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Q¶GHQ� � N� oÕNÕúOÕ� VLVWHPOHU� YH� EX� VLVWHPOHULQ� JHQHOOHúPHOHUL�
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incelenmektedir. 
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ABSTRACT 

 

 

Reliability of k-out-of-n Systems 

GÜRSOY,Engin 

MSc in Statistics 

Supervisor: Assoc.Prof.Dr. Serkan ERYILMAZ 

May 2006, 27  pages 

 

 

 

k-out-of-n systems and their generalizations  are of special 

importance in reliability  and engineering. The reliability properties of 

such  systems are widely investigated in the literature. 

 

In this study , the reliability tools of k-out-of-n systems are  

presented. A consecutive k-out-of-n system, consists of n  linearly 

ordered components, function if and only if k consecutive 

components, is studied. 

 

 

Key words: Expected  lifetime, Lifetime distribution,  

         Relability analysis, Stochastic ordering,  

         Structure function. 
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GüvHQLOLUOLN� DQDOL]L�� WHPHO� RODUDN�� oHúLWOL� \DSÕODUGD� WDQÕPODQDQ�
VLVWHPOHULQ�GDYUDQÕúODUÕQÕQ�YH�|]HOOLNOHULQLQ�LQFHOHQPHVLQL�LoHUPHNWHGLU� 

 

øúOH\LúL� EDNÕPÕQGDQ� UDVJHOHOLN� LoHUHQ� VLVWHPOHULQ� LQFHOHQPHVLQGH���
RODVÕOÕN� � YH� LVWDWLVWLN� WHRULVLQLQ� DUDoODUÕ� NXOODQÕOPDNWDGÕU�� %LUoRN� GXUXPGD��
VLVWHP� EHOOL� ELU� WDNÕP� ELOHúHQOHU� WDUDIÕQGDQ� \|QHWLOPHNWH� ROXS� VLVWHPLQ� LúOHU�
GXUXPGD� ROXS� ROPDPDVÕ� EX� ELOHúHQOHUGHQ� ELU� NÕVPÕQÕQ� � \D� GD� � WDPDPÕQÕQ�
LúOHYGH� ROPDVÕQD� ED÷OÕGÕU�� øVWDWLVWLNL� J�YHQLOLUOLN� DQDOL]LQGH� DPDo� VWRNDVWLN�
(rasJHOHOLN� LoHUHQ�� � ELU� VLVWHPLQ� NDUDNWHULVWLNOHULQL� �J�YHQLOLUOLN�� \DúDP�
]DPDQÕ� YE��� W�UHWPHN� YH� RSWLPDO� � SHUIRUPDQV� LOH� oDOÕúPDVÕQÕ� � VD÷OD\DFDN�
WDVDUÕPÕ� NXUPDNWÕU�� 6LVWHP� WHRULVLQGH�� ELOLQHQ� HQ� EDVLW� LNL� VLVWHP� VHUL� YH�
paralel sistemlerdir. Herhangi  bir seUL� VLVWHPLQ� oDOÕúPDVÕ� LoLQ� VLVWHPL�
ROXúWXUDQ� W�P� ELOHúHQOHULQ� oDOÕúÕU� GXUXPGD� ROPDVÕ� JHUHNLUNHQ�� SDUDOHO� ELU�
VLVWHPGH�HQ�D]�ELU�ELOHúHQLQ�oDOÕúPDVÕ��VLVWHPLQ�LúOHYGH�ROPDVÕ�LoLQ�\HWHUOLGLU� 

 

Seri  ve paralel sistemlerin daha genel bir hali olan Q¶GHQ�N�oÕNÕúOÕ bir 

sistemin�oDOÕúDELOPHVL� LoLQ n ELOHúHQGHQ�HQ�D]� k  ( )nk ≤≤1 � WDQHVLQLQ�oDOÕúÕU�
GXUXPGD� ROPDVÕ� JHUHNPHNWHGLU�� %X� W�U� VLVWHPOHUOH� J�QO�N� KD\DWWD� oRN� VÕN�
NDUúÕODúÕOPDNWDGÕU�� gUQH÷LQ� WHNHUOHNOHUL� ELOHúHQ� RODUDN� G�ú�Q�lebilecek bir 

otomobili �¶GHQ���oÕNÕúOÕ�bir sistem olarak ele almak mümkündür. Literatürde, 

Q¶GHQ� N� oÕNÕúOÕ� VLVWHPOHUH� LOLúNLQ� \DSÕOPÕú� ELUoRN� oDOÕúPD� EXOXQPDNWDGÕU��
Bknz.    Boland    ve   Proschan (1983),        Risse  (1987),           Park (1988), 

Arulmozhi (2002). 
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%D]Õ� GXUXPODUGD�� LOJLOL� VLVWHPLQ� oDOÕúDELOPHVL� LoLQ� DUGÕO olarak  k 

ELOHúHQLQ� � oDOÕúPDVÕ� JHUHNPHNWHGLU�� %X� W�U� VLVWHPOHU� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ 
RODUDN� DGODQGÕUÕOPDNWDGÕU�� $UGÕO� Q¶GHQ� N� oÕNÕúOÕ� � VLVWHP� NDYUDPÕ� LON� NH]�
Chiang ve Niu (1981) tarDIÕQGDQ�|QHULOPLú�ROXS�GDKD�VRQUD�ELUoRN�DUDúWÕUPDFÕ�
LOJLOL�NRQX��]HULQGH�oDOÕúPÕúODUGÕU� 
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n��ELOHúHQGHQ�ROXúDQ�VWRNDVWLN�ELU�VLVWHPGH��
nXXX ,...,, 21  ile 

