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In this study, two types of dynamic models are developed to investigate the dynamic 

behavior of four-square gear test machines.  The first model is based on three-

dimensional finite elements of the shafts connecting the test and reaction gearboxes, 

combined with three-dimensional stiffness models of helical gear pairs and rolling 

element bearings.  The second model represents a limiting case when only torsional 

motions are allowed.  The gear transmission errors and eccentricities are considered as 

the excitations for both models.  Eigen Value solution and Modal Summation Technique 

are used to compute natural modes and forced response, respectively.  

A number of gear dynamics and durability test machines are considered as the 

example cases.  The interactions between the test and reaction gearboxes are investigated 

for each test machine to determine their force and vibration isolation capabilities.  The 
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effect of any added torsional flexibility or rigid inertia between the test and reaction gear 

sets on the isolation of the test gear pair from the disturbances originated at the reaction 

gearbox are studied.  At the end, the torsional model is used to derive simplified 

equations that can potentially be used for designing such machines with acceptable 

vibration isolation characteristics. With the help of these equations, a designer can select 

the required flexibility for the connecting shafts.          
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CHAPTER 1 

INTRODUCTION 

 

1.1   Background Motivation 

 
Gears are used commonly in almost every industrial application including 

automotive, aerospace, machine tool and marine industries.  Gears offer an efficient and 

reliable means of  torque/power and motion transfer.   As gear systems are operated under 

diverse conditions, their functionality becomes closely linked to the functionality of the 

overall system.  For instance, gears used in an automotive transmission must endure 

severe duty cycles for the transmission to be functional under the different conditions.  

Similarly, the operation of the gears must be quiet such that lower overall noise levels can 

be achieved for the transmission.   

While significant amount of modeling studies were performed on the dynamics and 

durability of gear systems to quantify and improve on noise and fatigue life 

characteristics, due to the complexity of the real life systems and a large number of 

parameters involved, the need for actual gear experiments could not be eliminated.  It is 

still common practice to evaluate gears for dynamics and durability through experimental 

methods.  Such experimental studies also provide the data required to validate the 

simulation models. 
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There are two different gear test machine concepts that have been used commonly in 

the past.  The layouts of these machine concepts are shown in Figure 1.1.  The first type 

in Figure 1.1(a) is an open-end type gear test machine.  A gear pair located in the middle 

is powered by a motor at one end.  The power is transmitted through the gear pair to the 

other end and absorbed by a brake (load) dynamometer.   In this arrangement, gears can 

be operated at any desired speed and torque conditions.  This allows a simulation of 

actual duty cycles at varying torque and speed values provided that the controller is 

capable of doing so.  The arrangement is general such that gears or transmissions 

requiring different center distances can be accommodated using open-end test machines.  

Meanwhile as all the required power must be generated by the electric motor in real time, 

the requirements for power/torque capacity is often large resulting in very large fixed 

dynamometer facilities.  In addition, a precise control of the speed and torque require an 

expensive control unit.  In spite of these disadvantages, open-end test machines have 

been used very commonly for both durability and dynamics evaluations of gear systems.  

For instance, Iida, et. al.  [1] employed an open-end test machine to investigate the effects 

of geometrical eccentricity and unbalance of a gear on the free and forced vibration of a 

shaft in a spur geared system.  They [2] later included another study on how the friction 

force between gear under mixed and boundary lubrication influences the vibrational 

system. Umezawa and Sato [3] studied the influence of   numerous gear errors including 

pitch errors and pressure angle errors on the vibration levels of a profile corrected spur 

gear pair. They also [4] performed a study on the vibration and noise problems of the 

helical gear pair with a narrow facewidth. The same open-end test machine was used later 

to estimate the vibrational behavior of gears enclosed in a gear case by measuring the  
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Figure 1.1(a) Open-end type testing machine (b) Power circulatory four-square type 

testing machine.  
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exterior vibrations [5].  Choy and Ruan [6] compared experimental results of vibration, 

dynamic load, and noise data of geared transmission collected from an open-end test 

machine with analytical methods. Finally Liou, et. al. [7] performed a study on the effect 

of contact ratio on dynamic loads of spur gear pairs.   

The other type of test machines is power-circulatory four-square type arrangement 

as shown in Figure 1.1(b). In this case, two gear pairs of the same center distance and 

gear ratio are coupled to each other through connecting shafts. A constant torque is 

applied to this closed loop through either hydraulic actuators or split couplings.  A small 

DC motor connected to one of the shafts is used to overcome mechanical losses in order 

to operate the system at the desired rotational speeds.  Four-square type gear testing 

machines are compact since the DC motor capacity is relatively small.  This makes these 

machines significantly more compact that the open-end machines.  Operation of gears 

under a constant torque is a definite advantage of these machines as the controller is 

reduced to a simple speed controller.  However, these machines are not as versatile as 

open-end machines since the center distances and the gear ratios are fixed.  They also 

cannot be operated as conveniently as open-end test machines under variable torque, duty 

cycle conditions.  However, their advantages overweigh their disadvantages in most 

applications making them the layout of the choice for many durability and dynamic gear 

tests.   

On the durability side, Townsend and colleagues [8-11] used the four-square 

machine shown in Figure 1.2 to study the influence of gear materials, surface treatments 

and synthetic lubricants on pitting fatigue life of spur gears. Yoshida, et. al. [12] used 

power  circulatory  gear  testing  machine  in  order  to  elucidate  the  failure  mode,  load  
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Figure 1.2.  NASA gear durability test machine. 
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carrying capacity and relationship between tooth profile change and dynamic 

performance. Yamanaka, et. al. [13] performed tests to quantify the pitting life of 

carburized gears as a function of the type of lubrication including automatic transmission 

fluid and traction oil.  Similarly Dahmen, and Schonwerth [14] investigated the influence 

of lubricant additives on gear contact load carrying capacity.  Schaller, et. al. [15] studied 

on strength investigation for pit forming on hardened gear flank with using the FZG 

machine shown in Figure 1.3.   

