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HYBRID BAYESIAN NEURAL NETWORKS WITH GENETIC ALGORITHMS
AND FUZZY MEMBERSHIP FUNCTIONS

ABSTRACT

The aim of this study is to improve the novel algorithms, which estimate the models that
represent accurately to factors of dynamic and nonlinear systems in the fuzzy and stochastic
environment. In dynamic systems, modeling with possibilistic and probabilistic distribution to
uncertainties included in data set allows to more robust analysis. In nonlinear systems,
the pre-knowledge about the functional structure between inputs and outputs is either
unavailable or insufficient. In such situations, the neural networks are useful tools to determine
the functional structure between inputs and outputs. However, the traditional neural networks
with mean squared errors suffer from the approximation and estimation errors. These errors can
be decreased by the Bayesian neural networks simultaneously, since Bayesian learning provides

a consistent way to penalize the excessive complex models.

In this study, Monte Carlo (MC) algorithms used in Gaussian approach with recursive
hyperparameters and full Bayesian approach of Bayes Neural Networks are hybridized with
Genetic Algorithms (GA) and the fuzzy membership functions. Besides, to evaluate fuzzy
uncertainty in MC and GA processes, the fuzzy membership functions are used. Thus, the novel
hybrid Bayes learning approaches, which effectively estimate parameters and hyperparameters
of Bayes Neural Networks, are improved. The software of the improved algorithms is written in
MATLAB package program.

In application parts, the performances of the improved approaches are compared with ones of

traditional approaches, and then outcomes are discussed.



GENETIK ALGORITMALAR VE BULANIK UYELIK FONKSiYONLARIYLA
HiBRIiT BAYES YAPAY SINiR AGLARI

OZET

Bu ¢aligmanin amaci, dinamik ve dogrusal olmayan sistemlerin faktdrlerini bulanik ve stokastik
ortamda en iyi bi¢imde temsil edecek modellerin kestiriminde kullanilacak 6zgiin algoritmalarin
gelistirilmesidir. Dinamik sistemlerde, veriler anlik olarak degerlendirildiklerinden verinin hem
olasilik dagilimimin hem de olabilirlik dagiliminin birlikte ele alinmasi daha hassas sonuglarin
elde edilmesini saglayacaktir. Ayrica, dogrusal olmayan sistemlerde giris ve ¢ikis degiskenleri
arasindaki fonksiyonel yapi hakkindaki 6n bilgi ya yoktur ya da ¢ok azdir. Béyle durumlarda
yapay sinir aglar1 giris ve ¢ikis degiskenleri arasindaki fonksiyonel yapiyi belirlemek igin

oldukga kullanisli araglardir.

Bu c¢alismada, Bayes yapay sinir aglarinin yinelenen hiper-parametreli normal yaklagiminda
(Gaussian approach with recursive hyperparameters) ve tam Bayes (full Bayesian approach)
yaklasiminda kullanilan Monte Carlo (MC) algoritmalari, bulanik iiyelik fonksiyonlar1 ve
Genetik Algoritmalar (GA) ile hibritlestirilmistir. Ayrica, GA ve MC islevleri iginde bulanik
belirsizligi 6l¢mek i¢in bulanik {iyelik fonksiyonlarindan yararlanilmistir. Boylece, Bayes YSA
nin parametre ve hiper-parametrelerini daha etkin bir bicimde kestirmek icin hibrit Bayes

Ogrenim yaklagimlari gelistirilmistir.

Uygulama boliimiinde, Bayes yapay sinir aglari i¢in Onerilen Ogrenme algoritmalarinin

performanslari geleneksel yapay sinir aglarininkiyle karsilagtirilarak sonuglar tartigilmistir.
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1 INTRODUCTION

In Bayesian data analysis all uncertain quantities are modeled as probability distributions, and
inference is performed by constructing the posterior conditional probabilities for the unobserved
variables of interest, given the observed data sample and prior assumptions. The some references
for Bayesian data analysis are (Berger, 1985; Bernardo and Smith, 1994; Gelman et al., 1995;
Lindley, 2000).

The application of the Bayesian learning paradigm to neural networks results in a flexible and
powerful nonlinear modeling framework that can be used for regression, density estimation,
prediction and classification. Within this framework, all sources of uncertainty are expressed and
measured by probabilities. This formulation allows for a probabilistic treatment of a priori
knowledge, domain specification knowledge, model selection schemes, parameter estimation

methods and noise estimation techniques.

For neural networks the Bayesian approach was pioneered in (Buntine and Weigend, 1991,
MacKay, 1992; Neal, 1992) and reviewed in (MacKay, 1995; Neal, 1996; Bishop, 1995). With
neural networks the main difficulty in model building is controlling the complexity of the model.
It is well known that the optimal number of degrees of freedom in the model depends on the
number of training samples, amount of noise in the samples and the complexity of the
underlying function being estimated. For the standard neural networks techniques, determining
the correct model complexity and setting up a network with the desired complexity are rather

crude, and often computationally very expensive.

In the Bayesian approach these issues can be handled in a natural and consistent way. The
unknown degree of complexity is handled by defining vague (non-informative) priors for the
hyperparameters that determine the model complexity, and the resulting complexity is averaged
over all model complexities weighted by their posterior probability given the data sample. The
model can be allowed to have different complexity in different parts of the model by grouping
the parameters that are exchangeable (have identical role in the model) to have a common

hyperparameters.



Another issue in the neural network literature is estimation of parameters and hyperparameters
of network. There are different parameter estimation procedures for Bayesian neural networks in
literature. Gaussian Approximation (MacKay, 1992) and advanced Bayesian simulation
approach (Neal, 1992) are well-known pioneers in Bayesian neural network jargon. In order to
train Feed-Forward and Back-propagation neural networks by means of these approaches,
Gradient, Evolutionary, Markov Chain Monte Carlo (MCMC), Simulated Annealing methods
are mostly preferred. However, when the parameter space with high dimensions is searched by
means of these methods, the certain shortcomings arise such as stuck in local optimums and
training time. Therefore, analysts desire more active and fast search algorithms against the
mentioned shortcomings. In circumstances, Genetic Algorithms (GA) provides rather fast search
and accurate solutions for constrained or unconstrained nonlinear problems and parameter space

with high dimensions.

Genetic Algorithms (GA) are developed by John Holland in 1970’s are heuristic optimization
methods based on concepts of natural evolution, and belongs to the larger class of evolutionary
algorithms (Holland, 1975; Goldberg, 1989). To understand the process of natural evolution and
to design software of artificial systems that retains the robustness of natural systems, they are
mostly preferred in mentioned problems. However, GA has to utilize to complicated operators to
ensure accurate solutions, so it needs to measure both possibilistic (or linguistic) and
probabilistic uncertainty that are included in features of members in population. Possibilistic
uncertainty concept first is suggested by Lotfi Asker Zadeh in 1965. According to Zadeh,
making decision about processes that show nonrandom uncertainty, such as the uncertainty in
natural language, has been demonstrated to be less than perfect. In these situations, the
membership function is the main key to decision making when faced with uncertainty.
Essentially, such a framework provides a natural way of dealing with problems in which the
source of imprecision is the absence of sharply defined criteria of class membership rather than
the presence of random variables (Zadeh, 1965). Thus, intuitively plausible semantic description
of imprecise properties of data used in natural system might be made by fuzzy theory easily. For
example, let us assign scores to each member of the current population by computing its fitness
value. Then, in order to measure this kind of uncertainty, it can be assumed that these scores
belong to any fuzzy set. In detail, the range of the scaled values affects the search performance
of GA.

In this study, GA with fuzzy membership functions is integrated into both Gaussian approach

with recursive hyperparameters and full Bayesian approach, and then fuzzy membership
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functions are utilized to measure possibilistic (fuzzy) uncertainty in operators of GA and MCMC
process. Thus, the novel hybrid Bayesian learning approaches are proposed to estimate network
parameters and hyperparameters. Specifically, using full GA functions differently, the genetic
Metropolis algorithm, which is proposed by Marwala (2007), is modified. For full Bayesian
approach, the novel Monte Carlo Algorithm is improved by means of Gibbs sampling,

Metropolis Hastings algorithm and GA with fuzzy membership functions.

Lastly, the performances of the proposed learning algorithms for Bayesian neural networks are
compared with traditional neural networks. In order to estimate of parameters of the feedforward
neural networks with sum square error, Steepest Descent, Steepest Descent with momentum
Quasi-Newton, Levenberg-Marquardt Algorithm and GA are used.

1.1 Bayesian Neural Networks

There is a growing interest in the use of neural networks in engineering and statistics to model
non-linear multivariate problems. Neural networks are capable of learning from examples, and
finding meaningful solutions without the need to specify the relationship between variables, are
the multilayer perceptron (MLP) networks, also known as “back propagation” or “feedforward”.
They are useful for analyzing problems that are either poorly defined or not clearly understood.
The capability of neural networks to find meaningful patterns in large quantities of noisy data

provides some advantages.

A neural network is composed of simple inter-connected nodes or neurons, and is usually used
three or four layers in its structure. The intermediate layers are called hidden layers. The simple
neural network in Figure 1.1 is constituted by three layers in which the hidden layer includes p
neurons. The neuron connections have weights that are adapted (trained) to improve its overall
performance. The neurons are arranged in layers and are connected so that the neurons in the
hidden layer receive inputs from the preceding layer and sends out outputs to the following layer.
External inputs are applied at the first layer and system outputs are taken at the last layer. Each
hidden and output unit processes its inputs by multiplying each input by its weight, summing the
product with adding bias and then processing the sum using a non-linear transfer function, or
called as activation function, to produce a result. In here, biases are intuitively used as a
threshold value, and control the inputs of activation function and outputs. The main idea is to
modify the connection weights to reduce the errors between the actual output values and the

target output values at a desired satisfactory level.



Hidden Layer

A(wx+b)
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Neuron p A (wx +Dy )

Figure 1.1. The simple neural network structure with one hidden layer

According to above network structure, the mathematical relation between inputs, neurons of

hidden layer and t -th output for i -th observation can be formulated as follow:
p
foCwi ' x ) =b" + > Wi A (wix +b) (1.1)
k=1

where 'y, =[y; VY, - Ys] and x =[x, X, .. X,;] are target and input vectors of i-th
observation respectively, w, =[w, wj, ... w,,] is the row vector that include weights between

all inputs and k-th neuron in the hidden layer, w' =[w;, w, .. w;] is the row vector that

include weights between all neurons and t-th output, b, and b,' are biases for k-th neuron and
t- th output respectively, and i =1, 2, ..., N; j =1, 2, ... m; k=1, 2, .., p;t=1 2, .., r.In
network w, , w" , b/ and b" are parameters of network, and the activation function
A (w, x +b, ) provides nonlinearity to neural network. In the literature, there are different types

of activation functions related to its shape and structure. In this study, Hyperbolic Tangent,

which is mostly used as activation function in the neural network literature since it is easily

4



calculated and differentiable, is preferred. In addition, Hyperbolic Tangent has range in the

closed interval [-1, 1]:

sinhx e —e™ e”-1
coshx e*+e™* e*+1

A(x) =

One of the most popular approaches to train neural networks has been to compute an estimator

of the regression function by minimizing the following mean square empirical risk:

PP . N
RLF OGO =12 (% = £ (x.0)° (12)
i=1
where 6={w,,w,b;, b} covers all weights and biases.

The minimization is often performed by unconstrained gradient descent methods, such as back
propagation or conjugate gradients (Bishop, 1995b). This approach causes two types of error,

namely the approximation and estimation errors (Freitas, 2000).

The approximation error arises because the exact nonlinear behavior of the regression function is
seldom known and, consequently, f(x) has to be approximated by a combination of
parameterized basis functions f (x,8). If the model structure has enough capacity to
approximate the regression function, the approximation error will tend to zero as the number of
parameters increases.

The estimation error is the result of our lack of knowledge about the conditional distribution
p(y|x, 0) . Likelihood methods do not attempt to estimate this distribution, but instead minimize

the empirical risk in equation (1.2). One of the heuristic reasons for doing this is that the
regression function minimizes the expected risk or L* norm (Freitas, 2000). This form can be

explained as
f(-)=arg min R[h(-)]
h(-)eT

where h(-) denotes possible hypothesis and T represents the target space where the regression

function lies. The estimator f (x,8) lies on hypothesis space H as shown in Figure 1.2. R[h(-)]

corresponds to the mean square expected risk, given by

RIN(-)] =]y~ h(x.6)

b = E[(Y=h(x,0)) ]

_ j (y—h(x,8))* p(y,0|x)dyd@



Hypothesis Space

Approximation Error

Target Space

Estimation Error

Figure 1.2 Approximation and estimation error
From a statistical point of view, the predictor f (x,0) obtained by empirical error minimization

will approximate f (x,0) as the number of data increases without bound. It can also be expected
that as the number of parameters increases, the expression for the empirical risk becomes more
complex and, therefore, the estimation error can increase (Niyogi and Girosi, 1994; Freitas,
2000).

In detail, the approximation error is inversely related to the number of model parameters, while
the estimation error is directly related to the number of parameters. This tradeoff is well known
as the bias/variance tradeoff (White, 1989; Geman et al., 1992; Haykin, 1994; Bishop, 1995b;

Sjoberg et al., 1995; de Freitas, 1997). The mean square error of the function f(x,é) as an

estimator of the regression function may be decomposed into the following two terms:

E(( f (x,0)— f(x))zj:E(( f(x,é)—E(f(x,é))2)+(E( f(x.6))- f(x))2 (1.3)
Va:iche I;i:is

The bias term measures the distance between the average estimator and the regression function,
while the variance term quantities the spread of the estimator with respect to the data distribution.

In estimation process, to carry out good modeling performance, both the bias and the variance



have to be small. However, depending on increasing model complexity, the variance term (with

estimation error) increases while the bias term decreases.

Within the learning paradigm discussed so far, an acceptable generalization performance can be
achieved by balancing the bias and variance terms. Therefore, the only ways to reduce the bias
and variance error terms simultaneously are to either increase the number of data or to model the
noise characteristics and incorporate a priori knowledge about the form of the estimator
(Freitas, 2000). This approach can be ensured by Bayesian learning paradigm inherently, since it
provides probabilistic knowledge about related data.

Another way of making use of a priori knowledge is to impose the smoothness constraints on the
model. This approach can be explained that small changes in the input should lead to small
changes in the output. In addition, this scheme is known as regularization. By means of
regularization, the infinite number of possible solutions of the learning problem can be reduced
to one by balancing the bias and variance error terms simultaneously. To obtain a function that is
simultaneously close to the data and smooth, the empirical modeling error criterion may be
extended as follow:

RLFO = 25~ £ O +12 (L4)

where v is a positive parameter that serves to balance the tradeoff between smoothness and data
approximation. A large value of v places more importance on the smoothness of the model,
while a small value of v places more emphasis on fitting the data. The functional £ penalizes

excessive model complexity.

