ISTANBUL TECHNICAL UNIVERSITY * INSTITUTE OF SCIENCE AND TECHNOLOGY

IMBEDDING THEOREM IN VECTOR-VALUED SOBOLEYV SPACES
AND APPLICATIONS

M.Sc. Thesis by
Safiye ESGIN

Department : Mathematics

Programme : Mathematical Engineering

JULY 2010






ISTANBUL TECHNICAL UNIVERSITY * INSTITUTE OF SCIENCE AND TECHNOLOGY

IMBEDDING THEOREM IN VECTOR-VALUED SOBOLEYV SPACES
AND APPLICATIONS

M.Sc. Thesis by
Safiye ESGIN

(509081005)

Date of submission : 07 May 2010
Date of defence examination: 10 June 2010

Supervisor (Chairman) : lfrof. Dr. Veli Sahmurov (OKAN UNI)
Ogr. Gor. Dr. Fuat Ergezen(ITU) 5
Members of the Examining Committee : Aras. Gor. Dr. Nurhan COLAKOGLU
dTU)
Assis. Prof. Dr. Banu UNALMIS UZUN
(ISIK UNI)

JULY 2010






ISTANBUL TEKNIK UNiVERSITESI * FEN BiLIMLERIi ENSTITUSU

VEKTOR DEGERLI SOBOLEV UZAYLARINDA GOMME TEOREMLERI
VE UYGULAMALARI

YUKSEK LiSANS TEZi
Safiye Esgin
(509081005)

Tezin Enstitiiye Verildigi Tarih : 07 Mayis 2010
Tezin Savunuldugu Tarih : 10 Haziran 2010

Tez Danmismani :  Prof. Dr. Veli Sahmurov (OKAN UNiV.)
Ogr. Gor. Dr. Fuat Ergezen(iTU)
Diger Jiiri Uyeleri : Aras. Gor. Dr. Nurhan COLAKOGLU
dT0)
Yrd. Doc. Dr. Banu UNALMIS UZUN
(ISIK UNV)

TEMMUZ 2010






FOREWORD

I would like to express my deep appreciation and thanks for Prof. Dr. Veli
Sahmurov.

I am very grateful to my family for their patience, love and support.

July 2010 Safiye Esgin

Mathematical Engineering



vi



TABLE OF CONTENTS

TABLE OF CONTENTS.....cueiiiitiiiininsnissensansssissssssnsssssssssssssssssssssssssssssssssssssssass vii
SUMMARY ...ouuiiiiiiniinsninsnisssncsssisssnssssssssssssssssssssssssssssssssssssosssssssssssssssssssssssssssssssssss ix
OZET oo visincississississssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss xi
1. INTRODUCTION . ..cuucinuiisriirnisncssecsansncssessssssesssesssssssssssssssssasssassssssasssassssssassssssae 1
1.1 DEfINIIONS ..ttt ettt et et saae e 1
1.2 SOME INEQUALILIES .....eeeuieieeiiiieeiiieeeiite ettt et e 7
1.3 Normed Dual of Ly(C2:E) .....cooiiiiiiiiiiiciicccececeee e 8
1.4 Completeness of Ly(Q:E) ..o 11
2. VECTOR-VALUED ISOTROPIC SOBOLEYV SPACES. .......cccevuervurcsueisnnens 13
2.1 COMPIELENESS ....eeenieieeiiieiitie ettt ettt eit et e st e st e e st e et eessabeeesabeesnabeeeas 16
2.2 Density TREOTEM ......cevviiiiiieeeiie ettt ettt tee et e e e e beeeeaeeeeneeenes 16
2.3 EXtension TREOTEIM ........eeiiiiiiiiiiiiiiieiiiee ettt ettt 21
2.3 Imbedding TREOTEM .......ccccuiiieiiiiiie et e e e e eaae e 26
3. VECTOR-VALUED ANISOTROPIC SOBOLEYV SPACES .....ccccceeeverurcsunnens 43
3.1 Continuous Imbedding on Vector-Valued Anisotropic Sobolev Spaces ......... 43
3.2 Application of Imbedding Theorem............ccccveeriiiiriiieniiiieniieeiee e 49
REFERENCES .....uuooiiiiininntiiensnisssnssssssssssisssssssssssssssssssssssssssssssssssssssssssssssssssssssssass 55
CURRICULUM VITAE...ucooininnninsnisncsaecssnsncssessssssesssessssssssssssssssssssssssassssssssssess 59

vii



viii



IMBEDDING THEOREM IN VECTOR-VALUED SOBOLEV SPACES AND
APPLICATIONS

SUMMARY

In this thesis, imbedding theorems are studied for vector-valued isotropic and
anisotropic Sobolev spaces. We also consider the applications of these theorems.

This thesis consists of 3 chapters.

In the first chapter, Banach spaces (which will be denoted by E) and E-valued L,
spaces are investigated. First of all, basic definitions which is used in these spaces
are given. Then, Holder's and Minkowksi's inequalities are established and the
normed dual of L,(Q:E) is given. In the last part of this section, the completeness of
L,(Q:E) is proved and so it is shown that this space is also a Banach space.

In the second chapter, vector-valued isotropic Sobolev spaces are defined. Also,
using the completeness of L,(Q:E), the completeness of Sobolev spaces is shown.
Then, the density and extension theorems, which include the continuity with
conservation of differentiability and additivity of the extension operator, is given.
Finally, the imbedding theorem is proved with various auxiliary lemmas. This
theorem states the continuity of the imbedding operator and the boundedness of the
differential operator from Sobolev space to Ly(Q:E).

In the third chapter, the basic definitions and notations of vector-valued anisotropic
Sobolev spaces are given. Then, the imbedding theorems for these spaces are stated.
Particularly, the existence of mixed derivative and its estimates is obtained by
Sobolev norm. In the proof of these theorem, we use the integral representation
method in bounded domains and the Fourier analytic method in R". Using these
theorems, coersive estimates for solution of anisotropic elliptic equations in Banach
valued L, spaces is shown.

Consequently, we can get various results by taking concrete Banach spaces in these
imbedding theorems. For instance, if E=], then it can be shown that a class of infinite
number of anisotropic differential equation has coersive property.
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VEKTOR DEGERLIi SOBOLEV UZAYLARINDA GOMME TEOREMLERI
VE UYGULAMALARI

OZET

Bu tez calismasinda, vektor degerli izotropik ve izotropik olmayan Sobolev uzaylari
icin gobmme teoremi iizerinde c¢alisilmistir. Ayrica, bu teoremin uygulamalar
incelenmistir.

Bu calisma 3 boliimden olusmaktadir.

Birinci boliimde, (E ile gosterilen) Banach uzaylari ve E-degerli L, uzaylan
incelenmistir. Oncelikle bu uzaylarda kullanilan temel tanimlar verilmektedir. Daha
sonra, Holder ve Minkowski esitsizlikleri ve L,(€2:E) uzaymin normlu dualine yer
verilmistir. Bu boliimiin son kisminda, Ly(Q2:E) uzaymin tamhg ve dolayisiyla
Banach uzay1 oldugu gosterilmistir.

Ikinci boliimde, vektor degerli izotropik Sobolev uzaylar1 tanimlanmistir. Ayrica,
L,(Q:E) uzaymin tamhig kullanilarak, Sobolev uzaylarinin tamhigi gosterilmistir.
Daha sonra, devam operatoriiniin siirekliligini ve bazi hallerde difereransiyel ve
toplamsallik 6zelligine bagli olmadigin1 gosteren devam teoremleri ve yogunluk
teoremlerine yer verilmistir. Son olarak, cesitli yardimci 6nsavlarla gomme teoremi
ispatlanmistir. Bu teorem, gdomme operatoriiniin siirekliligi ve diferansiyel ve
toplamsallik 6zelligine bagl olmadigini1 gosterir.

Uciincii boliimde, vektor degerli izotropik olmayan Sobolev uzaylarinin temel
kavramlar1 ve notasyonlar1 verilmistir. Sonra bu uzaylar icin gomme teoremi
incelenmistir. Ozellikle, karma tiirev ve sinirlarinin varlig gosterilmistir. Bu
teoremin ispatinda, sinirli bolgelerde integral temsil metodu, R™de bakildiginda ise
fourier analytic metod uygulanmaktadir. Bu teoremleri kullanarak, Banach degerli L,
uzaylarinda bir simf izotropik olmayan eliptik denklemin koersif sinirlar
gosterilmistir.

Son olarak, gomme teoremlerinde somut Banach uzaylari kullanilarak cesitli
sonuclar elde edilir. Ornegin, E=l; alinarak bir simf sonsuz sayida anizotropik
diferansiyel denklemlerin coersif 6zellige sahip olmasi1 gosterilmektedir.
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1. INTRODUCTION

1.1 Definitions

Definition 1.1: If @ = (a4, a9, ..cv,) is an n_tuple of non-negative integers «;, we call « a

(e}

multi-index and denote by 2* the monomial x7" #3..z5;", which has degree |a = 3~ ;.

n o

Definition 1.2: C(€) : E) is a collection of E-valued, bounded, continuous function with

norm

HUHC(Q:E) = sup |[ul| -
FISY)
CYQ) : E) is a collection of E-valued, bounded, continuous, differentiable up to order !

function with norm

||u||Cl(Q:E) = Z ||Dau||C(Q:E)‘

o<t

Definition 1.3: Banach spaces are defined as complete normed vector spaces. This means
that a Banach space is a vector space E over the real or complex numbers with a norm ||.||
such that every Cauchy sequence (with respect to the metric d(z,y) = ||z — y||) in £ has

alimitin E.

Definition 1.4: Let £ be a Banach space and p be a positive real number. We denote
by L, (2 : E)) a space of all measurable E-valued functions u, defined on the measurable

subset ) C R", for which
Jo lullf dz < oo,
with norm

1/
lull, = lull,@ipy = (o llully dz)™, 1< p < 0.

Definition 1.5: A function u, measurable on (2, is said to be essentially bounded on 2

provided there exists a constant /K for which |u(z)| < K a.e. on 2. The greatest lower



bound of such constants K is called the essential supremum of |u| on 2 and is denoted by
ess supgeq |u(x)|. We denote by L, (€2 : E) the vector space consisting of all E-valued
functions w that are essentially bounded on €2, functions being once again identified if they

are equal a.e. on . It is easily verified that the functional ||-||; o) defined by
[l o2y = 58 sup [u(z)]

e
isanormon Ly, (2 : E). [1]

Definition 1.6: Let €2 be an open set in R". If u is a function defined on a set G C R", we

define the support of u as

suppu = {z € G : u(x) # 0}.
We say that u has compact support in €2 if supp u C €2 and supp u is compact.

Definition 1.7: If 1 < p < oo we denote by p'the number p/(p — 1) so that 1 < p’< oo and

(1/p)+(1/p) = 1.
p'is called the exponent conjugate to p.

o0 ifp=1
We also define p'=
1 if p=oc
Definition 1.8: Let D() : E) denote the collection of E-valued infinitely differentiable

functions on {2 with compact support in €2.

If K is a compact set in €2, we set

Dr(2: E)={¢:p € D(: E), p with support in K }.
With the norms

bj(¢) = sup 1D%(2)]lg, 5 =0,1,2,...
xe

laf<j

Dg(Q : E) is a Fréchet -space (i.e. metrizable and complete); then if K, is an increasing
sequence of compact sets belonging to €2 and whose union is {2, we have algebraically

D(Q:E)=| Dk, (2: E)

K7l

and we provide D(Q2 : E) with the corresponding inductive limit topology (i.e. the finest

locally convex topology which makes the injections D, (2 : E) — D() : E) continuous).



We define the space of distributions on 2, D2 : E), as a collection of linear continuous

transformation from D(S) : E') to E and provide D((Q2 : E) with the strong dual topology.

IfT € D(2: FE)and ¢ € D(Q): E), the value of T" at ¢ will be denoted by

(T, ).

If = complex conjugate of ¢, we shall write

Definition 1.9: An F-valued function u defined almost everywhere on € is said to be
locally integrable on 2 provided u € L;(A : E) for every measurable set A which
is compact in Q. In this case we write u € LY(Q : E). Corresponding to every

u € L¢(Q2 : F) there is a distribution T, € D(€) defined by

(T, 0) = ({U(fv)w(x)dl’, ¢ € D(Q).

We define, the derivative (DT, ) = (—1)1*1 (T, D*y).

Definition 1.10: We now define the concept of weak derivative of a locally integrable
function. Let u € LY(Q : E). There may or may not exist a function v, € L!*(Q : E)
such that T,,, = (D*,T,) in D(Q). If such a v, exists, it is unique up to sets of measure
zero and it is called the weak derivate of » and is denoted by D“u. Thus D*u = v,, in the

weak sense provided v, € Li¢(Q) : E) satisfies

S{u(a:)Do‘go(x)dx = (—1)l ({va(ac)gp(x)da:
for every ¢ € D(9Q).

