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ABSTRACT

INTERVAL TYPE-2 FUZZY LOGIC SYSTEMS: THEORY

AND DESIGN

This Ph.D. dissertation has four main objectives. Firstly, the noise reduction

property of type-2 fuzzy logic systems that use a novel type-2 fuzzy membership func-

tion is studied. A number of papers exist in literature that claim the performance of

type-2 fuzzy logic systems is better than that of type-1 fuzzy logic systems under noisy

conditions, and this claim is supported by simulation studies only for some specific

systems. In this dissertation, a simpler type-2 fuzzy logic system is considered with

the novel membership function proposed in which the effect of input noise in the rule

base is shown numerically in a general way. Secondly, fuzzy c-means clustering algo-

rithm is proposed for type-2 fuzzy logic systems to determine the initial places of the

membership functions to ensure that the gradient descent algorithm used afterwards

converges in a shorter time. Thirdly, Levenberg-Marquardt algorithm is proposed for

type-2 fuzzy neural networks. While conventional gradient descent algorithms use only

the first order derivative, the proposed algorithm used in this dissertation benefits from

the first and the second-order derivatives which makes the training procedure faster.

Finally, a novel sliding mode control theory-based learning algorithm is proposed to

train the parameters of the type-2 fuzzy neural networks. In the approach, instead

of trying to minimize an error function, the weights of the network are tuned by the

proposed algorithm in a way that the error is enforced to satisfy a stable equation.

The parameter update rules are derived for both Gaussian and triangular type-2 fuzzy

membership functions, and the convergence of the weights is proven by Lyapunov sta-

bility method. The simulation results indicate that the type-2 fuzzy structure with

the proposed learning algorithm results in a better performance than its type-1 fuzzy

counterpart.
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ÖZET

ARALIK DEĞERLİ TİP-2 BULANIK MANTIK

SİSTEMLERİ: KURAM VE TASARIM

Bu doktora tezinin dört ana hedefi bulunmaktadır. Birincisi, yeni bir tip-2 bu-

lanık mantık üyelik fonksiyonu kullanılarak tip-2 bulanık mantık sistemlerinin gürültü

ile mücadele etme yetenekleri irdelenmiştir. Literatürde, tip-2 bulanık mantık sis-

temlerinin gürültülü ortamlarda tip-1 bulanık mantık sistemlere göre daha başarılı

sonuçlar ortaya koyduğunu iddia eden çok sayıda yayın mevcuttur ve bu iddia bazı sis-

temler üzerinde benzetim çalışmaları yapılarak desteklenmeye çalışılmıştır. Bu doktora

tezinde ise, yeni bir tip-2 üyelik fonksiyonu önerilmiş ve basit bir tip-2 bulanık mantık

sistemi ile kural tabanındaki gürültünün etkisi daha genel bir bakış açısı ile nümerik

olarak gösterilmiştir. İkincisi, Gradyan tabanlı algoritmanın daha hızlı yakınsamasını

garanti etmek için, tip-2 bulanık mantık sistemlerindeki üyelik fonksiyonlarının parame-

trelerinin ilk değerlerlerinin belirlenmesi amacıyla bulanık c-ortalamalar kümeleme al-

goritması kullanılmıştır. Üçüncüsü, tip-2 bulanık mantık sistemler için Levenberg-

Marquardt algoritması önerilmiştir. Geleneksel Gradyan tabanlı algoritmalar sadece

birinci türevi kullanırken, önerilen bu algoritma birinci ve ikinci türevleri kullanmak-

tadır ve bu durum öğrenme işlemini hızlandırmaktadır. Son olarak, tip-2 nüro bulanık

sistemler için yeni bir kayma kipli denetim tabanlı öğrenme algoritması önerilmiştir. Bu

yaklaşımda, bir hata fonksiyonunun azaltılmasının denenmesi yerine, ağ ağırlıkları hata

fonksiyonu bir kararlı denklemi sağlayacak şekilde ayarlanmıştır. Parametre güncelleme

kuralları, Gauss ve üçgensel tip-2 bulanık üyelik fonksiyonları için ayrı ayrı çıkartılmış

ve ağ ağırlıklarının yakınsaması Lyapunov kararlılık metodu ile ispat edilmiştir. Ben-

zetim çalışmaları göstermiştir ki önerilen yeni öğrenme algoritmasını kullanan tip-2

bulanık mantık yapısı tip-1 bulanık mantık yapısına göre daha yüksek bir başarım elde

etmiştir.
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1. INTRODUCTION

1.1. Motivation

If the parameters of a system can be obtained precisely, then its control would

be a relatively straightforward problem and model-based approaches such as PID and

pole placement could be used. However, in real-time industrial systems, it is often the

case that there exist considerable difficulties in obtaining an accurate model. Even

when the model is sufficiently accurate, there are many other uncertainties for exam-

ple due to the precision of the sensors, noise produced by the sensors, environmental

conditions of the sensors, and nonlinear characteristics of the actuators. Then, not

only does the performance of the model-based approaches drastically decrease, but the

complexity of the controller design also increases. In such cases, model-free approaches

are generally preferred both for modeling and control purposes. The most common

model-free approaches are the use of artificial neural networks (ANNs) and fuzzy logic

systems (FLSs).

Zadeh makes the statement that ”fuzzy logic is a precise conceptual system of

reasoning, deduction and computation in which the objects of discourse and analysis

are, or are allowed to be, associated with imperfect information. Imperfect informa-

tion is information which in one or more respects is imprecise, uncertain, incomplete,

unreliable, vague or partially true” [1]. There are two different approaches to FLSs

design: Type-1 FLSs (T1FLSs) and type-2 FLSs (T2FLSs). The latter is proposed as

an extension of the former with the intention of being able to model the uncertainties

that invariably exist in the rule base of the system [2]. In type-1 fuzzy sets member-

ship functions are totally certain, whereas in type-2 fuzzy sets membership functions

are themselves fuzzy. The latter case results in that the antecedents and the conse-

quents of the rules are uncertain. While a type-1 membership grade is a crisp number

in [0,1], a type-2 membership grade can be any subset in [0,1] which is called pri-

mary membership. Additionally, there is a secondary membership value corresponding

to each primary membership value that defines the possibility for primary member-
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ships [3]. Whereas the secondary membership functions can take values in the interval

of [0,1] in generalized T2FLSs, they are uniform functions that only take on values of

1 in interval T2FLSs. Since the general T2FLSs are computationally very demanding

(this is because the type-reduction is computationally expensive), the use of interval

T2FLSs is more commonly seen in literature, due to the fact that the computations

are more easily manageable. Due to these factors, interval T2FLSs are investigated in

this dissertation.

The noise reduction property of T2FLSs that use a novel type-2 fuzzy member-

ship function (ellipsoidal type-2 membership function) is studied in this dissertation.

The proposed type-2 membership function has certain values on both ends of the sup-

port and the kernel, and some uncertain values for the other values of the support. In

this part of the dissertation, the parameter tuning rules of a T2FLS that uses such a

membership function are derived using the gradient descent (GD) learning algorithm.

There exists a number of papers in literature which claim that the modeling and con-

trol performance of T2FLSs is better than T1FLSs under noisy conditions. This is

attempted to be shown via simulation (or real-time) studies only for some specific

systems. However in this dissertation, a simpler T2FLS is considered with the novel

membership function proposed in which the effect of input noise in the rule base is

shown numerically in a general way. The proposed type-2 fuzzy neuro structure is

tested on different input-output data sets, and it is shown that the T2FLS in com-

bination with the proposed novel membership function has a better noise reduction

property when compared to its type-1 counterpart.

Fuzzy neural networks (FNNs) combine the capability of fuzzy reasoning to han-

dle uncertain information and the capability of ANNs to learn from input-output data

sets. Therefore they have become a popular approach in engineering fields [4]. For tun-

ing the parameters of FNNs, the gradient based algorithm works well when the system

in hand has very slow variations in its dynamics. However, since the gradient-based al-

gorithms (e.g. dynamic back propagation) include partial derivatives, the convergence

speed may be slow especially when the search space is complex. What is more, with

the repetitive algorithms, a number of numerical robustness issues may emerge when
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they are applied over long periods of time [5]. In addition to these drawbacks, the tun-

ing process can easily be trapped into a local minimum [6]. To alleviate the problems

mentioned, the use of evolutionary approaches have been suggested [7]. However, the

stability of such approaches is questionable and the optimal values for the stochastic

operators are difficult to derive. Furthermore, the computational burden can be very

high. To overcome these issues, sliding mode control (SMC) theory-based algorithms

are proposed for the parameter update rules of ANNs and type-1 fuzzy neural networks

(T1FNNs) as robust learning algorithms [8,9]. SMC theory-based learning algorithms

cannot only make the overall system more robust but also ensure faster convergence

than the traditional learning techniques in online tuning of ANNs and FNNs [10, 11].

Motivated by the successful results of these learning algorithms on T1FNNs, a fur-

ther contribution of this dissertation is the derivation of SMC theory-based learning

algorithms for the training of type-2 FNNs (T2FNNs).

Prior to 1992, in the design procedure of FLSs, the locations and the spreads of

the membership functions were generally chosen by the designer with perhaps some

inputs from some experts [2]. Since then, a huge number of papers have been published

which are based on the adaptation of the parameters of FLSs using the training data,

some early examples being [12] and [13]. In the first stage of the training process,

the locations of the membership functions are randomly distributed guaranteeing the

coverage of the entire universe of discourse. On the other hand, fuzzy c-means clustering

algorithm may be used to determine the initial places of the membership functions

to ensure that the GD algorithm used afterwards converges in a shorter time. The

use a fuzzy c-means clustering algorithm for T2FLSs is another topic studied in this

dissertation.

Gradient-based methods are widely used to train FLSs in literature. In order to

make the training procedure faster, some other techniques that use the second order

derivatives, e.g. Gauss-Newton’s method and Levenberg-Marquardt (LM) algorithm,

are used to train FLSs in literature. In this dissertation, a training algorithm based on

the LM method is proposed for T2FNNs. This approach is more robust than the other

techniques that use the second order derivatives, e.g. Gauss-Newton’s method.
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1.2. Contributions of This Dissertation

This dissertation concentrates mainly on the adaptation of SMC theory-based

learning algorithms to T2FLSs and the analysis of the noise reduction property of

T2FLSs. The major and the minor contributions achieved are listed in more detail as

follows:

The major contributions to the literature:

• The idea of using SMC theory-based learning algorithms in order to train T1FNNs

is extended to T2FNNs. The parameter update rules of T2FNNs using SMC

theory are derived (both for Gaussian and triangular type-2 fuzzy membership

functions), and the proofs of the learning algorithms are shown using Lyapunov

sense of stability.

• The noise reduction property of T2FLSs that use a novel type-2 fuzzy membership

function (ellipsoidal type-2 membership function) is studied, and it is shown

that the T2FLS with the proposed novel membership function has better noise

reduction property as compared to the type-1 counterparts.

The minor contributions to the literature:

• The use of fuzzy c-means classification algorithm in order to determine the initial

parameters of the type-2 fuzzy membership functions is proposed.

• A new training approach based on the LM algorithm is proposed for T2FNNs.
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1.3. Outline of the Dissertation

In Chapter 2, the basic concepts of type-2 fuzzy sets and type-2 fuzzy logic theory,

which are required to explain the proposed algorithms, are presented.

In Chapter 3, type-1 and type-2 Takagi-Sugeno-Kang (TSK) fuzzy models are

given. Model II is the most common type-2 TSK model in literature, and it is also

called ”A2-CO” model. To be able to explain the Model II better, a numerical example

is given.

In Chapter 4, the noise reduction property of T2FLSs that use a novel type-2

fuzzy membership function is studied. The proposed type-2 membership function has

certain values on both ends of the support and the kernel, and some uncertain values

for the other values of the support. The parameter tuning rules of a T2FLS that uses

such a membership function are derived using the GD learning algorithm.

In Chapter 5, a type-2 TSK FNN is proposed and its parameter update rules

are derived using GD learning algorithm. Fuzzy c-means clustering algorithm is used

to determine the initial places of the membership functions to ensure that the GD

algorithm used afterwards converges in a shorter time.

In Chapter 6, a new training approach based on the Levenberg-Marquardt algo-

rithm is proposed for T2FNNs.

In Chapter 7, the SMC theory-based approach for on-line learning as applied

to T2FNNs are introduced. In the approach, instead of trying to minimize an error

function, the parameters of the network are tuned by the proposed algorithm in such a

way that the learning error is enforced to satisfy a stable equation. The update rules to

achieve this are derived, and the convergence of the parameters is proved by Lyapunov

stability method.

In the final Chapter, Chapter 8, the conclusions and remarks are given.
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2. FUZZY LOGIC SYSTEMS

2.1. Introduction

The fuzzy theory was first introduced into the scientific literature in 1965 by

Professor Lotfi A. Zadeh at the University of California at Berkeley who proposed a

set theory that operated over the range [0; 1]. He published a paper titled ”Fuzzy Sets”

in the journal Information and Control [14]. While Boolean logic results are restricted

to 0 and 1, fuzzy logic results are between 0 and 1. In other words, fuzzy logic defines

some intermediate values between sharp evaluations like absolute true and absolute

false. This means that fuzzy sets can handle some concepts that we commonly meet

in daily life, like ”very old”, ”old”, ”young”, ”very young”. Fuzzy logic is more like

human thinking because it is based on degrees of truth and uses linguistic variables.

Fuzzy logic was not an acceptable theory for the scientists at that time because it

contained vagueness in the engineering field. However, since 1970s, this approach to set

theory has been widely applied to control systems. The principles of fuzzy logic were

used to control a steam engine by Ebraham Mamdani of University of London in 1974

[15]. It was a milestone for fuzzy logic. The first industrial application was a cement

kiln built in Denmark in 1975. In the 1980s, Fuji Electric applied fuzzy logic theory

to the control of a water purification process. As a challenging engineering project, in

1987, Sendai Railway system that had automatic train operation control was built with

fuzzy logic principles in Japan. Fuzzy control techniques were used in all the critical

operations in the control of the train, such as accelerating, breaking, and stopping

operations. In 1987, Takeshi Yamakawa used fuzzy control in an inverted pendulum

experiment which is a classical control problem. After these successful applications, not

only the engineers but also the social scientists applied fuzzy logic into different areas.

In today’s technology, many companies use fuzzy logic in their engineering projects like

for example air conditioners, video cameras, televisions, washing machines, bus time

tables, medical diagnoses, antilock braking system, etc.
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Classical control theory, typically PID controller, uses a mathematical model to

define the relationship between the inputs and the outputs of a system. The most

serious disadvantage of these controllers is that they usually assume the system to be

linear or at least that it behaves as a linear system in some range. If an accurate

mathematical model of a system is available, a conventional PID controller can make

the performance of the system quite acceptable. However, in real life, an accurate

mathematical model of a control process is not generally available, even it may not

exist. The real world is nonlinear, uncertain and contains always incomplete data. If

the mathematical model is not known by the designer, there is no way to come up with

a proper PID controller design. Even in those cases, when the mathematical model is

known to be relatively accurate, the parameters of the system are likely to change by

some external factors, like heat or pressure, etc. In such cases, a model-free approach

is preferable. Fortunately, fuzzy logic controllers (FLCs) have the ability to control a

system using some limited expert knowledge. In most cases, the design procedure of a

FLC tries to imitate an expert or a skilled human operator. Besides, FLCs are low-cost

implementations based on cheap sensors.

Type-2 fuzzy sets were introduced by Zadeh in 1975 as an extension of type-1

fuzzy sets. Mendel and Karnik have developed the theory of type-2 fuzzy sets further

in [16]. The theoretical background of interval type-2 fuzzy system and its design

principles are described in [17]. T2FLSs appear to be a more promising method than

their type-1 counterparts for handling uncertainties such as noisy data and changing

environments [18, 19]. In [20] and [21] the effects of the measurement noise in type-1

and type-2 FLCs (T2FLCs) and identifiers are simulated to perform a comparative

analysis. It is concluded that the use of T2FLCs in real world applications [22] which

exhibit measurement noise and modeling uncertainties can be a better option than

type-1 FLCs (T1FLCs).

When a system has large amount of uncertainties, T1FLSs may not be able to

achieve the desired level of performance with a reasonable complexity of the structure

[2]. In such cases, the use of T2FLSs is suggested as the preferable approach in the

literature in many areas, such as forecasting of time-series [23], controlling of mobile
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robots [24], and the truck backing-up control problem [25] and the VLSI and FPGA

implementations of T2FLSs are discussed in [26] and [27]. In [23], it is shown that when

the parameters are tuned properly, T2FLSs can result in a better ability to predict as

compared to T1FLSs. In [24], T2FLSs are applied to real time mobile robots for

indoor and outdoor environments. The real time implementation studies show that

a traditional T1FLC cannot handle the uncertainties in the system effectively and

a T2FLC using type-2 fuzzy sets results in a better performance. Moreover, with

the latter approach the number of rules to be determined may be reduced (it should

be noted that this may not mean a corresponding decrease in the parameters to be

updated). In [25], the authors construct an interval T2FNN structure, and show that

a better performance can be obtained as compared to a conventional T1FNN. The

VLSI implementation of T2FLSs is also discussed in literature and it is shown that

the inference speed can be sufficiently high for real time applications. In [27], a type-2

self-organizing neural fuzzy system and its hardware implementation is proposed. It

is reported that using interval type-2 fuzzy sets in that structure enables the overall

system to be more robust than using type-1 fuzzy systems.

In general, fuzzy logic is a nonlinear mapping of an input data vector into a scalar

output [2]. There are two main approaches to design of a FLC in literature:

(i) Type-1 fuzzy sets: Membership functions are totally certain.

(ii) Type-2 fuzzy sets: Membership functions that are themselves fuzzy. This results

the antecedents and consequents of the rules are uncertain.

2.2. Type-1 Fuzzy Sets

A type-1 fuzzy set, A, which is in terms of a single variable, x ∈ X, may be

represented as:

A = {(x, µA(x))| ∀x ∈ X} (2.1)
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A can also be defined as:

A =

∫
x∈X

µA(x)/x (2.2)

where
∫
denotes union over all admissible x.

As can be seen from Figure 2.1, a type-1 Gaussian membership function, µA(x),

is constrained to be between 0 and 1 for all x ∈ X, and is a two-dimensional function.

