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ABSTRACT

INTERPOLATING BASES IN THE SPACES OF
CP-FUNCTIONS ON CANTOR-TYPE SETS

Necip Ozfidan
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Alexander GGoncharov
September, 2006

In this work by using the method of local interpolations suggested in [9] we
construct topological bases in the spaces of CP-functions defined on uniformly
perfect compact sets of Cantor type. Elements of the basis are polynomials of

any preassigned degree.

Keywords: spaces of p-times differentiable functions, bases,Cantor-type sets, local

interpolation.
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OZET

) CANTOR-TIPI KUMELERDE P-KEZ
TUREVLENEBILIR FONKSIYONLARIN UZAYINDA
BAZ OLUSTURULMASI

Necip Ozfidan
Matematik, Yiiksek Lisans
Tez Yoneticisi: Dog. Dr. Alexander Goncharov
Eyliil, 2006

Bu tezde biz Goncharov’un [9] makalesindeki lokal interpolasyon metodunu p-kez
tirevlenebilir fonksiyonlarin uzayinda kullanarak kompak Cantor-tipi kiimelerde

baz olusturulabilecegini gosterdik. Bazlari olusturmak icin derecesi belli polinom-
lar1 kullandik.

Anahtar sozcikler: p-kez tiirevlenebilir fonksiyonlarin uzaylar1, bazlar, Cantor-

tipi kiimeler, interpolasyon.
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Chapter 1
Introduction

The scalar field K for all linear spaces considered in the sequel will be either the

field of complex numbers or the field of real numbers.

Definition 1.0.1. A sequence {f,}$° in an infinite dimensional Banach space E
is called a Schauder basis of E if for every f € E there exists a unique sequence

of scalars {a,,} C K such that
f= Zai fi
=1

(i.e. such that lim, . Hf — > o fi

= 0.)

An importance of the concept of basis lies in the fact that it provides a natural
method of approximation of vectors and operators in the space. The notion of
basis of a Banach space was introduced by Schauder [17]. But interest to on the
theory of bases in topological vector spaces has grown after the publication of
Banach’s book on the theory of linear operators. Banach asked a question in his
book that whether every separable Banach space possesses a basis or not. This
problem was known as the basis problem. Up to 1970’s much of the literature
on the theory of basis were devoted this problem. Although the problem was
not solved up to 1972, there were many good works which shows the connection

between the theory of basis and the structure of the linear spaces. In 1972,

2
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Enflo [6] constructed the first example of Banach space which does not have
the approximation property and hence does not possess a basis. Enflo proved
that there exists a separable Banach space E, with a sequence {G,} of finite
dimensional subspaces satisfying lim,, .., dim G,, = oo and a constant C, such
that for every finite operator v € L(E, E),

Cllol

_ Tl —1,2,..
log dim G,, nehs

lvle, = la, |l > 1

hence, since E is separable and reflexive, E does not have the approximation
property. This result was improved by Figiel and Pelczynski [8] which showed
that there exists subspaces F of ¢y and [P, for each p with 2 < p < oo without the
approximation property. Then Davie [5] has obtained subspaces E of LP for each
p with 2 < p < oo, which do not have the approximation property. Furthermore,
Szankowski [22] has obtained, for any p,q with 1 < ¢ < oo, a Banach lattice
which can be linearly isometrically embedded into (E; x E; x ...);,, where E, =

L9([0,1])(n = 1,2, ...) and which fails to have the approximation property.

The idea that how results on Banach spaces may be generalized to complete
metric spaces or locally convex topological spaces enriched the theory. Interesting
new directions have been developed and interplaited in the Banach space theory.
For example, if we replace the elements of basis by linear subspaces of a Banach
space, we can obtain decompositions of this space.Also, if we do not use only
basis series expansion, if we use biorthogonal systems then we obtain the systems
called dual generalized basis. Now we start the history of the basis in the spaces

of continuous functions and p-times differentiable functions.

In 1910, Faber [7] showed that there exists a basis in the space C|0, 1] con-
sisting of the primitives of the Haar functions. Faber used the diadic system of
points in his construction. In 1927, Schauder [17] rediscovered the more general

form of this result. Now we examine the Schauder system.

Let {a,}° C [0,1] be an arbitrary dense sequence of distinct points in [0, 1]
and for each n > 2 let v,, denote that one of the n subsegments of [0, 1] determined
by 0, ai, ag, ..., a,—1, 1 (rearranged in increasing order) which contains a,. Let

fo(t) =1, f1(t) =t. Then the sequence



CHAPTER 1. INTRODUCTION 4

0, for t ¢ v,
fa(t) = 1, for t = an_, (1.0.1)
linear  for the other ¢

where n = 2,3, ... constitutes a basis in the space C[0, 1].

We show this first for f € C[0,1] satisfying f(0) = f(1) = 0. Let

as = flar), an = flan,_1) Zaf an,—1) (n=3,4,..) (1.0.2)

= Zaifi (n=2,3,..) (1.0.3)

Then, since fs, ..., f,, are linear on each subsegment of [0, 1] determined by {a;}7=],
Sn is also linear. Also, by (1.0.1) we have f;ii1(a;) = 1 and fi(a;) = 0 for
i=7+2,j+3,...n (j=1,...,n—1). Then

n

[Sn()(a;) = Z aifia;) + ajer fiva(ay) + Y aifia;) (1.0.4)

i=j+2

= zj:%‘fi(aj) [ Zazfz a; ] = f(ay)

So S,(f) is the polygonal function interpolating the values of f in the points

0,a1,as, ..., an_1, 1. Then if a;,, a;, are any two consecutive points of {a;}/,

[Sn (] Aai, + (1= Nai,) = Af(ai,) + (1 = A) flai,) (0<A<T)  (1.0.5)

Let ¢ > 0 be arbitrary. Since f is uniformly continuous on [0,1], there exists
an § = d(e) > 0 such that |f(t1) — f(t2)| < € whenever t;,t, € [0,1], [t; —t2| <.
Since {a;} is dense in [0,1], there exists a positive integer N = N[d(¢)] such that
for n > N we have max |a;, — a;,| < 0, where the maximum is taken over all
couples of consecutive points of {a;}"~}'. Now, let ¢t € [0,1] be arbitrary. Then
there exists a A with 0 < A <1, such that t = Aa;, + (1 — N)a,,, where a;,, a;, are

consecutive points of {a;}7-]' satisfying t € [a;,, as,]. Then, by (1.0.5),

[F() = Su®)] = [f(t) = Af(as) = (1= A) f(a,)] (1.0.6)
= (A (8) = flai)] + (1 = N[f () — f(as,)]]
< max [f(t) = f(t2)| <e (n > N[5(e)]),

t1,t2€[aq; 0]
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and thus, since N[d(¢)] is independent of t € [0, 1],

If = Sull <€ (n > No(e)]).

Consequently, we have

fzggﬁnzii%ﬁ
=2

Now we drop the restriction f(0) = f(1) = 0. Let f € C[0,1] be arbitrary.
Then for the f € C[0,1] defined by

f@) = f(t) = £(0) = [F(1) = fO)]t (£ €]0,1])

we have f(0) = f(1) = 0. By the above, f has an expansion of the form f =
Yooy aifi. By putting ap = f(0), aq = f(1) — f(0), we obtain

[ = Z%’fi-
=0
So (fi)2, is a basis of C[0, 1].

Using basis of C[0,1] it is not difficult to present a basis in the space
Cr[0,1]. First we show this for p = 1. Let f € C'[0,1] with ||f|®") =
max(|f(0)], supoq<1 ]f’( ). Let ¢: C'0,1] — C[0,1] R be a linear operator
such that ¢ f (z) = [7 f(¢)dt+ f(0). Then for every f € C[0,1], ¢(f(z)) € C*[0,1]
since (qb(f(x))’ = f(x) — f(0) + f(0) = f(x) is continuous. Also for every
é(g) € C'0,1], g € C[0,1]. Then C'0,1], C[0,1] PR are isomorphic. Also

we look isometry.

