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ABSTRACT

UNCONVENTIONAL SUPERCONDUCTIVITY IN
TWO DIMENSIONAL TIME REVERSAL SYMMETRIC
NONCENTROSYMMETRIC SUPERCONDUCTORS

Mehmet Giinay
Ph.D. in Physics
Advisor: Balazs Hetenyi
Co-Advisor: Tahsin Tugrul Hakioglu
August 2017

In this thesis we study unconventional pairing observed in noncentrosymmetric
superconductors by using spin dependent pairing potentials under the maximal
Cwop and the time reversal symmetries (©-phase). The lack of inversion symmetry
in these materials induces spin orbit interaction which removes the spin degen-
eracy and splits the Fermi surface into two branches. We demonstrated that in
such systems mixed parity in the superconducting order parameter is present.

Recently a large number of noncentrosymmetric superconductors appeared
with anomalous behavior of a double and isotropic full energy gap present in-
dicating a large inversion symmetry breaking, at the same time displaying an
exponentially suppressed low temperature thermodynamic response pointing at a
BCS like s-wave pairing. We clarify in this thesis that an isotropic energy gap can
accommodate a parity mixed condensate with a comparably strong singlet and
triplet pairings. The topology of such a configuration can be nontrivial although
the system can have an exponentially suppressed temperature dependence in the
thermodynamic response. We investigate other implications of such a behavior
and suggest that some of the recent controversial experiments can be explained
by the existence of nodal structure in the superconducting pair potential.

We also investigate tunneling spectroscopy of different type of pairs by calcu-
lating differential conductance through a normal metal superconductor junctions.
It is shown that each type of pairs have distinct behavior in the picture of An-
dreev reflection spectroscopy which is an effective tool to clarify order parameter
especially for superconductors having nodal structure in superconducting gap.
The zero bias conductance is observed for d wave superconductors and its origin
is discussed. Furter it is showed that the neglected term in the theory of An-
dreev reflection in Josephson junctions with d-wave superconductors can change
drastically the appearance of zero bias anomalies.
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OZET

ZAMAN SIMETRISI OLUP MERKEZ SIMETRISI
OLMAYAN USTUN ILETKENLERDE SIRADISI

CIFTLER

Mehmet Gilinay
Fizik, Doktora
Tez Danmigmani: Balazs Hetenyi
Es Danigmani: Tahsin Tugrul Hakioglu
Agustos 2017

Ilk olarak yiizyili agkin bir siire 6ncesinde gézlemlenmesine ragmen siiperiletkenlik
yogun madde fizigi alaninda hem teorik hem de deneysel olarak etkinligini
ve gizemini korumaktadir. Ozellikle sivi helyumun farkh fazlarmm bulun-
masindan sonra siradigi siiperiletkenlerin sayist her gegen yil artmaktadir.
Bu arayislar icinde agir fermiyonlarda, yiiksek sicaklik siiperiletkenlerinde ve
merkez simetrisi olmayan malzemelerde farkl simetrilerde siradigt Cooper giftleri
gozlemlenmistir. Bu tezde ozellikle merkez simetrisi olmayan siiperiletkenlerde
gozlemlenen siradisi ciftlerin belli simetrileri saglayarak oz tutarli denklem-
lerini ortalama alan teorisini kullanarak ¢ozdiik. Yaptigimiz hesaplarda radyal
dogrultuda stiperiletken enerji araliginda belli diigiimler bulduk. Bu diigiimlerin
ozellikle termodinamik oOl¢timlerinin yapildigi ve celigkili sonuclarin elde edildigi
deneylerin aciklanmasinda onemli rol oynayabilecegini gosterdik. Bunun diginda
siiperiletkenlik konusunun en biiytlik gizemi olan ciftlerin simetrisini belirlemek
icin normal metal ile siiperiletkenleri birbirlerine monte ederek 6zellikle birlesme
noktasindaki tizerinden gegen akimi hesapladik. Elde edilen sonuclarda farkh
simetrilere sahip ciftlerin kendilerine has ozellikleri oldugunu goézlemledik. En son
olarak yukarida bahsettigimiz diigiimlerin, sistemin topolojisi tizerindeki etkilerini
inceledik. Iddia edildiginin aksine s ve p simetrilerinden olusan ciftlerin mey-
dana getirdigi diizen parametresinin siradan olmayan topolojiye sahip olacagini
gosterdik.

Anahtar sézcikler: Siradisi superiletkenlik,spin orbit etkilegimi,topoloji.
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Chapter 1

Introduction

After the experimental discovery, it took more than forty years to construct a mi-
croscopic theory (BCS-Bogoliubov) of superconductivity[1] in the simplest case of
spin-singlet with s-wave orbital symmetry. Superconducting symmetries beyond
the conventional BCS spin singlet state were known since 1960s. Distinct exam-
ples are 3He [2, 3, 4], heavy fermion [5, 6], high T, [7, 8] superconductors as well
as the noncentrosymmetric superconductors(NCSs)[9, 10, 11]. Strongly momen-
tum dependent electronic correlations, broken spin-degeneracy, broken inversion
symmetry and the spin orbit coupling add to the variety of factors yielding exotic
spin and momentum dependent phenomena leading to the formation of uncon-
ventional Cooper pairs[12, 13, 14, 15]. The manifested or broken time reversal
symmetry (TRS)[16] and the non trivial topologies in the electronic bands add
to the plethora that make the full understanding an experimental and theoretical
challenge[17].

The mechanisms of unconventional pairing has been a strong focus of atten-
tion recently in the context of superconductors without inversion center. In this
manner, there has been an intense theoretical and experimental studies on non-
centrostmmetric superconductors (NCSs). In NCSs absence of center of inversion
induces antisymmetric spin orbit coupling (ASOC) removing the spin degener-

acy and splitting the Fermi surface (FS) into two branches. A two component



condensate is then produced with a doublet pair potential mixing an even singlet
and an odd triplet, giving rise to many exotic properties such as nodal/multi su-
perconducting gap structure resulting unusual behaviors in thermodynamic mea-

surements and possible topological superconductivity[9, 10].

After the discovery of superconductivity in C'ePt3S[18], the list of NCSs has
been growing including heavy fermions Ulr[19], CeRhSi3[20], CelrSis[21] and
weakly correlated systems Lio(Pd;_, Pt,)sB [22, 23, 24, 25|, Y2C3[26], BiPd[27],
Mgi0Ir19Bis (28], ResW([29], La(Rh, Pt, Pd, Ir)Si3[30, 31] and other compo-
nents. The symmetry and the mechanism of the superconducting gap in NCSs,

however, still remains quite puzzling.

The symmetry of the order parameters can be experimentally probed by a
number of techniques such as London penetration depth, temperature depen-
dence of the superfluid density as well as the electronic specific heat, NMR mea-
surements, upper critical field, Andreev reflection(AR) spectra and spin ARPES.
In most of these observations, the temperature dependence of the measured pa-
rameters demonstrate the existence of the point or line nodes in the order pa-
rameters. However, it should be noted that in strongly correlated materials the
nodal structure of the order parameters may not always be reflected in the band
structure unless an additional condition is satisfied. This condition requires a
special interplay between the concentration of the condensed particles and the
ASOC. For instance, Lis(Pd;_,Pt,)3B evolves from fully gapped s-wave domi-
nant case (x=0) to mixed parity order parameters having sufficiently large triplet
component(x=1) with increasing ASOC[32]. From NMR measurements it has
been shown that superconducting state changes drastically from a spin-singlet
dominant to a spin-triplet dominant state at = ~ 0.8 [25, 33|, which is consistent
with penetration depth [24] and specific heat measurements|22]. Besides mixed
parity order parameter, it was also proposed that the SC gap can be sign changing

s-wave with line nodes[34].

A number of new puzzling anomalies are being observed in these compounds.

Their common origin is that the symmetry of the superconducting state is lower



than the symmetry of the unit cell due to the spontaneous appearance of a ne-
matic axis. The magnetization, the specific heat and the penetration depth were
measured as the sample was rotated in a weak external magnetic field. A clear
two-fold angular symmetry was observed in clear conflict with the Ds; point
group symmetry of the material. These measurements indicate that a nematic
direction is spontaneously established at the onset of superconductivity. The ne-
matic behavior is weakened by the magnetic field which indicates that the effect
is genuinely time reversal symmetric. The effect is weakened as the tempera-
ture gradually approaches T, from below and disappears above T" > T,.. These
observations essentially point at a strong triplet pairing as responsible for the

superconducting anomaly.

In two dimensions as we consider here, we represent the inversion symmetry
breaking by the spin orbit coupling vector Gy = a(—ky, k,,0) with « as the spin
orbit coupling constant. The nodes in the pair potential are represented by a)
discrete set of points, i.e. point nodes (PNs), and b) closed or open line nodes
in the k space. The excitation spectra are symmetric around all time reversal
invariant invariant points such as k = 0 and k = {(£7/a,0), (£0,7/a)} where
a is some lattice parameter. Note that, in strongly anisotropic compounds with
the tetragonal symmetry C},, these are special points supported by the center
and the boundaries of the Brillouin zone. Furthermore, under manifested time
reversal symmetry, the excitation spectra are Kramers degenerate £ = E*, with
A, A describing different branches split by the broken inversion symmetry. Point
nodes can occur at these time reversal invariant points or, in the case of Weyl
points they may occur at arbitrary values in a finite number of time reversal

symmetric pairs.

The common term among these superconductors is the spin orbit coupling
in which spin split Fermi surfaces are created and with the orientation of spins
different type of pairing other than singlet are allowed and leading mixing of
the pairing parity. In this thesis we demonstrate the numerical solutions of such
mixed parity pairs by using mean field approach. In Chapter 2 we give the brief

introduction to both conventional and unconventional pairing and the tools to



obtain such quasiparticle states. In Chapter 3 we mainly focus on noncentrosym-
metric superconductors which are classified as unconventional superconductors
with broken inversion symmetry while a substantial part of superconductors has
this symmetry. The nodal structure due to this mixing and related physical quan-
tities are also discussed. We generalize inversion symmetry broken self consistent
scheme of singlet-triplet mixed-parity pair potentials caused by an arbitrary pair-
ing interaction with the Cy, symmetry in two dimensions. Chapter 4 is devoted
to the low temperature thermodynamic analysis using mainly the energy den-
sity of states (DOS) and the specific heat. The basic motivation here is derived
from some recent experiments that in some strongly inversion symmetry bro-
ken fully gapped noncentrosymmetric superconductors the thermodynamic data
shows BCS-like exponential suppression in low temperatures seemingly pointing
at the s-wave pairing. This hints to the fact that, the analysis of such systems
can be highly confusing using the thermodynamic data and we believe that this
section provides an explanation to this controversy. The Chapter 5 is devoted
to the scattering properties of different type of pairings at the normal metal
superconductor junctions. In this context, we examine the Andreev reflection
spectroscopy and show that Andreev Bound State provides a suitable method to
capture the distinct signatures of such systems. Finally, the topological proper-
ties are investigated in Chapter 6 and shown that the relevant topological class
18 Zs.



Chapter 2

BCS Theory: Conventional vs

Unconventional Pairing

Superconductivity is a colorful state of matter that has intrigued researchers ever
since its discovery. In 1957, from Bardeen, Cooper and Schrieffer’s (BCS) rev-
olutionary paper [1|, we understand superconductivity as a condensed state of
electron pairs, so-called Cooper pairs, which form due to an attractive interac-
tion between electrons. This interaction, which was known as the electron-phonon
coupling, gives rise to Cooper pairing in the most orbitally symmetric form i.e.
spin singlet form (s-wave pairing). These type of superconductors are now called
as Conventional Superconductors. However, there are superconductors or super-
fluids that cannot be explained with the conventional theory which are known
as Unconventional Superconductors. The discovery of superfluidity in the 3He
gave the first example of unconventional pairing. The d-wave pairing discovered
in high temperature oxide superconductors as well as normal and topological ex-
citon condensates, topological superconductors are among many other examples.
In this chapter, we will give a brief introduction to BCS theory and compare

different type of pairing symmetries.