This type of membership function does not contain any uncertainty. In other words,

there exits a clear membership value for every input data point.

0 1 2 3 4 5 6
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1

x(input)

µ(
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Figure 2.1. A Gaussian type-1 fuzzy membership function.

2.3. Type-2 Fuzzy Sets

A type-2 fuzzy set, Ã, may be represented as [28]:

Ã = {((x, u), µÃ(x, u))| ∀x ∈ X ∀u ∈ Jx ⊆ [0, 1]} (2.3)
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where µÃ(x, u)) is the type-2 fuzzy membership function in which 0 ≤ µÃ(x, u)) ≤ 1.

Ã can also be defined as [28]:

Ã =

∫
x∈X

∫
u∈Jx

µÃ(x, u)/(x, u) Jx ⊆ [0, 1] (2.4)

where
∫ ∫

denotes union over all admissible x and u [28].

Jx is called primary membership of x [28]. Additionally, there is a secondary

membership value corresponding to each primary membership value that defines the

possibility for primary memberships [3]. Whereas the secondary membership functions

can take values in the interval of [0,1] in generalized T2FLSs, they are uniform func-

tions that only take on values of 1 in interval T2FLSs. Since the general T2FLSs are

computationally very demanding, the use of interval T2FLSs is more commonly seen

in the literature, due to the fact that the computations are more manageable.

If the circumstances are so fuzzy, the places of the membership functions may not

be determined precisely. In such cases, the membership grade cannot be determined as

a crisp number in [0,1], then the use of type-2 fuzzy sets might be a preferable option.

If the standard deviation of the Gaussian function in Figure 2.1 is blurred, Figure

2.2 can be obtained. In Figure 2.2, the membership function does not have a single value

for a specific value of x. The values that the vertical line intersects the membership

functions do not need all be weighted same. Moreover, an amplitude distribution can

be assigned to all of those points. Hence, a three-dimensional membership function-

a type-2 membership function- that characterizes a type-2 fuzzy set is created if the

amplitude distribution operation is done for all x ∈ X [2].

The footprint of uncertainty (FOU), the union of all primary memberships, is said

to be the bounded region that represents the uncertainty in the primary memberships of

a type-2 fuzzy set (Figure 2.2). An upper membership function and a lower membership

function are two type-1 membership functions that are the bounds for the FOU of a

type-2 fuzzy set [2].
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Figure 2.2. A Gaussian type-2 fuzzy membership function (FOU).

2.3.1. Interval Type-2 Fuzzy Sets

When all µÃ(x, u) are equal to 1, then Ã is an interval T2FLS. The special case

of Equation 2.4 might be defined for the interval T2FLSs:

Ã =

∫
x∈X

∫
u∈Jx

1/(x, u) Jx ⊆ [0, 1] (2.5)

The researchers are familiar to the computational burden of general T2FLS.

Hence, interval T2FLSs are commonly used in literature. Both the general and in-

terval type-2 fuzzy membership functions are three-dimensional. As can be seen from

Figure 2.3, the only difference between them is that the secondary membership value

of the interval type-2 membership function is always equal to 1.

In this dissertation, the research activities are focused on the interval T2FLSs.
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Figure 2.3. Three-dimensional representation of interval type-2 fuzzy membership

functions.

2.4. Type-2 Fuzzy Logic System Block Diagram

Both the type-1 and type-2 FLSs are shown in Figure 2.4 and Figure 2.5, re-

spectively. The reader is supposed to have a basic knowledge of T1FLSs, only the

similarities and the differences between T1FLSs and T2FLSs will be given in this dis-

sertation. As can seen from Figure 2.5, an additional block (type reduction) is needed

in type-2 FLS design. Although the structure in Figure 2.5 brings some advantages

when dealing with uncertainties, it also increases the computational burden.

The followings are the basic blocks of a T2FLS:

Fuzzifier: The fuzzifier maps crisp inputs into type-2 fuzzy sets which activates

the inference engine.

Rule base: The rules in a T2FLS remains the same as in T1FLS, but antecedents

and consequents are represented by interval type-2 fuzzy sets.
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Inference: Inference block assigns fuzzy inputs to fuzzy outputs using the rules

in the rule base and the operators such as union and intersection. In type-2 fuzzy sets,

join (⊔) and meet operators (⊓), which are new concepts in fuzzy logic theory, are

used instead of union and intersection operators. These two new operators are used in

secondary membership functions, and they are defined and explained in detail in [29].

Type-reduction: The type-2 fuzzy outputs of the inference engine are transformed

into type-1 fuzzy sets that are called the type-reduced sets. There are two common

methods for the type-reduction operation in the interval T2FLSs: One is the Karnik-

Mendel iteration algorithm, and the other is Wu-Mendel uncertainty bounds method.

These two methods are based on the calculation of the centroid.

Defuzzification: The outputs of the type reduction block are given to defuzzifica-

ton block. The type-reduced sets are determined by their left end point and right end

point, the defuzzified value is calculated the average of these points.

Fuzzifier Defuzzifier

Rules

Inference

Crisp inputs Crisp outputs

Fuzzy input 

sets

Fuzzy output

 sets

Figure 2.4. T1FLS block diagram.
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Fuzzifier Type-reducer

Rules

Inference

Crisp inputs

Crisp outputs

Type-2 fuzzy 

input sets

Type-2 fuzzy 

output  sets

Defuzzifier

Type-1 fuzzy 

reduced sets

Figure 2.5. T2FLS block diagram.
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3. TSK FUZZY LOGIC SYSTEMS

3.1. Introduction

TSK fuzzy logic models are introduced in 1984 by T. Takagi, M. Sugeno and K.

T. Kang. Instead of using fuzzy sets in the consequent part (like in Mamdani models),

TSK model uses a function of the input variables. The order of the function determines

the order of the model, e.g. zeroth-order TSK model, first-order TSK model, etc.

3.2. Type-1 TSK FLS

A type-1 TSK model can be described by fuzzy IF-THEN rules. For instance, in

a first-order type-1 TSK model, the rule base is as follows:

IF x1 is Aj1 and x2 is Aj2 and . . . and xn is Ajn (3.1)

THEN uj =
n∑

i=1

wijxi + bj

where x1, x2, . . . ,xn are the input variables, uj’s are the output variables, Aji’s are

type-1 membership functions for jth rule and the ith input. The parameters in the

consequent part of the rules are wij and bj (i = 1, . . . , n, j = 1, . . . ,M).

The final output of the system can be written as:

u =

∑M
j=1 fjuj∑M
j=1 fj

(3.2)

where fj is given by:

fj(x) = µAj1
(x1) ∗ ... ∗ µAjn

(xn) (3.3)

in which ∗ represents the t-norm which is the prod operator in this study.
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3.3. Other TSK Models

Other TSK models (shown in Table 3.1) can be classified into three groups [30]:

(i) Model I: Antecedents are type-2 fuzzy sets, and consequents are type-1 fuzzy sets

(A2-C1)

(ii) Model II: Antecedents are type-2 fuzzy sets, and consequents are crisp numbers

(A2-C0)

(iii) Model III: Antecedents are type-1 fuzzy sets, and consequents are type-1 fuzzy

sets (A1-C1)

Table 3.1. Classification of other TSK Models.

Other TSK FLSs Model I Model II Model III

Antecedent type-2 fuzzy sets type-2 fuzzy sets type-1 fuzzy sets

Consequent type-1 fuzzy sets crisp numbers type-1 fuzzy sets

3.3.1. Type-2 FLS Model I

Type-2 Model I can be described by fuzzy IF-THEN rules. The antecedent part

is type-2 fuzzy sets. In the consequent part, the structure is similar to that of type-1

TSK fuzzy system, however, the parameters are type-1 fuzzy sets rather than numbers.

They are therefore named as ”Type-2 TSK Model I” systems. In the Model I, the rule

base is as follows:

IF x1 is Ãj1 and x2 is Ãj2 and . . . and xn is Ãjn (3.4)

THEN Uj =
n∑

i=1

Wijxi +Bj

where x1, x2, . . . ,xn are the input variables, Uj’s are the output variables, Ãji’s are type-

2 membership functions for jth rule and the ith input. The parameters in the consequent

part of the rules are Wij and Bj (i = 1, . . . , n, j = 1, . . . ,M) which are type-1 fuzzy
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sets. The final output of the first-order type-2 TSK Model I is as follows [30]:

U(U1, ...UM , F1, ...FM) =

∫
u1

...

∫
uM

∫
f1

...

∫
fM

τMj=1µUj
(uj) ⋆ τ

M
j=1µFj

(fj)/

∑M
j=1 fjuj∑M
j=1 fj

(3.5)

where M is the number of rules fired, uj ∈ Uj, fj ∈ Fj, and τ and ⋆ indicate the

t-norm.

Fj is the firing strength which is defined as:

Fj = µÃj1
(x1) ⊓ µÃj2

(x2) ⊓ ... ⊓ µÃjn
(xn) (3.6)

where ⊓ shows the meet operation.

Although the calculation of Equation 3.5 is very difficult, some general concepts

are explained in [31]. When interval type-2 sets are used in the antecedent part and

type-1 sets are used in the consequent parts, it is shown in [30] that the output of an

interval T2FLS is:

f(x) =
ul + ur

2
(3.7)

where ur and ul are the maximum and minimum values of u, respectively.

The reader is encouraged to refer [30] and [31] for further information about the

calculation process of ur and ul.

3.3.2. Type-2 TSK FLS Model II

Model II can be regarded as a special case of Model I where the antecedents are

type-2 fuzzy sets and the consequents are polynomials. A type-2 TSK Model II can be

described by fuzzy IF-THEN rules. For instance, in a first-order type-2 TSK Model II,
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the rule base is as follows [30]:

IF x1 is Ãj1 and x2 is Ãj2 and . . . and xn is Ãjn (3.8)

THEN uj =
n∑

i=1

wijxi + bj

where x1, x2, . . . ,xn are the input variables, uj’s are the output variables, Ãji’s are

type-2 membership functions for jth rule and the ith input. The parameters in the

consequent part of the rules are wij and bj (i = 1, . . . , n, j = 1, . . . ,M).

The final output of the model is as follows [30]:

U(F1, ...FM) =

∫
f1

...

∫
fM

τMj=1µFj
(fj)/

∑M
j=1 fjuj∑M
j=1 fj

(3.9)

where M is the number of rules fired, fj ∈ Fj, and τ indicates the t-norm.

It is to be noted that Equation 3.9 is the special case of Equation 3.5, because

each Uj is a crisp value.

The firing strength is the same as Equation 3.6.

3.3.2.1. Interval Type-2 TSK FLS. In the structure of interval type-2 TSK FLS, Equa-

tion 3.9 is given as follows [32]:

YTSK/A2−C0 =

∫
f1∈[f1,f

1
]

...

∫
fM∈[fM ,f

M
]

1/

∑M
j=1 fjuj∑M
j=1 fj

(3.10)

where f i and f
i
are given by:

f
j
(x) = µ

Aj1
(x1) ∗ ... ∗ µAjn

(xn) (3.11)

f j(x) = µAj1
(x1) ∗ ... ∗ µAjn

(xn)
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in which ∗ represents the t-norm which is the product operator in this study.

The output of the fuzzy system in closed form is obtained by [32]:

YTSK/A2−C0 =

∑M
j=1 f j

uj∑M
j=1 f j

+
∑M

j=1 f j

+

∑M
j=1 f juj∑M

j=1 f j
+
∑M

j=1 f j

(3.12)

3.3.2.2. Numerical Example for the Interval Type-2 TSK FLS. In this Ph.D. disser-

tation, A2-CO TSK model is used. In order to be able to give a clear explanation

about the inference of this type FLS, a numerical example has been given:

Let’s assume a T2FLS (A2-CO) with two inputs and two type-2 fuzzy membership

functions for each. While the antecedent type-2 fuzzy membership functions are given

in Figure 3.1, the consequent part of the rules are given as follows: u1 = 4x1 + x2 and

u2 = 2x1 + 3x2.

0 2 4 6 8 10 12
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0.4

0.6

0.8

1

x
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x 1)
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12

x
1
* =5.25

(a) input 1 (x1)

0 2 4 6 8 10 12
0

0.2

0.4

0.6

0.8

1

x
2

µ(
x 2)

A~
21

A~
22

x
2
* =6.5

(b) input 2 (x2)

Figure 3.1. Two rules each having two type-2 triangular fuzzy membership functions.

The mathematical form of triangular membership functions are as follows:

µ̃(x) =

 1− |x−c|
d

if c− d < x < c+ d

0 else
(3.13)
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where c11 = c21 = c11 = c21 = 4, c12 = c22 = c12 = c22 = 8, and d11 = d21 = d12 = d22 =

3, d11 = d21 = d12 = d22 = 4.

The input 1 (x∗
1) and the input 2 (x∗

2) are selected as 5.25 and 6.5, respectively.

The firing strengths are as follows:

f 1 = 0.6875 ∗ 0.6250 = 0.4297 (3.14)

f
1

= 0.5833 ∗ 0.5000 = 0.2917

f 2 = 0.3125 ∗ 0.3750 = 0.1172

f
2

= 0.0833 ∗ 0.1667 = 0.0139

u1 = 4x1 + x2 = 4 ∗ 5.25 + 6.5 = 27.50 (3.15)

u2 = 2x1 + 3x2 = 2 ∗ 5.25 + 3 ∗ 6.5 = 30.00

ul =
0.4297 ∗ 27.50 + 0.0139 ∗ 30.00

0.4297 + 0.0139
= 27.5783 (3.16)

ur =
0.2917 ∗ 27.50 + 0.1172 ∗ 30.00

0.2917 + 0.1172
= 28.2166

The final output is calculated as follows:

u∗ =
ul + ur

2
= 27.8974 (3.17)
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3.3.3. TSK FLS Model III

The TSK Model III can be described by fuzzy IF-THEN rules. For instance, in

a first-order type-2 TSK Model III rule base is as follows [30]:

IF x1 is Aj1 and x2 is Aj2 and . . . and xn is Ajn (3.18)

THEN Uj =
n∑

i=1

Wijxi +Bj

where x1, x2, . . . ,xn are the input variables, Uj’s are the output variables, Aji’s are

type-1 membership functions for jth rule and the ith input. The parameters in the

consequent part of the rules are Wij and Bj (i = 1, . . . , n, j = 1, . . . ,M). It is to be

noted that both the consequent parameters and the outputs of the rules above are

type-1 fuzzy sets. Also, Ajk’s are type-1 fuzzy sets (k = 1, ...n).

The final output of the model is as follows:

U(U1, ...UM) =

∫
u1

...

∫
uM

τMj=1µUj
(uj)

∑M
j=1 fjuj∑M
j=1 fj

(3.19)

where M is the number of rules fired, uj ∈ Uj.

fj is the firing strength which is defined as:

fj = µAj1
(x1) ⋆ µAj2

(x2) ⋆ ... ⋆ µAjn
(xn) (3.20)
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4. ANALYSIS OF THE NOISE REDUCTION PROPERTY

OF T2FLSs

4.1. Introduction

There are (at least) eight sources of uncertainties in FLSs:

(i) The precision of the measurement devices,

(ii) The noise of the measurement devices,

(iii) The environmental conditions of the measurement devices,

(iv) The unknown nonlinear characteristics of the actuators,

(v) A real-time system cannot be modeled accurately, and there are always some

modeling uncertainties,

(vi) The meanings of the words that are used in the antecedents and consequents of

rules can be uncertain (words mean different things to different people) [28],

(vii) Consequents may have a histogram of values associated with them, especially

when knowledge is extracted from a group of experts who do not all agree [28],

(viii) Uncertainty caused by some unvisited data which the fuzzy system does not have

any predefined rules for.

T2FLSs appear to be a more promising method than their type-1 counterparts

for handling uncertainties such as noisy data and changing environments [33]. The

performance of the type-2 fuzzy sets in the presence of measurement noise has been

considered in a number of papers. In [34] the effects of measurement noise in T1FLCs

and T2FLCs are simulated to perform a comparative analysis of the responses of the

systems in the presence of uncertainty. It is concluded that using a T2FLC in real world

applications which exhibit measurement noise can be a good option. In [35] type-2

fuzzy logic theory is applied to predict Mackey-Glass chaotic time-series with uniform

noise. The comparison between type-1 and type-2 fuzzy systems shows the superiority

of type-2 fuzzy systems in the presence of noise at the inputs. In [36] a type-2 fuzzy

system is used with a sliding mode controller to control a nonlinear dynamical plant.
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The effect of measurement noise is considered in that paper, and type-2 fuzzy system

outperforms its type-1 counterpart. Although all these papers above claim that the

performance of the T2FLSs is superior over their type-1 counterparts especially under

noisy conditions, the justifications offered for the claim made about the noise reduction

property is generally limited to some simulation studies carried out for some specific

systems. To our best knowledge, there does not exist any paper in the literature which

makes such a general comment about the noise reduction property of T2FLSs. In this

dissertation, we propose a novel type-2 membership function that enables us to come

up with some metrics. The parameters of this function that represent uncertainty

are de-coupled from the parameters that determine the center and the support of the

membership function. This allows us to analyze the distortion of the rule base by the

uncertainties in the inputs to the rule-base. To be able to make this analysis, a simple

T2FLS with the proposed novel membership function is considered in which the effect

of input noise in the rule base can be shown numerically in a general way.

4.2. Type-2 Fuzzy Neural System Structure

4.2.1. Existing Type-2 Membership Functions in the Literature

There exists a number of type-2 fuzzy membership functions in literature, i.e.

triangular, gaussian, trapezoidal, sigmoidal, pi-shaped, etc. Gaussian type membership

functions are widely used in the literature in which uncertainties can be associated to

the mean and the standard deviation.

In Figure 4.1a and 4.1b, Gaussian type-2 fuzzy sets with uncertain standard devi-

ation and uncertain mean are shown. The mathematical expression for the membership

function is expressed as:

µ̃(x) = exp

(
− 1

2

(x− c)2

σ2

)
(4.1)

where c and σ are the center and the width of the membership function, x is the input

vector.
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Figure 4.1. Type-2 fuzzy set with uncertain standard deviation (a) and uncertain

mean (b).

