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SUZUKI 2-GROUPS

SUMMARY

Suzuki 2-groups are studied: abelian of arbitrary exponent and nonabelian of exponent
4. For any Suzuki 2-group, one can associate a ground field which makes the theory
of Suzuki 2-groups deeper. Let (G,T) be a Suzuki 2-group of exponent 2" and [/
be the subgroup of involutions in G. We put K = T /Cr(I) U{0} where 0 is a new
symbol. Then we can define the multiplication on K by extending the group operation
of T/Cr(I) and addition on K by pulling back the group operation of I to K. Then K
becomes a field where I x T /Cr(I) is isomorphic to the affine group K™ x K* with K™
and K* are the additive and the multiplicative groups in K, respectively. Classification
of a Suzuki 2-group (G,T), means determining the structure of the group G which
admits such an action of 7.

We proved uniqueness of an abelian Suzuki 2-group (G,T) of any given exponent 2"
over a perfect ground field K, by showing that G is isomorphic to the algebraic group
K x ... x K = K" over K and G is an extension of the field K by K"~ 1.

Then, we analyzed the role of "perfectness" assumption on the field, in case of
exponent 4, we provide a classification of abelian Suzuki 2-groups of exponent 4
over an arbitrary field in terms of a certain cohomological invariant. We proved that
there is a one-to-one correspondence between the family of abelian Suzuki 2-groups
of exponent 4 over a field K of characteristic 2 and elements of a certain subset of the
2-dimensional cohomology group H?(K,K).

Nonabelian Suzuki 2-groups G of exponent 4 are classified into several types. One
type appears when G is free over a perfect field K such that for any element g € G, the
subgroup < g’ > is abelian. We call G a quasi-abelian Suzuki 2-group and give the
classification in terms of a map f : K X K — K satisfying certain properties. Another
type of G, which we call smart Suzuki 2-group, is a nonabelian Suzuki 2-group of
exponent 4 where T acts freely and transitively on G/I. In this case, we introduce
a pair of fields K and k of characteristic 2 which we call the wide and the narrow
fields associated to G, respectively. We describe the group structure in terms of the
characteristic map o : K — k. We provide also some examples of nonabelian Suzuki
2-groups and give some criteria for the existence of their linear presentation by 3 x 3
matrices.
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SUZUKI 2-GRUPLARI

OZET

Sonsuz Suzuki 2-gruplarinin iki tiirli incelenmistir: Herhangi bir mertebede abelyen
gruplar ve dordiincii mertebede abelyen olmayan gruplar. Bir Suzuki 2-grubu,
Suzuki 2-gruplar teorisini derinlestiren bir temel cisim ile eglestirilebilir. (G, T)
mertebesi 2" olan bir Suzuki 2-grubu ve I, G’nin involusyon altgrubu olsun. K =
T/Cr(I) U {0} olarak adlandirip, K iizerinde carpma islemini 7 /Cr(I) grubunun
islemini genisleterek ve toplama iglemini ise, involusyon grubunun islemini kullanarak
tanimlarsak, K bir cisim olusturur ve I x T /Cr(I), K™ x K* ile izomorfik olur. Bir
Suzuki 2-grubu (G, T)’nin siniflandirilmasi, 7 nin iizerinde etki ettigi G grubunun
yapisinin belirlenmesidir.

Abelyen Suzuki 2-gruplari icin belli bir kohomolojik degismez cinsinden siniflandirma
yapilmigtir. Bu siniflandirmada, 6zel olarak, yetkin bir cisim K {izerinde, mertebesi
2" olan Suzuki 2-gruplart (G,T)’nin tekligi ispatlanmigtir ve G’nin cebirsel grup
K x ... x K = K" ile izomorf oldugu; G’nin, K cisminin K”~! ile bir genislemesi
oldugu gosterilmistir. Karakteristigi 2 olan herhangi bir cisim K iizerinde, mertebesi
4 olan abelyen Suzuki 2-gruplar ile ikinci kohomolojik grup H?(K,K) nin belli bir
altkiimesinin elemenlar1 arasinda birebir eslestirme oldugu ispatlanmistir.

Dordiincii mertebeden abelyen olmayan Suzuki 2-gruplan birka¢ farkli tipte
stniflandirilmustir. (G, T), yetkin bir cisim K iizerinde, 4. mertebeden abelyen olmayan
bir Suzuki 2-grup ve G’nin her elemani g icin, < g’ > altgrubu abelyen ise, G
quasi-abelyen Suzuki 2-grup olarak adlandirilmistir ve siniflandirmasi, belli sartlari
saglayan f: K x K — K fonksiyonu cinsinden yapilmistir. Smart Suzuki 2-grup olarak
adlandirilan bagka bir cesit grup ise T nin, G/I iizerinde serbest ve gecisli etki ettigi
gruptur. Bir Smart Suzuki 2-grubu i¢in karakteritigi 2 olan bir genis cisim K ve bir
dar cisim k tanimlanmistir ve bu gruplarin yapisi grubun karakteristik fonksiyonu
o : K — k kullanilarak aciklanmistir. Abelyen olmayan Suzuki 2-grup ornekleri
verilmig ve bu gruplarin 3 x 3 matrislerle temsil edilebilmeleri i¢in bazi kriterler
verilmistir.
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1. INTRODUCTION

1.1 Background

Finite Suzuki 2-groups were introduced in connection with the classification of
Zassenhaus groups which was accomplished by M. Suzuki, G. Higman [2], N. Ito [3]
and W. Feit [4]. A Zassenhaus group is a permutation group acting doubly transitively
on a finite set such that nontrivial elements fix at most two points in the set [5].
The degree of a Zassenhaus group is the number of elements in the set. Suzuki
classified Zassenhaus groups of odd degree [6]. During his studies, Suzuki needed
the classification of finite nonabelian 2-groups with more than one involution, having
a cyclic group of automorphisms which permutes its involutions transitively. Higman

classified these groups and called them Suzuki 2-groups [2].

A. Nesin and M. Davis extended Higman’s definition to the case of infinite groups.
Instead of cyclic group 7', they considered an abelian group of automorphisms and
defined a Suzuki 2-group as a pair (G,T) of groups where G is a nilpotent 2-group
of bounded exponent endowed with an action of an abelian group T that acts on G by
group automorphisms and which is transitive on the involutions of G [1]. Classification
of abelian Suzuki 2-groups of exponent 4 over a perfect field of characteristic 2 is
given by A. Nesin and M. Davis. T. Altinel, A. Borovik and G. Cherlin defined a
Suzuki 2-group in a similar way to A. Nesin, sometimes they remove the condition
of bounded exponent [7], [8]. They have some results related to model theory. A.
Nesin and M. Davis proved that an infinite free Suzuki 2-group of finite Morley rank
is abelian. They also obtained some interesting results about abelian Suzuki 2-groups
over perfect or quadratically closed fields. T. Altinel, A. Borovik and G. Cherlin proved
that an infinite free Suzuki 2-group of finite Morley rank is abelian and homocyclic [8].

In this thesis, we are not involved in model theory and our considerations are purely



group theoretic. We make use of A. Nesin’s definition of a Suzuki 2-group in this
thesis. Classification of a Suzuki 2-group (G, T), means determining the structure of

the group G, that is, which group G admits such an action of 7'.

1.2 An Overview of the Thesis

1.2.1 Principal Results of the Thesis

We developed and generalized the result of A. Nesin and M. Davis [1] from abelian

Suzuki 2-groups of exponent 4 over a perfect field to any exponent. We proved that

Theorem 1.2.1 Let G be an abelian Suzuki 2-group of exponent 2", n > 1, over a
perfect field K. Fix an element g € G of order 2" and let g,, = g% form=1,....n— 1.
Then, for all y € K, we have

(2k—1) /2

| n—1 Zzi—ly
gg’ =g ]! (1.1)
i=1
forn>2 (and gg* = g'* forn=1).

Then, we analyzed the role of "perfectness" assumption on the field, in case of
exponent 4, and we classified abelian Suzuki 2-groups over an arbitrary field obtaining

the following results:

Theorem 1.2.2 Let (G,T) be an abelian free Suzuki 2-group of exponent 4 over the
ground field K and f be the 2-cocycle associated to G and h : K — K* be a map defined
by h(x) = f(x)zfor all x € K. Then h satisfies the following equalities: for all x € K,

ye K\{0,1},

h(y) =y"h(y ') (1.2)
h(x+y)+y*h(xy ") = h(y) + (1 +y)*h(x(1+y) 1) (1.3)
hlg2 = Idga. 1.4



Conversely, assume that K is a field of characteristic 2 and that h : K — K> is a map
satisfying the equalities (1.2), (1.3) and (1.4). Let G=K XK, T =K*and f : K — K
be a map defined by f(x) = \/% forall x € K. We define the multiplication operation
on G by

(x1,31) (x2,32) = (x1 +22, 31 +y2 +x1 f (20247 1)),
<X7y1)(07y2) = (anl)(xa)’z)(()M +)’2) (1'5)

forall x; € K\ {0}, x,y; € K, i = 1,2, and the action of T on G by componentwise

multiplication. Then (G,T) is an abelian free Suzuki 2-group of exponent 4 over K.

Corollary 1.2.1 There is a one-to-one correspondence between the set of maps h :
K — K? satisfying (1.2), (1.3), (1.4) and the set of equivalence classes of abelian
free Suzuki 2-groups G of exponent 4 over a (not necessarily perfect) field K of

characteristic 2.

Furthermore, we made an interpretation of these groups via cohomology theory and
made a relation between abelian Suzuki 2-groups of exponent 4 and the second

cohomology group by proving the following result:

Theorem 1.2.3 There is a one-to-one correspondence between the family of abelian
Suzuki 2-groups of exponent 4 over a field K of characteristic 2 and elements of a

certain subset of the 2-dimensional cohomology group H*(K ,K).

We study two different types of nonabelian Suzuki 2-groups of exponent 4, that we
call quasi-abelian Suzuki 2-groups and smart Suzuki 2-groups. A quasi-abelian Suzuki
2-group (G, T) is a nonabelian free Suzuki 2-group (G, T') of exponent 4 over a perfect
field K of characteristic 2, such that for any element g € G, the subgroup < g’ >
is abelian. We proved that in a quasi-abelian Suzuki 2-group (G,T), the quotient
G/I of G by its involutions I, becomes a vector space over K. If dimension of G/I
over K is equal to n — 1 for some n € N, then (G,T) is called an n-dimensional

quasi-abelian Suzuki 2-group. We first classify 3-dimensional quasi-abelian Suzuki



2-groups in terms of a map f : K X K — K satisfying certain properties and then we
extend our results to classify n-dimensional quasi-abelian Suzuki 2-groups by proving

the following theorems:

Theorem 1.2.4 Let (G,T) be 3-dimensional quasi-abelian Suzuki 2-group over K.
Assume that {g,h} is a basis for G/I over K for g,h € G with g = h*> = a. Then
there exists a K-multiplicative, biadditive, surjective map f : K x K — K such that

Wg* =g Wal 0% and f(x,y) # x+y for all (x,y) € K* x K*.

Conversely, let f : K X K — K be a K-multiplicative, biadditive, surjective map with
f(x,y) #x+y for any x,y € K* x K*. Let G=K XK XK and T = K*. Define the
multiplication operation on G by

(x1,51,21)(x2,¥2,22) = (01 +x2,y1 +y2, f(y1,%2) + VX102 +/y1y2 + 21 + 22).
(1.6)

Then (G,T) is a quasi-abelian Suzuki 2-group over the field K and the action of T on

G is componentwise multiplication.

Theorem 1.2.5 Let (G,T) be an (n+1)-dimensional quasi-abelian Suzuki 2-group
over K, n € N. Then there exist g1, ...,g, € G such that

g =..=g>=aand {gi,....8} is a basis for G/I over K. Furthermore any element
in G can be written uniquely as g)lcl...gfl"ay for xi,y € K, i = 1,...,n and there exist
K-multiplicative, biadditive, surjective maps f;j: K x K — K i,j=1,...,n; i < j such

that

Sr2(x1,22) + oo+ fin(xn, %) + f23(x2,x3) + oo+ fan (22, %) + ...
+fn72,n71(xn72axnfl) +fn72,n(xn727xn) +fn71,n(xn717xn)

£X1+...+x, 1.7)

for all (x;,x;) € K x K with at least two nonzero elements x,,,xs € K* for some m,s €

{1,...,n} and

gi'g) = gj g'alit) (1.8)



forall (x;,x;) € K x K.

Conversely, assume that f;j: K x K — K i,j=1,....n; i < j are K-multiplicative,
biadditive, surjective maps satisfying the inequality (1.7). Let G =K x ... x K = K"*1

and T = K*. Define the multiplication operation on G by

(X1, e X, 21) (V15 -5V, 22) = (X115 000 X0+ Yy

fr20,2) + oA fra(v,Xn) + f2.3(52,%3)

oot o (32, %) + oo+ Frm1a(Vne1,%n))

+ /X1 F oo Xyn 21+ 22) (1.9)

Then T acts on G by componentwise multiplication and (G, T) is an (n+1)-dimensional

quasi-abelian Suzuki 2-group over K.

A smart Suzuki 2-group (G,T) is a nonabelian Suzuki 2-group of exponent 4 where
T acts transitively and freely on G/I. We described the group structure of a smart
Suzuki 2-group in terms of a certain function « : K — k relating a pair of fields of

characteristic 2 in the following result:

Theorem 1.2.6 The characteristic map between the wide and narrow fields associated
to a smart Suzuki 2-group determine the structure of the Suzuki 2-group. That is, if
(Gi,T;) are smart Suzuki 2-groups with the field isomorphisms ¥ : K| — Ky, ®:k; — ky
such that the diagrams

KixKi —— Ky x K>

b ml (1.10)
o

ki E— ko
K i} K>
”l %l (1.11)

kll)kz

commute, then G| and G, are isomorphic Suzuki 2-groups.



1.2.2 The Content of the Thesis

In the second chapter of the thesis we give basic definitions and facts about Suzuki

2-groups.

In the third chapter, we start with the classification of abelian Suzuki 2-groups of
exponent 8 over a perfect field K of characteristic 2. Then we generalize our result
to the case of exponent 2". We proved that if (G, T) is an abelian Suzuki 2-group of
exponent 2" over a perfect field K, then G is an extension of K by K”~!, in other words,
G is an extension of K by the subgroup of G of exponent 2"~!. This classification
implies uniqueness of an abelian Suzuki 2-group of any given exponent 2" over a

perfect field K.

In chapter four, we drop the condition on the field that it is perfect and obtain results
about abelian Suzuki 2-groups of exponent 4 over a field of characteristic 2. We
introduce an invariant 4 : K — K? satisfying certain properties, and give a classification
of those groups by this invariant. Alternatively, we provide another classification
in terms of a certain cohomological invariant. Namely, we proved that there is a
one-to-one correspondence between the family of abelian Suzuki 2-groups of exponent
4 over an arbitrary field K of characteristic 2 and elements of a certain subset of the

2-dimensional cohomology group H*(K,K).

