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ABSTRACT

A COLUMN GENERATION APPROACH FOR
EVALUATING DELIVERY EFFICIENCIES OF
COLLIMATOR TECHNOLOGIES IN IMRT TREATMENT
PLANNING

Intensity Modulated Radiation Therapy (IMRT) is a form of cancer treatment
which delivers radiation beams to the patient from several directions by using a linear
accelerator and a collimator. At the leaf sequencing optimization step of the IMRT
treatment planning, the intensity matrices are decomposed into a set of deliverable
apertures and their associated intensities. Collimator systems used in IMRT can form
different geometric shapes of apertures depending on their physical capabilities. Hence,
comparing the delivery efficiency of different collimator technologies is important to
determine the value added by the different technologies. In this thesis, we compare
the efficiency of using regular, rotating and dual multileaf collimator (MLC) systems
under different combinations of consecutiveness, interdigitation and rectangular con-
straints and a virtual freeform collimator. We formulate the problem of minimizing
total beam-on time (BOT) as a large-scale linear programming problem. To deal with
its dimensionality, we propose a column generation approach. Although there exists a
general master problem structure, subproblem depends on the used collimator system
technology. Therefore, we model each subproblem individually and apply a different
solution method to each of them. We test our approach on a set of clinical problem
instances. Our results indicate that the dual MLC under consecutiveness constraint
yields very similar beam-on time as a virtual freeform collimator which can form any
possible segment shape by opening or closing each bixel independently. Our approach
provides a ranking between other collimator technologies in terms of their delivery

efficiencies.



OZET

DOZ YOGUNLUK AYARLI RADYOTERAPI TEDAVI
PLANLAMASINDA KULLANILAN FARKLI ISIN
YONLENDIRICI TEKNOLOJILERININ SUTUN

TURETME TEKNIGI KULLANILARAK KIYASLANMASI

Doz Yogunluk Ayarli Radyoterapi (DYAR), bir lineer hizlandirici ve 151 yonlendirici
kullanarak hastaya farkli agilardan radyasyon isinlar1 veren kanser tedavi yontemidir.
DYAR tedavi planlamasinin yaprak dizilim optimizasyonu agsamasinda, 1sin profil ma-
trisleri uygulanabilir altmatrislere ve onlarin iligkili yogunluklaria ayrigtirihir. DYAR
tedavi planlamasinda kullanilan 1gin yonlendiriciler fiziksel ozelliklerine bagh olarak
farkli altmatrisler olugtururlar. Bu sebeple farkli 1s1n yonlendirici teknolojilerinin te-
davi verimlilliklerinin kiyaslanmasi oldukc¢a onemlidir. Bu tezde ardisiklik, cakigma
ve dikdortgensel kisitlarin farkli kombinasyonlar: altinda; normal, doner baslikli ve
¢ift katmanlh ¢ok yaprakli 1gin yonlendiricilerinin ve sanal serbest 151n yonlendiricisinin
tedavi verimlilikleri kiyaslanmigtir. Toplam 1gin gonderim stiresinin enkiigiiklendigi
problem, biiyiik ¢apl lineer programlama modeli olarak olugturulmustur. Problemin
boyutlariyla basa ¢ikmak i¢in stitun tiiretme teknigini kullanilmigtir. Genel bir ana
problem yapisi olmasina ragmen, altproblem yapisi kullanilan 1gin yonlendirici teknolo-
jisine bagh olarak degistiginden her bir altproblem ayr1 olarak modellenip ¢oziillmiistiir.
Onerilen ¢oziim teknigi klinik problem ornekleri iizerinde test edilmistr. Sonuclar
toplam 151n gonderim siiresi agisindan farkl 1g1n yonlendiricilerinin siralamasini ortaya
cgikarmigtir. Beklendigi gibi en kisa 1511 gonderim siiresi sanal serbest 151 yonlendiricisi
tarafindan bulunmustur. Cift katmanh ¢ok yaprakli 1simn yonlendiricisi de yaklagik
olarak sanal serbest 151n yonlendiricisi kadar iyi sonuclar vermektedirler. Buna karsilik,
sadece dikdortgensel gekiller olugturabilen 1g1n yonlendiricilerin ¢ok uzun 1gin gonderim

siireleri verdigi gozlemlenmigtir.
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1. INTRODUCTION

Radiotherapy is a form of cancer treatment that delivers ionizing radiation or
high energy x-ray beams with the aim of damaging the DNA of cancerous cells and
stopping their growth [1]. Since radiation beam can affect cancerous and normal tissue
alike, treatment plan must be done carefully. Intensity Modulated Radiation Therapy
(IMRT) is a kind of radiotherapy which delivers radiation beams to the patient from
several directions (i.e. beam orientations) by using a linear accelerator and a collimator.
While linear accelerator rotates around the patient, collimator shapes the beams by
moving their leaves that forms different segments or apertures. This technique provides

high degree of control over the dose distribution that is received by a patient [2].

IMRT treatment can be delivered either statically or dynamically. In the static
approach, also called “step and shoot” technique, the leaves are stationary while the
radiation beam is on. In other words, linear accelerator stops at a predetermined beam
angle position, new aperture is formed and only then the radiation source is turned
on. In the dynamic approach, new apertures are formed while the radiation is on, so
collimator leaves keep moving during the treatment [3]. In this thesis, we focus on the

static approach.

IMRT treatment planning is typically composed of three phases. The first phase is
called beam angle optimization (or geometry problem). Radiation is delivered through
a set of beam angles and the goal of beam angle optimization is to determine those
different angles [4-6]. The second phase is called fluence map optimization (or intensity
problem). The fluence map or intensity profile exists for each beam angle and it is a
nonnegative integer matrix of intensity values. The objective of this phase is to give
the required dose of radiation to malignant tissues while healthy ones are spared [7-9].
In this thesis, we investigate the last phase, called the leaf sequencing optimization
(LSO) or realization problem. In LSO, the intensity matrices are decomposed into
a set of deliverable apertures (i.e. segments or shape matrices) and their associated

intensities [10-12].



Dividing the IMRT treatment plan into stages and dealing with them separately
may cause loss in treatment quality. Hence, some integrated approaches aim to solve
multiple stages of the IMRT problem at once. For instance, direct aperture optimiza-
tion (DAO) approaches integrate the fluence map optimization and leaf sequencing op-

timization stages and try solving the problem as a single optimization problem [13-16].

Collimator systems used in IMRT can form different geometric shapes of apertures
depending on their physical capabilities. Hence, different kinds of collimator systems
lead to changes in the feasible aperture shapes. The regular multileaf collimator (MLC)
is a type of collimator which is composed of a set of leaf pairs; left and right leaves with
the same sizes. In the IMRT systems with regular MLC, the linear accelerator rotates
around the patient, stops at a predetermined angle and the radiation is transmitted
through the aperture constructed by the regular MLC. Another collimator type is the
rotating MLC. It is a regular MLC with the ability of head rotation by 90°. In this
system, the apertures are constructed first with left-right pairs of leaves, then the MLC
rotates and apertures are constructed with top-bottom pairs of leaves; or vice versa.
Dual MLC is a kind of collimator that has two orthogonal pairs of leaves; one pair
operating horizontally and the other pair independently operating vertically. Hence, it

is expected to construct more complex apertures [17,18].

There are some common constraints that appear in the collimator systems and
restricting the feasible aperture shapes even more. Those constraints can be sum-
marized as consecutiveness constraint (i.e. consecutive ones property), interdigitation
constraint (i.e. interleaf motion (collision) constraint), connectedness constraint, rect-
angular constraint (i.e. jaws only), minimum leaf separation, maximum leaf spread
and tongue and groove constraint. The detailed explanations of the constraints are

provided in the upcoming chapters.

We can measure the efficiency of the decomposition in LSO stage by using total
beam-on time (BOT), total set-up time or total treatment time as the evaluation
criteria. BOT is the total time that radiation source is on and it is found proportionally

from the sum of the aperture intensities. Setup time occurs due to the change of



apertures and it is approximately estimated as a function of total number of apertures
used in the decomposition. The treatment time is estimated as the summation of beam-
on time and setup time. Keeping these criteria at their minimum level is of interest
and we investigate the leaf sequencing optimization problem with the objective of

minimizing total beam-on time in this thesis.

MLCs are technologically advanced systems which are therefore difficult and ex-
pensive to build, operate and maintain [19]. Additional features and more flexibility
means additional costs. Hence, the comparison of different collimator technologies is
important to determine the value added by the additional features. In this thesis, we
compare the efficiency of using regular, rotating and dual MLC systems under differ-
ent combinations of consecutiveness, interdigitation and rectangular constraints; and
a virtual freeform collimator, which is a collimator that can form any possible segment
shape [20]. We formulate the problem as a large-scale linear programming problem.

To deal with its dimensionality, we apply column generation approach.

The rest of this thesis is organized as follows: In Chapter 2, we give a literature
review of the topic. Available literature is investigated and analysed from the view of
studied constraints and MLC types. In Chapter 3, we construct a large-scale linear
programming formulation of the minimum BOT problem. To deal with its dimension-
ality, we revise the formulation in Section 3.2 and apply column generation approach.
In Section 3.3, subproblem types for different collimator technologies are explained.
We present the results of our method on clinical data in Chapter 4. Finally we provide

concluding remarks and discuss future research directions in Chapter 5.



2. LITERATURE REVIEW

There are many studies done in the field of IMRT. Since we focus on the static
approach and leaf sequencing stage of the IMRT, our literature review focuses on these
topics. Additionally, this study aims to compare the effects of the constraints on the
treatment performance of different collimator systems. Hence, the literature review
is done in two sections; which are constraints and collimator systems studied in the

literature.
2.1. Constraints

We find several constraints during the literature survey. In the following sections,
we explain those constraints and summarize the related literature to see how they are

handled in the studies.
2.1.1. Consecutiveness Constraint

Consecutiveness constraint is an important restriction that applies to many col-
limator systems. It means that the open area constructed by the pairs of leaves should
be contiguous. Since LSO problem is equivalent to the intensity matrix decomposi-
tion problem, the consecutive ones property forces each decomposed bixel row of the

intensity matrix to have consecutive exposed bixels [1,13].

To visualize the appearance of a shape matrix under consecutiveness constraint,

001

let us give an example matrix M; as follows: M; = [1 1 0|. At the first row of M,

100
first two bixels are blocked by the left leaf. At the second row, right leaf blocks the

third bixel and at the last row, it blocks the second and third bixel. All open bixels
are sequenced consecutively and therefore, matrix M; satisfies the consecutive ones

restriction. If the last row of M, were [1 0 1}, it would break the rule and cannot be



constructed by the collimators under consecutiveness constraint.

Men et al. model DAO as a convex optimization problem and solve it with column
generation algorithm in [13]. Consecutiveness constraint is taken into account in the
subproblem. Based on the fact that under this constraint the problem is decomposed
by each bixel row, it is stated that optimal solution under consecutiveness can be
found by first finding the optimal leaf setting for each row, then combining these leaf
settings to form the optimal aperture shape. They apply a single pass algorithm to
find the optimal leaf setting for each row. According to the algorithm, the minimum
difference between the sum of the coefficients for all bixels considered so far and the
maximum value of these sums encountered so far gives an optimal solution of the
subproblem with consecutiveness constraint. In [14], Men et al. also consider DAO
and column generation method but with a difference of its implementation on the
graphics processing unit (GPU) which allows parallel computing with affordable prices.
In that paper, they also deal with the consecutiveness constraint by applying single

pass algorithm.

Tagkin et al. [11] investigate the problem of decomposing a fluence map into
row-convex matrices under consecutiveness constraint such that total treatment time
is minimized. They propose a bilevel optimization algorithm to solve the problem and
use allowable intensity multisets (i.e. a set of intensities used in apertures to cover
intensity map) to construct master problem. Tight valid inequalities are generated to

cut off violations of the consecutiveness constraint.

