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ABSTRACT

UNCONVENTIONAL SUPERCONDUCTIVITY IN
TWO DIMENSIONAL TIME REVERSAL SYMMETRIC

NONCENTROSYMMETRIC SUPERCONDUCTORS

Mehmet Günay

Ph.D. in Physics

Advisor: Balazs Hetenyi

Co-Advisor: Tahsin Tuğrul Hakioğlu

August 2017

In this thesis we study unconventional pairing observed in noncentrosymmetric

superconductors by using spin dependent pairing potentials under the maximal

C∞v and the time reversal symmetries (Θ-phase). The lack of inversion symmetry

in these materials induces spin orbit interaction which removes the spin degen-

eracy and splits the Fermi surface into two branches. We demonstrated that in

such systems mixed parity in the superconducting order parameter is present.

Recently a large number of noncentrosymmetric superconductors appeared

with anomalous behavior of a double and isotropic full energy gap present in-

dicating a large inversion symmetry breaking, at the same time displaying an

exponentially suppressed low temperature thermodynamic response pointing at a

BCS like s-wave pairing. We clarify in this thesis that an isotropic energy gap can

accommodate a parity mixed condensate with a comparably strong singlet and

triplet pairings. The topology of such a configuration can be nontrivial although

the system can have an exponentially suppressed temperature dependence in the

thermodynamic response. We investigate other implications of such a behavior

and suggest that some of the recent controversial experiments can be explained

by the existence of nodal structure in the superconducting pair potential.

We also investigate tunneling spectroscopy of different type of pairs by calcu-

lating differential conductance through a normal metal superconductor junctions.

It is shown that each type of pairs have distinct behavior in the picture of An-

dreev reflection spectroscopy which is an effective tool to clarify order parameter

especially for superconductors having nodal structure in superconducting gap.

The zero bias conductance is observed for d wave superconductors and its origin

is discussed. Furter it is showed that the neglected term in the theory of An-

dreev reflection in Josephson junctions with d-wave superconductors can change

drastically the appearance of zero bias anomalies.
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İlk olarak yüzyılı aşkın bir süre öncesinde gözlemlenmesine rağmen süperiletkenlik

yoğun madde fiziği alanında hem teorik hem de deneysel olarak etkinliğini

ve gizemini korumaktadır. Özellikle sıvı helyumun farklı fazlarının bulun-

masından sonra sıradışı süperiletkenlerin sayısı her geçen yıl artmaktadır.

Bu arayışlar içinde ağır fermiyonlarda, yüksek sıcaklık süperiletkenlerinde ve

merkez simetrisi olmayan malzemelerde farklı simetrilerde sıradışı Cooper çiftleri

gözlemlenmiştir. Bu tezde özellikle merkez simetrisi olmayan süperiletkenlerde

gözlemlenen sıradışı çiftlerin belli simetrileri sağlayarak öz tutarlı denklem-

lerini ortalama alan teorisini kullanarak çözdük. Yaptığımız hesaplarda radyal

doğrultuda süperiletken enerji aralığında belli düğümler bulduk. Bu düğümlerin

özellikle termodinamik ölçümlerinin yapıldığı ve çelişkili sonuçların elde edildiği

deneylerin açıklanmasında önemli rol oynayabileceğini gösterdik. Bunun dışında

süperiletkenlik konusunun en büyük gizemi olan çiftlerin simetrisini belirlemek

için normal metal ile süperiletkenleri birbirlerine monte ederek özellikle birleşme

noktasındaki üzerinden geçen akımı hesapladık. Elde edilen sonuçlarda farklı

simetrilere sahip çiftlerin kendilerine has özellikleri olduğunu gözlemledik. En son

olarak yukarıda bahsettiğimiz düğümlerin, sistemin topolojisi üzerindeki etkilerini

inceledik. İddia edildiğinin aksine s ve p simetrilerinden oluşan çiftlerin mey-

dana getirdiği düzen parametresinin sıradan olmayan topolojiye sahip olacağını

gösterdik.

Anahtar sözcükler : Sıradışı süperiletkenlik,spin orbit etkileşimi,topoloji.
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Chapter 1

Introduction

After the experimental discovery, it took more than forty years to construct a mi-

croscopic theory (BCS-Bogoliubov) of superconductivity[1] in the simplest case of

spin-singlet with s-wave orbital symmetry. Superconducting symmetries beyond

the conventional BCS spin singlet state were known since 1960s. Distinct exam-

ples are 3He [2, 3, 4], heavy fermion [5, 6], high Tc [7, 8] superconductors as well

as the noncentrosymmetric superconductors(NCSs)[9, 10, 11]. Strongly momen-

tum dependent electronic correlations, broken spin-degeneracy, broken inversion

symmetry and the spin orbit coupling add to the variety of factors yielding exotic

spin and momentum dependent phenomena leading to the formation of uncon-

ventional Cooper pairs[12, 13, 14, 15]. The manifested or broken time reversal

symmetry (TRS)[16] and the non trivial topologies in the electronic bands add

to the plethora that make the full understanding an experimental and theoretical

challenge[17].

The mechanisms of unconventional pairing has been a strong focus of atten-

tion recently in the context of superconductors without inversion center. In this

manner, there has been an intense theoretical and experimental studies on non-

centrostmmetric superconductors (NCSs). In NCSs absence of center of inversion

induces antisymmetric spin orbit coupling (ASOC) removing the spin degener-

acy and splitting the Fermi surface (FS) into two branches. A two component
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condensate is then produced with a doublet pair potential mixing an even singlet

and an odd triplet, giving rise to many exotic properties such as nodal/multi su-

perconducting gap structure resulting unusual behaviors in thermodynamic mea-

surements and possible topological superconductivity[9, 10].

After the discovery of superconductivity in CePt3Si[18], the list of NCSs has

been growing including heavy fermions UIr[19], CeRhSi3[20], CeIrSi3[21] and

weakly correlated systems Li2(Pd1−xPtx)3B [22, 23, 24, 25], Y2C3[26], BiPd[27],

Mg10Ir19B16 [28], Re3W [29], La(Rh, P t, Pd, Ir)Si3[30, 31] and other compo-

nents. The symmetry and the mechanism of the superconducting gap in NCSs,

however, still remains quite puzzling.

The symmetry of the order parameters can be experimentally probed by a

number of techniques such as London penetration depth, temperature depen-

dence of the superfluid density as well as the electronic specific heat, NMR mea-

surements, upper critical field, Andreev reflection(AR) spectra and spin ARPES.

In most of these observations, the temperature dependence of the measured pa-

rameters demonstrate the existence of the point or line nodes in the order pa-

rameters. However, it should be noted that in strongly correlated materials the

nodal structure of the order parameters may not always be reflected in the band

structure unless an additional condition is satisfied. This condition requires a

special interplay between the concentration of the condensed particles and the

ASOC. For instance, Li2(Pd1−xPtx)3B evolves from fully gapped s-wave domi-

nant case (x=0) to mixed parity order parameters having sufficiently large triplet

component(x=1) with increasing ASOC[32]. From NMR measurements it has

been shown that superconducting state changes drastically from a spin-singlet

dominant to a spin-triplet dominant state at x ' 0.8 [25, 33], which is consistent

with penetration depth [24] and specific heat measurements[22]. Besides mixed

parity order parameter, it was also proposed that the SC gap can be sign changing

s-wave with line nodes[34].

A number of new puzzling anomalies are being observed in these compounds.

Their common origin is that the symmetry of the superconducting state is lower

2



than the symmetry of the unit cell due to the spontaneous appearance of a ne-

matic axis. The magnetization, the specific heat and the penetration depth were

measured as the sample was rotated in a weak external magnetic field. A clear

two-fold angular symmetry was observed in clear conflict with the D3d point

group symmetry of the material. These measurements indicate that a nematic

direction is spontaneously established at the onset of superconductivity. The ne-

matic behavior is weakened by the magnetic field which indicates that the effect

is genuinely time reversal symmetric. The effect is weakened as the tempera-

ture gradually approaches Tc from below and disappears above T ≥ Tc. These

observations essentially point at a strong triplet pairing as responsible for the

superconducting anomaly.

In two dimensions as we consider here, we represent the inversion symmetry

breaking by the spin orbit coupling vector Gk = α(−ky, kx, 0) with α as the spin

orbit coupling constant. The nodes in the pair potential are represented by a)

discrete set of points, i.e. point nodes (PNs), and b) closed or open line nodes

in the k space. The excitation spectra are symmetric around all time reversal

invariant invariant points such as k = 0 and k = {(±π/a, 0), (±0, π/a)} where

a is some lattice parameter. Note that, in strongly anisotropic compounds with

the tetragonal symmetry C4v, these are special points supported by the center

and the boundaries of the Brillouin zone. Furthermore, under manifested time

reversal symmetry, the excitation spectra are Kramers degenerate Eλ
k = Eλ′

−k with

λ, λ′ describing different branches split by the broken inversion symmetry. Point

nodes can occur at these time reversal invariant points or, in the case of Weyl

points they may occur at arbitrary values in a finite number of time reversal

symmetric pairs.

The common term among these superconductors is the spin orbit coupling

in which spin split Fermi surfaces are created and with the orientation of spins

different type of pairing other than singlet are allowed and leading mixing of

the pairing parity. In this thesis we demonstrate the numerical solutions of such

mixed parity pairs by using mean field approach. In Chapter 2 we give the brief

introduction to both conventional and unconventional pairing and the tools to

3



obtain such quasiparticle states. In Chapter 3 we mainly focus on noncentrosym-

metric superconductors which are classified as unconventional superconductors

with broken inversion symmetry while a substantial part of superconductors has

this symmetry. The nodal structure due to this mixing and related physical quan-

tities are also discussed. We generalize inversion symmetry broken self consistent

scheme of singlet-triplet mixed-parity pair potentials caused by an arbitrary pair-

ing interaction with the C∞v symmetry in two dimensions. Chapter 4 is devoted

to the low temperature thermodynamic analysis using mainly the energy den-

sity of states (DOS) and the specific heat. The basic motivation here is derived

from some recent experiments that in some strongly inversion symmetry bro-

ken fully gapped noncentrosymmetric superconductors the thermodynamic data

shows BCS-like exponential suppression in low temperatures seemingly pointing

at the s-wave pairing. This hints to the fact that, the analysis of such systems

can be highly confusing using the thermodynamic data and we believe that this

section provides an explanation to this controversy. The Chapter 5 is devoted

to the scattering properties of different type of pairings at the normal metal

superconductor junctions. In this context, we examine the Andreev reflection

spectroscopy and show that Andreev Bound State provides a suitable method to

capture the distinct signatures of such systems. Finally, the topological proper-

ties are investigated in Chapter 6 and shown that the relevant topological class

is Z2.

4



Chapter 2

BCS Theory: Conventional vs

Unconventional Pairing

Superconductivity is a colorful state of matter that has intrigued researchers ever

since its discovery. In 1957, from Bardeen, Cooper and Schrieffer’s (BCS) rev-

olutionary paper [1], we understand superconductivity as a condensed state of

electron pairs, so-called Cooper pairs, which form due to an attractive interac-

tion between electrons. This interaction, which was known as the electron-phonon

coupling, gives rise to Cooper pairing in the most orbitally symmetric form i.e.

spin singlet form (s-wave pairing). These type of superconductors are now called

as Conventional Superconductors. However, there are superconductors or super-

fluids that cannot be explained with the conventional theory which are known

as Unconventional Superconductors. The discovery of superfluidity in the 3He

gave the first example of unconventional pairing. The d-wave pairing discovered

in high temperature oxide superconductors as well as normal and topological ex-

citon condensates, topological superconductors are among many other examples.

In this chapter, we will give a brief introduction to BCS theory and compare

different type of pairing symmetries.
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2.1 Conventional Superconductivity

The main idea behind the BCS theory is the formation of electron pairs (Cooper

pairs) in which attractive interaction between electrons are needed. For simplicity

we can use point contact interaction V0 to give details of calculation in the second

quantized language,

H =
∑
k,σ

ξkc
†
k,σck,σ + V0

∑
k,k′,q

c†k+q,↑c
†
k′−q,↓ck′,↓ck,↑ (2.1)

where c†k,σ (ck,σ) creates (annihilates) en electron with momentum k and spin

σ. ξk is the kinetic term, which is measured relative to chemical potential µ (i.e.

ξk = h̄2k2

2m
−µ). The second term corresponds to attractive contact interaction and

the only opposite spin case is given for this time. The many body Hamiltonian

in Eq.(2.1) can be solved by mean field approach that we can define gap function

as follows;

∆↑↓(k) = ∆(k) = −V0

∑
q

< c†k+q↑c
†
−k−q↓ > (2.2)

The brackets < ... > here donates expectation value. In this section we are

dealing with the simplest case, which is the most symmetric s-wave spin singlet

gap function. If we neglect fluctuation terms, which are generally small compared

to mean field value, the Hamiltonian in Eq.(2.1) can be written in one-particle

form [35],

H′ =
∑
k,σ

ξkc
†
k,σck,σ −

∑
k

(∆(k)c−k,↓ck,↑ + ∆∗(k)c†k,↑c
†
−k,↓) (2.3)

It is easy to diagonalize the one particle Hamiltonian in Eq.(2.3), which can

be done by applying unitary Bogoliubov transformation operator U .

U =

(
ûk v̂k

v̂∗−k û∗−k

)
, UU † = 1 (2.4)

Using the 2x2 matrices ûk and v̂k defined in Eq.(2.4), one can obtain diago-

nalized form of Eq.(2.3) as
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Ê(k) = UH′U †, Ê(k) =


Ek+ 0 0 0

0 Ek− 0 0

0 0 −Ek+ 0

0 0 0 −Ek−

 (2.5)

In conventional superconductors (s-wave pairing) the gap function and the

kinetic term can be written in isotropic form i.e. ∆k = ψ0, ξk = ξk and energy

eigenvalues defined in Eq.(2.5) become Ek+ = Ek− = Ek =
√
ξ2
k + ψ2

0 degenerate.