J6£()l| = sup [(@f())| = sup / (0t + 50

= [lf (@)l
Then the spaces are isometric. Now we find the basis for C''[0, 1]. We know that

for every g € C'[0,1], g = [, ¢'(t)dt + ¢(0). Since ¢’ € C[0,1] there exists basis
fr such that ¢’ =>"77, ozkfk. Then

= Zak/fk(t)dt+g(0).
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Then the elements of basis are 1, [* fo(t)dt = x, [ fi(t) .. By using the same
method in the space C?[0, 1], the spaces C|0, 1] @ R? and Cp[(), 1] are isomorphic.

Then the elements of basis in C?[0, 1] are

T1=T T3 T1=T T2

g [ - /fl i, | /...7f2<t>dt,

0

On the other hand the basis problem for the space C?[0,1])* is much more
difficult. In 1932 Banach [1] raised this problem in his book: Let B be the space
of all real-valued continuous functions on the unit square 0 <t <1, 0<s<1,
admitting continuous partial derivatives of order 1, endowed with the norm

_ ’ / )
Il = 0<t£(11%><(5<1 [#(t, 5)| + 0<t§11,a0><{s<1 2t 5)] + 0<t£r11,a0}<<s<1 (¢, 5)1;

does B possess a basis? This problem was solved by Ciesielski [3] and Schonefeld
[18] independently only in 1969. Ciesielski and Schonefeld used the Franklin
dyadic functions elements for the basis. But this system is not easily generalize

to show the existence of a basis for C?[0, 1] when p > 2.

There were many works also for the space C'(K) for K is different from [0, 1]
after 1960’s. In 1966 V.I.Gurarii [12] showed that for any dense sequence (z,)
in a metric compact set K there exists a basis in the space C'(K) which is in-
terpolating with nodes (z,,). V.D.Milman [14, p119] illustrated this approach by
constructing a basis from broken lines in the space of continuous functions defined
on Cantor sets. In 1985 Bochkarev [2] constructed a dyadic interpolating basis
(P,) for C[0,1] with moderate growth of degrees of the polynomial P,. Grober
and Bychkov showed in [11] that the Schauder system is an interpolating basis
in the space Hélder type functions C,[0,1]. Using the method of local interpo-
lations Goncharov [10] constructed interpolating basis in the space of continuous
functions defined on compact sets of the Cantor type. I use Gonchrov’s paper in

my thesis many times.

After the construction of basis in C?[0,1]* Ciesielski and Schonefeld improved
this result. In 1972 Schonefeld [19] constructed a Schauder basis for the space

CP(T?) where T is the product of ¢ copies of the one-dimensional torus. This
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basis is also a basis for C1(T%), C?(T),..., CP~}(T7) and an interpolating basis
for C'(T7). Schonefeld firstly proved that C?(T) has a basis.

Let the partition A, be the set of points {0, %, %,..., %} and (2p + 1)
periodic spline on A,, where p = 1,2, ... be an element of C??(T) whose restriction
to each interval (i/N, (i—l—l)/N), i=0,1,..., N—1isa (2p+1)-degree polynomial.
Then Schonefeld constructed the basis:
fi =1, fn4q is the (2p + 1)-periodic spline on the partition Ay which is zero at
every point of the partition Ayy except (2g — 1)/2N where N =1,2,4,8, ... and

¢q=1,2,..,N and fyi,((2¢ —1)/2N) = 1.

Then he defined an operator S,, inductively by the following:

ap — f(rl) Snf - Zazfz Ap+1 = f(rn—H) — Snf(rn—kl) n = ]_, 2,

where {ry;n = 1,20 = {0, 4, 4, %, B L 22 ) S0 8, f
interpolates f on Ay that is Sy f(i/N) = f(i/N). Then he showed that {f,} is
an interpolating basis for C(T) that is [|f — Sy f[| < e. Then he differentiated
Sn(f)— f and by using the properties of divided differences he proved that C*(T)
has a basis. At the end of this paper he remarked that the spaces C?(TY), CP(17),
CP(M) (where M is q-dimensional compact CP-manifold) and C?(D) (where D is
a domain in R? with boundary such that there exists a linear extension operator
L: C?P(0D) — CP?(D)) are isomorphic. So with these isomorphisms there exists
Schauder basis also in these spaces. Also Ciesielski and Domsta [4] showed the
existence of basis for C?(17) in 1972. Furthermore in 1978 Ryll [16] defined a
system (p?),en such that (%) is an interpolating basis in C(I%), (¢%) is a basis
in each space C®) (1% for k = 1,...,q and

diam(sup ) - 0 as n — oo.

In 2004, Jonsson [13] used the method of triangulations to construct basis for the
space CP(F) where F is a compact subset of R" preserving Markov inequality.

(We give the details of this paper in section 2.3)

In this thesis in section 2.1 and 2.2 we give some basic definitions and proper-

ties about spaces of differentiable functions and interpolation. In section 2.3 we
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define interpolating basis and recall some examples of interpolating basis. Also
we give some details from Jonsson’s paper. In section 2.4 we give the method of
local interpolation. Also we give some lemmas which we use in Chapter 3. In
last chapter we found some bounds for divided differences. Then by using local
interpolations and this bounds we construct a basis for the space C?(K) where

K is uniformly perfect Cantor-type set.



Chapter 2

Preliminary

2.1 Spaces of Differentiable Functions

Let K be an open set of R". We denote C?(K) (respectively C(K)) the algebra of
p times continuously differentiable functions in K, with the topology of uniform
convergence of functions and all their partial derivatives on compact subsets of

K. This is topology defined by the norm
[flp = supl fP(2)]: z € K

We can define f'(x) in the following:

o) — tim L) = @)

h—0 h

This is true only for x + h € K where K is uniformly perfect. If x is an isolated
point, f'(x) does not depend on f|x. We use jets to define derivatives on sets

not uniformly perfect but we do not use jets in our work.

Let EP(K) we denote the space of continuous functions f in K such that f is

C? in K and all derivatives of f|x extend continuously to K.

Theorem 2.1.1. (Tietze Extension Theorem) If X is a normal topological space

and f : K — R is a continuous map from a closed subset of K of X into real

9
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numbers carrying the standard topology, then there exists a continuous map
f X —R

with f(x) = f(z) for all x in K. f is called a continuous extension of f.

For the space of continuous functions C'(K) = £(K). But we can not say this
for p > 1.

Let we denote by D* the mapping of £7(K) into E7~*( K) where |k| < p given
by

Theorem 2.1.2. (Whitney Theorem) Let K be an open subset of R™ and X be

a closed subset of K. There is a continuous linear mapping
W EP(X) — EP(K)

such that D*W (F)(z) = F® if F € E7(X), v € X, |k| <m

Then we can say that EP(K) C CP(K).

2.2 Interpolation

Given the values of a function f(x) at two distinct values of x, say xy and z, we

could approximate f by linear functions p that satisfies the conditions

p(xo) = f(zo) and p(z1) = f(z1).

It is geometrically obvious that such a p exists and unique. We call p a linear

interpolating polynomial and this process linear interpolation.

We can construct the linear interpolating polynomial directly by using the
above two conditions. Then we obtain

pla) = DL = 30flor) | f) = flao)y

X1 — Ty 1 — Xy
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This can also be expressed in Newton’s divided difference form

p(x) = f(zo) + (x —

7o) <f($1) - f(fo)).

xT1 — T

Let we denote the set of all polynomials of degree at most n by P,. Let f
be a function defined on a set of distinct points zg, z1, ..., x,. Then there exists
a unique polynomial p, € P, such that p(z;) = f(z;) for j = 0,1,...,n. This

polynomial is called the interpolating polynomial. Since
pu(z) = a0+ @z + -+ a,2”  and  p(r;) = f(x;).
Then

f(x;) = ag + a4 - - - + anzy.

