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ABSTRACT

This study consists of four chapters. In the fifsapter, the problem is introduced as a

historical advance of the literatures.

In the second chapter, some basic facts definiteots properties about group G and
group ring RG are given.
In the third chapter, some main results about eémitmnits of integral group rings are

given.

Finally, central units of integral group rings dfeanating groups A(for small n) are

characterized.

Keywords: Normalizer Problem, Normalizer of a subgroup, @aizer of a subgroup,

Central Units of a subgroup, Generators of Ceirais.



BASIT GRUPLARIN INTEGRAL GRUP HALKASINDAK i MERKEZ i
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OZET

Bu calgma dort bélimden olunaktadir. Birinci bolimde, problem tarihsel gmth
sureci icerisinde tanitiimaktadir.

Ikinci bélimde,G grubu veRG grup halkasi ile ilgili temel tanim, sonuc ve dikddr
verilmektedir.

Ucuincl boliimde, integral grup halkalarinin merKazimselleri ile ilgili bazi temel
sonugclar verilmektedir.

Son olarak,A, alterne gruplarinin integral grup halkasindaki reerkbirimselleri

belirlenmektedir.

Anahtar Kelimeler: Normalleyen Problemi, Bir altgun normalleyeni, Bir altgrubun

merkezleyeni, Bir altgrubun merkezi birimsellerieMezi birimsellerin Gretecleri.
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CHAPTER 1
INTRODUCTION

Given a finite groups and the ring of integers, one can form the integreup
ring ZG. Since ZG is a ring with unity we can talk about the unibgp of integral
group ring ZG . The unit groupl(ZG), consisting of all invertible elements aG ,
plays a very important role in studying the relatibetween the group-theoretic
structure ofG and its group ringZG . Let us consider augmentation map:

EZLG - Z

219 2 Yy
£ is a ring homomorphism. If we restrict the augraéoh map fromZG to U(ZG),

E:U(ZGC) - U(Z)

2.9 2 Y,
we can get a multiplicative group homomorphism. Kamel of this homomorphism is

callednormalized unit®r unit group with augmentationdnd it is denoted by (ZG) .

AT

.
-

Figure 1.1. Augmentation Mapping
Let us denotel/, = U,(ZG) then we can define the normalizer ®fin ¢/ by
NUI(G):{uDul(ZQ: U'Gu= G. Since the center of the normalized unitsZ ;
Z(U,) is a normal subgroup of, andG is a subgroup of4. Then G.Z(l4,) is a
subgroup oft4, which normalizess. That's why G.Z(l4,) U Nul(G). It is conjectured

that the converse inclusion is also true. It if stiproblem listed by Sehgal as 43rd
problem out of 56 unsolved problems. This problerknown as Normalizer Problem or
Normalizer Property (Sehgal, 1993) and it is dethdsge (N.P.)

N, (G)=G.Z(U,) = CZ(U(ZG)) (N.P.)



Ly =L (E0)

Figure 1.2. Normalizer Property

Firstly, Normalizer Property was proved for nilpot groups (Coleman, 1964),
and than this property is extended to finite ggoopodd order and the groups having
normal Sylow-2 subgroup (Jackowski and Marcinia®@7). After that the normalizer
property is verified for some metabelian groups (1999). Next, if the intersection of
non-normal subgroups o& is nontrivial then it was shown th& satisfied the
normalizer property (Li et al. 2002). Later, tltignjecture is verified for Frobenius
groups (Labao and Milies, 2002). The last parthef $econd chapter consists of these
results.

Of course, in order to construct a counter exantpke structure of central units
of normalized units must be characterized. Therg tounter example can be
investigated. Therefore, some results about thetoaetion of central units are given as

a third chapter, which consists of three arti¢Rgter and Sehgal, 1990) (Jespers at al.
1996) and (Milies and Sehgal, 1999).

My (&)

GEU)C 5 C Ny (@7

Figure 1.3. Counter Example



All groups studied on this conjecture have normaygsoups which are not
simple. If G is not simple then we can consider a normal suljghh By using this
normal subgroup we can get a natural group homohnigrp

$:G - G/ N

g gN
By extending this homomorphism @G over 7,

@:7G - Z(G/ N)

P A L= AL
we obtain a natural ring homomorphism. By usingtgunb ring we can construct unit
group of ZG.

The main problem arises whéhis simple. In this case the construction of the
unit group of ZG is not as easy as above.

The last chapter consists of method and construadf central units of

normalized units ofZA, for (n<11) by using irreducible characters. These charact

are obtained by using software GAP 4.3 (GroupspAlgm, Programming).



CHAPTER 2

BASIC FACTS, DEFINITIONS AND NOTATIONS

2.1. Basic Facts, Definition and Notation of a Grop G
The following basic facts, definitions and notasoabout action, centralizer,
normalizer and automorphism are taken from unddrgate text (Hungerford,1974)

Definition 2.1. An action of a grouf> on a setS is a function
GxS- S
(9, X g.X

such thattIx[(0 S [1g H1 C the following conditions hold:

) ex=x

i) (gh).x=g(hx

Definition 2.2Let G= S, and |, ={ 1,2,....} Then the function
Sn x In - In
(0.X) > a(X)

Is an action.

i) +0S, identity permutation we havex (=)x OxO 1,  s&= X.

i) For o,r0S, (©@°1)(X)=0 (X))

=0y, y=rkQl)
=0 1.X())
=0.(rXx)

the group$S, acts on the set, by permutation

Definition 2.3. Let G be a group andiH <G. Then the function

HxG - G
(h, X) = hx

Is an action.
1) For ed H identity ex= x, (OxJ Q)
i) h,kOK and XJ C

(hk). x= h( ky
= h.(kx)
= h.(k.x)

This action is calleteft translation.



Definition 2.4. LetG be a group anll <G, S= G/ Kthe set of left cose The function
KxG/KOG G/K
K, xK)— (kx)K
IS an action.
i) ForedK, e(xK)= (el K= xK
i) k,hOK andx( G
(kh).xK=((kh ¥ K
= K bx)K
=k .ox K
=k.0.&K),
The subgroul acts on the seB/ K by left translation.

Definition 2.5. Let G be a group andd <G. Then the function
HxG - G
(h,X) = hxh*

is an action.

JedH=ex= exe =
i) kK,hOH andxO G

kh)x= kh)x(kh)*
= Kh x K
=k fixht K
=k lixh* )
=k Mix)

H acts on the séb by conjugation.

Definition 2.6. Let K <G, S= G/ Kthe set of left cose The function

KxG/KOG G/ K
K, xK)— (kxk')K

is an action.
) e K= exK=(ex&) K= xk
i) g,h0 H andxKO G /K

gh)xK= (@h)x(gh" ) K
@h ¥ ¢'h" X
d fxh* y* K
=g hxh* K

=g HxK)
H acts on the s&B /K by conjugation.



Definition 2.7. H <G, S={ K: K< @ ; family of subgroups of G. Then the function

HxS . S

(h, K) = hKh™
is an action.
)edH= eK=eKé = K
i) g,h0H andKO S

gh)K= @h)K (gh)*
g¢h K ¢*h*
g Kh™* y*
=g HKh" )

=g HK)
H acts on the s& by conjugation.

Theorem 2.8. Let G be a group which acts on a s8t

i) The relation onS defined byx~ y = y=gx Ogd G is an equivalence relation
i) Ox0S, G={ g0 G gx ks (

Proof. i-a) For anyx[1 S we havee x=ex= X= X X ~ Iisreflexive.

b) For anyx y[J S lety = g.x for somegJ G then

97hy=9".(9%
=©@79g)x
—ex
=X
Hence,x=g"'y forsomgd G = ~ issymmet

c) For x,y, z[0 Sand g, il C Let us assume that= g.xandz= h.ythen we have
Zz=hy
=h.(g.X)
= (hg).x
=k.x, (k= hgdl = ~ is transitive

So “~" is an equivalence relation & The equivalence class fad S x={ gx o7 ¢
is called theorbit of x[O'S
i) Let G, ={ g0 G: g x= } sinceed G we havee x= x= eJ Gz 0.
If gOG, then
X=eXx
=(979)-x



=g97.(9:x)
=g7x (@G)=g'0G

For anyg hlJ G, we have

(g x=o(h3
= g X
=X
HenceG, < G.

G, is calledsubgroup fixingS, stabilizer, isotropy group of x. For anyx[J S

X

there is a close relation betwegrandG, .

Theorem 2.9.1f a group G acts on a seS then the cardinal number of the orbit of

x0 Sis the inde{G: G |.

Proof. Since|x|=[G: G| =| G/ G|, let us consider following mapping:
¢ X - G/ G><

ax— aGg
Is ¢ well defined? One to one?

For anya.x, b.x(0x

ax=hxe B*'.(ay= b'.(b3y
- bta)x= @'b)x
- ex= pra)x
- bta)x= x
-~ b*ald G

ax=hx=g¢(ax=¢(byd ¢ : well-defined
$(@G)=¢(bG)= ax= bx0O¢g isl-1
OaG,0G/ G,aG=¢(ayUaxI xO¢ isonto
Definition 2.10. If GxG - G
g(x, +» gxg"

then the orbit of x(OG defined byi:{gxg‘l: g C-}conjugacy class ofx and
subgroup fixingxis calledCentralizer denoted by

C.(X) or simpIyC(x):{ g0 G: gxd = }<

={g0G gx= x¢



On the other hand, let us consider the conjugdteraonS={ K: K< G, HO S Then

HxS - S
(h, K) = hKh*

the orbit K :{hKh‘l: h(J H} is the set of conjugate d€ in H, and subgroup fixindk

is calledNormalizer of K in Handdenoted by
N, (K) ={hOH: hKh' = K
Corollary 2.11.Let G be a group antk <H <G. Then
) N, (K) O Ng (K)
i) K<N;(K)<G
i) N;(K)=G = K< G.

N(®)
Figure 2.1The relation amony,, (K), N, (K) andN; (H )-

Proposition 2.12. ([)C(X) = Z(G).
xdG

Proof.

(=)90C(N=>Ox3Q, I q ¥

xdG
=gx=xgUxd G
=>gl0Z G )
(0 gUZ(G)=0OxOG, gx= xg
= [OxOG gOC X

=gO()C X)

xOG
Corollary 2.13.Let G be a finite group.
)X =[6: (3] | |G,

ii) If X,%,,....%, are distinct conjugacy classes®fthen|G|=>[G: G;(X)].

i=1



Proof. i) Let us consider the conjugate actiorGoto itself.