2.1 Conventional Superconductivity

The main idea behind the BCS theory is the formation of electron pairs (Cooper
pairs) in which attractive interaction between electrons are needed. For simplicity
we can use point contact interaction V{ to give details of calculation in the second
quantized language,

=3 bucl ylo + Vo Y. Chigrtlrqi i iCict (2.1)
k7a k7kl7q

where CLO (cko) creates (annihilates) en electron with momentum k and spin

0. & is the kinetic term, which is measured relative to chemical potential p (i.e.

& = h;nk: — ). The second term corresponds to attractive contact interaction and
the only opposite spin case is given for this time. The many body Hamiltonian
in Eq.(2.1) can be solved by mean field approach that we can define gap function

as follows;
Ap(k) =AK) = -V < ciqrch g > (2.2)
q

The brackets < ... > here donates expectation value. In this section we are
dealing with the simplest case, which is the most symmetric s-wave spin singlet
gap function. If we neglect fluctuation terms, which are generally small compared
to mean field value, the Hamiltonian in Eq.(2.1) can be written in one-particle
form [35],

H = &l oo — D (AK)cwyr + A" (k) cly ) (2.3)
k,o k

It is easy to diagonalize the one particle Hamiltonian in Eq.(2.3), which can

be done by applying unitary Bogoliubov transformation operator U.

T
u:<Ak A“), uut =1 (2.4)
VY Uty

Using the 2x2 matrices 4y and U defined in Eq.(2.4), one can obtain diago-

nalized form of Eq.(2.3) as



B, 0 0 0

_ , 0 Ee 0 0

Ek)=UuHu', Ek)= (2.5)
0 0 —Eg O
0 0 0 —EB

In conventional superconductors (s-wave pairing) the gap function and the
kinetic term can be written in isotropic form i.e. Ax = 1y, & = &, and energy
eigenvalues defined in Eq.(2.5) become Ey, = Fy = Ej, = /&2 + 18 degenerate.
The spectrum then reduces two branches which originates from electron and hole
section. The interaction term causes to an instability at Fermi surface and creates
a gap 21y. To find out profile of this gap structure one has to solve Eq.(2.2) self

consistently.

Ey )
kT

bo= VoY

tanh
szkan(

(2.6)

Here T is temperature and kg is the Boltzman constant. For simplicity we assume
superconducting gap only depends on T and the critical temperature 7T, can be
found in the limit ¢y — 0.

_ 1 3 _ P&, o &
1= —Vozk: g R — 1= —vo/dg e Tk ) (2.7)

where p(§) is the density of states. The related thermodynamic properties can
also be derived simply and effects of 7. can be seen directly. These calculations
can be found in a large number of works and will not be shown here. In the next

section we will discuss the most general case of the pairing types.

2.2 Unconventional Superconductivity

In BCS theory for conventional superconductors, the origin of the attractive in-

teraction comes from the electron-phonon coupling in which the electrons are

7



combined into pairs with zero total momentum. However, there are supercon-
ductors or superfluids that cannot be explained with this mechanism. Other
type of mechanism such as spin fluctuations or charge density wave has been
studied to understand the origin of the different type of pairing symmetries.
Distinct examples beyond conventional superconductors are *He [3, 4], heavy
fermion [5, 6], high 7. [7, 8] superconductors as well as the NCSs|[9, 10]. Strongly
momentum dependent electronic correlations, broken spin-degeneracy, broken IS
and the SOC in these systems, add to the variety of factors leading to exotic
spin and momentum dependent phenomena together with the unconventional
pair formation[2, 12, 13, 14]. The manifested time reversal symmetry (TRS), its
spontaneously broken (TRSB)[16] phases and the non trivial topological proper-
ties of the electronic bands add to the plethora that make understanding of these

unconventional effects an experimental and theoretical challenge[17].

Different symmetries in the interaction term is decisive on the orbital part
of the pairs and having spin dependency put some constraints to the total gap
function. Since the Cooper pair are composed of electrons, the pair or gap func-
tion should obey fermionic commutation relations. The pair function defined in

Eq.(2.2) can be generalized as,
Agor (k) = (k)Xo (2.8)

where (k) and y,, defines the orbital and spin part respectively. Combination
of two electrons can lead four different spin state, one for singlet (S=0) and three
for triplet (S=1). Having antisymmetric part in the singlet state dictates to the

orbital part being symmetric and it is opposite for the triplet state.

QO(k) = w(_k)v Xoo! = —Xo'o S == 0, [ = 0, 2,4
(2.9)
(p(k) = _(p(_k>7 Xoo! = Xo'o S = 1, [ = 1,3,5

The parity here can be given as (—1)! and odd/even parity means
triplet/singlet paring. Conventional superconductors by definition has [ = 0 and

other possible states, called unconventional superconductors, have [ > 0. The
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elements of pair function defined in Eq.(2.8) can be given in the matrix form in

spin space as

Ak) = <ATT(k) Ay (k)

(k) Au(k)> = i(x + di.0)0,. (2.10)

Here ¢ and dy represent even singlet and odd triplet components respectively
with dox = (A — Ap)/2, dye = (A + Ayq)/(2i) are the mixtures of the equal
spin pairing (ESP) triplets Ay and Ay}, d.x = (A4 +A+)/2 is the opposite spin
pairing (OSP) triplet and ), = (A+] — Ay4)/2 is the singlet.

The fundamental symmetries of which the manifestation or the absence play
crucial role in the realization of states defined above. These relevant fundamental
symmetries are the TRS (©), the Fermion Exchange symmetry(FX), inversion
symmetry(IS) and orbital rotation symmetry(OR). For instance, when the © and
FX are both manifested the off-diagonal elements of A(k) cannot be complex
function which implies singlet ¢, and OSP triplet function d., must be real.

PO AT (k) —-AlL(=k
@:A(k):>< =k *“( ))
—An(—k) ATT(_k)
(2.11)
. —An(=k) —Apl(-k
FX:A(k):>< 11(—k) u( )>'
—An(=k) —Au(=k)

If we have an additional orbital rotational symmetry (OR : |A,5(k)] =
|A,5(—k)|) to the these symmetries we can conclude 4¢pdy = (|A4(k)[* —
1A+(k)]?) = (A (k)2 — |[A4 (=k)[?) = 0, that is, their simultaneous admixture
is prohibited. In addition to these symmetries, presence or absence of IS is related
with ESP triplet order parameter. Under some certain conditions (see Chapter
3), we can have either pure triplet (OSP+ESP) similar to > He B-phase or mixed
singlet and ESP triplet solutions in the absence of IS and manifested TRS, OR
and FX symmetries. In the next chapter we will give the detailed calculations of

such cases and discuss the conditions for having mixed parity superconductivity.



Chapter 3

Mixed Parity Gap in
Noncentrosymmetric

Superconductors

The mechanisms of unconventional pairing has been a strong focus of attention
recently in the context of unconventional superconductors (USC)[9, 10, 36]. Such
pairings occur when the order parameter describing the pairing has a reduced
symmetry in comparison with the electronic energy bands. The celebrated exam-
ple is the d-wave pairing favorably believed to be important in high temperature

superconductors with tetragonal symmetry in their electronic spectra.

An important class of unconventional superconductors are those with a strong
spin-orbit coupling (SOC) in their normal state. The USCs with strong SOC have
been reported which can have unbroken as well as broken inversion symmetry.
The role of the SOC is important in both normal and the superconducting states.
In the former, it gives rise to spin-anisotropy and in the superconducting state the
appearance of the odd-angular momentum (in the chiral or helical spin texture)
pairing channel. Those with a broken IS are the so called noncentrosymmetric
superconductors where the superconducting gap function can have an admixture

of even and odd angular momentum contributions. Several suggestions have been
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made for the even (s and d waves) and the odd (p and f waves) [17]. In this
chapter we will concentrate on the admixture of an even (s+d) singlet OP, i.e.
P = ¥§ + Y with an odd triplet OP of p-type dx = (dyx,d,x,d.x). Here
—dyx +idyx = App(k), dpx +idyx = Ay (k) are the ESP, the chiral OSP triplet
d.x = [A4 (k) + Aty (k)]/2 and the even singlet is ¥y = [Ar (k) + Ar (—Kk)]/2.

The NCSs are classified as unconventional superconductors with broken IS.
There, the gap function has mixed parities with even singlet () and the odd
triplet (dy) existing simultaneously. The smoking gun of the unconventional
pairing in an NCS is the nodes of the pair or gap function [37]. We therefore
use an anisotropic expansion of the pairs with different symmetry in the angular
momentum-L, basis as X = 5, X where X™ = Y, (k)X™, k = k/k
and V,,(k) o (cosme,sinme) are the basis functions of L. with eigenvalue m
describing the anisotropy[37] with Xy = (¢x, dx). Here X km) (¢km) d(m)) are

radial functions of k.

Under the strongly anisotropic conditions, the point nodes can occur at the
TRS points k = 0 and, in tetragonal symmetry at k = {(£m,0), (0,+7)}. An-
gular line nodes (ALNs) can also be present along k, = £k, or k = (0,k,) or
(kz,0). In low temperatures, ALNs are evidenced by integer exponents in the
temperature dependence of the specific heat, the London penetration depth, the
heat conductivity, the ultrasound attenuation and this has been observed in a
number of cases[24, 38, 39, 40, 41] among which are the celebrated TRS pre-
serving CePt351 and the TRS breaking Sro RuO,4. Other experiments also exist
where ALNs cannot explain the thermodynamic data [36]. Despite a large num-
ber of experimental and theoretical work, a one-to-one understanding between

the temperature exponents and the nodes is missing.

In tetragonal symmetry, the leading terms in the angular momentum expansion
are usually considered as the s (m = 0) and the d-wave (m = 2) components of
the singlet 1y ~ %(Co) + 1/1,&2) cos 2¢, and the p and the f-wave components of the
triplet dy ~ Dy (d,(go) + d,(f) cos 2¢) where, for weakly anisotropic systems, Dy
in here is a vector in the x — y plane describing the orientation of the triplet

component. The mixed state superconducting gap function A = ¥y — My F,
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where A = =+ is the band splitting due to the broken IS, is directly responsible for
opening an energy gap at the Fermi level as well as giving rise to a topological
band structure. Here, F}, = |dk| and 74 is a function of £ which can only take the
values +1. SOC has decisive influence on having triplet solution and obtaining
mixed gap symmetry. For example, it is shown in [15] that the triplet d vector
can be given as parallel to SOC vector in which d,(k)=0 in two dimensional NCS.
This result is consistent with our discussion with using symmetries defined in the
previous section. In the following we will give the details about SOC and its

effects on superconducting gap function.

3.1 The Spin-Orbit Coupling

The spin orbit coupling arises from the coupling of the spin degree of freedom
s = 1/2 and the orbital angular momentum ¢ # 0, resulting in a spin dependent
splitting /41/2 even in the absence of a magnetic field. NCSs does not have inver-
sion center that strong spin orbit interaction in these materials can be observed|[9].
After the discovery of CePt3Si[18], the NCSs family has been growing including
heavy fermions UIr[19], CeRhSi3[20], CelrSis[21] and weakly correlated sys-
tems Lio(Pdy_,Pt,)3B (22, 23, 24, 25|, Y5C3[26], BiPd[27], Mgiolri9Bis [28],
ResW[29], La(Rh, Pt, Pd, Ir)Si3[30, 31] . The inversion asymmetry in these ma-
terials can be in the form of the Bulk Inversion Symmetry (BIA), which has been
known theoretically for semiconductors [42, 43, 44, 45] before and tested experi-
mentally by analyzing the Shubnikov-de Haas effect[46] as well as the precession
of the spin polarization in photoexcited GaAs crystals[47] or due to structural
breaking of the inversion symmetry, often called as the Structural Inversion Sym-
metry (SIA), arising from the built-in or externally created asymmetries. The
presence of the BIA or the SIA is reflected on the breaking of the k — —k parity
symmetry which is responsible in creating strong charge accumulation and inter-
nal crystal electric field in the direction of the inversion breaking. The SIA can
also be controlled externally by applying an electric field which can create strong
confining potentials particularly in the position dependent energy band profiles.

In both cases the lowest order contribution to the SOC interaction is of first order

12



in k, and in 2 dimensional structure it is given in the (éxs éx|) basis by
0 S(k)

S*(k) 0

where kex = (k, + ik,) and « is the SOC coupling strength with o = yE, here

Hooe(k) = ( ) , S(k) = ke (3.1)

7 being material dependent constant[48] and F, is an electric field, either built-in

or applied externally. The Hamiltonian can be given in the (éx; éx éT_kT el 1)

o (’Hsog(k) y o(k)> | 52)

soc

basis as

The self-consistent set of equations can be solved analytically using the manifested

symmetries. In the following sections the solutions of such system will be given.