ELOHúHQOHULQ�GXUXPX�LIDGH�HGLOVLQ� 





= oDOÕúPÕ\RUELOHúHQ���QFL��L������������
oDOÕúÕ\RUELOHúHQ���QFL��L������������

iX  

Sistemin durumunu ifade eden ve 

           ( )




= oDOÕúPÕ\RU�VLVWHP�����������
oDOÕúÕ\RU��VLVWHP�����������

nXXX ,...,, 21φ    

     

úHNOLQGH�WDQÕPODQDQ�LNL�GH÷HUOL� ( )nXXX ,...,, 21φ �IRQNVL\RQX�\DSÕ�IRQNVL\RQX�
RODUDN� DGODQGÕUÕOPDNWDGÕU�� ( )nXXX ,...,, 21φ  fonksiyonu ilgili sistemin 

LúOH\LúLQLQ�PRGHOOHQPHVL�DúDPDVÕQGD�NXOODQÕODQ�HQ�|QHPOL�DUDoWÕU� 

%X�WDQÕPODU�ÕúÕ÷ÕQGD�n ELOHúHQGHQ�ROXúDQ�VHUL�VLVWHPLQ�\DSÕ�IRQNVL\RQX� 

( ) ( ) ∏
=

==
n

i

inn XXXXXXX
1

2121 ,...,,min,...,,φ   

LNHQ�SDUDOHO�VLVWHPLQ�\DSÕ�IRQNVL\RQX�� 

( ) ( ) ( )∏
==

−−===
n

i

i

n

i

inn XXXXXXXX
11

2121 11,...,,max,...,, �φ  

úHNOLQGH�RODFDNWÕU� 
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7DQÕP����� 
n� ELOHúHQGHQ� ROXúDQ� ELU� VLVWHPLQ� oDOÕúÕU� GXUXPGD� RODELOPHVL� LoLQ�

ELOHúHQOHUGHQ�HQ�D]���″k″��WDQHVLQLQ�LúOHYGH�ROPDVÕ�JHUHNL\RUVD�EX�W�U�VLVWHPOHU��
Q�µ�GHQ��N�oÕNÕúOÕ�VLVWHP RODUDN�DGODQGÕUÕOPDNWDGÕU� 

Q�µ�GHQ�N�oÕNÕúOÕ�ELU�VLVWHPLQ�\DSÕ�IRQNVL\RQX��    

  ( )









<Χ

≥Χ
=ΧΧ

∑

∑

=

=
n

i

i

n

i

i

n

k

k

1

1
1

0

,1
,...,φ      

���úHNOLQGHGLU� 

 $oÕNoD� J|U�OHFH÷L� �]HUH� k=1 için paralel , k=n için seri sistem elde 

edilmektedir. 

�� DGHW� PRWRUD� VDKLS� ELU� XoD÷ÕQ� HQ� D]� �� PRWRUXQXQ� oDOÕúPDVÕ�
GXUXPXQGD�XoDN�oDOÕúÕ\RU�LVH�LOJLOL�VLVWHP��¶GHQ���oÕNÕúOÕ�ELU�VLVWHP�RODFDNWÕU��
�¶GHQ����oÕNÕúOÕ��ELU�VLVWHPL�DúD÷ÕGDNL�JLEL�LIDGH�HWPHN�P�PN�QG�U� 

 

 

 

” 

              

�ùHNLO��������¶�GHQ����oÕNÕúOÕ�VLVWHP 

          

  1 

  1 

  2   3 

  3 

  2 
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��������6LVWHP�*�YHQLOLUOL÷L�   

( )
~
Xφ \DSÕ�IRQNVL\RQX�LOH�WDQÕPODQDQ�ELU�VLVWHPLQ�J�YHQLOLUOL÷L� 

( ) ( ){ }1
~~

=== XPXER φφ                                                      (2.1)

     

LOH� WDQÕPODQPDNWDGÕU�� %XUDGD� E �� EHNOHQHQ� GH÷HU� RSHUDW|U�Q�� LIDGH�
etmektedir. 

6LVWHPL�ROXúWXUDQ�ELOHúHQOHU�ELUELULQGHQ�ED÷ÕPVÕz olup 

i nci���ELOHúHQLQ�J�YHQLOLUOL÷LQLQ 

( ) { } pXPXE ii === 1   ,                  ni ,...,2,1=  

ROGX÷X�YDUVD\ÕOVÕQ� 

Bu durumda; n�ELOHúHQGHQ�ROXúDQ�VHUL�ELU�VLVWHPLQ��J�YHQLOLUOL÷L� 

                            ( ) n
pph =1                                                                        (2.2)

          

SDUDOHO�VLVWHPLQ�J�YHQLOLUOL÷L� 

                 ( ) ( )n
pph −−= 112                                                            (2.3) 

ve�Q�µ�GHQ�N�oÕNÕúOÕ bir sistemin güveniliUOL÷L� 

 
jnj

n

kj

n

i

i pp
j

n
kXPph

−

==

−







=









≥= ∑∑ )1()(
1

3                   (2.4) 

úHNOLQGH�RODFDNWÕU��%DUORZ�YH�3URVFKDQ�������� 
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<XNDUÕGDNL� VRQXoODU� VLVWHPL� ROXúWXUDQ� ELOHúHQOHULQ� ELUELULQGHQ�
ED÷ÕPVÕ]�YH�D\QÕ�J�YHQLOLUOL÷H�VDKLS�ROPDODUÕ�GXUXPXQGD�JHoHUOLGLU� 