The spectrum then reduces two branches which originates from electron and hole

section. The interaction term causes to an instability at Fermi surface and creates

a gap 2ψ0. To find out profile of this gap structure one has to solve Eq.(2.2) self

consistently.

ψ0 = −V0

∑
k

ψ0

2Ek
tanh(

Ek
kBT

) (2.6)

Here T is temperature and kB is the Boltzman constant. For simplicity we assume

superconducting gap only depends on T and the critical temperature Tc can be

found in the limit ψ0 → 0.

1 = −V0

∑
k

1

2ξk
tanh(

ξk
kBT

) −→ 1 = −V0

∫
dξ
ρ(ξ)

2ξ
tanh(

ξ

kBT
) (2.7)

where ρ(ξ) is the density of states. The related thermodynamic properties can

also be derived simply and effects of Tc can be seen directly. These calculations

can be found in a large number of works and will not be shown here. In the next

section we will discuss the most general case of the pairing types.

2.2 Unconventional Superconductivity

In BCS theory for conventional superconductors, the origin of the attractive in-

teraction comes from the electron-phonon coupling in which the electrons are
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combined into pairs with zero total momentum. However, there are supercon-

ductors or superfluids that cannot be explained with this mechanism. Other

type of mechanism such as spin fluctuations or charge density wave has been

studied to understand the origin of the different type of pairing symmetries.

Distinct examples beyond conventional superconductors are 3He [3, 4], heavy

fermion [5, 6], high Tc [7, 8] superconductors as well as the NCSs[9, 10]. Strongly

momentum dependent electronic correlations, broken spin-degeneracy, broken IS

and the SOC in these systems, add to the variety of factors leading to exotic

spin and momentum dependent phenomena together with the unconventional

pair formation[2, 12, 13, 14]. The manifested time reversal symmetry (TRS), its

spontaneously broken (TRSB)[16] phases and the non trivial topological proper-

ties of the electronic bands add to the plethora that make understanding of these

unconventional effects an experimental and theoretical challenge[17].

Different symmetries in the interaction term is decisive on the orbital part

of the pairs and having spin dependency put some constraints to the total gap

function. Since the Cooper pair are composed of electrons, the pair or gap func-

tion should obey fermionic commutation relations. The pair function defined in

Eq.(2.2) can be generalized as,

∆σσ′(k) = ϕ(k)χσσ′ (2.8)

where ϕ(k) and χσσ′ defines the orbital and spin part respectively. Combination

of two electrons can lead four different spin state, one for singlet (S=0) and three

for triplet (S=1). Having antisymmetric part in the singlet state dictates to the

orbital part being symmetric and it is opposite for the triplet state.

ϕ(k) = ϕ(−k), χσσ′ = −χσ′σ S = 0, l = 0, 2, 4...

(2.9)

ϕ(k) = −ϕ(−k), χσσ′ = χσ′σ S = 1, l = 1, 3, 5...

The parity here can be given as (−1)l and odd/even parity means

triplet/singlet paring. Conventional superconductors by definition has l = 0 and

other possible states, called unconventional superconductors, have l > 0. The

8



elements of pair function defined in Eq.(2.8) can be given in the matrix form in

spin space as

∆̂(k) =

(
∆↑↑(k) ∆↑↓(k)

∆↓↑(k) ∆↓↓(k)

)
= i(ψk + dk.σ)σy. (2.10)

Here ψk and dk represent even singlet and odd triplet components respectively

with dxk = (∆↓↓ −∆↑↑)/2, dyk = (∆↓↓ + ∆↑↑)/(2i) are the mixtures of the equal

spin pairing (ESP) triplets ∆↑↑ and ∆↓↓, dzk = (∆↑↓+∆↓↑)/2 is the opposite spin

pairing (OSP) triplet and ψk = (∆↑↓ −∆↓↑)/2 is the singlet.

The fundamental symmetries of which the manifestation or the absence play

crucial role in the realization of states defined above. These relevant fundamental

symmetries are the TRS (Θ), the Fermion Exchange symmetry(FX), inversion

symmetry(IS) and orbital rotation symmetry(OR). For instance, when the Θ and

FX are both manifested the off-diagonal elements of ∆̂(k) cannot be complex

function which implies singlet ψk and OSP triplet function dzk must be real.

Θ̂ : ∆̂(k)⇒
(

∆∗↓↓(−k) −∆∗↓↑(−k)

−∆↑↓(−k) ∆∗↑↑(−k)

)
(2.11)

FX : ∆̂(k)⇒
(−∆↑↑(−k) −∆↓↑(−k)

−∆↑↓(−k) −∆↓↓(−k)

)
.

If we have an additional orbital rotational symmetry (OR : |∆σσ̄(k)| =

|∆σσ̄(−k)|) to the these symmetries we can conclude 4ψkdzk = (|∆↑↓(k)|2 −
|∆↓↑(k)|2) = (|∆↑↓(k)|2 − |∆↑↓(−k)|2) = 0, that is, their simultaneous admixture

is prohibited. In addition to these symmetries, presence or absence of IS is related

with ESP triplet order parameter. Under some certain conditions (see Chapter

3), we can have either pure triplet (OSP+ESP) similar to 3He B-phase or mixed

singlet and ESP triplet solutions in the absence of IS and manifested TRS, OR

and FX symmetries. In the next chapter we will give the detailed calculations of

such cases and discuss the conditions for having mixed parity superconductivity.
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Chapter 3

Mixed Parity Gap in

Noncentrosymmetric

Superconductors

The mechanisms of unconventional pairing has been a strong focus of attention

recently in the context of unconventional superconductors (USC)[9, 10, 36]. Such

pairings occur when the order parameter describing the pairing has a reduced

symmetry in comparison with the electronic energy bands. The celebrated exam-

ple is the d-wave pairing favorably believed to be important in high temperature

superconductors with tetragonal symmetry in their electronic spectra.

An important class of unconventional superconductors are those with a strong

spin-orbit coupling (SOC) in their normal state. The USCs with strong SOC have

been reported which can have unbroken as well as broken inversion symmetry.

The role of the SOC is important in both normal and the superconducting states.

In the former, it gives rise to spin-anisotropy and in the superconducting state the

appearance of the odd-angular momentum (in the chiral or helical spin texture)

pairing channel. Those with a broken IS are the so called noncentrosymmetric

superconductors where the superconducting gap function can have an admixture

of even and odd angular momentum contributions. Several suggestions have been
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made for the even (s and d waves) and the odd (p and f waves) [17]. In this

chapter we will concentrate on the admixture of an even (s+d) singlet OP, i.e.

ψk = ψsk + ψdk with an odd triplet OP of p-type dk = (dx,k, dy,k, dz,k). Here

−dx,k + idy,k = ∆↑↑(k), dx,k + idy,k = ∆↓↓(k) are the ESP, the chiral OSP triplet

dz,k = [∆↑↓(k) + ∆↑↓(k)]/2 and the even singlet is ψk = [∆↑↓(k) + ∆↑↓(−k)]/2.

The NCSs are classified as unconventional superconductors with broken IS.

There, the gap function has mixed parities with even singlet (ψk) and the odd

triplet (dk) existing simultaneously. The smoking gun of the unconventional

pairing in an NCS is the nodes of the pair or gap function [37]. We therefore

use an anisotropic expansion of the pairs with different symmetry in the angular

momentum-Lz basis as Xk =
∑
m X

(m)
k where X

(m)
k = Ym(k̂)X

(m)
k , k̂ = k/k

and Ym(k̂) ∝ (cosmφ, sinmφ) are the basis functions of Lz with eigenvalue m

describing the anisotropy[37] with Xk = (ψk,dk). Here X
(m)
k = (ψ

(m)
k ,d

(m)
k ) are

radial functions of k.

Under the strongly anisotropic conditions, the point nodes can occur at the

TRS points k = 0 and, in tetragonal symmetry at k = {(±π, 0), (0,±π)}. An-

gular line nodes (ALNs) can also be present along kx = ±ky or k = (0, ky) or

(kx, 0). In low temperatures, ALNs are evidenced by integer exponents in the

temperature dependence of the specific heat, the London penetration depth, the

heat conductivity, the ultrasound attenuation and this has been observed in a

number of cases[24, 38, 39, 40, 41] among which are the celebrated TRS pre-

serving CePt3Si and the TRS breaking Sr2RuO4. Other experiments also exist

where ALNs cannot explain the thermodynamic data [36]. Despite a large num-

ber of experimental and theoretical work, a one-to-one understanding between

the temperature exponents and the nodes is missing.

In tetragonal symmetry, the leading terms in the angular momentum expansion

are usually considered as the s (m = 0) and the d-wave (m = 2) components of

the singlet ψk ' ψ
(0)
k + ψ

(2)
k cos 2φ, and the p and the f -wave components of the

triplet dk ' Dk (d
(0)
k + d

(2)
k cos 2φ) where, for weakly anisotropic systems, Dk

in here is a vector in the x − y plane describing the orientation of the triplet

component. The mixed state superconducting gap function ∆λ
k = ψk − λγkFk,
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where λ = ± is the band splitting due to the broken IS, is directly responsible for

opening an energy gap at the Fermi level as well as giving rise to a topological

band structure. Here, Fk = |dk| and γk is a function of k which can only take the

values ±1. SOC has decisive influence on having triplet solution and obtaining

mixed gap symmetry. For example, it is shown in [15] that the triplet d vector

can be given as parallel to SOC vector in which dz(k)=0 in two dimensional NCS.

This result is consistent with our discussion with using symmetries defined in the

previous section. In the following we will give the details about SOC and its

effects on superconducting gap function.

3.1 The Spin-Orbit Coupling

The spin orbit coupling arises from the coupling of the spin degree of freedom

s = 1/2 and the orbital angular momentum ` 6= 0, resulting in a spin dependent

splitting `±1/2 even in the absence of a magnetic field. NCSs does not have inver-

sion center that strong spin orbit interaction in these materials can be observed[9].

After the discovery of CePt3Si[18], the NCSs family has been growing including

heavy fermions UIr[19], CeRhSi3[20], CeIrSi3[21] and weakly correlated sys-

tems Li2(Pd1−xPtx)3B [22, 23, 24, 25], Y2C3[26], BiPd[27], Mg10Ir19B16 [28],

Re3W [29], La(Rh, P t, Pd, Ir)Si3[30, 31] . The inversion asymmetry in these ma-

terials can be in the form of the Bulk Inversion Symmetry (BIA), which has been

known theoretically for semiconductors [42, 43, 44, 45] before and tested experi-

mentally by analyzing the Shubnikov-de Haas effect[46] as well as the precession

of the spin polarization in photoexcited GaAs crystals[47] or due to structural

breaking of the inversion symmetry, often called as the Structural Inversion Sym-

metry (SIA), arising from the built-in or externally created asymmetries. The

presence of the BIA or the SIA is reflected on the breaking of the k→ −k parity

symmetry which is responsible in creating strong charge accumulation and inter-

nal crystal electric field in the direction of the inversion breaking. The SIA can

also be controlled externally by applying an electric field which can create strong

confining potentials particularly in the position dependent energy band profiles.

In both cases the lowest order contribution to the SOC interaction is of first order
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in k, and in 2 dimensional structure it is given in the (êk↑ êk↓) basis by

Hsoc(k) =

(
0 S(k)

S∗(k) 0

)
, S(k) = α k eiφk (3.1)

where keiφk = (kx + iky) and α is the SOC coupling strength with α = γEz here

γ being material dependent constant[48] and Ez is an electric field, either built-in

or applied externally. The Hamiltonian can be given in the (êk↑ êk↓ ê
†
−k↑ ê

†
−k↓)

basis as

H′ =
(Hsoc(k) 0

0 H†soc(k)

)
. (3.2)

The self-consistent set of equations can be solved analytically using the manifested

symmetries. In the following sections the solutions of such system will be given.