There are some approaches for function 2 (Hinton, 1987; Girosi et al., 1995), the most popular

one of those is weight decay whose functional type is given by:

Q:ZQZ (1.5)

where w is index of total parameter number.

One of the reasons for using weight decay is that superfluous parameters are forced to decay to
zero. Previously, it was discussed that the generalization performance deteriorates if the number
of parameters increases excessively. Using weight decay, only a few of the parameters
contribute to the mapping and hence the generalization error decreases. From an intuitive point

of view, the network outputs become approximately linear functions of the inputs for MLPs with



very small weights. Weight decay can be given a natural interpretation in the Bayesian
framework (Bishop 1995b).

Other common approaches to controlling the complexity of the estimates include early stopping,
training with noise, mixtures of networks and growing and pruning techniques. Early stopping

has several shortcomings (Freitas, 2000):

* The amount of training data is usually halved,

* The estimator will be biased towards the validation set, thus requiring an extra test set,

« Early stopping relies on the assumption that the path taken through parameter space by the
optimization algorithm passes through an acceptable solution. This is not always the case with

multi-modal error surfaces.

Bishop Bishop (1995a), Leen (1995) and Wu and Moody (1996) showed that training with noise

added to the inputs is equivalent to regularization. The minimization of the empirical risk (R,)

with noise, of small amplitude, added to the input data is equivalent to minimization of the

regularized risk (R_). It can be concluded that the heuristic basis for training with noise is that

the noise will consider each data point and preclude the network from fitting individual data
points precisely, and hence will reduce overfitting.

Several researchers have argued that the performance of estimators may be considerably
improved by combining several estimators of different complexity and model structure (Jacobs,
1995; Perrone, 1995). If the individual models are trained so that their variance error terms are
bigger than their bias error terms, then model combination may reduce the variance error
component, as it involves averaging over all the estimates. It can be argued that combining
models, in this way, is a brittle strategy. The resulting model still needs to be subject to the same

model choice criteria as the individual models (Feritas, 2000).

The idea behind growing and pruning algorithms is to control the complexity of the estimator by
eliminating and adding parameters to the estimator as the data is processed. Examples of this
type of algorithm include “The Upstart Algorithm” Frean (1990), “The Resource Allocating
Network” Platt (1991), “An Iterative Pruning Algorithm” Castellano at al. (1997) and
“Sequential Learning Algorithm for Radial Basis Function” Huang at al. (2005).



1.2 Bayesian Learning

In within learning paradigm, the unnecessarily complex models shouldn’t be preferred to simpler
ones. This approach is called as Occam's razor named after William of Occam (1285-1349),
which actually is embodied automatically and quantitatively in Bayesian methods without
penalty function, since complex model is automatically self-penalizing in Bayes’s rule. But, the
maximum likelihood model choice would lead us inevitably to implausible over parameterized
models that generalize poorly (MacKay, 1992). In the Bayesian learning paradigm, a priori
knowledge of all parameters is used together with likelihood, so that data fitting of a model

corresponding to any parameter group is evaluated by likelihood as well.

The result of Bayesian learning is a probability distribution over model parameters that express
our beliefs regarding how likely the different parameters values are. To start the process of

learning, a prior distribution, p(&), must be defined for the parameters, that expresses our initial

beliefs about their values, before any data has arrived. When data D={X1:N,yl:N} is observed,

this prior distribution updated to posterior one, using Bayes’ rule:

p(D[8) p(9) p(D[8) p(9)
0|D) = _ 16
POIP="00) el pea -
or
oM, | D)= LLIMIPM) ;5 (L.7)

~ > p(DIM,) p(M,)

where model M, corresponds to any parameter group. Bayes’s theorem is summarized as

follow:

Posterior = M Prior (1.8)
Normalization

Our subjective beliefs and views of uncertainty are expressed in the prior. Once the data
becomes available, the likelihood allows us to support these beliefs. The resulting posterior
distribution incorporates both our a priori knowledge and the information conveyed by the data,

and then updates these beliefs.

The statistical information about the parameters and their number given the measurements and
the prior, one can theoretically obtain all features of interest by standard probability
marginalization and transformation techniques. The predictive density can be estimated as

follow:



p(yZL'N+1 | XZL'N+1’ yZL'N ) :J- p(y];N+1 | 9’ X].'N+l) p(0| XZL'N ’ le)dH (19)

and consequently forecast quantities of interest:

EYuns | Xenons Yan) = | F(6) %02 POI X, Vi )dO (1.10)

In here, the prediction must be based on all possible values of the network parameters weighted

by their probability in view of the training data.

In addition, parameter estimation is performed by Maximize Probability (MAP) or Minimum
Variance Estimate (MVE) as well. In MAP, the solution is the largest mode (peak) of

pP(6]| x.y, Yyy) - Besides, if the fixed priors are taken as uniform, then the resulting solution is the

maximum likelihood estimate. In MVE, because of minimizing error function,

j”e-é”z P(@| %, Yy )0, the estimation of parameters is the expected value or conditional
mean, E(6] X,y Yin) -

In Bayesian analysis, inevitably there is an integration problem. The integrals appear whenever
normalization, marginalization or expectations are attempted to carry out (Bernardo and Smith,
1994; Gelman et al., 1995). To solve these high-dimensional integrals, analysts can either resort
to analytical integration, approximation methods, numerical integration or Monte Carlo
simulation. Many real-world problems involve elements of non-Gaussianity, nonlinearity and

non-stationarity, so these characteristic features preclude the use of analytical integration.

Approximation methods, such as Gaussian approximation and variational methods are easy to
implement. In addition, they tend to be very efficient from a computational point of view. If,
they do not take into account all the salient statistical features of the processes under

consideration, thereby often leading to poor results.

Numerical integration in high dimensions is far too computationally expensive to be of any

practical use.

Compared the other methods, MC methods are middle level. They lead to better estimates than
the approximate methods. Although Bayesian simulations need extra computing requirements,
the computational power of computers and some recent developments in applied statistics cope
with this issue. MC methods are very flexible in that they do not require any assumptions about
the probability distributions of the data. From a Bayesian perspective, MC methods allow one to

compute the full posterior probability distribution.
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There are lots of attempts to apply the Bayesian learning paradigm to neural networks. In the
early nineties, Buntine and Weigend (1991) and Mackay (1992) showed that a principled
Bayesian learning approach to neural networks can lead to many improvements. For instance,
Mackay showed that by approximating the distributions of the weights with Gaussians and
adopting smoothing priors, it is possible to obtain estimates of the weights and output variances
and to automatically set the regularization coefficients. Neal (1992) introduced advanced
Bayesian simulation methods, specifically the hybrid Monte Carlo method (Duane et al., 1987,
Brass et al., 1993), into the analysis of neural networks. Rios Insua and Miiller (1998), Marrs
(1998) and Holmes and Mallick (1998) have addressed the issue of selecting the number of
hidden neurons with growing and pruning algorithms from a Bayesian perspective. In particular,
they apply the reversible jump MCMC algorithm of Green (Green, 1995; Richardson and Green,
1997) to feed-forward sigmoidal networks and radial basis function networks to obtain joint
estimates of the number of neurons and weights. Freitas (2000) incorporated particle filters and
sequential Monte Carlo methods into the analysis of Bayesian neural networks. Chua and Goh
(2003) proposed a hybrid Bayesian back-propagation neural network approach to multivariate
modeling. Liang (2005) and Lord at al. (2007) proposed the truncated Poison priors for neuron
numbers in the hidden layers. Vanhatalo and Vehtari (2006) improved hybrid and reversible
algorithm that are based on Neal (1992). Marwala (2007) adapted to mutation and crossover
operators used in genetic algorithms into Bayesian learning, but, his algorithm structure slightly
different from general genetic algorithm process. In literature, there are many implementations

that are based on the mentioned studies above as well.
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2 GAUSSIAN APPROXIMATION FOR BAYESIAN LEARNING

MacKay (1992) proposed Gaussian approximation for Bayesian neural networks. According to
this approximation, the uncertainty in the weight space is assigned to a probability distribution
representing the degree of belief in the different values of the weight vector. By maximizing the
posterior distribution over the weights; the most probable parameters values can be determined.
MacKay (1992) has shown that maximizing the posterior distribution corresponds to minimizing
the regularized error function that is very similar in (1.4). The posterior distribution is then used
to evaluate the predictions of the trained network for new values of the input variables as well.

In this approximation, the data set is modeled as deviating from this mapping under some

additive noise process €:
Yo = f.(x%,6)+¢ (2.1)

If € is modeled as zero — mean Gaussian noise with standard deviation ¢ then the probability

noise !

of a data value given the parameter vector 4 is:

1 B . 2
p(Yi X, 6, ) =Wexp(—5;{yﬁ - 1,(¢.0)} J (22)

where p=1/ o>

noise

is called precision, and controls noise of variance. Provided data points are

drawn independently from this distribution, so the likelihood can be constituted for N

observations as follow:

p(D|91ﬂ)=Hp(yi|0’xi)

1 N : 2
=Wexp(—§2{w - (% ,6’)} ] (2.3)
i=1
More generally, the likelihood function can be written as
p(D[0, )=~ —exp(~ BE, ) 24)
Zo(F)
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where E, :%ZN:{yﬁ - ﬁ(xi,H)}z, ZD(ﬂ)zjeXp(—ﬁED )dD and jaDzjdyldyz....dyN :

i=1

The function Z () is called a normalization, and integrated as (MacKay, 1992; Bishop, 1995;
Bishop, 2006) (Appendix A)

Zo(f) = [exp(~BE, JID = (27)V g (2.5)

In conventional maximum likelihood approach, the single best set of weight values (and Bias) is
only determined by minimization of a suitable error function. In the Bayesian framework,
however, probability distribution is considered over weight values as well. This distribution
should reflect any the prior knowledge about network mapping that is expected to find. In

generally, distribution of weights is assumed as an exponential form:

1
Z,(a

p(d)= )expc—aEg) (2.6)

where Z,(a) is a normalization factor given by Z,(«a )= '[exp(—aEg )d& which ensures that
jmane=L

As known tradeoff between variance and bias indicates that a smooth network function will
typically have better generalization than one which is over-fitted to training data. This is one of
the motivations for regularization techniques designed to encourage smooth network mappings.

Such mappings can be expressed the following simple form for E,, :

e, =2Jof =20 @)
6_2 _2W:1 w '

where W is the total number of weights and biases in the network. This corresponds to the use of

a simple weight-decay regularizer. Thus, a prior distribution of parameters is given by

1

M0)=2Aa)

a
exp(—5||6’||2 ) (2.8)
where the normalization coefficient Z (o) is integrated as follow: (Appendix A)

ZAa)zjeﬂX—aEJdHZ(Zﬂ/aywz (2.9)
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where W is total parameter number. If |¢] is large, E, would large as well, and p(&) would

small, and so this choice of prior distribution ensure that weight values would be small rather
than large. Since the parameter o itself controls the distribution of other parameters (weights
and biases), it is called a hyperparameter. A major advantage of Gaussian distribution is the
evaluation of normalization coefficients Z,(«) and Z, () by analytical way. Many other
choices for the prior can also be considered. Williams (1995) discusses a Laplacian prior,
Buntine and Weigend (1991), entropy based prior, and Neal (1996) appropriate selection of
priors of very large networks and Lampinen and Vehtari (2001) used inverse gamma priors for a

hierarchal structure.

For all that, the regularizer coefficient E, provides some simplicity; this structure is

inconsistence with certain scaling properties of network mappings. Because input and/or target
variables are transformed by one of the linear transformations, then consistency requires that
equivalent networks, which differ only by the linear transformation of weights, should be

obtained. However, the regularizer coefficient E, does not satisfy this property, so a different

regularizer type that is invariant under the linear transformations should be looked for. Such a
regularizer is given by (Bishop, 1995, 2005)

Ew w =% Dwy? o+ “7 >(w"y (2.10)

w' eWw, w' ew,

where W, and W, denotes the set of weights in the first and second groups respectively. This led

to a consideration of weight decay regularizers in which there is a different regularization
coefficient for weights in different groups. Thus, for two layers network, a prior form of weights
can be given by

pw)scexp| =2 > (wh)? = 2 3 wh)? (2.12)
w'ew, w' ew,

where biases are excluded from the summations. The prior with biases are improper since the

bias parameter is unconstrained. The use of improper priors can lead to difficulties in selecting

regularization coefficients and in model comparison within the Bayesian frame work, since

evidence is zero (Bishop, 1995). Therefore, priors of biases are separately included from prior of

weights.
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More generally, priors in which the parameters (weights and biases) are divided into any number

of groups @, are considered as follow:

0/

p(@)ocexp(—éz% ’ J (2.12)

where E, =6’

’ =Z€2 and ¢ is layer index. Thus E, can be substituted by
W,

E,=[E E,..E] (2.13)

Once a prior distribution and an expression for the likelihood are chosen, in order to find
posterior distribution, Bayes™ theorem in (1.6) can be used:

P(01D) = 5o el B~y )= 00l S,) (214
where

S(6) = BE, + aE, (2.15)
and

Z(a, B)= j exp(-BE, —aE,)do (2.16)

When the different parameter groups are introduced, o, is vector in which all hyperparameters

of parameter groups are included, otherwise it is only one hyperparameter for one parameter

vector. In here, the main problem is to find the parameter vector 4,,, corresponding to the

maximum of the posterior distribution. This can be found by minimizing the negative logarithm
of (2.14). Since normalizing factor in (2.14) is independent of parameters (weights and bias), the

exploring the maximum of the posterior distribution is equivalent to minimizing S(6) given by

(2.15). Thus, S(0) can be written in the form:

8(0)=§i(ym — f.(%.0)y +%Za{, le’| (2.17)

The most probable value of parameter vector, denoted by 6,,, , can be found by the minimizing

of the right-hand side in (2.17). Some consistence conclusions can be inferred from (2.17). For
instance, the first term in (2.17) grows with N while the second term does not. If «, and g are
fixed, then N increases, the first term becomes more and more dominant, until eventually the

second term becomes insignificant. Therefore, the maximum likelihood solution is then a very
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good approximation to the most probable solution 6,,, for large N. Conversely, for small data

sets the prior term plays important role in determining the location of the most probable solution.
In practice, in order to evaluate the probability distribution of network prediction, integrations
over parameter space are required, so these integrals have to be analytically tractable. But,

normalization factor Z.(«, ) is not evaluated analytically. MacKay (1992) uses a Gaussian

approximation for posterior distribution. This obtained by considering the Taylor expansion of

S(0) around its minimum value and retaining terms up to second order so that
S(0)=S(6yp ) +3(0—6yp ) A0 -6 ) (2.18)

where linear term vanished since around a minimum of S(&) are being expanded. In here, A is

Hessian matrix of error function in (2.17), with elements given by

A=VVS,,,

2.19
= BVVEW +al (2.19)

14

where « is diagonal matrix that includes «" of different groups. The expansion of (2.18)

leads to posterior distribution, which is now a Gaussian function of the weights, is given by
p(9|D)—;exp(—S(e VY-, yr0O-0 )j (2.20)
Z; (a, ﬁ) MP 2 MP MP .

where Z; (e, B) is the normalization constant appropriate to the Gaussian approximation.