 

Örnek  2.1 : 

3 ‘den 2 oÕNÕúOÕ bir sistemin güvenilirlik  fonksiyonu: 

   

( ) { } { }
{ } { }
{ } { } { } { } { } { }
{ } { } { } { } { } { }

( ) ( ) ( )
( ) .13

111

111110

101011

1,1,11,1,0

1,0,10,1,1

32

321321

321321

321321

321321

ppp

pppppppppppp

XPXPXPXPXPXP

XPXPXPXPXPXP

XXXPXXXP

XXXPXXXPph

+−=

+−+−+−=
===+===+
===+====

===+===+
===+====

 

 

6LVWHPL�ROXúWXUDQ�ELOHúHQOHULQ�ELUELULQGHQ�ED÷ÕPVÕ]�YH� 

 ( ) { } nipXPXE iii ,...,2,1,1 ====  

JLEL� IDUNOÕ� J�YHQLOLUOLNOHUH� VDKLS� ROPDODUÕ� � GXUXPXQGD� VHUL� YH� SDUDOHO�
sistemlerin güvenilirlik fonkVL\RQODUÕ�VÕUDVÕ\OD�DúD÷ÕGDNL�JLEL�RODFDNWÕU� 

( ) ∏
=

==
n

i

inn ppppppph
1

21211 ...,...,,                                  (2.5) 

( ) ( )( ) ( )

�
n

i

i

nn

p

pppppph

1

21212 1...111,...,,

=

=

−−−−=
                   (2.6) 
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�����������������6LVWHPOHULQ�<DúDP�6�UHOHUL���� 

nTTT ,...,, 21   ile n�ELOHúHQH�DLW�\DúDP�V�releri gösterilsin.   Farz edelim 

ki    nTTT ,...,, 21  � � ELUELULQGHQ� ED÷ÕPVÕ]� YH� D\QÕ� � � � ( ) { }tTPtF i ≤=   ,        

ni ,...,2,1= ��GD÷ÕOÕPÕQD�VDKLSWLU��%X�GXUXPGD���VHUL�ELU�VLVWHPLQ�\DúDP�V�UHVL� 

( )nn TTTT ,...,,min 21:1 =   

ROXS��VHUL�VLVWHPLQ�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕ� 

 ( ) ( )( )n

n tFtF −−= 11:1
 ,                                                                        (2.7) 

SDUDOHO�ELU��VLVWHPLQ�\DúDP�V�UHVL� 

 ( )nnn TTTT ,...,,max 21.: =  

ROXS�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕ� 

 ( ) ( )n

nn tFtF =:                                                                                   (2.8) 

RODFDNWÕU� 

 Q�¶�GHQ�N�oÕNÕúOÕ�ELU�VLVWHPLQ�\DúDP�V�UHVL�
nknT :1+− ile ifade edilmekte olup bu 

VLVWHPH�DLW�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕ 

 ( ) ( ) ( )( ) ( )( ) ( )∫ −−
+− −

+−
=

t
kkn

nkn udFuFuF
kknB

tF
0

1

:1 1
,1

1
         (2.9) 

ile verilmektedir. Burada ( )baB ,  ile Beta fonksiyonu ifade edilmektedir. 
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Genel olarak nTTT ,...,, 21 ile n� ELOHúHQH� DLW� \DúDP� V�UHOHUL� J|VWHULOPHN�
üzere   

                    




≤
>

=
tT

tT
tX

i

i

i ,0

,1
)(   , ni ,...,2,1=                          (2.10) 

RODUDN� WDQÕPODQVÕQ�� )(tX i , iQFL� ELOHúHQ� t� DQÕQGD� \DúÕ\RU� LVH� ³�´� GL÷HU�
GXUXPGD� ³�´� GH÷HULQL� DOPDNWDGÕU�� %X� GXUXPGD� T � LOH� ELU� VLVWHPLQ� \DúDP�
süresi gösterilecek olursa, sistemin t �DQÕQGD�\DúÕ\RU�ROPDVÕ�RODVÕOÕ÷Õ 

                       { } ( ))( tFhtTP =>                                   (2.11) 

RODFDNWÕU�� 

Burada ).(1)( tFtF −=  

������� HúLWOL÷LQGHQ� KDUHNHWOH� Q¶GHQ� N� oÕNÕúOÕ� ELU� VLVWHPLQ� \DúDP�
V�UHVLQLQ�GD÷ÕOÕPÕ�LoLQ�(2.9)�IRUP�O�QH�DOWHUQDWLI�RODQ�DúD÷ÕGDNL�IRUP�O��HOGH�
etmek mümkündür. 