GxG o G
(9,x) > gxg*
Since |G|<oo,
_ G _
|x|=[e:ce<»]=H:»|<4=|q||*
~[ol=Ic, (I
~[x ||d

ii) Let us consider a transversal of'lS,:{ xOS: xn x=01if ## } =|T= r. Then

G=Ux=|d=2[X=2[6 c(¥].
xOm xOr i=1
Theorem 2.14.If a group G acts on a sef, then this action induces a homomorphism

from G to A(S) ,where A(S) is the group of all permutations &.

Proof. By using the following action
GxS- S

(9, X g.X
let us define a function
r,:S- S
X+ g.X
r, JA(S) is a permutation= 7, :1-1 and ontc Now let us check
UxOS x=ex
= [
=g .07 x)
=1, " x), ¢ x0Sy 1, issurject
Ox, yOS7,(3=71,(Yy= g»x gy
=97 g®=9g".(9)
= g('g ¥= o 9.y
= X=y
=1, Isinjective

Hencer, is a permutation. That's why\(S) is a group under composition operation .

Now let us show that

9:G - A9

gl—)Tg

is @ homomorphism. Fdrlg h[1G and xS
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I5n(X) =(9h).x= g(hy=1,(h}=71,.0,,)=74°7,( X *)
So, ¢(gh):rgh2rgorh:¢(g)o¢(r) then¢ is a homomorphism.

Corollary 2.15. If G is a group then there is a monomorphism fr@nto A(G).
Hence every group is isomorphic to a subgroup otigrof permutations. In particular,
IG|=n GOH<§.
Proof. Let us define left translation 0@ .

GxG - G

@ x)> gx= g
By previous theorem we have a homomorphism.

9:G - NG

g7,

Let us check the kernel of the function

Kerg ={ g0 G:¢(g) =1}

So, ¢ is one to one.
Corollary 2.16. Let G be a group.

a) For eachg 0 G, conjugation byginduces an automorphism .

b) There is a homomorphism fro@ to AutG whose kernel isZ(G)

Proof. a) Let us show that
7,:G-G
gr> gxg"
Is an isomorphism.
NOx, yO G,
1, &y)= g(xy)g’
= gxg™ )oyg"
=Ty X0y V)

r, is a homomorphism.



i) Ker 7, {xDG:rgJ (x):é
:{XDG gxg' = %a
{gDG X= g‘leg}j

Sa I, is one to one.

i) OyOdG, y=g9(d" yg)g
=7, §7y9 ),
, X )X=g'ygd G
Sar, is onto.

Consequently7, is an isomorphism.

b) Let us consider the following mapping.

¢:G - AutG
g7,

Since AutG contained inA(G) by Corollary 2.16¢ is a homomorphism.

let us check the kernel @f
Kerg={gO G ()=}
:{gDG T, (X)=1 (x}
:{gDG gxgt = x>0 C}
={g0G :gx= xgOxJ &
=Z0)
If we denote the set of all automorphisms inducgdrin G, then
9:G - InnG
g7,
Is surjective by the first isomorphism theor&W Z(G) O Inn G

Example.Find inner automorphisms d$,

Solution.

sl _6_
Zs) 1

s,=(ab d=B=1 bati= &)=( ab=( aba( abh

=(a’ b)=(a ba=( & ,bd)

InnS,0S/Z(9=| Inn$=—"—-—

11
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_{a|—>a ar> a’
"Lhsb b—b
_{a|—>a ab a’
2 Y ba b ba

ar a ar> a’
3_{bea2 gg__{b|—>ba2

fo=1f,f =1 92=095=0gi=f.
Aut%={ {. 5 t.9 g, 93} = S, U AutS;.
T Ty Ty

Since|Inn S| = 6= Inn §= Aut S
I, § - §
a>/a=a r,=f
b—/m™*=b
Iy Ss - %
ar>aaa’ = a r,=f,
b aba® = ba
T.: S5 - §
ar>adaa’=a r,=f,
b a’ba® = ba&
7, S, - S
a> bab' = & I, =0,
b bbb*=b
T - % - %
ar> pa)a(ba)’ = & Toa = O
b pa)b(ba)' = bd
Z-baz: 83 - S\’
ar @a)abd)'= & 1.=0,
b @& b(ba )= be

Corollary 2.17. Let A be a normal subgroup & . Then,
G/AxA- A
(GA X (gA. x= gxg'

is an action which induces a homomorphism flGhA to Aut A
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Proof.
i) ForanyxOA AX)F EAXF exée=
i) Foranyg hOOH
((gA(hA). x=((gh A x
= gh x gh¥
=g fxh" y*
=gA lxh' )
=gA hAX)
So it is an action. Now let us show that this actioduces a homomorphism by the
following mapping:
Claim. The following mapping induces a homomorphism
¢:G/ A AutA
gAP> T,
Proof. Let gA hAd G/ A
¢ (A)DA)=¢ ((gh) A)
=7,
= Tg o Th
=¢ gA ¢ HA
Henceg is a homomorphism.
Corollary 2.18. If H,K are subgroups o6 such thatH < K ,show thatK < N, (H)
Proof. H<K <G, H<N;(H)<G for kOK= kON;(H)?
H<K=0OkOK,OhOH, khk'O H

= 0OkOK ,kHK*O H

—OkOK,kON, HEO N, H
= KON, H)

=KsN;, H)

Corollary 2.19 If a groupG contains an elemefia” having exactly two conjugate

classes thei has a proper normal subgroup.

Proof. G=C OC,,0g0G,gag'0 G or gag'd C
2=[a|=[G:G]=[G: (3]|= Q 3« G

Corollary 2.20 i)C,(H) < N;(H)

iCq (H) < N (H)



Proof.
)] al0C,(H)= all N;(H)?

al0C,(H)= aha'= hOHl H 4 C
—=aHa'OH
=alN; H)

a,bd G, (H)= ab'0 G(H?
(ab™)hab*)™=(ab’) if ba)
=a If*hb
=a If'b pa

= éhp*
=h @a’)
=h JhOH

Henceab™ O G,(H). G (H)< N,(H)
i) C.(H) < Ny(H)?=D0ald G, (H) anddxd N, (H), xa®O C (H)

alC,(H)= aha’= hO HJ H
XON, H)= xHX'= H= xhx'0 HO W F

OhOH,Ox0 Ny (H), xax*0 G ( H)?

(xax™") H( xax") ™ =( xax) b xd X)
= xa X'hx &' x*
=xaHa'x" W= X" hx
=xhx*
=x x*hxx*
= X Xt )
=h xxX'0G K )
O GH)N,H)

14
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2.2 Definition and Some Basic Properties of Group iRg RG

Definition 2.21. Let G be a group an® be a commutative ring with unity. Let us

denote the set of all finite formal linear combioas byRG. Then the set

RG={a=> a,g g0 Ga,0 R

finite
is a ring under the following addition and multgation:

Addition of two elements inRG: Let = Y a,g and3= ) B,g0 RG then

000G G

a+B=>a,g+> B.9=> (a,+B,)9
§1G

g0G g1G

Multiplication of two elements in RG: Let a = > a,g andB=)_ B,h0 RG then

o0G HG

a.B=0Q a,9)Q AN

900G G

=Y. (@,5,)(@h)

g,M1G

= Q_a,5,)@h)

oG HIG

If we substituteg = gh™ then, we simply denote

af=3 (.a,.5)9

oG HIG

Some Basic Properties oRG

1- Equality of two elements iRG: Let a = > @, g andB =) 3,90 RG, then

orG 3G
a=p - a,=8,000G.
2- The groupG can be embedded infeG by the following group homomorphism:
i:G - RG
g1 g
3- The ring R can be embedded infRG by the following ring homomorphism:
J:R - RG
rreg

The ring RG has the unity.l,. =1.e;. So, we can define the unit group &G

denoted by
URG) ={yIRG A =1, N0 RG.
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Clearly,U/(R) andG O U (RG)more generally/(R).GO U(RG. If U(RG) OU(R.C
then we say th&®G has trivial units.
4- For N < G, let us consider following natural group homomosphi:
$:G - G/IN
g+ gN
If we extend the group homomorphism linearly oWr we get the following natural
ring homomorphism.
p:RG- RGN
IR AT=DWACL)
5- We can define a ring homomorphism frdR& to R as follows:
RG> R
INA LN
The kernel ofe is an ideal ofRG, denoted byA(G) ={yORG > y, =0} =A{ G &

6- If we restrict this homomorphism to the unit groop RG then we get a group
ephimorphism :
£:URG - U(R
2.9 0¥,
This map is called augmentation map and the kerngl is a normal subgroup of
U(RG) and denoted by (RG) ={y0U( RG: > y, =17
and it is usually called normalized units (or umith augmentation 1).
7 - If we take R=7Z then the grouZG is called Integral Group Ring. It is clear that
U(ZG) =+U,(ZG) sinceld(Z) ={+1} .
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2.3. Some Basic Results About Normalizer of Group @ U, (ZG)

Definition 2.22.For anyu 0V, (G), the function
p:G-G
g—utgu
induces an automorphism. The set of all automomphisiduced by normalizer & in

U is a group which contairanG, and denoted bfut, G.

Proposition 2.23.Aut,G= Inn G- Normalizer Property holc
Proof. Aut,G=InnG= (4,0 Aut G=¢,0 Inn G

- OuON ¢,=¢, Oy0 Inn G

- ¢.(9)=¢,(9) DgD G

< ugu”=ygy 0,01 G

= y*(ug)=(gy') ud.g1 G

= (y'u)g= g y'u).0gDG

= y'uOZ(ZG)nU ZG )

= y'u=z0U(Z(Z Q)

~u=yz ZJU(2(2 Q) Oy G

- N,(G)ocu(z(zc))

= N,(G)=GU(Z(zG)) ( ,0Bverse inclusion is trivij

=  NormalizeioBerty holds

Theorem 2.24. (ColemanSuppose thaP is a p— subgroug of a finite groupG and
let ud A, G. Then there existy JG such thaugu™ = ygy',0 dJ F.

Proof. For gOG,#(g)=ugu" is an element ofG and u= g up(g).Write

u=>ux ThenSux=Yu[g*w(g]. ThusG acts on the seB by g, =gx( g)
and the function
u:G - 7%
X U,

is a constant on orbit of this function. Let ustries g0 P, so P acts on the seG.

The orbits of this action are of length powerpotooking at the augmentation of we

conclude

t1=gW)=) g p’
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where p" is the length of the orbit ofy andu @ )=¢. It follows that an orbit length

one, that is to say, there exists ’ilG so thato, k F x[Jgl G. This implies that

97 xp(X) = x¢( g = xgx' forall gOP as claimed.

Corollary 2.25.1f P is a p— subgroug of a finite groupG . Then for
OgOP,Oy0G  ugd = ygy
Corollary 2.26. If Gis a p— subgrouf thenG holds N.P.