3.2 Isotropic Solution of Mixed-Pairing Sym-

metry

We start with a two dimensional NCS respecting TRS and a general pairing
interaction generates the singlet and the triplet components of the pair function
under a SOC. A crucial aspect is that, it is a continuum model which is maximally
isotropic and no lattice point group symmetry is assumed. The Hamiltonian in

the electronic Nambu-spinor basis ¥} = (é;r{T el | €-kt €-k|) is given by

H = Ul H Uy = Ho + Hsoe + Ha (3.3)
k
where
HY Ay
Hy = . 3.4
- (AL —<H9k>T> (34)

is the 4 x 4 mean field Hamiltonian with
HY = &og — Gy.o (3.5)

describing the kinetic and the SOC parts respectively and

Alk) = (ATT(k) Ay (k)
Apk) Apk)

13
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is the elements of pair functions. Here, & = €, +%4(k) where ¢, = h*k%/(2m) —pu,
m is the band mass, p is the chemical potential and ¥,4(k) is the diagonal spin
component of the self-energy. Due to the SOC, the off-diagonal contributions can
generally arise in the self energy which can be effectively added in the SOC term
as |Ggle'® = Sk + Xoq(k). In the Hartree-Fock mean field approach here, the
self energy contributions are ignored. The elements of the OP matrix in Eq.(3.6)

are given by

1 R .
Auz/(k) = _Z Z V((]) <e;r<+q,u eT—k—q,y’> (37)

q

where V(q) is the pairing interaction and A is the sample area. Here, Ay (k) =
—A7(=k) by the TRS and A (k) = Fie "@+7/2) by the unitarity of the diago-
nalization. Furthermore, Fy is real, even and e “?*+7/2) is the phase of the SOC
(see Appendix). The excitation spectrum of the Hamiltonian in Eq.(3.3) is given
by

By = |&+IGl + R + B2+ d2y
(3.8)

+ 2 (@Gl = hcF? + 2,(1Gul + 0]

The solution of the general NCS model described by Eq.’s (3.3-3.7) requires the
fully self consistent calculation of the four pair functions (¢x, dx) under a general
pairing interaction. It was shown in Ref.[15] that dy || Gk yields the thermo-
dynamically most stable configuration with the highest possible T,.. It is now a
common practice to employ this result in many works. It can be easily seen that,
the result in Ref.[15] becomes exact in the isotropic limit studied here, and satis-
fied independently from the thermodynamics and the coupling strengths. If the
pairing interaction V(q) is spin independent, then V(q) = V(q) where ¢ = |q].
The physical observables (and particularly the energy spectrum) become inde-
pendent of the SOC phase ¢ which can be defined as a U(1) gauge invariance in
the particle-hole sector. In the manifestly isotropic limit, the transformation for
changing the reference orientation of the k—axes, i.e. ¢ — ¢k + @, is a U(1)
gauge transformation and the corresponding physical observables are invariant

under the gauge choice. Hence Eq.(3.8) is independent of ¢y in the strong sense
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Case | © | IS | A,r(k) (ESP) | d.x (OSP) | ¢ (OSP)
i NARVARS 0 Yy, (real)
ii Vo X | A Frettod 0 Yy (real)
iii V| x |0 0 Yy (real)
v || X | A etk 0 0

A% X X |0 Dkeiwk 0

vi X | X | Ay FlePo?x ewi(ct) 0 (0 ewfj’

Table 3.1: Possible pairing types under Cy.,,, ©, IS symmetries. Here o = (1, )
and we consider manifested or spontaneously broken IS and ©(SB©) symmetries.
Here F}, and 1 are radial functions of k.

that, this result is also independent from the shape of the isotropic pairing in-
teraction which implies that all pair functions in Eq.(3.8) have this symmetry
term-by-term. Hence a nonzero singlet and ESP triplet in the form vy = vy,
Fy = F}, are permitted. However, the d, y is also forced to be isotropic which is
forbidden since d, x is odd and due to TRS it should be real. Hence, d.x = 0 is

forced as an exact result in the vanishing anisotropy. The Eq.(3.8) then becomes

B = (&) + (A2 (3.9)
where A = &4 is the branch index of the broken IS and

£ = er + MilGi| and A} = (¥ — MF) (3.10)

are the single particle energy and the momentum dependent gap function respec-

tively with
Ve = sign(|Gxlex — Fipby) - (3.11)

The energy branches with A\ = + in Eq.(3.9) can have different Fermi surfaces
with a different gap opening at the FS as Q\Aﬁ\. The bands are in mutual ther-
modynamical equilibrium by the presence of a single chemical potential, hence
the Fermi level can occur at multiple positions in the k-space. Together with the
nodes of Ag, this can give rise to a topological variety. The mean field Hartree-
Fock solutions of the mixed state pair functions in Eq.(3.7) can be given in the

symmetric form as,

1 A

i AE}, {H(EY) - F(-EY)} (3.12)

15



1 AAY
Fe=7y kz,;wk’kl) iE) {{(BY) - f(—EX)} (3.13)

where f(z) = 1/[exp(Bz) + 1] is the Fermi-Dirac factor with 8 = (kgT)™!
as the inverse temperature. The singlet and the ESP-triplet OPs in
Eq.’s(3.12) and (3.13) are determined by the corresponding interaction chan-
nels Vy(k, k') and V,(k, k"). Specifically, Vs(k, k') = (V(|k — K'|)), and V,(k, k') =
(V(lk — K'|)cos (¢ — ¢')), where (...), is the angular average over the relative
phase ¢ — ¢/'. In consequence, a bare contact interaction, i.e. V(|k —K/|) = U
is insufficient to create pairing in the triplet channel even in the presence of a
strong SOC. The term AA} /(4E}) in Eq.(3.13) is proportional to the difference
between the two energy branches. However, a similar term in Eq.(3.12) repre-
sents the sum of the same contributions in ¥;. A non-local pairing interaction
and the SOC are therefore essential factors in the k-dependence of the OPs in
the mixed state. This affects most importantly the RLN positions, the topol-
ogy of the energy bands and the low temperature properties. The solutions of
Eq.’s(3.12) and (3.13) are shown in Fig.3.1 for Vi (q) in (a,d.g.j), Va(q) in (b,e,h k)
and V3(q) in (c,f,i,k). Our observation is that, the attractive singularities in the
potential is responsible of the nodes of ESP triplet F) as well as the strength
of the triplet/singlet pairs ratio. A sign changing singlet however, is usually the
signature of a sign changing interaction as shown in Fig.(3.1.a,b). The nodal
structure is present for V;(¢) in (a-d) and, a large F} /1 ratio can be obtained by
increasing spin orbit strength. In V5(g), in contrast to V;(q), the attractive part
is smoothly extended to a large ¢ region with no singularity. As a result shown

in (e-h), a weak F} /vy ratio is obtained with no significant nodal structure.

We note that V5(q) with a smooth and attractive part in intermediate ¢ regions,
is like the sum of a repulsive Coulomb and a weak BCS type attractive electron-
phonon interactions. Due to this attractive part spread over long g-ranges, the
F}. /1y, ratio is poor even for a strong SOC. On the other hand, a phonon mediated
interaction with a ¢ = 0 singularity was considered for Cu, BiySe3[49, 50] in the
context of an IS-breaking acoustic phonon nesting. This interaction, enhanced
by nesting, can overcome the screened Coulomb repulsion in long wavelengths

producing an effective interaction similar to V;(q) with a large Fy /1y ratio. The

16



e 08 —
04 x 8B ] 02 ™
\ 001 —— 07 - (c)
011 E
03 | 1L 0.6
T \ & L 05 ¢ 05
02} . 1
;_\4 1 i 0 04
FE 0.3
s 02
o1 f S {
S
o ‘ ‘ ‘ ‘ ‘

0.06 ; ; . . . ,
0.04 | T 1 1
i i9 o
A
0.02 - i ] ]
. //L j \%& 5
u 0 . = 1
= DY |
-0.02 | S SR g
b d
004 | LN () , -0.01 f
J E,=10kV/cm =
~0.06 : -0.02 : : : : :
0 05 1 15 2 25 3 6 0 05 1 15 2 25 3
. . i . . 08 . . . . .
02 s 07 L 02 = (i)
voORw 0.6 i
0L r 7% s %4 ] ! 0.15 |
T § e 5 05
w 0 tpmmres 5 28, o
= i e ey 0.4 o |
R ighe ]
el %, & 0.3
-0.1 | LY PR B
(R N 0.2 0.05
Y e
-0.2 s (g) - 0.1 I ©5 f@“Eﬂan;
. 0 . o ., . . T
0 05 1 15 2 25 3 1 2 3 4 5 6 0 05 1 15 2 25 3
0.12 . . . ‘ ‘ 0.1 :
J 0.08 ()
: N
0.06 |

0.04

% O 8
2 e o

0.02 - a ©.0g, ]

1 A
0 SN 4

z -0.02 6 g ° 1
% o 4

-0.04

Fi/Ep

10 -10
-20
5 -30
o -40
-50
75 L L L L L L L 760 L L L L L L L
0 005 01 015 02 025 03 035 04 0 005 01 015 02 025 03 035 04
K K K

Figure 3.1: Mixed singlet ¢, and parallel spin triplet F} solutions of Eq.’s(3.12)
and (3.13) as a function of k for the pairing potentials Vi 53(¢) (m-o0)in the ©
phase at different SOCs for E, = 10kV/cm (a-f), and 100kV/cm (g-1) and for
particle density 7, = n,a% = 0.01,0.11,0.25,0.4 shown [case-ii in Table.(3.1)].
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solutions for V3(gq) are shown in Fig.3.1.(c-f-i-1). There, the potential shares a

similar nodal structure with V;(q) but, with a less remarkable F}, /1 ratio.

A comparison of the solutions for V; s 3(q) reveals that, whatever the driving
mechanism is, nodal structure in the triplet component is enhanced if the singular
attractive part of the potential is in the long wavelengths . The nodal structure
in singlet component, however, can be obtain with a sign changing interaction
V(q). The topology, on the other hand, is encoded in the nodes of the energy
gap in Eq.(3.9), i.e. A*(k) = |¢p T %Fk|. These nodes are the RLNs in the
context of this work of which the properties are determined by the ratio | Fy /1.
Depending on this ratio, there can be zero, one or more line nodes in each branch
of A*. Which of these line nodes appear in E,f depends on the pairing potential,
SOC and p (see Chapter.6).

It is demonstrated in Fig.3.1.(a,d,g,j) that for V;(q) both gaps A,(gi) has radial
line nodes whereas no nodal structure are observed for V5(¢) in (e-h) due to the
strong singlet component. The RLNs can be observed for V3(g) as shown in (j-1)
in Aéi) if the singlet is weakened further by a repulsive hardcore interaction.
Generally, RLNs shift to higher & for increasing p whereas they shift towards
k = 0 for larger SOC. It may be suggested that the energy line nodes reported
for BiPd [51, 52] ,Y>Cj5 [53, 39] and CePt3Si [40, 41] can be RLNs.

3.3 Gaussian Fitting

We also observe that, the numerical solutions for ¢, and Fj/k are well fitted to a
shifted double Gaussian profile in low densities and to a shifted double exponential
profile in high densities. The intermediate region corresponding to the smooth
BEC to BCS transition is described by the superposition of the Gaussian and
exponential profiles. The double Gaussian and exponential profiles also accurately
represent the splitting of the solutions in the presence of SOC. Hence, for a
large density and SOC ranges the solutions are analytically represented to a high

accuracy by the dimensionless expressions,
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¢k — Ale_al(k_K1)2+A2€_a2(k_K2)2—|—A36_a3‘k_K3|+A46_a4‘k_K4|(3.14)

L (Ble—ﬂ1(k—k1)2 + 326—52(k—k2)2 + Bse—ﬁs\k—k3| + B46—54\k—k4|> (3'15)

and the corresponding parameters are listed in TABLE.I for v, and TABLE.II
for F},/k for a small number of densities and SOC strengths. The Eq.’s(3.14) and
(3.15) are plotted in the insets of 3.2 for the same parameter values of the cor-
responding figure with a remarkable accuracy in reproducing the exact solution.
We believe that the availability of these powerful analytical forms at hand can
be useful in further numerical investigations especially in the implementation of

the secondary spin-dependent interactions.