In Figure 4.2a and 4.2b, triangular type-2 fuzzy sets with uncertain width and

uncertain center are shown. The mathematical expression for the membership function

is expressed as:

µ̃(x) =

 1− |x−c|
d

if c− d < x < c+ d

0 else
(4.2)

where c and d are the center and the width of the membership function, x is the input

vector.
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Figure 4.2. Type-2 fuzzy set with uncertain width (a) and center (b).
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4.2.2. A Novel Type-2 Membership Function: Ellipsoidal Membership Func-

tion

A novel type-2 fuzzy membership function is introduced in this subsection. It has

certain values on both ends of the support and the kernel, and some uncertain values

on the other values of the support. The lower (µ) and the upper (µ̄) membership

functions with the parameters c, d, a1 and a2 are defined as follows:

µ̄(x) =


(
1− |x−c

d
|a1
)1/a1 if c− d < x < c+ d

0 else
(4.3)

µ(x) =


(
1− |x−c

d
|a2
)1/a2 if c− d < x < c+ d

0 else
(4.4)

where c and d are the center and the width of the membership function, x is the

input vector. The parameters a1 and a2 determine the width of the uncertainty of

the proposed membership function, and these parameters should be selected in the

following form:

a1 > 1 (4.5)

0 < a2 < 1

Figures 4.3a, 4.3b and 4.3c show the shapes of the proposed membership function

for a1 = a2 = 1, a1 = 1.2, a2 = 0.8 and a1 = 1.4, a2 = 0.6, respectively. As can be seen

from Figure 4.3a, the shape of the proposed type-2 membership function is changed to a

type-1 triangular membership function when its parameters are selected as a1 = a2 = 1.

These parameters can be selected as some constants or they can be tuned adaptively.
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Figure 4.3. The shapes of the proposed type-2 membership function with different

values for a1 and a2.

4.2.3. The Structure of T2FLS

The interval T2FLS considered in this part of the dissertation benefits from type-

2 membership functions in the premise part and crisp numbers for the consequent part.

Such a structure is called A2-C0 fuzzy system in the literature [32], and the rule base

is as follows:

IF x1 is Ãj1 and x2 is Ãj2 and . . . and xn is Ãjn (4.6)

THEN uj =
n∑

i=1

wijxi + bj

where x1, x2, . . . ,xn are the input variables, uj(j = 1, . . . ,M)’s are the output vari-

ables, Ãji’s are type-2 membership functions for jth rule and the ith input. The param-

eters in the consequent part of the rules are wij and bj (i = 1, . . . , n, j = 1, . . . ,M).
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The final output of the system can be written as [32]:

YTSK/A2−C0 =

∫
f1∈[f1,f

1
]

...

∫
fM∈[fM ,f

M
]

1/

∑M
j=1 f

juj∑M
j=1 f

j
(4.7)

where f j and f
j
are given by:

f j(x) = µ
F̃ j
1

(x1) ∗ ... ∗ µF̃ j
n
(xn) (4.8)

f
j
(x) = µF̃ j

1
(x1) ∗ ... ∗ µF̃ j

n
(xn)

in which ∗ represents the t-norm which is the prod operator in this study. The com-

putational output of the fuzzy system in closed form is achieved by [32]:

YTSK1 =

∑M
j=1 f

juj∑M
j=1 f

j +
∑M

j=1 f
j +

∑M
j=1 f

j
uj∑M

j=1 f
j +
∑M

j=1 f
j (4.9)

YTSK1 =

∑M
j=1 (f

j + f
j
)uj∑M

j=1 f
j +
∑M

j=1 f
j (4.10)

In this way, the firing of each rule is defined as follows:

rj =
f j + f

j∑M
j=1 f

j +
∑M

j=1 f
j (4.11)

Figure 4.4 shows the general structure of the T2FLS used in this part of the

dissertation.
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Figure 4.4. The structure of T2FLS with the proposed membership function.

4.2.4. Noise Reduction Property of the Proposed Type-2 Membership Func-

tion

In an effort to prove the noise reduction property of T2FLSs, we consider two

different FLSs with the proposed membership functions. The first one is a T2FLS

with one input with two membership functions, and the other one is with two inputs

with two membership functions for each. As the parameters responsible for the width

of uncertainty and the parameters responsible for the center and the support of the

proposed membership function (c and d respectively) are decoupled from each other in

the type-2 membership function, it is possible to analyze how the width of uncertainty

of the membership function and the distortion caused by noise (DCN) in the rule base

of the fuzzy system are related.

4.2.4.1. Case I. Let us consider a single input T2FLS that uses two membership func-

tions µ̃1 and µ̃2 such that:

µ̄2 = 1− µ
1

(4.12)

µ
2
= 1− µ̄1 (4.13)
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The lower (µ
1
) and the upper (µ̄1) membership functions with the parameters c1,

d1, a1 and a2 are defined as follows:

µ̄1(x) =


(
1− |x−c1

d1
|a1
)1/a1 if c1 − d1 < x < c1 + d1

0 else
(4.14)

µ
1
(x) =


(
1− |x−c1

d1
|a2
)1/a2 if c1 − d1 < x < c1 + d1

0 else
(4.15)

The fuzzy system has two rules. Using Equation 4.11, the firing strength of the

first rule is calculated as:

r1(x) =
µ̄1(x) + µ

1
(x)

2
(4.16)

The firing strength will be distorted by the noise in the data as:

r1(x+ n) =
µ̄1(x+ n) + µ

1
(x+ n)

2
(4.17)

where n indicates the noise added on the signal.

The total DCN over the support set can be found by the following integral:

DCN =

∫ n=n1

n=−n1

∫ x=d1+c1

x=−d1+c1

[
r1(x)− r1(x+ n)

]2
dxdn (4.18)

To simplify the limits in Equation 4.18, the following definitions are done:

t =
x− c1
d1

, n′ =
n

d1
(4.19)
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Using the definitions in Equation 4.19, the following equation is derived:

DCN = d21

∫ n′=n1/d1

n′=−n1/d1

∫ t=1

t=−1

[
r1(x)− r1(x+ n)

]2
dtdn′ (4.20)

In above, the parameter n1 is the magnitude of the amplitude of the noise added

onto the input of the fuzzy system.

The integral in Equation 4.20 cannot be calculated explicitly. Therefore a numer-

ical solution of this integral is obtained for each pair of a1 and a2, and the distortion is

drawn with respect to a1 and a2 parameters. Figure 4.5 shows the numerical solution

of the integral above for the noise level signal to noise ratio (SNR)= 0dB. It is to be

noted that to achieve SNR=0dB, n1 is selected as being equal to d1. As can be seen

from that figure, the parameter a2 is more critical for noise reduction as compared to

the parameter a1. We can also see that the distortion caused by the noise in the case of

a1 = a2 = 1 which corresponds to type-1 membership function is higher than the other

values of a1 and a2 which correspond to the case of type-2 membership functions. The

figure indicates that by a proper selection of the parameters a1 and a2, it is possible

to achieve better performance in the presence of noise. Although it has already been

stated that the parameter a1 should be selected bigger than 1 and the parameter a2

between 0 and 1, Figure 4.5 indicates what values of a1 and a2 are better to be used.

Although the figure shows that it is better to select the parameter a2 bigger than 0.3

and any value for a1, a very small value for a2 results in such a lower membership

function that the membership grade is close to zero for a large portion of its support.

Similarly a very large value for a1 results in such an upper membership function that

the membership grade is close to one for a large portion of its support. Such member-

ship functions are not very desirable. A proper selection for a1 and a2 would therefore

be 1 < a1 < 2 and 1 > a2 > 0.5

Figure 4.6 shows the numerical solution of the integral for a low level of noise

(SNR=100dB). This figure indicates that the noise reduction property of T1FLSs is

comparable with T2FLSs in the presence of very low levels of noise.
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Figure 4.5. The three-dimensional figure of DCN in Equation 4.20 w.r.t. a1 and a2

for high levels of noise (SNR=0dB).
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Figure 4.6. The three-dimensional figure of DCN in Equation 4.20 w.r.t. a1 and a2

for low levels of noise (SNR=100dB).
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4.2.4.2. Case II. Consider a T2FLS with two inputs and two type-2 membership func-

tions for each input. The membership functions for the first input are selected as µ̃11

and µ̃12, and the membership function selected for the second input are as: µ̃21 and

µ̃22. The type-2 fuzzy membership function µ̃11 is defined as:

µ̄11(x) =


(
1− |x−c11

d11
|a111

)1/a111 if |x− c11| < d11

0 else
(4.21)

µ
11
(x) =


(
1− |x−c11

d11
|a211

)1/a211 if |x− c11| < d11

0 else
(4.22)

The type-2 fuzzy membership function µ̃21 is defined as:

µ̄21(x) =


(
1− |x−c21

d21
|a121

)1/a121 if |x− c21| < d21

0 else
(4.23)

µ
21
(x) =


(
1− |x−c21

d21
|a221

)1/a221 if |x− c21| < d21

0 else
(4.24)

In order to see the effect of a111 and a211 on the DCN, a121 and a221 are set to 1.

The other membership functions are considered as:

µ̄12 = 1− µ
11

(4.25)

µ
12

= 1− µ̄11

µ̄22 = 1− µ
21

µ
22

= 1− µ̄21
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This fuzzy system has four rules. The firing strength for the first rule is written

as:

r1(x1, x2) =
1

2

(
µ̄11(x1)µ̄21(x2) + µ

11
(x1)µ21

(x2)

)
(4.26)

The firing strength will be distorted by the noise in the data as:

r1(x1 + n, x2) =
1

2

(
µ̄11(x1 + n)µ̄21(x2) + µ

11
(x1 + n)µ

21
(x2)

)
(4.27)

The total DCN over the support set can be calculated by the following integral:

DCN =

∫ n=n1

n=−n1

∫ x2=d21+c21

x2=−d21+c21

∫ x1=d11+c11

x1=−d11+c11

[
r1(x1, x2) (4.28)

−r1(x1 + n, x2)

]2
dx1dx2dn

To simplify the limits in Equation 4.28, the following definitions are done:

t1 =
x1 − c11

d11
, t2 =

x2 − c21
d21

, n′ =
n

d11
(4.29)

Using the definitions in Equation 4.29, the following equation is achieved:

DCN = d211d21

∫ n′=n1/d11

n′=−n1/d11

∫ t2=1

t2=−1

∫ t1=1

t1=−1

[
r1(x1, x2) (4.30)

−r1(x1 + n, x2)

]2
dt1dt2dn

′

Similar to Case I, the integral in Equation 4.30 cannot be calculated explicitly.

Therefore a numerical solution of this integral is obtained for each pair of a1 and a2,
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and the distortion is drawn with respect to a1 and a2 parameters in Figure 4.7. This

figure is obtained with n1 is equal to d1 which corresponds to SNR=0dB. Figure 4.8,

which is the contour diagram of Figure 4.7, shows that there is a proper selection area

for a1 and a2. Based on similar arguments, a proper selection for a2 and a1 would

therefore be 1 < a1 < 2 and 1 > a2 > 0.5.
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Figure 4.7. The three-dimensional figure of DCN in Equation 4.30 w.r.t. a1 and a2

for high levels of noise (SNR=0dB).

Similar to Figure 4.6, the numerical solution of the integral for a low level of noise

(SNR=100dB) is shown in Figure 4.9. This figure indicates that the noise reduction

property of T1FLSs is comparable with T2FLSs in the presence of very low levels of

noise. Therefore, in the presence of low levels of noise, T1FLS is more preferable as

compared to T2FLS because of its computational simplicity.

4.3. Parameter Update Rules

The design of T2FLS (Figure 4.4) includes the determination of the unknown

parameters that are the parameters of the antecedent and the consequent parts of

the fuzzy If-Then rules. The gradient algorithm is applied to design the antecedent
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(premise) and the consequent parts of the fuzzy rules.

At the first step, the cost function is defined as:

E =
1

2
(ud − u)2 (4.31)

where ud and u are the desired and the current output values of the network, respec-

tively.

The parameters wij, bj and a1ij, a2ij, cij and dij are adjusted using the GD

method as follows:

wij(t+ 1) = wij(t)− γ
∂E

∂wij

(4.32)

bj(t+ 1) = bj(t)− γ
∂E

∂bj
(4.33)

cij(t+ 1) = cij(t)− γ
∂E

∂cij
(4.34)

a1ij(t+ 1) = a1ij(t)− γ
∂E

∂a1ij
(4.35)

a2ij(t+ 1) = a2ij(t)− γ
∂E

∂a2ij
(4.36)

dij(t+ 1) = dij(t)− γ
∂E

∂dij
(4.37)
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where γ is the learning rate, a1ij , a2ij , cij and dij are the ith parameter of jth rule.

The derivatives in Equation 4.32 and Equation 4.33 are determined by the following

formulas:

∂E

∂wij

=
∂E

∂u

∂u

∂uj

∂uj

∂wij

(4.38)

∂E

∂bj
=

∂E

∂u

∂u

∂uj

∂uj

∂bj

where uj is as defined in Equation 4.6

The derivatives in Equation 4.34 through Equation 4.37 are determined by the

following formulas:

∂E

∂cij
=
∑
j

∂E

∂u

[
∂u

∂f
j

∂f
j

∂µ
ij

∂µ
ij

∂cij
+

∂u

∂f j

∂f j

∂µij

∂µij

∂cij

]
(4.39)

∂E

∂dij
=
∑
j

∂E

∂u

[
∂u

∂f
j

∂f
j

∂µ
ij

∂µ
ij

∂dij
+

∂u

∂f j

∂f j

∂µij

∂µij

∂dij

]
(4.40)

∂E

∂a1ij
=
∑
j

∂E

∂u

∂u

∂f j

∂f j

∂µij

∂µij

∂a1ij

∂E

∂a2ij
=
∑
j

∂E

∂u

∂u

∂f
j

∂f
j

∂µ
ij

∂µ
ij

∂a2ij
(4.41)

The parameters of the T2FLS can thus be updated using Equation 4.32 through

Equation 4.37 together with Equation 4.39 through Equation 4.41.

The derivatives in Equation 4.38 are calculated as:

∂E

∂u
= u(t)− ud(t),

∂u

∂uj

= 1,
∂uj

∂wij

= rjxi and
∂u

∂bj
= rj (4.42)
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∂µ̄ij

∂a1ij
= − 1

a1ij2
ln

(
1−

∣∣∣∣xi − cij
dij

∣∣∣∣a1ij)(1− ∣∣∣∣xi − cij
dij

∣∣∣∣a1ij) 1
a1ij

− 1

a1ij
ln

∣∣∣∣xi − cij
dij

∣∣∣∣ ∣∣∣∣xi − cij
dij

∣∣∣∣a1ij (1− ∣∣∣∣xi − cij
dij

∣∣∣∣a1ij) 1
a1ij

−1

cij − dij < xi < cij + dij (4.43)

∂µ̄ij

∂cij
=

1

|dij|
sign(xi − cij)

∣∣∣∣xi − cij
dij

∣∣∣∣a1ij−1
(
1−

∣∣∣∣xi − cij
dij

∣∣∣∣a1ij
) 1

a1ij
−1

cij − dij < xi < cij + dij (4.44)

∂µ̄ij

∂dij
=

1

|dij|2
sign(dij) |xi − cij|

∣∣∣∣xi − cij
dij

∣∣∣∣a1ij−1(
1−

∣∣∣∣xi − cij
dij

∣∣∣∣a1ij) 1
a1ij

−1

cij − dij < xi < cij + dij (4.45)

∂µ
ij

∂a2ij
= − 1

a2ij2
ln

(
1−

∣∣∣∣xi − cij
dij

∣∣∣∣a2ij) (1− ∣∣∣∣xi − cij
dij

∣∣∣∣a2ij) 1
a2ij

− 1

a2ij
ln

∣∣∣∣xi − cij
dij

∣∣∣∣ ∣∣∣∣xi − cij
dij

∣∣∣∣a2ij (1− ∣∣∣∣xi − cij
dij

∣∣∣∣a2ij) 1
a2ij

−1

cij − dij < xi < cij + dij (4.46)

∂µ
ij

∂cij
=

1

|dij|
sign(xi − cij)

∣∣∣∣xi − cij
dij

∣∣∣∣a2ij−1
(
1−

∣∣∣∣xi − cij
dij

∣∣∣∣a2ij
) 1

a2ij
−1

cij − dij < xi < cij + dij (4.47)

∂µ
ij

∂dij
=

1

|dij|2
sign(dij) |xi − cij|

∣∣∣∣xi − cij
dij

∣∣∣∣a2ij−1(
1−

∣∣∣∣xi − cij
dij

∣∣∣∣a2ij) 1
a2ij

−1

cij − dij < xi < cij + dij (4.48)
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4.4. Simulation Studies

4.4.1. Prediction of Chaotic Mackey-Glass Time Series

The proposed T2FLS is used to predict the noisy chaotic Mackey-Glass time

series. This chaotic system is a well-known benchmark problem in literature, and it

can be described by the following dynamic equation [37]:

ẋ(t) = 0.2
x(t− τ)

1 + x10(t− τ)
− 0.1x(t) (4.49)

The numerical values selected for the chaotic system above are τ = 17, x(0) = 1.2

in this study. The following approximation is used:

ẋ(t) =
x(k + 1)− x(k)

Ts

(4.50)

where Ts = 1. The number of the training and the test data is equal to 500.

The predictor goal is to predict x(t+1) using the inputs x(t−3), x(t−2), x(t−1)

and x(t). For each input two membership functions are used. In this way the number

of the rules of the system are equal to 16. In order to study the effect of noise in

the proposed system, a number of experiments are performed in which the data are

corrupted with different levels noise of SNR. The well-known formula below for SNR

is used as:

SNR = 10log10

(
σ2
s

σ2
n

)
(4.51)

where σ2
s is the variance of the signal and σ2

n is the variance of the noise.

Figure 4.10 shows the actual and the noisy Mackey-Glass chaotic time series data

with SNR equal to 0dB. Six experiments are done using different levels of noise (from

0dB to 10dB), but only the one with SNR=0dB is shown in Figure 4.10.
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Figure 4.10. The actual Mackey-Glass time series and the noisy data (SNR = 0dB).

In order to tune the parameters (c, d, a1 and a2) of type-2 membership function

proposed in this part of the dissertation, the gradient method is used. Figure 4.11

shows the result of the tuning operation on these parameters. As can be seen, the

lower membership function varies more than the upper one. It is to be noted that

Figure 4.5 also indicates that the lower membership function is more critical in the

noise reduction property of the T2FLSs.

