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ABSTRACT

THOMASON’S HOMOTOPY COLIMIT THEOREM
AND COHOMOLOGY OF CATEGORIES

Mehmet Kırtışoğlu

M.S. in Mathematics

Advisor: Ergün Yalçın

July 2024

In 1978, R.W. Thomason [1] proves that there is a homotopy equivalence η :

hocolim
C

N(F ) → N(
∫
C
F ) for any functor F : C → Cat. Here hocolim

C
N(F )

is the diagonalization of the bisimplicial set
⊔

σ∈N(C)

N(F (σ(0))) and
∫
C
F is the

Grothendieck construction whose objects are given by the pairs (C,X) with C ∈
Ob(C) and X ∈ Ob(F (C)), and whose morphisms are given by the pairs (α, γ) :

(C,X) → (C ′, X ′) with α ∈ HomC(C,C
′) and γ ∈ HomF (C′)(F (α)(X), X ′). We

prove that Grothendieck construction is a precofibred category over the canonical

functor π :
∫
C
F → C. We also prove that for any functor φ : D → C there is

a homotopy equivalence λ : hocolim
C

N(φ/C)→ N(D). We show that these two

together prove Thomason’s homotopy colimit theorem from a conceptual point

of view. We further investigate how our conceptual approximation for the proof

of Thomason’s homotopy colimit theorem becomes useful for the cohomology

version of Thomason’s theorem which was proven by A. M. Cegarra [2] in 2020.

Keywords: Homotopy Colimit, Grothendieck Construction, Simplicial Sets, Nerve

of a Category, Cohomology of Categories.
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ÖZET

THOMASON’UN HOMOTOPİ EŞLİMİT TEOREMİ VE
KATEGOİLERİN KOHOMOLOJİSİ

Mehmet Kırtışoğlu

Matematik, Yüksek Lisans

Tez Danışmanı: Ergün Yalçın

Temmuz 2024

1978’de R.W. Thomason [1] herhangi bir F : C → Kat funktoru için

η : hocolim
C

N(F ) → N(
∫
C
F ) şeklinde bir homotopi denkliğinin olduğunu

kanıtladı. Burada hocolim
C

N(F ) ikili simpleksel küme
⊔

σ∈N(C)

N(F (σ(0)))’nin

köşegenleştirilmesi ve
∫
C
F , nesneleri C ∈ Ob(C) ve X ∈ Ob(F (C)) olacak şekilde

(C,X) çiftleri ve morfizmaları α ∈ HomC(C,C
′) ve γ ∈ HomF (C′)(F (α)(X), X ′)

olacak şekilde (α, γ) : (C,X) → (C ′, X ′) çiftleri ile verilen Grothendieck

yapısıdır. Grothendieck yapısının π :
∫
C
F → C kanonikal funktoru üzerine

bir prekofiber kategori olduğunu kanıtlıyoruz. Ayrıca herhangi bir φ : D → C

funktoru için λ : hocolim
C

N(φ/C) → N(D) şeklinde bir homotopi denkliğinin

olduğunu kanıtlıyoruz. Bu ikisinin Thomason’un teoremini kavramsal bir bakış

açısıyla kanıtladığını gösteriyoruz. Thomason’un ispatına geliştirdiğimiz kavram-

sal yaklaşımın A. M. Cegarra [2] tarafından 2020’de kanıtlanan kohomoloji ver-

siyonunda nasıl kolaylık sağladığını inceliyoruz.

Anahtar sözcükler : Homotopi Eşlimit, Grothendieck Yapısı, Simpleksel Kümeler,

Kategorilerin Sinir Uzayları, Kategorilerin Komolojisi.
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Chapter 1

Introduction

The simplex category, denoted by ∆, is the category whose objects are non-empty

finite totally ordered sets and morphisms are (non-strictly or sometimes called

weakly) order-preserving maps. More precisely, an object [n] is a totally ordered

set with n+ 1 elements

[n] = {0, 1, . . . , n} (1.1)

for n = 0, 1, . . ., and a morphism θ ∈ Hom∆([m], [n]) is an order-preserving set

function.

Simplicial sets are defined as functors X : ∆op → Set from the opposite cate-

gory of the simplex category to the category of sets. They form a combinatorial

object to study homotopy theory. This follows from the adjunction between the

category of simplicial sets and topological spaces. That’s why a common conven-

tion is to call a simplicial set space and describe its properties accordingly. For

instance, we can say that a map of simplicial sets is a weak equivalence meaning

that the induced map on the realizations is a weak equivalence of topological

spaces.

Furthermore, the simplicial set category and category of small categories are

equivalent from a homotopical point of view by the nerve functor [3]. Here the

nerve functor N : Cat→ sSet from the category of small categories to simplicial
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sets is defined by sending a category C to the simplicial setN(C) whose n-simplices

are given by chain of n-composable morphisms in C, that is,

N(C)n = HomCat([n],C). (1.2)

However, given a natural transformation of two functors, the induced map of

colimits may not be a weak equivalence even if we have pairwise weak equivalence

between the objects of the diagrams. The homotopy colimit construction arises

to handle this problem and it is defined by a simplicial replacement of a functor,

i.e.,

hocolim
C

F := diag
( ⊔
σ∈N(C)

F (σ(0))
)
. (1.3)

where F : C→ sSet is any functor. Here for any bisimplicial set X, its diagonal,

diag, is defined by

(diagX)n := Xn,n. (1.4)

Let F : C → Cat be a functor. Then the Grothendieck Construction on F

is a category, denoted by
∫
C
F , whose objects are given by pairs (C,X) with

C ∈ Ob(C) and X ∈ Ob(F (C)), and whose morphisms are given by pairs (α, γ) :

(C,X)→ (C ′, X ′) with α ∈ HomC(C,C
′) and γ : F (α)(X)→ X ′ in F (C ′).

In 1978, R.W. Thomason [1] proved that there is a way of interpreting the

homotopy colimit construction as a nerve of this special category, namely the

Grothendieck Construction.

Theorem 1.0.1 (Thomason’s Homotopy Colimit Theorem). Let C be a small

category and F : C→ Cat be any functor. Then there is a homotopy equivalence

of the spaces

η : hocolim
C

N(F )→ N(

∫
C

F ). (1.5)
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Thomason proves his theorem using an intermediate functor F̃ : C → Cat

defined by sending objects of the given small category to their left comma cat-

egories π/C, see Definition 4.1.1, over the canonical functor π :
∫
C
F → C from

the Grothendieck construction to the given small category. We briefly sketch his

proof by the following diagram:

hocolim
C

N(F ) hocolim
C

N(F̃ ) N(
∫
C
F ).

η

λ1 λ2 (1.6)

Here Thomason first shows that there exists a simplicial map η from the homotopy

colimit construction to the Grothendieck construction. Then he shows that λ1

and λ2 are homotopy equivalences. Lastly, Thomason constructs a simplicial

homotopy from the composition of the simplicial maps η ◦ λ1 to the simplicial

map λ2 proving that η induces a homotopy equivalence.

In this thesis, we follow the same sketch from a general point of view. For

the λ2 part, we show that the Grothendieck construction can be replaced by any

small category as long as F̃ is defined in the same way and we can prove the

following proposition.

Proposition 1.0.2. Let φ : D → C be any functor and G : C → Cat be the

functor defined by sending objects C ∈ Ob(C) to their left comma categories φ/C.

Then there is a natural homotopy equivalence

λ : hocolim
C

N(G) N(D). (1.7)

Note that the above proposition is closely related to D. Quillen’s Theorem A

and Theorem B, [4]. Indeed, it is a corollary for simplicial sets.

Let π : D → C be any functor and C ∈ Ob(C) be a fixed object. Note that

there are canonical functors from the fiber category, see Definition 4.3.1, to left

3



comma categories as follows:

Φ : π−1(C)→ π/C, (1.8)

D 7→ (D, idC) (1.9)

k 7→ k. (1.10)

Then we say that D is a precofibred category with respect to π if for every object

C ∈ Ob(C), the functor Φ given above has a left adjoint LΦ : π/C → π−1(C),

that is, there are natural natural transformations η : LΦ ◦ Φ =⇒ idπ−1(C) and

ϵ : idπ/C =⇒ Φ ◦ LΦ.

Thomason proves that λ1 is a homotopy equivalence by showing that for all

C ∈ Ob(C) the nerves N(F (C)) and N(F̃ (C)) are weakly equivalent. Here

we observe that this follows from the fact that Grothendieck construction is a

precofibred category and we prove:

Proposition 1.0.3. Let F : C → Cat be any functor and
∫
C
F be the

Grothendieck construction on F , then
∫
C
F is a precofibred category with respect

to the canonical functor π :
∫
C
F → C sending an object (C,X) to C and a

morphism (α, γ) : (C,X)→ (C ′, X ′) to α.

In 2020, Antonio M. Cegarra showed that the map η in the homotopy colimit

theorem also induces isomorphisms on cohomologies for any natural system [2].

Theorem 1.0.4 (Cegarra’s Theorem). For any given natural coefficient system

A on
∫
C
F , the map η induces the isomorphisms

Hn(

∫
C

F,A) ∼= Hn(hocolim
C

NF, η∗A) ∀n ≥ 0. (1.11)

To prove his theorem Cegarra constructs a projective resolution P → Z over

the Grothendieck construction
∫
C
F and shows that HomZFC(P ,A) is isomorphic

to the cochain complex of hocolim
C

NF with the induced natural coefficient system

η∗A. We use a similar idea for our homotopy equivalence in Proposition 1.0.2 to

construct a projective resolution with

Hn(D,A) ∼= Hn(HomZFD(P ,A)), n ≥ 0. (1.12)
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Then we use this isomorphism to prove the following theorem.

Theorem 1.0.5. Let φ : D→ C be any functor and G : C→ Cat be the functor

defined by sending objects C ∈ Ob(C) to their left comma categories φ/C and

λ : hocolim
C

N(G) → N(D) be as in Proposition 4.2.1. Then for any natural

coefficient system A : FD→ Ab, there is an isomorphism on

Hn(D,A) ∼= Hn(hocolim
C

N(G), λ∗A) ∀n ≥ 0. (1.13)

The thesis is organized as follows:

In Chapter 2, we provide the background materials of the contents developed

in later chapters. They are preliminaries of category theory, simplicial sets and

realization, and nerve of a category. The main references for these sections are

[5] ,[6], [7], and [8].

In Chapter 3, we introduce the simplicial spaces and homotopy colimit. We also

prove two facts about simplicial spaces that are used for the proof of Thomason’s

homotopy colimit. The main references for this chapter are [9] and [10] in addition

to those of Chapter 2.

In Chapter 4, we prove Proposition 1.0.2 and Proposition 1.0.3. Lastly, in

Chapter 5 we introduce the definition of cohomology of categories and prove

Theorem 1.0.5 using the conceptual ideas we developed for the proof of Thoma-

son’s homotopy colimit theorem. For these chapters main references are [2], [11],

and [12].
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Chapter 2

Preliminaries

In this chapter, we recall basic definitions of category theory and introduce the

simplicial sets that are important as combinatorial models for topological spaces.

