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SUMMARY

In this thesis we develop a theory for Kolmogorov-type inequalities of the form
o) oo 1/2 oo 1/2

S [Manwn, < K< 3 |xn12wn) (Z Iszn|2wn> i=—10,
n=j n=-—1 n=1

and apply both analytical and numerical methods for obtaining the value of the

best constant in these inequalities.

The existence of the above inequalities is shown to be determined by the be-
haviour of the null set of the least eigenvalue of a real, symmetric matrix of
4 % 4 size whose elements are functions of the Hellinger-Nevanlinna m—function.
The criterion for a valid inequality is given in terms of the behaviour of the
Hellinger-Nevanlinna m—function associated with the second-order real, formally

symmetric, linear difference expression M of limit-point type.
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Chapter 1

INTRODUCTION

§1.1 Historical background for the problem

The investigation of inequalities involving derivatives have a long history. Here

we give a brief account of those that are directly or indirectly relevant to us.

Landau (1913) and Hadamard (1914) established the inequality

LF1% < 4l A1 (1.1)

in the L>°[0, ) setting, and showed that 4 is the best possible constant. The
analogue of (1.1) in L%[0,00) and L?(—o0,00) norms were given by Hardy and

Littlewood (1932). Kolmogorov (1939) extended (1.1) to the inequalities of the

form
TRl A T e Tl (1.2)
where ||f|| = sup |f(z)| and the best possible constants
—oo< <00
m=n (— 1)P(J+1)
Knm = I{n—mI{n ", P YEEEY AR
m=f 2 (O 1

are given explicitly.



Everitt (1971/1972) extended (1.1) to a general class of inequalities in L2 (a, ),

which involve the second order formally symmetric differential expression

Nf= [~ (f) +af], (13)

namely

b 2 b b
( / (plf’|2+q|f|2)dw) <k [ 1iwds [ NfPuis (14

which are generally called the HELP inequalities after Hardy, Everitt, Littlewood

and Polya.

p, ¢ and w in (1.4) are real-valued functions on [a,b) (—o0 < a < b < 00) and

assumed to satisfy minimal smoothness conditions in order for the equation
Nf=Xf, XeC (1.5)

to be regular at a and also to satisfy the so-called strong limit-point (SLP)
condition at the singular end point b. The inequality (1.4) is required to hold on a
domain that makes the right hand side defined and finite. Everitt proved that the
existence of the inequality and the value of the best constant depend explicitly on
the behavior of the Titchmarsh-Weyl m—function for the equation (1.5). Details
of the m—function can be found in survey papers by Bennewitz&Everitt [7],

Evans&Everitt [25] and the references contained therein.

Evans&Zettl (1978) gave an alternative proof of Everitt’s result by using the

theory of linear operators in Hilbert space.

Phéng [54] gave a necessary and sufficient condition for the validity of the Kol-

mogorov type inequality

n—m

INTFI| < Coyml] £l

IN"f||*, n > m, n and m are integers (1.6)
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in which ||.|| is the L2, norm over the interval [0,00) and N f is given by (1.3).

Beynon [8], in his Ph.D. thesis, works on the inequality (1.6) in the special case

when n is even and m =n/2, i.e.
INEFI* < Kal FIIN"FYl n=2,4,6,... (1.7)

on the maximal domain that makes the right hand side of (1.7) finite in the
L2 (a,b) setting. He gives a criterion for a valid inequality in (1.7) in terms of the
Titchmarsh-Weyl m—function, which is suitable for computational techniques,
unlike Phéng’s theoretical results. By using the von Neumann formula, i.e. the
orthogonal decomposition of the maximal operator related to the differential
expression N f, he reduces the criterion to the positive definiteness of a certain
real and symmetric 2n x 2n matrix which involves the m()\) function and the
spectral parameter X in (1.5) with A € C\R. He also gives a numerical method
for computing the value of the best constant of the inequality, and applies it to
certain different cases of the coefficients p, ¢ and w for n = 2,4,6. The case
n=2

INFI* < KNAIINZ £, (1.8)
with the L2 [0, 00) norm is the subject of Beynon, Brown, Evans [9].

It is the discrete analogue of (1.8) that is going to be our main concern in this

thesis.

The discrete analogue of the inequality (1.1) in £2(0,00) was proved by Cop-

son (1979): if {z,} is a sequence of real numbers such that ) > 2

and
5% (A%z,)? are convergent, where Az, = Tni1 — &, and Az, = A(Az,),

3



then >.°° (Az,)? is convergent and the inequality

(Siar) <a3a S ey (1)

n=0

holds with the constant 4 being best possible.
Brown&Evans (1992) extended Copson’s inequality to the discrete HELP in-

equalities:

e} 2 oo oo
(Z (pnIAwn|2 + Qn|$n|2) + p—1|A$—1|2) <K Z l$n|2wn Z IMwnlzwn
n=0

n=0 n=-—1
(1.10)
where
L[—A(pn-1Azn_1) + gna], >0
Mz, = { " A (1.11)
where {pn}%, {4.}§° and {w,}> are real valued with
pn £ 0, and w, >0 Vn=-1,0,1,.... (1.12)
The inequality is required to hold on the domain
D:={z={2,}% 2 € 22 and Z |Mzn|*w, < 00} (1.13)

n=0
and £2 is the Hilbert space of complex valued sequences z = {z,}%; such that
3 i |zna|?wn < oo. The criterion they obtain for the validity of (1.10) has a
similar form to that of Everitt for (1.4), with the Titchmarsh-Weyl m—function

now replaced by the Hellinger-Nevanlinna m—function for the difference equation

Mz, =MXx,, n>0, AeC (1.14)

introduced simultaneously by Hellinger (1922) and Nevanlinna (1922).

4



Brown, Evans, Littlejohn [15] examine the inequality (1.10) when (1.14) is the

recurrence relation for the classical orthogonal polynomials.

Since the Hellinger-Nevanlinna m—function will play an important role in our
problem, we give a brief account of the construction and the properties of it
in §1.3 below. For a full discussion Akhiezer [1,Chapter 1] and Atkinson 3,

Chapter 5] may be consulted.
§1.2 Objectives and the method

Our main concern in this thesis is the investigation of an inequality of Kolmogorov

type associated with the second order formally symmetric difference expression

M defined in (1.11), namely

> Mo |Pw, < K(
n=0

where M2z, = M(Mz,). The inequality is required to hold on the maximal

00 1/2 , oo 1/2
> |xn|2wn> (z |M2:1:n|2wn> (1.15)

n=-—1 n=1

domain that makes the right hand side of (1.15) finite. The difference expressions
M and M? are required to satisfy the so-called limit-point (LP) conditions, which
are that the equation (1.14) must have precisely one (up to constant multiples)

22 solution for A € C\R and the equation
M?z, = Xz,, n>1, M eC (1.16)

must have precisely two linearly independent £2, solutions for A\ € C\R. We will
also require M? to satisfy the so-called partial separation (PS) condition: if the
right-hand side of (1.15) converges then the left-hand side converges. We give a
full description and discussion of these terms in Chapter 3.

5



The inequality (1.15) is the discrete case analogue of the problem that was con-
sidered by Beynon, Brown, Evans [9]. But, the operator theoretical proof that
they give is no longer valid in our case. As we shall see, the main reason for
this is because the minimal operator related to the expression M does not have a
dense domain in £2,, and hence a unique adjoint can not be defined for it. For this
reason, we will make use of the theory of symmetric relations and their adjoints
on £2, developed by Bennewitz [5-6] and Pleijel [55-56]. This is one of the main
ingredients that Brown&Evans [12] used in their investigation of the inequality

(1.10).

We will also examine the inequality
oo o 1/2 , oo 1/2
Y Mz [fw, < K( > Ixnlzwn> (Z |M2mn|2wn> (1.17)
n=-—1 n=-—1 n=1
under the same conditions as those for the inequality (1.15), and give examples

for specific cases of the coefficients p, ¢ and w for both inequalities (1.15) and

(1.17).

In Chapter 2, we examine some relationships between the so-called Dirichlet
(D), conditional Dirichlet (CD), weak Dirichlet (WD), strong limit-point (SLP)
and limit-point (LP) properties of the difference expression M with complex
coefficients. In studying inequalities involving the expression M, such as HELP
and Kolmogorov-type inequalities, these properties and the relationships between
them are crucial. The work we present in Chapter 2 is the direct analogue of

work by Race [58] for differential expressions.

As we pointed out earlier, for our inequalities to be valid, M? is required to

6



satisfy the so-called partial separation (PS) condition. In Chapter 3, we give nec-
essary and sufficient conditions for the expression M? to be partially separated.
This is the discrete case of important results by Kauffmann, Read, Zettl [43,

Theorem 2.6, p.60].

In our main result (Theorem 4.2.5; but see also Theorem 4.3.2) a criterion is
established for the validity of (1.15), i.e. the inequality holds for some finite con-
stant K, the precise value of the best constant is determined, and the sequences
which give equality, if they exist, are given. This criterion is given in terms of the
Hellinger-Nevanlinna m—function of M, and even in the relatively easy exam-
ples we consider (cf. Chapter 5), the analysis is formidable. We have therefore
followed the lead of Beynon in (8], and used computational methods. Whenever
possible we have used asymptotic analysis to confirm the main features of the

result.
§1.3 Hellinger-Nevanlinna circles

In this section we are going to give a summary of the derivation and properties of
the m—function related to the equation (1.14). We shall assume throughout that,
for all relevant values of n, (1.12) is satisfied. We refer to Akhiezer [1, Chapter 1]

and Atkinson [3, Chapter 5] for further information.

Let {6,(2\)}% and {¢n(A)}> be the two solutions of (1.14), satisfying

0-1(2) =1, $1(2) =0,
(1.18)
fo(A) =0, p_140() = 1.

7



Define the Mobius transformations

_ Pk—105(A) + 20k —1(X)
Ph—19k(A) + z¢p—1(N)’

fr(A, 2) = zeC, e Cy (1.19)

where C4(C_) is the open upper (lower) half plane of C. Then, the image of R

under these transformations are circles C(k + 1, ) with radius

1
T+l = 77101
[$¢]k+1] 1 (1.20)

— , (A >0
2S(N)| Th_g [n(N)Pwn *)>

and centres

apsy = —L08lens
" [¢]k+1

where [04]x = pr—1(0(N)dr—1(X) — O—1(N)dx(N)), k£ = 0,1,2,.... Also, the

(1.21)

image of C_ is the disc D(k + 1,)) within the circles C(k 4+ 1,)). The circles
C(k +1,)) are the Hellinger-Nevanlinna circles, and are nested as k — oo, since
the disc D(k+2, ) is inside the disc D(k+1, ). So, they converge either to a limit
point m. () or a limit circle C4 (oo, \) (similarly for m_()) and C—(co, A) when
X € C_, the disk D(k+1,\) now being the image of C; under the transformation
(1.19)). These two cases are known accordingly as M being in the limit — point

(LP) and limit — circle (LC) cases respectively. We also have the following:

(i) my (m_) is analytic in C4 (C_);
(i) my:Cp - C4,m_: Co - C
(i) mi(N) =m-(X); (A € Cy);
(iv) if 6()), ¢()\) are the solutions of (1.14) satisfying the conditions (1.18)
then
Ti()) =000 +ma(V)d(A) € £2, (X € Cy). (1.22)

8



We shall use the notation m(A\) = m4 () (A € C4) and m(A) = m_(A) (A € C)

throughout.

Two consequences of (iv) together with (1.20) are: in the limit-point (LP) case,
d(A) = {$n(N)} & € for X ¢ R and ¥()) = {¥,(A)}2 is the unique, up to
constant multiples, £2, solution of (1.14) for A ¢ R. In the limit-circle (LC) case
all solutions of (1.14) are in £%. In fact, the following theorem by Atkinson [3,

Theorem 5.6.1, p.131] shows that this classification is independent of the choice

of \.

1.3.1 Theorem (Atkinson)
If all solutions of (1.14) are in ¢2, for some A = Ap € C\R then all solutions of

(1.14) are in £2 for all A € C.
An equivalent characterisation for M to be LP is:
MisLP «— n}i—llnoopm(xm—'-lym - ym+1w_m_) = 0, Vw,y € D(M)

where

D(M):={ze€l’: Z |MznPwn < oo}

n=0

and this was given by Hinton&Lewis [39, p.425], Atkinson [3]. We give a detailed

proof of this statement in Chapter 3.

For some LP-LC criteria for M, Hinton&Lewis [39, p.435], Atkinson [3) may be

consulted. Here we quote one without proof:

1.3.2 Theorem (Hinton&Lewis [39, Theorem 10, p.435))

The expression M is LP if (1.12) holds and

f: (wnwnp )
0 |pnl

9



1.3.3 Definition If the difference equation (1.16) has precisely two linearly
independent £2, solutions for $(A?) # 0, then the expression M? is said to be LP.
If M? is not LP, then there exists either 3 or 4 linearly independent £2, solutions
of (1.16) for $(A?) # 0. For convenience, in case of 4 linearly independent 2

solutions of (1.16) we will say that M? is in the LC case.

For $(\?) # 0 it is known that (1.16) has at least 2 linearly independent solu-
tions in £2 (see, for example, Billigheimer [10, p.70}). Also the classification of
Definition 1.3.3 is independent of A\? for §(A?) # 0, i.e. if (1.16) has k linearly
independent solutions in £2, for A2 = )2 ¢ R, then the same is true for all A ¢ R.

Furthermore, in the LC case all solutions of (1.16) are in £2 for all A2 € C.

In Chapter 3, we will also prove the following: M? is LP if and only if,

lim pm ($m+1Mym—Mym+1m—|-M$m+1ym—ym+1M$m) =0Vz,y € .D(M2)

m—00

where

DM*):={zel: Z |M? 2 |*wn < 00}

n=1

§1.4 Some basic results from the theory of difference equations

In this section we give some useful preliminaries for difference equations, most of
which can be found in Benammar [4]. We start with the existence and uniqueness

theorem.

1.4.1 Theorem Let f = {f,}° be a complex valued sequence. Then given

any complex numbers tg,t;, there exists a unique solution z = {z,}°% of

Mz, =Xt + fu, n>0, AeC (1.23)

10



satisfying z_1 = to, zo = 1.

Proof: For n = 0 we have

1
Mzy = w_o [ — A(p—1Az_1)+ QOSCO]

1
= o[ = pow1 + (P +po + 20)70 — poszy]

= Azo + fo

and, given z_y, o and fy, we can find
1
zy = p_ [(P—l + po + go)To — P_1Z—1 — AZowo — fo’wo]-
0

For n = 1, we have

1
Mz, = ;‘U:[—le + (po +p1 + q1)z1 —Powo]

= Az1 + fi

and z, can be evaluated. Continuing this way recursively, we find that the
solution of (1.23) is uniquely determined by the initial values z_1,zo. Note that,
if z_y = z¢ = 0 then the unique solution of Mz, = 0, (n > 0), is the null

sequence.
1.4.2 Lemma (The summation by parts formula)

For arbitrary sequences ¢ = {z,}7 and y = {y»}7 (a < b, a,b € Ng), we have

that

m

Z TnAYn = Trm41Ym+1 — ThYk — z yn+1A-'En- (124)

n=k n=k

The simple proof of this lemma is to be found in Chapter 2, Lemma 2.1.1.

1.4.3 Lemma Let ¢ = {¢n}2%, 1 = {¥n}>} be solutions of

Mz, = Azy, (n € Ng, A € C).

11



Then
[¢7¢]n L= pn—1(¢nA¢n—1 - 'anA(bn—l)

= Pn—1(¢n—1¢n - ¢n¢n—1),

is constant for all n € Ny. This constant is non-zero if and only if ¢ and ) are

linearly independent.

For the proof of this lemma we refer to Benammar [4, p.14], but we give another
version of this lemma in Chapter 3, Lemma 3.2.5. The proof of the following

lemma, can also be found in the same reference.
1.4.4 Lemma (The variation of parameters formula)

Let ¢ = {¢n}> and ¢ = {¥,}> be linearly independent solutions of Mz, =
Az, (n € Ng, A € C) and suppose that [¢,], = 1 for all n. Then & = {®,}%

defined by

n

(I)n = ( - ¢m¢n + ¢m¢n)wmf‘m; (TL S N0)7
m=0 (125)

satisfies
M®, =20, + fn, neNyAeCl,
(1.26a — b)
d_; =35 =0.

Any solution of (1.26)(a) is of the form
¥ =30+ A¢ + By, (1.27)

for some constants A, B € C.

We now give the Green’s formulas for the expressions M and M?, which will be

of crucial importance in the sequel.

12



Let M be defined by (1.11). Then, by using the summation by parts formula,

for k € Ny, m > k, we have

2 ﬁMynwn = Z GnYnTn — z A(pn—lAyn—l)ﬁ
n=k n=k n=k
=3 @nYnTn + ome i (PnAYR) AT, — P AYmTmr1 + Pr—1AYk—1Tk  (1.28)

and similarly

m m

z yannwn = z dnTnlYn + Z(pnA—mn)Ayn
n=k

n=k n=k

(1.29)
— P AT Ymt1 + Pk—1ATk_1Yk.

Subtracting (1.29) from (1.28) we obtain

m

Z (ﬁMyn - yann Wn = pm(Axmym+1 - Aymxm+1)

n=k

— pe—1(Azk_1yx — AYr—1Tk)

and, letting m — oo now yields

oo

Z (-ﬁMyn - ynMxn wyp, = lim pm($m+1ym - ym+1m)
nek mTee (1.30)

— pk—1(TkYk—1 — YkTh—1)

The formula (1.30) is called the Green’s formula related with the expression M.

Now, let M2z, := M(Mz,), more precisely
'1—'[_ A(pn—lAan—-l) + QnMxn]) n>1

Wn

M2z, = L[-Ap-1AMz_1) + goMzo], n=0 (1.31)

wo

_i—jAMx_l, n=—1.

Following (1.30), for k € Ny and m > k, we have

oo

E (Eszn - Myancn)wn = n}i_r)noopm(wm+1Mym - Mym+1m)

n=k

— pk—1(TeMyr—1 — MyxTr—-1)

13



and

oo
(MwnMyn - yanwn)wn = n}_iinoopm(Mwm+1ym - ym+1M$m)
n=k
— pr—1(Mzpyr—1 — yeMzr_1).
Hence,
o0
(:c_n“szn —ynM?zp)w,

n=k
= "}i_l}“—oopm ($m+1Mym — Mym41Tm + MTmi1Ym — Ym+1 Mz m) (1.32)

— pr—1 (TEMyk—1 — MyxTr—1 + Maryr—1 — yeMag—1)

which is called the Green’s formula for M2,
§1.5 Notation and plan of the thesis

We denote by Np = {0,1,2,...}, the set of non-negative integers and N = Ny \ {0}.
R and C represent the real and complex number fields respectively. By C4(C-)

we mean the open upper (lower) half planes of C respectively defined as follows:
Cr={AeC:3()>0}and C_ ={A e C: () <0},

where $(.) denotes the imaginary part of a complex number. By ¢! we mean the

set of absolutely summable complex sequences ¢ = {z,}%%, i.e.

= {z ={zn}2 Z |zn| < 00}

n=-—1

£2 represents the weighted Hilbert space of complex sequences ¢ = {zn}>, ie.

oo

ffu = {:c ={z,}: 2 |:cn|2wn < oo},

n=-—1

14



and it is denoted by £2 for the unit weight w = 1.

In this thesis, chapters are divided into sections. For example §3.2 is section 2
in Chapter 3. Theorems, lemmas, corollaries and remarks are numbered con-
secutively within each chapter: Theorem 3.2.1 means the first theorem in the
second section of Chapter 3. Also equation numbers are given consecutively in
each chapter, for example, (4.11) means the eleventh formulae in the fourth chap-
ter. Figures are numbered consecutively in the same chapter, and also tables are

numbered consecutively in the same chapter.
The plan of the thesis is as follows.

In Chapter 2, we establish some relationships between the so-called strong limat-
point (SLP), weak Dirichlet (WD), conditional Dirichlet (CD), Dirichlet (D) and
limit-point (LP) properties of a second order difference expression M with com-
plex coefficients p and ¢. In Chapter 3 we establish orthogonal decomposition
of the maximal graph related to the expression M? defined in (1.31). Also, we
give necessary and sufficient conditions for partial separation (PS) of M?. A
connection between the PS condition and the deficiency indices of the minimal
operators related to M and M? is also given in this chapter. Chapter 4 is where
we establish our criterion for the validity of the inequalities (1.15) and (1.17),
the evaluation of the best constants and the determination of sequences which
give equality, whenever possible. In Chapter 5 we give specific examples of the
general inequality (1.15). The values of the best constants are estimated by com-
putational techniques, but confirmed, whenever possible, by asymptotic analysis.

Examples of the inequality (1.17) are also investigated. Concluding remarks and

15



future directions of research are given in Chapter 6.

There is a list of references at the end of this thesis, which have been consulted

or which are of relevance to the problems considered.
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Chapter 2

SOME RESULTS RELATED WITH STRONG LIMIT-POINT

AND DIRICHLET PROPERTIES

In this chapter, we give some results which are the direct analogue of work by
Race [58]. We investigate some relationships between strong limit-point (SLP),

limit-point (LP), weak Dirichlet (WD), conditional Dirichlet (CD) and Dirichlet

(D) properties of the second order formally-symmetric difference expression M.

§2.1. Preliminaries

We have the difference equation

Mz, =z, n=0,12,.., € C (2.1)

where the difference expression M is defined by

L[ A(pn-1A2n_1) + qntn], 720
an = { P__]i Aa}n, n = _1 (2'2)

w

or, more specifically,

_I__nn n— n n/4Yn = Fn— n—1], >0
Mxn':{“’"[ PaZnt1 + (Pr1+ Pn + @n)Tn — Pr-1n-1), 72 (2.3)

2 —
—w—_ll(ivo - $—1)7 n = —1.
The sequences p = {pn}*%, ¢ = {gn}° are complex valued with p, # 0, ¢—1 = 0;
w = {w, }*>; is the positive weight and A is the forward difference operator, i.e.

Az, = Tpy1 — Tn.
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Note that, defining the expression M by (2.3) makes the difference equation (2.1)
a 3-term recurrence relation. We now associate a maximal operator, T(M ), with

M on Dr(ary C £2 into £, as follows:

[Tz], = T2y = Mz,, n=-1,012,.. (2.4)
Drany = {z={z.}% 1z € 2, Z |Tzn>w, < co}. (2.5)
n=0

Here, £2, is the complex Hilbert space of all complex sequences z = {z, }> which
y T 1

satisfy

Z |2n]?ws < 00 (2.6)

n=—1

with the inner product and the norm (z,y) = Y oo | ZnlnWn, ||zn|| = (z, )%,

£ is the set of all absolutely summable complex sequences, i.e.
(o ]
& ={r={z.}2: Z lzn| < 00}
n=-—1
We now have the following summation by parts formula in order to be able to

get some important formulas.