Figure 4.12 shows the mean value of
∑8

i=1 |a1i−a2i| over ten times of simulations

for Mackey-Glass system. As can be seen, the width of the proposed membership

function decreases as the power of the input noise decreases. Again, this fact is also

expected from the Figure 4.5. This means that the more noise injected into the T2FLS,

the fatter the proposed type-2 membership function will become. This property of the

proposed type-2 membership can be regarded as a critical advantage for real-time

systems.

Figure 4.13 indicates that the prediction accuracy difference between the type-1

and the type-2 fuzzy predictors with the proposed membership function. It can be
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Figure 4.11. The membership functions of the T2FLS before (dotted line) and after

(solid line) the training (SNR=0dB).
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Figure 4.12. The width of the membership function versus the power of input noise.
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seen that the performance accuracy of T2FLS is higher than its type-1 counterpart

in the presence of the higher noise. A similar conclusion has previously be reached

in [38]. Consequently, it can be stated that T2FLSs should be preferred when there

exists a large amount of uncertainties in the system considered. In other words, if

the uncertainties in the system are relatively small, T1FLS might be a better choice

because of having less number of parameters to be tuned.
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Figure 4.13. The improvement of identification accuracy of T2FLS over T1FLS.

The output of the T2FLS with the proposed novel membership function and the

actual data can be seen in Figure 4.14 with SNR=0dB. This figure shows that the

prediction accuracy of the proposed T2FLS is quite satisfactory considering amount of

noise in the data used for training. The accuracy of the results shown in this part of

the dissertation is comparable with the results reported in [35] in which the same data

set is used, although it is used interval values in the consequent part in that paper.

For example, the root-mean-squared-error (RMSE) quoted in [35] for SNR = 0dB is

0.1429.

Table 4.1 shows the mean values of the RMSE for triangular type-1, Gaussian
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Figure 4.14. The response of the T2FLS with SNR=0dB and the actual noise-free

Mackey-Glass data.

type-2 with uncertain σ, Gaussian type-2 with uncertain center, triangular type-2 with

uncertain parameters, proposed ellipsoidal type-2 with constant a1 and a2 and proposed

ellipsoidal type-2 with adaptive a1 and a2 over ten times of simulations, the lowest

figures being indicated in bold characters. As can be seen from the table, the prediction

accuracy of the T2FLS with the proposed novel membership function is better than

others when the noise level is high. In order to be able to make a fair comparison, we

have determined the initial values of the type-1 membership functions similar to type-2

membership functions. The parameters for the type-1 fuzzy membership function are as

follows: The mean value of the first membership function of all inputs are selected as 0.7

and the second membership function as 1.3. In addition, the width of all membership

functions are selected as 0.6. Moreover, a random value in the interval [−0.2; 0.2] is

added to each value in every simulation. It is to be noted that even when a1 and a2 are

kept constant (at 1.2 and 0.8 as suggested by Figure 4.7) the performance of T2FLS

is better although the number of parameters to be tuned is the same as T1FLS. If

the parameters are tuned during the simulation, the performance is better than the

constant case.
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Table 4.1. The prediction accuracies of the T2FLS with the proposed type-2

membership function and its type-1 counterpart.

SNR Triangular

Type-1

Gaussian

Type-2

with

uncertain

σ

Gaussian

Type-2

with

uncertain

center

Triangular

Type-2

with un-

certain

parame-

ters

Ellipsoidal

Type-2

with con-

stant a1

and a2

Ellipsoidal

Type-2

with

adaptive

a1 and a2

0dB 0.1257 0.1235 0.1233 0.1250 0.1250 0.1231

2dB 0.1178 0.1167 0.1163 0.1167 0.1172 0.1161

4dB 0.1097 0.1098 0.1099 0.1093 0.1104 0.1098

6dB 0.1032 0.1033 0.1036 0.1027 0.1036 0.1032

8dB 0.0971 0.0971 0.0975 0.0967 0.0968 0.0967

10dB 0.0917 0.0912 0.0916 0.0907 0.0909 0.0908

4.4.2. Identification of a Laboratory Setup Acting Like a Hair Dryer Data

The T2FLS with the proposed novel membership function is used to identify

the data set of a laboratory setup acting like a hair dryer. In the system, air is

fanned through a tube and heated at the inlet. The air temperature is measured by a

thermocouple at the output. The input is the voltage over the heating device and the

output is the air temperature. The input voltage of the heating device is discrete and

in the form of pulse-width-modulation (PWM). Figure 4.15 shows the input-output

data set of the real-time setup available on line [39]. Since the PWM signal switches

between the values of 3.4 and 6.4 V, the membership functions for the input should be

chosen with these center values. In the identification process, u(t), y(t−1) and y(t−2)

are chosen as the inputs of the T2FLS proposed, and y(t) is the target value. Two

membership functions are considered for u(t) and three membership functions are used

for y(t− 1) and y(t− 2). Consequently, the resulting fuzzy system has 18 rules.
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Figure 4.15. The input (a) - output (b) data set of a real time hair dryer laboratory

setup.

Similar to the previous experiment done in Case 1, six different experiments

are done using different levels of noise (from 0dB to 10dB), but only the one with

SNR=10dB is shown in Figure 4.16. As can be seen from Figure 4.16, the identification

accuracy of the T2FLS with the proposed membership function is quite good.

Figure 4.17 indicates that the prediction accuracy difference between the type-1

and the type-2 fuzzy identifiers with the proposed ellipsoidal type-2 fuzzy membership

function used in this part of the dissertation decreases as the noise power decreases. The

performance accuracy of T2FLS is higher than its type-1 counterpart in the presence

of the higher noise. The observation suggests that if the uncertainties in the system

are relatively small, T1FLS may be a better choice because of having less number of

parameters to be tuned.

Similar to the Figure 4.12, Figure 4.18 shows the mean value of
∑8

i=1 |a1i − a2i|

over ten time of simulations for hair dryer system. As can be seen from Figure 4.18,

the width of the proposed membership function decreases as the power of the input

noise decreases.

Similar to Table 4.1, Table 4.2 shows the mean values of the RMSE for FLSs

given in Table 4.1 over ten times of simulations. As can be seen from this table,

the prediction accuracy of the T2FLS with the proposed novel membership function
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Figure 4.16. The response of the T2FLS with SNR=10dB and the actual noise-free

data set.
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Figure 4.17. The improvement of identification accuracy of T2FLS over T1FLS.
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Figure 4.18. The width of the membership function versus the power of input noise

for hair dryer data set.

is again comparable with the previously known membership functions. To have a

better comparison, the parameters of the novel membership function a1 and a2 are

kept constant in one case (selected as 1.2 and 0.8, respectively as suggested by Figure

4.9, and tuned in the other case. It is to be noted that with constant a1 and a2, the

number of the parameters of type-2 and type-1 membership functions are the same.

Even in this case, there is a performance improvement in T2FLS in the presence of

higher levels of input noise. If the parameters are tuned during the simulation, the

performance is better than the constant case.

4.4.3. Control of a Non-BIBO Nonlinear Plant

The T2FLS with the proposed novel membership function is used to control

a non-bounded-input-bounded-output (non-BIBO) nonlinear plant. The dynamical
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Table 4.2. The identification accuracies of the T2FLS with the proposed type-2

membership function and its type-1 counterpart.

SNR Triangular

Type-1

Gaussian

Type-2

with

uncertain

σ

Gaussian

Type-2

with

uncertain

center

Triangular

Type-2

with un-

certain

parame-

ters

Ellipsoidal

Type-2

with con-

stant a1

and a2

Ellipsoidal

Type-2

with

adaptive

a1 and a2

0dB 0.5719 0.5379 0.5506 0.5372 0.5521 0.5369

2dB 0.5272 0.5009 0.5165 0.5082 0.5163 0.5075

4dB 0.4897 0.4693 0.4860 0.4827 0.4805 0.4753

6dB 0.4570 0.4461 0.4567 0.4527 0.4577 0.4457

8dB 0.4207 0.4164 0.4245 0.4258 0.4202 0.4171

10dB 0.3964 0.3969 0.4092 0.4006 0.3954 0.3941

plant model is as follows [40]:

y(k + 1) = 0.2y2(k) + 0.2y(k − 1) (4.52)

+0.4sin [0.5(y(k) + y(k − 1))]

.cos [0.5(y(k) + y(k − 1))] + 1.2u(k)

The plant is a non-BIBO nonlinear plant. It means that for a given uniformly

bounded input signal, the plant output may diverge. The plant output diverges when

the step input u(k) = 0.83,∀k ≥ 0, is applied to the plant [41].
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In the first case (in Figure 4.19), the reference signal is chosen as:

r(k) =



0.25 if k ≤ 750

0.50 if 750 < k ≤ 1500

0.25 if 1500 < k ≤ 2250

0.50 if 2250 < k ≤ 3000

0.25 if 3000 < k ≤ 3750

0.50 if 3750 < k ≤ 4500

(4.53)

In the second case (in Figure 4.20), the reference signal is chosen as:

r(k) = 0.4 + 0.2cos
(
2kπ/2000

)
(4.54)

An output noise in the interval of [−0.1; 0.1] is added to the output of the nonlin-

ear system described above. The sum of the squared of the error (SSE) is calculated for

the cases of triangular type-1, Gaussian type-2 with uncertain σ, Gaussian type-2 with

uncertain center, triangular type-2 with uncertain parameters, the proposed ellipsoidal

type-2 with constant a1 and a2 and the proposed ellipsoidal type-2 with adaptive a1

and a2 over ten times of simulations. Table 4.3 shows the performances of the different

controllers mentioned above. As can be seen from Table 4.3 , the performance of the

T2FLC with the proposed novel membership function is comparable with the other

types of T2FLCs in the presence of output noise. In addition, it can seen that T2FLC

with constant values for a1 and a2 has better performance than the type-1 counterpart

although the number of its parameters is the the same as type-1 case. The control

performances of T2FLC with the proposed novel membership function for a step input

and sinusoidal input can be seen in Figure 4.19 and Figure 4.20, respectively.
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Table 4.3. The control accuracies of the T1FLS and T2FLS with the conventional

and the proposed type-2 membership functions (SSE).

The controller type Step input Sinusoidal input

T1FLC with

triangular 5.1585 4.9236

membership function

T2FLC with Gaussian

membership function 5.0739 4.3351

with uncertain σ

T2FLC with Gaussian

membership function 5.1031 4.6946

with uncertain center

T2FLC with

triangular 4.9768 4.3268

membership function

T2FLC with ellipsoidal

membership function with 5.1228 4.7217

constant a1 and a2

T2FLC with ellipsoidal

membership function with 5.0195 4.3923

adaptive a1 and a2
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Figure 4.19. The step response of the system for the T2FLC with the proposed novel

membership function.
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Figure 4.20. The sinusoidal response of the system for the T2FLC with the proposed

novel membership function.
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4.5. Conclusion

We propose a novel type-2 membership function in this study that enables us

to come up with some metrics. This membership function has certain values on both

ends of the support and the kernel, and some uncertain values on other points of the

support. With such a function, the parameters responsible for the width of uncertainty

are de-coupled from the parameters responsible for the center and the support of the

membership function. This allows us to analyze how the uncertainty in the input

distorts the inference of the T2FLS. The parameter update rules are derived for the

proposed type-2 fuzzy membership function using the GD method. Three different

applications (identification, prediction and control) are considered and the simulation

results obtained indicate that the width of the proposed membership function increases

as more noise power is injected to the system. The performance improvement of T2FLS

over type-1 counterparts is much higher for the higher levels of noise. This fact shows

that T2FLSs should be used when needed, i.e. in the presence of noise and uncertainties

in the system.
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5. GRADIENT-BASED LEARNING AS APPLIED TO

T2FNNs

5.1. Introduction

In this section of this Ph.D. dissertation, the learning rules are derived for the

adaptation of the T2FNN parameters using fuzzy clustering and gradient algorithms.

The knowledge base of the designed structures is based on type-2 TSK fuzzy rules, the

antecedent parts of which are characterized by type-2 fuzzy sets, and the consequent

parts use crisp linear functions. Fuzzy c-means clustering algorithm is proposed for

T2FLSs to determine the initial places of the membership functions to ensure that the

GD algorithm used afterwards converges in a shorter time.

5.2. Type-2 Fuzzy Neural System Structure

The rules are such that the consequent parts are TSK type as indicated below:

IF x1 is Ãj1 and x2 is Ãj2 and . . . and xm is Ãjm (5.1)

THEN yj =
m∑
i=1

wijxi + bj

where x1, x2, . . . ,xm are input variables, yj(j = 1, . . . , n) are output variables, Ãji

denotes a type-2 membership function for jth rule of the ith input defined as a Gaussian

membership function. The parameters wij and bj are the parameters in the consequent

part of the rules.

Due to the uncertainties in the antecedent part, the output of the type-2 fuzzy

rules will have uncertainties. Let us first assume that the parameters of membership

functions are represented by an uncertain mean and a fixed STD. Each membership

function of the antecedent part is represented by an upper and a lower membership
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function. These are denoted with µ(x) and µ(x) , or A(x) and A(x).

µ
Ãi

k
(xk) = [µ

Ãi
k

(xk), µÃi
k
(xk)] = [µi, µi] (5.2)

The inference engine of type-2 TSK FNS is proposed in [32,42]. The final output

of T2FNS is determined as:

u(x) = [uL(x), uR(x)] =
∑

f1ϵ[f1
,f1]

. . .
∑

f1ϵ[f1
,f1]

1

/∑N
i=1 fi(x)yi∑N
i=1 fi(x)

(5.3)

where uL(x) and uR(x) can be computed using iterative Karnik-Mendel algorithm [2].

However the application of Karnik-Mendel algorithm may not be convenient for the

control structure of a real time implementation. For this reason [42] proposes an

alternative approach. We use inference engine for type-2 TSK system proposed in [42],

which is given as:

u =
p
∑N

j=1 f j
yj∑N

j=1 f j

+
q
∑N

j=1 f jyj∑N
j=1 f j

(5.4)

where p and q are the design parameters that weight the sharing of lower and upper

firing levels of each fired rule, N is the number of active rules. These parameters can

be tuned during the design of the TSK system. For example, [43] uses the least mean

square method for finding the values of p and q parameters.

5.3. Parameter Update Rules

The design of T2FNS includes the determination of the unknown parameters in

the antecedent and the consequent parts of the fuzzy If-Then rules. The parameter

update rules are derived for a type-2 TSK FNS with fixed mean and uncertain STD.

Fuzzy clustering technique is applied for the determination of the parameters in the an-
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tecedent part for modeling purposes and the gradient algorithm is used for the learning

of the parameters in the antecedent and the consequent part for modeling and control

purposes.

In the antecedent part, the input space is divided into a set of fuzzy regions, and

in the consequent part the system behavior in those regions is described. Recently

a number of different approaches have been used for designing fuzzy If-Then rules

based on clustering [44–47], table look-up scheme [48,49], least-squares method [32,50],

recursive least-squares method [51], gradient algorithms [19,43,50,52–59], and genetic

algorithms [59–61]. The fuzzy clustering is applied to design the antecedent parts, and

the gradient algorithm is applied to design the consequent parts of the fuzzy rules.

The aim of clustering methods is to identify a certain group of data from a

large data set, such that a concise representation of the behavior of the system is pro-

duced. Each cluster center can be translated into a fuzzy rule for identifying the class.

Clustering has been used for type-1 fuzzy systems [46, 47]. For type-2 fuzzy systems,

subtractive clustering and fuzzy clustering have been developed [47]. Subtractive clus-

tering is an unsupervised clustering method, in which the number of clusters for input

data points is determined by the clustering algorithm. Sometimes the number of clus-

ters in the input space should be determined in advance. In these cases, the supervised

clustering algorithms are of primary concern. Fuzzy c-means clustering is one of them.

It can efficiently be used for type-1 fuzzy systems [46] owing to its simple structure and

sufficient accuracy. However there are still uncertainties in the determination of the

model structure, such as the number of rules and the number of variables involved in

the rule premises. When fuzzy clustering is used in type-2 fuzzy systems, the computa-

tional complexity is reduced and a better distribution of the cluster centers is obtained.

In this part of the dissertation, the clustering technique proposed in [44] is used for

structuring the premise part of the fuzzy system. It is to be noted that fuzzy c-means

does not guarantee classification for a data set that contains clusters with different

densities, that have different volumes with different number of data points.
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Because of the imperfect information about the data points, there exists uncer-

tainties in the various parameters that are used for the assignment of fuzzy mem-

berships. In [44], the representation and the management of these uncertainties are

handled by varying the fuzzifier (parameter m) in the membership function. The fuzzi-

fier m controls the amount of fuzziness in fuzzy classification. Consequently, the input

data set is extended into interval type-2 fuzzy sets. For an input data point xi, the

highest and the lowest memberships are defined by using different fuzzy degrees m1

and m2 and the footprint of uncertainty is thus created. The primary memberships

that extend data point xi by interval type-2 fuzzy sets are determined as [44]

µ
j
(xi) =


1∑C

k=1

(
dik
djk

) 2
m1−1

, if 1∑C
k=1

(
dik
djk

) ≥ 1
C

1∑C
k=1

(
dik
djk

) 2
m2−1

, otherwise

µj(xi) =


1∑C

k=1

(
dik
djk

) 2
m1−1

, if 1∑C
k=1

(
dik
djk

) < 1
C

1∑C
k=1

(
dik
djk

) 2
m2−1

, otherwise
(5.5)

where djk(dik) denotes the distance between cluster j(k) and data point xi, C is the

number of clusters and µ
j
(xi) and µj(xi) are the lower and the upper membership

of the data point. Updating of the cluster centers are performed by the extension of

interval type-2 fuzzy sets while executing fuzzy c-means algorithm. The interval type-2

fuzzy set is incorporated into fuzzy c-means clustering.

The use of the fuzzifiers m1 and m2 result in two different objective functions to

be minimized.

Jm1 =
N∑
i=1

C∑
j=1

um1
ij d2ji, and Jm2 =

N∑
i=1

C∑
j=1

um2
ij d2ji (5.6)

where 1 ≤ m1 ≤ m2 ≤ ∞.
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Fuzzy partitioning is carried out through an iterative optimization of the objective

functions Equation 5.6, with the update of membership function and the cluster centers.