The category theory part enables us to see the relation between topological spaces

and simplicial sets. Furthermore, our proofs and definitions in the proceeding

sections will mostly be in the categorical setup.

2.1 Categories

We will need basic definitions of category theory since our concerns in algebraic

topology are mostly the algebraic invariants of topological spaces. For this pur-

pose, category theory provides a language to express those invariants and a con-

ceptual understanding.

Definition 2.1.1. A category C consists of:

• Ob(C), a collection of objects,

• HomC(C,C
′), a set of morphisms between any C,C ′ ∈ Ob(C),

• idX ∈ HomC(C,C), an identity morphism for any C ∈ Ob(C),
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• An associative composition ◦ : Hom(C ′, C ′′) × Hom(C,C ′) → Hom(C,C ′′)

satisfying the property that for every morphism f : C → C ′,

idC′ ◦ f = f = f ◦ idC .

Example 2.1.2. Some practical examples of categories are:

• The category of sets, commonly denoted by Set, in which the objects are

sets and morphisms are functions,

• The category of topological spaces, commonly denoted by Top, in which the

objects are topological spaces and morphisms are the continuous functions,

• The category of groups, commonly denoted by Grp, in which the objects

are groups and morphisms are group homomorphisms,

• The category of abelian groups, commonly denoted by Ab, in which the

objects are abelian groups and morphisms are group homomorphisms.

A category is called “small” if the collection of its objects is a set. There is

also a notion of morphism among different categories which enables us to carry

problems of a category to another category. With this notion, we introduce in the

next definition, the collection of all small categories forms a category, denoted by

Cat.

Definition 2.1.3. A (covariant) functor F from a category C to a category D

written F : C→ D consists of:

• For all C ∈ Ob(C), an object F (C) in D

• For all morphisms f : C → C ′ in C, a morphism F (f) : F (C) → F (C ′) in

D such that

– For all C ∈ Ob(C), F (idC) = idF (C)

– For all f : C → C ′ and g : C ′ → C ′′ in C, F (g ◦ f) = F (g) ◦ F (f).

7



A contravariant functor is defined similarly, except it reverses the direction

of the arrows, that is, F sends f : C → C ′ to F (f) : F (C ′) → F (C) and the

distribution law becomes F (g ◦ f) = F (f) ◦ F (g). For a given category C we

consider its opposite category, denoted by Cop, whose objects are the same but

the morphisms are reversed, that is, HomC(C,C
′) = HomCop(C ′, C). With this

setting, a contravariant functor F : C→ D can be seen as just a covariant functor

Cop → D.

Example 2.1.4. Some practical examples of functors are:

• For any small category C and a fixed object C ∈ Ob(C), we define hC : C→
Set by hC(C

′) = HomC(C,C
′), called as the Hom-functor,

• F : Top → Set, F (X) = X and F (f) = f , the functor forgetting the

topology and continuity on the topological spaces,

• F : Set → Ab, the functor sending set X to the free abelian group whose

underlying set is X

X 7→ ZX = {
∑
finite

nixi | xi ∈ X,ni ∈ Z}

(X
f−→ Y ) 7→ (ZX F (f)−−→ ZY )∑

nixi 7→
∑

nif(xi),

• Homology: H∗ : Top→ Graded Ab Grp

X 7→ H∗(X)

(X
f−→ Y ) 7→ (H∗(X)

H∗(f)−−−→ H∗(Y )),

• Cohomology: H∗ : Top→ Graded Rings

X 7→ H∗(X)

(X
f−→ Y ) 7→ (H∗(Y )

H∗(f)−−−→ H∗(X)).

The reason that category theory is helpful in the comparison of different cat-

egories follows from the following lemma.
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Lemma 2.1.5. Functors send isomorphisms to isomorphisms.

Proof. Let F : C → D be any (covariant) functor between categories C and

D. Suppose that C,C ′ ∈ Ob(C) are two objects with f : C → C ′ being an

isomorphism. Then we have

F (f) : F (C)→ F (C ′) & F (f−1) : F (C ′)→ F (C)

where f−1 stands for the inverse of f , it exists since f is an isomorphism. Then

by the distributive property, we have

idF (C) = F (idC) = F (f−1 ◦ f) = F (f−1) ◦ F (f)

idF (C′) = F (idC′) = F (f ◦ f−1) = F (f) ◦ F (f−1)

Hence, F (f) : F (C) → F (C ′) is an isomorphism with inverse F (f−1). One

can use the same idea to prove the lemma for the case in which the functor is

contravariant.

The comparison of maps in categories extends to the comparison of maps

between categories by the following definition.

Definition 2.1.6. Let F : C → D and G : C → D be two functors. A

natural transformation η : F → G is a map of functors in the sense that it

consists of morphisms ηC : F (C)→ G(C) for each object C in C and the follow-

ing diagram commutes for each morphism f : C → C ′ in C:

F (C) F (C ′)

G(C) G(C ′).

ηC

F (f)

ηC′

G(f)

We further say that the natural transformation η is a natural isomorphism if

for all C ∈ Ob(C) the morphism ηC : F (C)→ G(C) is an isomorphism.

9



As we saw in Example 2.1.4, there is a natural way of defining a functor from

any small category to Set by the Hom-functor. It turns out that given any

category C with a functor F : C→ Set, the image F (C) of any object C ∈ Ob(C)

can be given by Hom-functors.

Lemma 2.1.7 (Yoneda). Let F : C → Set be any functor. Then there is a

bijection

HomCat(hC , F ) ∼= F (C) (2.1)

for any object C ∈ Ob(C), where hC denotes the Hom-functor HomC(C,−) : C→
Set and HomCat(hC , F ) denotes the set of all natural transformations from the

Hom-functor hC to F .

Proof. Let C ∈ Ob(C) be any object and µ ∈ HomCat(hC , F ) be any natural

transformation, then we have

µC : HomC(C,C)→ F (C). (2.2)

Hence, we can define a function ϕ : HomCat(hC , F )→ F (C) by ϕ(µ) = µC(idC).

Now let x ∈ F (C) be any element, then we can define a function ψ : F (C)→
HomCat(hC , F ) for each C ′ ∈ Ob(C) componentwise ψ(x)C′ : HomC(C,C

′) →
F (C) as:

ψ(x)C′(f) = F (f)(x). (2.3)

Note that the following diagram commutes for each morphism α : C ′ → C ′′ in C

HomC(C,C
′) HomC(C,C

′′)

F (C ′) F (C ′′)

HomC(C,α)

ψ(x)C′ ψ(x)C′′

F (α)

since we have

F (α) ◦ ψ(x)C′(f) = F (α) ◦ F (f)(x)

= F (α ◦ f)(x) = ψ(x)C′′(α ◦ f). (2.4)

10



This verifies that ψ(x) ∈ HomCat(hC , F ).

Lastly, we claim that ϕ and ψ are inverses of each other. Note that for any

x ∈ F (C) we have

(ϕ ◦ ψ)(x) = F (idC)(x) = idF (C)(x) = x. (2.5)

On the other hand for any natural transformation η : hC =⇒ F and for any

f ∈ HomC(C,C
′) we have

(ψC′ ◦ ϕ(η))(f) = ψ(ηC(idC))C′(f) = F (f)(ηC(idC))

= ηC′(f ◦ idC) = ηC′(f). (2.6)

This proves the claim, hence, the lemma

HomCat(hC , F ) ∼= F (C)

for any C ∈ Ob(C).

There is also an obvious notion for the isomorphism of categories. We say

F : C → D is an isomorphism, if there is a functor G : D → C such that

F ◦G = idD and G ◦ F = idC. However, we do not often encounter isomorphism

of categories and it is not very interesting in practice. Instead, we have a more

flexible notion which makes it more interesting and useful. That is the equivalence

of categories.

Definition 2.1.8. For two functors G : D→ C and FC→ D, We say that G is

right-adjoint to F and F is left-adjoint to G if there exists natural transformations

η : F ◦G =⇒ idD and ϵ : idC =⇒ G ◦ F .

Equivalently, we say that F and G are adjoint pairs if there is a natural

isomorphism of sets

HomC(C,G(D)) ∼= HomD(F (C), D)

for all objects C ∈ Ob(C) and D ∈ Ob(D).

11



Definition 2.1.9. We say a functor F : C → D is an equivalence between

the categories C and D if there exists another functor G : D → C and natural

isomorphisms η : F ◦G =⇒ idD and ϵ : idC =⇒ G ◦ F .

The last important concepts of categories for now are limit and colimit. These

can be considered as a way of constructing new objects from an existing collection

of objects in a category. The procedures are defined over a chosen collection of

objects and morphisms admitting a universal property.

For the setup, an indexing category I and a functor F : I → C are used to

specify a sub-collection of morphisms and objects in a given category C which we

will call an I-shaped diagram, or just a diagram when it is obvious in the context.

Definition 2.1.10. The limit of a diagram F : I → C is an object lim
I
F in

C together with morphisms µA : lim
I
F → A, for each A with A = F (I) for

some I ∈ Ob(I), satisfying µB = ΦAB ◦ µA for every morphism ΦAB : A → B

in the diagram. Moreover, these maps have the universal property that for any

other object, say X, with morphisms αA : X → A, for each A in the diagram,

satisfying αB = ΦAB ◦ αA there exists a unique morphism f : X → lim
I
F such

that αA = µA ◦ f for any A in the diagram. Diagrammatically,

X

lim
I
F

A B.

f

αA αB

µA µB

ΦAB

Definition 2.1.11. The colimit of a diagram F : I→ C is an object colim
I

F in C

together with morphisms ϵA : A→ colim
I

F , for each A in the diagram, satisfying

ϵA = ϵB ◦ ΦAB for every morphism ΦAB : A → B in the diagram. Moreover,

these maps have the universal property that for any other object, say X, with

12



morphisms βA : A → X, for each A in the diagram, satisfying βA = βB ◦ ΦAB

there exists a unique morphism f : X → colim
I

F such that βA = f ◦ ϵA for any

A in the diagram. Diagrammatically,

X

colim
I

F

A B.

f

βA

ΦAB

ϵA ϵB

βB

Example 2.1.12. The most basic example is to consider an empty diagram that

is a diagram with no objects and no morphisms. In this case, the limit is called

the terminal object, and the colimit is called the initial object if they exist.

Since the diagram is empty, any object in the category is a candidate for being

limit. However, the universal property suggests that there must be a unique

morphism from all failing candidates to the limit. Hence, the terminal object is

an object T ∈ Ob(C) with the property that for each object C ∈ Ob(C) there is

a unique morphism f : C → T .

Similarly for the colimit, the initial object is an object I ∈ Ob(C) with the

property that for each object C ∈ Ob(C) there is a unique morphism f : I → C.