E.(kV/em) | fiy Ay Ay As Ay o s o3 oy K, Ky K3 Ky
101 | 0.01 | 0.101 | 0.083 | -0.020 | 0.053 | 3.196 | 4.801 | 4.390 | 1.531 | 0.480 | -0.115| 1.169 | 1.168
511 0.01 | 0.095 | 0.130 | -0.017 | 0.044 | 3.337 | 4.584 | 3.825 | 1.604 | 0.457 | -0.036 | 1.206 | 1.207
11 | 0.01 | 0.0433 | 0.196 | -0.016 | 0.034 | 3.093 | 3.672 | 3.589 | 1.551 | 0.672 | 0.071 | 1.309 | 1.309
101 | 0.21 | 0.153 | -0.006 | 0.066 | 0.059 | 0.168 | 67.94 | 1.170 | 3.489 | -3.623 | 1.427 | 1.111 | 1.984
51 1 0.21 | 0.0557 | 0.020 | 0.045 | 0.058 | 0.089 | 67.82 | 1.102 | 3.650 | -3.620 | 1.388 | 1.229 | 1.793
11 ] 0.21 | 0.052 | 0.008 | 0.064 | 0.063 | 0.443 | 5.718 | 1.3 4.816 | -0.263 | 0.872 | 1.081 | 1.154
101 | 0.41 | 0.153 | -0.006 | 0.066 | 0.059 | 0.168 | 67.94 | 1.170 | 3.489 | -3.62 | 1.428 | 1.111 | 1.984
511 0.41 | 0.056 | 0.020 | 0.045 | 0.059 | 0.089 | 67.82 | 1.102 | 3.650 | -3.62 | 1.388 | 1.229 | 1.794
11 ] 0.41 | 0.0218 | -0.012 | 0.011 | 0.099 | 0.189 | 8.469 | 0.892 | 3.152 | 0.023 | 0.891 | 1.062 | 1.621

Table 3.2: Dimensionless parameters of the Double Gaussian-exponential in

Eq.(3.14) for ¢;. The numbers are produced by gnuplot interpolation.

E (kV/em) | n, | By B, B; B, B PBa Bs Ba kq ko ks ky
101 | 0.01 | -0.266 | 0.395 | -0.135 | 0.145 | 1.793 | 1.534 | 2.165 | 1.930 | 0.526 | 0.364 | 0.454 | 0.455
51 10.01|-0.333 | 0.435 | -0.085 | 0.103 | 2.627 | 2.362 | 2.088 | 1.951 | 0.428 | 0.342 | 0.413 | 0.416
11| 0.01 | -0.330 | 0.347 | 0.006 | 0.007 | 4.741 | 4.640 | 1.892 | 2.716 | 0.451 | 0.439 | 0.481 | 0.383
101 | 0.21 | 0.450 | -0.397 | 0.038 | -0.122 | 4.282 | 4.773 | 1.685 | 2.140 | 1.111 | 1.127 | 1.444 | 0.650
51 10.21 | 0.360 |-0.336 | 0.049 | -0.08 |5.416 |5.429 | 2.284 | 2.721 | 0.883 | 0.866 | 1.301 | 0.932
11 1 0.21 | 0.305 | -0.307 | 0.050 |-0.044 | 3.231 | 3.180 | 2.897 | 2.849 | 0.813 | 0.815 | 1.190 | 1.104
101 | 0.41 | 0.035 | 0.395 | 0.046 | -0.104 | 52.96 | 1.165 | 1.001 | 1.338 | 1.976 | 1.495 | 1.217 | 1.120
51| 0.410.016 | 0.013 | -0.022 | -0.013 | 47.775 | 1.647 | 6.863 | 1.988 | 1.801 | 1.653 | 1.362 | 1.071
11| 0.41 | 0.004 | 0.004 |-0.107 | 0.101 | 36.76 | 7.425 | 2.744 | 2.712 | 1.578 | 1.415 | 1.584 | 1.618

Table 3.3: Dimensionless parameters of the Double Gaussian-exponential in

Eq.(3.15) for Fy/k. The numbers are produced by gnuplot interpolation.
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Figure 3.2: The zero temperature solutions in the mixed-phase i.e. F}, (a,c,e) and
the singlet, i.e. 1 (b,d,f). Here the solutions correspond to the absence of hard-
core repulsion, U = 0, therefore these figures are complementary to the Fig.1 in
the main article. The OPs are scaled by the Hartree energy Fy ~ 12meV and the
momenta are scaled by the exciton Bohr radius for GaAs ag = 100A. The SOC
strength a = v E, is scaled by its magnitude in E, = 1kV/em corresponding to
a ~ 5 x 107° in Hartree energy units. The figures in the left column depict the
results for Fj and in the right column for v, at different particle concentrations
n, = 0.01(a,b),0.21(c,d),0.41(e, f). The sign change of F) and the splitting of
the peaks in ¢, as the SOC increases is clearly visible. The insets in each main
figure describe the double Gaussian-exponential fitting in Eq.’s (3.14) and (3.15).
In the insets, the numerical mean field (MF) solutions of the curves distinguished
by the colored solid lines in the corresponding main figure are also superimposed
to demonstrate the accuracy of the double Gaussian-exponential form.
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Figure 3.3: The behaviour of the Fj, (dotted lines) and the 1)y (straight lines)
in the mixed state with U = 0.1Ey are compared at E, = 10kV/cm (a), E, =
40kV/em (b) and at E, = 100kV/cm (c,d,e) as the particle concentration is varied
as n, = 0.01, 0.11 and 0.25. The line nodes are more pronounced for larger SOC
strengths as shown in (c,d,e). In (c,d,e) the location of the line nodes are shown
in the crossing points between {vy, Fy} and {i, —F}} as k_ where A,(;) =0
and k, where AH) = 0. The —F} curves (indicated by the black dashed lines in
(c,d,e) are mirror images of the Fy solutions in the same figures) are also included
for a clear description of the line node positions. The increasing n, moves the
k_, k. pair to higher k values, whereas increasing SOC moves them towards the

origin.
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Chapter 4

Thermodynamic Signatures

The nodal structure in superconducting gap does not always have significant role
in the thermodynamical quantities since there can be finite gap between energy
levels due to spin orbit interaction. However, we can have nodal structure in
the energy bands as long as the nodes in the superconducting gap coincide with
a critical Fermi level u = pu., which can be done by changing Fermi level via
doping or changing SOC strength. Depending on the number of nodes crossing
the Fermi level, the strong pairing region ;1 < p. can be topologically distinct
from the weak pairing in p > p. (see Chapter 6). Usually, the former has trivial
and the latter has non trivial topologies[54]. This change in the topology can
be observed experimentally in the vicinity of p. in ARPES as well as the ther-
modynamic measurements. In the following we demonstrate that the position
of superconducting gap node compared to Fermi level(s) can play a role in the

measurement of thermodynamical quantities.
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Figure 4.1: Mixed(s — tgsp), pure (s) and the pure (tgsp) solutions are shown in
their density of states and energy bands for different SOC strength and particle
density. The color coding in (a) and (f) apply to all figures, whereas F, and 7,
values apply to vertically separated plots. (QELSEVIER

If the pairing potential has no s-channel (Vs = 0) then a pure triplet tpgp
solution can be obtained. In Fig.4.1 the tgsp [case-iv in Table.(3.1)] energy
bands and density of states (DOS) are shown together with the pure s (case-i and
iii) and the mixed s-t phases (case ii). The tggp spectrum has a full gap at the
time reversal symmetric point k& = 0 unless the node is on the Fermi surface. At
the critical i = p — p. = 0, a point node at k = 0 and Dirac- bands are formed
as shown in Fig.4.2. At u = p., the tggp solution develops two time-reversal
invariant spin-1/2 quantum vortices which makes it topologically equivalent to

the two dimensional quantum spin hall insulator(QSHI).
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In fully gapped NCSs, specific heat, penetration depth and other thermody-
namic observables display exponential suppression in temperature in sufficiently
low temperatures. For this reason, it is difficult in thermodynamic experiments
to separate the unconventional pairing in these systems from the fully gapped

trivial s-wave superconductors.

The complete topological classification is made once all distinct configurations
of the nodes in A relative to the position(s) of the Fermi level are identified.

For this, we start with the kinetic term in the BCS-like form in Eq.(3.9) given by

& = R (wk — k) (wk — k3)/(2m) (4.1)

Here k7, k) are the zeros of &}. A positive k;J’\ is a Fermi momentum on j’th Fermi
surface of the corresponding branch. We assume that k3 > k. For the moment,

we take 7, = 1 and discuss its effect later. The Fermi wavevectors for the +

branch are,
ki = h%[—a +/a? + 2%2/4 (n>0) (4.2)
ko= mloF a2+ 25 (1 < 0) (4.3)
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Here = —h*k}k3/(2m) and o = —AR*(k} + k3)/(2m) are the physical parame-
ters which can be used to vary the k‘ig. All five possibilities are shown in Fig.6.1

for the + branch. The — branch is analyzed similarly.

On the other hand, the gapless superconductors -mostly studied in the con-
text of ALNs in the anisotropic regime- can be easily identified in thermodynamic
measurements with their distinct scaling behaviour near vanishing excitation en-
ergies. In this case, the exponential suppression in temperature is replaced by
a clean power law depending on the nodal dimensions. It is known that in two
dimensional systems, the point nodes can yield in the specific heat a T, whereas
the ALNs yield a 7% dependence[9, 10].
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Figure 4.3: The effect of the Fermi level crossing of the node ka in the pairing
potential for ;4 > 0 in a) the DOS p(E) and b) the Cy corresponding to the
cases ka < ko, ka = ko and ka > ky. The effect of the Fermi level crossing of
the energy gap node ka for p < 0 on the a) p(F) and b) Cy corresponding to
5 different positions of ka color coded in (b), as also indicated in Fig.6.1.(a,b).
The insets magnify the low E and low T region of p(F) and Cy which are linear
for ka = ki and ka = ks.Color coding applies to both figures. (€)The Physical
Society of Japan

In this section we will show that, the weakly anisotropic systems can display
the ordinary s-wave superconductors’ behavior in the thermodynamical experi-
ments. This is so even in the presence of strongly mixed singlet-triplet compo-
nents with radial line nodes present in the pair potential. In order to study the
thermodynamics of these systems, we start with the energy DOS of the branch
A,

(E) = [ o3 6= ) (4.4
and examine its behaviour in the context of Sec.3.1. We consider E} in the

context of Eq.(3.9) and (6.2) also allowing the pair potential to have a simple
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radial line node at kX, i.e. A} ~ by(k — kX). If we concentrate on the region
k ~ k) for a fixed X\ and p > 0, then & ~ a(k — k3). Here ay and by are some
coefficients. We find that

1 E
E)= —
PAE) 2m a3(1 — k3 /k) + b3 (1 — kA k) ‘k:kA(E)

and ky(E) is where E} = E. The Eq.(4.5) indicates that, for large energies

(4.5)

p(E) ~ E. The small energy limit of DOS depends on whether a zero energy
mode at a finite k is supported in the spectrum. For the zero energy mode ky = kX
must be physically realized, i.e. the node in the pair potential must occur at the
Fermi level. In this case, Eq.(4.4) implies that in the vicinity of the zero mode
poa(E) = kx/(2m /a3 +13), i.e. a constant. On the other hand, if k3 # k), there
is a gap in the spectrum for E < E7. = axbylky — kA |/y/a3 + b3 with a divergent
DOS at the gap edge. The DOS for this u > 0 case is summarized in Fig.4.3.(a).
Before commenting on this case, we examine the DOS for u < 0. Here, there
are two Fermi surface positions or none. Let us assume that there can be one
radial line node of the pair potential at k) for each branch \. In this case, there
can be two, one or zero number of energy nodes and the picture obtained for the
1 > 0 case in the DOS is repeated here according to the number of energy nodes.
Finally, the DOS for 1 < 0 is shown in Fig.4.3.(b).