The fifth chapter of this thesis is devoted to nonabelian Suzuki 2-groups (G,T) of
exponent 4 over a field of characteristic 2. We classify these groups into several types.
When G is free over a perfect field such that for any element g € G, the subgroup
< gl >=<{g':t €T} > is abelian, we call G a quasi-abelian Suzuki 2-group and give
a classification in terms of a map f : K x K — K satisfying certain properties. When
the ground field is not perfect, under the assumption that 7" acts freely and transitively
on the quotient G/I of G by the central subgroup of involutions /, we introduce smart
Suzuki 2-groups and describe the group structure in terms of a so called characteristic
map o : K — k of G relating a pair of fields K and k (the wide and narrow fields) of

characteristic 2 where the additive groups K™ and k% of fields are isomorphic to 7 and



T /Cr(I), respectively. We provide also some examples of nonabelian Suzuki 2-groups

and give some criteria for the existence of their linear presentation by 3 x 3 matrices.






2. PRELIMINARIES

2.1 Basic Definitions and Notations

Recall that a 2-group is a group whose elements have orders a power of 2. An element
of order 2 of a group is called an involution. If A is a group, A? denotes the set of
nontrivial elements in A. For a € A, o(a) denotes the order of the element a. O,(A)
denotes the largest normal 2-subgroup of A, that is, O,(A) is the product of all normal
2-subgroups of A. This makes sense since the product of two normal 2-subgroups is
again a normal 2-subgroup of A.Furthermore, O,(A) is a characteristic subgroup of A,
since automorphisms map normal 2-subgroups to normal 2-subgroups. If A is finite

and has a normal Sylow 2-subgroup P, then P = O,(A).

If A acts on a set X, then the centralizer of X in A is the subgroup
Ca(X)={acA:x"=xVxeX}. (2.1)

We say that A acts transitively on X if for any x,y € X, there is a € A such that x* = y.

If B, C are groups, then an extension of B by C is a group A having a normal subgroup

B =~ BwithA/B; =C.

Let G be a (not necessarily normal) subgroup of a group I'. Then a subgroup Q inI"is
a complement of Gin'if GNYQ =1 and GO =T. A group I' is a semidirect product
of a group G by a group 7', denoted ' =G x T, if G < I and G has a complement
Q ~T. We say that I splits over G.

Let G be a group.

(1)The series

1=27y(G) C Z(G) C ... C Z,(G) C ... (2.2)



where Zo(G) = 1, and Z(G/Z;(G)) = Zi+1(G) /Zi(G) fori = 0,1, ...,n — 1 is called the
upper central series (or ascending central series) of G.

(i1) The series

cGmWccVe..cGlccV=c (2.3)

where G0 = G and G/t =[G G] for i = 1,...,n— 2 is called the lower central

series (or descending central series) of G.

A group G is called nilpotent, if Z,(G) = G (or equivalently f G" = 1) for some n € N.

The smallest such n is called the nilpotency class of G.

Let G be a group. If for some n € N, every element of G has order < n, then G is said to
have finite exponent or bounded exponent. The smallest such n is called the exponent

G, denoted by exp(G) = n.

A subgroup H of a group G is said to be a pure subgroup of G, if for all h € H and

n € N, if there is g € G such that g"" = h, then there is kK € H such that k" = h.

If K is a field, K™ and K* denote the additive and multiplicative groups in K,
respectively. K is said to be perfect if either it has characteristic 0 or it has prime

characteristic p and every A € K has a p-th root in K.

Let K be a finite field of characteristic p. Then the map 6, : L — K defined by 6,,(x) =

xP, x € K is map o, is called the Frobenius automorphism of K.

2.2 Properties of Suzuki 2-Groups

2.2.1 Notation and Terminology

A Suzuki 2-group is a pair (G, T) of groups where G is a nilpotent 2-group of bounded
exponent and 7 is an abelian group that acts on G by group automorphisms and which
is transitive on the involutions of G. Sometimes we say that G x T is a Suzuki 2-group
or simply G is a Suzuki 2-group. From now on (G, T) denotes a Suzuki 2-group. For

each n € N, we define

L,={gecG:g" =1} (2.4)

10



So, I} =1 is the set of involutions in G.

(G,T) is a free Suzuki 2-group if T acts freely on G, that is, if ¢’ = g for g € G and

t € T implies either g = 1 orr = 1. (G, T) is an abelian Suzuki 2-group if G is abelian.

If I x T /Cr(I) is isomorphic to the affine group K™ x K* for some field K, then we
will say that (G,T) is a Suzuki 2-group over the field K and K is denoted by K(G).

2.2.2 Introducing a Field in a Suzuki 2-Group [1]

If (G, T) is a Suzuki 2-group, then we can interpret a fieldin GxT. Put K =T /Cr(I)U
{0} where 0 is a new symbol. We define the "multiplication" on K as the operation

extending the group operation of 7'/Cy(I) by the rule
T/Cr(1).0=0=0.T/Cr(I). (2.5)

To define the "addition" on K, we start by fixing an involution i € I*. For7 € T /Cr(I),
i’ is already well-defined, extend this to K by i® = 1. Then we pull back the group

operation of / to K defining
=i (2.6)
forz,s € K.

Lemma 2.2.1 K becomes a field with the operations defined above.

Proof. Since T acts transitively on I, i = 1. Since T /Cr(I) acts freely on I, the
map 7 — ' is a bijection between K and I. We use this map to pull back the group
operation of I to K defining i = i'i* for t,s € K. Then K becomes a field with
IxT/Cr(I)~ K" x K*. K is of characteristic 2 since T /Cr(I) acts freely on I and so

1 == implies7 +7=0forall7 € K. (]

We call K the ground field associated to G.

2.2.3 Some Fundamentals about Suzuki 2-Groups

The following useful facts are extracted from A. Nesin and M. Davis [1]. We provide

proofs whenever they are omitted in the original.

11



Lemma 2.2.2 [ is a central subgroup of G and for each n € N, 1, is a T-normal subset

of G.

Proof. Since G is nilpotent, Z(G) is nontrivial. Let g € Z(G). Since G is a 2-group
of bounded exponent, the order of g is 2* for some k € N. Then gzkf1 is an involution
in Z(G). Puta = gzkfl. Since T acts transitively on I and Z(G) is a characteristic
subgroup of G, for any b € I, there is t € T with b = a' € Z(G). Thus, I is a central

subgroup of G.

Since T acts by automorphisms on G, T maps elements of order 2", to the elements of

the same order, therefore /,, is a T-normal subset of G. [

Lemma 2.2.3 (G,T/Cr(G)) is a Suzuki 2-group. Therefore, replacing T by T /Cr(G)

if necessary, without loss of generality we may assume that T acts faithfully on G.

Proof. It is enough to show that 7 /Cr(G) acts transitively on I. Put 7 = tCr(G) for

anyt € T. If a,b € I, then since T acts transitively on I, a = b' = b’ for some r € T. [J

Lemma 2.2.4 Assume Z(G) has an element of order 2". Then I, < Z(G) and T acts

transitively on I, /1, 1. Thus, G/I,,_1 is also a Suzuki 2-group.

Proof. Proof is by induction on n. Assume that the statement is true for n. Suppose
Z(G) has an element z of order 2" !, We need to show that I,, ;| < Z(G). Now z € Z(G)
implies z> € Z(G), i.e., Z(G) has an element z” of order 2". Then by induction /,, <
Z(G), T acts transitively on I, /I, and G/, is a Suzuki 2-group. Take any g € I, .
Then g2,z> € I, < Z(G). Since T acts by group automorphisms on G and transitively
on I, /I, 1, there exists t € T such that g’I, | = (z*I,_1)" = (z')%I,_1. Since z € Z(G),
g 27 =(g"d)el,_1and g7 €I, < Z(G). Now, z € Z(G) implies g~ € Z(G),
i.e., g € Z(G). Therefore, I, < Z(G).

In order to show that T acts transitively on I, /1,, take any al,,bl, € I,,.1/I,. Then
azln,l,bzln,l € I,/I,1 and since T acts transitively on I, /I, by induction, there

exists t € T with (a®)'I,_; = b*I, 1 ie. (d)*h™2 €I,y and (d'b~ ") = (d')*h? ¢

12



I, 1 since a,b € I,; < Z(G). Then a'b~! € I, and d'l, = bl,. Therefore, T acts

transitively on I, 1 /I, and G/I,,—| becomes a Suzuki 2-group. [J

Lemma 2.2.5 If A and B are T-normal subgroups of an abelian Suzuki 2-group G,
then exp(A) = exp(B) if and only if A = B.

Proof. If A = B then exp(A) = exp(B). Conversely, assume that exp(A) = exp(B) =2".
Take any a € A, b € B with o(a) = o(b) = 2". Now since G is abelian, by Lemma
2.2.3, T acts transitively on 1,,/I,_; and there exists t € T with bl,,_| = d'l, 1, i.e.,

bla" €I, |andforsomeiel, |,b=ad'icA. Thus,A=B.O

Lemma 2.2.6 Let (G,T) be abelian. Let H be a T-normal subgroup of G. Then
H=1,={[ht]:hcHY =<h" > (2.7)

for some m € N, for fixedt € T /Cr(I) and any h € H of maximal order.

Proof. Since G is abelian, for h,x € H, [h,t][x,t] = h='Wx" ¥ = i Ix" WX =
(hx)~'(hx)" = [hx,t]. Thus, {[h,t] :h € H} =< [h,t] : h € H >. If exp(H) = 2™,
then since exp({[h,t] : h € H} = exp(< h! >) = exp(H) = 2" = exp(I,,), by Lemma
224, wehave H=1, ={[ht]:he Hy =<h! >. O

Lemma 2.2.7 If t € T centralizes an element g € G then t centralizes all the

involutions of G.

Proof. Assume t € T centralizes an element g € G. Then since G is of bounded

exponent, o(g) = 2" for some m € N. Then ¢ centralizes gzwl which is an involution.

Puta=g*" . If b€, then b =a* for some s € T. Then b’ = (a°) = a" = a"* =

(a")* = a® = b. Then t centralizes all the involutions of G. Thus, for any i € I%,

Cr(i)=cr(l)= | Cr(g). (2.8)
g€G*

0
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Lemma 2.2.8 Ift € Oy(T) witht*> € Cr(I) then t € Cr(I).

Proof. If i' =i then ¢ € Cr(i) = Cr(I). Otherwise, (i) = i'i’ = i'i = ii’, so again

t € Cr(iit) = Cr(I). O

Theorem 2.2.1 Assume (G,T) is faithful and abelian. Then O,(T) = Cr(I) and
O(T) has exponent at most exp(G). Furthermore, T = O,(T) @ S for some subgroup
S of T and the group (G,S) is a free Suzuki 2-group.

Proof. For the proof we need the following lemma:

Lemma 2.2.9 If B < A is a pure subgroup of finite exponent of the abelian group A
then B splits in A, i.e., there is a C < A such that A= B&C.

Proof of Theorem 2.2.1.. Take any nontrivial # € Cr(I). Then by Lemma 2.2.6, ¢
centralizes a nontrivial element g € G*. But then ¢ centralizes the nontrivial T-normal

N

subgroup < g7 > asfors € T, (g°)' = g = g’ = (g')* = g*. If g has no square root,
then by Lemma 2.2.4, < g7 >= G, and since T acts faithfully on G, r = 1 which is a
contradiction. Thus, g has a square root, say g; € G. Then g = g' = (g%)’ = g% and
since G is abelian, (g7) g7 = (g,"¢1)* = 1 and the element g;"g; is in 7, and so is
fixed by 7. Hence, g,'¢" = (g;'¢1) ' =g;'g1 = (g;'q1)' = gf’zgt1 and * fixes g.
Continuing this process, we obtain that 12 fixes g» where g% = g1, and so on. Since
G is of finite exponent, after k steps, for some k € N, we get a square free element

gk € G which is fixed by 2. Now since < (g)! >=G, 2= landt e O,(T). Hence,
Cr(I) < 0o(T).

Now we shall show that O5(T) < Cr(I). Take any ¢ € O»(T). Then t* = 1. Then
127" € 0,(T) with (1 )2 =1 € C7(I). Applying Lemma 2.2.7 k— 1 times, we obtain
thatt € Cr(I). Therefore, Cr(I) = O1(T).

By Lemma 2.2.8, now since O, (7') is a pure subgroup of finite exponent in 7' we have
T =S® 0,(T) for some S < T. Since the action of 7 on I is induced by S, (G,S) is
a Suzuki 2-group. Since 7 = S& 0o(T) and O2(T) = Cr(I) = U,eq: Cr(8), (G,S) is
free. [
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Lemma 2.2.10 Any nontrivial T-normal subgroup of a (free) Suzuki 2-group contains

involutions and therefore is a (free) Suzuki 2-group.

Proof. Let H be a nontrivial T-normal subgroup of a Suzuki 2-group G. Take any
h € H. Since G is of bounded exponent, o(h) = 2% k € N. Then R 1s an involution
in H. Leta e I*. Since T acts transitively on involutions, there is t € T with a =

(h?™") € H' = H as H is T-normal. [J

Lemma 2.2.11 Let G be abelian of exponent 4 over K. Let g € G be a fixed element
of order 4 with a = g>. Then every element of G can be written as g'a” for unique

x,y € K.

Proof. By Theorem 2.2.1, we may assume that G is free. Take any 7 € G. Then
h? = (g%)%, x € K. Since G is abelian, (hg™*)> = h*(g™)?> =1, so hg™* € I, and
hg ™ =dad",yeK,ie, h=g'a.

Uniqueness: If h = g*a® = g'a’ for some x,y,t,s € K, then a* = (g*a’)? = (g'a*)* = d'.

Since G is free we have x = ¢ which implies y = s. []

Lemma 2.2.12 Let (G,T) be abelian, free of exponent 4 over K. Let g € G be an
element of order 4 with g* = a. Then G =< g' > and there is a map f : K — K such
that gg* = ¢' ™ a’ %) for all x € K.

Proof. Take any 4 € G, then h? € I so h> = (g?)' for some t € T. But then hg™" € I
and h € g'l C< g’ >. Thus, G =< g’ >. Now, for any x € K, gg* = g" modlI, for
some y € K and squaring gives aa* = a’, i.e., a'

ggx = g1+xaf(x)_ O

=« Since G is free, | +x =y and

Lemma 2.2.13 For x,y € G, xI =yl if and only if xy = yx and x* = y*.

Proof. Fix i € I*. Assume xI = yI, then xi = yj for some j € I, i.e., x = yji. Now since
1 C Z(G), xy = yjiy = yyji = yx and since xi = yj, x> = x*i*> = (xi)?> = (yj)?> = y*j*> =

e
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Conversely, xy = yx and x*> = y? implies that (y~'x)> = y~lxy~!

X = y_ly_lxx =

y2x* =y 2y =1 thatis, y 'x €T and xI = yI. O

Proposition 2.2.1 Let G be (free) of exponent at least 4 such that I is an abelian
group. Then G/I is also a (free) Suzuki 2-group. Furthermore K(G/I) = K(G).

Proof of Proposition 2.2.1.
Lemma 2.2.14 G/I is Suzuki 2-group.

Proof of Lemma 2.2.14. It is enough to show that T acts transitively on the set of
involutions of G/I. Let %, y be two involutions of G/I. Then I = (xI)?> = x*I, x> € I,
similarly y> € I = I so x,y € . Since T acts transitively on I, there exists ¢ € T with
(x')? = (x*)' =y%. Now since x,y € I and L, is abelian we have (x'y~!)? = (x')>y 2 =1
sox'y~! €I and x¥'I = yI. Hence, T acts transitively on involutions of G/I and G/I is

a Suzuki 2-group.
Lemma 2.2.15 G/I is free when G is free.