Isaac Newton (1642-1727) found another way to constructing the interpolating
polynomial. Instead of using monomials 1,x,...,2", he used the polynomials

T, 71, ..., T, Where

”i(x):{<x_xo><x—x1>-~-<x—xi—1>> L<i<n

The interpolating polynomial p, € P,, which assumes the same values as the

function f at xg, x1,...,x,, is then written in the form
pn() = agmo(z) + armi(z) + -+ + apma().
We may determine the coefficients a; by setting
Pu(z;) = fz;), 0<j<n
giving the system of linear equations
aomo(z;) + army(z;) + - + apma(z;) = f(z;), for 0<j<n.

Then we obtain

f(xl) - f(xo).

ap = f(xo) and a; =
T1 — Xg
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We will write
aj = [xo, X1, ..., ] f
and we say a; j-th divided difference. Thus we may write p,(x) in the form
pu(x) = [wo] f7o(x) + [0, 21]fmi(@) + - - - + [0, @1, ooy ] f T (2),

which is Newton’s divided difference formula for the interpolating polynomial.

Now we give some properties of the divided differences.

Proposition 2.2.1. The divided difference [xg,x1,...,x,]f can be expressed as

the following symmetric sum of multiples of f(xj),

[, T1, .oy ) f = Z H

where in the above product of n factors, r remains fized and j takes all values

jET ZD, J)

from 0 to n, excluding r.

Proposition 2.2.2. Let x and the abscissas g, x1, ..., x, be contained in an in-
terval [a,b] on which f and its first n derivatives are continuous, and let fnt)
exists in the open interval (a,b). Then there exists , € (a,b), which depends on

x, such that

Fr(E)
f(@) = pulz) = (# — xo) (@ —31) -+ (2 — JUn)m-

Corollary 2.2.3. Let f € C"[a,b] and let x; : i =0,...,n be a set of distinct
points in [a,b]. Then there exists a point 6, in the smallest interval that contains

the points x; : 1 =0, ...,n, at which the equation

F(0)
nl

[0, T1, ooy | f =
15 satisfied.
Proposition 2.2.4. Let f defined on a set of distinct points xg, 1, ..., T,. Then

we express the divided difference [z, xj11, ..., Tjrrr1]f where j,k € N such a way
that

[%‘H, e 55j+k+1]f - [fﬂja s 37j+k]f

Ljtk+1 — Lj

[, ooy Tippr ] f = where j+k+1<n.

For the proof of these propositions see e.g. [15].
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2.3 Interpolating Basis

Definition 2.3.1. A basis (f,,) in an infinite dimensional Banach space E is
called interpolating basis with nodes (x,,) if and only if for each f in E and each

n we have

S(Tm) = flzm) for m=1,2,..n
where S, = >0 E(f) [

at n points x4, ..., z,. Here by

Sn(f). Thus, the n-th partial sum S, interpolates f
(€) we denote the functional biorthogonal to (f,)

There are many examples of interpolating bases. The basis of unit vectors
€1, €s, ... in ¢q is interpolating. Also Faber-Schauder system is interpolating. (We
showed this in chapter 1). Furthermore Gurarii [12], Bochkarev [2], Grober and
Bychkov [11] used interpolating basis in their construction. (For more information

about interpolating basis see [20])

Jonsson also used interpolating bases. In 2004, Jonsson [13] used triangula-
tions to construct basis for the space CP(F') where F' is a compact subset of R"

preserving Markov inequality. Now we give some information about this paper.

Definition 2.3.2. Let I’ be a compact subset of R™. A finite set T of n-
dimensional closed, non-degenerated, simplices is called a triangulation of F' if
the following conditions hold.

Al. For each pair Ay, Ay € T, the intersection Ay N A, is empty or a common
face of lower dimension.

A2. Every vertex of a simplex A € T'is in F.

A3. F C UaerA.

For a triangulation T, let § = maxaer diam(A) be the diameter of the tri-
angulation. When considering a sequence {7;}2, = {T;} of triangulations, we
denote by ¢; the diameter of triangulation. In the sequel, we deal with sequences
{T;} of triangulations satisfying the following conditions:

B1l. For each ¢ > 0, T;.; is a refinement of T;, i.e., for each A € T, there is
A € T, such that A C A.
B2. §; — 0,i — oc.
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It is easy to see that if a triangulation satisfies B1 and B2, then the following
condition holds. We denote U; the set of vertices of T;.
B3. for i Z O, Uz C UZ‘+1

Definition 2.3.3. Let F' € R, and let {7;} be a sequence of triangulations
satisfying B1. Then {T;} is a regular sequence of triangulations if the following
conditions hold.

T1. There is a constant ¢; > 0, independent of 7, such that, for all Ay, Ay € Tj,
ey tdiam (D) < diam(A,) < cidiam(Ay).
T2. There are constants 0 < ¢3 < ¢3 < 1 such that, for all 7 <0,
c20; < 0ip1 < c30;.

T3. There exists a constant a > 0, independent of 7, such that if A € T; and
A’ € T; and the distance between these intervals is less than or equal to ad;, then

the intervals intersect.

Definition 2.3.4. Let F'bein (X, d). F uniformly perfect if there exists C, § such
that for every y € F there exists (x) C F such that dist(zg,y) — 0, dist(y,z;) >
0, and

dist(y, z) < Cdist(y,xpy1)  Vk.

For Cantor type sets the condition T1 satisfies. For condition T2 we can
take §; = [; where (1;)$°, is a sequence in the Cantor set such that [, = 1 and
0 < 2ls41 < s for s € R. (For details of cantor set see section 2.4) Then cyl; <
liv1 < c3l;, ie., our compact set K is uniformly perfect. Also the condition T3 is
satisfies for Cantor type sets. Then Cantor type sets with regular triangulations

are uniformly perfect.

Definition 2.3.5. Denote by P,, the set of all polynomials in n variables of total
degree less than or equal to m. A closed set F' C R" preserves Markov’s inequality
if for every fixed positive integer m there exists a constant ¢, such that for all
polynomials P € P,, and all closed balls B = B(xg,r), 29 € F, 0 < r < 1, holds

max |[VP| < Emaux:|P|
FNB r FNB

where V denotes the gradient.



CHAPTER 2. PRELIMINARY 15

This definition of Markov’s inequality is the definition in Jonsson’s paper but
in general the condition in the definition is:

sup |V P, ()] < Cm™sup| P, (2)]
zeF zeF

where C' and R are positive constants. Examples of sets preserving Markov
inequality are e.g. selfsimilar fractals not contained in an n - 1-dimensional

subspace of R", and d-sets.

Theorem 2.3.6 (Theorem 3.1, [13]). Let F be a compact subset of R. Then
there exists a regular triangulation of F if and only if F preserves Markov’s

inequality.

Then Jonsson constructed basis for the space CP(F) where F is a compact
subset of R preserving Markov’s inequality. Now we define the functions that

gave a basis in CP(F').

Let F' be a compact subset of R preserving Markov’s inequality and f be a
function defined on F. Then, since F' is perfect derivatives can be defined in the
usual way by D f(x¢) = lim, .0 2er(f(x) — f(20))/(x — 20), 2y € F. For a given
p > 0, assuming that derivatives of order < p exist, denote by R; the Taylor
remainders given by

p—Jj

D f(z) = Z(m — ) DI () /1 4+ Ri(z,y), 0<j<p.

=0

A function f belongs to the space CP(F) if for every e > 0 there is a § > 0 such
that |R;(x,y)| < €|z — y[’7 for 0 < j < pand |z—y| < 6. The Whitney extension
theorem given in Section 2.1 gives that there is a linear extension operator F from
CP(F) to CP(R). It should be noted that in the present setting derivatives are
uniquely determined by f, which means that elements in CP(F') are functions

rather than families of functions as in the general Whitney extension theorem.

