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OZET

Bu tezde oOncelikle lineer pozitif operatorler ile ilgili temel tanimlar, Korovkin teoreminin
ifadesi ve ispat1 verilmistir. Ayrica siireklilik modiiliiniin tanim1 ve 6zellikleri incelenmis olup
Weierstrass yaklagim teoremi ifade edilmistir. Daha sonra Szé4sz operatorleri, Baskakov
operatorleri ve Szasz operatorlerinin Euler tipli genellestirilmesinin momentleri ve merkezi
momentleri verilmistir. Ardindan Euler polinomlarini igceren Szész-Baskakov operatorleri
tanimlanip, bu operatorlerin yaklasim hiz1 siireklilik modiilii yardimiyla hesaplanmistir. Son
olarak, Euler polinomlarini i¢eren Szész-Baskakov operatérlerinin hata analizi sunulan tablolar
ile gosterilmistir.

Anahtar Kelimeler: Lineer Pozitif Operatorler, Korovkin Teoremi, Euler Polinomunu Igeren
Szasz-Baskakov Operatorleri, Siireklilik Modiilii, Voronovskaya Tip Teorem
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ABSTRACT

In this thesis, firstly the basic definitions related to linear positive operators, the definition and
proof of Korovkin theorem are given. Also the definition and properties of the modulus of
continuity are examined and Weierstrass approximation theorem is stated. Then moments and
central moments of Szasz operators, Baskakov operators and Euler type generalization of Szasz
operators are given. Then Szasz-Baskakov operators including Euler polynomials are defined
and the approximation rate of these operators is calculated with the help of modulus of
continuity. Finally, error analysis of Szasz-Baskakov operators including Euler polynomials is
shown with the presented tables.

Keywords: Linear Positive Operators, Korovkin Theorem, Szasz- Baskakov Operators
involving Euler Polynomials, Modulus of Continuity,Voronovskaya Type Theorem
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KISALTMALAR DiZiNi

Bu calismada kullanilmis kisaltmalar, agiklamalar ile birlikte asagida sunulmustur.

Kisaltmalar Aciklamalar

Cla,b] [a,b] araliginda tanimli ve siirekli fonksiyonlarin uzay1
11l ctas Cla,b] uzaymda |[1ll ) = maks [ ()] ile tanmbs norm
M, 71 fonksiyonuna bagli bir sabit

w(n,9d) 7n fonksiyonunun stireklilik modiili

[1]] A € R* sayisinin tam kismi

Sy(f,x) Széasz operatorleri

B*y(f,x) Baskakov operatorleri

P (x) Euler polinomu

Ey(f,x) Euler polinomlarini iceren Szasz-Baskakov operatorleri

Ey(f, x) Euler polinomlarini i¢eren Szasz operatorleri.

X



1. GIRIS

Matematikteki yaklasim teorisi, fonksiyonlarin daha basit fonksiyonlarla en etkili sekilde
tahmin edilebilecegini ve bu fonksiyonlarda meydana gelen niceliksel hatalari tanimlar.
Yaklasim teorisinin giinden giine 6neminin artmasi, sadece matematikte degil, temel bilimler
ve mihendislik gibi diger alanlarda c¢ok sayida bilimsel probleme odaklanmasindan
kaynaklanmaktadir. Calisilan fonksiyona alt uzayda en uygun yaklasim elemaninin var olup
olmadig1, yaklagim teorisinin 6nemli bir sorunudur. Bir parametrenin yaklasim sayisi olarak da
bilinen sifira yakinsamasi problemi, en iyi yaklasim elemaninin var olusuyla arastirilmaktadir.
Bu nedenle, yaklasim hizinin degerlendirilmesi ile ilgili bir sorun ortaya ¢ikar. Bu sorunun
¢Oziimii i¢in ¢esitli yaklagimlar kullanilmigtir. Karl Theodor Wilhelm Weierstrass (1815-1897)
cebirsel ve trigonometrik polinomlarin ortaya koymustur. Weierstrass 1n sonlu bir araliktaki
herhangi bir sabit islemin polinomlar tarafindan keyfi bir hassasiyetle tahmin edilebilecegini
belirten yaklasim teoremi, bu prosediiriin dnemli bir 6rnegidir ve analiz gelisimini etkilemistir.
Bernstein [Bernstein, 1912] Weierstrass teoremini dogrulamak i¢in Bernstein polinomlari
olarak bilinen yaklasim polinomlarini tanimlamustir. Szasz [Széasz, 1950] f € C[0,0),y €
N,x > 0 olmak iizere asagida verilen Sz4sz operatdrlerini tanimlamis yaklagim 6zelliklerini

incelemis ve analiz etmistir:

Sp(f;x) = e-lﬂxif (%) (lpj)c

Baskakov operatorleri 1957 yilinda Baskakov [Baskakov, 1957] tarafindan asagidaki gibi
verilmistir:

1 - Y+¢—1 x¢ Y

B0 =S (Y (6 ent e .o

c:

Y
1983 yilinda Prasad ve digerleri [Prasad ve ark., 1983] tarafindan Szasz-Mirakyan-

Baskakov operatorleri:

> ¢ oo -1 ¢
My = =1y e R [ (VT o
¢=0

seklinde tanimlanmaistir.



Bu tez yedi boliimden olugsmaktadir. Birinci boliimde giris kismi, ikinci bolimde ele
alman temel kavramlar baghig1 altinda lineer pozitif operatorlerin tanimi, yakinsakligi ve bazi
temel tamimlar, iiglincli boliimde Szasz operatorleri ve bazi sonuglar, dordiincii boliimde
Baskakov operatorleri ve bazi sonuglar, besinci boliimde Euler polinomuni igeren Szasz
operatdrii ve bazi sonuglar, altinci bolimde Euler polinomlarint igeren Szasz-Baskakov
operatorlerinin olusturulmasi, yaklasim Ozellikleri ve Voronovskaya tip teorem, yedinci

boliimde ise Euler polinomlarini i¢ceren Szasz-Baskakov operatdrlerinin hata tablosu verilmistir.



2. TEMEL KAVRAMLAR
2.1. Lineer Pozitif Operatorler

Bu boliimde lineer pozitif operatérler ve sunduklari temel 6zellikler

agiklanacaktir.
Tanim 2.1.

Operator, lineer normlu fonksiyon uzaylar iizerinde tanimlanan doniisiimleri ifade

eder.

Tanim 2.2.

H ve N fonksiyon uzaylari i¢in
F:H—->N

seklindeki F operatoriinii ele alalim. Eger n,r € H ve her 8,y € R i¢in
F(6n +yr) = 6F @) +yF(r)

kosulu saglantyor ise F operatdriine lineer operatdr denir.

Tanim 2.3.

7 bir fonksiyon ve F bir operator olmak iizere

r=>0iken F(r) =20

kosulundan F operatdriine pozitif operatdr denir.

Lemma 2.1.

Lineer pozitif operatorler monoton artandir. Boylece
r<n=Hr)<H(®)

esitsizligi saglanir.

Ispat

r < nolsun. n —r = 0 oldugu i¢in ve F operatdrii pozitif oldugundan
Fn—r)=0 (2.1)

dir. F operatoriiniin lineerlik 6zelliginden



Fn—r)=F@m) -F)
olup (2.1) den ispat sona erer.
Lemma 2.2
F bir lineer pozitif operator ise
FIMI < FdrD
ifade edilir.
ispat
Herhangi n fonksiyonu i¢in
—Inl<n <In (2.2)
gerceklenir.
Lemma 2.1 ve (2.2)’den
Fl=InD) =Fm) < FnD (2.3)
bulunur.
F lineer oldugundan
F(=Inl) = =FUnD
dir. Bu ifadenin (2.3)’ilin kullanilmasi ile
—F(nD) =F@m) < FnD)
olur. Bu nedenle ispat tamamlanmustir.
Tanim 2.4.

Bir [a, b] kapal1 aralig1 iizerinde tanimli ve siirekli tiim reel degerli fonksiyonlardan

olusan kiimeye C|a, b] fonksiyon uzay1 denir. C[a, b] uzayindaki norm

n € C[a, b] olmak iizere
Inllcia,p) = maks|n(x)|
asxsb

seklinde ifade edilir.



Tamim 2.5.

Y € N olmak lizere 1y,: D € R — R seklinde ifade edilen (7,,) dizisine fonksiyon
dizisi denir.

Tanmim 2.6.

Y € N oldugundan Fy: H - N, Fyy(m;x) = (T¢ (n)) (x) seklinde tamimlanan (1)
dizisine operator dizisi denir.