Cambazard et al. [10] compute the optimal value of minimum beam-on time LSO
problem for a single row as the sum of increments of the intensity values. Based on that
fact, they formulate single row LSO problem with minimization of number of apertures
(i.e. decomposition cardinality) as a shortest path problem. Nodes are represented as
possible partitions of intensities of each bixel in a row. For example intensity two can
be partitioned as {1, 1} related with 2 apertures or as {2} related with one aperture.
Each node is connected to the all next layer nodes with an arc. The costs of arcs are

showing the number of additional weights (apertures) needed to be added. Shortest



path from source to sink gives an optimal solution as expected.

Wake et al. [21] construct a mixed integer programming (MIP) formulation for
minimizing total treatment time under consecutiveness constraint. Consecutiveness
constraint is represented as a linear constraint set. Solving the created MIP formula-
tion takes long time. They generate a step up algorithm to reduce the CPU time. Step
up algorithm takes a lower bound on the number of apertures and runs the MIP for-
mulation with that bound. Until it finds a feasible solution, the number of apertures is
increased gradually. In this manner, it finds an optimal solution with less computation

time.

Baatar et al. [22] summarize two mixed integer linear programming models from
the literature obeying consecutive ones property with the objective of minimizing total
number of used apertures. The first one, unit radiation model, uses the information of
exposed bixels and the position of the left and right leaves for each row. The second
model, leaf-implicit model, is based on the sum of increments idea of Cambazard et
al. in [10]. Then, they create a counter model based on the idea of counting the
patterns according to their BOT values. Instead of looking for a weighted shape matrix
decomposition of the intensity matrix, they seek an unweighted decomposition of the
aggregate patterns for each intensity level. The decomposition cardinality of those

patterns gives the sum of BOT of the original fluence map again.

2.1.2. Rectangular Constraint

Rectangles are the simplest aperture shapes that can be formed. IMRT can be
delivered only using conventional jaws which are devices that can only form rectangular
apertures. This restriction is named as the rectangular constraint. Since MLC systems
are very costly, there are some studies about how to use simpler devices which use
jaws only and can only form rectangular structures in IMRT treatment. Hence, this

constraint is worthwhile for investigation [13].

To visualize the appearance of a shape matrix under rectangular constraint, we



000

give an example matrix M, as follows: My = |11 0]|. To satisfy the rectangular

110
constraint, there must be only one open rectangular area in the shape matrix. Hence,

matrix M, satisfies the rectangular restriction.

Tagkin et al. study the LSO problem with the minimization of total number of
apertures objective under the rectangular constraint in [19]. The problem is formulated
as an MIP problem. The formulation is strengthened with the generated valid inequal-
ities and improved upper and lower bounds are yielded with the partitioning approach.
In that paper, there is a discussion about applying Benders decomposition approach to
the problem. However, it is found to be insufficient in the end. In [12], the same prob-
lem is solved to optimality with the combinatorial Benders decomposition approach.
The difference between the two methods is that in Benders decomposition approach
cuts are based on linear programming duality; in combinatorial Benders decomposition

approach they are based on minimal infeasible subsystems.

Men et al. [13] also deal with the rectangular constraint. A rectangular aperture
can be represented with a couple of first and last row and a couple of leftmost and
rightmost columns of a beam. In this situation, if the range of rows is fixed, single pass
algorithm explained in Section 2.1.1 can be applied to the pricing problem associated
with rectangular constraint. Finally an optimal solution can be found by enumerating
all O(m?) possible collections of consecutive rows and selecting the best one given that

m is the number of rows of the intensity matrix.
2.1.3. Interdigitation Constraint

Interdigitation constraint is about the adjacent rows. It states that the left and
right leaf pairs of a row cannot overlap with the right and left pairs of the adjacent row

respectively. In other words, opposing leaves of adjacent rows cannot overlap [1,23].

Since interdigitation constraint is hard to understand from the verbal definition,



we visualize the appearance of a shape matrix under interdigitation constraint and
100

give an example matrix Mjz as follows: M3 = |0 1 1|. The left leaf of the first row

110
is located on the leftmost position, call position 0, and right leaf of the second row is

at the rightmost position, call position 3; therefore they do not overpass each other.
Additionally, the right leaf of the first row and left leaf of the second row are located
at position 1 and they do not overpass each other either. So first two rows obey the
interdigitation restriction. It can be seen that second and third rows’ leaves do not

overpass each other. Hence, matrix Mj satisfies the interdigitation restriction. If we
100

changed the second row of Mj as [0 0 1} , the new matrix would look like |0 0 1| and

110
it would break the rule between first and second rows and cannot be constructed by

the collimators under interdigitation constraint.

Men et al. [13] deal with interdigitation and connectedness constraints by cre-
ating a shortest path network. Connectedness constraint means that open area of an
aperture must be single. In the paper, connectedness is explained as combination of
interdigitation and unitedness of the bixel rows with one or more exposed bixels. To
handle the constraints, the nodes are defined by each potential leaf setting in each bixel
row. Additionally, source and sink nodes are added to represent the top and bottom of
the aperture. Arcs are drawn between the feasible leaf setting combinations and from
source, to sink nodes. Arc costs are defined as the sum of all coefficients corresponding

to exposed bixels. With this construction, a shortest path gives an optimal solution.

Baatar et al. [22] revise the counter model explained in Section 2.1.1 to account
for interdigitation constraint. To account for the interdigitation, previous decision
variable is divided into two; representing left and right leaf positions and necessary

restrictions are created with those new variables.

Kalinowski models the minimum BOT problem as the maximum weight of a path



in a graph in [23]. Interdigitation constraint is represented as two linear constraint sets
by using the left and right leaf positions of each row. For every bixel, a node is created

and arcs and weights is said to be modifiable to account for only interdigitation.

Boland et al. [24] formulate intensity matrix decomposition problem with mini-
mum BOT as a nonlinear MIP formulation. Consecutiveness and interdigitation are
taken into account in the formulation. They apply column generation approach and
solve the subproblem as a shortest path problem. Graph has m layers coming from the
m rows of the shape matrix. Nodes show each potential leaf setting in each bixel row;
additionally a start and end nodes are added. Arcs are placed to exclude interdigitation
and a return arc is added from end node to start. Arc lengths are generated from the
subproblem objective. In this way, every cycle in the graph gives one shape matrix to

the solution.

2.1.4. Minimum Leaf Separation Constraint

Minimum leaf separation constraint forces a minimum leaf opening in each bixel
row. Under this constraint, not every intensity matrix can be decomposed for every

leaf opening [2,25].

In [25], the minimum leaf separation constraint is represented as a linear set of
constraint for every row. It is stated that under this constraint the problem of finding if
it is possible to decompose a matrix is polynomial. In addition to that, since adjusting
a leaf opening of a row cannot affect or be affected from the other rows, optimal solution
under minimum leaf separation constraint can be found by first finding the optimal leaf
setting for each row, then combining these leaf settings to form the optimal aperture

shape as in the consecutiveness constraint.

2.1.5. Maximum Leaf Spread Constraint

Maximum leaf spread constraint forces a maximum distance between the edge of

leftmost left and rightmost right leaf [2]. This constraint causes field splitting problem
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to arise which is explained in [26]. Due to the maximum leaf spread constraint of the
MLC design, a large fluence map cannot be delivered at once and need for splitting
it into several sub-matrices arise. However, such an action may cause increased com-
plexity and more beam-on time usage. To deal with that in [26] a close-to-linear time
algorithm for solving the field splitting problem for minimizing the maximum beam-on
time of the sub-matrices is generated by modelling the field splitting as a shortest path
problem with a special layered structure. In that structure, consecutiveness constraint

is also considered. In the end, high quality field splitting results are gained.

2.1.6. Tongue and Groove Constraint

Tongue and groove constraint occurs due to the tongue and groove leaf arrange-
ment of the MLCs. This arrangement is a special design for reducing the radiation
leakage and minimizing friction between leaves. As it can be seen from Figure 2.1b
(adapted from [2]), it may cause underdosage and leakage. Hence, there are several

studies about preventing tongue and groove effect [2,23,25,27].

Radiation
Groove
.,
Tongue ! Machine
. N BI . Underdose
Z i Area
i Y
Dose i :
C ! Actual
Y Dose
Ar'B D Lo
; ose [
Y E -!_ Ideal
X oy Dose

(a) (v)

Figure 2.1. (a) The tongue-and-groove design. (b) Underdosage and leakage areas

caused by the tongue or groove design.

As explained in Section 2.1.3, Kalinowski models the minimum BOT problem as

the maximum weight of a path in a graph in [23]. He checks column based consecutive
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bixels to take into account and represent tongue and groove constraint. To obey the
tongue and groove constraint; if the bixel with bigger intensity is exposed in a shape
matrix, then its column consecutive bixel with smaller intensity must also be exposed.
Based on that, he creates tongue and groove error which indicates underdosage and is
always nonnegative. Tongue and groove error is minimized if all shape matrices satisfy
tongue and groove constraint. As the one for interdigitation, for every bixel, he creates

a node and then arcs and weights accordingly to account for tongue and groove.

Salari et al. [27] deal with the tongue and groove constraint from a robust op-
timization point of view. They take the DAO model as used in [13] and add proper
upper and lower bounds to the dose deposition coefficients used in that model. Dose
deposition coefficient basically shows the dose delivered to a specific voxel by a specific
beamlet. With the addition of those bounds, the model becomes robust against the
tongue and groove effect. They solve the robust model with column generation algo-
rithm. The subproblem is solved with the same shortest path approach of [24]; hence,

the model is extended easily to account for interdigitation and connectedness too.

2.2. Collimator Systems

Different collimator technologies cause changes in the feasible shape matrix set.
Therefore, the treatment quality changes depending on the used collimator system.
In the following sections, we define different collimator technologies mentioned in the

literature and summarize the studies done about them.

2.2.1. Regular MLC

In Section 2.1, the mentioned collimator systems are regular MLCs (i.e. 2-bank
MLCs). The regular MLC has a set of leaf pairs; left and right leaves with the same
sizes equal to the one bixel size usually. In the regular MLC systems, the linear
accelerator rotates around the patient, stops at a predetermined angle and the radiation

is transmitted through the aperture constructed by the regular MLC.
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LSO problem with minimizing BOT objective is shown to be polynomially solv-
able in the literature if we use regular MLC without any restrictions (i.e. under con-
secutiveness constraint only) [28-30]. However, the same problem with the objective
of minimizing total setup time or total treatment time is shown to be strongly NP-
hard [31]. Therefore, there is a large number of heuristics developed for these problems
such as the approaches of Agazaryan et al. [32] and Siochi [33]. Exact solution ap-
proaches are proposed in Ernst et al. [34], Langer et al. [35] with minimum number of
used apertures objective and in Wake et al. [21], Tagkm et al. [11], Mason et al. [36]

with total treatment time objective.

Shape matrix examples M;, My and M3 mentioned in Sections 2.1.1, 2.1.2 and

2.1.3 can be constructed by the regular ML.C. However, regular MLC cannot construct
001

shape matrix My, = |1 1 0| because the last row of M, cannot be constructed by one

101
left and one right leaf set.

2.2.2. Rotating MLC and Dual MLC

Rotating MLC is a regular MLC with the ability of rotation by 90°. In this
system, the apertures are constructed first with left-right pairs of leaves, then the
MLC rotates and apertures are constructed with top-bottom pairs of leaves; or vice
versa. On the other hand, dual MLC has two orthogonal pairs of leaves. So it can

construct more complex apertures.