Definition 1.11: We say that the normed space X is imbedded in the normed space Y, and

write X — Y to designate this imbedding, provided

(1) X is a vector subspace of Y, and

(i1) the identity operator I defined on X into Y by /x = z for all x € X is continuous.
Since [ is linear, (ii) is equivalent to the existence of a constant M such that

Hally < Mzl zeX.



Definition 1.12: The Fourier transform of an integrable function f : R" — C

f©) = @m) "2 [ flw)e™™de,  forevery @ = (1,23, 20), € = (€1, &5, &)

Rﬂ/
and 2€ = Y 1€,
k=1
Definition 1.13: Two Banach spaces Ay and A; continuously embedded in a linear

Hausdorff space A are given:
Ay C A, Ay C A.

‘C’ means the set theoretical and topological embedding. Such a couple {Ag, A;} is said
to be an interpolation couple. Let { By, B; } be a second interpolation couple, and let B be
linear Hausdorft space belonging to this couple. Let 7" be a linear operator acting from A
into B, whose restrictions to A;, ¢ = 0, 1, give linear continuous operators from A; into B;.

One asks for Banach spaces A and B,
ACA B C B,

such that the restriction of this operator 7" to A gives a linear continuous operator from A

into B (interpolation property).

Clearly,

Ao N Ay, lall gyna, = max(flall 4, [[all4,)

is also a Banach space. Further we shall need the space

Ag+ A = {a la€A,3Ja; € Aj;j =0,1; Wherea:a0+a1},

0l aysa, =, i0f (laolLy, + llarlLa,)

a; EAj

The infimum is taken over all representations of a € Ay + A; in the described way.

Definition 1.14: For further considerations, we shall need some basic notations of the
theory of category [2]. According to H.Schubert, a category can be described by the

following two properties:
1. A category consists of

(a) a class of objects A, B, C...



(b) and a class of pairwise disjunctive non-empty sets [A, B] where to each ordered pair
(A, B) of objects there belongs a set [A, B] in a unique way. The elements of [A ,B] are

said to be morphisms(from A into B).

2. For each ordered triplet (A, B, C') of objects, there is defined a composition of the

morhpisms,
B, C| x [A, B] — [A, C].

If f € [A, B] and g € [B, C], then the image of (g, f) will be denoted by gf. If f € [A, B,

g € [B,C]and h € [C, D], then by assumption
(hg) f =h(gf) (associative law).

Further , we shall need the notion of a (covariant) functor. Let C'; and C'; be two categories.
A (covariant) functor F' is defined as a mapping from C5 into C';, where the image of an
object A belonging to C is an object F'(A) of C and the image of a morphism f € [A, B]
belonging to Cs is a morphism F'(f) € [F(A), F(B)] of C;. Furthermore,

F(La) = 1pa)
holds by defintion, and if f € [A, B] and g € [B, C|, then
F(gf) = F(g)F(f)-

Now we shall construct two special categories consisting of Banach spaces or interpolation
couples, respectively. If A and B are two Banach spaces, then, as usual, L(A, B) denotes

the set of all linear continuous mappings from A into B.

The category C'; consists of :

(a) the class of all complex Banach spaces A, B,... as objects,

(b)and the sets of morphisms [A, B] = L(A, B).

If the composition of morphisms is determined as the usual product of operators, and if

14 = F (identity operator in the Banach space A), then it is easy to show that the required

properties of a category are fullfilled.



The category (' consists of :
(a) the class of all (complex) interpolation couples { Ay, A1}, { By, Bi},... as objects,
(b) and the sets of morphisms [A, B] = L ({Ao, A1}, {Bo, B1}).

Here L ({ Ao, A1}, {Bo, B1}) denotes the set of all linear operators mapping Ay + A; into
By + Bj such that their restrictions to Ay, k = 0, 1, are continuous mappings from A, into

By.

If the composition of morphisms and 14, 4,3 = £ are explained in a natural way, then it is

easy to show that (5 is a category.

Let C'y and (5 be the categories defined above. Then a (covariant)functor F' is said to be an

interpolation functor if:
(CL) AO NA C F({Ao, Al}) C AO + Ay
(b)IfT € L ({Ao, A1},{Bo, B1}), then F/(T) is the restriction of 7" to F'({ Ag, A1 }).

Any Banach space which can be represented in the form A = F({Ag, A;}) with the aid

of a suitable interpolation functor ' is said to be an interpolation space (with respect to
{Ap, A1 }).

Let { Ao, A1} be an interpolation couple. If 0 < ¢ < oo, then

K(t,a) = inf,—4y1a, ||aol] 4y + t]]a1]] 4, a€ Ay+ Ay,

is an equivalent norm in the space Ag + A;.

Let { Ap, A1} be an interpolation couple. Let 0 < 0 < 1. If 1 < g < oo, then

[e'e) 1/q

di
(Ao, Ay, =S ala € Ao+ Ar, llall s, 4y, = / [t K (t,a)]"

0

and if ¢ = oo, then

(Ao, A1)g oo = {a |a € Ag+ Ay, HaH(AO,Al)g,OQ = sup t'K(ta) < oo}

S
0<t<oo

are interpolation spaces.



In the furhter considerations, we need the Banach spaces

oo 1/p
=8 1e={&1 056 € Bl = (Z2j”p\}éj\\’;> < oo

Jj=0

for 1 <p < oo and

g, = {f | £ = {fj};io 1&; € Es[|€llyy, = sup27P 1611, < OO}
j

for p = co. E denotes a Banach space and o is a real number. [3]

1.2 Some Inequalities

Theorem 1.15: (Holder's inequality) If 1 < p < coand u € L,(Q2 : E), v € L,(2), then

wv € Li(2: E) and

J @@l do < lull g 1011, 0 (L
Q

1 1
where — 4+ — = 1.

b p

Proof: The function f(t) = (t*/p) + (1/p) —t has, for t > 0, the minimum value zero, and
this minimum is attained only at ¢ = 1. Setting ¢t = ab?/?, we conclude, for nonnegative

numbers a and b, that

ab < (a?/p) + (V¥/p) (1.2)

with equality occuring if and only if a? = b7. If either ||ul| 51, (0.5 = 0 or ||v]|, (@ =0,
then u(z)v(z) = 0 ae. in Q so (1) is satisfied. Otherwise we obtain (1.1) by setting
a = |lu(@)|g/llull,,@r and b = |v(z)|/ ||v||Lp,(Q)in (1.2) and integrating over (2.

Equality occurs in (1) if and only if ||u(z)||%, and |v(z)|" are proportional a.c. in €.
Theorem 1.16: (Minkowski’s inequality) If 1 < p < oo, then

lw+ vl m < Ul @m + 10 L@p)- (1.3)

Proof: We have already done the case in which p = 1 so we assume 1 < p < co. We may

also assume that u,v € L,(Q : E), for otherwise the right side of (1.3) is infinite. Now



/IIU(fE) +o(2)|[pde < / lu(z) +v(@)ll " (lu(@)llg + o) 5)d
Q Q

1/p

< @+ o@lde g (el + 10l 00)
Q

by seperate applications of Holder’s inequality. Inequality (1.3) follows by cancellation,

which is valid since [|u + v[| . < oo

1.3 The Normed Dual of L,,(2 : E)

The set of all continuous linear functionals on X is called the dual of X and is denoted by

X" Under pointwise addition and scalar multiplication X"is a vector space:
(f +9)() = f(2) +9(z),  (cf)@) =cf(z), figeX, zeX, ceC
A norm on the dual X" of a normed space X can be defined by setting, for "€ X,

()
[ x- = supzex :
* 270 |2 x

Let 1 < p < oo and let p” denote the exponent conjugate to p. For each element

v € Ly : E) we can define a linear functional L, on L,(Q2 : E) via
Ly(u) = [(u(z),v(z))de, uweL,(Q:E), (u,v) = v(u).
By Holder’s inequality || L ()| < [[ull, 0.z 1] ()

so that L, € [L,(Q2: E)] and

||L”UH[Lp(Q:E)}’ < ||UHLpf(Q:E’)' (1.4)
We show that equality must hold in (1.4). If 1 < p < oo, let u(z) = |v(z)[" *v(z) if
v(z) # 0 and u(z) = 0 otherwise. Then u € L,(Q : E) and

Lo(uw) = [ull 1, ey 1011 0.9

Now suppose p = 1 so p = oo. If ||v||Lp,(Q:E) = 0, let u(z) = 0. Otherwise let
0 < e < |vll,(:m and let A be a measurable subset of {2 such that 0 < p(A) < oo
and |[v(2)||p = [[vll; (. — € on A. Let u(z) = [v(z)|| 5 v(z) for 2 € A; u(x) = 0
otherwise. Then u € Ly (2 : E) and Ly (u) > [[ull, (|[v[|;_ .z — €)- Thus we have shown

that



||Lv||[Lp(Q:E)]' = ||,U||Lpf(Q:E’)
so that the operator L mapping v to L, is an isometric isomorhism of L) : E) onto a

subspace of [L,(Q2 : E)]"

Lemma 1.17: Let 1 < p < oo. If L € [L,(Q: E)]"and |L|} q.pp = 1, then
there exists unique w € L,(€2 : E) such that ||w[|; o5 = L(w) = 1. Dually, if
w € Ly(2 : E)is given and |[wl[;, q.p) = 1. then there exists unique L € [L,(Q: E)]’

Proof: First assume that L € [L,(€2 : E)]"is given and ||L|| = 1. There exists a sequence
{w,} € L,(? : E) such that ||w,| = 1 and nh_)n010|L(wn)] = 1. We may assume that
|L(wy,)| > % for each n, and, replacing w,, by a suitable multiple of w,, by a complex
number of unit modulus, that L(w,) > 0. Suppose the sequence {w,} is not a Cauchy
sequence in L,(Q2 : E). Then there exists ¢ > 0 such that [|w, — wnll; 0.5 = €
for some arbitrarily large values of m and n, so that by uniform convexity we have

H%(wn + Wy, ||Lp(Q:E) <1 — 6, where ¢ is a fixed positive number. Thus

U2 1 () = 1 I £ (5252)

lwntwmll L, :m) 2

> L LL(w,) + L(w,))] . (1.5)

Since the last expression approaches 1/(1 — ) as n,m — oo, we have a contradiction.
Thus {w,} is a Cauchy sequence in L,() : E) and so converges to an element w of that
space. Clearly |[wl|; .5 = 1 and L(w) = lim,, .o L(w,) = 1. The uniqueness w follows

from (1.5) applied to two distinct candidates.

Now suppose w € L, (€2 : E) is given and [|w||; .5 = 1. As noted before, the functional

L, defined by

W@ 2w(x) i w(@) #£0
0 otherwise

satisfies L,(w) = [[w||} . = 1 and



I Zolliz,,@:my = V12 g0um) = ||w|]i{f’Q . = 1. Itremains to be shown, therefore, that if L1,

Ly € [L,(2: B)| satisfy || Ly|| = || L2]| = Li(w) = Ly(w) = 1, then L; = L,. Suppose
not. Then there exists u € L,(§2 : E) such that Ly (u) # Lo(u). Replacing u by a suitable
multiple of u, we may assume that L;(u) — Lo(u) = 2. Then replacing u by its sum with
a suitable multiple of w, we can arrange that L;(u) = 1 and Ls(u) = —1. If ¢t > 0, then
Li(w + tu) = 1 +¢; since ||L1]| = 1, therefore ||w +tull, ) > 1+t Similarly,

La(w —tu) =1+tso||w—tull op =1+t If1<p<2, Clarkson’s inequality gives

p p
L ullP o = H—<W+tu>+<w—tu> H(w+tu)—(w—tu>
+ P [lull} 0.k 5 L) 5 L)
> 5w+ tull} g+ 5w —tull], gm > 1 +1)7. (1.6)

If 2 < p < o0, Clarkson’s inequality gives

(w+tu)—(w—tu) p

1+ 7 ||ul|? _Hw H
+ el o) 2 Ly(Q:E) 2 Lp(Q:E)
pP— ,
> (Ll +tull) g + Sl —tul} o) =+ @)

Inequalities (1.6) and (1.7) are not possible for all ¢ > 0 unless |lul[, = 0 which is

impossible. Thus Ly = Ls.