Tamm 2.7.

Her x € [a, b] igin

lim ||n¢ - 77||C[a'b] = lim maks|n¢,(x) - n(x)| =0

P—-oo P—-oo asx<h

kosulu saglaniyor ise (771,,) fonksiyonlar dizisi 1 fonksiyonuna C[a, b] normunda

diizgiin yakinsaktir denir ve
My (x) 3 (%)
ile gosterilir.
Tanim 2.8.
Uy,s(x) = Fy((t —2)%x),{s =0,1,2,...}
ile ifade edilen (¥, ) operator dizisinin s —yinci merkezi momenti denir

[Lorentz, 1953].
Teorem 2.1.
n € Cla, b] ve tiim reel eksende
@l < M, 2.5)
olur. Eger (Fy) lineer pozitif operatdr dizisi, her x € [a, b] i¢in
L Fyp(Lx)31
i. Fyt;x)3x

iii. Fy(t?x) 3 x?



kosullarmi sagliyor ise her n € C[a, b] i¢in [a, b] de Fyy,(1; x) 3 n(x) dir [Korovkin,
1953].

Ispat

Kabul edelim ki, 1 € Cl[a, b] olsun. Siirekli fonksiyonlarin tanimindan her pozitif &

sayisina karsilik dyle bir § bulabiliriz ki, |t — x| < & i¢in

In() =n()| <e

olur. (2.5) ve iicgen esitsizliginden

In(©) —n()| < In@®| + In(x)| < 2M,, (2.6)
yazilabilir.
Eger [t — x| > & ise |t6—2x| > 1 olacagindan
(t —x)?
> 1 2.7

olur. (2.5) ve (2.7)’ den

()~ o)l < 2m, 2

yazilabilir.

O halde |t — x| < 6 i¢in
In(®) —n(x)| <e

ve [t — x| > § i¢in

In()) —nCl = 2m,

olur.
Dolayisiyla x,t € [a, b] i¢in

(t —x)?

In(@®) =)l < e+ 2My —<— (2.8)

olur.

(1), (i1), (iii) sartlarin1 saglayan (Fy,) operatdr dizisinin

6



‘(l}i—r>noo||j:'lp(n) N n”C[a b]
esitligini sagladig1 gosterilirse ispat tamamlanmis olur.
Operatdriin lineerlik 6zelliginden ve tiggen esitsizliginden

|y (©); x) = ()| = |Fyp 0 (8); %) = n(x) + Fyy (x); %) — Foyy(n(x); )|
= |Fyp((©); x) = Fyp((x); %) + Fyp(n(x); x) — ()|
= |Fyp (@@ — n()); %) + 1) (Fy(L;x) — 1)

Ve

[Py ((0); x) = ()| < |Fy ((6) = n(x)); )| + InGOI|Fy (1) — 1]
yazilabilir.

Lemma 2.2’den

Py ((0); x) = ()| < Fy ((n(8) = n (1) x) + InGO)I|Fy (1) — 1

olup (2.5)’den

[Fp () %) = ()| < Fy(In(®) = @)l x) + My |Fy (120 — 1
yazabiliriz.

(Fy) monoton artan oldugundan (2.8)’den

|7, ((8); %) — ()| < Fy (g + 2—(t %) ;x> + M, |Fy(L:2) — 1] (2.9)

olur.

Bununla birlikte, (Fy) lineer oldugundan
T¢<e+2 1 (¢ — 22 ) (e x)+?'¢<2 1t —x)?; )

M 2
23-" (t? — 2xt + x%;x)

=eFy(1;x) + 2 5

M
= eFy(1;x) + 26—2{T¢(t2;x) —x? —x?

+2x2 — 2xFy (6 x) + x2F (1, 1)}



M
= eFy(L;x) + ZS—Q{Tw(tZ;x) — x? + 2x?
—2xFy(t; x) + x*Fyp(1;x) — x%}

MW 2 2
=eFy(1;x) + Zﬁ{(ﬂl)(t (X)) — X )

+2x (x = Fy (&) ) +x2(Fy (1,2) — 1))
yazilabilir. Bu ifade (2.9)’da kullanilirsa
|Fy ((£); %) = p(x)|
< eFy(1;x) + 2 %{(Tlp(tz; x) — x?)
+ 2x (x = Fy (620 ) +23(Fy (1) — 1)}
+ M| (Fy(1;x) — 1) (2.10)
elde edilir.

(1), (ii), (iii) kosullarinin (2.10)’da kullanilmasiyla

||T¢(n) — n|| = lim makS|T¢(YI; xX) — r](x)| =0
Y-

o \Lasx<b
bulunur. Boylece ispat tamamlanir.
Tamim 2.9.

n € Cla,b] ve V& > 0i¢in

w(®,8) = sup [n(t) —n(x)| (2.11)
x,t€[a,b]
|t—x|<8

ile ifade edilen w(n, &) ifadesine n fonksiyonunun siireklilik modiilii denir [Altomare
ve ark., 1994].
Siireklilik modiilii agagidaki 6zelliklere sahiptir:
i. w®d6) =0,
ii. &, <8isew(®n, ;) <w(n,b,),
iii.  u € Ni¢in w(n, ud) = uw(®, ),
iv. A€eRTiginw®n, 18) <1+ Dw(n,d),

8



V. }Si_rg w(n,6) =0,
vii ot —x]) = In©) —n)l,
vi. (0 =10l < (1+50) 0, 6).

Ispat

i.  Streklilik modiilii, tanimi1 geregince bir mutlak degerin supremumu
oldugundan ispat agiktir.

ii. &6,<8, i¢in |t—x| <6, aralik |t— x| < 6; bolgesinden daha biiyiikk
oldugudur. Kiime genisledik¢e supremum biiyiiyeceginden ispat sonlanir.

1ii. Sureklilik modilinin tanimindan

w(m,ud) = sup [n() —nkx)|
x,t€la,b]
|t—x|sudé

yazilir.
Burada

t—x|<u6=>x—ud <t<x+ud
olup t = x + ph se¢imiyle |h| < § ve

w(m,ud) = sup In(x+uh) n(x)|

x,t€la,b]
|h|<6

yazilir.

Diger yandan

u—-1
sup InCx+ uh) =n()l = _sup Z NG+ @+ D) = nGx + 0]
xt€[a,b] x,t€la,b]
h|<8 lnjss 1670

olup sag taraftaki esitlige liggen esitsizligi uygulanirsa

u—1
sup e+ ph) =nGOI < ) sup InCe+ @+ DR =+ ¢l
x,t€[a,b] x,t€[a,b]
|h|<6 $=0"\n|<s

<w®md)+-+whnod)

elde edilir. Buradan



w(®,pd) < pw(n,s)
olur.
iv. 1 € R sayisinin tam kismini [|1]] ile ifade edilirse
(Al =2 <[] +1

esitsizliklerinin yazilabilecegi agiktir. O halde bu esitsizlikleri ve w(n,d)’nin azalmayan

fonksiyon olmasini kullanarak
w(®,48) < w(n, ([1A]] + 1)6)

esitsizligi yazilir. [|A|] pozitif bir tam say1 oldugundan ustteki esitsizligin sag tarafina (iii)

ozelligi uygulanir. Bu durumda
w(@, ([1A1] + D) < ([1A] + Dew(n, 8)
esitsizligi elde edilir.
Ayrica her 1 € R* igin
[(A]]+1<21+1
oldugundan
w(@, ([14] + D) < 1+ Dw(®,6)
esitsizligi elde edilir.
Sonug olarak
w(®,18) < (A + Dw(n,§) yazilir. Ispat tamamlanr.

v. |t—x| <6 esitsizligindeki 6’nin sifira yaklasmasi t - x olmasi anlamina
gelmektedir. 7 fonksiyonu siirekli oldugundan siireklilik tanimina gore t — x
icin |n(t) — n(x)| — 0 oldugundan ispat agiktir.

vi. w(n,?d) ifadesinde § = [t — x| seg¢ilirse

w(m, |t —x|) = sup [n(t) —n(x)l
x€[a,b]

olur. O halde |n(t) — n(x)| lerin supremumu w(n, |t — x|) olacagindan ispat asikardir.

vil.  (vi) 6zelliginden

10



|t — x|
In(®) —n()| < w (U,TCY)

yazilir. Bu esitsizlikte (iv) 6zelligi kullanilirsa

[t — x|

In() —n()| S( + 1> w(®, )

bulunur ve ispat tamamlanmis olur.
Tanim 2.10. (Seri i¢in Cauchy-Schwarz Esitsizligi)

Cauchy-Schwarz esitsizligi seri igin

[00] (0] % co
D leids] < (Zw) (2|di|2>
i=0 i=0 i=0

seklinde tanimlanur.

h
2

Tanmim 2.11. (integral icin Cauchy-Schwarz Esitsizligi)

Cauchy-Schwarz Esitsizligi integral i¢in

[1eatd = ([@r) " () ”

seklinde tanimlanir.
Tanim 2.12.