100 101
Example matrices M5 = |01 1| and Mg = |0 1 1| are a row consecutive and a
100 010

column consecutive shape matrix examples respectively and they can be constructed by

using a rotating MLC. To visualize the appearance of the shape matrices constructed
101

by a dual MLC, we give the example matrix M; = |1 1 0|. If we assume that bixel
011
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(3,1) is blocked by a left leaf and bixel (2,3) is blocked by a right leaf, a top leaf is
necessary to block the bixel (1,2). Hence, M7 is neither row nor column consecutive

and it cannot be constructed by a regular or rotating MLC.

Blin et al. [18] prove the hardness of the decomposition problem of an intensity
matrix using rotating collimator and dual MLC. It is shown that they are NP-hard
when minimizing total number of apertures and total BOT. To show the hardness of
them, they define a reduction from the NP-Complete 3-Hitting Set problem. Then they
show that there is an algorithm based on linear programming and rounding techniques

which produces an approximate solution for minimizing the total beam-on time.

Webb [17] compares the regular MLC, rotating MLC and dual MLC by using
Monte-Carlo simulation. He ignores all constraints except for the consecutiveness.
The results show that dual MLC is advantageous over the others because it creates
the segments faster, unwanted irradiation may be eliminated in concave figures and
less number of apertures and beam-on time is generated with it. Additionally, rotating

MLC is turned out to be advantageous over the regular MLC.

2.2.3. Freeform Collimator

To investigate the capabilities of MLCs, Anderson et al. compare ten conceptual
collimators by using Monte-Carlo simulation in [20]. They used collimators using jaws,
leaves, bars or single-bixel attenuators whose shapes can be seen in Figure 2.2 (adapted
from [20]). They also create a virtual freeform collimator to provide a basis in the
comparisons. Freeform collimator can create any possible segment shape by opening
or closing each bixel independently. In this thesis, like this study a freeform collimator

is created for comparison purposes.

All shape matrix examples mentioned so far can be constructed by a freeform col-
010

limator. However, shape matrix Mg = |1 (0 1| cannot be constructed by a collimator

010
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Figure 2.2. (a) Jaws alone. (b) Toothed jaws. (c) Jaws and two bars. (d) Jaws and

(a)

(h)

four bars. (e) Split jaws. (f) Jaws and four floating SBAs. (g) Jaws and four floating
leaves. (h) Variable aperture collimator. (i) Leaves and SBAs. (j) Multi-leaf

collimator.

other than freeform. Even with a dual MLC it is not possible to close the bixel (2,2).
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3. PROBLEM FORMULATION

In this chapter, a general LSO problem formulation with minimum BOT objective
is proposed. To deal with its dimensionality, we apply a column generation approach.
We construct a general restricted master problem and subproblem formulation first.
Then the individual subproblem formulations of different collimator technologies are

investigated. We propose a solution method for each individual subproblem.

3.1. General LSO Problem with Minimum BOT Objective

We propose a general LSO problem formulation with minimum BOT objective.
We adapted this formulation from Boland et al. [24] with a different notation. This for-
mulation covers all collimator types and constraints. The summary for the definitions

of indices, parameters and decision variables used in the formulation is as follows:

Indices are:

e [ is the shape matrix index, k =1,..., K
e jistherowindex,i=1,...,m
e j is the column index, j=1,...,n
Parameters are:
e r is the cardinality of the set of all feasible shape matrices
e A is the (mxn) intensity matrix
e q;; is the required intensity value for bixel (i,j), Vi=1,....m,j=1,...,n
1 if bixel (7,7) is exposed in shape matrix k, Vi=1,...,m,j7=1,...
o Sijkis
0 otherwise, Vi=1,....m,j=1,...
Decision Variable is:
e X is the BOT value for shape matrix k, Vk =1,...,k
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The adapted formulation is as follows:

(MP:)  min Y X (3.1)
k=1

s.t. ZSiijk:a,-j Vizl,...,m, jzl,...,n (32)
k=1

Xy >0 Vk=1,....K (3.3)

In the MP formulation, the objective function (3.1) minimizes the total beam-on
time of the shape matrices. The constraint (3.2) assures that the required amount of
dosage is delivered to each bixel. Finally, the constraint (3.3) enforces non-negativity

restriction of the beam-on time values.

Note that MP is a linear programming problem with just one set of constraints
and x many variables. The number of feasible shapes, k, varies according to the physical
capabilities of the used collimator system. It is a polynomial function of (m,n) in the
rectangle case while it is exponential for other cases. To deal with this problem and

create a unified method for all technologies, we apply column generation approach.

3.2. Column Generation Approach

The MP formulation is not easy to solve because it typically has vast number
of feasible shape matrices. Additionally, many of these apertures will not be used in
the solution. In other words, their intensity values will be zero in an optimal solution.
Thus, we generate a subset of this set, and use that subset to solve a restricted version
of the MP. Then we solve a subproblem to identify new useful shape matrices to add
the subset that will improve the current solution or conclude that the current solution
is optimal. There are some studies using column generation approach in IMRT context.
As explained in Section 2.1.3, Boland et al. [24] propose column generation approach
to solve MP formulation for the case of using a regular ML.C under interdigitation con-

straint. Furthermore, as explained in Section 2.1.1, Men et al. use column generation
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algorithm to solve the direct aperture optimization problem in [13] and [14] . We refer

the reader to [37] for details about column generation approach.

Let us first define a restricted master problem (RMP) that has only a subset of
columns, i.e. shape matrices. If the MP formulation is run over not the entire shape
matrix set (i.e. ¥ many shape matrices) but a subset of shape matrices (K < £ many
shape matrices), RMP is generated. The restricted master problem can be formulated

as:
(RMP:)  min » X (3.4)
k=1

st Y SinXe = ai Vi=1,....,m, j=1,....n (3.5)

k=1

X, >0 Vk=1,...,% (3.6)

A feasible subset of shape matrices is needed to start the column generation
approach. In principle such a feasible subset can be identified by running a heuristic
to obtain a feasible set of shapes. However, this approach would require availability
of a heuristic for each collimator type. Therefore, we take a different approach and
generate the initial subset as mxn many unit shape matrices (.S;; matrices with a single
1 in bixel (i, 7) and 0 elsewhere, Vi = 1,...,m,j = 1,...,n). Note that this subset
always gives a feasible solution for the collimator types we investigate in this paper

and the BOT value of that solution is the sum of the intensities (3 ", > 7, aij).

Let us denote the dual variables associated with the constraints (3.5) by ;.
Reduced costs of all variables can be found using the optimal values of dual variables.
In this way, the columns that price out favourably can be included in the RMP. Hence,
the subproblem is defined to identify the shape matrix with the least reduced cost (i.e.

the most promising shape matrix). Given an optimal solution of RMP, subproblem
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(SP(A)) can be formulated as follows:

i=1 j=1
s.t. S is a feasible shape matrix (3.8)
S, € {0,1} Vi=1,...om j=1,....,n (3.9)

The SP objective function (3.7) aims to find a shape matrix with the minimum
reduced cost. The reduced cost is calculated by the multiplication of the dual variables
Aij associated with the constraints (3.5) and the shape matrix S;;. Note that RMP’s
structure does not depend on the selected collimator systems and their restrictions
of concern. However, each collimator type leads to a different SP()) feasible region.
Hence, constraint (3.8) means ensuring the feasibility of the shape matrix for the condi-
tions of the investigate SP(\) case. If optimal objective value of SP()\) is nonnegative,
then the current solution to the RMP optimally solves the original formulation MP
as well. If SP())’s optimal objective value is negative, we add the new column to the

RMP and solve it again.

3.3. Subproblem Types for Different Collimator Technologies

SP(\) depends on the used collimator system properties. The aim in the con-
struction and solution of SP(A) is to find a shape matrix that has the least reduced
cost and obeys the used system restrictions. Therefore, in the following sections we

explain the SP(A) of the cases of our concern and discuss their solution procedures.
3.3.1. Regular MLC with Consecutiveness Constraint
To visualize the shape matrices of a feasible decomposition done by regular ML.C

with consecutiveness constraint, we give an example fluence map below which is de-

composed using six regular consecutive apertures, whose intensities are all chosen to
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be 1, yielding a total BOT of 6.

402 001 100 100
350, =1x (000l +1x|110[+1x]|110
123 000 111 011
100 100 001

+1x (110 +1x|010]+1x ({010
001 000 000

It is known that the LSO problem of regular MLC obeying the consecutiveness
constraint with the objective of minimizing the total BOT can be solved in polynomial
time [28]. There are various algorithms for solving that problem. For example, the
minimum BOT value can be found as >, Z?:—Ol max (a;,(j+1) — aij,0) as in [10]. Since
the aim of this thesis is to construct a common basis for comparison, we investigate the
use of column generation method for this case. If we adapt the consecutiveness con-

straint defined in [21], the subproblem formulation for each row i obeying consecutive

ones property can be written as follows:

j=1
s.t. S’L’jl _Sijg +Sij3 < 1 le = 1,...,7’1,—2,

Vj3:j1—|—2,...,n,
vj2:j1+]—7"'7.j3_1 (311)

Constraint (3.11) represents the consecutiveness constraint. It eliminates a (1
0 1) row construction while keeping the other possibilities. In other words with this
constraint, it is impossible to have a closed bixel in the middle of a row, if there are

open bixels in both left and right.
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Instead of solving that integer programming formulation, we find the optimal leaf
setting for each row by a single pass algorithm similar to [13] and [38]. According to the
algorithm to find the leaf positions of a single row 7, we sum —\;; terms cumulatively
over index j. Since our aim is to minimize the cumulative —)\;; sum in the SP(\)
objective (3.7), we save the maximum value of the cumulative sum encountered so far.
To get rid of those big —\;; terms, we pull the left leaf to the j index where we
obtain the maximum cumulative sum value. In this way, we close the bixels with big
—Ai; values. Then we compare the maximum with the cumulative sum value. The
position that we obtain the minimum difference between these two values gives the
optimal right leaf position. The algorithm gives us the optimal leaf positions for a row.
We apply this single pass algorithm to all rows, then combine the best leaf settings

for each row and obtain an optimal aperture shape. The pseudo code of the revised

Set the sum of the coefficients v := 0, mazimum sum of the coefficients v := 0,
optimal value v* := 0

Set initial position of the left leaf 1 := 0 and optimal position of the left leaf cj :== 0
Set initial position of the left right co := 0 and optimal position of the right leaf

c5 =0

Set j =1

repeat

Set v:=v+ (=\;j)

if Ifo>0
V=0
C1 ‘= Cy

if Ifv—ov <o
vi=0—7
=
5 i=cy+1

coi=co+1

ji=j+1

until ¢ > n

Figure 3.1. Pseudo code of the revised single pass algorithm.
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single pass algorithm for row ¢,Vi = 1,...,m is given in Figure 3.1. At the end of
revised single pass algorithm, ¢j and ¢ give the optimal aperture for row ¢ and v* gives
the corresponding optimal value. The complexity of this algorithm for a single row is
O(n). Since to form an aperture shape we need to run it over all rows, the complexity

becomes O(mn).

3.3.2. Regular MLC with Interdigitation Constraint

To visualize the shape matrices of a feasible decomposition done by regular MLC
with interdigitation constraint, we give the same fluence map defined in Section 3.3.1
below and decompose it by using five apertures under regular interdigitation constraint,
whose intensities are chosen to be 1, 2, 1, 1 and 1 respectively, yielding a total BOT

of 6.

402 001 100 100
350, =1x 1000 +2x |110[+1x]010
123 000 011 001
100 001
+1lx (110 +1x (010
100 000

As mentioned in Section 2.1.3, interdigitation constraint is about the adjacent
rows; therefore the problem is not separable with respect to rows as the previous case.
Therefore, adapting the formulations in [24], we add two decision variables to formulate

the problem. Decision variables of the formulation are defined as follows:

(

I <1ifleftleafoflrowiisincolumnj, Vi=1,....m, j=0,...,n
! \O otherwise, Vi=1,....m, j=0,...,n

R (1ifrightleafofrowiisincolumnj, Vi=1,....m, j=1,...,n+1
. \Ootherwise, Vi=1,....m, j=1,...,n+1
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According to the definition of Boland et al. [24], the left and right leaves are

positioned as shown in Figure 3.2. Left leaf can be at positions shown with L, and

right leaf at R.