Proof of Lemma 2.2.15. Let x € G, 7 € T be such that ¥ = X in G/I. xX'I = xI implies
that x' = xi for some i € I and so (x')? = x%. Since T acts on G by automorphisms,
(x?)' = (x')? = x%. But G is a free Suzuki 2-group, thus either = 1 or x> = 1, i.e.,

x=1
Lemma 2.2.16 K(G) =K(G/I).

Proof of Lemma 2.2.16. Since K(G) = (T/Cr)U{0} and K(G/I) =
(T /Cr(L/I))U{0} where I and I, /I are the sets involutions of G and G/I it is enough
to show that Cr(I) = Cr(I/I) so that the elements of the fields are the same and in
this case the field multiplication induced from the operation in 7 is the same and that

the field addition is the same, i.e.,  +s = u in K(G) if and only if t +s5 = u in K(G/I).

There is a one-to-one correspondence between I, /I and I mapping jI € I /I onto j> € 1.

Since I, is abelian, for x,y € I, by Lemma 2.2.13, x> = y? implies that x/ = yI. Now
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t € T centralizes xI € I, /I if and only if x~'x’ € I'if and only if 1 = (x~'x")? = x2(x?)",

(x?)' = x? if and only if  centralizes x> € I. So, Cr(I) = Cr(I,/I).

Next assume ¢ +s = u in K(G) and let x € L \ 1. Then since x* € I, (x'x*)? =
() (x?)F = (¥?)'* = (x?)* = (x*)2. Also, (¥x*)x" = x*(x'x*). But then by lemma

2.2.13, X x°I = x"I, that is, (xI)'(xI)* = (xI)* in G/I, hence r +s = u in K(G/I).

Conversely, assume that s +¢ = u in K(G/I). Let y € I and x € I, be such that y = x?.

Since x'x* = x" (mod 1), squaring gives y'y* = y*, i.e.,t+s=uin K(G). OJ

Theorem 2.2.2 Let (G,T) be an abelian Suzuki 2-group of exponent 4 over a perfect
field K of characteristic 2. Then G is isomorphic to the following algebraic group over

K: as a set G = K x K and the product is given by the rule

(6, X)) = (0, +y 4+ () ?) 2.9)

forall (x,x"),(y,y) € K x K. If further G is a free Suzuki 2-group, then the action of

T ~K* on G =K x K is componentwise multiplication.

Proof of Theorem 2.2.2. By Theorem 2.2.1, we may assume that G is free. Identify K
with T U{0}. Let g € G be a fixed element of order 4 with g> = a. By Lemma 2.2.11,
every element of G can be written as g*a” for some unique x,y € K. Then the map
Vv : G — K x K defined by y(g*a”) = (x,y) is a well-defined bijection. Identify the set
G with K x K via the map y. Then since y((g*a@”)") = y(g"*a"”) = (tx,ty), the action
of T on G corresponds to componentwise multiplication.

It remains to show that the multiplication is as in equality (2.9), i.e., g'g" = g* al'?

for all x,y € K. Since T acts on G by automorphisms g*g” = (ggxfly )* and it is enough
to prove the equality for x = 1. Let f be the map defined by gg* = g!'™a/®) for all
y € K. We need to show that f(y?) = y. First we show that £(0) =0 and f(1) = 1. For
y=0,g=gg"=ga’ and fory=1,a = g% = gg = a/), since G is free £(0) =0
and f(1) = 1. We have

gl = ger = e = (gg" VY = (g a0 )Y =gt 07, (2.10)
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Equality (2.10) gives

fO) =y ).

2.11)

We also need to express the associativity in G in terms of f. We have the equalities:

—1

g =(gg” )
and
(88")g" = g(g"¢%).

f(y) 14y 2z f(y)

(88" =g /Mg = ¢ Vga
= (gg?1 ) Y1/ 0) = [0 of () D)y )

Ltyt2, (1) f(@(149) 71 g F ) = 1tz )+ (1)) (1)

=8 =8

and

1

—1 — —1 —1
2(@¢) =gleg” ) =glg'™ /)P = gg @)

Iytz o f(042) pf (1) = g ltyt2, S0 +3f (971

=8 =8
Equalities (2.13), (2.14) and (2.15) imply that

Lty+2, )+ @) "D (A4y) Gl f ) +ef ()

8 =8

Y

that is,

FO+2)+yf( ") = f0) + fz(1+y) (1 +y).
Taking z =y in (2.17) we obtain
SO+ () =FO) + O +y) " H(1+y)

FO) +y=fO)+fo(1+y) " H(1+y)

y=F0)+fO1+y) (1 +y).

Now using equality (2.11) twice in (2.18) we get

YO +y1+y) T T (1) (T4y) =y
YO+ (1 +y) =y
O+ +1) =1

18
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fory e K—{0},1ie., f(y)+f(1+y)=1forally € K—{0}. In particular, for y =0,
we have f(0)+ f(1) = 1, hence

JA+y)=1+f() (2.20)
for all y € K. In (2.17) replace z by y+y?* to get

FOFY )+ F(+y)y Dy =FO)+ A(L+y)y(1+y) ") (1 +y)
FO)+FA+y)y =)+ fO)(L+y) = F&)+ ) +yf ) (2.21)

which implies
O+ A +y)y=yf0)- (222)

Finally, using (2.20) in (2.21) we obtain

FOR)+1+£() =yf0)
FOR) +y+yfO) =yf0)
67 =y (2.23)

forallye K. [
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3. ABELIAN SUZUKI 2-GROUPS OVER PERFECT FIELDS

3.1 Notation and Terminology

Throughout this chapter K denotes a perfect field of characteristic 2, (G, T') denotes an

abelian Suzuki 2-group, and / denotes the set of involutions in G.

A normal subgroup B of a group A determines the factor group A/B. We write C =A/B

and call A an extension of B by C.

3.2 Classification of Abelian Suzuki 2-Groups of Exponent 8

Theorem 3.2.1 Let G be of exponent 8 over K. Then G is isomorphic to the following

algebraic group over K: as a set G = K X K X K and the product is given by the rule

(6, X ) (¥ = (b v, 4y 4 (o) V2,

x”—i—y”—{—(x/yl)1/2—|—(x/+y/)1/2(xy)l/4+(X+Y)1/2(xy)l/4)- 3.1

If further G is a free Suzuki 2-group, then the action of T ~ K* on G =K x K X K is

componentwise multiplication. Thus, G is an extension of the field K by K x K.

Proof of Theorem 3.2.1 By Theorem 2.2.1, we may assume that G is free. Identify K
with T U{0}. Let g € G be a fixed element of order 8 with g = a and a*> = b.

Lemma 3.2.1 Every element of G can be written as g*a”b* for unique x,y,z € K.

Proof of Lemma 3.2.1 By Lemma 2.2.9, G is an abelian free Suzuki 2-group of
exponent 4. Take any 4 € G, then h*> € G and by Lemma 2.2.11, h? = a*b’ =
(g%)*(a*)” for unique x,y € K. Now hg *a™ is an involution in G, so h = g*a’b*

for unique x,y,z € K.
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Lemma 3.2.2 G is isomorphic to K x K x K.

Proof of Lemma 3.2.2 Identify the set G with K x K x K via the map ¢ : G — K X
K x K, ¢(g'a’b*) = (x,y,z). Since x,y,z are unique in the presentation g*a’b*, ¢ and
o~

componentwise multiplication since

I are well-defined so ¢ is a bijection. T acts by group automorphisms on G by

P((g'a'b%)) = (g"ab") = (tx,1y,12). (3.2)
Lemma 3.2.3 The analogous group multiplication is as defined in equality (3.1).
Proof of Lemma 3.2.3 By Theorem 2.2.2, we have

(0,5, x") 0,y y") = (0,X +y &' +y"+ (Xy)/?). (3.3)
So, it is enough to prove that

g = g g ) ) (3.4)

Now since T acts on G by automorphisms we have

(g182)" =818 (3.5)
and
(&) =¢g". (3.6)

forall g,g1,82 € G, x,y € K. Let
g'g¥ = g/ o) gty pm(x) (3.7)

for some maps f,l,m: K x K — K. Then squaring gives f(x,y) =x+y and [(x,y) =
(X)’)l/ 2. Therefore, g°g’ = g"al®)

1/2 .
2pm(y) and we need to determine m(x,y).

Assuming that m is a K — bilinear map it is enough to prove the last equality for x = 1.

Let f(y) =m(1,y), then

gg’ = g pf0). 3.8)
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Put y = 1in (3.8) to get gZ = ab/(V, i.e., a = ab’V) and So f(1) = 0 Now put y =0,
to get g = gb/(¥ and £(0) = 0.
gY@ P pI0) = gy = (g7 P = (g1 a0 20Ty

— g O D P pr 07 gl P pf o7, 3.9)

Equality (3.9) implies

o) =yfo™) (3.10)

forally € K\ {0}.

We also need to express the associativity

(g8")8" = g("¢%) (3.11)

in G in terms of f.

(g¢")g° = g V' "B Vg7 = g1y gi /)
— (gge1) ) o)

= [T GO pfey) D 1 2 pf )
— g1ty () 2 () f(=(149) ) 2 p f ()
— Ity () P2y () A () f2(149) "D +70) (3.12)
8(878°) = 8gg? ) = glg! @ a@ NI

— @2 P — gl 042) P fO42) o (1) )

— g1tz 040) P4 @) (42 02) A+ ) +f (7). (3.13)
Equalities (3.11), (3.12) and (3.13) imply

@+ + (1 +y) f(1+y) ™)+ 1) = (0 +2) 02) "+ F(r+2) +yf(z§12-
(3.14)

Taking fourth power of both sides in (3.14) we have

(1Y) + 1+ f(1+y) D+ f0) = (y+2)(32) +f(y+Z)4+y4f(zy1);-l
(3.15)

23



Substituting i(x) = f(x)* in (3.15) we get

(14y)+ (14 h(z(1+y) ) +h(y) = (v+2)(vz) +h(y+2) +y*h(zy ). e
(3.16)

Taking z = y in (3.16) we obtain

Y (14Y) + (1+)*h((1+y) ") +h(y) = h(0) +y*h(1) = £(0)* +y* F(1)* = 0.
(3.17)

That is,

(1) (1 +y) ") +h(y) =y (1+). (3.18)
Using (3.10) in equality (3.18) we get

L+ A +3) RO (149) +y (™) =y (1+)

W™ + 1) +h0 )] =y (1+)

Ry~ + 1) +h(~ ) =y (1+y)

h(y+1)+h() =y (1+y")

(FA+0)+ o) =Y+ (3.19)
and so we get

FL+Y) + () =y 24y (3.20)

Now substitute z = y+y? in (3.16) to get

V(14 + (143 h(y) +h() =y (1+y) +h(%) +y*h(1+)

V(143 +3h() =y (1 4+3) +h(?) +y*h(1 +)

YY) +h(1+y) =Y (14) +y* (1) +207). (3.21)
Equation (3.20) implies that

h(y)+h(1+y) =y +. (3.22)
Equalities (3.20) and (3.21) give

Y7 +y) =1+ + Y (1 +y) +h(7)

YORy) =Y+ +y ) + ()

Y4y =y 3+ 3 +h(y)

h(yz) =2 +y5. (3.23)
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Since K is perfect of characteristic 2, (3.22) implies

h(y) =y+y
FO) =+ =y A2 =yl 38,

Thus,

m(1,2) = f(z) = /442

m<x7xz) me(l,z) :le/4(1 +Z2)1/4 =X1/2<1 +Z2)1/4x1/2zl/4
m(x,xz) _ (x2+x2z2)1/4x1/4(xz)1/4.

Substituting y = xz in the equality (3.25) we get

m(x,y) = (x+y)"/*(xy) /4.

g b = gl ) )

(3.24)

(3.25)

(3.26)

(3.27)

Since G is an abelian Suzuki 2-group of exponent 8, by Proposition 2.2.1, G/I is an

abelian Suzuki 2-group of exponent 4 over the same field K. Then by Theorem 2.2.2,

G/I is isomorphic to K x K. Since [ is isomorphic to K, G becomes an extension of K

by K x K. U]
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3.3 Classification of Abelian Suzuki 2-Groups of Exponent 2"

Theorem 3.3.1 Let G be an abelian Suzuki 2-group of exponent 2", n > 1, over a
perfect field K. Fix an element g € G of order 2" and let g, = g° form=1,...n— 1.
Then, for all y € K, we have

- 2i=1(ok—1)/2i
gg’ =g'"™ ng"’ 4 (3.28)
i=1

forn>2 (and gg* = g'* forn=1).

1/2 .
Proof. For n =2, gg¥ = g'™ gyl . Assume G is of exponent 2" ! over K. Let g € G

be an element of order 2"*!. Then by induction,

(88")* = ()

— i—1 i
y+1H Zi— y2k 1)/2
=1

Sl ) (G =R (3:29)
i=1

Put
27! ,

A; = Z y(2k—1)/2’_ (3.30)
k=1

Then

(gg y+1 H 21+l

= (@) () (87 (g M (g

L Q214 2(241) 2(2%) 2024 )

(g1+yg2A1g2 Azmgzn—lAn,l)z

Al A Ay
= (e'"e)' eyt g ) = HyHgl (3.31)

(2k—1) /2

Hence, gg* = g' ™ T7-} glz": ’
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Theorem 3.3.2 Let (G,T) be an abelian Suzuki 2-group of exponent 2" over a perfect
field K of characteristic 2. Then G is isomorphic to the algebraic group K x ... X K =
K" over K and G is an extension of the field K by K"~

Proof. By Proposition 2.2.1, G/I is an abelian Suzuki 2-group of exponent 2"~! over
the same field K. By induction assume that G/I is isomorphic to K x ... x K = K"~ 1.
Since I is isomorphic to K, G is isomorphic to K x ... x K = K". By Theorem 3.3.1,

for all x,y € K and an element g € G of order 2" with g% =g, form=1,....n—1,

1/2 1/4.3/4, 3/4 _1/4 1/2n=1 on=1_1/2,1 on=1_yop—1 1/271
Xy X +x7/%x X +...4x
gg =g g gy N < X.7))

Then the analogous operation in K X ... x K = K" is

(,0...,0)(5,0...,0) = (x+y, (xy) /2, . X2 Y2 Y2l 2 e 12

(3.33)

27



28



4. ABELIAN SUZUKI 2-GROUPS OF EXPONENT 4 OVER A
NON-PERFECT FIELD OF CHARACTERISTIC 2

4.1 Notation and Terminology

Throughout this chapter, K denotes a field of characteristic 2 which is not necessarily
perfect, K™ and K* denote the additive and the multiplicative groups of K, respectively.
(G,T) denotes an abelian free Suzuki 2-group of exponent 4 over K. We will
sometimes simply write that G is a Suzuki 2-group. When we say that "f is the
2-cocycle associated to G", we mean the map f : K — K, defined in Lemma 2.2.12, by
g = g'™a/™ for any g € G of order 4, for all x € K. I denotes the set of involutions
in G. K? denotes the subfield {x*> : x € K} of K. If L is a subfield of K and h: K — K
is a map, then the restriction of % to L is denoted by 4|z The identity map from K to K
is denoted by Idk.