Gama fonksiyonu
I'(x) =.f t*le~tdt
0

olarak tanimhidir. T'(x) = (x — 1)! (x > 0,T(0) = 1) 6zelligine sahiptir.
Tamm 2.13.

Re(x) > 0 ve Re(y) > 0 i¢in Beta fonksiyonu

1
B(x,y) = j t*"1(1 - )Y tde
0

seklinde tanimlanmaktadir. Beta fonksiyonu

11



N _TOr@) _ (c—D!'@-1)!

(2.12)

ozelligine sahiptir.
Tanim 2.14.

f € Cp[0,0) ve § = 0 olsun. f fonksiyonunun siireklilik modiilii

w(f,8) = L Sup )If(t) — f()l

|x—t|<8
dir. Diizgiin sabit iglemler kiimesi Cp[0, ) ile gosterilir.
Tanim 2.15.

f € CJa, b) fonksiyonunun ikinci siireklilik modiilii asagidaki gibi tanimlanir:

wz(f,8) = sup |If(+2t) = 2f(.+t) + f()|

0<t<1

ve burada ||f]| = max |f (x)| seklindedir.

Tanim 2.16.

C?[0, a] iginde (Gy)y=0, Gy (1; x) = 1 dzelliklerine sahip bir lineer pozitif operatérler

dizisi olsun. O halde

1
Gy (g; %) — g()| < g’ Gy (£ — %)% x) + 5 lg"'1Gy ((t — %)% x)
seklinde ifade edilir [Gavrea ve Rasa, 1993].

Tanim 2.17.

Steklov fonksiyonu f;,

1 (5 1 (3
f(®) :E,f ; f(u)duzzflf(t+s)ds
t=3 2

biciminde tanimlanir. Buradan f kapali ve smirli [a,b] araligi {izerinde

integrallenebilir bir fonksiyondur.

Bu fonksiyonun hemen hemen her noktadaki tiirevi su sekilde verilir:
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o=+ -s(-)

ifade edilir.

Eger f tiirevi reel eksen iizerinde diizgiin siirekli ise, agsagidaki esitlikler elde edilir

[Fink, 1982]:

su (0~ Ol <o (G.f)

te(—o0,00

sup_If3©1 <300,

te(—oc0,00
Tamm 2.18.
f € Cla, b] iginde, A € (0, b%a) olsun. f fonksiyonu i¢in f; onun ikinci dereceden
Steklov fonksiyonu olsun. Asagidaki verilen esitlikler

i A=l S 2wy(f2)
i 7l < 55 wa(f, 4)
elde edilir.
Teorem 2.2. (Weierstrass Yaklasim Teoremi)
f(x) € Cla, b] olsun. Ve > 0 igin

If Q) —n(ll <e

kosulunu saglayan bir n(x) polinomu vardir [Weierstrass, 1885].
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3. SZASZ OPERATORLERI

Szasz operatorleri [0, o) araliginda asagidaki sekilde tanimlanmistir [Szész, 1950]:

Sp(fi0) = e g f (£) L

Lemma 3.1.
Szé4sz operatorleri lineer ve pozitiftir.
ispat

Her ,n € Rve f,r € C[0,A4] igin

C S
Sp((p +nr) (%) = eV Y (Uf +nr) (%) (wj)
¢=0

o)

ey (z;f (%) p (@) (lpj)c

§=0

e Sy () e o 5) 2

¢=0

= 1Sy (f;x) + nSy (r; x)
oldugundan S, operatorleri lineerdir.. Ayrica ¢ = 0,1,2,...,p €N ve x € [0,A] ig¢in

e~ Wx (V’c_’f)g > 0 oldugundan f = 0 ise Sy, (f;x) = 0 dir. Yani (Sy,) operatdrler dizisidir.

Lemma 3.2.
(Sy) lineer pozitif operatorler dizisi, her x € [0, A] igin
i Sy(Lx)=1
ii.  Sy(tx)=x

X
i, Sy(t%5x) =x*+ "

seklinde ifade edilir.
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ispat
i.  1Ilk olarak

o (Px)S

Sy(L;x) = e™¥* i

§=0

yani

Jim l5, 15 - 1]

olur.

ii.  Ikinci olarak

Sy(t;x) = e V%
v Sy

= e_ll)x ilpcxc
— Y !
¢=1

= lpg_lxc_lx

— ,—Yx
=e
(¢—1)!

¢=1

elde edilir.

Yani

Jim I5,620 — 2], = 0

c[0,4]
olur.

iii. Son olarak

Sp(t?x) = e ¥*

= e ¥¥e¥x =1

o 5 (x)S

o 2 ()
VN
¢=0

(3.1)

(3.2)



X2
= e_lrbx g‘_l/)gxg

2 |
— e
_1 —
= e_llix ilp—c x* 1x
=11/) (¢—1)!
_1 1 €=1,6-1y
—1)!

_ -wx(zc— 1957 x | N A A
-1t &y (-1

IO o et LA A P N O A
(Z (¢—1)! +§=1¢ R

B l/)c ng‘ 2 2 1lpg—1xg‘—1x
— o~ Px — A Rz
e (Z G- 2 Zc D)

SyS Sy S
= e Z‘” Tty wcf )
c=0

_ ebr(x? Z (x;/?)c Z G,
¢=0

X
= x2e ¥xemx | _ o~Pxp¥Px

=x? 4= (3.3)
Y

elde edilir.

Buradan,

x
x? 4+ —— x?
Y

IA

< >

0= Jim ISy (520 = 2%y, = gmax

esitsizligi bulunur.
Yani
: 2.5 2 —
lll}l_l;rc}o”Sw(t 'x) x ||C[O,A] =0
olur.[Geng, 2021].
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Teorem 3.1.

Széasz operatorleri A € R* olmak iizere [0, A] kapali araliginda siirekli ve tiim pozitif yari

eksende sinirli olan f fonksiyonuna bu aralikta diizgiin yakinsar.
Yani f € C[0, 4] ise

Jim (18, (52 = f GOl g, = ©

esitligi saglanir.

ispat

Eger
i, lll}iirgoHSw(l;x) — 1||C[0,A] =0
ii. lll}ilrgo”Sw(t; 00— x”C[O,A] =0

v . 2. 2 r
iii. yl,lggo”S‘/’ (t%x) —x ||C[0’A] 0
oldugu gosterilirse Korovkin teoreminin sartlarindan

5im 1S, (F50) = £l g = O

c[o,A

bulunur Teorem 3.1. kanitlanmis olur.
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Lemma 3.3.

(Sy) operatorler dizisinin birinci ve ikinci merkezi momenti

i Sy(t—xx)=0

i Sy(t-0%0) =7

seklindedir [Lorentz, 1953].
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4. BASKAKOV OPERATORLERI

f € C[0,0) ve herp > 0 tam sayis1 i¢in Baskakov operatorleri

B, (f; %) =ﬁ;(¢+;—l>(xi_gmf(%)

bi¢iminde tanimlanmistir [Baskakov, 1957].
Lemma 4.1.
(By) lineer pozitif operatdrler dizisi, her x € [0, ) igin
i. By(Lx)=1
ii. Bytx)=x
i By (% %) = x2 + %
seklinde ifade edilir.
Ispat
i. Ik olarak
1 +¢—1\ «x¢
0= (U e

elde edilir.

ii.  Ikinci olarak

N T o1 A N LY
B‘/’(t'x)_(x+1)¢;< v )(x+1)clli

1 @D xS ¢
G4 @-D DY

I 1 oo(1,[)+g—1)! xSt
S+ D+ DY LYl =D (et D

I 1 oo(t/)+g)! x¢
_(x+1)(x+1)‘l’czo PYlgl (x+1)$

21



X 1 - Y+¢ x¢
_(x+1)(x+1)¢;( ¢ )(x+1)c

_ X 1 1
“GrDGar Pt

=X

)v+1

olur.

iii.  Son olarak,

2

‘2N 1 c Yy+¢—1 x*¢ s
By (t2) = (x + 1)‘”;( ¢ )(x + 1)S 2

_ 1 ic(c—l)(wﬂ—l)! x§

S DY L P G- Di G
1 1 oOc(l,li+g—1)! xS
TG DI LY G- DI G 1

X 11 N @D a1
TG G L oD G v

2 1 1 w~@+e+D! xS x

TGHEDTPAFOIL i GEDS Y

X Yp+1 1 S W +c+ D! xS x
TGHD? P A0l L DI Gr DS P

oo

X Pp+1 1 Y+e+1\ x¢ X
S (x+ D2 Y (1+x)¢c=0( S )(x+1)§+a

X P+ X
T+ Y (x+1)¢(1+x)¢ 2+$
_ .2 x(1+x)

- Y

elde edilir.