 

       { } { } ( )( ) ( )( ) ( )( ) jnj
n

kj

nknnkn tFtF
j

n
tFhtTPtTP

−

=
+−+− ∑ 








−=−=>−=≤ 111 3:1:1  
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7DQÕP������  

n ELOHúHQGHQ� � ROXúDQ� ELU� VLVWHPLQ� oDOÕúÕU� GXUXPGD olabilmesi için 

ELOHúHQOHUGHQ�DUGÕO�RODUDN�HQ�D]� �″k″� WDQHVLQLQ�LúOHYGH�ROPDVÕ�JHUHNL\RUVD�EX�
tür sistem DUGÕO��Q�µGHQ�N�oÕNÕúOÕ sistem RODUDN�DGODQGÕUÕOÕU� 

 

Örnek 3.1  : 

 

³�´� LOH� ELOHúHQLQ� oDOÕúÕU� GXUXPGD� �� ³�´� LOH� ER]XOPXú� ROGX÷X�
G�ú�Q�OHFHN� ROXUVD� GXUXPODUÕ� DúD÷ÕGDNL� JLEL� � YHULOHQ� 5=n � � � HOHPDQOÕ� ELU�
VLVWHPL�J|]�|Q�QH�DODOÕP� 

                                   1 1 0 1 0 0  

(÷HU�EX�VLVWHP���µ�GHQ���oÕNÕúOÕ�ELU�\DSÕGD�LVH�VLVWHP��oDOÕúPDNWD��DUGÕO���µGHQ 

�� oÕNÕúOÕ� ELU� \DSÕGD� LVH� oDOÕúPDPDNWDGÕU�� d�QN�� DUGÕO� �� µGHQ� �� oÕNÕúOÕ bir 

VLVWHPLQ� oDOÕúÕU� GXUXPGD� RODELOPHVL� LoLQ� �VW� �VWH� HQ� D]� �� ELOHúHQLQ� oDOÕúÕU�
GXUXPGD�ROPDVÕ�JHUHNPHNWHGLU� 

 

<XNDUÕGD� WDQÕPÕ� YHULOHQ� VLVWHP� OLWHUDW�UGH� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ: G 

VLVWHP� RODUDN� ELOLQPHNWHGLU�� øOJLOL� VLVWHPLQ� EX� úHNLOGH� LVLPOHQGLULOPHVL��
VLVWHPLQ� oDOÕúPD� SUHQVLEL� �]HULQH� NXUXOPXú� ROPDVÕQGDQ� ND\QDNODQPDNWDGÕU��
Bir de DUGÕO�Q¶GHQ�N�oÕNÕúOÕ��)�VLVWHP�RODUDN�DGODQGÕUÕODQ�VLVWHPOHU�PHYFXWWXU�� 
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%|\OH� ELU� VLVWHP�� ER]XOPD� SUHQVLEL� �]HULQH� NXUXOPXú� ROXS� n 

ELOHúHQGHQ�ROXúDQ�VLVWHPLQ�ER]XOPDVÕ�LoLQ�DUG�DUGD�k�DGHW�ELOHúHQLQ�ER]XOPXú�
ROPDVÕ� JHUHNPHNWHGLU�� %X� oDOÕúPDGD� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ: G sistemler 

�]HULQGH�GXUXOPXúWXU� 
 
 

$UGÕO� Q¶GHQ� N� oÕNÕúOÕ� VLVWHPOHU ve bu sistemlerin genel halleri ile 

P�KHQGLVOLN� X\JXODPDODUÕQGD� VÕNOÕNOD� NDUúÕODúÕOPDNWDGÕU�� gUQH÷LQ� n adet 

ED÷ODQWÕ� QRNWDVÕQGDQ� ROXúDQ� ELU� P�KHQGLVOLN� \DSÕVÕQÕQ� �SHWURO� ERUX� KDWWÕ��
oDOÕúDELOPHVL� LoLQ� DUGÕO� N� DGHW� ED÷ODQWÕ� QRNWDVÕQÕQ� VD÷ODP� GXUXPGD� ROPDVÕ�
ilgili sistemin DUGÕO�Q¶GHQ�N�oÕNÕúOÕ�\DSÕGD�PRGHOOHQPHVLQL�gerektirir.  

 

�%LUoRN�VLVWHPLQ�DQDOL]�HGLOPHVL�V�UHFLQGH�ROGX÷X�JLEL��DUGÕO�Q¶GHQ�N�
oÕNÕúOÕ� VLVWHPOHULQ�DQDOL]L�GH� WHPHO�RODUDN�DúD÷ÕGDNL�oDOÕúPDODUÕQ�\DSÕOPDVÕQÕ�
NDSVDPDNWDGÕU� 
 

• 6LVWHPL�NDUDNWHUL]H�HGHQ�\DSÕ�IRQNVL\RQXQXQ�RUWD\D�NRQXOPDVÕ 
 
• 6LVWHPH�LOLúNLQ güvenilirlik fonksiyonunun elde edilmesi 

 
• 6LVWHPLQ�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕQÕQ�HOGH�HGLOPHVL�YH�EX�GD÷ÕOÕP�

\DUGÕPÕ\OD�VLVWHPLQ�RUWDODPD�\DúDP�V�UHVLQLQ�EHOLUOHQPHVL 
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3.1. $UGÕO�Q¶GHQ�N�dÕNÕúOÕ�6LVWHPLQ�<DSÕ�YH�*�YHQLOLUOLN�)RQNVL\RQX 

 

    <XNDUÕGD� WDQÕPODQan DUGÕO� Q¶GHQ� N� oÕNÕúOÕ� VLVWHPLQ� \DSÕ� IRQNVL\RQX�
DúD÷ÕGDNL�JLEL�YHULOPHNWHGLU. 

   

( )

( ) ( ) ( )( )
nknkk

kn

j

kj

ji

in

XXXXXX

XXXX

,...,min,...,,...min,,...,minmax

,...,,

1121

1

1

1

21

+−+

+−

=

−+

=

=

= ∏�φ
 

(3.1) 

Örnek  3.2:  

$UGÕO��¶GHQ���oÕNÕúOÕ�ELU�VLVWHPLQ�\DSÕ�IRQNVL\RQX 

( ) ( ) ( )( )3221321 ,min,,minmax,, XXXXXXX =φ  

úHNOLQGH�ROXS�EX�VLVWHP�DúD÷ÕGDNL�JLEL�LIDGH�HGLOHELOLU. 