The names limit and colimit derive from being a codomain and a domain of

morphisms, respectively, for each object in the diagram.

Example 2.1.13. The limit of the diagram given I by X
f−→ Z

g←− Y is called

the Pullback if it exists.

lim
I Y

X Z

µY

µX
µZ g

f

13



In the category of Set, the pullback exists and is given by

P = {(x, y) ∈ X × Y |f(x) = g(y)} ⊂ X × Y

Example 2.1.14. The colimit of the diagram I given by X
f←− Z

g−→ Y is called

the Pushout if it exists.

Z Y

X colim
I

g

f

ϵX

ϵZ
ϵY

In the category of Top, the pushout exists and it is the quotient of the disjoint

union X ⊔ Y by f(z) ∼ g(z) for each z ∈ Z

P = X ⊔ Y
/
f(z) ∼ g(z).

As we compare two groups we investigate the images of certain subgroups under

group homomorphism. Likewise, the limit and colimit diagrams play a similar

role in the comparison of categories with functors being the homomorphisms in

Cat.

2.2 Simplicial Sets and Realization

In this section, we aim to introduce the simplicial sets which are combinatorial

models for topological spaces, and how they produce a topological space under the

realization functor. The adjunction between simplicial sets and topological spaces

offers that colimits in simplicial sets are preserved by the realization functor.

Definition 2.2.1. The simplex category ∆ is the category whose objects are non-

empty finite totally ordered sets and morphisms are (non-strictly or sometimes

called weakly) order-preserving maps. More precisely, an object [n] is a totally
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ordered set with n+ 1 elements

[n] = {0, 1, . . . , n} (2.7)

for n = 0, 1, . . ., and a morphism θ ∈ Hom∆([m], [n]) is an order-preserving set

function.

Any morphism of the simplex category ∆ can be described by the composition

of the following two types of maps which will be proved after the relations between

them are shown.

Definition 2.2.2. One type of these special maps is injective and called the

co-face map di : [n− 1]→ [n], 0 ≤ i ≤ n, which “skips i”

di(a) =

a if a < i,

a+ 1 if i ≤ a,
(2.8)

for all a ∈ {0, 1, . . . , n}. Namely, di : [n − 1] → [n] assigns any element a in the

set [n− 1] to itself if a < i and to its successor a+ 1 if i ≤ a.

Definition 2.2.3. The other type of these special maps is surjective and called

the co-degeneracy map si : [n+ 1]→ [n], 0 ≤ i ≤ n, which “repeats i”

si(a) =

a if a ≤ i,

a− 1 if i < a,
(2.9)

for all a ∈ {0, 1, . . . , n + 1}. Namely, si : [n + 1] → [n] assigns any element a in

the set [n+ 1] to itself if a ≤ i and to its predecessor a− 1 if i < a.

The domain of the maps does not appear in the notation as din or sin since,

most of the time, it is clear from the context. However, if necessary within the

context, it can be emphasized by indicating that si ∈ Hom∆([n+1], [n]) for some

n ∈ N.

Proposition 2.2.4. The maps di and si satisfy the following obvious simplicial

15



identities:

(1) djdi = didj−1, i < j (2.10)

(2) sjsi = sisj+1, i ≤ j (2.11)

(3) sjdi = disj−1, i < j (2.12)

(4) sjdi = di−1sj, i > j + 1 (2.13)

(5) sidi = sidi+1 = 1. (2.14)

Definition 2.2.5. A simplicial set X : ∆op → Set is a functor from the opposite

category of the simplex category to the category of sets. Equivalently, a simplicial

set X ∈ sSet, where sSet stands for the category of simplicial sets, consists of:

• Xn ∈ Set, set of n-simplices, for each n ∈ N;

• di : Xn → Xn−1, the i-th face map on n-simplices for each co-face map

di : [n− 1]→ [n], n ∈ N and 0 ≤ i ≤ n;

• si : Xn → Xn+1, the i-th degeneracy map on n-simplices for each co-

degeneracy map si : [n+ 1]→ [n], n ∈ N and 0 ≤ i ≤ n;

such that the face and degeneracy maps satisfy the simplicial identities:

di ◦ dj = dj−1 ◦ di i < j (2.15)

si ◦ sj = sj+1 ◦ si i ≤ j (2.16)

di ◦ sj =


sj−1 ◦ di if i < j

id if i = j, j + 1

sj ◦ di−1 if i > j + 1

. (2.17)

With the definition of simplicial sets above we see that a simplicial map is

indeed a natural transformation, that is, given simplicial sets X : ∆op → Set and

Y : ∆op → Set, we have HomsSet(X, Y ) = HomCat(X, Y ).

Example 2.2.6. Recall that there is a natural way of defining a functor from

any small category to Set by the Hom-functor. Here we define ∆n : ∆op → sSet

by ∆n([m]) = Hom∆([m], [n]). This is called the standard n-simplicial set.
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Remark 2.2.7. The above example and the Yoneda Lemma 2.1.7 provide that

HomsSet(∆n, X) ∼= Xn, that is, the set of n-simplices are identified with the set

of natural transformations from ∆n to X.

With this definition of simplicial sets above, we call an element σ ∈ Xn degen-

erate if there exists a collection of degeneracy maps and τ ∈ Xm such that σ is

the image of τ under the composition of these degeneracy maps, that is,

σ = (si1 ◦ · · · ◦ sin−m)(τ). (2.18)

Otherwise, we say x is non-degenerate. For instance, all 0-simplices are non-

degenerate.

Proposition 2.2.8. Any degenerate simplex has a unique non-degenerate repre-

sentative.

Proof. Let x be a degenerate simplex and x = Sy = Tz where S = si1 ◦ · · · ◦ sim
and T = sj1 ◦ · · · ◦ sjn for some non-degenerate simplices y and z. Now let

D = dim ◦ · · · ◦ di1 . Then the image of the first equality under D becomes

y = Dx = DTz

since di ◦ si = id. Then using the simplicial identities (2.17) to swap the places

of degeneracy maps and face maps we can write y as

y = T̃ D̃z.

However, y was non-degenerate by assumption, so T̃ must be empty. That implies

y is a face of z. Repeating the argument with D is replaced by D′ = djn ◦ · · · ◦dj1
and z is replaced by y, we see that z is also a face y. This is a contradiction, so

DT = D′S = id and y = z.

Now let’s see how this combinatorial object is used to generate a topological

space and how the homotopical relations between the category of topological

spaces Top and the category of simplicial sets sSet including nerve spaces.
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Definition 2.2.9. Given a simplicial set X we define its geometric realization by

the realization functor | − | : sSet→ Top, as the topological space

|X| = (
⋃
n≥0

Xn ×∆n)/ ∼ (2.19)

where Xn represents the set of n-simplices as a discrete topological space, ∆n

denotes the geometric n-simplex, that is,

∆n = {(t0, . . . , tn) ∈ Rn+1 | 0 ≤ ti ≤ 1,
n∑
i=0

ti = 1}

and the relations of quotient space is given by

1. (di(x), (t0, ..., tn)) ∼ (x, di(t0, ..., tn)), and

2. (sj(x), (t0, ..., tn)) ∼ (x, sj(t0, ..., tn)).

Here item 1 corresponds to the attachments of higher simplices with the lower

ones and item 2 corresponds to the collapses of degenerate simplices onto non-

degenerates. Note that for an element of Xn×∆n to be non-degenerate, we now

have an extra condition than (2.18) that the second component (t0, ..., tn) ∈ ∆n

is supposed to be a point in the interior of the geometric n-simplex.

Remark 2.2.10. Any degenerate element (x, (t0, ..., tn)) ∈ Xn×∆n has a unique

non-degenerate representative in |X| by Proposition 2.2.8 applied componentwise

with composition.

There is also a categorical way of defining the realization of a simplicial set X

as:

|X| = colim
∆n→X

∆n

followed by the Remark 2.2.7.

Proposition 2.2.11 (Proposition 2.2 in [6]). The realization functor | − | :
sSet → Top is left adjoint to the singular functor Sing(−) : Top → sSet

where Sing(Y )n = HomTop(∆
n, Y ).
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Proof. There is a natural isomorphism of sets

HomTop(|X|, Y ) ∼= lim
∆n→X

HomTop(∆
n, Y ) (2.20)

∼= lim
∆n→X

HomsSet(∆n, Sing(Y )) (2.21)

∼= HomsSet(X,Sing(Y )). (2.22)

since (2.20) follows from the definition of Sing(Y )n and Remark 2.2.7, whereas

(2.21) and (2.22) follow by categorical definition of the realization.

Proposition 2.2.12. For any simplicial set X, the geometric realization |X| is
a CW-complex having one n-cell for each non-degenerate n-simplex of X.

Proof. The proof follows by the pushout diagrams

⊔
x∈NXn

∂∆n
| X(n−1) |

⊔
x∈NXn

∆n
| X(n) |

where NXn stands for the non-degenerate n-simplices of X and X(n) is the sim-

plicial set generated by non-degenerate simplices of X with degree less than or

equal to n. See Proposition I.2.3 in [6] for the details.

Definition 2.2.13. Given two simplicial maps f, g ∈ HomsSet(X, Y ) we say

h : X ×∆1 → Y is a simplicial homotopy if there is a commutative diagram

X ×∆0 = X

X ×∆1 Y,

X ×∆0 = X

1×d1
f

h

1×d0 g
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that is, h(x, 0) = f(x) and h(x, 1) = g(x) for all simplices x ∈ X.

2.3 Nerve of a Category

Recall that Cat denotes the category of small categories which has objects as

small categories and morphisms as functors. The simplicial set notion naturally

arises from Cat as we consider composable morphisms in a category.

Definition 2.3.1. We define the nerve functor from the category of small cate-

gories to simplicial sets

N : Cat→ sSet

C 7→ N(C) : ∆op → Set,

where N(C) associates [n] ∈ ∆ with the set of n-composable morphisms in C

N(C)n = HomCat([n],C).

Explicitly, an n-simplex σ of NC can be represented by a chain of morphisms

in the following form

σ = C0
α1−→ C1

α2−→ · · · αn−1−−−→ Cn−1
αn−→ Cn

with Ci ∈ Ob(C) and αi ∈ HomC(Ci−1, Ci). Then the face maps for i = 1, . . . , n

become composition of morphisms at i-th position

di(σ) = C0
α1−→ · · · αi−1−−→ Ci−1

αi+1◦αi−−−−→ Ci+1
αi+2−−→ · · · αn−→ Cn

whereas the face map for i = 0 is given by omitting the first object

d0(σ) = C1
α2−→ · · · αn−→ Cn.

