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ABSTRACT

LEASING AND REMANUFACTURING STRATEGIES

WITH PRICING AND INVENTORY CONTROL

We consider infinite horizon inventory policies for a company which satisfies

customer demand by either selling or leasing a product. If the product is leased, it can

be leased for a different number of periods. The customer demand follows a Poisson

process whose mean is a function of the price. The company has manufacturing,

refurbishing and remanufacturing options for building-up inventory. The new products

and the products returned by the customers that are subject to remanufacturing or

refurbishing process are collected into the same finished goods inventory. It is assumed

that significantly worn-out ones among the returned products are disposed of from the

system. In the model, we consider an (S−1, S) type policy for controlling the inventory

and determine the optimal inventory level as well as the optimal leasing and selling

price of the product. Our analytical model assumes that a used product can return to

the system infinitely many times.

We use the optimal price and inventory levels obtained from the analytical model

in a simulation model which considers the more realistic case of a finite number of

returns. We calculate the average profit per unit time including revenue from leasing

and sales, inventory holding costs in the system, backorder and lost sales costs. We

discuss the results of the analytical model and compare them with the simulation model

results, and provide insights for the decision makers.
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ÖZET

KİRALAMA VE YENİDEN ÜRETİM STRATEJİLERİNDE

FİYATLANDIRMA VE ENVANTER KONTROLÜ

Bu çalışmada, ürünlerini kiralayarak veya satarak müşteri taleplerini karşılayan

bir firmanın fiyatlandırma ve envanter politikaları incelenmektedir. İncelediğimiz mod-

elde sisteme gelen kiralama ya da satın alma müşteri talepleri verilen fiyatın bir fonksiy-

onu olacak şekilde Poisson sürecine göre gerçekleşmektedir. Kiralanan ya da satın

alınan ürünlerin müşteride geçirdikleri süreler birbirinden farklı rassal değişkenler ola-

bilmektedir. Müşteride kalma süresi sona eren ürünler yeniden üretim için sisteme geri

dönebilmekte, dönmeyen ürünler için ise üretim siparişi açılmaktadır. Yeni ürünler

ile müşteriden dönüp, yeniden üretim işleminden geçen ürünler aynıbitmiş ürün en-

vanterine gönderilmektedir. Müşteriden döndüğünde yeniden üretilemeyecek kadar

yıpranmış olan ürünler ise sistemin dışına atılmaktadır. Modelde (S − 1, S) envanter

politikasıaltında, en iyi envanter seviyesi ile en iyi kiralama ve satış fiyatları belirlen-

mektedir.

Geliştirilen modelde ürünlerin sonsuz defa yeniden üretilip müşteriye dönebileceği

varsayılmıştır. Bu modelin çözümünden elde edilen en iyi fiyat ve envanter seviyeleri

kullanılarak, benzetim yardımı ile müşteriden dönen ürünlerin ancak sınırlı sayıda

yeniden üretim işleminden geçip müşteriye dönebileceği durumda sistemin birim za-

mandaki beklenen karı hesaplanmıştır. Bu kar hesaplanırken, satış ve kiralama gelir-

leri ile ürünü envanterde tutma maliyeti ve müşteriyi bekletme veya kaybetme maliyeti

göz önünde bulundurulmuştur. Modelin analitik sonuçları, kurulan benzetim modeli

ile karşılaştırmalar ve karar vericiler için çıkarımlar tartışılmaktadır.
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1. INTRODUCTION

In recent years, companies started to implement new strategies in order to im-

prove their profitability. One of the concepts that may have a significant role on the

profitability is reprocessing the returned products. In this study, we consider two types

of reprocessing structures: refurbishing and remanufacturing. Refurbishing is “servic-

ing and/or renovation of older or damaged equipment to bring it to a workable or

better looking condition” (http://www.businessdictionary.com/). Remanufacturing,

on the other hand, is “a series of manufacturing steps acting on an end-of-life part

or product in order to return it to like-new or better performance, with warranty to

match.” (http://www.remanufacturing.org.uk). However, it differs from the other re-

covery processes since it is very detailed. For instance, let’s consider a bicycle returned

by a customer. If we only dye the frame of the bicycle, this process is refurbishing.

However, if we disassemble the returned product and repair the wheels and the pedals

and reassemble the bicycle, this process is called a remanufacturing.

In this study, we consider leasing and selling strategies. Leasing is obtaining the

products without investing capital on that product and formally it can be defined as

“An instrument conveying the possession of real property for a fixed period of time

in consideration of the payment of rent.” (http://www.lectlaw.com/). The leasing

customer uses the product until the end of the period which is specified on the leasing

contract. In our problem, customers arrive to the system either to lease or to buy the

product. A leasing customer may lease the product for different periods depending on

the lease option chosen by the customer. However, customers know that at the end of

the lease period they have to return the product. The returned products are evaluated

and if they are not highly depreciated they are refurbished. On the other hand, when

the customer arrives if there is no on-hand finished goods inventory the demand is

either backordered or lost.

In leasing industry, refurbishing is an important strategy that affects the profit of

the system. Since the leasing customers have to return the product, in order to lease
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again or sell these products, they need to be renewed. Refurbishing process increases

the income obtained from the leased products, because a renewed product can be leased

at a higher price. Another factor that affects the revenue obtained in leasing a product

is setting the right price for the products, since the pricing strategy affects the product

demand.

A customer who does not prefer to lease the product has the option of buying

it, if there is a product available in the finished goods inventory the customer demand

is satisfied. Otherwise, it is backordered. The customer who buys the product may

return the product back to the system with some probability. The returned products

are remanufactured and sent to the finished goods inventory. We use an (S−1, S) base

stock policy in order to replenish the inventory. We assume that there is only one type

of product and all the products that are refurbished, remanufactured or manufactured

are put into the same finished goods inventory. Thus, if the buying customer does

not return the product, or if the returned product from the leasing customer is not

refurbishable a manufacturing order is given. In our model, manufacturing is used

for the following purposes: For obtaining a brand-new product, for replacing a highly

depreciated product while it is at the leasing customer and for compensating a product

that will not return from the buying customer.

We model the system as an infinite horizon problem, and we calculate the ex-

pected refurbished, remanufactured and manufactured quantities. We also calculate

the expected costs that are incurred in different stations, and at the inventory control

stage of the system. Our objective is to maximize the expected profit per unit time in

the long run by optimizing the order-up-to level and the selling price of the product.

The base stock level affects the system profit because if there is no product in the

inventory the demand is backordered or lost. Thus, either a backordering cost or a loss

sale cost is incurred. Also, in case there is no available product on hand, manufacturing

option has to be used in order to satisfy the customer demand and a manufacturing

cost is incurred. On the other hand, if there are excessive number of products in the

finished goods inventory, then holding cost will increase and the profit of the system

will decrease.
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In this study, we consider leasing and remanufacturing strategies with pricing

and inventory control. To the best of our knowledge, this study is the first one that

combines remanufacturing, leasing, pricing and inventory control issues. We, first

model the system, solve it analytically to determine optimal price and order-up-to

level and find the corresponding expected profit per unit time. However our analytical

results are based on two main assumptions: (1) If not fulfilled, a leasing customer

demand is backorder. (2) Returned products are reprocessed infinitely many times.

We relax some assumptions of the analytical model and build a simulation model in

order to get a more realistic setting. The analytical model provides an initial search

point for the price and order-up-to level values tried out in the simulation model.

The simulation model considers price and inventory pairs in various scenarios. The

simulation model results are fitted to an equation in order to obtain the optimal price

for different pairs of the selling price and order-up-to level with a given set of system

parameters.

