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WAVE PROPAGATION IN AN ELASTIC MEDIUM:
GENERALIZED DAVEY-STEWARTSON EQUATIONS

SUMMARY

In the present study, the problem of (2+1) (two spatial and one temporal)
dimensional nonlinear wave propagation in a generalized elastic medium is
considered. The modulation of (2+ 1) dimensional waves is examined in an
infinite, homogenous, weakly nonlinear and weakly dispersive elastic medium.
The study contains five main sections.

In the first section, a general introduction is given including some information
about the nonlinear systems characterizing the modulation problems and the
special solutions of these systems.

In the second section, nonlinear evolution equations are derived describing
the asymptotic behavior of waves for (24 1) dimensional wave modulation
problem. While deriving the equations an asymptotic technique called reductive
perturbation method is used and it is shown that the problem of wave modulation
is characterized by a system of three nonlinear partial differential equations.
These equations involve interactions of a free short transverse, a free long
longitudinal and a free long transverse wave modes, and is called the “generalized
Davey-Stewartson equations”. Under some restrictions on parameter values, it is
shown that the generalized Davey-Stewartson equations reduce to the well-known
Davey-Stewartson and to the nonlinear Schrodinger equations. Besides, some
special solutions of the generalized Davey-Stewartson equations are calculated
by two different methods. While calculating the special solutions by the help
of the first method, travelling wave transformations are used in order to reduce
the partial differential equations to ordinary differential equations and special
solutions are given in terms of Jacobian elliptic functions. It is shown that these
solutions reduce to hyperbolic functions for some cases and that they involve
sech-tanh-tanh and tanh-tanh-tanh type solutions under some constraints on
the parameter values. The second method is based on coupled Riccati equations
and their travelling wave transformations. By using the second method, the
special solutions of the generalized Davey-Stewartson equations are obtained in
terms of hyperbolic functions.

In the third section, it is observed that the generalized Davey-Stewartson
equations are not valid for the long-wave short-wave resonant case. In the
case where the phase velocity of the long longitudinal wave is equal to the
group velocity of the short transverse wave, new evolution equations are derived
characterizing the problem and are called long-wave short-wave interaction
equations.  The special solutions of the long-wave short-wave interaction
equations are obtained by Jacobian elliptic functions and tanh method.
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In the fourth section, degenerate generalized Davey-Stewartson equations, which
are obtained when one of the coefficients of the generalized Davey-Stewartson
equations becomes zero, are considered. The special solutions of the degenerate
generalized Davey-Stewartson equations are obtained by using the two methods
given in the second and third sections. Besides, the bilinear form of the
degenerate generalized Davey-Stewartson equations are calculated and the
special solutions are obtained by using a variable separation method developed
for nonlinear equations.

In the fifth section, conclusions of the study are given briefly.



ELASTIK BIR ORTAMDA DALGA YAYILIMI: .
GENELLESTIRILMIS DAVEY-STEWARTSON DENKLEMLERI

OZET

Bu galigmada, genellestirilmig elastik bir ortamda, (2+1) (iki uzay ve bir zaman)
boyutlu nonlineer dalga yayilimi problemi ele alinmigtir. Sonsuz, homojen,
zayif nonlineer ve zayif dispersif elastik bir ortamda (2+1) boyutlu dalgalarin
modiilasyonu incelenmistir. Caligma beg ana boltimden olugsmaktadir.

Birinci boliimde, konuya genel bir giris yapilmig, dalga modiilasyonu
problemlerini karakterize eden bazi nonlineer sistemler ve onlarin 6zel ¢oziimleri
hakkinda bilgiler verilmigtir.

Ikinci boliimde, (24 1) boyutlu dalga modiilasyonu problemi i¢in dalgalarn
asimptotik davranigini tanimlayan nonlineer evoliisyon denklemleri tiiretilmistir.
Denklemler tiiretilirken indirgeyici pertiirbasyon yontemi olarak adlandirilan
bir asimptotik yontem kullanilmig ve dalgalarin modiilasyonu probleminin
ticli bir nonlineer kismi diferansiyel denklem sistemi ile karakterize edildigi
gosterilmigtir.  Bu denklemler, bir kisa enine dalga, bir uzun enine dalga
ve bir uzun boyuna dalga olmak iizere ii¢ dalganin etkilegimlerini icermis
ve “genellestirilmis Davey-Stewartson denklemleri” olarak adlandirilmigtir.
Parametre degerlerinin baz1 kisitlar: altinda, genellegtirilmis Davey-Stewartson
denklemlerinin literatiirde sikca karsilagilan nonlineer Schrodinger denklemine
veya Davey-Stewartson denklemlerine indirgendigi gosterilmistir.  Ayrica,
tiiretilen genellestirilmig Davey-Stewartson denklemlerinin bazi 6zel ¢oztimleri
iki farkli yontemle hesaplanmigtir. Birinci yontem yardimi ile 6zel ¢oziimler
hesaplanirken gezen dalga dontigiimleri kullanilarak kismi diferansiyel denklemler
adi diferansiyel denklemlere indirgenmis ve oOzel c¢oztimler Jacobi eliptik
fonksiyonlar: cinsinden verilmistir. Elde edilen 6zel ¢oziimlerin bazi durumlarda
hiperbolik fonksiyonlara indirgendigi gosterilmis ve parametre degerlerinde
aliman kimi kisitlar altinda sech-tanh-tanh ve tanh-tanh-tanh yapilarindaki
coziimleri icerdigi ifade edilmistir. Ikinci yontem ile bir Riccati denklem cifti
ve onlarin gezen dalga doniigiimleri ele alinmigtir. Bu teknik yardimiyla,
genellegtirilmis Davey-Stewartson denklemlerinin 6zel ¢oziimleri hiperbolik
fonksiyonlar cinsinden ifade edilmigtir.

Uciincii boliimde, uzun-dalga kisa-dalga rezonans durumu icin genellegtirilmis
Davey-Stewartson denklemlerinin gecerli olmadig1 gozlenmistir. Uzun boyuna
dalganin faz hizinin kisa enine dalganin grup hizina egit oldugu halde
problemi karakterize eden ve uzun-dalga kisa-dalga etkilesim denklemleri olarak
adlandirilan yeni evoliisyon denklemleri turetilmistir. Uzun-dalga kisa-dalga
etkilesim denklemlerinin 6zel ¢oztimleri Jacobi eliptik fonksiyonlari ve tanh
yontemi ile elde edilmigtir.

vi



Dordiincii boliimde, genellegtirilmis Davey-Stewartson denklemlerinde beliren
katsayilardan birinin sifir olmasi durumunda elde edilen dejenere genellestirilmis
Davey-Stewartson denklemleri ele alinmistir. Dejenere genellegtirilmis
Davey-Stewartson denklemlerinin 6zel ¢oziimleri oncelikle ikinci ve iiglincii
boliimde verilen iki yontem kullanilarak elde edilmistir. Ayrica, denklemlerin
bilineer formu hesaplanmig ve 6zel ¢oziimler lineer olmayan deklemler igin
geligtirilen bir degigkenlere ayirma yontemi yardimi ile elde edilmigtir.

Beginci boliimde, ¢alismanin sonuglar: kisaca verilmistir.

vii



1 INTRODUCTION
1.1 Introduction

The subject of nonlinear waves in various continuous media has received great
attention up to present as evidenced by the large number of studies [1-3].
However, most of the studies are confined to (1+1) (one spatial and one temporal)
dimensions and several (1+1) evolution equations are derived to describe the
far-field behavior of the waves. It is well-known [4] that the envelope of a (1+1)
dimensional quasi-monochromatic wave train is governed by a single nonlinear

Schrodinger (NLS) equation
A+ pAer + q|APA = 0, (1.1)

where t is time, x is the spatial coordinate and A denotes the complex amplitude;
the coefficients p and ¢ depend on the (dimensionless) fluid depth and acceleration
due to gravity. The NLS equation appears to be a generic equation describing
unidirectional wave modulation. Obviously, the far field behavior of nonlinearly
modulated waves cannot be described by the (1+1) dimensional NLS equation
if modulations transverse to the wave propagation direction are also allowed.
Therefore, the second spatial coordinate effect should be taken into account and
new (2+1) evolution equations should be derived to describe (2+1) dimensional
wave modulation [5, 6]. A natural way to obtain two-dimensional modulations
of nonlinear waves is simply to replace the one dimensional dispersive term with

a two dimensional dispersive term
iAr+ pAgy + A4y + 1Ay, + qlAPA =0, (1.2)

where the coefficients p,s,r and ¢ depend on the (dimensionless) fluid depth
and accelaration due to gravity. The (2+1) dimensional form of the NLS
equation (1.2) correctly describes (2+41) dimensional wave motion when there

is no resonance between the main quasi-harmonic wave and zero harmonics
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induced by nonlinear effects 7, 8]. However, in many two dimensional systems
both short waves and long waves may co-exist and a proper description of two
dimensional modulation of nonlinear waves should involve both short wave and
long wave modes. Such a system, called the Davey-Stewartson (DS) equations,

was introduced in [9-11] as follows:

iA; + pAsy + 1Ay, + gl APA = bAp,,

oz + iy = (|AP)a, (1.3)

where A is the complex amplitude of a short wave and ¢ is a long wave amplitude;
the coefficients p,r,q,b and m depend on the (dimensionless) fluid depth and
surface tension. The DS system is a model for the evolution of weakly nonlinear
packets of water waves that travel in one direction but in which the amplitude of
waves is modulated in two spatial directions. The main purpose of the present
study is to extend the analysis of Davey and Stewartson to describe (2+1)

dimensional wave motion in a bulk elastic medium.

In recent years, various generalized theories of elasticity have been proposed
to incorporate the internal structure of the matter to the classical elasticity
theory [12, 13]. These theories, e.g. higher-order gradient, couple stress,
micromorphic, etc., have been proposed to study both statical problems in
the case of higher stress gradients and dynamical problems in the case of high
frequency wave propagation in grained composites and polycrystalline structures
[14-16]. Most of these theories, unlike the classical elasticity theory, give rise to
dispersive wave propagation in linear approximation. Thus, inclusion of weak
nonlinear effects in the constitutive equations leads to several nonlinear evolution
equations which admit solitary wave or soliton solutions [17]. Increasing interest
has been given to wave propagation problems in elastic rods [18], in layered
elastic media [19, 20] and in bulk elastic media [14]. Various (141) and (2+1)
dimensional nonlinear evolution equations have been derived to describe the
long time behavior of elastic waves propagating in rods, plates and bulk media
[12-17]. In particular, waves in elastic rods can be regarded as (1+1) dimensional
objects since they are confined by the waveguides. Therefore, the behavior of

a quasi-monochromatic wave is described properly by the (1+1) dimensional



NLS equation [18]. However, in a plate and in a bulk medium there exist
transverse directions, and therefore the effect of higher dimensions on the wave
propagation should be considered. Recently, a (2+1) dimensional NLS equation
was derived for the description of the amplitude of nonlinear waves propagating
in a two-dimensional Frenkel-Kontorova model [7] and in a plate [8] when no
resonance is present between the slowly varying amplitude and long wave modes.
There are already works on the interaction of a quasi-monochromatic wave with
zero harmonics in elastic rods [18] and on elastic substrates [19] where the
Davey-Stewartson type evolution equations are derived. In both of these studies,
the second spatial coordinate effect is not considered. However, in a recent study
[22], (2+1) dimensional nonlinear transverse wave propagation is considered in
a bulk elastic medium and it is shown that the wave motion is governed by a
coupled pair of the modified Kadomtsev-Petviashvili equations in the long wave

approximation.