         

 

 

 

ùHNLO����������$UGÕO��¶GHQ���oÕNÕúOÕ�VLVWHP 

 

1 

3 2 

2 
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Örnek   3.3 : 

$UGÕO���µGHQ���oÕNÕúOÕ bir sistemin güvenilirlik fonksiyonu: 

( ) { } { } { }
{ } { } { } { } { } { }
{ } { } { }
( ) ( )
( ) 32

3

321

321321

321321321

12

11

111

110011

1,1,11,1,00,1,1

ppp

ppppppp

XPXPXP

XPXPXPXPXPXP

XXXPXXXPXXXPph

+−=

+−+−=

===+
===+====

===+===+====

 

RODFDNWÕU� 

 

$UGÕO� Q¶GHQ� N� oÕNÕúOÕ sistemin güvenilirlik fonksiyonu, nXXX ,..., 21   

LNL� GH÷HUOL� GL]LVL� LoHULVLQGHNL� HQ� X]XQ� EDúDUÕ� “(1)”� WHNUDUÕQÕ� J|VWHUHQ� nL  

UDVJHOH�GH÷LúNHQL�LOH�NDUDNWHUL]H�HGLOPHNWHGLU�gUQH÷LQ��� 

10111011 

�úHNOLQGH�YHULOHQ� 8=n HOHPDQOÕ�GL]LGH��HQ�X]XQ�WHNUDU�UDVJHOH�GH÷LúNHQL� 8L ‘in 

DOGÕ÷Õ�GH÷HU��¶W�U� 

'DKD�DoÕN�RODUDN�LOJLOL�J�YHQLOLUOLN�IRQNVL\RQX 

   ( ) ( ) { }kLPXXEph nnkn ≥== ,...1, φ                          (3.2) 

olarak ifade edilir. 
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6LVWHPL� ROXúWXUDQ� ELOHúHQOHULQ� ELUELULQGHQ� ED÷ÕPVÕ]� YH� D\QÕ�
J�YHQLOLUOL÷H� VDKLS� ROPDODUÕ� GXUXPXQGD� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ sistemin 

güvenilirlik fonksiyonu 

          ( ) ( )∑ ∑




=





 −

=

−







 −







 +
−−=

n

k

n
y

k

yn

m

yynm

kn qp
y

mkn

m

y
ph

0
,

1
11                         (3.3) 

ile verilmektedir(Balakrishnan ve Koutras, 2002) . Burada [ ]a �� D¶QÕQ� WDP�
NÕVPÕQÕ�J|VWHUPHNWHGLU. 

nk ≥2  ROPDVÕ�GXUXPXQGD��������LOH�YHULOHQ� ( )ph kn, için daha sade bir 

formül elde etmek mümkündür. Bu durumda 

  ( ) { } ( ) ( ) 11 +−−+−=≥= kk

n pknpknkLPph   , nk ≥2        (3.4) 

RODFDNWÕU��7RQJ�������� 

 (U\ÕOPD]� ������� ������ �� LNL� GH÷HUOL� ELU� UDVJHOH� GL]L� �]HULQGH�
WDQÕPODQDQ�

nL �HQ�X]XQ�WHNUDU�LVWDWLVWL÷L�DúD÷ÕGDNL�JLEL�LIDGH�HWPLúWLU� 

   ( ) niL ni
ni

n ≤≤==
≤≤

1,...,maxmax 21
1

ηηηη     (3.5)  

olup burada i
η UDVJHOH� GH÷LúNHQL� LOH�

nXXX ,...,, 21  dizisi içerisinde i nci 

DGÕPGDNL� �GHQHPHGHNL�� EDúDUÕ� WHNUDUÕQÕQ� X]XQOX÷X� J|VWHULOPHNWHGLU��
{ }1, ≤ii
η � UDVJHOH� GH÷LúNHQOHU� GL]LVL� 0DUNRY� |]HOOL÷LQH� VDKLS� ROXS� JHoLú�
RODVÕOÕNODUÕ�DúD÷ÕGDNL�JLEL�YHULOPHNWHGLU� 

{ } { } 0,11 1 ≥====+= − jpXPjjP iii
ηη                

{ } { } 0,100 1 ≥−===== − jpXPjP iii ηη       
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������ HúLWOL÷LQGHQ� \DUDUODQDUDN� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ� VLVWHPLQ 

J�YHQLOLUOLN� IRQNVL\RQXQX�KHVDSODPDN�YH�EX�IRQNVL\RQD� LOLúNLQ�oHúLWOL�DOW�YH�
�VW�VÕQÕUODU�HOGH�HWPHN�P�PN�QG�U� 

 

          3.2.   $UGÕO�Q¶GHQ�N�dÕNÕúOÕ�6LVWHPLQ�<DúDP�Süresi 

        nTTT ...,, ,21 � LOH� VLVWHPL�ROXúWXUDQ�ELOHúHQOHULQ�\DúDP�V�UHOHUL�J|VWHULOPHN�
üzere DUGÕO�Q¶GHQ�N�oÕNÕúOÕ�VLVWHPLQ�\DúDP�V�UHVL 