Theorem 1.18: (The Riesz representation theorem for L, (€2 : E)) Let 1 < p < oo and let

L e [L,(Q: E)]" Then there exists v € L,(2 : E’) such that forall uw € L,(Q: E)

Moreover, ||U||Lpf(Q:E’) = HLH[LP(Q:E)]"
Thus [L,(Q: E)]'~ LAQ: E).
Proof: If L = 0, we may take v = 0. Accordingly, we assume L # 0 and, without loss of

generality, that [| L[| .z = 1. By the previous lemma there exists w € L,,(€2 : E) with

lwllz, .5 = 1 such that L(w) = 1. Let

o() = jw(@)[" o) if wz) £0
0 otherwise

Then L, , defined as

= ({ (u(z),v(z)) dz, ue€ L,(Q: E),

10



satisfies || Lyl .y = 1 and L,(w) = 1By the previous lemma, again we have

L = L,.Since ||UH[LP,(Q:E)] = 1, the proof is complete.

Theorem 1.19: (The Riesz representation theorem for L (€2 : E)) Let L € [L1(Q2: E)]".
Then there exists v € L (€2 : E) such that forall u € L;(Q2: E)

and [[ull,_ ) = 1Ll iy ThuS [L4(Q: B))'> Loo(Q2 - ).

1.4 Completeness of L,(2 : E)

Theorem 1.20: Let E be a Banach space. Then L, (2 : E) is a Banach space if 1 < p < oo.

Proof: First assume 1 < p < oo and let {u,, } be a Cauchy sequence in L, (2 : E). There is

a subsequence {u,, } of {u,} such that

Hu"j+1 - u"jHLp(Q:E) < 1/2j’ j=12 ..

Let v, (x) = Z |t () — un](x)HE Then

HUmHL,,(QE Z 1/27) < m=12 ..
7j=1
Putting v(x) = lim v,,(x), which may be infinite for some z, we obtain by Fatou’s Lemma
f||v W de < hmlnff |V (2| do < 1.
Hence v(x) < oo a.e. in €2 and the series
Un, () + Z Un o, (T) — Un, (7)) (1.8)
j=1

converges to a limit u(z) a.e. in Q. Let u(z) = 0 whenever it is undefined as the limit of

(1.8). Since (1.8) telescopes we have
lim uy,, () = u(zr) a.e. in €.

For any € > 0 there exists /V such that if m,n > N, then

[tm = unllz, (0.5 < € Hence, by Fatou’s lemma again

J ) = wnlaly dr = [ fim o ) = @)
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< liminf [ ||u,, (z) — un(x)H% dr < &P
Q

Jj—oo
ifn > M. Thusu = (u—u,) + u, € Ly(2 : E) and [Ju — u, |, .y — 0 as n — oc.
Therefore L,(€2 : E) is complete.

Finally, if {u, } is a Cauchy sequence in L..(£2 : ), then there exists a set A C 2 having

measure zero such that if z ¢ A, then for every n,m = 1,2,...

lun(@) g < llunllp@my  un(@) = un(@) g < llun = umll,_ 0.m)-

Since {HunH Lo (O E)} is bounded in R, w,, converges uniformly on 2 ~ A to a bounded
function u. Setting u(x) = 0 forz € A, we have u € L (€2 : F) and

[t — ull,_(0.my — 0@s n — oco. Thus Lo (€2 : E) is complete.
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2. VECTOR-VALUED ISOTROPIC SOBOLEYV SPACES

In this section we introduce abstract vector-valued Sobolev spaces of integer order and
establish some of their basic properties. These spaces are defined over an arbitrary domain

2 C R™ and are vector subspaces of various spaces L, (2 : E).

Definition 2.1: We define a functional ||-[|yy .5, Where [ is a non-negative integer and
1

1 <p< oo, asfollows :

1/p
Flwy@m = § 2 10°ull?, .z if 1 <p < oo, @.1)
|| <1
I lwe ) = max 1 D%ull},__ 0. (2.2)

for any function u for which the right side makes sense. It is clear that (2.1) or (2.2) defines
a norm on any vector space of functions on which the right side takes finite values provided

functions are identified in the space if they are equal almost everywhere in (2.

Definition 2.2: We consider a space corresponding to any given values of [ and p:

ue L,(2:FE): D e L,(Q2: F) for |af <,
Wi - | €O D) (25 E) for [af
where D“u is the weak parital derivative

Equipped with the appropriate norms

1/p

H'HWé(Q:E) = Z [ D%ullf, o(Q:E) if1 <p<oo and

la| <1

llwe ) = fgfgf 1Dl :p)

W(Q: E) is called Sobolev Space over 2.

Clearly, W)(Q2 : E) = L,(Q : E). For any [, the imbedding
WiQ:E)— L,(Q: E)

is also clear.
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In the particular case 2 = R", it is possible to give an equivalent definition of Wé(Q B,
by making use of the Fourier Transform. We will investigate the special case for Lo(R™ :
H),i.e H-valued L, spaces (where H is a Hilbert space). If u € Ly(R™ : H), the Fourier
Transform @ in Ly (R™ : H) is defined by
u(y) = W/exp(—ixy)u(x)dm,

]R’ﬂ
TY = T1Y1 + oo+ Tpln,
the integral converging in the sense of L? and v — 1 is an isomorphism of L*(R™ : H)

onto L2(R™ : H). We set

u=Fu
and
u=Fi=gom / exp(izy)u(y)dy.

RTL
The Fourier Transform extends by continuity to the space S of Schwartz’s tempered

distributions, whose definition we now recall.
First of all, we define

S={u:z*Due L*(R": H) Va and V3}.
With the sequence of semi-norms

u— HanBu”L?(Rn:H)’

S is a Frechet space: of course every u € S is (a.e. equal to a function) infinitely

differentiable in R™ and every u € S is rapidly decreasing at infinity:
Vo, VB, |2 DPu(z) — 0if |2| — oo

(equivalent property to the above definition).

We easily verify that
F (D) = (1y)*Fu Vue S, Va (2.3)
DPF(u) = F((—iz)’u) Yu €S, Vj, (2.4)

and therefore that F € £(S; S). In the same way,
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FeL(S;S) and
FFu=FFu, Yues.
Therefore F is an isomorphism of S onto itself, with inverse F.

Because of the symmetry of the kernel

1

W exp(—izy)

of F, we have

/(fu)vdx = /u(]—"v)dm Yu, veS.

Rn Rn

Next, we define

S = dual space of .S, with the strong dual topology and we define
F.,F € L(S;S) by transposition.

Thus Yu € S, we have

(Fu, o) = (u, Fp) Vo €S

where the brackets denote the duality between S"and S.

The formulas (2.3) and (2.4) are still valid Vu € S

Theorem 2.3: If Q = R", [ € R, W4(R" : H) may be defined by
WIR™ : H)={u:ueS,(1+|y*)?i e L*(R": H)}
(where |y|* = 12+ ... + 2),

the norm

2\m /2 ~

being equivalent to the norm (11).

Proof: From (2.3) and (2.4) and Plancherel’s theorem

”DaUHm(Rn;H) = HyaﬁHH(Rn:H)a

so that [[u|yy(q. 5 yields (for = R™)
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laf<

T / (S 42 a(y)|? dy. 2.6)
Rn

For a suitable constant C':

L+ < X v <ca+yl),

|al<l

which together with (2.5) and (2.6) yields

|HU|HWQZ(R":H) < HUHWQI(W:H) <V ”|U|HW21(RH:H)-
2.1 Completeness

Theorem 2.4: W)(Q : E) is a Banach space.

Proof: Let {u, } be a Cauchy sequence in W(€2 : £). Then { D*u,,} is a Cauchy sequence
in L,(2 : E) for |a| <. Since L,(2 : E) is complete there exist functions v and u,,
la| <1, in L,(Q : E) such that v, — w and D%, — u, in L,(Q : E)asn — oo.
Now L,(Q : E) C Li*(Q : E) and so u,, determines a distribution 7}, € D({2). For any

v € D(Q2) we have
T, () — Tul)] < /Q [un () = w(@)|| g lo(@)| do < @l o lun — ull fpoum)
by Holder’s inequality, where p'= p/(p — 1) (or p'= o0 if p = 1, p'= 1 if p = o0). Hence

T, (¢) — T,(p) forevery p € D(2) as n — oo. Similarly, Tpa,, (@) — T, (¢) for every

© € D(Q). It follows that
Tuo(9) = lim Tpoy, () = lim (=1, (D) = (=1)lIT, (D)

for every p € D(Q2). Thus u, = D%u in the distributional sense on 2 for |o| < [ whence

u € Wy(Q: E). Since nh_{{.lo |ty — UHWIQ(Q:E) =0, W/(Q: E) is complete.

2.2 Density Theorem

We wish to prove that C>(Q : E) is dense in W)(Q : E). To this end we require the

following standard existence theorem for infinitely differentiable partitions of unity.
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Theorem 2.5: Let A be an arbitrary subset of R™ and let O be a collection of open sets in

R™ which cover A, thatis, such that A C J U.
Ueo

Then there exists a collection ¥ of functions ¢ € C5°(R™) having the following properties:
(i) For every ¢ € W and every z € R", 0 < ¢(z) < 1.

(i) If K C A and K is compact, all but possibly finitely many 1) € ¥ vanish identically on
K.

(iii) For every ¢ € W there exists U € O such that suppy) C U.

(iv) Foreveryz € A, () = 1.
Such a collection ¥ is called a C'">°—partition of unity for A subordinate to O.

N
Proof: Suppose first that A is compact so that A C |J U;, where Uy, ...Ux € O. Compact
j=1

N

sets K1 C Uy, ..., Kx C Uy can be constructed so that A C |J K. For1 < j < N there
j=1

exists a non-negative-valued function ¢, € C§°(U;) such that ¢;(z) > 0 for z € K;. A

function ¢ can be constructed so as to be infinitely differentiable and positive on R™ and to

satisty

o(z) = Zjvzl ¢;(x) forz € A. Now ¥ = {4, | 1,;(x) = ¢,;(x)/¢(x),1 < j < N} has the

N
desired properties. Now suppose A is open. Then A = | J A;, where
j=1

A; ={x e A||z| < janddist(z, bdryAd) > 1/j}
is compact. For each j the collection
O; = {U N (interior A;;; N AS_,) |U € O}

covers A; and so there exists a finite C°°-partition of unity ¥, for A; subordinate to O;. The
sum o(z) = > 77, > e, ¢(x) involves only finitely many nonzero terms at each point,

and is positive at each x € A. The collection

U = {¢ | Y(x) = ¢(x)/o(x) for some ¢ in some ¥; if v € A, ¢)(x) = 0if x ¢ A} has the

prescribed properties. Finally, if A is arbitrary, then A C B = |J U, where U is open.
Ueo

Any partition of unity for B will do for A as well. We will give the definition of the mollifier

which will be used in the following lemma.
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Definition 2.6: Let J be a nonnegative real-valued function belonging to C§°(R") and

having the properties
(i) J(z)=0if|z| > 1, and

(ii) J(z)dx =
/

If ¢ > 0, the function J.(z) = e "J(x/¢) is nonnegative, belongs to C°(R™), and satisfies

J. 1s called a mollifier, and the convolution
Jex u(x /J xr — y)dy, 2.7)

defined for functions w for which the right side of (2.7) makes sense , is called a

mollification or regularization of u.

Lemma 2.7: Let u be a function which is defined on R™ and vanishes identically outside

the domain Q. If u € L,(2: E) where 1 < p < oo, then J. x u € L,(€2 : E). Moreover,
||Ja||Lp(Q:E) < ||u||Lp(Q:E) and lim. o+ [|Jo % u — u||Lp(Q:E) =0.

Lemma 2.8: Let J. be defined as above and let 1 < p < coandu € WL(Q: E). If Q' C Q

and Y'is compact, then lim, o+ J, * v = u in WiY: E).

Proof: Let ¢ <dist({2, bdrySY). For any ¢ € D()) we have

/J « u(z)DG(x da:—// u(x — y)J.(y) Dé(x)dady

e [ / Dii(x — ) Jo(y)(x)dady
— (—1)e / Jo % D*u(x)g(x)

where w is the zero extension of u outside . Thus DJ.xu = J.% D% in the distributional

sense in §). Since D*u € L,(€2 : F) for |o| < [ we have by previous lemma

lim._o+ || DYJe xu — Dau||Lp(Q’:E) = lim. o+ || Jo * D%u — DQUHLP(Q’:E) = 0.
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Thus lim, o+ || Jz * u — u”WZQ(Q’:E) =0.

Definition 2.9: We shall say that a domain 2 has the segment property if for every x in the
boundry of (2 there exists an open set U, and a nonzero vector y, such that z € U, and if
z € QNU,,then z + ty, € Qfor0 < t < 1. A domain having this property must have
(n — 1)-dimensional boundry and cannot simultaneously lie on both sides of any given part

of its boundary.

The following theorem shows that this property is sufficient to guarantee that C3°(R™ : E)
is dense in W/(€2 : E), and hence in particular that C*(Q2 : E) is dense in W)(Q : E) for

any /.