The main purpose of the present study is to extend the analysis of Davey and
Stewartson and derive a generalized form of the Davey-Stewartson equations.
To this aim, the problem of (2+1) dimensional wave propagation in the above
mentioned bulk medium composed of an elastic material with couple stresses
is considered. In order to obtain (2+1) nonlinear model equations for the
description of elastic waves in the far field, the contribution of the second
spatial coordinate effect on the propagation of a quasi-monochromatic wave
and zero harmonic modes is determined. That is, the direction of the wave
propagation is taken along the x axis while the field variables are assumed to
depend also on the transverse coordinate y. Since the nonlinear interaction
of the quasi-monochromatic transverse wave and the zero harmonic transverse
and longitudinal waves are considered, i.e., a free short transverse, a free long
longitudinal and a free long transverse wave modes are present in the problem,
in this study a generalized form of the Davey-Stewartson equations is obtained
as evolution equations. Using a multi-scale expansion of quasi-monochromatic
wave solutions, it is shown that the modulation of waves is governed by
a system of three nonlinear evolution equations. These equations involve

amplitudes of a short transverse wave, a long transverse wave and a long



longitudinal wave, and are called “generalized Davey-Stewartson equations”
(GDS). Under some restrictions on parameter values, the GDS equations reduce

to the Davey-Stewartson and to the nonlinear Schrodinger equations.

Besides, it is observed that the GDS equations are not appropriate for a resonant
case, i.e. long-wave short-wave resonant case where the phase velocity of the long
longitudinal wave is equal to the group velocity of the short transverse wave. For
this resonant case, it is shown that the interaction between the long longitudinal
and the short transverse wave is described by two coupled nonlinear evolution

equations.

On the other hand, if one of the coefficients of the GDS equations becomes
infinitely large for specific values of the dependent variables, the GDS system is
said to be degenerate. The system may also be degenerate if one of the coefficients
vanishes. For a degenerate case of the GDS equations, three coupled evolution

equations which are called degenerate GDS equations are also considered.

The investigation of the exact solutions of nonlinear evolution equations also
plays an important role in the study of nonlinear waves. Many effective methods
such as the inverse scattering method [3,19-21], Darboux transformation [22-25],
the Hirota bilinear method [26-30] and the tanh method [31-34] have been
developed. Among these, the tanh method is considered to be the most effective
and direct algebraic method for solving nonlinear equations. In recent years,
much work has been concentrated on the various extensions and applications of
the tanh method [35,36]. As an alternative method, a Jacobian elliptic function
expansion method is proposed for constructing periodic wave solutions for some
nonlinear evolution equations [37-39]. Another alternative method is to obtain
some special solutions by means of separation of variables for the nonlinear
differential equations. Recently, some variable separation procedures have been
established by using symmetry constraints [44, 45] or by solving the bilinear form

of the nonlinear equations [46].

In the present study, some special solutions of the GDS equations, long-wave
short-wave interaction equations and the degenerate GDS equations are

investigated. The special solutions of the GDS equations are given in terms of



Jacobian elliptic functions and it is shown that these solutions involve hyperbolic
type solitary wave solutions. The travelling wave solutions of the GDS equations
are also given by a tanh method based on the combinations of solutions of the
coupled Riccati equations. The same methods, i.e. the Jacobian elliptic function
method and the tanh method are used for finding the special solutions of the
long-wave short-wave interaction equations. The travelling wave solutions of the
degenerate GDS equations are given in terms of Jacobian elliptic functions and
by using the tanh method. Besides, some special solutions of the degenerate
GDS equations are established by a variable separation approach using a prior

ansatz for its bilinear form.

The present study is organized as follows: In Section 2, the derivation of the DS
system is first recalled briefly. The governing equations of the above mentioned
bulk medium are briefly summarized and dispersion relations are presented.
The general procedure of the reductive perturbation method is given and the
nonlinear wave interaction of a short transverse wave, a long transverse wave
and a long longitudinal wave is considered. As nonlinear evolution equations,
GDS equations involving two long wave modes and a short wave envelope are
derived. Some special cases of the GDS equations are examined in order to
see their connection with the well-known NLS and DS equations. Later, some
special solutions of the GDS system are presented by Jacobian elliptic functions
and tanh method. In Section 3, the long-wave short-wave resonant case is
considered. Since the GDS equations are not valid in this resonance case,
new evolution equations are derived by using the same perturbation method.
Some special solutions of the interaction equations are given again by Jacobian
elliptic functions and tanh method. In Section 4, a degenerate case is considered
and some special solutions are obtained by Jacobian elliptic functions and tanh
method as well as by a variable separation approach whose main procedure is

also introduced.



2 GENERALIZED DAVEY-STEWARTSON EQUATIONS
2.1 On The Davey-Stewartson System

To describe the irrotational motion of water waves, the fluid which rests on a
horizontal and impermeable bed of infinite extent is assumed to be inviscid,

incompressible and homogeneous [9].

The velocity potential ¢ satisfies
VZp =0, —h <z <((z,y,1), (2.1)

where h (may be finite or infinite) denotes the depth of the bed and ((x,y,t) is

the free surface.

The only boundary condition on the bottom, i.e., z = —h is

¢. =0, (2.2)

and along the free surface z = ((z,y,t) the boundary conditions are

Ct + ¢xC:c + ¢yCy = ¢z7

2 2

(1+62+¢2)Y

Y

(2.3)

where ¢ is the gravitational acceleration, and 7' is the ratio of surface-tension
coefficient to fluid density. The first equation of (2.3) expresses the conservation

of mass while the second one expresses the conservation of energy.

The equations governing the time evolution of the free surface envelope A and
the mean flow ¢ are derived by performing an asymptotic power series expansion

n €

¢ = e{p(&,n,7)+ A(E,n, T) expli(kr — wt)] + c.c.} + oy + ... (2.4)



where c.c. stands for the complex conjugate of the preceding term and

introducing the slow variables
E=e(x—cut), n=ey, T=C¢ct, (2.5)

where ¢, denotes the group velocity. In (2.5), the direction of wave
propagation is taken along the x axis and it is assumed that the field variables
depend on the transverse coordinate y as well. By substituting the scale
transformation (2.5) together with power series solutions (2.4) into the field
equations the Davey-Stewartson system is obtained as evolution equations and

the dimensionless form of this system can be given as follows:
1A + 6 Ape + Ay = X|APA + bA @,
Pz + M Pyy = (1AP).- (2.6)

where A is the complex amplitude of the short wave, ¢ is the long wave
amplitude; the coefficients §, x, b and m depend on the (dimensionless) fluid
depth and surface tension [9-11]. The Davey-Stewartson system (2.6) is one of
the classical models for (241) dimensional description of weakly nonlinear water
waves that travel predominantly in one direction but in which the wave amplitude

is modulated in two spatial directions.
2.2 Basic Equations and Dispersion Relations

The derivation of classical continuum models of solids is based on macroscopic
concepts, such as energy density, observable variables (displacement, strain), etc.
However, solids usually have microstructure due to the existence of crystalline
structure. Hence, any theory describing the behavior of a solid should consider
both the macroscopic and the microscopic properties occurring at different length
scales. Internal length scales may be introduced in the constitutive theory in a
natural way by assuming the hypothesis of “substructure” assigned to every
material point. If this substructure deforms homogeneously the continuum is
called micromorphic [47]. Thus, a material point of such a medium has 12 degrees
of freedom, three for deformation of the macro volume element and nine for micro
deformation of the micro elements. The deformation is described by the classical
motion

T = xk(XK,t) (k),K = 1,2,3), (27)



where x;, and X are the spatial and material Cartesian coordinates of the same
material point at times ¢ and ¢t = 0, respectively. Then, the deformation tensors

for a micromorphic elastic medium are defined as

2ep = Upg + Uk T+ Uk U,
e = Putug+ unp P,
FCiim = Prign + Unk Potm, (2.8)

where subscript k after comma denotes partial differentiation with respect to
space variable zp and summation convention is valid over repeated indices.
Here wuy,; is the displacement gradient, ey is the macro deformation tensor
characterizing the relative displacements of the mass center of macro volume,
€ and I'gy,, are new micro deformation tensors of the micromorphic theory

[47].

An elastic medium with couple stresses (also called the Le Roux continuum),
which is the subject of this study, corresponds to a special case of the
micromorphic elasticity theory. If the micro deformation tensor e;; in (2.8) is
assumed to be zero and ®y; and its gradient are assumed to be so small that the

quadratic terms can be neglected, then ®y; is approximated by

q)kl > Uk (29)

In this case the macro and micro deformation tensors take the form:

2ep = Upy + Uk + Uy kU,

Lrim = — U gm.- (2.10)

In addition, the kinetic energy density function is assumed to be the identical

with that of the classical elasticity theory, i.e.

1
T= 500[(U1,t)2 + (u20)? + (ugy)?], (2.11)
where pq is the mass density in the reference configuration and subscript ¢ denotes
partial differentiation with respect to time. The physical nonlinearity of the

medium is characterized by the presence of cubic terms with respect to the



macro deformation tensor in the strain energy density function, >,

A
X = §€kk€ll + peper + geklemlekm + Begieikmm
C
+§ekkell€mm + 20m (Tt Dairn + Yk Do) (2.12)

where A\, u are linear elastic constants, A, B and C are second-order elastic
constants, and v and m are new constants characterizing the microstructure

[48].

For the problem under consideration, it suffices to take the nonlinear terms up

to the third-order in uy ,, and the second-order in wuy

A It
Y = 5 (uk,kum,m + uk,kum,num,n) + 5 (um,num,n + UmnUn,m + Uk, mUn,mUm, k
+un,kum,kun,m) + E Uk n (um,n + un,m)(uk,m + um,kz)
B
+5 Um,mUn, k (un,k + uk,n) + g Uk kU, mUn,n
+2p m? ( + )+ (2.13)
B Up kmUn, km V Unp kmUk,nm .

The governing equations of (2+1) dimensional problems are obtained from the

variational problem

6/Lﬁ=5///£@@ﬁz& (2.14)

where L represents the Lagrangian, and £ =T — X. As is evident from (2.12),

the Lagrangian density function will be in the following form:
L= ‘C<uk,t7 Uk,z ) Uk,y, Uk,zz) Uk,zy, Uk,yy), (k' = 1, 2, 3)

For such a case, the Euler-Lagrange equations of the variational problem are

obtained as

9, 0L +g(8£>+3(8£>_62 6[,)
Ot " Ouy 4 0x " Qug 0y Ougy, 022 " Ouy, 1y

0% oL 0? oL
_ _ = =1 . .
ayg (auk,yy> axay<8uk’my) 07 (k ) 27 3) (2 15)

For two dimensional weakly nonlinear waves propagating in a bulk elastic

medium, the displacement vector u is assumed to be a function of z, y and



t. Consequently, it is convenient to express the strain energy density function

(2.12) as a cubic polynomial of strain components

Yo

;{(ux +0y)? A+ (e + vy [(w)? + (uy)? + (02)* + (vy)* + (ws)* + (wy)?]}
L0200 + 2(0,)" + () + (02) + () + (w,)? + 2v,,

+2u, [(u)* + (v2)* + (we)? + (y)?] + 20, [(vy)* + (v2)% + (wy)* + (uy)?]
+2uy (Wawy + Vgt + Vp0y) + 20,wewy 4 20 (Us)® + (Vaz)? 4 (W)
H(ttyy)® + (Vyy)? + (Wyy)* + 2(tty)? + 2(vey)? + 2(wey)* + V[(tzz)

A lsu,)? + 6,0,

Uy + 3(uy) vy + 3(ve)*us + 3(ve) v, + 6v,u,0, + 4(v,)?

)2+
( y) + 2u$yvm + 2uyyvmy + (ny)2 + (Uyy) } +
)2

+3(uy

+3(w, ) Uy + 3wevw, + 3w u,w, + 3(w,)?v,] + 5[2(%)3 + 2(ug ) vy
+(uy)2uy + (uy) vy, + (V) Uy + (v2)?0, + 2(v,)?uy + 2(vy)* + (ws)*u,
+(wg) vy + (wy) 2, + (wy) v, + 2uyv,u, + 2uyv,0,] + g(ux +v,)%,

(2.16)

where subscripts x and y denote partial differentiation with respect to spatial

variables, and u is the longitudinal component whereas v and w are the transverse

components of the displacement vector: u = uy, v = uq, w = us.