Under very general circumstances, a posterior distribution will tend to a Gaussian in the limit
where the data points goes infinity. Another advantage of the Gaussian approximation is that it
allows analytical process. By means of Gaussian approximation, the normalization constant in
(2.20) is evaluated as (Appendix B)

Z: (o, f) =6 (27)""2 |\ (2.21)
where A is Hessian matrix of error function in (2.17)

Using the rules of probability, the distribution of outputs for a given new input vector x™*" is

given by

Pene | X2 D)= [ P(Y, ot 1%y 6) P(O] D)dO (2:22)

N+1
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where p(@|D) is posterior distribution of parameters, and D = {x., Y, } IS data set. The
distribution p(Y, y.; [Xy.1, ©) is simply the model for the distribution of noise on target data, for

a fixed value of the parameter vector.

In order to evaluate the distribution of outputs in (2.22), Gaussian approximation in (2.20)
for posterior distribution of weights can be used:

p(yt,N+l | Xyt D) o IEXp(_g{yt,Nu - ﬁ(xi’0)}2jexp(_%(0_9MP)’A(9_eMP)jde (2-23)

where any constant factors, which are independent of target y, are dropped. Besides, the width of
the posterior distribution determined by the Hessian matrix A is sufficiently narrow that network

function ﬂ (x;,0) may be approximated by its linear expansion around 6,,,
ft(XN+l’0): ft(XN+1’0MP )+9/A0 t=12 ..,r (2.24)
where g, Evaﬁ(xwe)‘g_g and AO=0-0,,, .

Thus, (3.23) can be written by means of (3.24) as follow:

2

new £ ' 1 '
P(Y, e | X ,D)ocjexp[—g{ym—ft(xNﬂ,eMp)—gtAe} E(H—HMP)A(H—QMP)de (2.25)

N+1

The integral in (2.25) can be evaluated easily as follow: (MacKay, 1992; Bishop, 1995; Chua
and Goh, 2003)

P 2
( |x™ D)= ! ex —{yt'N” ~ FOa O )}
p yl,N+l Nat ] - (27[0'[2'N+1 )1/2 p 20_2

t,N+1

(2.26)

where normalization factor is restored explicitly. Thus, it can be concluded that this distribution

has a mean

Vinor = (X1, ) (2.27)
a variance given by

1,
o= tg ATg (2.28)

o,
p
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In here, the standard deviation o of the predictive distribution for y, ., can be interpreted as an
error bar on the mean value y, . This error arises from two reasons, the first one is the

intrinsic noise on the target data, corresponding to the first term in (2.28), and the second one is
the width of posterior distribution of network parameters, corresponding to the second term in
(2.28). Hence Bayesian approach allows the calculation of error bars on the network output,
instead of just providing a single output.

So far it is assumed that the values of hyperparameters « and £ are known, however there is

little idea of suitable values for them. In here, the treatment of hyperparameters involves
Occam’s Razor since the values of hyperparameters, which give the best fit to the training data
in a maximum likelihood setting, represent over-complex or over-flexible models that don’t give
the best generalization. In literature, two approaches are discussed to the treatment of

hyperparameters, one of these performs the integrals over & and £ analytically, and the second
one, known as the evidence approximation, discussed by MacKay (1994), and it is
computationally equivalent to the type Il maximum likelihood method of conventional statistics
(Berger, 1985; Bishop 1995; Kocadagli, 2011).

In this study, in order to estimate values of « and £, the first approximation, which involves

marginalization, in other words integration over all possible values, is preferred. This can be

done by the following marginal integral:
p(©)| D):Up(e,a,m D)dadp

) —_[[p(D16.5) (O] @) p(e) p(B)dadp (2.29)

where p(D|6,a,8)=p(D|6,) since likelihood term is independent of «, and similarly
p(@|a, B)=p(@|a) since the prior over the parameters are independent of . Besides,
because of independency of the two hyperparameters, it is assumed that p(«, )= p(«) p(f) .

To evaluate the integral in (2.29), the specific choices for the priors are determined. If improper

uniform priors with the logarithmic scale form are preferred where p(lna) = 1, O<Ilna <o
and p(Ing)=1, 0<Inf <o and applied to exponential transformation with Jacobian, then

priors can be transformed this way (Gill, 2008):

p(oz)=l and p(ﬁ):i O<a<wo, 0<pf<wm (2.30)
a B
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This choice leads to straightforward analytic integrals over the hyperparameters. Using (2.6)

and (2.9), the integral over « in (2.29) can be evaluated as

() = [ p(0] @) p(a)de

T 1 1
= exp(—aE, )—d
!ZM) Xp(-aE,)~da

= (27) " [exp(-aE,)a* "da
0

(W /2)

= ZE )" (2.31)

where T'is standard Gamma function. The integration over S can be performed in exactly the

same way with the result:

_°° _ I'(N/2)
P(D|9)= j p(Dw,ﬂ)p(ﬂ)dﬂ——( IHE )" (2.32)

Thus, the exact (rather than approximate) un-normalized posterior distribution of the weights can
be constituted by means of (2.31) and (2.32) as follow:

1 T(N/2) T(W/2)
 P(D)(27E, )V? (27E, )"

p(0|D) (2.33)

The negative logarithm of this posterior, corresponding to error function, then takes form as

—In p(9|D)=%InED+V?VIn E, +constant (2.34)

From (2.14), the negative logarithm of posterior similarly can be written as
—Inp(8| D)= pE, +aE, +constant (2.35)

The derivative of (2.35) can be written as follow:

~VInp(@| D)= BVE, +aVE, (2.36)

The derivative of (2.34) similarly can be written as follow:

Vinp(o|p)=NYEo | WVE,

2.37
2 E, 2 E, (2.37)
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.. . W N
The equation in (2.37) can be arranged by means of transformations ZE and B ZE
0 D

as follow:

—VInp(8|D)= g, VE, + 4 VE, (2.38)

In here, the equations constituted in (2.36) and (2.38) are equal each other, so that the efficient
ay and g, can be written as follows:
W N

a, =—— and =— 2.39
eff 2E9 ﬂeﬁ ZED ( )

Consequently, minimization of the error function in (2.35) is equivalent to

minimization of equality in (2.38) in which the values of a,, and S, are continuously updated

using re-estimation formulas in (2.39) at every iteration (MacKay, 1994; Bishop, 1995; Chua

and Goh, 2003; Kocadagli, 2011). In order to optimize the error function at the any iteration,

ay and B in the previous iteration can be used. In addition, the optimal weights and biases

might be directly estimated by using error function with fixed hyperparametersa and g in

(2.17) as well. However, determining the optimal hyperparameters by trial and error doesn’t
make sense in terms of time cost and effective search. In literature, to minimize equality in
(2.35); Gradient search, conjugate and evolutionary algorithms are preferred (MacKay, 1992;
Goh and Chua, 2003; Marwela, 2007; Kocadagli, 2011). The problems of minimization of error
function by recursive and fixed-hyperparameter approaches are given in application parts, and

then the analysis of problems are discussed in detail.

2.1 Genetic Monte Carlo Algorithms for Gaussian Approximation

According to (2.17) and the efficient parameters a,,; and S, , the optimal weights and biases

that minimize to negative logarithm of posterior distribution in (2.17) can be estimated by means
of algorithms such as Gradients, Evolutionary, the simulated annealing or MCMC. However, all
gradient algorithms suffer from searching through parameter space with high dimensions, and
don’t work without the knowledge of derivative. The simulated annealing or MCMC algorithms
are not useful to make accurate approximations in excessive parameter case. In high dimension
case; Hybrid Monte Carlo (Neal, 1992), Sequential Monte Carlo, (Freitas, 2000), Hiybrid MC
(Lampinen and Vahtari, 2000) and Genetic Monte Carlo (Marwela, 2007) approaches are

proposed for effective searching through parameter space. In these studies, Hybrid Monte Carlo
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(HMC) is based on the advanced full Bayesian simulations, and Genetic MC incorporates
Gaussian approximation with the functions of GA. Especially, HMC makes efficient use of
the gradient information to reduce random walk behavior. The gradient indicates in which
direction one should go to find states with high probability. This approach is discussed in full
Bayesian approach in next pages, and then the novel HMC algorithm is improved.

In here, a novel Genetic MC algorithm is proposed for Gaussian approximation with recursive
hyperparameters. This novel approach is similar to Marwela (2007)’s approach point of using
GA and Metropolis-Hastings. However, the proposed approach takes into account all functions
of GA, and uses recursive hyperparameters approach for searching through parameter space as
distinct from Marvela’s approach. In Marwela’s approach, to compare parameter vectors held by
Metropolis Hastings algorithm in current and previous iterations, the candidate parameter vector
in the current iteration is produced from parameter vector of previous iteration by crossover and
mutation functions. However, this approach conflicts with diversity concept of general GA,
since diversity of population has to be taken under control by keeping members with different
features in the selection process of GA. Therefore, number of members produced in generations
has to be greater than one. Otherwise, searching time through parameter space and chance of
stuck in local optimums would increase unnecessarily. For the detailed information about GA
functions and control parameters, Goldberg (1986), Michalewicz (1994) and MATLAB 7.12 are
handy references. To overcome the mentioned shortcomings, the novel genetic Monte Carlo
algorithms with recursive hyperparameter approach are proposed. The steps of novel genetic

Monte Carlo algorithms for Gaussian approximation are summarized as follows:

Convert all parameters of error function in (2.17) to binary numbers (or real number), and
then gather all parameters into one vector called chromosome in Genetic Algorithms.

Create prospective vectors at the certain numbers (or initial population) by means of
heuristic or random methods.

Calculate scores of all individuals over error function in (2.17) called as fitness function in
Genetic Algorithms (In this process, the fuzzy membership function is used to scale scores
of candidate members).

Select favorable individuals (or vectors) into mate pool for the next generation by heuristic
or stochastic methods (Stochastic method is preferred).

Apply elite, crossover and mutation process to selected individuals called as parents in
Genetic Algorithms. This process is called reproduction creates children for the next

generation.
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Vi.

Vii.

viil.

If the stopping criteria are met, stop algorithm, otherwise turn to step iii, and then run the
algorithm up to meet any stopping criterion.

After stopping algorithm, keep the best parameter vector and then convert all binary
numbers (or double vector) to any parameter into float numbers.

Skip Metropolis Hastings algorithm, and then compare the previous and the current

parameter vectors by means of posterior distribution in (2.14)

The detailed information related to functions of Encoding, Selection, Elitism, Crossover,
Mutation and Immigration are given in Appendix C. In step iii of GA cycle, each member of the
current population by computing its fitness value is assigned to scores. The range of the scaled
scores affects the performance of GA. In order to measure this kind of uncertainty included in
scores, it can be assumed that these scores belong to any fuzzy set, and then fuzzy scores of
population members can be evaluated by means of fuzzy membership functions. Thus, the
imprecise properties of data used in scaled process might be intuitively defined by fuzzy
membership function easily. In here, the membership functions that are similar to distance
membership of Zimmerman (1978) can be defined (Lai and Hwang, 1992; Kocadagli and

Cinemre, 2011) as follow:
u(skor,) :1/[exp((skori —min)/ (max— min))]p p=123; i=1, 2 .., population size (2.40)

where max and min are maximum and minimum scores of population parameter respectively,

and p that controls scale of the scores contributes to diversification in population.

The second alternative of fuzzy membership function can be defined as follow:
4(skor,) =1/exp[((scorei —min)/ (max— min))p} p €(0,1);i=1, 2, ..., population size (2.41)

where max and min are maximum and minimum scores of population respectively. In here,
decision about selection of membership function can be determined by the trial and error. Then,
the expectation number of members to be selected into mating pool is determined by following

formulation:

L Score,
E(score,) = population S|ze><M i=1,2, ..., population size (2.42)

> pu(score;)

The simple GA cycle can be summarized as the following chart in Figure 2.1:
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Figure 2.1 Simple Genetic Algorithm Cycle

In here, to compare candidate parameter vector obtained by GA with the best parameter vector
kept in previous iteration of main algorithm, Metropolis-Hastings method (Metropolis at al.,

1953; Hastings, 1970) is used. Metropolis-Hastings is a general MCMC method to generate

samples {9"9’} from a desired invariant probability distribution z(-) that may not be

a standard distribution. {9"”} can be generated through a Markov Chain having z(-) as its
stationary distribution (For detail, see Appendix D). In producing process, a candidate state

6" is drawn from a specified proposal distribution Q(6"*|6"") that depends on the state

0™ of the previous iteration, and then deciding whether accept or not the candidate state based
on its probability density relative to that of the previous state with respect to invariant

distribution z(-) . That is, the densities of parameters determined in the previous and current
iterations are compared with respect to z(-). According to original Metropolis Algorithm, a

specified proposal distribution Q(-) must be symmetrical distribution, satisfying the condition
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QO™ 9™ ) =Q(6™ ™ |#™"). However, the generalization by Hastings (1970) abolish this rule

since it is also permissible for Q(8™**,6™") not to depend on 6™ at all in which case the

algorithm is called Independence Chain Metropolis-Hastings. Because of this independency, the
algorithm with a suitable proposal density function can reduce serial correlation between
successive state and offer high efficiency than the original Metropolis algorithm, which is based
on random walk. Besides, due to random walk problem, the original Metropolis algorithm can be
very slow when applied to problems such as Bayesian learning of neural networks (Neal, 1996).
Therefore, Neal (1992) proposed HMC to avoid random walk aspect of the exploration through
parameter space.

In this study, to ensure that resulting sample of parameter vectors represents the required
invariant distribution z(-), the posterior distribution of parameters in (2.14) is considered as

invariant distribution. In order to sample parameters (weights and biases) from this posterior

distribution, normalization constant Z («, ) is omitted from the posterior distribution, and then
the following function, which is called energy function (Bishop, 1995, Neal, 1996), can be found
as follow:

E(0) =S(0) (2.43)

In here, it can be seen that the negative logarithm of (2.14) is the error function in (2.17).
Therefore, the candidate parameter vector obtained by means of GA search with recursive

approach from the error function S(¢) is compared with that of previous iteration by

Metropolis-Hastings algorithm as follows:

e if p(&" |D)= p(8™ | D), accept candidate; otherwise ,
e Draw u~U(0,1), if p(@"| D)< p(@™*|D), accept with probability
p(d" | D)/ p(6™ | D)>u;else,
e Reject candidate, and then let 9™ =g"™"*

where 8" and 6" are parameter vectors of candidate (of current iteration) and the selected at
the previous iteration respectively. In iterative processes of GA, the updating the efficient

parameters o, and S, is reconcile noise with over-fitting in error function simultaneously.