Proprosition 2.27.1f Gis a finite nilpotent group the® holds N.P.
Proof. Let G be a nilpotent group the@ can be written a& = |_| P, ( P<G )
\_ﬁﬁ_J

sylow p- subgroup

For Og0G andOuO N, (G), ugu™ = ygy', 0yl C By corollary 2.24
OxOR , uxu'= yxy" ,0y0 ¢

Dg0G ,g=xx%..x ,( xO A
ugu™ = u X %... X) 0" = (uxU)...( yxu)...( yxa)
= (XN D) (XY D) (Y X Y
= il W0 R (VY Y

If we choosey =y, y,... ), we get

ugu™ = y(x%...%X) ¥
=ygy' Qy=yy .yOC

Definition 2.28.For anyy=>"y,g0CG, y =) y,g"is called involution ofy

guG g1G
wherey, is the complex conjugate ¢f . For anyy AOCG andiODU @G
) (y+A) =y +4
i) (A) =2y
*\* g = 4\1
i (v) =(Cre" =X (%) (a*))=¥
glG g1G
v) (uh) =(u)”
Proposition 2.29.For any yOZG, y/ =1 - y=+g, for somegG.

Proof.(0:)If y=g= ¥y =9 ' =W =9g"' =1
oy=-g=)y =-g =W = {9 Xg* ¥



19

(2)W=V1+0, 0t AN O =V =By, 0,0+ Ay
=>wW =Wy A2 )Y Y (ry)gh=

g.h,he g*
VY A=l
= _
> ¥y =00g0G

=y)’=1y =0, (i#j)
=y =xLy,=0(i#])
=y=yg=+g UG )

Proposition 2.30.Let zOZ(U(ZG)) . If uu OZ(U(ZG)) thenu'u= z.

Proof. For anyzO Z(U(ZG)) let uu 0 Z(U(ZG)). we have
(Uu® =(uy(uy
=u (u u
=u'zu
= (u)z
Ouu=z

Theorem 2.31.Letu00U, uON,(G) = UWOZUZ QG

Proof. (::>) Let uO N, (G) thenuGu™ = G, Let us consider the following function:

9:G- G
X U xu
#(x)=uxud G= ((3) =( v x)
= ¢(x)" =(xu) ( u’l)*
=¢(x) " =uxt )
By applying the involution to both sides, we have
p(x)=uxu)* = (a)*g( QY u=>
If we put the value off(x)then we obtain
x=(u) e g i= ()7 d) fuy
:x(uu*):(ud) X
=uu 0Z 4G U AG
=Suu 0Z UZAG ))
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(O:)Let uu' O Z(U(ZG)) then by Proposition 2.30. we write

e =(o g 0x( )

By Proposition 2.29u™xu=+gor u* xu= - ¢ for somegOG. Sinces(u)&(X)&( u)'1 =1,

u'xu=g (gd G. Hence u™xud G= UJIN,(G.

Theorem 2.32. (Krempa)Let uO N, (G), ¢ is inneri.eg?0Inn G.

Proof. Let v=u u* OU

J=(ud)((a) ()

w=(dt)(ad
uut ) u)

I
—

)((u
=u*(u‘1(u*) )u
=u (u* u)_1 u, ( Proposition 2.3p.
=uzu
=uuz'
=z7*
=1

By Proposition 2.28. we get= g for somegdG

uut=g=u=agu

=uu= gy
=gu=z, @IZU LG)
>h'=z, p= g*)
=u'=hzDGE U ZG))

Then
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#*(x)=9(4(x)
=u" U 'xu)u
=uxu’
= (z)" x(h2)
=z" (*xh)z
=h™xh
=4, (x)

0 ¢?=¢,(hOG)= ¢°0 InnG
Theorem 2.33(Jackowski-Marciniak) If G is an odd group thewn’, (G) = GLE(U(ZG)).
Proof. By the theorem 2.32, we wriig’ = ¢, for somegG. Since|g| ‘ G|, ¢°=1
for odd s.

So we have2,s)=1, %+ sn=1, (K,0Z .

¢=¢

— ¢2k+sn
() (¢)
(8,) (1)

=(¢,)
=4,.(¢"0G)
O¢0lInn G.
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CHAPTER 3
CHARACTERIZATION OF CENTRAL UNITS OF ZG

3.1 Integral Group Rings with Trivial Central Units

In this chapter, finite groupS whose integral group rin@G has only trivial
central units were classified. This question wased by Goodaire and Parmenter
(Goodaire and Parmenter, 1986).

It was proved by Higman that all units 4 are trivial if and only if
a) G is Abelian with exponent a divisor of 4 or 6, or
b) G = K; x E whereKj is the quaternion group of order 8 &ags an
elementary Abelian 2-group. (Higman, 1940)

It follows easily that all units of a commutatigeoup ringZG are trivial if and

only if for every x(OG and every natural numbey, relatively prime to |G|
x! = xorx = x'.Here~ denoting conjugation i. The result is stated as follows:

Theorem 3.1.Let G be a finite group. All central units @iG are trivial if and only if
for everyxJG and every natural number |, relatively prime|@$, x' ~xorx ~ x*.

Proof. At first we recall that any finite group of centraits of ZG consist of trivial
units only (Sehgal, 1978). It suffices to prove ttlae following conditions are
equivalent:

I) ZG has only a finite number of central units.
i)y The character field)( ) of each absolutely irreducible characferof G is either
Q or imaginary quadratic.
iii) For everyxG and every natural numbgrmelatively prime th|,
x' ~xorx ~ x*.
a) We shall first show that (i) and (ii) are equivaleSince the center d)G is

generated by the class sums, the ceateof ZGis an order in the center @G, the
latter being the direct sum of all character fie(@@)() (Huppert, 1967). Hencg is of

finite additive index in the unique maximal order O, of [, Q(x) with O, denoting

the ring of integers in@()(). Thus the unit group o2 is of finite index in the
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multiplicative group, (O, )" (Sehgal, 1978). It follows that (i) hold precisaifen
(O, )" is finite for all y which by the Drichlet unit Theorem is the samé2s

b) We next prove that (iii) implies (ii). Letr be an automorphism @@(x)/Q.
Extend o to an automorphisng — &’ of Q(&) where¢ is a|G|th root of unity. Then
X°(9)=x(g")=x(g) or x(g*) by (iii). We havex’(g) = x(g) or X(g). Since *
commutes withg, it follows that Y+ Yy = x° + ¥°. Thus x = y ory by the linear

independence of irreducible characters. This insplieat Q(,x) =Q or an imaginary

guadratic field.

©) We finally show that (ii) implies (iii). The proas dual of (b). For each
gOG we define a function from irreducible characteosthe complex numbers,
T(Q): Irr(G) - C by y - )((g). It follows by the orthogonality relations thatete
functions, one for each conjugacy class Gf are linearly independent. Now let

(j.|G])=1. Then we have an automorphisfn- &’ of Q(¢) where ¢ is a|G|th root

of unity. Let o be the restriction of this automorphism t@()(). Then

X°(9) = x(9) or x(g*) by (ii). ThusT(g")+T(g')=T(9+ T g"). It follows due to
the linear independence of these functions thég') = T(g) or T(g"'). Thus g’ is
conjugate tog or g* as desired.

An easy consequence of (ii) is:
Corollary 3.2 If all central units ofZG are trivial then the same is true f@G, G a

homomorphic image of G.

Examples. We close with a few examples of groups satisfying tondition of the
Theorem.

a) G =S, the symmetric group omletters. In this case all the charcter fields

are rational. (Huppert, 1967)
b) G a group of order 27. In this case, all charadeds areQ, Q(w), «’=1.

C) G:<x, y: X =1=y, X = >€> In this case,

QG=QUQ(W)OQW-T)py & =1
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Observe thaV = Q(JT?) is the field of index 3 irQ(¢&), & =1, and that/ is

a three-dimensional space 0\@(\/—_7) on which G acts irreducibly by letting x act as

multiplication by & and y by the automrphisré — &2. In this example, the character

fields areQ, Q(w), Q/~-7).

3.2. Central Units of Integral Group Rings of Nilpotent Groups

In this part, we construct explicitly a finite saft generators for a subgroup of
finite index in the centeZ(U/(ZG)) of the unit groupl/(ZG) of the integral group
ring ZG of a finitely generated nilpotent group We firstega finite set of generators
for a subgroup of finite index I (U(ZG)) when G is a finite nilpotent group and
prove that a central unit &G is a product of a trivial unit and a unit @T whereT
is the torsion subgroup @ . As an application we obtain that the centralsioit ZG
form a finitely generated group and we are ablgite an explicit set of generators for a

subgroup of finite index.

3.2.1. Finite Nilpotent Groups

Throughout this sectio@ is a finite group. Whef® is abelian, it was shown in
(Bass, 1966) that the Bass cyclic units generatabgroup of finite index in the unit
group. Using a stronger version of this resultp gdsoved by Bass in (Bass, 1966), we
will construct a finite set of generators from tBass cyclic units whei® is finite
nilpotent. All notations will follow that in (Sehfd 978).

Lemma 3.3.(Bass,1966) he images of the Bass cyclic units @G under the natural
homomorphismj : U4(ZG) - K,(ZG) generate a subgroup of finite index.
Let L denote the kernel of this mgpand B the subgroup oft/(ZG) generated

by the Bass cyclic units. It follows that theresgian integem such thatz™ [0 LB for

all zOZ(U(ZG)), and so we can write™ = Igb,...p for somel OL and Bass cyclic
units by .

Next, let Z denote the i-th center @&, and suppose from now on thatis
nilpotent of class n. For any0G and Bass cyclic unib0dZ(x), we definel, =b

and for <i<n
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by = Q by

where a?® = g~'ag for a JZG. Note that by inductionb(i) is central inZ(Zi,x> and
independent of the order of the conjugates in theyct expression. In particular,
b(n) O Z(U(ZG)).
Recall again that iz0 Z(U(ZG)), then 2" = Ihb...h for somel OL and Bass cyclic
units b . SinceK,(ZG) is Abelian, we can write
ZMZl 21 2] — (Ihb,...H )fﬁZzHZa\-#Zn\
=[] g DFFHE for somd, OL
=1,[] Kiskbi‘éz)‘\zs\--lzn‘ for some, L
= I'|_| 1si=kBin) for somé' 0L
Since eachy,, is in Z(U(ZG)), we conclude that' L n Z(U(ZG)). But we
shall show next that n Z(U(ZG)) is trivial, sol'"0+Z(G). The argument uses the
same idea as in (Ritter and Sehgal, 1991)
For every primitive central idempoteatin the rational group algebr@G, the
simple ringQGe has a reduced norm which we denotenipy Further, denote
m =\[QGe ZQ G}

and let

r:|_|me

e

Now let "L n Z(U(ZG)) . By definition of K,(ZG) this means that a suitable matrix

I'

1

is a product of commutators. Therefdfe has reduced norm one. Sinte is also

central, we obtain

(I'e)™ =nr(l'e)e= ¢
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Hence

" =1.
Sol' is a torsion central unit, and therfore is tri\i@ehgal ,1993)

Since Z(U(ZG)) is finitely generated (Ritter and Sehgal, 1990),
Z(U(2ZG))"=I#=l s of finite index. But we have just seen that féiteer subgroup is

contained in the subgroup generated ©¥(G) and {b(n): ba Bass cyclic unit. We

have proved

Proposition 3.4.Let G be a finite nilpotent group of class n. T%b@)‘ b a Bass cycIi}z
is of finite index inZ(U(ZG)) .