If the s

density

train energy density function ¥ given by (2.16) and the kinetic energy
function 7' given by (2.11) are substituted into equation (2.15), the field

equations are obtained as follows:

2 2

Ut — ClUge — Cguyy - (C% — ) Vsy — (V1 + V4)WyWay — V2(VyVsy + VyUsy

Ut

+ UypUsy) — V3 (2Uy Uy + VypUsy + WaWay + Uylyy + UyUyy + Vylly,)
— VAW Wyy — 75<2Umuxy + Uy Vyy: + Uy Uy + VyVUgy + U:vvyy) — VeUzUgy
+ 4C§m2[(1 + V) Uszae + (2 + V) Uzayy + Uyyyy + V(Vzzay + Vayyy)] = 0,

(Cf - Cg)ul’y - (71 + ’74)w$w3?y - 72 (uxu:cy + Ug:Vyy

2
+ Vyyy) — V3 (205V5y + Vpllay + UgVsy + VyVss + Uylyy + Wywy,)
— VaWyWay — V5 (2UyVgy + UylUgy + Uglyy + Vylyy + Vgllyy) — YeUyUyy

+ 4C§m2 [Vazze + (2 4 V) Vzayy + (1 4 1)0yyyy + V(Uszay + Uayyy)] = 0,
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2
Wy — C5(Way + Wyy) — Y1 (UpWyy + Wylyy + WeVsy + VyWyy)
— V3 (Wylyy + UpWay + VyWyy + WyUyy) — Ya(2UyWay + 20,Way + Wyllyy
2. 2
+ Wy Uy + Wyllyy + WyUsy) + 4M* (Wagzy + 2Wagpyy + Wyyyy) = 0.

(2.17)

In equation (2.17) the coefficients are defined as

ci = (A+2u)/po, &= n/po,
Y =ct—2c2+B/py, 2= —2c2+ (2B+2C)/po,
V3 =i + (A+2B)/2p0, 74 =5+ Aldpo,

vs = c5+ (A+2B)/2py, 6 =3¢ + (2A+6B+2C)/po, (2.18)

where ¢; and ¢y are the velocities of longitudinal and transverse waves,
respectively. In order to see the dispersive character of the model, the linearized

form of the field equations (2.17) are obtained as follows:

2 2 2 2
Utt — ClUgz — Colyy — (cf — Cz)vry

+ 4c§m2[(1 + V) Uggar + (2 + V)umyy T Uyyyy + V(Umxy + Ufcyyy)} =0,
Vgt — cgvm - C%Uyy - (C% - Cg)“scy

+ 4c§m2[vmm + (24 V) Vgayy + (1 + )0y + V(Ugzay + Usyyy)] = 0,

Wy — C5(Waz + Wyy) + 4C3M* (Wapar + 2Wanyy + Wyyyy) = 0. (2.19)
If the following harmonic wave solutions are assumed for equation (2.19):
u = Aexpli(kix + koy — wt)], (2.20)

where A denotes the complex amplitude vector, w is the frequency, k; and ks are
the wave numbers in the x and y directions, respectively; linear homogeneous

equations are obtained as

[—w? + EkT + caka + 4cim? (5* + vr?k?)] Ay

+k1ko(c] — c3 + dcsmPrr?) Ay = 0,
[—w? 4+ k2 + Ek3 + dcam? (k* 4 vr?ES)) Ay

+kiky(c — c3 + dcsmPur?) Ay = 0,
(—w? + 3k* + 4cam*k*) Az = 0, (2.21)
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where k% = k¥ + k2. The last equation of (2.21) gives the dispersion relation
corresponding to the transverse displacement mode associated with w. It should
be noted that the first two homogeneous linear equations of (2.21) have nontrivial
solutions only if the determinant of coefficients of the system is equal to zero,

ie.,

w — W [AE* 4 K+ 4am? (2 + v) K

+ sk + 4csmPk°[c] + (1 +v)c3) + 16eam* (1 +v)k® =0 (2.22)
which can be written as a product of two factors
[wW? — 3k? — 4cim? (1 + v)E*)(W? — k* — desm?k*) = 0. (2.23)

The first factor of (2.23) indicates the dispersion relation of the longitudinal
displacement mode associated with w, while the second one represents the
dispersion relation corresponding to the transverse displacement mode associated

with v. Hence, the dispersion relations can be written as follows:

Di(k,w) = w? — Ak* — 4(1 +v)eam?k*,

Dy(k,w) = D3(k,w) = w? — c3k* — 4cam?k*. (2.24)

In equation (2.24), D; denotes the dispersion relation corresponding to u. Also,
Ds and D3 denote the dispersion relations corresponding to v and w, respectively.
As is seen from equations (2.24), both the longitudinal and the transverse modes
are dispersive. Thus, it is possible to describe wave motion in bulk elastic media
by the well-known evolution equations if the physical dispersion (due to inner

structure) is balanced by the material nonlinearity.
2.3 Reductive Perturbation Method

Many physical systems involving nonlinear wave propagation include the effects
of dispersion, dissipation or the inhomogeneous property of the medium. In
general, the physical processes involved are so complex that the governing
equations are very complicated and are not integrable by analytic methods. So,
special attention is given to seeking mathematical methods which lead to a less
complicated problem retaining all of the important physical features, and hence,

several asymptotic methods have been developed. Among these, the reductive
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perturbation method [45-48] is a systematic method for derivation of the so-called
evolution equations that describe how some dynamical variables evolve in time

and space.

It is well-known that if the amplitude of a wave is small enough many nonlinear
systems admit harmonic wave-train solutions in which the amplitude remains
constant in time and the nonlinear terms are small enough to be neglected.
If the amplitude of the wave is not small enough, nonlinear terms cannot
be neglected and a variation in the amplitude occurs in both space and
time. While the amplitude varies slowly over the period of the oscillation,
a stretching transformation allows one to separate the system into a rapidly
varying part associated with the oscillation and a slowly varying part associated
with the amplitude. Then, a formal solution can be given in the form of an
asymptotic expansion and an evolution equation determining the modulation of

the first-order amplitude can be derived.

The main purpose of this subsection is to investigate how the amplitude of a
harmonic wave is modulated by nonlinear effects in a weakly nonlinear system.
In order to use the reductive perturbation method, first of all the appropriate
coordinate stretching of the independent variables for the two-dimensional wave
modulation problem will be determined. To this aim, two sinusoidal waves
propagating in a two dimensional linear medium will be taken whose amplitudes

are the same and wave numbers are very close to each other

ur(z,y,t) = Aexp{i[(k1 + Aky)x + Akoy — (w + Aw)t]},
ug(z,y,t) = Aexp{i[(ky — Aky)z — Akoy — (w — Aw)t]}. (2.25)

By superposition of the harmonic waves (2.25),
u(z,y,t) = u(z,y,t) + us(z,y,t), (2.26)
the following equation is obtained:
u(x,y,t) = 2Acos( Akyz + Akyy — Awt) e'krz=et), (2.27)

The superposition of two quasi-monochromatic waves in a linear medium separate

the harmonic waves into two different parts, i.e., a slow varying part with the

13



function cos( Akjz + Aksy — Awt) and a fast varying part with the function
expli(kiz — wt)]. Thus, the amplitude is modulated.

On the other hand, by assuming
Ak [k << 1, Aw/w << 1,
Aw, the variation in the frequency, can be written as follows:
Aw = w(ky + Ak, ko + Aky) — w(ky, ko). (2.28)

Since the wave propagation is assumed to be only in the x direction, it is
convenient to consider ko as zero. Besides, the effects on the second spatial

direction y will be examined with Ak,. Equation (2.28) can be written as

dw 1 dPw
Ak -
byl

A pr—
YT Ak

Ak)? 4+ ...

Hence, the phase function of the amplitude read as

d 14
Akyz + Akyy — Awt = Aky (1 — ot) + Akgy — == (Aky)% (2.29)
dk, 2 dk?

At this step, it will be assumed that Ak = €’ and to consider the modulation

problem the slow variables will be introduced as
E=e(x—cyt), n=¢y, 1=, (2.30)

where € is a small parameter, p is a positive number which will be chosen later,
and ¢, = dw/dk denotes the group velocity of the wave propagating along the

direction of the x axis.

In linear systems the parameter € appears to measure the weakness of dispersion
while in weakly nonlinear systems it is taken into account to measure the
weakness of nonlinearity. For this purpose, the dependent variables are assumed

to be written in terms of an asymptotic series as follows:

u = efur (&, 7)™ 4 c.e]+ Efuo(§,n, ) + w26, 7)) el +
(2.31)
By substituting the stretched coordinates (2.30) and the solution functions (2.31)

into the field equations, a hierarchy of equations in powers of the parameter € is
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obtained. If the coefficients of like powers are equated the perturbation equations
are found. Thus, the evolution equations characterizing the long time behavior of
the original system are obtained where the effects of dispersion and nonlinearity

are balanced.
2.4 Two Dimensional Wave Packets

In the present subsection, nonlinear wave interaction of a short transverse wave,
a long transverse wave and a long longitudinal wave is considered. To find the
evolution equations that characterize the interaction, the reductive perturbation

method mentioned above is used.

The slowly varying amplitude of the short wave and amplitudes of the long waves

are assumed to be functions of the slow variables
E=c(x—ct), n=ey, T=0¢c4t, (2.32)

where € is a small parameter measuring the weakness of dispersion and
nonlinearity, ¢, is the group speed of the short transverse wave, and z, y and ¢
are fast space and time variables; &, n and 7 are slow space and time coordinates
in a frame of reference moving with the group speed of the short transverse wave.
Here the direction of the wave propagation is taken along the x axis and it is
assumed that the field variables depend on the transverse coordinate y as well.
Since we deal with the nonlinear interaction of the quasi-harmonic transverse
wave and the zero harmonic transverse and longitudinal waves, it is convenient
to expand the components of the displacement vector in asymptotic power series

of € as follows:

u=ep(&,n,7) + Elus (&, 1) +ce] + -
v = ehy(&,n,T) + E[va(€,m, ) +cc] + -

w = e[A(&,n,T)e? + c.c] + E[wy(€,m,7)e* +ce] + - (2.33)

Here 6 = kx — wt is the phase, k is the wave number of the carrier wave and w is
the frequency. In expansion (2.33), A is the complex amplitude of the free short
transverse wave mode whereas ¢; and ¢, are the free long longitudinal and free
long transverse wave modes, respectively. The main purpose of this subsection

is to find evolution equations that describe the interaction between the long and
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short wave modes, and to determine the effect of second spatial coordinate on

the wave propagation.

Now, the scale transformation (2.32) together with power series solutions (2.33)
are substituted into the field equations (2.17). If the coefficients of like powers of
e are equated, a hierarchy of perturbation equations is obtained. For O(e), the
only equation is

¢ Ds(k,w)A=0. (2.34)
Assuming Dj(k,w) = 0 in equation (2.34), the first-order transverse wave

amplitude, A, remains arbitrary. In order to eliminate self-resonance, it is

assumed that Ds(nk,nw) # 0 for n > 2.

