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ABSTRACT

THOMASON’S HOMOTOPY COLIMIT THEOREM
AND COHOMOLOGY OF CATEGORIES

Mehmet Kirtigoglu
M.S. in Mathematics
Advisor: Ergiin Yalc¢in
July 2024

In 1978, R.W. Thomason [I] proves that there is a homotopy equivalence 7 :
hocglim N(F) — N(f€ F) for any functor F' : € — Cat. Here hocglim N(F)

is the diagonalization of the bisimplicial set || N(F(c(0))) and f o I is the
cEN(C)
Grothendieck construction whose objects are given by the pairs (C, X) with C' €

Ob(€) and X € Ob(F(C)), and whose morphisms are given by the pairs (a,7) :
(C,X) = (C",X") with a € Home(C,C") and v € Homp(en (F(a)(X), X’). We
prove that Grothendieck construction is a precofibred category over the canonical
functor w : f F'— € We also prove that for any functor ¢ : ® — € there is
a homotopy equivalence A : hocglim N(p/C) — N(D). We show that these two
together prove Thomason’s homotopy colimit theorem from a conceptual point
of view. We further investigate how our conceptual approximation for the proof
of Thomason’s homotopy colimit theorem becomes useful for the cohomology
version of Thomason’s theorem which was proven by A. M. Cegarra [2] in 2020.

Keywords: Homotopy Colimit, Grothendieck Construction, Simplicial Sets, Nerve
of a Category, Cohomology of Categories.
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OZET

THOMASON’UN HOMOTOPI ESLIMIT TEOREMI VE
KATEGOILERIN KOHOMOLOJISI

Mehmet Kirtigoglu
Matematik, Yiiksek Lisans
Tez Danigmani: Ergiin Yalgin
Temmuz 2024

1978’de R.W. Thomason [I] herhangi bir F' : € — Kat funktoru igin
n hocglim N(F) — N( f ¢« I') seklinde bir homotopi denkliginin oldugunu

kanitladi. Burada hocglim N(F) ikili simpleksel kiime || N(F(o(0))) nin
cEN(C)

kogegenlestirilmesi ve f o I's nesneleri C' € Ob(€) ve X € Ob(F(C)) olacak sekilde
(C, X) ciftleri ve morfizmalar1 o € Home(C, C") ve v € Homp(en (F(a)(X), X')
olacak sekilde (a,v) : (C,X) — (C',X’) qiftleri ile verilen Grothendieck
yapisidir. Grothendieck yapisinin 7 : f o F' — € kanonikal funktoru tizerine
bir prekofiber kategori oldugunu kanithiyoruz. Ayrica herhangi bir ¢ : ® — €
funktoru igin A : hocglim N(p/C) — N(D) seklinde bir homotopi denkliginin
oldugunu kanmithiyoruz. Bu ikisinin Thomason’un teoremini kavramsal bir bakis
agisiyla kanitladigini gosteriyoruz. Thomason’un ispatina gelistirdigimiz kavram-
sal yaklagimimn A. M. Cegarra [2] tarafindan 2020’de kanitlanan kohomoloji ver-
siyonunda nasil kolaylik sagladigini inceliyoruz.

Anahtar sozcikler: Homotopi Eslimit, Grothendieck Yapisi, Simpleksel Kiimeler,
Kategorilerin Sinir Uzaylari, Kategorilerin Komolojisi.
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Chapter 1

Introduction

The simplex category, denoted by A, is the category whose objects are non-empty
finite totally ordered sets and morphisms are (non-strictly or sometimes called
weakly) order-preserving maps. More precisely, an object [n] is a totally ordered

set with n + 1 elements

n] ={0,1,...,n} (1.1)

for n = 0,1,..., and a morphism # € Homa([m], [n]) is an order-preserving set

function.

Simplicial sets are defined as functors X : A’ — Set from the opposite cate-
gory of the simplex category to the category of sets. They form a combinatorial
object to study homotopy theory. This follows from the adjunction between the
category of simplicial sets and topological spaces. That’s why a common conven-
tion is to call a simplicial set space and describe its properties accordingly. For
instance, we can say that a map of simplicial sets is a weak equivalence meaning
that the induced map on the realizations is a weak equivalence of topological

spaces.

Furthermore, the simplicial set category and category of small categories are
equivalent from a homotopical point of view by the nerve functor [3]. Here the

nerve functor N : Cat — sSet from the category of small categories to simplicial
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sets is defined by sending a category € to the simplicial set N (€) whose n-simplices

are given by chain of n-composable morphisms in €, that is,

N(€),, = Homcat([n], €). (1.2)

However, given a natural transformation of two functors, the induced map of
colimits may not be a weak equivalence even if we have pairwise weak equivalence
between the objects of the diagrams. The homotopy colimit construction arises
to handle this problem and it is defined by a simplicial replacement of a functor,

ie.,

hocolim F := diag( | F(a(O))). (1.3)
cEN(C)
where F': € — sSet is any functor. Here for any bisimplicial set X, its diagonal,
diag, is defined by

(diagX),, := Xy n- (1.4)

Let F : € — Cat be a functor. Then the Grothendieck Construction on F
is a category, denoted by f o I, whose objects are given by pairs (C, X) with
C' € Ob(€) and X € Ob(F(C)), and whose morphisms are given by pairs («a, ") :
(C,X) — (€', X') with @ € Home(C,C") and v : F(a)(X) — X' in F(C").

In 1978, R.W. Thomason [I] proved that there is a way of interpreting the
homotopy colimit construction as a nerve of this special category, namely the

Grothendieck Construction.

Theorem 1.0.1 (Thomason’s Homotopy Colimit Theorem). Let € be a small
category and F : € — Cat be any functor. Then there is a homotopy equivalence

of the spaces

n: hocglim N(F) — N(/F) (1.5)
¢



Thomason proves his theorem using an intermediate functor F' : ¢ — Cat

defined by sending objects of the given small category to their left comma cat-

egories 7/C, see Definition [4.1.1} over the canonical functor = : f F— € from

the Grothendieck construction to the given small category. We briefly sketch his
proof by the following diagram:

hocglim N(F) X hocglim N(F) 2=, N(fc F). (1.6)

\/

n

Here Thomason first shows that there exists a simplicial map n from the homotopy
colimit construction to the Grothendieck construction. Then he shows that \;
and Ay are homotopy equivalences. Lastly, Thomason constructs a simplicial
homotopy from the composition of the simplicial maps 1 o \; to the simplicial

map Ay proving that 7 induces a homotopy equivalence.

In this thesis, we follow the same sketch from a general point of view. For
the Ay part, we show that the Grothendieck construction can be replaced by any
small category as long as F is defined in the same way and we can prove the

following proposition.

Proposition 1.0.2. Let ¢ : ® — € be any functor and G : € — Cat be the
functor defined by sending objects C' € Ob(€) to their left comma categories v/C.

Then there is a natural homotopy equivalence

A hocglim NG — N(D). (1.7)

Note that the above proposition is closely related to D. Quillen’s Theorem A

and Theorem B, [4]. Indeed, it is a corollary for simplicial sets.

Let 7 : ® — € be any functor and C' € Ob(€) be a fixed object. Note that
there are canonical functors from the fiber category, see Definition to left
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comma categories as follows:

o7 HC) = 7/C, (1.8)
D — (D,id¢) (1.9)
ks k. (1.10)

Then we say that © is a precofibred category with respect to 7 if for every object
C € Ob(€), the functor ® given above has a left adjoint Lg : 7/C — 7 1(C),
that is, there are natural natural transformations 7 : Ly o ® = id,-1(¢) and

€: idﬂ/(j — doLs.

Thomason proves that \; is a homotopy equivalence by showing that for all
C' € Ob(€) the nerves N(F(C)) and N(F(C)) are weakly equivalent. Here
we observe that this follows from the fact that Grothendieck construction is a

precofibred category and we prove:

Proposition 1.0.3. Let F : € — Cat be any functor and feF be the
Grothendieck construction on F, then f Fisa precofibred category with respect
to the canonical functor m : fQF — € sending an object (C,X) to C and a
morphism (o, ) : (C, X) — (C", X") to a.

In 2020, Antonio M. Cegarra showed that the map 7 in the homotopy colimit

theorem also induces isomorphisms on cohomologies for any natural system [2].

Theorem 1.0.4 (Cegarra’s Theorem). For any given natural coefficient system

A on fe F', the map n induces the isomorphisms

H”(/F, A) = H”(hocglim NF,n*A) Vn > 0. (1.11)
¢

To prove his theorem Cegarra constructs a projective resolution P — Z over
the Grothendieck construction f ¢ I and shows that Homgzre (P, A) is isomorphic
to the cochain complex of hocglim N F with the induced natural coefficient system
n*A. We use a similar idea for our homotopy equivalence in Proposition to

construct a projective resolution with
H"(®,A) = H"(Homgzro(P,A)), n>0. (1.12)

4



Then we use this isomorphism to prove the following theorem.

Theorem 1.0.5. Let ¢ : ® — € be any functor and G : € — Cat be the functor
defined by sending objects C € Ob(€) to their left comma categories p/C and
A hocglz’m N(G) — N(®) be as in Proposition |4.2.1. Then for any natural

coefficient system A : F® — Ab, there is an isomorphism on

H"(®©,A) = H"(hocglim N(G),\"A) ¥n>0. (1.13)

The thesis is organized as follows:

In Chapter 2, we provide the background materials of the contents developed
in later chapters. They are preliminaries of category theory, simplicial sets and
realization, and nerve of a category. The main references for these sections are
[5] 6], [7], and [8].