Korovkin teoremi kullanilarak operatorlerinin sonlu aralikta kendisini olusturan f

fonksiyonuna diizgiin yakinsak oldugu goriiliir. Yani

22



lim By (fix) = ()
yakinsamasi diizglindiir [Deniz, 2021].

Lemma 4.2.

(By,) operatdrler dizisinin birinci ve ikinci merkezi momenti

1. Bf},(t —x;x)=0

x(x+1)

ii.  By((t—x)%x) = ”

seklindedir [Baskakov, 1957].
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5. EULER POLINOMLARINI iCEREN SZASZ OPERATORLERININ
YAKLASIM OZELLIKLERI

Bu boliimde Y € N, x > 0, f € C[0, o) i¢in Euler polinomlarini i¢ceren Szasz
operatorleri ve bu operatorlerin bazi yakinsama 6zellikleri ifade edilmistir.
&¢ Euler polinomlarinin tireteg fonksiyonu

- 5 1+et
ch(x)a: > ext

¢=0

olarak verilmistir. Euler polinomlarini igeren Szasz operatorleri [Agyuz, 2021]

tarafindan

pitri = (2m) D 59 (5)

¢=0

seklinde ifade edilmistir.
Lemma 5.1.

€[0,0) ve e, =t"n=0,1,2,3,4 igin E:/; operatorleri i¢in asagidaki esitlikler
saglanir:

i Eylepx) =1

.. * . — e

ii.  Eyle;x) =x+ Y(1+e)’

B (enex) = x2 4 (3N E 4 (22 L
1il. Ew(ez. x) =x*+ ( 1te ) n + (1+e) P2

Lemma 5.2.

(Ey) operatdr dizisinin birinci ve ikinci merkezi momenti

i Ey(t—xx) =

_ S5e+1 2e
T vern T pern

seklinde ifade edilir [Agyuz, 2021].
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6. EULER POLINOMLARINI iCEREN SZASZ-BASKAKOV
OPERATORLERININ YAKLASIM OZELLIKLERI

Bu kisimda ¢ € N, x > 0, f € C[0, o) igin Euler polinomlarini igeren Szasz-
Baskakov operatorlerinin yaklasim 6zellikleri elde edilmistir.
6.1. Operatorlerin Olusturulmasi

f(1) # 0 seqilerek f(t) = X ZoAc(x)t¢ (Ap # 0) analitik bir fonksiyon olsun. Bir

A (x) Appell polinomunun lireteg fonksiyonu asagidaki sekildedir:
FlD)e* = Z A0S, (6.1)
c=0

Asagidaki iiretici fonksiyonlar sirasiyla klasik Bernoulli polinomlari B.(x) ve
Genocchi polinomlart G.(x) [Cheon, 2003] ve [Horadam, 1990], Fubini polinomlari
F.(x), [Kilar ve Simsek, 2017] bunlarmn iyi bilinen genellemeleri asagidaki gibi

tanimlanmugtir:
Be() g = (pe™ (el <2m) (62)
¢=0
< ts 2t
G5 =Gpe (tl<m (6.3)
§=0 g
- ts 2
ZFC(X)F=m€ (lk] <log2) (6.4)
¢=0 '

Burada Lin Jiu, Victor H. Moll ve Christophone Vignat’in [Jiu ve ark., 2014] 6zel

polinomlar ve bunlara bagl 6zel sayilar ailesi asagidaki gibi tanimlanmastir:

Euler polinomlar1 P, (x)

c ts  2e*t
z RO = Tyae (6.5)
¢=0
iirete¢ fonksiyonu ile ifade edilmistir.

Euler polinomlari, Appell polinomlarinin 6zel 6rneklerinden biridir.
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Bu bilgiler 1s1ginda, Euler polinomlarint igeren Szasz-Baskakov operatorleri

asagidaki gibi olusturulmustur:

W-1D(+1) Pg(;/:x) fo‘” (l/) +¢— 1) ts

Ey(f;x) = e
w(f32) 2e¥x ¢ J(A+p)¥rs

f(t)dt. (6.6)

¢=0
Buraday € N,x > 0 ve f € ([0, o0) alinmustr.

6.2. Euler Polinomlarim ficeren Szisz-Baskakov Operatorlerinin Yaklasim

Ozellikleri

Bu boliimde Ey, operatorlerinin yaklagim 6zellikleri verilecektir.
Lemma 6.1.
Asagidaki esitlikler gerceklenir:

1.

i P(x) 2 v 4 —2e*+1 67
oc ¢! “e+1° (e +1)2 (6.7)
c:

ii.

i ZPC(X) _4ex+1 4ex+2 Zex 4ex+1
¢ = + + - x
. ¢! (e+1)?2 (e+1)2 \e+1 (e+1)?
C:
+ < 2e” ) 2 6.8
e+1 x (6:8)

1il.

O LP(x)  —10e¥  24e¥t2 1273
zg _
¢

£, St (et} e+D’

N 2e* 18e*+1 N 12e*+2 +( 6e* > "
et1 (+12 e+D3) " \ern2)”*

* (ezi) * (69
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1v.

i LB —30e%tT 128eXt2 1440%+3  48e¥+4
¢ _
.

=R Tt et1? (E+DF (et D

2e% 72Xt N 120e**t%2  48¢**3
e+l (e+1)?2 (e+1)3 (e+1)* x
14e* — 34e**1  24e**? 5 4eX*t1 4 12e* 5
+ x _—|x
(e +1)2 (e+1)3 (e +1)2

+(Z5) (6.10)

Ispat

i.  (6.5) denklemi ile verilen

- tS  2e*t
ch(x)a T 1tet
=0

Euler polinomunun iirete¢ fonksiyonunun t ye gore tiirevi alindiginda

o o1 2 d —Dpt(x+1)
Z ch(x) i _— (6.11)
§=0

= xe " +
et +1 (et +1)2

olur. Buradan t = 1 kabul edilir ise,

i R® _ 2, —2ett
d ¢! —e+1xe (e + 1)
¢=0
ifadesi elde edilir.
ii.  (6.11) esitliginin t ye gore tiirevi alindiginda
(00} tc—z
D56~ DRG —
¢=0
4eZt+tx zet+txx Zetxx2 Zet+tx(1 +X)
SO+ (te2 T 1+ef A ted)?

(6.12)

olur. (6.12) de t = 1 kabul edilirse,
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¢ , P (x) —4e**1 4ext? 2e* 4e¥*1 2e*\
Z ¢ = + + - x+ ( )x
. ¢! (e+1)? (e+1)3 \e+1 (e+1)? e+1
c:

ifadesi elde edilir.
iii.  (6.12) esitliginin t ye gore tiirevi alindiginda

ts3

z cc—D(s— Z)Pg(x)7
¢=0

1263t+tx 4ezt+txx Zet+txx2 Zetxx3
T Tt T Arey dteE 1te
4e2t (1 + x)  2etx(1+x)  2e(1+x)?2
d + ety 1+ eb)? 1 + eb)?
42X (2 4+ x)
e (6.13)

olur. (6.13) esitlginde t = 1 kabul edilir ise,

O P (x)  —10eXt 24e%2 2%+
580

& ! _(e+1)2+(e+1)3_(e+1)4

N 2e*  18e**1 N 12e*+2 +< 6e* > "
et1 (e+1D2 (+13) " \ern2)*

+<2e"> 3
e+1 x

ifadesi elde edilir.
iv.  (6.13) esitliginin t ye gore tiirevi alindiginda

ts—4

Z §(s =D =6 = DR~
¢=0

1ze3t+tx 482t+txx Zet+txx2 ZetxxS
ST e Tdte) (et 1t
42t (1 + x)  2ePx(1+x) 2eT*(1 + x)?
SETDE L+ e0)? L+ e0)?
42X (2 4+ x)
T (6.14)
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olur. (6.14) te t = 1 kabul edilirse,

i JP(0) =306ttt 128e*t? 144e*P 48+
c _
3

& ! _(e+1)2+(e+1)3_(e+1)4+(e+1)5

N 2% 72e*t1 N 120e**2  48e**3
e+l (e+1)? (e+1)3 (e+1)* X

14e* — 34e*+1 N 24e%+2 5 4e**1 4 12e* 5
(e +1)2 (e+1)3 (e +1)2 x

+(2ex) 4
e+1 x

ifadesi elde edilir. Ispat tamamlanir.