In MCMC the complex integrals in the marginalization are approximated via drawing samples

from the joint probability distribution of all the model parameters and hyperparameters
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(For detail, see Appendix E). For instance, the prediction of output for given new input vector

x™" can be made by

yk,N+1 :E(yk,N+1 | Xpnaar Yen ) :.[ fk (0' X].‘N+1) p(0| XN Yin )d@ (2-44)

Equation (2.44) corresponds to the expectation of the posterior predictive distribution, and this is

approximated using a sample of vector 8" drawn from the posterior distribution of parameters:

) 10X, |
> (X, 0) (2.45)

Yine ®
M-L iter=L+1

Note that samples from the posterior distribution are drawn during the “learning phase”, which
may be computationally very expensive, but predictions for the new data can be calculated
quickly using the same stored samples (M-L) exception of those corresponding to iterations (L)
in burn-in process. Thus, Markov Chain becomes more stationary in last (M —L) iterations.

The Genetic MC with recursive hyperparameters proposed for the Gaussian approach of Bayes
neural networks are discussed in application part. Besides, the detailed knowledge related with
Markov Chain is given in Appendix E.
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3 FULL BAYESIAN APPROACH FOR NEURAL NETWORKS

For MLP networks, the Gaussian approach introduced by MacKay in the evidence framework
(MacKay, 1992) or marginalization over hyperparameters (MacKay, 1994) (also called type Il
Maximum Likelihood approach (Berger, 1985)) is the first practical Bayesian method for neural

networks where specific values are estimated for the hyperparameters.
In the evidence framework, the hyperparameters « and S are set to values that maximize the
evidence of the model P(D|a,,8) that is, the marginal probability for the data given the

hyperparameters, integrated over the parameters P(D|, ) = I P(D|6.a, BP(O]er, B)dO .

The marginalization framework is to perform the integrations over hyperparameters analytically
by means of p(6| D)= [ [ p(6, e, #| D)dad 3.

At the both of these approaches, a Gaussian approximation is used the posterior of the
parameters P(9|D) , to facilitate closed form integration, and thus the resulting posterior for & is

specified by the mean of the Gaussian approximation (i.e., one network with posterior mean

weights).

In full Bayesian approach, any fixed values aren’t estimated for any parameters or
hyperparameters. Approximations are then needed for the integrations over the hyperparameters
to obtain the posterior for the parameters and over the parameters to obtain the predictions of
the model, as shown in (2.22). The correctness of the inference depends on the accuracy of the
integration method; hence it depends on the problem whether approximation method is
appropriate or not. Methods for approximating the integrations in neural network models include
MCMC techniques for numerical integration, ensemble learning (Barber and Bishop, 1998),
which aims to approximate the posterior distribution by minimizing the Kullback-Leibler
divergence between the true posterior and a parametric approximating distribution, variational

approximations (Jordan et al., 1998) for approximating the integration by a tractable problem,

26



and mean field approach (Winther, 1998), where the problem is simplified by neglecting certain

dependencies between the random variables.

It is worth noticing, that also in full hierarchical Bayesian models there are large amounts of
fixed prior knowledge, in the selection of the parametric form for the distributions (priors and
noise models), that is based on uncertain assumptions. In such models, no guesses are made for
exact values of the parameters or any smoothness coefficients or other hyperparameters, but
guesses are made for the exact forms of their distributions. The goodness of the model depends
on these guesses, which in practical applications makes it necessary to carefully validate the
models, using Bayesian posterior analysis (Gelman et al., 1995), or cross-validation (Gelfand,
1996; Vehtari and Lampinen, 2000).

3.1 Role of Prior Knowledge in Statistical Models

As is known, the main difference distinguishing Bayesian approach from the Maximum
Likelihood methods is the prior information. However, that the role of prior knowledge is
equally important in the other approaches, including the Maximum Likelihood. In Bayesian
approach, basically all generalization is based on the prior knowledge, since the training samples
provide information only at those points, and the prior knowledge provides the necessary link

between the training samples and the not yet measured future samples.

According to “No-free-lunch” (NFL) theorem, the attribution of priority is explained this way:
“if the class of approximating functions is not limited, any learning algorithm (i.e., procedure
for choosing the approximating function) can as readily perform worse or better than randomly,
measured by off-training set (OTS) error, and averaged over loss functions” (Wolpert, 1996a,b).
This theorem implies that it is not possible to find a learning algorithm that is universally better
than random (Lampinen and Vehtari, 2001). In other words, if any priori do not assumed, the
learning algorithm can’t learn anything from the training data that would generalize to the off-

training set samples.

The cross-validation (CV) method for model selection was analyzed by Wolpert and Macready
(1995) and Wolpert (1996b). According to these studies, the NFL theorem can be applied to CV
as well. That is, while CV is used to choose from a very large (actually infinite) set of models

without priors on functions, this method doesn’t guarantee any generalization at all.

In the Bayesian approach, the prior knowledge is defined as prior distributions for the model
parameters, and hyperpriors for the parameters of the prior distributions. However, determining

the relation between the actual domain knowledge of the experts and the priors for the model
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parameters is not easy for complex models as the neural networks. Therefore, the incorporation
of the very sophisticated knowledge with the prior of parameters may be difficult in practice. In
such a situation, Bayesian approach provides the principled way to do inference when some of
the prior knowledge is lacking or vague, the unknown attributes can be predicted by

marginalization or integrating over the posterior distribution of the unknown variables.

In Bayesian literature, the use of "non-informative" priors is often referred as the "objective
Bayesian approach”, in contrast to informative (subjective) priors that correspond to
the subjective choices. However, according to NFL theorem, this requires that the hypothesis
space is already so constrained, that it contains the sufficient amount of prior information that is
needed to be able to learn a generalizing model (Lemm, 1999). By using "non-informative"
priors, the fixed, or guessed, choices can be moved to higher levels of hierarchical models.

Goel and Degroot (1981) showed that the training data contains little information of
hyperparameters in the high level of hierarchy, so that the prior and posterior for the
hyperparameters become more equal. Thus the models are less sensitive to the choices made in
higher levels. In result, the higher level priors are in general less informative, and thus less

subjective.

In complex statistical models, another complicated issue is determination of the correct number
of degrees of freedom. The degrees of freedom depend on the number of the training samples,
distribution of noise in the samples and the complexity of the underlying phenomenon to be
modeled. Therefore, the complexity of the model cannot be defined by only one number, the
total number of degrees of freedom, but instead the models have multiple dimension of
complexity. In the Bayesian approach one can use a vague prior for the total complexity (called
the effective number of parameters), and use a hierarchical prior structure to allow different
complexity in different parts of the model. For example, the parameters may be assigned to
different groups, so that in each group the parameters are assumed to have the same
hyperparameter, while different groups can have different hyperparameters. Then a hyperprior is
defined to explain the distribution of all the hyperparameters. MacKay (1994) and Neal (1996)
defined each group of weights connected to the same input having common variance

hyperparameters, while the weight groups can have different hyperparameters.
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3.2 Network architectures

The networks are usually used to define models for the conditional distribution of a set of target
values given a set of input values. There are three sorts of models, corresponding to three types
of targets: real valued targets (regression models), binary valued targets (logistic regression), and
class targets taking on values from a small a data set (a generalized logistic regression or
softmax model). For regression and logistic regression models, numbers of target values are
equal to the number of network outputs. For the soft-max model, there is only one target, the

number of possible values for this target being equal to the number of network outputs.

The distribution of real valued targets, y,, (i-th observation of t -th target), in case with inputs
X, can be modeled by independent Gaussian distribution with means given by the
corresponding to network outputs, and with standard deviations given by the hyperparameters
o, , the noise levels for targets. The probability density for a target given the associated inputs
and the network parameters is then

1 T, i 2
p( yt,i|Xi’9):Wexp(_E{yt,i ft(xiig)} j (3-1)

where 7, =0, is called as the precision. Alternatively, each case may have its own set of

t
standard deviations, 7,; =0, , for heteroscedasticity problem (or situation including different
variance). Neal (1992, 1996) proposed to use gamma distribution for precisions with means of
4, and shape parameter e, (or inverse gamma distribution for standard deviations):

_ (aNoise / 2:ut )uNUiS&/Z aNUi%_

p(z,; |/Lll )= oy 12) T lexp(_Tt,iaNoise / 2:”1) (3.2)

Noise

The distribution in (3.1) corresponds to the degenerate Gamma distribution with «,;, =0

Otherwise, integrating out z,; gives t-distribution for the target with “degrees of freedom” o

Noise *

_ I(v+1/2) g o/ ,veI2
08 )= o e 1+ (¥ = (%07 Jvor? | (33)

Let consider all observations of the t-th target in training set given the inputs, network
parameters and the noise standard deviation, because of independency of all observations, the

conditional distribution of t- th target can be constituted as follow:
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1 T, % : 2
P(Yers Yoz - You [ X 0.7, )=WGXD(—5;{MJ - fiu(x ,49)} ] (3.42)

where 7, =o;? is the noise standard deviation for all observations of t-th target. Alternatively,
the conditional distribution of t -th target can be used for heteroscedasticity problem as follow:

s 1 1 . 2
p( yt,11 Yt,z "'yt,N |X.L:N 'H’Tt,i ):H—exp(_ETt,i {yt,i - ft(xi ,9)} ] (3-4b)

= ( 272_ )1/2 Tt';l/z

In here, Gamma prior can be similarly defined as in (3.2) for heteroscedasticity. Thus, the

conditional distribution of fix precision z, of noise is given by

N

e + - Tt A 2
p( Tl |X1:N 'yt,l:N ’9) oc 2—t( e TNI2 lexp(_3|:aNoise / /ut +Z{yt,i - ft(Xi '9)} :D (35)

i=1

or all precisions of individual cases for heteroskedastic situation can be given as follow:

N A 2
p( RIS ‘XtN Ve '0) ocH|:TtaN°i“1/2 exp(_%z-t,i (U(N/j‘SE +{yt,i - ft( X 19)} )j:l (363)
i=1

where the precisions of single case is independent each other, and defined as follow:
Cpoise —112 1 ay A 2
p(Tt,i|Xi’Yi10)°CTt T exp _ETt,i %—'_{yt,i - ft(xile)} (3.6b)

In here, it can be noticed that, if a single precision z, for all target values in (3.5) is used, either
higher level hyperparameters linking z, should be defined or alternatively a single z, should

have a t-distribution rather than a Gaussian (Neal, 1996; Lampinen and Vahtari, 2001).

After discussing hyperparameter for the noise level, the other issue is to consider the
hyperparameter for prior distribution of parameters. In the simplest cases, any hyperparameter
controls the standard deviation of all parameters in a certain group. Such a group might consist

of weights on all connections from a particular unit to units, or the biases for all units of one type.
In detail, let parameters in particular group be w, =[w}, w,, ... w!, ], which the row vector is,
include the weights between all inputs and k-th neuron in the hidden layer. For this group, it
might be assumed that all weights are independent, and have Gaussian distributions with mean
zero and standard deviation o, . Alternatively, in order to determine the relation between any

weight groups with input vectors, a distinctive weight group between any input vector with

neurons in the hidden layer can be defined. That is, this distinctive weight group between input j
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with the neurons in the hidden layer can be constituted as w; =[w;, w;, ... w;]. It is

convenient to represent this standard deviation in terms of corresponding to precision, defined to

be r, =o,?. The distributions of parameter groups for both definitions can be given as follows:

p(w), W, ... W, |z,)=@x) ™z, exp(—rWZ(W;k)z /2J (3.7a)
j=1
or
P
pW, W, ... W), |rw)=(27r)’p’2z-wp’2 exp(—rWZ(W}k)Z/ZJ (3.7b)
k=1

In this study, the weight groups defined in (3.7b) are preferred, thus the impact of any input over
targets can be measured by variance of the related weight group. The detailed knowledge on
defining parameter groups are given in the training procedure below.

The precision of any weight group is given a Gamma distribution with some mean ,, and shape

parameter specified by «,, , with density

a,l2 an/
p(z,) = %rﬁ ‘exp(-r,a, 1 20,) (3.8)

In here, if there is no hierarchical structure, then the values of ®, and ¢, can be considered the
fixed. The otherwise, the hyper-prior for hyperparameter «, should be defined (the top level

hierarchical).

The prior for 7, is conjugate to its use in defining the distribution for w; . The conditional

distribution for the z,, given w; is also the Gamma form:

) p
p(rW|WJ!l Wi, . W )oc rwé “exp (-7, / Za)w)rwplzexp(—fWZ(W}k Y ! 2]
k=1

= T;“é'l exp{—rw {% | o, + Zp:(w}k )1/2} (3.9

From (3.9), the prior for z,, can be interpreted as specifying imaginary parameter values «,,,

whose average squared magnitude is 1/ w,, . Small values of «, produce vague priors for z,, .
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The value 7, can be drawn from the conditional distribution in (3.9) by means of Gibbs
sampling updates, since given vector w} . Besides, the value of 7, is independent of the other

parameters, hyperparameters, and target values.

In addition, the distribution (3.9) given to a single parameter may also be t-distribution rather
than a Gaussian. Since t-distribution can be represented as mixtures of Gaussian distribution
with precision given by Gamma distributions, this can be implemented by extending the
hierarchy downward, to include implicit precision variables associated with individual
parameters (Neal, 1996).

The prior distributions for the parameters of network are defined in terms of hyperparameters.
Conceptually, this implementation provides for one hyperparameter for every parameter, but
these lowest-level hyperparameters are not explicitly represented. The mid-level hyperparameter
control the distribution of a group of low-level hyperparameters. The high-level (or “common”
hyperparameters control the distribution of mid-level hyperparameters, or of the low-level
hyperparameters for parameters types with no mid-level hyperparameters. The same three level

schemes can be used for noise levels in regression models.