In Chapter 3, we introduce the simplicial spaces and homotopy colimit. We also
prove two facts about simplicial spaces that are used for the proof of Thomason’s
homotopy colimit. The main references for this chapter are [9] and [10] in addition

to those of Chapter 2.

In Chapter 4, we prove Proposition [1.0.2] and Proposition Lastly, in
Chapter 5 we introduce the definition of cohomology of categories and prove
Theorem [1.0.5| using the conceptual ideas we developed for the proof of Thoma-

son’s homotopy colimit theorem. For these chapters main references are [2], [I1],
and [12].



Chapter 2

Preliminaries

In this chapter, we recall basic definitions of category theory and introduce the
simplicial sets that are important as combinatorial models for topological spaces.
The category theory part enables us to see the relation between topological spaces
and simplicial sets. Furthermore, our proofs and definitions in the proceeding

sections will mostly be in the categorical setup.

2.1 Categories

We will need basic definitions of category theory since our concerns in algebraic
topology are mostly the algebraic invariants of topological spaces. For this pur-
pose, category theory provides a language to express those invariants and a con-

ceptual understanding.

Definition 2.1.1. A category € consists of:

e Ob(C€), a collection of objects,
e Homg(C, ("), a set of morphisms between any C,C” € Ob(€),

e idx € Homg(C, C'), an identity morphism for any C' € Ob(€),
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e An associative composition o : Hom(C’, C") x Hom(C, C") — Hom(C, C")
satisfying the property that for every morphism f: C — (',

idC/Of:f:fOidc.

Example 2.1.2. Some practical examples of categories are:

e The category of sets, commonly denoted by Set, in which the objects are

sets and morphisms are functions,

e The category of topological spaces, commonly denoted by Top, in which the

objects are topological spaces and morphisms are the continuous functions,

e The category of groups, commonly denoted by Grp, in which the objects

are groups and morphisms are group homomorphisms,

e The category of abelian groups, commonly denoted by Ab, in which the

objects are abelian groups and morphisms are group homomorphisms.

A category is called “small” if the collection of its objects is a set. There is
also a notion of morphism among different categories which enables us to carry
problems of a category to another category. With this notion, we introduce in the

next definition, the collection of all small categories forms a category, denoted by
Cat.

Definition 2.1.3. A (covariant) functor F' from a category € to a category D

written F': € — % consists of:

e For all C' € Ob(€), an object F(C) in ©

e For all morphisms f: C'— C” in €, a morphism F(f) : F(C) — F(C') in
® such that

— For all C € Ob(@:), F(ldc) = ldF(C)
—Forall f:C—-C'andg:C"—= C"in €, F(go f) = F(g) o F(f).



A contravariant functor is defined similarly, except it reverses the direction
of the arrows, that is, F' sends f : C' — C' to F(f) : F(C') — F(C) and the
distribution law becomes F(g o f) = F(f) o F(g). For a given category € we
consider its opposite category, denoted by € whose objects are the same but
the morphisms are reversed, that is, Hom¢(C,C’") = Homgor (C', C'). With this
setting, a contravariant functor F': € — ® can be seen as just a covariant functor
cr = 9.

Example 2.1.4. Some practical examples of functors are:

e For any small category € and a fixed object C' € Ob(€), we define h¢o : € —
Set by he(C') = Home(C, C”), called as the Hom-functor,

e FF: Top — Set, F(X) = X and F(f) = f, the functor forgetting the

topology and continuity on the topological spaces,

e F':Set — Ab, the functor sending set X to the free abelian group whose
underlying set is X

X ZX ={> na; |z € X,n; € Z}
finite

X Ly)e 2zx 29 zy)

e Homology: H, : Top — Graded Ab Grp

X — H.(X)

Hi(f)

(X L Y) = (H(X) H.(Y)),

e Cohomology: H* : Top — Graded Rings

X — H*(X)

) H*(f)

(X Ly)e (H (Y H*(X)).

The reason that category theory is helpful in the comparison of different cat-

egories follows from the following lemma.
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Lemma 2.1.5. Functors send isomorphisms to isomorphisms.

Proof. Let F' : € — © be any (covariant) functor between categories € and
®. Suppose that C,C" € Ob(€) are two objects with f : C' — C’ being an

isomorphism. Then we have
F(f):F(C)=F(C') & F(f):F()— F(C)

where =1 stands for the inverse of f, it exists since f is an isomorphism. Then

by the distributive property, we have

idpy = F(ide) = F(f "o f) = F(f ") o F(f)
idF(C/) = F(idcl) — F(f o f_l) - F(f) © F(f_l)

Hence, F(f) : F(C) — F(C') is an isomorphism with inverse F(f~!). One
can use the same idea to prove the lemma for the case in which the functor is

contravariant. O

The comparison of maps in categories extends to the comparison of maps

between categories by the following definition.

Definition 2.1.6. Let F' : € - ® and G : € — D be two functors. A
natural transformation n @ F — G is a map of functors in the sense that it
consists of morphisms 7 : F(C') — G(C) for each object C'in € and the follow-

ing diagram commutes for each morphism f: C' — C’ in €:

F(o)—2 s preny

G(C) —57— G(C).

We further say that the natural transformation 7 is a natural isomorphism if
for all C' € Ob(€) the morphism 7 : F(C') — G(C) is an isomorphism.

9



As we saw in Example [2.1.4] there is a natural way of defining a functor from
any small category to Set by the Hom-functor. It turns out that given any
category € with a functor F': € — Set, the image F'(C') of any object C' € Ob(€)

can be given by Hom-functors.
Lemma 2.1.7 (Yoneda). Let F' : € — Set be any functor. Then there is a
bijection

Homgat(he, F) = F(C) (2.1)
for any object C' € Ob(€), where he denotes the Hom-functor Home(C, —) : € —

Set and Homgai(he, F') denotes the set of all natural transformations from the
Hom-functor he to F.

Proof. Let C € Ob(€) be any object and p € Homcat(he, F') be any natural

transformation, then we have
po - Home (C, C) — F(C). (2.2)
Hence, we can define a function ¢ : Homcat(he, F') — F(C) by ¢(u) = ue(ide).
Now let € F(C) be any element, then we can define a function ¢ : F(C) —

Homeat(he, F) for each €7 € Ob(€) componentwise ¢ (z)cr : Home(C,C") —
F(C) as:

(@) (f) = F(f)(x). (2.3)

Note that the following diagram commutes for each morphism « : ¢/ — C” in €

Hom¢(C, C") fome( @), Homg(C, C")
w(z)ol Qf)(m)cll
/ . 1
F(C) o > F(C")

since we have

F(a) o 9(@)er(f) = F(a) o F(f)(x)
— Flao f)(@) = d(@)or(ao f). (2.4)

10



This verifies that ¢(z) € Homcat(he, F).

Lastly, we claim that ¢ and 1) are inverses of each other. Note that for any
x € F(C) we have

On the other hand for any natural transformation 7 : h¢ = F and for any
f € Home(C, C") we have

(ther 0 d(n))(f) = v(ne(ide))er(f) = F(f)(nc(ide))
= ne(f oide) = ne(f). (2.6)
This proves the claim, hence, the lemma
Homcat<hc7 F) = F(C)

for any C' € Ob(€). O

There is also an obvious notion for the isomorphism of categories. We say
F : € — © is an isomorphism, if there is a functor G : ® — € such that
F oG =idp and G o F = idg. However, we do not often encounter isomorphism
of categories and it is not very interesting in practice. Instead, we have a more
flexible notion which makes it more interesting and useful. That is the equivalence

of categories.

Definition 2.1.8. For two functors G : ® — € and F€ — ®, We say that G is
right-adjoint to F' and F' is left-adjoint to G if there exists natural transformations

n:FoG = idp and €:id¢ = Go F.

Equivalently, we say that F' and G are adjoint pairs if there is a natural

isomorphism of sets
Home(C,G(D)) = Homg (F(C), D)

for all objects C' € Ob(€) and D € Ob(D).

11



Definition 2.1.9. We say a functor F' : € — © is an equivalence between
the categories € and ® if there exists another functor G : ® — € and natural

isomorphisms n: FoG = idp and € :id¢ = G o F.

The last important concepts of categories for now are limit and colimit. These
can be considered as a way of constructing new objects from an existing collection
of objects in a category. The procedures are defined over a chosen collection of

objects and morphisms admitting a universal property.

For the setup, an indexing category J and a functor F' : J — € are used to
specify a sub-collection of morphisms and objects in a given category € which we

will call an J-shaped diagram, or just a diagram when it is obvious in the context.

Definition 2.1.10. The limit of a diagram F' : J — € is an object li§nF in
¢ together with morphisms ps : im F — A, for each A with A = F(I) for
some [ € Ob(J), satisfying up = <I>JAB o ua for every morphism &5 : A — B
in the diagram. Moreover, these maps have the universal property that for any
other object, say X, with morphisms a4 : X — A, for each A in the diagram,
satisfying ap = P45 0 a4 there exists a unique morphism f : X — li§nF such

that ay = pa o f for any A in the diagram. Diagrammatically,

X
|

fi

aA \!If ap
lim F
J
HA ©B
A Ty > B.