Lemma 6.2.
x €[0,0)ve e, =t"n=0,1,2,3,4 igin Ey, operatdrleri i¢in

i Ey(epx)=1

ii.  Ey(enx) = (—2+1p1)(e+1) (—Z(fngiﬁn
i Elp (e5;%) = 2—e—e? x(4p+6ep+2e2) X2 (P2 +2ep?+e?1hp?)
(—2+P)(=3+P)(e+1)2  (=2+YP)(—-3+Y)(e+1)? ~ (—-2+Y)(-3+¥)(e+1)?
6—10e—14e’—4e3 x(18Y+33eP+18e?yP+3e3y)

iv. E ;X)) =
V. Ey(esin) = e carnerie T Carna e er)?

x2 (9% +24ep?+21e2Pp? +6e31h?) x3(P3+3Pp3+3e2Pp3+e3y3)
(—2+P)(=3+P) (—4+¥P)(e+1)3 (—2+P)(=3+P) (—4+¥P)(e+1)3

24-89e—157¢%-83e3-15¢e*
(=2+P) (=3+P) (—4+P)(-5+)(e+1)*
x(961+188e+108e?p+12e3Pp—4e*yh)

(=2+P)(=3+P)(—4+Y)(-5+)(e+1)*
x2(72?+234e1p?+282e%1h% +150e3P? +30e41)?)
(=2+) (=3+P) (—4+P)(-5+P) (e+1)*
x3(16Y3+60ey3+84e21Pp3+52e3P3+12e4Y3)
(=2+) (=3+P) (—4+P)(-5+P) (e+1)*

x*(Wr+aept+eePt+aedypt+ety?)
(=2+) (=3+P) (—4+P)(-5+P) (e+1)*

v. Ey(esx)=

(6.15)

esitlikleri saglanir.
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ispat

Oncelikle momentleri hesaplamak igin kullanilacak esitlikler elde edilsin. Ilk olarak
Esitlik (6.5) te x yerine Yx yazilir ve t = 1 alinirsa,

o

P.(yx) 2
D= () e (616)
=
elde edilir.

i.  (6.6) operatorlerinde f(t) = ey = 1 alindiginda;

W=D+ CREX (“mp+g—1)
Ew(eo, X) = Delx y C' .I; ( ¢ )mdt (617)
g:
olur. Operatorlerin i¢indeki integrali ele alirsak, (2.12) kullanilarak,
—————dt =B Ly—-1
_Te+Dr@ =1
F(s+¥)
'@ —2)!
(c+y-1!
bulunur.
Esitlik (6.16) ve Esitlik (6.18) kullanildiginda,
—1)(e + De¥* < P.(yx +¢—1
Byleg ) = LD R RO (T S N g1y -
¢=0

[0e]

_@W-D(e+ l)e"”"ng(wx) W +¢—1D! ¢! (Y —2)!
h 2 ¢l g (=1+P)!(c+yY—1)!

¢=0

o)

_(w—l)(e+1)e-¢xZP¢(wx) W +¢—1)! sty —2)!
B 2 ¢! g (=1+P)(=2+P)(c+yp—1)!

¢=0

_@-De+De 1 in(wxch—l)! ¢t — 2)!
2 (—1+1l))c=0 ¢ gdE=2+Pc+y-1!

co

(e + De P R@x)
2 Z N 1

Ey(eg;x) =
¢=0
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bulunur.

ii.  (6.6) operatorlerinde f(t) = e; = t alindiginda

(o) = B D T DR TPy e

dt
2e¥x ¢! c (14 t)¥+s

v=0

olur. Operatorlerin  i¢indeki integrali ele alirsak, (2.12) kullanilarak,
o9} tv+1
————dt =B(¢+ 2,y -2

_ T+ 2T —2)

I'c+)
_(c+ D! -3)!
L (6.19)
bulunur.
Esitlik (6.7), Esitlik (6.16) ve Esitlik (6.19) kullanildiginda,
= D(e+De PO BEYx) (Y +s—1
Ey(er; ) = . 20 C! ( : )BG+2.9-2)
=
_ W~ 1)(e+1)e-¢XEPg(¢x) @ +¢—1)! (s + D! @ —3)!
2 st g CEIEPEZEPYE3IFYE (Y - 1!
@ —D(e+ e 1 o P (hx)
- 2 <—1+¢)<—z+¢); T

B (e + De ¥* 1 — P.(yx)
- 2 (—2+¢); RO

_(e+ 1)e ¥ - P.(¥x)
S 2(=2+Y) =

e+ De VO RWx) <o RWx)
~ 22+ ) <c_0 T T ZO >

c+1)

1 x(tey)
(=2+)(e+1) (—=2+yY)(e+1)

Ew(e1ix) =

bulunur.
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iii.  (6.6) operatorlerinde f(t) = e, = t? alindiginda

W -D(e+ DT PRWx) (P p+e—1\ 5+
Ey(eyx) = ( ) dt
2ewx . ¢t Jy ¢ (1 + t)v+s
¢=
olur. Operatorlerin i¢indeki integrali ele alirsak (2.12) kullanilarak,
oo tg‘+2
————dt = B 3,—3
_ T +3)r@ -3
F(s+v)
+2)!(p—4)!
G+ -4 620)
(¢c+y—1)!

bulunur.

Esitlik (6.7), Esitlik (6.8), Esitlik (6.16), Esitlik (6.20) kullanildiginda

_ —Px & r
W—-1(e+ e ZPc(t/)x) (1,[} +Z 1>B(C+3,¢—3)

Ezp(ez;x) = > ol

¢=0
@ -D(e+ 1)e-¢§ P.(x) Y + ¢ — D! (g +2)! (i — 4)!
B 2 ¢l d(=1+y)! (¢c+y—1)!

¢=0

W -D(e+De™¥*

2
Xipg@px) @ +v -1 (s +2)(s + g — 4!
L IR DA RAT Dl G gD
@ - 1)(e+ e 1 g(w %)
= 2 CT+ D2+ P+ L C+DE+1)
_(e+1)e ¥ 1 C(l,lJ x)
T2 2 pErnL C+D6+D)
—Px
(e+ 1)e P(t/))( +3g+1)

LG REDICERIDYA

(et De ¥ O LR O R@Wx) o R
"2(—2-+¢0(—34—¢)<;;C ol 4'3§ZC ol '*25 ol

§=0 §=0
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2—e—e? x(4 + 6ey + 2e2y)

By e ) = (BT Pt D2 T 2t P (31 P)(e + 12
x2(P? + 2ep? + e2P?)
2+P)(=3+YP)(e+1)?
bulunur.

iv.  (6.6) operatorlerinde f(t) = e; = t3 alindiginda

(g ) = B0+ DR Ty s+

dt
2e¥x . ¢! c (1 + t)¥*s
g:

olur. Operatorlerin i¢indeki integrali ele alirsak (2.12) kullanilarak,

00 t(;+3
mdt = B(C + 4-,1,[) — 4-)
0
_ TG+ 9re -4
I'c+v)
(¢+3)!' (i —5)!
RG] (621)
bulunur.

Esitlik (6.7), Esitlik (6.8), Esitlik (6.9), Esitlik (6.10), Esitlik (6.16), Esitlik (6.21)

kullanilarak,
-1 e %% P -1
Ey(es;x) = W )(e2+ e Z C(;l!}x) <¢+g )B(c+4,l/1—4)
¢=0
L @-D(e+De ™ O REx) (P +¢— DI(s+3)! (Y - 5)!
By (s x) = 2 Z =1+ G+ — 1)

§=0
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W=D+ De™*
B 2

xipg(wx) W +¢— D!
Lot g1+ PE2 3+ P4+ PI(5 + )

(c +3)(c+2)(c+ Dg! (@ — 5)!