2.1.1 Lemma: (Summation by parts formula)
For arbitrary sequences z = {z,}% and y = {yn}*% we have that
b b

E anyn = Tp41Yb+1 — TalYa — Zyn+lAwn7 -1<a< b, a,b € Z. (27)

n=a n=a
Proof: The difference of a product is

A(wnyn) = Zn+1Yn+1 — TalYn
= Znp+1Ynt+l — TalYn + TnYn+1 — TplYn+l
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A(ZnYn) = Yn+1ACn + TnAYn. (2.8)

Now, by using
b

Z A(ZpYn) = To+1Yb+1 — TaYa

and summing (2.8) over n we have

b

> Alayn) E Ynt1A2q + E ZnAYn

b b
Th+1Yv41 — TalYa = E yn+1Amn + Z anyn
and hence (2.7).

Now, using (2.2) and (2.7), for m € Ny, we have

m m m
Z TnMynwy = Z qnYnTn — Z A(pn—lAyn—l)fn
n=0 n=0 n=0
m ™
= 2 AnYnZn + Z(pnAyn)Ain - pmAymﬁm-l-l +p—1Ay—1fo
n=0 n=0

and finally, letting m — oo, for z,y € D),

Z(pnAynAmn + Qnynwn Z(fnTyn)wn + nli_I)IloopmAymme —P-1 Ay—li—E_O .

n=0 n=0
(2.9)
The left hand side of (2.9) is called the Dirichlet sum, and (2.9) is called the

Dirichlet formula. Using (2.9), we have for z,y € D),

m

z(wnTyn - ynTwn)wn = pm(Awmym+1 - Aym517m+1)
n=0

— p_l(A:C_lyo - Ay_lwo) (210)

EA[pn 1 ynAxn 1— TnAYn_ 1)]
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We may take the sum out from (2.10) to obtain

(0 TYn — YnTTn)Wn = Alpn—1(ynAzn_1 —2nAyn—1)], =,y € Dran. (2.11)

Following the Dirichlet formula (2.9), we have for z,y € D),

S (alAzal* 4 gl2nl?) = PmATMEmir —P-188-1Z0 + ) (FnTTn)wn. (2.12)

n=0 n=0

It is a consequence of (2.10) and (2.5) that, letting m — oo in (2.10) we get the

result
lim pm(Ym+1A%m — Tmt1AYm) exists and is finite Vz,y € D). (2.13)

Morover, the limit in (2.13) is a constant when z,y are solutions of (2.1) by

Lemma 1.4.3 in Chapter 1.

2.1.2 Definition If there is precisely one solution (up to constant multiples) of
(2.1) for S(\) # 0, which satisfies (2.6) then M is said to be in the Limit-Point
(LP) case; otherwise all solutions of (2.1) satisfy (2.6) for all A € C and M is

said to be in the Limit-Circle (LC) case (Atkinson [3], Hinton-Lewis [39]).

An alternative but equivalent characterization of M being LP is that the limit
in (2.13) be zero for all z,y € Dyar) (Hinton-Lewis [39,p.435]). We give the full

proof of this statement in Chapter 3, Theorem 3.4.6.
2.1.3 Definition We say that M is

(i) Strong-Limit-Point (SLP) on Dypypy if

l}in PmAYmZTm+1 =0 Ve, y € DT(M); (2.14)
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(ii) Dirichlet (D) on Dr(ary if
{|Pn|l/2A$n}io1a {|qn|1/2$n}o—°1 €’ Vz e Dreuy; (2.15)
(iii) Conditional Dirichlet (CD) on Dy(pry if

{Ipal/? 000} € € and Y galaaf? is convergent Vo € Drauy;  (2.16)

n=0

(iv) Weak Dirichlet (WD) on Dy if

Z(pnA:anyn + @nZTnYn) is convergent Vz,y € D). (2.17)

n=0

We observe that (2.14) is equivalent to

lim pnAzmZmyr =0, Vz € DT(M)- (2.18)

m—00

Because, it'is clear that (2.14) implies (2.18), and (2.18) implies, for o € C,

W}Enoopm[A(mm + aym)(fm+1 + a_fgm'l'l)] =0

Em pm[@AZmTmt1 + @AYmTmi1] =0
m—o0

and taking o = 1,i we get (2.14). It is also clear that, (2.18) is equivalent to

lim pmA:cm:I:m+1 =0, Yz € DT(M) (219)

m—00

since,
Bm pmAZmZmer =0 <= lim |pmATmEmt1]| =0
m— 00

m— 00

+<— lim |pmA$m||5m+1| =0
m—>00

< lim |pnAznl|zmt+1] =0
m—roo

< lim |pmAzmzmt1| =0
m—r o0

<— lim pnAzpTms1 =0.

m—00
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For another proof of the equivalence of (2.18) and (2.19), see Benammar [4, p.84].

By the Dirichlet formula we also observe that the WD property is equivalent to
im prAYmZm+1 exists and is finite ~ Vz,y € D). (2.20)
m—ro0

Now, using (2.13) this is equivalent to

lim pmAZmTmy1, exists and is finite Vo € Dp(ar).

m—o0

Also note that in (2.16)

{Ia]'?A20}7, € £ <= {pn(B2a)’}7, €8 = {pnlonlyn}” €0,
(2.21)

Vz,y € DT(M)-

2.1.4 Remark Following the above definitions and subsequent comments, we

have the following implications:

D= CD = WD, SLP = WD, SLP = LP.

§2.2 The main results

2.2.1 Theorem

(a) If either w = {w,}> ¢ I* or ]l—J = {p—ln-}‘l°1 ¢ 1! or 3.7 gn is not convergent
then CD = SLP.

(b) Fw,y €l butg¢ I then D=SLP.

(c) If w, 11—3, g € I' then M is both D and LC.
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Proof:
(a)(;) We assume that w ¢ ¢ and M is CD on Drapy. Let z,y € Dp(ar) then,

by the Dirichlet formula (2.9), or by (2.20) since CD=WD,

o= lm ppAYmZTm+1 < 00.
m—0o0

We need to prove that a = 0 under the conditions in the hypothesis. Suppose

the contrary that o # 0, then for some mg € N

||

IpmAym$m+1l 2 77 vm Z mg,

which implies

al Az
ipmAymAmmlz—'z'lx =
m-+1

|, Ym > mg, Vz,y € -DT(M) (222)

However M is CD and this implies that, summing over m, the left hand side of

(2.22) belongs to £'. Thus,

i |Amn|<oo

X
n=—1 n+1

and hence in particular | Az.:l | - 0 asn — oo. So,as n — 00
n

T

Xz

I

n A:I)n A:Bn
[log =] = | — log(1 = )| ~ |

n Tn+1 Tn+1

since

t—0 t

Hence, since absolute convergence implies convergence,

oo oo
Tn+1 Tn+1 :
E 1 < oo = E 1 t.
| log - | < o0 og - is convergen

n=-—1 n=-—1
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N
. Tn .
1\}1_r>noo Z log 33:1 exists for mgy € Np.
n=1mo
This implies
N
A}i_r)noo Z A(logzy,) = ]\}l—rfloo (log zn+1 — log Tm, ) exists.

So,

lim 2y #0 (2.23)
which is a contradiction, since z € £2 and w ¢ £!. So, « =0 and M is SLP.

(a)@iy Assume % ¢ £' and M is CD. As above we suppose that, for z,y € Dr(ar),
o= n}i_rfloopmAymme # 0.
Then, we obtain from (2.23) that
B = m%1_I)noo Tm 7 0.

Thus,

im prnAym = a,@—l,
m—o0

and for some my € N,
1 —
[pm(Aym)*| 2 7|87 Plpm' | ¥m 2 mo. (2.24)

However, summing over m, the left hand side of (2.24) belongs to £' by the
hypothesis that M is CD. Hence, so does the right hand side of (2.24) which is
a contradiction to saying that % ¢ £'. Hence o = 0, proving M is SLP.
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(a)@ii) Assume p~t € £ but Yo7 gn is not convergent and M is CD. Let

z € Dppr) and as in (a)(;) above, suppose that
Then, limy,—oo Tm = B # 0 exists and, it follows that,

lim pmAzm=af ' #0= lim Az, = lim afpt
m—o0 m— 00 m—o0

So, since p~! € £*, we have
Y |Azm|<oo, ie  Azell (¢€ Dron). (2.25)

m=-—1

By the definition of Dr(ar),

o0 o<
Z |€n|*ws < 00 and Z | Tz 2w, < o0,

n=—1 n=—1
l.e.
o0 o0
Z |xnw,11/2|2 < 00 ‘mdz | [ - A(pn—len—l) + qnwn]w;I/ZI < oo.
-1

-1

Now, by Cauchy-Schwarz inequality in £2, we have

S Jontl2 [~ A(pu1Azno1) + gaznlw; |

n=—1
oo 1/2 , oo 1/2
< ( z |$nw'}b/2|2> ( Z |[—A(Pn—1A$n—1)+Qn$n]w;1/2|2)
n=-—1 n=-1
which gives
Z ||~ A(Pr—1A%Zrn—1) + gnTn]| < 0
n=-—1

and, since limm— o0 m = B # 0, we have that

3 = A(pr-1Azn1) + gawn]| < o0, (2.26)

n=—1
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Now,
i[‘A(pn—lAmn—l) + gntn) = — n}gnoopmAmm +p_1Az_y + i InTn
n=0 n=0
=
i gn@n = LM prlAzm —p-1Az_1+ i[—A(pn—lAwn_l) + gnza]  (2.27)
n=0 n=0

which proves the convergence of the sum > oo gnTn.

Since f = limm—oo Tm # 0, Tm # 0 for all large m € Ny. On the other hand,

using the summation by parts formula

m

m
Z UnAvy = Um+1Vm+1 — UgVk — Z 'Un+1A'U'n7

n=k ‘ n=k

and supposing k € Ny is such that z, # 0 for all n > k, we have

n=k n=k
1 m 1 k—1
= Z qsTs — — gsTs

Tm+1 s=k—1 Tk s=k—1

m n
1

-y ( q3x8> A<_) (2.28)

n=k ~g=k—1 Tn

m
Zn:k—l dnTn _ qk—1Tk—-1

Tm+1 Lk
m n
Az,
2 (2 )
In (2.28) we’ve made use of the following:
1 n—1
n= " = s n = Avy > k).
u - Vn s;k_l 0sTs = qnTn v (n )

Now, letting m — oo, we get that the right hand-side of (2.28) tends to a finite
limit since Ef:o qnZn is convergent and limy, oo n = f # 0, which contradicts
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the hypothesis that Y o ; gn is divergent. This proves o = 0 which guarantees

that M is SLP.

(b) If p~ € &1, w € £* but g ¢ £* then D=SLP.
For, assume that M is D and ¢ ¢ £!. As in the proof of (a)(;) above, if for some
z,y € DT(M)

lim pmAYmTm+1 F 0
m—roo

then we obtain the existence of limm— o0 Tm # 0. But, as M is D, |¢|*/2z € £2

and these two facts contradict the assumption that ¢ ¢ £. So, indeed

Mm prAynEmir =0,  Ve,y € Drou)

proving M is SLP.

(c) If %, w, ¢ € £* then M is LC and D. For the proof, we need the matrix

representation of (2.1), i.e. for n > 0,

—A(pn—len—l) + gnTn = AWy

A(pn—l Axn—l) = (_Awn + Qn)wn

or, equivalently, we obtain the recurrence relation

pn($n+1 - :L'n) = (_Awn + Qn)wn + pn—l(mn - wn—l)- (229)

In order to obtain the matrix form of (2.29), we put
Yn = pn(mn+1 - mn)
= ppAzy,.
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So,

Ty = Tp-1+ yn—l/pn—l

(2.30)
Yn = (wn—l + yn—l/pn—l)("")\wn + qn) + Yn—1
or, equivalently, having
n 0 1/P -1
). el )
(y" ("Awn + Qn) (_Awn + Qn)/Pn—l
we get
Xn=(UI+A4)Xpn-1, n=0,1,2,... (2.31)

where [ is the identity matrix.

We are going to give the proof for the LC and D cases separately.

(i) The LC case:

For the LC case, it is sufficient to prove that, for some A, say A = 0, for all
solutions of (2.29) Y o0 | |£n]?w, < 0o holds. Moreover, since Y Wn < 00,

it is sufficient to prove that all solutions of (2.29), with A = 0, are bounded. For

this purpose, we have the following theorem due to Atkinson [3, p.447].

2.2.2 Theorem (Atkinson)

Let the sequence of k-by-k matrices, in our case k=2,

A,, n=0,1,2,3,..; A,=(anrs), 1ms=123,..,k
satisfy
> lAnl < o0 (2.32)
n=0
where
k k
IAnI = E |anrs|- (233)
r=1 s=1
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Then the solutions of the recurrence relation
Xn — Xn—l = An—lX'n—h n = O, 1,2, ceey (234)

where X, is a k—vector, converge as n — oo (which is stronger than the bound-
edness that we require). If in addition, the matrices I + A, are all non-singular,

then lim, oo Xn # 0, unless all the X, are zero vectors.
Proof:

We write X, (r=1,2,3,...,k) for the entries of X,, i.e.

an
Xn2

X, = ) ,
Xnk
and define its norm by

k
| Xnl = [Xnrl.
r=1

Using (2.34), we have

k
|Xn7' - Xn—l r| = | Za’n rs-Xn—l sl
s=1

k k
< Z |a'n'rs| Z an—l sl
s=1 s=1

k
= E |an rsl|Xn—1|
s=1

and summing over r, we have
| Xp — Xn—1| < |An||Xn-1l. (2.35)
Now, by using the property |a| — |b| < |a — b] in (2.35), we get

‘Xn| S |Xn—1| + |AnHXn—1I-
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It follows that
| Xn| < | Xn-1] + [An][Xn-1]

= (14 |4n[)[Xn-1l,
and so,

| Xo| < (1+ Ao} X

[ X1| < (1+[A1)IXo| < (14 [A1)(2 + [Ao DX —1]

(2.36)
1 Xal < 1Xoa| T+ 14ml).
m=0
Now, using (2.32)
| Xnl <K <00, VneN (2.37)

and {|X,|}$° has a fixed upper bound, as asserted.
We now deduce that the sequence {X,}52, converges in the sense that the

sequences {Xnr}2, (r =1,2,3,...,k) converge. For this, by (2.35)

Z |Xn - -Xn—1| S Z |An||Xn—1|
n=0 n=0

and, by (2.32) and (2.37), we have that
> 1Xn — X1 < oo
n=0

In particular

Z|Xn'r—Xn—1 r| < o0, r= 172737"'ak' (238)
n=1

So, the sequences {X,,}5°, the entries of {X,}§°, (r = 1,2,3,...,k) are all con-

vergent as was to be proved.

For the last statement of the theorem, that {X,}§° do not tend to zero, we
observe first that, from (2.34), if the I + A, are non-singular, then {X,}§° will
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be all zero or all non-zero. From (2.35) we now deduce that

I)(nl2|)(n—1|_|)(n'_}(n—1

2 | Xn-1|(1 = [4al)
and so, if n is so large that |An| < 1 for all m > n,

n-p
[ Xntpl = 1 Xna| [] (1~ 4m)).

m=n

Making p — oo, the product on the right converges to a positive limit by (2.32),
and so {|Xn+p|}§° has a positive (non-zero) lower bound. Note that, in (2.38)
we have a stronger conclusion than the convergence of the sequences {Xn,}52,

(r=1,2,3,....k), namely the fact that they are bounded. This proves theorem 2.2.2.

In our case, for A =0,

2 2
|An| = ZZ |anrs|

r=1 s=1

= 1/Ipa-1] + |gn| + lgn|/[Pr-1].
Hence, > oo, |An| < oo by the hypothesis of (c), and the theorem of Atkinson

is applicable. So, applying this theorem, {X, }§° is convergent, i.e. the entries of
Xn

{Xn1}e® = {za}e®  and  {Xna}g® = {yn}5° = {Pnlan}s”

are convergent, so they are bounded and hence (c)-(i).

(ii) The Dirichlet (D) case:
We now prove that z € Dr(ar) = Yone_1 IPallAzal? < 00, 3707, lgn||zn]? < oo

under the assumptions.

We know that all solutions of (2.29) are bounded by the theorem of Atkinson,
but this is not true for all ¢ € Dr(p) by the choice of w. We will state this for
X = 0 only but the proof also applies to all A € C.
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Let z € Dp(yry and define f = {fn}> by
fn=Mz,.

Then > o2 _; |fal?>wn < oco. Also by the variation of parameters formula (cf.
Chapter 1, Lemma 1.4.4), if ¢ = {¢,}% and ¢ = {¢,}° are linearly indepen-

dent solutions of

Mz, = )z,, né€Ny,AeC)

with

[(P)")b]n = pn—l((PnAlpn—-l - ¢nASOn—1) =1 Vn € No,

then any solution of

Mz, = Azp + fn

1s of the form

Ty = ®, + Appn + Bty (2.39)

in which A and B are constants, and
n
@n = Z(¢m‘Pn - 90m¢n)wmfm7 n € NO)@—-l = 0.
m=0

Since {©}> and {4}° are bounded by (c)-(i) case, using also Cauchy-Schwarz

inequality in £2, it follows that for constants C,C2, and K,
n
Iq)n| < Cl Z wm'fml
m=0

< ()] wm) (D wmlfml?)?
m=0 m=0
<K
= ® is bounded.

32



This implies that {z,}>, is bounded from the fact that {Ag, + B, }> and

{®,}° are bounded in (2.39). So, since ¢ € £' and following the above result,
Y lanlleal* < co.
n=0
For the last part, we need to prove that ) oo, [Pn]|Aza|? < co. From (2.39),
PnAxn = pnA(pn + pnA(ASOn + B¢n)

and

pnAcI)n = pnA Z (@bmﬁon - (Pm'ﬁbn)wmfm

m=0
n+1 n
= Pn Z (¢m¢n+1 - Son'wbn+1)wmfm — Pn Z(’wbm‘:on - ¢m¢n)wmfm
m=0 m=0

= pr(YoPn+1 — Po¥nt1)Wofo — Pr(o@n — Pothn)wo fo

+ Pn(‘pl‘PnH - 901¢n+1)w1f1 - Pn(%blson - 901¢n)’w1f1

+ pn(¢n¢n+1 - Son";bn+1)wnfn - Pn(lpn@n - Son'()bn)wnfn
+ Pn(Pnt+1@n+1 — Prt1¥Pnt1)Wnt1 fatl
= pn(PoApn — poAthr)wo fo

+ pr(Y1Apn — 1A% )wy fi

+ pn(¢nA¢n - SDnA"/)n)wnfn

PrAd, = Z [@bm(PnA‘Pn) - ‘Pm(pnA":bn)]wmfm
m=0

and since, {PrAPn}®, {PnAYR}%, {©n} and {¥,}> are bounded by the
theorem of Atkinson, {p,A®,}% is also bounded, and so is {pr Az, }>.
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Now, since
[0 o] oo
E anHAmnIz = Z(IPnHAmnl)Z/IPnI
n=0 n=0

and by the hypothesis that p=1 € £1,

> IpallAzal® = > (IPallAzal)?/|pal
n=0 n=0
< 00.

This completes the proof.

2.2.3 Corollary
From the Dirichlet formula (2.9), (2.18) and Theorem 2.2.1(a) we may deduce
that if either p™ ¢ £* or w ¢ £* or Y o gn is not convergent, then M is CD

implies that
oo
Z(pn|Amn|2 + gn|zn|®)  is convergent for  z € Dp(ar. (2.40)
n=0

Because, for z € Dr(ar),

Y (alAenl? + gnlzal®) = lim pyAzNENt1 — p-1A2-1%0 + Yz Mz,

n=0 n=0

and, since CD implies SLP by Theorem 2.2.1(a), limm—oco PmAZmZmy1 = 0 by
(2.18) and hence the result (2.40). From (2.40) and CD property we also deduce
that 37 gn|zn|? is convergent for all z € Dyar).

2.2.4 Remarks

(1) Under the conditions of (a) we have
D= CD = SLP = LP.

(2) For any w € £* we have the following example in which p~* € £*, ¢ ¢ £ but
> o o qn 18 convergent, i.e. {¢n}> is conditionally convergent, and for which M
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is CD and LC, and hence not SLP. This proves that ¢ ¢ ¢! is not sufficient to

ensure CD = SLP.
2.2.5 Example

We want to establish an expression M of the form (2.2) such that {g,}§° is
conditionally convergent, {w,}%, {p;1}> € ¢! while M is CD and LC, hence

not SLP, at the same time.

Let {r,}5° be a conditionally convergent real sequence. Choose a constant C; so

that the sequence
n
(R} ={D )y +C
k=0
be positive, i.e. Ry, >0Vn=0,1,2,.... Then {R,}§° is bounded and, for p, >0
for all n=0,1,2,..., the sequence

n
Ry

tonke” = {z Pk—1

k=0

}:o +Cy, Ry =0,pp-1 > 0,Vn € Ny, and z_1 > ¢

is also positive, i.e. z, > 0 for any C; > 0. Note that {z,}> is monotonic
increasing, i.e. Tpt1 >z, Yn = —1,0,1,2,..., from the fact that z, are the sum

of positive numbers. Now,

X = lim z, exists (2.41)

n—oo

since {R,}% is bounded and p~! = {p;;}* € £'. Morover, z € £2, since, w € £!

and {z,}% is bounded.

Now, we show that {z,}° is a solution of (2.1) with A = 0, in which {gn}% is

given by
gn =", n>0,q1 =0. (2.42)

Tn
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Really, for n > 0,

—A(pn—lAwn—l) + nTn = _A(pn—l(xn - xn—l)) + ra
Rn—l

n—1

= _(Rn - Rn—l) + rn

"'A(pn—l ) +rn

=0.
Note that, in

=1 > VY
lan] = Tn X "

summing over n we have {g,}°% & £ from the fact that {r,}§° is a conditionally

convergent sequence, i.e. r & £* but > o- . r, is convergent.

n=-—1
Now, summation by parts formula gives, VN € Ny,

N

an— o

n= 0

NAR“

n=0

N-1

X

Tnt1

- A ZRA(—)

N
n=-—1
N-—

N-1

_ By

TN 1 $n+1

n=—
For the first expression on the right-hand side, lim,— 00 Rn and limg,_,o T exist
and X = limp— 0 2 > 0. For the sums on the right, since >_-. , R, is convergent
and {;1:}?1 is positive and decreasing, the Abel’s convergence test that we quote
down without proof is applicable (see Hyslop [40], Theorem 30, p.61)
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2.2.6 Theorem (Abel’s Test)
If {b,}5° (k € Z) is positive, monotonic decreasing sequence and if Y 7° an is

convergent, then ¥ o anby, is also convergent.
) k

So, both
N N

Z Br and Eﬁ

T x
1 n+1 n——1 T

n=—

are convergent and therefore {g, }§° is convergent.

Now, let {y,}% be another solution of (2.29) together with (2.42) complementary

to {z,}>, i.e. such that

[SC, y]n = pn—l(ynxn—l - yn—lwn)

be constant, or equivalently, [z,y], = 1. Then,

A( Yn—1 ) — YnTn~1 — TnlYn-—1

Tn—1 TpTn—1
1
Pn—-1ZnTp—1
=
n-—1
1
Yn—1 = Tp-—-1 E T
oo PR—1TkTk—1
=

- 1
ynzmnz

- Th1
k=OPk 1TkTE—1

So, since {y,}°% is bounded and increasing,

lim y, exists. (2.43)
n—oo
We note that > 7o, m—; is absolutely convergent, since for all n
1 < 1 1
Phk-1TkTk—1  0F Dk—1’
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and p~' € £*. So, y € £% since w € £*.