This thesis is organized as follows: Chapter 2 presents the literature review about

remanufacturing, leasing, pricing, inventory control and positions our research in the

literature. Chapter 3 gives the problem description, model formulations in detail with

corresponding assumptions and the analytical results of the model. Chapter 4 explains

the simulation model, points out the differences between the analytical and simulation

models and discusses the results of these models. Also, explains the function fitted

according to the simulation model results. Finally Chapter 5 concludes the thesis and

makes suggestions for the future research.
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2. LITERATURE REVIEW

In this chapter, we review the literature related to various aspects of the problem

that we present in this thesis. We investigate leasing and selling strategies with pricing

and inventory control. Remanufacturing is another important part of this research be-

cause we deal with both new and remanufactured products. In section 2.1, we discuss

literature on remanufacturing and in section 2.2, we discuss leasing literature that con-

tains concurrent leasing and selling strategies and different aspects of leasing concept.

In section 2.3, we discuss pricing literature and especially revenue management strate-

gies by deciding the optimal price. Also at the end of this section we briefly discuss

the literature on inventory control and queuing networks. In conclusion we explain the

contribution of our study in the literature.

2.1. Remanufacturing

Remanufacturing is an important strategy that helps to recover the value of used

products. Remanufacturing is a growing interest area and its benefits to the total

profit of the system are investigated by many researchers. In remanufacturing process

there are important concepts that affect profitability of the system such as: inventory

control, optimal price and quantity, minimizing life cycle cost of remanufactured items,

rate of returns, the design and structure of reverse supply chain and the competition

between the new and the remanufactured products. One of the most important issues

in remanufacturing is inventory control of remanufacturable products. Van Der Laan

et al. (1999) contributes to the literature by introducing a model that has a hybrid

system in which the customer demand is satisfied by both output of the manufactur-

ing process and the output of remanufacturing process. They first sort the returned

products according to their quality and if the quality is low, these products are recy-

cled. On the other hand, if the quality is too low then the products can be disposed.

After the remanufacturing and manufacturing processes the products are put in a ser-

viceable inventory and they analyze the effects of remanufacturing in a pull and push

production/inventory system. They state that an efficient planning and control system
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in a hybrid system is more complex than a traditional system without remanufactur-

ing. They conclude that once the management decides to remanufacture, the chosen

control policy must be in combination with other efficiency improving actions such as:

reducing uncertainty in the timing and quality of returned products, collection of data

about understanding the correlation between demand and returns.

Bayindir et al. (2003) investigate the benefits of remanufacturing in inventory-

related costs. They define inventory-related costs as, holding cost of work in process

(WIP) inventory, holding and backorder costs of the end item. They analyze the

effects of different system parameters such as lifetime of a product, supplier lead time,

capacity restrictions of production facilities, and investigate the conditions in which

remanufacturing option is the most beneficial. In order to minimize remanufacturing

and inventory-related costs, they determine optimal order-up-to-level and return ratio

of the product. This study is the first one that considers the effects of finite capacity

on inventory related costs. They achieve this by incorporating the effect of finite

capacity on lead times and WIP inventory level in the objective function. They observe

that when there is a capacity restriction, utilizing both options (remanufacturing and

manufacturing) reduces inventory-related costs.

Many researchers discuss how remanufacturing affects the quantity of products

in open/closed queuing networks. Toktay et al. (2000) decide an ordering policy that

minimizes the total expected procurement, inventory holding, and lost sales cost. As a

product they consider Kodak’s single-use cameras. They assume that return flows of

used cameras are uncertain and they model the system as a closed queuing network.

In order to adaptively estimate and control the return flows, they develop a heuristic.

Also Toktay et al. (2000) investigate the effects of demand rate, length of the product’s

life cycle and procurement delay on the total expected cost. They conclude that the

two most important operational factors are dynamic estimation number of cameras

that will be returned to the system and the return probabilities of product.

The price of the remanufactured products is another important criterion that

affects the long run average profit. Ray et al. (2005) study three pricing strategies:
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uniform price for all customers, age-independent price differentiation between new and

replacement customers and age-dependent price differentiation between new and re-

placement customers. They compare the profit potential of different pricing schemes.

In this study, two different customer types are investigated that are first-time buyers

and the customers who already own the product but are willing to replace it with a

new one. They discuss a price discrimination policy by offering trade-in rebate to the

replacement customers. They provide important results that may helps managers in

deciding the price for the new customers and optimal trade-in rebate for the replace-

ment customers. Ketzenberg and Zuidwijk (2009) also discuss the effect of price on the

profit of remanufactured products. In this study, customers are assumed to be sensitive

to both the price and the return policy. They study the selling price, return policy

and the quantity of new products to purchase. They analyze a deterministic model

and then extend it to a stochastic model in which the demand and the returns are

uncertain. They also focus on the effect of investments to increase speed of recovery,

and to reduce market and return uncertainty. They observe that the product type

(functional or innovative) is important in understanding how should the firms invest.

Optimal price and quantity of remanufactured products is also discussed by Vo-

rasayan and Ryan (2006a) because both the price and the quantity of remanufactured

products have significant impacts on manufacturer’s total profit, they investigate the

optimal price for a product and proportion to remanufacture. They introduce a model

which includes sale, return, refurbishment and resale processes in an open queuing

network. They design a numerical study to show the cost characteristics of the new

and the remanufactured products. They also analyze the impact of pricing strategy on

the demand of the remanufactured items. They conclude that price and the propor-

tion of the returns are significant in the profitability of system. The decision of how

much to remanufacture depends on the certainty conditions and the demand of the

customers. In another study, Vorasayan and Ryan (2006b) investigate the best policy

to manage product returns, and analyze a generalized queuing model which includes

manufacturing, customers, return (collecting), refurbishing and resale stages. They

model the system as a Jackson queuing network in which each stages can be analyzed

independently. They find the total profit of the system with respect to four different
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attributes, namely variability of manufacturing and refurbishing, the number of times

a product can be refurbished, the return probability of products and quality grades of

returned products. They show that prioritizing the returns according to their quality

grades increases the total profit due to significant inventory and cost reductions.

Quality grades have great importance in remanufacturing because they are used

to model depreciation level of returned product. In such models the cost of the pro-

cess chances according to quality grades. Souza et al. (2002) examine the case of

production planning and control for a remanufacturer who has the option to sell the

returned products or to remanufacture them. They consider the percentage of each

quality grade on each station, remanufacturing costs, and processing time parameters

to decide the optimal remanufacturing policy. They model the remanufacturing facility

as a multiclass open queuing network in which customer demand and used products’

arrivals are modeled as renewal processes. After defining and evaluating the model

analytically they simulate the system in order to test well-performing dispatching rules

and to evaluate the impact of those rules on service level of inaccuracies in grading and

sorting the used products. They provide insights on how to make significant produc-

tion decisions to maximize the long run average profits of the remanufacturer. Another

important study that sheds light into the importance of quality levels in remanufac-

turing is introduced by Denizel et al. (2010). They consider production planning of

remanufactured products in a deterministic demand and return stream setting. The

remanufactured products have different and uncertain quality levels and the produc-

tion capacity is finite. They conclude that remanufacturing cost increases as quality

of returned product decreases and decide that any unused product returns may be sal-

vaged according to their quality level. They investigate for the optimal quantity that

should be remanufactured and the inventory that should be carried over for the next

periods.

The structure of the reverse supply chain influences the price and the profitability

of the whole system. Guide and Pentico (2003) observe the reverse logistics models

assume that product returns are exogenous so they propose a model in which they

can control product returns. Their model consists of three stages which are defined
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as product acquisition, production and operational control and demand management

and product pricing. They introduce a framework in which a planner can decide which

methods of product returns are the most profitable. Atasu and Çetinkaya (2006) also

discuss how the timing and the quantity of shipments of used products influences the

decisions on production, inventory, remanufacturing quantity and price of a product.