For a detailed analysis, the reader can refer to [44]. After the design of the antecedents

parts by fuzzy clustering, the GD algorithm is applied to design the consequent parts

of the fuzzy rules. In what follows, the parameter update rules are derived for a type-2

TSK FNS. At the first step, the output error is calculated:

E =
1

2

O∑
i=1

(ud
i − ui)

2 (5.7)

where O is number of output signals of the network (in the given case O = 1), ud
i and ui

are the desired and the current output values of the network, respectively.

The parameters wij, bj and c1ij, c2ij and σij (i = 1, ..,m, j = 1, .., n) are adjusted

using the following formulas:

wij(t+ 1) = wij(t)− γ
∂E

∂wij

; bj(t+ 1) = bj(t)− γ
∂E

∂bj
(5.8)

c1ij(t+ 1) = c1ij(t)− γ
∂E

∂cij
; c2ij(t+ 1) = c2ij(t)− γ

∂E

∂cij
(5.9)

σij(t+ 1) = σij(t)− γ
∂E

∂σij

(5.10)

where γ is the learning rate, m is the number of input signals of the network (input

neurons) and n is the number of rules (hidden neurons). The derivatives in Equation

5.8 are determined by the following formulas:

∂E

∂wij

=
∂E

∂u

∂u

∂yj

∂yj
∂wij

(5.11)

∂E

∂bj
=

∂E

∂u

∂u

∂yj

∂yj
∂bj
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The derivatives in Equation 5.9 and Equation 5.10 are determined by the following

formulas:

∂E

∂σij

=
∑
j

∂E

∂u

[
∂u

∂f
j

∂f
j

∂µ
ij

∂µ
ij

∂σij

+
∂u

∂f j

∂f j

∂µij

∂µj

∂σij

]
(5.12)

∂E

∂c1ij
=
∑
j

∂E

∂u

[
∂u

∂f
j

∂f
j

∂µ
ij

∂µ
ij

∂c1ij
+

∂u

∂f j

∂f j

∂µij

∂µij

∂c1ij

]
∂E

∂c2ij
=
∑
j

∂E

∂u

[
∂u

∂f
j

∂f
j

∂µ
ij

∂µ
ij

∂c2ij
+

∂u

∂f j

∂f j

∂µij

∂µij

∂c2ij

]
(5.13)

The parameters of the T2FNS can thus be updated using Equations 5.8-5.10

together with Equations 5.11-5.13.

As mentioned above, the parameter p and q in Equation 5.4 enable us to adjust

the lower or the upper portions in the final output. The values of p and q are optimized

during learning from an initial value of 0.5 using:

p(t+ 1) = p(t)− γ
∂E

∂p
(5.14)

q(t+ 1) = q(t)− γ
∂E

∂q
(5.15)

where

∂E

∂p
= (u− ud)

f
j∑n

j=1 f j

(5.16)

∂E

∂q
= (u− ud)

f j∑n
j=1 f j

(5.17)
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where

∂E

∂u
= u(t)− ud(t);

∂u

∂f
j

= p
yj − u∑n
j=1 f j

;
∂u

∂f j

= q
(yj − u)∑n

j=1 f j

u =

∑n
j=1 f j

yj∑n
j=1 f j

; u =

∑n
j=1 f jyj∑n
j=1 f j

(5.18)

If t-norm prod operator is used, then

∂f
j

∂µ
ij

=
N1∏

k=1,k ̸=i

µ
kj
;
∂f j

∂µij

=
N1∏

k=1,k ̸=i

µkj (5.19)

where i = 1, . . . , N1, k = 1, . . . , N1, and j = 1, . . . , N2.

For t-norm min operator:

if (µ
kj
− µ

ij
) ≥ 0, then

∂f
j

∂µ
ij

= 1, else
∂f

j

∂µ
ij

= 0,

if (µkj − µij) ≥ 0, then
∂fj

∂µij
= 1, else

∂fj

∂µij
= 0;

where i = 1, . . . , N1, k = 1, . . . , N1, and j = 1, . . . , N2.

Upper and lower membership functions can be written as follows:

µ
ij
(x) =

 G(c2ij, σij, xi), xi ≤ c1ij+c2ij
2

G(c1ij, σij, xi), xi >
c1ij+c2ij

2
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µij(x) =


G(c1ij, σij, xi), xi < c1ij

1, c1ij ≤ xi ≤ c2ij

G(c2ij, σij, xi), xi > c2ij

(5.20)

where G(cij, σij, xi) is determined as:

G(cij, σij, xi) = exp

(
−1

2

(xi − cij)
2

σ2
ij

)
(5.21)

Then

∂µj(xi)

∂c1ij
=


G(c1ij, σij, xi)

(xi−c1ij)

σ2
ij

, xi < c1ij

0, c1ij ≤ xi ≤ c2ij

0, xi > c2ij

∂µ
j
(xi)

∂c1ij
=

 0, xi ≤ c1ij+c2ij
2

G(c1ij, σij, xi)
(xi−c1ij)

σ2
ij

, xi >
c1ij+c2ij

2

(5.22)

∂µj(xi)

∂c2ij
=


0, xi < c1ij

0, c1ij ≤ xi ≤ c2ij

G(c2ij, σij, xi)
(xi−c2ij)

σ2
ij

, xi > c2ij

∂µ
j
(xi)

∂c2ij
=

 G(c2ij, σij, xi)
(xi−c2ij)

σ2
ij

, xi ≤ c1ij+c2ij
2

0, xi >
c1ij+c2ij

2

(5.23)
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∂µj(xi)

∂σij

=


G(c1ij, σij, xi)

(xi−c1i)
2

σ3
ij

, xi < c1ij

0, c1ij ≤ xi ≤ c2ij

G(c2ij, σij, xi)
(xi−c2ij)

2

σ3
ij

, xi > c2ij

∂µ
j
(xi)

∂σij

=

 G(c2ij, σij, xi)
(xi−c2ij)

2

σ3
ij

, xi ≤ c1ij+c2ij
2

G(c1ij, σij, xi)
(xi−c1ij)

2

σ3
ij

, xi >
c1ij+c2ij

2

(5.24)

One important problem in the learning algorithms is the convergence. The con-

vergence of the GD method depends on the selection of the initial value of the learning

rate. Usually, this value is selected within the interval [0, 1]. A large value of the

learning rate may lead to unstable learning, while a small value of the learning rate

results in a slow learning speed. In this study, an adaptive approach is used to update

this parameters. That is, the learning of the T2FNS parameters is started with a small

value of the learning rate γ. During learning, γ is increased if the value of the change

of error ∆E = E(k) − E(k + 1) is positive, and decreased if negative. This strategy

ensures a stable learning for the T2FNS, guarantees the convergence and speeds up

the learning.

5.4. Simulation and Experimental Studies

5.4.1. Mathematical Model of the Permanently Excited DC Motor

The experimental setup used in this study [62] consists of two DC motors, which

are connected by a mechanical clutch. The first motor is used for the control of the

rotation speed or the shaft angle. The second one acts as a generator, by means of

which nonlinear load conditions can be created (See Figure 5.1).

The block diagram of the servo system is shown in Figure 5.2, the nomenclature

of the symbols used being given in Table 1. From the block diagram of the system
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Figure 5.1. A servo system setup.

depicted in Figure 5.2, the transfer function of the overall system can readily be derived

as follows:

ω(s) =
1

CΦ

1

1 + TMs+ TMTAs2
UA(s)

− RA

KMCΦ

1 + TAs

1 + TMs+ TMTAs2
ML(s) (5.25)

where

TM =
JRA

KMCΦ
and TA =

LA

RA

Figure 5.2. Block diagram of the motor with load.

The numerical values used in this study are: Armature terminal voltage= 24V ,

Rated torque= 0.096Nm, Moment of inertia of the system= 80.45x10−6kgm2, Arma-

ture inductance= 3mH, Armature resistance= 3.13Ω, Back emf constant= 0.06V s,

Torque constant= 0.06Nm/A.
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Table 5.1. Nomenclature.

Name Description

UA Armature terminal voltage

E Induced electromotive force

IA Armature current

RA Armature winding resistance

LA Armature winding inductance

C Motor constant

Φ Magnetic excitation

ω Speed of the rotor

ML Load torque

MB Acceleration torque

M Torque produced by the motor

J Moment of inertia of the motor

TA Electrical time constant

TM Mechanical time constant

5.4.2. Identification of the Dynamical Plants

The dynamical process of finding the input-output relations for a system is called

identification in the literature. In identification, the clustering involves the determi-

nation of clusters in data space and the translation of these clusters into fuzzy rules

such that the model obtained is close to the identified system. For this purpose, first

the fuzzy clustering approach is applied to the input data points of the plant in order

to determine the cluster centers. The obtained cluster centers are then used in order

to organize the premise parts of the fuzzy rules. It is to be noted that it would be

possible not to use a clustering algorithm and spread the membership functions onto

the universe of discourse randomly. However, in this case, the GD algorithm would

require more time to find the final places of the membership functions. In this study,

the fuzzy c-means clustering algorithm is used to determine the initial places of the
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membership functions so that the GD algorithm converges in a shorter time.

In order to prevent the system from a possible saturation, the input-output data

set is collected in a closed loop fashion (Figure 5.3) using a conventional PI controller.

The coefficients of the PI controller are KP = 1 and KI = 5 which are tuned by

trial-and-error method. The sampling period of the real-time system is equal to 0.01

seconds which satisfies the Nyquist–Shannon sampling theorem for the real-time set up.

This value is also proper for the stability of the digital control system. The period of

the reference signal is 750 samples, and the mathematical expression for the reference

signal can be seen in Equation 5.26:

Reference(k) =



0.4pu if 0 < k ≤ 150

0.5pu if 150 < k ≤ 300

0.6pu if 300 < k ≤ 450

0.55pu if 450 < k ≤ 600

0.45pu if 600 < k ≤ 750

(5.26)

The inputs to the T2FNS based identifier are the input signal u(k), and 1-step

delayed values of the real plant outputs y(k). The problem is to find the proper

parameter values for the T2FNS structure such that the difference between the plant

output y(k) and the identifier output yn(k) will be minimized for all input values u(k).

The training of the T2FNS is carried out for 200 epochs with 1000 time steps in

each epoch. As a performance criterion the RMSE defined in Equation 5.27 is used.

RMSE =

√√√√ 1

K

K∑
i=1

(xd
i − xi)2 (5.27)

where K represents the total number of the samples.
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Figure 5.3. The block diagram of the identifier.

Figure 5.4 shows the input to the identifier. While Figure 5.5 shows the RMSE

values versus epoch number, which indicates a stable learning with the gradient based

algorithm, Figure 5.6 demonstrates the output of the model and the real-time system.

As can be seen from Figure 5.6, the T2FNS gives accurate modeling results.

0 200 400 600 800 1000
0.25

0.3

0.35

0.4

0.45

0.5

Samples

u(
k)

Figure 5.4. The input of the identifier.

Identification is performed with 4 fuzzy rules. These fuzzy rules are constructed

using two clusters that are determined for each input variables. Different combinations

of these clusters are considered for the organization of the premise parts of the fuzzy
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Figure 5.5. RMSE versus epoch number.
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Figure 5.6. Output of the model and the real-time system.
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rules. As a result of clustering of premise parts and training of consequent parts, the

four fuzzy rules are generated and the parameters of the T2FNS are determined.

After the determination of the parameters in the antecedent part, the gradient

algorithm is applied for the learning of the parameters in the antecedent and the

consequent part. The initial values of w, a and b are selected randomly within the

interval [-1, 1].

Table 5.2 shows the centers of the type-2 membership functions after the cluster-

ing process. The number of rows shows the number of membership functions for each

input.

Table 5.2. The values of the centers of the input membership functions for the

identification case after clustering.

input 1 input 2

c1ij
0.2811 0.3620

0.4074 0.5393

c2ij
0.2920 0.3688

0.4079 0.5498

5.4.3. Control of the Dynamical System

The structure of the control scheme is shown in Figure 5.7. The variable y(k) is

the output signal of the plant, g(k) is the set-point signal, e(k) , ∆e(k) and
∑

e(k) are

the error, the change in the error and the sum of the error, respectively. D indicates

differentiation operation and
∑

indicates integration operation.

AMIRA DR300 DC motor experimental setup is used to test and compare the

performances of the T1FNS and T2FNS controllers. The sampling time is set to 20

ms for all the experiments. The speed of the motor and the load torque are scaled to

[-1,1]. In order to determine the efficiency and the accuracy of the proposed controllers,
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Figure 5.7. Structure of type-2 TSK fuzzy neural system.

three different types of load conditions are considered. Figure 5.8 represents the speed

responses of the motor for T1FNS and T2FNS controllers. The corresponding load

condition starts with a value of 0.2pu, and increases suddenly to 0.5pu on 7ths, and

then comes back to 0.2pu on 14ths. As can be seen from Figure 5.8, T1FNS and T2FNS

adapt their parameters when the load on the motor changes suddenly in 7ths and in

14ths. In order to initialize wij, bj, c1ij, c2ij and σij, first the simulation model of the

setup is run for 200 epochs.
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Figure 5.8. The speed responses of the motor for T1FNS and T2FNS.

Figure 5.9 shows the speed response of the motor under the sinusoidal load condi-

tion, i.e. ML(t) = 0.35+0.15sin(0.75t). Besides, Figure 5.10 shows the speed response
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of motor under load condition which is proportional to the square of the speed, i.e.

ML(t) = 1.5(Speed)2. This type of load corresponds to the load-torque characteristics

of centrifugal fans, pumps and blowers. It can be inferred from Table 5.3 that T2FNS

controller gives better performance than the T1FNS controller in all load conditions.

In this table, load type 1, load type 2, and load type 3 correspond to the step change,

sinusoidal, and proportional to the square of the speed of load torque, respectively.
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Figure 5.9. The speed responses of the motor for T1FNS and T2FNS.

Table 5.4-5.5 show the centers and standard deviations before and after control

process, respectively.

Table 5.3. Square of the error values at each time step.

Load type 1 Load type 2 Load type 3

T1FNN 1.330 1.021 0.856

T2FNN 0.956 0.953 0.841
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Figure 5.10. The speed responses of the motor for T1FNS and T2FNS.

Table 5.4. Initial values of the centers and standard deviation of the input

membership functions for the control case.

c1ij c2ij oij

e(k) ∆e(k)
∑

e(k) e(k) ∆e(k)
∑

e(k) e(k) ∆e(k)
∑

e(k)

-0.3 -0.1 -0.5 -0.2 -0.05 -0.3 0.2 0.1 0.3

0 0 0.5 0.1 0.05 0.7 0.2 0.1 0.3

0.3 0.1 1.5 0.4 0.15 1.7 0.2 0.1 0.3

Table 5.5. Final values of the centers and standard deviation of the input

membership functions for the control case.

c1ij c2ij oij

-0.3006 -0.1006 -0.5004 -0.2631 -0.0896 -0.3241 0.1022 0.0735 0.2812

0.0875 0.0596 0.6010 -0.1253 -0.0215 0.6474 -0.0959 0.1276 0.3118

0.3021 0.2550 1.5050 0.3543 0.1442 1.6992 0.1740 -0.0418 0.2922
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5.5. Conclusion

In this part of the dissertation a T2FNS is proposed for the identification and

the control of a servo system with time-varying and nonlinear load conditions. The

structure of the T2FNS is presented and the parameter update rules of the structure

are derived based on fuzzy clustering and GD algorithms. In order to improve the per-

formance of the type-2 fuzzy structure, a fuzzy c-means clustering algorithm is used

to determine the initial positions of the membership functions. The proposed control

algorithm is tested on a real time DC motor system under different nonlinear load

conditions. The experimental results obtained indicate the potential of the proposed

T2FNS structure. It is seen that type-2 fuzzy control algorithm can handle the uncer-

tainties in the system effectively with a much better transient performance and smaller

RMSE values compared to a conventional T1FNS controller.
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6. LEVENBERG-MARQUARDT METHOD AS APPLIED

TO T2FNNs

6.1. Introduction

A new training approach based on the LM algorithm is proposed for T2FNNs.

While conventional GD algorithms use only the first order derivative, the proposed

algorithm used in this thesis benefits from the first and the second order derivatives

which makes the training procedure faster. Besides, this approach is more robust

than the other techniques that use the second order derivatives, e.g. Gauss-Newton’s

method. The training algorithm proposed is tested on the training of a T2FNN used

for the prediction of a chaotic Mackey-Glass time series. The results show that the

learning algorithm proposed not only results in faster training but also in a better

forecasting accuracy.

The most commonly used training algorithms are based on first derivatives, such

as the GD based one. If higher derivatives are used, the resulting iterative algorithm

may perform better. For instance, Gauss-Newton’s method uses first and second order

derivatives and it gives a better performance when compared with the steepest descent

method. On the other hand, if the Hessian matrix, F, is not positive definite, then the

search direction may not point in a descent direction. To guarantee that the search

direction is a descent direction, a simple modification, namely LM modification, can

be introduced. The resulting algorithm is known to be more robust than the Gauss-

Newton’s method but slower.

LM algorithm is a promising method to train FNNs, and there exists number of

papers based on that algorithm in the literature. New training algorithms for B-spline

neural network and fuzzy rule-based systems using LM approach are discussed in [63],

and it has been shown that the standard error-back propagation algorithm exhibits

a very poor performance when compared to LM approach. In [64], FNNs trained

with LM algorithm exhibits faster training speed and better forecasting capability. A
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modified version of LM algorithm is introduced in [65], and it is shown that the modified

algorithm is more robust. The novel training algorithm also describes a simple method

to compute the Jacobian matrix which is considered to be the most difficult step in

implementing LM algorithm.

6.1.1. Levenberg-Marquardt Training Method

The well known back-propagation (BP) algorithm based on GD is very slow

because it must use small learning rates for stable learning and suffers from some other

drawbacks [66]. Logically, one would like to take large steps down the gradient at

locations where the gradient is small (the slope is gentle) and conversely, take small

steps when the gradient is large, so as not to rattle out of the minima. With the

simple BP update rule, just the opposite of this is done [67]. Another issue is that the

curvature of the error surface may not be the same in all directions. For example, if

there is a long and narrow valley in the error surface, the component of the gradient in

the direction that points along the base of the valley is very small while the component

along the valley walls is quite large. This results in motion more in the direction of the

walls even though we have to move a long distance along the base and a small distance

along the walls.