On the other hand, the degeneracy maps for all i = 0, . . . , n are given by inserting

an identity map at i-th position

si(σ) = C0
α1−→ · · · αi−→ Ci

idCi−−→ Ci
αi+1−−→ · · · αn−→ Cn.
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Lemma 2.3.2. Let F0, F1 : C→ D be two functors. Then there exists a natural

transformation µ : F0 =⇒ F1 if and only if there exists a functor

H : C× {0 ≤ 1} → D (2.23)

such that

(i) H((C, i)) = Fi(C), for all C ∈ Ob(C) i = 0, 1

(ii) H((α, idi)) = Fi(α), for all α ∈ HomC(−,−) i = 0, 1

(iii) H((α,<)) : F0(C0) → F1(C1), for all α : C0 → C1 and objects C0, C1 ∈
Ob(C).

Proof. Let H : C × {0 ≤ 1} → D be as defined in the lemma. Then for all

C ∈ Ob(C) we define µ : F0 =⇒ F1 by µC = H((idC , <)), so we have a

commutative diagram

F0(C0) F1(C0)

F0(C1) F1(C1).

µC0

F0(α) F1(α)

µC1

Note that this proves the “only if” part and the “if” part uses the same idea

to define H((idC , <) = µC as the natural transformation provides H((α,<)) =

H((idC1 , <) ◦H((α, id0)) = H((α, id1)) ◦H((idC0 , <)).

Proposition 2.3.3. Let F0, F1 : C→ D be two functors. If there exists a natural

transformation µ : F0 =⇒ F1, then N(F0) is simplicially homotopic to N(F1).

Proof. Let µ : F0 =⇒ F1 be a natural transformation then by Lemma 2.3.2 we

have a functor H : C × {0 ≤ 1} → D. The proof follows by a straightforward

observation that N({0 ≤ 1}) = ∆1. Hence, N(µ) induces the required simplicial

homotopy h : N(F0)×∆1 → N(F1) as N(C× {0 ≤ 1}) ∼= N(C)×N({0 ≤ 1}) =
N(C)×∆1.
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Corollary 2.3.4. Given a category C if it has either an initial object or a terminal

object then N(C) is contractible, that is, N(C) is weakly equivalent to N(∗) where
∗ denotes the trivial category with one object.

Proof. Let C ∈ Ob(C) be either an initial or a terminal object. Note that there

is a unique functor F : C → ∗ and a functor G : ∗ → C with G(∗) = C. Then

the composition F ◦G is the identity functor on the category ∗. Also, there is a

natural transformation η : G ◦ F =⇒ idC or η : idC =⇒ G ◦ F if C is an initial

or a terminal object, respectively. In either case, Proposition 2.3.3 implies that

N(C) is weakly equivalent to N(∗).
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Chapter 3

Simplicial Spaces and Homotopy

Colimit

In this chapter, we describe simplicial spaces which are also called bisimplicial

sets and homotopy colimit construction. We so far discussed that the simplicial

set category and category of small categories are equivalent from a homotopical

point of view in the previous chapter. However, given a natural transformation of

two diagrams, the induced map of colimits may not be a weak equivalence even

if we have pairwise weak equivalences between the objects of the diagrams. The

homotopy colimit construction arises at this stake. Lastly, we define Grothendieck

Construction whose relation with homotopy colimit will be studied in Chapter 4.

3.1 Bisimplicial Sets and Simplicial Spaces

Definition 3.1.1. A bisimplicial set is defined as a functor

X : ∆op ×∆op → Set. (3.1)

Explicitly, a bisimplicial set X consists of the following data:
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• A set Xm,n for each integer m,n ≥ 0 which indicates the set of bisimplices

of X of bidegree (m,n). Here we will call “m” as the horizontal degree and

“n” as the vertical degree.

• Horizontal face and degeneracy maps,

dhi :Xm,n → Xm−1,n (3.2)

shi :Xm,n → Xm+1,n (3.3)

• Vertical face and degeneracy maps,

dvi :Xm,n → Xm,n−1 (3.4)

svi :Xm,n → Xm,n+1 (3.5)

such that the simplicial identities given in Proposition 2.2.4 hold for each type

and the maps of different components commute

shi d
v
i =d

v
i s
h
i (3.6)

dhi s
v
i =s

v
i d
h
i . (3.7)

Example 3.1.2. Let K and L be simplicial sets. Then K × L is a bisimplicial

set in which bisimplices of bidegree (m,n) are given by

(K × L)m,n = Km × Ln. (3.8)

Example 3.1.3. Given a simplicial set X we can see X as a bisimplicial set with

Xm,n = Xn that is constant in the horizontal direction or Xm,n = Xm that is

constant in the vertical direction.

Example 3.1.4. Let C be a small category and F : C → sSet a functor. Then

N(C)× F is a bisimplicial set whose (m,n)-simplices are given by the set⊔
σ∈N(C)m

F (σ(0))n. (3.9)

Similarly, for an arbitrary functor F : C→ D of small categories, we can construct

a bisimplicial set by composing F with the nerve functor. Then the bisimplicial

set N(C)×N(F ) has (m,n)-simplices given by the set⊔
σ∈N(C)m

N
(
F (σ(0))

)
n
. (3.10)
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Definition 3.1.5. Given a bisimplicial set X we define its geometric realization

on the vertical dimension as a simplicial set whose simplices are given by

|X̃|m =
(⋃
n≥0

Xn,m ×∆n[m]
)
/ ∼ . (3.11)

Definition 3.1.6. Let X be a bisimplicial set then we define its diagonalization,

diagX, as a simplicial set whose n-simplices are given by

(diagX)n = Xn,n. (3.12)

We can also interpret diagX as the composition of functors

∆op diag−−→ ∆op ×∆op X−→ Sets (3.13)

[n] 7−→ ([n], [n]) 7−→ Xn,n. (3.14)

Proposition 3.1.7. diagX, is simplicially isomorphic to |X̃|.

Proof. The simplicial set maps

λn : Xn,m ×∆n[m]→ Xm,m (3.15)

(x, τ : [m]→ [n]) 7→ τ ∗(x) (3.16)

for all m ∈ N and τ ∈ ∆n[m] induce the isomorphism on the quotient space |X̃|
by Proposition 2.2.8 since

(x, τ : [m]→ [n]) ∼ (τ ∗(x), id : [m]→ [m]) (3.17)

is the unique representative.

3.2 Homotopy Colimit of a Functor

Recall that given a category C the nerve space N(C) is the simplicial set whose

n-simplices are given by chain of n-composable morphisms in the following form

σ = C0
α1−→ C1

α2−→ · · · αn−1−−−→ Cn−1
αn−→ Cn

with Ci ∈ Ob(C) and αi ∈ HomC(Ci−1, Ci).
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Definition 3.2.1. Let C be a small category and F : C→ sSet a functor. Then

the homotopy colimit is the space given by the diagonal of the bisimplicial set

N(C)× F , that is,

hocolim
C

F := diag
( ⊔
σ∈N(C)

F (σ(0))
)
. (3.18)

Here hocolim
C

F is sometimes called the simplicial replacement of F . Note that

whenever we have a natural transformation η : F =⇒ F ′ it induces a map

between the homotopy colimits:

hocolim
C

η : hocolim
C

F → hocolim
C

F ′, (3.19)

that is, the homotopy colimit is functorial.

The proof the Proposition 3.2.2 requires the gluing lemma that we refer from

[6] (Lemma 8.10) and [13] (Theorem A.1).

Proposition 3.2.2 ((Theorem A.4) in [13]). Let f : X → Y be a map of bisim-

plicial sets. If f induces pointwise weak equivalence, that is, for all n ≥ 0 the

maps

fn∗ : Xn,∗ → Yn,∗

are weak equivalences of simplicial sets, then the induced map diag(f) : diag(X)→
diag(Y ) of simplicial sets is a weak equivalence.

Proof. Note that for any morphism f : [m]→ [n] in ∆ we have a diagram

Xn,∗ ×∆m Xm,∗ ×∆m

Xn,∗ ×∆n

1×f∗

f∗×1

(3.20)

where f∗ : ∆m[k] → ∆n[k] is given by f∗(τ) = f ◦ τ for all k ∈ N and f ∗ × 1 =

X(f, 1). Hence, all the morphisms in Hom∆([m], [n]) induce a pair of maps⊔
f∈Hom∆([m],[n])

Xn,∗ ×∆m
⊔
n

Xn,∗ ×∆n
1×f∗

f∗×1

. (3.21)
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Also, we have the following maps of simplicial sets

λn : Xn,m ×∆n[m]→ Xm,m (3.22)

(x, τ : [m]→ [n]) 7→ τ ∗(x) (3.23)

for all m ∈ N and τ ∈ ∆n[m].

This collection of maps together gives a coequalizer diagram in the category

of simplicial sets as

⊔
f∈Hom∆([m],[n])

Xn,∗ ×∆m
⊔
n

Xn,∗ ×∆n diag(X)
1×f∗

f∗×1

λ .

since for k ∈ N fixed and (x, τ) ∈ Xn,k ×∆m[k] we have

λ((1× f∗)(x, τ)) = λ(x, f ◦ τ) (3.24)

= τ ∗f ∗(x) (3.25)

= λ(f ∗(x), τ) (3.26)

= (f ∗ × 1)(λ(x, τ)). (3.27)

Let shXp,∗ =
⋃

0≤i≤p
shiXp,∗ be the union of images of Xp,∗ under all horizontal

degeneracy maps. Then we have the cofibrant inclusion

ip : s
hXp,∗ → Xp+1,∗. (3.28)

Note that we have the following pushout diagrams

shXp,∗ × ∂∆p+1 Xp+1,∗ × ∂∆m

shXp,∗ ×∆p+1 (shXp,∗ ×∆p+1) ∪ (Xp+1,∗ × ∂∆m)

1×ip∗

ip×1

(3.29)
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and

(shXp,∗ ×∆p+1) ∪ (Xp+1,∗ × ∂∆m) diag(X)(p)

Xp+1,∗ ×∆p+1 diag(X)(p+1)

(3.30)

where

diag(X)(p) =
( ⋃
0≤n≤p

Xn,n ×∆n

)
/ ∼ . (3.31)

The Diagram (3.30) shows that by induction on p and the Gluing Lemma,

if diag(f)(p) : diag(X)p → diag(Y )(p) is a homotopy equivalence then diag(f) :

diag(X) → diag(Y ) is. Note that diag(f)(p) is a homotopy equivalence if fp+1 :

shXp,∗ → shYp,∗ is a homotopy equivalence by the Diagram (3.29). However, this

is held by another induction on p and the gluing lemma again since we are given

the pointwise weak equivalences.

Remark 3.2.3. In the above proposition, the assumption of pointwise weak

equivalence in the horizontal direction is dual to the assumption of pointwise

weak equivalence in the vertical direction. Hence, there is no difference in proving

one direction instead of the other.

Example 3.2.4. Let F : C → sSet be the constant functor, that is, F maps

objects of C to one-point space ∆0, then hocolim
C

F ∼= N(C).