Theorem 2.10: If €2 has the segment property, then the set of restrictions to €2 of functions

in C3°(R™ : E) is dense in W/(Q : E) for 1 < p < oco.

Proof: Let f be a fixed function in C§°(R" : E) satisfying

(i) flz) =Tif[z[ <1,

(i) f(z) = 0if |z = 2,

(iii) ||D*f(z)||z < M (constant) for all z and 0 < || < .
Let f.(x) = f(ex) fore > 0. Then f.(x) = 1if |z| < 1/¢ and

IDfo()||p < Mel*l < Mife < 1. Ifu € WY(Q : E), then u. = f. - u belongs to

W(€ : E) and has bounded support. Since, for 0 < ¢ < 1and |o| <1,

3 (g) Du(x)D* P f(a)|| <MY (g) | DPu(z)|

[1D%ue ()| 5 =

EJ

B<a p<a

we have, setting Q. = {z € Q : |z| > 1/},
Ju— u6||W]§(Q:E) = [lu— uaHWZQ(QE:E)
< Nullw.my + 1tellw ..z <constlully q..p)-

The right side tends to zero as e tends to 0. Thus any u € W}(€2. : E) can be approximated

in that space by functions with bounded supports.

We may now, therefore, assume K = {z € Q : u(x) # 0} is bounded. The set
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F=Kn~ U U, | is thus compact and contained in 2, {U, } being the collection of
z€bdry Q
open sets referred to in the definition of the segment property. There exists an open set U

such that F C Uy, Uy C U and F, U, is compact. Since K is compact, there exist finitely
many of the sets U,; let us rename them Uy, ..., Uy, such that K C Uy U U U ... U Uy,
Moreover, we may find other open sets [70, 171, e I?k such that fjj C Uj and the closure of
fjj is compact, 0 < j < k, but still

FC&()UﬁlU...Uﬁk.

Let ¥ be a C"*°-partition of unity subordinate to {(7] 0< < k}, and let wj be the sum
of the finitely many functions ¢/ € W whose supports lie in U ;- Letu; = 1),u. Suppose that
for each j we can find ¢; € C5°(R" : E) such that

s = &5l gy < &/ (ki +1). 2.8)

k

Then putting ¢ = Z ¢, we would obtain
=0

k
16 = ullwyamy < D165 = il <<
j=0

A function ¢, € C§°(R™ : E) satisfying (2.8) for j = 0 can be found via Lemma 2.8 since
supp uy C (70 C Q. It remains, therefore, to find ¢; satisfying (2.8) for 1 < j < k. For fixed
such j we extend u; to be identically zero outside Q2. Thus u; € W}(R" ~ I : E), where
r=0 ;N bdry Q. Let y be the nonzero vector associated with the set U; in the definition of

the segment property. Let I'y = I' — ty, where ¢ 1s so chosen that
0 < ¢ < min(1, dist(U;, R" ~ U;)/ |y]).

ThenI'y C Ujand I'; N Q is empty by the segment property. Let

Uj+(x) = uj(z+ty). Thenu;, € W)(R™ ~ T : E). Translation is continuous in L, (2 : E)
50 D*ujy — D%ujin Ly(Q : E) ast — 0+, || < 1. Thus u;; — u; in W)(Q : E) as
t — 0+ and so it is sufficient to find ¢; € Cg°(R" : E) such that ||u;, — ¢J'HWF{(Q:E) is

sufficiently small. However, 2 N U; C R" ~ I'; and £2 N U; is compact and so by Lemma

2.8 we may take ¢; = Js * u;, for suitably small ¢ > 0. This comletes the proof.
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2.3 Extension Theorem

Definition 2.11: Let € be a domain in R”. For given [ and p a linear operator L mapping
l(Q - - I(Ton . ; ; - ;
W,(Q : E) into W (R" : E) is called a simple ([, p)—extension operator for {2 provided
there exists a constant X = K (I, p) such that for every u € W]{(Q : E) the following

conditions hold:
(i) Lu(z) = u(x) a.e. in €2,

(i1) ||LUJHW15(R":E) <K HuHWé(Q:E)'

L is called a strong [—extension operator mapping functions defined a.e. in €2 into functions
defined a.e. in R™ and if for every p, 1 < p < oo, and every k, 0 < k < [, the restriction
of L to WL(Q : E) is a simple (k, p)—extension operator for €. Finally, L is called a total

extension operator for €2 provided L is a strong [ —extension operator for €2, for every /.
Theorem 2.12: Let €2 be either
(1) a half-space in R", or

(i1) a domain in R™ having the uniform C" — regularity property, and also having a bounded

boundary.

For any positive integer [ there exists a strong [—extension operator L for {2. Moreover, if
« and v are multi-indices with || < |a| < [, there exists a linear operator L, continuous
from WJ(Q : E) into WJ(R" : E) for 1 < j <1 — |af such that if u € W*(Q : E), then
D°Lu(x) = Y LoyD'u(z)  ae. inR".

[vI<la]
Proof: First let {2 be the half space R”} = {x € R™ : ,, > 0}. For functions u defined a.e.

on R” we define extensions Lu and L,u, o] <1, a.e. on R" via

u(z) ifz, >0
Lu(z) = { L

Z ATy oy Ty, =) if, <0

j=1

u(x) if , > 0

Lau(z) = 0 2.9)
Z(_j)an/\ju(l‘l,...,xn_l,—jl'n) lffL'n S 0
7j=1
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where the coefficients Aq, ..., A1 are the unique solutions of the (I + 1) x (I + 1) system

of linear equations
I+1

S =i =1 k=010

j=1

Ifu € CY(R%), then it is readily checked that Lu € C*(R") and
D*Lu(x) = Lo D*u(zx), laf < 1.

Thus

/ | D° Lu(z)|[% d = / | Dou(a) | de
R" R

p
dzx

E

I+1

Z(—j)“”)\jDau(xl, ey Tp—1, —JTp)

j=1

+

R™

< K(i,p,a) / | Do) de
RTL

+

The above inequality extends, by virtue of Theorem 2.10, to functions u € Wlf (R% @ E),

| > k > |a|. Hence L is a strong [-extension operator for R} . Since

DPL,u(x) = Loy gu(z), a similar calculation shows that L,, is a strong (I — ||)-extension.

Thus the theorem is proved for half-spaces (with L., = L, L, = 0 otherwise).

Now suppose €2 is uniformly C'—regular and has bounded boundry. Then the open cover
{U,} of bdry €2, and the corresponding /-smooth maps ®, from U; onto B, are finite

collections, say 1 < j < N. Let

n n—1_2 1/2 1
Q={yeryl=(T512) <3 lwl < V32
Then
{yeR": |y <1/2} cQCB={yeR": |yl <1}

By condition [1,(i) of Section 4.6] the open sets ¢, = ¥;(Q), 1 < j < N, form an
open cover of Qs = {x € Q: dist (x,bdry Q) < §} for some § > 0. There exists an
open set ¢, of 2, bounded away from bdry €2, such that Q C Ujio ¥;. By [1,theorem
3.14] we may find infinitely differentiable functions wq, w1, ...,wx such that supp w; C 9,
and Z;\;O w;(xz) = 1 forall z € . (Note that supp wy need not to be compact if €2 is

unbounded.)
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Since € is uniformly C'-regular it has the segment property and so restrictions to 2 of

functions in C§°(R™ : E) are dense in W) (Q : E). If ¢ € C5°(R" : E), then ¢ agrees on €
N

with the function ijo ¢;, where ¢; = w;(x) - ¢ € C§°(¢);)

Forj > landy € Blety,(y) = ¢;(¥;(y)). Then p;(y) € C5°(Q : E). We extend ¢, to be
identically zero outside (). With L (and L, ) defined as in (2.9), we have Ly, € ClQ: E),
LQOJ' =, 0nQ+ = {ye Q:yn >0},and

< Ki ||, 0<k<I,

HL%HWI« (Q:E) HWZI;‘(Q_,_:E‘) ’
where K depends on k, I and p. If 6;(x) = Lg;(®;(z)), then 0; € Cj(¢); : E) and
0;(x) = ¢;(x) if v € Q. It may be checked by induction that if || < I, then
D26, ( Z Z ajiap(T bJ oy - (D79 0 \11]))] (®;(z)),

1BI<lal lv|<|al

where a;.,5 € C™1°I(U;) and b5, € C™1/(B) depend on the transformations ®; and

U, = <I>j_ and satisfy

1 ify=a«
Z ;05 (2)bjis, (Rj2) =

18]<|ev| 0 otherwise.

By [1,theorem 3.35] we have for £ < m,

16 HWk(Rn g < 2 HLSDJ”WZ?(Q:E) < Kk H%vak 0up) = I H‘pJHWk (uE)’

where K3 may be chosen to be independent of j. The operator L defined by

N
Lo(x) = go(x) + Y 0,(x)
j=1
clearly satisfies Lo(z) = ¢(z) if z € Q, and

|7

N
o < ||¢o||W5(Q:E) + K3 jz_; H¢jHW§(Q:E)

< Ky(1+ NEK3) [|0]lws o)
where
Ky = D :
(DX TAX SUD |1 D%w;(x)]p < o0

Thus L is a strong [-extension operator for 2. Also

DLo(x) = Y (LayD7¢)(x),

[vI<la
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where

Mz

Laqyo(z a5 (2) [Lg (bjsay - (v - w;) 0 W;)] (B5(x))
J=1 |BI<]e]
if a # v, and
Loov(z) = (v-wo)( +Z Z aj.05(2) [Lg (bj.pa - (V- w;) 0 U;)] (®;(x)) We note that

J=118I<|a|
ifz € Q, Lyyv(x) = 0 for « # v and Ly,v(x) = v(x). Clearly L, is a linear operator.

By the differentiability properties of ;.. and b;.3,, L4~ 1s continous on Wg (Q : E) into

WI(R": E) for1 < j <1 — |a|. This completes the proof.

Lemma 2.13: There exists a real sequence {ay; },-, such that for every nonnegative integer

n we have

iQ”kak = (=1)" (2.10)
a;d

i 2"k g, < o0. (2.11)

Theorem 2.14: Let 2 be either
(1) ahalf-space in R", or

(ii) a domain in R™ having the uniform C!— regularity property for every [, and also having

a bounded boundry.
Then there exists a total extension operator for §2.

Proof: It is sufficient to prove the theorem for the half-space R’} ; the proof for €2 satisfying

(i1) then follows just as in Theorem 2.12.

The restrictions to R’} of functions ¢ € Cg°(R" : E) being dense in W}(R" : E) for any
m and p, we define the extension operator only on such functions. Let f be a real-valued
function, infinitely differentiable on [0, co) and satisfying f(¢) = 1if0 <t < 3, f(t) =0
ift>1.1f¢p e C°(R": E), let

o(x) ifz € R
Y 2.12
’ S f(—252)(x, ~2",) ifw € RE (2.12)
k=0

where {ay} is the sequence constructed in the above lemma, and "= (x4, ..., x,_1). Then
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clearly L¢ is well defined on R" since the sum in (2.12) has only finitely many nonvanishing
terms for any particular x € R” = {z € R" : z,, < 0}. Moreover, L¢ has compact support

and belongs to C°(R™ : E) N C*®(R™ : E). If v € R”, we have

D*Lo(x Zak ( ) (—2F)an flan=D(=2%2,) D) D¢ (a', —2"x,,)

0

<

= Z(Pk(x)

k=0

Since ¢ (7) = 0 when —z,, > 1/2%1 it follows from (2.11) that the above series converges

absolutely and uniformly as z,, tends to zero from below. Hence by (2.10)

o0

liné D*Lo(x) = E (—2K)ona, D¢(,0,)
n—U— =0
= D%(2,0;) = lim D*Lo(x) = D*Lg(0).

Tn—0+

Thus Lo € C§°(R™ : E). Moreover, if |a| < [,

ol < KT laxl” 24 > | D2 —2*wn)[,
1B1<l
where K depends on m, p,n, and f. Thus

1/p

Ielhugies oy < Kilan| 2§ 57 [ [[Do(at <250, do
1BI<l gn

1/p

= Ky Jag] 294 (1/2%) Z/HD% )7 dy

1BI<! R?

< Ky |ag] 2 ||¢||W;§(R1:E)~
It follows by (2.11) that

||DaL¢HWg(R’1:E) < Kl ||¢||W;T(]R1E) ZQM |a/€| < K2 ||¢||W;"(R1E)
k=0

Combining this with a similar (trivial) inequality for ||D"‘L¢HW0(R1, F)» We obtain
O(R™:

L8]l wo@n.py) < Ks l9llwign.p)

with K3 = K3(I, p,n). This completes the proof.
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2.4 Imbedding Theorem

Theorem 2.15: (The Sobolev imbedding theorem) Let €2 be a domain in R", F be a
Banach space and let QF be the k—dimensional domain obtained by intersecting 2 with
a k—dimensional plane in R", 1 < k& < n. (Thus Q" = ().) Let j and m be non-negative

integers and let p satisfy 1 < p < oo.