We see that, My, = 0 too. Really,

n

T 1
Myn = —~A(pn-18yn—1) + 35y , ————
Tn h=0 Pr—1TkTk—1
n 1 n—1 1
= —A _ilx —_— Ty _— )
(pn [ n,;pk—lwkwk—l n ; pk-lrvk:ck_l]
° 1
+r S EE—
" ; Pk—1TkTk—-1
n n
1 1 1
L T ) A Mrerrrrran
0 Pk—1TkTr—1 Tn k=0 Pk—-1TkTEr-1
n n
1 1 1
=-A(Rn_lz——+—) TP N . S—
E PE-1TkTk—1  Tn £ Ph—1TkTk—1
-R = 1 1 = 1
e LD D EC R D e
PrTnTntl o Pk—1TkTk—1 Tn o PE—1ZkTk—1
= Bl pL
PnTnlnil Tn

= 0.

Hence we have shown that M is LC and hence not SLP, since z,y € ¢2 and z,y

are linearly independent solutions of Mz, = Az,, A € C.

We now show that M is CD. Let z € Dy(ar). Then,
(T2,}% = {M2,}> = {fa}> € 82, w e L.
The method of variation of parameters gives
2n = Azp + Byn + i(wnym — YnZm ) fmWm (221 = 0,n € Np)
m=0

where A and B are constants. Note that, from (2.42), (2.43) and the fact that

n

nli—{%o Z(xnym — YnZm) fmWm < 00,

m=0
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we have

lim z, exists. (2.44)

n—oo

Now,

P/ Azn = A(p* Azn)+ B(pl/* Ayn) + Z [ym (DY A2r) — T (0 Ayn) W frm

and we have the following three facts:

(1)

R C
l/zAscn = 172 < 2 C is a constant
DPn DPn

implies {pn/ Az} € £2 since {R,}§° is bounded and {p,;'}> € £

(i)

n

1
I/ZA = 1/2A -
Pn Yn p},’/zxn + (p .'L'n) 2 PE1THTh1
C C
< —171'2‘ + T/Zr; (C1,C; are constants) (2.45)
Pn Prn
K
=72 (K is a consant),

since z, > § > 0 and

n

1 1< 1
o5 Y o<
k=0 Pk—12TkTr—1 0 Pr—1

in (2.45). This implies that p:,lm/z Ay, € £2.
(iii)
2 [ym Amn) - xm(pl/szn)]fmwm

C n
< =77 D |[fmwnl
Prn m=o0
C’ ™ n
< p_l/E (Z wm)l/z(z wmlfmiz)l/z
m=0 m=0
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in which we have used (1), (ii) and the Cauchy-Schwarz inequality with C, K are

constants. From (i), (ii) and (iii) it follows that
{pY/ Az}, € 22, (2.46)

Finally, we have the following:
(i)

lim p,Az, = lim R, < oco.
n—o0 n—oo

(i)
1 & 1
n—00 n—oo \ ITp, k=0 Pk—1TkTk—1

since the limits limp—oo 7~ and limp_yoo PnAZ, exist and > reo T L
" Z

TRTh—1
absolutely convergent.
(iii)
Jim |ppAzq > Ym(wmfm)| < Cr Llim |pnAzn > (wm fm)l
m=0 m=0
n 1/2 n 1/2
< (3 lim (Zwm) <Zwm|fm|2>
nmee m=0 m=0
< o

and similarly

(iv)

n

1Lm |pnAyn Z xm(wmfm)l <C 11_>m |PnAYn Z Wi frm | < 00.
m=0 m=0
A consequence of (i), (ii), (iii) and (iv) is that

lim p,Az, exists.
N—r00
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We know also that, lim,—co 2, exists from (2.44). Therefore,
lim p,AzpZny1  exists. (2.47)
It is a consequence of (2.46) and (2.47) that M is CD. Because, from the identity

n n n
pnAZn2n+1 = P—1A2—150 - Z WmZnT2n + Z pn|Azn|2 + Z Qn|zn|2;
m=0 m=0 m=0

the CD property is equivalent to
(a)  {palAza|?}2 € £

(b) limp—oo PnAZnZnt1 exists Yz € Dypry.
This completes the desired example.

2.2.7 Theorem
Suppose {p,}> is real and p, > 0 for all n, although {¢,}2% may still be

complex.

(a) Suppose either {wm Y me _ P13 _; ¢ £ or {gn}> ¢ £', then
MisD < {|ga|'?2,}=, € £ € Dy

(b) Suppose {wm Y me_; P’ * ¢ 01, then

n=—14n m=—1

M is CD < }: gn|zn|? is convergent  z € Dr(pr).-

n=-—1

Proof:
(a) Since M is D = {|ga|'/%2,}° € £2 for all = € Dr(pr), we need only to
prove the other implication.

Suppose {|gn|*/?2,}> € £2 for all € Dy(pr). From the formula

anlenlz = pmAmmjm+l —p—lAm—lfO + 2 jann - z inwnlz (248)

n=0 n=0 n=0
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if we let m — oo, then the sums on the right converge. So, since {pn}% is

positive, {py/*|Azn|}%, ¢ £2 only if
lim pmAZmTmyr = 00
m—00
4

im prm|ATmEmt1| = o0.
m—ro0

But, -
pm|Awmjm+1| < pm|A$m|(|$m+l| + |$ml)
< pmA(‘xmlz)
and hence
lim prA(|zm|?) = . (2.49)
m—00

This implies, since pp, > 0 for all m € Ny, that {|z,|*}> is monotonic increasing,
ie. Alz,|* >0 for all large n, and so is {|zn|}%.

We now have two cases: Either {g,}% ¢ £ or {g,}> € £*.

If {g,}> ¢ £' we then get a contradiction to the assumption since this would

imply {|gn]'/?2,}> ¢ £*. So, {g}> must be in £*. Then from (2.42),
A(|zn|?) > p,;! since, from (2.49), prA(|z4|*) > 1 for large enough n € No.

This implies, for some mgy € Ny,

|~"3ml2 2> |39ml2 - |xm0_1|2

m
> Zp;il m €N, m > mg.

n=myp

So,

00> Y walzal?> Y wa ( > p;11> (2.50)

n=my n=my k=my
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which is a contradiction to the assumption that {wm, Y e prl}__; ¢ £ and
hence {pr/*|Az,|}° is in £2, and M is D.

(b) The assumption concerning w and p, i.e. {wm Y ne_; Py’ :=_1 ¢ 0
implies that at least one of the sequences w = {w,}*, p~! = {p;1}°% does
not belong to #!. So, Corollary 2.2.3 gives the implication in one direction.
Conversely, if 3,7 gn|Zn|? is convergent for © € Dp(pry then (2.48), (2.49)
and (2.50) again hold, so {p,lz/2|A:cn|}?_°1 € £? by (a) above. It then follows from
(2.48) that

lim pyAznZyn+1 Vo € -DT(M) exists.
N—oo

The argument in the proof of Theorem 2.2.1(a)(i-ii) shows that this limit must
be zero, 1.e.

lim pyAzyZnyr =0 Vz € DT(M)

N—oo

or equivalently,

A}EflooPNAwNyN+1 =0 Vz,y € D,

since at least one of {w,}°%, {p;1}°% is not in £*. This leads us to the conclusion
that M is SLP by Theorem 2.2.1(a)(i-ii)).

In (2.17), since {pi/zAa:n}??l, {pyszn % € £? we deduce the convergence of

E InTaln VT,Y € DT(M),

n=my
since {p}/ 2A$n}i°1, {p}z/ 2Ayn}‘fl € {2 and Cauchy-Schwarz inequality yields
> o 0 PrAzRAYn < 00. So, using (2.21), and the fact that absolute convergence

implies convergence, M is CD and the theorem is therefore proved.
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2.2.8 Remarks
1. w ¢ £'is a sufficient condition for (a) and (b) to hold. But, if w € £! then
the condition on p and w, i.e.,
m
{wm z Pr Yov=c1 ¢ ¢
n=—1
is in general stronger than the requirement that p™ ¢ £,

2. If w € £* then summation by parts shows that, for any m € Ny U {—1},
m n m m
Y wnl IBEDY (Y wy) n<m. (2.51)
k=n

n=-—1 k=-—1 n=-1

This follows by using the summation by parts formula

m m
E Unt+1AVp = Ump1Vmt1 — U—1V—1 — E (AN TP

n=-—1 n=-—1
where
n—1 n—1
Vp = Z wg = Av, = w, and u, = Z pzl #Aunngl.
k=-—1 k=—1
For,
m n m m m n—1
S wa( D pe) =(D] wi)( Y i) —0- St we)
n=-—1 k=—1 k=-1 k=-—1 n=—1 k=-1
m m n—1
=Y P () wi— > wi)
n=-—1 k=-—1 k=-—1
m m
= > p () we).
n=-—1 k=n

If we let m — oo, we see that the condition in (a) and (b) is equivalent to the

condition that

{p;i? Z wi}o2_y ¢ 21 when w € £*.
k=n
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For example, if m < oo and w = 1, this condition becomes
(o o]

Z (m —n)p,! = co. (2.52)

n=—1

2.2.9 Theorem Suppose that p, > 0 Vn and w satisfy either

(a) w=1and 53, pyt = o0
or
(b) {ﬁ% iol is bounded above and Y oo | pilwm = oo,

then M is SLP <= M is WD.

Proof:

Since SLP always implies WD, we need only to prove that WD = SLP under
the conditions in the hypothesis. So, suppose that M satisfies the WD property,
ie. B =limm—oco PnATnTn41 exists and is finite Vo € Dp(ar), but M is not SLP,
ie. f # 0. We show that 8 # 0 leads to a contradiction under (a) or (b) and
hence M is SLP.

(a)

Suppose that

B = ll_I)Il pmACmem+1 7é 0 Vz € -DT(M)

Now, multiplying both sides of the following by 3, and summing over m

mm-}-lAwm = w»,2n+1 — TmTm+1 (253)
we get
o) > oo
2 ﬁ(pmA:cmacm+1)pm = /8 Z $1zn+1 /6 Z TmITm+1



Here, the right hand-side is finite since £ € Dr(ar), but the left hand-side is
infinite if Y oo_ | p,! = 0o, which is a contradiction. So, # = 0 and M is SLP.

(b)

From (2.53), we have

o 00
3 - w
52 Grurmtms onsit = (S it (22
m=0 m=0 wm+1
w
- Z(wmwm+1)l/2$m$m+1( T2y,
m=0 Wm+1
P % is bounded above and Y oo wmp;, = oo then we again get a

contradiction, hence § = 0 and M is SLP.
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Chapter 3

OPERATORS AND THEIR GRAPHS, PARTIAL SEPARATION

In this chapter, we arm ourselves with the tools that we need to use in the next

chapter where we give our inequality.

§3.1. Operators and their graphs

In the differential operators case, by using von Neumann theory, the maximal
operator is expressible as an orthogonal sum of the minimal operator and the

deficiency sub-spaces with respect to an appropriate inner-product as

D(T}) =D(T) = DM@ N @ N(X), SOH#0  (3.1)

where T is the maximal and Ty is the minimal operator related to the square of
the second order formally symmetric differential expression and N(A%), N(A?)

are the related deficiency subspaces (see Beynon [8], p.23).

We now define the maximal and the minimal operators related to the recurrence
expressions M and M? and ask if we can apply the same theory. We remind our-
selves that the recurrence expressions, i.e. the difference expressions are defined

as

(3.2)

Mz, = { ol APn-1A2n-1) + guznl, n 20

P-1 —
_w_le"’ n=-—1
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and

M(Mz.,), n>1
M?z, = [M(Mz)], = Elg[_A(pn—lAMxn—l) +gnMzp), n=0 (3.3)
—f;—“_ll—AM:cn, n=—L

We use the notation T(MF) for the maximal operators, Tg(M*) for the pre-
minimal operators and Tp(M*) for the minimal operators related to M kk=1,2,
where M? := M(M). We now define the operators related to M and M? as

follows. The maximal operators are
T(M) : Dy C 62, — 2 [T(M)z), = T(M)zy, := Mz, (3.4)

DT(M) = {:E € va : Z IM:cn|2wn < OO}

n=0

T(M?): Dpgysy C &2, — 62, [T(M*)z]n = T(M*)zy = Mz, (3.5)

DT(MZ) = {.’E € Efu : Z |M2wn|2wn < OO},

n=1

the pre-minimal operators are

Ty(M) i= T(M) [Dyy iy and To(M?) = T(M?) | (3.6)

(a) Drya2)

on the domains

Drimy = {:E € Dpyry : -1 =0 and z, = 0 for all but a finite number of
values of n }(3.7)

D a2y i= {:c € Dy : -1 = zo = 0,2, = 0 for all but a finite number of

values of n}(3.8)

and the minimal operators To(M) and Tp(M?) are defined as the closures of the

pre-minimal operators Tg(M) and Ty(M?) respectively in £2,.

Now, when we attempt to prove that Ty(M?) = T(M?), we see that this is
not possible since the domain of Ty(M?) is not dense in £2, and hence a unique
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adjoint for Ty(M?) can not be defined. This means that we can not apply the
theory that Beynon et al. [9] used for their inequality. So, we are forced to use
the theory of linear relations and their adjoints developed by Bennewitz [5-6]
and Pleijel [55-56]. Bennewitz ([6], p.35) defines the adjoint of a linear relation

on an arbitrary Hilbert space H as follows.

3.1.1 Definition (Adjoint for a linear relation) Let the set E be a linear relation

on H,ie. E C H x H. The adjoint relation E* is defined as
<UV>cE" < (Uyv)g=V,u)g V<u,v>€kE. (3.9)

E is called symmetric relation if E C E*.

Note that, we use the notations < .,. > for an element in a relation, i.e. it is a
pair in H x H, and (.,.)u, or simply (.,.) when there is no ambiguity, for the

inner product defined on a Hilbert space H.

3.1.2 Definition (Graph of a linear operator)

The graph of a linear operator T is defined as
G(T) = {< z,2* >:z € D(T) and z* =Tz} (3.10)

Now, since the graphs G(T4(M?)) and G(To(M?)) are linear subsets of £2, x £,
and since they are linear relations in the terminology of Bennewitz, the adjoint
relations G*(Ty(M?)) and G*(To(M? )) can be defined as closed linear relations
on £2, x £2. This is the technique that Brown and Evans [12] used in order
to give a proof for the HELP inequality for second order formally symmetric

difference expressions, and we are now going to make use of the same ideas. For
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simplicity, G2, Gy, and Gog will represent the graphs G(T(M?)), G(T§(M?))

and G(To(M?)) respectively.

If Gyg is the closure of Gj,, then

(Go2)" = (Goz)" (3.11)

Now, define the maximal graph as
Gi={<sza* >} = M?*z,, (n>1),z € DT(Mz)}- (3.12)

Note that, z* ; and z} can be anything and G2 C G. We then have the following

lemma.

3.1.3 Lemma G§, =G.

Proof:

(a) To prove that G C G§,, let < z,2* >€ G and < y,y* >=< y, To(M?)y >€

G},. Following (3.9), we need to show that
(To(M*)y,z) — (y,2") =0, V<y,y* >€ Gy,

We have, since y_1 = yo = My-1 =0,

(Té(M2)ya$) —(y,z%) = Z M?yn&nwn — E YnZpWn

n=—1 n=—1
= i(anzyn - ynmn)wn + M?yoZowy + MPy_17_1w_1 —y—1Z*w_1
n=1
— YoZgWo
= po(FoMy1 — 1 Myo + Mzoys — Mz1yo)
+ [-A(p_1 AMy—1) + qoMyo)Zo — p_1 AMy 174
= po(ZoMy1 — 21 Myo + Mzoy1)
+ (—poAMyo + p_1 AMy_1 + goeMyo)To — p—1MyeZ—1 + p-1My_17_,
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= po(ZoMy1 — T1 Myo + Mzoy1) — poMy1Zo + poMyoZo
+ p_1MyoZo — p-1My—_1Zo + goMyoZo — p—1MyoZ_1
= —poZ1Myo + poy1 Mz + poMyoZo + p—1MyoTo + qoMyoTo — p—1MyoT-1

= Myo(—poZ1 + poTo + p-1Z0 + goTo — p-17-1) + poy1 Mzo

= (woMyo + poy1 )mo
= 0.
(b) To prove G, C G let < z,2* >€ G, = (Giy)* and < y, T§(M?)y >€ Gy,.

Then, since

(To(M*)y, ) = (y,2"),

o
i
—~~
Ey |

(M?)y,z) - (y,2")

o0
B M ynwn + MPyoZowo + My 13 1w_1 ~ > yaZhwn

n=1

M

3
Il
—

— 3k =k
—YoZToWo — Y-1T_3W—1

) ) oo
= Z(Eanyn - MZ'Tnyn)wn + Z yanmn'wn - zynif{wn
n=1

n=1 n=1
— p_1MyoZT—1 — poMy1Zo + (P—1 + Po + g0)MyoZo
- po(foMy1 —_ :flMyO -|- ylmo —_ yoml) -|- Zyn(Mz.’En —_ f;)wn
n=1

— p_1MyoZ—1 — poMy1Zo + (p—1 + po + 90)MyoZo

oo
= Z Yn(M2z,, — Zy Ywn + poy1 Mazo + Myo[—poZ1 + (p—1 + po + 90)%o
n=1
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Now, take y, = 65k, where k,n =1,2,3,..., to obtain
Ty = M2z for k=1,2,3,...
and z*,, T can be anything since y_; = yo = 0. So,

¢f = M2z, forn>1

n

which means that < z,z* >€ G. The lemma is therefore proved.

3.1.4 Lemma Let M? be limit-point. Then Gy is a closed, symmetric relation

on £ and
yn = M?yn,n 21
N a Y-1=y0 =0
<Y,y > Go2 — yil — sz—l — iziilly
ya" = M2y0 — 52?(0011 Yy — 5;_?) Po+11:11+41 1 P—-l-l;UIJOo-I-qO )yl
(3.13)
Proof: Gy, is closed by its definition, and it is symmetric since
Goz = Gy C G = Gy (3.14)

Note that, this also shows that G}, is symmetric, since G§, = (G, )*. Now, the
5 02 02 02 5

rest of the proof:

Necessity of (3.13) (=): Let < y,y* >€ Goz C G = Gj,. We then have
y* = M%y, (n = 1,2,3,...). Also let < z,2* >€ G = G, where z = {z,}>
has only a finite number of non-zero z,’s but arbitrary, otherwise. Then, since

02 = G,
0=(y",z) — (y,2%)
= (M ypZn — ynM2en)wn + (y518-1 — y-13%1)w_1 + (Y5 Zo — YoT5)wo
n=1

= po(ToMy1 — T1 My + Mzoy; —mwo)

% = —% * = —%
F YT W1 —Y-1T_ W1 + YgZToWo — YoToWo
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1 1
= poZo—[—p1y2 + (Po + p1 + ¢1)y1 — PoYo] — PoZT1—[—Poy1
w1 Wo
1 _ _
+ (p=1 + po + 900 — p-1Y—1] + Poyi E[—poﬂh + (p-1+ po + 90)%o

—p_1Z-1] — poyoMz1 + Y1 To1w_1 — y_1Z w_1 + Yy Towo — YoTowo

+ _
PoPL, | po(po +p1 + th)yl N po(p—1 + po + qo)yl]
w1 w1 wWo

= Zo[ypwo —

P—-1Po . = B — P—1Po
1—Z_1W—1 YW1 — 1
o 1 (Y o Y1)

po(p—1+ po + o) _
Wo

Fy-1l

2
-I-yo[—i—olzio — poMz1 — Zgwol.

Now, since the z, and z¥ are arbitrary, it follows that

y-1=1v0 =0

_ PoP—1 — 2
yil = wow_ 1 = M*y_y (3_15)
,yak — wggwml Yy — 5}&0 Pa+1119)1+q1 + P—1-|;foo+QO )y1 — szo_

Sufficiency of (3.13) («): For this implication, we need to show that the
elements < y,y* >€ @G satisfying (3.15) are in Gog, i.e. in G;. So, take an
arbitrary < z,z* >€ G and < vy, y* > € @ satisfying (3.15). Then, we
show that (y*,z) — (v,2*) = 0, i.e. < y,y* >€ G} = Goz. Really, since M? is
limit-point (cf. section 3.2) by the hypothesis,

(v, ) — (y,2")

o0
=Y (MPynZn — ynM2wp)wn + (y21F-1 — y-17%5 Jw—1 + (Y5 To — YoT5 )wo

n=1
pop-1 Do (D1 Po+p1+aq1 -1+ Po+ o _

= PZ_1w—1 + —[=—y2 —( L + 2 ord Yy1]Zowo
WoW—_1 Wy Wi w3 Wo

+ po(ZoMy1 — 1 Myo + Mzoyr — Mz1yo)

Pop—-1  _ _ b1 Po+p1+ p—1+po+
= Y1Z—1 + poZo[—y2 — ( 2y o T 40 Yyil+
Wy w1 w1 Wo

1 1
PoZo w—l[—myz + (po + p1 + q1)y1 — poyo] — PoZ1 w—o[—Poyl + (p-1 + po + 90)yo

1 _ _ _
— p—1Y-1] + y1Po w—o[—powl + (p—1 +po + q0)To — P—1Z-1]
=0
since y~1 = yo = 0, and hence the result.
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We are now able to give the orthogonal direct sum of G, = G in terms of Gy,
and the deficiency subspaces N(A?) and N(A?) with respect to the graph inner

product

(< a,a* >, < bb* >)2 := (a* —ea,b* —eb)+n°(a,b), \* = e+in (n #0) (3.16)

defined on G. In (3.16), (.,.) is the £2 inner product and the norm on G is the
norm produced by the graph inner product. The deficiency subspaces are defined

as

N(O?) = {< z,\’z >€ G§, = G}
={<z, Nz >l x b2 : Mz, = Nz,, n=1,2,3,..} (3.17)

NO?) = {< 2, 2z > & x 2 : M?z, = Nan, n=1,2,3,..}.

We have the following lemma, which establishes the orthogonal decomposition

of the maximal graph with respect to the graph inner-product defined by (3.16).

3.1.5 Lemma Let \? = e +in, (A\?) # 0. Then,
G =Go ® NN o N(I?) (3.18)

where @ denotes the orthogonal sum with respect to the graph inner-product
(3.16) defined on G.
Proof:
(a) Goz L N(A\?): Let < y,y* >€ Go and < u, A?u >€ N(A?), then
(< y,9* >, <, Mu >)e = (v — ey, Xu— eu) +7°(y,u)
= (y* — ey,inu) + 7 (y, )
= —in(y*,u) +ien(y,u) + 1’ (v, u)

= —in(y, \2u) +ien(y,u) + n*(y,v)
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= —inﬁ(y, ’LL) - 772(%“) + ien(y) U’) + 772(.%“)

=0

since < u, \?u >€ G, = G and by Lemma 3.1.3.