3 n-2 n-1 n
4 n-1 n n+l
3 n-11 n

Figure 3.2. Possible leaf positions.

With those variables, the subproblem under interdigitation constraint can be

formulated as:

min i i _)\ijSij

i=1 j=1

7—1
=0

Vi=1,...,m
Vi=1,...,m
Vi=1,...,m
Vi=2,...,m

Vi=1,...,m
Vi=1,...,m
Vi=1,...,m

J=1
J=1
J=1
J=1
J=0,
J=1

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
(3.20)
(3.21)

Constraint (3.14) is for binding the three decision variables to each other. It

ensures that if bixel (4,7) is closed by one of the leaves, then it is closed in the aperture

and if it is not closed in both of them, it is exposed in the aperture. Constraints (3.15)

and (3.16) are required due to the fact that there must be one left and right leaf on
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each row. The constraints (3.17) and (3.18) are the interdigitation constraints. Finally,

constraints (3.41), (3.20) and (3.21) state the binary decision variables.

To solve that SP()), as it is done in [13] and [24], we define a shortest path
network. The nodes are defined by each potential leaf setting in each bixel row and
represented by (i, ¢1, ¢2) given that i is the row index (i = 1,...,m), ¢; and ¢y are
the potential left and right leaf positions (¢; =0,...,n, ¢ =1,...,n+1). In addition
to those, we add a source and a sink node to represent the top and bottom of the
aperture. We draw arcs between the feasible leaf setting combinations. To satisfy
interdigitation constraint, we define an arc between nodes (i, ¢, ¢3) and (i + 1, ¢}, c)
if and only if ¢] < ¢y — 1 and ¢, > ¢; + 1. We set arc costs as the sum of all objective
function coefficients corresponding to the exposed bixels (— 252:;11 41 Aij). With this
construction, a shortest path from source to sink node gives a shape matrix with the

least reduced cost.

(n+1)(n+2)

5 } many nodes. The total number

In each layer of the network, there are [

m(n+1)(n+2) +2.

5 The total number of arcs is O(m?n?*). Then, complexity

of nodes is

of the algorithm is O(m?n?).

In Figure 3.3, a complete shape matrix graph of a 2x2 matrix is given. Arcs are
drawn between the feasible leaf setting combinations of the interdigitation constraint.
In Figure 3.4, two shape matrix representations on the complete graph of Figure 3.3

are given. So here m =2, n=2,1=1,2, ¢, =0,1,2 and ¢, = 1,2,3. The first path

shown with straight arrows represents the following shape matrix: ; the second
01

01
11

path shown with dotted arrows represents the following shape matrix:



Figure 3.4. Two shape matrix representations on the shape matrix graph.
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3.3.3. Regular MLC with Rectangular Constraint

To visualize the shape matrices of a feasible decomposition done by regular ML.C
with rectangular constraint, we give the same fluence map defined in Section 3.3.1
below and decompose it by using seven rectangular apertures, whose intensities are

chosen to be 4, 2, 2, 2, 1, 1 and 2 respectively, yielding a total BOT of 14.

402 100 001 000
350 =4x[000]+2x[000] +2x (010
123 000 000 000
000 000 000 000

+2X 000f+1x [110[+1Xx[000f+2X [110
001 110 011 000

The subproblem under rectangular constraint can be formulated by using mod-
ified versions of the consecutiveness constraint (3.11). We formulate SP()) of regular

MLC under rectangular constraint as follows:

i=1 j=1
s.t. Sijy — Sij, +Sij, <1 Vi=1,...,m
Vi=1,...,n—2
Vis=7n+2,....n
Vio=g1+1,...,53—1 (3.23)
Sinj — Sigj + Sip; <1 Vi=1,...,n

Vilzl,...,m—Q
Vi3:i1—|—2,...,m

Vig=i1+1,... i5—1 (3.24)
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S(i_g)j - Sz'j + Si(j_g) S 1 Vi = 2, oo,

Vi=2,....n

Vo=1,....,7—1 (3.25)
S(i+e)j — Sij + Sii—e) <1 Vi=1,...,m—1

Vo=1,...,m —1i

Vi=2,...,n

Vo=1,....,7—1 (3.26)
Si—o)j — Sij + Sijre) <1 Vi=2,...,m

Vo=1,...,n—j (3.27)
S(i+a)j _Sij+5i(j+0) Sl Vi = 1,...,m—1
Vo=1,....,m—1

VO=1,....n—j (3.28)
SUE{O,l} szl,,m
Vi=1,...,n (3.29)

Constraints (3.23) and (3.24) ensure the row and column consecutiveness respec-
tively. Constraint (3.25) checks that if bixels ((¢ — ), j) and (¢, (j — 6)) are open, then
bixel (7, j) must also be open. In this manner all different directions to form a rectangle
are checked via constraints (3.25), (3.26), (3.27) and (3.28) and it is assured that there

is one open rectangle in the shape matrix.

To form a rectangle, two row selections (r1, r3) and two column selections (¢,
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¢y) need to be made among possible m and n options. Suppose that which rows
are exposed in the rectangle aperture is known in advance, then the SP(A) under
rectangular constraint becomes equivalent to the SP(\) under consecutiveness as in
Section 3.3.1. There are O(m?) possible row selections since only two row selection
among m is enough to construct a rectangle as explained in [13]. Hence, a rectangular
aperture can be formed by applying a slightly modified single pass algorithm for all

O(m?) possible row selections and selecting the minimum one. Modification in the

T2
1=71

algorithm is done at step 1; its new version is setting v =v+> 2 —\;;. This version
of single pass algorithm has complexity of O(m?n). However, this can be adjusted by
checking min {m,n}. Since a rectangle is consecutive in terms of rows and columns,
if n < m, then the single pass algorithm for all O(n?) possible column selections is
applied. With this point of view, the complexity of the applied solution methodology

is modified as O (min {m, n}? max {m, n}).

Note that rotating a rectangular aperture yields another rectangular aperture.

Hence, we do not investigate rotating MLC with rectangular constraint.
3.3.4. Rotating MLC with Consecutiveness Constraint

To visualize the shape matrices of a feasible decomposition done by rotating MLC
with consecutiveness constraint, we give the same fluence map defined in Section 3.3.1
below and decompose it by using four row or column consecutive apertures, whose

intensities are chosen to be 1, 1, 2 and 1 respectively, yielding a total BOT of 5.

402 100 100 101 000
350 =1xJ110[+1x|110[+2%x|010]+1x|110
123 111 011 000 001

In rotating MLC, either a row- or column-consecutive shape matrix is constructed
during the treatment. Hence, either row- or column-consecutiveness constraint must
be active in the feasible region of the SP(A). To handle that situation, we generate a

binary variable y such that y = 1 if a column consecutive shape matrix is used and
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y = 0 otherwise. The subproblem is formulated as:

i=1 j=1
s.t. Sij, — Sij, +S5i, —y <1 Vi=1,...,m
Vi =1,....n—2,
Vis=71+2,...,n,
Vijo=ji+1,...,j5 — 1 (3.31)
Sivi — Siyj + Siy; — (1 —y) <1 Vi=1,...,n
Vip=1,...,m—2,
Vig =11 +2,...,m,
Vig =i 4+ 1,... i3 — 1 (3.32)
Si; € {0,1} Vi=1,...,m
Vi=1,...,n (3.33)
y € {0,1} (3.34)

Constraint (3.31) (resp. constraint (3.32)) is active if a row-(resp. column) consecutive
shape matrix is constructed during the treatment. Since either a row- or column-
consecutive shape matrix is constructed during the treatment with rotating MLC,
either constraint (3.31) or (3.32) must be active at each iteration. If y = 1, constraint
(3.32) is active, but constraint (3.31) is not active since S;j, = 1, S;j, = 0 and S;j, =1
construction is possible. Likewise, if y = 0, constraint (3.31) is active; but since the

maximum value that S;,; — S;,; +5i,; — 1 can take is 1, constraint (3.32) is not active.

To solve that problem, we apply our single pass algorithm twice; once to find a
row-consecutive shape matrix as in Section 3.3.1 and once to find a column-consecutive
shape matrix. We then compare the two shape matrices and select the one with the

smaller objective value as the optimal solution of SP(\).

To find a column consecutive shape matrix, the single pass algorithm is modified
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again. This time, single pass algorithm for column j is constructed basically and at
step 0, 7 is set to 0 and at step 3, ¢ is incremented with ¢o. Therefore, finally, solving the
subproblem with consecutiveness in rotating MLC is equivalent to finding the minimum
of regular single pass algorithm for all rows and modified single pass algorithm for all

columns. Hence, the complexity of the applied solution procedure becomes O(2mn).

3.3.5. Rotating MLC with Interdigitation Constraint

To visualize the shape matrices of a feasible decomposition done by rotating MLC
with consecutiveness constraint, we give the same fluence map defined in Section 3.3.1
below and decompose it by using four apertures under row or column interdigitation
restriction, whose intensities are chosen to be 1, 2, 1 and 1 respectively, yielding a total

BOT of 5.

402 001 100 100 101
350 =1x(110]+2x[010]+1x[110]+1x][110
123 111 001 000 010

Likewise in Section 3.3.4, we apply interdigitation either row based or column
based in rotating MLC. Hence, the integer subproblem formulation of the problem is
done in 2 ways. First we apply the row based interdigitation formulation as in Section
3.3.2. Then the column based interdigitation formulation is applied and the minimum
objective value among these two will determine an optimal solution to the subproblem

of rotating MLC with interdigitation constraint.

In the formulation of the column based subproblem under interdigitation, two

new variables are created as follows:

1 if top leaf of column j is in row 7, Vi=0,....m, Vj=1,...,n

0 otherwise, Vi=0,....m, Vj=1,....n
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B 1 if bottom leaf of column j isinrow ¢, Vi=1,...,m+1, Vj=1,....n
ij -
0 otherwise, Vi=1,....m+1, Vj=1...,n

We formulate the column based subproblem under interdigitation as:

i=1 j=1
i—1 )
st. Sy=3 Ty;—> By Vi=1l...m Vi=1,...,n (3.36)
t=0 b=1
> T;=1 Vi=1,...,n (3.37)
i=0
m+1
d Bj=1 Vi=1,...,n (3.38)
=1
i—1 )
Y T,y =) Bija Vi=1,....,m Vi=2...,n (3.39)
t=0 b=1
i—1 7
> T,; > Bija Vi=1,...,m Vi=1,...,n—1 (3.40)
t=0 b=1
S;; € {0,1} Vi=1,...,m Vi=1,...,n (3.41)
T,; € {0,1} Vi=0,...,m Vi=1,...,n (3.42)
Bi; € {0,1} Vi=1,....,m+1 Vi=1,...,n (3.43)

In this formulation, the meanings of the constraints are the same with the constraints
(3.14 — 3.21) defined in Section 3.3.1. To solve the column based subproblem, as it is
done in Section 3.3.2, a shortest path network is defined. The nodes are defined by
each potential leaf setting in each bixel column and represented by (7, 71, r2) given
that j is the column index (j = 1,...,n), r; and ry are the potential top and bottom
leaf positions (r; = 0,...,m, ro = 1,...,m + 1). In addition to those, source and
sink nodes are added to represent the leftmost and rightmost of the aperture. Arcs
are drawn between the feasible leaf setting combinations. To satisfy interdigitation

constraint, an arc is defined between nodes (j, r1, 7o) and (j + 1, r, r5) if and only
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if i < ry—1and 75 > r; + 1. Arc costs are defined as the sum of all objective
function coefficients corresponding to the exposed bixels (— E:i;ll L1 Aij). With this
construction, a shortest path from source to sink node gives the shape matrix under

column interdigitation constraint with the least reduced cost.