PART 1: If Q2 has the cone property, then there exist the following embeddings:

Case A: Suppose mp < nandn —mp < k < n. Then

Wrm(Q: E) - WI(QF: E),  p<q<kp/(n—mp), (2.13)

and in particular,

WiHmQ: E) — Wi(Q: E),  p<q<np/(n—mp), (2.14)
or
Wr(Q: E) — L(Q), p <q<np/(n—mp). (2.15)

Moreover, if p = 1, so that m < n, imbedding (2.13) also exists for k = n — m.

Case B: Suppose mp = n. Then foreach k, 1 < k < mn,

Witm(Q: E) — Wi(QF: E), p<q< o0, (2.16)
so that in particular

Wr(Q: E)— LY(Q: E), p < q<oo. 2.17)

Moreover, if p = 1 so that m = n, imbeddings (2.16) and (2.17) exist with ¢ = oo as well;

in fact,

Wit"(Q: E) — CL(Q: E). (2.18)
Case C: Suppose mp > n. Then

Witm(Q: E) — CL(Q: B). (2.19)

PART 2: If €2 has the strong local Lipschitz propety, then Case C of Part 1 can be refined as

follows:

Case C" : Suppose mp > n > (m — 1)p. Then
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Witm(Q:E) - C{(Q: E), 0<A<m—(n/p). (2.20)
Case C"": Suppose n = (m — 1)p. Then

Witm(Q: E) — C{(Q: E), 0<A<Ll (2.21)
Also, if n = m — 1 and p = 1, then (2.21) holds for A = 1 as well.

PART 3: All the conclusions of Parts 1 and 2 are valid for arbitrary domains provided the

W —spaces undergoing imbedding are replaced with the corresponding W —spaces.

Remark 2.16: It is sufficient to establish each of the embeddings (2.13), (2.14), (2.16),
(2.18)-(2.21) for the special case j = 0. For example, if W*(Q2 : E) — LS : E) has
been established, then for any u € W/ (Q : E) we have D*u € W)*(Q : E) for |a] < j,

whence D*u € LY(Q : E); thus u € WJ(Q : E); and

1/q 1/p

llyyi o.m) = Z ||Dau||?/[/g(Q:E) < IKG Z [ Duly (0 )

|| <j || <j

Accordingly, we will always specialize j = 0 in the proofs.

The proof of the imbedding theorem given here is due to Gagliardo [24]. It is based on little
more than calculus combined with astute applications of Holder’s inequality. Moreover,
Gagliardo’s proof establishes the imbedding theorem in the greatest possible generality and
is capable of generalization to produce imbedding results for some domains not having the

cone property.

The proof is carried out in a chain of auxilary lemmas. In each such lemma constants K7,
K,... appearing in the proof are allowed to depend on the same parameters as the constant

K referred to in the statement of the lemma.

Lemma 2.17: Let

R={zeR":aq;<x;<b;1<i<n}

and

R={2= (21,tp 1) ER" g, <x; <b31<i<n-—1}

be bounded open rectangles in R” and R"~!, respectively. If a,, < ( < b, and p > 1, then
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for every u € C*°(R : E) "W} (Q : E) we have

[uC Ollworee) < K llullys p.p) (2.22)

where K = K(p, b, — a,). Thus the trace mapping u — u(., () extends to an imbedding
of W)(R : E) into L,(R{™" : E), where R} ™' = RN {z € R" : z, = (}.

Proof: By theorem 2.10, C*°(R : E) is dense in W} (R : E) so we assume
u € C®(R : E). Thus / |lu(a -)||% da’belongs to C*°([ay, b,) : E) and by the mean value

R
theorem for integrals we have
by,

gy = [ | [t an) | o= G = an) [t o) e
R R

an

for some o € [ay, b,|. Now

¢
(e, QI = [[u(z, o) + / Dyl t)dt

<2t a0l +1¢ — o™ [ 1Dt )t
by Holder’s inequality. Integration over R 'leads to
s O gy < 27 [ 0) gy + (b = @) [ Dol |

<27 (b = @) oy + (Bn = @) I Doty |

which yields (2.22) with K = [22~  max((by, — ay)~", (by — an)?~1)]"". We note that K

depends continuously on b,, — a,, but may tend to infinity if b, — a,, tends to zero or infinity.
Lemma 2.18: Let R be as in the previous lemma. Then

WHR:E)— C(R:E).

The imbedding constant depends only on 7 and the dimensions of R.

Proof: Let x be any point of R, and let R be as in the previous lemma. If u € C®°(R : E)

and |a| < n — 1, we have by that lemma that

||Dau('=$n>||W10(R;E) < K HDauHWll(R:E)'
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Thus

HUJ('?xn)HWl”_l(R:E) < Ko ||u||W1"(R:E)

with K, depending on b, — a,. Iteration of this argument over succesively

lower-dimensional rectangles leads to

”u(-,.’lfg,.fg, "'>$n)HW11((a1,b1):E‘) < K HUHW{L(R:E)

with K3 depending on b; — a;, 2 < j < n. By the mean value theorem for integrals there

exists o € [ay, by such that

[u(:, 22, 73, ---7$n)||W10((a1,b1);E) = (b1 — a1) |lu(o, x2, ..., ) [| -

Hence

r1

la(@)lly < (o, T2, oo 0) 1 + / | Dyt g, o ) dt

g

< [1/(br — an)] [[u(-, z2, "'7:5”)HW10((al,b1):E) + [ Dru(-, 22, "'7IH)HW10((a1,b1):E)
< K [l ey (2.23)

Now suppose v € W]'(R : E). By theorem 2.10, u is the limit in W]'(R : E) of the
sequence of functions belonging to C*®(R : E). It follows from (2.23) that this sequence
converges uniformly on R to a function 7 € C(R : E). Since u(z) = u(z) a.e. in R, the

lemma is proved.

We now turn our attention to more general domains. The following lemma of Gagliardo,
which is essentially combinatorial in nature, is the foundation on which his proof of the

embedding theorem rests.

Lemma 2.19: Let 2 be a domain in R” where n > 2. Let k be an integer satisfying

1 <k <mn,and let Kk = (K1, K2, ..., K,) denote a k-tuple of integers satisfying 1 < r; <
n
k
denote the point (7, Ty, ..., s, ) € R¥; dx,, = duy, ... dy, .

Ko < ... < K, < n. Let S be the set of all ( ) such k—tuples. Also, given x € R", let z,,

For given k € S let E,; be the k-dimensional plane in R™ spanned by the coordinate axes
corresponding to the components of z,, :

E.={xeR":x;,=0ifi ¢ k}
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and for any set G C R" let G,; be the projection of G onto Ej; in particular
Q. ={z € E, : Jy € Qsuch that y, = z,}.

Let F), be a function depending on the & components of =, and belonging to L,(2, : E),

-1
where A = (Z B 1> . Then the function F' defined on 2 by
= H Fn ($n>
KES

belongs to L1 (€2 : E), and || F'l| . < H | Fll 1, (,.:p)> that s,

[ irasa]

H/ ()| de. (2.24)
KES
Lemma 2.20: Let Q2 be a bounded domain in R"™ having the cone property. If 1 < p < n,

then W, (Q : E) — Ly(Q : E), where ¢ = np/(n — p). The imbedding constant may be

chosen to depend only on m, p, n and the cone C' determining the cone property for €.

Proof: We must show that for any v € W, (2 : E),

[ullwo:my < K llullwa:m) (2.25)

with K = K(m,p,n,C). By [1,theorem 4.8], {2 may be expressed as a union of finitely
many subdomains each of which has the strong local Lipschitz property (and therefore
the segment property), and aech of which is itself a union of parallel translates of a
corresponding parallelepiped. A review of the proof of that theorem shows that the number
of subdomains and the dimension s of the corresponding parallelepipeds depend on n and

C. Tt is therefore sufficient to establish (2.25) for one of these subdomains.

By [1,theorem 3.35] and a suitable nonsingular linear transformation we may assume that
the parallelepiped involved is, in fact, a cube () having edge length 2 units, and having edges
parallel to the coordinate axes. Accordingly we assume hereafter that 2 = UxeA(x + Q)
with A C (), and that () has the segment property. By theorem 2.10 it is sufficient to
establish (2.25) for u € C=(Q : E).

For z € Q let w;(x) denote the intersection of €2 with the straight line through x parallel to
the z; coordinate axis. Clearly, w;(z) contains a segment of unit length with one endpoint

at x, say the segment x + te;, 0 < ¢ < 1, where e; is a unit vector along the z;-axis.
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Lety = (np — p)/(n — p) so that v > 1. Integration by parts gives, for u € C*(2 : E),
1
[ it (= tedllpat = (@l

1
. /Ot lu(z + (1 — t)e,)|[ 5" % lu(a + (1 — t)er)||  dt. (2.26)

Let 53'\1 = (331, ey Li 1, Lijg 1y -e ey xn) and set
Fi(@) = sup |u(y)|p/"
7 7 E .

yew; ()

Then (2.26) gives

IE@)IE S/ ()I|U(flf)||}§dxi+7/ ()I|U(fv)||7;_1 |1 Diu()]  de. (2.27)

Integration over (2;, the projection of {2 onto the plane z; = 0, now leads to
n—1 -1
[ EGIE aw < [ u@de oy [ @ D) do
Q Q Q
If p > 1, then v > 1 and an application of Hilder’s inequality gives

1/p ) /v
IF1 oo <7 | [ (@l 4 D@7 de] | [ ol as]

q/p
WY(Q:E)

< 2=D/py Hunl (Q:E) I
since (7 — 1)p'=
We now apply Lemma 2.19 to the functions F;, 1 < ¢ < n, noting that k = n — 1 so that

the exponent \ of that lemma is itself n — 1:

n n
”UJH(IJ/V(?(Q;E) = /Q [u(z )an/ " dy < /QHE(ZL’\z)dw < H HFiHW&I(Qi:E)
i= i=1

< @O [l oy Il e

since (n—1)q/n—q/p = 1, (2.25) follows by cancellation. The cancellation is justified, for
since u € C*°(§2: E) and § is bounded, |[u||y0(q. ) 1s finite. Since C>°(€2: E) is dense in

W, (Q: E), (2.25) extends by continuity to all of W} (Q : E).
Remark 2.21: Let u € C3°(R™) and let ¢, r be as in the above proof. From the identity

> d
| gl el de = = (o)
0

we obtain

sup lu(y)ll < 7/ lu(@) 13 1Dsu(2) | das,

yEw;(x) —00
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where w;(x) is the line through x parallel to the x;—axis. Comparing this with (2.27), we

see that the computations of the above proof can be reproduced to yield in this case

||U”Wg(Rn;E) <K Hu||WP1(R”:E)’ (2.28)

where the seminorm is defined as
1/p

|u|Wpl(]Rn:E) = |Z /Rn | D¥u(x)|%, dz
al=1

Inequality (2.28) is known as Sobolev’s inequality.

Lemma 2.22: Let (2 be a bounded domain in R™ having the cone property. If mp < n, then
Wi E) — Ly(2: E) forp < q¢ < np/(n — mp). The imbedding constant may be

chosen to depend only on m, p, n, ¢ and the cone C' determining the cone property for €.
Proof: Let g = np/(n — mp). We first prove by induction on m that
W21 E) — Lgy (€2 : E). Note that Lemma 2.20 establishes the case m = 1.

Assume, therefore, that W~ (Q : E) — L,(Q : E) for r = np/(n — mp + p) whenever
n > (m—1)p. Ifu e W(Q: E), where n > mp, then v and Dju (1 < j < n) belong
to W1 (Q : E). It follows that u € W}'(2 : E) and

HuHW}(Q:E) <K HUHW;)"(Q:E) :
Since mp < n, we have r < n and so by Lemma 2.20 we have W}(Q : E) — L, (2 : E)

where qo = nr/(n —r) = np/(n — mp) and

||U||WgO(Q:E) < K ||u||WT1(Q:E) < K ||U||W;n(Q:E) (2.29)
This completes the induction.

Now suppose p < g < qg. We set

s=(q —q)p/(q—p) and t=p/s=(q —p)/(q —q)

and obtain by Holder’s inequality

lullgaey = [ M)l )5 da

<[ e[ [ poeneral”
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t t t
= Jull}} o ey < K3l om

wo:m ltllwe @m) = (2.30)

)
by (2.29).