3.2 Isotropic Solution of Mixed-Pairing Sym-

metry

We start with a two dimensional NCS respecting TRS and a general pairing

interaction generates the singlet and the triplet components of the pair function

under a SOC. A crucial aspect is that, it is a continuum model which is maximally

isotropic and no lattice point group symmetry is assumed. The Hamiltonian in

the electronic Nambu-spinor basis Ψ†k = (ê†k↑ ê
†
k↓ ê−k↑ ê−k↓) is given by

H =
∑
k

Ψ†kHkΨk = H0 +Hsoc +H∆ (3.3)

where

Hk =

(H0
k ∆k

∆†k −(H0
−k)T

)
. (3.4)

is the 4× 4 mean field Hamiltonian with

H0
k = ξkσ0 −Gk.σ (3.5)

describing the kinetic and the SOC parts respectively and

∆(k) =

(
∆↑↑(k) ∆↑↓(k)

∆↓↑(k) ∆↓↓(k)

)
= i(ψk + dk.σ)σy (3.6)
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is the elements of pair functions. Here, ξk = εk+Σd(k) where εk = h̄2k2/(2m)−µ,

m is the band mass, µ is the chemical potential and Σd(k) is the diagonal spin

component of the self-energy. Due to the SOC, the off-diagonal contributions can

generally arise in the self energy which can be effectively added in the SOC term

as |Gk|eiφk = Sk + Σod(k). In the Hartree-Fock mean field approach here, the

self energy contributions are ignored. The elements of the OP matrix in Eq.(3.6)

are given by

∆νν′(k) = − 1

A

∑
q

V(q) 〈ê†k+q,ν ê
†
−k−q,ν′〉 (3.7)

where V(q) is the pairing interaction and A is the sample area. Here, ∆↑↑(k) =

−∆∗↓↓(−k) by the TRS and ∆↑↑(k) = Fke
−i(φ+π/2) by the unitarity of the diago-

nalization. Furthermore, Fk is real, even and e−i(φ+π/2) is the phase of the SOC

(see Appendix). The excitation spectrum of the Hamiltonian in Eq.(3.3) is given

by

Eλ
k =

[
ξ2
k + |Gk|2 + ψ2

k + F 2
k + d2

z,k

(3.8)

+ 2λ
√

(ξk|Gk| − ψkFk)2 + d2
z,k(|Gk|2 + ψ2

k)
]1/2

The solution of the general NCS model described by Eq.’s (3.3-3.7) requires the

fully self consistent calculation of the four pair functions (ψk,dk) under a general

pairing interaction. It was shown in Ref.[15] that dk ‖ Gk yields the thermo-

dynamically most stable configuration with the highest possible Tc. It is now a

common practice to employ this result in many works. It can be easily seen that,

the result in Ref.[15] becomes exact in the isotropic limit studied here, and satis-

fied independently from the thermodynamics and the coupling strengths. If the

pairing interaction V(q) is spin independent, then V(q) = V(q) where q = |q|.
The physical observables (and particularly the energy spectrum) become inde-

pendent of the SOC phase φ which can be defined as a U(1) gauge invariance in

the particle-hole sector. In the manifestly isotropic limit, the transformation for

changing the reference orientation of the k−axes, i.e. φk → φk + φ0, is a U(1)

gauge transformation and the corresponding physical observables are invariant

under the gauge choice. Hence Eq.(3.8) is independent of φk in the strong sense
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Case Θ IS ∆σσ(k) (ESP) dzk (OSP) ψk (OSP)
i

√ √
0 0 ψk (real)

ii
√
× λσFke

iλσφk 0 ψk (real)
iii

√
× 0 0 ψk (real)

iv
√
× λσFke

iλσφk 0 0
v × × 0 Dke

±iφk 0

vi × × λσFke
iλσφkeiθ

(t)
k 0 ψke

iθ
(s)
k

Table 3.1: Possible pairing types under C∞v, Θ, IS symmetries. Here σ = (↑, ↓)
and we consider manifested or spontaneously broken IS and Θ(SBΘ) symmetries.
Here Fk and ψk are radial functions of k.

that, this result is also independent from the shape of the isotropic pairing in-

teraction which implies that all pair functions in Eq.(3.8) have this symmetry

term-by-term. Hence a nonzero singlet and ESP triplet in the form ψk = ψk,

Fk = Fk are permitted. However, the dz,k is also forced to be isotropic which is

forbidden since dz,k is odd and due to TRS it should be real. Hence, dz,k = 0 is

forced as an exact result in the vanishing anisotropy. The Eq.(3.8) then becomes

Eλ
k =

√
(ξ̃λk )2 + (∆̃λ

k)
2] (3.9)

where λ = ± is the branch index of the broken IS and

ξ̃λk = εk + λγk|Gk| and ∆̃λ
k = (ψk − λγkFk) (3.10)

are the single particle energy and the momentum dependent gap function respec-

tively with

γk = sign(|Gk|εk − Fkψk) . (3.11)

The energy branches with λ = ± in Eq.(3.9) can have different Fermi surfaces

with a different gap opening at the FS as 2|∆̃λ
k |. The bands are in mutual ther-

modynamical equilibrium by the presence of a single chemical potential, hence

the Fermi level can occur at multiple positions in the k-space. Together with the

nodes of ∆̃λ
k , this can give rise to a topological variety. The mean field Hartree-

Fock solutions of the mixed state pair functions in Eq.(3.7) can be given in the

symmetric form as,

ψk = − 1

A

∑
k′,λ

Vs(k, k′)
∆̃λ
k′

4Eλ
k′

{
f(Eλ

k′)− f(−Eλ
k′)
}

(3.12)
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Fk =
1

A

∑
k′,λ

Vt(k, k′)
λ∆̃λ

k′

4Eλ
k′

{
f(Eλ

k′)− f(−Eλ
k′)
}

(3.13)

where f(x) = 1/[exp(βx) + 1] is the Fermi-Dirac factor with β = (kBT )−1

as the inverse temperature. The singlet and the ESP-triplet OPs in

Eq.’s(3.12) and (3.13) are determined by the corresponding interaction chan-

nels Vs(k, k′) and Vt(k, k′). Specifically, Vs(k, k′) = 〈V(|k− k′|)〉a and Vt(k, k′) =

〈V(|k− k′|) cos (φ− φ′)〉a where 〈...〉a is the angular average over the relative

phase φ − φ′. In consequence, a bare contact interaction, i.e. V(|k − k′|) = U

is insufficient to create pairing in the triplet channel even in the presence of a

strong SOC. The term λ∆̃λ
k′/(4E

λ
k′) in Eq.(3.13) is proportional to the difference

between the two energy branches. However, a similar term in Eq.(3.12) repre-

sents the sum of the same contributions in ψk. A non-local pairing interaction

and the SOC are therefore essential factors in the k-dependence of the OPs in

the mixed state. This affects most importantly the RLN positions, the topol-

ogy of the energy bands and the low temperature properties. The solutions of

Eq.’s(3.12) and (3.13) are shown in Fig.3.1 for V1(q) in (a,d,g,j), V2(q) in (b,e,h,k)

and V3(q) in (c,f,i,k). Our observation is that, the attractive singularities in the

potential is responsible of the nodes of ESP triplet Fk as well as the strength

of the triplet/singlet pairs ratio. A sign changing singlet however, is usually the

signature of a sign changing interaction as shown in Fig.(3.1.a,b). The nodal

structure is present for V1(q) in (a-d) and, a large Fk/ψk ratio can be obtained by

increasing spin orbit strength. In V2(q), in contrast to V1(q), the attractive part

is smoothly extended to a large q region with no singularity. As a result shown

in (e-h), a weak Fk/ψk ratio is obtained with no significant nodal structure.

We note that V2(q) with a smooth and attractive part in intermediate q regions,

is like the sum of a repulsive Coulomb and a weak BCS type attractive electron-

phonon interactions. Due to this attractive part spread over long q-ranges, the

Fk/ψk ratio is poor even for a strong SOC. On the other hand, a phonon mediated

interaction with a q = 0 singularity was considered for CuxBi2Se3[49, 50] in the

context of an IS-breaking acoustic phonon nesting. This interaction, enhanced

by nesting, can overcome the screened Coulomb repulsion in long wavelengths

producing an effective interaction similar to V1(q) with a large Fk/ψk ratio. The

16



 0

 0.1

 0.2

 0.3

 0.4

 0  0.5  1  1.5  2  2.5  3

Ψ
k
/E

H

(a)

nx aB
2
  

0.01

0.11

0.25

0.5

−0.2

−0.1

 0

 0.1

 0.2

 0  0.5  1  1.5  2  2.5  3

Ψ
k
/E

H

(g)

−0.06

−0.04

−0.02

 0

 0.02

 0.04

 0.06

 0  0.5  1  1.5  2  2.5  3

F
k
/E

H

(d)

−0.2

−0.1

 0

 0.1

 0.2

 0  0.5  1  1.5  2  2.5  3

F
k
/E

H

(j)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0  1  2  3  4  5  6

(b)

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0  1  2  3  4  5  6

(e)

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0  1  2  3  4  5  6

(k)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0  1  2  3  4  5  6

(h)

 0

 0.05

 0.1

 0.15

 0.2

 0  0.5  1  1.5  2  2.5  3

(c)

 0

 0.05

 0.1

 0.15

 0.2

 0  0.5  1  1.5  2  2.5  3

(i)

−0.02

−0.01

 0

 0.01

 0.02

 0.03

 0  0.5  1  1.5  2  2.5  3

(f)

Ez=10kV/cm

−0.04

−0.02

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0  0.5  1  1.5  2  2.5  3

(l)

Ez=100kV/cm

−20

−15

−10

−5

 0

 0  0.5  1  1.5  2

V
(k

)/
E

H

k

(m)V1(k)

−5

 0

 5

 10

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

k

(n)

V2(k)

−60

−50

−40

−30

−20

−10

 0

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

k

(o)

V3(k)

Figure 3.1: Mixed singlet ψk and parallel spin triplet Fk solutions of Eq.’s(3.12)
and (3.13) as a function of k for the pairing potentials V1,2,3(q) (m-o)in the Θ
phase at different SOCs for Ez = 10kV/cm (a-f), and 100kV/cm (g-l) and for
particle density n̄x = nxa

2
B = 0.01, 0.11, 0.25, 0.4 shown [case-ii in Table.(3.1)].
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solutions for V3(q) are shown in Fig.3.1.(c-f-i-l). There, the potential shares a

similar nodal structure with V1(q) but, with a less remarkable Fk/ψk ratio.

A comparison of the solutions for V1,2,3(q) reveals that, whatever the driving

mechanism is, nodal structure in the triplet component is enhanced if the singular

attractive part of the potential is in the long wavelengths . The nodal structure

in singlet component, however, can be obtain with a sign changing interaction

V (q). The topology, on the other hand, is encoded in the nodes of the energy

gap in Eq.(3.9), i.e. ∆̃±(k) = |ψk ∓ γkFk|. These nodes are the RLNs in the

context of this work of which the properties are determined by the ratio |Fk/ψk|.
Depending on this ratio, there can be zero, one or more line nodes in each branch

of ∆̃±. Which of these line nodes appear in E±k depends on the pairing potential,

SOC and µ (see Chapter.6).

It is demonstrated in Fig.3.1.(a,d,g,j) that for V1(q) both gaps ∆̃
(±)
k has radial

line nodes whereas no nodal structure are observed for V2(q) in (e-h) due to the

strong singlet component. The RLNs can be observed for V3(q) as shown in (j-l)

in ∆̃
(±)
k if the singlet is weakened further by a repulsive hardcore interaction.

Generally, RLNs shift to higher k for increasing µ whereas they shift towards

k = 0 for larger SOC. It may be suggested that the energy line nodes reported

for BiPd [51, 52] ,Y2C3 [53, 39] and CePt3Si [40, 41] can be RLNs.

3.3 Gaussian Fitting

We also observe that, the numerical solutions for ψk and Fk/k are well fitted to a

shifted double Gaussian profile in low densities and to a shifted double exponential

profile in high densities. The intermediate region corresponding to the smooth

BEC to BCS transition is described by the superposition of the Gaussian and

exponential profiles. The double Gaussian and exponential profiles also accurately

represent the splitting of the solutions in the presence of SOC. Hence, for a

large density and SOC ranges the solutions are analytically represented to a high

accuracy by the dimensionless expressions,
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ψk = A1e
−α1(k−K1)2

+ A2e
−α2(k−K2)2

+ A3e
−α3|k−K3| + A4e

−α4|k−K4|(3.14)

Fk
k

= (B1e
−β1(k−k1)2

+B2e
−β2(k−k2)2

+B3e
−β3|k−k3| +B4e

−β4|k−k4|) (3.15)

and the corresponding parameters are listed in TABLE.I for ψk and TABLE.II

for Fk/k for a small number of densities and SOC strengths. The Eq.’s(3.14) and

(3.15) are plotted in the insets of 3.2 for the same parameter values of the cor-

responding figure with a remarkable accuracy in reproducing the exact solution.

We believe that the availability of these powerful analytical forms at hand can

be useful in further numerical investigations especially in the implementation of

the secondary spin-dependent interactions.

Ez(kV/cm) n̄x A1 A2 A3 A4 α1 α2 α3 α4 K1 K2 K3 K4

101 0.01 0.101 0.083 -0.020 0.053 3.196 4.801 4.390 1.531 0.480 -0.115 1.169 1.168

51 0.01 0.095 0.130 -0.017 0.044 3.337 4.584 3.825 1.604 0.457 -0.036 1.206 1.207

11 0.01 0.0433 0.196 -0.016 0.034 3.093 3.672 3.589 1.551 0.672 0.071 1.309 1.309

101 0.21 0.153 -0.006 0.066 0.059 0.168 67.94 1.170 3.489 -3.623 1.427 1.111 1.984

51 0.21 0.0557 0.020 0.045 0.058 0.089 67.82 1.102 3.650 -3.620 1.388 1.229 1.793

11 0.21 0.052 0.008 0.064 0.063 0.443 5.718 1.3 4.816 -0.263 0.872 1.081 1.154

101 0.41 0.153 -0.006 0.066 0.059 0.168 67.94 1.170 3.489 -3.62 1.428 1.111 1.984

51 0.41 0.056 0.020 0.045 0.059 0.089 67.82 1.102 3.650 -3.62 1.388 1.229 1.794

11 0.41 0.0218 -0.012 0.011 0.099 0.189 8.469 0.892 3.152 0.023 0.891 1.062 1.621

Table 3.2: Dimensionless parameters of the Double Gaussian-exponential in

Eq.(3.14) for ψk. The numbers are produced by gnuplot interpolation.