(c+y—1)!
_@-De+De™¥ 1
B 2 1+ P2+ P)(-3+P)(—4+¥)
P.(1hx)
x; I CERICERICEE)
_(e+1)e™ ¥ 1 g(l,b x)
ST 2zl g I
+1)
(e+1)e ¥ P(dJ )

(¢3+6¢2+11¢+6)

T 22+ P3P Y) L
~ (e + 1)e ¥~ o LRWx) O, R
—2(_2+¢)(_3+¢)(_4+¢)<;C ¢l +6§ZOC ¢l

. 12 copx) ZP (¢x)>

6 — 10e — 14e? — 4¢3
2+ P)(E3+P)(—4+yP)(e+1)°

o _X(18) + 33ey +18e% + 3¢7y)
C2+P)(E3+P)(—4+P)(e+1)3

N x2(9Y? + 24ey? + 21eyP? + 6e31Y?)
F2+P)(E3+P)(—4+P)(e+1)3

N x3(P3 + 3Y3 + 3e%yY3 + e3yY3)
2+ P)(E3+P)(—4+P)(e+ 1)3

Ew(esix) =

bulunur.
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V.

(6.6) operatorlerinde f(t) = e, = t* alindiginda

(o) = B0+ DR Ty s+

dt
2eWx 4 ! ¢ (14 t)¥+s
g:

olur. Operatorlerin i¢indeki integrali ele alirsak (2.12) kullanilarak,

o ¢c+4
J;) mdt :B(§'+5,lp—5)

_T+5r®@-5)
T+ Y)
6+ D! —6)!
Gty -1

(6.22)

bulunur.

Esitlik (6.7), Esitlik (6.8), Esitlik (6.9), Esitlik (6.16), Esitlik (6.22) kullamilarak,

[0e]

—1 De V¥ P —1
Ew(e4;x)=(¢ )(ez+ Je z c(;l!m)(l/)+g )B(c+5,v,lz—5)
=0
oldugundan
W=D+ De P O BEx) (P +¢— DI+ D! (Y - 6)!
Eyleaix) = 2 Z o (=149 Gty -1

¢=0
W=D+ De¥*

2
Xin(wx) W +¢—1)!
¢l (I CTHPE2+H 3+ P4+ P)(5 +P)(6 + )
DG+ +2)(+ D! @ —6)!
(c+y— 1)
W=D+ 1)e ¥ 1
- 2 (—1+ ) (=2 + ) (=3 + ) (=4 + P)(=5 + )

o P
x> B e i+ B+ D+ )

§=0
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_(e+De¥* 1
Bl 2 (—2+P)(=3+P)(—4+P)(-5+ )

o

P,
Y B e i+ D+ D+

¢=0
_ (e + 1)e™¥* c P.(Yx) ., . )
TP DCE DS L o ¢ TS
+50¢ + 24)
(e + De ¥~

T 22+ P)(B+ P4+ P (-5 + )

o, P(px) o L P(x) o P(x)
x(Z&—c! +10;g3—§! +35;g2—§!

S

24 — 89¢ — 157e% — 83e3 — 15¢*
(2+P)(=3+P)(—4+P)(-5+P)(e+ 1*
N x(96y + 188eyy + 108e?y + 12e3y — 4e*y)
2+ P)(=3+P)(—4+P)(=5+P)(e+ 1*
x2(72? + 234e? + 282e?P? + 150e3y? + 30e*y?)
2+ PY)(=3+P)(—4+P)I(=5+P)(e + 1*
x3(16y3 + 60eyp® + 84e%y3 + 52e3Y3 + 12e*y3)
(2+P)(=3+P)(—4+P)(=5+P)(e+ 1)*
N x*(P* + dep* + 6e%Y* + 4e3yY* + ety?)
2+ P)(=3+P)(—4+P)(=5+P)(e + 1)*

+50 Z qu(;/!)x) + 242 Pg(;l;x)
¢=0 ¢=0

Ey(esx) =

bulunur. Boylece ispat tamamlanir.
Lemma 6.3.
x € [0, ) olmak iizere Ey, operatorleri igin

1

i Ey(t—xx)= ESTaTy,

(1+2x(1+e)),
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1
(1+e)?(—2+y)(-3+y)

de + 2e%Y) + x2(6 + 12e + 6e% + ¢ + 2eyp + e2y)),

i, Ey((t—x)%x) =

(2-e—e?+x(6+6e+2yP+

1
(1+e)*(=2+Y) (=3+P) (—4+Y) (=5+1)

83e3 — 15e* + x(120 + 72y — 80e + 72y — 480e? + 204pe? —

360e3 + 841e3 — 80e* + 12ype*) + x2(240 + 360e — 120e? — 360e3 —
120e* + 2521 + 858ey) + 1074e?y + 582e3y + 114e*y + 1292 +
48e? + 72e*P? + 48e3Y? + 12e*YP?) + x3(240 + 720e + 720e? +
240e3 + 292y + 11163e + 1596e%y + 1012e3y + 240e*y + 1292 +
48e? + 72e*YP? + 48e3Y? + 12e*YP?) + x*(120 + 480e + 720e? +
480e3 + 120e* + 86y + 3441e + 516ep + 344e3y + 86e*yY + 3% +
12ey? + 18e2y? + 12e3y? + 3e*y?))

iii.  Ey((t—x)%x) =

(24 — 89e — 157e? —

esitlikleri saglanir.
Ispat
Ey, operatorlerinin lineerlik 6zelligi ve Lemma 6.2. kullanilarak
i.  Birinci merkezi moment
Ey(t — x;x) = Ey(e1;x) — xEy(eg; x)
1 N x(Y + ey)

T2+ + D (2+Pe+) T
! (1+2x(1+e))

“Ate)(-2+v)
elde edilir.

ii.  Ikinci merkezi moment

Ey((t — %)% x) = Ey(ey;x) — 2xEy(e1; ) + x*Ey(eg; x)
2—e—e? x(4y + 6ey + 2e%yY)
T 2P (Bt D2 (2 + ) (3 + P)e + 1)?
x2(P? + 2ey? + e?yY?)
T2 (3 e + 12
—2x ! (W + ) >+x2
(=2+yP)(e+1) (-2+yYP)e+1)
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1
“ArorCzr R IR LT
+ x(6 + 6e + 2y + 4ey) + 2e?Y) + x2(6 + 12e + 6e2 +
+ 2ey + e?y))

elde edilir.

iii.  Son olarak, dordiincii merkezi moment

Ey((t —x)*%x)
= Ey(e4;x) — 4xEy(e3; x) + 6x2Ey(eg; x) — 4x>Ey(eq; x)
+ x*Ey (eg; x)

3 24 — 89e — 157e? — 83e3 — 15¢*
(2P (B P4+ P) (=5 + ) (e + 1)*
x(963 + 188ey + 108e% + 12e3 — de'h)
(2+PY)(-3+P)(—4+P)(-5+yP)(e + D*
x2(72¢? + 234e? + 282e2y? + 150e3y? + 30e*y?)
2+ PY)(-3+P)(—4+P)(-5+P)(e + D*
x3(16y3 + 60e® + 84e?yY3 + 52e3yY3 + 12e*yY3)
2+ P)(=3+P)(—4+P)(-5+yP)(e + 1)*
N x*(Y* + dep* + 62yt + 4e3y* + ety?)
2+ P)(=3+P)(—4+P)(-5+yP)(e + D*
4 6 —10e — 14e? — 4¢3
T2 DB P (e + D

L _x(18p +33ep + 18e2y + 3e3y)
(2+P)(-3+YP)(—4+P)(e+1)3
N x2(9Y? + 24ey? + 21eyP? + 6e31y?)
(—2+P)=3+P)(—4+YP)(e+1)3
x3(P3 + 3Y3 + 3e%yY3 + e3yY3) )

S R |G IR )E

62 2—e—e?
o ((—2+¢)<—3+¢)(e+ Nk
x(4Y + 6ey + 2e%y)
(=2+yP)(-3+yP)(e+ 1)?
N x2(YP? + 2ey? + e?h?) )
(=2+yP)(-3+y)(e+ 1)?

1 x(Y + ey) .
— 4x° ((—2 +yP)(e+1) + (-2+y)(e+ 1)) tx
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Ey((t —x)* x)
1
TAF Oz DB IR AT (5
— 157e? — 83e3 — 15e*
+ x(120 + 72y — 80e + 721 — 480e? + 204pe? — 360e3
+ 84e3 — 80e* + 12e?)
+ x2(240 + 360e — 120e? — 360e3 — 120e* + 252y
+ 858e) + 1074e?y + 582e3y + 114e*yy + 12¢? + 48ey)?
+ 72e*P? + 48e3Y? + 12eM?)
+ x3(240 + 720e + 720e? + 240e3 + 292y + 11163pe
+1596€%1 + 101263 + 240e*y) + 1212 + 48ey)?
+ 72e?%? + 48e3y? + 12e*?)
+ x*(120 + 480e + 720e? + 480e3 + 120e* + 86y
+ 344pe + 516e2y + 344e3y + 86e*Y + 3Y? + 12e)?
+ 18e%y? + 12e3y? + 3e*y?))

elde edilir. Boylece ispat tamamlanur.