The hierarchy process of network parameters can be defined as discussed above:

a2
p(rl)z%r;%1exp(—rla0/2a)0) Top-level (3.10)
0[0
a, 2 a,/
n( r“rﬁ:%rﬁ “exp(~z,@, 1 2z,)  Middle-level (3.11)
al
p(Wj|z, ) =(27) "7, " exp (-, (w) )* / 2) Low-level (3.12)

where ¢, and @, in (3.10) are the fixed shape parameter and mean of precision z, ; «, and r,

in (3.11) are shape parameter and mean of r, respectively, and wj, which has Gaussian

distribution with mean zero and precision z,, is the weight value between j-th input and k-th
neuron in hidden layer,. Since the parameters of ¢, and @, are defined in top-level, they have
to be fixed. Neal (1996) proposed to the following scaling rules for o,, where @ is specified

base precision and g is the number of source units (input or neuron number) :
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on for a =
onal (a-2) fora>2

_ 3.13
@ wnlogn for « =2 (but fudged to wn if g<3) (313)

2 for a <2

wn
Alternatively, each individual weight (or bias) may have its own precision corresponding toz,
with mean o, and shape ¢, . But, (3.12) corresponds to degenerate distribution with o =oo.
Otherwise, t-distribution can be used for each weight:

I'[(a; +1)/12]
I(ay | 2)\|na; oy

p(W, |0y )= [1+W, [ a, 02 ] " (3.14)
All distribution forms introduced so far are applicable to be modeled all weights and biases of
the neural networks. Once defined priors and full conditional distributions of parameters and
precisions at the prior level, to make inferences and predictions, the next step is to constitute the
joint posterior distribution. In here, the normalization constant in the posterior distribution is

omitted, so that the posterior distribution can be expressed as

PO, Tngise s T | D) o€ P(D [0, Tygise s 75) PO, Tgise s 7o) (3.15)
= P(D16, Ty ) PO i 7) P(Treise 7) (3.16)
= (D16, Tyise) P(O]75) P(Toise 1 70) (3.17)
= (D6, 7y5se) P(O]7,) P(7rise) P(7,) (3.18)

where  o=(w',w",b',b"),  7,=(z,,7,.%,7)  P@)=P(, )P, )P, ) PG,
D= (%, Yun) and p(dlz,) = p(w'[z,,) p(W" [z, ) p(b' |7, ) p(O" |70 ).

In detail, p(D|6,7yus) aNd P(O, Tyoice 7 ) iN (3.15) are likelihood and prior that include the
network parameters, noise and hyperparameters respectively. For the likelihood in (3.15), data is
independent of precision vector of parameters; for the second distribution in (3.16), the
parameter vector 6 (weights and biases) is independent of noise precision, and for the third
distribution in (3.17) precisions of noise and parameters are independent of each other’s. In here,

if  three level  hierarchy is  used, p(z,) in (3.18) corresponds to

Tl())’ ) p(Tb” bl 1 bt

r;j,,) where T0=(va.,rvov.,,r° ° ) the highest

p(7, |Z-o) = p(rw. ‘T\?VI ) p(TWH ‘T\,.i,u ) p(rb,
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level hyperparameters is. Similarly, p(z,,)in (3.18) corresponds to P(7yie.

0 0
TNoise) Where TNoise

the highest level hyperparameter is.

3.3 Training procedure

Neal (1996) has introduced to MCMC implementation of Bayesian learning for MLPs.
Introduction to basic MCMC methods and many applications in statistical data analysis can be
found in (Gilks et al., 1996), and more theoretical treatment in (Robert and Casella, 1999). In
MCMC the complex integrals in the marginalization are approximated via drawing samples from
the joint probability distribution of all the model parameters and hyperparameters. For instance,

the prediction of output for given new input vector x™" can be made by
yk,N+1 :E(yk,N+1 | Xpns1r Yin ) :.[ fk (0’ X].‘N+1) p(0| Xeno Yin )d@ (3.19)

The integral in (3.19) corresponds to the expectation of the posterior predictive distribution, and

this is approximated using a sample of vector ™ drawn from the posterior distribution of

parameters:

7 1 N £ iter
Yina ® M—_L Z fi(Xy1 0°) (3.20)
it

er=L+1

Note that samples from the posterior distribution are drawn during the “learning phase”, which
may be computationally very expensive, but predictions for the new data can be calculated
quickly using the same stored samples (M-L) exception of those corresponding to iterations (L)

in burn-in process.

In the MCMC, samples are generated using a Markov chain that has the desired posterior
distribution as its stationary distribution. For achieving this aim, HMC introduced by Duane et
al., (1987) can be used. Therefore, Neal (1992) first applied HMC to Bayesian neural network
for sampling the parameters, and Gibbs sampling (Geman and Geman, 1984) for
hyperparameters. For the other possible sampling schemes see (Insua and Miiller, 1998; de
Freitas et al., 2000; Lampinen and Vahtari, 2001). HMC is an elaborate Monte Carlo method,
which makes efficient use of the gradient information to reduce random walk behavior. The
gradient indicates in which direction one should go to find states with high probability. But, the
gradient information is not enough to explore all space freely at the high dimensions problem
with lots of local minimum (or maximum). To overcome these problems, evolutionary or

parallel algorithms as Genetic Algorithm can be used to estimate probable parameters, and
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Metropolis-Hastings and Gibbs are used to estimate hyperparameters. Besides, fuzzy
membership functions are used to clarify un-probabilistic uncertainty in GA and MCMC
procedures. In this study, the proposed novel hybrid MCMC algorithm consists of following

steps:

First, a simple hierarchical prior for the weights, called Automatic Relevance Determination
(ARD) (MacKay, 1994; Neal, 1996) are defined. In ARD each group of weights connected to the
same input j=1, 2, ..., m has common variance hyperparameters, while the weight groups can
have different hyperparameters. Thus, the irrelevant inputs should have smaller weights in the
connections to the hidden units than more important weights. The weights with separate
hyperparameters of irrelevant inputs can have tighter priors that reduce such weights more
effectively towards zero than having the common larger variance for all the input weights (Neal,
1996; Lampinen and Vehtari, 2001).

In more detailed, the sampling procedure can be introduced as follows:

o Set hierarchical structure for priors of parameters 6 and precisions z,,:

7,~ Gam(a,, @) 7,~ Gam(a,, o) 7,~ Gam(e,, @) | 7,~ Gam(e,, o)

7, |n~Gam(a, @) | 7, |n~Gam(a,. @, ) |7, |n ~Gam(a,, @, )| 7,4 |7, ~ Gam(e,, , @,.)

p"

w' [t ~NO z, ) |[w'[t, ~NQO 7, ) |b'|y, ~NO z,) |b"[t, ~NQO 7, ) (3.20)

In here, in order to set hierarchical structure for weights and biases, scheme discussed in (3.10) —
(3.12) is used. Then, to take into account heteroscedasticity problem, its own set of precisions

for each case of targets is determined as in (3.2). Thus, priors of precisions can be defined as

follows:

7,~ Gam(e,, ®,) (3.22)
T, |Tl ~ Gam(yyise » Ooise) (3.23)
o Draw z, precision of parameters using its conditional when given parameter vector.

In this step, precisions of weights and biases have to be produced from its conditionals in (3.9)

when given parameter vector of previous iteration as follow:
n( rv'v‘w;l Wi, .. W) Gibbs Sampling (3.24)

ip

S
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1 1 1
where {le Wi, o W

jp} IS weight vector of previous iteration that corresponds to connections

defined from j-th input to all neurons in hidden layer.

pt

-~ 7

where {Wllt' W, ... Wpt} Is weight vector of previous iteration that corresponds to connections

p(za Wi W, ... W) Gibbs Sampling (3.25)

defined from all neurons of hidden layer to target t.

p(z, ‘bl' b, ..b)) Gibbs Sampling (3.26)

=

where {bl' b, ... b:)} is bias vector of previous iteration that corresponds to biases defined for all

neurons in the hidden layer.

e Draw noise precisions z,,, of each case using p(r

Noise

X Yoo »0) defined in (3.6b) by

means of Metropolis - Hastings.
e Draw weights and biases using joint posterior distribution p(é,7,,.7,|D) in (3.18) by

means of Hybrid Monte Carlo.

p(gv 2-Noise ' 79 | D) o p(D | H' 2-Noise) p(9|79) p(TNoise) p(Tg) (327)

3.3.1 Hybrid Monte Carlo by Genetic Algorithms

In order to apply the Hybrid Monte Carlo method, firstly the desired distribution in terms of a
potential energy function must be formulated. This energy function is a function of network
parameters that are purposed to sample from the joint posterior distribution. The potential energy
function can be derived from the negative logarithm of (3.27) that is proportional to joint

posterior distribution as follow:
E(H) = —|Og p(@, Toise To | D)
=~log p(D16,7y;.) ~10g p(9|7,) —10g p(7 ) 109 P(7,)

=—log p(D|6,7,,) —log p(d|7,) - F(z) (3.28)

where F(z) is a function of the hyperparameters that are updated by Gibbs sampling as

discussed above in each successive iteration. Thus, energy function changes whenever the
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hyperparameters changes. In here, any terms that depend only on the hyperparameters can be
omitted from energy function. The energy function is similar to the error function with weight
decay penalty and negative logarithm of posterior in (2.14) used by Gaussian approximation.
However, the main objective in Monte Carlo implementation of Bayesian learning is to sample
the network parameters from the posterior distribution by simulations, rather than to find the

minimum of error function.

In this study, the parameters are drawn from posterior distribution in (3.27) by means of Hybrid
Monte Carlo, and the hyperparameters are updated by Gibbs sampling. Therefore, firstly
the parameters in energy function are updated by Genetic Algorithms, and then parameters are
sampled by Metropolis-Hastings in the each iteration of algorithm. This algorithm works in the

following scheme:

i.  Convert all parameters of error function in (3.28) to binary numbers (or real number),
and then gather all parameters into one vector called chromosome in Genetic
Algorithms.

ii.  Create prospective vectors at the certain numbers (or initial population) by means of
heuristic or random methods.

iii.  Calculate scores of all individuals over error function called as fitness function in
Genetic Algorithms (In this process, the fuzzy membership function is used to scale
scores of candidate members).

iv.  Select favorable individuals (or vectors) into mate pool for the next generation by
heuristic or stochastic methods (Stochastic method is preferred).

v.  Apply elite, crossover and mutation process to selected individuals called as parents in
Genetic Algorithms. This process is called reproduction creates children for the next
generation.

vi. I the stopping criteria are met, stop algorithm, otherwise turn to step iii, and then run
the algorithm up to meet any stopping criterion.

vii.  After stopping algorithm, keep the best parameter vector and then convert all binary
numbers (or double vector) to any parameter into float numbers.

viii.  Skip Metropolis-Hastings algorithm, and then compare the previous and the current

parameter vectors by means of posterior distribution in (3.27).
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The simple Genetic Algorithms Cycle can be summarized as following chart:

|

Create an initial population with
random or heuristic methods

1
| Generation = 1

v
Scores each member of the current
population

| Generation = Generation + 1 I——>
y'y

| Immi§ration |

f

| Crossover |

f

| Crossover |

*

| Elit parents |

T

Select parents for
reproduction

The stopping
criteria are met?

Figure 3.1. Simple Genetic Algorithm Cycle

In the Metropolis-Hastings algorithm, a candidate state drawn from the proposal distribution is
compared with previous state by means of the desired or posterior distribution. In this study, the
joint posterior distribution in (3.27) is to use in the comparison steps of Metropolis-Hastings

algorithm. The metropolis-Hastings algorithm can be summarized as follow:

e if p(&"|D)= p(8™ | D), accept candidate; otherwise ,
e Draw u~U(0,1), if p(@"| D)< p(@™*|D), accept with probability
p(d" | D)/ p(6™ | D)>u;else,

e Reject candidate, and then let 8™ =",
In order to use HMC with GA, the algorithm has to be run for a certain iteration number. After
the parameters produced in burn-in process is discarded, the estimations and predictions of

outputs can be done by formulation in (3.20).
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Alternatively, the simulated annealing introduced by Kirkpatrick at al. (Kirkpatrick at al., 1983)
is used with Metropolis Hastings as well. According to the simulated annealing, the standard

Metropolis Algorithm can be modified as follows:
e First apply negative logarithm to p(@"|D) and p(6™ *|D) as E"=—Inp(&" | D) and
E"™*=—Inp(6" | D)
e If E" <E™ accept candidate; otherwise,
e Draw u~U(0,1), if E" >E™™, accept with probability exp(—(E*—E“e"l)/T)>u
where T is a parameter generally referred to temperature; else,

e Reject candidate, and then let 8™ =™,

For T = 1 the desired distribution is recovered, for T >> 1, however, the algorithm explores
parameter space much more freely, and can readily escapes from the local error function minima.
Simulated Annealing involves starting with a large value of T and then gradually reducing its
value during the course of algorithm. Thus, the algorithm has change to settle into a region of
high probability (Neal, 1992, 1996; Bishop, 1995b). Unfortunately, the application of simulated
annealing to the Monte Carlo algorithm for the Bayesian treatment of neural networks by Neal
(1992, 1994) was not found be essential (Bishop, 1995). In this study, alternatively
the difference between minimum and maximum of energy function amounts obtained by burn-in
process as temperature vale is proposed, and then this amount is gradually reduced to
approximate “1” in the each iteration, thus, the impact of T values over the algorithm are

observed. Besides, the following criterion with fuzzy membership function instead of

exp(—(E* - E“er‘l)/T) >U criterion in the third step of the simulated annealing is proposed:

“Draw u~U(0,1) if E' >E"™ " accept #' with y(E')>u”
In here, u(E'") is a fuzzy membership function as follow:

y(Ei):ll[exp((Ei —E")/ (E —Emm))]" p=1,2,3..; i=1 2 .. iteration (3.29)

E,., and E_, are minimum and maximum energy values that is obtained in iterations.

As a result, the introduced algorithm above not only allows to using the different functional
structure, but also it can be used by any distributions exception of Normal and Gamma
distributions. Besides, the membership functions used in MC and GA procedures can be

determined by trial and error as well.
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4  APPLICATIONS

In this study, in order to show performance of Bayesian Learning in training of neural networks,
two applications are handled. To give visibility to analysis results, the data sets with two inputs
and one target are preferred. The data set in the first application is based on which Vanhatalo and
Vehtari (2006) used in their work, and the second one is produced artificially. The neural
networks are trained by the improved and traditional approaches, and then analysis results are
discussed in detail. In order to train neural networks, the computer that has processor with
Intel(R) Core(TM) i3 CPU 2.13GHz, 4GB RAM and 64 bit operating system is used. The
software of the improved approaches is written in MATLAB 7.12 package program, and then
training of neural networks by traditional approaches is done by the functions of this program.

4.1 Application |

In here, to train Bayesian neural networks, the data set with 225 observations that include two
inputs and one target is used, and then this data set is divided into two parts as training (200) and
test (25) data demonstrated in Figure 4.1 and Figure 4.2 respectively. In terms of reliability of
the analysis, the test data plays very crucial role to evaluate performances of traditional neural
networks, since it is not introduced to the neural network together with training data in the
training phase. According to Figure 4.1 and Figure 4.2, it can be seen that there is the nonlinear
structure between inputs and target data. Because of this non-linear structure, the estimations and
predictions done by the multiple linear regressions are not eligible. On the other hand, the neural
networks provide the flexible and nonlinear model structure to make more realistic estimations
and predictions. The necessary information related with structure of neural networks and

optimization algorithms are given in the following implementations.

