18]

close to the α-INC-β transition in quartz. Our calculations suggest that Landau mean

field model with the cubic term sufficiently describes the first order behavior of the

α-INC-β transition. Besides quartz, Landau model of the previous study was used

to calculate the thermal and magnetic properties of the metal organic frameworks,

(chiral HyFe and HyMn), [91] which indicates that the Landau model with the cubic
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terms can also be used to describe the thermal properties of some other materials and

crystalline systems.

In Section 3.3, elastic constants, which show anomalous behavior in the vicinity of

transition, were correlated to the piezoelectric resonance frequency shifts on the ba-

sis of the spectroscopically modified Pippard relation close to the α-β transition in

quartz. The linear relation was obtained between the resonance frequency shifts of

theAg−2 mode and inverse incompressibility (1/K) by using the observed data [19],

which leads to the calculation of the isobaric mode Grüneisen parameter (γp). Similar

relation can be obtained for the other quartz forms such as tridymite and crystobalite

whose phase diagram show similarities with quartz.

In Section 3.4, temperature dependence of the piezoelectric resonance frequency as

an order parameter was analyzed close to the INC-β transition in quartz according to

a power law formula by using experimental data from literature [34] which gave crit-

ical exponent value (β = 0.5) similar to the Landau model. Piezoelectric resonance

frequency was also related to the anomalous strain over its temperature dependent

critical behavior close to the α-INC-β transition in quartz. The linear relation be-

tween the piezoelectric resonance frequency (υ2) and the anomalous strain (∆L1/2)

was obtained in this study. It indicates that they can both define satisfactorily the α-β

transition through the INC phase in quartz. This analysis is also applicable to some

other crystals with the INC phases like NaNO2 , AlPO4 (Berlinite) and LiAlSiO4

(β-Eucryptite).

In Section 3.5, variation of the damping constant (ΓLA) of the LA mode with the

temperature was calculated by means of the pseudospin-phonon (SP) coupled and the

energy fluctuations (EF) models by using the observed data [81] from literature at

P = 0 and P = 80.5MPa in the INC phase of quartz. Our results for both models

are adequate to describe the observed behavior of the linewidth of the LA mode in

the phase of interest. Observed data of the ΓLA and ∆υLA (Brillouin frequency shifts)

[81] were analyzed according to the power law formula close to the α-INC and INC-β

transitions in quartz by determining their critical exponents η and β, respectively. We

find that their determined values can adequately describe the phase transition close to

the INC phase. Finally, temperature dependence of the inverse relaxation time (τ−1
LA)
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and the activation energy (Ea) were predicted from the ΓLA and ∆υLA in the INC

phase of quartz which can be compared to the experimental results. This explains the

order-disorder transition mechanisms of the INC phases.

In Section 3.6, the temperature dependence of the heat capacity (Cp) was analyzed ac-

cording to the renormalization group expression with the first order corrections to the

scaling term in the vicinity of the α-INC-β transition in quartz by using experimental

data [1, 32, 33]. Critical exponent (α) of the specific heat, which was subtracted from

this study was used to calculate the renormalized critical exponent (αR) by Fisher

renormalization close to the INC phase of quartz. Both α and αR values obtained in

this study sufficiently explain the weakly first order and nearly second order behavior

of the α-INC-β transition in quartz. Critical exponent (α) of the specific heat can also

be studied in relation to the other critical exponents β and γ of the order parameter

and isothermal compressibility, respectively, according to Fisher renormalization and

Rusbrooke’s scaling law [37, 45] for the INC phase of quartz and related materials.

In Section 3.7, variations of the order parameter (η) and its inverse susceptibility

(χη−1) with temperature were calculated on the basis of free energy expansion of the

Landau model including coupling terms in the absence and presence of the electric

field for the α-INC-β transition in quartz, in comparison to experimental data [6] at

E = 0. The temperature dependence of the order parameter (ξ) of the INC phase and

its inverse susceptibility (χξ−1) was also predicted according to the Landau model

studied. E−T phase diagram of the α-INC and INC-β was also constructed by using

the Landau model including coupling terms in the presence of the electric field.

Several materials with the INC phases such as NaNO2 [92] and Thiourea [93] can

be compared to the INC phase of quartz [32] in relation to the coupling mechanism

of the order parameter to another degree of freedom as suggested [73]. Ferroelectric-

paraelectric phase transition in NaNO2 through its INC phase was studied by using

the mean field models [94, 95] as we did in previous sections for the INC phase of

quartz [2,5]. The power law analysis is also applicable for the INC phases ofNaNO2

[92] and Thiourea [93] which occur between the ferroelectric-paraelectric phases in

a narrow temperature interval.

On the basis of our analysis for quartz in this study, order-disorder transitions of
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various materials particularly close to their INC (incommensurate) phases can be de-

scribed by using temperature and pressure dependence of (experimentally measurable

macroscopic parameters) the frequency shifts and strain in relation to the susceptibil-

ity (microscopic order parameter). Tridymite and crystobalite whose phase diagrams

are analogous to quartz [32] can be analyzed from this point of view. Analysis of

this study can also be used to describe the phase transitions of the crystals with the

INC phases and similar crystalline structures to quartz such as NaNO2 [92], AlPO4

(Berlinite) [61] and LiAlSiO4 (β-Eucryptite) [96].
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