On the other hand power circulatory four-square machines are also used for dynamic 

tests by many researchers. Harris [16] studied modes of vibration of four-square 

machines.  Munro [17] used a four-square machine to study the dynamic behavior of spur 

gears in experimentally.  Later he investigated [18] the effect of the profile relief on the 

transmission error characteristic of spur and helical gears, under both static and dynamic 

conditions. Utagawa and Harada [19] compared measured results of dynamic loads on 

spur gear teeth with calculated results on high speed testing machine.  Gregory, et. al.[20] 

employed the Munro’s machine to estimate the dynamic load for various damping values.  

Nakamura [21] used a four-square test machine in an anechoic room to describe the effect 

the dynamic gear and bearing loads on gear noise.  Seager [22] performed an 

experimental study of torsional and transverse motions of a pair of helical gears.  

Remmers [23] studied the effects resultant dynamic forces from the interaction between 

gear tooth errors and combined mass-inertia-elastic characteristic of complete gear 

system.  Ichimaru and Hirano [24] interaction between tooth deformation and dynamic 

load and investigated the effects on the fatigue failure.  Kiyono, et. al. [25] investigated 

the dynamic behaviors of helical gears through measurements of acceleration levels in a 
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Figure 1.3 FZG gear test machine. 
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four-square test machine.  Kahraman and Blankenship [26-30] performed experiments on 

nonlinear dynamic behavior of spur gear pair using a high-speed four-square test machine 

shown in Figure 1.4. Their investigation included the influence of gear mesh parameters 

such as involute contact ratio and gear tooth modifications.  Later Wagaj and Kahraman 

[31] utilized the same machine to validate quasi-static motion transfer error predictions of 

a gear contact analysis model. 

As the literature is searched there is hardly any study about the design of these 

machines.  Previous studies are mostly about the usage of these machines.  For this 

reason, this study is about the design of these machines.    

While power-circulatory four-square test machines offer a convenient way to test 

parallel axis gear pairs, there are major issues associated with the accuracy of the data 

collected.  As mentioned earlier, two gear sets, a test gear pair and a reaction gear pair, 

must be connected to each other to form a closed loop.   The goal here is to measure the 

fatigue life or the dynamic behavior (dynamic stresses, dynamic motion transmission 

error or dynamic bearing vibrations) of the test gear pair accurately.  Yet, the reaction 

gear pair that operates at the same speed and torque values creates dynamic forces and 

motion transfer errors as well.  These disturbances can potentially travel to the test gear 

pair to corrupt the dynamic or fatigue behavior of the test gear pair.  In other words, the 

interaction of test and reaction gear pairs is a major issue in four-square machine design.  

Several practical guidelines have been used in the past to improve the isolation of the test 

gear pair from the reaction gear pair including the following: 
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Figure 1.4 Gear dynamic test machine. 
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 Minimize the dynamic excitations caused by the reaction gear set by using high-

precision, high-contact-ratio gear helical gears as reaction gears. 

 Use flexible shafts with flywheels for connecting the two gear pair to serve as a 

mechanical filter isolating the disturbances coming from the reaction gear pair.  Use 

of flexible couplings that are very compliant in torsion can also be included here. 

 Use a different numbers of teeth for the reaction gears and the test gears such that the 

fundamental gear mesh frequencies and their harmonics are distinct.  This way any 

disturbances traveled to the test gear side from the reaction gear side can be 

identified easily.    

 

While these design guidelines can be made work to have an acceptable level of vibration 

isolation, a dynamic model of the overall system is required to quantify many of the 

above parameters and predict the effectiveness of these measures.  For instance, questions 

including how flexible the shafts must be, how large and at which location the flywheel 

inertias must be designed, and how much flexibility is needed from couplings can only be 

answered by a detailed dynamic model.  In addition, other dynamic characteristics are 

also of particular interest.  For instance while shafts are made long and slender to address 

the isolation issue, they will have their own dynamics problems in the form of flexural 

vibrations.  A dynamic model can be used to not only identify such adverse side affects 

of the above design measures but also to bring solutions to these effects.  Such a dynamic 

model of power-circulatory four-square test machines is the main motivation behind this 

study. 
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1.2     Scope and Objectives 

 

The main objective of this study is to arrive at guidelines for design of four-square test 

machines with acceptable isolation characteristics under dynamic conditions. Any 

disturbances originated at the reaction gear mesh might potentially travel to the test 

gearbox, altering the dynamic loading conditions of the test gear mesh, and hence, 

influencing the outcome of the durability or dynamics test.  Therefore, a proper design of 

connecting structures becomes a major priority.  In order to achieve the above goal, a 

general three-dimensional dynamic model of four-square test machines will be developed 

in this study.  Also purely torsional dynamic model will be developed to investigate 

dynamic characteristics.  A number of most popular four-square test machines like the 

ones shown in Figures 1.2 to 1.4 will be used to demonstrate the capabilities of the 

models.  Extensive parametric studies will be performed at the end to derive easy-to-use 

guidelines for design of four-square test machines with acceptable performance 

characteristics  

 

1.3    Thesis Outline 

 

A detailed formulation of the three-dimensional model and a limited case of a 

torsional model is given in Chapter 2.  The example systems of four-square type gear 

dynamic machines used to demonstrate the capabilities of the models is discussed in 
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Chapter 3.  Finally, the simple design guidelines for the design of four-square test 

machines are listed in Chapter 4. 
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CHAPTER 2 

DYNAMIC MODELS 

 

2.1  Three Dimensional Dynamic Model 

2.1.1 Model Capabilities and Assumptions 

 
The three dimensional dynamic model will be capable of predicting transverse 

vibrations such as bearing vibrations and shaft bending vibrations whereas the torsional 

model, which will be proposed in the next section should be sufficient for predicting the 

torsional natural modes and for investigating the vibration transmission/isolation issues.  