In implementations, the tangent hyperbolic function that is demonstrated as an example in Figure
4.3 is preferred as activation function, since it is differentiable, and easily calculated. In training
stage, the performances of neural networks against problems with different dimensions are

observed with trying out the different numbers of neurons in the hidden layer.
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Figure 4.3. Tangent Hyperbolic Function

4.1.1 Gaussian approach with fixed hyperparameter
For Bayesian learning implementation of neural networks, firstly Gaussian approach with fixed

hyperparameter is used. To train the neural network, Quasi-Newton optimization algorithm,
which is improved by Broyden, Fletcher, Goldfarb, and Shanno (BFGS), is preferred. The
advantage of this algorithm is that the approximations of Hessian matrix can be evaluated using
the first derivatives without the second derivatives. In the first implementation, it was supposed
that both Alpha and Beta hyperparameters are of equal importance, therefore, both
hyperparameters were taken as 0.5 during training. After the neuron number in the hidden layer
was determined as 25, the algorithm was run for 1000 iterations. In the second implementation,
it was supposed that the noise amount included in data set is more important, so that Alpha and
Beta hyperparameters were taken as 0.1 and 0.9 respectively. After the neuron number was
determined as 25, the algorithm was run for 1000 iterations. The statistical indicators obtained at
the end of the training process as correlation between targets and outputs, mean squared errors

(MSE) and training time are given in Table and Figures below.
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Figure 4.4. Correlation for Alpha=0.5, Beta=0.5 Figure 4.5. Correlation for Alpha=0.1, Beta=0.9
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Figure 4.6. Training output for Alpha=0.5, Beta=0.5 Figure 4.7. Training output for Alpha=0.1, Beta=0.9
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Figure 4.8. Test output for Alpha=0.5, Beta=0.5 Figure 4.9. Test output for Alpha=0.1, Beta=0.9
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Best Training Performance is 0.10275 at epoch 1000

Mean Squared Error with Regularization (msereg)

Figure 4.10. The performance for 1000 iterations

Table 4.1 The performance of the fixed hyperparameter approach

1000

Hyperparameter Neuron | Training Test Trainir_lg Test_ Training
number MSE MSE | correlation | correlation | (Seconds)
Alpha= 0.5, Beta=0.5 25 0.1917 0.2543 0.9077 0.9242 29
Alpha= 0.3, Beta=0.7 25 0.0796 0.1142 0.9627 0.9711 29
Alpha=0.1, Beta=0.9 25 0.0525 0.0631 0.9744 0.9826 27
Alpha=0.01, Beta=0.99 25 0.0358 0.0432 0.9825 0.9865 27
Alpha=0.01, Beta=0.99 50 0.0318 0.0502 0.9845 0.9826 41
Alpha=0.01, Beta=0.99 100 0.0268 0.0537 0.9869 0.9831 103

From Figure 4.4 - Figure 4.9 and Table 4.1, it can be seen that the search method is more
sensitive to both the training and test data for Beta = 0.9, so that, when Beta is taken as 0.9
instead of 0.5, the algorithm shows a better performance. As seen in Figure 4.10, at the end of
1000 iterations, the total error in (2.17) and MSE are 0.10275 and 0.0525 respectively. From
Figure 4.10, it can be seen that the algorithm reach the best solution at the end of 300 iterations.
However, in order to monitor performance of algorithms for different hyperparameters and
neuron numbers, the iteration number is fixed as 1000. From Table 4.1, it can be seen that, as
Beta is increased, the correlation coefficients take larger values, however, MSE decreases
inversely. Besides, if Alpha and Beta are fixed as 0.01 and 0.99 respectively, and the neurons
numbers are increased, then MSE of the training data decreases due to over-fitting to data, but,

MSE of test data and training time increase as well. Where Beta is larger than Alpha, SSE term
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in the error function of the Gaussian approach with fixed hyperparameter in (2.17) becomes
more dominant than the second term. From here, it can be concluded that the hyperparameter

Alpha plays an important role to decrease over-fitting to training data.

As a result, the Gaussian approach with the fixed hyperparameter performs good-fit to both
training and test data where Beta is larger than Alpha. However, the algorithm with larger Beta
values is enforced to overfitting the training data where the noise amount included in data set
especially is very high. Therefore, determining the best Alpha and Beta hyperparameters is
a problem in itself. In such a case, the best Alpha and Beta hyperparameters can be determined
by the trial and error, but this method leads an excessive cost in terms of time.

4.1.2 Gaussian Approach with Recursive Hyperparameters
The optimal values of objective function in (2.17) can be searched by updating formulations in

(2.39) mentioned in recursive approach instead of the fixed hyperparameter approximation. In
recursive approach, the iterative Levenberg-Marquardt Algorithm, which is able to search
through the parameter space rapidly, was preferred. The performances of recursive approach for
different neuron numbers are given in Table 4.2. According to Table 4.2, this approach shows
good-fit to both test and training data for different neuron and iteration numbers. Although
the best fit is obtained using 25 neurons, the algorithm shows good performance for 50 and 100
neurons as well. While neuron number is taken as greater than 25, MSE of test and training data
slightly increases. For 25 neurons, the outputs of analysis are given in Figure 4.11 — Figure 4.14.

As seen in Figure 4.12, the algorithm reaches to the best fit at nearly 150-th iteration.

As result, the advantage of this approach is that hyperparameter Alpha and Beta are determined
automatically, and then over-fitting problem can be solved inherently. Besides, Levenberg-
Marquardt algorithm substantially decreases training time as seen in Table 4.2. The best training
times of algorithm for 50 and 100 neurons are showed with “*” in the last second rows of
Table 4.2
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Training: R=0.98335
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Output ~= 0.96*Target + -3e-005

L
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Figure 4.11. Correlation between Target and Output

Figure 4.13. The performance of training data

Sum Squared Error (sse)

Best Training Performance is 6.8229 at epoch 1000

Figure 4.12. Recursive hyperparameter approach
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Figure 4.14. The performance of test data

Table 4.2 The performance of recursive hyperparameter approach

Iteration Neuron Training Test Trainirjg Test_ Training
number MSE MSE correlation | correlation | (Seconds)
100 25 0.0365 0.0426 0.9822 0.9857 2
200 25 0.0342 0.0462 0.9833 0.9839 4
1000 25 0.0341 0.0422 0.9834 0.9855 20
1000/500* 50 0.0335 0.0425 0.9837 0.9854 29/14*
1000/400* 100 0.0339 0.0488 0.9835 0.9832 138/55*
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4.1.3 The steepest descent with mean squared errors
To check the performance of traditional approaches with MSE, the parameters of neural network

was estimated by the steepest descent. The performance of the steepest descent was observed for
different learning rate, neurons and iterations. According to Table 4.3, the steepest descent
algorithm reaches to the best fit by 25 neurons and 0.005 learning rate for 1000 iterations. At the
end of the trials, it can be concluded that if the neuron number is increased, the algorithm needs
to more iterations for good-fit, and the both MSE of training and test data substantially increase.
For instance, the analysis outputs of algorithm for 2000 iterations, 100 neurons and 0.001
learning rate are given in Table 4.3, Figure 4.15 and Figure 4.18. According to results,
the algorithm doesn’t work well for 2000 iterations and 100 neurons. When the algorithm runs
for 5000 iterations, both MSE of training and test data substantially decrease. However,
if iteration number is taken as 10000, and then MSE of training data decreases, but MSE of test
data substantially increase due to over-fitting. In such situations, the algorithm should be stop
when MSE’s of validation or test data start to arise. However, the early stopping approach
causes to serious estimation errors when neural networks are trained by data with high

dimensions and excessive noise.

As result, the steepest descent algorithms with MSE have problems such as the long training
time, early stopping and over-fitting depending on parameter number of neural network. Besides,
the steepest descent algorithms suffer from stuck in local optimums in high dimensions problems.
In order to escape local optimums, the steepest descent algorithm with momentum can be used

instead of traditional the steepest descent.

Training: R=0.77287 Best Training Performance is 0.62108 at epoch 2000

Output ~= 0.94*Target + 0.0031
Mean Squared Error (mse)

\ | \
0 1 2 3 4 0 0 ] o0 80 Mmoo 1600 W20
Target 2000 Epochs

Figure 4.15. Correlation between Targets and Outputs  Figure 4.16. The performance of Steepest Descent
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Figure 4.17. The performance for training data

Figure 4.18. The performance for test data

Table 4.3 The performance of the steepest descent with MSE

Iteration | Neuron | Learning | Training Test Training Test Training
number number rate MSE MSE correlation | correlation | (Seconds)
25 0.001 0.871 0.7232 0.6228 0.7599 5
500 25 0.005 0.248 0.2594 0.8785 0.9161 5
25 0.01 0.188 0.2374 0.9044 0.9230 5
25 0.001 0.466 0.6528 0.8140 0.7777 10
1000 25 0.005 0.159 0.1453 0.9202 0.9480 10
25 0.01 0.114 0.2150 0.9431 0.9211 10
1000 50 0.001 0.8367 | 1.4477 0.6962 0.6283 11
1000 50 0.005 0.2052 | 0.2926 0.8986 0.8925 11
2000* 100 0.001 0.6211 1.2882 0.7729 0.6404 25
5000* 100 0.001 0.2527 | 0.4850 0.8852 0.8517 64
10000* 100 0.001 0.0973 | 0.5273 0.9535 0.8685 125
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4.1.4 The steepest descent with momentum
In here, the steepest descent algorithm was run for different neuron number, the learning rate and

the momentum constant. The performance of algorithm is given in Table 4.4. According to
Table 4.4, this algorithm reaches to the best fit using 0.005 learning rate and 0.5 momentum
constant. While the neuron number is taken as 50, the best fit is obtained at 5000 iterations. By
using same parameters, the algorithm gives the following results in Figure 4.19 — Figure 4.21 for
10000 iterations. From Table and Figures, it can be seen that the MSE of training data
substantially decreases, and MSE of the test data slightly increases. However, the algorithm
shows overfitting to both training and test data as seen in Figure 4.19 and Figure 4.20.
According to Figure 4.21, the algorithm should be stopped before 9000-th iteration, otherwise,
the overfitting problem becomes inevitable. Besides, while neuron number is taken as 100,
the effectiveness of algorithm disappears, and MSE’s of training and test data increase.

Table 4.4 The performance of the steepest descent with momentum

S5 | 55 | 2 5| g u 28 s | 23
= 9 ° o ] c 8 = u S = IR c <
S E S E S ® 2% =2 S © 3 =8
& S QS S = IS = 7 S = s S 3
S c Zzc g § 5] [ & Fg S =L

25 0.001 0.1 0.6065 1.0486 0.7008 0.5820 11
1000

25 0.001 0.5 0.8359 1.0619 0.5725 0.5944 11

25 0.005 0.1 0.2492 0.3640 0.8729 0.8712 11
1000

25 0.005 0.5 0.3241 0.3348 0.8300 0.8740 11

25 0.01 0.5 0.2044 0.2424 0.8966 0.9207 11
1000

25 0.01 0.1 0.1686 0.1795 0.9151 0.9379 11
1000 50 0.001 0.1 1.3905 3.3276 0.6116 0.4420 12
5000 50 0.001 0.1 0.2307 0.2756 0.8890 0.9091 59
5000 50 0.005 05 0.1070 0.1047 0.9501 0.9658 65
10000 50 0.005 05 0.0761 0.1090 0.9653 0.9615 111
10000 100 0.005 05 0.1446 0.2708 0.9339 0.9265 126
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Figure 4.19. The performance for training data Figure 4.20. The performance for test data

Best Validation Performance is 0.10467 at epoch 8994

Train
Validation
Test

Mean Squared Error (mse)

1 1 L 1 1 L L 1
0 1000 2000 3000 4000 5000 6000 7000 8000 2000
9000 Epochs

Figure 4.21. The performance of algorithm to iterations

As result, the steepest descent algorithm with momentum reduces to training time by using
the combinations of learning rate and momentum constant, and overcomes to problem of stuck
in local optimums. However, the early stopping approach should be used, since MSE causes
overfitting problem. In addition, determining the best combination of the learning rate and

momentum constant requires additional trials.
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4.1.5 Genetic Monte Carlo Approach with Recursive hyperparameters
In order to be alternative against the traditional methods, the genetic MC with recursive

hyperparameters, which is improved for Gaussian approach of Bayesian learning, can be used. In
this approach, the GA cycle turns its inside till the generation number in any iteration of main
algorithm. In addition, if it is desired, the simulations can be done by means of the fixed
hyperparameters as well. In order to observe the performance of algorithm for the fixed
hyperparameter approach, the simulations were done for Alpha 0.01 and Beta 0.99. For GA
cycle; elitism, crossover, mutation, generation and population parameters were taken as 2, 0.8,
0.01, 100 and 100 respectively. To train the neural network with 25 neurons at the only 100
iterations, the Genetic MC worked for 1198 seconds, and the outputs of trial for 100 iterations
(iteration x generation = 100x100) are given in Figure 4.22 - Figure 4.25 and Table 4.5.

Figure 4.22. The performance for training data  Figure 4.23. The performance for test data
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Figure 4.24. Error function versus iterations Figure 4.25. Corr. between targets and outputs

50



At the end of simulations, MSE’s of the training and test data were obtained as 0.07 and 0.08,
and the correlations between outputs and targets as 0.97 and 0.98 respectively. Besides,
the performances of algorithm for different parameter values are given in Table 4.5.
Alternatively, the generation of GA was taken as 1, thus the performance of algorithm was
observed for only one generation. The result for only one generation is showed in the row with
“*” in Table 4.5. According to results, this trial needs much more iterations, since generation
number is taken as 1. However, this case doesn’t cause an excessive cost in terms of training
time because of being provided the required population size for the diversification in any

generation.

Table 4.5 The performance of Genetic MC with the fixed hyperparameters

2 - 5 o L oS S o %
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2 Z e 3 = e g S =
25 100 0.14 0.20 0.93 0.94 120
25 200 0.07 0.12 0.96 0.96 218

10
50 100 0.17 0.13 0.92 0.92 243
50 200 0.14 0.17 0.93 0.94 441
100 25 100 0.07 0.08 0.97 0.98 1198
100 50 100 0.07 0.14 0.97 0.96 2674
1000* 25 1* 0.09 0.13 0.96 0.96 399

According to Table 4.5, while the neuron number is increased, MSE’s of training and test data
increase as well. However, if the generation and iteration numbers are increased together, MSE’s
can be reduced to a certain extent. As a result, the problems caused by the high parameter space

can be solved by increasing generation number.

As discussed above, the hyperparameters can be automatically determined by means of the
recursive hyperparameter approach instead of the fixed one. In order to use this approach; elite,
crossover, mutation parameters of GA were determined as 2, 0.8, 0.01 respectively, and then
the algorithm was run by different generations, population, neuron and iteration numbers.
The performance of algorithm is given in Table 4.6. Besides, the neural networks with 25

neurons were trained by Genetic MC with 100 generation and 150 population numbers.
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The performances of Genetic MC at the end of the 10 (iteration x generation = 10x100) and 100
iterations (100x100) are given in Figure 4.26 — Figure 4.31. From Figure 4.26 - Figure 4.27, it
can be seen that while the iterations continues, Beta/Alpha ratio increases gradually. However,
according to Figure 4.27, this ratio becomes more stable after 40-th iteration. From this trial, it
can be concluded that the fitting to data is more dominant than weight decay for high Beta/Alpha
ratio. According to Figure 4.28 - Figure 4.29, while the simulations continue, the posterior
distribution becomes more stable. Therefore, the fitting obtained at end of 100 iterations is better
than one obtained at the end of 10 iterations.