Ez(kV/cm) n̄x B1 B2 B3 B4 β1 β2 β3 β4 k1 k2 k3 k4

101 0.01 -0.266 0.395 -0.135 0.145 1.793 1.534 2.165 1.930 0.526 0.364 0.454 0.455

51 0.01 -0.333 0.435 -0.085 0.103 2.627 2.362 2.088 1.951 0.428 0.342 0.413 0.416

11 0.01 -0.330 0.347 0.006 0.007 4.741 4.640 1.892 2.716 0.451 0.439 0.481 0.383

101 0.21 0.450 -0.397 0.038 -0.122 4.282 4.773 1.685 2.140 1.111 1.127 1.444 0.650

51 0.21 0.360 -0.336 0.049 -0.08 5.416 5.429 2.284 2.721 0.883 0.866 1.301 0.932

11 0.21 0.305 -0.307 0.050 -0.044 3.231 3.180 2.897 2.849 0.813 0.815 1.190 1.104

101 0.41 0.035 0.395 0.046 -0.104 52.96 1.165 1.001 1.338 1.976 1.495 1.217 1.120

51 0.41 0.016 0.013 -0.022 -0.013 47.775 1.647 6.863 1.988 1.801 1.653 1.362 1.071

11 0.41 0.004 0.004 -0.107 0.101 36.76 7.425 2.744 2.712 1.578 1.415 1.584 1.618

Table 3.3: Dimensionless parameters of the Double Gaussian-exponential in

Eq.(3.15) for Fk/k. The numbers are produced by gnuplot interpolation.
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Figure 3.2: The zero temperature solutions in the mixed-phase i.e. Fk (a,c,e) and
the singlet, i.e. ψk (b,d,f). Here the solutions correspond to the absence of hard-
core repulsion, U = 0, therefore these figures are complementary to the Fig.1 in
the main article. The OPs are scaled by the Hartree energy EH ' 12meV and the
momenta are scaled by the exciton Bohr radius for GaAs aB = 100Å. The SOC
strength α = γ0Ez is scaled by its magnitude in Ez = 1kV/cm corresponding to
α ' 5 × 10−5 in Hartree energy units. The figures in the left column depict the
results for Fk and in the right column for ψk at different particle concentrations
n̄x = 0.01(a, b), 0.21(c, d), 0.41(e, f). The sign change of Fk and the splitting of
the peaks in ψk as the SOC increases is clearly visible. The insets in each main
figure describe the double Gaussian-exponential fitting in Eq.’s (3.14) and (3.15).
In the insets, the numerical mean field (MF) solutions of the curves distinguished
by the colored solid lines in the corresponding main figure are also superimposed
to demonstrate the accuracy of the double Gaussian-exponential form.
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Figure 3.3: The behaviour of the Fk (dotted lines) and the ψk (straight lines)

in the mixed state with U = 0.1EH are compared at Ez = 10kV/cm (a), Ez =

40kV/cm (b) and at Ez = 100kV/cm (c,d,e) as the particle concentration is varied

as n̄x = 0.01, 0.11 and 0.25. The line nodes are more pronounced for larger SOC

strengths as shown in (c,d,e). In (c,d,e) the location of the line nodes are shown

in the crossing points between {ψk, Fk} and {ψk,−Fk} as k− where ∆̃
(−)
k−

= 0

and k+ where ∆̃
(+)
k+

= 0. The −Fk curves (indicated by the black dashed lines in

(c,d,e) are mirror images of the Fk solutions in the same figures) are also included

for a clear description of the line node positions. The increasing n̄x moves the

k−, k+ pair to higher k values, whereas increasing SOC moves them towards the

origin.
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Chapter 4

Thermodynamic Signatures

The nodal structure in superconducting gap does not always have significant role

in the thermodynamical quantities since there can be finite gap between energy

levels due to spin orbit interaction. However, we can have nodal structure in

the energy bands as long as the nodes in the superconducting gap coincide with

a critical Fermi level µ = µc, which can be done by changing Fermi level via

doping or changing SOC strength. Depending on the number of nodes crossing

the Fermi level, the strong pairing region µ < µc can be topologically distinct

from the weak pairing in µ > µc (see Chapter 6). Usually, the former has trivial

and the latter has non trivial topologies[54]. This change in the topology can

be observed experimentally in the vicinity of µc in ARPES as well as the ther-

modynamic measurements. In the following we demonstrate that the position

of superconducting gap node compared to Fermi level(s) can play a role in the

measurement of thermodynamical quantities.
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Figure 4.1: Mixed(s − tESP ), pure (s) and the pure (tESP ) solutions are shown in

their density of states and energy bands for different SOC strength and particle

density. The color coding in (a) and (f) apply to all figures, whereas Ez and n̄x

values apply to vertically separated plots. ©ELSEVIER

If the pairing potential has no s-channel (Vs = 0) then a pure triplet tESP

solution can be obtained. In Fig.4.1 the tESP [case-iv in Table.(3.1)] energy

bands and density of states (DOS) are shown together with the pure s (case-i and

iii) and the mixed s-t phases (case ii). The tESP spectrum has a full gap at the

time reversal symmetric point k = 0 unless the node is on the Fermi surface. At

the critical µ̃ = µ − µc = 0, a point node at k = 0 and Dirac- bands are formed

as shown in Fig.4.2. At µ = µc, the tESP solution develops two time-reversal

invariant spin-1/2 quantum vortices which makes it topologically equivalent to

the two dimensional quantum spin hall insulator(QSHI).
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In fully gapped NCSs, specific heat, penetration depth and other thermody-

namic observables display exponential suppression in temperature in sufficiently

low temperatures. For this reason, it is difficult in thermodynamic experiments

to separate the unconventional pairing in these systems from the fully gapped

trivial s-wave superconductors.

The complete topological classification is made once all distinct configurations

of the nodes in ∆̃±k relative to the position(s) of the Fermi level are identified.

For this, we start with the kinetic term in the BCS-like form in Eq.(3.9) given by

ξ̃λk = h̄2(γkk − kλ1 )(γkk − kλ2 )/(2m) (4.1)

Here kλ1 , k
λ
2 are the zeros of ξ̃λk . A positive kλj is a Fermi momentum on j’th Fermi

surface of the corresponding branch. We assume that kλ2 > kλ1 . For the moment,

we take γk = 1 and discuss its effect later. The Fermi wavevectors for the +

branch are,

k+
2 = m

h̄2

[
−α +

√
α2 + 2 h̄

2

m
µ
]

(µ > 0) (4.2)

k+
1,2 = m

h̄2

[
α∓

√
α2 + 2 h̄

2

m
µ
]

(µ < 0) (4.3)

24



Here µ = −h̄2kλ1k
λ
2/(2m) and α = −λh̄2(kλ1 + kλ2 )/(2m) are the physical parame-

ters which can be used to vary the kλ1,2. All five possibilities are shown in Fig.6.1

for the + branch. The − branch is analyzed similarly.

On the other hand, the gapless superconductors -mostly studied in the con-

text of ALNs in the anisotropic regime- can be easily identified in thermodynamic

measurements with their distinct scaling behaviour near vanishing excitation en-

ergies. In this case, the exponential suppression in temperature is replaced by

a clean power law depending on the nodal dimensions. It is known that in two

dimensional systems, the point nodes can yield in the specific heat a T 3, whereas

the ALNs yield a T 2 dependence[9, 10].
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Figure 4.3: The effect of the Fermi level crossing of the node k∆ in the pairing

potential for µ > 0 in a) the DOS ρ(E) and b) the CV corresponding to the

cases k∆ < k2, k∆ = k2 and k∆ > k2. The effect of the Fermi level crossing of

the energy gap node k∆ for µ < 0 on the a) ρ(E) and b) CV corresponding to

5 different positions of k∆ color coded in (b), as also indicated in Fig.6.1.(a,b).

The insets magnify the low E and low T region of ρ(E) and CV which are linear

for k∆ = k1 and k∆ = k2.Color coding applies to both figures. ©The Physical

Society of Japan

In this section we will show that, the weakly anisotropic systems can display

the ordinary s-wave superconductors’ behavior in the thermodynamical experi-

ments. This is so even in the presence of strongly mixed singlet-triplet compo-

nents with radial line nodes present in the pair potential. In order to study the

thermodynamics of these systems, we start with the energy DOS of the branch

λ,

ρλ(E) =
∫ dk

(2π)2
δ(E − Eλ

k) (4.4)

and examine its behaviour in the context of Sec.3.1. We consider Eλ
k in the

context of Eq.(3.9) and (6.2) also allowing the pair potential to have a simple
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radial line node at kλ∆, i.e. ∆λ
k ' bλ(k − kλ∆). If we concentrate on the region

k ' kλ2 for a fixed λ and µ > 0, then ξ̃λk ' aλ(k − kλ2 ). Here aλ and bλ are some

coefficients. We find that

ρλ(E) =
1

2π

E

a2
λ(1− kλ2/k) + b2

λ(1− kλ∆/k)

∣∣∣
k=kλ(E)

(4.5)

and kλ(E) is where Eλ
k = E. The Eq.(4.5) indicates that, for large energies

ρ(E) ∼ E. The small energy limit of DOS depends on whether a zero energy

mode at a finite k is supported in the spectrum. For the zero energy mode kλ2 = kλ∆

must be physically realized, i.e. the node in the pair potential must occur at the

Fermi level. In this case, Eq.(4.4) implies that in the vicinity of the zero mode

ρλ(E) = kλE/(2π
√
a2
λ + b2

λ), i.e. a constant. On the other hand, if kλ2 6= kλ∆, there

is a gap in the spectrum for E < Eλ
min = aλbλ|kλ2 −kλ∆|/

√
a2
λ + b2

λ with a divergent

DOS at the gap edge. The DOS for this µ > 0 case is summarized in Fig.4.3.(a).

Before commenting on this case, we examine the DOS for µ < 0. Here, there

are two Fermi surface positions or none. Let us assume that there can be one

radial line node of the pair potential at kλ∆ for each branch λ. In this case, there

can be two, one or zero number of energy nodes and the picture obtained for the

µ > 0 case in the DOS is repeated here according to the number of energy nodes.

Finally, the DOS for µ < 0 is shown in Fig.4.3.(b).

The jump in the density of states can be seen in the experiments which are

related to thermodynamic quantities. For example the specific heat given by

CV (T ) =
∑
λ

∫
dEρλ(E)E

f(E)

dT
(4.6)

displays transition from the exponential suppression to the linear dependence as

shown in Fig.4.3.(c) and (d). The behavior of CV in an NCS with k∆ 6= ki is

similar to that of the s-wave BCS superconductor. This is a crucial information

which may be useful in resolving some of the experimental controversies. Indeed,

recently a number of thermodynamic experiments were reported on NCSs with

strong IS breaking[55, 56, 57] and the list is rapidly extending[58, 59, 60, 61]. In

these works, the thermodynamic data is similar to Fig.4.3.(c) and (d) and the

opinion of those authors is in favor of the conventional s-wave BCS superconduc-

tivity. On the other hand, other evidences were also emphasized therein pointing

at the unconventional pairing.

27



The results found in this section can show that the thermodynamical measure-

ments of NCSs having unconventional pairs with nodal structure can behave like

ordinary s-wave superconductors even in the topologically non-trivial phase (see

Chapter 6).
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Chapter 5

Andreev Spectroscopy

Tunneling Spectroscopy is one of the most effective candidate for determining the

symmetry of the order parameter, which is sensitive to the material properties

close to the surface. In this chapter we analyze the tunneling process through a

barrier between normal metal superconductor with various pairing symmetries.

We will also show that different type of pairing has distinct conductance spectrum

and one can obtain information about the structure of superconducting gap from

these results.

Different type of formulations have been applied to reveal tunneling conduc-

tance spectrum such as transfer Hamiltonian method, scattering methods as well

as Green function methods. One of the most successful formula has been pre-

sented by Blonder, Tinkham and Klapwidjk (BTK) in which the tunneling spec-

trum is described in terms of reflection and transmission coefficients at the inter-

face and we will follow their formulation throughout this chapter. The main tool

of this model is the Bogoliubov de Gennes (BdG) equation [62].

The BdG equation describes the quasiparticle states in superconductors with

spatially varying pair potential and can be written as;

Eu(r1) = H0(r1)u(r1) +
∫
dr2∆(r1, r2)v(r2)

(5.1)
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Ev(r1) = −H0(r1)v(r1) +
∫
dr2∆∗(r1, r2)u(r2)

Here, ∆(r1, r2) is the off diagonal pair potential and H0(r) = −h̄2∇2/2m −
EF + U(r), EF is the Fermi energy, U(r) the Hartree potential and E is energy

measured from Fermi level.

The process of Andreev reflection[63] converts the quasiparticle current to the

supercurrent via the incoming electron-like quasiparticle is being reflected by the

off-diagonal superconductor potential (order parameter) as a hole-like quasipar-

ticle, and vice versa Fig.5.1. A convenient method of calculating conductance

of restricted quantum structures is based on the Landauer-Büttiker approach

[64, 65, 66, 67], expressing it through the scattering coefficients. In the fol-

lowing we will show normal metal s-wave (NS), normal metal-d − wave (ND),

d − wave-d − wave(DD) and normal metal-mixed symmetry order parameter

(N-NCS) junctions and their signature on differential conductance calculations.

Figure 5.1: Andreev reflection process: Injected electron from normal metal side

tunnels to the superconducting side and reflects back as a hole (white) along the

same path to conserve angular momentum.
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5.1 Model

We consider the junction in the x−y plane, with a δ-functional interface potential

at x = 0. The Fermi wave number kF and the effective mass m are assumed to

be equal in both sides. Due to the translation invariance in the y-direction, we

can write ΨL(r) = ΨL(x, θ)eikyy and ΨR(r) = ΨR(x, θ)eikyy. The corresponding

wavefunctions can be obtained from Eq.5.1;

ΨL(x, θ) = {eik1xx(uL+, v
L
+η

L
+)T + a eik2xx(vL+, u

L
+η

L
+)T

+ b e−ik1xx(uL−, v
L
−η

L
−)T} and (5.2)

ΨR(x, θ) = {c eiq1xx(uR+, vR+ηR+)T + d e−iq2xx(vR−, u
R
−η

R
−)T}

where kix = kicos(θ), qix = qicos(θ) with

k(1
2)

=

√
2m

h̄2

√√
E2 − (∆L

±)2 ± EF

(5.3)

q(1
2)

=

√
2m

h̄2

√√
E2 − (∆R

±)2 ± EF

η
L(R)
± = e−iφ

L(R)
± = ∆

L(R)
± /|∆L(R)

± | evaluated at the corresponding wavevector in

Eq.’s(5.3), and

u
L(R)
± =

√√√√√1

2

(
1 +

√√√√
1−

(∆
L(R)
± (θ)

E

)2
)

(5.4)

v
L(R)
± =

√√√√√1

2

(
1−

√√√√
1−

(∆
L(R)
± (θ)

E

)2
)

Here a = a(E, θ), b = b(E, θ), c = c(E, θ) and d = d(E, θ) are complex

amplitudes of the Andreev reflection, normal reflection, electron-hole and hole-

electron conversion respectively. They can be found explicitly using the boundary

conditions

ΨL(x, θ)|x=0− = ΨR(x, θ)|x=0+

(5.5)

d

dx
ΨR(x, θ)|x=0+ −

d

dx
ΨL(x, θ)|x=0− =

2mH

h̄2 Ψ(x, θ)|x=0−
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where H is the amplitude of the δ-functional barrier potential, and Z the dimen-

sionless barrier strength Z = mH
h̄2kF cos(θ)

.