The jump in the density of states can be seen in the experiments which are
related to thermodynamic quantities. For example the specific heat given by

f(E)

Cv(1) =% [ dBn(E)EL (4.6)

displays transition from the exponential suppression to the linear dependence as
shown in Fig.4.3.(c) and (d). The behavior of Cy in an NCS with ka # k; is
similar to that of the s-wave BCS superconductor. This is a crucial information
which may be useful in resolving some of the experimental controversies. Indeed,
recently a number of thermodynamic experiments were reported on NCSs with
strong IS breaking[55, 56, 57] and the list is rapidly extending[58, 59, 60, 61]. In
these works, the thermodynamic data is similar to Fig.4.3.(c) and (d) and the
opinion of those authors is in favor of the conventional s-wave BCS superconduc-
tivity. On the other hand, other evidences were also emphasized therein pointing

at the unconventional pairing.
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The results found in this section can show that the thermodynamical measure-
ments of NCSs having unconventional pairs with nodal structure can behave like
ordinary s-wave superconductors even in the topologically non-trivial phase (see
Chapter 6).
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Chapter 5

Andreev Spectroscopy

Tunneling Spectroscopy is one of the most effective candidate for determining the
symmetry of the order parameter, which is sensitive to the material properties
close to the surface. In this chapter we analyze the tunneling process through a
barrier between normal metal superconductor with various pairing symmetries.
We will also show that different type of pairing has distinct conductance spectrum
and one can obtain information about the structure of superconducting gap from

these results.

Different type of formulations have been applied to reveal tunneling conduc-
tance spectrum such as transfer Hamiltonian method, scattering methods as well
as Green function methods. One of the most successful formula has been pre-
sented by Blonder, Tinkham and Klapwidjk (BTK) in which the tunneling spec-
trum is described in terms of reflection and transmission coefficients at the inter-
face and we will follow their formulation throughout this chapter. The main tool
of this model is the Bogoliubov de Gennes (BdG) equation [62].

The BdG equation describes the quasiparticle states in superconductors with

spatially varying pair potential and can be written as;
Eu(ry) = Hp(ry)u(ry) + /erA('r’l, ro)u(rs)
(5.1)
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Ev(ry) = —Hy(r1)v(r) +/dT2A*(r1,r2)u(T2)

Here, A(ry,7) is the off diagonal pair potential and Hy(r) = —h*V?/2m —
Er + U(r), Er is the Fermi energy, U(r) the Hartree potential and E is energy

measured from Fermi level.

The process of Andreev reflection[63] converts the quasiparticle current to the
supercurrent via the incoming electron-like quasiparticle is being reflected by the
off-diagonal superconductor potential (order parameter) as a hole-like quasipar-
ticle, and vice versa Fig.5.1. A convenient method of calculating conductance
of restricted quantum structures is based on the Landauer-Biittiker approach
(64, 65, 66, 67], expressing it through the scattering coefficients. In the fol-
lowing we will show normal metal s-wave (NS), normal metal-d — wave (ND),
d — wave-d — wave(DD) and normal metal-mixed symmetry order parameter

(N-NCS) junctions and their signature on differential conductance calculations.

Figure 5.1: Andreev reflection process: Injected electron from normal metal side
tunnels to the superconducting side and reflects back as a hole (white) along the

same path to conserve angular momentum.
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5.1 Model

We consider the junction in the z —y plane, with a d-functional interface potential
at £ = 0. The Fermi wave number kr and the effective mass m are assumed to
be equal in both sides. Due to the translation invariance in the y-direction, we
can write Uy (r) = Uy (z,0)e*¥ and Up(r) = Wp(x,0)e¥. The corresponding

wavefunctions can be obtained from Eq.5.1;

Up(z,0) = {e™m(u, vint)" + ae™ (v}, ulnt)
4+ be HF=T(yl plpHTY and (5.2)
Wale,6) = {ocer(ull vl + demieen (R, uky)y

where ki, = k;cos(0), gi» = gicos(f) with

Ky = \/?\/\/EQ —(AL)? B

(5.3)

q) = \/2?;\/\/ E? — (AR + Ep

SL(R) . .
i(R) = e ¥r = Ai(R) / |Ai(R)| evaluated at the corresponding wavevector in

n
Eq.’s(5.3), and

(11— (A0

L(R) ;<1_ 1_(Ai(2)(9)>2>

Here a = a(F,0), b = b(E,0), ¢ = ¢(FE,0) and d = d(E,0) are complex
amplitudes of the Andreev reflection, normal reflection, electron-hole and hole-

electron conversion respectively. They can be found explicitly using the boundary

conditions
‘I’L(fﬁy 9)|x:0, = ‘I’R(% 0)|a::0+
(5.5)
d d 2mH
%\I]R($70)|$=0+ - %‘IIL(xve)b:O, = h2 \Ij(x79>|x:0,

31



where H is the amplitude of the J-functional barrier potential, and Z the dimen-

mH

sionless barrier strength Z = Whpcos(@)”

The probability current at the boundary can be calculated as

Jrery (= 0) = hmpfp Im[W o (2, 0) 000V Ly (2, 60) o (5.6)

where my gy is the effective mass term of left (right) side , o, is the Pauli matrix
and the continuity of the current at the interface requires Ji(z = 0) = Jr(x = 0).
Combining boundary condition defined above with current conservation law, we
obtain Jy(z = 0) = hmy ' (R(kiz)xt — Ry — Ry — Rap) where R, = R(ko,)|al*kE,
Ry = R(k1,)|b]*k%. For the right side we have Jp(r = 0) = hmpz' (R, —i— Rd + Req)
here R, = R(q12)|c|*c% , Ra = R(qo,)|d|*kE with iy = |k R)|2 vk it |2. Note
that when wavevectors k1(q;) and k2(ga) are complex, there appear cross terms
R, and R.q4.

T h) — ok ()] — o)k
+ ab* ok (ul)* — uk (vB) i has
— @bt (oh) = o ) Tl (5.7)
R = %(cd* [uf(vR)* — Uf(uf_%)*n}kg](hz
— c*d[vR(uf)* — uR(vf) nR]QQ:c>
- (¢ L(R) ¢L(R) . . ..
Here 7pr) = + is the phase factor. Note also that in the limit & =~

ke =~ q1 = g2 = kp, the cross term Ry, ( R.q ) completely vanishes.

Using the Landauer-Biittiker expression, the current through the junction can
be defined as

2 [T 1) - falEdE (5.8)

1
(R) (E) - e(E—ML(R))/k‘BT
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where T'(E) is the transmission coefficient, f(E) is the Fermi distribution function
and up = Er + €V |, ug = Ep are the chemical potentials of the banks. At
zero temperature, the angle-resolved differential conductance can be written as
or(E,0) =T(E,0) = R.(E,0) + R4y(E,0) + Rq(E,0) and resulting differential

conductance can be written as

7, d9or(E.0)cos(0)

fi/r% dfon(6)cos(0)

or(F) = (5.9)
Here oy (0) = 1/(1 + Z?) defines differential conductance for normal metal - nor-
mal metal junction. In a large number of theoretical papers the cross term R.q(E)
is omitted. We will show that while its contribution can be indeed neglected in
the case of normal metal-superconductor junctions, it may not be the case in the

superconductor-superconductor ones.

5.2 NS junction

In the case of normal metal-s wave superconductor junction, the parameters de-

fined in Eq.5.2 becomes AL =0, AR = Ag, uk =1, 0vE =0, ufl = up = and

vf:vo where ug = \/é(l%- 1— (AEO)Q) and vy = \/§<1— 1— (%0>Q> The

cross term defined in Eq.(5.8) does not play important role so we can omit these

terms in the conductance formulation. The order parameter in s-wave supercon-
ductor does not have any angle dependence that differential conductance at zero
temperature can be written as o(F) = dI/dV = (1 + R, — Rp). For simplicity,
we take all wavevectors equal to Fermi vector i.e. k; = ky = ¢4 = ¢o = kr and

reflection amplitudes is then R, = |a|?, R, = |b]*.

In Fig.5.2 we demonstrate differential conductance for different values of the
interface transparency Z. As Z increases, Andreev reflection becomes less likely.
However, in this situation, due to the presence of the barrier at the interface,

electrons can also be ordinarily reflected as electrons.
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Figure 5.2: Differential conductance of an NS junction for a various interface

potentials Z.

5.3 D-wave junctions

The presence of zero-bias anomalies (ZBA) for d-wave junctions has been reported
in point contact [68], scanning tunneling microscopy (STM) measurements [69]
and film-oriented Y BayCu3O7 junctions [70, 71]. Understanding of the origin of
these anomalies, however, cannot be clear in terms of the classical concept. As
the tunneling conductance spectrum not only depends on amplitudes but also the
phases of the pair potentials. This phase comes out when the pair potential has
a sign change in k-space, and it is shown in many works that appearance of zero
bias conductance peak (ZBCP) directly related with this phase. In other words,

the tunneling spectrum is essentially phase sensitive [72].

Let us consider a Josephson junctions with a cuprate superconductor. We will
use the standard simplified model of such a system, that is, assume a cylindrical

Fermi surface[72] and the order parameter
A(0) = AL(0) = Agcos(2(0 F B)). (5.10)

Here 3 is the angle between the interface normal and the lobe direction of the
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order parameter. This superconductor forms one of the banks of a junction. The
other one can be formed either by a similar superconductor (DD junction), or a

normal conductor (ND junction).

Normal-reflection
~ N D ELQ

0 T~

incoming particle

gy

22y-TE

Andr flection

D a-axis

D
%‘x [3 -x

(b)

Figure 5.3: Andreev reflection process for (a) ND junction and (b) DD junction.

5.3.1 ND Junction

, In this section, the tunneling theory of the normal metalanisotropic even-parity
superconductor(ND) junction is presented Fig.5.3(a). The differential conduc-
tance in this case is obtained from the general formulas by setting AZ = 0
and w2 = 1, vf = 0. For z > 0 we have effective pairing potentials
AR = Altcos(2(0 F B).

The differential conductance of an ND junction for a various surface align-
ment angles [ is shown in Fig.5.4. The main difference between Fig.5.4(a) and
Fig.5.4(b) comes from definitions of wavevectors. In Fig.5.4(a) the wavevectors
K1(2), q1(2) are taken equal to kp, however, in Fig.5.4(b) they are defined as in
Eq.5.3.For d-wave gap Andreev reflection process applies for different pair po-
tentials AL defined in Eq.(5.10). This phase difference play major role in the
realization of Andreev Bound state. For example when S = 0 the effective SC

gap for Andreev reflection process is reduced single value i.e (A, = A_ = Ay(h))
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that ZBCP disappears see Fig.5.4. Furthermore, one can notice that the contri-
bution of cross terms is negligible in this case and in both cases the differential

conductance has a zero bias conductance peak for nonzero values of 3.

A=A (;03(2(6 + ]35)

8
6t (b //

A;_;Ao cos(2(0 i B))

p=0 ——

or(E)
o(E)

Figure 5.4: Differential conductance of an ND junction for various surface align-
ment angles 5, and Z = 5. (a) k; = ¢; = kr, Ra = 0; (b) wavevectors k;, q; (as
they defined in Eq.(5.3)), R # 0.