(b) Goz L N(A?): It follows similar to (a).

(e) N(\\z) | ]\vr(\\Z): Let UNEu—>E 7\7’{\‘2) and ALY

]
L7

N2)_then
\“J-then

4-¥

CARN

(< u, N2y >, < v, A0 >)e = (Wu — eu, A2 — ev) + n%(u,v)

= (inu, —inv) + n*(u,v)

=0.

§3.2. Limit-point (LP) classification for }M>

In this section, we aim to give a classification result that establishes a connection

between the number of /% solutions of

M2z, =Xz, n>1,3\)#£0 (3.19)

and self-adjointness of the operators related to (3.3). We start with the following

definition.

3.2.1 Definition If there are precisely 2 £2, solutions of

M2z, =Mz, n>1 (3.20)

for 3(A\%) # 0 then M? is said to be limit-point (LP).

3.2.2 Definition If M? is not LP then (3.20) has either 3 or 4 linearly indepen-
dent solutions in £2. For convenience, we shall say that M? is in the limit-circle
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case (LC) when (3.20) has 4 linearly independent solutions in £2,, i.e. all solutions

are in £2 for all A € C.

We now state and prove the following result which is analogous to that for M

(cf. Theorem 3.4.6).

AL2

a TP
LVL P o Qg o o D e

n}gxlmpm(mm+1Mym — T Mym + MZ i 1Ym — MZmYmt1) =0 (3.21)

Vz,y € D(T3). To start with, we define the space

2= {z={.}7: ) |zn*wn < oo} (3.22)
n=1

with the inner product (z,y) := Y oo TnlnWn. We identify this Hilbert space
of sequences with {z = {2,}% €65, : 21 =20 = 0}. Now define the operators
Aj and A

AL 2 — P2 Al —>£30,1

w, w,1

on the domains
D(Ap):={z € Zf,),l : ¢, = 0 for all but a finite number of values of n},

D(A) = {z:2,M*z € L3}

as

Alz = M?z, and Az = M?z, ie., A, A} : {za}3° = {M?2,}°.
Our first step is the folloving lemma.

3.2.3 Lemma D(Aj) is dense, and furthermore Aj is a symmetric operator in
2.
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Proof: D(A}) is dense in £2, ; since there is no non-zero element in £2, ; orthog-
onal to D(A}). Now, by using the Green’s formula related to the expression M 2

(cf. Chapter 1, (1.32)) we have

co
! ! _ = 2 AT2
(Aby,z) — (y, Ajz) = Y {ZaM yn — yuMPzn}wn
n=1
=—lim pm(xm—rl]\'{[ym — T MYt
m— 00

+ mm+1ym - mmymﬂ)
=0
for all z,y € D(A)) since y_1 = yo = £—1 = 2o = 0 and T, ym = 0 for large
m € N. This shows that A} C (A4))*, and hence that Af is symmetric. The proof

of the lemma is therefore complete. |

Now, if we define the closure of A} by Ao, then also Ag is symmetric. The

following lemma is also very important in the sequel.

3.2.4 Lemma

(i) At =A

(i) A* = Ao

Proof: For (i), we need to show both A C A} and Aj C A. For the first
inclusion, let z € D(4}) and y € D(A). By using the Green’s formula related to

M?, we have

(A(,:v,y) - (:c,Ay) = E{szngn - wanyn}wn

n=1
= po(1 Mzo — GoMz1 + 2o My, — 21 My,) |

—_ 1111’1 pm(ym+1M:cm —'gmM:Em+1
m—oo

+ ~'CmM—ym+1 — Tmi1My,,)
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= po(f1 Mz — z1 My,)
=0

since z_1 = 29 = y—1 = yo = 0 and z,, = 0 for large m. So,

(Ayz,y) = (z, Ay)

and-hence-the-first-inclusion—For-the-second-inclusion;-we-need-to-show-that-any ——————
y € D(A}) is an element of D(A) and Ajy = Ay.

Let z € D(A}) and y* = Ajy. Then, since A C Ag = Aj*, we have
0 0 0 0

0= (4gz,y) — (=, A5y)

= E(ﬂanxn - sznwn)wn + E(sznmn - gzwn)wn

n=1 n=1

= —po(MﬁEogl — Mml’go + CCOM_y1 - xlm()) %r
+ lm pp(Mzmim+1 — MTmi1Pm
m—oo

+ Z(szn - g:,)wnwn

n=1

= po(1Mzo — z1 My,) + Z(szn — Jn)TnWn,

n=1

oo

= Z(Mn - g:)mnwn

n=1

since £_1 = g = y—1 = Yo = 0 and z,, = 0 for large m. Now, taking z, = on

where k,n =1,2,3,..., we get
gji=My, k=1,23,..

This means that, y* = M?y, for n = 1,2,3,.... So, y € D(A) and y* = Ay.
Hence A% C A and (i) is proved. Finally, since 4y is closed, A§* = Ay and (ii)
follows from this. Hence the proof of the lemma follows.
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The following lemma gives a criterion for the linear-independence of any two

solutions of

Mz, =Xz,, n>0, AeC. (3.23)

which is similar to that of Benammar [4]. Before we give the lemma, we define

[6, 8]k = pr—1(dr—16k — $xbk—1), k=0,1,2,...

and we remind ourselves that p, # 0,n > —1.

3.2.5 Lemma Let ¢ = {$,}°% and 6 = {6,}> be any two solutions of (3.23).

Then these solutions are linearly independent if and only if

[6,6]0 :=p—1($—-100 — $ob-1) #0. (3.24)

Proof: Suppose that (3.24) holds and ¢, 6 are not linearly-independent. Then

there exist «, 8 both not zero such that,

oy +p0,=0 n=-1,0,1,...

In particular,

a¢_1 + /69_1 = 0, Olq50 + ,690 =0.

This implies, since o and 3 are not both zero, ¢_16y — ¢of_1 = 0 contradicting
(3.24). Suppose now that, ¢ and 6 are linearly independent and (3.24) does not
hold. Then, there exist not both zero «, 8 € C such that a¢_; + 01 = 0 and

ado + B0y = 0. Now, if we let

\IJn = Olq5n + :Ben
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then

MU, =X¥,, n>0, XeC. (3.25)

Then by inserting the initial values ¥_; = ¥, = 0 in (3.25) we get that ¥, =
a¢n + BB, = 0 for all n, proving the linear independence of the solutions ¢ and

6.

We now have the following important theorem, which we have been aiming for. It
gives the connection between the limit (3.21) and the LP condition on M?. The
equivalence of (i) and (v) below was obtained for M previously by Hinton-Lewis

[39].

3.2.6 Theorem The following are equivalent.

(i) M? is LP.

(i1) Ao is self-adjoint.

(iii) A is self-adjoint.

(iv) A is symmetric.

(v) (3.21) holds for all z,y € D(4).

Proof:

(i1)=-(ii1): Using Lemma 3.2.4, 4 = A5 = A* = A.
(ii1)=>(iv): A = A* = A C A* follows clearly.
(iv)=(ii): Starting from (iv), the argument A C A* = Ay C Aj = A gives the
self-adjointness of Ag.

(iv) <= (v): Since, for all z,y € D(A),

(Ay,z) — (y,Az) = Z{a‘:anyn — Yy M2z, }wn,

n=1
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= lim pm(5m+1Mym — T Mym+1
m—00

+mm+lym - m—mym+1)7
clearly (Ay,z) = (y,Az) <= (3.22) holds. Finally, we prove that (i) and (ii)

are equivalent which is the most important part of the theorem.
(i)=>(ii): Suppose that (i) holds, i.e. 3 precisely 2 linearly independent » M and
(2 02 solutions of

(M? -z, =0, n>-1 (3.26)

and let {zp(l), VIORTION 1,[)(4)} be a basis for the solution space of (3.26). Suppose
that

(A—il)y =0. (3.27)

On setting €, = Yn, 7 > 1, and 21 = zo = 0, we have that z = {2,}>5 € 2

and

(M? -z, =0, n>1

Hence

— C’lzb(l) i 02¢(2) +C; ¢(3) +C 1/,(4) n>—1

for constants C1, Cy, Cs, Cy. It then follows that & = C3pp(®) + Cap™ € £%. But
1 ,,(2)
n n

since M? is assumed to be limit-point, v ,® can not be linearly indepen-

dent. Hence we must have
zn =Cp{) + Cpp?,  n2 -1
for some C},Cj € C. Then, from z_; = 2o = 0 we have

Cl¢(1) + 02¢(2) — Cl (1) + 021,[)(2)
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which, in view of Lemma 3.2.5, implies C] = Cj = 0 and hence z, =0, n > 1.
Consequently y = 0 and nul(A —iI) = 0. Since Ay is real and A = Aj, it follows
that Ag is self-adjoint.

(i)=(i): Let %(® k =1,2,3,4 be a basis of solutions of
Mz, =Xz,, n>1, MN¢gR (3.28)
where ) and % are such that

D, @] = p_y (N5 — pPpE) £ 0.

This condition ensures that ) and (?) are linearly independent in view of

Lemma 3.2.5. We take ¢(1) and 12 as
M?,/)(l) — /\¢(1), M¢(2) — _/\1/)(2) )2 ¢ R
since we know that 2 solutions of (3.28) are the solutions of
Mz, =Az,, n2>0
and 2 are the solutions of
Mz, =—-Az,, n2>0.

Then any solution of (3.28) is of the form

4

2 = {2a}2, 20 = ) artpld.

k=1

Suppose z € £2. If we set z_1 = zo =0, then = € D(A) and (A —il)z = 0. The

condition z_; = z¢ = 0 gives a1, az in terms of as, as:

as[p®, g + a [, p®]o
[, (2]
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as[p®, pW]o + as[p™®, ],
»= D, @], '

However, since Ag is assumed to be self-adjoint, we must have nul(A — i) = 0

and hence z, = 0 for all n. This implies a3 = a4 = 0 and hence
T = alv,b(l) + a2¢(2)

in other words M? is limit-point and this completes the proof.

§3.3 Partial separation (PS)

In proving our inequality, it may happen that the left hand side of the inequality
may not be finite while the right hand side is. The partial separation condition

is precisely the condition that avoids this situation.

3.3.1 Definition: (Partial Separation Condition)

We say that M? is PS (partially separated) if

Drasy € Drgary C 42,

in other words, if

o, Mz € 2 = Mz € £2,.

This definition leads us to the following lemma. |

3.3.2 Lemma
(a) If M? is PS and M is LP then M? is LP,

(b) I M is LC then M? is LC.

Proof: Let us start with the following implication:
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(a) If M2 is PS then, M is LP = M? is LP. (3.29)

To prove this, following Theorem 3.2.6, we need to prove that

n}gnoopm(im+1Mym - meym+1 + mm+1ym - mmym+1) =0 (330)

Vz,y € Dp(mz2). This does indeed hold, since by the PS condition z,y, Mz, My €

Dr(mry, and since M is LP,
Lm_ pm(Zmt1 Mym — EmMym1) =0 Vo, My € Dro,

lim pm(mm+1ym - mmym+1) =0 VMz,ye€ DT(M)-

Hence we get (3.30), and (3.29) is proved. A consequence of (3.29) is the following
implication.

If M? is PS then M? is not LP = M is LC.

If M? is PS then M? is LC = M is LC. (3.31)
For, assume that M? is PS and LC, and M is not LC. Then M must be LP
which implies, by (3.29), that M? is LP which is a contradiction. Hence (3.31)

is proved. Now, we shall prove the following implication.

(b) M is LC = M? is LC. (3.32)

To prove (3.32) consider the following equality,
(M>—ID)p=M—-IN(M+IN)p=0 S(A*)#0. (3.33)

Let ¢, ¢ be linearly independent solutions of (M — M)z = 0 and ¢, (¥
be linearly independent solutions of (M + AI)z = 0. Since M is assumed to be

LC, all these sequences are in £2,, and they all satisfy (3.33). We will have proved
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that M? is LC if we prove that the ¢(® &k =1,2,3,4, are linearly independent.
Suppose that

a1¢(1) 1 a2¢(2) + a3¢(3) + a4¢(4) —0. (3.34)
Then, applying M £ AI on (3.34), we get
(M - AD)(as6® +asg®) =0, (M +AD)(a1d® + ) = .
Thus,
2A(039® + agg™®) =0, —2XM(a16" + 0z¢?) =0

which imply ay = ay = a3 = ay = 0 since {¢(}) $@1} and {¢® , ¢} are
linearly independent. Hence, {¢(¥)}, k = 1,2,3,4, is a linearly independent set

of solutions of (3.33), which belong to £2, and hence M? is LC.

A consequence of (3.32) is the following implication,
M? isnot LC = M is LP.

In particular,
M? is LP = M is LP. (3.35)

To show (3.35), assume that M? is LP. Now, if M is not LP then M has to be
LC, which implies, by (3.32), that M? is LC and which is against our assumption.

So, M is LP and hence (3.35). The proof of Lemma 3.3.2 is now completed.

§3.4 The conditions LP, PS and self-adjoint operators

In this section, we examine the PS condition in terms of operators generated by

M on subspaces of £2. This brings out more clearly the true significance of the
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condition. We shall see that the situation is more complicated in our case of
difference expression M than when M is a differential operator, mainly because

of the fact noted in §3.1, that the minimal operator Tj is not densely defined.

In [43],(p.63), Kauffman, Read and Zettl give the necessary and sufficient condi-
tions for a formally symmetric differential expression M*, k > 2, to be partially
separated. The question they originally investigate is to find under which cir-

cumstances

To(M*) = [To(M)]"

where M is a formally symmetric differential expression. They found out that
To(M*) C [To(M )]k follows from the theorem of Glazman [34], below and
To(M*) 2 [TO(M )] * s precisely the partial separation condition. Furthermore,

they give the result

"def (T (Mk)) = kdef (TO(M)) < MP" is partially separated”
which enables us to get sufficient conditions on the coefficients for all powers M¥,
k > 2, to be limit-point, i.e. minimal deficiency indices.

In applying the same ideas to the difference expression M, we face the density
problem of the operators related to M in the first place. To overcome this

problem we introduce the following notation.
3.4.1. Notation

As usual, we define our difference expression as

_1_[_ _
L W PnZn+i T (Pn + ppn-1 + Qn)xn pn—-ll'n—l], n>0
Men = { — o (20 — z-1), n=—1 (336
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Now, we introduce the expressions My, k = —1,0,1,2, ...,

Mz, = E%[_pnmn+1 + (P + Pr—1 + @n)Tn — Pn—1ZTp-1], n>k+1
ko ka[—Pkwkﬂ + (p + pr—1 + & )Tk, n==%k
(3.37)

where {pn}°%, {an}s°, {wn}> are real with p, # 0, w, > 0. Note that My is
defined to be M for n > k with z_1 = 29 = ... = zx—1 = 0 inserted. Note also

that M_; := M. The maximal, pre-minimal and minimal operators related to

M, will be represented by T'(My), Tg(My) and To(My) respectively.

We define the Hilbert spaces

= {z={2a}32 1 Y lzalfwn < 00}, k=-1,0,1,... (3.38)

n=k

with the inner-product and norm

oo o0
(@,9)k = Y afatwn, |2t = D |zal*wn. (3.39)
n=k n=k
Note that, & = —1 is the special case where we get £2, _; := £2,. Now, for

k=0,1,2,..., we define our operators as follows.

The maximal operators are defined as

Drag) ={s € 1 Y |Miea|*wn < 00}

n=k

T(My)zy := Myzn.

The pre-minimal operators are
D1y = {2z € Dru,) ¢+ @m = 0 for all but a finite number of values of m}

(My)?

To(My) = T(My) Dy
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and, the minimal operators are defined to be the closures of the pre-minimal

operators, i.e.

To(My) := To(My).

3.4.2 Lemma Tj(My) is a symmetric operator in £2, ;.

Proof: We need to show that Tj (M) C Tg*(My). First of all, a unique adjoint
T¢*(My) can be defined in £2 ; since there is no non-zero element in £2,  which
is orthogonal to D1 (ar,) and hence Dri(ar,) 18 dense in qu’k. For the inclusion,

let z,y € DTé(Mk)‘ Then,

(To(My)2,y),, — (2, To(Mr)y),

0
= Z(ganxn - manyn Wn

n=k

= —pr—1(JkTh—1 — Jr—1%k) + n}i_rfloopm(gm+lmm — YmTm+1)
=0
since Tm = Ym = 0 for large m, and pr—1(JkTk—1 — Jx—-12%) = 0. Hence the

desired inclusion.

3.4.3 Theorem T(My) = Ty(My).
Proof: We need to show both implications T'(My) C Tg(My) and Ty (My) C
T(My). For the first, let z € Dri(p,) and y € Dr(a,). Then,

(T(;(Mk)x’y)k - (:E?T(Mk)y)k = Z (Mkwngn - ngkyn)wn

n=k

= - n}gnmpm(ﬂmwm+1 — Ym-+1 mm)
=0
= T(My) C T§* (M) = Tg(My), and hence the first inclusion.
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Now, for the second inclusion, let y € Dr»(as,) and y* = T§(Mp)y. Then, since

To(My) C To(My) = Tg*(My), for all z € Dri(aty)s

0= (Tg(Mp)y, ), — (v, To(Mg)z),

M

(fny:; - yanmn Wp

3
il
L]

(fny:, - ankyn)wn + Z (ianyn - yan-'En)wn

n=k

M

3
I
=

M

(y:, — Mkyn)inwn - n}gnoopm(fmym+1 — Tmt1 ym)

3
I
e

M

(yn — Miyn)ZTnwn.

3
Il
>

Now, taking z, := 6pp; n,p=k,k+ 1,k +2,..., we get

yn = Myy, for n > k

since m is arbitrary. So, y € Dpag,) and y* = T(My)y. Hence, we have the

result that

Y € Drx(m) = ¥ € Do)
which gives the desired inclusion and, hence, the proof of the theorem follows.

3.4.4 Corollary

(1) Following Theorem 3.4.3,

T*(My) = T5™(My) = To(Mk)

since To(My) is a closed operator by definition.

(2) To(My) is also a symmetric operator:

To(My) € T(My) = Tg (M)
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which follows from Theorem 3.4.3.

3.4.5 Lemma 0< def[To(Mk) — A] <1L,)¢R.

Proof: We need to prove that nul[Ty(Mi) — A] < 1, i.e. we need to show that
nul[T(Mg) — A] < 1, since T(My) = Tg(Mj) by Theorem 3.4.3. So, suppose
that

Myz, = Azn; n 2 k, z € D). (3.40)

It is then obvious that the recurrence relation (3.40) has a unique solution for

given the value of z (cf. (3.37)). Hence,

T(Mg)zn = Atn; n 2>k

has at most one solution, and hence def [TO(M k) — )\] <1.

The following theorem shows more clearly what the LP condition is for a differ-
ence expression M. We see that, no matter where and how the initial terms of

the expression are defined, the LP condition is related with what happens at oco.

3.4.6 Theorem The following are equivalent for k£ > 0.
(1) M is limit-point,

(2) To(My) is self-adjoint,

(3) T(My) is self-adjoint,

(4) T(M;) is symmetric,

3.4.7 Remark This theorem shows that the LP condition for the expression M

is all about what happens at infinity and nothing to do with the initial values.
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Also note that, T'(My) and To(My) are the same operators under the conditions

given in the theorem.

Proof of Theorem 3.4.6: The equivalence of (2) and (3) follows from Theorem

3.4.3. For (3) and (4), let T(My) be symmetric. Then,
T(My) C T*(My) = To(My) C T(My) < T(My) =T"(My)

and hence (3), as (4) obviously follows from (3). The equivalence of (4) and (5)

follows immediately from Green’s formula: For all 2,y € Dr(ar,),

(T(Mk)a:)y)k - <$7T(Mk)y)k = _n}Enoopm(gm+1$m - 'gmwm+1)'

Here is the most important part of the theorem, (1) < (2):

(1)=(2): Let M be LP and {),,}* be the unique £2 solution of
Mz, = Az,, n >0, A € C\R. (3.41)

Let 6 and ¢ be the usual basis of all solutions: §_1 =0,60y =1, ¢d_1 =1, ¢o =0

say. Then, we know that
o1 =01+ m(A)g_1 =m(A) #0

where m(.) is the Hellinger-Nevanlinna m()) function for M. To prove that

T(My) is self-adjoint, it is sufficient to prove that

[T(My) —ilyn =0=> yn =0, n > k
since T(My) is real and T(My) = Tj(Mg). So, suppose that y € Dras,) and
[T(M4) — i]yn = 0 n > k. Then, with

o — 4 Yno n>k
"0, n<k-1
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we have

Mz, =it,, n >0, {z,}> € £2.

Hence, since M is LP, v and z must be linearly dependent and there exists ¢ € C
such that z, = ¢, n > —1. Thus, z_; = 0 implies that ¢ = 0 since 1)1 # 0.
So, £, = 0 n > —1 and hence y,, = 0 Vn which proves that T'(Mjy) is self-adjoint.
(2)=-(1): For this implication, we start from the special case k¥ = 0, i.e.,
T(Moy) is self-adjoint = M is LP. Suppose M is not LP in which case there are
two linearly independent solutions of (3.41). Let 6 and ¢ be the usual basis of

solutions: #_1 =0, 60y =1, ¢_3 =1, ¢o = 0 again. Then, {0,}> satisfies
M6, = A0,, n >0, 6_; =0,

le.
M6, = Aena n 20, {en}iol € Z%U,O’
le.
T(Mp)0n = A6y, n > 0.
Now, since {6,}5° # 0 we have that T'(Mj) is not self-adjoint which is a contra-

diction.

Now, returning to our main implication, it is sufficient to prove that T(My) is

self-adjoint = T'(M)) is self-adjoint, and here is the proof: Suppose
T(My)zn = Az, n >0,

ie.
Myzn = Az, n >0, {za}§° € £, ;.
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We set

Then,

Miyn = Myn, n 2k, {Yn}i € qu,k,

i.e. T(My)y = Ay. Now, since T'(Mp) is self-adjoint, y, = 0 for n > k, and hence
z, = 0 for n > 0 which implies that T'(M,) is self-adjoint.

We have proved that
T(My) is self-adjoint = T(Mp) is self-adjoint = M is LP.
Hence, the proof of the theorem is complete.

The problem we investigate now is to find under which circumstances the equal-
ity To(M2) = [To(M; )]2 holds. Our starting point is to show that Tj(M}) =

[T4(M:)]*. Following (3.37), we have

M T _ E:l:[_pnwn'l'l + (pn +pn—1 + Qn)xn - pn—lwn_]_], n Z 2
v IvlT[_pl"BZ'l'(pl +pO+Q1)$1], n=1

MZ:C L ﬁ;[_panxn+1 + (Pn + Pn—1 + qn)Mll'n — pn—llen—l], n Z 2
e Ell'[_PlMl-'EZ'l‘(Pl +P0+Q1)M1$1], n=1.