The probability current at the boundary can be calculated as

JL(R)(x = 0) = h̄m−1
L(R)Im[Ψ†L(R)(x, θ)∂xσzΨL(R)(x, θ)]x=0 (5.6)

where mL(R) is the effective mass term of left (right) side , σz is the Pauli matrix

and the continuity of the current at the interface requires JL(x = 0) = JR(x = 0).

Combining boundary condition defined above with current conservation law, we

obtain JL(x = 0) = h̄m−1
L (<(k1x)κ

L
+ − Ra − Rb − Rab) where Ra = <(k2x)|a|2κL+,

Rb = <(k1x)|b|2κL−. For the right side we have JR(x = 0) = h̄m−1
R (Rc +Rd +Rcd)

here Rc = <(q1x)|c|2κR+ , Rd = <(q2x)|d|2κR− with κ
L(R)
± = |uL(R)

± |2−|vL(R)
± |2. Note

that when wavevectors k1(q1) and k2(q2) are complex, there appear cross terms

Rab and Rcd.

Rab = <
(

(ak2x − a∗k1x)[v
L
+(uL+)∗ − uL+(vL+)∗]

+ (b∗[uL+(uL−)∗ − vL+(vL−)∗]− cc)k1x

+ ab∗[vL+(uL−)∗ − uL+(vL−)∗η̃∗L]k2x

− a∗b[uL−(vL+)∗ − vL−(uL+)∗η̃L]k1x

)
(5.7)

Rcd = <
(
cd∗[uR+(vR−)∗ − vR+(uR−)∗η̃∗R]q1x

− c∗d[vR−(uR+)∗ − uR−(vR+)∗η̃R]q2x

)

Here η̃L(R) = ei(φ
L(R)
+ −φL(R)

− ) is the phase factor. Note also that in the limit k1 ≈
k2 ≈ q1 ≈ q2 ≈ kF , the cross term Rab ( Rcd ) completely vanishes.

Using the Landauer-Büttiker expression, the current through the junction can

be defined as

I =
2e2

h

∫
T (E)[fL(E)− fR(E)]dE (5.8)

fL(R)(E) =
1

e(E−µL(R))/kBT
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where T (E) is the transmission coefficient, f(E) is the Fermi distribution function

and µL = EF + eV , µR = EF are the chemical potentials of the banks. At

zero temperature, the angle-resolved differential conductance can be written as

σR(E, θ) = T (E, θ) = Rc(E, θ) + Rd(E, θ) + Rcd(E, θ) and resulting differential

conductance can be written as

σT (E) =

∫ π/2
−π/2 dθσR(E, θ)cos(θ)∫ π/2
−π/2 dθσN(θ)cos(θ)

. (5.9)

Here σN(θ) = 1/(1 +Z2) defines differential conductance for normal metal - nor-

mal metal junction. In a large number of theoretical papers the cross term Rcd(E)

is omitted. We will show that while its contribution can be indeed neglected in

the case of normal metal-superconductor junctions, it may not be the case in the

superconductor-superconductor ones.

5.2 NS junction

In the case of normal metal-s wave superconductor junction, the parameters de-

fined in Eq.5.2 becomes ∆L
± = 0, ∆R

± = ∆0, uL± = 1 , vL± = 0 , uR± = u0 = and

vR± = v0 where u0 =

√
1
2

(
1 +

√
1−

(
∆0

E

)2
)

and v0 =

√
1
2

(
1−

√
1−

(
∆0

E

)2
)

. The

cross term defined in Eq.(5.8) does not play important role so we can omit these

terms in the conductance formulation. The order parameter in s-wave supercon-

ductor does not have any angle dependence that differential conductance at zero

temperature can be written as σ(E) = dI/dV = (1 + Ra − Rb). For simplicity,

we take all wavevectors equal to Fermi vector i.e. k1 = k2 = q1 = q2 = kF and

reflection amplitudes is then Ra = |a|2, Rb = |b|2.

In Fig.5.2 we demonstrate differential conductance for different values of the

interface transparency Z. As Z increases, Andreev reflection becomes less likely.

However, in this situation, due to the presence of the barrier at the interface,

electrons can also be ordinarily reflected as electrons.
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Figure 5.2: Differential conductance of an NS junction for a various interface

potentials Z.

5.3 D-wave junctions

The presence of zero-bias anomalies (ZBA) for d-wave junctions has been reported

in point contact [68], scanning tunneling microscopy (STM) measurements [69]

and film-oriented Y Ba2Cu3O7 junctions [70, 71]. Understanding of the origin of

these anomalies, however, cannot be clear in terms of the classical concept. As

the tunneling conductance spectrum not only depends on amplitudes but also the

phases of the pair potentials. This phase comes out when the pair potential has

a sign change in k-space, and it is shown in many works that appearance of zero

bias conductance peak (ZBCP) directly related with this phase. In other words,

the tunneling spectrum is essentially phase sensitive [72].

Let us consider a Josephson junctions with a cuprate superconductor. We will

use the standard simplified model of such a system, that is, assume a cylindrical

Fermi surface[72] and the order parameter

∆(θ) = ∆±(θ) = ∆0cos(2(θ ∓ β)). (5.10)

Here β is the angle between the interface normal and the lobe direction of the
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order parameter. This superconductor forms one of the banks of a junction. The

other one can be formed either by a similar superconductor (DD junction), or a

normal conductor (ND junction).

Figure 5.3: Andreev reflection process for (a) ND junction and (b) DD junction.

5.3.1 ND Junction

, In this section, the tunneling theory of the normal metalanisotropic even-parity

superconductor(ND) junction is presented Fig.5.3(a). The differential conduc-

tance in this case is obtained from the general formulas by setting ∆L
± = 0

and uL± = 1, vL± = 0. For x > 0 we have effective pairing potentials

∆R
± = ∆R

0 cos(2(θ ∓ β).

The differential conductance of an ND junction for a various surface align-

ment angles β is shown in Fig.5.4. The main difference between Fig.5.4(a) and

Fig.5.4(b) comes from definitions of wavevectors. In Fig.5.4(a) the wavevectors

k1(2), q1(2) are taken equal to kF , however, in Fig.5.4(b) they are defined as in

Eq.5.3.For d-wave gap Andreev reflection process applies for different pair po-

tentials ∆± defined in Eq.(5.10). This phase difference play major role in the

realization of Andreev Bound state. For example when β = 0 the effective SC

gap for Andreev reflection process is reduced single value i.e (∆+ = ∆− = ∆0(θ))

35



that ZBCP disappears see Fig.5.4. Furthermore, one can notice that the contri-

bution of cross terms is negligible in this case and in both cases the differential

conductance has a zero bias conductance peak for nonzero values of β.
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Figure 5.4: Differential conductance of an ND junction for various surface align-

ment angles β, and Z = 5. (a) ki = qi = kF , Rab = 0; (b) wavevectors ki, qi (as

they defined in Eq.(5.3)), Rab 6= 0.

5.3.2 DD junction

The effect takes place not only on SNS junctions, but also in weak links and

whenever two superconductors with different amplitudes of the order parameter

are brought in contact. In Josephson junctions this leads to the formation of

Andreev levels [73]. The Andreev reflection amplitude depends on the supercon-

ducting phase; therefore the Andreev levels are phase-sensitive. This allows to

express both the superconducting and quasiparticle contributions of the Joseph-

son current in terms of transport through the Andreev levels (see, e.g., [74, 75]).

The Andreev bound state with energy E = 0 appears in junctions containing a

superconductor with direction-dependent π-phase shift of the order parameter,

which leads to canceling the energy-dependent terms in the quantization condi-

tion for this level. Its existence produces the specific ZBCP in the differential

conductance of the Josephson junction.
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Figure 5.5: Differential conductance of dx2−y2-dx2−y2 junction for Z = 3. The pair

potentials are ∆L
± = ∆L

0 cos(2(θ ∓ α)), ∆R
± = ∆R

0 cos(2(θ ∓ β)), with ∆L
0 = ∆R

0

For simplicity we choose all the material parameters of the two superconductors

to be equal. The pair potentials in the left and right superconductors are ∆L
± =

∆L
0 cos(2(θ ∓ α)), ∆R

± = ∆R
0 cos(2(θ ∓ β)) respectively, where α(β) is the angle

between the crystalline axis and the normal to the interface in the left(right)

superconductors and amplitudes of pair potentials are taken equal i.e. ∆L
0 = ∆R

0 .

The solutions of conductance of asymmetric contact α = 0, β = π/4 for

Rcd = 0 and Rcd 6= 0 are shown in Fig.5.5. Unlike ND case, the cross term here

has significant influence and leads to presence of zero bias conductance peak.

37



 0

 1

 2

 3

 4

 5

 6

 7

 0  0.5  1  1.5  2

Rab ≠  0

Z=1.0

σ T
(E

)

E

α=0, β=π/4
α=π/5, β=π/5

α=π/10, β=π/10

Rab=0

Figure 5.6: Conductance spectrum of dx2−y2-dx2−y2 junction for Z = 1 and various

surface alignments. The pair potentials are the same as in Fig.5.5

5.4 N-NCS junction

Initially, an electron, spin-polarized in the z-direction, is sent normal to the N-

NCS interface from the N side at the wavevector Ke =
√

2m(E + µN)/h̄2 where

E is the energy of the incident electron and µN = h̄2k2
F/(2m) is the chemical

potential in the N region with kF being the Fermi wavevector in the N side.

We perform our calculations for the zero voltage bias, i.e. µN = µNCS. The

corresponding wavefunctions are [76]

ΨN(x) = {eiKex(1, 0, 0, 0)T + a eiKhx(0, 0, 1, 0)T + b eiKhx(0, 0, 0, 1)T

+ c e−iKex(1, 0, 0, 0)T + d e−iKex(0, 1, 0, 0)T} and (5.11)

ΨS(x) = {c1 e
iq+

1 x(u1, η u1, η
∗ v1, v1)T + c2 e

iq+
2 x(−η∗ u2, u2, v2,−η∗ v2)T

+ c3 e
−iq−1 x(−η∗v1, v1, u1,−η∗ u1)T + c4 e

−iq−2 x(v2, η v2, η u2, u2)T}
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where η = eiφ evaluated at the corresponding transmitted wavevector q±
(1

2)
in

Eq.’s(5.11), and for |E| > |∆±|

u(1
2)

=
1

2

√√√√(
1 +

√
1−

(∆±
E

)2
)

(5.12)

v(1
2)

=
1

2

√√√√(
1−

√
1−

(∆±
E

)2
)

whereas, analogous to the BTK theory[74], the coefficients are complex for |E| <
|∆±| as,

u(1
2)

=
1

2

√∣∣∣∆±
E

∣∣∣eiθ± , θ± = tan−1

√∣∣∣∆±
E

∣∣∣2 − 1 (5.13)

and v∗
(1

2)
= u(1

2)
. Here a, b are the complex Andreev reflection amplitudes for

the hole with wavevector Kh =
√

2m(−E + µN)/h̄2, and the c, d are the normal

reflection amplitudes. On the NCS side, c1, . . . , c4 are the transmission amplitudes

within the NCS in the ± branches. Here c = d = 0 as the result of the absence

of normal reflection as mentioned before. Hence only a, b are present due to the

Andreev mechanism.

The pair potential ∆λ
k is an isotropic function of k =

√
k2
x + k2

y in the NCS. Due

to the homogeneous boundary conditions along the y-direction, the ky is conserved

across the boundary. The ∆λ
k is therefore a function of E of the incident probe

particle and its angle of incidence φi on the N side. For normal incidence, we

take φi = 0. This being the case for the perfect isotropy, for WA NCSs the pair

potential can be a weak function of the orientaton angle φ0 of the crystal axes

relative to the interface plane in the NCS. In this case, ∆λ
k can be considered as

a fuzzy function of E with a narrow spread given by the degree of anisotropy.

In the isotropic limit, fuzziness disappears and ∆λ
k = ∆λ(E) becomes a sharp

function of E. Assuming this last case and for a given initial energy E, there are

three different regimes: a) E < |∆−| < |∆+| where |u2
1| = |v2

1| and |u2
2| = |v2

2|, b)

|∆−| < E < |∆+| where |u2
1| = |v2

1| and |u2
2| 6= |v2

2|, and c) |∆−| < |∆+| < E where

|u2
1| 6= |v2

1| and |u2
2| 6= |v2

2|. We assumed here that |∆−(E)| < |∆+(E)| which may

or may not be true for all energies [details are in the caption of Fig.5.7]. The

results here are unaffected by such details.
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The full solution of the coefficients in Eq.’s(5.11), requiring the application

of the boundary conditions ΨN(x) = ΨS(x) and Ψ′N(x) = Ψ′S(x) at the x = 0

interface, has been shown in a large number of works and will not be shown here.