They investigate the effects of timing of returns on the profitability of manufacturer-

collector pair and they develop a cost optimization model. Also they analyze the

properties of optimal shipment frequency to understand how the speed of reverse supply

chain affects the profitability. They conclude that when the time and the quantity of

returns are considered, the collection method of used products becomes important

factor in efficient operation of reverse supply chain. Therefore, they observe that

the fastest reverse supply chain is not always the most efficient one. Savaskan and

Wassenhove (2006) model a direct and indirect used product collection system. In

the direct used product collection system the manufacturer collects the used products

directly from the consumers and in the indirect product collection system the retailers

accept the product returns. They examine how the structure of reverse channel affects

the profits and decide that if a direct collection system is used channel profits are

proportional to the amount of returns on collection effort. On the other hand, when an

indirect collection system is used, the profit of the channel is affected by the competition

between the retailers. When they compare direct collection and indirect collection,

they observe that an indirect collection model can benefit from economies of scale in

transportation of used products. Therefore, they conclude that an indirect collection

model is a more preferred alternative for the manufacturer.

An important issue in remanufacturing is time delays experienced in the collection

of used products since they may limit the options available for the reuse process. (Guide

et al, 2006). In this study, the analysis shows that the monetary benefits of decreasing

delays and improving network responsiveness influences transportation responsiveness.

Toktay et al. (2003) discuss the methods for affecting product return rates and they

review data-driven methods that help in forecasting product return flows. They assume

that future returns are a function of past sales. This study contributes on clarifying

the flow characteristics of used products, customer segment, ease of return and rebate
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policies. Spengler and Stölting (2008) not only consider the return flows and but also

deal with the life cycle of a product. They assume that the life time of product is the

time that the company has to deal with the product. The model of product project

life cycle has three main periods as preparation, production and after care. They

investigate remanufacturing concept in production cost and they present a strategic

framework for evaluating remanufacturing strategies. Also they carry out an analysis

of life cycle cost calculation approach by the help of a case study. They use a case

study a life cycle cost calculation approach and calculate the remanufacturing costs.

The technology which is used during remanufacturing of the used products is

important, since it influences the value that can be recovered from the remanufactured

product. (Debo et al, 2005). In this study the authors consider pricing and technology

selection problem for the remanufacturable products. They assume that the customer

profile is heterogeneous in their willingness to pay for a remanufactured product and

that the customers value the remanufactured products less than the new ones. They

claim that producing a remanufacturable product can be profitable in some markets

because it becomes possible to reach low-end-consumers. In addition, remanufacturing

a returned product costs less than producing a new product. However, another impor-

tant point is to choose the best pricing and production technology which will fit the

target market. Zikopoulos and Tagaras (2008) examine the attractiveness of sorting

before disassembly in remanufacturing of products. They study the conditions to invest

in the required technology which result in higher profits. They consider single period,

two-level reverse supply chain. They first examine the system and without sorting

that will maximize the expected profits under demand and quality uncertainty. Then,

they analyzed the system with sorting the in order to test the quality of returns and

compare these two systems in terms of profitability. They conclude that the economic

comparison between the system with and without sorting before disassembly shows

that sorting will be beneficial in order not to remanufacture products more than the

quantity which is required.

In most of the studies, it is accepted that remanufacturing is desirable and prof-

itable for the firms. However, there are situations in which firms may not prefer



10

remanufacturing the used product since it is possible that the remanufactured prod-

ucts may cannibalize the sales of new products. Thus the competition between the

new and the remanufactured products becomes an important topic in remanufactur-

ing. Ferguson and Toktay (2006) provides insights on questions such as, is it possible

for the remanufactured products to cannibalize sales of new product, should and OEM

remanufacture its own product, and how should it price the remanufactured and the

new product, how should the OEM decide the recovery strategy in the case of the

existance of third-party remanufacturer, and the last but not the least one is what is

the impact of fixed and variable costs on these recovery strategies. In this study, they

consider a two period, single firm and single product model. They state assumption

on customer demand, lifetime of the product, and variable and fixed cost of the model.

They observe that two concerns affect the OEM’s decision about the remanufacturing:

cost and cannibalization. They conclude that the OEM should choose a remanufac-

turing strategy over a collection strategy, because a relative cost of collecting versus

processing shows the profitability of strategy. They also conclude that if the unit cost

of manufacturing increases the relative advantage of remanufacturing increases. In that

case the OEM should set up remanufacturing operation to preempt entry by the third-

party remanufacturer. A related study is done by Ferrer and Swaminathan (2006).

They analyze a model in which customers cannot distinguish the remanufactured and

the original products. They consider two period model in where the manufacturer only

produces in the first period and has right to make new and remanufactured products

in the next period. They investigate how the price affects profit in the dynamic across

periods over time and they decide the optimal quantities, prices and the optimality

conditions for the firms either sell both products types (new and remanufactured) or

sell only new products. They assume the market can be monopolistic or duopolistic

and so an independent operator has access to the market and can set a price for the

remanufactured product. They observe that as the marginal cost of remanufacturing

decreases the value of making new products in the future periods decreases. They

conclude that it is a game theoretical approach such as the OEM set a price for the

remanufactured product and the independent operator hopes to attract the customer

who concerns the price set by OEM is high. Then, the independent operator may

reach to some of the customers in the market. Thus competition between the OEM
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and independent operator becomes important while dealing with the potential profit

of the remanufacturing.

2.2. Leasing

Leasing is simply a contract between a seller and a customer that provides an

asset to the customer for a specified period of time and payments. In literature the

efficiency of leasing vs. selling is widely discussed. Desai and Purohit (1998) examine

the effects of concurrent strategies of leasing and selling for durable goods. They

explain the strategy of leasing and selling in marketing context and then state the

conditions in which coexistence of both options is optimal. They also investigate what

are the long-term implications of leasing to the customers and selling to another set of

customers. They discuss whether this mixed strategy of leasing and selling affects the

competition of leased and sold products. They evaluate the benefits and the costs of

leasing and selling by considering two important criteria: (1) the future competition

of leases and sales, (2) the customers targeted either through leases or through sales.

They also analyze pure leasing and pure selling strategies and then compare them.

They conclude that leasing dominates selling only under certain conditions but under

uncertain conditions a concurrent strategy is optimal and the combination of selling

and leasing better for manufacturer than either pure selling or pure leasing.

Bhaskaran and Gilbert (2005) investigate the effects of complementary products

on leasing and selling decisions. They define complementary products as the products

that are usually produced by an independent firm and have a significant effect on

demand of durable goods. They deal with the interaction between durable goods

and the complementary products and the effects of this interaction on the strategy of

manufacturer for leasing and/or selling its product. They observe that if there is a low

level of interaction (availability of complementary product does not highly affect the

demand of durable goods) then the manufacturer should lease the products. Conversely,

if availability of complementary products highly affects the demand of durable goods

then the manufacturer should prefer selling strategy. To this end, with respect to the

degree of complementarity the authors state the optimal region for the hybrid leasing
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and selling strategy and for pure leasing or pure selling strategy.

Leasing and selling strategies are also discussed by Goering and Pippenger (2009).

They deal with exchange rates and concurrently leasing and selling policies for the

durable goods. They assume that rental price is linearly related to the available stock

in each period and selling price is discounted stream of lease prices. They explain that

increases in exchange rates also cause increase in the sales price of durable products.

According to chosen rental fraction of products they try to maximize total profit of

the firm. They observe that leasing is preferred to selling if the exchange rates do not

vary over time and concurrent strategy is optimal in case of expected future exchange

rate is lower than the current rate.

Leasing affects the profitability of the firms but also it has environmental effects

since it has a significant role in product recovery and remarketing. Agrawal et al.

(2010) discuss whether leasing is green or not and how leasing is extending effective

life of products. In addition to that, they try to answer the questions about: (1) the

optimal integrated strategy of remarketing and disposal, (2) the optimal conditions for

selling firms in a trade-in program and (3) the environmental implications of leasing and

selling. They find that for the firms which choose selling strategy to employ trade-ins

is optimal unless the production cost is high. They also state when durable goods are

considered leasing dominates selling directly to the customers. They conclude that life-

cycle environmental impact is strongly related to the production and disposal cost. For

intermediate production cost leasing dominates selling but in case of high production

cost both of the options have the same total impact.