Definition 2.1.11. The colimit of a diagram F' : J — € is an object coljim Fing
together with morphisms €4 : A — cogim F, for each A in the diagram, satisfying
€qx = €g o Dy for every morphism ®,5 : A — B in the diagram. Moreover,

these maps have the universal property that for any other object, say X, with

12



morphisms 54 : A — X, for each A in the diagram, satisfying S4 = g o Pap
there exists a unique morphism f : X — coljim F such that g4 = f o ey for any

A in the diagram. Diagrammatically,

X
'
Ba i BB
colim F'
J
€A €B
A San > B

Example 2.1.12. The most basic example is to consider an empty diagram that
is a diagram with no objects and no morphisms. In this case, the limit is called

the terminal object, and the colimit is called the initial object if they exist.

Since the diagram is empty, any object in the category is a candidate for being
limit. However, the universal property suggests that there must be a unique
morphism from all failing candidates to the limit. Hence, the terminal object is
an object T" € Ob(€) with the property that for each object C' € Ob(€) there is

a unique morphism f: C — T.

Similarly for the colimit, the initial object is an object I € Ob(€&) with the
property that for each object C' € Ob(€) there is a unique morphism f: I — C.

The names limit and colimit derive from being a codomain and a domain of

morphisms, respectively, for each object in the diagram.

Example 2.1.13. The limit of the diagram given J by X I 7 & Y is called
the Pullback if it exists.

1 Hny

h?l—ﬂf
x Hnz |%

)(———77——52
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In the category of Set, the pullback exists and is given by
P={(z,y) € X xY|f(z) =g(y)} C X xY

Example 2.1.14. The colimit of the diagram J given by X L 7% Y is called
the Pushout if it exists.

—>Y

A
‘ p
X — Cohm

In the category of Top, the pushout exists and it is the quotient of the disjoint
union X UY by f(z) ~ g(z) for each z € Z

P:XI_IY/f(z)Ng(z).

As we compare two groups we investigate the images of certain subgroups under
group homomorphism. Likewise, the limit and colimit diagrams play a similar
role in the comparison of categories with functors being the homomorphisms in
Cat.

2.2 Simplicial Sets and Realization

In this section, we aim to introduce the simplicial sets which are combinatorial
models for topological spaces, and how they produce a topological space under the
realization functor. The adjunction between simplicial sets and topological spaces

offers that colimits in simplicial sets are preserved by the realization functor.

Definition 2.2.1. The simplex category A is the category whose objects are non-
empty finite totally ordered sets and morphisms are (non-strictly or sometimes

called weakly) order-preserving maps. More precisely, an object [n] is a totally

14



ordered set with n + 1 elements
n] ={0,1,...,n} (2.7)

for n = 0,1,..., and a morphism 6 € Homa ([m], [n]) is an order-preserving set

function.

Any morphism of the simplex category A can be described by the composition
of the following two types of maps which will be proved after the relations between

them are shown.

Definition 2.2.2. One type of these special maps is injective and called the
co-face map d’ : [n — 1] — [n], 0 < i < n, which “skips 7”
a ifa <i,

d'(a) = (2.8)
a+1 ifi<a,

for all @ € {0,1,...,n}. Namely, d" : [n — 1] — [n] assigns any element a in the

set [n — 1] to itself if a < i and to its successor a + 1 if i < a.

Definition 2.2.3. The other type of these special maps is surjective and called
the co-degeneracy map s': [n + 1] — [n], 0 <7 < n, which “repeats i”
. a ifa<i,
s'(a) = (2.9)
a—1 ifi<a,
for all a € {0,1,...,n+ 1}. Namely, s' : [n + 1] — [n] assigns any element a in
the set [n 4 1] to itself if a < i and to its predecessor a — 1 if i < a.

The domain of the maps does not appear in the notation as d’, or s since,
most of the time, it is clear from the context. However, if necessary within the
context, it can be emphasized by indicating that s* € Homa ([n+ 1], [n]) for some

n € N.

Proposition 2.2.4. The maps d* and s* satisfy the following obvious simplicial

15



identities:

(1) dd=dd*, i<j (2.10)
(2) st =s'sT i<y (2.11)
(3) sd=d'st, i<y (2.12)
(4) sd=d"t's, i>j+1 (2.13)
(5) s'd =s'dtt =1. (2.14)
Definition 2.2.5. A simplicial set X : A? — Set is a functor from the opposite

category of the simplex category to the category of sets. Equivalently, a simplicial

set X € sSet, where sSet stands for the category of simplicial sets, consists of:

e X, € Set, set of n-simplices, for each n € N;

e d; : X,, = X,_1, the i-th face map on n-simplices for each co-face map
d':[n—1]—=[n],n € Nand 0 <i < n;

e s; : X, — X,11, the ¢-th degeneracy map on n-simplices for each co-

degeneracy map s': [n+1] = [n],n € Nand 0 < i < n;

such that the face and degeneracy maps satisfy the simplicial identities:
diod;=d;_y0d; i<] (2.15)
$;08; =8;4108 <] (2.16)
sjpod; ifi<j
diosj=14id ifi=j,j+1 . (2.17)

Sdei,1 lf@>]+1

With the definition of simplicial sets above we see that a simplicial map is
indeed a natural transformation, that is, given simplicial sets X : A°? — Set and
Y : A%? — Set, we have Homgget (X, Y) = Homeat (X, Y).

Example 2.2.6. Recall that there is a natural way of defining a functor from
any small category to Set by the Hom-functor. Here we define A,, : A? — sSet
by A, ([m]) = Homa ([m], [n]). This is called the standard n-simplicial set.

16



Remark 2.2.7. The above example and the Yoneda Lemma provide that
Homgget (Ar, X) = X, that is, the set of n-simplices are identified with the set

of natural transformations from A, to X.

With this definition of simplicial sets above, we call an element o € X,, degen-
erate if there exists a collection of degeneracy maps and 7 € X, such that o is

the image of 7 under the composition of these degeneracy maps, that is,
o= (s, 008 )(7). (2.18)

Otherwise, we say x is non-degenerate. For instance, all 0-simplices are non-

degenerate.

Proposition 2.2.8. Any degenerate simplex has a unique non-degenerate repre-

sentative.

Proof. Let x be a degenerate simplex and x = Sy = Tz where S =s;, 0---0s;
and T" = s;, o--- 0 s, for some non-degenerate simplices y and z. Now let

D =d; o---od;. Then the image of the first equality under D becomes
y=Dx=DTz

since d; o s; = id. Then using the simplicial identities (2.17)) to swap the places

of degeneracy maps and face maps we can write y as
y=TD-z.

However, y was non-degenerate by assumption, so T must be empty. That implies
y is a face of z. Repeating the argument with D is replaced by D' =d;, o---0d;,
and z is replaced by y, we see that z is also a face y. This is a contradiction, so
DT =D'S=id and y = z. O

Now let’s see how this combinatorial object is used to generate a topological
space and how the homotopical relations between the category of topological

spaces Top and the category of simplicial sets sSet including nerve spaces.
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Definition 2.2.9. Given a simplicial set X we define its geometric realization by

the realization functor | — | : sSet — Top, as the topological space
X[ = (| X x A"/ ~ (2.19)
n>0

where X, represents the set of n-simplices as a discrete topological space, A"

denotes the geometric n-simplex, that is,
A" = {(ty,...,tn) ER"™ |0 <t; <1, Ztizl}
i=0

and the relations of quotient space is given by

1. (di(@), (o, s tn)) ~ (2, d(to, s 1)), and

2. (sj(x), (toy s tn)) ~ (x, 8 (to, ..., tn)).

Here item 1 corresponds to the attachments of higher simplices with the lower
ones and item 2 corresponds to the collapses of degenerate simplices onto non-
degenerates. Note that for an element of X,, x A™ to be non-degenerate, we now
have an extra condition than that the second component (to,...,t,) € A"

is supposed to be a point in the interior of the geometric n-simplex.

Remark 2.2.10. Any degenerate element (z, (¢, ..., t,)) € X, X A™ has a unique
non-degenerate representative in | X| by Proposition applied componentwise

with composition.

There is also a categorical way of defining the realization of a simplicial set X

as:
| X| = colim A"
Ap—X
followed by the Remark [2.2.7]

Proposition 2.2.11 (Proposition 2.2 in [6]). The realization functor | — | :
sSet — Top is left adjoint to the singular functor Sing(—) : Top — sSet
where Sing(Y),, = Homgep(A",Y).

18



Proof. There is a natural isomorphism of sets

Hommop (| X],Y) = AligX Hommop (A", Y) (2.20)
=~ lim Homgget(A,, Sing(Y)) (2.21)

Ap—X
= Homsgget (X, Sing(Y)). (2.22)

since (2.20) follows from the definition of Sing(Y’), and Remark whereas
(2.21) and (2.22) follow by categorical definition of the realization. O

Proposition 2.2.12. For any simplicial set X, the geometric realization |X| is

a CW-complex having one n-cell for each non-degenerate n-simplex of X.

Proof. The proof follows by the pushout diagrams

N

rzeNX,

|

AP n
L A x|

| X0

where NX,, stands for the non-degenerate n-simplices of X and X is the sim-
plicial set generated by non-degenerate simplices of X with degree less than or

equal to n. See Proposition 1.2.3 in [0] for the details. O

Definition 2.2.13. Given two simplicial maps f,g € Homgget(X,Y) we say

h: X x Ay — Y is a simplicial homotopy if there is a commutative diagram

X xAg=X
1xd! !
X >\<’A1 — sy,
1xd® g
XxAg=X
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that is, h(z,0) = f(z) and h(z,1) = g(z) for all simplices = € X.

2.3 Nerve of a Category

Recall that Cat denotes the category of small categories which has objects as
small categories and morphisms as functors. The simplicial set notion naturally

arises from Cat as we consider composable morphisms in a category.