Such motions should become important especially when the shafts connecting the test 

and reaction gear sets are made more flexible.  In this section, a transverse-torsional 

model of the system shown in Figure 1.1(b) will be developed.  The model will be based 

on a general formulation to analyze any two shafts connected to each other through two 

separate gear meshes.  This general model is to have the following capabilities: 

 
 The model should include transverse, torsional, axial and rotational (bending) 

motions of the gear pairs that can be of spur or helical type.  

 The model should be capable of simulating any shaft geometries including 

variable cross-sections, and the hollow shafts.  The shaft transverse, torsional, 

axial and bending motions should all be included in the model. 
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 Any couplings, flywheels and rigid inertias that are mounted on the shafts 

including the rotatory inertia of the DC motor can be included.  

 The model should have the ability to included any number of rolling element 

bearings of any type supporting the shafts at specified locations positioned at any 

location on the shafts 

 

A number of assumptions will be made in developing the 3D model.  As gears rotate, 

number of tooth pairs in each gear mesh fluctuates between two integer values, typically 

between 1 and 2.  This results in a time-varying gear mesh stiffness causing parametric 

instabilities at twice the resonance frequencies.  As such parametric resonance 

frequencies are quite large, mesh stiffness fluctuations will be neglected here.  Also gears 

are subjected to certain amount of backlash at the mesh.  If the  vibration amplitudes are 

excessive such that tooth separations can happen, a nonlinear model is needed for the 

simulation.  In this study, it is assumed that tooth separations do not occur such that a 

linear model is sufficient.  

This model will be obtained by expanding an already existing geared rotor dynamics 

model [32].  This model was developed to study the coupled spur gear-shaft-bearing 

dynamics of a two-shaft, single-gear pair system and later expanded to include three shaft 

gear reduction units [33]. A lumped- parameter model of gear pair was combined with a 

finite element model of the shafts to predict the natural modes and the forced response 

due to static transmission error excitation.  This model will be modified to include axial 

and bending motions of the shafts and gears to include helical gears, and a second gear 

pair coupling will be added to obtain the model of any four-square type arrangement.   
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The model will be made general such that any system of the same layout can be analyzed 

to allow parametric design optimization studies.   In the following sections, the model 

formulation will be outlined.   Only the essential details will be given here as further 

details can be found in references [32,33]. 

 

2.1.2 The Shaft Model 

 

The general system shown in Figure 1.1(b) has two parallel-axis shafts connected to 

each other at two places through spur or helical gears.  Finite element model of each shaft 

can be developed by using Euler-Bernoelli beam elements [34].  Considering a finite 

element l  on one of the shafts defined by two nodes l  and 1+l  as shown in Figure 2.1, 

the stiffness and mass/inertia matrices of this l -th shaft (rotor) element are given as a 

summation of bending, torsion and axial components as 

 

axialstorsionsbendingss )()()( llll kkkk ++= , (2.1) 

torsionsrotationsaxialbendingss )()()( llll mmmm ++= +  (2.2) 

 

where the individual components of lsk  and lsm  are given in Reference [33].  These 

shaft element matrices of dimension 12 can be put into the form 

 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

ll

ll
l

)()(

)()(

2221

2111
kk

kk
k

T

s ,      
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

ll

ll
l

)()(

)()(

2221

2111
mm

mm
m

T

s  (2.3,4) 

.  



 

   

16

16

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

Figure 2.1   A finite shaft (rotor) element [34]. 
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Starting with the first shaft, if the shaft is defined by 1m  finite rotor elements 

( 1,,2,1 mKl = ), the stiffness and mass matrices of the entire shaft 1 can be assembled as: 
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The above formulation is applied to the second shaft that is described by a total of 2m  

finite elements to obtain 2sK and 2sM .  The overall shaft stiffness sK  and mass sM  

matrices are then assembled as  
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Both sK  and sM  are square matrices of dimension S where the total number of degrees 

of freedom is )2(6 21 ++= mmS . 
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2.1.3 Gear System Matrices 

 

A three-dimensional dynamic model of helical gear pair is shown in Figure 2.2 will 

be employed here [33, 35].  The test gear pair is chosen as the example for this 

formulation formed by gears t1 and t2.   Both gears are assumed to have rigid blanks that 

are connected to each other by a linear gear mesh spring tk  on the plane of action in the 

tooth normal direction determined by the helix angle tβ .  Also applied in the same 

direction connected in series to tk  is a displacement excitation in the form motion 

transmission error )(tet .  The relative positions of the gears are such that the line 

connecting  the gear centers forms the positive x-axis of the coordinate frame.  In this 

position, the plane of action makes an angle tψ  with the positive y-axis as shown in 

Figure 2.2.  As the plane of action changes direction depending on the direction of the 

loading, tψ  is defined as 
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where tφ  is the transverse pressure angle of the gear pair and 1tT  is the torque applied on 

the test gear t1.  Helix angle tβ  is defined based on the hand of the gear t1 as 
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Figure 2.2.  A 3D dynamic model of a helical gear pair [33, 35]. 
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Both gears are allowed to translate in x and y directions in the transverse plane and in the 

axial z direction.  In addition, each gear is allowed to rotate about these three axes by xθ , 

yθ  and zθ , respectively.  Hence, with six degrees of freedom on each gear, the gear pair 

t has a total of 12 degrees of freedom that defines the coupling between the two shafts 

holding the gears.  Equations of motion for gear t1 are given as:  

 

0coscos)()(11 =++ tttttttt tpktpcym ψβ&&&               (2.10a-f)        

0sincos)()(11 =++ tttttttt tpktpcxm ψβ&&&                            

0sin)()(11 =−− ttttttt tpktpczm β&&&                                      

0cossin)()( 1111 =++ ttttttttytt tpkrtpcrI ψβθ &&&                      

0sinsin)()( 1111 =++ ttttttttxtt tpkrtpcrI ψβθ &&&                      

11111 cos)()( ttttttttztt TtpkrtpcrJ =++ βθ &&&           

 

Equations of motion for gear t2: 

 