4.2 Classification of Abelian Suzuki 2-Groups of Exponent 4 over an Arbitrary

Field

Theorem 4.2.1 Let (G,T) be an abelian free Suzuki 2-group of exponent 4 over the
ground field K and f be the 2-cocycle associated to G and h : K — K? be a map defined
by h(x) = f(x)? for all x € K. Then h satisfies the following equalities

h(y) =y*h(y™") 4.1)

h(x+y) +y*h(xy 1) =h(y) + (1+y)*h(x(1+y) ') 4.2)
forallxe K, ye K\{0,1},

h|K2 :IdKZ (4.3)
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Conversely, assume that K is a field of characteristic 2 and that h : K — K is a map
satisfying the equalities (4.1), (4.2) and (4.3). Let G=K x K, T = K*. Define f : K —
K by f(x) = \/h(x) for all x € K. Define the multiplication operation on G by

(x1,31) (X2, ¥2) = (x1 +x2,91 +y2 +x1f (2x7 1)),

(6,31)(0,y2) = (0,y1)(x,y2) = (x,y1 +¥2) 4.4)

for all x; € K\ {0}, x,y; € K, i = 1,2, and the action of T on G by componentwise

multiplication. Then (G,T) is an abelian free Suzuki 2-group of exponent 4 over K.

Proof of Theorem 4.2.1.
Lemma 4.2.1 The map h satisfies equalities (4.1) and (4.2).

Proof of Lemma 4.2.2. Equality (3.10), f(x) = xf(x~!) implies h(x) = x’h(x~!). By
using the associativity, (gg*)g” = g(g*¢”), in G, we had already obtained the equality
(2.17). Since K is of characteristic 2, taking square of both sides in (2.17) we have

equality (4.2).
Lemma 4.2.2 h|x> = Idgo.

Proof of Lemma 4.2.3. 1(0) = £(0)?> =0 and h(1) = f(1)?> = 1 Take x = y in (4.2) to

get
¥ =h(y)+h(y(1+y)")(1+y)* 4.5)

Applying twice (4.1) in (4.5) we have

Y =yh(y D)+ (1+y) 2h(y  (1+y)(1+y)?
1=n(y"Y)+n(14+y™ (4.6)

h(1+y) =1+h(y) 4.7)
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for all y € K\ {0}. By using (4.7) and replacing x by y +y? in (4.2) we get

h(y+Y* +3) +yh((+y*)y ™) =h() +h((y+y*) (1 +y) (1 +y)?
h(y*) +y*h(1+y) = h(y) +h(y)(1+y)?

h(y*) +* +y2h( ) = h(y) +h(y) +y*h(y)

(

h(y*) = 4.8)

forall y € K.

Conversely, assume that K is a field of characteristic 2 and that & : K — K is a map
satisfying the equalities (4.1), (4.2) and (4.3). Define f : K — K by f(x) = y/h(x) for
allx € K.

Lemma 4.2.3 G is a group together with the operation defined in (4.4).

Proof of Lemma 4.2.4. For any x,y € K

[(1,0)(x,0)](5.0) = (142, £(x))(3.0) = (L +x+y, (1 +2) f(y(1+2)71) + f(x)) w9

(1,0)[(x,0)(y,0)] = (1,0) (x +y,xf(yx ")) = (I +x+y, f(x+y) +xf(x" ") (4.10)

The equalities (2.17), (4.9) and (4.10) imply that the operation is associative. (x,y) ™! =

(x,x+y) forany x € K\ {0}, y € K.
Lemma 4.2.4 G is an abelian free Suzuki 2-group of exponent 4 over K.

Proof of Lemma 4.2.5. By equality (4.1), we get

= Vh(x) = \/x2h(x"1) =xf(x 1) (4.11)

for all x € K\ {0}. (4.11) implies

(6,0)(3,0) = (x +y,xf(x ") = (x +y.x fay ™) = (e +y,yf () = (3,0)(x,0)
(4.12)
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(x,y)* = (0,x)* = (0,0) (4.13)
and

(x,0)' (,0) = (tx,0)(ry,0) = (tx+ty,txf(ty(tx) ")

= (tx+ty,txf(yx 1) = [(x,0)(y,0)]". (4.14)
Thus, T acts on G by group automorphisms by componentwise multiplication. Since
I~ K™, T acts transitively on /.

When K is a perfect field, K = K? and in this case the equality (4.3) implies that
f(x) = \/h(x) = /x so that gg* = g T¥a V™,

Therefore, (G, T) is an abelian free Suzuki 2-group of exponent 4 over K. [J

4.3 Corollaries of Theorem 4.2.1

Corollary 4.3.1 Let h: K — K? be an additive, K> — linear map. Define f : K — K
by f(x) = +/h(x) forall x e K. Let G = K x K and T = K*. Define the multiplication
operation on G as in (4.4). Then T acts on G by componentwise multiplication and

(G,T) is an abelian free Suzuki 2-group of exponent 4 over K.

Proof. Since h is K? — linear, h(x*y) = x*h(y) for all x,y € K. In particular, for y = 1
we have (x?) = x? and thus / satisfies the equality (4.3). Also, x*h(x ') = h(x>x~ 1) =

h(x) and h satisfies (4.1). Additivity of & and (4.3) imply
h(x+y) +y*h(xy™") = h(x) +h(y) +h(xy™'y*) = h(x) +h(y) +h(xy) 4.15)
and

h(y) +h(x(1+y) ) (14y)* = h(y) +h(x(1+y) " (1 +3)?) = h(y) + h(x(1 +))

= h(y) +h(x) + h(xy). (4.16)

Equalities (4.15) and (4.16) imply that / satisfies (4.2). Now since # satisfies all the
equalities (4.1), (4.2) and (4.3), the result follows by Theorem 4.2.1. [J
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Corollary 4.3.2 There is a one-to-one correspondence between the set of maps h :

K — K? satisfying (4.1), (4.2), (4.3) and the set of isomorphism classes of abelian

free Suzuki 2-groups G of exponent 4 over a (not necessarily perfect) field K of

characteristic 2.

Proof. For j = 1,2, assume h; : K — K? be maps satisfying equalities (4.1), (4.2) and
(4.3), define fj(x) = \/hj(x) forall x € K and let G; = K x K. Put T = K*. Then the

multiplication operation on G; by

(x1,51)(x2,y2) = (x1 +x2,y1 +y2 +X1fj(x2Xf1))

4.17)

for all x;,y; € K, i = 1,2. Let g; € G; be an element of order 4 with g% = a; for

Jj = 1,2. Define a group isomorphism ® : G; — G, by ®(g;) = gra,. Then there are

maps ¢ : K — K and ¥ : K — K such that
x) W(x

(g}) = fay

for all x € K.

D(ar) =D(g7) = (P(g1))> =85 =

®(aj) = ((87)") = ((¢1)*) = (s7)
_ (g;P(x)a‘;(x))2 _ a;P(X).

‘We have

D(g187) = P(g1)P(g7),

q)<g1g)lc) _ q)(g%+xa{l (x)) _ géo(]‘i‘x)alzp(]‘f‘x)‘*'ﬁo(fl(x)),

D(g1)D(g}) = 820283 (x)a;P(x) = gé+(p(x)a§2

Now (4.20), (4.21) and (4.22) imply that

(1 +x)=1+0¢(x),
P(l+x)=1+¥(x),

¢(f1(x)) = f2(@(x)).
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Also, we have

D(gigy) = P(81)P(8)). (4.24)
x ! X X xfi(x~! X X xfi(x!
q)(g)lcg){) _ q’((glg{ ) ) _ q)(gl-i-yalfl( Y))) _ g;P( +Y)agl( +y)+o(xfi( Y)’ (4.25)

X X X X X -1 X
D(g)D(g)) = g;P( )az‘P( )gép(y)a‘zl’(y) _ gf( )+<p(y)a;p( )2(9() 7 @) +H )+ ()

(4.26)
Equalities (4.24), (4.25) and (4.26) imply that

Plx+y) =¥x)+¥(y),

o' fr0=fi. 4.27)
® is a Suzuki 2-group isomorphism if and only if

D(gjay) = D(g1) Plar)” (4.28)
for all x,y € K. Equality (4.28) implies that

g;P(X) af(y)H’(X) — g, (4.29)
so ¢(x) =x and ¢(y) +¥(x) =y for all x,y € K. Thus, ¢ = Idg and ¥ = 0. In this
case, equality (4.20) gives that f1 = fp, 1.e., hy = hy. UJ

Example 4.3.1 Let K be a field of characteristic 2 such that dimg:K = 2. Let {1,x}
be a basis for K over K*. Fix u € K>. Define h(a+ bx) = a+ bu for all a,b € K>.

Then h : K — K? is an additive, K> — linear map. Define f(x) = \/h(x) for all
x€ K. Let G=KXxK and T = K*. Define the multiplication operation on G by
(x1,y1)(x2,y2) = (x1 +x2,¥1 + )2 +x1f(x2xl_1))for all x;,y; € K, i=1,2.

Then T acts on G by componentwise multiplication and (G, T) is an abelian free Suzuki

2-group of exponent 4 over K.
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4.4 Cohomological Interpretation of Abelian Suzuki 2-Groups of Exponent 4

4.4.1 Some Fundamentals from Cohomology Theory

Recall that If A, B are groups and 7 : A — B is a group homomorphism then the kernel
of 7 is the subgroup {a € A : w(a) = 0} of A and it is denoted by Kerm, the image
of 7 is the subgroup {7(a) : @ € A} of B and it is denoted by Imzm. An abelian group
A, written additively, is called a (left) B-module if to each ¢ € B and x € A, there
corresponds a unique element o(x) € A such that (i) o(x+y) = o(x) + o(y) and (ii)
o7(x) = o(t(x)) forall 6,7 € B and x,y € A. Let A be an additive group and B < A.
Then a (right) transversal of B in A (or a complete set of coset representatives) is a
subset R of A consisting of one element from each coset of B in A. Then A is the
disjoint union A = | J,cg B+ r. Thus, every element a € A has a unique factorization
a=b+r,beB,rcR. If t:A— Cis surjective, then a lifting of x € C is an element
I(x) € A with m(I(x)) = x. If we chose a lifting /(x) for each x € C, then the set of all
such elements is a transversal of Kerz. In this case the function / : C — A is also called

a transversal, thus both [ and its image /(C) are transversals.

Definition 4.4.1 Let A be a B-module and n a nonnegative integer. By an n-cochain of

B over A, we mean a function of n-variables from B into A, if n > 0, and an element of

Aifn=0.

We denote by C"(B,A) the set of all such n-cochains. We make C"(B,A) into a group
by defining

(f+g)(o1,...,00) = f(01,...,0,) + g(O1,...,0p) (4.30)
forall f,g € C"(B,A) and o; € B.
Definition 4.4.2 If f € C"(B,A), we define an (n+1)-cochain 6,11 f by

(8041)(O1, -, Onr1) = 61(f (2, Gns1)) + Y, (1) (1, .., 01Oy 4 1, -0, O 1)
i=1

+ (1" f(o1,....00). 4.31)

Sometimes, we simply write 8 instead of 6, 1.
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Definition 4.4.3 Let
Z"(B,A)={f€C"(B,A): 6f =0},
B"(B,A)={8f: feC" ' (B,A)} (4.32)

for n >0 and B°(B,A) = 0. The elements of Z"(B,A), B"(B,A) are called n-cocycles
and n-coboundaries, respectively. B"(B,A) is a subgroup of Z"(B,A) since 9 :
C"'(B,A) — C"(B,A) is a homomorphism. We write Ker§, .1 = Z"(B,A) and Im$, =
B"(B,A). The quotient group

H"(B,A) = Z"(B,A)/B"(B,A) (4.33)

is called the n-th cohomology group of B over A.

The following facts are from Suzuki [9] and Rotman [10].

Theorem 4.4.1 Let A be an extension of B by C, and let | : C — A be a transversal. If

B is abelian, then there is a homomorphism 0 : C — Aut(B) with
0 (b) =1(x)+b—1(x) (4.34)

the conjugate of b by l(x), for every b € B. Moreover, if I' : C — A is another

transversal, then
I(x)+b—1(x)=1(x)+b—1"(x) (4.35)

forallb € Bandx € C.

Proof. Since B < A, the restriction 7,|p of ’conjugation by @’ 9, to B is an
automorphism of B for all @ € A. The function u : A — Aut(B), given by a — Y,|s
is a homomorphism: 11(a1 +@2) = Yay arls = Yol 0 Yarls = (1) + pi(aa) since
Yai+a,(b) = (a1 +a2) +b— (a1 +a2) = a1 +ar+b—ay —ay = (Y4, © Yu, ) (b) for all
beB.

Moreover B < Kerp, for B being abelian implies that each conjugation by a € B is the

identity. Therefore yt induces a homomorphism ' : A/B — Aut(B), namely, B+ a —

u(a).
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The first isomorphism theorem gives an explicit isomorphism A : C — A/B: if [ : C —
A is a transversal, then A(x) = B+1(x). If ' : C — A is another transversal, then
I(x) —I'(x) € B, so that B+ 1(x) = B+1'(x) for all x € C. It follows that A does not
depend on the choice of transversal. Let 6 : C — Aut(B) be the composite 6 = p'A.
If x € C then 6, = u'A(x) = u'(B+1(x)) = u(l(x)) € Aut(B); therefore if b € B, then
Oc(b) = u(l(x))(b) = I(x) +b—1(x) does not depend on the choice of lifting /(x). (J

Remark 4.4.1 (1) A homomorphism 6 : C — Aut(B) makes B into a C-set, where the
action is given by xb = 0,(b), written additively. The following formulas are valid for

all x,y,1 € C and by,b, € B:

x(by +by) = xby + xby

(xy)b1 = x(yby)
b = by (4.36)

(2) If B is an abelian group and A is an extension of B by C, for every transversal
[:C—A

xb = 6y(b) =1(x)+b—1(x) (4.37)
forallxe Candb € B.

(3) When A is abelian, 0 is the trivial homomorphism with 0y =1 for all x € C then
b=xb=1(x)+b—1(x) and b commutes with all l(x), hence with all ' = b+ 1(x) for
b €B.

(4) Let w: A — C be a surjective homomorphism with kernel B and choose a transversal
1:C — Awithl(1) =0. Once this transversal has been chosen every element a € A

has a unique expression of the form
a=b+1(x) (4.38)
beB xeC.

There is a formula: for all x,y € C,

1(x) +1(y) = f(x,y) +1(xy) (4.39)
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for some f(x,y) € B, because 7(l(x) +1(y)) = w(1(x))w(I(y)) = xy = m(l(xy)) = c for
some ¢ € C, so w(l(x) +1(y) —1(xy)) = n(l(x) +1(y))w(l(xy)) "' = cc™! =1, hence
I(x)+1(y) —l(xy) € B and both l(x) + [(y) and l(xy) represent the same coset of B.

Definition 4.4.4 If 7 : A — C is a surjective homomorphism with kernel B and if [ :
C — A is a tranversal with [(1) = 0, then the function f : C x C — B, determined by

(4.39) is called a cocycle (or factor set) associated to A.