Similarly, for order €2, setting the coefficient of each mode equal to zero gives
e (cqw — 3k — 8cEm?k?) Ae = 0,
e Dy (2k, 2w)uy = ik3y5 A%,
e Dy(2k, 2w)vy = 0,

e D3(2k, 2w)wy = 0. (2.35)

Since ¢, is the group velocity of the transverse wave, the coefficient of A,
in equation (2.35); is identically zero. Recalling that D,(2k,2w) # 0 and
D3(2k,2w) # 0, we obtain vy = 0 and wy = 0. In addition, the second-order
longitudinal component is expressed in terms of the first-order complex amplitude

of the short transverse wave
ik3
Ug = — B g2, (2.36)
For order €, using the results of lower order perturbation equations, the following

equations are obtained:

. k2
iAr +pAge + 1Ay, = qlAPA+ Z(%QSL& T néan 4,

(Cz - C%)(?Lé& - Cg‘blﬂm - (Ci - C%)@,&n = 73k2(’A|2)£v

(&~ B)bage — Abon — (& — Abres = MK (AP),,  (237)

where the coeflicients are defined as

Lo

f6~2
p= —T(cg—c§—24m2c§k2), r= 75
w

a wD1(2k, 2w)"

2
92 (1+8m%?), ¢ (2.38)

2w
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Hence, the coupled system (2.37) govern (2+1) dimensional weakly nonlinear
waves in a generalized elastic solid, that travel mostly in the x direction and
whose amplitudes are slowly modulating in both x and y directions [53]. Since
the nonlinear interaction of the quasi-monochromatic transverse wave and the
zero harmonic transverse and longitudinal waves is considered, i.e., a free short
transverse, a free long longitudinal and a free long transverse wave modes
are included, the evolution equations (2.37) present a generalized form of the

Davey-Stewartson equations (1.3).

It is more convenient to express the GDS equations (2.37) in a dimensionless

form. Thus, introducing the dimensionless variables as

_ il —a)’ _God, ,omla )
ki ke Bk
the three coupled evolution equations take the form
AL+ 0 A + Ay = XJAPA +b(¢10 + d2,) A,
¢1,m¢ + m2¢1,yy + n¢2,my - (|A|2)$7
)‘¢2,mz + m1¢2,yy + n(bl,:ry = (’A‘2)ya (239>

where (A — 1)(mg — m;) = n? and the non-dimensional coefficients are given in

the form
soPp G G my o d
s’ ryskt 2wr 3] P2 —c2'y
2 2 2 2 _ 2
c 2 —c c2—c
my= 2By = BAZG) BTG (2.40)
ci—c2'm Y(cf —c2) i — 2

Here, in order to make the further calculations simpler, it will be assumed that

0=1
2.5 Special Cases of the GDS Equations

In this section, it will be shown that the generalized Davey-Stewartson equations
reduce to the nonlinear Schrodinger and to the Davey-Stewartson equations,

under some restrictions on the parameter values.

If the y dependence is dropped from system (2.43) and Q)2 = 0, then the evolution
equations (2.43) reduce to the single NLS equation

iA; + Are = XIA|PA, (2.41)
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where

X=x+0. (2.42)
If the following dependent variables for the long wave components are introduced

Ql = ¢l,:m QQ = ¢2,y7

the evolution equations (2.37) can be rewritten to eliminate the mixed derivatives

of the long wave components:

Ay + Age + Ay = X|APA+5(Q1 + Q) A,
Ql,:m + m2Q1,yy + nQ2,:m = (|A‘2>x:pu

AQ2,zx + M1Q2yy + Nl yy = (|A‘2)yy~ (2.43)

For some special cases, system (2.39) reduce to the DS and to the NLS equations.

If we introduce a new dependent variable as
1 2
Q=01+ 02— |Al%,
my

and assume that n = m; —mg = 1 — X (2.39) reduce to the well-known DS

system
Z‘/415 + Ax:c + Ayy = X|A|2A + an:Aa
Q$x + leyy = m(|A|2)z7 (244)
where
_ b _ 1
X=x+—, m=1-—. (2.45)
my my

Therefore, system (2.39) may be called “generalized Davey-Stewartson” (GDS)

equations since they have a more general form than the classical DS system.
2.6 Special Solutions of the GDS System
2.6.1 Using Jacobian elliptic functions

In this subsection, some special solutions of GDS equations (2.39) will be given
in terms of Jacobian elliptic functions. These solutions involve hyperbolic secant

functions and hyperbolic tangent functions as special cases.
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In order to find the travelling wave solutions of GDS equations (2.39), the

following solutions are considered:

A= f(C)€i07 ¢1 = g(<)7 ¢2 = h(C)? (246)

where 0 = l1x + loy — [3t, and the amplitudes of the short wave f, and the long
travelling waves g and h are real functions of ( = kjx+koy—kst. Here we assume
that all the derivatives of f, g and h tend to zero as ( — +oo. Substituting the
solution functions given by (2.46) into the system (2.39) leads to a set of coupled

ordinary differential equations

(2kyly + 2kyly — k) f =0,

(ki +K3) [ = (I +15 = 13)f = xS+ b(kag + kah') f,

(K2 + mok2)g” + nkikoh” = 2k f f

nkikag + (N2 +my k)R = 2ky f f (2.47)

where ' denotes differentiation with respect to ¢. From equation (2.47);, we
obtain a compatibility condition as k3 = 2(kil; + kols) where f # 0. Integrating
equations (2.47)3 and (2.47), with respect to  once gives

(k2 + mok2)g + nkikoh' — ki f? = O,
nkikag + (k2 + mik2)h — kof? = Oy, (2.48)

where C and C; are integration constants. Solving the algebraic equations (2.48)

for ¢ and A’ in terms of f2 gives

g =dif*+dy, B =dsf*+dy, (2.49)
where
ks 2 2 2 1 2 2
di = F Ok +maky — k), do = [CLAKL + miky) — Conkaks),
k 1
d3 = ZQ(/{?% + m2k'§ — nk%), d4 == Z[Cg(k% + mgl{?%) — Clnk'lkg],
A = (ki + mokd)(Nki + mqyk3) — n’kiks.
If f - f_as( — —oc and f — fy as ( — oo, we obtain f2 = f2 from
equations (2.48), and consequently the integration constants are C; = —ky f2
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and Cy = —kof? . Then, the coefficients do and d; in equations (2.49) are
dy = —di f% and d, = —dsf?. Therefore, the solutions associated with the long

wave components are expressed in terms of the short wave amplitude f

g =—di(f>—f%, K =-d(f> -7 (2.50)

In such a case, the second equation of (2.47) takes the form

" =2af®+ By, (2.51)

where the coefficients o and ( are

= b(kidy + kod
aQ 2(k%+k%)[x+ ( 1 1+ 2 3)]7
1
= (P412— 13— bf*(kydy + kods)]. 2.52
B k%_i_k%[l—i_Q 3 — 0fZ (kidy + kads)] (2.52)

By multiplying (2.51) with f', integrating with respect to ¢ once and introducing

a new dependent variable z = f2, (2 real), the following equation is obtained

!/

(2 ) =4z(az® + B2 + C) = 9(2), (2.53)
where C' is an integration constant. The solutions of this nonlinear ordinary
differential equation can be found for & > 0.

First type of solutions:

Let « <0, 3> 0and ®(z) = —4daz(z — z1)(22 — 2), where 0 < z; < 2z < zp and

2 :2106(\/52—4040 — 0), 22:21040/52_4050 + 0). (2.54)

Integrating equation (2.53) the solution for the envelope function f(() is obtained

in terms of Jacobian elliptic function:
F(Q) = {22 — (22 = z1)sn’[(—az2) 2 + Dy K]}, (2.55)

where k? = (29 — 21) /22 and D is an integration constant. Using (2.50), and the

fact that f2 = z;, the solutions associated with the long wave components are

. dl(ZQ — 21) w) — g2 U
9(0) = TR — (1 K
d3(zo — 21) 9
h(() = ———=|E(u) — (1 — k*)ul, 2.56
(© = P ) - (1 - K (2:56)
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where u = (—az)2( 4+ Dy, and E(u) is the elliptic integral of the second kind
[54].

In the limit k£ = 1; since z; = f_ = 0 and 25 = —f/a, solutions (2.55) and (2.56)
reduce to the following solitary wave solutions in terms of hyperbolic secant

function and hyperbolic tangent functions

f(¢) = :I:(—Oz)_l/2 3 sech[ ¢ + Dy,
9(0) =~ 5 tanh[7 ¢+ D),

h(¢) = —ij’ 3 tanh[3 ¢ + Dy], (2.57)
where -
b= (i (2.58)
and the solutions of the GDS equations are obtained as follows [53]:
A= +(—a)™? B sech[B ¢+ Di] e,
61=—" 5 tanh([3 C+ Dy,
by = —‘fj’ 3 tanh[B ¢ + D). (2.59)

Second type of solutions:

Let « >0, 8 <0 and ®(2) =4az(z; — z)(z2 — 2), where 0 < z < 2z; < 25 and

z1:21a(\/52—40z0—ﬁ), zgzzla(\/ﬁﬂ—élozc + 7). (2.60)

Integrating equation (2.53) the solution for the envelope function f() is obtained

in terms of Jacobian elliptic function:
f¢) = 211/2 sn[(aze)Y2¢ + Dy K], (2.61)

where k% = 21 /25 and D, is an integration constant. Using (2.50), and the fact

that f? = z;, the solutions associated with the long wave components are

—diz 2
90) = o malE — (1= Kyl
—d3z 2
h = —F—|F(u) — (1 — k%)ul, 2.62
(©) (%)W[ (u) = ( Jul (2.62)

where u = (@25)2¢ + Ds.

21



In the limit K = 1; 2, = 20 = —(3/(2a). The frequency must be chosen as
I3 = I3 4+ 12 + xf? which is evident from equations (2.51) and (2.52). Then,
solutions (2.61) and (2.62) reduce to the following solitary wave solutions in

terms of hyperbolic tangent functions

F(Q) = a2 5 tanh[ 5 ¢ + Dy,
9(Q) =~ 5 tanh[§ ¢+ Dy,

MO =2 5 tanh[ ¢ + Dy, (2.63)

where

3= {M[X + b(k1dy + k2d3)]fz}%, (2.64)

and the solutions of the GDS equations are obtained as follows [53]:

A=+ o2 B tanh[3 ¢+ Dy] €,
b1 = —626 tanh[ 3 ¢ + Do),

Py = —ij’ﬁ tanh[ 3 ¢ + Do, (2.65)

This subsection will be concluded by summarizing the properties for the travelling
wave solutions of GDS system (2.39). While the sech type envelope solitary wave
for A can propagate for negative values of o and positive values of 3, the tanh
type envelope solitary wave can propagate for positive values of o and negative

values of 3.
2.6.2 By the tanh method

In this subsection, special solutions of GDS equations (2.39) will be given in the
form of travelling waves by following the procedure given in [39]. According to
this method, the solutions are expressed as polynomials in terms of tanh or/and
sech functions and their combinations in which the degree of the polynomial
is determined by balancing the highest nonlinear term and the highest order
partial derivative term. The method given in [39], transforms the nonlinear

partial differential equations

Pi(Uj,Uj7t, Uj@,’u]',y, ) = O, Z,j = 1, 2, 3, (266)
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where u; = A(x,y,t), us = ¢1(x,y,t) and ug = ¢o(x, y, t); into nonlinear ordinary
differential equations through a travelling wave transformation ( = kyx+koy+kst
as

pi(f?g?h?f/?gl?hl7"'):07 i:172737 (2'67)

where A = f((), &1 = g(C), ¢ = h(¢) and where prime denotes differentiation
with respect to (. Then, two types of solution functions of the nonlinear

differential equations, that is,
U(¢) = £sech(k(), V() = tanh(k() (2.68)
are introduced as solutions of the coupled Riccati equations
U =—kUV, V =k(1-V?. (2.69)
Solutions of the GDS equations (2.39) is expressed in the form
fQ) = Yl + Y ave,
=0 i=1
Q) = Y bU + SRV,
i=0 i=1

) => U +> VU, (2.70)
1=0 =1

where a;,b;, ¢;,@;,b; and ¢ are constants. The values of p, r and s are the
polynomial degrees of the solution in f, g and h respectively and will be
determined by balancing the highest nonlinear term with the highest derivative

term.