From Table 4.6, it can be seen that although MSE’s increase for neuron number 50 and 100,
the algorithm ensures to produce the consistent solutions. Besides, MSE’s can be reduced to
a certain extent by increasing both neuron and generation numbers together. Although the high
generation and population numbers allow reducing MSE, the required time for simulations will
increase. Therefore, the generation and population number should be kept at the reasonable level
for good fitting.

As a result, Genetic MC approach ensures the consistent solutions at end of the short iterations,
since hyperparameters are balanced automatically. Besides, it is possible to obtain more

consistent results by increasing iteration number as well.

Table 4.6 The performance of Genetic MC with the recursive hyperparameters

2 | oy S S o W | =25 S| =23
2 | 88| B E |Ea| = | E8 | g8 | £5
S | 35| ¢ 3 | B2 | g | EE|FE| B3
= Zc 8 § [ & g 5| Fe
25 100 100 | 022 | 029 | 090 | 091 | 150
25 150 200 | 017 | 025 | 092 | 093 | 440
10
50 150 200 | 013 | 018 | 094 | 095 | 841

100 150 200 0.16 0.23 0.92 0.92 1666

100 25 150 200 0.06 0.08 0.97 0.98 2650

100 50 150 200 0.14 0.21 0.93 0.93 8003
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Figure 4.26. Beta/Alpha ratio for 10 iterations Figure 4.27. Beta/Alpha ratio for 100 iterations

Figure 4.28. Errors for 10 iterations Figure 4.29. Errors for 100 iterations
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Figure 4.30 The test performance for 10 iterations  Figure 4.31. The test performance for 100 iterations
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4.1.6 Hierarchal full Bayesian approach with hybrid Monte Carlo

In order to apply the hierarchal full Bayesian approach to data set used above, firstly the high-
level hyperparameters have to be fixed. Therefore, the shape parameter Alpha was taken as 1, 2
and 10; mean of the weights, biases and noise precisions were taken as 1, 10 and 100
respectively. For instance, if the parameter Alpha and the precision mean are taken as 1 and 100
respectively, and then the scale parameter corresponds to 0.01 (mean=Alpha/Beta). For Alpha 1
and Beta 0.01, the priors of parameters become little bit informative. In Bayesian analysis,
the non-informative priors are often preferred such as Gamma (0.1, 1) and Gamma (0.01, 1) as
well. However, the simulations done by different priors showed that little bit informative priors
produce more consistent results for network structure constituted in here. In simulations,
the middle-level hyperparameters in (3.11) were fixed as 1, thus, the mean and Beta in the

middle level of hierarchy was generated by simulations.

The elite, crossover, mutation, generation and population size parameters of GA were taken as
2, 0.8, 0.01, 50 and 100 respectively. After the neural networks were trained by only Hierarchal
full Bayesian approach without GA updates for 1000 or 10000 iterations in the burn-in process,
the neural network parameters were estimated by Hybrid Monte Carlo with GA until a sufficient
iteration number. The performance of the hybrid MC with GA was tested by different
hyperparameter, iteration and neuron number as well. The simulation results are given in Table
4.7 for different parameters. In addition, changing of parameter precisions for different Alpha
and Beta combinations, the stationarity of posterior distribution and noise level to iterations,

the performances of fitting to training and test data are demonstrated in Figure 4.32—Figure 4.47.

According to Table 4.7, it can be said that the algorithm produces consistent results for different
burn-in and iteration numbers. For instance, after hierarchal full Bayesian approach without GA
were run for 1000 iterations in burn-in process, hybrid MC with GA was run for 10 iterations
(totally 10x150 = 1500 iterations together with GA generations), and the good fitting to both
training and test data was obtained at the end of training process with 10 iterations. From Table
4.7, it can be seen that, while iterations continue, MSE’s of the training and test data decrease
distinctly. If the iteration number is kept at an adequate level, the hybrid MC maintains to

produce the consistent results, even if the neuron number is increased.

After the hybrid MC was run for 10000 iterations without GA in burn-in process, and 1000

iterations with GA in the training process, the negative logarithm of posterior and noise level
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were obtained as demonstrated in Figure 4.32 and Figure 4.33. From, these Figures, it can be
seen that after burn-in process both the negative logarithm of posterior distribution and the noise
level become increasingly stationary. Similarly, the impact of hybrid MC over the negative
logarithm of posterior and noise level for 1000 iterations in burn-in process, and 10 iterations in
training process are demonstrated in Figure 4.34 and Figure 4.35. According to these Figures,
although Markov chain is not stationary without GA update in burn-in process, it returns to the

stationary structure by means of hybrid MC with GA in a short time.

Table 4.7 The performance of hybrid Genetic MC
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2,1 25 150 150 0.11 0.17 0.96 0.96 470
1000 10 2,1 50 150 150 0.18 0.16 0.91 0.94 930
1,1 50 150 150 0.11 0.14 0.95 0.96 1012

1000 100 | 10,10 25 150 150 0.06 0.06 0.97 0.98 4293

1000 100 10, 10 50 150 150 0.07 0.14 0.97 0.96 7821

10000 | 1000 2,1 25 150 150 0.03 0.04 0.98 0.99 | 34209
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Figure 4.32. Negative log of posterior to iterations Figure 4.2. Noise level to iterations
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Figure 4.34. Negative log of posterior in burn-in stage  Figure 4.3. Negative log of posterior in learning stage

After simulations with 1000 iterations in burn-in process and 10 iterations in training process;
the first, second and third lagged autocorrelations of Markov chain demonstrated in Figure 4.35
are evaluated as -0.17, -0.12 and -0.21 by formulation in (E.6) introduced in Appendix E
respectively. According to these values, the autocorrelations between the successive iterations
are negative, thus, independence ratio for the first, second and third lagged are evaluated as 0.66,
0.41 and -0.02 by formulation in (E.5) respectively. In the training stage, the independence ratios
between successive elements of chain are the satisfactory level, since the autocorrelations are
shorter than 1. However, in burn-in stage seen in Figure 4.34; the first, second and third lagged
autocorrelations are evaluated as 1.80, 2.42 and 2.89, thus, the independence ratios are obtained
as 1.80, 2.42 and 2.89. From here, it can be concluded that, in burn-in process, there are high
positive autocorrelations between successive elements of chain without GA updates; so that; this
situation causes the high independence ratios.

In order to produce precision values by simulations, Alpha value in the high level
hyperparameter of the first weight group in the input layer was taken as 1, 2 and 10; means for
weights, biases and noises were taken as 1 and 10 respectively. After simulations with 1100
iterations, the precisions of the first quantities for different Alpha and mean values were
estimated from neural network with 25 neurons. The estimated precisions are given in Figure
4.36 — Figure 4.38. According to Figure 4.36, when the precision mean of priors is taken as 10,
the mean of the first weight group is obtained approximately 2.25 at end of the simulations. As
seen in Figure 4.37 and Figure 4.38, when means of precision priors is taken as 1, the mean of

the first weight group is obtained approximately 1.
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Figure 4.36. Alpha = 10, Mean = 10 Figure 4.4. Alpha=2, Mean=1 Figure 4.38. Alpha=1, Mean=1

The hyperparameter values assigned for the first weigh group were taken for the second weight
group, and then the simulation results were given in Figure 4.39 and Figure 4.41. According to
Figure 4.39, when the precision mean of priors is taken as 10, the mean of the second weight
group is obtained approximately 2. As seen in Figure 4.40 and Figure 4.41, when means of

precision priors is taken as 1, the mean of the second weight group is obtained approximately 1.
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Figure 4.39. Alpha =10, Mean =10  Figure 4.40. Alpha=2,Mean=1 Figure 4.5. Alpha=1, Mean=1

The estimated precisons of weight group between the hidden layer and output layer are given in

Figure 4.42 and Figure 4.44. According to Figure 4.42, when the precision mean of priors is

57



taken as 10, the mean of the related weight group is obtained approximately 2. As seen in Figure
4.43 and Figure 4.46, when means of precision priors is taken as 1, the mean of the related

weight group is obtained approximately 1.25.

300 T T T T T 30 T T T T T T 30 T T T T T T

Figure 4.6. Alpha =10, Mean =10  Figure 4.43. Alpha=2, Mean=1  Figure 4.44. Alpha = 1, Mean =1
Lastly, the estimated precisons of bias group between the hidden layer and output layer are given
in Figure 4.45 and Figure 4.47. According to the following Figures, the estimated precisions of

bias group are shorter than ones of weights groups for same hyperparameters.
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Figure 4.45. Alpha = 10, Mean = 10 Figure 4.46. Alpha =2, Mean =1 Figure 4.7. Alpha=1, Mean =1
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4.2  Application 11

In here, data set with two inputs and one target as demonstrated in Figure 4.48 is preferred. In
order to apply the hierarchal full Bayesian approach to this data set, firstly Alpha and means in
the high level introduced in (3.10) - (3.12) were fixed as 1 and 10 respectively. Similarly, the
shape parameter at the mid-level was fixed as 1 as well. In hidden layer, the neuron number was
is determined as 20, and the tangent hyperbolic function was preferred for the activation function.
The elite, crossover, mutation, generation and population size parameters of GA were taken as 2,
0.8, 0.01, 100 and 100 respectively. After Hybrid MC was run without GA updates for 1000
iterations in the burn-in process, Hybrid MC with GA was run for 10 iterations (totally 10x100 =
1000 iterations together with GA generations). At end of simulations lasting 220 seconds, the

algorithm produced the following results demonstrated in Figure 4.49 — Figure 4.54.
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Figure 4.8. Targets Figure 4.49. Outputs
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Figure 4.50. Negative log of posterior in burn-in stage Figure 4.91. Negative log of posterior in learning stage
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Figure 4.52. Noise level in burn-in stage Figure 4.53. Noise level in learning stage

2.8

Figure 4.54. Correlation between targets and outputs
In Figure 4.50 — Figure 4.54, the impact of Hybrid MC over the negative logarithm of posterior
and noise are demonstrated. From Figures above, it can be seen that after burn-in process both
the negative logarithm of posterior and noise become increasingly stationary. Besides, the
correlation between targets and outputs are 0.99. The first, second and third lagged
autocorrelations of Markov chain in Figure 4.51 are evaluated as -0.27, 0.09 and -0.16 by
formulation in (E.6) respectively. According to these values, the autocorrelations between
successive iterations are negative, thus, the independence ratio for the first, second and third
lagged are evaluated as 0.44, 0.63 and 0.29 by formulation in (E.5) respectively. The
independence ratio between successive elements of chain are satisfactory level since the
autocorrelations are shorter than 1. However, the independence ratios for the first, second and

third lagged in burn—in process are obtained as 1.52, 1.87 and 2.12. From here, it can be
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concluded that there is high positive autocorrelations between successive elements of chain
without GA updates; therefore, this situation causes the high independence ratios.
Consequently, the Hybrid MC with GA ensures to consistent results for the short iterations. In

addition, if iteration number is increased, then obtaining better results would be possible as well.
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5 CONCLUSION and SUGGESTIONS

As discussed above, there are some complicated problems encountered in training
process of a traditional neural network with MSE. The one of these problems is dividing
into data set as training, validation and test. In training process, the performance of the
neural network should be checked over training, validation and test data simultaneously.
However, the dividing process is not necessary in Bayesian neural networks, since they
have ability to learn over whole of data. The other problems caused by MSE are stuck in
local minimums due to using gradient searches, the estimation and approximation errors.
Hybrid Bayesian neural networks solve not only the problems discussed above, but also
they provide an opportunity for a robust statistical inference. However, while number of
the estimated parameters and hyperparameters increases, more fast and effectiveness

algorithms are necessary for the advanced Bayesian simulations.

In this study, the novel Hybrid MC methods with GA are improved for the normal
approach and full Bayesian approach used in the Bayesian neural networks. To measure
un-probabilistic (fuzzy) uncertainty, the fuzzy membership functions are used in both
the Gaussian and full Bayesian approaches. Thus, the algorithms that accurately estimate
the parameters and hyperparameters of neural networks are improved. However, the
problems such as determination of neuron and the layer numbers, the selection of the

activation function are not included into this study.

From implementations, it can be concluded that the proposed approaches ensure
the consistent results for problems, and allow more effective and fast simulations that

overcome random walk caused by classic MCMC.
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APPENDIXES

Appendix A. Evaluating normalization factor of prior and noise

Evaluating the Gaussian Integral:

| = Texp(—%xz Ydx (A1)

1” = | [exp(—4(x* +y*))dxdy (A2)

—00 —0

Transforming the polar coordinates as x=rcost and y =rsint in (A.2), and then using r* =u

the square of integral can be evaluated as follow:

027

12 =fjexp(—§(r2 ))rdrdt

= ﬁ_"exp(—gu )dr
0
_ 2% (A3)
Thus, taking square root of the integral in (A.13, it is obtained as follow:

- 12
| = J' exp(—4x? )ox = (2”/1) (A.4)
For evaluating integral in (2.5) and (2.9):

1N = ]O T exp(—gi{yi ~f(x ,0)}2di dD = dy,dy, ..dy, (A5)

Transforming y, — fA(xi ,0)=s, and dy, =ds; into integral (A.5), and then integral in (A.5) can

be arranged as follow:

el 0

N
M= | ...jexp(—gzsf )ds dS = ds,ds, ...ds,, (A.6)
—© - i=1

According to feature of exponential function and by means of equality in (A.4), the integral in

(A.6) can be written as follow:

N =ﬁ T exp(—2s?)ds,

ez
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(27)

Integral in (2.9) can be solved by similar way above

M= | ...Iexp(—%”@"z )}do  do=dede,..da,

—o0

(AN
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Appendix B. Evaluating normalization factor of posterior distribution

In order to solve the following normalization factor of posterior distribution in (2.20),
Zy(a, B) = [exp(=S(6,p) = 1(6— 6, ) AO—6,) )40 (B.1)

where A is Hessian matrix (A=VVS,,), let’s transform 6-6,, = W, dé=dw and

S(6,5) =h'w into (B.1), and then integral in (B.1) is arranged as follow:
Z (a, B)= Iexp(—h’w— %W Aw)dw (B.2)
In here, it is convenient to work in terms of the eigenvectors of matrix A,
Au, = AU, (B.3)

Since matrix A is real and symmetric, eigenvectors can be chosen form to a complete
orthonormal set as follow:

Ul =&y (B.4)

The vector w can be expanded a linear combination of eigenvectors,

W
w=Uxa=)Y au, (B.5)
i=1

Thus, the integration over the parameter values dw,, dw,, ..., dw, can be replaced by integration
oay, 0, ...,0c, . The Jacobian of this change of variables given by

J= det(gﬂj =det(u,;) (B.6)

oy

where u, is the ith element of vector u,. Thus, J?=det(1)=1 and [J|=1. Using

the orthonormality of vector u, , it can be obtained

W

WAW=Y" L af (B.7)

i=1

Besides, the projections of h onto the eigenvectors of matrix A can be defined as follow:
h, =h'u, k=12, ...W (B.8)

From (B.5) and (B.8), the first term of exponential function in (B.2) can be evaluated as follow:
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o
hw=hUa =(hh,..h,)x| 72 |=(@h +a,h, +..auh,) (B.9)

Ay

According to (B.7) and (B.9), integral in (B.2) can be written a set of decoupled integrals over
ooy, 0a,, ...,0cy, as follow:
2

Zs(a,ﬂ):lﬂ[Texp(—ﬂkak +ha )da, (B.10)

k1 2 2

In here, the term in exponential function can be written this way:

Ao +hkak:_£(ak_h_k] L (B.11)
2 2 A ) 24

Let’s change integration variables to &, =, —zk—k and then apply to equalities in (A.4) and
(A.7), the integral in (B.10) is reduced the following form:
W /2 -1/2 Y h2
Zy(a, B)=(21 )" | exp(Y o) (B.12)
a 24,
If A™ is applied to both sides of (B.3), it can be seen that A™ has eigenvalues A" as follow:

Alu, =4y, (B.13)

Thus, using (B.4) and (B.8), the term of exponential function in (B.12) can be replaced with

h'A™h = ih—kz (B.14)
1 24
Using this result, the final result can obtained as follow:
Zy(a, p)=(27)"" | exp( WA h)
=(27)"* | exp(=S(6,0 ) (B.15)
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Appendix C. Functions of Genetic Algorithm
Encoding:

The parameters of the fitness function should be any data type. Therefore, population type can
be real numbers or bit string (binary numbers).