Theorem 4.4.2 Let w: A — C be a surjective homomorphism with kernel B, let | : C —
A be a tranversal with (1) = 0, and let f : C x C — B be the corresponding cocycle.
Then:

(i) for all x,y € C,

F(L,y)=0=f(x,1), (4.40)

(ii) the cocycle identity holds for every x,y,z € C:
Fe,y) + flxy,z) =xf(v.2) + f(x,y2). (4.41)

Proof. Put x =1 in (4.39) to get /(1) +[(y) = f(1,y) +1(y). Since I(1) = 0, we have
f(1,y) =0. A similar calculation shows that f(x,1) = 0. The cocycle identity follows

from associativity:

[1(x) +1()] +1(z) = f(x,y) +1(xy) +1(z) = f(x,) + f(xy,2) +1(xy2). (4.42)
On the other hand, by (4.37)

1(x) +[1(y) +1(2)] = 1(x) + f(y,2) +1(yz) = xf (y,2) +1(x) +1(yz)

=xf(,2) + f(x,yz) + I(xyz). (4.43)

The cocycle identity follows. []

Theorem 4.4.3 Let B be an abelian group and A be an extension of B by C. A function

f:CxC — Bisa cocycle associated to A if and only if it satisfies the cocycle identity

xf(v,2) = f(x,2) + f(x,y2) = f(x,9) =0 (4.44)

aswell as f(1,y) =0= f(x,1) forall x,y,z € C.
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Proof. Necessity is Theorem 4.4.2. To prove sufficiency, let A be the set of all ordered

pairs (by,x) € B x C equipped with the operation

(b1,x) + (ba,y) = (b1 +xb2 + f(x,y),xy). (4.45)
We need to show that A is a group. The cocycle identity is needed to prove
associativity:

[(b1,x) + (b2, )] + (b3,2) = (b1 +xb2 + f(x,y),xy) + (b3,2)

= (b1 +xby + f(x,y) +xyb3 + f(xy,2),xy2), (4.46)

(b1,%) +[(b2,) + (b3,2)] = (b1,x) + (b2 +yb3 + f(¥,2),¥2)

= (b1 +xby +xyb3 +xf(y,2) + f(x,y2),xy2). (4.47)
The identity is (0, 1). Inverses are given by

—(b,x) = (—x "o—x"f e, x ), x . (4.48)

Define 7 : A — C by (a,x) — x. 7 is a surjective homomorphism with kernel {(b,1) :
b € K}. If we identify B with the kernel of 7 via b — (b,1) then B<A and A is an
extension of B by C.

Next, we must show, for every transversal [ : C — A, that xb = [(x) + b — [(x) for all

x € C and b € B. Now we must have /(x) = (b1, x) for some b; € B. So,
I(x)+b—1(x) = (b1,x)+ (b,1)— (b1,x)

= by +xb,x)+ (—x by —x (a2

= (by+xb+x[—x by —x7 L (e, x D]+ flex7 ), 1)

= (b1 +xb—b; — f(x,x )+ flx,x 1), 1) = (xb, 1). (4.49)

Finally, define a transversal [ : C — A by [(x) = (0,x) for all x € C. The cocycle F
corresponding to this transversal satisfies F(x,y) = I(x) +1(y) — I(xy). Then

F(x,y) =1(x) +1(y) —(xy) = (0,x) +(0,y) — (0, xy)
= (f(x,3),29) + (— () f ey, ()7, (o))
= (f(x,y) = f Oy, () ) + flay, (xy) 1), 1) = (f(x,p), 1) (4.50)

and so f is a cocycle as desired. [J
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Remark 4.4.2 If B is an abelian group and a group C acts on B then

Z*(C,B) = {f € C*(C,B): §f =0}

={f:CxC—B:8f(x,y,2) =xf(y,2) — f(xy,2) + f(x,yz) — f(x,y) =0}.  (4.51)
So, f € Z>(C,B) if and only if f satisfies the cocycle identity (4.44). Thus, Z*>(C,B) is
the set of all cocycles f : C x C — B. Since B is abelian, Z*>(C,B) is an abelian group
under pointwise addition: (f+ g)(x,y) = f(x,y) +g(x,y) for f,g € Z>(C,B), for all

(x,y) € C X C. If f, g are cocycles, then so is f + g (for f + g also satisfies the cocycle
identity and vanishes on (1,y) and (x,1)).

Lemma 4.4.1 Let B be an abelian group and A be an extension of B by C. Let | and
I' be transversals with [(1) = 0 = I'(1) giving rise to cocycles f and f’, respectively.

Then there is a function h : C — B with h(1) = 0 such that

J(x,y) = f(x,y) = xh(y) — h(xy) + h(x) (4.52)

forall x,y € C.

Proof. For each x € C, both [(x) and '(x) are representatives of the same coset of B in
A; thus there is an element h(x) € B with I'(x) = h(x) +[(x). Since I[(1) =0=1'(1),
we have i(1) = 0. The main formula is derived as follows: By using (4.37) and (4.39)
we have

U(x)+1'(y) = [h(x) +1(x)] + [A() + ()] = h(x) +xh(y) +1(x) +1(3)

= h(x) +xh(y) + f(x,y) +1(xy) = h(x) + xh(y) + f(x,3) = h(xy) + 1 (xy).  (453)
Therefore, f'(x,y) = h(x) + xh(y) + f(x,y) — h(xy). The desired formula follows

because each term lies in the abelian group B. []

Remark 4.4.3 If B is an abelian group and a group C acts on B then the set of all

coboundaries is
B*(C,B)={8h:heC'(C,B)}. (4.54)

Thus, g € B*(C,B) if and only if g(x,y) = Sh(x,y) = xh(y) — h(xy) + h(x) for some
h € C'(C,B), forall x,y € C. B*(C,B) is a subgroup of Z*(C,B).
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Recall that if {A, } is a sequence groups and f;, : A, — A, are homomorphisms with

Imf,_ = Kerf, for each n, then the sequence

D Ay A, A —— (4.55)
is said to be exact. A diagram
| v A <, B 2, s 1

al Bl Yl (4.56)
1 A p L, 1

with oo = Bx and YA = pf is called a commutative diagram.

Lemma 4.4.2 Assume that the diagram (4.56) is commutative and that both the
upper and lower rows are exact. If o and y are monomorphisms (epimorphisms or

isomorphisms), then so is B.

Proof. Assume that both o and y are monomorphisms. We will show that 3 is a
monomorphism. Suppose that 3(b) = 1 for some b € B. Then we have | = pf(b) =
YA (b) from which we get A(b) = 1 since y is monomorphism. Since the upper row is
exact we have KerA = Imxk. Therefore, there is an element a € A such that b = x(a).

Then we have 1 = B(b) = Bk(a).

The commutativity of diagram gives us ca = Bk and oo (a) = 1. Since the lower row
is exact, o is injective. Now both o, & are injective, so we geta =1 and b = k(a) = 1.

This proves that f is a monomorphism.

Assume that both o and ¥ are surjective. Let b’ € B'. We will show that b’ € B(B).
Since ¥ is surjective, there is an element ¢ € C such that p(5") = y(c). By assumption,
the upper row is exact. We conclude that ¢ = A(b) for some element b € B. So,
p(b') = v(A(b)) = p(B(b)) by the commutativity of the diagram. Set b’ = B(b)b".
Then we have p(b”) = 1. Since the lower row is exact, we have Kerp = Imc. Hence,
there is an element @’ € A’ such that o(a’) = b". As « is also surjective, we have
an element a € A satisfying o¢(a) = @'. Thus, 0" = o(a(a)) = B(x(a)) and we have

b' = B(bx(a)) € B(B). This shows that  is an epimorphism. (]
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Definition 4.4.5 Let B, C be two fixed groups. Two extensions A, A’ of B by C are
called equivalent if there is a homomorphism @ : A — A’ such that the following
diagram is commutative.

i

0 s B ' A , C . 1
del % Idcl (4.57)
0 B A " 1

In the above diagram, the two rows are the short exact sequences representing the

extensions A and A, and the homomorphisms B — B and C — C are the identity

mappings.

Remark 4.4.4 By Lemma 4.4.2, if A and A’ are equivalent by a homomorphism @,
then @ is an isomorphism. So, A’ is equivalent to A by the inverse isomorphism ¢~
Thus, Definition 4.4.11 defines an equivalence relation among the extensions of B by

C. Also equivalent extensions are isomorphic.

Theorem 4.4.4 Assume that B is an abelian group and a group C acts on B. Then the
equivalence classes of the extensions of B by C are in a one-to-one correspondence

with the elements of the second cohomology group H*(C,B) = Z*(C,B) /B*(C,B).

Proof. Let A, A’ be two extensions of B by C. Then there are cocycles f, f': CxC — B

arising from liftings /,1’, respectively.

Assume that A, A’ be equivalent extensions of B by C. Consider the diagram (4.57)
where 7: A — C, ' : A’ — C are the surjective homomorphisms with kernel B. Since
A, A’ are equivalent, (4.57) is a commutative diagram, so @i = and Idcm = 7' ¢. Then
o (b) = @i(b) = ildg(b) = b for all b € B and x = n(l(x)) = Idcn(l(x)) = 7' @(I(x))
for all x € C; thatis @ ol : C — A’ is a lifting. Applying ¢ to the equation /(x) +[(y) =
f(x,y)+1(xy), we obtain that @ f is the cocycle determined by the lifting ¢ ol. But
o f(x,y) = f(x,y) for all x,y € C, because f(x,y) € B. Therefore, ¢ f = f, that is, f
is a cocycle of A’. But f” is also a cocycle of A’ (arising from another lifting), and so

Lemma 4.4.1 gives f' — f € B*(C,B).
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Conversely, assume that f, f’ lie in the same coset of BZ(C ,B) in Z2(C ,B), that is,
f'— f € B*(C,B). Then there is a function / : C — B with (1) = 0 such that

f1(x,y) = f(x,y) = 8h(x,y) = xh(y) — h(xy) + h(x) (4.58)

for all x,y € C. By (4.38) every element of A has a unique expression of the form

b+1(x) for b € B and x € C. By (4.37) and (4.39) we have

(b1 +1(x)]+ [b2+1(y)] = b1 +xby +1(x) +1(y) = b1 +xby + f(x,y) +1(xy), (4.59)
so addition in A is given by

[b1+1(x)]+ [b2+1(y)] = b1 +xby+ f(x,y) + 1(xy). (4.60)

There is a similar description of addition in A’. Define ¢ : A — A’ by @(b+1(x)) =
b —h(x)+1'(x). Consider the diagram (4.56). Since [(1) =1'(1) =0 = h(1),

o(b) =@(b+1(1))=b—h(1)+1'(1) = b, (4.61)

so ¢ fixes B pointwise, thus @i = ildg. Also Idem(b+1(x)) = n(b+1(x)) = (D) +
n(l(x))=xand @' @(b+1(x)) =7'(b—h(x)+1'(x)) = pi'(I'(x)) = x give Idct = 7' .

We have shown that the diagram commutes.

¢ is a homomorphism since

(b1 +1(x)) + (b2 +1(y)) = ¢(b1 +xba + f(x,y) +1(xy))
= by +xby + f(x,y) — h(xy) +1'(xy) (4.62)

and

o1 +1(x))+ @(ba+1(y)) = b1 —h(x) +1'(x)) + (ba — h(y) +1'(y))
= by — h(x) +xby — xh(y) + f'(x,y) +1' (xy)

= by +xby+ f(x,y) — h(xy) +1'(xy). (4.63)

where the last equality follows by (4.58). Note that by Lemma 4.4.2, ¢ becomes an

isomorphism. Therefore, A, and A" are equivalent extensions of B by C. [J

43



4.4.2 Relation between Abelian Suzuki 2-Groups of Exponent 4 and the Second
Cohomology Group

Theorem 4.4.5 There is a one-to-one correspondence between the isomorphism
classes of abelian Suzuki 2-groups of exponent 4 over a field K of characteristic 2
and the elements of the 2-dimensional cohomology group H? (K,K) whose preimages

fe Zz(K ,K) are the cocycles satisfying the following properties:

(i) f is symmetric and K-multiplicative,

(i) f(1,1) =1,

(iii) f(x,0) =0 for all x € K.

Proof. Let G be an abelian Suzuki 2-groups of exponent 4 over a field K of
characteristic 2. Then by Lemma 2.2.2 and Theorem 2.2.1, we may assume that G
is free. But then by Lemma 2.2.12, G =< g’ > for any element g € G of order 4 and

there is a function f : K — K such that gg* = g!™a/™ for all x € K where a = g2.

Now for all x,y € K,

g = (gg" ) = (g Va0 = gy Ty, (4.64)
We define amap f: K x K — K by

Fey) =xf(x""y) (4.65)
for all x,y € K\{0} and

J(x,0)=0=7(0,x) (4.66)

for all x € K. The group of involutions I = K where K™ denotes the additive group of
K (as described in the proof of Lemma 2.2.12) and by Theorem 2.2.2, G = K x K. So,
G is an extension of K by K. Since K is abelian, the action of K on K, defined by the

equality (4.37) becomes the trivial action. Hence, the cocycle identity (4.41) becomes

Fe,y)+ F(x4y.2) = f(3n2) + Fx,y+2). (4.67)
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We will prove that f is a cocycle associated to G. Since we have the equalities
(4.66), by Theorem 4.4.4, it is enough to show that f satisfies (4.67). We will use
the associativity of G.

(6°¢)8° = (g¢" )¢ = (g" Wal ¥ W)yigt = gty gt

_ ngrygzaxf(X‘ly) _ (gg(X+y)‘11)X+ya)Cf(X"y)

= (gt e () ") ey g ()

— NS () T () = eyt fletna) 1) (4.68)

On the other hand,

§(e787) =g (g8 ) =g (g" VY = g0
1 1

= (gg" T 071D = (g1 04 o O 04 2) g 07 19)

Py f T ORI eyt fley )+ (2) (4.69)

for all x,y,z € K*. Associativity implies that f € Z?(K,K) is a cocycle associated to G.

Since G is abelian and free, g*™a/(®) = g¥g¥ = @¥g* = g"a/0) implies that

F(x,y) = f(y,x) for all x,y € K, so f is symmetric.

Since T acts on G by group automorphisms, for all x,y,7 € T, we have g/* T a/(1x1y) =
gvgr =(g'¢) = g 1¥a! /() which gives that f is K-multiplicative. The equalities

¢ =g¢"= g"alz *0) and a = gg = af (L) imply (ii) and (iii), respectively.

Conversely, assume that f € Z?(K,K) is a cocycle satisfying properties (i), (ii) and

(iii). Put G = K x K and T = K*. We define the multiplication operation on G by

(x,)(y,2) = (x+y,t + 2+ f(x,y)) 4.70)

for all x,y,7,z € K. Then, by (iii), (0,0) becomes the identity element. By (ii),
(1,3)"" = (x,v+) since

(x,y)(x,x+) = (0,x+ f(x,x)) = (0,x+x£(1,1)) = (0,x+x) = (0,0). 4.71)

In order to prove that the operation defined by equality (4.70) is associative in G, we

will use that £ is a cocycle.

[(x,0)(%,0)](z,0) = (x+, F(x,9))(2,0) = (x+y+2, F(x,y) + F(x+3,2)). (4.72)
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On the other hand,

(x,0)[(5,0)(z,0)] = (x,0)(y+2,f(0,2)) = (x+y+2,f(1,2) + F(x,y+2)).  (4.73)

Equalities (4.72) and (4.73) together with the cocycle identity (4.67) imply the

associativity in G.