In leasing literature, adverse selection and the market of lemons, and game the-

oretical approaches in leasing are also important concepts. Hendel and Lizzeri (2002)

discuss the role of leasing under adverse selection in used car industry. According to

this paper, leasing contracts are strengthened when the products are more durable, by

this reason there is an increase in individual car leases. Gilligan (2004) also investigates

leasing strategies for durables under adverse selection. He concerns aircraft industry

and the market of lemons. He compares the market under perfect and asymmetric
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information. He mentions the negative and significant relationship between trading

volume and the depreciation level of product and also states that leasing mitigates

adverse selection.

2.3. Pricing

Pricing is significant for the overall profitability of the organization and it is

a process of determining the value of the products. It is also important in product

positioning. The pricing decision sets demand of the products and it either keeps the

customers satisfied or sends them to the competitor. Certainly the needs and the wants

of the customer are converted into demand only if the customer has the willingness and

capacity to buy the product. Thus pricing remains a very complex issue in almost all

industries and both in the past and nowadays it is a widely discussed issue. Hinterhuber

(2004) introduce a framework for pricing decisions that guides for new product pricing

and price re-positioning strategies for the existing products. The related study shows

that price highly affects profitability of the firm; however costs and the volumes of the

products are important from managerial point of view. The author states that the

assumption of high prices cause low market share is wrong; he comes up with the idea

of if the prices reflect high customer value, and high market share can be obtained. The

proposed framework consists of the following steps: (1) defining the pricing objective,

and (2) analyzing key elements of pricing decisions. To sum up, he explains the ranges

of profitable prices, and economic value (customer value) analysis which is a tool that

can be used to justify price increases.

In pricing strategies one of the mainly used is dynamic pricing (time-based) which

is a kind of price discrimination in which the company sets the price according to

different factors and depending on time (year, month, day, etc.). Dynamic pricing

is common among industries and helps to maximize profits because it assigns the

prices according to levels of demand and willingness to pay. Maglaras and Meissner

(2006) consider a revenue maximization problem in which the decision maker either

chooses a dynamic pricing policy or, by a fixed price; selects a dynamic role that

controls the allocation of capacity for different products. They assume that if the firm
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is monopolist then a dynamic pricing strategy optimizes expected revenues, but if there

is a competitive environment, choosing a dynamic capacity allocation rule is optimal.

Elmaghraby and Keskinocak (2003) contribute to the dynamic pricing literature with

a survey of applications. They state that charging a customer a price is not easy

and to set the right price the company should have information about the demand.

Nowadays, obtaining information about the customer is easier because of the new

technology in communication channels. New decision support tools are developed for a

better pricing strategy that contains optimization methods. They investigate dynamic

pricing strategies under various assumptions or short and long life cycle products and

they combine inventory and pricing decisions.

Adida and Perakis (2006) study the combination of the dynamic pricing and in-

ventory control. They assume that demand is uncertain, no backorders are allowed

and it is a make-to-stock manufacturing system with multi-product. The contribu-

tion of the study is introducing robust optimization ideas into the dynamic pricing

model. Dynamic pricing policy is important to set the best price but also from another

point of view the customer’s acceptance for the unpredictable changing prices is more

important. Morris (2001) study a simulation based dynamic pricing model in which

purchasing behavior of the customers affect the price decisions of the company over

time. He presents a learning curve simulator that is designed for analyzing agent based

pricing strategies in a finite time horizon and this tool is used to determine effective

dynamic pricing policies. Fleischmann, et al. (2005), discuss a dynamic pricing model

for coordinated sales and operations. They develop a deterministic model that shows

a price and demand effect as well as stockpiling and consumption effect. They assume

that price and market stockpile influence demand, demand influences consumption

and consumption influences the market stockpile. According to market stockpile they

decide the optimal price in each period.

Revenue management is widely discussed in literature because it is a process

that can significantly increase revenues of firms by an efficient inventory management

and pricing. Revenue management concept helps allocating the right inventory to the

right customer at the right price in capacity-constrained industries. A related study
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is introduced by Bitran and Caldentey (2003). They investigate the relation between

dynamic pricing and revenue management. They set a generic framework to explain

the revenue management concept. In this framework capacity is fixed and the objective

is to find the optimal pricing strategy which will maximize the revenue collected over

the selling horizon.

Significant literature exists on inventory management and queuing models be-

cause oof the importance of these concepts in various industries. Rubio and Wein

(1996) study in setting base stock levels in a product-form queuing network. They ex-

plain the relationship between make-to-stock system and open queuing systems. They

model the system as open Jackson network. They analyze a production control policy

in which unsatisfied demand is backordered and if the amount of product is below a

base stock level another unit of that product is released. They assume that facility

produces multiple products. The work in process inventory has a steady state distribu-

tion and cost minimizing base stock level for each product is significant in steady state

distribution of the product’s total work-in-process inventory. They identify important

formulas for the optimal base stock levels.

Another combination of inventory models and queuing networks is studied by Wu

and Dong (2008). They combine these two systems to deal with performance modeling

and analysis in multi-product manufacturing logistics networks. They introduce a

multi-class inventory queue model and a job queue decomposition strategy to analyze

major performance measures. To conclude, this study contributes to the literature

by investigating multiple types of products produced at each step of manufacturing

network with finite capacity restriction. Bai et al. (2004) also study inventory-queue

models by considering inter-departure times. They concern probability distribution and

coefficient of variations of inter-departure times for base stock inventory queues with

birth and death production processes. They analyze M/M/1, M/M/c and M/M/∞

inventory queues and their results show that inventory queues are more complicated

than other queue models.

Aras et al. (2010), discuss the optimal inventory and pricing policies for reman-
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ufacturable leased products. They consider a company which leases new products and

sells remanufactured products that are returned at the end of lease period. They use

dynamic programming formulation for obtaining the optimal price of remanufactured

products and the optimal payment policy for the leased products. They mention the

importance of remanufacturing in economy and discuss the uncertainty in the quan-

tity, quality and the timing of returned products. To this end, leasing becomes an

important strategy since it helps to have information about the return process. Leas-

ing is useful to obtain consistent flow of used products for remanufacturing because

they assume that the leased products return at the end of agreement thus they know

how many products will be returned. However if the number of products in the stock

is not enough to satisfy customer demand they order new products from a supplier.

They assume that the returned products may only be remanufactured once. In this

study, they present a numerical study that gives insights on the factors that affect the

quantity and the price of products.

2.4. Positioning Our Research in the Literature

In this study, we consider an infinite horizon model where a product can be sold

and leased for a number of different periods. We assume that selling and leasing options

are available for both new and remanufactured products. Besides, in our analytical

model, we assume that the returned products may be remanufactured for infinitely

many times and in our simulation model they can be remanufactured for several times

related to their depreciation level. It is assumed that significantly worn-out ones among

the returned products are disposed of from the system.

In the model that we consider the customer demand for leasing and selling occurs

according to a Poisson process whose mean is a function of the price. The company has

manufacturing, refurbishing and remanufacturing options for building-up inventory.

The new products and the products returned by the customers that are subject to

a remanufacturing or refurbishing process are collected into the same finished goods

inventory. In the model, we consider an (S − 1, S) type of policy. Specifically, when

an item goes out of the inventory and is not bound to return (for remanufacturing
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Table 2.1. Summary of Literature Survey

Remanufacturing Leasing Pricing Inventory Control

Aras et al. (2010) X X X

Bayindir et al. (2003) X X

Toktay et al. (2000) X X

Desai and Purohit (1998) X

Bhaskaran and Gilbert (2005) X

Vorasayan Ryan (2006) X X X

Hinterhuber (2003) X

Adida and Perakis (2006) X

Van der Laan et al. (1999) X X X

Ray et al. (2005) X X

Guide and Pentice (2003) X

Atasu and Çetinkaya (2006) X X X

Souza et al. (2002) X

This thesis (2011) X X X X

or refurbishing) then a manufacturing order is given immediately. We determine the

optimal the inventory level, and the optimal leasing and selling price of the product. We

compute average profit per unit time including, revenue from leasing and selling, costs

from holding inventory and costs due to not being able to satisfy customer demand.