We solve the shortest path problem twice; once over columns and once over rows.
We generate two shape matrices in this manner and the one with the minimum objective
value among these two determines an optimal solution to the SP(\). The complexity of
this algorithm is O(m?n* + n?m?), which is O(max {m?n?, n?m?*}). m?*n? term comes
from the row based interdigitation part of the algorithm as in Section 3.3.2 and n?m?*

is adapted for the column based interdigitation part.
3.3.6. Dual MLC with Consecutiveness Constraint
To visualize the shape matrices of a feasible decomposition done by dual MLC,

we give the same fluence map defined in Section 3.3.1 below and decompose it by using

five apertures, whose intensities are all chosen to 1, yielding a total BOT of 5.

402 000 101 101 100 100
350 =1xj010[+1x|110]+1x|110]+LIx (110 +1Xx 010
123 000 111 011 001 000

In dual MLC, there are two separate orthogonal layers. We call the left-right leaf
setting as the horizontal layer and top-bottom leaf setting as the vertical layer. Note
that LSO problem of the dual MLC is NP-hard when minimizing BOT [18]. Hence, we

formulate the SP(\) corresponding to dual MLC as an integer programming problem.

Since an aperture is formed by combination of the two layers, they must be
represented in the formulation and the shape matrix must be constructed from their
intersection. Hence, the formulation is constructed by the combinations of formulations

in Sections 3.3.2 and 3.3.5 as follows:
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i=1 j=1
j—1 j i—1 i
S.t. Sij>ZLil—ZRir+Zﬂj—ZBbj—l Vlzl, ,m
1=0 r=1 t=0 b=1
Vi=1,...,n (3.45)
Jj—1 J
Sz] < Ly — ZR’LT‘ Vi = 17 y
=0 r=1
Vi=1,....,n (3.46)
i—1 i
Sij < Tij — By, Vi=1,...,m
t=0 b=1
Vi=1,...,n (3.47)
> L= Vi=1,...,m (3.48)
§=0
n+1
> Ry=1 Vi=1,...,m (3.49)
j=1
Y T;=1 Vi=1,...,n (3.50)
i=0
m—+1
Y Bj=1 Vi=1,...,n (3.51)
=1
5136{0,1} VZ:L,?’TL VJZL,TL (352)
L;; € {0,1} Vi=1,...,m Vi=0,...,n (3.53)
R;; € {0,1} Vi=1,...,m Vi=1,....n+1 (3.54)
T;; € {0,1} Vi=0,...,m Vi=1,...,n (3.55)
B;; € {0,1} Vi=1,...,m+1 Vi=1,...,n (3.56)

The constraint (3.45) is in the formulation to make sure that the cell (i, j)
constructed by horizontal and vertical layers is exposed if and only if it is open in
both of the horizontal and vertical layers. The constraints (3.46) and (3.47) assure
that if the cell (¢, j) is blocked in one of the layers, then it must be blocked in the
shape matrix. Constraints (3.48), (3.49), (3.50) and (3.51) ensure that there is only
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one left and right leaf in each row of horizontal layer, and there is only one top and
bottom leaf in each column of vertical layer. Constraints (3.52 — 3.56) represent the
non-negativity restrictions of the variables. This construction of formulation already
takes into account the consecutiveness restriction applied to the layers due to the fact
that the leaves are represented with different variables and each row and each column

can only have one leaf from each options of left, right, top and bottom.

Since the constraints (3.45 — 3.51) include summations, these constraints be-
come denser as ¢ and j get bigger. Since sparse constraints are preferred from a
computations point of view, we reformulate the problem. Redefined decision variables
are equal to 1 if bixel (i, j) is covered by the corresponding leaf and 0 otherwise,
Vi=1,...,m,j = 1,...,n. Lj; represents left leaf, R} right leaf, T} top leaf and
B;; bottom leaf. We also add two more decision variables to represent whether bixel
(¢, j) is exposed vertically, V;;, or horizontally, H;;, Vi = 1,...,m,j = 1,...,n. We

reformulate the problem as:

i=1 j=1
st. S >Vi;+Hij—1 Vi=1,...,m Vi=1,....,n (3.58)
Sij < Vi Vi=1,...,m Vi=1,...,n (3.59)
S, < Hy; Vi=1,....m Vi=1,....n (3.60)
L+ R+ Hy =1 Vi=1....m Vi=1,....n (3.61)
Li; < iy Vi=1,...,m Vi=2,...,n (3.62)
R}, < Ry Vi=1,...,m Vi=1,....n—1 (3.63)
T+ Bj; +Vi; =1 Vi=1,...,m Vi=1,...,n (3.64)
T, < Ty, Vi=2...m Vi=1,....n (3.65)
Bi; < By Vi=1,....m—-1 Vj=1,...,n (3.66)
L R, T, B, € {0,1}  Vi=1,....m Vi=1,....n (3.67)
S VI HL >0 Vi=1,...,m Vi=1,....n (3.68)
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The constraint (3.58) ensures that the bixel (7,7) is exposed if it is open in both
of the horizontal and vertical layers. The constraints (3.59) and (3.60) ensure that if
the bixel (7,7) is blocked in one of the layers, then it must be blocked in the shape
matrix. The constraints (3.61) and (3.64) state that bixel (¢,7) can either be exposed
horizontally (resp. vertically) or covered by left (resp. top) or right (resp. bottom)
leaf. The constraints (3.62) and (3.63) enforce that if bixel (4,7) is covered by the left
leaf (resp. right leaf), then the left of that bixel (resp. right of that bixel) must also
be covered by the same leaf. Constraints (3.65) and (3.66) apply the corresponding
restrictions on top and bottom leaves. Finally constraints (3.67) and (3.68) define
variable types. Sj;, V). and H]; variables do not need to be defined as binary, since
they will take binary values if Lj;, R};, T;; and B;; variables are binary.

50 TV g

3.3.7. Freeform Collimator

To visualize the shape matrices of a feasible decomposition done by freeform
collimator, we give the same fluence map defined in Section 3.3.1 and decompose it.
We get the same decomposition solution given in Section 3.3.6 which is by using five

apertures whose intensities are all chosen as 1, yielding a total BOT of 5.

Freeform collimator can form any possible aperture shape. Therefore, the sub-

problem of the freeform collimator has no constraints and can be seen as follows:

i=1 j=1

st. Sy € {0,1} Vi=1,...,m Vi=1,....n (3.70)

As solution approach, we employ a simple logic. If —);; < 0, then S;; = 1; meaning
that bixel (7,7) is open. Else, S;; = 0; meaning that bixel (7,j) is closed. Since any
segment shape is possible, this simple algorithm gives an optimal solution to the SP(\)

of freeform collimator.
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4. RESULTS

We have implemented our column generation algorithm for all cases, using CPLEX
12.5, running on a Windows 7 PC with a 3.60 GHz CPU and 32 GB RAM. Our test
problem instances are gathered from the treatment plans of eleven head-and-neck can-
cer patients. Each patient is treated using five beam angles. First 25 of this data set
is used in various articles such as [19], [12], [36], [11] and [34]. The maximum intensity
value for all 55 instances is L = 20.

In the following tables, the column “Name” shows the instance name. “m”
shows the number of rows and “n” the number of columns of the given intensity
matrix. “Reg_Cons” represents the results obtained by using regular MLC under
consecutiveness constraint (Section 3.3.1), “Reg_Int” represents regular MLC under
interdigitation constraint (Section 3.3.2), “Rect” collimators that can only form rect-
angular shapes (Section 3.3.3), “Rot_Cons” rotating MLC under consecutiveness con-
straint (Section 3.3.4), “Rot_Int” rotating MLC under interdigitation constraint (Sec-
tion 3.3.5), “Free” virtual freeform collimator (Section 3.3.7) and “Dual” dual MLC

under consecutiveness constraint (Section 3.3.6) respectively.

Table 4.1 provides the CPU time of the algorithm for each collimator system.
Our preliminary results indicate that the average CPU time of the dual MLC is 167.60
seconds. On the other hand, its maximum CPU time, 3778.75 seconds, is very high.
Therefore, the CPU time of “Dual” needs improvement. To determine the bottleneck
of the algorithm, we measured the time spent in the MP and time spent in the SP(\).
As it can be seen from the left half of the Table 4.2, algorithm spends most of its
time in solving the subproblem. Hence, we make an arrangement in the stopping
condition to improve the CPU time of the subproblem. In SP()), finding one shape
matrix satisfying ry = 1—3 " Z;‘:l AijSi; < 0is enough to improve RMP. Therefore,
instead of solving SP(A) to optimality, we stop when we find an integer solution and
check whether it is the optimal solution or its objective value is less than -1. If the

answer is yes, we stop our search in SP()\) and put that shape matrix to the RMP shape
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matrix subset. Furthermore, if the SP()\) optimal solution which is sent to RMP is
found greater than -1, this means that there are no shape matrices left in the feasible
SP()) region to improve the RMP, we are at the optimum and column generation
algorithm stops. After those adjustments, the shortened CPU time of the algorithm
is reported at the second half of the Table 4.2. In terms of CPU time, our algorithm
performs well after modifications. The longest running time of the code is less than 15
minutes which is reasonable since the dual MLC case is proven to be NP-hard in [18].
Additionally, average running time of the dual MLC is decreased to 60.08 seconds. As
a result, we use the new stopping condition for the dual MLC case in the rest of the

analyses.

Table 4.3 displays the comparison of the two dual formulations: Constraints (3.44
—3.56) (i.e. “First Formulation”) and constraints (3.57 — 3.67) (i.e. “Second Formula-
tion”). Both formulations solve the problem to optimality; therefore their BOT values
are the same and not repeated on the table. However, as Table 4.3 indicates, there
are differences slightly in terms of total CPU time (i.e. “CPU Time (sec)”) and the
number of used apertures (i.e. “Number of Used Apertures”) and there are consid-
erable differences in terms of CPU time spent in solving MP (i.e. “MP CPU Time
(sec)”) and SP()) (i.e. “SP CPU Time (sec)”) and the number of generated apertures
in the treatment (i.e. “Number of Generated Apertures”). The first formulation per-
forms slightly better than the second one. Therefore, the first formulation is used and

reported in the rest of the analyses.