Let a sequence {T;}7°, of regular triangulations of F' be given, and let U; be
the set of vertices of T;. Let V; = U;\ Ui_1, 1 >0, Vo = Uy, and V=2, Vi
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and let < be a linear order on V satisfying the following condition: if £ € V; and
n € V; with ¢ < 7, then £ <.

Let p > 0, and let, for s = 0,1,...,p, P° be the polynomial of degree 2p + 1
which satisfies D*P*(0) = 0 for v =0,1,...,p, D"P*(1) =0 forv =0,1,...,p, v #
s, and DYP*(1) = lifv =s. Let £ € V;. Then ¢ is the right endpoint of one or
two intervals in Tj. If £ is the right endpoint of A € Tj of length [, define ¢7_ on
A by ¢5¢(x) = IPP*((x —&+1)/1), and if £ is the left endpoint of A” € T; of length
I'; define ¢7 . on A" by ¢ (v) = I""(=1)*P*((x — {+1')/I'). If £ is an endpoint of
both A and A’, this means that ¢;, is a spline function defined on AU A’ which
is p times differentiable, equals a polynomial of degree at most 2p + 1 on each of
the intervals A and A’, and whose derivatives of orders less than or equal to p
are equal to zero at the endpoints of these intervals, except that D*¢;, = 1. Note
that for v € A we have D¥¢; (v) = I°(D"P*)((z — £ +1) /1) and consequently for

x € A we have, with a constant ¢ depending on v,
D" @ie(@)| <, v <0,
an estimate which clearly also holds if z € A, with [ replaced by ['.

For £ € V;, let ¢¢ = ¢; on the one or two intervals in 7; which have § as an
endpoint, and put ¢ = 0 elsewhere on {UA; A € T;}. Note that ¢ is defined
which respect to the triangulations T; in which & first appears as a vertex. We
let CP(F) be normed by maxo<,<p || D" fl|co,#, although CP(F) is, in general, not
complete in this norm. Then the functions ¢¢|r form a basis in C?(F') which
interpolates to f and its derivatives of degree at most p. Here f|r denotes the

restriction of f to F.

Given f € CP(F), let S;(F) denote the spline function defined on {UA; A €
T;} which coincides with a polynomial of degree at most 2p + 1 an each interval
in T;, and interpolates to f and all its derivatives of orders less than or equal to

p at each point in U;.

Proposition 2.3.7 (Prop 5.2, [13]). Let F C R be a compact set with a reqular

sequence {T;}:°, of triangulations of F', and let p be a nonnegative integer. Then
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the system of functions {{f|r, § € V, s =0,1,...,p}, ordered by =, is an inter-
polating Schauder basis in CP(F).

More precisely, every f € CP(F) has a unique representation

n p
F=2 D cilr
i=0 €€V, s=0
in CP(F), where ¢; = D*f(§) — D*S; 1 f(§) for £ € Vi, i > 0, and ¢ = D*f(§)
for £ € Vo = Uq. In addition, for N <0,

DY f(n) =) > > cD"Wr

i=0 €€V, s=0

for0 <v <pandne Uy.

In the construction of Jonsson F' preserves Markov’s inequality. Then from
theorem 2.3.6 there is a regular triangulation of F', so F' is uniformly perfect. In
our work we use another method to show that C?(F') has an interpolating basis

where F'is a uniformly perfect Cantor-type set.

2.4 Local Interpolation

Suppose Ky and K are infinite compact sets such that K; C Ky and K, \ K}
is closed. Let natural numbers Ny, M;, Ny be given with Ny > 2, M; <
No, My < Ny,Ng — My < Nj. Let for s € {0,1} we have a finite sys-

tem of points (ng))]kvil C K,. Here we suppose that x,(j) + xl(s) for k # 1
and (:UECO))QVZOIMI C Ky \ Ky, $53())_M1+T = 2 for r = 1,--- , My. We adopt

the conventions that > 7 (---) = 0 and [[,_, (---) = 1 for m > n. For
s€{0,1}, 0 <n < N, set éns(x) = [[7_;(x — 23), and let e, be the restriction
of €,s to Ky, otherwise e,s(x) = 0. Also for any function f defined on K, let
Ens(f) = [23, 25 2% ), where x§3§+1 = xS&}lH and x%fﬂ € K, is any
point differing from xg), k=1,---, N;. By the properties of divided differences
see (Propositions 2.2.1-2.2.4). We have,
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Lemma 2.4.1. If a sequence (ng))fgv;l of distinct points is dense on a perfect

set Ky C R, then the system (ens,ﬁm)fj;o 18 biorthogonal and the sequence of
functionals (&,5)22, is total on X (K), that is, whenever &,s(f) = 0 for all n, it
follows that f = 0.

Lemma 2.4.2 (Lemma 2.2, [9]). Let (x,(f))go:p s =1,2,3, be three sequences
such that for a fized superscript s all points in the sequence ($§:))z°:1 are different.

Let ens = [T7—, (x — 217) and &,.(f) = [237, 25, &%) ), for n € Ny. Then

Z€p3(€q2)fq2(€r1) = fp3(€r1) for p<r.

By means of Lemma 2.4.2 we can construct new biorthogonal systems cor-
responding the local interpolation of functions. For n = M, +1,..., Ny, e,1 =
[l (x— :ES)) for x € Ky and e,; = 0 for z € K, \ K,. Since Ky \ K] is closed
en1 is continuous on Ky. Then &,9(em1) = 0, because the number &,o(f) is de-
fined by values of f at some points on Ky \ K7 and at some points from (x,(cl))fyzll,
where the function e,, ; is zero. Clearly, &, 1(emo) = 0 for n > m. But for n < m,
the functional &, ;, in general, is not biorthogonal to e,,. For this reason we take

the functional
No

N1 = £7L,1 - Zgn,l(ekO) ékO

k=n

which is biorthogonal to €.

Now we show that we can interpolate functions locally. Given f on Kj let us
denote by Q. (f, (zx)7Z1,-) (also by Q,(-)) the Newton interpolation polynomial

of degree n for f with nodes at z1,--- ,x,11.

Let us consider the function S, (f,x) = Q.(f, (x,(co))Zill, z) forn=0,---, N,

and

Mi+r
SNo+r(frx) = Qn, (f, (xgﬁo))gi#’I) + Z M1 (f)er,1(x) (2.4.1)
k=M +1

for r=1,--- Ny — M;. We see at once that Sy, € Iy, (Ko \ K1) and Sy, €
Hmax{No,MlJrr} (Kl)



CHAPTER 2. PRELIMINARY 19

Lemma 2.4.3 (Lemma 2.1, [10]). Given function f defined on Ky and n =
0,1,--+, No+ Ny — Mjy, the function S,(f,-) interpolates f at the first n+1 points

0 0 1 1
from the set {a:§ ), e ,xgvg,xgw)ﬁp T 7$§\71)+1}'

The point of the lemma is that it allows one to interpolate functions locally.
Suppose we have a chain of compact sets Ko D K; D --- D Ky D --- and fi-
nite systems of distinct points (xf))fgvgl C K, for s = 0,1,---. Some part of
the knots on K1 — let (z"™)M#1— belongs to the previous set (z0)N, . We
will interpolate a given function f on K, up to the degree N, and then restrict
the interpolation to the set K., where the degree of interpolation will be Ny, 1,
etc. As the diameters of K, decrease, the approximation properties of the inter-
polating polynomials will improve. Since the points of interpolation are chosen
independently on functions, the approach allows us to construct topological bases

in spaces of functions defined on rarefied sets.