To the best of our knowledge this thesis is the first study that combines reman-

ufacturing, leasing, pricing and inventory control issues in a queuing theoretic frame-

work. Table 2.1 is formed according to the four important topics that are covered in

this thesis. Our difference from Aras et al. (2010) is that our study considers opti-

mal inventory policies. Differently from their study we assume that leasing and selling

options can be considered for both new and remanufactured products. Moreover, our

model model is an infinite horizon model as opposed to Aras et al. (2010). Leasing is

an important strategy to increase the profit. Desai and Purohit (1998) and Bhaskaran

and Gilbert (2005) deal with leasing and selling but we also provide insights about

managing the products that are returned from leasing and selling.

Remanufacturing is another important strategy which is widely discussed in the
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literature. Bayindir et al. (2003) consider remanufacturing and inventory related costs,

and our difference from their study is dealing with leasing and pricing strategies that

they do not incorporate in their model. Toktay et al. (2000) consider the effects of

remanufacturing on inventory control. They deal with the return flows of Kodak’s

single-use cameras. Similarly, we consider the return flows of products that are sold,

but we also consider the return flows of leased products and the potential of them to be

remanufactured. Pricing strategies for new and remanufactured products are discussed

by Ray et al. (2005) but we also consider pricing of leased products. Vorasayan

and Ryan (2006b) study a generalized queuing network which includes manufacturing,

customers return, refurbishing and resale stages. Our study includes these stages too,

besides we optimize inventory level and leasing and selling prices of the product.
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3. PROBLEM DESCRIPTION, MODEL FORMULATION

AND ANALYTICAL RESULTS

In this chapter, we describe the problem and define the model that we develop in

this thesis. In Section 3.1, we explain the demand structure and the pricing scheme.

Also, we mention the leasing and selling mechanisms of the product. In Section 3.2,

we describe refurbishing, remanufacturing and manufacturing processes of the system.

The last section of this chapter, Section 3.3, includes the description of inventory

control related aspects of the model.

3.1. Demand Structure and Pricing

We consider a single product system in which customers arrive either to buy or

lease a product. We assume that the customers arrive according to a Poisson process. A

leasing customer may opt for one of M different leasing options and each leasing option

i, (i=1,2,...M) consists of different time durations. The arrival rate for customers who

choose the lease option i is denoted by λl,i. We assume that all the products leased

by each customer are returned to the system at the end of the lease period, which is

dictated by the lease contract.

On the other hand, the customers who opt for buying the product arrive with rate

λs. We assume that a buying customer will return the product with probability (w.p)

r and upon arrival, the manufacturer knows whether a buying customer will return the

product or not. We assume that a base stock policy is used to give a manufacturing

order when a buying customer will not return the product, which happens w.p. 1− r.

As in Ray et.al, 2005, we assume a linear demand function in which the demand

rate and the product price are inversely proportional. Equation 3.1 gives the demand
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function used in our model.

λs = as − ksPs. (3.1)

The selling price of the product is denoted by Ps where the market size of the

product is denoted by as. The slope ks in Equation (3.1) represents the unit decrease

in arrival rate λs when product price is increased by one unit, thus it is a measure

of consumers’ price sensitivity. The demand function gives the average number of

products that customers are willing to buy at a given price and a higher price results in

a lower demand. Since the demand rate of buying customers, λs must be a nonnegative

number, the selling price, Ps must satisfy the following condition:

0 ≤ Ps ≤
as
ks
. (3.2)

We use a demand function which has a similar structure as Equation 3.1 for the

customers who lease the product. We assume that market size al,i depends on leasing

option i and kl,i represents the change in demand of leasing customer per unit change

in leasing price of a product. The leasing price in leasing option i is denoted by Pl,i

and the corresponding demand rate is

λl,i = al,i − kl,iPl,i. (3.3)

As long as 0 ≤ Pl,i ≤ (al,i/kl,i), the demand rate of the leasing customers will

be nonnegative, and when the leasing price of the product Pl,i less than (al,i/kl,i) the

demand rate of the leasing customers will be positive. It means there will be a positive

fraction who would be willing to lease a product. If the leasing price of the product

Pl,i equals to 0 the demand rate of leasing customers would be equal to the market size

of the products which is the maximum amount of demand possible.
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There are M different options each of which dictates different time durations, the

arrival rate of customers who choose for leasing would be
∑M

i=1 λl,i. Therefore, the total

demand rate of customers is

λT = λs +
M∑
i=1

λl,i. (3.4)

We assume that the leasing price, Pl,i depends on the selling price Ps of the

product and is proportional to it. We denote this proportion by αl,i. We assume that

if the lease duration is long αl,i will be higher, thus the leasing price will be closer to

the selling price of the product.

Pl,i = αl,iPs. (3.5)

We decide αl,i values based on the model built in Aras et.al (2010). In their

study, a decision making period is divided into subintervals and the number of these

subintervals is denoted by K. For instance, if the decision making period is a year

and the subintervals are the months, K will be equal to 12. The duration of a lease

agreement in terms of the number of subintervals is denoted by mi and αl,i is given by

αl,i = fi
β(1− βmiK)

1− β
, (3.6)

where β is the interest rate for the subinterval, and β̃ is the annual interest rate, where

β =
1

1 + β̃
K

. (3.7)

The factor fi is used in leasing industry to take depreciation and interest rate
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into account:

fi =
di

miK
+ (1− di

2
)
β̃

K
, (3.8)

where di is the depreciation rate for a product leased and di is between 0 and 1. The

factor fi depends on the number of subintervals that a product is leased and the interest

rate of these subintervals. The length of the lease period affects depreciation rate di of

the leased product. If the leasing period is longer, di will be higher. Calculation of fi

is due to financing (www.leaseguide.com/lease08.htm). In our study we use this factor

just to obtain the proportion between leasing price and selling price.

We assume that all the leased products will return to the system; however a

decision whether they are refurbishable or not is made according to their level of

depreciation. Depending on the length of the leasing period, the time required to

refurbish a product will vary. For instance, if a product lease period is long, the

refurbishing time will be longer than refurbishing time of a product with a shorter

leasing period. We model this by assuming that a certain percentage qi of the leased

products will be highly depreciated and their condition will not permit refurbishing and,

hence they are dismantled. In order to compensate for these products, a manufacturing

order is given. Remanufacturing option is used to process the sold products that are

returned to the system and the manufacturing option is used to produce brand-new

products.

In the following section, we explain the how we manage the inventory and how

to calculate total expected profit of the system and the related steady state quantities

in the different stations of the system.

3.2. Inventory Control

In our model, we assume that when a customer (either leasing or buying) arrives to

the system, her demand is satisfied if there is any product in the inventory. Otherwise,

customer demand is backordered. We use an (S − 1, S) base stock policy to replenish
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the inventory when a customer demand arrives and then the finished goods inventory

level decreases by one. In our model, the finished goods inventory can be filled up

by using refurbishing, remanufacturing and manufacturing operations. In refurbishing,

remanufacturing and manufacturing stations, we assume that the product service times

follow a general distribution G and there is no capacity restriction in the stations.

Product arrivals to each station follow Poisson processes, thus each station can be

modelled as an M/G/∞ queue. Regardless of the renewing process used, all the

products are put to the same finished goods inventory and hence, we assume that

a customer is not able to differentiate a remanufactured/refurbished or a new product.