0coscos)()(22 =−− tttttttt tpktpcym ψβ&&&  (2.11a-f) 

0sincos)()(22 =−− tttttttt tpktpcxm ψβ&&&  

0sin)()(22 =++ ttttttt tpktpczm β&&&  

0cossin)()( 2222 =++ ttttttttytt tpkrtpcrI ψβθ &&&  

0sinsin)()( 2222 =++ ttttttttxtt tpkrtpcrI ψβθ &&&  

22222 cos)()( ttttttttztt TtpkrtpcrJ −=++ βθ &&&  
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In these equations, )(tpt  represents the relative displacement at the test gear mesh in the 

direction normal to contact surfaces defined by 
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 The stiffness coupling matrix and the mass matrix of the gear pair t are obtained from 

equations (2.10-2.12) as  
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The corresponding displacement and alternating force vectors are given as 
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where    [ ]Tztixtiytititititi zxy θθθ=q and  2,1=i .  

 

The above formulation can be repeated for the reaction gear pair formed by gears r1 

(on the shaft 1) and r2 (on the shaft 2) to obtain the stiffness and mass matrices of the 

reaction gear pair as well by simply replacing the subscript t by subscript r in above 

equations with  
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Accordingly, mass and stiffness matrices and the force and displacement vectors for the 

reaction gear pair are found to be: 
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The system shown in Figure 1.1(b) has a total of two shafts and four gears forming 

two gear pairs connecting certain degrees of freedom of each shaft to each other 

according to the formulation given above.  The overall gear stiffness matrix and the mass 

matrix, both of dimension S, can be assembled in the form  
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[ ]LLLLL 2211 rtrtg Diag mmmmM =  (2.22) 

 

The masses and inertias of other non-gear components attached to a shaft must also be 

included in equation (2.22) at the appropriate nodes the same way the gear masses and 

inertias included. 

 

2.1.4 Support Stiffness Matrices 

 

In a typical application, each shaft is supported by least two rolling element bearings 

of varying type, size and design parameters.  The most general way of describing 
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flexibility of an individual bearing is to define a 6x6 stiffness matrix bik  with zero 

torsional terms [33, 36].  If there are bn  number of bearings in the system, an overall 

bearing stiffness matrix of dimension S can be constructed by assembling the individual 

stiffness matrices according to the shaft node at which each bearing is mounted 
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2.1.5 Equations of Motion 

 

Given the mass and stiffness matrices for shafts, bearings/case and gears, the overall 

mass and stiffness matrices of the overall system are given as 

 

gs MMM +=  (2.24) 

 

gbs KKKK ++=  (2.25) 

 

Finally, the force vector is defined in terms of the two static transmission error 

excitations as 
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The excitation function )(tet  at the mesh of the test gear pair includes only the 

once/mesh components of the static transmission error as index errors of actual gear 

specimens were considered to be insignificant 
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where tie~  is the i-th harmonic amplitude of the test gear pair transmission error .Here, the 

test gear mesh frequency is defined as 60/2 11 tst ZΩ= πω where 1sΩ  is the rotational 

speed of the first shaft in rpm and 1tZ  is the number of teeth on the first test gear.  As 

evident form equation (2.27), no once/revolution component of the test gear mesh 

excitation is included since the pitch line run-out errors, index errors and spacing errors 

of the actual test gears were assumed to be negligible.  
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Similarly the excitation function )(ter  at the mesh of the reaction gear pair includes 

the once/mesh components of the static transmission error.  Accordingly )(ter  is defined 

as 

 

[ ]rir
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 (2.28) 

 

Here rie~  is the i-th harmonic mesh order amplitude of the reaction gear pair, and the 

reaction gear mesh frequency is defined as 60/2 11 rsr ZΩ= πω  where 1rZ  is the number 

of teeth on the first reaction gear.   

 

2.1.6 Natural Modes and Forced Response 

 

Equations of motion of the overall system can be written in matrix form as  

 

 )()()()( tttt FXKXCXM =++ &&&  (2.29) 

 

The transverse-torsional model formulation presented up to this point did not include the 

derivation of the damping matrix C.  If the damping values of each component including 

gear meshes, bearings and shafts were known, one could obtain a damping matrix that is 

in the same form as K.  However, these damping values are not known in most cases.  

Therefore, here for practical engineering purposes, a set of modal damping values iζ  are 
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used to define C instead of using a damping matrix that is formed by actual damping 

values.  

The eigen value problem governing equation (2.29) yield the natural frequencies iω  

and the corresponding modal vectors iΦ  (mode shapes) where Si ,,2,1 K=  is the modal 

index.  The Sequential Jacobi Method is used here for the Eigen Value solutions as in the 

case of the a purely torsional six degree of freedom limiting case.  The forced response of 

the system is obtained by using the same approach (Modal Summation Technique) [37] 

as the torsional model, now with the forcing vector given by equation (2.26) where )(tet  

and )(ter are defined by equations (2.27) and (2.28), respectively.  

  

2.2 The Limiting Case: A Purely Torsional Model 

 

A purely torsional linear dynamic model of a four-square gear durability test 

machine with flywheels shown in Figure 1.1(b) is developed here as shown in Figure 2.3.  