Remark. Note that our method for constructing generatorssfume other classes of

finite grous G. For example ifG=D,, :<a,b( X=1,¢¥=1ye= X y the dihedral
group of order 8, then the only trivial Bass cyclic unitksof ZD,, belong toZ(x}. It

follows that bb” = b’b is central. Our proof now remains valid and yielidtgt

(bb’|ba Bass cyclic if.( X)) is of finite index inZ(U(ZD,,)).

3.2.2 Finitely Generated Nilpotent Groups
We will now consider central units of an integrabwgp ring of an arbitrary
finitely generated nilpotent group. The torsion subgroup @ is denoted byl. First

we show that central units d£G have the following decomposition.
Proposition 3.5.Let G be a finitely generated nilpotent group. Bveu 0 Z(U(ZG))
can be written as1=rg,r JZT,g0G.
Proof. Let F=G/T. SinceT is finite andF acts on the set of primitive central
idempotents ofQT by conjugation, by adding the idempotents in dntaf this action
we obtain
QT=0QT)g=UR,
wheree are primitive central idempotents @G . ThenQG is crossed product
QG=QT*F=(UOR* F=UOR F (3.4)

Decomposel as a sum of elements in (3.4):

u:D(Zuj fjj' 0%y OR, fO G for each j.
I 1:1
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We assume that we have put together uhess with the samef, TG/ T, namely for
kzj,f,T#fT.

We claim thatn=1. Let us denote by_" the projection ofQG onto R* F.
Then sinceu is central we hav@Tu = UQT, which impliesQTu, f =y { QT for all .
It follows that u; is not a zero divisor provided® has only one simple (artinian)
component, and sg, is a unit. The only times; can be a nonunit is when it has some

zero components in the simple component&ofHowever, by the construction & ,

these latter components can be moved to any othee jby conjugating suitably. But

they must stay put due to the facts thas ordered andi is central. It follows that; is
a unit for allj. Hence, working inR * F and using again th&tis ordered, it follows by
a classical argument thﬂ:zjuj f is simply equal tou, f, as claimed. Changing
notation, we write

U:Qaf, alR, fOG.
Let k =| Aut(T)|, so f* commutes witfl for f 0G. Hence

u =0 f)=0pf% BOR
(note that the number of summandsufnis the same as the number of summands in
because eaclr is a unitinR), thus

Uk = (uk)“k =0 (ﬁfk)“k =0t tOT.
The last step follows from the fact that conjugatvall preserve the order on ti€s in
the ordered grouf. Since (1"‘)f1k =tf *, we can choose k large enough so that all the
f* commute with each other and withThus we may assume that

uk=0pfk
Again, we put together al with the samef“T. In other words, we assume that
uk=0pf" with all T different. Note that these new values gBfall lie in ZT .

Furthermore, we now obtain for eath T,

uX :(u")t =0(B) "
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And thus B' = . So the ringR generated by all theg8 is commutative. Again, is
necessary, replacinig by a high enough power, we may assume that thepgfo
generated by all the* in the summation ofi* is a torsion-free Abelian group, and
thus a free Abelian group. Consequently

u“0ORA
the commutative group ring oA over R. Let N=Rad R be the set of nilpotent
elements ofR. Now ZT has only trivial idempotents (Sehgal, 1978). Heso®e
ROZT and since idempotents &/ N can be lifted tdR, it follows that R/ N also
has only trivial idempotents. Therefore (Sehgal78)9together with an inductive
argument tells us tha¢R/ N) A has only trivial units. It follows that

u“ = Bf*+ nilpotent element:

But as eachp is a sum of units in variouR , it follows that the last term must be zero.

Hence u* = g%, and thus all f's in the original decomposition wf 0. a f were in
the same coset of. Thusu =rf as required.
We give two important consequences of the lasilteéd/e say thatZ (U (ZG))

is trivial if it contains only trivial units.

Corollary 3.6. Let G be a finitely generated nilpotent group.3{U/(ZT))is trivial,
then Z(U(ZG))is trivial.

Proof. Let ulJ Z(U(ZG))be nontrivial. Then support of u contains two diffe
elements, sax andy. Since finitely generated nilpotent groups areduglly finite,
there exists a finite facto&/ N = G so thatXx# yin G (Robinson, 1982). Henca

has in its support two different elements, and taus of finite order (Sehgal, 1993).

By Proposition 3.5 we writel =rg,r JZT, g G. Sinceu is centralr commutes with
g. It then follows easily thal , and hence alsq is of finite order. Morover, there exists

a positive integen such that(g",T) =1. Consequently it follows fromu" =r"g" that

r" is a nontrivial unit of Z(U(ZT)).

Corollary 3.7. Let G be a finitely generated nilpotent group. TBEN (ZT)) is finitely
generated. Furthermor€zZ(U(ZG)) n Z(U(ZT))Z(GQ) is of finite index iInZ(U(ZT)).
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Proof. Let S=Z(U(Z Q) n Z(U(ZT)) . First we show thaZ(U(ZG))/ SZ(G is a
torsion group of bounded exponent. IndeeduletZ(1/(ZG)) . Because of Proposition
3.5 writeu=rg, with r0Z(ZT) and g0 G. Considering the natural ephimorphism
7G - Z(G/T) and using the fact thaZ(U(Z(G/T))) is trivial becauseG/T is
ordered, it follows that gTOZ(G/T). Hence (g*,T)=1 and g' O0Z(G) for
k =|Aut(T)| andl =k|T|. Now sinceu is centraly andg commute. Therefore

u=r'g andr' OS
Consequently' 0 SZ( G, and the claim follows.

As a subgroup of finitely generated gragif/(ZT), the groupsS itself finitely
generated. Hence so iSZ(Q . Since the torion subgroup of(U(ZG)) is finite
(Sehgal, 1978), the above claim now yields tB§i/(ZG))is indeed finitely generated.

We will now construct finitely many generators fttre central units of any
finitely generated nilpotent group.

Let n be the nilpotency class df and h the Hirch numner ofG/T. Let

k =|Aut(T)|. Further let x,...,x, be elements ofG such that for each<li<h the
group G =(T,X,....x) is normal inG and G /G_ OZ, where G,=T. For any
generatorb(n) described in Proposition 3.4 define

0 _
b =

and for I<i<h
i) _ i)\
b((n)) — Osljslk( (n) ))x
Since eacl‘b(n) is in Z(U(ZT), the order of the conjugates in the product exgioes
for b((;)) Is unimportant. It follows by induction thbfn)) isin Z(U(ZG,)). In particular,
o) 0 2(U(zG)).
Theorem 3.8. Let G be a finitely generated nilpotent group.Siggpo is the nilpotency

class of T and h is the Hirsch number of G/T. Tftémb a Bass cyclic oZ. T >Z G

is of finite index inZ(U(ZG)) .
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Proof. Because of Corollary 3.7 the gro&£ (G with S=Z(U(Z Q) n Z(U(ZT)) is

of finite index in Z(U(ZG)). Let a,,....a, be a finite set of generators f& By

Proposition 3.4 there exists a positive integersuch that alla;",....a; are in

(B

b a Bass cyclic oZ. T > . For simplicity, writea =a;". Then

a=[]by
Where the product runs over a finite number of Baadic units of ZT . Sincea is in
Z(U(ZG)), and using the notation introduced above, we obtain
a“=aa*.a* .
As eachb, is central inZT , this implies
a“ =[]0
Continuing this process one obtains that
a* =60

Since the group generated b;?‘kh..a’“w

o is of finite index inS, the result follows. Note

that Corollary 3.6 can now also be obtained asaay eonsequence of Theorem 3.8.

We give an example showing that the converse afl@oy 3.6 does not hold.

Example. Let G :<a, ><1 a=a,d :1>. Clearly G is a nilpotent group witiT :<a>, a
cyclic group of order 8. From Higman’'s result (Salhgl978) it follows that
Z(U(ZG)), modulo the trivial units, is a free Abelian groaprank 1. We now show
that Z(U(ZG)) contains only trivial units. For this supposeés a nontrivial central unit
in ZG . By Proposition 3.5, we can write=rx for some integerandr OU/(ZT) . We
know from the above thatis of infinite order, and sinaecommutes witl, it must be
in Z(U(ZG)) .Because the only Bass cyclic unit, up to inverse,T is
b=(+a+a)'-10a, a= & at+ ..+ &
Proposition 2 yields that
r*=b',
For some nonzero integekd. Observe, however, thét =b™. Sinceb' =r* is central

in ZG, we obtainb' =b™ , contradicting the fact thétis of infinite order.
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3.3 Central Units Of Integral Group Rings

3.3.1. FC- Center

There is a classical result of G.Higman (Higma®840) that ifA is a finite
abelian group then any torsion unit @A, the integral group ring @&, is trivial (i.e, of
the form ta,all A). This was extended by Sehgal (Sehgal, 1978)duepthat ifA is

arbitrary abelian, then any ung of ZA can be written as a product afa, with

a OZT , whereT denotes the torsion subgroupAfandall A. Later it was proved by
Sehgal (Sehgal, 1978) that, under some stringamditons, the last result extends to
nilpotent groups. In other direction, one could #s& similar description exists for
central units iInZG. Indeed this was done by Jespers, Parmenter ahdaSe&
(Jespers, 1996) for finitely generated nilpotenbugis. Using similar methods we
extend this result to arbitrary groups. Recall tha groupG, the set:

o(G)={g0G |G: G(9|<]
Is a characteristic subgroup @f called the FC-centre (Passman,1977)
Theorem 3.9.Let G be any group. LetD(G) denote FC-centre of G and let
T =TP(G) be the torsion subgroup oﬂJ(G). Then every central unjz of ZA can

be written in the formy=wg, with wOZT and ngJ(G), morover w and ¢

commute.