Corollary 2.23: If mp = n, then W)"(Q : E) — L,(Q : E) forp < q < co. The

imbedding constant here may also depend on vol 2.

Proof: If ¢ > = p/(p — 1), then ¢ = ns/(n — ms), where s = pq/(p + q) satisfies
1 < s < p. By [1,theorem 2.8], W;"(Q : E) — W(Q : E) with the imbedding constant
depend on vol Q. Since ms < n, W*(2: E) — L,(Q : E) by Lemma4l. If p < ¢ < p

the desired imbedding follows by interpolation between
W Q: E) — Ly,(Q: E)and W' (Q: E) — Ly(S2: E) as in (2.30).

For mp = n and ¢ > p the dependence of the imbedding constant on vol €2 may be removed
as we show in the following lemma which removes the restriction of boundedness of {2 from

Lemma 2.22 and Corollary 2.23.

Lemma 2.24: Let ) be an arbitrary domain in R"” having the cone property. If mp < n,
then W' (2 : E) — Ly(2: E) forp < ¢ < np/(n—mp). lf mp = n, then W*(Q: E) —
Ly(Q: E) forp < g < co. If p=1and m = n, then W (Q : E) — C°(Q : E). The
constants for these imbeddings may depend on m, p, n, ¢, and the cone C' determining the

cone property for (2.

Proof: We tesselate R” by cubes of unit side. If A = (A1, Ao, ..., A,) is an n—tuple of

integers, let H = {z e R" : \; <z; < \;+ 1;1 <i<n}. ThenR" = UAH,\.

As remarked on the first paragraph of the proof of [1,Theorem 4.8] , even an unbounded
domain €2 with the cone property can be expressed as a union of finitely many subdomains,

N .
say Q = szl Q;, such that ; = UmeAj(x + P;), where A; C Q and P; is an
parallelepiped with one vertex at the origin. The number N and the dimensions of the
parallelepipeds P; depend on n and the cone C' determining the cone property for 2. For

each Aandfor1 < j < N let

This domain €2, ; evidently posesses the following properties:
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(i) Q= UM Qi
(i1) €2, ; is bounded;

(iii) there exists a finite cone C"depending only on P, ..., Py (and hence only on n and ()

such that each (2, ; has the cone property determined by ('

(iv) there exists a positive integer R depending on n and C' such that any R + 1 of the

domains €2, ; have empty intersection;

(v) there exists constants K and K depending on n and C' such that foe each €2, ;,

K <volQ, ; < K.

Suppose mp < nand letu € W (2 : E). If p < ¢ < np/(n — mp), then by (ii),(iii), and
lemma 2.22, we have

||U||Wg(m,j:E) <K ||u||W1§”(Q>\,]-:E)’ (2.31)
where K = K(m,p,n,q,C)is independent of A and j. Hence by (i) and (iv) and since
q=p

qa/p
lulivpary < D lullivgia, o < K2 [Iullpio oz
Ad g

a/p
< K1 [Z [[ully ;n(QA,j;E)] < KIRYP ||ulf} ™ ()
AJ

Thus W)™ (2 : E) — L,(€2 : E) with the imbedding constant K RYP,

If mp = n, (2.31) holds for any ¢ such that p < g < oo by virtue of Corollary 2.23, and the
constant K can be chosen independent of A and j thanks to (v). The rest of the above proof

then carries over to this case.

Finally, if p = 1 and m = n, we have by Lemma 2.18 and a nonsingular linear
transformation that W(P : E) — C°(P : E) for any parallelepiped P C €, the
imbedding constant depending only on n and the dimensions of P. Hence

Wi(Q: E) — C%(Q : E) by the virtue of the decomposition = UM My

We have now proved Part 1, Cases A and B of Theorem 2.15 for the case £ = n. Before

completing these cases by considering the trace imbedding (kK < n), we establish the
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continuous function space imbeddings, Part 1, Case C, and Part 2.

Lemma 2.25: Let () be a domain in R" having the cone property. If mp > n, then
W : E) — Cj(Q : E) , the imbedding constant depending only on m,p,n, and

the cone C' determining the cone property for 2.

Proof: Suppose that we can prove that for any ¢ € C>°(Q : F),

sup [|6(2)| < K16 llwy @.m): (2.32)

where K = K(m,p,n,C). If u € W*(Q : E), then by [1,Theorem 3.16] there exists
a sequence {¢, } in C*°(Q) : E) converging to u in norm in Wi (€2 @ E). Since {¢,} is
a Cauchy sequence in W"(2 : E), (2.32) implies that {¢, } converges to a continuous

function on . Thus u must coincide a.e. with an element of C%(Q : E). It is therefore

sufficient to establish (2.32).

First suppose m = 1 so that p > n. Let x € €2 and let C,, C (2 be a finite cone congruent
to C' and having vertex at x. Let h be the height of C'. Let (r, 6) denote spherical polar
coordinates in R™ with origin at x so that C,, is specified by 0 < r < h, § € A. the volume

element in this system is denoted by r"~'w(0)drdf. We have

T

d
0
from which we conclude , for 0 < r < h,

h
HM@MSHwnwu+/wmmwuwuﬁ.
0

Multiplying this inequality by 7" !w(f) and integrating r over (0,h) and 6 over A, we
obtain

h™ d
ol C 6ol < [ lowilsdy+ o [ 12 eg

n—1
eyl
< (vol C’m)l/p)“ﬁwag(Cw:E)
1/p
hr e
_i_; ngad¢(y>HW19(CzE) /’.Z' - y’ ( )p dy s
Cz

the last inequality following from two applications of Holder’s inequality.

Since p > n we have (n — 1)(1 — p) > —1 and so
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h
/ =y gy :/ w(g)dg/ H DO gy < oo,
Cy A 0

Hence

[¢(@)]|p < K ||¢||WF}(CI:E) <K ||¢||W;}(Q:E)

with K = K(m,p,n,C,) = K(m,p,n,C). Thus (2.32) is proved for m = 1.
If m > 1 but p > n, we still have

o)l < KN9llwic,.my < K lwp ey < K 1l oum)-

If p < n < mp, there exists an integer j satisfying 1 < 57 < m — 1 such that
jp<n<(j+ 1p. If jp <n,setr =np/(n— jp); if jp = n, choose r > max(n, p). In

either case we have by the result proved above and by Lemma 2.24 that
o) e < Kxlldllwac,:m < K lldllwric,m < Klolwpcymy < Kllolwpc:m)
the constants depending only on m, p, n, and C'. This completes proof.

Corollary 2.26: If mp > n, then W (2 : E) — L,(Q : E) forp < q < oo. The

imbedding constants depend only on m, p, n, ¢ and the cone C.
Proof: We have already established that

||uHWQO(Q:E) = esssup [lu(z)||p < K ||u||W1;”(Q:E)
e

forallu € W(Q2: E). If p < g < oo, we have
e / o) (o)l ” d

< KT [l upy 1ulliwo @iz < K977 lulliy 0.

Lemma 2.27: Let Q) be a domain in R” having the strong Lipschitz property, and suppose
that mp >n > (m — 1)p. Then W*(Q : E) — C(Q : E) for :

i) 0<A<m-—n/pifn>(m—1)p,or
(i) 0 <A< 1lifn=(m—1)p,or
i) 0<A<lifp=1,n=m— 1.

In particular W (Q : E) — C° (Q : E). The imbedding constants depend on m, p, n, and
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the parameters §, M specified in the description of the strong local Lipschitz property for
Q.

Proof: Let u € W)*(Q : E). The strong local Lipschitz property implies the cone property

so by Lemma 2.25 we may assume that u is continuous on €2 and satisfies

sup [[u(z)]| 5 < Ki H“HW;n(Q;Ey (2.33)

e

It is therefore sufficient to establish further that for suitable A,

u\x
sup Ju(z) — ()\)”E < K, HUHW"'(QE) (2.34)
TFY

Since mp > n > (m—1)p we have by Lemma 2.24 that W*(Q2 : E) — W(Q : E) where:
(i) r=np/(n—mp+p)and 1 — (n/r) =m — (n/p) ifn > (m — 1)p, or

(ii) ris arbitrary,p <r <ocand0 <1 — (n/r) < 1if n= (m —1)p, or

(iii) r =00, 1 — (n/r) =m — (n/p) =lifp=1landn =m — 1.

It is therefore sufficient to establish (2.38) for m = 1; that is , we wish to prove that if
n<p<ooand0 < A <1-—(n/p),then

u(x) — u(y)
sup [u(z) ()\ 73 < K HUHW1(Q:E‘)' (2.35)
ngQ |l — y| i
a7y

Suppose, for the moment, that {2 is a cube, which we may also assume without loss of

generality to have unit edge. For 0 < ¢ < 1, €2, will denote a cube of edge ¢ with faces

parallel to those of 2 and such that ; C Q. Letu € C®(Q : E).

Let x,y € Q, |z — y| = 0 < 1. Then there exists a fixed cube Q, with z,y € Q, C Q. If

-

z € g, then

u(z +t(z — x))dt,

&ILL

so that

Jue) = w2 < Vi [ grad ulo + ¢z = 2)]

Hence

u(z) — = / w(z)dz|| <X / (u(z) — u(2))dz

O—n
Qo B Qo E
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IN

O-n—l

1
dz/ l|lgrad u(z + t(z — )| dt
0

Qo
1

- V2 /t—”dt/dZngad u(2)| g dz

O—n
0 Q.
1
n ’
= 0\7{; ngad““wg(Q;E)/(VOlQo—)l/ptndt (2.36)

0

< Kyo'~("/7) || grad UHWIQ(Q:E)’

1
where K; = Ky(n,p) = +/n / t~"/Pdt < co. A similar inequality holds with y in place of
0

x and so

lu() = u(y)l|p < 2Kq |z =y~ |l grad ullyoq.)-

It follows for 0 < A < 1 — (n/p) that (2.35) holds for €2 a cube, and so, via a nonsingular

linear transformation, for €2 a parallelepiped.

Now suppose that {2 has the strong local Lipschitz property. Let 9, M, Qs, U;, and ¢, be
specified in [1,section 4.5]. There exists a parallelepiped P of diameter § whose dimensions
depend only on  and M such that to each j there corresponds a parallelepiped P; congruent
to P and havingone vertex at the origin, such that for every x € ¢;N{2 we have v+ P; C (2.
Furthermore there exist constants dy and §; depending only on ¢ and P, with 5 < §,such
that if 2, € ¢; N Q and |z —y| < o, then there exists z € (z + P;) N (y + P;) with
|z — 2| + |y — 2| < 01 |x — yl. It follows from application of (2.35) to « + P; and y + F;
that if u € C*°(2 : E), then

lu(z) = u@)ll g < llu(z) = u(2)llp + lluly) = u(z)lg

A A
< Ks |z — 2" lullwya.p) + K5 1y = 217 [lullwy up)

< 2160 | — ) [ullwa o:m)- (2.37)
Now let z, y € €2 be arbitrary.If

|zt —y| < do < 6 and w,y € Qs, then 2,y € ¥, for some j and estimate (2.37) holds.
If |2 —y| < do, z € Qs5,y € Q ~ Q, then v € 1, for some j and (2.37) follows by

application of (2.35) to x + P; and y + P; again. If |z — y| < §p and z,y € Q ~ Qs then
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(2.37) follows from application of (2.35) to x + P, y + P, where F’is any parallelepiped

congruent to P and having one vertex at origin. Finally, if |z — y| > o, then we have

[u(z) = w(@)llg < lu@)llg + lu@)llp < Kellullw 0.z
- A
< Kby |z =y Hu“WI}(Q:E) .
This completes the proof of (2.35) for u € C*°(2 : E), and so by [1,Theorem 3.16], for all

continuous .

Lemma 2.28: Let () be a cube of edge length %, having edges parallel to the coordinate
axes in R”. If p > 1, ¢ > 1 and mp — p < n < mp, then there exists a constant

K = K(p,q,l,n, k) such that for every u € W;(Q : E') we have (a.e. in Q)

lu(@)llp < K l[ulliyog.e) lulln gz (2.38)
where s = (mp — n)q/ [np + (mp — n)q|.

Proof: It is sufficient to establish (2.38) for u € C°(Q). Since each point of () is a corner
point of a cube contained in ), having edges parallel to those of (), and having edge length
k/2, we may assume without loss of generality that x is itself a corner point of @), say

Q={yeR":x; <y <wz;+k:1<i<n}
By Lemma 2.27 we have for y € @,

I—(n
lu(zllz = lu@)lls < lu@) = @z < K lle = ylz " ullyyg.z- (2.39)

Let U = |ullyi(q.p) which we may assume to be positive; let p = ||z —y|/ and
1(Q:

= [[lu(2)] /KlU]p/(lpfn)- Suppose for the moment that ( < k. We have for p < (,
lu()]lp > [lu(@)|l — KAUp™ /) > 0.