Then the maximal operators related to these expressions are denoted by T'(M;)
and T(M?) with the following domains, respectively.
o0

Drivn) = {:c € va,l : E |M1€Cn|2wn < oo}

n=1
0o

‘DT(Mlz) = {CIZ e va’l : Z |M1233n|2'u)n < OO}
n=1
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The pre-minimal operators are

To(My) = T(M:) |

Do (ay)

To(M{) =T(M7) Ip

TH(M2)
where
D7) = {:v € Dr(py) : Tm = 0 for large m}
D1z = {:L' € Drpz) : ®m = 0 for large m}.
It is now obvious that

Ty(M?) = [Ty(M))". (3.42)

As a last definition, we define the minimal operators as the closure of the pre-

minimal operators, as usual.

3.4.8 Lemma Tj(M7}) is a symmetric operator in £, ;.

Proof:  Dri(pz) is obviously a dense domain in ffu,1 and, so, a unique adjoint
To*(M?) can be defined. We then show that Ty(M?) is symmetric: For z,y €
Dy mzys

(To(M)z,y), — (2, To(MP)y),

= Ef:l (Mlzmngn - wanyn)wn

= limm—oo Pm(Tmt+1 M1Zm — Y MiZmy1 + M1y 1Tm — M1y Tmi1)
=0

since Z,, = ym = 0 for large m, and hence

To(M7) © Tg" (M) = Tg(M7) (3.43)
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which proves the lemma.
3.4.9 Theorem Ty(M?2)=T(M?).
Proof: We show that Ty(M2) C T(M?) and Tg(M?) 2 T(M}). To show
the first inclusion, let y € D a2y and y* = Ty(M#)y. Then, since Ty(M7) C
To(M}E) = Tg*(M7), for all z € Dyi(py2y, we have

0= (Tg(M7)y,2), — (v To(M)e),

(Znyn — Mlza:nyn)wn

M

3
Il
—

oo
(Znyp — Mlzynﬁn)wn + Z(Mlzynﬁn - yanzzvn)wn

n=1

o

3
I
g

*

(i — M{yn)Znwn

M

S
Il
-

i_r)noopm(fm+lM1ym — Zm M1Ym+1 + M1Zp1Ym — MaTmYma1)

3.

(v — Miyn)Tnwn

[l
s

since ., = 0 for large m. Now, taking z, = énp; n,p = 1,2,3,... we get
Yn = Mlzyna nz1

since m can be choosen arbitrarily large. So, y € Drp(p2) and y* = T(M2?)y.

Hence,
y € Dryup) = ¥ € Dray)
and the first inclusion follows from this. For the second inclusion, let € D2y
and y € Dp(pszy- Then,
(Té(Mlz)w)y)l - (maT(Mlz)y)l

= E?:](Mfwngn - nglzyn)wn
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= limm— oo Pm (Jrnt1 M1Zm — JmM1Tma1 + M1y 1Tm — M1y Tmy1)
=0

since z, = 0 for large m, and hence the second inclusion. The theorem is thus

proved.

3.4.10 Corollary

(1) Following Theorem 3.4.9,
THM?) = [TMD)] = To(M2). (3.44)
(2) To(M}) is also a symmetric operator following Theorem 3.4.9:
To(M7) C T(M7) = Tg' (M),

3.4.11 Lemma 0< def[To(Mlz) — i] < 2.

Proof: Assume that
Mizn, = XNan; n 21, S(A*) #0, z € D).

More precisely, the equation takes the form

E%[’panmrﬁl + (Pn + Pr—1 + Qn)Mlicn — pp—1Mizp_1] = ANz, n>2
arl=pMizs + (1 + po + @) Mz ] = My, n=1.

(3.45)
Now, since the highest indexed term in Mjz, is Tn41 and the least indexed
term is Zn—1, from (3.45) it is clear that MZz, = A%z, is a five term recurence
relation. For n = 1, z; is the least indexed term and z3 is the biggest indexed

term so that z3 can be determined by z; and z;. For the choice of wgl) = 0,
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:vgl) = 1 there exists a unique solution of (3.45), and for a:§2) =1, mgz) = 0 we

find another solution so that any solution of (3.45) is of the form
Ty = clxgll) + cza:sbz), Ty =cg,L2 =cC1; C€1,¢2 €C

which is spanned by two linearly independent solutions whether or not they are

£2, ;. Hence def [To(M2) — i] <2 and the lemma is therefore proved.

We now give a result similar to that of Theorem 3.4.6 which gives a characteri-

zation for M? to be LP.

3.4.12 Theorem The following are equivalent:
(1) M? is limit-point.

(2) To(M?) is self-adjoint.

(8) T(M?) is self-adjoint.

(4) T(M?}) is symmetric.

(5) Vz,y € DT(Mlz))
n}i—1>noopm(£m+1M1ym — B Miym+1 + MiZpp1Ym — M1z mYmt1) = 0.

Proof: This theorem is proved in exactly the same way as Theorem 3.2.6.
The only difference is the notation we used and this is because we want to get a

necessary and sufficient result for the PS condition on M?2.

Back to our main question that under which circumstances To(M7) = [To(My)}?
is true, we use a result by Glazman to be able to see To(M7) C [To(M1)]*. We

first give the following equivalent definition for the partial separation condition.

(i



3.4.14 Definition The difference expression M is said to be Partially Separated
(PS) if =, MZz € £2 | together imply z, Mz € £}, |, or equivalently Dp(prz) C
D1y

Theorem A (Glazman) Let A; be a closed operator with dense domain in
a Hilbert space H and suppose that it has closed range and finite deficiency,
7 = 1,2,...,k. Then H?=1 Aj; is a closed operator with dense domain, closed

range and
k k
def [ 45 = defA,
j=1 =1
(see, Glazman [34], Theorem A, p.26).

Let

N1 = Ml - Wi, Nz = M1 — Wy (346)
where w; = —ws,, w? = wj =i. We then have the following important theorem.

3.4.15 Theorem M? is PSif, and only if, def[To(M2)—i] = 2de f[To(M1)—1i].
Proof: We have
To(NlNz) =T [(Ml - w1)(M1 - wz)]
(3.47)
= To(M?) —i.
Now, we see that To(N7) and Tp(N2) are closed, densely defined and have closed

range. Then,

To(N1N2) = To(N1)T5(Nz) € To(N1)To(N2) (3.48)

To(N1N3) C To(N1)To(NN,) (3.49)
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since To(N1)To(Nz) is closed by Glazman and since To(NN1Nz) is the minimal
closed operator generated by (N1 N3). Now,

M? is PS = D(T(N1)T(N2)) 2 D(T(N:N2))

= To(NlNz) 2 To(Nl)To(Nz)

To( N1 N2) = To(N1)To(DN,) (3.50)

by (3.49). By (3.47) and Glazman’s theorem again, we have
def [T()(Nl)To(Nz)] = def [To (Nl)] + def [To(Nz)]

= def[To(M7) — i
(3.51)
= Zdef[To(Nj)] (.7 = 1’2)

= 2def [To(M1) — Vi].
Since M is real, we have the same result when we replace i by -i. This gives the

proof in one direction. Suppose now that,
def [To(N1)] + def [To(N2)] = def [To(N1N3)). (3.52)
We remind ourselves that, since M is real,
def [To(N1)] = def[To(N2)] =: def [To(M1) — V/i].
Now, by Glazman,
def[To(N1N2)| = def [To(N1)To(N2)]. (3.53)
We also have that, by the choice of w;, wa,

To(N1N;) = To(M?) —i. (3.54)
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So, by (3.54), if (3.52) is assumed,
def[To(M?) —i] = def[To(N1)To(N2)]
= def[(To(My) — w1)(To(Mz) —wi)]
= def [Ty (My) —i].
We also have

To(M?) —1i C T2(M) —i. (3.55)

Now, if the deficiencies of To(M2) — i and TZ(M;) — i are the same, then these
two operators are the same, otherwise {Range [TOZ(Ml) — i] }'L would be strictly
inside {Range[To(M2) —i]}*, i.e. the dimension of {Range[T2(Mi) —i]}™
would be less than the dimension of {Range[TO(Mlz) —i] }J'. Note that, these
dimensions are finite as they are the deficiency indices of TZ(My) and To(M7)

respectively. Since, by the hypothesis, we have equality in the deficiencies, we

must have equality in (3.55), i.e. additional to (3.55) we must have
To(M?) —i D T2(My) —i. (3.56)
Now taking adjoints in (3.56), we find that
T(My) C T*(My)

/

hence M? is PS.

The theorem is therefore proved.
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Chapter 4

THE INEQUALITY

§4.1 Introduction

The problem we shall investigate is to establish a criterion for finding the best
constant in the following analogue (n = 2) of the Beynon et al. result [9](cf.
Chdpter 1, §1.1) for the 2nd order formally symmetric difference expression M.

This is that,

oo ) 1/2 , o0 1/2
Z |M$n|2wn < -K< z |$n|2wn) (Z |M2$nlzwn) Va € -DT(Mz)
n=0 n=1

n=—1
(41)
where D2y is the domain of the maximal operator related to the difference
expression M? (cf. Chapter 3, §3.1), i.e. the maximal domain that makes the

right hand-side of (4.1) finite. We remind ourselves that the difference expressions

M and M? are defined as before, i.e.

wL[_A(pn—lAwn—l) + in'n]a n>0
Mz, = { _%(xo —z_1) n=-1 (42)
and
M(Mz,), n>1
Mz, = [M(M2)]n = { o3[~A@n-1AMzn1) + ¢uMzn], n=0 (4.3)
—%(M:vo ~Mz_q), n=-L

Here A is the forward difference operator Az, = ,4+1 — z, and the coeflicients

Pn, qn and w, are real with

{Pr}Z1 (en #0), {&}e® A{wa}S  (wn >0). (4.4)
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We now give some results in order to get the main inequality. We start with the
following lemma, which establishes a basis for the solution spaces of M2y = \?%)

and M?y = X%¢, and brings up the role of the m(\) function.

4.1.1 Lemma Let M and M? be LP. Also, let m(.) be the Hellinger-Nevanlinna
m(\) function associated with M, (cf. Chapter 1, §1.3). For A\,)\? € R, let 6())

and #()\) be the solutions of Mz, = Az, (n > 0) defined by the initial conditions
9_1 = 1, 00 = 0, ¢_1 = 0, p_1¢0 =1 (45)

and set p(A) = Op(A) + m(A)dn(A) for n > —1. Then (), ¥(—A) are linearly

independent solutions of
Mz, = X2,, n>1 (4.6)

and satisfy

p-1(£X) =1,  p-1tpo(£A) = m(EA). (4.7)

Hence N()A?), and N(A?) are the linear spans

NO2) = [ < 9, Ph(A) >, < B(=2), X9(-) > | (48)

N(?) = [ < 00, 000 >, < 50, (=0 > . (49)
Proof: We see that (4.7) easily follows from (4.5). So we only need to prove
(4.8) and (4.9). Since M? is LP, and < u, \2u >€ N(A?) implies M?uy, = M u,
(n > 1), it follows that u is a linear combination of ¢(A) and (—X). Hence (4.8)

follows, and (4.9) similarly. The lemma is therefore proved.

From now on, we will use the notation %(*) or (1) for the solution %(}), and
() or () for the solution (—X) of (4.6) whichever is more convenient to us.
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4.1.2 Lemma Let ¥() := ¢(£)) be the sequences defined in Lemma 4.1.1. If

M is LP, and S()) # 0 and R(\) # 0 then

S{m(£N))

||1,/)(:|:)||2 = m—“ +w_q (4'10)
and
(0, ) = m(’\)zé(r;\z)(_’\) +w_y. (4.11)

Proof: We insert z, = yn = ¢(+) in the Green’s formula related to M (cf.

Chapter 1, §1.4). Since M is LP, we get

Z[¢(+>A¢<+> ${PAE o = poalp D — Py 3
(= DD, ) — w_ g H D] = m(A) — m(N)
=

(+) 2_8(”"()‘)) w
||| ——30\) +w

and similarly taking (=) instead of ¥(*) we obtain (4.10). Now, by inserting

zn, =) and y, = (=) in the Green’s formula related to M we obtain

o

S B — I T wa = pa DY 99D
n=0
N () = (%)
) )y = M) —m{=A) |
("p + ,¢ ) - )\ + /—\ ‘I‘ —1
_ () = = ;
=T mpy v |

giving (4.11), which completes the proof.

We now turn our attention to our inequality (4.1). Note that, in order to prove
(4.1), it is sufficient to consider only real sequences © € D2y € Drar). To
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show this, suppose that (4.1) holds true for real = € Drp(ar2y € Dr(ar) and let

zn = X, +1Y,. Then,
o0

2l = > 1Xn + iYal'wa = |1 X + Y],

n=-—1

> 1Mz, [fw, = i |M X, |*w, + i |MY, Pwn

n=-1 n=-—1 n=-—1

and finally
S IMPan Pwn =) M X fwn + ) [MP Y Pwn,
n=1 n=1 n=1

So,

i |M$n|2wn: io: |MXn|2wn+ i |MYnl2wn

n=—1 n=-—1 n=-—1

0o 1/2 00 1/2
< K| X|| (2 |M2Xni2wn> + K||Y|| <Z |M2Yn|2wn>

n=1 n=1

=

os) oo 1/2 oo 1/2
2|Mxn|2wnSK{nxn(z!MzXnPwn) +||Y||(Z|M2Yn|2wn) }

n=-—1 n=1 n=1

1/2 [oe]
< K(IIXIIZ n ||Y||2) (z M2 X P
n=1

oo 1/2
+) |M2Yn|2wn>

n=1

oo 1/2
_ anu(z |M2$n|2wn> ,

n=1
hence the result follows.
4.1.3 Lemma Let < z,z* >€ G; be real. Then, 3 < y,y* >€ G2 and
A1, Ay € C, such that

2
<z,2* >=<y,yt > +2R Y A< N0 > A2 ER, (4.12)

=1
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Proof: Using the result (3.18),
G=GudNO)oNA?) SO #0

for all < z,z* >€ G, there exists A;,B; € C, i = 1,2, and < y,y* >€ G2 such

that

<zt >=<y,y" >+ZA <, A2¢(’)>+ZB <@ N > .
=1 =1

(4.13)

Now, since < z,z* > is real, (4.13) gives

<z,z*>=<y, > >+ZB < @D N2y >-|-EA < PO NHD >
=1
(4.14)

Hence, uniqueness in the orthogonal decomposition gives that < y,y* > must be

real and A; = B;, 1 = 1,2. This completes the proof.
Before we give the next result, we remind ourselves that the graph inner product
on G is given by

(< a,a* >, < b,b* >)y2 1= (a* — ea,b* —eb) + n%(a,b), A2 =e+in (n #0)
and the norm is the one produced by this inner product (see (3.16) in Chapter 3).

4.1.4 Lemma For real < z,z* >€ G, satisfying (4.12), and A\? = e+in we have

2 2
I<a2* > =l <yy" >[5+ 4772%{ EZAJZ(%/)(“W('“))} X ¢R.
1=1 k=1
(4.15)

Proof: By Lemma 4.1.3

<z,z* >=<y,y* >-|—ZA < ) A2¢(’)>+2A < PO N2p(® >,
=1
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and by using the graph norm,

2
I <z,2* > |2 = <yv* > B+ 1D A <@, 200 > |13,

=1

2
DA <O, 0O > |3
=1

2
=l <y,y* >3 +21 ) Ai <9 X290 > %

=1
Now,
2 . «
21 Y Ai <D, 9D > |3,
=1
2 . o
=23 [AilP) <@, X9 > |3
i=1
+AR{ A1 AR (< D, N0 > < 3 229 )01
and

(< D A > < ) A28 5)5, = ()\277[,(1') — e, A2p(R) _ (k)Y
PO, )
= 202 (99, 914,
Hence,

2
I <e2* >R =l <,y >3 +4172{ YA < @220 > 13,

=1

+z%[A1A—z<¢<l>,¢<2>>]}

2 2
N 4n2én{ ZZAiA_k(iﬁ“’,ab(’“’)}

1=1 k=1

giving the required result. Therefore the lemma is proved.
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§4.2 The main result

4.2.1 Lemma Let A = pei0 (6€(0,5),peR-{0}), N2 =e+in, <z,2* >€ G

be real, M be LP and M? be PS, and define

Q] == || < z,z* > |2 + 2¢e[mowo(zl — M%) + 21 (p—1 Mzo + 2% w_1)

—p-1 :EoM:IZ_l] (416)

Then the following are equivalent.

(2) 2e} ol o(Mzn)*wn < [l + [N 2]|=]®

(b) @x:[2] 2 0.

Furthermore, there is equality in (a) if and only if there is equality in (b).

Proof: Forreal < z,z* >€ G,

and

I <z, >R = lla* — ezl* +n*|l<||”

= Jlo*[|* - 2e(z*, ) + |3l

o0
* * * 2
(z*,z) = 2¥jz_qw_1 + zgTowo + E oMz pwh

n=1

o
=¥z qw_1 + TiTowo — zoM?zowo + E T M2,

n=0

o0
* * 2 2
=z’ z1w_1 + zgzowe — oM zowe + E (Mzn) wy

n=0

+p_1($_1M£I:0 —:L'QM.'E_l)
=z* | z_1w_q + zhzowy — To M T

+ E(an)zwn +p_1(z—1Mzo — zoMz_1)

n=0
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=
I <,2* >R = llz"]* + [X*]° ||
oo
- 26[:10"11:6_110_1 + 5[73.’130’11)0 — .'L'()Mz.'Eo’wo + E(M:cn)zwn

n=0

+p_1(z—1Mzo — 2o Mz_1)]

2* 117 + p*l2]l* — 2¢ ) (Mea)*wn = Qxala].

n=0

The proof follows from this fact.

We note that, in order to establish the inequality (4.17) we establish (4.18).
Now, by using (4.5) and (4.7), and by setting m(A) = m(+2X) and n(A) = m(=X)
for arg(A) € (0, I), we have the follbwing for real < z,z* >€ @ satisfying (4.12).

r—q1 = 2§R(Al + Az),

zo = 20 (4, 22 4 4,20,

P-1

Moy =28 [Ay (— 22 4 221) 4 4, (— 22 4 2=2)] | since My—; =0,
M"I"O = My, + 2% (AIA% —A2>\%> ,
Cbil = y*—l + 2§R (Al)\z + A2>\2) s

* * m(A n(A
of =y + 2% (4222 4 432 200),

WoW—_1 P-1

s i (321}

M2zo = M2y, +2§R{A1 [Azm(k) 4 B= 1>\‘|‘ P24 (m(A) __1)]
WoW—-1 \ P-1
We explain the last term as follows, as the rest are easy to evaluate.

We know that (1) := ¢(\) and () := p(—)) satisfy

)\v,b( ) n>0
(1) . =
Myr” = { (¢<1> O, n=—1
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and
— (2 n>0
M (2) — ’ =
v { —Et(yg? -9, n=-1

where the difference expression M is defined by (4.3). Then, by using (4.12),
Mzmo = M2y0 + 2§R {A1M2 (()1) + AzMZ (()2)}

with

1
M) = w_o[—poM¢§1) + (p=1 + po + 20)Mpg" — p_y My
1
Wo

_ B‘iMlpgl) + Zﬂ/\l/,(_ll)
Wo Wo

[— poMp® + (o1 + po + g0) M9 — p_y 3pY)]

1
Wo

~ P ) 4 p_ g
Wy

[ = podp + (p1 + po + g0)M Y — po1 2]

2
— (1) P—1 (1) _ () 4 P=1y (1)
=g+ g0 g0y 4 2Ly
(1) pi, (1) (1) P-1,,(1)
=+ L )+ g,
Now, by (4.7), gb(_l) =1_1(A) =1 and p_1¢§1) = m(A) implies that

sy = o {a By By oy (22 -1)]}.

D-1 Wo WoW—1 P-1

Similarly M? (()2) is obtained, and hence the desired result.

So,
:Eo’wo(.’l}?; — M2$0) = 4-§R [Alm()\) + Azn()\)] { 5——11%(14.1 + Az)

22 - 2 4 - 2,
-1 (p_lM:Co + :I)il w_l) = 4§R(A1 + Az)%{Al [)\m(A) + w_1>\2]

+ A2 [-An(X) + w_1\? },
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and finally,
A -
_p_lxoM.’Z_.l = 4%[14177?,()\) + Azn()\)]%{Al [m — p_l]

A, [P p;l]}. o

W1 w1
Now, combining these results, we get from (4.16) that
Q)‘z[a:] — || < :E,:C* > ”iz = 86§R[A1m()\) + Azn(A)]%[Al(—)\) + Az)\]

+ 8eR(A1 + A2)R{ A1 [Am(X) + Nw_q]

+ Az[—)\’n(A) + )\zw_l]}
This implies, by using (4.15) and (4.11) with the notation A\; := +X and Ay :=
—A, and m(A\;) = m(A) and m(A;) = n(A)

Qelz] — || <y, v* > |3

m( ;) — m(A
_4,)72%2’021414 ()\ _)\k( k) ‘|"LU—1]
1=1 1

+ 8eR[A1m()) + Azn( )] R[A1(~)) + A2)]

(4.19)

- 86%(14.1 + Az)%{Al [)\m()\) + /\zw_l] -+ Az[—)\n(A) + Azw_l]}

Now, set Ay = a1 + ib1, Ay = ag + iba, m(A) = my + img, n(A) = ny + ing,

A= p+iv and
fO) = Am(2) + XNw_1 = fi +ifz

g(\) = =2n(\) + N2w_; = g1 +iga.
Now, if we name the first expression on the right hand side of the equality (4.19)

as Iy, the second as I and the third as I3, we then obtain the following.

m(A\) =m0

By setting D;g 1= 3,

+ w—1, we have

2 2
I = 4n® EZ a; +1b;)(ax — 1bg)Dj.
= k=1

Now, if we define
D11 Daq
D=
<D21 Dzz) ’
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we then have

Dy D A
a-ernfin (3 52) (3))

= 4772§R{(a1 + ibl, ag + 1b2)§R(D) (al B lbl >

ag — lbz

as — lbz

= o [(as,00)+ 60, bR (2 ) -1 (321}
b (an, 00+ b () -1 (2 )1}

= 4r*[(or,a2)R(D) (&) + (on,)(D) 7! )]
[, an)9(0) (31 ) = (u,)9(0) (2 )

+i(ay + iby, ag +ib2)S(D) (al - 1b1>}

=
o (43 32) 1)
= @ bz
L =4n%(ay a; b b)O Zf (4.20)
bo

where the matrix O is real and symmetric with the following entries.

O11 = R(D11) = Eﬂﬂ%ﬂ +w_y =2 +w_y,

O12 = R(D1z) = g{[m(_hg;_ﬁ(*)_ Fwog] = B g,
013 = CJ\'(DH) = 0,

O11 = ¥(D12) = m—ZZ'l;L—M,

O22 = R(Da2) = w +w_y =2 +w,

Og3 = X(D21) = 3[2%7(—» +w_1] = ij"'#”z,

Og4 = S(Daz) =0,

Oss = R(D11) = B2 +w-y,
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O34 = R(D12) = m‘% +w-1,

Ous = R(Dq3) = _T_LJ,; + w_1.