Further we are able to produce a finite set ofegators for a subgroup of finite

index in Z(U(ZG)) when the FC-centre d@ is finitely generated. We shall always
use Z(H) to denote the centre of the gradp
Theorem 3.10.Let G be a group such that its FC-centrdJZGJ(G) is finitely
generated. Let{zl,...,zd} be a set of generators of the center of G. Then
(2,....7,,8..b) is a subgroup of finite index i€ (U(ZG)).

The elementa{lil,...,ﬁ} will be described in section 2. They are relatea set

{b,...h} of generators of a subgroup of finite ind&(1/(ZT)) which could be, for

example, the one obtained by Ritter and SehgalgfRand Sehgal, 1993)
Since any subgroup of a finitely generated nilpbggoup is finitely generated

Theorem 2 is also an extension of the resultsaap@rs, 1996)
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3.3.2. Central Unitsin ZG of an FC-Group

The form of a central unit iZ.G has been described in (Jespers, 1996) in the case
when G is finitely generated nilpotent group. In this @ we shall prove that a
similar result holds for arbitrary groups. To dovse firstly consider the case whege

is anFC group and then show how to reduce the generaltoabés one.

Proposition 3.11 Let G be an FC group. Then, every central unit of ZG can be
written in the formy = wg, with wOZT and gOG.

Proof. Given a central unitwJZG, we can work in the integral group ring of the

group generated by the element in its support sihowt loss of generality, we may

assume tha6 is finitely generated and hence tAHats finite. We can writeQT as a
direct sum of simple components:
QT =0,A.
The central idempotents @T are not necessarily central @G, so we letG

act by conjugation on these idempotents. Addingctimaponents corresoponding to all

the idempotents in each orbit under this actioncarewrite
QT =04R
where eachR is a direct sum of simple rings and is invarianter conjugation by

elements irG.

Now, setF =G/T. We can wrtieQG as a cross product:
QG=(@QM)*FOOL(R* §
Hence, the unity can be viewed as a tuple=(u,,...,u,) whereu O R* F,

1<i<n, is of the formuy, =Z>§1Th with x, OR,, f,0 F. Notice that we may assume
h

that the elements iR have been chosen in such a way thatz T | Zzik.

Claim 1. With the notations above, each coefficignis a unit in R

Proof. Notice first that since i is also central inQG, for each element OF we

have thatf ;= uf . Hence, in a component of the fofR* F we can compute
fu=> T =>%"f=> x"7ff with rOU(R)

And taking into account the fact thet=G/T is abelian, we also have

uf=2 i F=20% 1 =3 xr ff
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So we see that
X, =X (3.2)
Notice that if we writeu, as a tuple in the direct sufy [J...00 A , the definition of R

implies that any two components can be switched bgnjugation by an element Gf
so equation (3.1) actually means that (a,...,a) is a diagonal element.
Also, for an elementJT we have that:

tu =>tx.f,

ut=> x.ft=> .11,

Because of the choice of the elemelhjts sincetu = ut we have that

xt' T =tx. (3.2)
Equation (3.2) shows that:

X R=Rx
So

RxR=Rx

Since R is a direct sum of simple components, it followatt for each simple
componen® of R, we have thatAx; A= Ax. Now, if x; #0 since x; is diagonal, its
projection in each simple component is non-zeroAgpA is a non trivial two-sided
ideal. Then it follows thatAx A= A; consequentlyAx, = A showing thatx; is
invertible in each component. Henoce, is invertible inR .

Claim 2. Each componeni is actually of the fornu, = xjf.

Proof. In fact each component, is not a zero divisor and the grolipis abelian,

torsion free and thus ordered so, using the feat tite coefficientsx; are not zero

divisors, a standart argument shows thhamust be trivial inR * F, as desired.

Now we are ready to prove our statement. We cate wriin the form
p=>af00R*F agOR fOF.

Collecting together coefficients whenevéyT = f, T and changing notation we can

write 4 in the form

u=> af OOR*F o' OR, fOF, fTz fTif iz j
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Since G is a finitely generatedcC group, it is central-by-finite, so there exists a

positive integek such thatg* 0 Z(G), for all gOG. We compute:

p=Y @B =Y AT00R*F FOR, fOF (3.3)

Notice that, sinceG/T is a torsion-free abelian, we also have tHdfl # f*T
whenever £ | .
Now, since eachf " is central, we have that:
tw = tBR
M= BT'1=3 At
So gt =tg, for all tOT, showing that the rin® generated by all the coefficienfs
Is commutative and, in facR Z(ZT).

Let A be the central subgroup generated by allelleenents ofR/ N can be
lifted to idempotents oR and ROZT contains no nontrivial idempotents, it follows
that R/ N contains no nontrivial idempotents. So, it follolwsm (Sehgal,1978) that

(R/ N) A has only nontrivial units. Hence:
U = Bf*+v, wherev is nilpotent.
Comoparing with the expression @f given in equation (3.3) we see that

v=0. Hence,/* = ¥ as required.
We shall now show how to extend this result togbeeral case.

Proof of Theorem 3.9.

For each finite conjugacy cla€sof G consider the class sum= zxmcx. It is

well known that the set of all these class summ$oa Z-basisfor the center of the
group ring (. Passman, 1977). This means jhas also a central unit iﬁi[CD(G)],so
we can apply the proposition above and it followsniediately thaty =cwg, with
wUZT , whereT =T(®(G)) and g P(G).

Since i is central, we have that® =a’g=wg & = g as statedo

As an easy consequence, we can give an elememtad/fpr the following.

Corollary 3.12. Any central unit of finite order iZ.G is trivial.



35

Proof. Let # be a central unit of finite order. Writing 4 =cwg as in Theorem 3.1,
we have that
U =aw'g"
This means thag" =w "OZT. This implies thatg" T and thusgOT. It
follows that 4OZT where T is finite, so the result follows immediately from

Higman’s Theorem (Sehgal,1993)
We remark that, since finitely generate@ groups are residually finite, the

same proof as in (Jespers, 1996) now gives thewolil.

Corollary 3.13. Let T be the torsion subgroup of the FC-centre ofjraup G. If
Z(U(ZT)) is trivial then Z(U(ZG)) is also trivial.

Lemma 3.14.Let G be a group and(G) its centre. Ifyd1+A(G)A(Z(G)) is such
that y" =1 for some positive integer n, ther=1.

Proof. Since y can be written as finite sum of the foryn= 1+Z(1— g)(- z), we can

assume thay 01+ A(G)A(A), whereG is a finitely generated group aids a finitely

generated central subgroup.Af=1 there is nothing to prove. We use induction on the
rank of A plus the order of its torsion subgroup to concldoat taking z(O A and

putting G = G/(2) we have thay =1 inG.

It follows that y=1+9, dUAG < z>). Thus, there is a central element in the
support ofy. Remembering thay is a torsion element, it follows from (Sehgal, 299
that y = z,, z, 0 Z(G). We conclude that

z,-1UA(G)A(Z(G)
and thusz, 01+ A(Z(G))* so z, belongs in the second dimension subgrouEZ(®) .
Hencez,=1landy= 1

Lemma 3.15. Let G be a group and lez[1ZG be a central unit. If there exists a

positive integer n such that" is trivial, then u itself is a trivial unit.

Proof. Since "0 Z(G) we have tha" =1inZ[G/Z(G)|. Thus x is a central unit

of finite order in this group ring, so it is triviay Corollary 3.12.

Hence, there exists an elemail G such thatiz = g in the quotient, so we can write

#=g (modA G2 @)
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Using the Whitcomb argument (Sehgal,1993), it loareasily shown that there

exists an element g of the form g,=gzwith ZJZ(GQ such that
H=Q (modAGAE G))
Thus
H'=9" (ModAGRE G))
hence
(#g) =1 (moda G € G)))
Since by Lemma 3.14 the group of invertible eletsen 1+A(G)A(Z(G)) is

torsion free it follows thaj/g,™ =1 and thusy = g, 0 G, as desired. O

Proposition 3.16.Let g be a group such that its FC-centle=®(G) is finitely
generated and leS=Z(U(Z Q) n Z(U(ZT)). Then SZ(G is a subgroup of finite
index in Z(U(ZG)) and Z(U(ZG)) itself is finitely generated.

Proof. SinceT is finite, it follows that Z(i/(ZT)) is finitely generated and thus, its

subgrougSis also finitely generated.
We have thatZ(G) O Z(®) and Z(®) is of finite index in ®, which is

finitely generated. Henc&€(®) is finitely generated so i€ (G) .
We claim thatZ(i/(ZG)) is of bounded exponent ov&Z(G) . In fact, given
MO Z(U(ZG)) we write it in the formy=wg with wOU(ZT) andg G Then

gTOZ(G/T). If we set k=|AutT|, we have that(g",t)=1, OtOT. Given any

elementx] G, we have that:
(g"m)X =(g"x)m = ( gkt)m , for somet OT .
Hence
(647)' = g7t = gt
So, if we seth= k| T| we have thag" 0 Z(G). O
Nowu" =a'g" so o' =u"g "O0Z(U(ZG)) n Z(ZT). Consequently,
U"OSZ(Q).

Finally, we observe thal (Z(U(ZG))) is trivial by Corollary 3.12, so it is

finite. It follows that Z(U/(ZG)) is finitely generated, as desired.
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Let {b, b,...,.R} be any set of generators of a subgroup of fini@ex in
Z(U(ZT)). For example, this could be the set of generaggpiicitly constructed by
Ritter-Sehgal (Sehgal, 1993). Létbe a transversal of the centralizer(T). For each

elementh we define:

hngx-

Notice that this product is independent of theeordf its factors since they

belong to Z(U(ZT)) which is commutative and is normalized I&. Clearly
b DZ(U(ZG)), 1<i<r.

Let {a,...,a} be a set of generators of S. Sir(d:g...,h} is of finite index in
Z(U(ZT)), there exists a positive integer m such that :

a"O(b,..h), KKi<s,
Hence, each element™ can be written as a product:

a'im:nbj.

So,
a,irdx\ = |_| (a'im)x = |_| 61
This shows thata™” D<61E;> I<i<s It follows that <616,> is a

subgroup of finite index i

Since we have shown thH(L{(ZG)) - SZ( G)| is finite, the proof of Theorem

3.10 follows from the consideration above.
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CHAPTER 4

CHARACTERIZATION OF CENTRAL UNITS OF ZA,

4.1 Introduction to the Problem of Characterization of Central unitsof ZA,

For any G the integral group ririgG, It is trivial that G O U4 (ZG). The units of
U,(ZG) are called trivial ifi/ (ZG) = G. On the other hand, let &4 (ZG)) denote
the center of the normalized units abfl Z(ZG)) denote the normalized units of the
center of the integral group ring. In fact, thes® thotations have the same meaning
(Aleev, 2000), since

U(Z(ZG)) =U(ZGC) n Z(ZGC) = Z(U,(Z Q).