In order to find the travelling wave solutions of GDS equations (2.39), the

following solutions are considered:

A=F()e”, ¢1=g(C), ¢2=h((), (2.71)

where 6 = l1x + oy — l3t, and the amplitudes of the short wave f, and the long
travelling waves g and h are real functions of ( = kyz + koy — 2(k1ly + kals)t.

Substituting solutions (2.71) into the system (2.39) leads to a set of coupled

ordinary differential equations
fr=onf+axf’+Big f+Bh f=0,
g +mh’ +pff =0,
g sk +uff =0, (2.72)
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with

2412 — 1 —x bk —bks
M=Tpim T prm AT pre BT e

nkiks ok, A2+ k2 9
MR ekl P TR mekd BT nkike T ke

(2.73)

Here, it should be noted that the form of the equations (2.72) is the same as
(2.47) in Section 2.6.1.

At this step, by substituting solutions (2.70) into the system (2.72) and by using
(2.69) together with the relation V? = 1—U? repeatedly, the term f " is balanced
by the term f° while ¢" and A" are balanced with the term ff . Thus, the positive
integers p, r and s are found as p =r = s = 1 . Now, solutions (2.70) can be

written as follows:

f(g) :a0+a1U+(z1V, g(g) :bO—FblU—{—Bl‘/, h(C) :CO—FClU—FélV
(2.74)

Substituting (2.74) into (2.72) and equating the coefficient of each power of the

variables U and V' leads to the following nonlinear system of algebraic equations:

UVO:  aglay — as(aj + 3a3)] = 0,
vV a[on — ax(3aj +aj)] =0,
U: ay(k* — ay + 3azad) + a1 [3aara;, — k(Biby + Bae1)] = 0,
kby + kciyi — apary, =0, kby + keyys — araryy = 0,
Uv : ag[6agaia; — k(G1by + fBec1)] =0,
apary2 =0,  aparys =0,
U: aol3as(ai —ai) + k(Bibr + Bac1)] = 0,
apa1ye =0,  apa1y4 =0,
UV :  ai[3asaiar — k(Biby + Bact)] — @ fanai + k(2k — Biby — 3261)] = 0,
2k(by + 1) + 12(af —aj) =0,  2k(by + é1y3) + Yalal — a@j) =0,
U?:  aiBcoaras — k(Biby + Bact)] — ar[anai — k(2k — Biby — (1)) = 0,

k(bl + Cl”}/l) — aldl’yg = 0, k’(bl -+ Cl"}/g) — (Ildl’)/4 = 0. (275)
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Solving the nonlinear system of equations (2.75) with the help of Mathematica

gives the solutions.

The parameters are found as

k=4 B L]l/z, a; ==+ (%)1/2,
2 “an(v —3) o)
T Y174 — 7273 aq 1/2 _ Y2 — Y4 a1 1/2
by =+ , = =* ;
' D (1 — 73)] ' D (71 — 73)
D = [200(v3 —71) + Ba(v2 — 74) + Bi(1va — Vﬂ:ﬂ)]lﬂa
ag=a,=0by=c; =0, by and ¢y arbitrary, (2.76)

and the solution functions f, g and h are found as

_ A1y1/2 D a1 1/2
=+ (—)7 tanh{£ — [——— :
A = ()2 tanb{ - [y
- Y14 — 7273 aq 1/2 D aq 1/2
=by+ tanh{£ — [———— )
9(6) = bo D (71 — 73)] t 2 [062(71 - 73)] <
_ Y2 — V4 aq 1/2 D a1 1/2
h(¢) =co £ tanh{+ — [———— :
Q)= D Cag(n - V3)] t 2 [042(71 - 73)] <
(2.77)
Finally, the solutions of the GDS equations are obtained as follows:
A=t (92 gungr 29 ey o),
Q2 2 “as(n — )
_ V1Ya — 7273 aq 1/2 D ! 1/2
= by £+ tanh{+ — |[——— ,
#1=bo D (M1 — 73)] t 2 [042(71 - 73)] <
_ V2 — 4 a1 1/2 D a1 1/2
=co* tanh{+ — [————— ,
P2 = D Cag(m - 73)] t 2 [Oé2<71 - V3)] <
(2.78)

The solutions (2.78) are in agreement with the ones (2.65) obtained in Section
2.6.1. By considering the relation I3 = 12 + 153 + xf? and assuming D, = 0 in
(2.65) and by = co = 0 in (2.78), it is easily seen that these two sets of solutions

coincide.

By using the tanh method only tanh-tanh-tanh type solutions have been
obtained. Sech-tanh-tanh type solutions which was given in Section 2.6.1 by

Jacobian elliptic functions couldn’t be obtained by the tanh method.
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3 LONG-WAVE SHORT-WAVE INTERACTION EQUATIONS
3.1 Derivation of the Interaction Equations

The DS equations given by (2.44) consist of two partial differential equations, first
of which is a nonlinear Schrodinger equation with a forcing term and the second
is a linear equation. It is easily seen that, in equation (2.44), the coefficient y
becomes zero and the coefficient m; becomes singular if the group speed ¢, of
the transverse wave is equal to the speed c¢; of long longitudinal wave, i.e., if
A= cf]. This corresponds to a long-wave and short-wave resonance condition
in which the group velocity of the transverse wave and the phase velocity of the
longitudinal wave are equal to each other. This resonant case has already been
studied in the context of water waves [10], and the following evolution equations

have been derived to describe the resonant interaction of the waves for (1+1)

dimensional case:

1 "

B, = —a(|AP),. (3.1)

Sulem and Sulem [55] have extended this result for the (2+1) dimensional case,
and Colin and Lanes [56] have proved that such phenomena also occurs in a
general way in nonlinear optics. Under the long-wave short-wave resonance

hypothesis, the equation satisfied by free surface A is coupled with that of mean

flow () as

iA, — ;w”(/f)Am =34 Q,
C
Qut + 59 Quy = —xa(|AP)o (3.2)

On the other hand, a similar argument can be done for the GDS equations (2.37).
Simple algebra shows that, in (2.37), ¢ — ¢ = 4m*c3k*(3 + 16m*k?)/w*  is

always positive. However, it is possible to show that there exists a critical wave
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number k.
k2 = L
¢ 32c3m2

such that ¢ —¢f > 0if k > k. and ¢ — ¢f < 0 if k < k. because ¢§ > c3. The

(2 — 4¢3 + e (S + 82)?)

case where k = k. corresponds to longitudinal long wave and transverse short
wave resonance since the phase velocity of longitudinal wave, ¢y, is equal to the

group velocity of the transverse wave, c,.

In order to analyze the long-wave short-wave interaction of the so-called GDS
equations for the case cg = 2, the interaction equations will be developed for
the same elastic medium by using the reductive perturbation method. Since
longitudinal long wave and transverse short wave resonance will be investigated,

it is convenient to introduce the scale transformation as

E=¢€(x—cgt), n= 63/2y, T = €, (3.3)

where € is a small parameter measuring the weakness of dispersion, ¢, is the
group velocity of the short transverse wave, and x, y and t are fast space and
time variables; &, n and 7 are slow space and time coordinates in a frame of
reference moving with the group speed of the short transverse wave. Here the
direction of the wave propagation is taken along the x axis and it is assumed
that the field variables depend on the transverse coordinate y as well. Since we
deal with the nonlinear interaction of the transverse short wave and longitudinal
long wave, it is convenient to expand the components of the displacement vector

in asymptotic power series of € as follows:

U = €¢1 (57 n, T) + 62[“2(57 n, 7_)621'9 + C'C'] + 63[“3(57 n, 7_)621'9 + C'C‘] + e
v= ey (& n,m) + s (€, 1)+ ce] + -

w = P[AE,n,7)e? + c.c] 4+ €2 [wy(€,n, T)e* +cc] + - - (3.4)

Here 0 = kx — wt is the phase, k is the wave number of the carrier wave, w is the
frequency, c.c. stands for the complex conjugate of the preceding term. A is the
complex amplitude of the free short transverse wave mode whereas ¢; and ¢
are the free long longitudinal and free long transverse wave modes, respectively.
If the scale transformation (3.3) and expansions (3.4) are compared with the

ones in Section 2.4, that is, equations (2.32) and (2.33), it is observed that the
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interaction occurs in a smaller scale of y coordinate and the amplitudes ¢5 and

A in (3.4) are larger than the ones in (2.33).

Substituting expansions together with the coordinate stretching into the
governing equations (2.17) and equating the coefficients of like powers of € to
zero, we obtain a hierarchy of perturbation equations. For O(e*?), the only
equation is

¢ Ds(k,w)A=0. (3.5)

Assuming Ds(k,w) = 0 in equation (3.5), the first-order transverse wave
amplitude, A, remains arbitrary. In order to eliminate self-resonance, it is

assumed that Ds(nk,nw) # 0 for n > 2.

Similarly, for order €2, setting the coefficient of each mode equal to zero gives

e? . Dy(2k,2w)uy = 0, (3.6)
and for order €%/2,
e ing(k w)Ae =0
ak ) Y

e? . Dy(2k, 2w)vy = 0,

e? . Ds(2k, 2w)wy = 0. (3.7)

Since the dispersion relation of the transverse wave is identically zero, A¢ in
equation (3.7); remains arbitrary. Recalling that D;(2k,2w) # 0, Dy(2k,2w) # 0
and D3(2k,2w) # 0, we obtain us = 0, v, = 0 and wy = 0. For order €

e (g — )ree =0,
e (diwe, — cfik — 96ik c3m* uge + 4(k2c — w?ug + ik A% = 0.

(3.8)

Since long-wave short-wave interaction equations are looked for ¢, = ¢} in the
first equation of (3.8) ¢, is obtained as a arbitrary function and since us = 0, us
is written in terms of A as:

v3ik?

_ 2
Uz = 4((,(}2 — kzc%)A . (39)
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For order /2

— &) dage — (€] — B)d1ey =0,

— ¢ — 6k°c3m®) Age — 2iwA, + ke A=0.  (3.10)

e (c

QN QN

e (e

Using ¢? = cf] in (3.10); gives the following relation between the long longitudinal

and long transverse wave modes:

P2e = P1p- (3.11)

The only equation for order €* is

= 2¢001 e — GPram — (] — B)d2en — 1K (JAP)e = 0. (3.12)

By using (3.11) in (3.12) together with (3.10), the following evolution equations

are obtained for the description of the interaction:

. 73,2

A, + pA —k*peA =0,

1Ar +pAge + 5 k¢

209¢T£ + Cﬁgbnn + 73k2(|A|2)§ =0, (3-13)
where

1
p=¢1 and p= —ﬂ(cg — 5 — 6m*cik?). (3.14)

By introducing the dimensionless variables as

2¢, w 1, cow. 19
toE=—m = ()
k273 Cq k(73>

T =

v, (3.15)

the dimensionless form of the two coupled evolution equations (3.13) are obtained

as follows:
1AL + 0A = ¢ A,
Gt + byy = —(|A]")z, (3.16)
where ,
5=2 kfwzgvg. (3.17)

Here, in order to make the further calculations simpler, it will be assumed that
d = 1. It is easily seen that equation (3.16) is in complete agreement with

equation (3.2) which was obtained in [55].
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3.2 Special Solutions of the Interaction Equations
3.2.1 Using Jacobian elliptic functions

The travelling wave solutions of (3.16) can be obtained simply by introducing

the following solutions:

A= f(Q)e?, d=9(0), (3.18)

where 6 = l1x + loy — I3t, and the amplitudes of the short wave f, and the
long travelling wave g are real functions of ( = kix + koy — 2k1l1t. Again we
assume that all the derivatives of f and g tend to zero as ( — 4o00. Substituting

equations (3.18) into the system (3.16) leads to

b —l2 1
fr+2 f—fgf—O
" 2]{31

where ’ denotes differentiation with respect to (. Integrating equations (3.19),
with respect to ¢ once and assuming that f — f_ as ( — —oo0 and f — f, as

( — 00, we obtain

/ k1
m<f2 /%) (3.20)

and f2 = f2. The first equation of (3.19) takes the form

9 =

" =2af? + 3f, (3.21)

where the coefficients o and ( are

22K, — k3 Tk k3 — 2k21, '

By multiplying (3.21) with f', integrating with respect to ¢ once and introducing

a new dependent variable z = f2, (z real), the following equation is obtained:
(2 ) =4z(az® + B2+ C) = 9(2), (3.23)

where C' is an integration constant. The solutions of this nonlinear ordinary

differential equation can be found for ¢ > 0.