( ) ( ) ( )( )nknkknkL
TTTTTTT ,...min,...,,...,min,,...,minmax 1121: +−+=                     (3.6) 

ile ifade edilebilir. 

nTTT ...,, ,21  rasgele de÷LúNHQOHUL� ELUELULQGHQ� ED÷ÕPVÕ]� YH� D\QÕ�
( ) { }tTPtF i ≤=       ni ,...,2,1= ��GD÷ÕOÕPÕQD�VDKLS�ROVXQODU��%X�GXUXPGD��������

HúLWOL÷LQGHQ� \DUDUODQDUDN� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ� ELU� VLVWHPLQ� � \DúDP� V�UHVLQLQ�
GD÷ÕOÕPÕ 

( ) ( )( )tFhtG knkn ,, 1−=  

 ( ) ( ) ( )
[ ]
∑ ∑
=





 −

=







 −







 +
−=

n

kny

k

yn

m

y
nym

tFtF
y

mkn

m

y

0

1
1  , nk ≤≤1   (3.7) 

RODFDNWÕU� 
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$NL� YH� +LURQR� ������� µ� GD� LVSDW� HGLOGL÷L� �]HUH� nk ≤≤1  için DUGÕO�
Q¶GHQ� N� oÕNÕúOÕ� ELU� VLVWHPLQ� \DúDP� V�UHVL� GD÷ÕOÕPÕQÕ� DúD÷ÕGDNL� JLEL� IRUP�OH�
etmek mümkündür. 

( ) ( )∑
=

+−=
n

i

niinkn tFwtG
1

:1,                                                                   (3.8) 

olup burada 

( ) ( )1...1 +−−
=

innn

r
w ik

i      , 

( ) ( )( ) ( ) ( )mnNmmnNmmnr kkmk ,1,11 �� −−−+−=  

( ) ( ) 







−
−








 +−
−= ∑







= mn

kin

i

mn
mnN

k

n

i

i

k

0

1
1,                                           (3.9) 

������HúLWOL÷LQH�J|UH�DUGÕO�Q¶GHQ�N�oÕNÕúOÕ�ELU�VLVWHPLQ�\DúDP�V�UHVLQLQ�
GD÷ÕOÕPÕ� VÕUD� LVWDWLVWLNOHULQLQ� GD÷ÕOÕPODUÕQÕQ� OLQHHU� NRPELQDV\RQX� úHNOLQGH�
ifade edilmektedir 

 

(3.4) formülünden hareketle nk ≥2 �LoLQ�LOJLOL�\DúDP�V�UHVL�GD÷ÕOÕPÕ 

( ) ( ) ( ) ( ) ( ) nktFkntFkntG
kk

kn ≥−++−−=
+

2,11
1

,                    (3.10)        

úHNOLQGH�HOGH�HGLOHELOLU� 
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Örnek 3.4.    : 

6LVWHPL�ROXúWXUDQ�ELOHúHQOHULQ�\DúDP�V�UHOHULQLQ�GD÷ÕOÕPODUÕQÕQ� 

              ( ) 0,1 >−= − tetF tλ  

úHNOLQGH�YHULOHQ��VWHO�GD÷ÕOÕPD�VDKLS�ROPDODUÕ�GXUXPXQGD�DUGÕO�Q¶GHQ�N�oÕNÕúOÕ  
bir sistemin nk ≥2 �YDUVD\ÕPÕ�DOWÕQGD�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕ� 

 ( ) ( ) ( ) ( ) .0,11 1
, ≥−++−−= +−−

teknekntG
tkkt

kn

λλ  

 

ùHNLO�����GH�VLVWHPL�ROXúWXUDQ�ELOHúHQOHULQ� 1=λ ve 2=λ  parametreli 

�VWHO�GD÷ÕOÕPD�VDKLS�ROPDODUÕ�GXUXPXQGD�DUGÕO��¶GHQ���oÕNÕúOÕ�VLVWHPLQ�\DúDP�
V�UHVL�GD÷ÕOÕPODUÕQÕQ�JUDILNOHUL�VXQXOPXúWXU� 

 

ùHNLO������$UGÕO��¶GHQ���oÕNÕúOÕ�VLVWHPLQ�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕ 

 

 

0 2 4
0

0.5

1
1

0

G 1 t,( )

G 2 t,( )

50 t
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Örnek  3.5 : 

6LVWHPL�ROXúWXUDQ�ELOHúHQOHULQ�\DúDP�V�UHOHULQLQ 

 ( ) ( ) 0,10,11 ><<−−= θθ
tttF                                        (3.11) 

LOH�YHULOHQ�GD÷ÕOÕPD�VDKLS�ROPDODUÕ�GXUXPXQGD� 

 ( ) ( )( ) ( )( ) ( )1

, 1111 +−−+−+−−= kk

kn tkntkntG
θθ  

RODFDNWÕU� 

ùHNLO�����GH�VLVWHPL�ROXúWXUDQ�ELOHúHQOHULQ� 1=θ  ve 2=θ  parametreli 

LOH��������LOH�YHULOHQ�GD÷ÕOÕPD�VDKLS�ROPDODUÕ�GXUXPXnda DUGÕO��¶GHQ���oÕNÕúOÕ 
VLVWHPLQ�\DúDP�V�UHVL�GD÷ÕOÕPODUÕQÕQ�JUDILNOHUL�VXQXOPXúWXU� 

  

ùHNLO������$UGÕO��¶GHQ���oÕNÕúOÕ�VLVWHPLQ�\DúDP�V�UHVLQLQ�GD÷ÕOÕPÕ 

 