Raising the above inequality to the power ¢ and integrating y over (), we obtain
¢
J 1wl dy = Ko (@] = KUy dp
Q 0
1

e / (1 — o=/ 4g
0

— Ky ||U( )||q+(np/ lp—n) U—np/(lp—n)’

from which (2.38) follows at once.
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If, on the other hand, ¢ > k, then from (2.39) we obtain

(o)l > llu(@)ll = KoUp™= > )|~ )] (/B

>0 if p <m.

If ¢ > 0, then

k
J 1@l dy = Ko [ Jute)ll (0= (/0= dp = Ko futa)
Q 0

Sett = [(Ip — n) g+ np| /lp. Then

lp—n npl/l Ip—n)/l n/l
() [Pt < (1/Ky) / ()% [uly) 2] dy
Q
< (1/K q(lp—n)/lp n/l
< (1/K4) ||UHW0(QE [u Hwo Q:E)

by an application of Hélder’s inequality. Since [|ul[y00. 1) < [/l (q.x)> (2.38) follows at
p : p .

once.

We remark that the above lemma also holds for the case p = 1, [ = n. In this case we have
from Lemma 2.24 that W' (2 : E) — Loo(Q : E) so that ||u(z)||, < K HuHW{L(Q:E) a.e. in

(@, which is (2.38) in this case.

Lemma 2.29: Let € be a domain in R” having the cone property, and let 2* denote the
intersection of {2 with some k—dimensional plane, where 1 < k < n (Q"=Q). Ifn > Ip

andn — Ip < k < n, then

WL : E) — L(QF : E) (2.40)
forp < q < kp/(n—1Ip)ifn >Ip,orp < g < cifn =Ip. Ifp=1,n > [ and
n—1 <k <mn,then (2.40) holds for 1 < ¢ < k/(n —1).

The imbedding constants depend only on p, k, [ , n, ¢, and the cone C' determining the cone

property for €.

Proof: It is sufficient to establish the above conclusions for €2 bounded, n > Ip, and
q = kp/(n — Ip), as extension to the other cases can be carried out in the same manner
as was described for the case £ = n in Corollary 2.23 and Lemma 2.24. We may also

assume, as in Lemma 2.20, that €2 is a union of coordinate cubes of edge 2 units.
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Let R} be a k-dimensional coordinate subspace of R™ on which Q" has a one-to-one
projection QF. Suppose, for the moment, that p > 1. Let v be the largest integer less
than [p. Then lp — p < v < Ip and since n — Ip < k we have n — v < k. (Note that if

p = 1, the same conclusion holds with k = n — [, v = [.) Let u = ( ) and let £

(1 < i < p) denote the various coordinate subspaces of RE having dimension n — v. Let
Q; denote the projection of 24 (and hence of Q) onto E;. Also, for each z € ; let Q; ,
denote the intersection of 2 with the v-dimensional plane through x perpendicular to F;.

Then €; , contains a v-dimensional coordinate cube of unit edge with one vertex at x. By

Lemma 2.28, with ¢ = g0 = np/(n — Ip), we have foru € C*(2 : E)

n—ou n—Ip) Ip—v l v/l
sup [uy)lli ™" < Kl (65 iy, oy (2.41)
Yy 1,2

Let da® and dx® denote the volume elements in E; and the orthogonal complement of E;,

respectively. Integration of (2.41) over €2; leads to

/ sup [lu(y)[| S gy

‘yeﬂi,z
(lp—v)/lp v/lp
K[| [ I dot / S IDru@)det | da
Q| Qs || <l
(Ilp—v)/mp v/lp
/ ()12 do [ X It ds
q lal<t
= K [lulliyeior” 1l . (2.42)

by Holder’s inequality.

Finally, we apply Lemma 2.19 to the subspaces F; of R. Note that the constant \ of that

lemma is here equal to (
n—uv—

> . Letting dz*) denote the volume element in RE and

setting ¢ = kp/(n — lp), we obtain

el < Ko / [T sup lfu(y)%* da®

.7/ lye ZCE
1/A
I
< k][] /Sup lu(y)ll5" dat| . (2.43)

i Y€ &
,2/71 Q 1,T

i
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Since g\ /p = (n — v)p/(n — Ip), it follows from (2.42) and (2.43) and from Lemma 2.24

that

l Ip)\ 15N
T <K3Hnuuzaop;,5“|| [y
=1

/A

lp—v)/l v/l

< Ko [l Nl | = Kl o
This establishes the desired embedding.

We have now completed the proof of Theorem 2.15.
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3. VECTOR-VALUED ANISOTROPIC SOBOLEYV SPACES

Let Ey and F be two Banach spaces and | = (4, /s, ..., 1,), where [, € (0, 00), i=1,...,n.
Suppose Ej is continuously and densely imbedded into £. We introduce an FE-valued
anisotropic Sobolev space W} (; Ey, E) that consist of functions u € L, (€; Ey) such that

have generalized derivatives D'*u € L, (Q; F) and with the norm

< 00,1 <p<oo. [5]

n
U , = ||lu . Dly
[l 0.y = | ||LP(Q,EO)+]§1H (P

3.1 Continuous Imbedding on Vector-Valued Anisotropic Sobolev Spaces

Let R be the set of real numbers, C' be the set of complex numbers. Let £} and Fs be two
Banach spaces and L (E7, F5) denotes a space of bounded linear operators from F; to Es.
For £y = FE; = E we denote L (E, E) by L (F); let I denote the identity operator in F.
We will sometimes use A + & or A, instead of A + £/ for a scalar £ and (A + &1 )*1 will

denote an inverse of the operator A + &1 or the resolvent of the operator A.

Let

Sp={¢: €€ C largf| < p}U{0},0<p <.

Let S = S(R™ E) denote the E-valued Schwartz space of rapidly decreasing smooth
functions. For E = C this space will be denoted by S = S(R"). S (E) = S'(R"; E)
denotes the space of linear continuous mapping from S into £ and is called £- valued

Schwartz distributions. For any r = (11,79, ...7,,), 7; € [0,00) the function (i§)" will be

defined such that

B B
0’ 51527"'7571 =0

where
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(1€,)™" = exp [ry, (In |&,| + imsgn &, /2)], k= 1,2, ..., n.
The Liouville derivatives D" v of an E- valued function u are defined the same as a in scalar

functions [6] or E-valued functions case (see e.g. [7] ).

Let Fy and F be two Banach spaces. Suppose Ej is continuously and densely embedded
into £ and let [ = (l4,[s,...,1,), where [; € (0,00), i = 1,2,...,n. We introduce an

E-valued space

HY(R™ E) = {u, ueS (R E), F1 (1 + |:ck|l’“> Fue L,(RE),

— < —1 Uk
oy iy = Il oy + 3 [ (1 o) P <o,
H! (R"; By, E) = H\(R"; E) N L, (R"; Ey)
[[wll e R™;Eo,E) — [l RiEg) T [l e ruE) < O, D € (1,00)
p( ) »( ) p( )

Let 2 be a domain in R"; H]lJ (Q; Ey, ) denotes the space of restrictions to {2 of all

functions in H! (R"; Ey, E) with the norm given by

||u||HIl)(Q;E0,E) - geHg(Rn;lgof,E),g\Q:u ||g||H;l7(R”;E07E).

Suppose S (R"; Ey) is dense in L, (R"; Ey) . A function ¥ € C (R"; L (E1, E»)) is called
a multiplier from L, (R™; Ey) to L, (R"; Fy) if the map v — Du = F'¥(£) Fu,
u € S (R"™; E) are well defined and extends to a bounded linear operator

D: L,(R"E) — L, (R"; Es).

We denote a set of all multipliers fom L, (R"; Ey) to L, (R"; Ey) by M{ (Ey, E») . For
Ey = E, = E we denote M?(FE, Ey) by MI(E). Let Q be domain in R and
h = (hl, h,g, ceey ho’) S Q Let

® (h) = {¥, € M (Fy,E>), h€Q}

be a collection of multipliers in M} (Ey, E;) depending on the parameter /. We say that
U}, is a uniformly bounded multiplier with respect to A if there exists a constant C' > 0,

independent on i € () such that
||F71\Ithu||Lq(R",E2) < Cllullp, g ey

forallh € Qandu € S(R"; Ey).
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The exposition of the theory of L,-multipliers of the Fourier transformation, and some
related references, can be found in 6[3, §2.2.1-§2.2.4]. In the weighted L, spaces Fourier
multipliers have been investigated in several studies like [8 —9]. On the other hand,
in vector-valued function spaces, integral transforms and Fourier multipliers have been
studied by [10 — 18]. By virtue of [19], Mikhlin conditions [20] are not sufficient for

operator-valued multiplier theorems in Banach-valued L,-spaces.

A set K C B(Ey, E») is called R-bounded (see e.g. [21 — 22],[18] ) if there is a constant

C (depending only on £, F ) such that

> i (y) Tu;

jf

dy<Cf dy

Ey

]

ri @)

Es
forall 11,15, ..., T,, € K and uy us, ..., u,, € Ey, m € N, where {r;} is a sequence of
independent symmetric {—1, 1}-valued random variables on [0, 1] and N denotes the set of
natural numbers. The smallest C' for which the above estimate holds is called an R-bound

of the collection K and denoted by R (K) .

A set K (h) C B(Ei, Es) depending on the parameter h € () is called uniformly
R-bounded with respect to h if there is a positive constant C' such that for all

T1 (h) ,TQ (h) , ,Tm (h) € K and UL, U2, «-vy Um S El, mée N

S () T (h) u,

J=1

dy<C’f dy,

£y

o,

i (y) u

Es

where the constant C' is independent on /.

Let
= {5 : 5 = (€1a§27 ?Sn) € Rna gj 7& O} )
Un= A5 = (B1, B2 -, B,), 18] <}, & = &1&2..60
Let aq, ao, ..., o, be nonnegative integer numbers and
D* = DY D5?.. D" = oy
Definition 3.1: A Banach space E is said to be a space satisfying a multiplier condition
with respect to p, ¢ € (1,00), ( with respect to p and ¢ if ¢ = p ), if for any
¥ ¢ C™ (R™; B (E)), the R-boundedness of the set
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{§B+%_%D5\P (€): €€ RM\{0},5 € Un} implies that W is a Fourier multiplier, i.e. ¥ €
M} (E) for any p,q € (1,00).

A Banach space E has a property («), ( see e.g. [14] ) if there exists a constant « such that

N N
Z O./ijffiE‘jiEij <« Z 5i€|jxij
=1 La(QxQE) L=l La(QxQE)

foral N € N, z;; € E, ay; € {0,1},4,j = 1,2,..., N, and all choices of independent,
symmetric, {—1,1}- valued random variables €1, €a, ..., N, €], ), ...,y on probability

spaces (2, 2'. For example the spaces L, (€2) , 1 < p < oo has the property ().

Remark 3.2: If F is an UMD space with property ( « ) then these spaces are satisfy the

multiplier condition with respect to p € (1, 00) ( see. [22] ).

It is well known ( see e.g. [23] ) that any Hilbert space satisfies the multiplier condition.
There are, however, Banach spaces which are not Hilbert spaces but satisfy the multiplier

condition, for example UMD spaces ( [22], [14], [18] ).

Definition 3.3: A positive operator A is said to be an R—positive in a Banach space F if

there exists ¢ € [0, 7 ) such that the set
La={¢(A+¢&l)" e 8,}
is R-bounded.

Note that in Hilbert spaces every norm bounded set is R-bounded. Therefore, in Hilbert
spaces all positive operators are R-positive. If A is a generator of a contraction semigroup
on Ly, 1 < ¢ < oo [24], A has bounded imaginary powers with [|(=A")|| 5z < Celtl,
v < % [25], [22] or if A is generator of a semigroup with Gaussian bound [26] in £ €UMD

then those operators are R-positive.
Let

r=(ry,re,..Tn), r+a=(r1+a,ry+a,..r,+a),

L= (1, byl [ 0) ] = 30 52, € = 065657

Let © denote a closure of the region 2.
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In this section we prove that the generalized differential operator D" gives a continuous
embedding of Sobolev-Lions spaces. Multiplier theorems in operator-valued L, spaces,
played an important role in the theory of embedding of function spaces and differential

operator equations.
From [27] we obtain:

Lemma 3.4: Let A be a positive number and » = (rq,79,...,7,,), Where r, € {0, b},
b >0 a= (a,00,....;00), I = (l1,l2,...,1,), . € [0,00), Il € (0,00) such that

w=|(a+r):l] <1l,and0 < h < hg < co. Then for 0 < p < 1—3¢ an operator-function

U= 6| e

n -1
Antrn pl=se—pp=—p {AJF > <1 + |§k|’k) + h—l}
k=1

is bounded operator in £ uniformly with respect to £ and A i.e there is a constant C, such

that
1R (€>HL(E) < C. G.1)
Theorem 3.5: Suppose the following conditions hold:

(1) E 1s a Banach space satisfying the multiplier condition with respect to p, g,

1 <p<g< and A is an R-positive operator in £

2) a=(ag,a2,....,an),l = (1,12, ..., 1), where a € [ 0,00 ), [ € (0,00) are such that
_ 1_1).
» = ‘(a—I— ; q> ol

Then an embedding

<l,andlet 0 < pu<1-—1sand0 < h < hy < o0.