Here, each gear of base radius r and polar mass moment of inertia J  is assumed to be 

rigid except the teeth in contact. Gears and flywheels are also assumed to vibrate in 

torsional direction only defined by rotational alternating displacement θ . The gear mesh 

interface of the test gears is represented by linear gear mesh stiffness tk  and a periodic 

static transmission error excitation )(tet .  Similarly, rk  and )(ter  represent the mean 

mesh stiffness and the transmission error excitation of the reaction gear pair.  
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Figure 2.3.  A six-degree-of-freedom torsional model of a four-square test machine. 
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2.2.1 Equations of Motion 

    

Considering that the subscripts t1 and t2 represent test gears on shafts 1 and 2 and 

subscripts r1 and r2 represent the reaction gears on shafts 1 and 2, the equations of 

motion of the four-degree-of-freedom dynamic model are given as 
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where tc  and rc  represent the gear mesh damping values that are not shown in Figure 

2.3 for clarity purposes, and 1sk  and 2sk are the torsional stiffness values of the shafts 

connecting the test gears to the flywheels and 11 skγ ¸and 22 skγ  are the torsional stiffness 

values of the shafts connecting the test gears to the reaction gears.  The polar mass 

moments of inertia of these shafts are divided into two and lumped to the inertias of the 

gears at both sides.  In order to obtain a matrix form of the equations of motion, equation 

(2.30) can be put into the form: 
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The equations of motion are then written in matrix form as 

 

)()()()( tttt FKqqCqM =++ &&&  (2.32a) 

 

where the mass, damping and stiffness matrices are defined as 
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The displacement vector and the external forcing vector are defined as  
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The excitation function  )(tet  is taken to be same as that of the three dimensional 

dynamic model as given in equation (2.27). 

Unlikely the equation (2.28), the excitation function )(ter  at the mesh of the 

reaction gear pair includes not only the once/mesh components of the static transmission 
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error but also once/revolution components of each reaction gear since indexing errors of 

these gears are assumed to be not negligible.  Accordingly )(ter  is defined as 
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In addition to equation (2.28), the once/revolution errors of both reaction gears are 

included in harmonic form having amplitudes 1rE  and 2rE  and initial assembly position 

angles 1rδ  and 2rδ .  The frequency of these two excitations are 1/ rr Zω  and 2/ rr Zω .    

 

 

 

2.2.2   Natural Modes and Forced Response 

    

The solution of the Eigen Value problem governing equation (2.32a) yields the 

natural frequencies iω  and the corresponding modal vectors (mode shapes) iΦ  ( 1=i  to 

6).  The system shown in Figure 2.3 does not have any non-linearities, the forced 

response to the excitations of equations (2.27) and (2.33) can be calculated by using the 

Modal Summation Technique [37].  In order to apply this technique, first the forcing 

vector )(tF  of equation (2.32f) is put in the form 

 

 



 

   

33

33

[ ] [ ]

⎥
⎦

⎤
⎢
⎣

⎡
+

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

−⎥
⎦

⎤
⎢
⎣

⎡
+

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

+

+

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

++

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

= ∑∑
==

2
2

2

1

2
1

1
1

1

2

1
1

21

2

1

sin

0

0
0
0

sin

0

0
0
0

sin~

0

0
0
0

sin~

0
0
0
0

)(

r
r

r
rr

r

r
r

r

r
rr

r

r

L

i
rirrir

r

r

L

i
tittit

t

t

t
Z

Ek

r
r

t
Z

Ek

r
r

tiek

r
r

tiek

r
r

t

δ
ω

δ
ω

ϕωϕωF

 (2.34) 

 

 

The forced response )(tq  is then defined as  
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 where the dynamic compliance matrices are   
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In above equations, L is the number of static transmission error harmonics that must be 

included in the analysis.  Typically, it is sufficient to set 3L =  for spur gears as the 

higher harmonic amplitudes  ( 3i > ) are negligibly small.  S is the total number of 

degrees of freedom considered in the model.  For the system in Figure 2.3, 6S = .  
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CHAPTER 3 

RESULTS AND DISCUSSIONS 

 

3.1  FZG Gear Test Machine 

 

The FZG gear test machine illustrated in Figure 1.3 is a four-square type gear test 

machine with mechanical power circulation.  This machine was originally developed in 

Germany in early 70s and became one of the standard tests machines for evaluating gear 

pitting and scuffing. 

  Figure 3.1 shows the assembly drawing of an FZG test machine.  Three-

dimensional model of it is shown in Figure 3.2.  Total number of degrees of freedom for 

the system in Figure 3.2, S=150.  Here both 3D model and 6-DOF model are used to 

study this system.  The dynamic forces at the gear mesh are of particular interest here 

since the durability of the test gear is heavily dependent on the loads carried by the gear 

mesh.  The transmission error excitation harmonic amplitudes are taken as met µ0.1~
1 =  

and mer µ0.1~
1 = .  A 5 percent of damping coefficient value is considered.  Gear mesh 

stiffness values are estimated to be mNkt
7106×=  and mNkr

7106×= .  Table 3.1 

summarizes all the parameters required by the dynamic model.  The dynamic gear mesh 

force amplitudes are given in Figure 3.3.  The main resonance peaks appear at 2400 and 

2700 rpm on reaction and test gear meshes, respectively.  These resonances occur when  
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Figure 3.1  Technical drawing of FZG gear test machine.  
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Figure 3.2  Dynamic model of FZG gear test machine          
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Table 3.1 

System parameters of the FZG Gear Test Machine 
________________________________________________________________________ 

Diameter of test gears m092.0  

Number of teeth of test gears 45 

Diameter of reaction gears m092.0  

Number of teeth of reaction gears 50 

Test gear mesh stiffness mN /100.6 7×  

Reaction gear mesh stiffness mN /100.6 7×  

Mass of test gears kg850.0  

Mass of reaction gears kg850.0  

Polar moment of inertia of test gears 23100.1 mkg −× −  

Polar moment of inertia of reaction gears 23100.1 mkg −× −  

Diameter of Shaft 1 030.0 and m023.0  

Diameter of Shaft 2 030.0 and m026.0  

Polar moment of inertia of first inertia  

element in Shaft 1 23105.11 mkg −× −  

Mass of the first inertia element in Shaft 1 kg5.5  

Polar moment of inertia of second inertia  

element  in Shaft 1 23100.1 mkg −× −  

Mass of second inertia element in Shaft 1 kg5.2  

Polar moment of inertia of the inertia  

element in Shaft 2 23108.10 mkg −× −     

Mass of inertia element in Shaft 2 kg4.5  

________________________________________________________________________ 
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Figure 3.3  Dynamic mesh force amplitude of the test and reaction gear pair of 

FZG gear test machine due to mer µ0.1~
1 =  and met µ0.1~

1 = .                                      
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the reaction and test gear mesh frequencies are equal to natural frequencies at 1986 and 

2008 Hz , respectively. 

In order to examine the force and vibration transmissibility of the system, first 

transmission error harmonic amplitudes are taken to be met µ0.0~
1 =  and mer µ0.1~

1 = .  