The continuity of the current at the interface requires that,

1− (|a|2 + |b|2) = Sa,b,c (5.14)

where,

Sa = 0, Sb =
q+

2

Ke

|c2|2 (|u2|2 − |v2|2)

Sc =
q+

1

Ke

|c1|2 (|u1|2 − |v1|2) +
q+

2

Ke

|c2|2 (|u2|2 − |v2|2) (5.15)

with Sa,b,c corresponding to the three cases above. The probabilities A = |a|2

and B = |b|2 are the Andreev reflection probabilities[76, 9, 10] for the hole in

x < 0, whereas C1 =
q+
1

Ke
|c1|2(|u1|2 − |v1|2) ,C2 =

q+
2

Ke
|c2|2(|u2|2 − |v2|2) are for the

transmission probabilities corresponding to the ± branches. Also, c3 = c4 = 0

due to the absence of reflection in a semi-infinite geometry in the NCS. Here we

will be interested in the double step-like behaviour of the A = |a|2 and B = |b|2

as a result of the Eq.’s(5.15) as shown in Fig.(5.7).
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Figure 5.7: Spin resolved Andreev reflection and the transmission probabilities

in an N-NCS interface are depicted with Andreev conductance σA (in units of

2e2/h in the inset for each horizontal case) for three different configurations: a)

∆− > ∆+ > 0, b) same as (a) when ∆+ is lowered, and c) same as (a) when

∆+ = 0. The right columns (d,e,f) correspond to the cases ∆− ↔ ∆+. ©The

Physical Society of Japan

Respecting these three energetically different regimes, we examine the AC (σA)

in two distinct cases of the pair potentials: (i) when both ∆̃± are nonzero and,
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(ii) when one of them is zero at a nodal position. The spin dependent Andreev

reflection and the transmission coefficients are shown in the Fig.5.7.(a-f) together

with the AC σA calculations in the insets, where the mutual positions of the ∆±

are varied in (a,b,d,e) and one of the pair potentials is assumed to be at the nodal

position at E = 0 in (c,f). Let us concentrate on the inset in Fig.5.7.(a) where the

σA starts with a plateau at unit conductance corresponding to the configuration

E < |∆−| < |∆+|, i.e. case (a) defined above Eq.(5.14). If E is between the gaps,

as in case (b), the AC moves down to a second plateau. For the case (c), the

σA gradually disappears as E is increased. If the interval |∆+ −∆−| is changed,

the curves change only quantitatively with the double-step behaviour unchanged

[Fig.’s5.7.(b, e)]. We now shift to the second distinct case (ii) above, when one

of the pair potentials is zero as shown in Fig.5.7.(c,f) corresponding to a node

position. The σA in the inset therein, directly starts at 1/2 at low energies then

going through a single plateau before gradually vanishing at high energies. If this

radial line node is located on the Fermi surface, this should experimentally give

rise to a narrow zero bias conductance peak.

The double steps in the AC is a signature of the three regions with different

Andreev reflection properties. We therefore expect that the two distinct steps

should always be present where the other details such as the step length and the

vertical range of the steps should be material dependent. From the theoretical

point of view, double steps clearly point at the WA conditions, but in reality there

can be a weak dependence on the orientation angle φ0 in ∆±. This should affect

the steepness of the falls in σA between the plateaus. However, there can be a

serious danger on the visibility of the double steps: these characteristic features

can be completely erased in the presence of imperfections on the interface as we

discuss now.

We checked the robustness of the double steps against the imperfections on the

interface. In this case, we expect that an effective transmission barrier is created

on the interface which can easily obscure the ideal AC profile. To understand this

effect, we assumed a spin-neutral barrier potential as Zδ(x) with Z describing the

barrier strength and then calculated the AC. Our results confirm the expectation

that, the shape of the AC is extremely fragile against the surface imperfections
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and the double step behaviour is destroyed completely. Highly clean interfaces

are therefore needed to observe the ideal double step behaviour.
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Figure 5.8: The σA(E) (in units of 2e2/h) for a semi infinite N-NCS interface

including a delta-function-like interface potential Zδ(x) when a) both pair poten-
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Chapter 6

Topological Superconductivity

In this chapter we show that the topology is encoded in the position of the nodes

of the superconducting gap and kinetic term that can be, in principal, externally

controlled. As the topologically controllable systems become important for the

device application, this result can be useful for the future experimental realization.

We will show two different methods to obtain topological number for different type

of nodal structures and demonstrate that the positions of the nodes are decisive

on the topology.

a) The block-diagonal Hamiltonian method: In the absence of the dz,k type

pairing, the mixed state Hamiltonian in Eq.(3.4) can be block-diagonalized in

the SOC eigenbasis (â†k+ â†k− â−k+ â−k−) where âkΛ = 1√
2
(êk↑ + λγke

iφêk↓) with

λ = ±. Each block is described by a 2 × 2 matrix in the form written by

Hλ = hλk.Λ with Λ as the Pauli matrices in the SOC basis and hλk = (hλx, h
λ
y , h

λ
z ) =

(∆̃λ
k cosφ,−∆̃λ

k sinφ, ξ̃λk ). One way to examine the energy band topology of radial

line nodes is then to investigate each block-diagonal branch separately by the

two-dimensional mapping (kx, ky) → n̂λk where n̂λk = hλk/E
λ
k is the Hamiltonian

unit sphere. This two-dimensional mapping is described by the Chern number

Nλ
1 =

1

8π

∫
d2k εij n̂

λ
k.
(∂n̂λk
∂ki
× ∂n̂λk
∂kj

)
(6.1)

where εij with i, j = x, y is the antisymmetric tensor. The two branches can have
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independent indices given by the winding of h±k on S2.

The complete topological classification is made once all distinct configurations

of the nodes in ∆̃±k relative to the position(s) of the Fermi level are identified.

For this, we start with the kinetic term in the BCS-like form in Eq.(3.9) given by

ξ̃λk = h̄2(γkk − kλ1 )(γkk − kλ2 )/(2m) (6.2)

Here kλ1 , k
λ
2 are the zeros of ξ̃λk . A positive kλj is a Fermi momentum on j’th Fermi

surface of the corresponding branch. We assume that kλ2 > kλ1 . For the moment,

we take γk = 1 and discuss its effect later. The Fermi wavevectors for the +

branch are,

k+
2 = m

h̄2

[
−α +

√
α2 + 2 h̄

2

m
µ
]

(µ > 0) (6.3)

k+
1,2 = m

h̄2

[
α∓

√
α2 + 2 h̄

2

m
µ
]

(µ < 0) (6.4)

Here µ = −h̄2kλ1k
λ
2/(2m) and α = −λh̄2(kλ1 + kλ2 )/(2m) are the physical parame-

ters which can be used to vary the kλ1,2. All five possibilities are shown in Fig.6.1

for the + branch. The − branch is analyzed similarly.

Concentrating on the + branch, we will assume that the triplet-to-singlet ratio

|Fk/ψk| can have values smaller and larger than unity in different k regions. The

pair potential is then allowed to have a node, let’s say at k+
∆ of the + branch,

and ∆+
k = δ+(k)(k−k+

∆) where δ+(k) is a smooth function representing the other

(irrelevant) details. At k = k+
∆ we have that |ψk+

∆
| = |Fk+

∆
|. It will also be

assumed that there is only a single position where such a k+
∆ exists. In general

there is nothing to prevent the number of such points to be larger than one and

a complete map of such details is an additional asset to the understanding of

the pairing mechanism. Particularly, a mathematical inversion of Eq.’s(3.12) and

(3.13) can be useful to get information about the pairing interactions by knowing

the nodes of ∆λ
k . We nevertheless avoid this interesting idea to a later work and

confine our attention to maximally one node at kλ∆ for each λ.

In the pure triplet state where ψk = 0 (in general realized either the TRS

invariant helical p-wave or the TRS breaking chiral p-wave). In this case, the
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topology of the superconducting bands is decided by µ only. The Chern index in

Eq.(6.1) is an integer yielding

N+
1 (µ) =

{
0 for µ < 0

1 for µ > 0
(6.5)

This picture is quite similar to the Z2 topology of the two dimensional QSHI,

one dimensional polyacetylene[77] and the spinless one dimensional p-wave

superconductor[78].

In the mixed state however, singly-parameterized characterization is not suf-

ficient. Moreover, Eq.(6.1) is not integer-valued. The first case is remedied by

a doubly-parameterized characterization. Due to the additional spin-orbit de-

gree of freedom, the Chern index in Eq.(6.1) depends on µ and α, i.e. Nλ
1 (µ, α).

The positions of kλ1 , k
λ
2 relative to kλ∆ can be used to classify the topology using

Eq’s.(6.3), (6.4) and the like for λ = −.

We again concentrate on the + branch. If µ < 0 the kinetic term can have

two Fermi wavevectors k+
1 , k

+
2 > 0 given by Eq.(6.4), or none, i.e. k+

1 , k
+
2 < 0,

whereas for µ > 0 there is one Fermi momentum, i.e. k+
2 [as given by Eq.(6.3)].

To begin, one can start from a trivial configuration such as k+
1 < k+

2 < k+
∆ which

is then used as a reference for all other topological configurations. The mapping

k → n̂λk is described in Fig.6.1.(a) and (b). Here, k → ∞ corresponds to the

north pole (0, 0, 1) of the Hamiltonian unit sphere. The trivial and nontrivial

topologies for five distinct configurations of kλ1 , k
λ
2 and kλ∆ are also indicated in

Fig.6.1.(c) and (d). These configurations differ in topology by the number of

Fermi level crossings of the node kλ∆ where the topology is changed by every

single crossing. For k+
1 < k+

∆ < k+
2 , k+

∆ is mapped to the south pole (0, 0,−1),

whereas for k+
∆ < k+

1 < k+
2 , it is mapped to the north pole (0, 0, 1).
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Figure 6.1: Nodal positions of ξ̃+
k and ∆+

k depicted respectively as k1, k2 and

k∆ with different topologies as indicated in a) as trivial, b) as nontrivial. The

zeros k1,2 are directly determined by the chemical potential and the SOC as

µ̃ = −h̄2k1k2/(2m) and g = −h̄2(k1 + k2)/(2m). The blue line are followed by

n̂k as k evolving from ∞ to zero at two different φk. The inset is Nw1(µ) in

Eq.(6.1).©The Physical Society of Japan

The non-integer valued index can be remedied by considering the reduced

integral range kλ∆ ≤ k < ∞. The results thus obtained from Eq.(6.1) are shown

in the inset of Fig.6.1.

This concludes the investigation of the block diagonal formalism. We now

present another method by bringing the same Hamiltonian into a block non-

diagonal form.

b) The block-nondiagonal Hamiltonian method: A method for the topologi-

cal index was proposed in Ref.’s[78, 79, 80] for Hamiltonians respecting ”chiral

symmetry” which is given by the product of the TRS and the particle hole sym-

metry. Both symmetries are preserved in our case here. In systems with chiral

sysmmetry a new way of defining topological index can be developed by bringing

the Hamiltonian in Eq.(3.3) into the block off-diagonal form. In our case, this

is obtained by a global unitary transformation V acting on Hk in Eq.(3.4) as
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[81, 82, 83, 84, 85, 86, 87]

VHkV
† =

(
0 Dk

D†k 0

)
, V =

1√
2

(
σ0 −σ2

iσ2 iσ0

)
(6.6)

where Dk = Ck[cos(φk)σz + isin(φk)σ0] − iBkσ2 with Ck = |Gk| − iFk and

Bk = ξk+iψk. Similarly to Eq.(6.1), here Dk is well defined only in those k points

where the energy spectrum Eq.(3.9) is nonvanishing, i.e. when the gap is full.

In Ref.’s[82, 83, 86, 87] a momentum-dependent (contrary to global) topological

index is defined as

N2(k⊥) =
1

2π
=m

{∫ ∞
−∞

dk‖ ∂k‖ ln det(D̃k)
}

(6.7)

where k‖ and k⊥ are coordinates fully parametrizing the k-plane. Here we trans-

formed Dk → D̃k as det(D̃k) = det(Dk)/|det(Dk)|.

In the context of this work, N2 is, desirably, a global index, due to the φ-

independence of det(D̃k). For the same reason, k‖ integral can be split into a pair

of equivalent radial integrals, i.e. k‖ = k at φ = 0 and φ = π. The Eq.(6.7) can

then be turned into

N2 =
1

π
=m

{∫ ∞
0

dk ∂k ln det(D̃k)
}

(6.8)

The Eq.(6.8) can now be shown to be connected with Nλ
1 in Eq.(6.1), i.e. N2 =

N+
1 +N−1 .

For this, we use Dk, Ck and Bk as defined below Eq.(6.6) to find that det(Dk) =

(ξ̃+
k + i∆̃+

k )(ξ̃−k + i∆̃−k ). Therefore the Eq.(6.8) is

N2 =
1

π

∑
λ

∫ ∞
0

dk ∂k[arg(ξ̃λk + i∆̃λ
k)] . (6.9)

Since arg(ξ̃λk + i∆̃λ
k) is the polar angle θλ = tan−1∆̃λ

k/ξ̃
λ
k of the Hamiltonian

unit vector nλ(θ, φ) = (∆̃λ
k cosφ, ∆̃λ

k sinφ, ξ̃λk ), the Eq.(6.9) is identical with the

winding of the polar angle on the unit circle at a fixed longitude φ∗, i.e. N2 =∑
λ

∫
dθλ/π. There is therefore a one-to-one correspondence between Eq.(6.1) and

Eq.(6.9) [hence Eq.(6.8)].