Therefore, in order to calculate profit generated by the system, we need to calcu-

late N , the number of outstanding products that are not in the inventory but will be

at the finished goods after necessary lead times. Note that, from now on we assume

that the system is in steady state, and therefore all the random variables used are

the steady state. The produts are either at a customer or being processed. N can be

calculated as

N =
M∑
i=1

Nl,i +Nr +
M∑
i=1

Q̃l,i + Q̃r + Q̃m, (3.9)

where Nl,i is the number of products that are at leasing customers and when they are

returned they will be refurbished and then put in to the inventory. It is a random

variable which follows a Poisson distribution. Nr represents the number of products

that are sold and are at customer and Nr is a random variable with Poisson distri-

bution. Q̃l,i is the number of products that are returned from the leasing customers

and are at the refurbishing process whereas Q̃r is the the number of products that are

returned from the buying customers and are being remanufactured. Q̃m is the number

of products that are in manufacturing process. All the variables in Equation (3.9) are

Poisson random variables with the mean given in Equation (3.10). The expected value

of N is,

E[N ] =
M∑
i=1

piλl,iTl,i+ rλsTrc+
M∑
i=1

piλl,iTr,i+ rλsTr +(1− r)λsTm+
M∑
i=1

qiλl,iTm. (3.10)
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The first term in Equation (3.10) is the expected value of Nl,i, since λl,i is the

demand rate of leased product. Let pi be the percentage of leased products that upon

return will be refurbished and put into the finished goods inventory. Tl,i is the time

period that a customer who chooses leasing option i uses the product. At the end of that

time period the leasing customer returns the product and a decision is made whether

a product is refurbishable. The second term in Equation (3.10) is the expected value

of Nr. We assume that a customer who buys a product will return it after a constant

time Trc. Since λs is the demand rate of buying customers, and r is the probability

that a sold product will be returned to the system, the expected number of products

at buying customers and are returned to the system after Trc is rλsTrc. The expected

value of Q̃l,i is

E[Q̃l,i] = piλl,iTr,i, (3.11)

which is the average number of products in refurbishing station. The time that the

returned products spend at refurbishing station is denoted by Tr,i, in Equation (3.11).

The longer time a product stays in the lease, it’s depreciation level will be higher.

We assume that for each leasing option i, the time that a returned product spends in

refurbishing is different.

The expected value of Q̃r, i.e., the number of products on average that will be

processed in remanufacturing station is

E[Q̃r] = rλsTr, (3.12)

where Tr is the time that a product spends in remanufacturing process.

In manufacturing station while calculating the expected number of products that

are processed in manufacturing station E[Q̃m], has two components. The first com-

ponent is the expected number of products that are returned from the lessee at the

end of a lease period but are not refurbishable is equal to
∑M

i=1 λl,iqiTm, where qi is the

proportion of returns that is not permitted to join in refurbishing process and Tm is the
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time that a product spends at manufacturing station. Note that we allow pi to change

with leasing option i and we have 1 − pi equal to qi. On the other hand, the second

component is related to the products that will not return from the buying customers,

since the proportion of these products is (1−r) and the number of products on average

that will be manufactured is (1− r)λsTm, the expected value of Q̃m is

E[Q̃m] = (1− r)λsTm +
M∑
i=1

qiλl,iTm. (3.13)

In this study, our objective is to maximize expected profit per unit time with

respect to S and Ps jointly. The profit function is defined as

Profit(S, Ps) =
M∑
i=1

Pl,iλl,i + Psλs − TC, (3.14)

where TC represents for the total expected cost.

TC =
M∑
i=1

E[Ql,i]cl,i + E[Qr]cr + E[Qm]cm + E[hf (S −N)+ + b(N − S)+]. (3.15)

The sum of the first and the second terms in Equation (3.14) is the revenue

obtained from lease and sales. Since for each lease option, the leasing price of the

product is different to calculate the total demand of the product we sum up the revenue

of the product over M options. The third term in Equation (3.14) represents the total

expected cost. In Equation (3.15) the second term represents the expected cost of

refurbishing, where cl,i is the cost of refurbishing per product and Ql,i is the random

variable that denotes steady state number of leased products that can be refurbished

per unit time. Ql,i is distributed as Poisson with mean E[Ql,i]:

E[Ql,i] = piλl,i. (3.16)



26

We assume that upon arrival of a customer, we know whether this customer will

return the product to the system or will not return. Let Qr denote the number of sold

products that will be remanufactured per unit time, yet they are still used by buying

customers. Qr is a Poisson distributed random variable with mean:

E[Qr] = rλs, (3.17)

thus E[Qr]cr is the expected cost of remanufacturing, where cr represents the unit cost

of remanufacturing a product.

The manufacturing process used to compensate for the products that will not

return from the buying customer or for the products that are returned from the lessee

at the end of lease period, but are not in a refurbishable condition. Therefore, in order

to increase customer service level manufacturing becomes an important part of the

system.

Let Qm denote the steady state quantity that represents the number of products

that needs to be manufactured per unit time and Qm is a Poisson distributed random

variable with mean:

E[Qm] = (1− r)λs +
M∑
i=1

qiλl,i, (3.18)

where (1 − r)λs, represents the average number of sold products that will not be

returned and the second term is the average number of products that will not be in

refurbishable condition.

As we stated, other costs that occur in the system are the holding and backorder

costs. We consider that if inventory level S is greater than N , the number of products

that would be in the inventory after a while but they are either at a customer or being

processed, there will be a holding cost denoted by hf , otherwise, there will occur a

backorder cost denoted by b.
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Let cf denote the average unit cost of a product per unit time, which placed into

the finished goods inventory. The holding cost per product per unit time is

hf = Icf , (3.19)

where I is the inventory carrying charge, usually taken as the interest rate in the

market.

Since a product placed into the finished goods inventory may be one of the three

operations, namely manufacturing, remanufacturing and refurbishing, in order to cal-

culate cf , we need

∑M
i=1 E[Ql,i]

λT

cl,i =

∑M
i=1 piλl,i

λT

cl,i, (3.20)

where λT and cl,i denote the total customer arrival rate to the system and refurbishing

cost per product respectively. First term in Equation (3.20) is the long-term probabil-

ity that a product in the finished goods inventory is from refurbishing process. Hence,

Equation (3.20) represents part of the expected cost of a finished product due to refur-

bishing. Similarly, Equation (3.21) represents the expected cost portion of a finished

product due to remanufacturing:

E[Qr]

λT

cr =
rλs

λT

cr, (3.21)

Equation (3.22) is the portion of the expected cost of a finished product due to manu-

facturing:

E[Qm]

λT

cm =
(1− r)λs

λT

cm +

∑M
i=1 qiλl,i

λT

cm. (3.22)

The first term in Equation (3.22) is the expected cost portion due to unreturned

sold products and the second one is the one due to leased products that are returned

is not in a refurbishable condition.
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Therefore, the expected cost of a finished product cf can be approximated by

cf =

∑M
i=1 E[Ql,i]cl,i + E[Qr]cr + E[Qm]cm

λT

, (3.23)

Since we obtain holding cost hf , with a given backorder cost b, the expected cost

of holding and backorder is

E[hf (S −N)+ + b(N − S)+] = hf

S∑
n=0

(S − n)Pn + b
∞∑

n=S+1

(n− S)Pn, (3.24)

where Pn is the steady state probability that there are n outstanding products in the

system; i.e P (N = n)=Pn. The expected number of shortages

E[(N − S)+] =
∞∑

n=S+1

(n− S)Pn, (3.25)

however, since (N − S)+ can be written as

(N − S)+ = (S −N)+ + (N − S), (3.26)

therefore, the expected value of this quantity is

E[(N − S)+] = E[(S −N)+] + E[N ]− S, (3.27)

thus the right-hand-side of the Equation (3.24) can be written as

hf

S∑
n=0

(S − n)Pn + b
∞∑

n=S+1

(n− S)Pn = (hf + b)
S∑

n=0

(S − n)Pn + bE[N ]− bS. (3.28)

We maximize the profit of the system per unit time and the profit function is

concave in S for a given Ps since the revenue function is concave in S and cost function

is convex in S the profit given by Equation (3.14) is sum of two concave functions so
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it is concave. Thus for a given price Ps by the help of difference equations we find

the optimal inventory level S∗. To this end, the optimal solution S∗ occurs at a point

where the first difference of the cost function exceeds 0 the first time.