Since there is no excitation applied on the test gear mesh, any dynamic loads on the test 

gear mesh must be due to the excitation applied to the reaction side.  From Figure 3.4, 

test gear dynamic mesh force amplitudes are almost zero, suggesting that long and 

slender connecting shafts offer a good isolation of test side from reaction side.  A similar 

analysis was done to investigate the effect of the test side on the reaction side.  This time, 

transmission error harmonic amplitudes are taken to be met µ0.1~
1 =  and mer µ0.0~

1 = .   

Similar to Figure 3.4, there is no tangible dynamic loads on reaction gear mesh due to the 

disturbances of the test side again indicating good isolation characteristics in Figure 3.5. 

When the higher harmonics of the test and reaction gear mesh excitation are also 

included, the response curves become more complex while still two of the modes are 

excited within the speed range considered.  Figure 3.6 shows the dynamic response for 

this case.   

The modes excited at frequencies 18ωω =r  and 19ωω =t  are shown in Figure 3.7.  

In Figure 3.7(a), all gears and inertias rotate torsionally.  In addition, the reaction gear on 

the first shaft also translates in both x  and y  direction. The relative gear mesh 

displacement at the reaction gear mesh displacement is large, causing this mode to be 

excited by transmission error excitation.  In Figure 3.7(b), similar situation exists for the 

test gear.  All of the natural modes with frequencies less than Hz5000  are listed in Table 

3.2. 
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Figure 3.4  Dynamic mesh force amplitude of the test and reaction gear pair of 

FZG gear test machine due to mer µ0.1~
1 =  and met µ0.0~

1 = .                                       
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Figure 3.5  Dynamic mesh force amplitude of the test and reaction gear pair of 

FZG gear test machine due to mer µ0.0~
1 =  and met µ0.1~

1 = .           
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Figure 3.6  Dynamic mesh force amplitude of the test and reaction gear pair of 

FZG test machine due to mer µ0.1~
1 = , mer µ5.0~

2 = , mer µ25.0~
3 =  

and met µ0.1~
1 = , met µ5.0~

2 = , met µ25.0~
3 = .                                            
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Figure 3.7  Mode shape of FZG gear test machine at (a) Hz1987  and  (b) 

Hz2008  
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Figure 3.7  Continued.  
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Table 3.2 

Natural modes of the FZG gear test machine. Double modes are marked (*). 

________________________________________________________________________ 

 Modes  Frequencies (Hz) Description 

________________________________________________________________________ 

 1 0.0 Rigid body mode 

 2 232.2 Torsional   

 3, 4 332.3 (*) Bending of Shaft 1 in x and y directions 

 5 345.8 Torsional 

 6, 7 605.9 (*) Bending of Shaft 1 in x and y directions 

 8, 9 641.7 (*) Bending of both shafts 

   in x and y direction 

 10 833.3 Torsional 

 11 1056.0 Torsional 

 12, 13 1085.4 (*) Bending of Shaft 1 in x and y directions  

   and torsion of both shafts 

 14, 15 1517.2 Bending of Shaft 1 in x and y directions 

  torsion of shafts 

 16, 17 1815.4 (*) Bending of Shaft 2 in x and y directions  

 18 1986.7 Mode shape is shown in Figure 3.7 

 19 2008.9 Mode shape is shown in Figure 3.7 

 20, 21 2015.1 (*) Bending of Shaft 2 in x and y directions 

 22, 23 2162.3 (*) Bending of Shaft 2 in x and y directions  

   and torsion of both shafts 

 24, 25 2396.5 (*) Bending of Shaft 1 in x and y directions 

   and torsion of both shafts 

 26 2659.1 Bending of Shaft 1 in y direction 

 27 3286.1 Bending of Shaft 2 in y direction 

 28, 29 3391.5 (*) Bending of Shaft 1 in x and y directions 

 30 4150.5 Bending of Shaft 1 in x direction 

 31, 32 4747.0 (*) Bending of Shaft 1 in x and y directions 

 33 4768.7 Torsional 

________________________________________________________________________ 
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Next, the same system analyzed by using 6-DOF model.  Shafts inertias are lumped 

to the gears and flywheels.   The same operating condition and excitation levels are 

maintained.  Figure 3.8 compares the dynamic gear test mesh force amplitudes obtained 

by using 3D model and the torsional model for met µ0.1~
1 =  and mer µ0.1~

1 =  .   The 

agreement between the 3D and torsional model is rather good especially for practical 

engineering purposes.  Since the 3D model capable of representing the actual system 

more accurately, the differences between the results of two model can be attributed to the 

errors associated with torsional model.   

 

3.2   Gear Dynamic Test Machine 

 

As the second example, a gear dynamic test machine available at the Center for Gear 

Research is used.  This machine shown in Figures 1.4 and 3.9 is also a four-square 

arrangement.  The machine consists of a test gear pair, a reaction gear pair, and flexible 

shafts with two large flywheels in between.  

With the large flywheels in between, this system lends itself to be an application of 

the 6-DOF dynamic model developed earlier.  System parameters are given in Table 3.3. 

The main characteristic investigated here again is force and vibration transmissibility.  