For the second expression on the right in (4.19) we have

I = 8eR[Aym(A) + Azn(N)] R[A1(~)) + Ao (V)]

= 8¢(aymy — bima + agny — bang)(—arp + biv + azp — bav)

= 8e[af(—map) + araz(map — nav) + arbi(mav + map) + arba(—mav + nap)
+ a2nqp + agbi(n1v — map) + asba(—nyv — nap)

+ b%(—mzl/) + bl bz(mzl/ - 'I’Lzl/)

+ b%nzl/]

=

431
L =8e(ay a; b Bby)M Zz (4.21)
1

by

where the matrix M is real and symmetric with the following entries:

My = —map, Mis = m1g2—n1u, My = mw-lz-mzu, My, = —m11;+nzu,

My = nap, Mys = M2 Moy = —n-m2k,

Mz = —mov, Msy = B2225,

M44 = Ny V.

And finally, for the last expression in (4.19),

I3 = 86%(141 + Az)éR [Alf(A) + Azg()\)]
= 8¢(ar + az)(a1f1 — bif2 + azg1 — baga)
= 86[61%]01 + arax(f1 + g1) + ar1bi(—f2) + a1ba(—g2)
+ a3g1 + a2bi(—f2) + az2ba(—g2)].

Then,

a1
I3 = 86( ay a9 bl b2 )N ng (422)
1

by
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where N is a real and symmetric matrix with the following entries:

Ni1 = f1, N1z = fl;gl, Niz = —%, Nig = _%2_)

Nao = g1, Nog = =L, Nyy = 22,

Ny = 0.

Now, (4.19), (4.20), (4.21) and (4.22) imply that

Qxzfz] — || < y,y* > ||§z = ATPA (4.23)

where |
P:=4n’0+8(M+N), AT=(a; az b b) (4.24)

is a real and symmetric matrix of size 4 x 4 with the following entries:

Py = 4n% (22 + w_y) + 8¢(fi — map)

P].Z = 47]2(% + w—-l) 4+ 8€(f1'2|'91 + ml;nl/«b)

P13=8e(—%+m_11/_-|2-m_2u)

Py = 4n? (m2+n2) +8e( — f2 4 murtnan)

Py = 4n%(22 + w_1) +8e(g1 + n1p)
P23 = 477 (mz-l-n ) +8€( % 4+ nlu—zmzﬁ)

Py = 8e( — 42 — mariman)

Pz = 4n? (2 4+ w_1) + 8¢ — mav)
Py = 4n* (——'Lml—n + w— 1) +8€(—2——2 1/)
Py = 4772(% + w—1) + 86(n21/).
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Hence, by (4.23),

Qxalz] = [|z*|? + p*|lell® — 26 > (M) wn
n=0
=l <y,y" > |3 + ATP(p,6)A (4.25)

= [o%; Pwor + |25 [Pwo + ) (M2 en)?wn + p*l|z]|* — 2¢D[2]

n=1

where D(z] := Y o0 ((Mz,)?w,. We then have the following lemma.

4.2.2 Lemma The following are equivalent.
(i) |lz*||? + p?||z]|? — 2p? cos(26)D[z] > 0 V real < z,z* >€ G, (4.26)
(ii) P(p,0) > 0, i.e. P is non-negative definite, (4.27)

(iii) 3200, (M?z,) wn+p||z||2 —20? cos(26) D[z] > 0,V real z € Dr(pz). (4.28)

Proof: The equivalence of (i) and (ii) follows from Lemma 4.2.1 and the sub-
sequent comments. We only need to show that (i)=-(iii) as (iii)=>(i) is obvious

from
lo* 2 + o*llall® — 267 cos(26)Dla] = o, [Pw_s + o3 Puwo + Fla]  (4:29)

where Flz] := Yoo [ (M?z,)?wn + p*|lz||> — 2p? cos(20)D[z]. So, suppose (i)

holds, and let < z,z* >€ G. Then © € Dp(ar2) and so

2%y Pwoy + |zg2wo + Y (MP2n) w, + p*||a|* — 2p” cos(26) Dlz] 2 0

n=1

for all < z,z* >€ G. Now, since z*; and z{ can be anything by their definition
(see §3.1), in case of z*; = z§ = 0 (4.26) still holds and hence F[z] > 0 Vz €

Dr(pg2y. This gives (iii). The lemma is therefore proved.

4.2.3 Remark: Note that, the inequalities in (4.26), (4.27) and (4.28) are strict
together, i.e. one holds if and only if each of the other two does.
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4.2.4 Lemma For any non-trivial, real € Dp(ps2) and K = 2k, the following
are equivalent:
1/2
() Dls] < Kol ( S22, (%, w00
() Jpoala] = S0, (M2 )Pwa + pllo]® - 9*kD[e} 20 Vp € R\{0}.

Furthermore, there is equality in (i) for p? = 1kD|z]/||z)|

in (i).

Proof: We see that,

iff there is equality

Toalel = (o = 5 ) Wll + e (1P D2 ()~ 7 (01
and

o0 1/2
Z(M%n)zwn> . (4.31)

n=1

Jp2plz] 20Vp e R - {0} <= D[z] < 2k_1||w||<

Therefore the lemma, is proved.
Now, let x(p,8) denote the least eigenvalue of the real, symmetric matrix P(p, )
defined in (4.24) with A = peie (6 € (0,%),p € R\{0}), and define

6o :=inf{6: 6 € (0, %), x(p,0) >0 VpeR\{0}}. (4.32)

The main theorem is as follows.

4.2.5 Theorem: Suppose M is LP, M? is PS. Let A = pei9 with 6 € (0, %),

p € R\{0}. Then,

(A)

6o = inf{6: 6 € (0, g), X(p,$) >0 Vo€ (o, %),Vp cR\{0}}.  (4.33)
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(B) There exists a constant K € (1,00) such that (4.1) is valid if and only if

0 < 6y < T, in which case, the best constant in (4.1) is K = sec(26).

Proof:

(A) Following (4.26), (4.27), (4.28) and Lemma 4.2.4, with A = pel? the validity
of (4.1) is equivalent to non-negativeness of P(p,#), i.e. non-negativeness of
the least eigenvalue x(p,6) of the matrix P(p,6). Suppose that x(p,8) > 0

Vp € R\{0} and for some 8 € (0, 7). Hence,
Qr2[z] >0, A= peio.

Now, since for ¢ € (6, T) we have cos(2¢4) < cos(26), it follows from (4.28) that,
since % = 2 cos(26),

2 cos(2¢)D[z] < 2cos(20)D[z]  (strict if D[z] # 0)
1 oo
< p?||z|* + y 3 (MPzn) wn  ¥p € R\{0}.
n=1
The second inequality above, i.e.

1
2

2cos(26)Dle] < ool + -

3 (M%z,) wn  Yp € R\{0} (4.34)

remains strict if D[z] = 0 and = # 0. Hence, from (4.26), (4.27), (4.28) and
Lemma 4.2.4, x(p, ¢) > 0 Vp € R\{0} and therefore (4.33) is established.
(B) If (4.1) is satisfied for some K € (1,00}, then on setting

1 4,1 T
0= 7 cos™ () € (0, 7),

we see that (4.34) is satisfied. So, (4.27) and (4.28) now yield that when A = peie

x(p,8) 20 VpeR\{0}.
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In particular, fy < T and fo =  cos™!(4) where K is the least constant in (4.1).

Conversely, if 8y < T then with A = peio, for any 6 € (6o, ),
Qaz[z] >0  Vp € R\{0} and V real = € Dy(pr2),

and use of Lemma 4.2.4 again yields (4.1) with the constant sec(26) and this
implies that

K = sec(26y).
The proof is therefore completed.

4.2.6 Corollary Suppose for some 6; € (0,F), x(p,61) > 0 Vp € R\{0}.
Then, following Theorem 4.2.5, x(p,6) > 0 for any 6 € (61, §) and p € R\{0}.

Therefore, we are able to give an equivalent definition of 6, as follows:
6o = sup{f: 6 € (0, %),X(p,e) = 0 for some p € R\{0}}. (4.35)

This means that, if in x(p, ) = 0, we can express 6 as a function of p, § = 6(p),
then 6 is its maximum, possibly attained at p = oco. To see (4.35), denote the
right hand side by « and the set on the right hand side of (4.35) by S. Then we
have that for any 6 € S, x(p,6) = 0 for some p € R\{0} and hence § < 6y which
gives o < 6. If 8 < 6 then x(p,0) < 0 for some p € R\{0} and 6§y < . Thus

the corollary is proved.

4.2.7 Theorem Suppose that the hypothesis of Theorem 4.2.5 holds and 6y < 7
so that K = sec(26y) is the best constant. Then the sequences {z}> € Dp(p2)
which give equality in (4.1) satisfy one of the following distinct conditions:

(a) z=0,

97



(b) z#0, Mz, =0 (n=0,1,2,...) in which case, both sides of (4.1) are 0,

(¢) z#0, M?z, #0forn=1,2,3,... and

E:={p:peR\{0},x(p,00) =0} #0

in which case the equalising sequences {z,}% are given by
2 ‘
z=2R)  AipP(N) (4.36)
i=1
where A; = a; +ib; and AT = (a1, a2, b1,b2) satisfies
P(p,00)A =0 (p € ).

Proof:
(a) The proof for this case is obvious.

(b) The proof of this case follows from the fact that
Mz, =0 forn>0 = M?z,=0 forn>1,

which makes both sides of (4.1) zero.
(c) Suppose J,z2 i[z] = 0 with p* = 1kD[z]/||z]|*. Then, if there is equality in
(4.1), i.e.

Dla] = sec(260)]z] @ |M2wn|2wn)l/2,

we have, with A = peief’ and € = R(\?) = p?cos26,,

2e 1 & 2. 12 20112
p—zD[w]= p—ZZIM Tn| wn + p7|||[".

n=1

Hence, by Lemma 4.2.1, Q:{z] = 0. However, from

@zl = || <y, y* > % = ATP(p,60)A 2 0, (4.37)
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it follows that y = y* = 0 and P(p,6p)AT = 0. Then, p € E and, following 3.12,
z is given by

2
z=2R> AnpP()
=1

Conversely, suppose that p € E and z is given by (4.36). Then z # 0, = €
D2y, T(M?)z = 2R{\? Ef___l A (X))}, and with y = y* = 0 in (4.37) we

get @ z2[z] = 0 in which A = peie". Then, it follows from Lemma 4.2.1 that

1 o0
2 cos(260)D[z] = o E |M2 2 |Pwn + p?)|2)2. (4.38)

Now, when p? = (Y or; |M2:cn|2wn)1/2/]|w|| the right hand side of (4.38) attains

its minimum, and hence

oo

cos(260)Dlz] 2 (3 |M2an[*wn) o]
n=1

> cos(26y)D|z].

Following the last argument there is therefore equality, and the theorem is proved.

§4.3 Another Inequality

In this section we examine the validity of the inequality

oo oo 1/2 , oo 1/2
> anun < K( 3 loalwn) (S Iealun) Ve € Drory
n=1

n=—1 n=—1

(4.39)
under the same circumstances as (4.1). This inequality is a stronger inequality
than that in (4.1), as there is no [Mz_;|*w_; term on the left hand side of (4.1).

The technique we use in the investigation of the validity of (4.39) is exactly the
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same as that we use for (4.1). In fact the results we have for (4.1) remain true
except that in some of them we need to make a few minor modifications. Hence,

we start with the following lemma.

4.3.1 Lemma Let A = peie (6€(0,%),p e R—{0}), \* =e+in, <z,2* >€ G
be real, M be LP and M? be PS, and define

Qaelz] := || < z,2* > |32 + 2€[zowo(zy — M2xmo) + z_1(p_1Mzo + 27 w-1)

— Mz_y(Mz_yw_q + p-170)],

(4.40)
then the following are equivalent.
(a) 2655y (ManYown < o2 + X212 ol (4.41)
(b) @»z[z] > 0. (4.42)

Furthermore, there is equality in (a) if and only if there is equality in (b).
Proof: Forreal < z,2* >€ G,
I <22 > |} = lla* — ex||* +n*|l]|®
= |le*||* — 2¢(z*, @) + [X*|l=]®

and

o0
* * * 2
(z*,2) =X 21wy + zgzowo + E Mz pzpwy

n=1
(e o]
= z* . M? M?
=T {TqW-1 + TgToWoy — ToToWwo + TpZTnWn
n=0

o0
* * 2 2
=z¥ z_qw_1 + zgzowe — M zozowo + E (Mzn) wy

n=0

+p1(z—1Mzo — 20 Mz_1)
* * 2 2
=z* 2z qw_y + Tizowe — M zozowe — (Mz_1)"w_4

+ Z (M-’En)2wn + po1(z—1 My — zo Mz _1)

n=-1
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=

I <2 > |3 = e*]* + p*llal® —2¢ ) (Mza)wn

n=-—1

_ oefwowg (el — M?z0) + o1 (p_1 Mazo + 2% qw_y) (443)

~ Mz_y(Mz_qw_1 + p_120)]

Quele] = lo*|* + p*llell® = 2¢ D (Men)wn.

n=-—1

The proof therefore follows.

Similar to the case for the inequality (4.1), we will be dealing with (4.42) in
order to obtain the inequality (4.41). We again obtain information on the terms

in (4.42) by means of (4.5), (4.7) and (4.12). So,

zowo(zy — Mzzco)

= wo 2R [4y ™) 4 a4, M] {ya" +2R[A N mA) | 4,02 —n(A)]
P-1 p-1 P-1 P-1
2
_ M2y0 _ 2§R{Al [)\Zm()‘) + P-1 by + P4 (m()\) _ 1)]
b1 Wo WoW—1 ° P—1

+ A, [Azn(/\) _ P—1A+ f (n(A) _ 1)]}}

P Wo WoW—-1 * P-1
FR{A [ - SomO)] + A = n (0]}
Also,

z_1(p—1Mzg + 2zt w_1) = 4R(4; + Az)ﬂ?{Al [)\m()\) + w_l)\z]

+ A, [—)\n()\) +w_q )\2] },
and, following (2.13),

- Mz_y(Mz_yw_1 4+ p_1%0)

= 4:§R(Al + AZ)%{Al [p—lm(A) _ P%.l ] + A, [p_ln(A) . p2_1 ] }

w_1 w—q w—_1 w_1
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Now, combining these results in (4.40), we get

Qefz] = || <z,2" > |3

2
= 8eR(A; + A2)§R{A1 [M + Am(A) + woy A2 — p;l]

w1 Ww—1

+A2[2P_201j‘_1(/\_) n(A) + w_y N — 2—_1]}

+ 8eR [A1m(A) + Azn()N)] ?R{Al [-X - m()\)] + Az X — M] }

w—-q Ww_1

And this implies, by using (4.15), (2.13) and (4.11),

Qazlz] — || < v, 9" > I3

= 4n2§R Z Z A; Ay [m()\,-) — T_ﬁ()\k) + w-l]

i=1 k=1 Ai = A
2p_1m(\ 2
+ 8eR(As + Az)éR{Al [M +Am(A) + w_g 32 — 221 (4.44)
w—1 W-1
2p_1n{A
+ A, [_Bl_n(_) An(A) + w_ - p_
w1 w—_

T 8eR[Am()) + Azn(V)]R { J-r- ]—|—A2 - @]}.

Ww-1

Now, set A1 = a1 +iby, Ay = ag +iby, m(N) = my + imy, n(A) = n1 + ing,

A= p+iv and
s(A)=—-A— m() = 81 182
W-1
tA) =\ — P 4
w-1
2p_1m(\ 2 .
f) = MQ + dm(X) + w_1 A% — LS B fi+ifs
w— w-q
2p—1n(\ 2 :
g(A) = 2p-1n(N) _ An(A) + w1 A — LA 91 +1g2.
w—1 w—1

Then, in (4.44)
I1 = 86% [Al m()\) -+ Az’ﬂ(A)]?R[Al.S(A) + Azt(k)]

= 8¢(agmy — bimg + agny — bang)(aisy — bysg + agty — bata)
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= 8e[almysy + araz(mats + n1s1) + arbi(—mas1 — myss)
+ a1ba(—mats — nasy)
+ a3nyty + agbi(—nyse — mats) + azbe(—nits — naty)

+ bimasa + biba(mats + n2ss)

+ b%’ngtz]
=
a1
I1 = 86( ay ap bl bz )M’ ZZ (445)
1
bs
where the matrix M’ is real and symmetric with the following entries:
mity + nis Mos1 + M8
My = mysy, Mia = —1—12—11, M3 = ——21‘—2#,
t
My, = _T_lz%zil_,
ni1389 + mot nity + nat
Myy = nity, Moz = _Liﬂ_l, M,y = _iﬁ_i_l,
maty + ngs
Mss = masy, Mzq = j—2—22,
M44 = nals.
Again, in (4.44),
I = 8eR(A; + A2)R[A1 F(N) + Azg(N))
= 8¢(ay + az)(a1f1 — b1 fa + azg1 — bag2)
= 8¢[a} f1 + a1aa(f1 + 91) + arbi(—f2) + a1bz(—g2)
+ a§g1 + agbi(—f2) + 0252(—92)]
so that
ay
L=8(a a b b)N [ (4.46)
1
by
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where N' is a real and symmetric matrix with the following entries:

+
Nui = fi1, Nia = I 5 91’ Niz = —1;3, Nig = —%3,
Noz2 = g1, Naz = _féz_, Nog = —222,
N33 =0, N3, =0,
Ny = 0.
Now, (4.45), (4.46) and (4.20) together with (4.44) imply that
Qxlz] — || <y,y* > |3 = ATP'A (4.47)
where
P :=8¢M'+N')+40°0, AT =(a1 a2 b b)), (4.48)

is a real and symmetric matrix of size 4 x 4. Hence, by (4.46),

Qule] = [l2*|* + p*llell* = 2¢ ) (Mzn) wn

n=-—1

= <y,y* >3+ ATP'(p,0)A

= [2%; Py + g Pwo + Y (MP2n)wn + p*|l2]* — 2¢D'[z]

n=1

where AT := (a; a2 by by)and D'[z] := oo _I(an)zwn. Then, the fol-

n=

lowing are equivalent

1) |lz*|I? + p*||z||* — 2¢eD'[zg] >0 V real < z,z* >€ G, (4.49)
(ii) P'(p,6) > 0, i.e. P’ is non-negative definite. (4.50)
Furthermore, since z* ; and z} can be chosen to be 0 (see Lemma 4.2.2), (ii) is

equivalent to

(iii) Yoo (M?z,)*w, + p*||z]|* — 2eD'[z] > 0 V real « € Dyarz). (4.51)
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After this point, we face no problem in obtaining the same results for this in-
equality as that we obtained for (4.1). So, theoretically speaking, there is no

reason for (4.39) not to be valid. Namely,

4.3.2 Theorem Suppose M is LP, M? is PS. Let \ = peie with 8 € (0, §),
p € R\{0}. Then,

(A)
8o = inf{6 : 6 € (0, Z—), x(p,¢) >0 Vo e (6, %),Vp e R\{0}}. (4.52)

(B) There exists a constant K € (1,00) such that (4.39) is valid if and only if

0 < 8o < Z, in which case, the best constant in (4.39) is K = sec(26y).

The proof of Theorem 4.3.2 follows from the same steps as Theorem 4.2.5, and
so, we omit the proof. But when it comes down to giving an example of a valid
inequality, we see that when p = w = 1 and ¢ = 0, the simplest case, the
inequality fails to be valid. We give asymptotic results in Chapter 5 for this
case. This may suggest that (4.39) is not the inequality that is the analogue of
the Kolmogorov type inequality (1.8) for the differential operators, which was

examined by Beynon et al. [9].
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Chapter 5

EXAMPLES

In this chapter we examine some specific cases of the inequalities (4.1) and (4.39).
We also give asymptotic results for the both inequalities in order to build up
our confidence on the computational results. In all the following examples, the
complex sequences {z,}° belong to the maximal domain Dp(ap2y € Dra)
that makes the right hand-side of the inequality under consideration finite. The
LP and PS conditions that the expressions must satisfy are examined in each

example separately. We also use the following notation throughout:
(i) A= pel? pe(0,00), 8 €(0,%).

(ii) x(p,8) is the least eigenvalue of the matriz P(p,0).

(ii) 6o :=inf {0 € (0,%): x(p,0) >0, Vpe€ R\{0}}.

() K := sec(26p).

(v) E:={p€(0,00):x(p,00) = 0}.

We recall that E # () gives non-trivial equalising sequences (cf. Chapter 4,

Theorem 4.2.7).

In each example we give information on 6o, K, E and the equalising sequences.
Each 4 x 4 real, symmetric matrix that is equivalent to the considered ineqﬁality
is evaluated by (4.24). The complexity of the characteristic determinant of the
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matrix forces us to use numerical estimates. For this purpose, we use a numerical
algorithm of Beynon (personal communication) in Fortran77 that uses a NAG

(Numerical Algorithm Group (USA) Inc.) routine.

Following the Theorem 4.2.5, the validity of each example depends on the value
of the quantity 6y,

™

6o : = inf{6 € (0, 4) :x(p,0) >0 Vpe(0,00)}

=sup{6€(0,2) : x(p,0) =0 Vp € (0,00)}

in which A = peio. This value is found by investigating the non-negativeness of
the least eigenvalue x(p, ) of the real, symmetric matrix P(p,6) and showing
that x(p,6) changes sign at some 6y € (0, T) and for all p € (0,00). The process

of the numerical algorithm we use is as follows.

The algorithm for the investigation of 6y consists of searching for the values of
6 € (0, %) such that x(p,6) = 0 for a finite number of values of p € (0, prmaz) in
which the value of p.. is empirically determined. For each p a bisection search
is performed in order to find 6 € (0, T) such that x(p,6) = 0. Each iteration of
the bisection search includes the estimation of the real symmetric matrix P(p, #)
in order to estimate the value of the least eigenvalue x(p,6). The process of
estimating the least eigenvalue x(p,6) of P(p, ) consists of reducing the matrix
to tridiagonal form by using the Householder procedure, then estimating the

value of the least eigenvalue of the reduced matrix by using the QL method.

Thus, the three important sections of the numerical method are:

(1) Calculation of the real symmetric matrix P(p, 6) for a fixed value of p and 6.
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(2) Estimating the value of the least eigenvalue x(p, ) of the symmetric matrix
P(p, 8) for a fixed value of p and 6 using the Householder and QL algorithms.
(3) Using the bisection search method, estimation of the solution of x(p, ) =0

for 0 <8< 7 and 0 < p < pmas where pmq 18 empirically determined.

§5.1 The case where p, =w, =1 and ¢, =0

In this case

Mz, :=—-A%z,_4
(5.1)
= —Zpt1 + 22p — Tp-1, (n2>0).

As it is shown in Brown-Evans [12], for A € C\R, the recurrence relation
A%z, = Ap (5.2)

has two linearly independent solutions {a%} N} o_ol , {am (N} iol where

(H@y=1—%i%¢MA_@. (5.3)

Now, since a4 (A).a—(A) =1, and for F(A) > 0 |a4(A)] < 1, this will imply that
|o—(A)| > 1 (see Brown-Evans [12] for details) and {ail‘_(A)}o_ol is the unique (up
to constant multiples) solution of (5.2) which lies in £? and consequently M is
in the LP case. Another way to show that M is LP is to apply the LP criterion

(cf. Chapter 1, Theorem 1.3.2)

which is satisfied by our expression (5.1) since p, = w, = 1 (see Hinton-Lewis
[39]). Another condition that M? is required to satisfy is the partial separation
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(PS) condition, which is to show the implication
z, M?z € 0> = Mz € 2.