There are different approaches in the literature to improve the performance of

BP. Speed and reliability of BP can be increased by techniques called momentum and

adaptive learning rates. The momentum technique helps the network to get out, if

stacked in a local minima. By the use of adaptive learning rates it is possible to

decrease the learning time and improve the accuracy. In this paper we used a LM

modification of BP algorithm. By using LM, it is possible to achieve the results much

faster. The parameter update rule for LM is as follows:

△ w = (JTJ + µI)−1JT e (6.1)

in which J is the Jacobian matrix of derivatives of network function error, e is the error

and is calculated as the difference between desired and estimated net outputs, I is the
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identity matrix with proper dimensions. The number of columns in J matches the

number of training patterns. µ is a scalar which plays an important role in the update

process of LM. If it is very large, the above expression approximates GD, while if it is

small this expression becomes the Gauss-Newton method. The coefficient is changed

in such a way as to combine good features of both algorithms: GD algorithm (which

does not require that the initial values of parameters are well chosen), and Gauss-

Newton algorithm (which has quadratic convergence near an error minimum). As

long as the error gets smaller, µ is made bigger, but, once the error starts increasing,

it is made smaller. The LM is much faster than the GD algorithm, on which the

standard BP algorithm is based. However, it is computationally more expensive than

the GD algorithm. The pseudo code for LM and the selection of µ can be summarized

below [68]:

(i) Initialize the weights and the parameter µ (µ = 0.01 is appropriate)

(ii) Compute the sum of squared errors over all inputs F(w)

(iii) Compute the Jacobian matrix J

(iv) Solve Equation 6.1 to obtain the increment of weights ∆w

(v) Recompute the sum of squared error using the w +∆w and Judge

If F (w +∆w) < F (w) Then w = w +∆w µ = µβ, 0 < β < 1 and go to Step 2

Else

µ = µ/β, 0 < β < 1 and go to step 4

End If (β = 0.1 is appropriate)

6.2. Simulation Results

6.2.1. Prediction of Chaotic Mackey-Glass Time Series

In this section the LM algorithm is used to train the parameters of T2FLS, and

it is used to predict the noisy chaotic Mackey-Glass time series. This chaotic system

is a well-known benchmark problem in the literature, and it can be described by the
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following dynamic equation [37]:

ẋ(t) = 0.2
x(t− τ)

1 + x10(t− τ)
− 0.1x(t) (6.2)

The numerical values selected for the chaotic system above are τ = 17, x(0) = 1.2

in this study. The following approximation is used:

ẋ(t) =
x(k + 1)− x(k)

Ts

(6.3)

where Ts = 1.

The predictor goal is to predict x(t+1) using the inputs x(t−3), x(t−2), x(t−1)

and x(t). For each input two membership functions are used. Consequently the number

of rules that the predictor uses is 16. The number of training data is selected as 750,

and the number of test data is 335. In order to study the effect of noise in the proposed

system, six experiences are performed in which the data are corrupted with different

levels of signal to noise ratio (SNR) using three different optimization methods. The

well-known formula below is used as SNR:

SNR = 10log10

(
σ2
s

σ2
n

)
(6.4)

where σ2
s is the variance of the signal and σ2

n is the variance of the noise. Figure 6.1

shows the actual and the noisy Mackey-Glass chaotic time series data with SNR equals

to 0dB.

Figure 6.2 shows the primitive data set and the output of the T2FLS trained with

LM algorithm. As can be seen, the prediction accuracy of T2FLS using LM is quite

satisfactory for such a noisy data. The prediction error values between the model and

the T2FLS can be observed in Figure 6.3. Table 6.1 shows the prediction accuracies

of the T2FLS with the proposed type-2 membership function and T1FLS using LM.

To be able to make a fair comparison, triangular type membership function is used in
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Figure 6.1. The actual Mackey-Glass time series and the noisy data (SNR = 0dB).

T1FLS. The prediction performance of T2FLS is better than T1FLS for all levels of

noise on the data.

Figures 6.4a-6.4d show the proposed novel type-2 fuzzy membership functions

before (dotted line) and after (solid line) the training using LM. The related figures

show the type-2 fuzzy membership functions for x(t − 3), x(t − 2), x(t − 1) and x(t),

respectively. The parameters of the type-2 membership functions are initially set to

a1 = a2 = 1 which means that they are type-1. Once the training is finished, it is seen

that the widths of the proposed membership functions are grown which means that

they become type-2.

Figure 6.5 shows
∑

|a1 − a2| (the sum being over the eight membership functions

used for the 4 inputs) after the training of the T2FLS by LM algorithm. It can be seen

that the widths of the proposed membership functions are larger for higher levels of

noise which is an expected behavior from the T2FLS. Table 6.2 shows the prediction

accuracies of the T2FLS with the proposed type-2 membership function using LM and
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Figure 6.2. The actual Mackey-Glass time series and the output of the T2FLS

(SNR=10dB).
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Figure 6.3. The prediction error of the model and the original predicted data

(SNR=10dB).
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Table 6.1. The prediction accuracies of the T2FLS with the proposed type-2

membership function and T1FLS using LM.

Train Test

T2FLS T1FLS T2FLS T1FLS

0dB 0.1256 0.1264 0.1234 0.1244

2dB 0.1177 0.1194 0.1172 0.1181

4dB 0.1108 0.1122 0.1104 0.1106

6dB 0.1036 0.1056 0.1047 0.1042

8dB 0.0976 0.0995 0.0969 0.0984

10dB 0.0914 0.0934 0.0913 0.0927

GD. The figures indicate that the prediction performance of T2FLS trained with LM

is always better than T2FLS trained with GD for the training data set and is mostly

better for the testing data set. In order to have a comparison of the computational time

of LM and GD algorithms, the computation time is recorded when the error decreases

a specific value. It is seen that this time is 70 seconds for LM and 84 seconds for GD.

This shows that the LM algorithm is a computationally more effective algorithm when

compared to GD.

Table 6.2. The prediction accuracies of the T2FLS with the proposed type-2

membership function using GD and LM.

Train Test

LM GD LM GD

0dB 0.1256 0.1298 0.1234 0.1254

2dB 0.1177 0.1192 0.1172 0.1171

4dB 0.1108 0.1120 0.1104 0.1103

6dB 0.1036 0.1054 0.1047 0.1040

8dB 0.0976 0.0992 0.0969 0.0982

10dB 0.0914 0.0930 0.0913 0.0924
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Figure 6.4. The proposed novel type-2 fuzzy membership functions before (dotted

line) and after (solid line) the training using LM algorithm (a) shows the membership

function for x(t), (b) shows the membership function for x(t− 1), (c) shows the

membership function for x(t− 2) and (d) shows the membership function for x(t− 3).
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Figure 6.5. The width of the proposed novel type-2 fuzzy membership function after

training using LM w.r.t. the noise level.
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6.3. Conclusions

A novel type-2 membership function with certain values on both ends of the

support and the kernel, and some uncertain values on other values of the support has

been proposed. The parameter update rules of a T2FLS with such a membership

function are derived using LM algorithm. In order to show the effectiveness of the

use of LM for training the parameters of T2FLSs, a gradient based training method

is also used. The results show that LM outperforms the gradient-based method, while

its computation time is less than the computational time of GD algorithm.

T2FLS trained by LM and GD methods are used for the prediction of Mackey-

Glass chaotic system in the presence of measurement noise. It is shown that the

performance of T2FLS is better than the performance of type-1 counterpart in the

presence of higher levels of noise and uncertainties. The simulation results also show

that the width of the proposed membership function increases as more noise power is

injected to the system which means that the performance improvement of T2FLS over

type-1 counterpart is much higher for the higher levels of noise. This fact suggests

that T2FLSs should be preferred in the presence of higher levels of uniform noise and

uncertainties in the system.
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7. SMC THEORY-BASED ONLINE LEARNING AS

APPLIED TO T2FNNs

7.1. Introduction

A novel SMC theory-based learning algorithm is proposed to train an interval

T2FNN using triangular and Gaussian membership functions. The structure considered

is an interval type-2 TSK FLS in which the antecedents are type-2 fuzzy sets, and

consequents are crisp numbers (A2-C0). In the proposed learning algorithm, instead

of trying to minimize an error function as is generally done, the weights of the FNN

are tuned by the proposed algorithm in a way that the error is enforced to satisfy a

stable equation. The update rules to achieve this are derived and the convergence of

the parameters is proved by the use of Lyapunov stability method. To illustrate the

applicability and the efficacy of the proposed method, it is tested on the velocity control

of an electro hydraulic servo system (EHSS) in presence of flow nonlinearities and

internal friction for the triangular membership function case and on a Duffing oscillator

model for the Gaussian membership function case. The simulation studies indicate

that the type-2 fuzzy neuro structure with the proposed learning algorithm results in a

better performance than its type-1 fuzzy counterpart. Moreover, the proposed learning

algorithm is easy to implement due to its simple structure which makes it faster than

the other existing learning algorithms seen in the literature.

A number of different methods, e.g GD [69] and evolutionary algorithms [70,71]

have been used for the parameter optimization of FNNs. The GD method works

well when the system in hand has very slow variations in its dynamics. However,

since the gradient-based algorithms (e.g. dynamic back propagation) include partial

derivatives, the convergence speed may be slow especially when the search space is

complex. What is more, with repetitive algorithms, a number of numerical robustness

issues may emerge when they are applied over long periods of time [5]. In addition to

these drawbacks, the tuning process can easily be trapped into a local minimum [6].
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To alleviate the problems mentioned, the use of evolutionary approaches have been

suggested [71]. However, the stability of such approaches is questionable and the

optimal values for the stochastic operators are difficult to derive. Furthermore, the

computational burden can be very high.

SMC is an approach that guarantees the robustness of a system in the case of

external disturbances, parameter variations and uncertainties and as such has attracted

the attention of many researchers to guarantee robustness in computationally intelligent

architectures [72,73]. The main idea behind this control scheme is to restrict the motion

of the system in a plane referred to as the sliding surface, where the predefined function

of the error is zero [74]. SMC-based learning algorithms can not only make the overall

system more robust but also ensure faster convergence than the traditional learning

techniques in online tuning of T1FNNs. There are various studies in the literature

that aim to use the robustness property of SMC in the learning process of ANNs and

T1FNNs [11]. Conversely, the robustness and the stability properties of soft computing-

based control strategies can also be analyzed through the use of SMC theory [75].

A SMC theory-based learning algorithm is proposed to train T2FNNs using both

triangular and Gaussian type-2 membership functions (to the knowledge of the authors,

this is the first time such an approach has been used). The proposed learning algorithm

establishes a sliding motion in terms of the T2FNN parameters, leading the learning

error toward zero. The convergence of the algorithm is established and the stability

conditions are given. As compared to the gradient-based learning methods which aim

to minimize an error function, the learning parameters are tuned by the proposed

algorithm in a way to enforce the error to satisfy a stable equation.

In this study, a T2FNN is assumed to have two inputs, each being modeled by

triangular or Gaussian type-2 membership functions. The parameter update rules are

derived for such a structure, and the stability of the learning algorithm proposed is

proved by using a Lyapunov function. The learning algorithm proposed is tested on

the velocity control of an EHSS in the presence of flow nonlinearities and internal

friction and on a Duffing oscillator system.
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7.2. The Adaptive Fuzzy Neuro Control Approach

7.2.1. The FEL Control Scheme and Fuzzy Neural Network Structure

The control scheme proposed is presented on Figure 7.1 where the FNN block

with two inputs and one output can be a T1FNN or T2FNN. Its structure implements

a TSK fuzzy model as presented on Figure 7.2 for the T2FNN case. In recent years,

the TSK fuzzy model has gained more and more attention, especially in fuzzy control.

This is due to the fact that by means of the TSK fuzzy model one is able to blend a

number linearized models of the system [76].

When a PD controller is used in the block diagram shown on Figure 7.1, it acts as

an ordinary feedback controller to ensure the stability of the system and as an inverse

reference model of the response of the system under control. The PD control law is

described as follows:

τc = kP e+ kDė (7.1)

where e = θd − θ is the feedback error, θd is the target value, kP and kD are the

controller gains and η1 is the noise added to the output of the system.

Conventional 

controller (P, 

PD, PI or PID)

Plant

Fuzzy Neural 

Network

q

q&

d
q

d
q&

e& e

τ
τc

τn

Ƞ1

.

.

.

.

Figure 7.1. Block diagram of the proposed adaptive fuzzy neuro scheme.
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7.2.2. Type-2 Fuzzy Neural Network

The fuzzy if-then rule Rij of a zeroth-order type-2 TSK model with two input

variables where the consequent part is a crisp number is defined as follows:

Rij : If x1 is 1̃i and x2 is 2̃j, then fij = dij (7.2)

where x1 and x2 are the inputs of the type-2 TSK model, 1̃i and 2̃j are the type-2 fuzzy

sets corresponding to the input 1 and input 2, respectively. The zeroth order function,

fij is the consequent part of the rules where I (i = 1, . . . , I) and J (j = 1, . . . , J) being

the number of membership functions used for the input 1 and input 2, respectively.

The T2FNN considered in this thesis uses type-2 membership functions in the

premise part and crisp numbers in the consequent part (Figure 7.2). This structure is

called ”A2-C0” fuzzy system [42]. It is to be noted that the number of rules are equal

to K = IxJ in Figure 7.2.
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Figure 7.2. Structure of T2FNN for two inputs.

In the first layer of Figure 7.2, the input signals are fed into the system. In

the second layer, each node corresponds to one linguistic term. In this layer, for each

input signal entering the system, the upper and the lower membership degrees µ and
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µ are determined. The third layer calculates the firing strengths of the rules which are

realized using the prod t-norm operator.

Wij = µ
1i
(x1)µ2j

(x2) (7.3)

Wij = µ1i(x1)µ2j(x2) (7.4)

The fourth layer determines the outputs of the linear functions fij, in the conse-

quent parts. In this study, as has been stated earlier, a zeroth-order system is assumed

and therefore:

fij = dij (7.5)

The fifth, the sixth and the seventh layers perform the type-reduction and the

defuzzification operations. The defuzzified output of the type-2 TSK fuzzy neural

system is determined as follows:

τn =

∫
W11∈[W 11,W 11]

. . .

∫
WIJ∈[W IJ ,W IJ ]

1

/∑I
i=1

∑J
j=1Wij(x)fij∑I

i=1

∑J
j=1Wij(x)

(7.6)

where fij is given by the if-then rule. Equation 7.6 above is the general expression to

obtain the output of an interval type-2 TSK model. In order to obtain a crisp output

for a practical implementation, we use the inference engine proposed in [42]. By the

use of this approach, Equation 7.6 simplifies to Equation 7.7 :

τn =
q
∑M

i=1

∑N
j=1W ijfij∑M

i=1

∑N
j=1 W ij

+
(1− q)

∑M
i=1

∑N
j=1W ijfij∑M

i=1

∑N
j=1W ij

(7.7)

The design parameter, q, weights the sharing of the lower and the upper firing
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levels of each fired rule [42]. W ij and W ij are determined using Equation 7.3 and

Equation 7.4, and fij is determined using Equation 7.5.

In Figure 7.2, Layer 5 computes the product of the firing levels Wij and Wij

and the linear functions fij. Layer 6 includes two summation blocks. One of these

blocks computes the sum of the output signals from Layer 5 (the numerator part of

Equation 7.7) and the other block computes the sum of the output signal of Layer 3

(the denominator part of Equation 7.7). Layer 7 calculates output of the network using

Equation 7.7.

After the calculation of the output signal in the T2FNN, the training of the

network is started. The training includes an adjustment of the parameters cij and

σij in the membership functions in the second layer and the parameters of the linear

functions in the fourth layer. In the next section, the parameter update rules of T2FNN

are derived.

Gaussian type-2 fuzzy membership functions µ1i(x1), µ1i(x1), µ2j(x2), and µ2j(x2)

for the inputs x1 and x2 are shown for uncertain standard deviation and uncertain mean.

Their mathematical expressions are as follows:

µ1i(x1) = exp

[
−
(
x1 − c1i

σ1i

)2]
(7.8)

µ1i(x1) = exp

[
−
(
x1 − c1i

σ1i

)2]
(7.9)

µ2j(x2) = exp

[
−
(
x2 − c2j

σ2j

)2]
(7.10)

µ2j(x2) = exp

[
−
(
x2 − c2j

σ2j

)2]
(7.11)
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where the real constants c, c, σ, σ > 0 are among the tunable parameters of the T2FNN.

Hence, Equation 7.3 and Equation 7.4 can be rewritten as follows:

Wij = exp

[
−
(
x1 − c1i

σ1i

)2

−
(
x2 − c2j

σ2j

)2]
(7.12)

Wij = exp

[
−
(
x1 − c1i

σ1i

)2

−
(
x2 − c2j

σ2j

)2]
(7.13)

After the normalization of Equation 7.7, the output signal of the T2FNN will acquire

the following form:

τn = q
I∑

i=1

J∑
j=1

fijW̃ij + (1− q)
I∑

i=1

J∑
j=1

fijW̃ij (7.14)

where W̃ij and W̃ij are the normalized values of the lower and the upper output signals

of the neuron ij from the second hidden layer of the network:

W̃ij =
Wij∑I

i=1

∑J
j=1 Wij

(7.15)

W̃ij =
Wij∑I

i=1

∑J
j=1 Wij

(7.16)

The input signal to the plant, τ , is as follows:

τ = τc − τn (7.17)

where τc and τn are the control signals generated by the PD controller and the FNN,

respectively.

It is to be noted that that 0 < W̃ij ≤ 1 and 0 < W̃ij ≤ 1. In addition, it can

be easily seen that
∑I

i=1

∑J
j=1 W̃ij = 1 and

∑I
i=1

∑J
j=1 W̃ij = 1. It is also considered
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that, τ and τ̇ are bounded signals , i.e.

|τ (t)| < Bτ , |τ̇ (t)| < Bτ̇ ∀t (7.18)

where Bτ and Bτ̇ are some known positive constants.