 

0 0.5 1
0

0.5

1
1

0

G 1 t,( )

G 2 t,( )

10 t
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Teorem 3.1: 

nk ≥2   için DUGÕO�Q¶GHQ�N�oÕNÕúOÕ�ELU�VLVWHPLQ�RUWDODPD�\DúDP�V�UHVi 

  ( ) ( ) ( ) ( ) ( )1:1:1/: 1 +−−+−= kknkL TEknTEknTE                     (3.12) 

olup burada ( )kTE :1 , k � ELOHúHQGHQ� ROXúDQ� VHUL� VLVWHPLQ� RUWDODPD� \DúDP�
V�UHVLQH�NDUúÕOÕN�JHOPHNWHGLU� 

 

øVSDW�� 
 (3.10) formülünden yararlanarak 

  
{ } ( )

( ) ( ) ( ) ( )tFkntFkn

tGtTP

kk

knnkL

1

,/.:

1

1
+

−−+−=

−=>
 

  olarak bulunur. 

( ) { }∫
∞

>=
o

nkLnkL
dttTPTE ::  

        ( ) ( ) ( ) ( )∫ ∫
∞ ∞

+
−−+−=

0 0

1
1 dttFkndttFkn

kk

 , 

     ( ) { }∫
∞

>=
0

:1:1 dttTPTE kk ���������ROGX÷XQGDQ 

    ( ) ( ) ( ) ( ) ( )1:1:1/: 1 +−−+−= kknkL TEknTEknTE  
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Örnek 3.6. : 

( ) 0,1 >−= −
tetF

tλ �ROPDVÕ�GXUXPXQGD� ( ) kTE k
λ1:1 = �RODFD÷ÕQGDQ� 

( ) ( ) ( ) ( )1

11
1/: +

−−+−=
k

kn
k

knTE nkL λλ
                                        (3.13) 

 

Tablo 3.1. de λvekn, ¶QÕQ� IDUNOÕ� GH÷HUOHUL� LoLQ� ������� LOH� YHULOHQ�
RUWDODPD�\DúDP�V�UHVLQH�LOLúNLQ�VD\ÕVDO�GH÷HUOHU�VXQXOPXúWXU��� 
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Tablo 3.1 $UGÕO�Q¶GHQ�N�oÕNÕúOÕ�VLVWHPLQ�RUWDODPD�\DúDP�V�UHVL 
 

n k λ  ( )nkLTE /:  

3 2 0.1 6.6667 

3 2 0.5 1.3333 

3 2 1 0.6667 

4 2 0.1 8.3333 

4 2 0.5 1.6667 

4 2 1 0.8333 

5 3 0.1 5.0000 

5 3 0.5 1.0000 

5 3 1 0.5000 

5 4 0.1 3.0000 

5 4 0.5 0.6000 

5 4 1 0.3000 

8 4 0.1 4.5000 

8 4 0.5 0.9000 

8 4 1 0.4500 

 

 

 

<XNDUÕGDNL�WDEORGDQ�DúD÷ÕGDNL�VRQXoODUÕ�HOGH�HWPHN��P�PN�QG�U� 
 

 

 

 

 



21 

  

Sonuç 3.1. 

 

( ) ( ) ( )
( ) ( ) ( )

nkLnkL

nkLnkL

TETEii

TETEi

/:1/:

/1:/:

≥
≥

+

+  

 

<XNDUÕGDNL� VRQXoWDQ� DoÕNoD� J|U�OG�÷�� �]HUH� GDKD� ID]OD� VD\ÕGD�
ELOHúHQGHQ� ROXúDQ� DUGÕO ELU� VLVWHPLQ� RUWDODPD� \DúDP� V�UHVL� GDKD� E�\�N�
ROPDNWDGÕU� 
 

3.3. $UGÕO�Q¶GHQ�N��dÕNÕúOÕ�6LVWHPOHULQ�.DUúÕODúWÕUÕOPDVÕ 
 

            *�YHQLOLUOLN� � DQDOL]LQGH� HOH� DOÕQDQ� HQ� |QHPOL� NRQXODUGDQ� ELULVL�
VLVWHPOHULQ� VWRNDVWLN� NDUúÕODúWÕUPDVÕGÕU�� YveX  iOH� ELUELULQGHQ� ED÷ÕPVÕ]� LNL�
VLVWHPH�DLW�\DúDP�V�UHOHUL�J|VWHULOPHN��]HUH� 

  

 
( ) { }
( ) { }xYPxG

xXPxF

≤=
≤=

           
( ) { }
( ) { }xYPxG

xXPxF

>=

>=
 

RODUDN�WDQÕPODQVÕQ 

 ( ) ( ) xxGxF ∀≤  

ise X �UDVJHOH�\DúDP�V�UHVLQLQ���Y �UDVJHOH�\DúDP�V�UHVLQGHQ�VWRNDVWLN�RODUDN�
GDKD�N�o�N�ROGX÷X�V|\OHQLU�YH�GXUXP� YX

st
≤   ile ifade edilir. 

 

%LUELULQGHQ�ED÷ÕPVÕ]�RODUDN�\�U�W�OHQ�LNL�VLVWHPL�J|]�|Q�QH�DODOÕP�YH�
EX�VLVWHPOHUL�\|QHWHQ�ELOHúHQOHULQ�ELUELULQGHQ�ED÷ÕPVÕ]�ROGXNODUÕ�YDUVD\ÕOVÕQ��

nn ZZZveTTT ,...,,...,, 2121 � LOH� ELULQFL� YH� LNLQFL� VLVWHPL� \|QHWHQ� ELOHúHQOHUH� DLW�
\DúDP�V�UHOHUL�J|VWHULOPHN��]HUH 
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( ) { }
( ) { } nitZPtG

tTPtF

i

i

,...,2,1, =≤=
≤=

  

olsun. 