Now let us recall normalizer property once more
N, (G)=GCZ(U(ZG) N.P)
In order to determine the normalizer, first of, alle will investigate the central

units of the normalized units of the integral grouqs ZA, . Characterization of central

units still a problem especially if G is a simpleogp. There are some studies to
determine the central units oA, . Firstly, for n=5,6 central units of ZA, is
characterized (Aleev, 1994). By using pell-equaioanother characterization for
n=>5 is given. Later, By using irreducible represeitasi, a different characterization is
given (Bilgin, 2004). Unfortunately, methods usgudto now, can not be generalized for
this problem. Increasing leads to increasing the order of alternating griagporially.
So for (n>7) the problem is open.

In this study, it is shown that central units da determined more easily by
using irreducible characters, and also for largerthis method is applicable. Of course

we will use a software GAP 4.3 to get irreducitih@racters of the alternating groups.

4.2 Method

GAP (Groups, Algorithms, Programming ) is used to obtain the irreducible

characters ofpA, up ton=20. Besides, the order of the conjugacy classestandrder

of the centralizers are obtained by us@yP.
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i) In order to obtain irreducible characters we usddwing command :

gap> tbl:=CharacterTable("A5");
CharacterTable( "A5")

gap> Display(tbl);

A5

2 ...
.1
.11

gwN
RPN

la 2a 3a 5a5b
2P la la 3a 5b 5a
3P la 2a la 5b 5a
5P la2a 3alala

X1 11111
X2 3-1.A*A
X3 3-1.*AA
X4 4 .1-1-1
X5 51-1..

A =-E(5)-E(5)M4
= (1-ER(5))/2 = -b5
i) In order to obtain size of conjugate classes veel disllowing command :

gap> tbl:=CharacterTable("A5");
CharacterTable( "A5")

gap> SizesConjugacyClasses(tbl);
[1,15,20,12,12]

iii) Here another way to obtain the irreducible charadem GAP program.
gap> A:=AlternatingGroup(5);
Alt([1..5])
gap> Ch:=IrrDixonSchneider(A);
[ Character( CharacterTable( Alt([1..5]) 1,[1,1,1,1]),
Character( CharacterTable( Alt([1..5]) ),
[ 3, -1, 0, -E(5)-E(5)™4, -E(5)"2-E(5)"3]),
Character( CharacterTable( Alt([1..5])),
[ 3,-1, 0, -E(5)"2-E(5)"3, -E(5)-E(5)"4 1),
Character( CharacterTable( Alt([1..5]) #,[0, 1, -1, -11]),
Character( CharacterTable( Alt([1..5]) 5,[1,-1,0,0]) ]

iv) To carry out algebraic operations we used Maple 10.0
* The conjugacy classes of alternating groups betwigeandA , are listed below
in the order of occurance. Being in the same cagyglass inS, symmetric

group, n'th conjugacy class is divided into two conjugacyasses as
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C. andC in A . Considering this situation, the sum ofth conjugacy class

isC = z g, and meaning ofC. is connected to the gro
900G

For example C, ={g123)g": g0 A} means C, =(123) when n=3, and
means C, = (123)+ (134} (142y (24: when n=4. According to this, the
conjugacy classes up =10 are listed below.

C, ={®}.C,={dL2,3)g": g0 G, C,={d1,2)3,4)g" : g0 G

C, ={d1,2,3,4,5g" :g0 G}, G={dL3524)¢ : ¢ Gve ¢= ¢0 ¢

C, ={d12,3)(4,5,6)g" :g0 G} C, ={d1,2,3,4)(5,6)g" :g0 G}

C, ={dL,2)(3,4)(5,6, 79" :g0 G)

Ce ={91,2,3,4,5,6,79" :g0 G},¢'= {d1,3,5,7,2,4,65 4 G}veg= 0 €

C, ={d1,2)(3,4)(5,6)(7,8y" g0 G] C,={d12,3,4)(56,7,8p" g0G’

C,,={91,2,3,4,56)(7,8p" 90G

C,={d12,3,4,5)(6,7,8y" 90G}G = {91234,5)6,87y 4 G}G= g0 €
C,={d12,3)(4,5,6)(7,8,9%" g0 G

C,={912,3,4,56,7,8,9" pdG}C,= {9(12,3,456,7,9.8 d Glg= GO G
C,={d12)(3,4)(5,6,7,8,99" g0G C,={d12,3,4)56,7)89%" gdG’

C, ={dL2,3,4)(5,6)(7,8)(9,10§" g G,
C,={dL2,3,4,5)(6,7,8,9,100" g0 G
C, ={dL2,3)(4,5,6)(7,8)(9,20§" gd G,
C,,={dL2,3,4,56,7,8)(9,1Q" ¢g0G

C,,={d1,2,3,4,5,6)(7,8,9,1Q" g0 G
C,={d1234,56,7)8,910" g0G}C,= {9(12,34,58)810,9g :d G
C_:22 = C'ZZD E:12’2

* Since QA, is a semi-simple ringZ(QA,) is written as the direct sum of the

scalar matrices. The size of these matrices areleuthe value of the
irreducible characters at the identity. The centwaits are going to be

determined by considering this fact.
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4.3 Construction of Generators of Central Units ofZA,

In this study, it is shown that central units che determined by using

irreducible characters. Furthermore, it is showat this method is valid for larges.

Theorem 4.1  U,(Z(ZA,)) =<49C, - 10C,+ 26C,— 16C,>.
Proof. Firstly,let us consider the irreducible charataéde of A.

Table-4.1: Character Table of A

g 1C] G | G c g
C(a) | 60 | 3 4 5 5
o] | 1| 20 15 12 12
X1 1 1 1 1 1
Xo 4 1 0 -1 1
Xs 5 | -1 1 0 0
Xa 3 0 -1 a B
Xs 3 0 -1 B a

wherea — —<2_3_ 15 5 4 145 s

It yOUu,(Z2(ZA)) then we can writey = y,C, +y.,C,+y.C,+y,C,+y.C,. Therefore,
5

the values ofy at the irreducible characters aye(y) = >y |C(g)|.x; (9), (=1 ....9.
i=1

Now let us consider these values one by one.

XN =y1.1+y, 204y, 152y, 124y, 1240, AQOU Z(

y, + 20y, +15y, +12y, +12y, = &(y) =1 (4.1.1)

X.(V)=y.1.4+y, 204y, . 158y, 12 By, 1Z( H M ALOU Z(

Vit5), =3y, ~s=%1 (4.1.2)

Xs(V) =y 1.5+ y,.20.6 1y, 152y, 120y, 120 A AU Z(

V,—4y,+3y,=+1 (4.1.3)




Xs(V) =1 1.3+y,.20.00 y, .15 By, da+y, 12.=3A,, (A, 0UZ[a])

v, =5y, +4ay,+ 4By, = A,0U @ N5)), (a=1+—,f’ ,,6’=1_—f’)

Xs(V) = ¥.1.3+y,.20.0r y, 154 Ly y, 1B+ys 2= A3 AU Z(a|

_1+x/§ _ 1-J/5
2 T )

V=5V, + 4By, + day, = A, 0U ZWV5), @
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(4.1.4)

@.1.5)

Here sinced‘)(j (") -x(y) for d>2and-2: we can writey;(y) =1 for (j=23).

So the matrix of coefficients can be written asftiwing.

1 20 15 12 12|y ] [1]
1 5 0 -3 -3||p| |1
1 -4 3 0 O0fpl=l1
1 0 -5 4 4Bly.| (A
1 0 -5 48 4&||y| |A]

If we consider the first three equations and tret three variables we get:

1 20 15[y [+ 12¢,+y,
1 5 0|y |=| H30+)s)
1 -4 3|y 1

So the parametric solution is
i=1+30L+s) Vo= 0, yo=— futys
By substituting this solution into the equationl(4) , we get
(L+10(/, + y5 )+ 207, ~ 5 N 50U € 1 5))
For the smallesk N it is like the following
(L+10(/, + V5 )+ 20/, =y N 5= (2 5
We get this wherk =4. So the solution is as follows.
V,=26,),=-10= y,=—-16y,= 49y,= |
Thus, the generator is
y=49C, - 10C, + 265, - 16"
and its inverse is

y™=49C, - 10C, - 16C, + 26C,.
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Theorem 4.2. U (Z(ZA)) =<1843%, - 230€,+ 3726,~ 1428,- 23@>.

Proof. First, let us consider the irreducible characibtd of A, .

Table-4.2: Character Table of A,

C(9) C, | C, C, C, o C, Cs
C(a)| | 360 o9 8 5 5 9 4
g8 | 1| 40 | 45 36 36 40 90
X, 1| 1 1 1 1 1 1
Xo 5 | 2 1 0 0 1 1
X. | 10| 1 -2 0 0 1 0
Xa 9 [ o 1 1 1 0 1
Xs 5 | -1 1 0 0 2 1
Xo 8 -1 0 a B -1 0
Xz 8 -1 0 B a -1 0

Wherea:—52—53:% 3 P 1_2\/_5 ’a{:eeri /5

2

7
If yOU,(Z(ZA;) then we can writey=> ;C . (C;= > g). Thus
i=1

gtc(9)
XN =2 rlc@)lx (9), (=1.2....7,

Now let us calculate the irreducible characterg dér eachj =1,2,...,7.

X)) =y 1.1+, 40.% y, 452y, 724y, 724y, 4G), .9

Vit A0y, + 45,5+ T+ T¥+ 4P+ 9P, =€ L F (4.2.1)

X,(V) =y 1.5+, 40.2ry, 452y, 728y, 724y, .46.(4dy, .90.(=B1,0 ,0UZ))
¥, +16y, +9y, -8y, —18y, = %1 (4.2.2)

X.() =y,.1.5+y,.40.6 I}y, 452y, 720y, 728y, 4ACGY, .90.BA,(A UZ))
¥, — 8y, +9y, +16y, —18y, = £1 (4.2.3)

X.V=y.19+y, 400y, 45.2y, .72 By, 7Z( ¥y, .46¢, 9691, 0UZ))
Vit5y, =8y, — 8/ +10/,=% 1] (4.2.4)
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Xs(V)=y.1.10+y, 40.% y, A5 By, 720y, 724/, .46}, .96.0 A1 [JU(Z))
Vv, 4y, -9y, +4y, = %1 (4.2.5)

Xe(V)=1,.1.8+y,.40.¢ I}y, 4508y, T2.+y., TB+y, 46.( 4y, .96G04 84 OU(Z[a))
yl_5y2+9ay4+9ﬁy5_5/6:/16 (4-2-6)

X-(V=y.1.8+y, 40.6 By, 458y, TB+y, 1+y, 46.(4)y, .9¢A, A,J0U(Z[a))
Vi=5Y, + 9By, + Qays— Y= A, (4.2.7)

Here sinced‘)(j(y)—)(l(y) and d >2 foreachj (j=2,3,4,5 weget x;(y) =1.