Since f is symmetric, G is abelian and nilpotent. The exponent of G is 4. Since f is

K-multiplicative, for all x,y € K and t € T, we have

(x,0)"(3,0)" = (1x,0)(1y,0) = (tx+ty, f(tx,1y) = (tx+1y,1f(x,y)) = [(x,0)(»,0)]',
4.74)

thus 7" acts on G by group automorphisms by componentwise multiplication. If
(0,x), (0,y) are any two nontrivial involutions, then (0,x) = (0, y)xyfl. Thus, T acts

transitively on / where I = K+ and (G, T) is an abelian Suzuki 2-group over K.

Therefore, by Theorem 4.4.5, isomorphism classes of abelian Suzuki 2-groups of
exponent 4 over a field K of characteristic 2 are in a one-to-one correspondence
with the elements of the 2-dimensional cohomology group H?(K, K) whose preimages

f € Z?(K,K) are the cocycles satisfying properties (i), (ii) and (iii). [J
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5. NONABELIAN SUZUKI 2-GROUPS OF EXPONENT 4

5.1 Quasi-abelian Suzuki 2-Groups

5.1.1 Notation and Terminology

Throughout this section K denotes a perfect field of characteristic 2, K™ and K* denote
the additive and the multiplicative groups of K, respectively. [ denotes the set of
involutions in a Suzuki 2-group G. When we say that a map "f : K x K — K is
K-multiplicative" we mean that f(tx,ty) =1¢f(x,y) for all ,x,y € K. If (G,T) is a
nonabelian free Suzuki 2-group of exponent 4 such that for any element g € G, the

subgroup < g’ > is abelian, then we say that (G, T) is a quasi-abelian Suzuki 2-group.
5.1.2 Properties of Quasi-abelian Suzuki 2-Groups

Lemma 5.1.1 Assume that (G,T) is a quasi-abelian Suzuki 2-group over K. Then G/I
is a vector space over K by the induced action of T as multiplication of a vector by a

scalar.

Proof. Define the operation of multiplication by a scalar as xg = g* forg € G/I, x € K.
Define the vector addition on G/I by g-+h = gh for all g,h € G/I. Then

x(yg) =xg" = g% = (xy)g, (5.1)
(x+y)g=g"=¢"¢ =g +¢&, (5.2)
x(g+h) = xgh = (gh)* = g*h* = g* +h* = xg + xh, (5.3)
lg=3 (5.4)

47



for all x,y € K, g,ﬁ € G/I. Equalities (5.2) and (5.3) exhibit that the distributivity laws
hold in G/I. Since G is of exponent 4, G/I is abelian and it becomes a vector space

over K together with these operations. []

Definition 5.1.1 If dimension of G/I over K is equal to n— 1 for some n € N, then

(G,T) is called an n-dimensional quasi-abelian Suzuki 2-group.

Lemma 5.1.2 Let (G,T) be a 3-dimensional quasi-abelian Suzuki 2-group over K.

Then there are g,h € G such that g* = h*> = a and {g,h} is a basis for G/I over K.

Proof. Take any g € G\ I and put a = g°. Since G is nonabelian, the subgroup < g’ >
of G is proper. Take any 1 € G\ < g’ > of order 4. If h> = b, then since T acts
transitively on 7, there is s € T with a = b*. Without loss of generality, we may replace
h by k' to get g2 = h*> = a. If xg 4 yh = 0 for some x,y € K then g*h’ = I which implies
x =7y =0. Thus, {g,h} is a basis of G/I over K. [J

Lemma 5.1.3 Let (G,T) be a 3-dimensional quasi-abelian Suzuki 2-group over K.
Assume that {g,h} is a basis for G/I over K for g, h € G with g> = h> = a. Then every

element in G can be written uniquely as g*WWa* for x,y,z € T.

Proof. Take any 1 € G. Then 7] € G/I = {xg+yh:x,y € K} = {g*h’ : x,y € K}. So,
for some x,y € K,  and g*/” belong to the same I-coset in G, i.e., N = g*h’a* for some

z€eK.

We prove uniqueness: If g'h’a® = g“ ¥ a® for some x,y,z,x,y.7 € K. So, g'h’ =
g a#t? | then xg + yh = X¥g+y'h in G/I and since {g,/} is basis we have x = x/,
y =y'. But then since G is free, the equality g*’a* = g*h’ a implies that a* = @ ie.,

z=7.0
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5.1.3 Classification of 3-dimensional Quasi-abelian Suzuki 2-Groups

Given a K-multiplicative, biadditive, surjective map f : K x K — K with f(x,y) #x+y
for any x,y € K* x K*, let Gy = K x K x K and T = K*. Define the multiplication

operation on Gy by

(x1,51,21)(x2,¥2,22) = (01 +x2,y1 +y2, f(V1,%2) + VX102 +/y1y2 + 21 + 22).
(8.5)

Theorem 5.1.1 Let (G,T) be 3-dimensional quasi-abelian Suzuki 2-group over K.
Assume that {g,hY} is a basis for G/I over K for g,h € G with g> = h> = a. Then there
exists a K-multiplicative, biadditive map f : K x K — K such that W g* = g*hWa’ ()
and f(x,y) # x+y forall (x,y) € K* X K*.

Conversely, if f: K x K — K is a K-multiplicative, biadditive map with f(x,y) # x+y
forany x,y € K* x K*, then (G, T) is a quasi-abelian Suzuki 2-group over the field K

and the action of T on Gy is componentwise multiplication.

Proof of Theorem 5.1.1. Since G/I is abelian, h¥'g* = g*hY, so g*h” and 1’ g* belong
to the same I-coset in G thus there exists a map f : K x K — K with g*h’ = iWg“a/ ().

For x,y € K*, the element g*/#”a® is not an involution, so,
14 ( gxhyaz)Z = W Wa = g Wil (xy) — af(x,y)erer, (5.6)

hence f(x,y) # x+y forall (x,y) € K* x K*.
Lemma 5.1.4 f is biadditive.

Proof of Lemma 5.1.4. By associativity in G
gth1+y2af(y1+y27x) = P H2gY = P p2g gV = hy1gxhy2af(y2-,x)+\/y1y2

= g W1 2a 1A 020+ = gty gf 1)+ (2:%) (5.7)

(5.7) implies that f(y; +y2,x) = f(y1,%) + f(v2,x). Similarly,
gx1+x2hyaf(y7x1+x2) — hygx1+x2 = W g g gViive — xlhngZaf(y7x1)+\/x1x2

= gl g2 of O ) +vxa — gritxa py o/ Ox)+f (vx2) (5.8)

49



Equality (5.8) gives f(,x1 +x2) = f(3,x1) + f(3,x2).
Lemma 5.1.5 f is K-multiplicative.

Proof of Lemma 5.1.5.
gtxhtyaf(tx,ty) _ htygtx _ (hyg)c)t _ (gxhy)t(af(xy))t _ gtxhtyatf(x,y) ) (5.9)

(5.9) implies that f is K-multiplicative.
Lemma 5.1.6 The operation defined in (5.5) is associative.

Proof of Lemma 5.1.6. Since f is biadditive, we obtain the following equalities:

[Ger,y1521) (32,32, 22)] (%3, 3, 23)

= (x1+x2,91 +y2, f(V1,X%2) + V/X1x2 4+ /Y1y2 +21 +22) (x3,3,23)

= (x1 X2+ 23,51+ Y243, F (1 +32,%3) + /(61 +22)x3 + /(71 +2)3
+f1,x0) Fvxix+ Y+ +22+23)

= (x1 +x2+x3,51 +y2 +3, f(y1,%3) + f(y2,%3)

+/X1X3 + /X0x3 4+ /Y13 + /Y2y3 + F(V1,X2) + VXX +/Yiys + 21 22+ 23)
(5.10)

On the other hand,

(1, y1,21) [(%2,¥2,22) (%3,3, 23]

= (x1,51,21) (X2 +x3,52 +3, £ (¥2,%3) + /X2x3 + /2V3 + 22+ 23)

= (1 +x2 433,01 + Y233, 01,02 +x3) + 1/ (02 +x3)x1 + /(2 +¥3)01
+21 + 22+ 23+ Vxx3 +/y2y3 + f(2,%3))

= (X1 +x2+x3,51 +y2+¥3, f(V1,%2) + f(¥1,%3) + f(y2,%3)

+V/X1X2 F /X1X3 /Y12 V13 F VXX /yay3 2 22+ 23) (5.11)

Equalities (5.10) and (5.11) give the associativity in G.
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Lemma 5.1.7 (G,T) is a quasi-abelian Suzuki 2-group over K.

Proof of Lemma 5.1.7. Every element (x,y,z) in G has an inverse (x,y,z)"! =

(x,y, f(y,x) +x+y+2z), since for any x,y,z € K, the equality
(x,,2,)(a,b,c) = (x+a,y+b, f(y,a) + vVxa+\/yb+z+c) = (0,0,0) (5.12)

impliesa =x, b=y, and ¢ = f(y,x) +x+y+z.
Note that G is nonabelian since f(yj,x2) # f(y2,x1) in general.

Since f(y,x) # x+y for any x,y € K* x K*, for (x,y,z) € G,
(x,,2)(x,y,2) = (0,0, f(v,x) +x+y) = (0,0,0) if and only if f(y,x) = x+y if and
only if x =y = 0 and hence, the set of involutions / is equal to {(0,0,z) : z€ K} ~ K ™.

Since G/I is is of exponent 2, it is abelian, so G is nilpotent of class 2.

Note that since f is biadditive, f(0,x) = f(0+ 0,x) = f(0,x) + f(0,x) = 0 =
f(»,0) for all x,y € K and therefore, the center of G consists of involutions since
(x,y,2,)(a,b,c) = (x+a,y+b, f(y,a) +/xa+/yb+z+c) = (a+x,b+y, f(b,x)+
Vxa++/yb+z+c) = (a,b,c)(x,y,z,) forall x,y,z € K, if and only if f(y,a) = f(b,x)
forall x,ye Kifandonlyifa=5b=0

Since f is K-multiplicative, for all x,y,z € K, € T, we have

(x1,51,21) (x2,¥2,22)" = (tx1, 291, 121) (22, 132, 122)

= (tx1 +1x2,ty1 +1ty2, f(ty1,1x2) + /X122 + 1 /y1y2 +121 +122)

= (x1+x2,51 +y2, f(V1,%2) + VX2 4+ /Y2 + 21 +22)

= ((x1,31,21) (x2,¥2,22))"- (5.13)

Hence, T acts on G by automorphisms.

T acts transitively on the set of involutions for if (0,0,s),(0,0,z) are nontrivial
involutions then (0,0,s) = (0,0,sz~'z) = (0, 0,z)sz_] . Thus, (G,T) is a nonabelian free
Suzuki 2-group of exponent 4 over K. Finally, for all x € K, the subgroup < (x,0,0)” >

of G is abelian and therefore (G, T) is a 3-dimensional quasi-abelian Suzuki 2-group.

O
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5.1.4 An Example of a 3-dimensional Quasi-abelian Suzuki 2-Group

Example 5.1.1 Let K be the polynomial field F(t,t'/2 ... t1/2" ),
G=KxKxKandT =K*. Let f(x,y) = \/xy for all x,y € K. Define the multiplication

operation in G by

(x1,¥1,21)(X2,¥2,22) = (X1 + 22,91 +y2, VY1X2 + VX2 +/yiya +z1 +22).  (5.14)

If f(x,y) = \/Xy = x+y for some x,y € K, then y’l\/x_yzy’lx—i—l and \/xy~! =

1

y~'x+ 1. Substituting z = xy~', we have

=722 +1. (5.15)

Since Fy € K, there is no element in K satisfying equality (5.15). Therefore, f(x,y) =
VXy = x+y if and only if x =y = 0. Clearly, f is K-multiplicative and since
characteristic of K is 2, it is biadditive. The action of T on G is componentwise

multiplication. So, (G,T) is a 3-dimensional quasi-abelian Suzuki 2-group over the

field K.
5.1.5 Classification of n-dimensional Quasi-abelian Suzuki 2-Groups

Theorem 5.1.2 Let (G,T) be an (n+1)-dimensional quasi-abelian Suzuki 2-group
over K, n € N. Then there are gy, ...,g, € G such that

g =..=g>=aand {g1,...,8n} is a basis for G/I over K. Furthermore any element
in G can be written uniquely as g)fl...gf;’ay for xi,y € K, i =1,...,n and there exist

K-multiplicative, biadditive maps fij : K x K — K i,j=1,...,n; i < j such that

f12(X1,X2) +... +f1n(x1,xn) +f23(X2,X3) +... —|—f2n(x2,xn) +...
+fn72,n71 (anZaxnfl) +fn72,n(xn727xn) +fn71,n (xnfl 7xn)
£X1+...+x, (5.16)

for all (x;,x;) € K x K with at least two nonzero xp,xs € K* for some m,s € {1,...,n}

and

gl g);-j _ g;j gt i (xixj) (5.17)
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forall (x;,x;) € K x K.
Conversely, assume that f;j: K x K — K i,j=1,....n; i < j are K-multiplicative,

biadditive maps satisfying inequality (5.16). Let G=K x ... x K = K" and T = K*.

Define the multiplication operation on G by

(X1, e X, 21) (V15 -5V, 22) = (X115 000 X0+ Yy

fr20,2) + oA fra(vn, Xn) + f2.3(52,%3)

oot o (32, %) + oo+ Frm1n(Vn1,%n))

+ /X1 F oo Xyn 21+ 22)- (5.18)

Then T acts on G by componentwise multiplication and (G, T) is an (n+1)-dimensional

quasi-abelian Suzuki 2-group over K.

Proof of Theorem 5.1.2.

Lemma 5.1.8 There existmaps f;j: K XK — K, i,j=1,...,n; i < j, satisfying equality
(5.17).

Proof of Lemma 5.1.8. It follows from Theorem 5.1.1.

Lemma 5.1.9 There exist g1,...,gn € G such that g3 = ... = g2 = a and {g1,...,gu } is
a basis for G/I over K. Furthermore, any element in G can be written uniquely as

g\'...gna forx,yeK, i=1,...,n

Proof of Lemma 5.1.9. By Lemma 5.1.1, G/I is a vector space over K. The rest
of the proof is analogous to the proofs of Lemma 5.1.2 and Lemma 5.1.3. Take any
g1 € G\I. Let g% = a. Take any g, € G\ < ng > If g% # a then we may replace g, by
g5 for some s € T to obtain g1,g> € G with g% = g% = a. Continuing this process, after
n steps we obtain g, ...,g, € G such that {g7,...,g,} is a basis for G/I over K. Then

every element of G can be written uniquely as g}'...g\"a* for x;,z € K, i=1,...,n.

Lemma 5.1.10 The maps f;j’si,j=1,...,n; i < j are biadditive and K-multiplicative..
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Proof of Lemma 5.1.10. Proof is analogous to the proofs of Lemma 5.1.4, Lemma
5.1.5 and Lemma 5.1.6. By associativity of G, the maps f;;’s i, j = 1,...,n; i < j are

biadditive and since T acts by automorphisms on G, they are K-multiplicative.
Lemma 5.1.11 Inequality (5.16) holds.