The BOT results for different collimator types can be found at Table 4.4. The
test instance characteristics are summarized in the first three columns of the table.
According to the results, freeform collimator always yields the minimum BOT value as
expected. Therefore, for each case we find the ratio of BOT value to freeform BOT value

3 13 7« 7« o« o« PR ANAA ”
and call those pI‘OpOl"thIlS TFrees TDual» TReg_Cons TReg_Int, TRect» TRot_Cons

bRAN14

and “Tror_rmt,  respectively. The last rows of the Table 4.4, named as “min 7,” “avg 7"

Y

and “max 7,” shows the minimum, average and maximum ratios for the collimator
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Name Dual Free Reg_Cons Reg_Int Rect Rot_Cons Rot_Int
casel_beaml 24.20 0.19 0.79 0.85 0.26 0.93 1.74
casel_beam?2 7.27 0.16 0.40 0.52 0.19 0.35 0.99
casel_beam3 25.52 0.21 1.01 1.38 0.34 0.80 2.39
casel_beam4 19.64 0.23 1.09 1.82 0.36 0.94 2.34
casel_beamb 8.97 0.16 0.49 0.75 0.22 0.61 1.54
case2_beaml 335.23 0.59 13.47 20.20 1.31 17.27 34.04
case2_beam?2 143.39 0.40 6.80 9.49 0.84 6.38 22.89
case2_beam3 114.70 0.40 6.74 13.04 0.75 6.26 17.75
case2_beam4 196.45 0.44 6.41 11.77 0.90 15.11 33.49
case2_beamb 60.83 0.35 4.55 6.96 0.72 2.83 16.43
case3_beaml 600.89 0.66 14.25 35.00 1.82 26.69 112.05
case3_beam?2 26.43 0.29 1.72 3.61 0.50 1.56 8.54
case3_beam3 72.86 0.46 6.22 10.98 0.88 5.88 26.95
case3_beam4 61.20 0.41 4.06 7.76 0.83 6.34 19.63
case3_beamb 33.61 0.26 1.32 4.08 0.50 2.33 12.70
case4_beaml 2273.91 0.71 12.54 24.43 1.69 28.26 85.81
case4_beam?2 29.90 0.35 1.44 3.38 0.56 3.04 11.86
case4_beam3 192.13 0.58 4.81 8.16 1.05 6.16 15.66
case4_beam4 168.88 0.53 4.89 10.42 1.12 11.57 37.12
case4_beamb 24.29 0.29 1.73 3.49 0.43 1.68 10.07
case5_beaml 87.98 0.24 1.74 2.59 0.35 1.81 5.71
caseb_beam?2 25.73 0.19 0.99 0.95 0.26 0.64 2.02
caseb_beam3 22.58 0.22 0.85 1.57 0.30 1.03 3.17
case5_beam4 38.16 0.23 1.61 2.28 0.35 2.04 4.37
caseb_beamb 10.90 0.18 0.55 0.51 0.26 0.60 1.26
case6_beaml 21.08 0.20 1.07 2.07 0.29 1.20 3.74
case6_beam?2 4.47 0.14 0.20 0.32 0.15 0.22 0.42
case6_beam3 8.73 0.18 0.45 1.53 0.25 0.59 2.05
case6_beam4 11.13 0.17 0.43 1.17 0.23 0.97 2.37
case6_beamb 3.62 0.14 0.20 0.32 0.16 0.22 0.52
case7_beaml 133.59 0.22 1.32 2.19 0.35 1.48 5.40
case7_beam?2 52.90 0.24 53.95 2.01 0.36 1.15 4.74
case7_beam3 44.30 0.26 2.37 3.21 0.41 2.34 5.67
case7_beam4 31.09 0.26 1.84 3.40 0.52 1.57 7.55
case7_beamb 45.54 0.29 2.60 2.37 0.62 1.55 8.87
case8_beaml 56.19 0.23 1.12 2.68 0.38 1.34 4.42
case8_beam?2 18.32 0.22 1.41 1.78 0.33 0.78 2.18
case8_beam3 22.35 0.24 0.95 1.81 0.39 0.79 2.82
case8_beam4 20.28 0.22 1.23 1.65 0.35 1.16 3.07
case8_beamb 30.32 0.20 1.40 1.59 0.30 0.97 2.16
case9_beaml 23.02 0.19 0.68 1.05 0.26 0.91 3.27
case9_beam?2 10.66 0.17 0.42 0.59 0.22 0.36 1.10
case9_beam3 13.10 0.17 0.65 0.98 0.22 0.50 1.07
case9_beam4 14.14 0.19 1.03 1.35 0.29 0.69 2.96
case9_beamb 11.04 0.18 0.83 0.92 0.25 0.76 2.25
casel0_beaml 3778.75 0.74 9.30 16.77 1.28 30.61 62.04
caselO_beam?2 20.68 0.24 1.14 2.23 0.34 1.20 6.56
caselO_beam3 59.31 0.46 3.12 5.10 0.76 2.97 10.22
caselO_beam4 53.24 0.43 4.35 11.48 0.86 3.11 21.62
caselO_beam5 37.29 0.38 2.16 7.17 0.60 3.84 26.04
casell_beaml 40.64 0.21 0.81 2.96 0.35 1.23 5.32
casell_beam?2 9.43 0.18 0.60 2.17 0.37 0.66 2.93
casell_beam3 14.79 0.18 0.52 1.63 0.25 0.48 2.09
casell_beam4 19.57 0.20 1.00 3.36 0.35 0.81 4.45
casell_beamb 2.88 0.16 0.25 0.82 0.21 0.25 0.97

Minimum 2.88 0.14 0.20 0.32 0.15 0.22 0.42
Average 167.60 0.29 3.60 4.96 0.52 3.92 12.72
Maximum 3778.75 0.74 53.95 35.00 1.82 30.61 112.05
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Table 4.2. Performance comparison of old and new stopping condition for dual MLC.

Dual_Old Dual_New
Name CPU MP CPU SP CPU CPU MP CPU SP CPU
Time Time (sec) Time (sec) Time Time (sec) Time (sec)
(sec) (sec)

casel_beaml 24.20 0.70 23.09 23.57 0.83 22.58
casel_beam?2 7.27 0.19 6.89 8.65 0.30 8.22
casel_-beam3 25.52 0.72 24.36 20.35 0.82 19.37
casel_beam4 19.64 0.99 18.17 22.13 1.12 20.86
casel_beamb 8.97 0.39 8.34 10.54 0.48 9.90
case2_beaml 335.23 20.09 312.67 155.08 18.96 135.81
case2_beam?2 143.39 9.66 132.10 103.58 9.22 94.10
case2_beam3 114.70 6.05 107.11 77.81 5.78 71.76
case2_beam4 196.45 6.70 188.68 89.15 5.77 83.14
case2_beamb 60.83 4.10 55.54 55.03 4.13 50.67
case3_beaml 600.89 19.95 578.08 187.35 22.31 164.69
case3_-beam?2 26.43 1.42 24.34 26.49 1.45 24.84
case3_beam3 72.86 4.13 67.54 61.83 4.94 56.65
case3_beam4 61.20 3.47 56.73 53.08 3.95 48.93
case3_-beamb 33.61 1.67 31.16 32.68 1.89 30.59
case4d_beaml 2273.91 34.65 2229.64 396.16 34.48 361.10
case4_beam?2 29.90 1.61 27.53 30.82 2.03 28.60
case4_beam3 192.13 4.54 185.72 83.43 5.46 77.70
case4_beam4 168.88 4.74 162.57 82.03 4.81 76.97
case4_beamb 24.29 0.92 22.91 26.99 1.24 25.59
caseb5_beaml 87.98 2.72 84.40 66.57 2.97 63.38
caseb_beam?2 25.73 0.87 24.37 26.06 1.05 24.84
caseb_beam3 22.58 1.11 20.97 21.59 1.10 20.32
caseb5_beam4 38.16 2.15 35.26 36.57 2.30 34.06
caseb_beamb 10.90 0.43 10.18 12.60 0.51 11.93
case6_beaml 21.08 0.95 19.70 19.25 1.01 18.06
case6_beam?2 4.47 0.12 4.21 4.83 0.18 4.53
case6_beam3 8.73 0.46 8.00 10.12 0.56 9.40
case6_beam4 11.13 0.40 10.49 8.73 0.49 8.11
case6_beamb 3.62 0.10 3.39 4.10 0.16 3.83
case7_beaml 133.59 2.73 129.57 92.29 3.10 88.97
case7_-beam2 52.90 1.92 50.39 48.98 2.36 46.41
case7_beam3 44.30 2.50 41.08 39.66 2.77 36.69
case7_beam4 31.09 2.14 28.31 32.97 2.40 30.39
case7_-beamb 45.54 2.22 42.61 38.76 2.33 36.23
case8_beaml 56.19 1.50 54.01 42.47 1.58 40.69
case8_beam?2 18.32 0.96 16.86 17.21 0.99 16.06
case8_beam3 22.35 1.31 20.48 20.53 1.33 19.03
case8_beam4 20.28 0.94 18.84 23.07 1.22 21.68
case8_beamb 30.32 1.05 28.75 28.21 1.23 26.80
case9_beaml 23.02 0.76 21.90 23.27 0.96 22.14
case9_beam2 10.66 0.32 10.12 11.08 0.42 10.51
case9_beam3 13.10 0.53 12.24 13.25 0.62 12.47
case9_beam4 14.14 0.68 13.11 17.06 0.88 16.01
case9_beamb 11.04 0.51 10.27 13.12 0.67 12.28
caselO_-beaml 3778.75 42.31 3729.19 856.28 139.03 716.41
caselO-beam?2 20.68 0.92 19.26 22.96 1.08 21.71
casel0_beam3 59.31 2.53 54.33 50.60 2.57 47.74
caselO0_beam4 53.24 3.05 48.98 45.48 3.54 41.70
caselO_-beamb 37.29 1.92 34.39 35.32 1.99 33.13
casell_beaml 40.64 1.39 38.96 31.00 1.54 29.30
casell_beam2 9.43 0.48 8.76 9.52 0.54 8.83
casell_beam3 14.79 0.47 14.13 14.53 0.65 13.73
casell_beam4 19.57 0.75 18.60 16.14 0.79 15.21
casell_beamb 2.88 0.11 2.63 3.73 0.18 3.44

Minimum 2.88 0.10 2.63 3.73 0.16 3.44

Average 167.60 3.82 162.76 60.08 5.73 54.15
Maximum 3778.75 42.31 3729.19 856.28 139.03 716.41
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First Formulation