5.3.2 DD junction

The effect takes place not only on SNS junctions, but also in weak links and
whenever two superconductors with different amplitudes of the order parameter
are brought in contact. In Josephson junctions this leads to the formation of
Andreev levels [73]. The Andreev reflection amplitude depends on the supercon-
ducting phase; therefore the Andreev levels are phase-sensitive. This allows to
express both the superconducting and quasiparticle contributions of the Joseph-
son current in terms of transport through the Andreev levels (see, e.g., [74, 75]).
The Andreev bound state with energy F = 0 appears in junctions containing a
superconductor with direction-dependent m-phase shift of the order parameter,
which leads to canceling the energy-dependent terms in the quantization condi-
tion for this level. Its existence produces the specific ZBCP in the differential

conductance of the Josephson junction.
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Z=3.0

Figure 5.5: Differential conductance of dy2_,2-d,2_,2 junction for Z = 3. The pair
potentials are A% = Alcos(2(0 F «)), AR = Alicos(2(0 F B)), with AL = AF

For simplicity we choose all the material parameters of the two superconductors
to be equal. The pair potentials in the left and right superconductors are A} =
Albcos(2(0 F a)), A} = Altcos(2(0 F B)) respectively, where a(f3) is the angle
between the crystalline axis and the normal to the interface in the left(right)

superconductors and amplitudes of pair potentials are taken equal i.e. Al = AL,

The solutions of conductance of asymmetric contact o = 0, § = w/4 for
R.; = 0 and R, # 0 are shown in Fig.5.5. Unlike ND case, the cross term here

has significant influence and leads to presence of zero bias conductance peak.
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Figure 5.6: Conductance spectrum of d,2_,2-d,2_,2 junction for Z = 1 and various

surface alignments. The pair potentials are the same as in Fig.5.5

5.4 N-NCS junction

Initially, an electron, spin-polarized in the z-direction, is sent normal to the N-
NCS interface from the N side at the wavevector K, = \/ 2m(E + puy)/h? where

E is the energy of the incident electron and uy = h°k%/(2m) is the chemical
potential in the N region with kg being the Fermi wavevector in the N side.
We perform our calculations for the zero voltage bias, i.e. uy = puncs. The

corresponding wavefunctions are [76]

Un(z) = {¥(1,0,0,0)" + ae™*(0,0,1,0)" + be™*(0,0,0,1)"
+ ce"(1,0,0,0)" +de *"(0,1,0,0)'}  and (5.11)
‘IJS(CU) = {Cl eiqfx(ula nus, 77* U1, UI)T + 2 eiq;z(_n* Uz, Uz, Vg, _77* UQ)T

g x * * T —1iq, T T
+ cze NI (=ntvr, v, ur, 0t u)t - cpe 2 (g, ug, nug, uz)’ }
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where n = €' evaluated at the corresponding transmitted wavevector qE—L1> in
2
Eq.’s(5.11), and for |E| > |AL]

wy = 5\ (1+1-(F))

(5.12)

oy = (1= (F))

whereas, analogous to the BTK theory[74], the coefficients are complex for |E| <
1 ‘Ai

|AL| as,
. A
T e 0, =tan"'y/ ‘ff -1 (5.13)

and U’(‘l) = Uy Here a,b are the complex Andreev reflection amplitudes for
2 2

the hole with wavevector K, = \/2m(—E + pn)/h?, and the ¢, d are the normal
reflection amplitudes. On the NCS side, ¢4, . . ., ¢4 are the transmission amplitudes
within the NCS in the 4+ branches. Here ¢ = d = 0 as the result of the absence
of normal reflection as mentioned before. Hence only a, b are present due to the

Andreev mechanism.

The pair potential A} is an isotropic function of k = \/m in the NCS. Due
to the homogeneous boundary conditions along the y-direction, the k, is conserved
across the boundary. The A is therefore a function of E of the incident probe
particle and its angle of incidence ¢; on the N side. For normal incidence, we
take ¢; = 0. This being the case for the perfect isotropy, for WA NCSs the pair
potential can be a weak function of the orientaton angle ¢, of the crystal axes
relative to the interface plane in the NCS. In this case, A} can be considered as
a fuzzy function of E with a narrow spread given by the degree of anisotropy.
In the isotropic limit, fuzziness disappears and A} = A*(E) becomes a sharp
function of E. Assuming this last case and for a given initial energy F, there are
three different regimes: a) F < |A_| < |A,| where |u}| = |v?| and |u3| = |[v3], b)
|IA_| < E < |A,|where [u?| = [v}| and |u3| # |v3|, and ¢) |[A_| < |A,| < E where
|u?| # |v?| and |u3| # |v3]. We assumed here that |A_(E)| < |A,(E)| which may
or may not be true for all energies [details are in the caption of Fig.5.7]. The

results here are unaffected by such details.
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The full solution of the coefficients in Eq.’s(5.11), requiring the application
of the boundary conditions Uy (z) = Vg(x) and ¥y (z) = V(z) at the z = 0
interface, has been shown in a large number of works and will not be shown here.

The continuity of the current at the interface requires that,

1= (la* +b]*) = Sape (5.14)
where,
% 2 2 2
Sa = 0, Sb=E|02| (luz]” = |va")
@ 2 2 G 2 2
Se = g lal (™ = |ulf)+ z=lel (jul” — o[ (5.15)
with S, corresponding to the three cases above. The probabilities A = |a|?

and B = |b|? are the Andreev reflection probabilities[76, 9, 10] for the hole in
x < 0, whereas C) = }J(—;‘;|cl|2(|m|2 — |n]?) ,Cy = %|CQ|2(IU,2|2 — |vg]?) are for the
transmission probabilities corresponding to the + branches. Also, c3 = ¢4 = 0
due to the absence of reflection in a semi-infinite geometry in the NCS. Here we
will be interested in the double step-like behaviour of the A = |a|? and B = |b|?
as a result of the Eq.’s(5.15) as shown in Fig.(5.7).
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Figure 5.7: Spin resolved Andreev reflection and the transmission probabilities
in an N-NCS interface are depicted with Andreev conductance o4 (in units of
2¢2/h in the inset for each horizontal case) for three different configurations: a)
A_ > A, >0, b) same as (a) when A, is lowered, and c) same as (a) when
Ay = 0. The right columns (d,e,f) correspond to the cases A_ <> A,. ©The
Physical Society of Japan

Respecting these three energetically different regimes, we examine the AC (0 4)

in two distinct cases of the pair potentials: (i) when both A* are nonzero and,
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(ii) when one of them is zero at a nodal position. The spin dependent Andreev
reflection and the transmission coefficients are shown in the Fig.5.7.(a-f) together
with the AC o4 calculations in the insets, where the mutual positions of the A*
are varied in (a,b,d,e) and one of the pair potentials is assumed to be at the nodal
position at E' = 0 in (c,f). Let us concentrate on the inset in Fig.5.7.(a) where the
o4 starts with a plateau at unit conductance corresponding to the configuration
E < |A_| < |A4], ie. case (a) defined above Eq.(5.14). If E is between the gaps,
as in case (b), the AC moves down to a second plateau. For the case (c), the
o gradually disappears as F is increased. If the interval |AT — A~| is changed,
the curves change only quantitatively with the double-step behaviour unchanged
[Fig.’s5.7.(b, e)]. We now shift to the second distinct case (ii) above, when one
of the pair potentials is zero as shown in Fig.5.7.(c,f) corresponding to a node
position. The o4 in the inset therein, directly starts at 1/2 at low energies then
going through a single plateau before gradually vanishing at high energies. If this
radial line node is located on the Fermi surface, this should experimentally give

rise to a narrow zero bias conductance peak.

The double steps in the AC is a signature of the three regions with different
Andreev reflection properties. We therefore expect that the two distinct steps
should always be present where the other details such as the step length and the
vertical range of the steps should be material dependent. From the theoretical
point of view, double steps clearly point at the WA conditions, but in reality there
can be a weak dependence on the orientation angle ¢y in A*. This should affect
the steepness of the falls in o4 between the plateaus. However, there can be a
serious danger on the visibility of the double steps: these characteristic features
can be completely erased in the presence of imperfections on the interface as we

discuss now.

We checked the robustness of the double steps against the imperfections on the
interface. In this case, we expect that an effective transmission barrier is created
on the interface which can easily obscure the ideal AC profile. To understand this
effect, we assumed a spin-neutral barrier potential as Z§(x) with Z describing the
barrier strength and then calculated the AC. Our results confirm the expectation

that, the shape of the AC is extremely fragile against the surface imperfections

42



and the double step behaviour is destroyed completely. Highly clean interfaces

are therefore needed to observe the ideal double step behaviour.
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Figure 5.8: The o4(F) (in units of 2¢*/h) for a semi infinite N-NCS interface
including a delta-function-like interface potential Zd(x) when a) both pair poten-
tials are nonzero, b) A~ =0 and A" # 0. The Z values are given in units of an

energy scale equivalent to 10meV. (©)The Physical Society of Japan
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Chapter 6
Topological Superconductivity

In this chapter we show that the topology is encoded in the position of the nodes
of the superconducting gap and kinetic term that can be, in principal, externally
controlled. As the topologically controllable systems become important for the
device application, this result can be useful for the future experimental realization.
We will show two different methods to obtain topological number for different type
of nodal structures and demonstrate that the positions of the nodes are decisive

on the topology.

a) The block-diagonal Hamiltonian method: In the absence of the d,x type
pairing, the mixed state Hamiltonian in Eq.(3.4) can be block-diagonalized in
the SOC eigenbasis (d;r(Jr Gy, a_i_) where dyp = %(él@ + Aype®éy) with
A = £. Each block is described by a 2 x 2 matrix in the form written by
H* = hy. A with A as the Pauli matrices in the SOC basis and hy = (), h, h}) =
(A} cos ¢, —A} sin ¢, £})). One way to examine the energy band topology of radial
line nodes is then to investigate each block-diagonal branch separately by the
two-dimensional mapping (k,, k,) — fj where 7y = hy/FE} is the Hamiltonian

unit sphere. This two-dimensional mapping is described by the Chern number

1 ony  Ong
A_ 2 e pp (22K K
Ny 3 /d k€ij nk.( 3 X k:j>

where €;; with 4, 7 = @,y is the antisymmetric tensor. The two branches can have

(6.1)
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independent indices given by the winding of hif on Ss.

The complete topological classification is made once all distinct configurations
of the nodes in AF relative to the position(s) of the Fermi level are identified.
For this, we start with the kinetic term in the BCS-like form in Eq.(3.9) given by

& = Rk — k) (wk — k3)/(2m) (6.2)

Here k3, k3 are the zeros of . A positive k7 is a Fermi momentum on j'th Fermi
surface of the corresponding branch. We assume that k3 > k. For the moment,
we take 7, = 1 and discuss its effect later. The Fermi wavevectors for the +

branch are,

k= Bl-a+y/a?+25y] (> 0) (6.3)
kiy = h%[a:F\/oc2+2%2,u} (n<0) (6.4)

Here = —h%k}ky/(2m) and o = —AR*(k} + k3)/(2m) are the physical parame-
ters which can be used to vary the k{‘ﬁQ. All five possibilities are shown in Fig.6.1

for the + branch. The — branch is analyzed similarly.

Concentrating on the + branch, we will assume that the triplet-to-singlet ratio
|Fi./1x| can have values smaller and larger than unity in different k regions. The
pair potential is then allowed to have a node, let’s say at kX of the + branch,
and A} = 5, (k)(k—kX) where §, (k) is a smooth function representing the other
(irrelevant) details. At k = kX we have that \wkz\ = \sz| It will also be
assumed that there is only a single position where such a k{ exists. In general
there is nothing to prevent the number of such points to be larger than one and
a complete map of such details is an additional asset to the understanding of
the pairing mechanism. Particularly, a mathematical inversion of Eq.’s(3.12) and
(3.13) can be useful to get information about the pairing interactions by knowing
the nodes of A. We nevertheless avoid this interesting idea to a later work and

confine our attention to maximally one node at kX for each \.

In the pure triplet state where ¢, = 0 (in general realized either the TRS

invariant helical p-wave or the TRS breaking chiral p-wave). In this case, the
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topology of the superconducting bands is decided by p only. The Chern index in
Eq.(6.1) is an integer yielding

0 for pu<O

N () = {1 o (65)

This picture is quite similar to the Z, topology of the two dimensional QSHI,
one dimensional polyacetylene[77] and the spinless one dimensional p-wave

superconductor|[78].

In the mixed state however, singly-parameterized characterization is not suf-
ficient. Moreover, Eq.(6.1) is not integer-valued. The first case is remedied by
a doubly-parameterized characterization. Due to the additional spin-orbit de-
gree of freedom, the Chern index in Eq.(6.1) depends on p and «, i.e. N}, ).
The positions of k7, k3 relative to k) can be used to classify the topology using

Eq’s.(6.3), (6.4) and the like for A = —.