D"‘Hlly (R",E) C L, (R, E (A'™"1))
is continuous and there exists a constant C,, > 0, depending only on 1, such that
DUl (g < Cu | 1 ||u||H})(R",E) +h0H lull,(rn gy (3.2)

forallu € H, (R", E).

It is possible to state Theorem 3.5 in a more general setting. For this, we use the concept of

extension operator.
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Condition 3.6: Let £ be a Banach spaces satisfying the multiplier condition with respect
to p, g and A be a ¢— positive operator in F. Let a region €2 C R" such that there exists a

bounded linear extension operator from H) (Q, E) to H (R", E) , for 1 < p < cc.

Remark 3.7: If 2 C R" is a region satisfying the strong [—horn condition (see [28], §8),
E = R, then there exists a bounded linear extension operator from Hfo (Q)=H }l) (% R) to
HZ’) (R") = Hzl) (R™; R).

Theorem 3.8: Suppose all conditions of Theorem 3.5 and Condition 3.6 are hold. Then an

embedding
D*H! (Q,E) C L, (Q, E)
is continuous and there exists a constant C',, depending only on y such that

HDau”Lq(Q,E) < Cy |n* HUHH}J(QE) +h0H HUHLP(Q,E) (3.3)

forallu € H, (9 E(A),E)and 0 < h < hy < <.

Result 3.9: Let all conditions of Theorem 3.8 hold. Then we have the multiplicative

estimate

a 1-
|D UHLq(Q,E) < C ”uHHllf(LQE) HUHZP(QE)
forallu € H) (Q; E(A), E). Indeed setting h = lull, .z - ||u||I}}(Q;E(A)7E) in estimate

(3.3) we obtain the above estimate.

Theorem 3.10: Suppose all conditions of Theorem 3.8 are hold. Then for 0 < o < 1 — 5

an embedding

DaHIl) (Q; E (A) ,E) C Lq <Q§ (E (A) ) E)%-HMD)

is continuous and there exists a constant C',, depending only on y such that

HDauHLq(Q,(E(A)?E)HH,p) < Cy [h“ HUHH}?(Q;E(A),E) +h 0w lull, ey (3.4)

forallu € H, (9 E(A),E)and 0 < h < hy < <.
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3.2 Application of Imbedding Theorem

Let s € R, s > 0. Define the following space,when F = C, i.e,
15 =A{u; w=A{u;},i=12 .. 00,u; € C}
with the norm

o 1/c
L= (z ivs |ui|‘7> < 0.

i=1

[

Note that, lg = [,. Let A be an infinite matrix defined in the space [, such that
D(A) =16,1 <o < oo, A=[6;2°], where &;; = 0, when i # j, d;; = 1, when
i=7, 1,5 =1,2,...,00. It is clear to see that, this operator A is R—positive in [,. Then by

Theorem 3.10 we obtain that for 0 < p < 1 — »r an embedding

« .18 L 7s(l—s—
DeH! (15,1,) C L, (Q,lg( *”)

Y Yo

is continuous and also the estimate of type (3.3) is hold.
It should be not that the above embedding haven’t obtained with classical methods so far.
Consider the following differential-operator equation

(L+Nu= > an(x)Du+ Ay(x)u=f 3.5)

|a:l|=1

in L, (R"; E), where A(x) and a; are complex-valued functions, Ay, = A(z) + A,
a = (ag,a9,...;an), L = (I1,1,...,1,), l; are positive and «; are nonnegative integers,
A € S (¢y). The maximal regularity for elliptic BVP were studied e.g. in [29 — 30] and for
DOE in Banach spaces were investigated e.g. in [31], [26], [22], [32], [27], [33 — 34], [18].
At first, we consider the following DOE with constant coefficients

(Lo+ N u= > by,D*u+ Ayu = f, (3.6)

|a:l|=1

where A) and b, are complex numbers.

Theorem 3.11: Suppose the following condition hold :

E 1s a Banach space satisfying the multiplier condition with respect to p;

B(&§) == > ba(i&)™ (€)™ .. (i5,)™" € S (1),

|o:l]=1

\B(G)IZC;\&V’“,SER”,s00+<p1§90,1<p<oo.
=1
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Then forall f € L, (R"; E), A € S(p,) and for sufficiently large ||, the equation (3.6)
has a unique solution w () that belongs to space W/ (R", E) and the coercive uniform

estimate

—la:l a
> |/\|1 o 1D uHLp(R";E) + HAU““LP(R”;E) <C ||f||Lp(R”;E) (3.7

la:l|<1

holds with respect to \.

Theorem 3.12: Suppose the condition of Theorem 3.11 holds and let:

(D) A(z) A (z0) € Cy(R: E), 29 € (—00,00), a0 € Cp (R), p € 0,7 );
(2) Ay (z) A== e L (R": E),0<pu<1—la:l,1<p< oc;

(3) B (2.€) € S (¥, |B (x,6)| > cé\skvk,%ws%x,sezw.

Then forall f € L,(R™; E), A € S(yp,) and for sufficiently large |\| the equation (3.5)

has a unique solution u () belonging to W} (R", E) and the coercive uniform estimate

> DUl ey < CF Il iy (3.8)

lo:l]<1

holds with respect to \.

Proof: Consider in L, (R"; E) differential operators L, and L generated by problems (3.6)

and (3.5) , respectively, that is

D(Lo) =D (L) =W.(R" E), Lyu= Y aq(x) D+ Au,

|o:l]=1

Lu = Lou + Lyu, Lyu = Y, A, (x) D.

lol]<1

Let ¢, € C°(R"), j = 1,2,... a partition of unity such that, 0 < ¢; < 1 and
suppp; C Gy, > (¥) = 1. Then for all u € W, (R", E) we have u(v) = 3 u;(2),
J J

where u; (2) = u () ¢; () . From the equality (3.5) for u € W} (R", E) we have

(L+Nuj= > aq(x) D%;+ A\ (z)u; () = f; (), (3.9
|a:l]=1
where
fi=Tp;— | % baj () D%u — | % A, (z) D%; 3.10)
a:l|<1 a:l|<1

and b,; (v) are continuous and uniformly bounded functions contain derivatives of ;.
Choose a large ball B, (0) such that |a, () —a, (00)] < 6 for all |z|] > ry and

Go = R™\ B,,(0). Cover B,,(0) by finitely many balls G; = B, (zo;) such that
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|ao () — aq (205)| < 6 for all |x — x| < r;, j = 1,2,.., N. Define coefficients of local

operators L; as in [16, Theorem 5.7] i.e.

(
Qo (T cx ¢ B, (0
o] @@ aEBo |
| a (rg#) c 2 € B,, (0)
( —
. Qo (T cx € B, (xo;
o (@) = (z) - _]( 0j)
| a (:coj +r2 \x_xoi%) .1 ¢ B, (o)

foreach j = 1,2,... Then |a, (z) — aq (zo;)| < dforallz € R™and j =0, 1,2, ... Freezing

coefficients in the equation (3.10) obtain that

‘ ;\—1 o (zo5) D¥uj + Ay (205) uj (z) = Fj (z), (CRRY
where
B fit 3 laao) —0a (0] D% + A o) = Ao @12

By virtue of Theorem 3.11 we obtain that the problem (3.11) has a unique solution u; and

for A € S (¢,) and sufficiently large |\| the coercive estimate holds:

—|a:l o
> AT D, + A, < CHE G, , - (3.13)

|o:l] <1

Whence, using properties of the smoothness of coefficients of equations (3.10), (3.12) and
choosing diameters of GG sufficiently small, we get that
15l < € Nslhwse, ) + € @) sl + C N1l - (3.14)

where ¢ is a sufficiently small and C' (0) is a continuous function. Consequently, from (3.13)

and (3.14) we get

—la:l a
> ATDY g, < Cllf Nl + 6l +C (8) g, , -

la:l|<1
Choosing § < 1 from the above inequality we have

> A Do, < © [||f|\Gj7p n ||uj||Gj7p} . (3.15)

|a:l] <1

Then using an equality v (z) = > u; (x) and by virtue of the estimate (3.15) for u €
J

W]} (R", E) we have

> N Do, < C I+ A ull, + lul, ] (3.16)

Ja:l|<1
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Let u € W} (R", E) be solution of the problem (3.5) . Then for A € S (¢,) we have
lull, = (L +X) u — Lul|, < 5 [II(L + N ull, + llully | - (3.17)
Then by Theorem 3.11 and by virtue of (3.16) and (3.17) for sufficiently large |\| we have

> AT Doy, < O+ Al (3.18)

le:l]<1

The estimate (3.18) implies that the problem (3.5) has only a unique solution and the
operator (L + \) has an invertible operator in its rank space. We need to show that this
rank space coincide with the space L, (R"; E) . Let us construct for all j the function u,,
that are defined on the regions G;and satisfying the problem (3.5) . Let g; € C§° (R™) such

that g; (x) = 1 on suppy;. The problem (3.5) can be express in the form

> Ga (zoj) Dy + Ay (25) uj ()

|a:l]=1

= {gjf + [A (xoj) —A (l’)} ’LLJ' — Z Aa (.CL') Dauj} ,j = 1, 2, ey (3.19)

le:l]<1

Since the functions u; and g; have the same compact support, after zero extension of the
both sides of equation (3.19) we can reconsider the problem (3.19) as BVP in R”. Let O,

denote the operators in L, (R"; E) generated by the DOE with constant coefficients

> Ao (o) D%uj + Ay (wo5) uj (v) = g5 f,

|e:l]=1

i.€.

D (0Ojy) = Wé (R E(A),E),Ojpu= 3, aq(xo;) D*uj + Ay (zo5) u; ().

la:l|=1

By virtue of the Theorem 3.11 for all f € L, (G;; E), for A € S (¢,) and sufficiently large

|A| we have

> Do f + (|40, < ClIfll,- (3.20)

|a:l]<1

Extending u; zero on the outside of suppy; in equalities (3.19) and passing substitutions

uj = Oj}l v; obtain operator equations with respect to v;;
Uj :Kj,\vj+gjf,,j = 172,.... (3.21)

By virtue of Theorem 3.6 and the estimate (3.20), in view of the smoothness of the
coefficients of the expression K, for A € S(y,) and sufficiently large |\| we have

| K\l < e, where ¢ is sufficiently small. Consequently, equations (3.21) have unique
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solutions v; = [I — K;3] ' g;f . Moreover,

losll, = [T = Kl g5 f|, < U£L,-

Whence, [I — K] g; are bounded linear operators from L, (R"; E) to L, (G;; F) . Thus,
we obtain that the functions u; = Uj\f = Ojj\l - K j,\]_l g;f are solutions of the

equations (3.21). Consider a linear operator (U + \) in the space L, (R™; E) such that

(U+A)f=2¢ @Unf
J
It is clear from the constructions U; and the estimate (3.20) that operators U;, are bounded

linear from L, (R"; E) to W} (R", E) and

> T Deugt | + AU < C AL (3.22)

|e:l] <1

for A € S (p,) and sufficiently large || . Therefore, (U + AI) is a bounded linear operator
from L, to L,. Then act of (L + \) to u = Z(p] Upnf gives (L+Nu = f+ ZCI)JAf
where @, are linear combination of U and U i . By virtue of Theorem 3.6, the estlmate
(3.22) and from the expression ®;, obtain that operators ®;, are bounded linear from L, to

L, (G;; E) and ||®,,|| < 6. Therefore, there exists a bounded linear invertible operator

<I+Z<I>ﬂ) :

Whence, we obtain that for all f € L, (R"; E) the boundary value problem (3.5) have a

unique solution
-1
=(U+X\) <I—|—Z¢>ﬂ> f
J
1.e. we obtain assertion of the Theorem 3.12.

Result 3.13: Theorem 3.12 implies that the differential operator L has a resolvent operator

(L +X\) " for A € S (g,) and the estimate holds

SN D (L)

l:l]<1

5 AL+ A7 <C.

HB »(RYE HB »(RE))
Let £ = [,, then we obtain maximal regularity system of infinite number of anisotropic

equations.
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