Second Formulation

Name CPU | MP CPU | SP CPU | Number of | Number CPU | MP CPU | SP CPU | Number of | Number
Time | Time Time Generated of Used | Time | Time Time Generated | of Used
(sec) | (sec) (sec) Apertures | Apertures | (sec) | (sec) (sec) Apertures | Apertures
casel_beam1 23.57 0.83 22.58 617 94 14.75 0.76 13.82 643 94
casel_beam2 8.65 0.30 8.22 382 T4 5.29 0.20 4.97 383 74
casel_beam3 20.35 0.82 19.37 612 101 15.46 0.71 14.59 622 101
casel_beam4 22.13 1.12 20.86 645 113 16.61 0.94 15.49 649 113
casel_beam5 10.54 0.48 9.90 485 83 6.37 0.35 5.89 460 83
case2_beam1 155.08 18.96 135.81 1427 213 200.18 37.23 162.40 2532 213
case2_beam?2 | 103.58 9.22 94.10 1211 173 76.59 10.07 66.18 1388 173
case2_beam3 | 77.81 5.78 71.76 1089 163 56.61 5.99 50.35 1174 163
case2_beam4 | 89.15 5.77 83.14 977 188 77.92 8.69 68.93 1238 188
case2_beam5 | 55.03 4.13 50.67 954 154 37.30 4.17 32.90 999 154
case3_beaml 187.35 22.31 164.69 1508 219 448.75 196.90 250.94 4233 219
case3_beam?2 26.49 1.45 24.84 717 127 17.78 1.46 16.13 748 127
case3_beam3 61.83 4.94 56.65 949 172 47.31 5.95 41.08 1061 172
case3_beam4 | 53.08 3.95 48.93 874 160 36.77 4.32 32.19 963 160
case3_beamb 32.68 1.89 30.59 804 120 21.85 1.74 19.90 828 120
cased_beaml | 396.16 34.48 361.10 2454 206 703.40 308.44 393.44 5260 206
case4_beam?2 30.82 2.03 28.60 751 140 22.43 1.87 20.38 773 140
case4_beam3 83.43 5.46 77.70 1142 168 57.56 6.49 50.75 1284 168
cased_beam4 | 82.03 4.81 76.97 1007 174 69.43 8.04 61.06 1385 174
cased_beamb | 26.99 1.24 25.59 632 131 14.49 0.98 13.34 622 131
caseb_beaml 66.57 2.97 63.38 916 123 41.00 3.22 37.55 1169 123
caseb_beam2 | 26.06 1.05 24.84 707 96 16.12 0.88 15.06 720 96
caseb_beam3 | 21.59 1.10 20.32 661 107 15.96 1.00 14.80 667 107
caseb_beam4 | 36.57 2.30 34.06 872 120 24.04 2.04 21.81 867 120
caseb_beamb 12.60 0.51 11.93 515 81 5.99 0.32 5.54 476 81
case6_beam1 19.25 1.01 18.06 622 105 12.49 0.89 11.44 657 105
case6_beam?2 4.83 0.18 4.53 310 53 2.29 0.11 2.07 284 53
case6_beam3 10.12 0.56 9.40 479 97 7.34 0.45 6.76 463 97
case6_beam4 8.73 0.49 8.11 457 92 6.72 0.38 6.20 466 92
case6_beamb 4.10 0.16 3.83 266 59 1.93 0.10 1.72 253 60
case7_beaml 92.29 3.10 88.97 1124 115 62.51 3.55 58.66 1463 115
case7_beam2 | 48.98 2.36 46.41 850 122 22.96 1.75 21.02 797 122
case7_beam3 | 39.66 2.77 36.69 861 133 29.85 2.61 27.01 925 133
case7_beamd | 32.97 2.40 30.39 799 134 24.20 2.13 21.89 798 134
case7_beamb 38.76 2.33 36.23 806 133 26.72 2.04 24.48 822 133
case8_beam1 42.47 1.58 40.69 732 119 28.00 2.13 25.65 973 119
case8_beam2 17.21 0.99 16.06 621 103 12.60 0.80 11.65 622 103
case8_beam3 20.53 1.33 19.03 666 111 14.96 1.29 13.51 688 111
case8_beamd | 23.07 1.22 21.68 682 106 13.51 0.89 12.46 671 106
case8_beam5 | 28.21 1.23 26.80 709 101 18.50 1.01 17.31 705 101
case9_beam1 23.27 0.96 22.14 609 98 12.06 0.66 11.25 582 98
case9_beam?2 11.08 0.42 10.51 458 80 7.66 0.33 7.19 460 80
case9_beam3 13.25 0.62 12.47 559 84 8.62 0.51 7.97 557 84
case9_beam4 | 17.06 0.88 16.01 599 99 11.87 0.70 11.01 596 99
case9_beamb 13.12 0.67 12.28 536 91 9.39 0.53 8.71 544 91
casel0_beaml | 856.28 139.03 716.41 3783 217 835.41 235.32 598.64 5373 217
casel0_beam?2 | 22.96 1.08 21.71 671 112 15.08 0.90 14.01 665 111
casel0_beam3 | 50.60 2.57 47.74 1083 125 33.23 2.30 30.67 1075 125
casel0_beamd | 45.48 3.54 41.70 965 155 30.28 3.19 26.86 938 155
casel0_beam5 | 35.32 1.99 33.13 812 139 25.57 1.90 23.45 839 139
casell_beaml | 31.00 1.54 29.30 560 126 23.75 2.79 20.77 879 126
casell_beam2 | 9.52 0.54 8.83 412 106 4.64 0.43 4.09 393 106
casell_beam3 | 14.53 0.65 13.73 454 104 6.60 0.50 5.96 450 104
casell_beamd | 16.14 0.79 15.21 445 122 8.82 0.91 7.7 510 122
casell_beam5 | 3.73 0.18 3.44 263 s 1.60 0.09 1.40 234 78
Minimum 3.73 0.16 3.44 263 53 1.60 0.09 1.40 234 53
Averages 60.08 5.73 54.15 820.02 123.96 61.26 16.07 44.93 1015.02 123.98
Maximum | 856.28 139.03 716.41 3783 219 835.41 308.44 598.64 5373 219
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Table 4.4. Beam-on time values and performance ratios of different collimator types.

Name m | n | Free | Tpree | Dual | Tpuat | Reg_Cons | Treg.cons | Reg Int | Treg.nt | Rect | Treet | Rot_Cons | Trot_cons | RotInt | Trot_rnt
caselbeaml | 15 | 14 | 20 1 20.00 | 1.00 40 2.00 51 2.55 176.00 | 8.80 25.00 1.25 34.00 1.70
caselbeam2 | 11 | 15 | 20 1 20.00 | 1.00 34 1.70 37 1.85 121.00 | 6.05 20.00 1.00 21.50 1.08
caselbeam3 | 15 | 15 | 20 1 20.00 | 1.00 31 1.55 36 1.80 147.00 | 7.35 20.00 1.00 28.00 1.40
caselbeamd | 15 | 15 | 20 1 20.00 | 1.00 33 1.65 34 1.70 136.00 | 6.80 24.00 1.20 27.00 1.35
caselbeamb | 11 | 15 | 20 1 20.00 | 1.00 34 1.70 40 2.00 115.00 | 5.75 20.00 1.00 25.00 1.25
case2beaml | 18 | 20 | 20 1 20.00 | 1.00 34 1.70 40 2.00 194.00 | 9.70 20.50 1.03 29.00 1.45
case2beam2 | 17 | 19 | 20 1 20.33 | 1.02 41 2.05 48 2.40 207.00 | 10.35 20.33 1.02 27.65 1.38
case2beam3 | 18 | 18 | 20 1 20.00 | 1.00 49 2.45 52 2.60 237.00 | 11.85 23.00 1.15 32.00 1.60
case2beamd | 18 | 18 | 20 1 20.00 | 1.00 51 2.55 52 2.60 258.00 | 12.90 20.00 1.00 27.88 1.39
case2beamb | 17 | 18 | 20 1 20.00 | 1.00 39 1.95 40 2.00 207.00 | 10.35 21.00 1.05 26.50 1.33
case3beaml | 22 | 17 | 20 1 20.33 | 1.02 41 2.05 43 2.15 266.00 | 13.30 26.50 1.33 27.60 1.38
case3beam2 | 15 | 19 | 20 1 20.00 | 1.00 46 2.30 49 2.45 151.00 | 7.55 20.00 1.00 21.43 1.07
case3beam3 | 20 | 17 | 20 1 20.00 | 1.00 49 2.45 55 2.75 278.00 | 13.90 27.67 1.38 3117 1.56
case3beamd | 19 | 17 20 1 20.00 1.00 43 2.15 57 2.85 287.00 | 14.35 23.00 1.15 28.40 1.42
case3beamb | 15 | 19 | 20 1 20.00 | 1.00 34 1.70 51 2.55 182.00 | 9.10 20.00 1.00 27.78 1.39
casedbeaml | 19 | 22 | 20 1 20.67 | 1.03 40 2.00 62 3.10 275.00 | 13.75 23.00 1.15 42.50 2.13
casedbeam2 | 13 | 24 | 20 1 20.00 | 1.00 69 3.45 73 3.65 232.00 | 11.60 21.50 1.08 27.00 1.35
casedbeam3 | 18 | 23 | 20 1 20.00 | 1.00 39 1.95 40 2.00 189.00 | 9.45 24.00 1.20 26.00 1.30
casedbeamd | 17 | 23 20 1 20.00 1.00 42 2.10 51 2.55 235.00 | 11.75 20.43 1.02 28.00 1.40
casedbeamb | 12 | 24 | 20 1 20.00 | 1.00 73 3.65 v 3.85 260.00 | 13.00 21.50 1.08 27.06 1.35
casebbeaml | 15 | 16 | 20 1 20.00 | 1.00 26 1.30 41 2.05 158.00 | 7.90 20.00 1.00 27.50 1.38
casebbeam2 | 13 | 17 | 20 1 20.00 | 1.00 41 2.05 65 3.25 156.00 | 7.80 20.00 1.00 25.57 1.28
casebbeam3 | 14 | 16 | 20 1 20.00 | 1.00 34 1.70 38 1.90 180.00 | 9.00 20.00 1.00 25.33 1.27
casebbeamd | 14 | 16 20 1 20.00 1.00 40 2.00 42 2.10 145.00 | 7.25 20.50 1.03 23.33 1.17
casebbeamb | 12 | 17 | 20 1 20.00 | 1.00 44 2.20 51 2.55 147.00 | 7.35 20.00 1.00 23.00 1.15
case6beaml | 13 | 15 | 20 1 20.00 | 1.00 36 1.80 40 2.00 129.00 | 6.45 26.00 1.30 27.50 1.38
case6beam2 | 8 | 15 | 20 1 20.00 | 1.00 33 1.65 45 2.25 94.00 | 4.70 20.00 1.00 20.00 1.00
case6beam3 | 10 | 17 | 20 1 20.00 | 1.00 45 2.25 49 2.45 160.00 | 8.00 23.50 118 26.50 1.33
case6beamd | 10 | 16 | 20 1 20.00 | 1.00 35 1.75 53 2.65 150.00 | 7.50 21.33 1.07 28.00 1.40
case6beamb | 8 | 15 | 20 1 20.00 | 1.00 35 1.75 40 2.00 88.00 | 4.40 20.00 1.00 23.00 1.15
caseTbeaml | 16 | 15 | 20 1 20.00 | 1.00 39 1.95 66 3.30 256.00 | 12.80 25.50 1.28 47.00 2.35
caseTbeam2 | 14 | 17 | 20 1 20.00 | 1.00 38 1.90 43 2.15 130.00 | 6.50 20.00 1.00 22.50 1.13
caseTbeam3 | 15 | 16 | 20 1 20.00 | 1.00 48 2.40 49 2.45 161.00 | 8.05 23.00 1.15 26.00 1.30
caseTbeamd | 15 | 16 | 20 1 20.00 | 1.00 31 1.55 32 1.60 139.33 | 6.97 20.00 1.00 21.25 1.06
caseTbeamb | 17 | 17 20 1 20.00 1.00 41 2.05 42 2.10 149.00 | 7.45 20.00 1.00 23.33 1.17
case8beaml | 17 | 14 | 20 1 20.00 | 1.00 30 1.50 34 1.70 173.00 | 8.65 21.50 1.08 32.00 1.60
case8beam2 | 15 | 15 | 20 1 20.00 | 1.00 38 1.90 52 2.60 111.00 | 5.55 20.00 1.00 21.50 1.08
case8beam3 | 17 | 14 | 20 1 20.00 | 1.00 35 1.75 36 1.80 173.67 | 8.68 23.50 118 26.00 1.30
case8beamd | 16 | 14 | 20 1 20.00 | 1.00 33 1.65 39 1.95 144.00 | 7.20 20.00 1.00 23.50 1.18
case8beamb | 15 | 15 | 20 1 20.00 | 1.00 38 1.90 39 1.95 119.00 | 5.95 21.00 1.05 28.00 1.40
case9beam1 14 | 13 20 1 20.00 1.00 33 1.65 44 2.20 154.00 | 7.70 24.50 1.23 26.25 1.31
case9beam?2 | 13 | 14 | 20 1 20.00 | 1.00 35 1.75 51 2.55 135.00 | 6.75 20.00 1.00 26.00 1.30
case9beam3 | 14 | 13 | 20 1 20.00 | 1.00 34 1.70 35 1.75 127.00 | 6.35 20.00 1.00 25.00 1.25
case9beamd | 14 | 14 | 20 1 20.00 | 1.00 38 1.90 39 1.95 139.00 | 6.95 20.00 1.00 23.07 1.15
case9beamb | 14 | 14 | 20 1 20.00 | 1.00 42 2.10 47 2.35 134.00 | 6.70 20.00 1.00 26.00 1.30
caselObeaml | 17 | 25 | 20 1 20.57 | 1.03 46 2.30 78 3.90 348.00 | 17.40 25.75 1.29 34.75 1.74
caselObeam?2 | 10 | 26 | 20 1 20.00 | 1.00 66 3.30 78 3.90 179.00 | 8.95 20.67 1.03 29.00 1.45
caselObeam3 | 18 | 24 20 1 20.00 1.00 45 2.25 47 2.35 184.00 | 9.20 20.00 1.00 22.00 1.10
caselObeam4 | 15 | 24 20 1 20.00 1.00 44 2.20 57 2.85 211.00 | 10.55 20.00 1.00 21.25 1.06
caselObeamb | 13 | 27 20 1 20.00 1.00 48 2.40 54 2.70 196.00 | 9.80 20.00 1.00 23.25 1.16
casellbeaml | 12 | 14 | 20 1 20.00 | 1.00 39 1.95 39 1.95 168.00 | 8.40 25.00 1.25 26.50 1.33
casellbeam2 | 12 | 13 | 20 1 20.00 | 1.00 27 1.35 27 1.35 103.50 | 5.18 20.00 1.00 20.00 1.00
casellbeam3 | 11 | 13 | 20 1 20.00 | 1.00 29 1.45 29 1.45 93.00 | 4.65 20.00 1.00 20.00 1.00
casellbeam4 | 12 | 13 | 20 1 20.00 | 1.00 27 1.35 27 1.35 106.00 | 5.30 20.00 1.00 20.00 1.00
casellbeamb | 9 | 14 20 1 20.00 1.00 29 1.45 29 1.45 82.00 4.10 20.00 1.00 20.00 1.00

min T 1 1.00 1.30 1.35 4.10 1.00 1.00

avg T 1 1.00 1.99 2.33 8.61 1.08 1.32

maxr T 1 1.03 3.65 3.90 17.40 1.38 2.35
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technologies to the freeform collimator.