In our work all our subsequent considerations are related to Cantor-type sets.
Let A = (I5), be a sequence such that [y =1 and 0 < 2l5,; < [, for s € Ny.
Let K(A) be the Cantor set associated with the sequence A that is K(A) =
Nacy Es, where Ey = I = [0,1], E; is a union of 2° closed basic intervals I
of length [, and F,,; is obtained by deleting the open concentric subinterval of
length hs := 1, — 2141 fromeach [, , ,5j=1,2,...2%

2,8

Given a nondecreasing sequence of natural numbers (ng)y®, let Ny =
o MY = N,_1/2+1, M{” = N,_1/2 for s > 1 and My = 1. Here, (I) and
(r) mean left and right respectively. For any basic interval I, = [a;s,b;s] we
choose the sequence of points (x,, ; 5)o2; using the rule of increase of the type. we
take ex 1.0 =Y (v —xp1.0) = I (z —2,) for z € K(A), N=0,1,---, Ny. For
s>1,j<2letey,; s =1 (z—x,,;) ifr € K(A)NI;s, and ey s = 0 on K(A)
otherwise. Here, N = M\, M{” +1,--. N, with a = [ for odd j and a = r if
j is even. The functionals are given as follows: for s =0,1,---;j=1,2,... 2°
and N =0,1,---, let fN,j,s(f) = [llfl,j,s, e ,37N+1,j,s]f- Set nn,1,0 = &n,1,0 for

N < N,. Every basic interval I;,, s > 1, is a subinterval of a certain /; ;_; with
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j=2 —1orj=2i Let

Ns—l

NN, s(f) = Engs(f) — Z Eng.s(€r,i s—1) Sk,is—1(f)

k=N

forN:Ms(a),Ms(a)+1,--- , Ng. As before,a =1if j =21—1,and a = rif j = 2i.

Now we give an example to local interpolation for Ny = N; = Ny = 4 and
f € C[0,1]. Then our points are 1 = 0, zo = 1, 3 = Iy, andxy = 1 — [;. Then

the interpolating polynomial

Qs = fz) + [z, 2o f(x — 1) + -+ [T1, 29, s 5] (0 — 21) - (2 — 24)
— F(0) 4+ (F(1) = FONa 4+ [0,1, 10,1 — Iy, bo] fr(r — 1) — ) (& — 1+ 1)

As seen in the equation we add one more point x5 = l5. For s = 0,

€10 = 1,

€110 = &L,

ea10 = x(r —1),

es10 =x(r —1)(x — 1),

esipo=z(z—1)(z—4L)(x—1+1)

and
0,10 = f(0),
&0 = [0, 1],
&0 = (0,1, 4],
a0 =[0,1,01,1 = L],
Ea10=10,1,11,1 — 14, 15].

Now we look this for the intervals Iy 1, Io; € I o = [0,1]. I, is the left part and
I, is the right part. Then on I ;

€111 =7,

€211 = .%'(SE — ll)
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and on I 5
e121 =T — 1,
e201 = (z—1)(x —1+1).
Also
o0 = f(0),
111 = [0, L],
§o10 = [0, 11, o] f
and

021 = f(1—1),
§120 = [1— 11, 1]f,
Soo1 =[1—-10,1,1 =l + 1]f.
So we add a new point x4 = 1 —[; 4+ [y to I;. In this way we add new points

to left and right intervals and interpolate f. Let us look this. We know that
Ss(f,x) = Q4 from lemma 2.4.3. Then

Se = Q4+ m221(f)e22:1

Sy = Q1+ m21(f)eaps +n31,1(f
Sg = Q1+ m21(f)eans +m321(f
Sto = Qs+ m221(f)ez21 +m321(f)esar +n12.1(f)ea2n

)63,1,1
)

€321

Here
4
772,2,1(f) = 52,2,1(f) - Zf2,2,1(€k,1,0)5k,1,0(f)
k=2
4
M3a1(f) = &aa(f) — Z53,1,1(€k,1,0)fk,1,0(f)-
k=3
Then

[f(x) = Sz(f,2)|| < mo2a(f)ezzn +m31a(f)esnn,
since @4 is the interpolation polynomial of f(x). In chapter 3 we find bounds for
n(f)and&(f) and we show that || f(x) — S,.(f,2)|l, <e.

Finally I give one more definition which we use in thesis.
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Definition 2.4.4. A basis {f,} of a Banach space FE is said to be unconditional
if every convergent series of the form ) .~  «; f; is unconditionally convergent,
Le., for every f € E the series Y .°, fi(x) z; converges unconditionally. The basis
{fn} is said to be conditional if it is non-unconditional, i.e., if there exists a

convergent series » - ¢, f; which is not unconditionally convergent.



Chapter 3

Bases in the spaces of

CP-functions

3.1 Estimations

Given function f € C(K) on a compact set K C R, let w(f,-) be the modulus of
continuity of f, thatisw(f,t) =sup{| f(z)—f(W)|: x,y € K, |z—y| < t}, t > 0.

Lemma 3.1.1. ([10])For N > 1 and distinct points xy,--- ,xn+1 € K with
vy <y <o <ayp let enp(@) = [Ty (v — 2i), Env(f) = [en, 20, eyl f

and t = maxg<n | Txy1 — xx|. Then

()| < N w(f,) (min] s ()] )"

Given function f € CYK) where ¢ = 1,2,...,p on a compact set K C R, let
f be the extension of f on K. Let w(f@,.) be the modulus of continuity of f(@
that is w(f?,t) = sup{|f9(z) — f9D(y)| : z,y € K, |z —y| < t}, t > 0.

Lemma 3.1.2. For N > 1 and distinct points xy,...,xny11 € K with x1 < x5 <

< Ty let t = maxpapy |Tpi1 — Tx| and En(f) = [x1, 29, ..., N 11| f. Then

N2 w(f@ 1) i N -1
< — = | | | | C— .
En ()l < q! <k<Nm}JI;<N) , ‘(% zs) >
s=1 s#j s=k+q+1 s#j

23
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Proof. First we show this for fix ¢, then we show this for ¢ = 1,2,...,p. Let

eQVH(:Ek) = ;Vﬁlﬁék(xk z;). From Proposition 2.2.1 we know that n(f) =

SOV _ T WWe write Ey(f) in terms of divided differences of g-th order.

k=1 eN+1

N+1

NOEDD )

k=1 el]V—l—l (xk)

195, (z1—=;)
S (])1 — :Eq+2)[:(:1, ..~7xq+2]f ]eN+1(:B1)]

e —ay) | T3 (ea— zj)l

ey (1) ey (T2)

+(zg — Tgy3)[T2, ---,xq+3]f{n

[I (@1 —=;) 143 (w3 —x)
(23 = Tgya)[T3, o, Tgual f {W + ...+ W} +

N+
Hj:z\?+1(r1_$j)
TN

N s (zj—s)
< 2 hmt (B = Tppg1) [Thy s T ]S Z] 1 %

< Z,]fvzl N(zr = Thyqr) [T Thrts o Thpgr] f )

. k N+1
(minjn | Ty oy @5 = 20 TR, (5 — )
From Proposition 2.2.4 we can write [zx, Tgi1, ..., Thiqt1] [ such a way that

eN(TN+g+1)

[0, (en—2;)
+(@N — TNggr1)[TN, oy TNtgir ] f B N

[Tht1, Thtt, s Thrgar | [ — [T gty oy Thag f
Lhtq+1l — Tk

[Ik, Tl+1, - $k+q+1]f

Since

[$k+1,$k+1, “'7xk+q+1]f =

where 6 € [k+ 1,k + g+ 1] (Since 0 can be different from x; we use the extension
of f) then

f(q) (61) — f(q)(gQ)

(Thtgrt — Tr)[Thy Ths1s oo Thpg1lf = (3.1.1)
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Then

N x k N+1

Nw(f9t) .