7.2.3. The Sliding Mode Learning Algorithm

Using the principles of SMC theory [77], the time-varying sliding surface is de-

fined:

Sc (τn, τ) = τc (t) = τn (t) + τ (t) = 0 (7.19)

This is the condition that the T2FNN is trained to become the nonlinear regulator to

obtain the desired response and the contribution of the PD controller is driven to zero.

The sliding surface for the nonlinear system under control Sp (e, ė) is defined as:

Sp (e, ė) = ė+ χe (7.20)

with χ being a constant determining the slope of the sliding surface. It is obvious

that higher value of χ implies faster response of the system. On the other hand, the

selection of this parameter is not arbitrary. The reader is encouraged to refer [78] for

a detailed explanation of the selection process of χ.

Definition: A sliding motion will appear on the sliding manifold Sc (τn, τ) =

τc (t) = 0 after a time th, if the condition Sc(t)Ṡc(t) = τc (t) τ̇c (t) < 0 is satisfied for all

t in some nontrivial semi-open subinterval of time of the form [t, th) ⊂ (−∞, th).

It is desired to devise a dynamical feedback adaptation mechanism, or online

learning algorithm for the T2FNN parameters such that the sliding mode condition of

the above definition is enforced.
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7.2.3.1. The Parameter Update Rules for Gaussian Membership Functions.

The T2FLS is assumed to have two inputs, each being modeled by type-2 Gaussian

membership functions. The parameter update rules are derived for such a structure.

Theorem 7.1. If the adaptation laws for the parameters of the considered T2FNN are

chosen as:

ċ1i = ˙̄c1i = ẋ1 (7.21)

ċ2j = ˙̄c2j = ẋ2 (7.22)

σ̇1i = −
(σ1i)

3

(x1 − c1i)2
αsgn(τc) (7.23)

˙σ2j = −
(σ2j)

3

(x2 − c2j)2
αsgn(τc) (7.24)

σ̇1i = − (σ̄1i)
3

(x1 − c̄1i)2
αsgn(τc) (7.25)

˙σ2j = − (σ̄2j)
3

(x2 − c̄2j)2
αsgn(τc) (7.26)

ḋij = −
qW̃ij + (1− q)W̃ij

(qW̃ + (1− q)W̃ )T (qW̃ + (1− q)W̃ )
αsgn(τc) (7.27)

where α is a sufficiently large positive design constant satisfying the inequality:

α > Bτ̇ (7.28)
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This ensures that for given an arbitrary initial condition τc(0), the learning error τc(t)

will converge to zero during a finite time th.

Proof. The reader is referred to Appendix A.

In Equation 7.27, W̃ and W̃ are the vectors defined as follows:

W̃ (t) =
[
W̃11 (t) W̃12 (t) ... W̃21 (t) ... W̃ij (t) ... W̃ IJ (t)

]T
: vector of the normalized

lower output signals of the neurons from the second hidden layer;

W̃ (t) =
[
W̃11 (t) W̃12 (t) ... W̃21 (t) ... W̃ij (t) ... W̃ IJ (t)

]T
: vector of the normalized

upper output signals of the neurons from the second hidden layer;

In the adaptation laws of Equations 7.21-7.27, in order to avoid divisions by very

small numbers, a lower limit of 0.001 is imposed to the denominators.

It is well-known that sliding mode controllers suffer from high-frequency oscilla-

tions in the control input, which are called ”chattering”. Chattering is an undesirable

phenomena because it may excite the high-frequency dynamics of the system. There

are two common methods used to eliminate it [79]:

(i) The use of a saturation function to replace the signum function.

(ii) The use of a boundary layer so that an equivalent control replaces the corrective

one when the system is inside this layer.

Since when the second method is used, a finite steady-state error would always exist,

most of the approaches use the saturation or the sigmoid function to replace the signum

function. In order to reduce the chattering effect the function in Equation 7.29 has

been used in this investigation instead of the sign function in the dynamic strategy
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described in Equations 7.23-7.27.

sign(τc) :=
τc

|τc|+ δ
(7.29)

where δ = 0.05.

The relation between the sliding line Sp and the zero adaptive learning error level

Sc is determined by the following equation if χ is taken as χ = kP
kD

:

Sc = τc = kDė+ kP e = kD

(
ė+

kp
kD

e

)
= kDSp (7.30)

The tracking performance of the feedback control system can be analyzed by

introducing the following Lyapunov function candidate:

Vp =
1

2
S2
p (7.31)

Theorem 7.2. If the adaptation strategy for the adjustable parameters of the T2FNN

is chosen as in (7.21)-(7.27), then the negative definiteness of the time derivative of

the Lyapunov function in Equation 7.31 is ensured.

Proof. The reader is referred to Appendix B.

7.2.3.2. The Parameter Update Rules for Triangular Membership Functions.

The parameter update rules for a T2FNN which uses triangular membership functions

in the antecedent part and has two inputs are given in the following theorem.

Theorem 7.3. If the adaptation laws for the parameters of the considered T2FNN are

chosen as:

ċ1i =

 ċ1i = ẋ1

∣∣x1 − c1i
∣∣ < d1i

0 otherwise
(7.32)
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ċ1i =

 ċ1i = ẋ1 |x1 − c1i| < d1i

0 otherwise
(7.33)

ċ2j =

 ċ2j = ẋ2

∣∣∣x2 − c2j

∣∣∣ < d2j

0 otherwise
(7.34)

ċ2j =

 ċ2j = ẋ2 |x2 − c2j| < d2j

0 otherwise
(7.35)

ḋ1i = µ1i

−αd1i
2

x1 − c1i
sgn(τc)sgn

(
x1 − c1i

d1i

)
(7.36)

ḋ1i = µ1i
−αd1i

2

x1 − c1i
sgn(τc)sgn

(
x1 − c1i

d1i

)
(7.37)

ḋ2j = µ2j

−αd2j
2

x2 − c2j
sgn(τc)sgn

(
x2 − c2j

d2j

)
(7.38)

ḋ2j = µ2j
−αd2j

2

x2 − c2j
sgn(τc)sgn

(
x2 − c2j

d2j

)
(7.39)

ḟij = −
(qW̃ij + (1− q)W̃ij)

(qW̃ + (1− q)W̃ )T (qW̃ + (1− q)W̃ )
αsgn(τc) (7.40)
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where α is a sufficiently large positive design constant satisfying the inequality:

α > Bτ̇ (7.41)

This ensures that for given an arbitrary initial condition τc(0), the learning error τc(t)

will converge to zero during a finite time th.

Proof. The reader is referred to Appendix C.

Similar to the previous case, in order to avoid division to zero in the adaptive

laws Equations 7.32-7.40 an algorithm is written to make the denominator equal to

0.001 always when its calculated value is smaller than this threshold.

In order to reduce the chattering effect the function in Equation 7.42 has been

used in this investigation instead of the signum function in the dynamic strategy de-

scribed in Equation 7.36-Equation 7.40.

sign(τc) :=
τc

|τc|+ δ
(7.42)

where δ = 0.05.

The relation between the sliding line Sp and the zero adaptive learning error level

Sc, if χ is taken as χ = kP
kD

, is determined by the following equation:

Sc = τc = kDė+ kP e = kD

(
ė+

kp
kD

e

)
= kDSp (7.43)

The tracking performance of the feedback control system can be analyzed by

introducing the following Lyapunov function candidate:

Vp =
1

2
S2
p (7.44)
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Theorem 7.4. If the adaptation strategy for the adjustable parameters of the T2FNN

is chosen as in Equations 7.32-7.40, then the negative definiteness of the time derivative

of the Lyapunov function in Equation 7.44 is ensured.

Proof. The reader is referred to Appendix D.

7.3. Simulation Studies With Gaussian Membership Functions for Duffing

Oscillator

The chaotic dynamic systems are nonlinear deterministic systems which have

sensitive dependence on initial conditions, they exhibit unpredictable, noisy-like and

complex behaviors [80]. Since they have complex system dynamics, they are useful for

being a benchmark problem for control engineering applications [81, 82]. The perfor-

mance of the proposed learning algorithms is tested on the control of a Duffing oscillator

which is a second-order chaotic system, described by the following differential equation:

θ̈ = f(θ) + τ (7.45)

where f(θ) = −p1θ − p2θ
3 − pθ̇ + qcos(ωdt), t is the time variable, τ is the control

force, and p, p1, p2 and q are real constants. The numerical values (p=0.2, p1=-1,

p2=1, q=0.3 and wd=1) are selected such that the system in Equation 7.45 is forced to

exhibit a chaotic behavior. The sampling time for all the experiments is set to to 1ms,

and the learning rate α is set to 0.3. Figure 7.3 shows the open-loop phase portrait of

the system for the numerical values given above in which the control input τ(t) = 0,

and the initial condition of the system is (0, 1).

When the PD controller acts on its own, the best control performance obtainable

is as shown in Figure 7.4. Here the desired trajectory is θ̈d = 1.25sin(0.75θd) with

θd(0) = 1 and θ̇d(0) = 0) and the PD controller coefficients are tuned to kP = 750 and

kD = 275 with trial-and-error method.
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Figure 7.3. Open-loop phase portrait of Duffing oscillator.
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Figure 7.4. Duffing oscillator with only the conventional PD controller.
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The T2FLSs should be used when they are needed, because a number of studies

in the literature state that the performance of T1FLSs and T2FLSs are more or less the

same when there are no uncertainties in the system to be controlled. In other words,

in order to see some performance improvement between type-1 and type-2 FLCs, the

system to be controlled should have some parameter uncertainties, noise, time-varying

parameters or other sources of uncertainties. Figure 7.5-7.7 show the phase portrait,

the output (θ(t)) and the time derivative of the output (d/dtθ(t)) of the actual and

the target trajectories of the system respectively, with the conventional PD controller

working in parallel with a T2FNN. In order to test the proposed control scheme in a

noisy environment, ten experiments are done by using different levels of noise (from

10dB to 80dB), but only the one with SNR=80dB is shown in these figures. It can be

seen that the proposed control scheme in which the conventional PD controller works

in parallel with a T2FNN is able to enforce the system to follow the target trajectory

with a better performance than the case when the PD controller acts alone.

−1 0 1 2 3 4 5 6 7 8
−3

−2

−1

0

1

2

3

θ

d(
θ)

/d
t

 

 
Actual trajectory
Target trajectory

Figure 7.5. The phase portrait of the actual and the target trajectories when the PD

controller acts together with T2FNN (η1: SNR=80dB).

Figure 7.8-7.9 show the error of the system and the phase portrait of the error

respectively. In Figure 7.9, the reaching of the sliding surface and the sliding mode

thereafter can clearly be seen.
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Figure 7.6. The actual and the target trajectories when the PD controller acts

together with T2FNN (η1: SNR=90dB).
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Figure 7.7. The time derivative of the actual and the target trajectories when the PD

controller acts together with T2FNN (η1: SNR=80dB).
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T2FNN (η1: SNR=80dB).
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with T2FNN (η1: SNR=80dB).
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The control signals originating from the conventional PD controller and the adap-

tive T2FNN can be seen in Figure 7.10. It can be observed that the T2FNN is able

to take over the control operation, thus becoming the leading controller after a short

time period. The output of the PD controller thereafter is to compensate for the noise

and its mean value is zero.
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Figure 7.10. The control signals of PD and T2FNN blocks (η1: SNR=80dB).

Finally, Table 7.1 shows the performance difference between T2FNN and T1FNN.

It is seen that the benefit of the the use of T2FNN is more apparent as more noise

power is injected to the system, which is an expected result. It is again stressed that

the results shown are the averages of ten experiments.

7.4. Simulation Studies With Triangular Membership Functions for EHSS

EHSSs are widely used in industrial applications because of their ability to handle

large inertia and torque loads and, at the same time, achieve fast starting, stopping, and

reversal with smoothness and a high degree of both accuracy and performance [83,84].

Typical applications include active suspension systems, control of industrial robots,

and flight simulators. EHSSs contain several nonlinearities such as valve dead zones,
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Table 7.1. The mean squared error (MSE) of the T1FNN and T2FNN.

Noise level (SNR) T1FNN T2FNN

10 760.33 738.93

20 161.67 142.15

30 26.27 20.40

40 2.286 2.052

50 0.284 0.250

60 0.043 0.061

70 0.0196 0.017

80 0.0135 0.015

90 0.0098 0.006

valve flow saturation, and cylinder seal friction. These nonlinearities limit the control

performance of conventional controllers. This part of the dissertation investigates the

control of a velocity EHSS whose mathematical model includes flow nonlinearities and

internal friction. The control scheme with the proposed learning algorithm has the

ability to control such a nonlinear system without having its accurate dynamical model.

The block diagram of the EHSS considered in this subsection is shown in Figure

7.11 [85]. The basic parts of the system are: 1. hydraulic power supply, 2. accumulator,

3. charge valve, 4. pressure gauge device, 5. filter, 6. two-stage electro hydraulic

servo valve, 7. hydraulic motor, 8. measurement device, 9. personal computer, and 10.

voltage-to-current converter [85]. The states of the system are x1: hydro motor angular

velocity [rad/sec], x2: load pressure differential [Pa], and x3: valve displacement [m].

The dynamical state space equations of the system are as follows:
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Figure 7.11. Electro Hydraulic Servo System (EHSS).

ẋ1 =
1

Jt

(
−Bmx1 + qmx2 − qmCfPssgn(x1)

)
(7.46)

ẋ2 =
2βe

V0

(
− qmx1 − Cimx2 + CdWx3

√
1

ρ

(
Ps − x2sgn(x3)

))
ẋ3 =

1

Tr

(−x3 +
Kr

Kq

u)

y = x1

It is assumed that the motor shaft does not change its direction of rotation,

x1 > 0. This is a practical assumption and in order for it to be satisfied, the servo

valve displacement x3 does not have to move in both directions relative to the neutral

position x3 = 0. This fact allows us to restrict the entire problem to the region where

x3 > 0. In this case, the mathematical representation of the system simplifies to
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Equation 7.47 [85]:

ẋ1 =
1

Jt

(
−Bmx1 + qmx2 − qmCfPs

)
(7.47)

ẋ2 =
2βe

V0

(
− qmx1 − Cimx2 + CdWx3

√
1

ρ

(
Ps − x2

))
ẋ3 =

1

Tr

(−x3 +
Kr

Kq

u)

y = x1

The state space representation of the system is as follows:

ẋ = f(x) +Bu (7.48)

y = Cx+Du

where

f(x) =


1
Jt

(
−Bmx1 + qmx2 − qmCfPs

)
2βe

V0

(
− qmx1 − Cimx2 + CdWx3

√
1
ρ

(
Ps − x2

))
1

−Tr
x3

 , B =


0

0

Kr

Kq



C =
(

1 0 0
)
, D = 0

The nomenclature of the symbols and the numerical values used in this study are given

in Table 7.2.

A number of simulations have been done to show the effectiveness of the proposed

control algorithm. The sampling period for all the simulations is selected as 0.2ms. The

implemented control structure consists of a conventional controller (in this case a PD

controller) and a T2FLS feedback controller. The former is provided to guarantee global

asymptotic stability in compact space as well as to act as an inverse reference model



103

Table 7.2. Nomenclature.

Symbol Description Numerical value

Kr Valve gain 1.4x10−4m3/s.V

ρ Oil density 850kg/m3

Kq Valve flow gain 1.66m2/s

Ps Supply pressure 107Pa

W Surface gradient 8Πx10−3m

Tr Valve time constant 0.01s

Cd Discharge coefficient 0.61

Bm Viscous damping coefficient 1.1x10−3Nms

βe Effective hulk modulus of the system 1.391x109Pa

qm Volumetric displacement of the motor 7.96x10−7m3/rad

Cf Dimensionless internal friction coefficient 0.104

V0 Average contained volume of each motor

chamber

1.2x10−4m3

Cim Internal or cross-port leakage coefficient of

the motor

1.69x10−11m3/Pa.s

Jt Total inertia of the motor and load re-

ferred to the motor shaft

0.03kgm2

of the response of the controlled system. Its output is used as an error signal by an

incremental learning algorithm to update the parameters of the fuzzy neuro controller.

In this way the latter is able to gradually replace the conventional controller.

The tracking performance of a PD controller working alone is shown in Figure

7.12. As can be seen from Figure 7.12a, the PD controller cannot eliminate the steady

state error for a step input which is equal to 200rad/s for x1.

The tracking performance of the T2FNN working in parallel with a PD controller

is shown in Figure 7.13. As can be seen from 7.13a, when the T2FNN is used in parallel

with a PD controller, the system does not have any steady state error.
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Figure 7.12. Simulation results for the case of PD controller working alone when

reference signal is equal to 200rad/s for x1.

Figure 7.12(d) shows the signal τc when the PD controller is used alone. Figure

7.13(d) shows the control signals τc and τn when the PD controller is working in parallel

with the proposed T2FNN. As can be seen from Figure 7.13(d), when PD controller

is used in parallel with the proposed T2FNN, the signal τc goes to zero after a finite

time. And then, T2FNN takes the responsibility of controlling the process. Figure

7.14 indicates the control accuracy difference between the T1FLCs and the T2FLCs

with the proposed learning algorithm. It can be seen that the performance accuracy of

T2FLS is higher than its type-1 counterpart in the presence of the higher levels noise.

A similar conclusion has previously be reached in [38]. Consequently, it can be stated

that T2FLSs should be preferred when there exists a large amount of uncertainties

in the system. In other words, if the uncertainties in the system are relatively small,

T1FLS might be a better choice because of having less number of parameters to be

tuned.
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Figure 7.13. Simulation results for the case of PD controller working in parallel with

T2FLS when reference signal is equal to 200rad/s for x1.
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Figure 7.15 shows the phase space behavior of the error both for the cases when

the conventional PD controller is used alone and when it is used in parallel with the

proposed T2FNN. This figure indicates that the error dynamics can reach the sliding

line faster and remains there when the conventional PD controller is used in parallel

with the proposed T2FNN.
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Figure 7.15. The phase portrait of the system.

7.5. Conclusion

The highly novel aspect of this section is the use of a SMC theory-based learning

algorithm to train the parameters of T2FNNs. The performance of the proposed learn-

ing algorithm is tested through simulation studies on a Duffing oscillator and EHSS.