First type of solutions:

Let « <0, 3>0and ®(z) = —4daz(z — z1)(20 — 2), where 0 < z; < z < zp and

z1:21a(\/ﬁ2—4a0—6), z2:21&(\/62—4040 +0). (3.24)
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Integrating equation (3.23) the solution for the envelope function f(¢) is obtained

in terms of Jacobian elliptic function:

(NI

F(Q) = {22 — (22 — 21)sn[(—az) 3¢ + Dy K]} 2, (3.25)

where k* = (23 — 21)/2 and D; is an integration constant. Using (3.20), and
the fact that f2 = z; , the solution associated with the long wave component is

expressed as:

B le(zl —22) w) — 2 u
9(¢) = Com) 5K (2HE, _k%)[E( ) — (1= k), (3.26)

where u = (—az)2( + Dy, and E(u) is the elliptic integral of the second kind
[54].

In the limit k£ = 1; since z; = f_ = 0 and 2 = —3/«, solutions (3.25) and (3.26)
reduce to the following solitary wave solutions in terms of hyperbolic secant

function and hyperbolic tangent functions

£(¢) = £(~a)72 B sech[B ¢ + Dy,

2k, = ~

Q

—~

I

~
|

where
_ I3 — l%

ﬁ:( k%

Finally, the solutions of (3.16) can be given as follows:

)2, (3.28)

A= i(—@)*% 3 sech [B ¢+ D] €i9>

¢ =4k 3 tanh [3 ¢ + Dy]. (3.29)

Second type of solutions:

Let >0, <0and ®(2) =4az(zy — 2)(22 — 2), where 0 < z < z; < 25 and

zlz;a(«/ﬁ?—élaC’—ﬁ), @:210((\/@—4@0 +9). (3.30)

Integrating equation (3.23) leads one to the following solutions:

F(C) = 2Fsn[(az)¥¢ + Da; K,

221k?1 2
9(Q) = ()3 12 (22, k%)[E(U) — (1= k%)u], (3.31)
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where k? = 2,/z, D5 is an integration constant and u = (OZZQ)%C + Dy with
f 2= 21-

In the limit £ = 1; 2z = 2o = —(3/(2a) and the frequency must be chosen as
I3 = 2 which is evident from equations (3.21) and (3.22). Then, solutions (3.31)

reduce to the following solitary wave solutions in terms of hyperbolic tangent

functions
f(¢) = +a 2 3 tanh (B¢ + Dy,
B 2k, ~ -
9(¢Q) = a2k — D) B tanh [B ¢ + Dy, (3.32)
where

3= [f—z]l/? (3.33)
2(2k21; — k2)

Finally, solutions of (3.16) can be given as follows:
A=4a"Y?F tanh [3¢ + Dy e?

¢ = 4k § tanh [3¢ + D). (3.34)

3.2.2 By the tanh method

In this subsection, special solutions of the long-wave short-wave interaction

equations (3.16) will be given by the tanh method.

In order to find the travelling wave solutions of the interaction equations (3.16),

the following solutions are considered:

A=f(Q)e’. ¢=4g(C), (3.35)

where 0 = [z + loy — [3t, and the amplitudes of the short wave f and the long
travelling waves g are real functions of ( = kyx + koy — 2k1l;t. Substituting

solutions (3.35) into the system (3.16) leads to ordinary differential equations

f=mg f=0,
g —nff =0, (3.36)
with
1 ey
_L 3.37
71 kla ’72 2]{;%11 _ ]{7% ( )
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At this step, the following solutions will be introduced:
QO =>aU +> aVUu,
i=0 i=1
g(Q) =>_bU +> bVU, (3.38)
i=0 i=1

where a;,b;,a; and b; are constants. The values of p and r are the polynomial
degrees of the solution in f and g respectively and will be determined by
balancing the highest nonlinear term with the highest derivative term. By
substituting (3.38) into the system (3.36) and by using (2.69) together with
the relation V2 = 1 — U? repeatedly, the term f” is balanced by the term ¢ f
while ¢ is balanced with the term ff'. Thus, the positive integers p and r are

found as p =7 =1. Now, solutions (3.38) can be written as follows:
fQ) =a+aU+aV, g(¢)=bo+bU+bV. (3.39)

Substituting (3.39) into (3.36) and equating the coefficient of each power of the

variables U and U leads to the following nonlinear system of algebraic equations:

U: kay + v1bia; =0, kby + yaia; =0,

uv: Magby =0,  ~yeapa; =0,

U? maghy =0,  7aa9a; = 0,

UV :  yahy — @ (2k +y1by) =0, ya? — (pa? + 2kby) = 0,

U3 : - ’71()1(_11 — (11(2]{3 + ’}/151) = 0, k‘bl + ’72@1&1 = 0. (340)

Solving the nonlinear system of equations (3.40) with the help of Mathematica

gives the solutions.

The parameters are found as

k== 7172631, [_?1::F Bal’
2 gs!

ag=a; =0b; =0, a and by arbitrary, (3.41)

and the solution functions f and ¢ are found as

£(¢) = % tanh(=Y-2 0, C),

9(¢) =bo F 25, tanh(+ 72172 a C). (3.42)

71
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Finally, the solutions of the interaction equations (3.16) are obtained as follows:

A=+a; tanh(T¢C)e”,

¢ = by F b tanh(F¢o Q) (3.43)

where

L e 2R

by = [——1—]"2 3.44
a’l? 0 [2k%l1 _k%] ( )

“ e - )

The solutions (3.43) have the same structure as the solutions (3.34). Considering
bo =0 and a; = 1 in (3.43) while f2 =1 in (3.33) one can easily see that two

sets of solutions coincide.

By using the tanh method only tanh-tanh type solutions have been obtained.
Sech-tanh type solutions which was given in Section 3.2.1 by Jacobian elliptic

functions couldn’t be obtained by the tanh method.

4 ON DEGENERATE GDS EQUATIONS

If one of the coefficients of the GDS system (2.37) vanishes, the system is said
to be degenerate. In (2.18), if A = —p, then ¢ = ¢3 = p/py. This corresponds
to a degenerate case since two of the coefficients of the GDS system becomes
zero. In the next subsection, this degenerate case of the GDS equations will be

considered.

4.1 Degenerate GDS Equations

For the case ¢? = ¢3, the GDS equations (2.37) reduce to the following equations:

‘ k?
iAr + pAge + 1Ay = alAPA+ = (13016 +7162.0) A,

(03 - C%)le,ﬁﬁ - C%ﬁbl,nn = 73k2(|A|2)§7
(c; — D) Paee — Cidomm = Nk (|- (4.45)

It is easily seen from (4.45) that, considering ¢? = c3 makes system (2.37)

uncoupled due to the variables ¢; and ¢5. By introducing the dimensionless
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variables as

2
c
T:?lt7 52(03_0%)1/21'7 n==acay,
(2w)'/? 2wr(c2 — c2)1/? 2wr
A — = — 9 = —
the dimensionless form of (4.45) can be given as
Uy + 5“90:1: + Uqyyy = X|u|2u - (901@ + 902731)”7
Pl — Plyy — ’Ql(|u|2)$7
P2xx — Pyy — 52(|u|2)y7 (446)

where the non-dimensional coefficients are given in the form
2 2 2 2 2
c 2wqc c
5= Pa ekl b R Ky = — L (4.47)

—r(cg—c%)’ X = rkt Hl_r(c%—cg)’ r

and in order to make the further calculations simpler, it will be assumed that
d = 1. The system (4.46) can be classified as elliptic-hyperbolic-hyperbolic by

considering the linear terms of the equations.

In the next subsection, some special solutions of the degenerate GDS equations
(4.46) are investigated. To this aim, travelling wave solutions of the degenerate
GDS equations are given by using the Jacobi elliptic functions and the tanh
method. Besides, some special solutions of the degenerate GDS equations are
established by using a variable separation approach considering a prior ansatz to

its bilinear form [46].
4.2 Special Solutions of the Degenerate GDS Equations
4.2.1 Using Jacobian elliptic functions

In this subsection, some special solutions of the degenerate GDS equations (4.46)

are given in terms of Jacobian elliptic functions.

In order to find the travelling wave solutions of the degenerate GDS equations

(4.46), the following solutions are considered:

U = f(C) 6i97 Y1 = g(C)? P2 = h(C)? (448)

where 6 = l1x + loy — l3t, and the amplitudes of the short wave f, and the long
travelling waves g and h are real functions of ( = kjx + koy — 2(k1ly + kolo)t.

35



Here we assume that all the derivatives of f, g and h tend to zero as ( — Fo0.
Substituting solution (4.48) into the system (4.46) leads to a set of coupled

ordinary differential equations

K+ k) =T+ =) f =xf*— (kg + kb)) f,
(K —k3)g" = 2k1ki ff,
(k2 — E2)h" = 2rakaf f (4.49)

where ' denotes differentiation with respect to . Integrating equations (4.49),

and (4.49)3 with respect to ¢ once gives ¢ and b in terms of f2 as

g =dif’+do, B =dsf*+di, (4.50)
where
Iilkl Ol
dy = d
1 If% — k%’ 2 = kz ]{527
Iigk)g 02
d dy = ——
TR T E-&

and C and Cy are integration constants. If f — f_ as ( — —oo and f — f,

as ( — oo, we obtain f2 = f? from equations (4.50), and consequently the
integration constants are C; = —kikif?2 and Cy = —rkokof? . Then, the
coefficients dy and d4 in equations (4.50) are d; = —aif? and dy = —ayf>.

Therefore, the solutions associated with the long wave components are expressed

in terms of the short wave amplitude f

! !

g=d(f* =), h=d(f"=f2) (4.51)

In such a case, the first equation of (4.49) takes the form

" =2af?+ 3f, (4.52)

where the coefficients o and [ are

1
C2(k? 4+ k3)

ﬁ = l% + lg — I3+ (k‘ldl + k2d3)f3]

[x — (k1dy + kads)],
R
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By multiplying (4.52) with f* , integrating with respect to ¢ once and introducing
a new dependent variable z = f2, (z real), the following equation is obtained

!/

(2 ) =4z(az® + B2+ C) = 9(2), (4.53)
where C' is an integration constant. The solutions of this nonlinear ordinary

differential equation can be found for & > 0.

First type of solutions:

Let a <0, >0and ®(2) = —4az(z — 21)(22 — 2), where 0 < z; < z < 29 and

2 = 2106(\/52—4040 —0), z= 21040/52_4050 + ). (4.54)

Integrating equation (4.53) the solution for the envelope function f(() is obtained

in terms of Jacobian elliptic function:

N

F(Q) = {22 — (22 — 21)sn®[(—az) 3¢ + Dy; K]} 2, (4.55)

where k? = (29 — 21) /22 and D is an integration constant. Using (4.51), and the
fact that f2 = z;, the solutions associated with the long wave components are

expressed as:

_dilzm ) pe 2
9(Q) = Com) ik [E(p) = (1= k") ul,
d3(z2 — 21) 2
hC) = 22— 2Vrp ) — (1 — k)l 4.56
(©) (—0@)51@[ (1) = ( )] (4.56)

where 1 = (—az3)2¢ + Dy, and E(u) is the elliptic integral of the second kind
[54].