Therefore, the matrix of coefficients can now héten as;

1 40 45 36 36 40 90
116 9 0 0 -8-18 X% 1
1 4 -9 0 0 4 ol |1
1 0 5 -4 -4 0 10|/ 1
1 -8 9 0 0 16 -18V|=|1

a p vs| |1
1 -5 0 2 £ -5 o

2 2 Yol e
15 0 B a4 5 o)l A
L 2 2 ]

If we consider the first five equations and thstfthree and last two variables, we get:

[1 40 45 40 90|[n] [ * 73+, |
116 9 -8 -18|y, 1
1 4 -9 4 0f|pyl= 1
1 0 5 0 10|y T 8, +V. )
1 -8 9 16 -18|y,| | 1

So the solution is
i= 1+8(y4+y5)’ 1z :_(y4+y5) v Vs = 0, Ve :_(y4+y5)’ Vi = 0.
Therefore, by substituting these values into theadqn (4.2.6) we get

1+8(1, + o)+ 50/, + ¥ )+ 9(# Yo+ 9 ‘f)w 5, +y, U LB )

1++/5

2

> for the leastk N

Since y is a torsion free unit ant!(Z[+/5]) ={#1} x <

/& (%tgk

45 5
1+7(y4 +y5)+7(y4—y5) =
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This can be obtained whda= 24. Then the solution is ,
¥, =3728)y,=— 1424 y, = 1843%,=- 2304,= R,=— 234~
So our generator iy =1843%, — 230&L,+ 3728,— 1424,- 23@} and its inverse

is y' =1843%, - 230€, - 142@,+ 37IG- 23@

Theorem 4.3. U (Z(ZA,)),U,(Z(ZA,)) andUd, € ZA,)) are trivial.

Proof. In Table 4.7, Table 4.8 and Table 4.9, all valukgreducible characters are
either rational or quadratic imaginary values. Byedrem 3.1 all torsion-free units are

trivial.

Theorem 4.4.  U(Z(ZA,) =<y >

where y=%75(1959q— 24C+ 4G- G+ G- G~ Gt 4G~ G,.

Proof. If yUOU(Z2(ZA)) thenyDZ ZAg) andrDU 14 A - Let us consider both
cases one by ong.lJ Z(ZAg) means thaty can be written as a linear combination of

class sums ovéer, as follows:

y=nCr+yCit..+y1Ligt V114V 1814V 16 15-+V £ 3V 53 37 &4
Since y 014 (ZAg) we can consider irreducible characterg (sfee table 4.10). That is,

Forj=1 we get
24 24
X =2rlC@)xn(9)=2x|Ag) =) =1 (4.4.1)
Forj=2,...,22 we get
X =2 KIC(a)|x (9)=x (84 O Zand} OU €)= x ¢)=2x (o) (4.4.2)

Forj=23,24 we get

XK= K(C@)x ()= (81 4 DZ[“f]] :»’;((‘e’; "z 1*2—25. (4.4.3)

If we divide the equations (4.4.2) and (4.4.3) py(e) forj =2, .. ,24 we can writ&

matrix of coefficients as follows:
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1/ 240 &30 045 8400 18900 | 25200 85400 4725 18900 25200 120960 22400 201600] 201600] 90720 151200] 56700 72576 | 151200 226800 151200 86400 86400
1 160 350 2683 2500 -2100 5600 19200 525 6300 -2800 13440 O 0 0 o D 6300 -5064 16500 -25200 -15800 | 9600 -3600
1 95 195 864 480 l&20 1440 0 405 1620 1440 -3436 -840 -5760 -5780 2592 01620 0 0 648D o] o o
1100 140 1008 700 -1050 -700 2400 -525 1050 -700 0 o 0 D -5040 -4200 0 2016 -4200 0 4200 2400 2400
1 0 o0 -4 00 -180 0 0 225 0 18w 0| -1600 0 0 2160 D 2700 3436 -3800 0 aem| o o
1 48126 0 0 -7 1008 2304 18 252 O 0 & 0 0 0 201 -1 0 0 3024 0| 1152 1132
1 &0 0 283 300 450 -900 0 -225 -450 900 1440 00 0 0 0 1800 0 -84 -1800 0 -am| o0 o
1 16 95 -336 280 840 560 %60 105 0 -280 1344 O 0 0| -1008 0 1260 0 -lsao 0 1es0| -se0 -sen
1 40 70 48 400 0 200 0 225 -600 -400 90 O 0 0 70 -1200 900 57 0 0 o] o o
1 51 63 18 105 0 -315 -540 0 0 -315 -756 -280 1260 1260 567 0 o0 o 0 0 0| 540 -340
1 24 18 144 0 0 360 0 -135 -30 0 -576 320 0 0 432 9 40 0 0 0 o] o o
1 15 -45 27 75 0 225 0 0 0 225 -340 -100 1800 500 -403 0 0 -324 0 0 o] o o
1 15 -45 27 75 0 225 0 0 0 225 -340 -100 -900 1800 -403 0 0 -324 0 0 o] o o
1 16 14 0 224 252 -112 384 189 84 224 0 o 0 0 0 612 232 0 0 -1008 0| 384 384
1 20 20 48 100 150 -100 0 75 -150 -100 -480 O 0 0 720 600 0 57 600 0 wm| o o
1 -5 35 -147 175 0 -175 300 0 0 -175 -420 O 0 0 as 0 0 -s504 0 0 0| =00 smo
1 -2 0 0 84 -126 -252 -288 63 126 252 0 2 0 o 0 504 0 0 S04 0 04| 288 -8
1 15 38 -9 -50 60 & 0 35 0 & 384 O 0 0 28 480 -180 0 40 720 480 0 0O
1 24 .18 0 -24 -8 -2 0 27 -8 72 0 -84 576 578 0 432 324 0 432 0 42| 0 o
1 & 14 0 -5 8¢ 56 384 21 84 36 0 o 0 0 0 33 -252 0 -3% 0 3| -9z am
1 0.8 o0 -8 36 0 0 45 108 -144 0 128 0 0 o 0 108 0 -8 432 -288] 0 0O
1 0.0 2 o0 10 0 0 35 10 0 0 o 0 0 1 0 -0 238 0 -400 [ I
T35 0 & 10 0 0 Z& 0 0 0 355 05 D CI 0 0 -8 D D T
1.5 0 & 0 0 0 225 0 0 0 315 -7 0 0 o 0 0 -1a 0 0 0| a5 e
where a :L;/ZL,ﬁleﬁl

sinced‘)(j(y)—)(l(y) and d >2 foreachj (j =2,3,4,...,22 we gety,(y) =1. If we

neglect two rows in the last and transfer 2 colsiom the right of the matriX to the

right hand-side we get the following equation

&30
30
1565

140

s

i
1005

40

BIEH -8

f
Do m e W

i

s H e EE S

2

-175

So the solution

V=14672(/05t Voy) Vo =42 05tV 0s) Vs =

¥,=0

21
ylsz'Z (y23+ y24)

7
ylg:'Z (y23+ y24)

G400 47235| 15900 23000 120650
19000) 525 6300 -2800) 1340
O 405 1520 140 -3
2400 525 1050 -7 1)
0 =3 0| 1800 1)
-Z304| 189 252 1] 1)
0 =223 -430) %0 1HG
-9E0| 105 0 -ZE0 134
0 223 -500) -400 =)
-5 0 0 -315 156
0 -133 -330 aTi

o o0 0 5 S0

o 0 0 5 Sl
Lo B 2 1)
O 73 -130] -100) -0
3o 0 0| -175] -4
=388 B3| 128 23 1)
o -15 -0 1) il

L = 1)
=2 S = 1)
O K -1l 1)

o -15) 100 1] 1]

S

7
Ve =4-V§3+y24 )V

V1,=0

Y 2=0

00| 01500 201600 90720/ 151200 56700 72576
1) 0 0 0 0| 6300 2054
-GM0| -oTe0) -STE0) 23D 0] -1520 1}
1) 0 0] <5040, -4200 0| 2016
=160 1) 0 2150 0 2700 345
=3 0 0 0 2006 136 0
) 1) 1} o 1E0 o] s
1) 0 0 -1 0| 1260 0
1) 1) 0 720 -1200| -900 506
-0 120 120 SE 1] 1] 0
30 1) 0 &2 -1 S0 1}
-100|  1800) 600 -5 1] 0| -3z
=100 200 1500 -4 o -3
1) 0 0 0 &2 232 0
1) 1) o -1 0 LT
1) 0 o 315 1] o -5
= 1) 1} o - 1] 1}
1) 0 0 -5 -480) -130 0
=5t alG 6 1} Gz 3 1}
1) 0 0 0 33| -2R2 0
126 1) 1} 1} L] 1}
1] 0 o1& 0| -100] 255

Vis

YV

V.

V1=0
Vi

V2

151200 | 26800 151200
16300 -25200) - 16300
Lo a
-420 0 20
=30 0 -390
0 -3 a
-850 0 -18m
-1630 o 1=
0 1) a

0 1) a

0 1) a

0 1) a

0 1) a

0 -1008 a
0 0 -
0 1) a
il L
=) 20 -
a2 1) L=
-3365 o 3%
B B -mE
o -0 1]

7
Y1 =0 y12'4=y(2§"y24

k7

Ha
Fuy
1
Fa |

=YgtV 20 W s =0 V¢

11512000 g5+ )
1-HEE00( pys +154 )
1

1-200( pps + 340
1
1-016( pps + 3 )
1
1+1680(;v23+,v24)
1

14845 s 4y )
1

1

1

1672y 4350
1

1-525(ps + x4 )
145040 pps +134 )
1

1
1+336(;v23+r24)
1

1

=0

Y70 V=0
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Therefore, by substituting these values into theadqn (4.4.3) we get

7875 1J_J)y }J_J) ]:( GJ_zj\k
23 24 2

+V,4) +225((

By simplifying we obtain

K
225 5+ 21
1+ 40500/23"'}/24 )"'7\/31(/23_}/24):( 2 J

This can be obtained whdn=180. Then the solution is ,

Vo3 =165623615765175100959967020583792797799541171038842897146389~

8431352216703061189515643033425293516118%522 589939024.
Voq =>-12821924982146625399127348613936380506243078933653535373~

3521565415587742696365606167117430740B32406353497553424.
But it is not useful to express the other coeffitsein terms of y,, andy,, Therefore

we'll solve this equation fo(5+;/?]) instead o(5+T\/2—])18°. Hence, the solution gives

us 180th root of the solution. Now let us solvefthllowing system of equation.