En(f)] < Z T(ljrrélj{}‘ H '(:vj — ) H ‘(a:j — xg)

k=1 s=1,s#j s=k+q+1,s#£j

Ngw(f@, t) . k N+1

= q! <k<NH—I$<N’ 11 (25 =) 11 (@5 =)
s=1,s#£j s=k+q+1,s#j

Let we prove this for every ¢ = 0,1, ...,p. We use induction.
For ¢ = 0 Lemma 3.1.1 satisfies.
For ¢ = p — 1 We know that

k k+p—1
Hsiz-l—l (xj T l‘s)

N
IEn(f)] < Z Tl — Thoip) [Ths ooy Thyp fz
k=1

€ny1(T)
Then,
N?w(f(p 1) t) k N+1
En(f)] < ( min ‘ H (z; — xs) H (z; — ;)
(p - 1) kSN=pt+1j<N s=1 s#j s=k+p s#£j
Now we show that it is true for ¢ = p. We have
N k+p
[tk (2 — )
EN (A <) (@ = Thaps) [T ooos Thapis fz o
1 En1(2;)

From Proposition 2.2.4

[ﬂfk+1, Th+1, ---7$k+p+1]f - [37k737k+17 o $k+p]f
Lh+p+1 — Tk

[Thy Thoa 15 ooy Thapra|[f =

Therefore,

al k k+p R
f) < Z([ﬂ?k, ceey l’k+p]f — [$k+17 "'7$k+p+1]f) Z Hs:k,+1($] fEs)

k=1 =1 i1 (7))
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) (e — @)
< (1 perlf = sl {220
P — @) oy (e — )
R L e Ty R s el
N N+p o
—i—([SCN, feny $N+p]f - ['TN+17 '-'7xN+P+1]f) Z Hsgj\jl(f;) :BS)
=1 +1\7)

{H’S’ii (21 — ) }

< (21— 214p) [0 o0y D1yl f

€Nt (1)
p+3($1 — ) p+3(x2 — )
+('I2 — X9 )[x27-~-,$2+ ]f{ 5=3 S + s=3 S }
v " (1) i1 (22)
N N+p—1
Hs: ($ - $5)
+(xN _xN-l-p)[xNu“wa—i—p]fZ ]\;+1 J
=1 eny1(2))
N N+p
I1 —N+1(xj — T)
_[xN+17"'7'rN+ +1]f 5=
’ ]_Zl g1 (25)
N k k+p=1
Hs: (l‘ - ws)
T D DE W
k=1 j=1 N+1\Tj
N N+p
Hs: (x - xs)
_[:L'N-‘rla"'vajN—l—p-&-l]fZ ]\5—'_1 J
=1 €y41(T;)
By (3.1.1) )
w(f*=Y,1)

(@k = Tpetp) [Ths oo, Thap) f < (p—1)!
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Then
N> w(f*,1) k N+1 .
) : | ( min ‘ H — T) H (x; — xg) )
— ! ;
P 1) RENTPRLIEN T o=ktp s#j
Hiwp (x; — )
+H[zNt1, Q:N+p+1fz N+1
6N+1(xj)
N2 w(f(pfl), t) ' k Nt B
: (p—1)! (k<NI21+%j<N‘ H () — @) H (r; — x5) )
| ) T sl s=k+p s#j
Neovy |
+W <k§Nr2ﬂ,j§N‘ H A(%’ — Ts) H A(xj — Zs) )
s=1 s#j s=k+p s£j
N> w(f* 1) k N+1 .
< ’ ( min ‘ H (z; — x) H (l’—x))
- N ! B / J s J s
(p 1) RENTPELISN s=1 s#j s=k+p s#j
So it is satisfies for ¢ = p. So the proof is complete.
Lemma 3.1.3. Let enyi(2) = g:ﬁl(f —xy) and 653)“ be the q-th derivative of

ent1- Then

k N+1
(@) q _ —
lennl < N (r,ggag‘ [[@—2) J] (-2 )
s=1 s=k+q+1

forallq=1,2,....p.

We will consider Cantor-type sets with the restriction only that

Without loss of generality we suppose A > 2. For the definition of Cantor-type

sets, see section 2.4.

Let x be an endpoint of some basic interval. Then there exists the minimal

number s (the type of x) such that x is the endpoint of some I, ,,, for every m > s.

By K, we denote K(A) Nl Given K, with s € Ny := {0,1,---}, let us
choose the sequence (z,)5° by including all endpoints of basic intervals, using the

rule of increase of the type. For the points of the same type we first take the
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endpoints of the largest gaps between the points of this type; here the intervals

(—o00, ), (x,00) are considered as gaps. From points adjacent to the equal gaps,

we choose the left one x and then [;—x. Thus, vy = 0,29 = l5, 23 = 311, -+ ,x7 =
l3+1 - l8+27 trry Tokg = ls+k7 e
Let
N
| maXeg, | en(z)] T —
Hs, N = - I ’ LN] H
minj<y | ey (25)] by T T

that is Ly ; denotes the fundamental Lagrange polynomial.

Lemma 3.1.4. (Lemma 3.2, [10]) Suppose the Cantor-type set K(A) satisfies
(3.1.2) and for N > 1 the points (ﬂl:k){v+1 C K, are chosen by the rule of increase
of the type. Then

Let we set

k N+1
Hs:l(x — ) Hs:—;+p+1 ( — )

. k N+1
minken—pen | T sy (@5 = 2) T sy (25— 22)

maxg<N—p

Ps,N =

Suppose the Cantor-type set K(A) where K(A) is uniformly perfect and satisfies
(3.1.2). Since K(A) is uniformly perfect, there exists B € R such that [ < Blg;.

Lemma 3.1.5. For N > q+ 1 the points (z3)¥ ™" C K, are chosen by the rule
of increase of the type. Then

Yon < AN—a galoga N
where g =1,2,....p.

Proof. For N = ¢+ 1 it satisfies. Let N = 2"+ v with 0 < v < 2".Then (z;) ™
consists of all endpoints basic intervals of the type s +n — 1 and v + 1 points of

the type s +n. Fix any 2 € K and z;, j < N + 1.

By (yx)Y we denote the points ()Y arranged in the order of distances |z—xy],
that is | — yx| = |v — 25,| 7. Then Y = (yx) = U _; Yeirm where Y, = {y; :
h, < ‘x_yk| < lr}; r= 8+n_17 S and sz+n = {yk : hs+n < |x_yk| < ls+n}-
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Similarly, Z = (z;,)Y consist of all points 2, 1 < k < N + 1, k # j but here
\z;—2] = |zj—25| 1. Asbefore, Z = _y Zsim, Zr = {20 hy <|zj—2] <.}
forr=s+n—-1, ---,s. Let a, = |Y,|, b, = |Z,| be the cardinalities of the
corresponding sets. Since the points ()Y are uniformly distributed on K, it
follows that the numbers of points x;, in two basic intervals I; ., I;, of equal length
are the same of differ by 1. But the point z; is not included into computation of

b.. Hence we have for r = s+ n, --- s the following inequality

as+n+"'+a7"2bs+n+"'+br~

Next to find the maximum of the product | []*_,(z — z.) Hiﬁrqﬂ(x — )

we choose ¢ points which are very close to . So the distance between x and
other N — ¢ points, is maximum. We know that a5 + ... + asy, = N. Then
as+ ... + as4n, —q = N — q. Let we choose vy, ¢14 € N such that

Us+ oo F g, FClg =N —¢q, Ci1g < Aspp41, Vg <N (3.1.3)
Then
k N+1
as 70s+1 As+vg 1C1q
%La]\}/( ‘ H([L‘ - SL’S) H (I - xS) < ls ls+1 e ls-l—vq ls+'uq+1
- s—1 s=k+q+1