 

Teorem 3.2.  (Singh ve Vijayasree , 1991)       

 ZT
st
≤  ROPDVÕ�GXUXPXQGD 

  .1,:: niZT ni
st

ni ≤≤≤  

Q¶GHQ� N� oÕNÕúOÕ� ELU� VLVWHPLQ� \DúDP� V�UHVL�
nknT :1+− � LOH� LIDGH� HGLOGL÷LQGHQ��

\XNDUÕGDNL� WHRUHPGHQ� \DUDUODQDUDN�� ZT
st
≤ � ROPDVÕ� � GXUXPXQGD��

nkn
st

nkn ZT :1:1 +−+− ≤ �ROGX÷XQX�J|UPHN�P�PN�QG�U� 
 

nkLnkL ZveT /:/: � � LOH� VÕUDVÕ\OD�
nn ZZZveTTT ,...,,...,, 2121 � ELOHúHQOHUL� WDUDIÕQGDQ�

yürütülen DUGÕO�Q¶GHQ�N�oÕNÕúOÕ�VLVWHPOHULQ�\DúDP�V�UHOHUL�J|VWHULOVLQ� 
 

Lemma     :  ZT
st
≤ �ROPDVÕ��GXUXPXQGD 

  nkL
st

nkL ZT /:/: ≤  

olur. 

  

øVSDW��  nkLnkL ZveT /:/: �\DúDP�V�UHOHULQH�VDKLS�VLVWHPOHULQ�\DúDP�
IRQNVL\RQODUÕ�������IRUP�O�QGHQ�\DUDUODQDUDN�VÕUDVÕ\OD� 
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olarak ifade edilir. 
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�����������%X� WH]� oDOÕúPDVÕQGD�� J�YHQLOLUOLN� DQDOL]LQGH� HQ� VÕN� NDUúÕODúÕODQ�
sistemlerden birisi olan DUGÕO� Q¶GHQ� N� oÕNÕúOÕ� VLVWHPOHU� LQFHOHQPLúWLU�� (OH�
DOÕQDQ�EX�VLVWHPH�LOLúNLQ�\DSÕ�YH�J�YHQLOLUOLN�IRQNVL\RQODUÕ��oHúLWOL�|UQHNOHUOH�
DoÕNODQPÕú�� \DúDP� V�UHVL� GD÷ÕOÕPÕQD� LOLúNLQ� ED]Õ� IRUP�OOHU� VXQXOPXúWXU��

nk ≥2 � GXUXPX� LoLQ� EX� VLVWHPLQ� RUWDODPD� \DúDP� V�UHVLQH� LOLúNLQ� ROGXNoD��
NXOODQÕúOÕ� ELU� IRUP�O� W�UHWLOPLú� ROXS� � EX� NDUDNWHULVWLN� � ED]Õ� \DúDP� ]DPDQÕ�
GD÷ÕOÕPODUÕ�LoLQ�|UQHNOHQPLúWLU� 
 

�����������6LVWHPOHULQ� �VWRNDVWLN�VÕUDODPDODUÕ� �J�YHQLOLUOLN� � WHRULVLQGeki en temel 

NRQXODUGDQ�ELULVLGLU��%X�ED÷ODPGD�IDUNOÕ�\DúDP�V�UHVL�GD÷ÕOÕPÕQD�VDKLS�D\QÕ�
\DSÕGDNL� LNL� ED÷ÕPVÕ]� VLVWHPLQ� NDUúÕODúWÕUÕOPDVÕ� � ROGXNoD� |QHPOLGLU��
dDOÕúPDGD� ELUELULQGHQ� ED÷ÕPVÕ]� LNL� DUGÕO� Q¶GHQ� N� oÕNÕúOÕ� VLVWHPLQ� \DúDP�
V�UHOHULQLQ�VWRNDVWLN�VÕUDODPDVÕQD�LOLúNLQ��ELU�VRQXo�GD�HOGH�HGLOPLúWLU� 
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 ����� \ÕOÕQGD� ø]PLW¶WH� GR÷DQ� (QJLQ� *h562<� LON� YH� RUWD� |÷UHQLPLQL�
*|OF�N¶WH� WDPDPODPÕúWÕU�� ����� \ÕOÕQGD� .XOHOL� $VNHUL� /LVHVL¶QGHQ�� �����
\ÕOÕQGD� .DUD� +DUS� 2NXOGDQ� PH]XQ� ROPXúWXU�� 7�UN� 6LODKOÕ� .XYYHWOHUL�
E�Q\HVLQGH�oHúLWOL�\HUOHUGH�J|UHY�\DSPDVÕQD�P�WHDNLS������\ÕOÕQGDQ�EX�\DQD�
ø]PLU¶GH� J|UHYLQL� V�UG�UPHNWHGLU�� ����� \ÕOÕQGD� (JH� hQLYHUVLWHVL� )HQ�
%LOLPOHUL� (QVWLW�V�� øVWDWLVWLN� $QDELOLP� 'DOÕ¶QGD� <�NVHN� /LVDQV� |÷UHQLPLQH�
EDúODPÕúWÕU�� 