S∗ = min{S : P (N ≤ S)} ≥ b

hf + b
. (3.29)

3.3. Numerical Study and Computational Results

Wemodel the system as customers arrive either to buy or lease a product. Arrivals

occur according to a Poisson Process. Leasing customers’ arrival rate is denoted by λl,i

and in our numerical analysis, we assume that we have three leasing options (M=3).

According to the first leasing option the customer will use the product for 180 days

(6 months), according the second leasing option this time period will be equal to 360

days and the last option consists of 540 days of time period. In the model, the time

periods are denoted by Tl,i where i=1,2,3.

On the other hand, a customer may be willing to buy the product, in this case

we assume that the customer will use the product for a constant period of time and we

denote this period by Trc. In our numerical study Trc equals to 720 days. The demand

rate of sold products is denoted by λs. The demand of the products depends on selling

of the price which is a decision variable. The demand rate of sold products equals to

as− ksPs where Ps denotes the selling price of the product and as is the market size of

the product and ks is the slope and a measure of buying customers’ price sensitivity.

For the leasing customers a similar model is considered and λl,i equals to al,i−kl,iPl,i. In

our numerical study, we assume that al,i for all i is the same and it equals to 2, also we

assumed that the market size products sold, as equals to al,i . The selling price of the

product is defined in the region [0,as/ks] so if as=2 and ks=0.25 then Ps ∈ [0, 8]. There

is a relation between selling price and leasing price of the product and this relation is

explained as Pl,i equals to αl,iPs.

In order to calculate αl,i values first of all we need to set; mi, β̃, K, and di.
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We define mi as the duration of lease agreement in terms of subintervals and the first

leasing period is 180 days, however we choose subintervals as months and K=12, thus

m1=0.5, m2=1, and m3=1.5. The annual interest rate β̃ is set to 0.1. The depreciation

rate of the product is also considered and there are two different sets for di. These sets

are given in Table 3.1.

Table 3.1. Coefficients of Depreciation

d1 d2 d3

data set1 0.1 0.2 0.3

data set2 0.25 0.50 0.75

First of all, β must be calculated as it is defined in Equation (3.7), and is found

to be 0.99. Then to calculate αl,i values fi must be found. By using Equation (3.8)

fi paramaters are obtained as f1=0.025, f2=0.024 and f3=0.024. To this end, for the

first data set αl,i values are calculated as αl,1=0.15, αl,i=0.27 and αl,3=0.39.

To summarize, we have two data sets and in Table 3.2, we show the summary of

parameters based on the second data set and with respect to these sets we obtained

two sets of αl,i values.

Table 3.2. Parameters of data sets

d1 d2 d3 f1 f2 f3

0.1 0.2 0.3 0.025 0.024 0.024

0.25 0.5 0.75 0.049 0.048 0.047

Since the region is defined for the possible selling and leasing prices of the prod-

uct, the region, for the demand rate of buying and leasing customers can be obtained.

Leasing price depends on the selling price of the product and the corresponding coeffi-

cients, αl,i are given in Table 3.3 for two different data sets. Then, hence Ps ∈ [0, 8],for

the first data set Pl,1 ∈ [0, 1.2], Pl,2 ∈ [0, 2.16] and Pl,3 ∈ [0, 3.12] and for the second

data set Pl,1 ∈ [0, 2.24], Pl,2 ∈ [0, 4.32] and Pl,3 ∈ [0, 6.16].

According to the demand function defined in the model, demand rate depends
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Table 3.3. The proportion of leasing price to selling price

αl,1 αl,2 αl,3

data set 1 0.15 0.27 0.39

data set 2 0.28 0.54 0.77

on the price of the product since we obtain the price we can calculate λs and λl,i for

each leasing option i. Thus, we obtain that λs ∈ [0, 2], λl,1 ∈ [1.7, 2], λl,2 ∈ [1.46, 2]

and λl,1 ∈ [1.22, 2].

Then to calculate profit generated by the system, first we calculate N , the number

of outstanding products that are in the inventory but they will be at the finished goods

after necessary lead times. These produts are either at a customer or being processed.

In order to calculate N we need to know return probability of a sold product r, which

is set to two different values and the first one is 0.7 and the second one is 0.4. Note

that all of the leased products will be returned but with probability pi they will be

in a refurbishable condition. This probabilities are given in Table 3.4 for each leasing

option i.

Table 3.4. Probability of being in a refurbishable condition

p1 p2 p3

0.9 0.8 0.7

In order to find number of outstanding products we need to know the time spent

at refurbishing, remanufacturing and manufacturing stations. The time spent in refur-

bishing station changes according to time spent at lease and is denoted by Tr,i and for

each i the number of days are given in Table 3.5

Table 3.5. The time spent in refurbishing station

Tr,1 Tr,2 Tr,3

1 2 3
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The time spent at remanufacturing station is denoted by Tr and it equals to 3

days where manufacturing time is denoted by Tm and equals to 6 days.

Our objective is to maximize the profit of the system and since we know expected

quantities that will be refurbished, remanufactured and manufactured we need the costs

of these processes. Unit cost of refurbishing per unit time for each leasing option i is

different with respect to length of lease period and the costs are given in Table 3.6.

Table 3.6. Unit costs of refurbishing process

cl,1 cl,2 cl,3

0.1 0.2 0.3

Remanufacturing cost per unit, cr, equals to 0.5 and manufacturing cost per unit,

cm equals to 1. Since all the unit costs and expected quantities are known, the expected

cost of refurbishing, remanufacturing and manufacturing stations can be calculated. In

Figure 3.1, for the first data set where αl,1=0.15, αl,i=0.27 and αl,3=0.39 the cost of

refurbishing with respect to the selling price is given as:
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Figure 3.1. The expected cost of refurbishing vs. price

As it is shown in Figure 3.1, the cost of refurbishing process decreases linearly

when the price increases. the reason for that is the decrease in the demand. Note that,
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there is a linear relationship between the price and the demand of the product, thus

if the price increases the demand will decrease therefore, at the end of lease period

the number of returned products will decrease too. The refurbishing process will be

applied to less number of product thus the total cost of refurbishing will decrease.

When the price increases the number of returned products from the buying cus-

tomers decreases because the demand of the products decreases. Therefore, the ex-

pected remanufacturing cost per unit time decreases linearly when the price increases.
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Figure 3.2. The expected cost of remanufacturing vs. price

The expected manufacturing cost per unit time decreases by the same reason of

decrease in refurbishing and remanufacturing costs. However it is observed that the

expected manufacturing cost is higher than the expected refurbishing and remanufac-

turing costs because manufacturing order is given for both the products which are not

refurbishable and not returned from the buying customers. In Figure 3.3 the inverse

linear relationship between the price and the manufacturing cost is shown.

On the other hand there are inventory holding and backorder costs that affect

the total cost of the system. In our numerical study, backorder cost, b equals to 2 and

to obtain holding cost per unit per unit time, hf firstly we need to find cost of finished

good, cf . The calculation of cf is given in Equation (3.23) and hf equals to inventory



34

0 1 2 3 4 5 6 7 8
0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

price

co
st

 o
f m

an
uf

ac
tu

rin
g

Figure 3.3. The expected cost of manufacturing vs. price

carrying charge times the unit cost of finished goods per unit time and the inventory

carrying charge is set to 0.003. For the selling price equal to 8 first data set is used in

which αl,i is found as 0.15, 0.27 and 0.39 and r is set to 0.7 and cf is found equal to

0.3358.