Table 4.4 indicates that the virtual freeform collimator yields the smallest BOT
results among all collimators and the minimum possible BOT value is L = 20 as
expected. Furthermore, since rectangles are very simple shapes, it is also not surprizing
that the collimators that can only form rectangular shapes have the largest BOT values.
On the average, the closest value to minimum BOT found by rectangular collimators is
8.61 times the minimum value found by freeform collimator. However, it is interesting

to see that the dual MLC matches the freeform BOT values for 51 out of 55 instances.

It is not easy to evaluate the differences in the efficiency of using different colli-
mator technologies from the Table 4.4. Therefore, to visualize the results, we compare
them by using a performance profile chart [39]. We use BOT value of the treatment
as performance metric. Figure 4.1 shows P,(7), which is the percentage of times that
collimator system s can find BOT values that are within factor 7 of the minimum
BOT. For example, if we choose 7 = 2 from Table 4.4, for “Rot_Int” Ps(7) = 0.96 and
if we choose 7 = 3, for “Reg_Int” Py(r) = 0.87. This indicates that “Rot_Int” can
find BOT values in between 20 and 40 (= 2 x 20) in 96% of the cases and “Reg_Int”
can find BOT values in between 20 and 60 (= 3 x 20) in 87% of the cases. Ps(1) shows
the percentage of times that collimator system s can find the overall minimum BOT
values. From 7 = 1 line of the Figure 4.1, we see that all of the minimum BOT values
are found by the freeform collimator, which is expected. Dual MLC performs very
similar to freeform collimator. Then rotating MLC under consecutiveness constraint
follows them in terms of BOT efficiency. It matches the minimum for 28 instances.
Rotating MLC under interdigitation constraint matches the minimum for only 5 in-
stances and the rest of the collimator systems could not find the overall minimum BOT
value for any of the instances. The worst performance on the BOT values is obtained
by the regular MLC under rectangular constraint. As it can be seen from Table 4.4,
its minimum deviation from the minimum BOT value is 4.10, which is larger than the

maximum deviation of other collimators.

To investigate the mean and median behaviour of the results, we create a box
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plot in Figure 4.2. In the boxplot, upper and lower edges of the boxes represent the
25% and 75% quartiles of the data. The line extending vertically from the boxes
indicates variability outside the quartiles. The top and the bottom of the lines show
the maximum and minimum data value excluding outliers. Outliers are plotted with
“x” symbol. If the distance of the data point from the box exceeds the difference
between the 25% and 75% quartiles of the data, the point is labelled as outlier. The

circles in the boxes show the mean values and the lines show the median values of the

instance results.

The dual MLC and freeform collimator have the minimum median and almost
the same mean values. Rotating MLC under consecutiveness gives similar results as
them, but it has several outliers. The big difference between the results of regular
MLC under rectangular constraint and the others is visible in figure 4.2. The mini-
mum value found by the regular MLC under rectangular constraint is bigger than the
maximum value found by the others. Additionally, mean value of regular MLC under
rectangular constraint is higher than the median value due to the presence of a big

outlier (caselObeaml, whose BOT value is 348).

LSO problem is evaluated with two criteria in the literature: BOT and the number
of apertures. Tables 4.7, 4.8 and 4.9 provides the generated and used aperture numbers
in the solutions of the test instances. It should be noted that we do not consider
obtaining less aperture number criteria in our formulations or algorithms. We need
to find a comparison basis to understand the position of our solutions compared to
the optimum number of aperture results. Therefore, we search the papers which use
the same data instances that we use. First 25 of the instances are used in Tagkin et
al. (2010) [11] and Taskin et al. (2012) [19]. Table 4.5 and 4.6 gives the number
of apertures comparison of the regular MLC under rectangular and consecutiveness
constraints with the results of Tagkin et al. (2012) [19] and Tagkin et al. (2010) [11]
respectively. The number of used apertures results of Tagkin et al. (2012) [19] and
Tagkin et al. (2010) [11] are obtained from a problem with lexicographic objective.
They minimize the number of used apertures such that the BOT value is less than the

minimum BOT. The column “GAP” shows the difference between the two results and
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is calculated with the formulation of (OQur result - Their result)/(Their result). At the
end of the tables, minimum, average and maximum differences are shown. According
to those results, even if the case “Rect” has the worst results in terms of BOT values,
it is closer to the best upper bound value of the used aperture number. The gap of the
case “Reg-Cons” is bigger; on the average it is 9.71. There is no data available for the
comparison of other cases. However, we can conclude that since we did not explicitly
consider the aperture numbers in our approach, those numbers are possibly away from

the optimum.

To visualize the difference between the best upper bounds and our results of used
aperture numbers, we draw performance profile charts of those data for “Reg_Cons”
case in Figure 4.4 and for “Rect” case in Figure 4.3. It can be seen from the figures that
the jaws only collimators produce optimum BOT results by using close to best upper
bound number of apertures. However, regular MLC under consecutiveness constraint
can obtain optimum BOT values by using at least 6 times more number of apertures

than the best upper bound.

Even if the number of apertures results are not very close to the optimum values,
we compared the number of used apertures results of different collimator technologies
in Figure 4.5 by using a performance profile chart. Figure 4.5 indicates that minimum
number of apertures is used by freeform collimator as expected. Jaws only collimators
also use less number of apertures compared to others; but the minimum number of
apertures they use is nearly 3 times bigger than the number of apertures used by
freeform collimator. The rest of the collimator technologies act similarly and at the
worst case, they use apertures in the quantity of nearly 13 times bigger than the

minimum used aperture number.
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Table 4.5. Number of apertures comparison of the regular MLC under rectangular

constraint with the results of Tagkin et al. (2012) [19].

Rect
Name Number of Used Aper- | Best UB of Number | GAP
tures Results of our | of Used Apertures Re-
Column Generation | sults of Tagkin et al.
Approach (2012)
casel_beaml 72 66 0.09
casel_beam?2 58 50 0.16
casel_beam3 70 62 0.13
casel_beam4 73 62 0.18
casel_beam5b 54 53 0.02
case2_beaml 131 107 0.22
case2_beam?2 121 96 0.26
case2_beam3 116 96 0.21
case2_beam4 140 111 0.26
case2_beam5 120 92 0.30
case3_beaml 140 116 0.21
case3_beam?2 80 70 0.14
case3_beam3 138 111 0.24
case3_beam4 129 103 0.25
case3_beamb 83 76 0.09
case4_beam1 120 108 0.11
case4_beam? 100 95 0.05
cased_beam3 115 92 0.25
case4_beam4 117 101 0.16
case4_beamb 105 86 0.22
caseb_beaml 79 71 0.11
caseb_beam?2 72 63 0.14
caseb_beam3 79 68 0.16
caseb_beam4 75 66 0.14
caseb_beamb 63 o7 0.11
min GAP 0.02
avg GAP 0.17
max GAP 0.30




Table 4.6. Number of apertures comparison of the regular MLC under

consecutiveness constraint with the results of Tagkin et al. (2010) [11].

Reg_Cons
Name Number of Used Aper- | Best UB of Number | GAP
tures Results of our | of Used Apertures Re-
Column Generation | sults of Tagkin et al.
Approach (2010)
casel_beaml 94 11 7.55
casel_beam?2 73 10 6.30
casel_beam3 101 11 8.18
casel_beam4 112 11 9.18
casel_beam5b 81 10 7.10
case2_beaml 213 14 14.21
case2_beam?2 172 13 12.23
case2_beam3 160 13 11.31
case2_beam4 188 14 12.43
case2_beam5 154 14 10.00
case3_beaml 217 13 15.69
case3_beam?2 126 14 8.00
case3_beam3 171 13 12.15
case3_beam4 161 13 11.38
case3_beamb 120 13 8.23
cased_beaml 205 16 11.81
case4_beam? 139 16 7.69
cased_beam3 166 15 10.07
case4_beam4 174 15 10.60
case4_beamb 129 17 6.59
caseb_beaml 123 10 11.30
caseb_beam?2 96 12 7.00
caseb_beam3 107 10 9.70
caseb_beam4 119 12 8.92
caseb_beamb 80 13 5.15
min GAP 5.15
avg GAP 9.71
max GAP 15.69
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5. CONCLUSIONS AND FUTURE RESEARCH

In this thesis, we investigated the leaf sequencing optimization problem with min-
imum beam-on time objective. We compared the efficiency of using different collimator
technologies under different restrictions. We focused on the testing of regular, rotating
and dual multileaf collimator systems under different combinations of consecutiveness,
interdigitation and rectangular constraints and a virtual freeform collimator. Our aim
was to generate a comparison basis for them and formulate a general leaf sequenc-
ing optimization problem with minimum beam on time objective. We applied column
generation approach to deal with the dimensionality of the formulation. In column
generation procedure, the subproblem structure changed depending on the used ma-
chinery. Hence, we generated seven different subproblems to solve each collimator

case.

Our tests on clinical data show that the dual MLC under consecutiveness con-
straint acts almost as well as a virtual freeform collimator in terms of beam-on time
values. This result is due to the fact that dual MLC is the most flexible collimator
system after the freeform collimator. The efficiency ranking goes as follows; rotating
MLC under consecutiveness, rotating MLC under interdigitation, regular MLC under
consecutiveness, regular MLC under interdigitation and finally regular MLC under
rectangular constraint. Collimators that can only form rectangular shapes yield very
high results in terms of beam-on time. According to our analysis, it can be concluded
that as the complexity of the collimator system increases and the restrictions on the
system decreases, lower beam-on time results are obtained as expected and the dual

MLC is close to the ultimate limit.

Even if we did not take into account the number of apertures evaluation criteria
in our approach, we evaluated our solutions from the used aperture numbers point of
view. The results indicate that the minimum number of apertures number is used by
the freeform collimator. The jaws only collimator also uses close to minimum number

of apertures. The rest of the collimator technologies perform alike and worse than these
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two. It should be noted that since we do not consider obtaining less aperture number
criteria in our formulations or algorithms, these are not general technology-dependent

results. They are the results of a side analysis of our results.

As a future work direction, the analysis can be extended by including the other
collimator types and constraints. For example, collimator technologies under different
combinations of minimum leaf separation, maximum leaf spread and tongue and groove
constraints can be evaluated in terms of the delivery efficiencies and compared with
the available results. Furthermore, the proposed column generation approach can be
revised to account for the number of used apertures. This revision makes the MP an
integer programming problem. Therefore, branch and price algorithm must be applied
to solve the problem. In that case, we expect longer CPU times. Therefore, dealing

with the CPU time will be another concern.
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