Definition 2.3.1. We define the nerve functor from the category of small cate-

gories to simplicial sets

N : Cat — sSet
¢ — N(C): A”? — Set,

where N(€) associates [n] € A with the set of n-composable morphisms in €

N(€),, = Homcat([n], ©).

Explicitly, an n-simplex o of N€ can be represented by a chain of morphisms

in the following form

An—1

c=C 50 ... 50, 250,

with C; € Ob(€) and «; € Homg(C;_1,C;). Then the face maps fori =1,...,n

become composition of morphisms at i-th position

[e31 Qi1 Q41005

di(0'>200—>-..—)0i_1 Oi-l—lﬂ)"'a—n)Cn
whereas the face map for i = 0 is given by omitting the first object

dg(O’):Clg"‘%Cn.

On the other hand, the degeneracy maps for all ¢ = 0, ..., n are given by inserting

an identity map at ¢-th position

i idc; QG n
SZ(O'):COQ—%OC—)CZHCQL>Q—>C”
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Lemma 2.3.2. Let Fy, F} : € — D be two functors. Then there exists a natural

transformation p : Fy = Fy if and only if there exists a functor
H:ex{0<1} - D (2.23)

such that

(i) H((C,1)) = F;(C), for allC € Ob(€) i=0,1
(1)) H((«a,id;)) = Fi(«), for all « € Homeg(—,—) i=0,1

(iii) H((o, <)) : Fo(Co) — Fi(Ch), for all a : Cy — Cy and objects Cy, Cy €
0b(@).

Proof. Let H : € x {0 < 1} — © be as defined in the lemma. Then for all
C € Ob(¢) we define p : Fy = F; by uc = H((idg, <)), so we have a
commutative diagram

2Zeh)

Fy(Cy) ——— F1(Cy)

Fg(a)l lF1 (o)

F()(Cl) #—C’l> F1(01>
Note that this proves the “only if” part and the “if” part uses the same idea

to define H((id¢, <) = pe as the natural transformation provides H((a, <)) =
H((idc,, <) o H((a,idg)) = H((a> idl)) © H((idcm <)) [

Proposition 2.3.3. Let Fy, Fy : € — © be two functors. If there exists a natural
transformation p : Fy = Fy, then N(Fy) is simplicially homotopic to N(Fy).

Proof. Let u: Fy = Fj be a natural transformation then by Lemma [2.3.2| we
have a functor H : € x {0 < 1} — ©. The proof follows by a straightforward
observation that N ({0 < 1}) = A;. Hence, N () induces the required simplicial
homotopy h : N(Fp) x Ay — N(F)) as N(€x {0 <1}) = N(@) x N{0<1}) =
N(€) x Ay. O
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Corollary 2.3.4. Given a category € if it has either an initial object or a terminal
object then N (&) is contractible, that is, N(€) is weakly equivalent to N(x) where

x denotes the trivial category with one object.

Proof. Let C' € Ob(€) be either an initial or a terminal object. Note that there
is a unique functor F' : € — x and a functor G : ¥ — € with G(x) = C. Then
the composition F' o GG is the identity functor on the category *. Also, there is a
natural transformation n: Go F' = idg or n:id¢ = G o F'if C is an initial
or a terminal object, respectively. In either case, Proposition [2.3.3] implies that

N(€) is weakly equivalent to N (x). O
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Chapter 3

Simplicial Spaces and Homotopy
Colimit

In this chapter, we describe simplicial spaces which are also called bisimplicial
sets and homotopy colimit construction. We so far discussed that the simplicial
set category and category of small categories are equivalent from a homotopical
point of view in the previous chapter. However, given a natural transformation of
two diagrams, the induced map of colimits may not be a weak equivalence even
if we have pairwise weak equivalences between the objects of the diagrams. The
homotopy colimit construction arises at this stake. Lastly, we define Grothendieck

Construction whose relation with homotopy colimit will be studied in Chapter 4.

3.1 Bisimplicial Sets and Simplicial Spaces

Definition 3.1.1. A bisimplicial set is defined as a functor

X : A% x A% — Set. (3.1)

Explicitly, a bisimplicial set X consists of the following data:
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o A set X,,, for each integer m,n > 0 which indicates the set of bisimplices

of X of bidegree (m,n). Here we will call “m” as the horizontal degree and

[19S%)]

n” as the vertical degree.

e Horizontal face and degeneracy maps,

A"  Xon = Xon-1m (3.2)
st X = Xontinm (3.3)

e Vertical face and degeneracy maps,

& X = Xt (3.4)
sV X — Xonm1 (3.5)

such that the simplicial identities given in Proposition hold for each type

and the maps of different components commute

std? =dVs! (3.6)
dl's? =svdl. (3.7)

Example 3.1.2. Let K and L be simplicial sets. Then K x L is a bisimplicial

set in which bisimplices of bidegree (m,n) are given by
(K % L)mn = K % Ly. (3.8)

Example 3.1.3. Given a simplicial set X we can see X as a bisimplicial set with
Xmn = X, that is constant in the horizontal direction or X,,, = X,, that is

constant in the vertical direction.

Example 3.1.4. Let € be a small category and F' : € — sSet a functor. Then
N(€) x F is a bisimplicial set whose (m,n)-simplices are given by the set
L] Floo). (39)

O’GN(@)M
Similarly, for an arbitrary functor F': € — ® of small categories, we can construct
a bisimplicial set by composing F' with the nerve functor. Then the bisimplicial
set N(€) x N(F') has (m,n)-simplices given by the set

|| N(F(e(0))),. (3.10)

O’GN(C)m
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Definition 3.1.5. Given a bisimplicial set X we define its geometric realization

on the vertical dimension as a simplicial set whose simplices are given by

X = (| Xom x Anm])/ ~ . (3.11)

n>0

Definition 3.1.6. Let X be a bisimplicial set then we define its diagonalization,

diagX, as a simplicial set whose n-simplices are given by
(diagX), = Xpn- (3.12)

We can also interpret diagX as the composition of functors

A 228 Aov s AP X, Gets (3.13)
[n] — ([n], [n]) = X (3.14)

Proposition 3.1.7. diagX, is simplicially isomorphic to | X|.

Proof. The simplicial set maps

Aot X X An[m] = X (3.15)
(x,7: [m] — [n]) — 77(x) (3.16)

for all m € N and 7 € A, [m] induce the isomorphism on the quotient space |X|
by Proposition [2.2.§ since

(x,7:[m] = [n]) ~ (7%(x),id : [m] — [m]) (3.17)

is the unique representative. O]

3.2 Homotopy Colimit of a Functor

Recall that given a category € the nerve space N(€) is the simplicial set whose

n-simplices are given by chain of n-composable morphisms in the following form
c=C %0 2o e,

with CZ € Ob(@) and o; € HOIH@(Ci,l, Cz)
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Definition 3.2.1. Let € be a small category and F': € — sSet a functor. Then
the homotopy colimit is the space given by the diagonal of the bisimplicial set
N(€) x F, that is,

hocglim F = diag( |_| F(O‘(O))). (3.18)

o€eN(C)
Here hocglim F' is sometimes called the simplicial replacement of F. Note that

whenever we have a natural transformation n : F = F’ it induces a map

between the homotopy colimits:
hocglim n: hocglim F— hocglim F', (3.19)

that is, the homotopy colimit is functorial.

The proof the Proposition [3.2.2| requires the gluing lemma that we refer from
[6] (Lemma 8.10) and [13] (Theorem A.1).

Proposition 3.2.2 ((Theorem A.4) in [13]). Let f : X — Y be a map of bisim-
plicial sets. If f induces pointwise weak equivalence, that is, for all n > 0 the

maps
fn* : Xn,* — Yn,*

are weak equivalences of simplicial sets, then the induced map diag(f) : diag(X) —

diag(Y) of simplicial sets is a weak equivalence.

Proof. Note that for any morphism f : [m| — [n] in A we have a diagram

Xn,* X Am L Xm,* X Am

1xf*l (3.20)

X X Ay

where f. : A, k] = Aylk] is given by fi(7) = for forall k € Nand f*x 1=

X(f,1). Hence, all the morphisms in Homa ([m], [n]) induce a pair of maps

X X Ay :;“f* L] Xnw X A, . 3.21
fEHoma ([m], [n]) T (321)
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Also, we have the following maps of simplicial sets

At X X Aplm] — X (3.22)
(x,7: [m] = [n]) = 7"(x) (3.23)

for all m € N and 7 € A,[m].

This collection of maps together gives a coequalizer diagram in the category

of simplicial sets as

I_l Xn,* X Am IX:f*; I_|Xn,* x A

n _>)‘ 1 .
f€Homa ([m],[n]) frx1. dlag(X)

since for k € N fixed and (z,7) € X, 1 X A,,[k] we have

MAx fo)(z, 7)) = Az, f o) (3.24)
=7"f"(x) (3.25)
= A f"(x),7) (3.26)
= (f" x DAz, 7))- (3.27)
Let s"X,. = | s"X,. be the union of images of X,,, under all horizontal

0<i<p
degeneracy maps. Then we have the cofibrant inclusion

iy 8" Xy = Xpitae (3.28)
Note that we have the following pushout diagrams

ipX1

Sth* X (9Ap+1 ? Xp+1,* X aArn

1X2-p*[ [ (3.29)

Sthﬁ“ X AP"Fl . (Sth,* X Ap—i—l) U (Xp+1,>k X 8Am>
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and

(8" Xy X Api1) U (Xpy1a X 0A,,) —— diag(X)®)

[ (3.30)

Xp—l—l,* X Ap—l—l > dlag(X)(p“)

where

diag(X)" = (| ] Xpn x An)/ ~. (3.31)

The Diagram shows that by induction on p and the Gluing Lemma,
if diag(f)® : diag(X)? — diag(Y)® is a homotopy equivalence then diag(f) :
diag(X) — diag(Y) is. Note that diag(f)® is a homotopy equivalence if f,; :
s" X, . — s"Y), . is a homotopy equivalence by the Diagram (3.29). However, this
is held by another induction on p and the gluing lemma again since we are given

the pointwise weak equivalences.