This follows immediately from the boundedness of the forward difference opera-

tor:

Y AT,|? < 4|znll?, Vo€l

n=-—1

In fact, any power of M is bounded, so that any power of M is PS.

Again in the light of Brown-Evans [12], the m(\) and n()) := m(—2) functions

are given by

A1
m(\) :=1—§—|—§\/)\()\—4 , AeCy (5.4)

n(\) ::1+%—%«//\(>\+4), e Cy. (5.5)

We are now ready to examine the best possible value of the constant K and the

validity of

co oo 1/2 , oo 1/2
Sltza <K (3 lenl?) (3 1700l
n=1

n=0 n=-—1

which is
oo o0 1/2 4 oo 1/2
> 1Az, < K( > |xn|2> (Z |A4wn_2|2>
n=0 n=-—1 n=1
or
1A%|[* < K]|z|| [|A*2]], (5.6)
which is a norm inequality with ||.|| being #2 norm and (A%z), = A%(z,),

(A*z), = A*(z,). As we can see in Figure 5.1, the graph {(p,6) : x(p,6) = 0}
starts at a point (6, p) where 0.72896067 < 6y < 0.72896068 with p near 0,
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then monotonically decreases. Hence, we estimate that the value of the best
constant satisfies 8.878200 < K < 8.878201 and E = 0, i.e. the null sequence is
the only equalizing sequence in (5.6). We are going to give asymptotic results

for p — oo and p — 0 to see a clearer picture.

(1) The case p — oo:

In this case, for A > 0, as [A| = o0

AA 4
=l-gtayi=a
1 1
=3t
= my +1mg
and \
1
n(\) =1+~ 5V20+49)
AA 4
=ity eyt
1 1
X Hobe
=ny +1ing

where my,mg,n1,n2 € R. For A = p + iv = p(cos @ + isinf), we obtain the
following leading entries for the real, symmetric matrix P(p, §), with the error of

order O(p?®),

14 cos?(20) 1+ cos?(20) —1sin(46) —1sin(46)
1+ cos?(20) —% sin(46) —% sin(46)

sin?(26) sin?(26)

. sin?(26)

P(p,6) = 4p* +0(p°)

and
|P — £I| = £2(£ — 16p* sin® §)(£ — 16p* cos® §)
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which implies that the least eigenvalue of the leading matrix is £ = 0 for § € (0, T)

as p — oo. Thus, in the graph {(p,0) : x(p,8) = 0}, § = 0 for all large enough
p-
(2) The case p — 0:
A1
m(A)=1-— 3 + 5«/)\()\ —4)

A A
_1—§+n/X1—Z

=14+iVX+0(\)
=mq +1mg
and
N =1+2- /079
MA=ITS TS
A A

—1+-2-—\/X 1+Z
=1-vA+0())
=ny +iny

where my, mg,n1,ne € R. We then obtain the following real, symmetric leading

matrix P(p,#), with the error of order O(p*):

a e 0 ¢
b h O

P = 4:03 8 h a k + O(p4)7 (57)
g 0 k b

where
a = 2sinfms

e = 2cos® 6(mq1 — n1) — cos(20) sin (mg — na)
g = 2cos fsin® my + 2 cos® fny — cos(26) sin 6(m; — nq)
b= —2sinbn,

h = —2cos @sin® Ony — 2 cos® Imy — cos(26) sin (my — n1)
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k = 2cos @sin® O(m; — ny) + cos(26) sin (my — ny).
The leading matrix P(p,6) is exactly the same as the one for the differential
equations case, obtained by Beynon at.al [9]. The complication of the matrix
doesn’t allow us to find the explicit value of 8y € (0, F). For this reason, we use

numerical estimates as presented in Figure §.1.

/4 —

Figure 5.1 The graph {(p,e): x(p,0) = 0}, Pp=wWp=1,¢, =0.

§5.2 The case where p, =w, =1 and ¢, = —7T
In this case

Mgy = —A%zp_y — 72, (n>0) (5.8)
and the recurrence relation is given by (5.2) with 7 shift value in A, i.e.

Az, 1 =(0O+7T)zn, (>0,AeC\R,TcR (5.9)
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and the inequality is

o0 oo 1/2 , o0 1/2
z |Macn|2 < K< Z |wn|2> (z |M2:L'n|2>
n=0 n=1

n=—1

which is
oo 00 1/2
Y| =APzpy — Tzl < K( > |wn|2>
n=0 n=-—1
o 1/2
(E |A4mn_2 + 27 A%z, g + T2$n|2) .
n=1

M is again in the LP case since otherwise all solutions of (5.9) are in £? for all
. But, this would contradict the fact that in the case 7 =0 (5.9) is LP. M? is

PS as was proved in §5.1, i.e. the mapping
{2a}2 — {Mza}Z

is bounded. Similar to the case where 7 = 0 before, the m(}) and n()) functions,
which we now denote by m,()\) and n()) to indicate their dependence on 7, are
given by

ms(A) i =m(A+7)

AT
2

1
=1 +§\/()\-|-T)(>\-I—T—4), AeCy

n:(A) i =n(A—1)

—A+T
2

=1-

1
—5\/(——)\4—7')(-—/\-[—7'—4), reCy.
First of all we present an analytical result, proving that for large enough values

of p for any 7 € R, § = 0 in the graph {(p,0) : x(p,) = 0}.
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Asymptotics as p — co V7 € R:

In this case, the m(}) functions are given by

me(\)
1A A0 AT
:1_A;T+_;_\/1*+2(TA—2)+T(TA;4)
:1_)\;—T+%{1+%[2(T>\—2)+7’(7‘)\;4)]_%[&_/’\_22_)2_!_0(_)\1_3)]}
--trock

and

nr(})

:1_‘A2+T—%\/(~A+T)(—A+T_4)

21_—A2+¢_%\/1_2(TA—2)+T(TA;4)

=1_—A2+¢_%{1+%[_2(T;2)+T(TA;4)]_%[£;{2X+O(%]}

= +0(55)

The very important fact is that these functions are independent of choice of 7
for p — oco. So, inserting these values in the matrix (4.24), we obtain the real,

symmetric matrix P(p,8), with the error of order O(p?),

14 cos?(26) 1+ cos?(20) —1isin(46) —1isin(46)

. 1.
4 1+ cos?(20) —35sin(48) —3sin(46) 3
P(p,0) =4 sin?(26) sin?(26) +0(r"):
. sin?(26)
Thus,

|P — £I| = £%(¢£ — 16p* sin® ) (£ — 16p* cos® 6)
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which implies that the least eigenvalue of the leading matrix is £ = 0 for § € (0, T)
as p — oo. Thus, in the graph {(p,9) : x(p,6) = 0}, § = 0 for all large enough p

and for all 7 € R.

In searching for the value of 6y and hence the best possible constant for the
different values of 7, there are two cases to examine: the case where 7 € [0,4]

and the case where 7 € R\ [0,4].
(A) The case 7 € [0,4]:

We give the numerical results first. We see from Figure 5.2 that, when 7 =4
and p is small, p — 0, the graph { (p, ) : x (p,0) = 0} starts from a point
(6o, p) where 0.72896067 < 6y < 0.72896068, and then decreases monotonically.
Hence the value of the best constant, K, satisfies 8.878200 < K < 8.878201.
These are the same values as the case T = 0 (cf. section §5.1). The case 7 =0
is in agreement with Beynon’s results (cf. Beynon [8], p.88) in the differential

equations case.

For the analytical results, we examine the asymptotics of the real, symmetric

matrix P(p,0) as p — oo: when 7 = 4 the m()) functions are

m(A)=1—A2L4—%\/(A+4)(A+4—4)
=—1+vA+0())
= my +imy
aN) =1- 22 RO A9
=-1-iVA+0(})
= ny + ing
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and we obtain the leading real, symmetric matrix (5.7) with the only difference
that my,ma,n; and ny are now different from the case 7 = 0. Because of the
complexity of this matrix, we again can not obtain the value of 6y € (0, 7). For

this reason, we use numerical estimates as presented in Figure 5.2

When 7 € [0,4], we have Figure 5.8 and Figure 5.4 according as 7 is taken from

the intervals [0,2] and [2,4] respectively.

/4

0.1 2 N L N 2 L —_

Figure 5.2 The graph {(p,0): x(p,0) =0}, pn =wn =1,¢p = —4.

When 7 € (0,4), we have asymptotic results as p — 0 to support the numerical

estimates. In this case the m,()) and n,()) functions are given by

nr(A):=1- _>\2+ T_ %\/(—)\ +‘-’r)(—)\ +7—4)
:1—%—%\/7(4_—7)+0(A)
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and

AT
2

:1_A;T+%\/T(T—4)(1+é)(1+£—4)

1 AT LTI S+ )+ 0]
=1- 2+ 3VE— 1)+ 0

=m + iTnz.

m.(A):=1-—

+%\/(>\+T)(>\+'T—4)

Now, taking A = peie, we obtain the following asymptotic entries for the real-

symmetric matrix P, with error of order O(p*):

sinf —cos(26)sinf 0 — cos(26) cos 6
3 T : sin 6 — cos(260) cos § 0
P=4p"y/r(4=1) . . sin 6 cos(26) sin 6
. . siné
(5.10)

After some tedious calculations, we find out that the least eigenvalue of the

leading matrix in P(p, 0) is £ = 4p3+/7(4 — 7)[sin 6 — cos(26)], and the value of £

remains non-negative for some 6 > £ which proves that as p — 0, 6 tends to §
in the graphs of Figure 5.8 and Figure 5.4 when 7 € (0,4). This result coincides
with the numerical estimates, since for small p (p = 2.19464 x 10712) and for
T € (0,4) the graph

{(p,8) : x(p,0) =0}

always starts from I = 0.52359878 and either decreases monotonically or in-

creases to a value (6, po) and decreases again. In the first case the best constant
in the inequality is given by K = sec(2¥) = 2 and the unique equalising se-
quence from Dr(ps2) is the null sequence. The second case occurs for 0 < 7 < 7o
and 4 — 79 < T < 4, say, where 0.610962 < 79 < 0.610963. The analytic calcula-
tion of 7y is very complicated and we have had to resort to computational means.
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In the second case, the best constant in the inequality is given by K = sec(26,),
for some 6y > %; also E is a singleton set £ = {po}. Table 5.1 gives a summary

of what we have discussed.

A very interesting and important observation is that when 7 = 0,4 the leading
terms in the asymptotic value of P(p,8), in (5.10), become zero, and so one has
to examine the next terms. This accounts for the discontinuous behaviour of the

graphs at p = 0.
(B) The case 7 € R\[0,4]:

In this case, as p — oo the m,(}A) and n.()) functions satisfy

me() =1~ 2+ 2y/7r 4 +0(\)

=my +im;
1
ne(\) =1- % — V=9 +0()
=" —|—m2

Now, taking A = eie, we obtain the following asymptotic entries for the real-
g P

symmetric matrix P, with error of order O(p*):

0 2cos®4d 0 —cos(26) sin 0
— . 0 —cos(26)sin 6 0
P(p,8) = 4p3 T(T —4) . . (0 : 2 cos @ sin? 6
0

=4p°\/7(T — 4)Q.

The characteristic equation of Q(p, 6) is
det(Q —LI) = £* — al®> 4+ b
=k*>—ak+b (5.11)
=0
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where £ = +v/k and

a = 4 cos? §sin* § + 2 cos?(26) sin” 6 + 4 cos® 6,

b = 16 cos® #sin* § — 8 cos* fcos?(26) sin* § + cos*(26) sin* 6.

Let’s examine the quadratic in (5.11). Since a > 0 V6 € (0, §), we see that

both of the roots can not be zero. Now, looking at the quartic in (5.11), we see

that the least £ is —vk and hence always remains negative. (Note that k has to

be positive in order £ to be real since the matrix @ is real and symmetric.) It

then follows that one of the eigenvalues of P(p,6) remains strictly negative for

all 0 €(0,%)as p—0.

Hence there is no valid inequality for this case.

/4 - ——
0.7 I =01 — 1
N 7=0.0675 ——
0.6 ,r\ms:\ 1=0.125 — -
| S, =025 —
/6 F NN 1=0.5 .
' R =0.61 —
04} =1 —
\.:‘\&\ T=2 —
03} NG 1
02r .
0.1 -
0 S L A L
0 0.5 1 1.6 2 25 3.5 4

4.5

Figure 5.8 The graph {(p,0): x(p,0) =0}, pr =wn=1,¢n = —7, 7 € [0, 2].
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Table 5.1 The case pp, = wn =1 and ¢, = —7, 7 € [0, 4].

T 00 K E = {PO}
0.000000 | 0.72896068 | 8.8782005 0
0.001000 | 0.71436994 | 7.0631870 {0.01330}
0.010000 | 0.69459334 | 5.5367007 | {0.05913}
0.067500 | 0.65427425 | 3.8572481 {0.19380}
0.125000 | 0.63115740 | 3.2936753 {0.27880}
0.250000 | 0.59459489 | 2.6851985 {0.40915}
0.500000 | 0.54178273 | 2.1359270 {0.54807}
0.610962 | 0.52359888 | 2.0000007 | {0.51756}
1.000000 z 2.0000000 0
2.000000 z 2.0000000 0
3.000000 z 2.0000000 0
3.389038 | 0.52359888 | 2.0000007 | {0.51756}
3.500000 | 0.54178273 | 2.1359270 {0.54807}
3.750000 | 0.59459489 | 2.6851985 {0.40916}
3.875000 | 0.63115740 | 3.2936753 {0.27880}
3.932500 | 0.65427425 | 3.8572481 {0.19380}
0.990000 | 0.69459334 | 5.5367007 {0.05913}
3.999000 | 0.71436994 | 7.0631870 {0.01330}
4.000000 | 0.72896068 | 8.8782005 0

/4 -

0.7 399 ——
06 r\%f =39325  — |
“ S, 3875 ——
n/6 IS =375 — 1

=3.5
04 ¢ =338 — ]
03} ™ B T
—_ =2 —
02} N ]
017 7
0 K
0 0.5 1.5 25 3 35 4
P

Figure 5.4 The graph {(p,8): x(p,0) = 0}, prn =wn=1,¢g, = —7, 7 € [2,4].



In summary, after our numerical and analytical observations, with 0.610962 <
0 < 0.610963, for {2} € Dr(mz) € Dr(ary where M is defined by (5.8), we

confidently conjecture the following;:

(1) In view of the precise value Z for 6y when 7o <7 <4—7o (cf. Table 5.1),

we have the inequality

oo
Z | — Az,_q — T:cnlz < 2(
n=0

(

Here, the only equalising sequence is the null sequence.

i |mn|2>1/2

n=-—1

oo 1/2
Z |A*z,—o + 2r A%z, 1 + T2$n|2> .

n=1

(2) When 0 < 7 < 79 or 4 — 79 < 7 <4 we have

) o0 1/2
Z | — Az, — T:Enlz < K( z|$n|2>

n=0 n=-1

o0 1/2
(2 |A4:cn_2 + 27 A%z g + szn|2>

n=1

(5.11)

in which 2 < K < 8.878201 and F is a singleton set, except for 7 = 0,4 in which

case 8.8782 < K < 8.878201 and F = 0.

(3) When 7 € R\[0,4], there is no valid inequality in (5.11), i.e. K = oo.

§5.3 The Legendre Problem

The Legendre polynomials P,()),n > —1 satisfy the recurrence relation

(n + 2)Pn..|.1 + (n + 1)Pn_1 = /\(27’& + 3)Pn, n>0 (512)

with
Pi=1, Py=A\ (5.13)

121



Let {Qn()\)}* be another solution of (5.12) with the initial conditions

Q1=0, Qo=-1 (5.14)

Then [PQJo = 1 and hence the solutions are linearly independent (cf. Lemma
3.2.5). In terms of the theory of this thesis, the difference expression we are

dealing with is defined by

Mz, =3 (235 _ (5.15)

n

{ isl(n +2)zn41 + (0 4+ Don1] = Aza, n20

w_1 )
in which pr, = —(n +2), ¢n = wp = 2n+ 3 and pp—1 + pn + ¢n = 0. Note that,

the Legendre Problem now becomes to solve the equatién
Mz, = t,, n>0,1eC\R (5.16)

with the initial conditions z_; = 1, zg = A.

In Brown, Evans and Littlejohn [14], M is shown to be in the strong limit-point
and hence in the limit-point case which is a necessary condition for M to satisfy
our inequality. Another condition is that M? should be partially separated. This
does indeed hold, since, given z, M2z € £2 we can show that Mz € ¢2,. For, we

see first that

|Mz,| <

1
< m{(n +2)[znp1] + (n+ Digaal}  (n2-1)

< |zpt1] + |Zn=-1]

and this implies

oo oo
Z |M$n|2wn S Z(Iwn+1l2 + 2|513n-l-1||33'n,—1| + |$n—1|2)wn
n=0 n=0
0o
<K Z(|$n+1|2wn+1 + |Zn—1*wn—1)
n=0

< 0
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since ¢ € £2, w, = 2n + 3. In fact,

oQ (o]
Yo IMzolw, < KDY Jzafwa < K|lzl]!, K €(0,00)
n=0 n=>0

and, so, z +— Mz is a bounded map where z = {z,}*. Similarly, we see
that any power of the expression M is bounded in £2. Hence M? is partially

separated.

We now introduce the Hellinger-Nevanlinna m(}) function related to the Legen-
dre problem. We follow exactly the same steps as Brown, Evans and Littlejohn
([14], p.7) with the only exception that our sequences start from -1: define the
solutions {P,}* and {Q,}> as in (5.13) and (5.14) respectively. Also define

the solutions {6,}% and {¢,} of (5.12) with the initial conditions
9_1 = 1, 90 = 0, ¢_1 = 0, p_1q50 =1 (517)

The functions fi(A,z) are defined as in section §1.3 with £ = 0,1,2,... and we

now introduce as well

_ Pe—1@k(A) + 2Qk-1(N)

e, 2) = Pr—1Pi(A) + zPr—1(N),

zeCAeCy,k=0,1,2,.... (5.18)

The functions z l—)rfk()\,z), z — Fi(X, z) map R onto circles ¢(k, A), C(k, ),
and as £ — oo both sequences of circles are nested with the interiors d(k, A),
and D(k, A) which are the images of C_.. The counterpart of the m(}) function
of section §1.3 is now either the limit-point of the circles C(k, ) or a point
within or on the limit-circle C(oco, A). Also, there is similarly defined M(}), say,
with respect to the circles C(k, ). In general, if ¢(oo0, A) is a circle, we have as
before that all solutions of (5.12) satisfy > oo, |Za|?w, < oo and this is also

123



true if C(co, A} is a circle. Hence, m(A) is a limit-point if and only if M(X) i1s a

limit-point.

We know that M{)) and hence m(}) is a limit-point, equivalently,
limm— oo pr(Tmt1Pm — TmYmt1) = 0 (5.19)

for all z,y € £2 such that Mz, My € £2. So, with

¢"n, - 911. + m()\)¢n,

we obtain,
2SN Y [paltwn = ($ndMipn — Mipnipy)
n=>0 n=0

= p_1(PoP_1 — $_1¢0)

= (A} — m{X)
by (5.17), and we get

Z |%n | wn = Smid) (A e Cy).
n=>0

I(A)
Similarly, with ¥,, = Q,, + MP,, we obtain from (5.13} and (5.14) that

213()\) Z [\Iln|2wn = 'p_l(\I’g\I]_l — \Ij_l\If_(])

n=0

= (=1 +IM)M — (=1 + AM)M

= AH(M) — (A = MM

Hence

3w, = 3;2?/8) (X e Cy).

n=-—1

As M is in the limit-point case, we have ¥(A) = Ay()) for some 0 # A € C and

S0,

m(\) = p;bl_‘f”
_p1¥

-5 (5.20)




It can be shown that M(}) is given by

My =3 [ 55 teey

1. a—1
:Elog(AJrl)

(5.21)

(see Brown, Evans and Littlejohn, [14], p.10) and hence m(}) is easily evaluated

by the formula (5.20).

We are now ready to give some estimates for the best constant in the inequality

oo 0 1/2 , oo 1/2
> Mz, fw, < K( > |$n|2wn) (Z |M2:cn|2wn> (5.22)
n=1

n=0 n=-—1
in which M is given by (5.15). The real, symmetric 4 x4 matrix that is equivalent

to the inequality (5.22) is evaluated by (4.24), in which w—; =1 and

1

m(A) = —W -

A, AeCy

(A = m(—}) = —ﬁ 1A AeCy.

According to the numerical estimates, the graph {(p,8) : x{p,0) = 0}, as it

is shown by Figure 5.5, starts at 6y = § with p near 0 and then decreases

monotonically. Hence the best constant is K = 2 and E = §, i.e. the only

equalising sequence is the null sequence.

We are now going to give asypmtotic results as p — 0 to confirm the numerical

estimates. The m(A) functions are

1
~ oy
_ 2
log (371

2i
= ; + O(p):

m{A} =
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and
n(A) = m(—A)
2
= ——— gy + A
log (3371)

—21
= —+0(p).

Using these asymptotics, the real, symmetric matrix P(p, #) becomes

sinf —cos(26)sin 6 0 — cos(20) cos 0
16 4 . sin ¢ — cos(20) cos 6 0
Plp,0) = f : : sin ¢ cos(26) sin 8
sin

+0(p*)
which 1s exactly the same matrix as (5.10). Hence, we have the same conclusions:
the least eigenvalue of the leading matrix in P(p,8) is £ = g[sinﬂ — cos(26)],
and the value of £ remains non-negative for some # > % which proves that as
p—0

8o = inf {6 € (0, %) : £(p,6) >0} = %

Hence, 6 = ¢ as p — 0.

65.4 The Legendre Problem with a —r shift value in ¢,

This is the case where p, = —(n+2), w, =2n+3 and ¢, = 2n+3 — 7 in (5.15),

le.,

(5.23)

(#o—7-1)

Weq ’

Men = { ﬁ[(”‘}' 2)ent1 = 700+ (0 +1)en—1] = Azn, 720
T n=—1.

. . oo WnW 1/2
Now, using the criterion of Hinton-Lewis [39], that is >~ , (“—1;""")— = oo,

we see that M again satisfies the required LP condition. In a similar way to the

original Legendre problem in section §5.3, M? satisfies the PS condition as well.
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The m,(}) and n.()) functions related to this problem are now given by the

formulas m,(A) = m(A + 7) and n.(A) = m{(-X + 7).

0.55
/6
0.45
0.4
0.35
0.3
0.25
0.2
0.15

0.1

Figure 5.5 The graph {(p,8): x(p,8) = 0} for the Legendre problem.