Also to find the minimum of the product ’ e, (2 — ) Hi\fzﬁrqﬂ(xj — Iy)

b

first we fix j = j such that

k N+1 k N+1
i [T =) T1 o] = pn [T =TT =)
s=1 s=k+q+1 s=1 s=k—+q+1

where j € N and j < N. Then we choose ¢ points which are far away from
z;. So the distance between other points and x; is minimum. We know that

bs + ...+ bsyn = N. Let we choose ug, co; € N such that

bspn & oo Fbsru, +C2g = N —q, Cog < bgpyy—1, Ug <1 (3.1.4)

N+1
b

k
. bs b 1 s+ug 3 C2
m || - || J— > [Pstnplstn—l a q
kSN,ljr%N ) (zj CL'S) (33] Zlfs) = ls+n hs+n—1 hs+uq hs+1Lq—1

s=1,s#j s=k+q+1,s#£j
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Then

las las+1 L. las+vq lclq
S

s+1 77 T st b+l
|05, — ; : (3.1.5)
l s+n h s+n—1 h stug hCZq
s+n "Ys4+n—1 stug 'Yst+u—1
s+n s+n—1 bs bstug—1—C2q
_ R e
S lk <lk/hk) a —
l s+vg+1 Clq _|_ +las+n
k=s k=s s+vqt+1 s+n

Then by [9, Lemma 3.2]

s+n s+n—1
ap—b b N
IT o™ I /h)s < A
k=s k=s
Then
s+uq71 bs+uq71_c2q

—C2q lé‘s + + lS+Uq—1

hs+u -1
oo | < AY | | (hae/ 1) (—q ) a =
’ ke lS+Uq_1 lsizzq_:ll ta + ...+ lgf;;t

By (312) hk/lk Z 1/A and by (314) bs + ...+ b5+uq_1 — Cyq = (. So
Zizq_l(hk/lk)bk (?Tj—jj) " < 4. Since lyyn < lopno1 and Qopp 41 + oo+

asin — C1g = q by (3.1.3),

N—q lg
|905,N’ < A q
ls+n

Since K (A) is uniformly perfect, there exists B € R such that [y < Bls.;. So
ls < B"lsyy. Since N > 2" logy N > n. Then

s | < AN79 Blos: N,

3.2 Interpolating bases

Fix s € N. Let natural numbers n,_1,ns be given with ny_; < n,. Set Ny =
2" and N,_; = 21, Given N with 1 < N < N,_; we choose the points
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s—1)\Ns_1+1
('T’.Ec ))k:11

As above, & o1(f) = [V, 0N, e o (o) = [Ty = o57Y)
k= 1727 e 7Ns—1~ A].SO let GN(y) = HN (y — x])

=1

on K, ; and (zx)Y_, on K, by the rule of increase of the type.

Ks_1 for

K

Lemma 3.2.1. [10, Lemma 4.3] For fized f € C(K(A)), =z € K, let &(f) =

[x1>"' axNax]fa

() = €(F) = SoEn €len )8, (f). Then
[7(f) en(@) | < Ny AN w(f, L),
In the case K(A) = K@ we have | 7(f) en(x)| < e® N2 | w(f,l,_1), provided
the condition Ny1%~t < 1.

Proof. By é we denote the function é(y) = (y — x)en(y). Then by Lemma
3.LLIE(f) | < N” w(f, L) (minjen [&/(x;)]) 7" Since ex(x)/e'(x;) = —Lu (),

Lemma 3.1.4 now implies
[E(f) en(z) | < N* AN w(f, ). (3.2.1)
The representation & (eg, s—1) = —ex o1 () /en(z) + Z;VZI ek, s—1(z;)/€'(z;) gives

|€(er,s1) Ersr(f)en() | <

| él(ajj) | min;<y | 6;4-1-1,5—1(%)‘

€n ot (F) enor ()| + Z | en,s—1(zy) | len() | ol s).
" (3.2.2)

The first term on the right does not exceed k? A* w(f,l,_1), by Lemma 3.1.1
and Lemma 3.1.4. The parts of the two fractions in the second sum will be

considered cross-wise. Applying Lemma 3.1.4 twice we get

[€lens—1) Ersmr(fen(@) | < (1+ NAY) R AR (f, 1),

Clearly, "7 k*A* < 5/8 A"n? for n > 2. Summing over k and taking into

account (3.2.2), we get the general estimation of |7(f) en(z) |.

In the same manner we obtain the desired bound in the case K(A) = K(®),
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Lemma 3.2.2. For fized f € C1(K (M), z € K, let £(f) =[xy, ,xn,x]f,
() = E(f) = Snen &ler,s—1)6k, =1 (f). Then
N2a+3 A2N-2q9 B2qlogy N £(q)
(1) e () | < WY,

q
where ¢ =1,2,....p.
Proof. By Lemma 3.1.2,
e N : o .
01 < == (min o= ol [Ty =2 TT @ - )
s=1 s=k+q+1
And from Lemma 3.1.3
k N+1
(a) q _ _
el < N'(max| [[e —2) [] -
s=1 s=k+q+1
Then by Lemma 3.1.5
) N2 (f0), 1) |05,
ey (x < - 3.2.3
B TR Tt s (3:2.3)
. AN-a Brlog, N]'\FH-? w(f@, t).
q!

The representation &(ex, s—1) = —ex, o1 () /en(z) + Zj\le ek s—1(z;)/€'(z;) gives

’g(ek s=1) &kys—1(f)en(z) | <
’5]68 1( )eks 1 |+Z |ek8 ! x])’ : N ‘eN(x)’ k2(.4.)(f~(q),ls_1).

| &(x;) | min; <y, | 62;+1,s—1(»’13i)!

(3.2.4)

Then the first term
Ak—a Balogy k k,q—l—Zw(f‘(q)’ t)
q'
by Lemma 3.1.2, Lemma 3.1.3 and Lemma 3.1.5. The parts of the two fractions

| gk,s—l(f) ek,s—l(l‘) | S

in the second sum will be considered cross-wise. Applying Lemma 3.1.5 twice we

get

|€(ens-1) Eus-1(f) en(@) | < (1 NTAVE s ) gat2 020 prloss Ny (f 1, y).

Clearly, >} k?T2AF—apaloesk < An—a Baloganp2at3 for p > 2. Summing over k

and taking into account (3.2.4), we get the general estimation of | 77(f) en () |.
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The task is now to show that the biorthogonal system suggested in [9] as a
basis for the space C(K(A)) forms a topological basis in the space CP(K(A)) as

well, provided a suitable choice of degrees of polynomials.

Given a nondecreasing sequence of natural numbers (ng)y, let Ny =
oms MY = N,y /2+1, M = N,_y/2 for s > 1 and My = 1. Here, (I)
and (r) mean left and right respectively. For any basic interval I; s = [a;s, b; 5]

we choose the sequence of points (z,,; s)ne using the rule of increase of the type.

As in Section 2.4 we take ex 1o = N (v — x,10) = [V (x — x,) for z €
K(A), N =0,1,--- ,Ng. For s > 1,5 < 2% let en; s = Y (2 — 2 5) if x €
K(A)N1I;,, and ey s = 0 on K(A) otherwise. Here, N = Ms(a), M@ 1, N,
with @ = [ for odd j and a = r if j is even. The functionals are given as
follows: for s = 0,1,---;j = 1,2,---,2° and N = 0,1,---, let {n i 5(f) =
(1,5, XN11,5s) f- Set nva,0 = Ena,o for N < Ny. Every basic interval 15, s >
1, is a subinterval of a certain /; ,_; with j =2¢ — 1 or j = 2¢. Let

Ns—l

WN,j,s(f) = fN,j,s(f) - Z §N,j,s(€k,i,s—1) Er,is—1(f)
k=N
forN:Mga),M§G)+1,--- , Ns. As before,a =1if j =21—1,and a = rif j = 2i.