]

Remark 3.2.3. In the above proposition, the assumption of pointwise weak
equivalence in the horizontal direction is dual to the assumption of pointwise
weak equivalence in the vertical direction. Hence, there is no difference in proving

one direction instead of the other.

Example 3.2.4. Let ' : € — sSet be the constant functor, that is, F' maps
objects of € to one-point space A, then hocglim F = N(C).

Proposition 3.2.5. Let F': € — sSet and ' : € — sSet be two functors andn :

F = F' be a natural transform. Ifnc : F(C) — F'(C) is a weak equivalence for

all objects C' € Ob(€), then the induced map hocolim : hocglim F— hocglim F’
"

18 a weak equivalence.

Proof. Note that assuming ne : F(C) — F'(C) is a weak equivalence for all
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objects C' € Ob(€), we have a weak equivalence of simplicial spaces

|| Fle(0) = || F'(o(0)) (3.32)

cEN(C) GEN(C)

by Proposition [3.2.2] Then by Proposition [3.2.2) we have the desired weak equiv-

alence of diagonalizations:

hocglim n: hocglim F— hocglim F'. (3.33)
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Chapter 4

Thomason’s Homotopy Colimit

Theorem

In this chapter, we give the required definitions for the statement of Thomason’s
homotopy colimit theorem. Then we proceed by proving parts of the theorem

from a more general perspective that will imply Thomason’s work at the end.

4.1 Grothendieck Construction and Statement

of Thomason’s Theorem

In this section, we emphasize constructions of categories from an arbitrary functor
as left and right comma categories and introduce a fundamental concept in cat-
egory theory which is the Grothendieck Construction. With these constructions,

we will be able to state the homotopy colimit theorem.

Definition 4.1.1. Given a functor 7 : © — € and an object C' € Ob(€) we
define the left comma category 7/C' by setting its objects as pairs (D,~y) with
D € Ob(®) and g : n(D) — C a morphism in €. A morphism in 7/C from
(D, B) to (D', ') is given by the morphisms k : D — D’ of Homg (D, D') such
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that §' o (k) = (3, that is, the following diagram commutes

Dually, the right comma category C'/ is the category whose objects are pairs
(D, B) with 8 : C' — w(D) and whose morphisms are given by k : D — D’ such
that m(k) o 8 = [, that is, the following diagram commutes

7N
(D) ) > (D).

Definition 4.1.2. Let F': € — Cat be a functor. The Grothendieck Construc-
tion on F'is a category, denoted by f o I's whose objects are given by pairs (C, X)
with C' € Ob(€) and X € Ob(F(C)), and whose morphisms are given by pairs
(a,7) : (C,X) — (C",X") with @ € Homg(C,C") and v : F(a)(X) — X' in
F(C").

C

w(k

The composition in this category for two morphisms (ag,7o) : (Co, Xo) —
(C1, X1) and (a1,m) @ (C1, X1) = (Ca, Xo) is given by (aq o ag, 71 © F(a1)(70)) :
(C(), X()) — (02, XQ)I

F(oq)(’YO))I\ ~y10F (a1)(70) ‘

F(oq o ao)(Xo)

Now, we can state Thomason’s Homotopy Colimit Theorem.
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Theorem 4.1.3 (Thomason’s Homotopy Colimit Theorem). Let F' : € — Cat

be a functor. Then there is a homotopy equivalence of the spaces

n: hocglim N(F)— N(/F) (4.1)

The proof of the theorem, as in Thomason’s work, consists of two main parts.
The idea is to use an intermediate space that will be homotopy equivalent to both
sides of the map 7. Before proceeding with the proofs of transitions from each
side we introduce this intermediate space as the homotopy colimit of the nerve

spaces of the categories in the diagram induced by the following functor defined.

Definition 4.1.4. Let F': € — Cat be a functor and fc F' be the Grothendieck
Construction on F. Then we define I : ¢ — Cat to be the functor sending
objects C' € Ob(€) to their left comma categories 7 /C where 7 : f€ F — € is the

canonical functor sending objects (C, X) to C' and morphisms (a, ) to a.

Now we can explicitly emphasize the parts. We will show that there are ho-

motopy equivalences A\; and Ay as shown in the diagram:

hocglim N(F) 2 hocglim N(F) 2=, N(f€ F). (4.2)
\n/

In addition to Thomason’s proof, we show that the maps A; and Ay can be
derived from a more general perspective. Then the transition between the maps
will be given by a simplicial homotopy H : hocglim N(F) x Ay — N(fe F) from

A2 to o A1 just as in Thomason’s proof.

We proceed by the existence of such a map 7 that will be compatible for writing

such a homotopy H.
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Lemma 4.1.5. Let F': € = Cat be a functor. Then there is a natural simplicial

map

n: hocglim N(F) — N(/F) (4.3)

Proof. Note that an n-simplex (o, 7) of hocglim N(F) =diag( |] N(F(c(0)))
cEN(C)
is given by

(0,7) = (Co 2 -+ 2 O Xo 25 - 25 X)) € N(@), x N(F(Cp))y  (4.4)

Now we define 5 : diag || (N(F(c(0))) — N(fc F) by sending such an n-
ceN(C)
simplex (o, 7) to n-simplex

(Co, Xo) (on,Flea)(Br)), (Cy, Flar)(X1)) (o2, Flazan)(B2)) (4.5)
4 (an,F(anmal)(ﬁn))/ (Cn, F(an . Oél)(Xn)) (46)

in N( f ¢ I')n- This defines a simplicial map, so 7 is a map from hocglim N(F) to

N([,F).

4.2 Homotopy Colimit of Comma Categories

In this section we show that the proposed homotopy equivalence A\, given in the
diagram can be proven for any category ® rather than the Grothendieck
construction f oI as long as F : ¢ — Cat is defined in the same way for an
arbitrary functor ¢ : ® — €, that is, F'(C) = ¢/C.

Proposition 4.2.1. Let ¢ : ® — € be any functor and G : € — Cat be the
functor defined by sending objects C' € Ob(€) to their left comma categories p/C.

Then there is a natural homotopy equivalence
A hocglim NG — N(D). (4.7)
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Proof. Note that an n-simplex of hocglim N(G) = diag( || N(G(c(0)))) is
geN(C)
given by

(Co 2 - 255 €y, (Do, Bo) 25 - 25 (D, 8,)) € N(€), X N(/Co)n  (4.8)

with k; : D;_y — D; a morphism in © for i = 1,...,n and §; : ¢(D;) — Cy
a morphism in ¢/Cy for i = 0,...,n such that 5; = Bi11 o ¢(kiy1), that is, the

following diagram in € commutes

c, —4— ... 2 C,

O NN

w(kl)

Now we define A : diag | | N(G) — N(D) by sending such an n-simplex to
N (@)

Dy & ... % DL e N(D), (4.10)

which is clearly a simplicial set map. To show that A induces a homotopy equiv-
alence we will use Proposition and Remark of simplicial space theory.
For this purpose, we consider N(®) as the simplicial space whose vertical direc-
tion is constant, that is, N(D),, = N(D), for all p € N. Also, we consider the

simplicial space map

Mot || N(G)y—= N@)py (4.11)

N(®)p
defined by
i p 1 kq 1 kq
(Co 2% -+ 25 Cyy (Do, Bo) =5 -+ =5 (D, By)) = (Do =5 -+ =% D). (4.12)
Then note that we have diag(N(9),.) = N(9D). and diag(A,,) = A. Hence, it is
enough to show that A, ,: || N(G); = N(D)., is a homotopy equivalence for

N(€).
each ¢ € N.
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Fixing ¢ € N, we see that the image of A, , is given by the all g-simplices
Do % .. 5 p, (4.13)
over the coproduct of all p-simplices
Co ... 0 e N(Q), (4.14)

with ¢(D,) 2N Cy in € as 5, and k;’s generate all §;’s by the commutativity
relation in Diagram (4.9). Then we know that the right comma category Cy/€ of
() in € has the initial object C and it is contractible by Corollary [2.3.4) Hence,

we conclude that
Ay ZND).iy (4.15)

is a weak equivalence. This proves that diag(A,,) = A induces a natural homo-

topy equivalence
A hocglim N(G) — N(®) (4.16)

by Proposition [3.2.2] O

4.3 Precofibred and Prefibred Categories

In this section, we show that the proposed homotopy equivalence \; given in
the diagram (4.2)) can be derived from a more general case. We basically show
that this homotopy equivalence is an outcome of the fact that the Grothendieck

construction is a precofibred category with respect to the functor 7 given in

Definition [4.1.4]

We begin by providing the definitions of fiber, precofibred, and prefibred cat-

egories.