Proposition 3.2.5. Let F : C→ sSet and F ′ : C→ sSet be two functors and η :

F =⇒ F ′ be a natural transform. If ηC : F (C)→ F ′(C) is a weak equivalence for

all objects C ∈ Ob(C), then the induced map hocolim
η

: hocolim
C

F → hocolim
C

F ′

is a weak equivalence.

Proof. Note that assuming ηC : F (C) → F ′(C) is a weak equivalence for all
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objects C ∈ Ob(C), we have a weak equivalence of simplicial spaces⊔
σ∈N(C)

F (σ(0))→
⊔

σ∈N(C)

F ′(σ(0)) (3.32)

by Proposition 3.2.2. Then by Proposition 3.2.2 we have the desired weak equiv-

alence of diagonalizations:

hocolim
C

η : hocolim
C

F → hocolim
C

F ′. (3.33)
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Chapter 4

Thomason’s Homotopy Colimit

Theorem

In this chapter, we give the required definitions for the statement of Thomason’s

homotopy colimit theorem. Then we proceed by proving parts of the theorem

from a more general perspective that will imply Thomason’s work at the end.

4.1 Grothendieck Construction and Statement

of Thomason’s Theorem

In this section, we emphasize constructions of categories from an arbitrary functor

as left and right comma categories and introduce a fundamental concept in cat-

egory theory which is the Grothendieck Construction. With these constructions,

we will be able to state the homotopy colimit theorem.

Definition 4.1.1. Given a functor π : D → C and an object C ∈ Ob(C) we

define the left comma category π/C by setting its objects as pairs (D, γ) with

D ∈ Ob(D) and β : π(D) → C a morphism in C. A morphism in π/C from

(D, β) to (D′, β′) is given by the morphisms k : D → D′ of HomD(D,D
′) such

30



that β′ ◦ π(k) = β, that is, the following diagram commutes

C

π(D) π(D′).

β

π(k)

β′

Dually, the right comma category C/π is the category whose objects are pairs

(D, β) with β : C → π(D) and whose morphisms are given by k : D → D′ such

that π(k) ◦ β = β′, that is, the following diagram commutes

C

π(D) π(D′).

β β′

π(k)

Definition 4.1.2. Let F : C → Cat be a functor. The Grothendieck Construc-

tion on F is a category, denoted by
∫
C
F , whose objects are given by pairs (C,X)

with C ∈ Ob(C) and X ∈ Ob(F (C)), and whose morphisms are given by pairs

(α, γ) : (C,X) → (C ′, X ′) with α ∈ HomC(C,C
′) and γ : F (α)(X) → X ′ in

F (C ′).

The composition in this category for two morphisms (α0, γ0) : (C0, X0) →
(C1, X1) and (α1, γ1) : (C1, X1)→ (C2, X2) is given by (α1 ◦ α0, γ1 ◦ F (α1)(γ0)) :

(C0, X0)→ (C2, X2):

F (α1)(X1) X2

F (α1 ◦ α0)(X0)

γ1

F (α1)(γ0)
γ1◦F (α1)(γ0)

.

Now, we can state Thomason’s Homotopy Colimit Theorem.
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Theorem 4.1.3 (Thomason’s Homotopy Colimit Theorem). Let F : C → Cat

be a functor. Then there is a homotopy equivalence of the spaces

η : hocolim
C

N(F )→ N(

∫
C

F ). (4.1)

The proof of the theorem, as in Thomason’s work, consists of two main parts.

The idea is to use an intermediate space that will be homotopy equivalent to both

sides of the map η. Before proceeding with the proofs of transitions from each

side we introduce this intermediate space as the homotopy colimit of the nerve

spaces of the categories in the diagram induced by the following functor defined.

Definition 4.1.4. Let F : C→ Cat be a functor and
∫
C
F be the Grothendieck

Construction on F . Then we define F̃ : C → Cat to be the functor sending

objects C ∈ Ob(C) to their left comma categories π/C where π :
∫
C
F → C is the

canonical functor sending objects (C,X) to C and morphisms (α, γ) to α.

Now we can explicitly emphasize the parts. We will show that there are ho-

motopy equivalences λ1 and λ2 as shown in the diagram:

hocolim
C

N(F ) hocolim
C

N(F̃ ) N(
∫
C
F ).

η

λ1 λ2 (4.2)

In addition to Thomason’s proof, we show that the maps λ1 and λ2 can be

derived from a more general perspective. Then the transition between the maps

will be given by a simplicial homotopy H : hocolim
C

N(F̃ )×∆1 → N(
∫
C
F ) from

λ2 to η ◦ λ1 just as in Thomason’s proof.

We proceed by the existence of such a map η that will be compatible for writing

such a homotopy H.
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Lemma 4.1.5. Let F : C→ Cat be a functor. Then there is a natural simplicial

map

η : hocolim
C

N(F )→ N(

∫
C

F ). (4.3)

Proof. Note that an n-simplex (σ, τ) of hocolim
C

N(F ) = diag
( ⊔
σ∈N(C)

N(F (σ(0))
)

is given by

(σ, τ) = (C0
α1−→ · · · αn−→ Cn, X0

β1−→ · · · βn−→ Xn) ∈ N(C)n ×N(F (C0))n (4.4)

Now we define η : diag
⊔

σ∈N(C)

(
N(F (σ(0))

)
→ N(

∫
C
F ) by sending such an n-

simplex (σ, τ) to n-simplex

(C0, X0)
(α1,F (α1)(β1))−−−−−−−−→

(
C1, F (α1)(X1)

) (α2,F (α2α1)(β2))−−−−−−−−−−→ · · · (4.5)

· · · (αn,F (αn···α1)(βn))−−−−−−−−−−−→ (Cn, F (αn · · ·α1)(Xn)) (4.6)

in N(
∫
C
F )n. This defines a simplicial map, so η is a map from hocolim

C
N(F ) to

N(
∫
C
F ).

4.2 Homotopy Colimit of Comma Categories

In this section we show that the proposed homotopy equivalence λ2 given in the

diagram (4.2) can be proven for any category D rather than the Grothendieck

construction
∫
C
F as long as F̃ : C → Cat is defined in the same way for an

arbitrary functor φ : D→ C, that is, F̃ (C) = φ/C.

Proposition 4.2.1. Let φ : D → C be any functor and G : C → Cat be the

functor defined by sending objects C ∈ Ob(C) to their left comma categories φ/C.

Then there is a natural homotopy equivalence

λ : hocolim
C

N(G) N(D). (4.7)
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Proof. Note that an n-simplex of hocolim
C

N(G) = diag
( ⊔
σ∈N(C)

N(G(σ(0)))
)
is

given by

(C0
α1−→ · · · αn−→ Cn,

(
D0, β0)

k1−→ · · · kn−→ (Dn, βn)
)
∈ N(C)n ×N(φ/C0)n (4.8)

with ki : Di−1 → Di a morphism in D for i = 1, . . . , n and βi : φ(Di) → C0

a morphism in φ/C0 for i = 0, . . . , n such that βi = βi+1 ◦ φ(ki+1), that is, the

following diagram in C commutes

C0 · · · Cn

φ(D0) · · · φ(Dn).

α1 αn

β0

φ(k1) φ(kn)

...
βn (4.9)

Now we define λ : diag
⊔
N(C)

N(G)→ N(D) by sending such an n-simplex to

D0
k1−→ · · · kn−→ Dn ∈ N(D)n (4.10)

which is clearly a simplicial set map. To show that λ induces a homotopy equiv-

alence we will use Proposition 3.2.2 and Remark 3.2.3 of simplicial space theory.

For this purpose, we consider N(D) as the simplicial space whose vertical direc-

tion is constant, that is, N(D)p,q = N(D)q for all p ∈ N. Also, we consider the

simplicial space map

Λp,q :
⊔
N(C)p

N(G)q → N(D)p,q (4.11)

defined by

(C0
α1−→ · · · αp−→ Cp,

(
D0, β0)

k1−→ · · · kq−→ (Dq, βq)
)
7→ (D0

k1−→ · · · kq−→ Dq). (4.12)

Then note that we have diag(N(D)∗,∗) = N(D)∗ and diag(Λp,q) = λ. Hence, it is

enough to show that Λ∗,q :
⊔

N(C)∗

N(G)q → N(D)∗,q is a homotopy equivalence for

each q ∈ N.
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Fixing q ∈ N, we see that the image of Λ∗,q is given by the all q-simplices

D0
k1−→ · · · kq−→ Dq (4.13)

over the coproduct of all p-simplices

C0
α1−→ · · · αp−→ Cp ∈ N(C)p (4.14)

with φ(Dq)
βq−→ C0 in C as βq and ki’s generate all βi’s by the commutativity

relation in Diagram (4.9). Then we know that the right comma category C0/C of

C0 in C has the initial object C0 and it is contractible by Corollary 2.3.4. Hence,

we conclude that

Λ∗,q ∼= N(D)∗,q (4.15)

is a weak equivalence. This proves that diag(Λp,q) = λ induces a natural homo-

topy equivalence

λ : hocolim
C

N(G) N(D) (4.16)

by Proposition 3.2.2.

4.3 Precofibred and Prefibred Categories

In this section, we show that the proposed homotopy equivalence λ1 given in

the diagram (4.2) can be derived from a more general case. We basically show

that this homotopy equivalence is an outcome of the fact that the Grothendieck

construction is a precofibred category with respect to the functor π given in

Definition 4.1.4.

We begin by providing the definitions of fiber, precofibred, and prefibred cat-

egories.

Definition 4.3.1. Given a functor π : D → C and an object C ∈ Ob(C) we

define the fiber category π−1(C) whose objects are given by D ∈ Ob(D) such

that π(D) = C and whose morphisms are given by k : D → D′ such that

π(k) = idC .
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Note that given a functor π : D → C and a fixed object C ∈ Ob(C) there are

canonical functors from the fiber category to both left and right comma categories

as follows:

1. Φ : π−1(C)→ π/C,

D 7→ (D, idC)

k 7→ k

2. Ψ : π−1(C)→ C/π,

D 7→ (D, idC)

k 7→ k.

Definition 4.3.2. Given a functor π : D → C we say that D is a precofibred

category with respect to π if for every object C ∈ Ob(C) the functor Φ given above

has a left adjoint LΦ : π/C → π−1(C), that is, there are natural transformations

η : LΦ ◦ Φ =⇒ idπ−1(C) and ϵ : idπ/C =⇒ Φ ◦ LΦ.

Dually, we say that D is a prefibred category with respect to π if for every

object C ∈ Ob(C) the functor Ψ has a right adjoint RΨ : C/π → π−1(C).

Proposition 4.3.3. Let π : D→ C be a precofibred functor. Then N(π−1(C)) is

weakly homotopy equivalent to N(π/C) for all objects C ∈ Ob(C).

Proof. The proof directly follows from the Definition 4.3.2 and Proposition 2.3.3

Corollary 4.3.4. Let π : D → C be a prefibred functor. Then N(π−1(C)) is

weakly homotopy equivalent to N(C/π) for all objects C ∈ Ob(C).