In the limit k£ = 1; since z; = 0 and 2o = —(3/«, solutions (4.55) and (4.56)can be
written in terms of hyperbolic secant function and hyperbolic tangent functions

and u , ¢; and @, accepts the following solitary wave solutions:

u = Fugsech[ (o ¢ + Dy] exp(if),
1 = by tanh[ (o ¢ + D],

Yo = Co tanh[Co C + Dl], (457)

where

20kt — k3)(1F + 15 — 1s) |12

2+12— 13]1/2
r1k? + rok3 + x (k3 — k7)

UOZ[

I
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. [(kf + K3) (I + 13 — 1s)]"/ (K + K3) (12 + 15 — 13)]'/

by = —2k1k Co = —2Rok
0 R1 lﬁlk%+ﬁgk§+x(k§—kf)’ Co RaRg

k1k? + rok3 + x (k3 — k3)

(4.58)

Second type of solutions:

Let « >0, <0 and ®(2) =4az(z; — 2)(22 — 2), where 0 < z < z; < 25 and

2 = 2106(\/52—4040 —0), 2= 21a(\/ﬁ2—4a0 + 0). (4.59)

Integrating equation (4.53) the solution for the envelope function f(¢) is obtained

in terms of Jacobian elliptic function as follows:
1
F(C) = 22 sn[(az) 3¢ + Das K, (4.60)
where k? = 21/2, and D, is an integration constant. Using (4.51), and the
fact that f2 = 2, the solutions associated with the long wave components are

expressed as:

_dlzl 2
g(¢) = W[E(M) — (1 —k%)pl,
_d321 2
h¢) = —B5 () — (1= ), 4.61
(¢) (O[ZQ)MQ[ (1) — ( )] (4.61)

where y1 = (az)2¢ + Ds.

In the limit £ = 1; 2z = 29 = —(/(2a) and the frequency must be chosen as
I3 =12 4+ 13 + xf? which is evident from equation (4.49). Then, solutions (4.60)
and (4.61) can be written in terms of hyperbolic tangent functions and u , ¢,

and gy accepts the following solitary wave solutions

u = Fug tanh [(p ¢ + Dy exp(if),

1 = by tanh [¢o ¢ + Do,

Yo = E() tanh [Co < + DQ], (462)
where
o . fz Klk}% + ligk% 1/2
up = |f-|, Go= [2</€% T k%) (x (k% — k%) N,
- 2f2 (k? 4+ k2
b[) — /flk:l[ - : f2 ( 1 5 2) - - ]1/2’
(k3 — k7)[R1kt + Koks + x (k3 — k)]
2f2 (k? 4 k2
50 = Iigkg[ f ( ! 2) ]1/2. (463)

(k3 — k) [riki + rok3 4+ x (k3 — k)]
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4.2.2 By the tanh method

In this subsection, some special solutions of the degenerate GDS equations (4.46)
will be given by the tanh method. In order to find the travelling wave solutions

of the degenerate GDS equations (4.46), the following solutions are considered:

u=f()e’, o1=49(C), w2=h(C), (4.64)

where 6 = l1x + loy — l3t, and the amplitudes of the short wave f, and the long
travelling waves g and h are real functions of ( = kyx + koy — 2(k1ly + kolo)t.
Substituting solutions (4.64) into the system (4.46) leads to a set of coupled

ordinary differential equations

fr—aif +aofP+ Big f+ b f=0,

g +nff =0,
W ff =0, (4.65)
with
l% + l% — l3 —X 6 kl
o= ——- Ny = ———— = —
S A
k’g 2%1]61 2%2]{2

== = - = . 4.66

Here, it should be noted that equations (4.65) have the same structure as (4.49)
in Section 4.2.1.

At this step, by substituting solutions (2.70) into the system (4.65) and by using
(2.69) together with the relation V2 = 1 — U? repeatedly, the term f" is balanced
by the term £ while ¢ and A" are balanced with the term ff . Thus, the positive
integers p, r and s are found as p =r = s = 1 . Now, solutions (2.70) can be

written as follows:

f(QO)=ao+a U+aV, g(¢)=by+bU+b0V, h()=co+calU-+eV.
(4.67)

Substituting (4.67) into (4.65) and equating the coefficient of each power of the

variables U and V' leads to the following nonlinear system of algebraic equations:
UV aglay — ax(al + 3a3)] = 0,
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oy — ao(3al +aj)] = 0,
U: ay(k* — ay + 3anad) + a1 [3aara; — k(Biby + Bae1)] = 0,
kb —viaray =0,  kep —yeaa =0,
uv: ao[6aparay — k(Bib1 + Baci)] = 0,
Tagar =0,  Yeapa1 =0,
U?: ao[3az(a? — ai) + k(Biby + Bac1)] = 0,
Maoar =0, 726001 =0,
UV ai1Basaray — k(Biby + Bac1)] — a1owal + k(2k — Biby — Ba81)] = 0,
2kby +v1(af —aj) =0, 2ké; +ya(af —aj) =0,
U @[3asayar — k(Biby + fach)] — as[agal — k(2k — Biby — Botn)] = 0,
kb — yiaia; =0,  key — yaia; = 0. (4.68)
Solving the nonlinear system of equations (4.68) with the help of Mathematica

gives two types of solutions.

First type of solutions:
The parameters are found as

2/
k::F\/a17 ay &

=+ )
\/2042 — i1 — B2

b — —201m E = —2a17%
1 — ) 1 — )
k<2042 — i — 52’72) k(2042 — B — 5272)
ag=a, =b; =c; =0, by and ¢y arbitrary, (4.69)

and the solution functions f, g and h are found as

_ 2,/a1
f<€) B :F\/QOQ — B — Baye SeCh(:F\/a—lC)’

9(C) = b F —2IVOL_ o aro),

209 — By — Baya

_ 272/
fmyﬁﬂv%_&%_@wmm@yaq (4.70)

The solutions of the degenerate GDS equations (4.46) are obtained as [57]:

u = Fug sech(F(y €) exp(ib),
1 ="0o F bo tanh(F¢ ¢),
2 = co F Co tanh(F(o €), (4.71)

where
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2+13— 13]1/2

k? + k3
(K + k3)(F + 15 — 13)]?
r1kT + roks + x (k3 — k)
(4.72)

Y

20k = k3B +15 —13) 1/
2 2 2 2 ] . Go :[

kiki + roks + x (k3 — ki)

(K2 + k) (1 + 15 = 15)]'?

r1kT + koks 4+ x (k3 — k3)’

U(]:[

Bo = 2H1k1 Co = 2/{12]{52
The solutions (4.71) coincide with (4.57) for by = cg =0 and Dy = 0.

Second type of solutions:

The parameters are found as

1
2 a2 o Qs
by — Y1y Q1 _ Yor/a1
L= ) 1 — ,
2\/042(5171 + Boy2 — 2a3) 2\/042(6171 + Bays — 2a3)

ag=a; =b; =c; =0, by and ¢y arbitrary, (4.73)

and the solution functions f, g and h are found as

f(Q) = $\/g tanh(xé\/_%(l 4 o fim n 10272 o),

(6) (oD
1
9(¢) = by F o tanh($2\/_2a1 4 by + 19272 0),
\/042(51’71 + G272 — 202) Q) g
1
W) =co F RENAT tanh(:FQ\/—2a1 L abm | alb
\/042(5171 + Boy2 — 2a2) g g
(4.74)

The solutions of the degenerate GDS equations (4.46) are obtained as [57]:

u = F up tanh(F(() exp(if),

1 = by F by tanh(F(C),

w2 = o F ¢ tanh(F((), (4.75)
where
I3 —12—12 I3 —12-12 k1k? + Kkok?
Uy = [( 3 1 2)}1/27 Co = [ 3 5 1 22(1 1 12 22 2)]1/27
X Q(kl + k2) X(k?z - kl)
-~ 2k2+k2l—l2—l2
b[) _ "flkl[ . (2 1 22)( 3 5 1 2)2 5 ]1/2’
X(k3 — k7)[k1kT + Roks + x (k5 — ki)
2R —B—B)

- 4.76
o= 2[X(l<:%—k%)[mk%erk%er(k%—k%)] )

The solutions (4.75) coincide with (4.62) for by = ¢y = 0 and Dy = 0.
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4.2.3 By variable separation approach

In this subsection, some special solutions of (4.46) will be presented by using a

variable separation approach [46]. In [46], a variable separation procedure for

DS system has been proposed by using a prior ansatz to its Hirota bilinear form

30, 34].

In order to obtain the bilinear form of (4.46) the following restrictions on the

parameters will be made:
K1 — ke =2X, FK1+hky=38,
and the degenerate GDS equations (4.46) will be rewritten as

WUy + Ugy + Uyy = X’u‘zu’ - (()01,33 + 902,y>uu
Plaz — Plyy = (X + 4)(’u‘2)17

P2z = Pyy = (4 - X>(|u|2)y
Introducing new dependent variables F' (real) and G (complex) by

1 1
U= = §(>< +4)(log F),, 2= 5(4 —x)(log F),,

equations (4.78)s and (4.78)3 can be written as

G 2
(08P ). — (l08F )z = 25T,

G 2
(08P )1y — (108F), = 20,

Integrating (4.80); in terms of x and (4.80), in terms of y once gives

GJ”

(logF) e — (logF )y, = 52l

which implies

(Fow — Fyy)F — B2+ F =2|G|”.

On the other hand, substituting (4.79) into the equation (4.78); leads to

FG,—-GF,  FG,—GF, FG,—GF,

N

0+ ) 108F ) — (x — 4)108F),,) & = 0.
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(4.80)

(4.81)

(4.82)
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Using (4.81) in (4.83) gives

i(FGy — GF) + (FGyy — GFyp + FGyy — GFyy)

G

+2H{[(F)" + (F)’] 5 — FoG. = F,Gy}

_g(FFw - FFyy - (F:c)2 + (Fy)2>*
1 G

+§[(X + 4)(FFM - FxQ) - (X - 4)(FFyy - Fyz)]f =0, (4'84)

which simply implies
i(FGy— GFy) 4+ (Gyy + Gy ) F + (Fuw + F, )G — 2(F,G, + F,G,) = 0. (4.85)

Thus, equations (4.85) and (4.81) can be rewritten as follows:

i(GiF — GF) 4 (Guo B — 2G F, + GFyy) + (Gyy F — 2G F, + GF,y) =0,
(B, F —2F,F, + FF,,) — (FpF — 2F,F, + FF,,) = —4|G)?, (4.86)

and which means

(iDy+ D2+ D))G - F =0,
(D —D2)F - F = —4|GJ”. (4.87)

Here, D is the Hirota bilinear operator defined by
ID;nID;L,DZ FG = (at—at’>m(8$_ar’)n(ay_ay')pF(xv Y, t) 'G(xlv y/7 t/> ’wzr'7y:y',t=t"

Applying the following characteristic transformation,

X = ?(I —y), Y = ?(I +v), (4.88)

which corresponds to the characteristics of hyperbolic equations (4.78), and

(4.78)3, Hirota derivatives are obtained as

> >
Dy = {(Dx ~D,), Dy= \g(Dx +D,). (4.89)
and (4.87) reads

(iD, + D% + D2)G - F = 0,

DxDyF - F =2|G|. (4.90)
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Now, equations (4.90) are assumed to possess the following variable separation

form:

F=P(X,t)—Q(Y,t)+ P(X,t)Q(Y,1),

G = [Px(X,1) Qv (Y, 0] 2exp [i(R(X,0) + S(V,0)], (491)
where P = P(X,t) and Q = Q(Y,t) are Y and X independent, respectively.
After substituting the solution functions (4.91) into the first equation of (4.90)

and vanishing both real and imaginary parts, respectively, the following equations

are obtained:
PRQVy + Pix QY — 2(PxPxxQy + QyQyvy P¥)
+4P{QY (R + R% + S; + S3) =0,
(P —Q+ PQ)PxQ3 (P, + 2Px Rx)x — 2(1 + Q) PXQy
+(P = Q+ PQ)P3Qy(Q: + 2Qy Sy )y —2(1 — P)PRQ} =0 (4.92)
which may be rewritten as
QY [Pix — 2PxPxxx + 4P% (R, + RY))
+P3Q%y — 2QyQyyy +4Q3 (S, + 57)] =0,

0
|(P,+2PxRx)

[—2(14+ Q)PxQy + (P —Q + PQ)anix
+[2(1 = P)PxQy + (P - Q + PQ)PX£/](Qt +2QySy) = 0. (4.93)

According to the fact that P and R are only functions of X and ¢, Q) and S are
only functions of Y and ¢ equations (4.93) are reduced to

P +2PxRx + Ci(t)(1 - P) =0,

Q: +2QySy + Ci(t)(1 + Q) =0,

APY(R, + R%) + Pix — 2Px Pxxx — Ca(t) P% = 0,

4Q% (St + 5%) + Qyy — 2QyQyyy + Co(1) Q3 = 0, (4.94)
where C; = C4(t) and Cy = Cy(t) are arbitrary functions introduced in the

variable separation procedure.