Definition 4.3.1. Given a functor 7 : ©® — € and an object C' € Ob(€) we
define the fiber category m—!(C') whose objects are given by D € Ob(®) such
that 7(D) = C and whose morphisms are given by & : D — D’ such that
(k) =idc.
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Note that given a functor 7 : ©® — € and a fixed object C' € Ob(€) there are
canonical functors from the fiber category to both left and right comma categories

as follows:

1. o:77YC) = 7/C,

D — (D,id¢)
k—k

2. U Y(C) = O,

D (D,ldc)
k— k.

Definition 4.3.2. Given a functor 7 : ® — € we say that ® is a precofibred
category with respect to 7 if for every object C' € Ob(€) the functor ® given above
has a left adjoint Lg : 7/C — 7 1(C), that is, there are natural transformations

n:Leo® = idy1(c)and €:idy)c = Po Lg.

Dually, we say that ® is a prefibred category with respect to 7 if for every
object C' € Ob(€) the functor ¥ has a right adjoint Ry : C/7 — 7= 1(C).

Proposition 4.3.3. Let 7 : ® — € be a precofibred functor. Then N(r=(C)) is
weakly homotopy equivalent to N(m/C) for all objects C' € Ob(€).

Proof. The proof directly follows from the Definition and Proposition [2.3.3]
O]

Corollary 4.3.4. Let 7 : ©® — € be a prefibred functor. Then N(rm='(C)) is
weakly homotopy equivalent to N(C/x) for all objects C' € Ob(C).

Proposition 4.3.5. Let FF : &€ — Cat be any functor and ch be the
Grothendieck construction on I, then f Lisa precofibred category with respect
to the canonical functor m : fQF — € sending an object (C,X) to C and a
morphism (o, ) : (C, X) — (C", X") to a.
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Proof. Let C' € Ob(€) be any object and ® : 7~ (C') — 7/C be the functor given
above. Then we define the left adjoint Lg : m/C — 7 1(C) as La((C', X'),7) =
(C, F(y)(X")). Note that
(0, X), (4.13)
80 Ly o ® = id-1(¢). We also have
(P o La)((C, X"),7) = (C, F(7)(X"))
= ((C, F(7)(X")),ido),

so we define € : id;jc == @ o Lg for any morphism «a : ((C",X'),7y) —
(C", X"),B) in w/C as:

(O, X"),7) ———= ((C. F(7)(X")),ide)

(€7, X"),8) ——= (€, F(B)(X")),ide)

This proves the claim that f Fisa precofibred category with respect to the

canonical functor . O]

Theorem 4.3.6. Let FF : € — Cat be any functor and let ch be the
Grothendieck construction over F. If m : ch — € s the canonical functor
sending an object (C, X) to C' and a morphism («,7) : (C, X) — (C", X') to «,

then there is a natural homotopy equivalence

A1 hocglz’m N(F) — hocglim N(F) (4.19)

where F : € = Cat be the functor defined by sending objects C' € Ob(€) to their

left comma categories w/C.

Proof. By Proposition it is enough to show that there is a natural homotopy

equivalence

e || N@fe),— || N . (4.20)

cEN(C) cEN(C)
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so fixing o0 € N(€), with ¢(0) = C' we observe that
F(o(0)) = 7 1(O). (4.21)

Then by Proposition and Proposition we have the weak equivalence

between the realizations of N(F(C)) and N(F(C)), so the induced map A; is a

homotopy equivalence. O

4.4 Proof of Thomason’s Homotopy Colimit

Theorem

In this section, we finish the proof of Thomason’s homotopy colimit theorem by
giving the simplicial homotopy H : hocglim N(F) x Ay — N(fc F) from A, to
70 M.

hocglim N(F) 2 hocglim N(F) 2=, N(f@ F). (4.22)
\n/

Here the maps 1, A1, Ay are as in Lemma [4.1.5, Theorem [4.3.6] and Proposition
4.2.1], respectively.

Theorem 4.4.1 (Thomason’s Homotopy Colimit Theorem). Let F' : € — Cat

be a functor. Then there is a homotopy equivalence of the spaces
n: hocglimN(F) — N(/F)
¢

Proof. We show that there is a simplicial homotopy H : hocglim N(F) x Ay —
N( f F ) between 1 o A\; and Ay proving that 7 is a homotopy equivalence as )\

and Ay are.
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Note that an n-simplex of hocohm N(F) x A is given by

a1 [e7%% kl, 1 k'n n
(CO —r Cna (60aX0) B o . ) (ﬁna n))
x(0,...,0,1,...,1) (4.23)

with p+ 1 many 0’s and n — p many 1’s where 3; : D; — Cy a morphism in € for
i=0,....,nand k; : D; — D;41 a morphism in 7/Cy for i = 1,...,n such that
ﬁi = 5i+1 o 7T(l€i+1), and Xl € F(DZ) such that Yit+1 - F(k‘l)<X1> — Xi+1-

Now we define H : hocohm N(F) x Ay = N f F) by sending such an n-

simplex to

(Do Xo) (k1) (kpsyp) (D X) (ap+1--01Bp, FlaptiaiBpr1)(p+1))

(ap+t2,F(aptaa1Bpy2)(Vp+2))
(Op+1, F(Ozp+1 o a16p+1)(Xp+1)) p+2 p+2 1Pp+2)(Vp+2 N

(an, F(an-a1fn) “/n) (Cn,F( alﬁn)(Xn)) (424)

Then note that H(—,(0,---,0)) = Ay and H(—,(1,---,1)) = no Ay where the
induced map A, is given by sending the n-simplex in (4.23]) to

(Do, Xo) L2 B (p ) (4.25)

and the induced map n o A; is given by sending the same n-simplex in (4.21) to

(a1, F(a1B1)(y (a2, F(a2a182)(72))

(Co, F(5o)(X0)) (C’l, Fla1p) (X)) — -
(Cn 21500 ), (CnvF( 'alﬁnxXn))' (426)

Hence, H is a simplical homotopy from Ay to no A\; and this proves our assertion

that n is a homotopy equivalence.
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Chapter 5

Cohomology Version of

Thomason’s Theorem

In this last chapter, we study the cohomology-preserving property of Thomason’s
Homotopy Colimit Theorem. We know by [I1] that Baus-Wirsching cohomology
groups H" (&€, M) of small categories are homotopy invariant for local coefficients
M : II(¢) — Ab. However, the same does not necessarily hold for natural
coefficient systems A : F€ — Ab.

Antonio M. Cegarra shows in [2] that the weak equivalence in Thomason’s
homotopy colimit theorem, 7 : hocglim N(F) — N( f ¢ I'), indeed induces iso-

morphisms on
H"(/F, A) = H”(hocglim N(F),n*A) ¥n>0 (5.1)
¢
for every natural coefficient system A : F f o F'— Ab. We use a similar idea to

prove the following theorem:

Theorem 5.0.1. Let ¢ : ® — € be any functor and G : € — Cat be the functor
defined by sending an object C' € Ob(€) to its left comma category ¢/C, and let
A hocglz’m N(G) — N(D) be as in Proposition |4.2.1. Then for any natural
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coefficient system A : F® — Ab, there is an isomorphism on

H"(D,A) = H"(hocglim N(G),\*A) Vn >0. (5.2)

5.1 Modules Over a Category

Before introducing the definition for cohomology of categories we first introduce

modules over a category.

Definition 5.1.1. Let R be a commutative ring with unity and € be a small
category. We define right R€-module as a contravariant functor M : € — R-

mod.

Here given an R€-module M, we consider M(C') as a right RHome(C,C)-
module where the action of f € Homg(C, C) is given by the R-module homomor-
phism M(f) : M(C) — M(C). The category of R€-mod is an abelian category
whose morphisms are given by natural transformations p : M; — M, for R€-
modules M; : € — R-mod and M, : € — R-mod.

A short exact sequence of R€-modules is given by a sequence
M, 5 My 5 My (5.3)

for morphisms p : M7 — My and £ : My — M; satisfying the condition that the

sequence
My (C) £S5 My(C) 55 My(C) (5.4)

is exact for all objects C' € €, that is, Ker(uc) = Im(¢c). Here we have
Ker(uc) = Ker({uc : Mi(C) = My(C)})  and, (5.5)
Im(&c) = Im({&c : Ma(C) — M3(C)}). (5.6)

Proposition 5.1.2. Let M : €? — R-mod be any RE-module. Then for all
objects C' € Ob(€), there is an isomorphism of R€-modules

Hompge(RHome(—,C), M) = M(C). (5.7)
Moreover, the R€-module RHomg(—,C) is projective.
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Proof. The first part directly follows from Yoneda Lemma [2.1.7, Now consider

the short exact sequence of R€-modules
M, & My S M. (5.8)
Applying Hompge(RHome(—, C'), —), for a given object C' € €, we get
Mi(C) 2% My(C) <5 My(C) (5.9)

by the first part and we know this sequence is exact by definition. Hence, the
R&-module RHomg(—, C) is projective. O

Remark 5.1.3. By Proposition [5.1.2] one can show that for every R€-module
M, there is a projective module P, with a surjective R€-module homomorphism
P, — M. Hence, the category of R€-modules has enough projectives Also, this
category has enough injectives (see [[14], p. 43]).

Let M and N be R€-modules, then we define the n-th ext-group as:
Extlhe(M, N) := H"(Hompge(Pi, M)) (5.10)
where P — M is a projective resolution of M as an R€-module.