Excitations are due to the transmission error harmonic amplitudes which are taken to be 

met µ0.1~
1 =  and mer µ0.1~

1 = .  A 5 percent of damping coefficient value is taken like 

the previous example.  Gear mesh stiffness values are estimated to be mNkt
8105.2 ×=  

and mNkr
8105×=  the dynamic mesh force amplitudes found by the torsional model 

 



 

   48

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 3.8  Comparison of dynamic mesh force amplitude of the test gear pair of 

the FZG test machine for  met µ0.1~
1 =  and mer µ0.1~

1 = .                                           
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Figure 3.9 Schematic view of gear dynamic test machine. 
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Table 3.3 

System parameters of the Gear Dynamic Test Machine 

________________________________________________________________________ 

Diameter of test gears m150.0  

Number of teeth of test gears 35 

Diameter of reaction gears m150.0  

Number of teeth of reaction gears 35 

Test gear mesh stiffness mN /105.2 8×  

Reaction gear mesh stiffness mN /100.5 8×  

Mass of test gears kg2.2  

Mass of reaction gears kg4.4  

Polar moment of inertia of test gears 22104.1 mkg −× −  

Polar moment of inertia of reaction gears 22108.2 mkg −× −  

Diameter of Shaft 1 m040.0  

Diameter of Shaft 2 m040.0  

Polar moment of inertia of inertia  

element in Shaft 1 21108.3 mkg −× −  

Mass of the inertia element in Shaft 1 kg25  

Polar moment of inertia of  inertia  

element in Shaft 2 21108.3 mkg −× −     

Mass of inertia element in Shaft 2 kg25  

________________________________________________________________________ 
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 are given in Figure 3.10.  The system reaches the resonance peaks at 3000 and 3900 rpm 

as shown in Figure 3.10.  For investigation of force and vibration transmissibility, first 

consider transmission error harmonic amplitudes in test side met µ0.0~
1 =  and in reaction 

side mer µ0.1~
1 = .  As shown in Figure 3.11, it is seen that there is no dynamic gear mesh 

forces experienced at the test side, which indicates excellent isolation characteristics.  

Similarly, in Figure 3.12 for met µ0.1~
1 =  and mer µ0.0~

1 = , there is no reaction gear 

mesh force due to the test gear excitation confirming the same conclusion. 

In Figure 3.13, the mode shapes at 0 , 18 , 59 , 228 , 1779  and Hz2267  are shown.  

In Figure 3.13 (a-d) the gears rotate by same amounts in opposite directions, hence, there 

is no relative gear mesh displacement occurring at these modes.  Therefore these modes 

do not cause any resonance peaks on the forced response.  In Figure 3.13(e) test gears 

rotate in the same direction, which result in relative displacement on the test gear mesh.  

Similarly, the mode shape shown in Figure 3.13(f) reveals relative gear mesh 

displacements at the reaction gear mesh.  As a result, these two modes are excited by the 

transmission error excitation.  

 

3.3  NASA Gear Durability Test Machine 

 

As the last example, NASA gear durability test machine [8-11] as shown in Figure 1.2 

will be considered.  It is composed of two relatively rigid parallel shafts connecting a 

wide facewidth reaction gear to a very compliant test gear pair.  Here, there is no 

significant inertia element in between and shafts are rather short to cause any flexural 

vibrations.  Therefore, a 4-DOF model is sufficient, which can be obtained from the 
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Figure 3.10  Dynamic mesh force amplitude of the test and reaction gear pair of 

gear dynamic test machine due to met µ0.1~
1 =  and mer µ0.1~

1 = .            
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Figure 3.11  Dynamic mesh force amplitude of the test and reaction gear pairs of 

gear dynamic test machine due to met µ0.0~
1 =  and  mer µ0.1~

1 = .        
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Figure 3.12  Dynamic mesh force amplitude of the test and reaction gear pairs of 

dynamic test machine due to met µ0.1~
1 =  and mer µ0.0~

1 = .        
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Figure 3.13  Mode shapes of dynamic gear test machine at (a) 0, (b) 18, (c) 59, (d) 

228, (e) 1779 and (f) 2008 Hz.          
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Figure 3.13 Continued.          
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Figure 3.13 Continued.         
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Figure 3.13 Continued.         
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Figure 3.13 Continued.         

 

y  

x

z  

y

x

)(e  



 

   60

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.13 Continued.          
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6-DOF model by simply taking the flywheel inertias as 01 =fJ  and 02 =fJ .  In Table 

3.4,  system parameters of this machine are listed.  Again the force and vibration isolation 

issue is the main focus here.  First, the transmission error harmonic amplitudes are taken 

as met µ0.1~
1 =  and mer µ0.1~

1 = .  A 5 percent of damping coefficient value is used for 

the analysis.  Gear  mesh  stiffness  values  are  estimated  to  be  mNkt
7106.8 ×=  and  

mNkr
8102.6 ×=  for the test and reaction  gear  meshes,  respectively.   Dynamic gear 

mesh force amplitudes in the Figure 3.14.  The resonance peaks appear at 8000, 8700, 

10000 and 11000 rpm.  These resonance peaks occur when 3ωω =t , 4ωω =t , 3ωω =r  

and 4ωω =r . 

For investigation of isolation issue, first consider the case when met µ0.0~
1 =  and 

mer µ0.1~
1 = .  Figure 3.15 shows dynamic gear mesh force amplitudes for this case.  

This figure suggests that the isolation between the test and reaction sides is not very good 

as large dynamic load amplitudes at the test side were obtained from the disturbances 

originated at reaction side.  Figure 3.16 for met µ0.1~
1 =  and mer µ0.0~

1 =  also supports 

the same conclusion.  Looking at the mode shapes shown in Figure 3.17, first two modes 

at 0  and Hz2531  result in no relative gear mesh displacements, and hence, they are not 

excited.  Meanwhile the last two modes in Figure 3.17, have non-zero relative gear mesh 

motions resulting in the resonance peaks shown in Figures 3.14 to 16.  
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Table 3.4 

System parameters of the NASA gear durability test machine. 