AX=Y
whereX is 24x1 type vector of coefficients aids the transpose of 1x24 type vector
[1,1,1,..., 1, 5+;/_1 o~ ;/_1] The solusion is

Y=oy VoTmew V=0 y,=. ¥s=0  y,=0
¥, =0 Vo1 Vo= 0 Vo= 0 yu=0 y,=r
Vis=1ee V=0 y=0 y, =0 y,.= 0 V= 0

- 1 — — —
Vio ~ 1575 Voo = 0 Vo= 0 V2= 0 V5= 1575 Vs~ 1575
Hence the 180th root of generator is

F(J-QSQ: - 24: + 4: CB+ QZ C13_ Czo+ 4C22_ sz

with the inverse

y —F(J-QSQ: —24,+ £,- G+ C,— G- G- G 4C,,.

As a result

U(Z(ZA) =<y >
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CHAPTER 5
CONCLUSION

In order to find a counter example for the NormaliProperty for a grou® ,
one must know the central units of its integralugraing. As it was mentioned in the
previous chapter, construction of central unitsnéégral group rings of simple groups
IS not so easy, especially for alternating groups Por small groupsri(< 6) there are

some temptations; First Aleev gave a characteamadf central units ofZA, for n=5
and 6. By using Pell equations a characterizatforenotral units ofZA; is given by Li

and Parmenter. By using irreducible representatiansther characterization of central

units of ZA; is given by Bilgin. Unfortunately, none of themncbe generalized.

In this study, by using some softwares; GAP 4.8ddve irreducible character
tables and Maple 10, to carry out algebraic openati By the help of these irreducible

characters, the central units @A, are characterized fox11 as follows:

Table 5.1 Table of Generatros of A

n Number of Generator Reference
generator

3.4 0 Trivial Theorem 3.1

5 1 y=49C, -10C, + 26C, - 1€ Theorem 4.1

6 1 y=1843%, - 230€,+ 3728,- 1424- 23® Theorem 4.2

7 0 Trivial Theorem 4.3

8 0 Trivial Theorem 4.3

9 0 Trivial Theorem 4.3
<y > where

10 1 1 Theorem 4.4
y:1575(]_95q:1— 24, + L£,- G+ G,— Gy Gyt 4022_ sz

The method used in this thesis can also be geéredafor larger n’'s, for example
(n<20).
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Table 4.3: Character Table of A

Conjugacy Class> | C, C, |C

#( Centralizer) 3 1 1
#( Conjugacy Class) 1 3 3
Y 1 1 1
Y 1 a a
X3 1 a a

o —1+|\/§'&:: —1-i4/3 (a—e?mil3

2

2

)

Table 4.4: Character Table of A

Conjugacy Class C, C, C, | C,
#( Centralizer) 12 3 4
#( Conjugacy 1 4 4 3
Class)
i 1 1] 1] 1
Xo 1 a | -1
X3 1 a o 0
Xa 3 0| -1
o —1+i\/§@:: ~1-iv/3 (=13

2

2

Table 4.5: Character Table of A

Conjugacy Clasg C, C, |G |C, |C

#( Centralizer) 60 3 4 5 5

#( Conjugacy 1 20 | 15| 12 | 12
Class)

i 1 [ 1] 1] 1] 1

X 4 [ 1o 1] 1

X 5 [ 1] 1] o] o

Xa 3 Ol -1l a | B

X35 3 0 11 B a

w2 3:1+_\/~73, - _84:1—\/?3 e /5)

49



Table 4.6: Character Table of A

Conjugacy Class C, C, |C | C, Ci | C, C,
#( Centralizer) 360 [ 9 8 5 5 9 4
#( Conjugacy 1 40 [ 45| 72 | 72 | 40 | 90
Class)
X 1 1 1 1 1 1 1
Xo 5 2 1 0 0 -1 -1
Xa 5 -1 1 0 0 2 -1
Xe 9 o 1] 2] 2] of 1
Xz 10 1 -2 0 0 1 0
Xs 8 -1 0 a B -1 0
Xo 8 1o o -1 0
a—€2€3—1+—f,ﬁ= 884_1—_2\/—5 e =e2i /5

Table 4.7: Character Table of A

Conjugacy Class| C, G, |Cc|C|C|C|C|c |C
#( Centralizer) 2520| 36 | 24 5 9 4 12 7 7
#( Conjugacy 1 70 | 105| 504 | 280 | 630 | 210 | 360 | 360
Class)

X1 1 1 1 1 1 1 1 1 1
Xo 6 3 2 1 0 0 -1 -1 -1
X 10 1 -2 0 1 0 1 a | B
X 10 1 -2 0 1 0 11 B a
Xs 14 2 2 -1 -1 0 2 0 0
Xo 14 -1 2 -1 2 0 -1 0 0
Xs 15 3 2] 2] of 1] 2] of o
Xs 21 -3 1 1 0 -1 1 0 0
Xo 35 -1 -1 0 -1 1 -1 0 0
a:€+€2+54:—_1—;iﬁ,6=€3+55+€6:—_1_2i\/_7, c=eZ /7



Table 4.8: Character Table of A

51

Conjugacy G |CG|G|G|G|G|C |G |G C | G | Cu |G |G

Class

#( Centralizer) 20160 180 | 192 | 15 | 18 | 16 | 12 | 7 7 | 9% | 8 6 | 15 | 15

#(Conjugacy | 1 | 112|105 |13441120|1260| 1680 | 2880 | 2880 | 210 | 2520 | 3360 | 1344 | 1344

Class)
n 1 T 1| 1| 1| 1| 1 1 1 1 1 1 1 1
X 7 4 1 2 = 1] o 0 0 3 1 1 2] =
X 4 | 1| 6| 1| 2| 2| 1| o 0 2 0 o] 1 =
X 20 | 5| 4| o 1| o 1| 1| 1| 4 0 1 0 0
X 20 | 6| 3| 1] o 1| =2 o 0 1] 1 o 1 1
Yo 20 | 3| 3| 1| o] 1] 1 0 0 1 1] o] a | B
X 20 | 3| 3 1| o] 1] 1 0 0 1 1] o] g | «
Yo 28 | 1| 4] 2| 1] o] 1 0 0 4 o -2 1 1
Yo 35 | 5| 3| o 2| 1| 1 0 o[ | -1 o 0 0
Yo 45 [ 0| 3| o o 1| o] y A | 3 1 0 0 0
Yo 45 [ 0| 3| o o 1| o vy | -3 1 0 0 0
X2 56 | 4| 8| 1| 1] o] o 0 0 0 o =1 1 1
Xos 64 | 4| 0| 1| 2| o] o 1 1 0 0 o] 1 =
X 70 | 5| 2| o] 1| 2| 1| o 0 2 0 1 0 0

Oz:€+€2+€4=—_1_;iﬁ Bed ey et Y0 1_2|ﬁ c=e?/Tyew—e? /15
7:—w—w2—w4—w8:_1+—i\/I5,A:—w7—w11—w 13, 14:Li~/T5_

2

2
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Table 4.9: Character Table of A

14_ — 1+|

8 _ _1+|

= ———t o o —t = <
1 0Z1ST B A A o I A ° " -
/TO . s N g - - _
910 0z 2106 L | - - ° T
|_1_ N[ )1__ o 00 ~
"o |o |lo |H ' o o o o
o1%0) 6 09702 -
= — |~ S5 o) o |© ©
! - | o (@]
FTD 6 09102 © e @ © ©
Tl NG S ™ o ©
— ™ MmO
¥10 S 09€€ i el I _ °
| ]
o o |[O o o
£10 gT 9602T Q|5 |7 |o o - o |o -
] = |l 1
o ' o |O =) o N
r4%0) gT 9602T S o o o lo 1__
110 9 0vzog © |lo |o A A i - o |° |o
— < O O O @) (@)
01 91 OvETT S |e |« o |7 |7 [N - N O |
60 26T sie | o |[" T[T [T o e« [T = [®[F o7 ]°
8o l ozesz |" [~ [T T lelele [Tl
N — |
19 vZ 7 A T A A S T e S A A I Il A S N A
95 vz e i O i A A e T R O el R e R e e R Al
%) 18 ovzz = |7 (@ @ o [ T[T R [ [N o % o o [0 |o |o
™M (N |+ [ —l
D 09 vzog [ | |7 |7 NP e @ TR Tlo o @ o [T |+
£0 08y S i A i N L R A R R C N R
o — Lo
2 080T goT [ [0 P |V o S |0 v o jo 5 |? [T o |o|d o @
n O [N |0 O |©
— | ([~ |00 (IO IO [N |00 |©
10 0ov¥18T ._”18222233445M,mw__mmwo_ﬂ
o | 4 | N | ™M | < | 0 | © | ~ | ©
sse|D [uoD |J1azifenuad# | ss|D luod#

15,((9:6 2 /13

2

15
,ﬁ=_57_511_513_€

2

whereg =-c-¢*-¢*-¢8=
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Table 4.10: Character Table of Ag

5 5 5 = 7 Q
wCCO 00198 TC S
FT [ 9o Ao F|Oo| || |o|]o]o|F || |F|Oo|o|F] oo S |2
fa4e} 00198 TC
FT [ F o | |90 |9 |o|]o|o|]o|o[o| || S| | F|o|]o]o
120 00CTST et
F | 9| JdJ]|]o0o|]o|J|o0o|o|]0o|]o|o|]o|]o|J|]o|o|]Oo]|o|]Oo]]2]Oo]o
020 0089¢¢ 8
FT [ F o | F | 9o | |9 |o0o|]o|o|]o|o[o| Ao F ||| T F|Oo|O]o°
61D 00CTST et
[ 9|90 | | N[O ||| F]|]0o|0 | ||| N[ N|Oo|]o|[Oo|o|[o [N ][
8TO 9.G¢L o4
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910 00CTST et
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WWTO 009T0¢C 6
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h4%e 009T0¢C 6
T o | J ] o ®| ®| ®m|O |0 | N|®]| 7| |0 |O0|O0|®™|o|g]|]Oo|® o] ®]|®
€10 oovee 18
G A F oo [o[ A S |F| || ||| =]+
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,B=w 2+w 8+w 10—|—w_ 10—&—w

21
2

_1:l+

wherea %J+w4+w5—|—w_5+w_4—|—w
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