We again concentrate on the + branch. If ;1 < 0 the kinetic term can have
two Fermi wavevectors ki, k5 > 0 given by Eq.(6.4), or none, i.e. ki, ky < 0,
whereas for 1 > 0 there is one Fermi momentum, i.e. k3 [as given by Eq.(6.3)].
To begin, one can start from a trivial configuration such as ki” < k3 < kX which
is then used as a reference for all other topological configurations. The mapping
k — 73 is described in Fig.6.1.(a) and (b). Here, k — oo corresponds to the
north pole (0,0,1) of the Hamiltonian unit sphere. The trivial and nontrivial
topologies for five distinct configurations of k7, k3 and kX are also indicated in
Fig.6.1.(c) and (d). These configurations differ in topology by the number of
Fermi level crossings of the node kA where the topology is changed by every
single crossing. For k" < kX < ki, kX is mapped to the south pole (0,0, —1),
whereas for k{ < ki" < k5, it is mapped to the north pole (0,0, 1).
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(@) Kok, , ky>ko>k, b)  kp>k,>kj

Figure 6.1: Nodal positions of é,j and A} depicted respectively as ky, ks and
ka with different topologies as indicated in a) as trivial, b) as nontrivial. The
zeros kpo are directly determined by the chemical potential and the SOC as
fi = —h’k1ky/(2m) and g = —h*(k; + k2)/(2m). The blue line are followed by
ng as k evolving from oo to zero at two different ¢. The inset is N,i(u) in
Eq.(6.1).(©The Physical Society of Japan

The non-integer valued index can be remedied by considering the reduced
integral range kA < k < co. The results thus obtained from Eq.(6.1) are shown
in the inset of Fig.6.1.

This concludes the investigation of the block diagonal formalism. We now
present another method by bringing the same Hamiltonian into a block non-

diagonal form.

b) The block-nondiagonal Hamiltonian method: A method for the topologi-
cal index was proposed in Ref.’s[78, 79, 80] for Hamiltonians respecting ”chiral
symmetry” which is given by the product of the TRS and the particle hole sym-
metry. Both symmetries are preserved in our case here. In systems with chiral
sysmmetry a new way of defining topological index can be developed by bringing
the Hamiltonian in Eq.(3.3) into the block off-diagonal form. In our case, this

is obtained by a global unitary transformation V acting on Hy in Eq.(3.4) as
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81, 82, 83, 84, 85, 86, 87]

VH VT = ( OT Dk), VoL ( o0 _,02> (6.6)

Dy, 0 V2 \ioy oy
where Dy = Cylcos(¢r)o, + isin(¢pg)og| — iBroy with Cy = |Gy| — iF) and
By, = & +it)y. Similarly to Eq.(6.1), here Dy is well defined only in those k points
where the energy spectrum Eq.(3.9) is nonvanishing, i.e. when the gap is full.

In Ref.’s[82, 83, 86, 87] a momentum-dependent (contrary to global) topological

index is defined as
1 o .
Na(hy) = 5-Sm{ /_ _dky 3, ndet(Dy) (6.7)

where k) and &, are coordinates fully parametrizing the k-plane. Here we trans-
formed Dy — Dk as det(f)k) = det(Dk)/|det(Dk)|.

In the context of this work, N, is, desirably, a global index, due to the ¢-
independence of det(bk). For the same reason, k| integral can be split into a pair
of equivalent radial integrals, i.e. kj =k at ¢ = 0 and ¢ = 7. The Eq.(6.7) can

then be turned into
1 %0 .
Ny = —Sm| / dk 9y Indet(Dy) (6.8)
m 0
The Eq.(6.8) can now be shown to be connected with N;* in Eq.(6.1), i.e. Ny =

N+ Ny .

For this, we use Dy, C, and By, as defined below Eq.(6.6) to find that det(Dy) =
(&5 + A7) (& +iAL). Therefore the Eq.(6.8) is

N, = i; [ dkonfarg(@ + i) (6.9)

Since arg(&) + iA}) is the polar angle #* = tan~'A}/&} of the Hamiltonian
unit vector n*(0, ¢) = (Ag cos @, Aﬁ sin gb,f,?), the Eq.(6.9) is identical with the
winding of the polar angle on the unit circle at a fixed longitude ¢*, i.e. Ny =

Sy [ d0*/w. There is therefore a one-to-one correspondence between Eq.(6.1) and
Eq.(6.9) [hence Eq.(6.8)].

In order to obtain an integer index from Eq.(6.7), the consideration of the

reduced range is the simplest. Another alternative technique was also suggested.
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Assume that the pair potential is sufficiently weak near the Fermi surface. One
can use the positions of the multiple sectors of the Fermi surface and linearly
expand &) and A} around the i'th Fermi surface. The expectation is that a
continuous deformation assumed in the linear expansion does not change the
topology, hence a discrete index is expected. It was shown in Ref.’s[82, 83, 86, 87]
that Eq.(6.7) can then be written as

No=—3 % signioh(EE ] > signl( AL +AEDlkew] (610

where point(s) & are the Fermi momenta given by &[;x = 0. This can be written

as a sum of separate branches as,

1 . = . A
Ny =~ Yo > sign[Ok&ilr=r]signApl=r] (6.11)
A =0

The N3 calculated from Eq.(6.11) yields the same result as N} using the reduced
integration range [see Fig.(6.1)]. With the equivalence of both methods in parts
(a) and (b), we revisit Fig.6.1 (c) and (d) for a summary. The topological indices
defined in this section are undefined when the spectral gap closes. The topology
of the radial line nodes in the full gap configuration requires that kX is not on
the Fermi surface, i.e. kX # (k},k2). The topology can then be classified by
the Z, index according to the position of the node in the pair potential with re-
spect to the Fermi surface. This requires that the configurations where kA = k7
or kA = ki are topologically undefined. Since these specific configurations are
where the energy gap closes, we have the important result that, a nodal struc-
ture in the energy spectrum occurs at the boundary of two distinct topological
regions. This concludes our discussion on the topology of the radial line nodes.
We now investigate the influence of the radial line nodes on the thermodynamic

observables where the results of the Section 3.1 will also be used.

This formalism can produce all distinct topologies defined by the relative po-
sition of kA with respect to the Fermi wavevector ki‘g as shown in the vertical
k-axes in Fig.(6.2). For example, the distinct cases given by A7 in Fig.(6.2b), A5
in Fig.(6.2c) and A; in Fig.(6.2d) have non-trivial topology given by N, = 1 |

whereas the other possibilities therein are trivial given by N2 = 0.
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Figure 6.2: Possible node positions of the superconducting gap in Af = | F
Y, Fy| and Fermi momenta k of the relevant spin orbit branch A\ = + where
&) k—k> = 0. The straight black lines indicate the &) for A = + and colored lines
stands for three different nodal behavior for Af as depicted by A, AT, Agt The
radial £ axis on the right of each figure indicates the relative positions of the Fermi

wavevectors and the radial line nodes of superconducting gap. (QELSEVIER

The topological indexes corresponding to these possible configurations are sum-
marized in Fig.6.3. For the i > 0 case, there is single Fermi wave-vector k3 in
each branch as indicated in Fig.6.2.(c) and (d) can be in different positions on the
k-axis. Depending on the position of kA winding number of each branch are shown
in Fig.6.3.(a). On the other hand, if we assume k3 > &k} > 0 a more interesting
case occurs for the fi < 0 case where 4+ branch has no Fermi surface and hence
has a trivial topology, whereas the — branch has trivial topology for k5 < k, and
kx < ki and nontrivial topology for k; < k5 < k5. The external parameters
i and the SOC can change the position(s) of the Fermi wavevector relative to

the energy gap node position(s) that topology can, in principle, be controlled,
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our analysis here demonstrates that, the topological properties of the mixed par-
ity gap structures are much richer than that in the pure triplet superconductor
6.1. It should not be surprising that, by controlling the topology together with
thermodynamic and other experiments sensitive to the energy density of states
can be made in the near future in order to implement experimental as well as
theoretical tools which can enhance our understanding the pairing mechanism(s)

and leading symmetries the superconducting gap can have.
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0 k" 05 ke 1 0 kK~ 05 ky” 1

Figure 6.3: The Z, index N2, in Eq.(6.11) for a fixed ji when i > 0 in (a) and
f < 0in (b). It is shown that the position of superconducting order parameter’s
node relative to the kinetic term’s node is decisive on topological number. The
topological transition occurs when ka = kp. It is clearly observed that we have
nontrivial topology for i < 0 at k] < kx < k3 and for i1 > 0 at k5 < ky for
minus band. The same process occurs for the other band. Note that there is a

single Fermi wavevector when i < 0 as summarized in Fig.6.2. (QELSEVIER

The topological phases of both branches in the k; — k3 space for a singlet-triplet
mixed NCSs with nodes at kX are shown in Fig.6.4. A quick look can give a wrong
feeling that different \ branches can have completely independent topologies. To
illustrate the picture, the constant fi lines are drawn. The 45 degree lines in the
fi > 0 region are when the SOC is zero, i.e. 2mg/h*> = —A(k} + k3) = 0. From
2mji/h? = —kky and 2mg/h* = —\(—2mg/h® = kI + k3, we infer that ki, ks

and ki, k; are related by inversion in the ki, ky plane.

The NCS nodes studied here can occur in the vicinity of the Fermi level and

their relative position with respect to the Fermi level is influential in the low
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Figure 6.4: (Color online) The topologically distinct phases in the k7 — k2 plane of
a singlet-triplet mixed NCS for the five distinct configurations depicted in Fig.6.2.
For the nontrivial topology at least one Fermi wavevector is required, therefore
we assumed that k3 > 0. It is also assumed that & < k2 and g > 0 and both
branches have gap nodes. For a) A = — and 2mg/h®> = kf + k; > 0, b) A = +
and —2mg/h® = kI + k5 < 0. The colored regions depict trivial and the combed
regions nontrivial topology.

temperature dynamics (see Fig.4.3) as well as the topology (see Fig’s.6.1 and
6.4).

Experimental observation of the power law behaviour in temperature and the
determination of the scaling exponents in NCS have not reached a convincing level
especially for weakly anisotropic compounds. On the other hand, the previous
argument indicates that if the node positions in Fig.6.2 can be manipulated,
experiments can be performed in a critical range of parameters where the topology
changes, which can then have observable thermodynamic behaviour. Thus, radial
line node are likely to provide more understanding of the weakly anisotropic
conditions. The zeros of the kinetic term k£ and ks are more sensitive to changes
in g and g [as shown in Eq.’s(6.3)] whereas, nodes of Af are more sensitive
to the interaction potential. It is therefore natural to refer here to the explicit
dependence of k; and ks on p and g which can be used to realize one of the
configurations between ki, ko and ka in Fig.6.2. In Fig.4.3 we consider ;i > 0 with
one Fermi momentum at ko which is tuned externally by p and g across ka in

respect of the Eq.(6.3). The change in the energy DOS, shown in Fig.4.3.a and the
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calculated behavior of Cy in Fig.4.3.b are distinctively different in the three cases
when ka is below/above the Fermi surface and when it is on it. In the former case,
the excitations are absent in the small energy range, hence the C', is suppressed at
small temperatures. However, the suppression is non-exponential, fitting instead
into a superposition of power laws Cy ~ T" with exponents depending on ka. In
the latter case however, an energy node is created when the gap node is on the
Fermi surface. Hence, the energy node lives at the boundary ka = ko between
two topologically distinct regions as shown in Fig.6.4 with ks < ka and kg > ka.
Arbitrarily low energy excitations are available therefore the DOS and the Cy

behave linearly in 7T'.
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Chapter 7