In order to obtain an integer index from Eq.(6.7), the consideration of the

reduced range is the simplest. Another alternative technique was also suggested.
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Assume that the pair potential is sufficiently weak near the Fermi surface. One

can use the positions of the multiple sectors of the Fermi surface and linearly

expand ξ̃λk and ∆̃λ
k around the i’th Fermi surface. The expectation is that a

continuous deformation assumed in the linear expansion does not change the

topology, hence a discrete index is expected. It was shown in Ref.’s[82, 83, 86, 87]

that Eq.(6.7) can then be written as

N2 = −1

2

∑
ki

sign[∂k(ξ̃
+
k ξ̃
−
k )|k=ki ]× sign[(∆̃+

k ξ̃
−
k + ∆̃−k ξ̃

+
k )|k=ki ] (6.10)

where point(s) kλi are the Fermi momenta given by ξ̃λk |kλi = 0. This can be written

as a sum of separate branches as,

N2 = −1

2

∑
λ

∑
ξ̃λ
ki

=0

sign[∂kξ̃
λ
k |k=ki ]sign[∆̃λ

k |k=ki ] (6.11)

The Nλ
2 calculated from Eq.(6.11) yields the same result as Nλ

1 using the reduced

integration range [see Fig.(6.1)]. With the equivalence of both methods in parts

(a) and (b), we revisit Fig.6.1 (c) and (d) for a summary. The topological indices

defined in this section are undefined when the spectral gap closes. The topology

of the radial line nodes in the full gap configuration requires that kλ∆ is not on

the Fermi surface, i.e. kλ∆ 6= (kλ1 , k
λ
2 ). The topology can then be classified by

the Z2 index according to the position of the node in the pair potential with re-

spect to the Fermi surface. This requires that the configurations where kλ∆ = kλ1

or kλ∆ = kλ2 are topologically undefined. Since these specific configurations are

where the energy gap closes, we have the important result that, a nodal struc-

ture in the energy spectrum occurs at the boundary of two distinct topological

regions. This concludes our discussion on the topology of the radial line nodes.

We now investigate the influence of the radial line nodes on the thermodynamic

observables where the results of the Section 3.1 will also be used.

This formalism can produce all distinct topologies defined by the relative po-

sition of kλ∆ with respect to the Fermi wavevector kλ1,2 as shown in the vertical

k-axes in Fig.(6.2). For example, the distinct cases given by ∆+
3 in Fig.(6.2b), ∆−2

in Fig.(6.2c) and ∆−2 in Fig.(6.2d) have non-trivial topology given by Nw2 = 1 ,

whereas the other possibilities therein are trivial given by Nw2 = 0.
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Figure 6.2: Possible node positions of the superconducting gap in ∆̃±k = |ψk ∓
γkFk| and Fermi momenta kλi of the relevant spin orbit branch λ = ± where

ξ̃λk |k=kλi
= 0. The straight black lines indicate the ξ̃λk for λ = ± and colored lines

stands for three different nodal behavior for ∆̃±k as depicted by ∆̃±1 , ∆̃
±
2 , ∆̃

±
3 . The

radial k axis on the right of each figure indicates the relative positions of the Fermi

wavevectors and the radial line nodes of superconducting gap. ©ELSEVIER

The topological indexes corresponding to these possible configurations are sum-

marized in Fig.6.3. For the µ̃ > 0 case, there is single Fermi wave-vector kλ2 in

each branch as indicated in Fig.6.2.(c) and (d) can be in different positions on the

k-axis. Depending on the position of kλ∆ winding number of each branch are shown

in Fig.6.3.(a). On the other hand, if we assume kλ2 > kλ1 > 0 a more interesting

case occurs for the µ̃ < 0 case where + branch has no Fermi surface and hence

has a trivial topology, whereas the − branch has trivial topology for k−2 < k−∆ and

k−∆ < k−1 and nontrivial topology for k−1 < k−∆ < k−2 . The external parameters

µ̃ and the SOC can change the position(s) of the Fermi wavevector relative to

the energy gap node position(s) that topology can, in principle, be controlled,
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our analysis here demonstrates that, the topological properties of the mixed par-

ity gap structures are much richer than that in the pure triplet superconductor

6.1. It should not be surprising that, by controlling the topology together with

thermodynamic and other experiments sensitive to the energy density of states

can be made in the near future in order to implement experimental as well as

theoretical tools which can enhance our understanding the pairing mechanism(s)

and leading symmetries the superconducting gap can have.
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Figure 6.3: The Z2 index Nλ
w2 in Eq.(6.11) for a fixed µ̃ when µ̃ > 0 in (a) and

µ̃ < 0 in (b). It is shown that the position of superconducting order parameter’s

node relative to the kinetic term’s node is decisive on topological number. The

topological transition occurs when k∆ = kF . It is clearly observed that we have

nontrivial topology for µ̃ < 0 at k−1 < k−∆ < k−2 and for µ̃ > 0 at k−∆ < k−2 for

minus band. The same process occurs for the other band. Note that there is a

single Fermi wavevector when µ̃ < 0 as summarized in Fig.6.2. ©ELSEVIER

The topological phases of both branches in the kλ1−kλ2 space for a singlet-triplet

mixed NCSs with nodes at kλ∆ are shown in Fig.6.4. A quick look can give a wrong

feeling that different λ branches can have completely independent topologies. To

illustrate the picture, the constant µ̃ lines are drawn. The 45 degree lines in the

µ̃ > 0 region are when the SOC is zero, i.e. 2mg/h̄2 = −λ(kλ1 + kλ2 ) = 0. From

2mµ̃/h̄2 = −kλ1kλ2 and 2mg/h̄2 = −λ(−2mg/h̄2 = k+
1 + k+

2 ), we infer that k+
1 , k

+
2

and k−1 , k
−
2 are related by inversion in the k1, k2 plane.

The NCS nodes studied here can occur in the vicinity of the Fermi level and

their relative position with respect to the Fermi level is influential in the low
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Figure 6.4: (Color online) The topologically distinct phases in the kλ1−kλ2 plane of
a singlet-triplet mixed NCS for the five distinct configurations depicted in Fig.6.2.
For the nontrivial topology at least one Fermi wavevector is required, therefore
we assumed that kλ2 > 0. It is also assumed that kλ1 ≤ kλ2 and g > 0 and both
branches have gap nodes. For a) λ = − and 2mg/h̄2 = k−1 + k−2 > 0, b) λ = +
and −2mg/h̄2 = k+

1 + k+
2 < 0. The colored regions depict trivial and the combed

regions nontrivial topology.

temperature dynamics (see Fig.4.3) as well as the topology (see Fig’s.6.1 and

6.4).

Experimental observation of the power law behaviour in temperature and the

determination of the scaling exponents in NCS have not reached a convincing level

especially for weakly anisotropic compounds. On the other hand, the previous

argument indicates that if the node positions in Fig.6.2 can be manipulated,

experiments can be performed in a critical range of parameters where the topology

changes, which can then have observable thermodynamic behaviour. Thus, radial

line node are likely to provide more understanding of the weakly anisotropic

conditions. The zeros of the kinetic term k1 and k2 are more sensitive to changes

in µ and g [as shown in Eq.’s(6.3)] whereas, nodes of ∆̃±k are more sensitive

to the interaction potential. It is therefore natural to refer here to the explicit

dependence of k1 and k2 on µ and g which can be used to realize one of the

configurations between k1, k2 and k∆ in Fig.6.2. In Fig.4.3 we consider µ̃ > 0 with

one Fermi momentum at k2 which is tuned externally by µ and g across k∆ in

respect of the Eq.(6.3). The change in the energy DOS, shown in Fig.4.3.a and the
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calculated behavior of CV in Fig.4.3.b are distinctively different in the three cases

when k∆ is below/above the Fermi surface and when it is on it. In the former case,

the excitations are absent in the small energy range, hence the CV is suppressed at

small temperatures. However, the suppression is non-exponential, fitting instead

into a superposition of power laws CV ∼ T ν with exponents depending on k∆. In

the latter case however, an energy node is created when the gap node is on the

Fermi surface. Hence, the energy node lives at the boundary k∆ = k2 between

two topologically distinct regions as shown in Fig.6.4 with k2 < k∆ and k2 > k∆.

Arbitrarily low energy excitations are available therefore the DOS and the CV

behave linearly in T .
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Chapter 7

Conclusion

In this thesis, we concentrated on self-consistent solutions of superconducting

order parameters in two dimensional systems in the presence of time reversal

symmetry and broken inversion symmetry. We obtain solutions for mixed singlet

and equal spin triplet pairs. The results indicate that spin orbit interaction

and electronic interactions play a crucial role in the appearance of mixed singlet

and equal spin triplet pairs[88, 89]. We showed analytically that the electronic

interaction with strong momentum dependence is needed for this mixed state

and the equal spin triplet component takes the phase of spin orbit coupling term

as long as time reversal symmetry preserved. For example, in the case of point

contact type interactions, the appearance of equal spin triplet pairs is not possible

due to this phase. Having strong momentum dependence in the interaction and

related order parameters can lead nodal structure in the superconducting gap.

Depending on crystal structure these nodes can be in the form of angular, radial or

point node. For the radial line nodes to exist in a mixed singlet-triplet state, and

besides the spin orbit interaction, it is sufficient to have an isotropic component

of the pairing interaction sufficiently attractive in the long ranges. On the other

some of the isotropic noncentrosymmetric superconductors in the scope of this

thesis with large values of the universal BCS ratio and the anomalous specific

heat jumps may be pointing at strong and/or long range interactions.
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Theories incorporating exact momentum dependence of the order parameters

point at the existence of such radial line nodes. The nodes in triplet compo-

nent Fk are enhanced by the singular attractive part of the potential in the long

wavelenghts, whereas nodes in singlet ψk appear due to the sign change in the po-

tential. The topology however is encoded in the nodal structure of the energy gap

∆̃±(k) = |ψk ∓ γkFk|. These are radial line nodes which can be manipulated by

the spin orbit interaction since the latter is crucial in changing the triplet/singlet

ratio |Fk/ψk|. Depending on this ratio, there can be zero, one or more line nodes

in each branch of ∆̃±. Which of these line nodes appear in the energy bands

E±k is a question concerning the specific potential, spin orbit interaction strength

and the material properties. They emerge in the weakly anisotropic limit, in

contrast to the angular line nodes appearing under strongly anisotropic condi-

tions. In a radial line node, the pair potential vanishes in at least one reciprocal

space point where the singlet and the triplet couplings become locally compara-

ble. In weakly anisotropic systems radial line nodes are pronounced since their

more anisotropic counterparts (the angular line nodes) are absent. Although

the behavior of thermodynamical quantities are well known for conventional (s-

wave) and unconventional (d-wave and pure p-wave) order parameters, there is

not any such sharp classification for superconductors with mixed parity (having

radial line nodes) superconductors. For example, ”U” and ”V” shaped density of

states associated with s-wave and d-wave gap structure respectively and for the

mixed parity superconductors the shape of density of states can be in the form

in between these without having specific shape. In particular, when they are not

on the Fermi surface, the radial line nodes can imitate a BCS like behavior in

the low temperature thermodynamic measurements without giving up the un-

conventional pairing and the topology. This finding is crucial in that, a number

of experimental results on NCSs in favor of trivial s-wave coupling may need to

be reconsidered and these results may happily turn out to be nontrivial. Fur-

thermore several compounds with broken time reversal symmetry are reported to

show a similar behavior [90, 91]. The picture presented by the radial line nodes

may be also relevant in the time reversal symmetry broken noncentrosymmetric

superconductors.
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The arguments raised above show that the thermodynamic data can be mis-

leading in understanding the order parameter symmetry. The one of the best

way to test superconducting structure is tunneling spectroscopy. In this manner,

it has been clarified in Chapter.5 that the tunneling properties in different type

of pairing symmetries are quite distinct from each other. In the case of s-wave

pairing differential conductance has single step like profile, however for mixed

parity it becomes two step representing each energy band. For d-wave supercon-

ductors the angle dependence causes variety in conductance spectrum. One of

the most important conclusions for unconventional pairs is the phase of super-

conducting order parameter which plays crucial role. The origin of this phase

comes from sign changing superconducting gap and it is essential for observing

zero bias Andreev conductance. We also showed that the differential conductance

of a Josephson junction with d-wave superconductors contains contributions from

the cross terms Rab and Rcd. These terms are routinely neglected, because they

are zero in the limit when the quasiparticle wavevector amplitude is kF . Outside

of this approximation, their contribution to the differential conductance of nor-

mal metal-superconductor junctions is still negligible. Nevertheless it is crucial

in forming the zero-bias conductance peak in dwave-dwave junctions.

Finally, the topology is classified by the relative position of the radial line node

in the pair potential with respect to the Fermi wavevector. The latter can be

shifted by the chemical potential and the SOC. This brings an additional impor-

tance to the radial line nodes since their topology can be manipulated externally

by electrostatic gates and the spin-orbit strength. This can have promise in new

research directions based on superconducting node engineering with implications

in exotic device applications in topological quantum computing.