Proposition 4.3.5. Let F : C → Cat be any functor and
∫
C
F be the

Grothendieck construction on F , then
∫
C
F is a precofibred category with respect

to the canonical functor π :
∫
C
F → C sending an object (C,X) to C and a

morphism (α, γ) : (C,X)→ (C ′, X ′) to α.
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Proof. Let C ∈ Ob(C) be any object and Φ : π−1(C)→ π/C be the functor given

above. Then we define the left adjoint LΦ : π/C → π−1(C) as LΦ((C
′, X ′), γ) =

(C,F (γ)(X ′)). Note that

(LΦ ◦ Φ)(C,X) = LΦ((C,X), idC) (4.17)

= (C,X), (4.18)

so LΦ ◦ Φ = idπ−1(C). We also have

(Φ ◦ LΦ)((C
′, X ′), γ) = Φ(C,F (γ)(X ′))

= ((C,F (γ)(X ′)), idC),

so we define ϵ : idπ/C =⇒ Φ ◦ LΦ for any morphism α : ((C ′, X ′), γ) →
((C ′′, X ′′), β) in π/C as:

((C ′, X ′), γ) ((C,F (γ)(X ′)), idC)

((C ′′, X ′′), β) ((C,F (β)(X ′′)), idC)

α

ϵγ=γ

idC

ϵβ=β

.

This proves the claim that
∫
C
F is a precofibred category with respect to the

canonical functor π.

Theorem 4.3.6. Let F : C → Cat be any functor and let
∫
C
F be the

Grothendieck construction over F . If π :
∫
C
F → C is the canonical functor

sending an object (C,X) to C and a morphism (α, γ) : (C,X) → (C ′, X ′) to α,

then there is a natural homotopy equivalence

λ1 : hocolim
C

N(F̃ ) hocolim
C

N(F ) (4.19)

where F̃ : C→ Cat be the functor defined by sending objects C ∈ Ob(C) to their

left comma categories π/C.

Proof. By Proposition 3.2.2 it is enough to show that there is a natural homotopy

equivalence

fp :
⊔

σ∈N(C)

N(π/σ(0))p →
⊔

σ∈N(C)

N
(
F (σ(0))

)
p
, (4.20)
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so fixing σ ∈ N(C)p with σ(0) = C we observe that

F (σ(0)) = π−1(C). (4.21)

Then by Proposition 4.3.5 and Proposition 4.3.3 we have the weak equivalence

between the realizations of N(F̃ (C)) and N(F (C)), so the induced map λ1 is a

homotopy equivalence.

4.4 Proof of Thomason’s Homotopy Colimit

Theorem

In this section, we finish the proof of Thomason’s homotopy colimit theorem by

giving the simplicial homotopy H : hocolim
C

N(F̃ ) × ∆1 → N(
∫
C
F ) from λ2 to

η ◦ λ1.

hocolim
C

N(F ) hocolim
C

N(F̃ ) N(
∫
C
F ).

η

λ1 λ2 (4.22)

Here the maps η, λ1, λ2 are as in Lemma 4.1.5, Theorem 4.3.6, and Proposition

4.2.1, respectively.

Theorem 4.4.1 (Thomason’s Homotopy Colimit Theorem). Let F : C → Cat

be a functor. Then there is a homotopy equivalence of the spaces

η : hocolim
C

N(F )→ N(

∫
C

F ).

Proof. We show that there is a simplicial homotopy H : hocolim
C

N(F̃ ) ×∆1 →

N(
∫
C
F ) between η ◦ λ1 and λ2 proving that η is a homotopy equivalence as λ1

and λ2 are.
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Note that an n-simplex of hocolim
C

N(F̃ )×∆1 is given by

(C0
α1−→ · · · αn−→ Cn,

(
β0, X0)

(k1,γ1)−−−−→ · · · (kn,γn)−−−−→ (βn, Xn)
)

×(0, . . . , 0, 1, . . . , 1) (4.23)

with p+1 many 0’s and n− p many 1’s where βi : Di → C0 a morphism in C for

i = 0, . . . , n and ki : Di → Di+1 a morphism in π/C0 for i = 1, . . . , n such that

βi = βi+1 ◦ π(ki+1), and Xi ∈ F (Di) such that γi+1 : F (ki)(Xi)→ Xi+1.

Now we define H : hocolim
C

N(F̃ ) × ∆1 → N(
∫
C
F ) by sending such an n-

simplex to

(D0, X0)
(k1,γ1)−−−−→ · · · (kp,γp)−−−−→ (Dp, Xp)

(αp+1···α1βp,F (αp+1···α1βp+1)(γp+1))−−−−−−−−−−−−−−−−−−−−−−→(
Cp+1, F (αp+1 · · ·α1βp+1)(Xp+1)

) (αp+2,F (αp+2···α1βp+2)(γp+2))−−−−−−−−−−−−−−−−−−→ · · ·
(αn,F (αn···α1βn)(γn))−−−−−−−−−−−−−→ (Cn, F (αn · · ·α1βn)(Xn)). (4.24)

Then note that H(−, (0, · · · , 0)) = λ2 and H(−, (1, · · · , 1)) = η ◦ λ1 where the

induced map λ2 is given by sending the n-simplex in (4.23) to

(D0, X0)
(k1,γ1)−−−−→ · · · (kn,γn)−−−−→ (Dn, Xn) (4.25)

and the induced map η ◦ λ1 is given by sending the same n-simplex in (4.21) to(
C0, F (β0)(X0)

) (α1,F (α1β1)(γ1))−−−−−−−−−−→
(
C1, F (α1β1)(X1)

) (α2,F (α2α1β2)(γ2))−−−−−−−−−−−→ · · ·
(αn,F (αn···α1βn)(γn))−−−−−−−−−−−−−→ (Cn, F (αn · · ·α1βn)(Xn)). (4.26)

Hence, H is a simplical homotopy from λ2 to η ◦ λ1 and this proves our assertion

that η is a homotopy equivalence.
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Chapter 5

Cohomology Version of

Thomason’s Theorem

In this last chapter, we study the cohomology-preserving property of Thomason’s

Homotopy Colimit Theorem. We know by [11] that Baus-Wirsching cohomology

groups Hn(C,M) of small categories are homotopy invariant for local coefficients

M : Π(C) → Ab. However, the same does not necessarily hold for natural

coefficient systems A : FC→ Ab.

Antonio M. Cegarra shows in [2] that the weak equivalence in Thomason’s

homotopy colimit theorem, η : hocolim
C

N(F ) → N(
∫
C
F ), indeed induces iso-

morphisms on

Hn(

∫
C

F,A) ∼= Hn(hocolim
C

N(F ), η∗A) ∀n ≥ 0 (5.1)

for every natural coefficient system A : F
∫
C
F → Ab. We use a similar idea to

prove the following theorem:

Theorem 5.0.1. Let φ : D→ C be any functor and G : C→ Cat be the functor

defined by sending an object C ∈ Ob(C) to its left comma category φ/C, and let

λ : hocolim
C

N(G) → N(D) be as in Proposition 4.2.1. Then for any natural
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coefficient system A : FD→ Ab, there is an isomorphism on

Hn(D,A) ∼= Hn(hocolim
C

N(G), λ∗A) ∀n ≥ 0. (5.2)

5.1 Modules Over a Category

Before introducing the definition for cohomology of categories we first introduce

modules over a category.

Definition 5.1.1. Let R be a commutative ring with unity and C be a small

category. We define right RC-module as a contravariant functor M : Cop → R-

mod.

Here given an RC-module M , we consider M(C) as a right RHomC(C,C)-

module where the action of f ∈ HomC(C,C) is given by the R-module homomor-

phism M(f) : M(C) → M(C). The category of RC-mod is an abelian category

whose morphisms are given by natural transformations µ : M1 → M2 for RC-

modules M1 : C→ R-mod and M2 : C→ R-mod.

A short exact sequence of RC-modules is given by a sequence

M1
µ−→M2

ξ−→M3 (5.3)

for morphisms µ : M1 → M2 and ξ : M2 → M3 satisfying the condition that the

sequence

M1(C)
µC−→M2(C)

ξC−→M3(C) (5.4)

is exact for all objects C ∈ C, that is, Ker(µC) = Im(ξC). Here we have

Ker(µC) = Ker({µC :M1(C)→M2(C)}) and, (5.5)

Im(ξC) = Im({ξC :M2(C)→M3(C)}). (5.6)

Proposition 5.1.2. Let M : Cop → R-mod be any RC-module. Then for all

objects C ∈ Ob(C), there is an isomorphism of RC-modules

HomRC(RHomC(−, C),M) ∼= M(C). (5.7)

Moreover, the RC-module RHomC(−, C) is projective.
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Proof. The first part directly follows from Yoneda Lemma 2.1.7. Now consider

the short exact sequence of RC-modules

M1
µ−→M2

ξ−→M3. (5.8)

Applying HomRC(RHomC(−, C),−), for a given object C ∈ C, we get

M1(C)
µC−→M2(C)

ξC−→M3(C) (5.9)

by the first part and we know this sequence is exact by definition. Hence, the

RC-module RHomC(−, C) is projective.

Remark 5.1.3. By Proposition 5.1.2 one can show that for every RC-module

M , there is a projective module P∗ with a surjective RC-module homomorphism

P∗ → M . Hence, the category of RC-modules has enough projectives Also, this

category has enough injectives (see [[14], p. 43]).

Let M and N be RC-modules, then we define the n-th ext-group as:

ExtnRC(M,N) := Hn(HomRC(P∗,M)) (5.10)

where P →M is a projective resolution of M as an RC-module.

Definition 5.1.4. The constant functor R over the category C is the RC-module

sending every object C ∈ Ob(C) to R and every morphism in C to the identity

morphism idR : R→ R. If M is an RC-module, then the n-th cohomology group

of C with coefficients in M is defined by

Hn(C,M) = ExtnRC(R,M) ∀n ≥ 0. (5.11)

5.2 Baues-Wirsching Cohomology of Categories

In section 5.0 we introduced the earlier approach to the cohomology of categories

by RC-modules. This approach assigns each object of a category to an abelian

group and admits a right action. In this section we introduce another definition
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for cohomology of categories, called Baues-Wirsching Cohomology, which admits

a bimodule structure, by taking natural coefficient systems, see Definition 5.2.2.

The difference comes from the fact that an RC-module associates an abelian

group to each object whereas a natural system associates an abelian group to

each morphism of the category.

Definition 5.2.1. Given a category C we define its factorization category, de-

noted by FC, as:

• The objects of FC are the morphisms of C.

• A morphism between two objects α : C0 → C1 and α′ : C ′
0 → C ′

1 of FC

is given by pair of morphisms (u, v) : α → α′ of C with u : C1 → C ′
1 and

v : C ′
0 → C0 such that uαv = α′, that is, the following diagram commutes

C1 C ′
1

C0 C ′
0

u

α α′

v

.