Population size:

Population size determines how many individuals (members) there are in each generation. With
a large population size, the genetic algorithm searches the parameter space more thoroughly,
thereby reducing the chance that the algorithm will return a local minimum that is not a global

minimum. However, a large population size also causes the algorithm to run more slowly.
Creating populations:

In this level the initial population for GA is created. In this study, Uniform distribution preferred
which creates a random initial population with a uniform distribution with respect to range of
parameters.

Initial population:

Initial population has rows with population size and columns with number of decision variables.
Besides, Initial population take initial scores with respect to fitness function.

Selection of parents:

In this step, the genetic algorithm chooses parents for the next generation related to its scores
evaluated over fitness function. In this study, the stochastic uniform procedure, which lays out a
line in which each parent corresponds to a section of the line of length proportional to its scaled
value, is preferred. The algorithm moves along the line in steps of equal size. At each step, the
algorithm allocates a parent from the section it lands on. The first step is a uniform random

number less than the step size.
Reproduction:

Reproduction means how the genetic algorithm creates children for the next generation, which

include processes of Elitism, crossover, mutation and immigration.
Elite count:

Elite count is the number of individuals that are guaranteed to survive to the next generation.

Elite count is a positive integer less than or equal to the population size, and it can be determined
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to in accordance with magnitude of population size, or made a decision about this count by trial

and error and considering diversification.
Crossover fraction:

This ratio defines the fraction of the next generation, other than elite children, that are produced
by crossover. For example, let’s define this ratio as 0.9, and then this value shows that 90%
percent of population in next generation is produced by crossover since 10% that of population

are transferred from current population.
Mutation:

Mutation enables genetic algorithm to make small random changes in the individuals in the
population to create mutant children. Thus, mutation provides genetic diversity and enables the
genetic algorithm to search a broader space. In this study, Gaussian distribution approach is
preferred for mutation.

Gaussian distribution approach adds a random number drawn from a Gaussian distribution with
mean 0 to each entry of the parent vector. The standard deviation of this distribution is
determined by the parameters Scale and Shrink.

The Scale parameter determines the standard deviation at the first generation. If initial range is
set to be a vector w with two rows and number of variables columns, the initial standard
deviation at i-th coordinate of the parent vector is given by Scale x [w(i,2) - w(i,1)].

The Shrink parameter controls how the standard deviation shrinks as generations go by. If initial
range is set to be a vector with two rows and number of variables columns, the standard

deviation at i-th coordinate of the parent vector at the j-th generation, o, ., is given by the

ij?

recursive formula,

o, =0, jl(l—Shrink—J : j
' ' Generations

If you set Shrink to 1, the algorithm shrinks the standard deviation in each coordinate linearly
until it reaches 0 at the last generation is reached. A negative value of Shrink causes the standard

deviation to grow. In this study, both Scale and Shrink is taken as 1.
Crossover:

Crossover combines the genes (bit or real number) of chromosomes (weight vector) to form the
child from its parents. Thus, members have different features joins into population. In this study,

scattered procedure is preferred, which creates a random binary vector and selects the genes
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where the entry of vector is a 1 from the first parent, other else from the second parent. For

example, if w, and w, are the parents, and random binary vector is [11001000], the procedure

returns the following child:

w, =[13031980] w, =[27081982]

[11011000]
Child => [13031982]

Migration

This procedure ensures how individuals move between subpopulations. When migration occurs,
the best individuals from one subpopulation replace the worst individuals in another
subpopulation. Individuals that can migrate from one subpopulation to another are copied
mutually. But, they are not removed from the source subpopulation. In here, migration takes
place toward the last subpopulation. That is, the i-th subpopulation only migrates into the

(i+1)-th subpopulation.

Stopping criteria:

There are some options to terminate algorithm:

Generations: defines the maximum number of iterations for the genetic algorithm to perform.
Time limit: it can be fixed the maximum time genetic algorithm runs before stopping.

Fitness limit: The algorithm stops if the best fitness value is less than or equal to the value of

Fitness limit.

Stall generations: The algorithm stops if the weighted average change in the fitness function

value over stall generations is less than Function tolerance.

Stall time limit: The algorithm stops if there is no improvement in the best fitness value for an

interval of time specified by stall time.

Function tolerance: The algorithm runs until the cumulative change in the fitness function

value over stall generations is less than or equal to function tolerance.
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Appendix D. Markov Chains
Markov Chains:

In particular, it can be shown that if a Markov chain has an invariant distribution -, that is if

6" ~ z then 8" ~ r, it follows that:

LimK'(6°,6' € A) = z(6" € A) (D.1)

t—owo

where 6° is initial state of the chain and K(6°,6' € A) is a mechanism by means of which
the chain moves from one sample to the next. For example, for discrete state spaces,

K(6',6"" € A) will simply be a transition matrix, while for more general state spaces,

K(6',6"" € A) will correspond to various types of transition kernels. This convergence result

states that if we iterate the transition mechanism many times, the samples produced by it will be
approximately distributed according to the invariant distribution.

It is intuitive to introduce Markov chains on finite (discrete) state spaces, where 6 can only take

s possible values 8 € ©={a,,a,,....a,} . The stochastic process ¢ is called a Markov chain if:
M

7(6°,6",....6M) :7;(90)]‘[7;(9 |¢9t-1) (D.2)
t=1

where t is the time index. The chain is homogeneous if there is a transition matrix:

pll p12 T pls
T= P21 Pz Pas (D.3)
psl psz b pss

such that the transition probabilities z(6' = ‘6’"1 =q;)=p; for all t. That is, the evolution of

the chain in a space ® depends solely on the current state of the chain and a fixed transition

matrix. Note that the transition matrix is a mapping T :sxs —[0,1] with Z p; =1 foranyi.
j=1

After several iterations (multiplications by T), 7(8') = z(6°)T" converges as follows:
7(0") = 7()T => 7(0*)=x(0°)T? => #(0°)=x(6°)T® => ... => 7(6")=x(6")T' (D.4)
In general state spaces, (©,B(®)), Markov chains are defined as sequences of random variables

{9‘ :t:0,1,2,...},whose evolution in the space ®, depends solely on the current state of the
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chain and a transition kernel. Here, the events correspond to the o -algebra generated by a

countable collection of subsets of ® , for example intervals in parameter space R’ . The
transition kernel can be interpreted as a matrix with an infinite number of elements, where the

elements in each row add up to one. It satisfies:
70 e A0, 0,...0Y) = (0" € Al")

= j K(6',00'") (D.5)

For all measurable sets AeB(®), that is, the kernel is a mapping K:®xB(®) —[0,1] with

following properties:

e Forany fixed set AeB(®), K(-,A) is measurable.

e Forany fixed set £ ©®, K(6,) isa probability measure.

The analysis is restricted to time-homogeneous Markov chains, that is, the transition kernel is
fixed over time. Time varying kernels are, however, necessary when dealing with MCMC
optimization algorithms such as simulated annealing (Geman and Geman, 1984; de Freitas,
2000).

As illustrated in the discrete case, once we know the initial distribution of the chain, say 7(66°),

the transition kernel fully determines the behavior of the chain. However, in general state spaces,

the iterative multiplications by the transition matrix are replaced by the following recursion:
7(0° e A)) = [ 7(d6°)
A

7(0°,6" € Ayx A) = j jn(dQO)K(e",del)
A A

7((6°.6",...0" ) e A x Ax-A, )= /{A{ [ =)k (6",dé") (D.6)

t-1
By marginalizing and choosing the initial condition A, ={t9°}, distribution KM (6°,6' € A) =
76 e A‘HO) is given by:

KN6°, 6 e A=K (6°,6" € A)

K?(6°,6" € )= [K(6°,d6" e AK (6", 6" € A)
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KM (6°,6M eA):jK(HO,deleA)KM‘l(Hl,HM e A (D.7)
(€]

In general the Chapman-Kolmogorov equation is obtained:

K= (0, A) = [K“(0,da)K" (o, A) (D.8)

when considering discrete state spaces, the iterated application of the transition kernel
(multiplication by the transition matrix) converges to an invariant distribution. In general state
spaces, it is also possible to demonstrate that the iterated application of the transition kernel

(equation (D.7)) converges to an invariant distribution.
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Appendix E. Monte Carlo Integration
Monte Carlo Integration using Markov Chains:

Let’s define posterior probability density for parameters as p(€| %y, Yy ), @nd the expectation

of (0, x,.,,) as follow:

E(y:L'N+1 | XpnNo yl'N) ZJ. fA(H' X:I.'N+l) p(@| Xin o Yin )do (E.1)

In order to find the best guess for y,,, under squared error loss, the integral in (E.1) is used.
However, vy,,, can be evaluated by using samples from p(@|x.,,Y.y) instead of solving

analytically complicated integral in (E.1) as follow:
. 1S,
E[f(0)]=Yya zﬁz f(%y,.0) t=1,2, ..M (E.2)
t=1

where 6*,6%,...,6" are generated by a process that results in each of them having the
distribution p(@] X, Y.y )-In simple Monte Carlo methods, ' are independent. But, generating
these parameters is often infeasible since p(@| x., Y,y ) 1S @ complicated distribution. However it
may be possible to generate a series of dependent parameters. The Monte Carlo formulation in
(E.2) is still an unbiased estimate of p(&@]x.,Y,y)€ven when ' are dependent, and as long as
this dependence is not too great, the estimate still converge to true value as M increases by law
of large numbers.

Such a series of dependent parameters may be generated using a Markov Chain that has

P(O| Xy, Yy ) its stationary distribution. A chain is generated by transition from current state '

to next one 6" by means of transition distributionT (6"

6'). In here, p(6| X, Y.y) is called

as an invariant (or stationary) distribution z(8) . If &' has distribution given by z(6"), then 8"

will same distribution. This invariance condition can written as follows

7(6) = [T(6|6")(6"*)d0 (E.3)

Invariance with respect to ~ is implied by the stronger condition of detailed balance as follow:

T(0|6")2(0) =T (6'|6")2(6") (E.4)
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If a chain satisfies this detailed balance, it’s called be reversible. A Markov chain that is ergodic

has a unique invariant distribution, its equilibrium distribution. Because of dependencies
between the @', the number of parameters needed for Monte Carlo estimates to reach a certain

level of accuracy may be larger than would be require if #' were independent. The chain may
also require a long time to reach a point where distribution of the current state is good

approximation to equilibrium distribution.

The effect of dependencies on the accuracy of a Monte Carlo estimate can be quantified in terms

of the autocorrelations between the values of f(&')in (E.2) once equilibrium has been reached.
If £(&) has finite variance, the variance of estimate of (&) will be Var[f(8)]/ M if 6'’s are

independent. When &' are dependent and M is large, the variance of the estimate is
Var[f(é?)]/(M / 7) where 7 is a measure of inefficiency due to the presence of dependencies

as follow:

r=1+23 p(s) (E5)

Here, p(s) is the autocorrelation of f(&)at lag s, defined by

E[( f(6")-E[f(0)])(f () -E[f (9)])]
Var[f (8)]

p(s)= (E.6)

Iteration number t doesn’t affect above definition since it is assumed that equilibrium has been
reached. For Markov chains used to sample complex distributions = , these autocorrelations are
typically positive, leading to a value for r greater than one. If ¢ is less than one, in which case
the dependencies between f (') are at fair level to increase the accuracy of the estimate.

If = is equilibrium distribution of ergodic Markov chain, chain converges to its distribution as
rapidly as possible, and in which the states visited once equilibrium distribution is reached are

not highly dependent.
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Appendix F. Gibbs Sampling

In order to sample from a distribution over a multi-dimensional parameter ¢9={91,92, Hp},

Gibbs sampling is applicable. If directly sampling from distribution ~ is infeasible, one
component of 8 is generated by conditional distribution of 7 when the values for all the other
components of @ are given. A Markov chain can be simulated in which 8"" is generated from

A" as follows:

Pick &' from full conditional 72'(91

o, 493‘49;) given 6,,6;,...,6;

Pick ! from full conditional 72'(492 ‘9;*1,(93‘,,...,0;) given 6.%,6;,...,6;

Pick 6! from full conditional ﬂ(ej ‘6’1“1,...,0}j,0}+1,...,0,§) given 6,6,%,...,0., 6"

jLr Tyt

Pick 6. from full conditional n(ep\el‘*l,eg*l,...,egtll) given 6,67 ,..., 05"

where 72'(91-‘(91,...,9j71,9j+1,...,l9p) is a full conditional distribution for @, given

6,0, 0

are1 Op under distribution . In here, the new value for 8% is used immediately

when picking a new value for 9, .

Such transitions will leave desired distribution, =, invariant if all the steps making up each
transition leave » invariant. Since step j leaves 6, for j=k unchanged, the marginal
distribution for these components is certainly invariant. Besides, these transitions do not

necessarily lead to ergodic Markov chain since the joint distributions of all &, must also be

desired distribution if simulation is started by a desired distribution r .
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