Teorem 6.1.

f € [0,0) N E iizerinde taniml1 bir fonksiyondur.

Burada
f(x)
E={f:1+xz'x_)oo
seklindedir.

Bu durumda [0,00) araligimin  kompakt alt kiimelerinde Ey operatorleri

f fonksiyonuna diizgiin yakinsar.
Ispat

Jim Ey(thx) =x',i=0,1,2

oldugu goriiliir.
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Bu sayede [0, ) araliginin kompakt alt kiimelerinde diizgiin yakinsaklik saglandigi
gosterilir. Boylece ispat Korovkin teoremi [Altomare ve Campiti, 1994] yardim ile

tamamlanur.
6.3. Euler Polinomlarim iceren Szasz-Baskakov Operatérlerinin Yaklasim Hizi

Bu kisimda olusturulan operatorlerin yaklasim hiz1 siireklilik modiilii

kullanilarak hesaplanacaktir.

Teorem 6.2.

f €[0,) N E olmak iizere Ey, operatdrleri i¢in

|Ey(f; %) = f()| < 20(f,Am(x))

esitsizligi saglanir. Burada,
Ay () = Ey((t — )% %)
r 1
(1+e)?(=2+yP)(=3+)
+ x(6 + 6e + 21 + 4ep + 2e?Y) + x%(6 + 12e + 6e% +
+ 2ey + e?y))

(2—e—e?

olarak verilmistir.

4



ispat

Tanim 2.9. (vii) 6zelliginden

EMGERIIO]
_@-Dee+ 1)e-¢xi P, ()

2 ¢!
¢=0
“rp+e—1 t¢
x fo ("7 ) @ - Feld
(i — Dle + e~ T R (px)
= 2 ; ¢!

|Ey(f; ) = £ ()]

@ — 1)(e + De™¥* T P, (1)
= 2 Z ¢!

¢=0

“p+¢—1 ts
x fo( N P T ORHOILO

W — 1)(e + e~V P(1hx)
= 2 Z ¢!
¢=0
1/J+g—1 t¢ |t — x|
; (1+t)w+c< ; +1>a)(f,8)dt

< (IIJ - 1)(6 +e” "”‘Z P, (1hx)
c!

¢=0
— 1 S

elde edilir. Verilen integral lizerinde Cauchy-Schwarz esitsizligi uygulanirsa
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|Ey(f; %) = f(x)]
<

(1/) — 1 (e + e ¥ 1 A1)
2 52

1
X<.f0 (z/)+cg—1)(1+t—tc)¢+gdt>z
1

*p+¢—1 ts 5 \2
><<.f0( c )(1+t)¢+¢|t_x| dt) Yo(f,6)

elde edilir. Verilen toplam tizerinde Cauchy-Schwarz esitsizligi uygulanirsa

|Eyp(f; %) = f(0)] < (1+l

(1.0—1)(€+1)e wxq P(I,DX) 1/)+g—1 ts z
( 2 52 0 ( ¢ )(1+t)‘/’+¢dt>

1
*p+¢—1 ts 5 \2
X(f()( ’ )W“—ﬂ dt) Jw(f,6)

1 1 1
= (1 + 5 By oo D2 (¢ — )% 22 0(£,8)

(1 +1 (Aw(x)f) w(f,8)

bulunur. O halde,

1
Eofin) - FG| = (145 (B (@ = 0% ) 0(f,8)

elde edilir.

Burada, § = \/Ew((t — x)?; x) segildiginde

A=y (x) = Ey((t — %)% x)
1
DI L N
+ x(6 + 6e + 21 + 4eyp + 2e?Y) + x%(6 + 12e + 6e% + P
+ 2ey + e?y))
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istenilen sonuca ulasilir.
Teorem 6.3.

f € CJ0, a] araliginda,

2 3
[Ep(f;x) = f(0)] < SIAIA% + 2 (a+ 2+ 2%)w(f, 1)

ve

1= 2500 = By (e~ 00%)

f, ikinci dereceden Steklov fonksiyonu olmak iizere Ey(eq; x) = 1 esitliginden,
|Ey(f; %) = f(x)]
< |Ey(f;%) — F(x) + Ey(fi; x) — Ey(fi ) + fo(x) — ()|
< |Ey (f; ) — Ey (fa; )| + By (fa; %) = fu(x)]
+1fa(x) = f(0)
< |Ep(f = fus 0| + |Ep(fis ) = L] + 1/2(x) = ()]
< 20fa = fll + |Eyp(fi; ) = ()]

kullanilarak

1
|Ey(f;2) = F < Il JEw((t =0%2) + 2|7 [|Ey (£ = )% %)
ifade edilir.
6.4. Voronovskaya-Tip Teorem

Bu béliimde Voronovskaya-tip teorem kullanilarak asimptotik yaklasim sonuclar1 elde

edilmistir.
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Lemma 6.4.

E, operatorleri igin

lll}l_r)rgo 1/)E¢((t —x);x) = 2x + ﬁ (6.23)
dl}l_r)rolo YE,((t —x)%x) = x(2 + x) (6.24)
lll}l_r)rgo P2E, ((t —x)*x) = 3x*(2 + x)? (6.25)

sonuglar1 saglanir.
Teorem 6.4.

f.f,f" € C[0,0) ve x € [0,) i¢in

tim (B, (f;x) — f(x)) = (2x + L) £ + 222 +0f"(0) (6.26)
P T LW 1+e 2 '

ifadesi gerceklenir.
Ispat
f fonksiyonunun x civarinda Taylor agilimi
1
f@O =)+ E=0f )+ =05 f" (D) +E-0)%gEx).  (627)
Burada ltim g(t, x) = 0 seklindedir.
-X

Esitlik (6.27) nin iki tarafina Ey, operatorlerini uygulayarak sunlar elde edilir:

By (i) = £ + By (€~ ) 00 + L2 By e — %0
+ Ey ((t — x)2g(t, x); x).
¥ — oo i¢in limit alindiginda
Jim y (B (i) ~ f @)
= f'() lim, YEy((t —x);x) + fuz(x) Jim o Ey (¢~ x)%; %)
+ lim £y ((t = 0)°g(t,2);) (6.28)
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bulunur.

1/l:im PYE, ((t — x)?g(t, x); x) terimi i¢in Cauchy-Schwarz esitsizligi uygulanir ise

WE, ((t — )29 (t,x); ) < JEw(gZ(t, %); %) szZEw((t — %)
elde edilir.

Verilen g(t,x) = 0 ve t = x seklindedir,

JMim Ey (9%t x);x) =0 (6.29)

[0, 0)'in kompakt bir alt kiimesinde dogrulanir. Bu sekilde (6.28) ifadesinde (6.23),
(6.24) ve (6.29) yerine yazildiginda

1 rn
lim (Ey(Fi0) — f@) = f() (2x + o e) +L z(x) (x(2 + )

elde edilir. Ispat tamamlanr.
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7. HATA ANALIZi

Bu boliimde cesitli f fonksiyonlart i¢in Euler tipi Szasz -Baskakov operatorlerinin

siireklilik modiilii kullanilarak hata analizlerinden bahsedilmistir.

Ornek 7.1.

flx) = % ve x € [0,10] araliginda olsun. Euler tipi Szasz-Baskakov operatorleri

Ey(f; x) gbz oniine alindiginda elde edilen hatalar siireklilik modiilii kullanilarak elde edilmis

olup, sonuglar Tablo 7.1°de verilmistir.

P By(fin -2 XD
10 0.00137957
102 0.000837097
103 0.000318015
10* 0.000106599
10° 0.0000343428
106 0.0000109314

Tablo 7.1: f(x) = % fonksiyonu i¢in Ey (f; x) operatorlerinin hata analizi.
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Ornek 7.2.

f(x) :ez;x ve x € [0,10] araliginda olsun. Euler polinomunu igeren Szasz-Baskakov

operatorleri Ey, (f; x) goz oniine alindi§inda elde edilen hatalar siireklilik modiilii kullanilarak

elde edilmis olup, sonuglar Tablo 7.2’de sunulmustur.

Y ‘Elp(f;x)—eTx
10 0.996634
102 0.683997
103 0.29402
10* 0.103807
10° 0.0340496
10° 0.0108947

Tablo 7.2: f(x) = ? fonksiyonu icin Ey(f; x) operatorlerinin hata analizi.
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Ornek 7.3.