It is seen that the proposed structure that uses a combination of type-2 FL theory,

ANNs, and SMC theory harmoniously allows us to better handle modeling uncertain-

ties in terms of noise, as compared to a T1FNN structure. The prominent feature of the

proposed algorithm is its computational simplicity as compared with gradient based

and genetic algorithms. Its real time implementation is therefore relatively simple.
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8. CONCLUSIONS

To our best knowledge, there does not exist any paper in literature which makes

a general comment about the noise reduction property of T2FLSs. We propose a novel

type-2 membership function in this study that enables us to come up with some metrics.

This membership function has certain values on both ends of the support and the kernel,

and some uncertain values on other points of the support. With such a function, the

parameters responsible for the width of uncertainty are de-coupled from the parameters

responsible for the center and the support of the membership function. This allows

us to analyze how the uncertainty in the input distorts the inference of the T2FLS.

The parameter update rules are derived for the proposed type-2 fuzzy membership

function using the GD method. Three different applications (identification, prediction

and control) are considered and the simulation results obtained indicate that that the

width of the proposed membership function increases as more noise power is injected

to the system. The performance improvement of T2FLS over type-1 counterparts is

much higher for the higher levels of noise. This fact shows that T2FLSs should be used

when needed, i.e. in the presence of noise and uncertainties in the system. Another

contribution of this dissertation is that some guidelines are derived for the selection of

the parameters a1 and a2 of the novel membership function.

In this dissertation a T2FNN is proposed for the identification and control of a

servo system with time-varying and nonlinear load conditions. The structure of T2FNN

is presented and the parameter update rules of the structure are derived based on fuzzy

clustering and GD algorithms. In order to improve the performance of the type-2

fuzzy structure, a fuzzy c-means clustering algorithm is used to determine the initial

positions of the membership functions. The experimental results obtained indicate

the potential of the proposed T2FNN structure. It is seen that type-2 fuzzy control

algorithm can handle the uncertainties in the system effectively with a much better

transient performance and smaller RMSE values compared to a conventional T1FNN.
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The parameter update rules of a T2FLS with a novel membership function are

derived using LM algorithm. In order to show the effectiveness of the use of LM for

training the parameters of T2FLSs, a gradient based training method is also used. The

results show that LM outperforms the gradient-based method, while its computation

time is less than the computational time of GD algorithm. T2FLS trained by LM

and GD methods are used for the prediction of Mackey-Glass chaotic system in the

presence of measurement noise. It is shown that the performance of T2FLS is better

than the performance of type-1 counterpart in the presence of higher levels of noise

and uncertainties. The simulation results also show that the width of the proposed

membership function increases as more noise power is injected to the system which

means that the performance improvement of T2FLS over type-1 counterpart is much

higher for the higher levels of noise. This fact suggests that T2FLSs should be preferred

in the presence of higher levels of uniform noise and uncertainties in the system.

In this dissertation, a SMC theory-based learning algorithm is proposed to train

T2FNNs for both Gaussian and triangular type-2 fuzzy membership functions (to the

knowledge of the authors, this is the first time such an approach has been used). The

parameter update rules are derived for a structure with two inputs, each being modeled

by type-2 membership functions. It is seen through the simulations studies carried out

that the T2FNN with the sliding mode learning algorithm can control the systems

considered in this dissertation effectively, with better noise rejection capabilities as

compared to a T1FNN structure. The prominent feature of the learning algorithm

proposed (in addition to its robustness) is its computational simplicity as compared

with gradient based and genetic algorithms.
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APPENDIX A: PROOF OF THEOREM 1

Time derivatives of Equations 7.8-7.11 are written as follows:

˙µ1i(x1) = −2A1i(Ȧ1i)µ1i(x1) (A.1)

˙
µ1i(x1) = −2U1i(U̇1i)µ1i(x1) (A.2)

˙µ2j(x2) = −2A2j(Ȧ2j)µ2j(x2) (A.3)

˙
µ2j(x2) = −2U2j(U̇2j)µ2j(x2) (A.4)

where

A1i =
(

x1−c1i
σ1i

)
, A2j =

(
x2−c2j

σ2j

)
, U1i =

(
x1−c1i
σ1i

)
, and U2j =

(
x2−c2j
σ2j

)

The normalized value of the lower and upper output signal of the neuron ij from

the second hidden layer of the network can be written as below:

W̃ij =
Wij∑I

i=1

∑J
j=1 Wij

(A.5)

W̃ij =
Wij∑I

i=1

∑J
j=1 Wij

(A.6)



110

The time derivative of Equation A.5 and Equation A.6 are written as follows:

˙̃
Wij =

(
µ1i(x1)µ2j(x2)

)′(∑I
i=1

∑J
j=1Wij

)
(
∑I

i=1

∑J
j=1Wij)2

−

(
Wij

)(∑I
i=1

∑J
j=1 µ1i(x1)µ2j(x2)

)′
(
∑I

i=1

∑J
j=1Wij)2

(A.7)

˙̃
Wij =

(
µ1i(x1)µ2j(x2)

)′(∑I
i=1

∑J
j=1Wij

)
(
∑I

i=1

∑J
j=1Wij)2

−

(
Wij

)(∑I
i=1

∑J
j=1 µ1i(x1)µ2j(x2)

)′
(
∑I

i=1

∑J
j=1Wij)2

(A.8)

Since W̃ij =
Wij∑I

i=1

∑J
j=1 Wij

,

˙̃
Wij =

(
˙µ1i(x1)µ2j(x2) + µ1i(x1) ˙µ2j(x2)

)
(
∑I

i=1

∑J
j=1Wij)

−
(W̃ij)

(∑I
i=1

∑J
j=1

(
˙µ1i(x1)µ2j(x2) + µ1i(x1) ˙µ2j(x2)

))
(
∑I

i=1

∑J
j=1Wij)

=

(
− 2A1i(A1i)

′µ1i(x1)µ2j(x2)− 2A2j(A2j)
′µ1i(x1)µ2j(x2)

)
(
∑I

i=1

∑J
j=1 Wij)

−
(W̃ij)

∑I
i=1

∑J
j=1

(
− 2A1i(A1i)

′µ1i(x1)µ2j(x2)

)
(
∑I

i=1

∑J
j=1Wij)

−
(W̃ij)

∑I
i=1

∑J
j=1

(
2A2j(A2j)

′µ1i(x1)µ2j(x2)

)
(
∑I

i=1

∑J
j=1 Wij)

(A.9)
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˙̃
Wij = −W̃ij(K̇ij) + W̃ij

I∑
i=1

J∑
j=1

W̃ij(K̇ij) (A.10)

˙̃
Wij = −W̃ij(K̇ij) + W̃ij

I∑
i=1

J∑
j=1

W̃ij(K̇ij) (A.11)

where

(Kij)
′ = 2

(
A1i(A1i)

′ + A2j(A2j)
′
)

(Kij)
′ = 2

(
U1i(U1i)

′ + U2j(U2j)
′
)

By using the following Lyapunov function, the stability condition is checked as

follows;

Vc =
1

2
τ 2c (t) (A.12)

V̇c = τcτ̇c = τc(τ̇n + τ̇) (A.13)

τn =
q
∑I

i=1

∑J
j=1 fijWij∑I

i=1

∑J
j=1Wij

+
(1− q)

∑I
i=1

∑J
j=1 fijWij∑I

i=1

∑J
j=1Wij

= q
I∑

i=1

J∑
j=1

fijW̃ij + (1− q)
I∑

i=1

J∑
j=1

fijW̃ij

(A.14)
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τ̇n = q

I∑
i=1

J∑
j=1

(ḟijW̃ij + fij
˙̃

Wij)

+ (1− q)
I∑

i=1

J∑
j=1

(ḟijW̃ij + fij
˙̃

Wij)

(A.15)

τ̇n = q
I∑

i=1

J∑
j=1

((
− W̃ij(Kij)

′ + W̃ij

I∑
i=1

J∑
j=1

W̃ij(Kij)
′
)
fij + W̃ij ḟij

)

+ (1− q)
I∑

i=1

J∑
j=1

((
− W̃ij(Kij)

′ + W̃ij

I∑
i=1

J∑
j=1

W̃ij(Kij)
′
)
fij

+ W̃ij ḟij

)
(A.16)

V̇c = τc

(
q

I∑
i=1

J∑
j=1

((
− W̃ij(Kij)

′ + W̃ij

I∑
i=1

J∑
j=1

W̃ij(Kij)
′
)
fij

+ W̃ij ḟij

)
+ (1− q)

I∑
i=1

J∑
j=1

((
− W̃ij(Kij)

′

+ W̃ij

I∑
i=1

J∑
j=1

W̃ij(Kij)
′
)
fij + W̃ij ḟij

)
+ τ̇

)

= τc

(
q

I∑
i=1

J∑
j=1

((
− W̃ij

(
2A1i(A1i)

′ + 2A2j(A2j)
′)

+ W̃ij

I∑
i=1

J∑
j=1

W̃ij

(
2A1i(A1i)

′ + 2A2j(A2j)
′))fij + W̃ij ḟij

)

+ (1− q)
I∑

i=1

J∑
j=1

((
− W̃ij

(
2U1i(U1i)

′ + 2U2j(U2j)
′)

+ W̃ij

I∑
i=1

J∑
j=1

W̃ij

(
2U1i(U1i)

′ + 2U2j(U2j)
′))fij + W̃ij ḟij

)
+ τ̇

)

(A.17)

where

Ȧ1i =
(ẋ1 − ˙c1i)σ1i − (x1 − c1i)σ̇1i

σ1i
2
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Ȧ2j =
(ẋ2 − ˙c2j)σ2j − (x2 − c2j) ˙σ2j

σ2j
2

U̇1i =
(ẋ1 − ˙c1i)σ1i − (x1 − c1i)σ̇1i

σ1i
2

U̇2j =
(ẋ2 − ˙c2j)σ2j − (x2 − c2j) ˙σ2j

σ2j
2

Equation A.18 can be obtained as follows;

A1iȦ1i = A2jȦ2j = U1iU̇1i = U2jU̇2j = αsgn(τc) (A.18)

V̇c = τc

(
I∑

i=1

J∑
j=1

(
2
(
− W̃ijfij2αsgn(τc)

+ W̃ijfij

I∑
i=1

J∑
j=1

W̃ij2αsgn(τc)
)
+ W̃ij ḟij

)

+ (1− q)
I∑

i=1

J∑
j=1

(
2
(
− W̃ijfij2αsgn(τc)

+ W̃ijfij

I∑
i=1

J∑
j=1

W̃ij2αsgn(τc)
)
W̃ij ḟij

)
+ τ̇

)

= τc

((
− 4qαsgn(τc)

I∑
i=1

J∑
j=1

(
W̃ijfij − W̃ijfij

I∑
i=1

J∑
j=1

W̃ij

)
+ q

I∑
i=1

J∑
j=1

W̃ij ḟij − 4(1− q)αsgn(τc)
I∑

i=1

J∑
j=1

(
W̃ijfij

− W̃ijfij

I∑
i=1

J∑
j=1

W̃ij

)
+ (1− q)

I∑
i=1

J∑
j=1

W̃ij ḟij

)
+ τ̇

)

(A.19)
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Since
∑I

i=1

∑J
j=1 W̃ij = 1 and

∑I
i=1

∑J
j=1 W̃ij = 1, the previous equation becomes

as follows:

V̇c = τc

( I∑
i=1

J∑
j=1

(
qW̃ij ḟij + (1− q)W̃ij ḟij

)
+ τ̇

)

= τc

( I∑
i=1

J∑
j=1

ḟij

(
qW̃ij + (1− q)W̃ij

)
+ τ̇

)

= τc

(
q

I∑
i=1

J∑
j=1

W̃ij ḟij + (1− q)
I∑

i=1

J∑
j=1

W̃ij ḟij + τ̇

)
= τc

(
− αsgn(τc) + τ̇

)
<
(
− α|τc|+ |τc|Bτ̇

)
< 0

(A.20)
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APPENDIX B: PROOF OF THEOREM 2

Evaluating the time derivative of the Lyapunov function in Equation 7.31 yields:

V̇p = ṠpSp =
1

k2
D

ṠcSc

≤ |τc|
k2
D

[
−α +Bτ̇

]
< 0, ∀Sc, Sp ̸= 0

(B.1)

Remark : The obtained result means that using τc as a learning error for the

T2FNN together with the adaptation laws Equations 7.21-7.27 enforces the desired

reaching mode, followed by a sliding regime for the system under control.
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APPENDIX C: PROOF OF THEOREM 3

µ1i(x1) =

 1−
∣∣∣x1−c1i

d1i

∣∣∣ ∣∣x1 − c1i
∣∣ < d1i

0 otherwise
(C.1)

µ1i(x1) =

 1−
∣∣∣x1−c1i

d1i

∣∣∣ |x1 − c1i| < d1i

0 otherwise
(C.2)

µ2j(x2) =

 1−
∣∣∣x2−c2j

d2j

∣∣∣ ∣∣∣x2 − c2j

∣∣∣ < d2j

0 otherwise
(C.3)

µ2j(x2) =

 1−
∣∣∣x2−c2j

d2j

∣∣∣ |x2 − c2j| < d2j

0 otherwise
(C.4)

The time derivatives of Equation C.1 and Equation C.4 are as follows:

µ̇1i(x1) =

(
−

ẋ1 − ċ1i

d1i
+

x1 − c1i

d21i
ḋ1i

)
sgn

( E1︷ ︸︸ ︷
x1 − c1i

d1i

)
(C.5)

µ̇1i(x1) =

(
− ẋ1 − ċ1i

d1i
+

x1 − c1i

d21i
ḋ1i

)
sgn

( E1︷ ︸︸ ︷
x1 − c1i

d1i

)
(C.6)
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µ̇2j(x2) =

(
−

ẋ2 − ċ2j

d2j
+

x2 − c2j

d22j
ḋ2j

)
sgn

( E2︷ ︸︸ ︷
x2 − c2j

d2j

)
(C.7)

µ̇2j(x2) =

(
− ẋ2 − ċ2j

d2j
+

x2 − c2j

d22j
ḋ2j

)
sgn

( E2︷ ︸︸ ︷
x2 − c2j

d2j

)
(C.8)

˙̃
Wij =

( A︷ ︸︸ ︷
˙µ1i(x1)µ2j(x2) + µ1i(x1) ˙µ2j(x2)

)
(
∑I

i=1

∑J
j=1Wij)

−
(W̃ij)

[∑I
i=1

∑J
j=1

( A︷ ︸︸ ︷
˙µ1i(x1)µ2j(x2) + µ1i(x1) ˙µ2j(x2)

)]
(
∑I

i=1

∑J
j=1Wij)

(C.9)

A =

((x1 − c1i

d21i

)
˙d1i −

�
�
�
�

��>
0( ẋ1 − ˙c1i

˙d1i

))
sgn(E1)

( µ2j︷ ︸︸ ︷
1− E2sgn(E2)

)

+

((x2 − c2j

d22j

)
˙d2j −

�
�
�
�

��>
0( ẋ2 − ˙c2j

˙d2j

))
sgn(E2)

( µ1i︷ ︸︸ ︷
1− E1sgn(E1)

)
= − 2αsgn(τc)µ1iµ2j

= −2αsgn(τc)Wij (C.10)
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˙̃
Wij = −2αW̃ijsgn(τc)−

(W̃ij)

(∑I
i=1

∑J
j=1

(
− 2αWijsgn(τc)

))
(
∑I

i=1

∑J
j=1Wij)

= − 2αW̃ijsgn(τc) + (W̃ij)

( I∑
i=1

J∑
j=1

(
2αW̃ijsgn(τc)

))

= − 2αW̃ijsgn(τc) + 2αsgn(τc)(W̃ij)

( 1︷ ︸︸ ︷
I∑

i=1

J∑
j=1

(
W̃ij

))
= − 2αW̃ijsgn(τc) + 2αW̃ijsgn(τc) = 0 (C.11)

Similarly, it can easily be shown that:

˙̃
Wij = 0 (C.12)

By using the following Lyapunov function, the stability condition is checked as

follows;

Vc =
1

2
τ 2c (t) (C.13)

V̇c = τcτ̇c = τc(τ̇n + τ̇) (C.14)

τn =
q
∑I

i=1

∑J
j=1 fijWij∑I

i=1

∑J
j=1Wij

+
(1− q)

∑I
i=1

∑J
j=1 fijWij∑I

i=1

∑J
j=1Wij

= q
I∑

i=1

J∑
j=1

fijW̃ij + (1− q)
I∑

i=1

J∑
j=1

fijW̃ij (C.15)

τ̇n = q
I∑

i=1

J∑
j=1

(ḟijW̃ij + fij
˙̃

Wij) + (1− q)
I∑

i=1

J∑
j=1

(ḟijW̃ij + fij
˙̃

Wij) (C.16)
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V̇c = τc

[
q

I∑
i=1

J∑
j=1

(ḟijW̃ij + fij
�
�
�7
0

˙̃
Wij)

+ (1− q)
I∑

i=1

J∑
j=1

(ḟijW̃ij + fij�
�
�7
0

˙̃
Wij) + τ̇

]

= τc

[
q

I∑
i=1

J∑
j=1

W̃ij ḟij + (1− q)
I∑

i=1

J∑
j=1

W̃ij ḟij + τ̇

]

= τc

[ I∑
i=1

J∑
j=1

(
qW̃ij ḟij + (1− q)W̃ij ḟij

)
+ τ̇

]

= τc

[ I∑
i=1

J∑
j=1

ḟij

(
qW̃ij + (1− q)W̃ij

)
+ τ̇

]
(C.17)

If Equation 7.40 is inserted to the equation above, the following can be obtained:

V̇c = τc

[
− αsgn(τc) + τ̇

]
<

[
− α|τc|+ |τc|Bτ̇

]
< 0 (C.18)
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APPENDIX D: PROOF OF THEOREM 4

Evaluating the time derivative of the Lyapunov function in Equation 7.44 yields:

V̇p = ṠpSp =
1

k2
D

ṠcSc

≤ |τc|
k2
D

[
−α +Bτ̇

]
< 0, ∀Sc, Sp ̸= 0

(D.1)

Remark : The obtained result means that, assuming the SMC task is achievable,

using τc as a learning error for the T2FNN together with the adaptation laws Equations

7.32-7.40 enforces the desired reaching mode followed by a sliding regime for the system

under control.
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