Proof of Lemma 5.1.11. For x;,y € K, i = 1, ..., n, such that x,,.x; # 0 for some m,s €

{1,...,n}, we have

X1 X2 X 2
1#(81'8) &' a)
_ N2 Xp X1 X2 Xn—1 X +vy
=818 "‘gnngl 8- -~-(gn”_1gn")ay Y
o X2 Xp X1 XD Xy Xn—1 (1 x
_gl g2 "'gnngl g2 "‘gnngnn_lafn l’n( n-l ")
Xn—1 X1 Xn—1 fn,l,n(xn,l,x,1)+..4+f17n(x17xn)

— oM
_gl "'gnflgl ...gnila

— a.fn—l#n(xn—l 7xn)+"~+fl ,n(xl 7Xn)+~--+f1 ,Z(XI ,XQ)+X] T+t . (5.19)
Since (G,T) is a free Suzuki 2-group, inequality (5.19) implies (5.16).

Lemma 5.1.12 G is a nonabelian group of exponent 4 with the operation defined in

(5.18).

Proof of Lemma 5.1.12. Analogous to Lemma 5.1.7, associativity in G, follows by

biadditivity of the maps f;;’s i, j=1,...,n;i < j.

Every element in G has an inverse

(X1 ey X0,2) = (X1 ooy Xy f12(X0,22) oo FLn(X1,%0) oo fr 10 (X1, %0)

+x1+ .. +x,+2). (5.20)

G is nonabelian since,

fion,x2) + oo+ fiaixn) + oo+ a1 n(n—1,%0) #

f1,2(x17y2) + ... +f1,n(x17yn) +... +fn—1,n(xn—17yn)a (5-21)
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in general, for x;,y; € K, i=1,...,n. G is a group of exponent 4, since

(X1 oo X5 2) = (00,0, f1 2(x162) oo A Fra(X1,%0) oo Fre 1 (X 1,%)
+x1 4+ ... +x,)7 = (0,...0,0). (5.22)

Lemma 5.1.13 (G,T) is an (n+1)-dimensional quasi-abelian Suzuki group.

Proof of Lemma 5.1.13. Since the center of G consists of involutions, G is
nilpotent of class 2. By componentwise multiplication, T acts freely on G by group
automorphisms. 7 acts transitively on I, for if (0,...,0,s),(0,...,0,z) are nontrivial
involutions then (0, ...,0,s) = (0,...,0,57"'z) = (0,0,z)szfl, s,z € K. For any x; € K,
the subgroups < (0, ..., x;,0, ...,O)T > are abelian for i = 1,...,n. Therefore, (G,T) is a

quasi-abelian Suzuki 2-group over K. []

5.1.6 An Example of an n-dimensional Quasi-abelian Suzuki 2-Group

i1/2m ci=1,.,n—1;m e N).

Example 5.1.2 Fix n € N. Let K = Fo(ty,...,tn—1)(t
Define fij: K x K — K by fij(xi,x;) = /%ixj fori,j=1,...,n—1;i < j. Then f;s are
biadditive, K-multiplicative maps satisfying (5.16) and (5.17). Let G=K X ... x K =
K" and T = K*. Define the multiplication operation on G as in (5.18). Then T acts

on G by componentwise multiplication and (G,T) is an n-dimensional quasi-abelian

Suzuki 2-group over K.

5.2 Smart Suzuki 2-Groups

5.2.1 Notation and Terminology

For any field K, we denote the additive and multiplicative groups in K by K™ and
K*, respectively. Let (G,T) be a nonabelian Suzuki 2-group of exponent 4. If T acts

transitively and freely on G/I, then we say that (G, T) is a smart Suzuki 2-group.

If (G,T) is a smart Suzuki 2-group, by Lemma 2.2.1, T U {0} and T /Cr(I) U {0}
become fields where 0 and 0 are new symbols. Throughout this section, K denotes

T U{0} and k denotes T /Cr(I) U{0}. We have K ~ G/I and k® ~ I, where + and @
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denote the induced additions on K and k, respectively. We say that K is the wide field

and k is the narrow field associated to G.

5.2.2 Properties of Smart Suzuki 2-Groups

We define maps o : K — kby a(t) =7 forallt € T and «(0) =0; and B : K x K — k
by aP¥) = [¢*, ¢] = (g°) ! (g¥) 'g*g" for all x,y € T and B(0,0) =0, for any g € G

of order 4 with a = g°.

Lemma 5.2.1 Such B exists and unique, it is independent of the choice of the element

geG.

Proof. Since G’ =1, such B exists and as T /Cr(I) acts freely on I, B is unique.
Moreover, since T acts transitively on G/I, B is independent of choice of the element

g € G, that s, if h € G/I, then h = g* for some s € T, so
(1,0 = [(8°)", (8°)) = [¢%.8") = (a")P) = (n?)PE). (5.23)
O

o is called the characteristic map of G, and B is called the commutator map of G.

Lemma 5.2.2 Let (G,T) be a smart Suzuki 2-group. Then G/I becomes a one

dimensional vector space over K.

Proof. We define the operation of multiplication by a scalar by x.g = g* for all g € G,
x € K and the vector addition addition on G/I by g+ h = gh for all g,h € G. Now

G/I is an additive abelian group. We need distributivity: For any 7,x,y € K and g € G,

I(E—X_}_gy) = t(g_x+g_Y) :t(gng) = (gxg)’)l :gthyl :?—{—y: lg’x—{-lgy. On the other
=g'gY =¢"¢"V =1z" +)3". O

__Xt+xy

hand, (1 +y)g" = (t+y)g" = ") = g¥ T =73

Let us fix an element g € G of order 4 and put a = g>. We define a map fe : KxK—k
by g'g” = g“als(Y) forall x,y € K.

Lemma 5.2.3 Let (G,T) be a smart Suzuki 2-group and g € G be an element of order
4. Then
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(i) fg is well-defined.

(ii) fg is a 2-cocycle.

Proof.

(i) Let x,y, € K and put a = g?. By definition of addition on K, " = g’ so
g’ = g"afsry) and

gtx+tyaf(tx,ty) _ gtxgty _ <gxgy)t _ (gx+yafg(x7)’))t — gtx-i—tyaffg(x,y) (5.24)
implies
afg(lx’ly) — affg(ﬁﬁy). (5.25)

Let 4 € G be any other element of order 4. Since G is a smart Suzuki 2-group, 1 = g’
for some t € T. Then h = g'b for some b € I, h> = a' and g’ = hb so by (5.25)

R = (gtb)x(gtb)y _ gtxgtybxby _ gtxgtybfby _ gtertyafg(tx,ty)b)?EDy

_ gtx-l-tya?fg (x,y)beBy _ (gt)x—i-y(at)fg (x,y)b)’c@y _ (hb)x-l—y (hZ)fg (x7y)bf®y

_ hx+ybx+y (hZ )fg (x,y) bf@y _ hx—i—y (hZ)fg (x,y) bx—i—be@Y

_ hx+y(h2)fg (0.)) Xy Xy hx+y(h2)fg (3.)) pXFy XY (5.26)
Since T acts transitively on I, b7 = (h2)s for some 5 € T /Cr(I). Therefore,
(5.26) implies that

WRY = WY (R2)T0) (R2)S = oty (R2)Fe )5, (5.27)
Since WY = Y (h?)i5) we have f;,(x,y) = fo(x,y) ®5.

(i1) We need to show that f, satisfies the cocycle identity (4.67). We have

(8°¢")g" = gx+yafg(x7y) &= ngrygzafg(x,y) _ gX+y+zafg(x7y)69fg(X+y,1). (5.28)
On the other hand,
gx (gng) fd gxgy+zafg (yvz) — gx+y+zaf;%’ (yvz) ®fg (X,y+Z) X (5.29)

The result follows by the associativity in G. [J

We say that f is a 2-cocycle associated to G.

57



Lemma 5.2.4 We have the following commutator properties for any g,h € G of order

4dand x € K:

[8.h] =g 'h'gh = (gh)*g° I, (5.30)
[8182,h] = [g1,h][82,h], (5.31)
(&5, 1] = [g, h]". (5.32)

Proof. Since g%,h> € I = Z(G),

8,h) = g 'h™'gh =g h’gh = gg*h*hgh = gg*hghh® = ghghg®h* = (gh)*g*h*.
(5.33)

By using (5.30) and the equality gh = hglg, h] repeatedly, we have

(8182, 1] = (g182h)*(g182)°h* = g182hg182h(g182)*H*
= 2281(81,82)hg182h(182)*h* = gag1 g1, 82)hg1hg2lga, h] (g182)*h*

= g2g1hg1hga(g1,82)(82.h](182)*h* = g2(g1h) g2 (g1, 82)[82. M) (g182) *h*
2]’12

= (g1h)*g3(g1,82] (g2, (g182)
2 2
p

)

= (g1h)*83[g1,82) (82, hgig3lg1, go)

= (g1h)*[g1.82][82. h]gtlg1, g2)* = (g1h)*[g2, hlgih?
(g1h)’g

= (g1h)*gTh*(g2,h] = [g1,h][g2, h]. (5.34)

Finally, again by using (5.30) repeatedly, we obtain
(g% 1] = (&1 (&) (1) = ((8h)*)"(&°) (1) = ((8h)*&*h*)* = g, h}*  (5.35)

since T acts on G by automorphisms.

Proposition 5.2.1 Let (G,T) be a smart Suzuki 2-group. Then the following are
satisfied for all x,y,z € K:

(i) B(x,y) = da(x,y) = a(x+y) & ax) ® a(y).

(ii) B is biadditive,
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(iii) B(zx,2y) = a(2) B (x,),

(iv) B(x,y) = fe(x,y) @ fo (v, x), for any element g € G of order 4.

(v) a(x) = fo(x,x) for any element g € G of order 4.

Proof.

(1)

aP) = [ &) = (g7 (g) ' = (£°)*(¢")*(&)?
= (&)2(g9)2()? = aVdd = aPa'd’

— g%ty) golx) joly) — jolty)da(x)oaly) — dalxy)

Since T /Cr(I) acts freely on I, B(x,y) = da(x,y).
(i) By (5.31),

aPyd) = [0 o] = [ &) = (g, &7][¢". &)
_ B2 02 _ PeroB)

Thus B(x+v,z) = B(x,2) ®B(y,2).

(iii) By (5.32),

(5.36)

(5.37)

gBx2y) — 89,87 = g%, &) = (aﬁ(w))z — (aZ)ﬁ(w) _ (aa(z))ﬁ(w) — g%@Bxy)

Thus, B(zx,zy) = a(z)B(x,y).
(iv)Equality

P = [ 2 = (g) (&) e
implies

&g = g ¥aP ).

On the other hand, we have

+x g fe ()

gg=g
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Now (5.40) and (5.41) together imply that
@ T ls () — gty fey) gB(xy) (5.42)

50 as0%) = gfNEBEN e, Blx,y) = fo(,y) @ fy3).

If h € G is any other element of order 4, then W= gforsomere T and g=h'b,bel
Now by (5.32),

QPO = g% ) = (1R = (05T = R, 5.43)
S0,
htyhtxaﬁ(xy) — WY (5.44)

while by (5.27)
hl‘xhty — htx—i—ty(hZ)ffg(x,y)@fE (5.45)
for some s € T. Thus, (5.44) and (5.45) together imply that

hty—i—tx(hZ)ffg(y,x)@fEaﬁ(Xy)’) — htx—l—ty(hZ)ffg(x,y)@fE. (5.46)

Since B2 =da' ', (5.46) implies that

(a’_] )l )T B xy) — (a’_] syt (5.47)
that is,
(at’lt)fg(y,x)ﬂﬁaﬁ () — (at’IZ)fg(x,y)GBE (5.48)

which gives

afg()’vx)@gaﬁ(x»)’) — afg(xvy)@g' (5.49)
‘We have
aPY) — G Leoy)E5  fo(bX)BS _ (fo(xy) 58S (y )5 _ fo(xy)Sfe(vx) (5.50)

and again we obtain f(x,y) = fo(x,y) ® fo(y,x).
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(v) Since K is of characteristic 2,
aa(x) —d=a = (gZ)x _ <gX)2 _ X+Xafg(x7x) — afg(x»x), (5.51)

50 0((x) = fe(x,x). O

Let g,h € G be elements of order 4 with g2 = a, and h = g'b for some r € T, b € [ with
b= (W), ref.

Lemma 5.2.5 Any two 2-cocycles f, and f;, associated to G, differ by a multiple of

the commutator map B of G, that is
Jn(x,y) = fe(x,y) ®TB(x, ). (5.52)

Proof. Equality (5.26) implies that

W = hx+y(h2>fg (x,y) bMEBX@y
= Y (B2 ) e (V) palet)BaNBa) — prty (2 fe(xy) poaly)
= Y (W) Ty pB ) — by (p2) e () (p2)TB(x)

= Y (h?) e () BTB (xy) (5.53)

Since we also have i*hY = ¥+ (h?)/n (x3) the result follows by equality (5.54).
5.2.3 Classification of Smart Suzuki 2-Groups

Theorem 5.2.1 The wide and narrow fields and the characteristic map associated to a
smart Suzuki 2-group determine the structure of the Suzuki 2-group. That is, if (G;, T;)
are smart Suzuki 2-groups for i = 1,2, then G| and G, are isomorphic smart Suzuki
2-groups if and only if there exist field isomorphisms ¥ : K| — Ky, @ : ki — ky such
that the diagrams

KixKi — K)yxXK»

b | (5.54)

k1 L) k2
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K 1 L K2
all azl (5.55)

lekQ

commute.

Proof. Assume that 8 : G; — G, is a smart Suzuki 2-group isomorphism. Let g; € G
be an element of order 4, put a; = g%, g =0(g1) and ap = g%. Then there are maps

Y : K|y — K> and ® : k; — kp such that

0(g}') = 0(g) ™) = g, (5:56)
and that
Q(a)lcl) _ e(a(lxl(xl)) — ag:'(al (x1)) (5.57)

for all x; € K. There is an isomorphism between G /I; and G, /I, induced by 6. Thus,

0 gr) = G(Exl+yl) _ g—z‘l‘(x1+y1). (5.58)
On the other hand,
Q(g—lxl ) Q(g—1y1) — g—zlp(xl)g—zlp(ﬂ) — g—zlp(xl)"‘lp(yl)7 (5.59)

now since 7> acts freely on G, /I, equalities (5.58) and (5.59) imply
W(xr+y1) =¥(x) +¥(n) (5.60)

for all x1,y; € K;. Also,

O((E™)") =0(gr™") =gz ) (5.61)
and that
0((gr)) = e(ﬁxl)‘l'(yl) — (g_zq"(xl))\{'()’l) _ g_z‘y(xl)ly()’l) (5.62)

since T} acts freely on G| /I, equalities (5.61) and (5.62) give

W (xiyr) =¥ (x)¥(n) (5.63)
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for all x1,y; € K;. Equalities (5.60) and (5.63) give that ¥ : K — K is a field
homomorphism. Since 6 is a smart Suzuki 2-group isomorphism, 87! : G, — G

is also a Suzuki 2-group isomorphism such that
=0 (—‘P(xl)) — 9! (g—z)n(‘P(n)) = g1 (¥(x) (5.64)

hence n = Y-l and¥: K| — K> is a field isomorphism. Moreover, we have

0(ai'a)') = 0(a;" (x')a(lxl Oy = 0(a" ety aﬁ”(“‘ et (5.65)

0(a’dl) = e(a‘lxl(xl))e(a‘f‘l()’l)> _ ag’(al(xl))ag’(al(m)) _ ag(al(xl))@q)(al(ﬂ)). (5.66)

Since 1> /Cr, (I2) acts freely on I, equalities (5.65) and (5.66) imply that

d(xTOy) = ¢(ai(x1) @ai(y1)) = ¢(ai(x1)) ©o(ou(y1)) = o(x1) @9 (y1)  (5.67)
for all x1,y7 € k;. We have

ag(al(xl)al(w)) =0(a Ocl(xl)(x](yl)) =0(( )16 Y1) =0((a al(xl))al(y1)>

= ¢(051(x1)))¢(a1(y1)) _ 0o (x1))e(ai(y1)) (5.68)

a a

so, ¢ is multiplicative and thus, ¢ is a field homomorphism. Moreover, ¢ : k; — kj is

a field isomorphism since

ap(x) _ efl(ag(ﬁﬁ(xl))) _ aP(‘P(OCl(Xl))) _ aP(‘P(ﬁ)) (5.69)

alzal = =a = aj

for some homomorphism p : ky — k;. Since T1/Cr, (1)) acts freely on I;, we have
p=¢".