Conclusion

In this thesis, we concentrated on self-consistent solutions of superconducting
order parameters in two dimensional systems in the presence of time reversal
symmetry and broken inversion symmetry. We obtain solutions for mixed singlet
and equal spin triplet pairs. The results indicate that spin orbit interaction
and electronic interactions play a crucial role in the appearance of mixed singlet
and equal spin triplet pairs[88, 89]. We showed analytically that the electronic
interaction with strong momentum dependence is needed for this mixed state
and the equal spin triplet component takes the phase of spin orbit coupling term
as long as time reversal symmetry preserved. For example, in the case of point
contact type interactions, the appearance of equal spin triplet pairs is not possible
due to this phase. Having strong momentum dependence in the interaction and
related order parameters can lead nodal structure in the superconducting gap.
Depending on crystal structure these nodes can be in the form of angular, radial or
point node. For the radial line nodes to exist in a mixed singlet-triplet state, and
besides the spin orbit interaction, it is sufficient to have an isotropic component
of the pairing interaction sufficiently attractive in the long ranges. On the other
some of the isotropic noncentrosymmetric superconductors in the scope of this
thesis with large values of the universal BCS ratio and the anomalous specific

heat jumps may be pointing at strong and/or long range interactions.
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Theories incorporating exact momentum dependence of the order parameters
point at the existence of such radial line nodes. The nodes in triplet compo-
nent F}, are enhanced by the singular attractive part of the potential in the long
wavelenghts, whereas nodes in singlet v, appear due to the sign change in the po-
tential. The topology however is encoded in the nodal structure of the energy gap
A*(k) = |¢x T W Fk|. These are radial line nodes which can be manipulated by
the spin orbit interaction since the latter is crucial in changing the triplet/singlet
ratio | Fi/¢x|. Depending on this ratio, there can be zero, one or more line nodes
in each branch of A*. Which of these line nodes appear in the energy bands
E,i,t is a question concerning the specific potential, spin orbit interaction strength
and the material properties. They emerge in the weakly anisotropic limit, in
contrast to the angular line nodes appearing under strongly anisotropic condi-
tions. In a radial line node, the pair potential vanishes in at least one reciprocal
space point where the singlet and the triplet couplings become locally compara-
ble. In weakly anisotropic systems radial line nodes are pronounced since their
more anisotropic counterparts (the angular line nodes) are absent. Although
the behavior of thermodynamical quantities are well known for conventional (s-
wave) and unconventional (d-wave and pure p-wave) order parameters, there is
not any such sharp classification for superconductors with mixed parity (having
radial line nodes) superconductors. For example, ”U” and ”V” shaped density of
states associated with s-wave and d-wave gap structure respectively and for the
mixed parity superconductors the shape of density of states can be in the form
in between these without having specific shape. In particular, when they are not
on the Fermi surface, the radial line nodes can imitate a BCS like behavior in
the low temperature thermodynamic measurements without giving up the un-
conventional pairing and the topology. This finding is crucial in that, a number
of experimental results on NCSs in favor of trivial s-wave coupling may need to
be reconsidered and these results may happily turn out to be nontrivial. Fur-
thermore several compounds with broken time reversal symmetry are reported to
show a similar behavior [90, 91|. The picture presented by the radial line nodes
may be also relevant in the time reversal symmetry broken noncentrosymmetric

superconductors.
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The arguments raised above show that the thermodynamic data can be mis-
leading in understanding the order parameter symmetry. The one of the best
way to test superconducting structure is tunneling spectroscopy. In this manner,
it has been clarified in Chapter.5 that the tunneling properties in different type
of pairing symmetries are quite distinct from each other. In the case of s-wave
pairing differential conductance has single step like profile, however for mixed
parity it becomes two step representing each energy band. For d-wave supercon-
ductors the angle dependence causes variety in conductance spectrum. One of
the most important conclusions for unconventional pairs is the phase of super-
conducting order parameter which plays crucial role. The origin of this phase
comes from sign changing superconducting gap and it is essential for observing
zero bias Andreev conductance. We also showed that the differential conductance
of a Josephson junction with d-wave superconductors contains contributions from
the cross terms Ry, and R.;. These terms are routinely neglected, because they
are zero in the limit when the quasiparticle wavevector amplitude is k. Outside
of this approximation, their contribution to the differential conductance of nor-
mal metal-superconductor junctions is still negligible. Nevertheless it is crucial

in forming the zero-bias conductance peak in dwave-dwave junctions.

Finally, the topology is classified by the relative position of the radial line node
in the pair potential with respect to the Fermi wavevector. The latter can be
shifted by the chemical potential and the SOC. This brings an additional impor-
tance to the radial line nodes since their topology can be manipulated externally
by electrostatic gates and the spin-orbit strength. This can have promise in new
research directions based on superconducting node engineering with implications

in exotic device applications in topological quantum computing.
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Appendix A

Self Consistent Gap Equations

We start with a two dimensional, C,, symmetric NCS. A general pairing interac-
tion generates the singlet and the triplet components of the pair potential under
a SOC. A crucial aspect is that, it is a continuum model which is maximally
isotropic and no lattice point group symmetry is assumed. The Hamiltonian in

the electronic Nambu-spinor basis ¥} = (éLT el | €-kt €-k|) is given by
H = Ul H Uy = Ho + Hsoe + Ha (A.1)
K

where
My = A A0 A2
~(x00 B)- -
is the 4 x 4 mean field Hamiltonian with
elk)  Se(k)  Ap(k) Ap(k)
e — Sek) ek) Apk) Ayk) (A3)
A?T(k) AIT(k) —e(k) Sk
Aﬁ(k) AL(k) Sp(k) —e(k

One can diagonalize by applying unitary transformation to the above Hamil-

tonian (i.e. UHyx = EU ). The unitary matrix we found as;
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un(k) U12(k) Ull(k) ’012(1{)
U — (121 (k) @1 (k) ) . Uu1s (k) U14<k) U13(k> ’U14(k) (A 4)
@Q(k) U2 k) ’Ugl(k) ’UQQ(k) u21(k) Ugg(k) ‘
’U23(k) U24(k) u23(k) u24(k)
and the energy eigen-values
Eel (k) 0 O 0
E.(k 0 0 Ee(k 0 0
e (BM 0 ) 2 (&) s
0  Euk) 0 0  Epn(k) 0
0 0 0 Bz (k)
Using UHy = EU, we have the following set of equations:
A+ Al = By — 0, = (B — i A)[AT]! (A.6)

0B+ A = E.b, — A+ (B.iy — i A)AT7'B = E.(E.iy — 0, A)[AT] ™!

. P
Defining M = [AT|7!BAT = ( Q)

R T
AAT — ( [ A2+ [Agy? AﬁAi¢+ANAI¢> _ < n n2> AT
ApAL +ARAY AP +]ARP ng =m5 Ny
1 * * * *k *
—1
= ————| = S;AT AT + SRATLAT
Q det(AN) |~ SIALAL + S ARAT
(A.8)
1 * * * * *
R = det (A1) SALAL + S ARAL]
1 * * * * *

n1+(E61—6)(P—Ee1)—RSe
77134»5;1‘ (P*E51)+R(€7Eel

we found ; w12 = y1u11 and w3 = nyuyy where; 3, =

_ n4+(Ee2_€)(T_E62)_QSé
771 o 7n2+SE(T7E€2)+Q(67E€2)

) and
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From unitary condition : UUT = ¢y ® 0y we have one more equation and using

this we found the elements of u; as;

det(ATA)
2 _ A9
|u11| ny + ng + 135+ ng + det(ATA)(l + |71|2) ( )
T
g = i e (A-10)

My + Mg + T + g + det(ATA)(1 + |m|?)

where

in = 1| (nBor = me+m = 5) (1 B = e +77 = 57)
iy = a1 [25: (B = €) + S2(Ber — €) = 1 [(Ber — €)% — €] = 1S:S;]
M=M$Erf—ﬁ%(1—&wﬁ)
=1 [(Eea — € = mSe) (Bez — € — m} ;)]
Ty = na|m 25 (Bez — €) + S (Bez — €) — m[(Bea — €)* — €2] — nj 525
My = n;[\n1|QS€(E62 —€) + Se(Bez — €) = nj[(Eez — €)° — €] = mSeSe
s = na| (7 Bea — i€ + 17 = Se)(m By — me +my — S7)] (A1)
P Q
2 7

Defining M = [A] 7' AA = (

~ 1 ~ *
"o det(A) edet(A) + (A + Aplg) + S Ay Ay — 50 ANATT]
~ 1 ~ )
@ = det(A) -QA“AN + SeAP Ay — 5S¢ ANAN}
(A.12)

~ _1 _ )
r= det(A) —QATTAl’T + SeAlTAlT - Se ATTATT}
~ 1 _ *

~ dei(d) edet(A) = (DA + AnyAp) + ST AL Ay — SA LA

and

ATA — ( A + | Ay A?TATiJFAITAii) _ ( m mg) (A.13)
AjAn + AT AL AP+ Ay mg =mj My

mi+(Epi+€)(P—Ep) - RS;

- - and
—m§+sh(P—Eh1)+R(—€—Eh1)

we found ; uss = Yougr and usz = Mougy where; v, =

— m4+(Eh2~+€)(T—Ebg)—Qsh
2 —m2+SZ(T—Eh2)+Q(—€—Eh2)
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V11

V12

V13

V14

V21

V22

V23

V24

det(AAT)
- A.14
[ | Ty + g + ms + my + det(AAT)(1+ |9[?) A

det(AAY)
2 _ A15
| a4 Ty + Ty + 5 + iy + det(AAD) (1 + |no|2) A1)
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(A.16)
Tet 8 (2009 = 2285 09](Bi + ) + 5584 (0) = 817200, (8
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5|

(= A1 (K)72 + A (K)](Enz + €) — SimaAr(k) + SpApy (k)]

AT KD e ey
SV DGR R R R
- KGR R R
SV ¢ G )

k
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A.0.1 Order Parameters(Manifested TRS and FX)

From unitary condition UU' = o0y ® oy we found that the phase of parallel spin

pairs related with the phase of SOC. Using this and applying symmetry operations

to the order parameters one can obtain connection between different type of pairs

as;

Eel =

Se =5, = g|k|exp(2gbk
TRS : Ap(k) — A (-k) = F exp(wﬁk

Ay (k) = —F|k exp(
TRS : A, (k) —

FX: AT¢<k) — AiT

Ay (k) =9 +d.
Ap(k) = = +d.

(A.17)

(A.18)

(A.19)

\/52 +¢?+yY?+d2+F?2+ 2\/9252 + g?d2 + F1p(—2eg + F)

E+ = —FEn

* *
UgV14 — U413

1 iy U012 — UTRU11
_ _ﬂZV(]k—kD{ 1 12" 4

e~ PE+ +1

* * * *
Ug1U22 — Ugol21 | UpzUzq — U24U23}

e PE- 11

* *

efBr +1 efE- +1
1 fy U V12 F ULV
= —— Vilk — k 11 12
QA%; ( DA G- 1
Va1 Ugo + Violh Vi Ugy + VE U
+ 21 422 22 421 23424 24 23}

efbr 41 eFE- 41

*
U111

e PE- 11

*
Uq3V13

1 — (@) — by 1) /
= e KK V(k-K]{
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e PE+ 11 e PE-

+1

(A.20)



U3 U21 U33la3 )
ePB+ 1 ePE- 41

A.01.1 d,=0

B = (&) + (A)?) (A.21)
where A = &4 is the branch index of the broken IS and

are the single particle energy and the momentum dependent pair potential re-

spectively with
Vi = sign(|Gxlex — Fiiby) - (A.23)

The energy branches with A\ = + in Eq.(A.21) can have different Fermi surfaces
with a different gap opening at the FS as Q\A;g\\. The bands are in mutual ther-
modynamic equilibrium by the presence of a single chemical potential, hence the
Fermi level can occur at multiple positions in the k-space. Together with the

nodes of Ag, this can give rise to a topological variety that we discuss in Chapter
6.

The mean field Hartree-Fock solutions of the mixed state OPs in Eq.(A.20)

can be given in the symmetric form as,

1 A

=y ,;Vs(k’k) 4E]},{f(E?f) ~ [(=E)} (A.24)
1 o AAY

Fe= g DY) G [F(EY) — F(-E) (A.25)

where f(z) = 1/[exp(Bx) + 1] is the Fermi-Dirac factor with g = (kgT)™!
as the inverse temperature. The singlet and the ESP-triplet OPs in
Eq.’s(A.24) and (A.25) are determined by the corresponding interaction chan-
nels Vs(k, k') and Vy(k, k'). Specifically, Vs(k, k') = (V(|k — K'|)), and Vi (k, k') =

73



(V(lk — Kk'|)cos (¢ — ¢'))a where (...), is the angular average over the relative
phase ¢ — ¢'. In consequence, a bare contact interaction, i.e. V(|k —k'|) = U
is insufficient to create pairing in the triplet channel even in the presence of a
strong SOC. The term AA} /(4E}) in Eq.(A.25) is proportional to the difference
between the two energy branches. However, a similar term in Eq.(A.24) repre-
sents the sum of the same contributions in 1. A non-local pairing interaction
and the SOC are therefore essential factors in the k-dependence of the OPs in

the mixed state.

74