The inequality under consideration is now

oo oo 1/2 4 oo 1/2
Z | Mz, 2w, < K( Z Iaznlzwn) (E |M2xn|2wn) (5.24)
n=1

n=0 n=-—1

in which M is given by (5.23). The real, symmetric 4 x 4 matrix that is equivalent
to the inequality (5.24) is again evaluated by (4.24). There are two cases to

examine now, and the results are presented in (A) and (B) below.
(A) 7 € R\[-1,1]

In this case, we have no analytical results but numerical estimates show that

the graph {(p,0) : x(p, @) = 0} starts from § and decreases monotonically. This
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gives no valid inequality in (5.24).
(B) T € [_13 1]
This is examined in two cases:

() 7 € [-1,1]\(—0.66118628, 0.66118628)

In this case, when 7 = +1 the graph starts from a 8y, 0.71552 < 8y < 0.71553,
with p near 0 and decreases monotonically. This means that the best constant
satisfies 7.1786 < K < 7.1787 and E = 0, i.e. the only equalising sequence
is the null sequence (see Figure 5.6 and Figure 5.7). When 7 # +£1, the graph
{(p,8) : x(p,8) = 0} starts from I and increases to a value fy < 0.7155203,
giving the best constant K = sec(26p) < 7.1786 and a singleton set E. These

results are presented in Figure 5.8 and Figure 5.9, according as 7 € [—1,0] or

7 € [0,1]. See also Table 5.2 for a summarised information.
(i1} The case |7| < 79, 0.66118628 < 75 < 0.66118629

In this case, the graph {(p,8) : x(p,#) = 0} starts from Z with p near 0 and
decreases monotonically, giving the best constant K =2 and E = @, i.e. there is

no non-zero equalising sequence. See Table 5.2 for more information.

We do not have asymptotic results for 7 € R\(—1,1), but we have the following
asymptotic results as p — 0 for 7 € (—1,1): in this case, for S(A) > 0 and

A= peig, the m(A) functions are

-2
me(A) = —=—x — (A +7)
log (3751
-2
= r—1 =T + O(P)
10g (1'+
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—2
]'Og (1+r) + i

= m1 +imz + O(p)
—2

— 7+ 0(p)

ne{d) = — v —(=A+1)
log (=31557)
-2
e — 7 4+ 0
10g( —T ) (P)
-2 — 7+ 0(p)
log (iFF) — i
= ny +ing + O(p)
where
21
mp = —T— Of;( ) my = 2 1%7: y Tl =M, Ng = —Ing.
].Og ( log (m) +7|‘.'2

Inserting these values in (4.24), the leading matrix P(p, @) becomes
P(p,6)

sing — cos(28)siné 0 — cos(28) cos ¢
1603w : sin § — cos(28) cos § 0
10g ( 1+T) + 72 ) ) sin cos(26) sin @
. . : sin ¢

+O(p").
Similar to the matrix (5.10), the least eigenvalue £(p,8) of the leading matrix
P(p,0) is
16p°7
log? (i-l-;:) + 7?2

and the value of £(p, §) remains non-negative for some # > & which proves that

£p,0) = [sin @ — cos(28)],

as p — 0

=hﬁ{9€ﬁh%y£@ﬁ)20}=%.

Hence, 8y = ¥ as p — 0 for all 7 € (—1,1). Note that, similar to (5.10), when
7 = —1,1 in above matrix, the leading terms become zero, and so, one has to
examine the next terms. This again is coused by the discontinuous behaviour of
the graphs at p = 0.
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Figure 5.6 The graph {(p,8): x(p,0) =0}, ga =2n+3 -7, 7= —1.

/4

Figure 5.7 The graph {(p,9): x(p,0) =0}, gn =2n+3 -7, 7 =1.
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Table 5.2 Shifted Legendre problem, ¢, =2n+3 — 7, 7 € [-1,1].

0.3

0.2

0.1

T 90 K Ez{pg}
-1.00000 0.7155203 7.178688 0
-0.99900 0.7021850 6.036489 {0.013327}
-0.93250 0.6280650 3.230251 {0.155717}
-0.87500 0.5977690 2.728417 {0.216576}
-0.75000 0.5494347 2.199719 {0.293944}
-0.66119 0.5235988 2.00000003 | {0.276030}
-0.50000 z 2.000000 0
0.000000 z 2.000000 0
0.500000 z 2.000000 0
0.661186 0.5235988 2.00000003 | {0.276030}
0.750000 0.5494347 2.199719 {0.293944}
0.875000 0.5977690 2.728417 | {0.216576}
0.932500 0.6280650 3.230251 {0.155717}
0.999000 0.7021850 6.036489 {0.013327}
1.000000 0.7155203 7.1786838 0
=1 e
=099 ——0
=095 —
1=—0.9325 ——
=087 ——
=0.75
=066 ——
i =05 ——
=0 —
L \\\
0 0.5 1 1.5

Figure 5.8 The graph {(p,0):x(p,8) = 0} for shifted Legendre problem, € [—1,0].
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n/4
=1 -—
0.7 r =099 —
=095 ——
06 N =0.9125 —
=0.875 ——
/6 \\ +=0.75
T =0.66 ——
04} =05 —
L = =
03
02
0.1
0 0.5 1 1.5 2

Figure 5.9 The graph {(p,8):x(p,0) = 0} for shifted Legendre problem,r & [0, 1].

In summary, with 0.66118628 < 7 < 0.66118629 we have the following conjectures
for {zn}2 € Dr(ar2y € Dyary where M is defined by (5.23):
(1) In view of the precise value ¥ for 6, when |ry| < 0.66118628, the following

inequality holds:

3 Izl Denis —ran +(n + Vencsl (20 +3)

< 2( i |za|?(2n + 3))1/Z

n=-—1

oo 1 1/2
Z | [(n+2)Mzpiy — Mz, + (n+ DMza1](2n + 3))
(n=1 2n+3

where Mz, is defined by (5.23). The null sequence is the only equalising se-
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quence.

(2) When 7 € [—1,1]\(—70,70), we have

o

1
> lg gl + Dzass = + (ot DonalP(20 +3)

n=0
00 1/2
S fealf(2n + 3))

<x(
n=-—1

-, 1 1/2
(Z|2n+3[(n+2)M$n+1 —Tan-|—(n—|—1)M$n_l]|2(2n_|_3))

n=1

in which 2 < K < 7.178689 and F = {pp} is a singleton set, except for 7 = %1
in which case 7.178688 < K < 7.178689 and E = {).

(3) When 7 € R\[-1,1], there is no valid inequality in (5.24).

§5.5 The case where p, = w, = 1, g, = 0 for the inequality (4.39)

In this case the expression M is given by

Mz, = { [~ent1+ 280 = @noa] = A2, 120 (5.25)

To —Z—1, n=—1L

This is the case in section §5.1 with the exception that Mz _; is involved in (5.25).
The proofs of the conditions that M and M? are required to satisfy remain the

same as in section §5.1. The m(A) and n{}) functions are again given by

A1
m(\)i=1-5+35/A3 -4, reCy

A1
n()\) :=1+§—§'\/)\()\+4), )\E(C_}..

We are now ready to examine the best possible value of the constant K and the
validity of

oo oo 1/2 s oo 1/2
3 Mz < K( > |:cn|2> (2 |M%n|2)
n=1

n=—1 n=—1
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which is

oo 00 1/2 4 o0 1/2
> A%z < K( > |$n|2> (Z |A4wn_2|2>
n=1

n=-—1 n=—1
or
1A% + o—1* < K||z]] ||A%]] (5.26)
where ||.|| is £2 norm and (A%z), = Az, (A*z), = A'z,. This is a stronger

inequality than the norm inequality (5.6), as there is an |z_1|* term on the left
hand side of (5.26). As we can see from the Figure 5.10, the computational
o

results give no valid inequality as the graph {(p,8): x(p,0) = 0} starts from §

and decreases monotonically, which gives #y = T and the best constant K = co.

We are now going to give the asymptotic results which demonstrates a clearer

picture on the non-validity of (5.26).
We examine the asymptotics for |\] — co and for |A] — 0 as follows.

(A) The case p — oco: In this case, the asymptotics for m()) functions take

the form
1 1 )
m{A) = Y + O(XE) = my + ime
and
1 1 )
go that 4 .
oy = _ cos + O(_Z)
P
sin # 1
My = + O(—
T (PZ)
cos 8 1
ny = O(—
T (pz
in & 1
Ny = —Sln O(E)
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/4
0.7

0.6

0.5

0.4

0.3

0.2

Figure 5.10 The graph {(p,0): x(p,0) =0} for the inequality (4.39).

We then obtain the real and symmetric matrix P'(p,8) as follows:

1+ cos?(28) 1+ cos?(26) —1sin(46) —1sin(46)
1 + cos?(28) —% sin{46) —% sin(46)

sin®(24) sin®(26)

sin®(24)

P'(p,8) = 4p*

+0(p°)

and

|P' — £I| = £2(£ — 16p* sin® 0)(£ — 16p* cos® §)

which implies that the least eigenvalue of P'(p,8) is £ = 0 for § € (0, ]) as
p — co. Thus, in the graph {{p,0) : x(p,8) = 0}, 8§ = 0 for all large enough p.
For the computational results see Figure 5.10 which agrees with the asymptotic

results.
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(B) The case p — 0: In this case, the asymptotics for m(A) functions are
m(A) = 1 +iVA + 0O(\) = my +imy and n(A) = 1 — VA + O(X) = ny +iny so

that p
my =1 /psin(3) + O(p)

ma = /peos(3) + O(p)
m =1 ypcos(3) + 0p)

ns = —y/Fsin(3) + O(p).

We then obtain the real and symmetric matrix P'(p,6) as follows:

—sin’(8) —1sinf —3sind sin’( %)

— 2¢8y 278 Laing

(5 8) = 8,° cos’(3) —cos®(3) 5sin
P(p,6) = 8p" cos(26) —cosz(g) 3 sin @
—sin?(£)

+ O(p*)

= 85° cos(26)Q + O(p")
and,

Q- 1] = (£ +2).

We see that the least eigenvalue of P'(p, ) is £ = —16p® cos(26), and it remains

negative for all 8 € (0, 7). This gives no valid inequality in (5.26).
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Chapter 6

CONCLUDING REMARKS

In Chapter 3, we discussed the partial separation condition on the real, symmetric
difference expression M? and gave necessary and sufficient conditions for M? to
be partially separated. The problem of giving a general criterion for any power
of M to be partially separated hasn’t been considered in this doctoral thesis, but
we believe that the proof of the general criterion will also follow easily from the

same steps as Theorem 3.4.15.

Two reasons for investigating a general criteria for the partial separation of any
power of M are because:

(1) it gives necessary and sufficient conditions for any power of M to be LP
when M 1s LP,

(2) it is a necessary condition in the investigation of general Kolmogorov type
inequalities of the 2nth power, namely, for j=-1,0,....n-1,

oo 2 ) 1/2 oo 1/2
(Z[M”wk|2wk> gf«:n( > |:ck|2wk) ( > |M2“:ck|2wk) . (8.1)
k=3

Note that, for any value of j, —1 < j <n —1, we obtain a different Kolmogorov
type inequality of 2nth order and both theoretical and computational methods
we have used are sure to work for these inequalities. We don’t have an answer
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for the question that which of these is the difference analogue of the inequality
(1.7) of Beynon [8]. This needs investigation. But, the way it came out for our
inequality, which is the case where n = 1 in (6.1), may suggest that the difference
analogue of (1.7) is the case where j = n — 1 (see the comments at the end of

§4.3). We leave these problems for future research.

We examined our inequality for the recurrence relation of Legendre Orthogonal
Polynomials (cf. Chapter 5, §5.3). More examples for the recurrence expressions
of other classical orthogonal polynomials, such as Hermite and Laguerre, needs

investigation. We also leave these problems for future research.

138



BIBLIOGRAPHY

[1] Akhiezer, N.I. (1965)
The Classical Moment Problem. Oliver and Boyd, Edinburg and London. (Tra.
from the Russian edition 1960).

[2] Akhiezer, N.I. and Glazman, J.M. (1993)
Theory of Linear Operators in Hilbert Space, part 1&2. Dover Publications, Inc.
New York. (Originally published: New York: F. Ungar Pub. Co., 1961).

[8] Atkinson, F.V. (1964)

Discrete and Continuous Boundary Problems. Academic Press, New York.

[4] Ben-Ammar, M. (1992)
Some Problems Associated With Linear Difference Operators. Ph.D. Thesis,
University of Wales College Cardiff, UK.

[5] Bennewitz, C. (1972)

Symmetric relations on a Hilbert space. Conf. on the Theory of Ordinary and
Partial Differential Equations, Dundee, Scotland, March 1972, Lecture Notes in
Mathematics 280, Springer, 212-218.

[6] Bennewitz, C. (1977)
Spectral theory for pairs of differential operators. Arkiv for Matematik Vol.15
no:1, 33-61.

[7] Bennewitz, C. and Everitt, W.N. (1980)

Some remarks on the Titchmarsh-Weyl m—coeflicient. Tribute to Ake Plesel.
(Proceedings of the Pleijel Conference Upsala, 1979}, pp.49-108.

[8] Beynon, M.J. (1993)

Some problems in the investigation of the best constant in certain integral in-

equalities. Ph.D. Thesis, University of Wales College Cardiff, UK.

[9] Beynon, M.J., Brown, B.M. and Evans, W.D. (1993)
On an inequality of Kolmogorov type for a second-order differential expression.

Proc. R. Soc. Lond. A 442, 555-569.

139



[10] Billigheimer, C.E. (1987)
Singular self-adjoint fourth-order difference operators. Canadian Math. Soc.

Conference proceedings Vol.8, 57-86.

[11] Bradley, J.S. and Everitt, W.N. (1974)
On the inequality ||f"]|> < K|IfIIIf*|l. Quart. J. Math. Oxford (2) 25, 241-
252.

[12] Brown, B.M. and Evans, W.D. (1992)
On an extension of Copson’s inequality for infinite series. Proc. R. Soc. Edinb.,

121A, 169-183.

[13] Brown, B.M., Evans, W.D. and Everitt, W.N. (1992)
HELP inequalities and serial inequalities. International Series of Numerical

Mathematics. 103, 269-305.

[14] Brown, B.M., Evans, W.D. and Littlejohn, L.L. (1992)
Discrete inequalities, orthogonal polynomials and the spectral theory of difference

operators. Proc. R. Soc. Lond. A 437, 355-379.

[15] Brown, B.M., Evans, W.D. and Littlejohn, L.L. (1993)
Orthogonal polynomials and extensions of Copson’s inequality. Journal of Com-

putational and Applied Mathematics (N. Holland), 48, 33-48.

[16] Brown, B.M., Kirby, V.G. and Pryce, J.D. (1989)
Numerical determination of the Titchmarsh-Weyl m—coefficient and its applica-

tions to HELP inequalities. Proc. R. Soc. Lond. A 426, 167-188.

[17] Brown, B.M., Kirby, V.G. and Pryce, J.D. (1991)
A numerical method for the determination of the Titchmarsh-Weyl m— coeffi-
cient. Proc. R. Soc. Lond. A 435, 535-549.

(18] Chaudhuri, J. and Everitt, W.N. (1969)
On the square of a formally self-adjoint differential expression. J. London Math.
Soc. (2), 1 (1969), 661-673.

140



[19] Coddington, E.A. and Levinson, N. (1955)
Theory of Ordinary Differential Equations. McGraw-Hill (New York).

[20] Copson, E.T. (1977)
On two integral inequalities. Proc. R. Soc. Edinb. A 77 (1977a), 325-328.

[21] Copson, E.T. (1979)
Two series inequalities. Proc. R. Soc. Edinb. 83A, 109- 114.

[22] Ditzian, Z. (1983)
Discrete and shift Kolmogorov type inequalities. Proc. R. Soc. Edinb. 93A,
307-317.

[23] Edmunds, D.E. and Evans, W.D. (1987)
Spectral Theory and Differential Operators. Oxford University Press.

[24] Evans, W.D. (1977)
On the essential self-adjointness of powers of Shrodinger-type operators. Proc.

R. Soc. Edinb. 79A, 61-77.

[25] Evans, W.D. and Everitt, W.N. (1982)
A return to the Hardy-Littlewood inequality. Proc. R. Soc. Lond. A 380,
447-486.

[26] Evans, W.D. and Everitt, W.N. (1991)

Hardy-Littlewood integral inequalities. In inequalities: Fifty years on from
Hardy-Littlewood and Pélya. Lecture Notes in Pure and Appl. Math. Vol.129
(Dekker, 1991).

[27] Evans, W.D., Everitt, W.N., Hayman, W.K. and Ruscheweyh, S. (1986)
On a class of integral inequalities of Hardy-Littlewood type. J. d’Anal. Math.
46, 118-147.

[28] Evans, W.D. and Zettl, A. (1978)
Norm inequalities involving derivatives. Proc. R. Soc. Edinb. A 82, 51-70.

141



[29] Everitt, W.N. (1971/72)
On an extension to an integro-differential inequality of Hardy, Littlewood and

Pélya. Proc. R. Soc. Edinb. A 69, 295-333.

[30] Everitt, W.N. and Jones, D.S. (1977)
On an integral inequality. Proc. R. Soc. Lond. A 357, 271-288.

[31] Everitt, W.N. and Zettl, A. (1977)
On a class of integral inequalities. J. Lond. Math. Soc. 17, 291-303.

[32] Everitt, W.N. and Zettl, A. (1978)
Products of differential expressions without smoothness assumptions. Quaes-

tiones Mathematicae. 3, 67-82.

[83] Glazman, .M. (1965)
Direct methods of qualitative spectral analysis of singular differential operators.

Israel program for scientific translation., Jerusalem.

[34] Glazman, I.M. (1950)

On the theory of singular differential operators. Uspehi Matematiceskih Nauk
(N.S.) 5, no:6(40), 102-135. (First published by the AMS in 1953 as Trans.
no:96, 332-372).

[35] Hadamard, J. (1914)
Sur le module maximum d’une fonction et de ses dérivées. C. R. Acad. Scdi.

Paris. 42, 68-72.

[36] Hardy, G.H and Littlewood, J.E. (1932)
Some integral inequalities connected with the calculus of variations. Quart. J.

Math. (2) 3, 241-252.

[87] Hardy, G.H, Littlewood, J.E. and Pélya, G. (1994)
Inequalities. Cambridge Univ. Press. (First published in 1934 by Cambridge

Univ. Press.).

[38] Hellinger, E. (1922)
Zur Stieltjesschen Kettenbruchtheorie. Math. Ann., 86, 18-29.

142



[39] Hinton, D.B. and Lewis, R.T. (1978)
Spectral analysis of second-order difference equations. J. Math. Anal. and Appl.
63, 421-438.

[40] Hyslop, J.M. (1959)
Infinite series. Oliver and Boyd, Edinburgh and London.

[41] Kaper, H.G. and Spellman, B.E. ((1987)
Best constants in norm inequalities for the difference operator. Transections of

the AMS Vol.299, no:1, 351-372.

[42] Kato, T. (1971)
On an inequality of Hardy, Littlewood and Pélya. Adv. Math. 7, 217-218.

[43] Kauffman, R.M., Read, T.T. and Zettl, A. (1977)
The deficiency index problem for powers of ordinary differential expressions.

Berlin: Springer Verlag,.

[44] Kirby, V.G. (1990)
A numerical method for determining the Titchmarsh-Weyl m— coefficient and its

applications to certain integro-differential inequalities. Ph.D. Thesis, University

of Wales College Cardiff, UK.

[45] Kolmogorov, A.N. (1939)
On inequalities between upper bounds of consecutive derivatives of an arbitrary
function defined on an infinite interval. Moskov. Gos. Univ. Uéen. Zap.

Matematika. 30, 3-16.

[46] Kupcov, N.P. (1975)
Kolmogorov estimates for derivatives in L?[0,00). Proc. Steklov. inst. Mat.

138, 101-125.

[47] Kwong, M.K. and Zettl, A. (1989)
Landau’s inequality for the difference operator. Argonne National Laboratory,

Mathematics and Comp. Sci. Division. USA, ANL-87-26, Vol.3, 127-134.

143



[48] Landau, E. (1913)
Einige ungleichungen fur zweimal differentiierbare functionen. Proc. Lond.

Math. Soc. (2) 13, 43-49.

[49] Ljubié, Ju.l. (1960)
On inequalities between the powers of a linear operator. Amer. Math. Soc.

Transl. (2) 40, 39-84.

[60] Mingarelli, A.B. (1981)
A limit-point criterion for a three-term recurrence relation. C. R. Math. Rep.

Acad. Sci. Canada Vol.3, no:3, 171-175.

[61] Naimark, M.A. (1968)
Linear differential operators, part 1&2. London: Harrap.

[562] Neta, B. (1980)
On determination of best-possible constants in integral inequalities involving

derivatives. Mathematics of Computation. 35 152, 1191-1193.

[563] Nevanlinna, R. (1922)
Asymptotische entwickelungen beschrankter functionen und das stieltjessche mo-

mentenproblem. Ann. Acad. Sci. Fenn. A 18 (5), 1-52.

[54] Phéng, V.Q. (1981)
On inequalities for powers of linear operators and for quadratic forms. Proc. R.

Soc. Edinb. 89A, 25-50.

[55] Pleijel (1970)
Spectral theory for pairs of formally self-adjoint ordinary differential operators,
J. Indian Math. Soc. 34, 259-268.

[56] Pleijel, A. (1974)

A survey of spectral theory for pairs of ordinary differential operators. Spectral
Theory and Differential Equations. (Proc. Symp. Dundee, 1974; dedicated
to Konrad Jorgens), pp.256-272. Lecture Notes in Math., Vol.448, Springer,
Berlin, 1975.

144



[67] Press, W.H., Flannery, B.P., Teukolsky, S.A. and Vetterling, W.T. (1994)
Numerical Recipies; The art of scientific Computing. Cambridge University

Press.

[58] Race, D. (1985)
On the strong limit-point and Dirichlet properties of second-order differential

expressions. Proc. R. Soc. Edinb. 101 A, 283-296.

[59] Read, T.T. (1984)
On the essential self-adjointness of powers of Schrédinger operators. Proc. R.

Soc. Edinb. A 97, 233-246.

[60] Russel, A. (1975)
Integral inequalities and spectral theory of certain ordinary differential equations.

Ph.D. Thesis, University of Dundee.

[61] Russel, A. (1978)
On a fourth-order singular integral inequality. Proc. R. Soc. Edinb. A 80,
220-269.

[62] Titchmarsh, E.C. (1941)
On expansions in eigenfunctions (IV'), Quart. J. of Math. (Oxford) 12, 33-50.

[63] Titchmarsh, E.C. (1945)
On expansions in eigenfunctions (VII), Quart. J. of Math. (Oxford) 16, 103-114.

[64] Titchmarsh, E.C. (1962)

Eigenfunction Expansions. Part 1, 2nd edn. Oxford University Press.

[65] Weidmann, J. (1980)

Spectral theory of ordinary differential operators. Berlin, Heidelberg, New York:
Springer Verlag,.

[66] Weyl, H. (1910)

Uber gewohnliche differentialgleichungen mit singularitaten und die zugehorigen

entwicklungen willkiirlicher funktionen. Math. Ann. 68, 220-269.

145



	1.pdf
	20200313092111538.pdf