.
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Appendix A

Self Consistent Gap Equations

We start with a two dimensional, C∞v symmetric NCS. A general pairing interac-

tion generates the singlet and the triplet components of the pair potential under

a SOC. A crucial aspect is that, it is a continuum model which is maximally

isotropic and no lattice point group symmetry is assumed. The Hamiltonian in

the electronic Nambu-spinor basis Ψ†k = (ê†k↑ ê
†
k↓ ê−k↑ ê−k↓) is given by

H =
∑
k

Ψ†kHkΨk = H0 +Hsoc +H∆ (A.1)

where

Hk =

(
Âk ∆̂(k)

∆̂†(k) B̂k

)
. (A.2)

is the 4× 4 mean field Hamiltonian with

Hk =


ε(k) Se(k) ∆↑↑(k) ∆↑↓(k)

S∗e (k) ε(k) ∆↓↑(k) ∆↓↓(k)

∆∗↑↑(k) ∆∗↓↑(k) −ε(k) S∗h(k)

∆∗↑↓(k) ∆∗↓↓(k) Sh(k) −ε(k)

 (A.3)

One can diagonalize by applying unitary transformation to the above Hamil-

tonian (i.e. UHk = EU ). The unitary matrix we found as;
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U =

(
û1(k) v̂1(k)

v̂2(k) û2(k)

)
=


u11(k) u12(k) v11(k) v12(k)

u13(k) u14(k) v13(k) v14(k)

v21(k) v22(k) u21(k) u22(k)

v23(k) v24(k) u23(k) u24(k)

 (A.4)

and the energy eigen-values

E =

(
Ee(k) 0

0 Eh(k)

)
=


Ee1(k) 0 0 0

0 Ee2(k) 0 0

0 0 Eh1(k) 0

0 0 0 Eh2(k)

 (A.5)

Using UHk = EU , we have the following set of equations:

û1Â+ v̂1∆̂† = Eeû1 −→ v̂1 = (Eeû1 − û1Â)[∆†]−1 (A.6)

v̂1B̂ + û1∆̂ = Eev̂1 −→ û1∆̂ + (Eeû1 − û1Â)[∆†]−1B̂ = Ee(Eeû1 − û1Â)[∆†]−1

Defining M = [∆†]−1B̂∆† =

(
P Q

R T

)

∆∆† =

( |∆↑↑|2 + |∆↑↓|2 ∆↑↑∆
∗
↓↑ + ∆↑↓∆

∗
↓↓

∆↓↑∆
∗
↑↑ + ∆↓↓∆

∗
↑↓ |∆↓↓|2 + |∆↓↑|2

)
=

(
n1 n2

n3 = n∗2 n4

)
(A.7)

P =
1

det(∆†)

[
− εdet(∆†)− Sh∆∗↓↑∆∗↑↑ + S∗h∆

∗
↓↓∆

∗
↑↓

]
Q =

−1

det(∆†)

[
− S∗h∆∗↓↓∆∗↓↓ + Sh∆

∗
↓↑∆

∗
↓↑

]
(A.8)

R =
1

det(∆†)

[
S∗h∆

∗
↑↓∆

∗
↑↓ + Sh∆

∗
↑↑∆

∗
↑↑

]
T =

1

det(∆†)

[
− εdet(∆†) + Sh∆

∗
↓↑∆

∗
↑↑ − S∗h∆∗↓↓∆∗↑↓

]

we found ; u12 = γ1u11 and u13 = η1u14 where; γ1 = n1+(Ee1−ε)(P−Ee1)−RSe
−n∗2+S∗e (P−Ee1)+R(ε−Ee1)

and

η1 = n4+(Ee2−ε)(T−Ee2)−QS∗e
−n2+Se(T−Ee2)+Q(ε−Ee2)
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From unitary condition : UU † = σ0 ⊗ σ0 we have one more equation and using

this we found the elements of û1 as;

|u11|2 =
det(∆†∆)

ñ1 + ñ2 + ñ∗2 + ñ4 + det(∆†∆)(1 + |γ1|2)
(A.9)

|u14|2 =
det(∆†∆)

n1 + n2 + n∗2 + n4 + det(∆†∆)(1 + |η1|2)
(A.10)

where

ñ1 = n1

[
(γ1Ee1 − γ1ε+ γ1 − Se)(γ∗1Ee1 − γ∗1ε+ γ∗1 − S∗e )

]
ñ2 = n2

[
|γ1|2S∗e (Ee1 − ε) + S∗e (Ee1 − ε)− γ∗1 [(Ee1 − ε)2 − ε2z]− γ1S

∗
eS
∗
e

]
ñ4 = n4

[
(Ee1 − ε− γ∗1Se)(Ee1 − ε− γ1S

∗
e )
]

n1 = n1

[
(Ee2 − ε− η1Se)(Ee2 − ε− η∗1S∗e )

]
n2 = n2

[
|η1|2S∗e (Ee2 − ε) + S∗e (Ee2 − ε)− η1[(Ee2 − ε)2 − ε2z]− η∗1S∗eS∗e

]
n∗2 = n∗2

[
|η1|2Se(Ee2 − ε) + Se(Ee2 − ε)− η∗1[(Ee2 − ε)2 − ε2z]− η1SeSe

]
n4 = n4

[
(η∗1Ee2 − η∗1ε+ η∗1 − Se)(η1Ee2 − η1ε+ η1 − S∗e )

]
(A.11)

Defining M̃ = [∆]−1Â∆ =

(
P̃ Q̃

R̃ T̃

)

P̃ =
1

det(∆)

[
εdet(∆) + (∆↑↑∆↓↓ + ∆↓↑∆↑↓) + Se∆↓↓∆↓↑ − S∗e∆↑↓∆↑↑

]
Q̃ =

1

det(∆)

[
2∆↓↓∆↑↓ + Se∆↓↓∆↓↓ − S∗e∆↑↓∆↑↓

]
(A.12)

R̃ =
−1

det(∆)

[
2∆↑↑∆↓↑ + Se∆↓↑∆↓↑ − S∗e∆↑↑∆↑↑

]
T̃ =

1

det(∆)

[
εdet(∆)− (∆↑↑∆↓↓ + ∆↑↓∆↓↑) + S∗e∆↑↓∆↑↑ − Se∆↓↓∆↓↑

]
and

∆†∆ =

( |∆↑↑|2 + |∆↓↑|2 ∆∗↑↑∆↑↓ + ∆∗↓↑∆↓↓

∆∗↑↓∆↑↑ + ∆∗↓↓∆↓↑ |∆↓↓|2 + |∆↑↓|2

)
=

(
m1 m2

m3 = m∗2 m4

)
(A.13)

we found ; u22 = γ2u21 and u23 = η2u24 where; γ2 =
m1+(Eh1+ε)(P̃−Eh1)−R̃S∗h
−m∗2+Sh(P̃−Eh1)+R̃(−ε−Eh1)

and

η2 = m4+(Eh2+ε)(T̃−Eh2)−Q̃Sh
−m2+S∗

h
(T̃−Eh2)+Q̃(−ε−Eh2)
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|u21|2 =
det(∆∆†)

m̃1 + m̃2 + m̃∗2 + m̃4 + det(∆∆†)(1 + |γ2|2)
(A.14)

|u24|2 =
det(∆∆†)

m1 +m2 +m∗2 +m4 + det(∆∆†)(1 + |η2|2)
(A.15)

v11 =
u11

det(∆†)

[
[∆∗↓↓(k)− γ1∆∗↑↓(k)](Ee1 − ε)− S∗eγ1∆∗↓↓(k) + Se∆

∗
↑↓(k)

]
v12 =

u11

det(∆†)

[
[−∆∗↓↑(k) + γ1∆∗↑↑(k)](Ee1 − ε) + S∗eγ1∆∗↓↑(k)− Se∆∗↑↑(k)

]
v13 =

u14

det(∆†)

[
[∆∗↓↓(k)η1 −∆∗↑↓(k)](Ee2 − ε)− S∗e∆∗↓↓(k) + Seη1∆∗↑↓(k)

]
v14 =

u14

det(∆†)

[
[−∆∗↓↑(k)η1 + ∆∗↑↑(k)](Ee2 − ε) + S∗e∆↓↑(k)− Seη1∆∗↑↑(k)

]
(A.16)

v21 =
u21

det(∆)

[
[∆↓↓(k)− γ2∆↓↑(k)](Eh1 + ε) + S∗h∆↓↑(k)− Shγ2∆↓↓(k)

]
v22 =

u21

det(∆)

[
[−∆↑↓(k) + γ2∆↑↑(k)](Eh1 + ε)− S∗h∆↑↑(k) + Shγ2∆↑↓(k)

]
v23 =

u24

det(∆)

[
[∆↓↓(k)η2 −∆↓↑(k)](Eh2 + ε) + S∗hη2∆↓↑(k)− Sh∆↓↓(k)

]
v24 =

u24

det(∆)

[
[−∆↑↓(k)η2 + ∆↑↑(k)](Eh2 + ε)− S∗hη2∆↑↑(k) + Sh∆↑↓(k)

]

∆↑↑(k) = − 1

A

∑
k
′
V(|k− k

′ |){ u∗11v11

e−βE+ + 1
+

u∗13v13

e−βE− + 1
+

v∗21u21

eβE+ + 1
+

v∗23u23

eβE− + 1
}

∆↑↓(k) = − 1

A

∑
k
′
V(|k− k

′ |){ u∗11v12

e−βE+ + 1
+

u∗13v14

e−βE− + 1
+

v∗21u22

eβE+ + 1
+

v∗23u24

eβE− + 1
}

∆↓↑(k) = − 1

A

∑
k
′
V(|k− k

′ |){ u∗12v11

e−βE+ + 1
+

u∗14v13

e−βE− + 1
+

v∗22u21

eβE+ + 1
+

v∗24u23

eβE− + 1
}

∆↓↓(k) = − 1

A

∑
k
′
V(|k− k

′ |){ u∗12v12

e−βE+ + 1
+

u∗14v14

e−βE− + 1
+

v∗22u22

eβE+ + 1
+

v∗24u24

eβE− + 1
}
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A.0.1 Order Parameters(Manifested TRS and FX)

From unitary condition UU † = σ0 ⊗ σ0 we found that the phase of parallel spin

pairs related with the phase of SOC. Using this and applying symmetry operations

to the order parameters one can obtain connection between different type of pairs

as;

Se = Sh = g|k|exp(iφk) (A.17)

TRS : ∆↑↑(k)→ ∆∗↓↓(-k) = F|k|exp(iφk)

∆↓↓(k) = −F|k|exp(−iφk) (A.18)

TRS : ∆↑↓(k)→ −∆∗↓↑(-k)

FX : ∆↑↓(k)→ −∆↓↑(-k) (A.19)

∆↑↓(k) = ψ + dz

∆↓↑(k) = −ψ + dz

E± =

√
ε2 + g2 + ψ2 + d2

z + F 2 ± 2
√
g2ε2 + g2d2

z + Fψ(−2εg + Fψ)

Ee1 = E+ = −Eh1

Ee2 = E− = −Eh2

ψ(k) =
∆↑↓(k)−∆↓↑(k)

2

dz(k) =
∆↑↓(k) + ∆↓↑(k)

2

F (k) = ∆↑↑(k)e
−iφk = −∆↓↓(k)e

iφk

ψ(k) = − 1

2A

∑
k
′
V(|k− k

′|){u
∗
11v12 − u∗12v11

e−βE+ + 1
+
u∗13v14 − u∗14v13

e−βE− + 1

+
v∗21u22 − v∗22u21

eβE+ + 1
+
v∗23u24 − v∗24u23

eβE− + 1
}

dz(k) = − 1

2A

∑
k
′
V(|k− k

′|){u
∗
11v12 + u∗12v11

e−βE+ + 1
+
u∗13v14 + u∗14v13

e−βE− + 1
(A.20)

+
v∗21u22 + v∗22u21

eβE+ + 1
+
v∗23u24 + v∗24u23

eβE− + 1
}

F (k) = − 1

A

∑
k
′
e
−i(φk−φk

′ )
V (|k− k

′|){ u∗11v11

e−βE+ + 1
+

u∗13v13

e−βE− + 1
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+
v∗21u21

eβE+ + 1
+

v∗23u23

eβE− + 1
}

A.0.1.1 dz = 0

Eλ
k =

√
(ξ̃λk )2 + (∆̃λ

k)
2] (A.21)

where λ = ± is the branch index of the broken IS and

ξ̃λk = εk + λγk|Gk| and ∆̃λ
k = (ψk − λγkFk) (A.22)

are the single particle energy and the momentum dependent pair potential re-

spectively with

γk = sign(|Gk|εk − Fkψk) . (A.23)

The energy branches with λ = ± in Eq.(A.21) can have different Fermi surfaces

with a different gap opening at the FS as 2|∆̃λ
k |. The bands are in mutual ther-

modynamic equilibrium by the presence of a single chemical potential, hence the

Fermi level can occur at multiple positions in the k-space. Together with the

nodes of ∆̃λ
k , this can give rise to a topological variety that we discuss in Chapter

6.

The mean field Hartree-Fock solutions of the mixed state OPs in Eq.(A.20)

can be given in the symmetric form as,

ψk = − 1

A

∑
k′,λ

Vs(k, k′)
∆̃λ
k′

4Eλ
k′

{
f(Eλ

k′)− f(−Eλ
k′)
}

(A.24)

Fk =
1

A

∑
k′,λ

Vt(k, k′)
λ∆̃λ

k′

4Eλ
k′

{
f(Eλ

k′)− f(−Eλ
k′)
}

(A.25)

where f(x) = 1/[exp(βx) + 1] is the Fermi-Dirac factor with β = (kBT )−1

as the inverse temperature. The singlet and the ESP-triplet OPs in

Eq.’s(A.24) and (A.25) are determined by the corresponding interaction chan-

nels Vs(k, k′) and Vt(k, k′). Specifically, Vs(k, k′) = 〈V(|k− k′|)〉a and Vt(k, k′) =
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〈V(|k− k′|) cos (φ− φ′)〉a where 〈...〉a is the angular average over the relative

phase φ − φ′. In consequence, a bare contact interaction, i.e. V(|k − k′|) = U

is insufficient to create pairing in the triplet channel even in the presence of a

strong SOC. The term λ∆̃λ
k′/(4E

λ
k′) in Eq.(A.25) is proportional to the difference

between the two energy branches. However, a similar term in Eq.(A.24) repre-

sents the sum of the same contributions in ψk. A non-local pairing interaction

and the SOC are therefore essential factors in the k-dependence of the OPs in

the mixed state.
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