In order to be able to simplify equations (4.94), the functions P and @ will be

introduced as

V t ! !
P=BU+1, Q=—2-1, B:exp/C’l(t)dt, (4.95)
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and the first two equations of (4.94) will be written as

_ U, G(UB-UB,
2Ux 2UxB
V, Ci(t)VB-VB,

Se(Vit) = =g =y (4.96)

Rx(X,t) =

By integrating first equation of (4.96) with respect to X and the second one with
respect to Y the functions R(X,t) and S(Y,t) are found as

X
R(X,t) = — 2UXdX + Cs5(1),

Y
S(Y.t) = — 2‘é;dY +Cult), (4.97)

where C3 = C3(t) and Cy = Cy(t) are integration functions.

Substituting equations (4.97) into equations (4.94); and (4.94), leads to the
following two (141) dimensional equations about fields U(X,t) and V(Y,t),
respectively,

X U,
—2U% / (ﬁ)th + U3 (405 — Cy) — 2UxUxxx + Uk x + U =0,

X

YV,
—2V5/ (Vft)tdY + Vi (4Cy — Cs) — 2Vy Varyy + Vi + V2 = 0. (4.98)
Y

Dividing (4.98); by U% and differentiating the resulting equation with respect to
X once gives,

UtQUXX +UttU)2( —2U0,U.xUx +U§(X + U)Z(UXXXX —2UxUxxUxxx = 0, (499)

and similarly dividing (4.98), by V;* and differentiating the resulting equation

with respect to y once gives,
Vt2VYY + VuViE = 2ViViy Wy + Vi + VitWayyy — 2V Viy Vayy = 0. (4.100)

Five type of special solutions of equations (4.99) and (4.100) will be given and
with the help of these solution functions U and V/; first P, Q) and B in (4.95) will
be calculated and then F' and G in (4.91) will be obtained. Finally, by using the
transformation (4.88) backwards, the solutions of the degenerate GDS equations

will be written in terms of z and y.
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First type of solutions:
U=exp(kyX +wit), V =exp(kY + wat), (4.101)

where ki, ko, w; and wy are arbitrary constants. The solution functions are

2(k? — I2)
u==+ A exp{kz + ly + 2(kw + [Q)t
—ilwr + Qu + (W + Q> — k* — 1))},
4
o1 = (Xz)k exp[2ka + 20y + 4(kw + 1Q)1],
4 —
g = & AX)Z exp[2ka + 2y + 4(kw + 1Q)1],
A =1+ exp[2kz + 2ly + 4(kw + IQ)1], (4.102)
where
k?l + ]{?2 ]{32 — kﬁl 1 %) w1 1 o) w1
k= , L= : =—(—+—), Q=—(—F--7).
2V2 N oA AT

By writing the exponential functions in terms of trigonometric functions, the

solutions (4.102) can be rewritten as follows [57]:

u = + wug sech( exp (i6),
¢©1 =b(1+tanh(),

9 = ¢ (1 + tanh (), (4.103)
where

C=kr+ly+2kw+INt, 0= —|wz+ Qy+ (W +Q*—k*—1*),

w = [(K = 12)/2Y?, b= (“24)’“ c— (4_2”[ (4.104)

It is easily seen that the solutions (4.103) is in complete agreement with that
of (4.71) obtained in Section 4.2.2. Actually, by assuming the constraints on

parameters given by (4.77) in equations (4.71) and (4.72), and considering the

relations

w = _lly Q= _127 b:bo, ¢ = Co,
E+@_@ym ﬁ+@_@ym

k=+k
1(ﬁ+% k3 + k3

L L=tk . (4.105)

exactly the same solutions given by (4.103) and (4.104) are obtained.
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Second type of solutions:
U= ]CIX + wlt, V = kQY -+ (,dgt, (4106)

where ky, ko, w; and wy are arbitrary constants. The solutions are found as [57]:

u==+ \/A2_l<: exp{—ZUiZ[ka(wx + Qy) + (W + O},
1= (XZ4) (kx + wt),
(x—4)

— ky + Qt
©2 A (ky +Qt),

1
A=1+k(@*—y?) + 2wz — Q)t+ —(w* - QH*,  (4.107)

k
where
k1 ko 1 1
E=—2= = ——(k k Q= —+(kiwy — k .
5 w 2\/5( 1w + kawr), 2\/5( 1wy — kowy)
Third type of solutions:
U= kX +wt), V= (kY +uwt) (4.108)

where ky, ko, w; and wy are arbitrary constants. The solutions are found as [57]:

kv 2k
w=x PV 2 aer — oyt 4 - 01
xexp{—i[wz + Qy + (W + Q*)t]},
4 3
1 = W(m +2wt)[2® — i + d(wr — )t + 4 - )PP,
—4)k3
2 = %(A)(y +200)[2% — y* + d(wa — Qy)t + 4(w® - Q)P
A=1+k[" -y + 4wz - Qy)t + 4 — )P, (4.109)
where
L kb 1wy w 1 w2 w

) = —+ =) Q= 7. 7.
2 “ 22 ka Kk 2\/5( ky Kk
Fourth type of solutions:

U= le -+ wlt + Sinh(le + wlt), V= kQY -+ CUQt + sinh(kQY + (.UQt), (4110)

where ky, ko, w; and wy are arbitrary constants. The solutions are found as [57]:
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4+/2
u== Akl cosh[k(x — y) 4+ wt] cosh[l(x + y) + Q)]
iow  Q Q w w2 0?2 ) )
X eXp{_Z[(E + 7)95 + (7 - E)y + (@ +op 8k -8 )]},
2(x +4) . 2
p1=""} {l[2k(x — y) 4+ 2wt + sinh[2k(z — y) + 2wt] cosh*[l(z + y) + Q]
+k[20(x + y) + 20t + sinh[21(z + y) + 2Qt] cosh®[k(z — y) + wt]},
P2 = M{Z[Qk(x —y) + 2wt + sinh[2k(x — y) + 2wt] cosh?[I(x + y) + Q1]

A
—k[21(z + y) + 2Qt + sinh[20(x + y) + 2Q4] cosh®[k(z — y) + wt]},

A =14 {2k(z —y) + 2wt + sinh[2k(x — y) + 2wt]}
x{[2l(z + y) + 2Qt + sinh[2](z + y) + 2Q¢]},

where
b — k‘l kQ w1 W2

= l=— w==, ===,
22 22 2 2

Fifth type of solutions:
U=FkX+wt+sin(ki X +wit), V =kY + wot +sin(kaY + wot), (4.111)

where ky, ko, wy and wy are arbitrary constants. The solutions are found as [57]:

u==+ 4\2% cos[k(x — y) + wt] cos[l(z +y) + Q)]
X exp{—i[(: - ?)x + (? - %)y + (2%2 + ;2 — 8k* — 81)1]},

01 = 2(XA+ 4) {1[2k(z — y) + 2wt + sin[2k(x — y) + 2wt] cos®[I(z + y) + Q]
+E[2l(z + ) + 290t + sin[2l(z + y) + 2] cos®[k(z — y) + wt]},

2 = 2(4; X) {I[2k(x — y) + 2wt + sin[2k(z — y) + 2wt] cos?[I(z + y) + Q]

—k[2l(x + y) + 201 + sin[2l(z + y) + 2Q1] cos*[k(z — y) + wt]},
A =1+ {2k(z —y) + 2wt + sin[2k(z — y) + 2wt]}
x{[2l(x + y) + 20t + sin[2l(z + y) + 2Qt]},

where

ki k e g @
NS W A D

As a final remark, it should be noted that since the system (4.46) is

k

elliptic-hyperbolic-hyperbolic, all of the solutions given in this subsection accepts
rx+y and x—y structures which are the form of the characteristics of hyperbolic

systems.
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CONCLUSIONS

In the present study, the problem of (2+1) (two spatial and one temporal)
dimensional nonlinear wave modulation is considered in an infinite, homogenous,
weakly nonlinear and weakly dispersive elastic medium and (241) dimensional
nonlinear evolution equations are derived describing the asymptotic behavior
as a function of the spatial coordinates. While deriving the equations an
asymptotic technique called reductive perturbation method is used and it is
shown that the problem of wave modulation is characterized by a system of three
nonlinear partial differential equations. These equations involve interactions of a
free short transverse, a free long longitudinal and a free long transverse wave
modes, and are called the “generalized Davey-Stewartson” (GDS) equations
[22].  Under some restrictions on parameter values, it is shown that the
GDS equations reduce to the well-known Davey-Stewartson and under further
restrictions to the nonlinear Schrodinger equations. The naming “generalized
Davey-Stewartson” is also justified from a group theoretical point of view in a
recent study [58]. In [58], the Lie symmetry algebra of the GDS equations are
computed and it is shown that under certain conditions imposed on parameters
in the system it is infinite-dimensional and isomorphic to that of the standard
integrable Davey-Stewartson equations. The conditions imposed in this work
correspond to the restrictions that reduce the GDS system to the DS system.In
another recent work, further qualitative properties of the GDS system is
investigated. In [59], global existence and nonexistence results of the GDS system
in the elliptic-elliptic-elliptic case are given based on some physically obvious

Noetherian symmetries (time-space translations and constant change of phase) .

In the thesis, it is also observed that the GDS equations are not valid for the
long-wave short-wave resonant case, i.e. where the phase velocity of the long

longitudinal wave is equal to the group velocity of the short transverse wave.
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For this case, new evolution equations are derived characterizing the problem
and are called long-wave short-wave interaction equations. Besides, degenerate
GDS equations, which are obtained when one of the coefficients of the GDS

equations becomes zero, are also considered.

Finally, some special solutions of the GDS equations, the long-wave short-wave
interaction equations and the degenerate GDS equations are obtained by using
various methods. The special solutions of the GDS and long-wave short-wave
interaction equations are given by using Jacobian elliptic functions and the tanh
method. These two methods are based on the travelling wave solutions. The
special solutions of the degenerate GDS equations are also obtained by using
the two above mentioned methods. Besides, the bilinear form of the degenerate
GDS equations are calculated and the special solutions are obtained by using a

variable separation approach [57].

The GDS system is one that is attacking attention recently. Two recent studies
on the GDS system can be noted in this connection. In the first one, the travelling
wave solutions of the GDS system are studied by deriving Pohozaev-type
identities [60]. In [60], some necessary conditions on the parameters for the
existence of the travelling waves are established. In the second one, two results
on GDS system is given, both following from the pseudo-conformal invariance of
its solutions [61]. Hence, a perturbative approach to the GDS system has cleared
the way for an understanding the existence properties of the actual solution and

an approximate symmetry property for a restricted parameter values.
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