Definition 5.1.4. The constant functor R over the category € is the R€-module
sending every object C' € Ob(€) to R and every morphism in € to the identity
morphism idg : R — R. If M is an R€-module, then the n-th cohomology group
of € with coefficients in M is defined by

H"(€, M) = Ext"(R, M) Vn > 0. (5.11)

5.2 Baues-Wirsching Cohomology of Categories

In section 5.0 we introduced the earlier approach to the cohomology of categories
by R¢-modules. This approach assigns each object of a category to an abelian

group and admits a right action. In this section we introduce another definition
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for cohomology of categories, called Baues-Wirsching Cohomology, which admits
a bimodule structure, by taking natural coefficient systems, see Definition [5.2.2
The difference comes from the fact that an RE€-module associates an abelian
group to each object whereas a natural system associates an abelian group to

each morphism of the category.

Definition 5.2.1. Given a category € we define its factorization category, de-
noted by F'€, as:

e The objects of F'€ are the morphisms of €.

e A morphism between two objects a : Cy — C} and o' : C) — C] of FC
is given by pair of morphisms (u,v) : @ — o of € with v : C; — C] and

v : C) = Cp such that uav = o/, that is, the following diagram commutes

01%01

Co+—C

e Given two morphisms (ug,vg) : @ — o and (u1,v1) : ¢ — " their compo-

sition is naturally defined by (ujug,vov1) : @ — "

U u
Cl 0 > C{ : > Ci’

y !, "
CO\ C S OO

vo v1

since ugavg = o and uia’vy = o’ gives ujuga’vov; = .

Note that any morphism u : C; — C] in € induces a morphism (u,id¢,) : o —

uoq in FI€&
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Cl;)O{

Co+——C)
1dc0

and similarly any morphism v : C) — Cj induces a morphism (id¢,,v) : @« — aov
in '€

Hence, we can write any morphism (u,v) : @ — o' between the objects « :

Co — Cy and o' : C) — Cf of the factorization category F'€ as the composition
(u,idey) o (idey,v) = (ide,, v) o (u,ide,).

Definition 5.2.2. Given a category € we define a natural coefficient system of

abelian groups on € with a functor
A: FC — Ab,

from its factorization category to the category of abelian groups. The mapping
of an object a : Cy — C} in FC€ is given by A(a) = A, and a morphism
(u,v) : a — ' is given by A(u,v) = A(u,1) o A(1,v) : Ay — Auaw = An. Here
we denote A(u,id) = u, and A(id,v) = v* as they are given by composition from

left and right, respectively. That is u,v* : Ay, = Ayas-

Definition 5.2.3. Given a category € and a natural coefficient system 4 on €

we define the cohomology H" (€, A) by the cochain complex of abelian groups C

C : . 5n72> Onfl (5n71> CTL on S (512)

where C" is the abelian group of all functions

PN = || A (5.13)
)

a€O0b(Fe
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such that ¢(0) € Ay, 0..0a, Where
=0y .- 20, (5.14)

and the coboundary maps 6"~! : C""! — (O™ are defined by sending such a

function of C™! to the function
(0p)(0) = (1) p(doo) + Z_:(—l)"w(dﬂ) + (=1)"(awn)sp(dyo) (5.15)

whenever n > 1. Note that when n = 1 the coboundary map §, : C° — C*! for

any morphism a : Cy — C; and ¢ € CY becomes

(09)(Co = C1) = ap(C1) — ap(Cy) (5.16)

We denote the category of all pairs (€,.A) where € is a category and A :
F& — Ab is a natural coefficient system of abelian groups on € by Nat. The
morphisms in the category Nat are also given by pairs (¢, n) : (€, 4) — (¢, A)
such that ¢ : ¢ — € is a functor and 7 : $* A — A’ is a natural transformation
with ¢*A : F€ — Ab given by ¢*A(a) = D(¢(a)) for « € Home(—,—). The
composition for any two morphisms (¢°,7) and (1°P, ) in this category is given

by
(@7, m) (™, 1) = ((VP)*, 1" 1) (5.17)
Remark 5.2.4. We see that the cohomology defined above is indeed a functor
H" :Nat - Ab neZ (5.18)
and the induced homomorphism by (¢, 7n) : (€, A) — (€', A)
H(¢?,n): H* (€, A) - H"(¢', A") (5.19)
is given on cochains ¢ € C™ by
(@ n.p)(0) = 15 © p(0(0)) (5.20)

Theorem 5.2.5. Let F' : € — € be an equivalence between the categories €
and €. Then for any natural coefficient system A on € there is an induced

1somorphism on cohomologies
F*:H"(€,A) =2 H"(¢ F*A) neLZ. (5.21)
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Proof. We consider a natural equivalence of functors F, G : ¢ — € with n: [/ =

G. First note that there is an isomorphism of natural systems
i F*AY G A (5.22)

This gives a diagram of cochain maps

P(€, A) —E— P*(e/, F*A)
lﬁ* (5.23)
PX(C',G*A),

G*

Now note that there is a chain homotopy A" : F"(€, A) — F*(C',G*A)

given by the formula

n

(h)(o) = ()" D_(=D)ig(F(en), - Flaw),n, o), -+ Glag))  (5.24)

i=0
where 0 = *+ 2% ... 2% % and we have the equality 7, F* — G* = 6h + hd.

Diagrammatically, we see that the terms in the alternating sum correspond to

Floa) | Flaa)  Flan)
n n n
Glar) |7 Glaz) Gl (5.25)

This proves that 7,F* = G* on H"(€, A). Then considering an equivalence of
small categories with I’ : € - &, n: F'F = lg,and e : 1l¢ = FF’ we reach

the desired isomorphisms by
N.(F'F)*=1"=1 and é&(FF)=1"=1. (5.26)
m
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5.3 Cohomology of Homotopy Colimit of Comma

Categories

In this section, we show how the Definition [5.2.3] can be derived from the Defi-
nition To this end, we use the definition to obtain the cohomology
H"(€, A) of a small category € with coefficients in a natural system A by a pro-
jective resolution of the constant functor Z as an ZF'€ — module. The coherence
of the definitions will follow by applying Homgzge (A, —) and showing that we get
the cochain complex ([5.12]).

Here the constant functor
Z:F¢€— Ab (5.27)

is given by carrying an object a« € Ob(F'€) to the free abelian group with one gen-
erator «, denoted by Z{a}, and a morphism (u,v) : @« — ' to the isomorphism
(u,v), : Z{a} = Z{a'} such that (u,v).(a) = .

Notation 5.3.1. To switch from an element o € N(€&),, given by
oc=Cy5 - C, (5.28)
to objects of F'&, we will use the notation
o(i,j) =ajo---0oiq: C; = C} (5.29)
for the composition of morphisms in o. Note that we consider the case ¢ = j as
o(i,i) =idg, : C; — C. (5.30)
Also note that considering the face maps, by
(dio)(O,n—1)=aj0- -0 aq;0--a, 1#0,n (5.31)

we still mean the same object in F'€ except for ¢ = 0 and ¢ = n. However,
when we consider the direct sum in equation ([5.34]) and the boundary maps as

in equation ((5.37)) then what differs is the component of the sum.
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Proposition 5.3.2 (Theorem 4.4 in [I1]). Let Z : F€ — Ab be the constant
functor, then for any natural coefficient system A : F&€ — Ab there is an iso-

morphism

H"(C, A) = Extype(Z, A) ¥n > 0. (5.32)

Proof. We begin by constructing the generalized bar resolution P, of Z as an
ZF€ — module:

1

P p dp O B p A pT g (5.33)

where the ZF&-modules P, : F& — Ab are defined by free abelian groups

P,= @ ZHompe(o(0,n),~) (5.34)
O’GN(Q)n
for any
c=Co % - I O, (5.35)

so they are projective. Now we need to show that P is a resolution, that is,
there exists a contracting chain homotopy h, : P, — P.y1. Here, we will denote
the generators in P, for an n-simplex o € N(€),, and for a morphism (u,v) :

0(0,n) — « in Hompe(o(0,n), ) by the triple
(u,v,0) (5.36)
to encode its summand component in P, since we already know that the diagram
C, v C’
Oino--00] o
Cos——F0C
commutes. The boundary maps 0, : P, — P,_1, n = 1,2, ..., for an n-simplex

o € N(€), and a morphism (u,v) : 0(0,n) — « in Hompe(o(0,n), @) are defined
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on generators by

On(u,v,0) =(u,y ov,dyo)

—_

n—

+Y (=1 (u,v,d;o)

(]

1

—1)"(u o ay, v, d,0). (5.37)

A~ =

_|_

The boundary map € : Py — Z for a 0-simplex ¢ € N(€)y and a morphism
(u,v) : 0(0,0) = a in Hompge(o(0,0), @) is defined on generators by

€(u,v,0) =uov =« (5.38)

which determines an augmentation on Z. Then we define a chain homotopy
hpn : P, — Py, n = 0,1,..., for an n-simplex ¢ € N(€), and a morphism
(u,v) : 0(0,n) = « in Hompe(o(0,n), ) and h_y : Z — Py for the same object
a:C — C' in F€ by

hy(u,v,0) = (u,ide, C *, ), h_1(a) = (a,id¢e, C) (5.39)
where C' %, o denotes the n 4 1-simplex
Cryo=C3Co - 25O, (5.40)
Then note that we have