Finally, we will prove that diagrams (5.54) and (5.55) commute:

ag)(ﬁl(xlwl)) 0(a ﬁl(th)) 9<[g)161’g1 ) = G(glx')G(gl_y‘)G(g)f‘)G(gyll)

:gz—‘li()m)g2 ‘P(yl)g‘l’( )gz( ) _ [gz( 1)7g2( 1)] _agz( (x1), ()’1)) (5.70)

Since 7> /Cr, (1) acts freely on I, equality (5.70) implies that

O(Bi(x1,y1)) = B2(¥(x1), ¥(y1)) (5.71)
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for all x1,y; € K; and diagram (5.54) commutes. Also,

ag(al(m)) _ 9(al>¢(a1(x1)) _ O(Cl(lxl()q)) _ 9(611161) _ e(al)ll’(xl)

— az\P(xl) — a‘;Z(\P(xl)) (5.72)

Equality (5.72) gives

¢(au(x1)) = o (¥(x1)) (5.73)
for all x; € K| and diagram (5.55) commutes.

Conversely, assume that there exist the field isomorphisms W : K| — K>, ¢ : ki — kp
such that diagrams (5.54) and (5.55) commute. For j = 1,2, let I; denote the set
of involutions in G, fix an element g; € G| of order 4. Since G; are smart Suzuki

2-groups, K = G, /I;. Identify K by G, /I;. Put

g2 ="Y(g1) (5.74)
and
aj= g% (5.75)

Since I; = kj'?, the field isomorphism ® : k; — k, induces an isomorphism /1 — I, such

that a)fT > ag ), By abuse of notation we will write ¢ (a;') instead of ad™.

Since characteristic of Kj is 2, K; is a vector space over Z,. Let € be an index set, and

choose a basis {g7; }icq for K;.

Put

22 = Y(gu) (5.76)

for i € Q. Let g1; € Gy and gy; € G, be the liftings of gj; and g»;, respectively. Let
g € G1. Then

g=8i+..-+8gu- (8.77)

So, g =g11.--g11a for some a € I;. We define 0 : G; — G, by

0(g) = g21.--gu9(a). (5.78)
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Lemma 5.2.6 0 is well-defined.

Proof of Lemma 5.2.4. Consider the case when k = 2. Let g = g1 + g12. Since G|

is a smart Suzuki 2-group, 7; acts transitively on G| /11, so g;7 = g™, g12 = g1°! and

D=2 "), gy =g YO,

By commutativity of diagram (5.54), we have

¢ (B1(x1,y1)) = B2(¥(x1), ¥(y1)) (5.79)

for all x1,y; € K;. Then

821822 = 0(g11812) = 0(g) = 0(g12811(811,812]) = 822821P([811,812])

=22819([g7",8)']) = 822821 P(d] )y

e g22g21ag>(ﬁl (xlvyl)) — gzzgzlagz(ly(xl)"{l(yl))

W(x1) ‘P(yl)]

=g2081(8 18 = 822821821, 822]- (5.80)

The general case follows by induction.
Lemma 5.2.7 0 is a homomorphism.

Proof of Lemma 5.2.5. Let

g=811812---81ks (5.81)

g =811812--8m (5.82)

in Gy for k,m € Q. If gy;’s are different than g’lj for all i, j then

Q(gg,) = 9(811812---811(8/118’12---8’1m> = g21822---g2k8,218/22~--8,2m

= 0(g11812---81k)0(811812---81m) = 0(£)0(g'). (5.83)

If there is a common factor in g and g/, we consider the case when k = 1 and m = 2.

Putg=g11, ¢ = g11812-
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The characteristic map @; of G can be also considered as a map « : G| /I} — I, via

the following diagram

K - ki

t o(t)=1

l l (5.84)
g d

au(g)=d =d = () = () (5.85)
Then by commutativity of diagram (5.55) we have o = ¢y P, so

0(gg') = 0(g11811812) = O(ar1g12) = ¢(ai1)g2
= 0(g71)822 = 9 (1 (g11))822 = ¢ (00 (¥ (221))) 822

= o (221)822 = 831822 = 821821822 = 0(g11)0(g11812) = 0(2)0(g). (5.86)

The general case follows by induction.
Lemma 5.2.8 0 is an isomorphism.

Proof of Lemma 5.2.6. By replacing indices 1 and 2, we can obtain another

homomorphism Y : G, — G and by construction, 6 o Y = Id. Hence, Y = oL 0O

5.2.4 Examples of Smart Suzuki 2-Groups

Example 5.2.1 (¢f. [1].) Given a field L of characteristic 2 and a nontrivial field
automorphism ® : L — L with the property that the maps x — @ x 1 and x s x®x!

are surjective, let

Xy Z
[ =TI(L,®)= 0 x® » |:xyzeLx#05. (5.87)
0 0 x¥

Then I is a nonabelian Suzuki 2-group of exponent 4 whose center is the set of scalar

matrices in I'. The quotient of I by its center is a faithful smart Suzuki 2-group where
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T corresponds to the image of diagonal elements and G to the image of the strictly

upper triangular matrices.

I" is closed under matrix multiplication:

Xy z a b ¢ xa xb+ya® xc +ybq’+zaq)2
0 x® ® 0a® b® | =] 0 x®® 2% 42 el.
0 0 x¥ 0 0 o 0 0 (@ P
(5.88)
Xy z
For | 0 x® y® el
0 0 x¥
Xy z - Py Py P
0 0 x¥ 0 0 P
(5.89)
The center Z(T') of T is the set of scalar matrices in T,
a 00
Z(I') = 0 a 0 |:acL—{0} ;. (5.90)
0 0 a

Consider the quotient group I'/Z(T"). Let T be the image of diagonal elements, i.e.,

x 0 O
T = 0 x* 0 |z@M):xeL—{0}}. (5.91)
0 0 ¥

and let G be the image of strictly uppertriangular matrices, i.e.,

1y
G= 0 1 y® |Z(D):yzeLy. (5.92)
00 1

T acts on G by group automorphisms via conjugation:

xb o 0 1 vy z x 0 O

0 x?® 0 01 y® 0 x* 0 |z
0o 0 x% 00 1 0 0 x¥

1 x¢x‘1y x¢2x_1z
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a b ¢
I'/Z(T) = GT since any element | 0 a® b® | € T/Z(T) can be written as a
0 0 o
product of an element in G and an element in T as
a b c 1 a%®b afqbzc a 0 0
0 a® b‘b2 ZM=(0 1 4¥p® 0 a® 02 Z(I). (5.94)
0 0 a°® 0 0 1 0 0 a°®

Therefore T is a complement of G in T /Z(T'). Hence, T'/Z(I') =G < T.

G is a group of exponent 4:

1y z\* 10 yw®\? 100
01y | zD=(01 0 ZO)=( 0 1 0 |Z). (5.95)
00 1 00 I 00 1
The center Z(G) of G is
10 b
zG)=X[ 010 |z):beL}. (5.96)
00 1

G/Z(G) is (a group of exponent 2) abelian so Z>(G)/Z1(G) = Z(G/Z,(G)) =
Z(G/Z(G)) =G/Z(G), Z2(G) =G, i.e., G is nilpotent of class 2. The set of involutions
of Gis

1 0 z
1={| 010 |zm):zeL}. (5.97)
0 0 1
T is an abelian group.
x 0 O
We will show that T acts transitively on involutions. For [ 0 x®* 0 |zM)eT
0 0 1%
1 0y 1 0 z
and 1 0 |zZI), [ 0 1 0 |Z(T) €lwehave
0 01 001
x 0o 0 10y x 0 0 1 0 z
0 x® 0 010 0x* 0 |z)=(0 1 0 |zZI)
o 0o x*/J\oo0o1/\0o 0o x¥ 00 1
(5.98)
if and only if
1 0 x¢2x_1y 1 0 z
01 0 z)=(01 0 |zD (5.99)
00 1 0 01
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if and only if for any z,y € L\ {0} there exists x € L\ {0} such that 0l = 7yl
This is true since the map a — a®a ! is surjective in L. Therefore, (G,T) is a

nonabelian Suzuki 2-group of exponent 4 over L.

For smartness of G we need to show that T acts transitively and freely on G/I. T is

transitive on G/I since

x 0o 0 1y 0 x 0 0 1 z 0
0 x® o0 0 1 y? 0x* 0 Jz=(01 22 |zD
0 0 x® 00 1 0 0 x¥ 00 1
(5.100)
if and only if
1 x®x 1y 0 1 z O
0 1 x%¢ |z)=[o0 1 2 |z (5.101)
0 0 1 00 1
which is true since the map a — a®a™" is surjective in L.
T is free on G/I since
x 0 0 1y 0O x 0 0 1y 0
0 x%® 0 0 1 y° 0 x* 0 |zm=[0 1y |zD
0o 0 x¥ 00 1 0 0 x*¥ 00 1
(5.102)
if and only if
1 x0x7ly 0 I y O
0 1 x99 |zM)=]0 1y |z (5.103)
0 0 1 00 1
if and only if
x0x! y=y. (5.104)
Since y # 0, this implies x*x~' = 1 and x € Fix¢, that is
x 0 O x 00
0x* 0 |z=|0 x 0 |Z@I)=2z®T. (5.105)
0 0 x*¥ 00 x

Example 5.2.2 Let L be an algebraically closed field of characteristic 2 and let @ be

a power of the Frobenius automorphism on L, say, ®(a) = azn, neZ", allaeL. Then
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2
<I>x— o —1

the maps x — x Uand x — x®x~1 are surjective: For any b € L the polynomials
2"V —p=0and x¥'~' — b = 0 have zeros in L since L is algebraically closed. Thus,
forany b € L there exist a,c € L such that aa ' ="' =band P =21 = .

Then the group (G,T), defined by (5.92) and (5.91), is a smart Suzuki 2-group.

Example 5.2.3 (c¢f. [2].) Let K be a field of characteristic 2, ® : K — K be a field
automorphism. Put k = {t®t :t € K}. Assume that k is a subfield of K. Let h: K — k

be a k — linear, additive map. Let

1 x vy
G= 01 x® xeK,yekp;
0 0 1
1 0 0
T = 0t¢r O teK* . (5.106)
0 0 %
We define the group operation on G by
1 x ¢ 1y z 1 x+y h(t+z+xy%)
0 1 x® 01y |=0 1 x®4y® (5.107)
0 0 1 0 0 1 0 O 1
forall x,y € K, t,z € k. Since h = h?, associativity holds in G:
/1 x vy I a b 1 z ¢
0 1 x® 01 a® 01 22 |=
0 0 1 0 0 1 0 0 1
1 x+ta+z t+y+b+h((x+a)z®)+h(xa®)
0 1 x®+a® % =
0 0 1
1 x+atz t+y+b+h(xz®+az®+xa®)
0 1 x®+a® 42 =
0 0 1
1 x+ta+z t+y+b+h(xa®+xz®)+h*(az?)
0 1 x®+a® 422 =
0 0 1
I x vy 1 a b I z ¢
0 1 x® 01 a® 01 2 (5.108)
0 0 1 0 0 1 00 1
T acts on G by conjugation. Furthermore, T acts transitively on involutions
1 0 x®
1= 01 O xekK (5.109)
0 0 1
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since

1 0 0 1 0 w® 10 0 1 0 zZ%
0o+! 0 01 0 0+t 0 |=101 0
0 0 %! 00 1 0 0 t%r 00 1
(5.110)
if and only if (xt)(xt)® = zz%, t = 2.
G is a nonabelian Suzuki 2-group of exponent 4. T acts transitively on
1 x O
G/I ~ 0 1 x® |:xekK (5.111)
0 0 1
since for any x,y € K — {0},
1 0 0 1 x O 1 0 0
0 (yx 1! 0 01 x® 0 yx~! 0 =
0 0 (yx~ 1y ®x=®)~1 00 1 0 0 yx 'y®x®
I y O
0 1 y® (5.112)
00 1
T acts freely on G/I, since
1 0 0 1 x O 1 0 O
o' o0 0 1 x® 0t 0 |=
0 0 %! 00 1 0 0 t%r
1 xt O 1 00
01 x®® | =(010 (5.113)
0 1 0 01

implies xt = 0. Hence, (G,T) is a smart Suzuki 2-group with associated 2-cocycle

f: K x K — k satisfying

h(xy?)
0 : (5.114)
1

the characteristic map o(x) = xx® and the commutator map B : K x K — k satisfying

al ) —

o o -
S = O

0 h(xy? +yx?)
1 0 (8.115)
0 1

aP®y)

S O =

forall x,y € K.
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Example 5.2.4 Let G = Qg = {1,—1,i,—i,j,—j,k,—k} and T = {1,x,x*}. The
subgroup of involutions in G is [ = {1,—1}. We define the action of T on G by i* = j,
J =k k=i 1"=1and (—1)*= —1. Then Cr(I) =T. Put K =T U{0} and
k=T /Cr(I)U{0}. Then the wide field K = Fy and the narrow field k = Fy. Since

Jj =k, }“xz =i and Exz = j, T acts freely and transitively on G/I.
Therefore (G,T) is a smart Suzuki 2-group.

1 00
Consider the following matrix representation of G: Let 1 = 0 1 0 |, —1 =
0 01
101 110 1 x 0 1 20
010],i={011],j=101x*],andk=|[0 1 x
0 01 0 01 00 1 0 0 1

Let ¢ : K — K be the field automorphism defined by ¢ (x) = x? for all x € K. We define
amap h: K — k by h(0) =0, h(1) = 1, h(x) = 1 and h(x*) = h(x+1) = 0. Then h
is k-linear and additive. The group operation in G is defined by equality (5.107). The
characteristic map o : K — k of G is defined by a(0) =0, a(1) = a(x) = a(x?*) = 1
where Kerot = T = Cr(I) and Ima. =k = T /Cy(I) U{0} = T /Kera U {0} = F,.

Example 5.2.5 For n € N, let K = Fy, k = and let ¢ : K — k be the field
automorphism defined by ¢ (x) = x% forallx € K. Let h : K — k be a k-linear, additive
map. Let G, T be the groups defined by equality (5.106) where the group operation
on G is defined by equality (5.107). Then (G,T) is a smart Suzuki 2-group with the
characteristic map o : K — k defined by o(x) = x%x for all x € K. Note that forn = 1,

we obtain the example of quarternions.
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