In the space C(K(A)) has no unconditional basis. Thus we have to enumer-
ate the elements (eN,j,s);f‘;Oj;%:Ms in a reasonable way. We arrange them by
increasing the level s. Elements of the same level are ordered by increasing the
degree, that is with respect to N. For fixed s and N the elements ey ; ; are
ordered by increasing j, that is from left to right. In this way we introduce a in-
jective function o : (N, j, s) — M € N. At the beginning we have for zero level:
0(0,1,0)=1,---,0(Ng, 1, 0) = Ny + 1. Since the degree of the first element on
I is greater that on Iy, we start the first level from ey, 9,01 1 0(No/2, 2, 1) =
No+2, 0(No/2+1,1,1) = Nog+3, 0(No/2+1,2,1) = Ny+4,--- ,0(Ny, 2, 1) =
No+1+2(Ny — No/2) +1 = 2(N; + 1) and we finish all elements of the first
level. For s = 2 we have two elements ey, /2 22, €n,/2,4,2 Of the smaller de-
gree, so they have a priority: o(Ny/2,2,2) = 2(N; +1) + 1, (N1 /2,4, 2) =
2(Ny +1) + 2. Then o(N/2+1,1,2) = 2(N; + 1)+ 3,0(NVq/2+1,2,2) =
2(N1 + 1) +4,--- ,0(N2, 4,2) = 2(Ny + 1) +4(Ny — N1 /2) +2 = 4(N, + 1).
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Continuing in this manner after completing of the s—th level we get the value
o(Ng, 2%, s) = 25(Ns + 1).

By injectivity of the function o there exists the inverse function o_;. Let

fmn = €o_1(m); M € N.

Theorem 3.2.3. [10, Theorem 4.1] Let a Cantor-type set K(A) satisfy (3.1.2).
Then for any bounded sequence (Ns)3° the system (f,)5° forms a Schauder basis

in the space C(K(A)).

Proof. Given f € C(K(A)) by Su(f,) we denote the M-th partial sum of
the expansion of f with respect to the system (f,,)°, that is Sy (f,z) =
S nn.s(f) en . s(z), where the sum is taken over all N, j, s with (N, j, s) < M.
If 1 <M< Ny+1, then Sy (f,2) = Qur1(f, (Tn1,0),, ). The next function
SNo+2 is not a polynomial on I; . The restriction of Sy,12 to the interval [; ; is
Qnys Whereas Snyyo|n, = Qg + Mno/2,2,1(f) €ny/2,2,1- In both cases we get the
polynomials of degree Ny that interpolate f at Ny/2+1 points each. And always

the subscript M gives the total number of points where Sy, interpolates f.

Continuing in this way we see that the restriction of the function Sy»(n,11)

to any interval [; ,, j = 1,---, 27, coincides with Qu, (f, (xnmp)gffl, -). Adding
the next terms 7(f) e to Sor(n,+1) We get on the intervals I; 41, j=1,---, 201!

certain polynomials of degree N, that interpolate f at some points. Increasing
M we get Sopi1y,41 that has a degree N, on [; ,y; and interpolates f on this
interval at N, + 1 points; so here it is the usual interpolating polynomial. Then

Np+1 )

the restriction of Syp+1(n,11) to the interval I; ,i1 gives Qn, (f, (Tnjpr1)nlt +-

and Syp1(ni1y |1, Produces Qn(f, (nj,p+1)a07, @) for N > N,,. It will continue

up to the value N = N,.,, after which we do the next splitting.

Suppose nn,;, s(f) = 0 for all N, j, s. Then, by considering step by step all
triples o_1(m), m € N, we get &y 5(f) = 0 for all N, j, s. The set of nodes of
the corresponding divided differences is dense in K(A). Therefore, f = 0 and
the expansion f = > nn, s(f)en; s(z) is unique. We need to check only the
convergence of Sy (f,-) to f in the norm of the space C(K(A)).

Let Ny < C for s € Ny. Fix f € C(K(A)), € > 0 and s, such that w(f,ls.) <
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C 4 A72C¢. Let M. = 2%(N,_+ 1). For any M > M. we get 2°"}(N,_; +1) <
M < 25(Ng+ 1) with s > s. + 1.

Fix x € K(A). Without loss of generality let x € K(A) N[0,
If 28_1(N5_1 + 1) S M S 28N5_1, then

Su(f.2) = Quesy (s @t am)nd @) + ) v s(f) enva,o(2), (3.2.5)

where the sum is taken over all N, j, s with 2°71(N,_;+1) < o(N, j, s) < M. The
degree N,_; will appear for the first time when o_1(2° Ny_; + 1) = (N,_1,1, ).
Thus for the values N in (3.2.5) we have N < N,_; — 1.

For the second case 2°N,_; + 1 < M < 2°(N; + 1) we get

Su(f,z) = Qn(f: (Tn,s) 1 @)

with some N, N,_; < N < N,.

Let us consider at the beginning the simpler second case. With the no-

tation é(f) = [T11,s " ,TN+11,s, 2] f, we have the polynomial QNH(-) =
Qn () + E(f) ens11s(-) that interpolates f also at the point z. Therefore here
flx) = Su(f,z) = g(f) ent1,1,s(7) (3.2.6)

and as in (3.2.1)

[E(f) enri(@) | < (N+1)2 AV w(f, 1) < (C+1)* A%w(f. 1),

which does not exceed €.

For the case 2°7Y(N,_; + 1) < M < 2°N,_;, we denote the last term of
(3.2.5) by N1 s(f)er1 s(z). As it was remarked before, R < Ny_; — 1. We can
use Lemma 3.2.1 with N = R 4 1. Here é(f) = [T11,s, ,TR+11,s 2] f and

() = E(f) = S mi &len, s-1)&1,s-1(f). Then by Lemma 2.4.3 the function
Su(f,-) +7(f) ers11,s(-) interpolates f at the point x. Therefore,

| f(2) = Su(f,2) [ = [1(f) errrs(x) [ < e (3.2.7)

by Lemma 3.2.1 and because of the choice of s.. Therefore, | f(x) — Sy (f,2)| < e

for any M > M., which is the desired conclusion.
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Theorem 3.2.4. Let a Cantor-type set K(A) be a uniformly perfect set which
satisfies (3.1.2). Then for any bounded sequence (Ng)° the system (fm)5° forms
a Schauder basis in the space CU(K(A)) where ¢ =1,2,...,p.

Proof. In the proof we use same system in Theorem 3.2.3 Let Ny, < D
for s € No. Fix f € CUK(A),e > 0 and s. such that w(f@,1,) <
D273 A72D+20 p=2loga Do [et M, = 2% (N, + 1). For any M > M, we get
25" Y (Ne_1 +1) < M < 25(Ng + 1) with s > s, + 1.

Fix z € K(A). Without loss of generality let = € K(A) N ;.
Then if 2°~1(N,_, + 1) < M < 2°N,_,, by (3.2.7)

| f(x) = Su(f,2) | = [7(f) erpr,1,s(2) | (3.2.8)
If we differentiate both parts ¢ times then by lemma 3.2.2

B N82q+3 A2Ns—2q p2qlog, Nsw(f(q)7 t)
FO@) = SP (o)l = i) el (@] < q!

_ D2a+3 A2D-2q p2qlog, Dw(f(q)7t)

< P
<e.

For the second case 2°N,_ 1 +1 < M < 25(Ns + 1), by (3.2.6)

f(ZL’) - SM(f7 .Z') = é(f) €N+1,1,s(«r) (329)
Then in the same way if we differentiate both parts ¢ times by (3.2.3)

- ANs—a Bqlog, NstquZW f(q)’t
£9@) = S ()] = 1€ el (@) < ey

_ AP—a patoga D nat2 ,(£(9) )
< p

<e.

Therefore |f(9(z) — Sg\z)(f, x)| < e for any M > M, and for any 1 < ¢ < p,

which is the desired conclusion.
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