(an—i—lh'n + hn—lan)(uv v, 0‘) :an+1(ua idC’v C *y U)+

hn_l(u, Qa1 0, ng’)—f-

- (i(—l)i(u, v,d;o))+
(=1)"hp—1(u o o, v, dy0) (5.41)

where the first summand is given by

n

Opt1(u,ide, C x, 0) =(u, v, 0) + Z(—l)i(u, ide, di(C *, 0))+

=1

(=) (w0 ap, ide, dnir (C %y 0)), (5.42)
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the second summand is given by
hp—1(u, cq 0 v, doo) = (u,ide, C *ay00 doo), (5.43)

the third summand is given by

n—1 n—1

hoet (D) (=1 (u,0,dio)) = > (=1)'(u,ide, C %, dio), (5.44)

i=1 i=1

and the last summand is given by
(=1)"hp—1(uo ay,v,dyo) = (—1)"(u o ay,ide, C *, d,0). (5.45)

Note that C %, d;o = d;11(C %, o), so the Equation (5.45)) cancels with the last
summand of the Equation (5.42)). Also, the second summand in (5.42)) cancels
with (5.44) except the first term —(u,id¢, di(C %, 0)) which cancels with the

summand .
Also, for the cases eh_; =idg and 01hg + h_1e = idp, we have
(eh_1)(a) = €(a,ide, C) = a (5.46)
and

(O1ho + h-r€)(u,v,0) = 01 (u,idc, C %, 0) + h_1(uov)
= (U,’U,O’) o (UOU,idc,C) + (UOU,idC’C)
= (u,v,0). (5.47)

Hence, h is a contracting chain homotopy. This shows that P, is a projective

resolution of Z as an ZF'¢-module. O
In Proposition we proved that there is a weak equivalence

A hocglim N(G) - N(®) (5.48)

where G : € — Cat is the functor sending objects C' € Ob(€) to their left
comma categories ¢/C' for an arbitrary functor ¢ : ® — €. We now construct a

projective resolution P — Z over © induced by the weak equivalence .
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Consider the simplicial replacement X on N(G) that is

X= || N(G(o(0))). (5.49)

oeN(C)

Recall that a (p, ¢)-simplex (o, 7) € X, , is given by

« ap kq
(Co 2 - 2.C,, (Do, fo) 2 - 25 (D,, B,)) € N(€), X N(p/Co)y  (5.50)
that is, diagrammatically we have

B e . g g

KT -

w(k1)

Here the horizontal d? : X,, — X, 1, and vertical d : X,, — X,, 1 face

operators are defined by

doo, T
d'(0,7) = (doo, afr) (0, 7) = (0,d;7) (5.52)
(dio,7) 0<i<p

where (dgo, ajT) denotes the simplex given by

c —2, ... 2, q
V w (553)

Now let P be the bisimplicial natural system on ® defined by

P,,= @ ZHompy (A, 4(0,7)(0,q), —) (5.54)
(o,7)EXp,q
where A, : || N(G); = N(D),, is as given in the proof of Proposition {4.2.1

N(€)p
with diag(A,,) = A

Proposition 5.3.3. Let ¢ : ® — € be any functor and G : € — Cat be the
functor defined by sending objects C' € Ob(€) to their left comma categories p/C'.
Then diagP, ., given in , 18 a projective resolution of the natural system Z
on ®. Consequently, for any natural coefficient system A on D we have

H"(D,A) 2 H"(Homgzpo(diagP, ., A)), n > 0. (5.55)
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Proof. Clearly P, , is free, for all p,q > 0 so we need to show that the following

chain complex is exact

n+1 871,71

diagPyy - 2 Py 2 Py 2 B Py S Z 0. (5.56)

Here, we will denote the generators in P, , for a (p, ¢)-simplex (o,7) € || N(G),
N(€)p
and for a morphism (u,v) € Hompg (A, ,(0,7)(0,¢), k) with &k : D — D’ by the

quadruple
(u,v,0,7), (5.57)
and it is enough to show that the sequence is exact on generators for a fixed

object k: D — D'

To show that diaglP, . is exact we consider the homomorphisms
€pq: Ppg — Pog (5.58)

where P., = P, of the generalized bar resolution P, of Z constructed in
Proposition [5.3.2 as ZF®-module that is constant in the horizontal direction,

and e,, is given for a (p,q)-simplex (o,7) € || N(G), and for a morphism
N(®)p
(u,v) € Hompg(Ay4(0,7)(0,q), k) with k& : D — D’ on generators by

GWJ(u’v?Ua T) = (uvU’AP7q(U7 7—)) (5'59)

Now we will use Lemma 2.6 in [6], stating that pointwise weak equivalence of
bisimplicial abelian groups induces a weak equivalence of the associated diagonal
complexes. Note that for a fixed ¢ > 0, the associated augmented chain complex

of abelian groups
e — ng 22% Pl,q 21_> IP)O’q i) Pq —0 (560)

is exact since there is a contracting chain homotopy defined by the homomor-

phisms h_; : P, — Py, and hy, : Py g — Ppyq 4, n > 0, on the generators by

hn(u,v,0,7) = (u,v,p(Dy) %3, 0, 7) for all n > 0, (5.61)
h—1<u77}77> = (U7Ua¢(T(Q))7¢(T)) (562)
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where h,, is diagrammatically given on the (p, ¢)-simplex (o, 7) by

a1 S .. L Cn
V \
‘P(kq)
(5.63)

To see that h is indeed a contracting homotopy, that is,

hp—10n + Opgrhy = idp, (5.64)
we consider the equations
(Ong1hn)(u,v,0,7) = Opg1 (u, v, 0(Dy) *g, 0,T) (5.65)
= (u,v,0,7)
n+1
+ Z (u,v,d;i(p(Dy) %3, 0),T) (5.66)
and
(hn10p) (u, v, 0,7) =hn_1 ((u, v, doo, 5 (7)) + Z (w,v,dyo,7))  (5.67)

= (u,v,9(Dy) *ay08, do, a1 (7))
+ Z (u, v, p(Dy) x5, dio, T). (5.68)
Here Equation follows from the equality
di+1(9(Dn) %, 0) = ¢(Dy) *g, dio. (5.69)
Also, for the cases eh_; = idp, and d1hg + h_1e = idp, , we have

(eh—l)(u7 U, T) = e(u’ U, 90(7—((]))’ 90(7—)) = (U, U, 7—) (570)

and
(O1ho + h_1e)(u,v, Co, 7) = 01(u, v, p(Dy) x5, Co, T) + h_1(u, v, Ao 4(Co, T))
= (u,v,Co,7) = (u,v,0(Dy), 7) + (w0, 0(Dy), 7)
= (U,U,Co,'r) (571)
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Then the associated chain complex of abelian groups in (5.60) induces a map
e : diagP, . — P,

0 0 0 0
C ]P)n,n — ]P)n—l,n—l > o > HDO,O < > Z > 0
bbb
0 0 0 0
> P, > Pr1 s Py —— Z — 0

which is a homology isomorphism. Hence, for any natural coefficient system A

on ® we have
Hn(@) A) = Hn<HOIIlZF@ (diagIP’*,*7 A)), n > 0. (572)

by Proposition |5.3.2] [

We can now proceed with our main result of this chapter again by using Ce-

garra’s method.

Theorem 5.3.4. Let ¢ : ® — € be any functor and G : € — Cat be the functor
defined by sending objects C € Ob(€) to their left comma categories p/C and
A hocglim N(G) — N(D) be as in Proposition |4.2.1.  Then for any natural

coefficient system A : F® — Ab, there is an isomorphism on

H'(D,A) = H"(hocglz’m N(G),\*A) V¥n >0. (5.73)

Proof. Let A : FD — Ab be any natural coefficient system and (o,7) be an

n-simplex of hocglim N(G) then the induced natural system is given by

XN Ao, 7) = A(X(o,7)(0,n)). (5.74)
Hence, the standard cochain complex is given by the abelian groups

C"(hocolim N(G), \* A) = II Ao, 7)(0,n)). (5.75)
¢ (O,T)ehocglim N(G)

and the coboundary maps 4, : C"~1 — C™ are given by sending a function f of

C™ ! to the function

n—1

(6)(0,7) = (k1)" f(doo, doT) + Y (=1) f(dio, dim) + (=1)" (k). f (dno, dyT).

i=1
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Now consider the bisimplicial natural system P on © in ([5.54)), that is,
Pp,q - @ ZHomF'D (AP,Q(U7 T) (07 Q>7 _)
(0,7)EXpq

Recall that we denote the generators in P,, for an n-simplex (o,7) €
hocglim N(G) and for a morphism (u,v) € Hompo(A,,(0,7)(0,q), k) with
k: D — D’ by the quadruple

(u7 U’ 0-7 T)’ (576)

and the boundary maps 0, : P,,, = P,_1,-1, n = 1,2,..., for a morphism

(u,v) : Mo, 7)(0,n) — k are defined on generators by

On(u,v,0,7) =(u, k1 o v, dyo, i (doT))+
n—1

> (1) (v, dio, dir)+

i=1

(=1)"(u 0 kn,v,dy0,d,T) (5.77)
where the n-simplex (o,7) € hocglim N(G) is given by

(Co 2 - 2% O, (Do, fo) 2 - 225 (D, ). (5.78)

Then we know by definition of P, ; we have the isomorphism of abelian groups

r: C’”(hocglim N(G),\*A) =2 Homzpop (P 1, A) (5.79)

with
I'y: ZHompyp(A(o,7)(0,n), k) — A(k) (5.80)
(u,v,0,7) — wv* f(o, 7). (5.81)

Clearly, we have
Lsp(u,v,0,m) =T§(0(u, v,0,7)), (5.82)

so I' gives an isomorphism of cochain complexes. Thus, the statement

H"(D,A) = H”(hocglim N(G),\*"A) Yn>0 (5.83)
follows from Proposition O
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