• Given two morphisms (u0, v0) : α→ α′ and (u1, v1) : α
′ → α′′ their compo-

sition is naturally defined by (u1u0, v0v1) : α→ α′′

C1 C ′
1 C ′′

1

C0 C ′
0 C ′′

0

u0 u1

α α′

v0 v1

α′′ .

since u0αv0 = α′ and u1α
′v1 = α′′ gives u1u0α

′v0v1 = α′′.

Note that any morphism u : C1 → C ′
1 in C induces a morphism (u, idC0) : α→

u ◦ α in FC
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C1 C ′
1

C0 C0

u

α u◦α

idC0

,

and similarly any morphism v : C ′
0 → C0 induces a morphism (idC1 , v) : α→ α◦v

in FC

C1 C1

C0 C ′
0

idC1

α α◦v

v

.

Hence, we can write any morphism (u, v) : α → α′ between the objects α :

C0 → C1 and α′ : C ′
0 → C ′

1 of the factorization category FC as the composition

(u, idC0) ◦ (idC1 , v) = (idC1 , v) ◦ (u, idC0).

Definition 5.2.2. Given a category C we define a natural coefficient system of

abelian groups on C with a functor

A : FC→ Ab,

from its factorization category to the category of abelian groups. The mapping

of an object α : C0 → C1 in FC is given by A(α) = Aα and a morphism

(u, v) : α → α′ is given by A(u, v) = A(u, 1) ◦ A(1, v) : Aα → Auαv = Aα′ . Here

we denote A(u, id) = u∗ and A(id, v) = v∗ as they are given by composition from

left and right, respectively. That is u∗v
∗ : Aα → Auαv.

Definition 5.2.3. Given a category C and a natural coefficient system A on C

we define the cohomology Hn(C,A) by the cochain complex of abelian groups C

C : · · · Cn−1 Cn · · ·δn−2 δn−1 δn (5.12)

where Cn is the abelian group of all functions

φ : N(C)n →
⊔

α∈Ob(FC)

Aα (5.13)
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such that φ(σ) ∈ Aαn◦···◦α1 where

σ = C0
α1−→ · · · αn−→ Cn, (5.14)

and the coboundary maps δn−1 : Cn−1 → Cn are defined by sending such a

function of Cn−1 to the function

(δφ)(σ) = (α1)
∗φ(d0σ) +

n−1∑
i=1

(−1)iφ(diσ) + (−1)n(αn)∗φ(dnσ) (5.15)

whenever n > 1. Note that when n = 1 the coboundary map δ1 : C0 → C1 for

any morphism α : C0 → C1 and φ ∈ C0 becomes

(δφ)(C0
α−→ C1) = α∗φ(C1)− α∗φ(C0) (5.16)

We denote the category of all pairs (C,A) where C is a category and A :

FC → Ab is a natural coefficient system of abelian groups on C by Nat. The

morphisms in the category Nat are also given by pairs (ϕop, η) : (C,A)→ (C′,A′)

such that ϕ : C′ → C is a functor and η : ϕ∗A → A′ is a natural transformation

with ϕ∗A : FC′ → Ab given by ϕ∗A(α) = D(ϕ(α)) for α ∈ HomC(−,−). The

composition for any two morphisms (ϕop, η) and (ψop, µ) in this category is given

by

(ϕop, η)(ψop, µ) = ((ψϕ)op, ηϕ∗µ) (5.17)

Remark 5.2.4. We see that the cohomology defined above is indeed a functor

Hn : Nat→ Ab n ∈ Z (5.18)

and the induced homomorphism by (ϕop, η) : (C,A)→ (C′,A′)

H(ϕop, η) : Hn(C,A)→ Hn(C′,A′) (5.19)

is given on cochains φ ∈ Cn by

(ϕ∗η∗φ)(σ) = ηφ ◦ φ(ϕ(σ)) (5.20)

Theorem 5.2.5. Let F : C′ → C be an equivalence between the categories C′

and C. Then for any natural coefficient system A on C there is an induced

isomorphism on cohomologies

F ∗ : Hn(C,A) ∼= Hn(C′, F ∗A) n ∈ Z. (5.21)
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Proof. We consider a natural equivalence of functors F,G : C′ → C with η : F ∼=
G. First note that there is an isomorphism of natural systems

η̃ : F ∗A ∼= G∗A (5.22)

This gives a diagram of cochain maps

P ∗(C,A) P ∗(C′, F ∗A)

P ∗(C ′, G∗A),

F ∗

G∗ η̃∗ (5.23)

Now note that there is a chain homotopy hn : F n+1(C,A) → F n(C ′, G∗A)
given by the formula

(hφ)(σ) = (η∗)−1

n∑
i=0

(−1)iφ(F (α1), · · ·F (αi), η, G(αi+1), · · · , G(αn)) (5.24)

where σ = ∗ α1−→ · · · αn−→ ∗ and we have the equality η̃∗F
∗ − G∗ = δh + hδ.

Diagrammatically, we see that the terms in the alternating sum correspond to

∗ ∗ · · · ∗

∗ ∗ · · · ∗

F (α1)

η

F (α2)

η ...

F (αn)

η

G(α1) G(α2) G(αn) (5.25)

This proves that η̃∗F
∗ = G∗ on Hn(C,A). Then considering an equivalence of

small categories with F ′ : C→ C, η : F ′F =⇒ 1C′ , and ϵ : 1C =⇒ FF ′ we reach

the desired isomorphisms by

η̃∗(F
′F )∗ = 1∗ = 1 and ϵ̃∗(FF

′) = 1∗ = 1. (5.26)
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5.3 Cohomology of Homotopy Colimit of Comma

Categories

In this section, we show how the Definition 5.2.3 can be derived from the Defi-

nition 5.1.4. To this end, we use the definition 5.1.4 to obtain the cohomology

Hn(C,A) of a small category C with coefficients in a natural system A by a pro-

jective resolution of the constant functor Z as an ZFC−module. The coherence
of the definitions will follow by applying HomZFC(A,−) and showing that we get

the cochain complex (5.12).

Here the constant functor

Z : FC→ Ab (5.27)

is given by carrying an object α ∈ Ob(FC) to the free abelian group with one gen-

erator α, denoted by Z{α}, and a morphism (u, v) : α → α′ to the isomorphism

(u, v)∗ : Z{α}
∼=−→ Z{α′} such that (u, v)∗(α) = α′.

Notation 5.3.1. To switch from an element σ ∈ N(C)n given by

σ = C0
α1−→ · · · αn−→ Cn (5.28)

to objects of FC, we will use the notation

σ(i, j) = αj ◦ · · · ◦ αi+1 : Ci → Cj (5.29)

for the composition of morphisms in σ. Note that we consider the case i = j as

σ(i, i) = idCi
: Ci → Ci. (5.30)

Also note that considering the face maps, by

(diσ)(0, n− 1) = α1 ◦ · · · ◦ αi+1αi ◦ · · ·αn i ̸= 0, n (5.31)

we still mean the same object in FC except for i = 0 and i = n. However,

when we consider the direct sum in equation (5.34) and the boundary maps as

in equation (5.37) then what differs is the component of the sum.
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Proposition 5.3.2 (Theorem 4.4 in [11]). Let Z : FC → Ab be the constant

functor, then for any natural coefficient system A : FC → Ab there is an iso-

morphism

Hn(C,A) = ExtnZFC(Z,A) ∀n ≥ 0. (5.32)

Proof. We begin by constructing the generalized bar resolution P∗ of Z as an

ZFC−module:

P∗ : · · ·
∂n+1−−−→ Pn

∂n−→ Pn−1
∂n−1−−−→ · · · ∂2−→ P1

∂1−→ P0
ϵ−→ Z −→ 0 (5.33)

where the ZFC-modules Pn : FC→ Ab are defined by free abelian groups

Pn =
⊕

σ∈N(C)n

ZHomFC(σ(0, n),−) (5.34)

for any

σ = C0
α1−→ · · · αn−→ Cn, (5.35)

so they are projective. Now we need to show that P is a resolution, that is,

there exists a contracting chain homotopy h∗ : P∗ → P∗+1. Here, we will denote

the generators in Pn for an n-simplex σ ∈ N(C)n and for a morphism (u, v) :

σ(0, n)→ α in HomFC(σ(0, n), α) by the triple

(u, v, σ) (5.36)

to encode its summand component in Pn since we already know that the diagram

Cn C ′

C0 C

u

αn◦···◦α1 α

v

commutes. The boundary maps ∂n : Pn → Pn−1, n = 1, 2, . . ., for an n-simplex

σ ∈ N(C)n and a morphism (u, v) : σ(0, n)→ α in HomFC(σ(0, n), α) are defined
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on generators by

∂n(u, v, σ) =(u, α1 ◦ v, d0σ)

+
n−1∑
i=1

(−1)i(u, v, diσ)

+ (−1)n(u ◦ αn, v, dnσ). (5.37)

The boundary map ϵ : P0 → Z for a 0-simplex σ ∈ N(C)0 and a morphism

(u, v) : σ(0, 0)→ α in HomFC(σ(0, 0), α) is defined on generators by

ϵ(u, v, σ) = u ◦ v = α (5.38)

which determines an augmentation on Z. Then we define a chain homotopy

hn : Pn → Pn+1, n = 0, 1, . . ., for an n-simplex σ ∈ N(C)n and a morphism

(u, v) : σ(0, n) → α in HomFC(σ(0, n), α) and h−1 : Z → P0 for the same object

α : C → C ′ in FC by

hn(u, v, σ) = (u, idC , C ⋆v σ), h−1(α) = (α, idC , C) (5.39)

where C ⋆v σ denotes the n+ 1-simplex

C ⋆v σ = C
v−→ C0

α1−→ · · · αn−→ Cn. (5.40)

Then note that we have

(∂n+1hn + hn−1∂n)(u, v, σ) =∂n+1(u, idC , C ⋆v σ)+

hn−1(u, α1 ◦ v, d0σ)+

hn−1

(n−1∑
i=1

(−1)i(u, v, diσ)
)
+

(−1)nhn−1(u ◦ αn, v, dnσ) (5.41)

where the first summand is given by

∂n+1(u, idC , C ⋆v σ) =(u, v, σ) +
n∑
i=1

(−1)i(u, idC , di(C ⋆v σ))+

(−1)n+1(u ◦ αn, idC , dn+1(C ⋆v σ)), (5.42)
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the second summand is given by

hn−1(u, α1 ◦ v, d0σ) = (u, idC , C ⋆α1◦v d0σ), (5.43)

the third summand is given by

hn−1

(n−1∑
i=1

(−1)i(u, v, diσ)
)
=

n−1∑
i=1

(−1)i(u, idC , C ⋆v diσ), (5.44)

and the last summand is given by

(−1)nhn−1(u ◦ αn, v, dnσ) = (−1)n(u ◦ αn, idC , C ⋆v dnσ). (5.45)

Note that C ⋆v diσ = di+1(C ⋆v σ), so the Equation (5.45) cancels with the last

summand of the Equation (5.42). Also, the second summand in (5.42) cancels

with (5.44) except the first term −(u, idC , d1(C ⋆v σ)) which cancels with the

summand (5.43).