________________________________________________________________________ 

Diameter of test gears m089.0  

Number of teeth of test gears 28 

Diameter of reaction gears m089.0  

Number of teeth of reaction gears 35 

Test gear mesh stiffness mN /106.8 7×  

Reaction gear mesh stiffness mN /102.6 8×  

Mass of test gears kg5.0  

Mass of reaction gears kg0.3  

Polar moment of inertia of test gears 24106.3 mkg −× −  

Polar moment of inertia of reaction gears 23108.2 mkg −× −  

Diameter of Shaft 1 segments 030.0 , 035.0 , and m039.0  

Diameter of Shaft 2 segments 030.0 , 035.0 , and m039.0  

________________________________________________________________________ 



 

   63

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.14  Dynamic mesh force amplitude of the test and reaction gear pairs of 

NASA gear durability test machine due to mer µ0.1~
1 =  and 

met µ0.1~
1 = .            
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Figure 3.15  Dynamic mesh force amplitude of the test and reaction gear pairs of 

NASA gear durability test machine due to mer µ0.1~
1 =  and 

met µ0.0~
1 = .            
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Figure 3.16  Dynamic mesh force amplitude of the test and reaction gear pair of 

NASA gear durability test machine due to mer µ0.0~
1 =  and 

met µ0.1~
1 = .            
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Figure 3.17  Mode shapes of NASA gear durability test machine at (a) 0, (b) 2531, 

(c) 4646 and (d) 5121 Hz.   
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Figure 3.17 Continued.         
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Figure 3.17 Continued.         
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Figure 3.17 Continued.         
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CHAPTER 4 

DESIGN GUIDELIINES 

 

4.1   Derivation 

 

As the results from Chapter 3 indicated, increasing the torsional flexibility of the 

connecting shafts improves vibration isolation characteristics of a four-square test 

machine significantly.  The practical design question then becomes how much flexibility 

is enough for a good isolation.  In an attempt design guidelines, the 4-DOF version of 6-

DOF dynamic model shown in Figure 2.3 is considered here with 021 == ff JJ . 

Combined shaft stiffness are given as 
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The undamped equations of motion of the 4-DOF system is written in matrix form as 
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Test gear pair is completely uncoupled from reaction gear pairs when ( 0→sik ) .2,1=i   

In this case two uncoupled gear pairs are obtained each having a zero and a nonzero 

natural frequency.  In terms of the natural frequencies of the 4-DOF system  

given :0ˆ →sik  

 

 01 →ω  

 02 →ω  

 tωω →3  

 rωω →4  

 

Here, the case when shaft 1 and shaft 2 assemblies are identical is considered: 

 

 rrrrr rrtt ==== 2121  (4.3a) 

 sss kkk ˆˆˆ 21 ==  (4.3b) 
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 ttt JJJ == 21  (4.3c) 

 rrr JJJ == 21  (4.3d) 

  

 

In this case uncoupled natural frequencies of each gear pairs are 
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and the stiffness matrix reduces to  
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Defining the following dimensionless parameters 
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 rrtt krkkrk 22 ~,~
== , (4.9) 

 
t
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~=β , (4.10) 

 

the stiffness matrix becomes 
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By using (4.2b) and (4.11), characteristic determinant [ ] [ ] 02 =− MK ω  can be written 

as 
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By dividing equation (4.12) by tJ and noting the following quantities 
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the characteristic determinant becomes 
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Solving equation (4.16) for ω  yields the natural frequencies  
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In this form, the question to answer becomes what β  value is required for a good 

isolation.  For this purpose dynamic model is run for different β  values to determine the 
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value for a good isolation.  In Figure 4.1, isolation characteristics for =β 1.0, 0.5 and 0.1 

are shown. It can be concluded from this figure that value around 1.0=β  results in good 

isolation.  

Figure 4.2 shows the influence of β on iω ( 1=i  to 4) for 2=α  and 3=κ . Using 

1.0=β  as a potential design limit for a good isolation one can conclude that 

25.0/2 ≤tωω  , 025.1/3 ≤tωω  and 5.1/4 ≤tωω .  For any other parameters, iω ( 1=i  

to 4) can be calculated from equation (4.16) and compared to tω  value to determine if the 

isolation characteristic are acceptable. 
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Figure 4.1. Comparison of test gear dynamic mesh force for a system having 
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Figure 4.2  Variation of iω  with β . 
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4.2 Summary and Conclusion 

 

In this study, a three dimensional and purely torsional model were developed to 

investigate the dynamic behavior of four-square gear test machines, specifically the 

interaction between the test and reaction gear pars.  The first model was based on three-

dimensional finite elements of the flexible shafts connecting the test and reaction 

gearboxes.  Three-dimensional stiffness models of helical gear pairs and rolling element 

bearings were used with the FE model of the shafts to find the free and forced vibration 

characteristics.  The second model represented a limiting case when only torsional 

motions were allowed.  The gear transmission errors and eccentricities were considered 

as the excitations for both models.  Eigen Value solution and Modal Summation 

Technique were used to compute natural modes and forced response, respectively.  

A number of gear dynamics and durability test machines were considered as the 

example cases.  The interactions between the test and reaction gearboxes were 

investigated for each test machine to determine their force and vibration isolation 

capabilities.  Results indicated that any added torsional flexibility or rigid inertia between 

the test and reaction gear sets helped improve the isolation of the test gear pair from the 

disturbances originated at the reaction gearbox.  The comparison of 3D and torsional 

models indicated that, while 3D model is more accurate, the torsional model adds value 

in deriving simple design equations.  Such equations can potentially be used for 

designing such machines with acceptable vibration isolation characteristics. With the help 

of these equations, a designer can select the required flexibility for the connecting shafts. 
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One of the important parameters in design of a four-square type machine having 

good isolation characteristics is the ratio of the shaft stiffness to the gear mesh stiffness, 

β .  To achieve a good isolation of the test gearbox from the reaction side,  β  should be 

less than 0.1.  In addition, adding flywheel inertias and elastic couplings between reaction 

and test gearboxes will improve isolation of test gearbox from reaction gearbox.  Hence, 

the test results will be more reliable.  Yet the designer must be careful in reducing shaft 

stiffness and adding flywheels can easily become a problem.  The three-dimensional 

model can be used in such cases to assess and prevent such problems.    
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