X
f(x) = G) ve x € [0,10] araliginda olsun. Euler polinomlarini igeren Szasz-Baskakov

operatorleri Ey, (f; x) gz oniine alindiginda elde edilen hatalar siireklilik modiilii kullanilarak

elde edilmis olup, sonuglar Tablo 7.3°de listelenmistir.

x
v ’Elp(f; X) = G)
10 1.99925
102 1.59500
10° 0.765725
10* 0.281916
10° 0.0937802
10° 0.0301428

X
Tablo 7.3: f(x) = G) fonksiyonu i¢in Ey (f; x) operatorlerinin hata analizi.
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8. SONUC

Bu tez, Szasz operatorlerinin ¢esitli modifikasyonlarini inceleyerek yaklasim teorisi
alaninda yapilan calismalara bir &rnek teskil etmektedir. Oncelikle, Euler polinomlar
yardimiyla olusturulan Szasz operatdrleri verilmistir. Sonrasinda, Euler polinomlarini igeren
Szasz-Baskakov operatorleri olusturulmustur. Yeni operatdrlerin  yaklasim 6zellikleri
arastiritlmig, yaklasim hiz1 siireklilik modiilii ve Voronovskaya-tip teoremi kullanilarak
incelenmistir. Bu operatorlerin yaklagiminin daha iyi anlasilmasi i¢in se¢ilmis fonksiyonlara
olan yaklasimlar tablolar halinde sunulmustur. Tezde elde edilen sonuglar, yaklasim teorisi

tizerine ¢alismak isteyen arastirmacilar i¢in bir kaynak niteligindedir.

53






EXTENDED ABSTRACT

Approximation Properties of Szasz-Baskakov Operators Including Euler Polynomials

Approximation theory in mathematics describes the most efficient approximation of
functions by using simpler functions and the quantitative errors that occur in these functions.
Approximation theory is becoming increasingly important as a result of its focus on a large
number of scientific problems, not only in mathematics but also in other fields such as basic
sciences and engineering. In approximation theory, an important problem is whether there exists
an optimal approximator for the function under study. The best approximator studies the
problem of convergence of a parameter to zero. Therefore, there is a problem to evaluate the
speed of approximation. A number of different methods have been used to solve this problem.
This thesis is an example of the study of approximation theory. First, basic concepts are
introduced. A linear positive operator is defined. The central moment of the operator sequence
is stated. Korovkin's theorem is defined and its proof is obtained. The continuity module is
defined. Properties of the continuity module are given. The given properties are proved in order.
The Cauchy-Schwarz inequality is expressed for the sum. Cauchy-Schwarz inequality is
expressed for the integral. Gamma function definition, Beta function definition are given. The
second modulus of continuity is defined. Steklov function is defined. Weierstrass
approximation theorem is given. Then, the operators that will help by continuing the studies are
examined. Detailed investigations were made. As a result of the findings obtained as a result of
the researches, some definitions and proofs were made. Szész operator is one of the auxiliary
operators. Szasz operator and some convergence properties of these operators are expressed.
The operator is defined. It is stated that the Szasz operator is linear and positive and supported
by proofs. Korovkin's theorem is used for the Sz4sz operator and it is proved with the help of
Korovkin's theorem. The central moments of the Szasz operator are given. Thus, the necessary
investigation of the Szasz operator is completed. Another auxiliary operator was investigated.
As aresult of the necessary research, the Baskakov operator was analyzed since it is helpful for
the thesis. The Baskakov operator and some convergence properties of these operators are
stated. The definition of Baskakov operator is given. Korovkin's theorem is used for Baskakov
operator and it is proved with the help of Korovkin's theorem. The central moments of the
Baskakov operator are given. Thus, the necessary investigation of Baskakov operator is
completed. Another auxiliary operator was investigated. Step by step investigations were made
for the thesis study. Meticulousness was taken as a basis in the investigations. The next auxiliary
operator is an indication that the findings of the Széasz operator involving Euler polynomials
will help the thesis after detailed research. In order to obtain the results of the Sz4sz operator
involving Euler polynomials, previous studies on this subject were examined in detail. The
Szasz operator involving Euler polynomials and some convergence properties of these
operators are expressed. The generator function of the Euler polynomial is defined. Korovkin's
theorem is used for the Szasz operator involving Euler polynomials and it is proved with the
help of Korovkin's theorem. The central moments of the Sz4sz operator involving Euler
polynomials are given. Thus, the necessary investigation of the Szasz operator involving Euler
polynomials is completed. The studies and findings for auxiliary operators are useful and the
subject of the thesis is continued. The Szasz-Baskakov operator involving Euler polynomials
was obtained as a thesis study. Necessary investigations have been made for this study. The aim
of this study is to serve as an example for the studies in the field of approximation theory.
Various modifications of Szdsz operators are investigated. First, some definitions and results
will be given for the construction of the operator. The generating function of an analytic
function Appell polynomial is defined. For generating Bernoulli polynomials, Genocchi
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polynomials and Fubini polynomials and their well-known generalizations are defined. The
generating function of Euler polynomials, which is of great help in this work, is expressed. A
detailed literature review has been done for this study. Many references have been analyzed.
Euler polynomials are one of the exceptional examples of Appell polynomials. In the light of
this information, Szasz-Baskakov operators involving Euler polynomials are constructed. Then
the approximation properties of Szasz-Baskakov operators involving Euler polynomials are
given. The necessary operations for the approximation properties of Szasz-Baskakov operators
involving Euler polynomials are expressed. The definitions that should be used for Széasz-
Baskakov operators involving Euler polynomials are established. Using the definition of the
generator function of Euler polynomials given earlier, some results will be obtained. These
results will be helpful in the newly established Szasz-Baskakov operators involving Euler
polynomials. Derivatives of the generator function are taken using the definition of the
generator function of Euler polynomials. The derivatives continue until the fourth derivative.
After taking the fourth derivative, the proof of these derivatives is started. First, the generating
function of Euler polynomials is given and the derivative of the given generating function with
respect to t is taken. The derivative is replaced by one and the proof is continued from where
we left off. As a result, the first derivative is obtained. It is time to prove the second derivative.
The first derivative of the generating function of Euler polynomials was used. Then the
derivative of this first derivative was taken with respect to t. And thus the second derivative is
obtained. In this second derivative, one was substituted and the proof was continued from where
it was left. Thus, the necessary steps for the third derivative are provided. Then the derivative
of this second derivative was taken according to t. And thus the third derivative was obtained.
In this third derivative, one was substituted and the proof was continued from where it was left.
Thus, the necessary steps for the fourth derivative are provided. Then the derivative of this third
derivative was taken according to t. The fourth derivative was obtained by performing similar
operations to the other steps. As a result of the operations performed, the proof is complete. A
new definition is given. The aim of the definition is to obtain the moments of the Szasz-
Baskakov operator involving Euler polynomials given .After making the necessary choices in
the generator function of the given Euler polynomial, the proof is continued. First of all, the
integral in the Szasz-Baskakov operator containing the Euler polynomials for the first moment
1s taken and substituted into the operator with the help of the previously defined Beta-Gamma
function. The first moment is obtained by providing the necessary operations. In order to
continue the proof, the second moment will be obtained. Similar operations are performed for
the second moment and the second moment is obtained. Similar operations are performed for
the third moment and the fourth moment. This concludes the definition and proof of the given
moment. A new definition was needed to continue the thesis work. This definition is the
expression of central moments together with their proofs. First, the first, second and fourth
central moment results are given. Considering these results, the proof is started. In the proof,
the moments previously defined for the first central moment were used by taking advantage of
the linearity of the operator. The same process was continued for the second central moment.
And finally, the fourth central moment is obtained by using the moment definition given for the
fourth central moment. This concludes the proof. Then the definition of Korovkin's theorem is
given. Then definitions are given for the approximation speed of Szasz-Baskakov operators
involving Euler polynomials using modulus of continuity. The second central moment is used
in this definition. The necessary operations were performed using modulus of continuity
property given in the basic concepts. Then, if the Cauchy-Schwarz inequality is applied to both
the integral and the sum, the desired result is obtained. The definition of the quadratic Steklov
function is expressed by making the necessary placements. Another definition is to obtain
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asymptotic approximation results using Voronovskaya-type theorem. The limit is obtained
using the central moments. Then the theorem is given and for its proof, the central moments are
substituted in the Taylor expansion. And the desired result is obtained. Finally, the error analysis
of Euler type Szasz-Baskakov operators using modulus of continuity is mentioned. And
different error tables were obtained in the error analysis. This concludes the thesis. The results
obtained in the thesis are a resource for researchers who want to work on approximation theory.
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