Also, for the cases ϵh−1 = idZ and ∂1h0 + h−1ϵ = idP0 we have

(ϵh−1)(α) = ϵ(α, idC , C) = α (5.46)

and

(∂1h0 + h−1ϵ)(u, v, σ) = ∂1(u, idC , C ⋆v σ) + h−1(u ◦ v)

= (u, v, σ)− (u ◦ v, idC , C) + (u ◦ v, idC , C)

= (u, v, σ). (5.47)

Hence, h is a contracting chain homotopy. This shows that P∗ is a projective

resolution of Z as an ZFC-module.

In Proposition 4.2.1 we proved that there is a weak equivalence

λ : hocolim
C

N(G)→ N(D) (5.48)

where G : C → Cat is the functor sending objects C ∈ Ob(C) to their left

comma categories φ/C for an arbitrary functor φ : D→ C. We now construct a

projective resolution P → Z over D induced by the weak equivalence λ.
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Consider the simplicial replacement X on N(G) that is

X =
⊔

σ∈N(C)

N
(
G(σ(0))

)
. (5.49)

Recall that a (p, q)-simplex (σ, τ) ∈ Xp,q is given by

(C0
α1−→ · · · αp−→ Cp,

(
D0, β0)

k1−→ · · · kq−→ (Dn, βq)
)
∈ N(C)p ×N(φ/C0)q (5.50)

that is, diagrammatically we have

C0 · · · Cp

φ(D0) · · · φ(Dq).

α1 αp

β0

φ(k1) φ(kq)

...
βq (5.51)

Here the horizontal dhi : Xp,q → Xp−1,q and vertical dvi : Xp,q → Xp,q−1 face

operators are defined by

dhi (σ, τ) =

(d0σ, α
∗
1τ)

(diσ, τ) 0 < i ≤ p
, dvi (σ, τ) = (σ, diτ) (5.52)

where (d0σ, α
∗
1τ) denotes the simplex given by

C1 · · · Cp

φ(D0) · · · φ(Dq).

α2 αp

α1◦β0

φ(k1) φ(kq)

...
α1◦βq (5.53)

Now let P be the bisimplicial natural system on D defined by

Pp,q =
⊕

(σ,τ)∈Xp,q

ZHomFD(Λp,q(σ, τ)(0, q),−) (5.54)

where Λp,q :
⊔

N(C)p

N(G)q → N(D)p,q is as given in the proof of Proposition 4.2.1

with diag(Λp,q) = λ.

Proposition 5.3.3. Let φ : D → C be any functor and G : C → Cat be the

functor defined by sending objects C ∈ Ob(C) to their left comma categories φ/C.

Then diagP∗,∗, given in (5.54), is a projective resolution of the natural system Z
on D. Consequently, for any natural coefficient system A on D we have

Hn(D,A) ∼= Hn(HomZFD(diagP∗,∗,A)), n ≥ 0. (5.55)
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Proof. Clearly Pp,q is free, for all p, q ≥ 0 so we need to show that the following

chain complex is exact

diagP∗,∗ : · · ·
∂n+1−−−→ Pn,n

∂n−→ Pn−1,n−1
∂n−1−−−→ · · · ∂1−→ P0,0

ϵ−→ Z −→ 0. (5.56)

Here, we will denote the generators in Pp,q for a (p, q)-simplex (σ, τ) ∈
⊔

N(C)p

N(G)q

and for a morphism (u, v) ∈ HomFD(Λp,q(σ, τ)(0, q), k) with k : D → D′ by the

quadruple

(u, v, σ, τ), (5.57)

and it is enough to show that the sequence is exact on generators for a fixed

object k : D → D′.

To show that diagP∗,∗ is exact we consider the homomorphisms

ep,q : Pp,q → Pp,q (5.58)

where P∗,q = Pq of the generalized bar resolution P∗ of Z constructed in

Proposition 5.3.2 as ZFD-module that is constant in the horizontal direction,

and ep,q is given for a (p, q)-simplex (σ, τ) ∈
⊔

N(C)p

N(G)q and for a morphism

(u, v) ∈ HomFD(Λp,q(σ, τ)(0, q), k) with k : D → D′ on generators by

ep,q(u, v, σ, τ) = (u, v,Λp,q(σ, τ)). (5.59)

Now we will use Lemma 2.6 in [6], stating that pointwise weak equivalence of

bisimplicial abelian groups induces a weak equivalence of the associated diagonal

complexes. Note that for a fixed q ≥ 0, the associated augmented chain complex

of abelian groups

· · · −→ P2,q
∂2−→ P1,q

∂1−→ P0,q
e−→ Pq −→ 0 (5.60)

is exact since there is a contracting chain homotopy defined by the homomor-

phisms h−1 : Pq → P0,q and hn : Pn,q → Pn+1,q, n ≥ 0, on the generators by

hn(u, v, σ, τ) = (u, v, φ(Dq) ⋆βq σ, τ) for all n ≥ 0, (5.61)

h−1(u, v, τ) = (u, v, φ(τ(q)), φ(τ)) (5.62)
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where hn is diagrammatically given on the (p, q)-simplex (σ, τ) by

φ(Dq) C0 · · · Cn

φ(D0) · · · φ(Dq).

βq α1 αn

φ(kq ···k1)

φ(k1) φ(kq)

...
id

(5.63)

To see that h is indeed a contracting homotopy, that is,

hn−1∂n + ∂n+1hn = idPn,q , (5.64)

we consider the equations

(∂n+1hn)(u, v, σ, τ) = ∂n+1(u, v, φ(Dq) ⋆βq σ, τ) (5.65)

= (u, v, σ, τ)

+
n+1∑
i=1

(−1)i(u, v, di(φ(Dq) ⋆βq σ), τ) (5.66)

and

(hn−1∂n)(u, v, σ, τ) =hn−1

(
(u, v, d0σ, α

∗
1(τ)) +

n∑
i=1

(−1)n(u, v, dnσ, τ)
)

(5.67)

= (u, v, φ(Dq) ⋆α1◦βq d0σ, α
∗
1(τ))

+
n∑
i=1

(−1)n(u, v, φ(Dq) ⋆βq diσ, τ). (5.68)

Here Equation (5.64) follows from the equality

di+1(φ(Dn) ⋆βn σ) = φ(Dn) ⋆βn diσ. (5.69)

Also, for the cases eh−1 = idPq and ∂1h0 + h−1e = idP0,q we have

(eh−1)(u, v, τ) = e(u, v, φ(τ(q)), φ(τ)) = (u, v, τ) (5.70)

and

(∂1h0 + h−1e)(u, v, C0, τ) = ∂1(u, v, φ(Dq) ⋆βq C0, τ) + h−1(u, v,Λ0,q(C0, τ))

= (u, v, C0, τ)− (u, v, φ(Dq), τ) + (u, v, φ(Dq), τ)

= (u, v, C0, τ) (5.71)
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Then the associated chain complex of abelian groups in (5.60) induces a map

e : diagP∗,∗ → P ,

· · · Pn,n Pn−1,n−1 · · · P0,0 Z 0

· · · Pn Pn−1 · · · P0 Z 0

∂

...

∂

e

∂

e

∂

...

ϵ

e

∂ ∂ ∂ ∂ ϵ

which is a homology isomorphism. Hence, for any natural coefficient system A
on D we have

Hn(D,A) ∼= Hn(HomZFD(diagP∗,∗,A)), n ≥ 0. (5.72)

by Proposition 5.3.2.

We can now proceed with our main result of this chapter again by using Ce-

garra’s method.

Theorem 5.3.4. Let φ : D→ C be any functor and G : C→ Cat be the functor

defined by sending objects C ∈ Ob(C) to their left comma categories φ/C and

λ : hocolim
C

N(G) → N(D) be as in Proposition 4.2.1. Then for any natural

coefficient system A : FD→ Ab, there is an isomorphism on

Hn(D,A) ∼= Hn(hocolim
C

N(G), λ∗A) ∀n ≥ 0. (5.73)

Proof. Let A : FD → Ab be any natural coefficient system and (σ, τ) be an

n-simplex of hocolim
C

N(G) then the induced natural system is given by

λ∗A(σ, τ) = A(λ(σ, τ)(0, n)). (5.74)

Hence, the standard cochain complex is given by the abelian groups

Cn(hocolim
C

N(G), λ∗A) =
∏

(σ,τ)∈hocolim
C

N(G)

A(λ(σ, τ)(0, n)). (5.75)

and the coboundary maps δn : Cn−1 → Cn are given by sending a function f of

Cn−1 to the function

(δf)(σ, τ) = (k1)
∗f(d0σ, d0τ) +

n−1∑
i=1

(−1)if(diσ, diτ) + (−1)n(kn)∗f(dnσ, dnτ).
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Now consider the bisimplicial natural system P on D in (5.54), that is,

Pp,q =
⊕

(σ,τ)∈Xp,q

ZHomFD(Λp,q(σ, τ)(0, q),−).

Recall that we denote the generators in Pn,n for an n-simplex (σ, τ) ∈
hocolim

C
N(G) and for a morphism (u, v) ∈ HomFD(Λp,q(σ, τ)(0, q), k) with

k : D → D′ by the quadruple

(u, v, σ, τ), (5.76)

and the boundary maps ∂n : Pn,n → Pn−1,n−1, n = 1, 2, . . ., for a morphism

(u, v) : λ(σ, τ)(0, n)→ k are defined on generators by

∂n(u, v, σ, τ) =(u, k1 ◦ v, d0σ, α∗
1(d0τ))+

n−1∑
i=1

(−1)i(u, v, diσ, diτ)+

(−1)n(u ◦ kn, v, dnσ, dnτ) (5.77)

where the n-simplex (σ, τ) ∈ hocolim
C

N(G) is given by

(C0
α1−→ · · · αn−→ Cn,

(
D0, β0)

k1−→ · · · kn−→ (Dn, βn)
)
. (5.78)

Then we know by definition of Pp,q we have the isomorphism of abelian groups

Γ : Cn(hocolim
C

N(G), λ∗A) ∼= HomZFD(Pn,n,A) (5.79)

with

Γf : ZHomFD(λ(σ, τ)(0, n), k)→ A(k) (5.80)

(u, v, σ, τ) 7→ u∗v
∗f(σ, τ). (5.81)

Clearly, we have

Γδf (u, v, σ, τ) = Γf (∂(u, v, σ, τ)), (5.82)

so Γ gives an isomorphism of cochain complexes. Thus, the statement

Hn(D,A) ∼= Hn(hocolim
C

N(G), λ∗A) ∀n ≥ 0 (5.83)

follows from Proposition 5.3.3.
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