Therefore, the expected number of backorders and the number of products that

will be hold in the finished goods inventory and the related cost is found by solving the

Equation (3.28). Thus for a given price Ps by the help of difference equations we find

the optimal inventory level S∗. The optimal S∗ is calculated by obtaining the fractile

that equals to b/(hf + b) and in the numerical study it is equal to 0.9995.

The cost of the system includes processing cost as refurbishing, remanufacturing

and manufacturing, and it also includes holding and backorder costs. The expected

cost of the system with respect to the product price linearly decreases. (see Figure

3.4). The reason for that is the decrease in the demand of the product for both leasing

and buying. Since all the processing costs decrease when the price increases the total

of these costs will decrease, too. Also, it is known that the total number of products

in the system decrease.
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Figure 3.4. The total cost vs. price

The revenue of the system is obtained from the sales and leasing options. The

number of products that is sold or leased depends on the price of the product. When

the price increases the revenue will increase too but if the price continues to increase the

decrease of the demand will decrease the number of sold or leased products therefore

the revenue will decrease. Figure 3.5 shows the revenue function per unit time with

respect to the selling price of the product.

Our objective is to maximize the expected profit of the system with respect to the

selling price and inventory level S. The obtained profit function is concave, so we can

obtain a global optimum price value. According to this function, the best price which

maximizes the profit and satisfies the customer demand is obtained when it equals to

6.2. The maximum profit for this data set equals to 8.3928 where the revenue equals

to 10.4555 and the overall cost equals to 2.0627. Figure 3.6 show the concavity of the

profit function with respect to the selling price.

The shapes of the revenue function and the profit function are similar, to this

end, we also investigate the revenue maximization results. We ignore the costs that are

incurred in the system and obtain the optimal price that will maximize the revenue.

The price obtained from revenue maximization is close to the price obtained from profit
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maximization.
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Figure 3.5. The revenue of the system vs. price
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Figure 3.6. The profit of the system vs. price

For the same data set when the return probability of a sold product r is changed

from 0.7 to 0.4 the profit decreases from 8.3928 to 8.3272, however the shape of the

function does not change. The reason of the decrease in the profit is the increase in

the backorder cost and manufacturing cost. Because for each of product not returned

we give a manufacturing order. We also investigate how the optimal inventory level
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S changes with respect to the price. In Figure 3.7 we see that the optimal inventory

level decreases as the selling price increases because if the price increases the demand

for the product decreases and therefore, the inventory order-up-to level decreases.
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Figure 3.7. The optimal inventory level vs. price

All the observations that are done for the first data set are also done for the

second data set where αl,1=0.28, αl,i=0.54 and αl,3=0.77. The total cost of the system

is shown in Figure 3.8 where the total cost linearly decreases as the price increases.
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Figure 3.8. The total cost vs. price for the second data set
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The revenue obtained by the second data set is higher than the one obtained in

the first data set, because the αl,i values are higher than the values in the first set,

therefore the leasing prices of this set are higher. The revenue generated by the system

is also concave and as the price exceeds the level equals to 5.3 the revenue decreases.
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Figure 3.9. The revenue of the system vs. price for the second data set
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Figure 3.10. The profit of the system vs. price for the second data set

The profit function for the second data set is also concave. The maximum profit



39

is reached when the price equals to 5.6 which is less than the optimal price obtained

for the first data set. The shape of the profit function is also similar to the shape of

the revenue function. For the same data set if the return probability of a sold product

r is changed from 0.7 to 0.4 the profit decreases from 11.8634 to 11.7752.

As a result of the analytical model, we can proof that the average profit is concave

in S and according to numerical example results, we observe that the average revenue

is concave with respect to the price where the average cost is convex. Therefore, we

obtain that the average profit is concave with respect to the price. These observations

depend on the numerical studies presented this section. For the holding and backorder

costs we proof that the inventory level is optimal thus these costs are minimized with

respect to that optimal inventory level S. However the proof of the average cost and

the average profit that are not shown analytically. Therefore in the following chapter,

by using the simulation model we present more realistic calculations.

Another important result of the analytical model is the similarity of the rev-

enue and profit functions for both data sets. The results obtained from the revenue

maximization is close to the results of the profit maximization. Therefore, Chapter 4

simulation model and the computations are build based on these results.
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4. SIMULATION MODEL AND COMPUTATIONAL

RESULTS

In our study, firstly we model the system and then solve it analytically to find

optimal selling price and order-up-to levels in order to maximize the profit of the system

per unit time. We make two important assumptions such as all the unsatisfied customer

demands are backordered and the returned products can be reprocessed infinitely many

times. Then, in order to obtain more realistic cases, we build a simulation model with

using ARENA software. We relax two main assumptions of the analytical model. We

limit the number of times that a product can be reprocessed. Also, we assume that

when a leasing customer arrives if there is no on-hand finished goods inventory the

customer is lost, thus in the model a loss sale cost will be incurred. The objectives

of the simulation model are: (1) Relaxing the assumptions of the analytical model,

(2) Providing insights on how profit, optimal price and inventory level changes with

various system parameters, and (3) Fitting an equation from the simulation results to

find the optimal price and order-up-to level pairs for a given set of system parameters.

4.1. Description of The Simulation Environment

We simulate the system as an arriving customer may either be a leasing customer

or a purchasing customer. A customer who wants to lease the product may choose

one of the different lease options i where (i = 1, 2, ...,M). Arrival rates change with

respect to the product price since the demand is a function of the price. We assume

that arrivals occur according to Poisson processes and since the demand rates of the

customers are different, we design the arrivals as different streams. We assume that the

customers who want to lease the product have 3 options with different time durations,

thus we create 3 arrival mechanisms with different arrival rates.

Upon a leasing customer arrives to the system, the type of the customer is defined.

A type shows that which lease option is chosen by the customer. For instance, if the
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customer chooses lease option 1, she is named as type 1 customer. Also, at the end

of lease period, the customer will return the product and if the product is not highly

depreciated it will refurbished. Classifying the customers helps in order to classify the

returned products. Because the probability of being highly depreciated changes with

respect to the lease option. If the customer leases the product for a long time, the

product will be highly depreciated with a higher probability and highly depreciated

products are dismantled from the system. Also, returned products assumed to be in a

refurbishable condition will not spend the same time in the refurbishing station. The

time spent in the refurbishing station changes according to the length of lease period.

Figure 4.1 shows the arrivals and classification of the customers. It also shows that in

order to satisfy the demand, we check the finished goods inventory, and if there is no

product the customer is lost.

Customers type1 Attri. type 1 cust.

Customers type2 Attri. type 2 cust.

Customers type 3 Attri. type 3 cust.

inventory
check finished goods True

False

0      

0      

0      

0   

     0

Figure 4.1. Arrival mechanism of leasing customer

We also consider that a customer may prefer to buy the product (see Figure

4.2). Arrival rate of buying customers’ demand is different from the leasing customers’

demand and it depends on the selling price of the product. In order to satisfy the

customer demand, we check the finished goods inventory. We assume that with a

certain probability, we know whether the customer will return the product at the end-of

lifetime of the product. The information about the return potential of a sold product

is important, because if the product will not be returned, we give a manufacturing

order. In Figure 4.2, “Signal” module shows that a manufacturing order is given upon
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to buy the product
customers prefer True

False

return the product
check the potential to

be returned
the product will

not be returned
the product will Signal 1

0      

0      

     0

Figure 4.2. Arrival mechanism of buying customers

material
Create raw

Hold 1 manufacturing

prod
manufactured
the number of

0      
0

Figure 4.3. The manufacturing system in the simulation model

an arriving customer is the one that will not return the product.

We assume that, there is no capacity restriction for the manufacturing station,

thus a new product may be produced when it is needed. A manufacturing order is

given in two cases: (1) the returned product from the lessee is highly depreciated and

has to be dismantled, (2) a sold product will not be returned by the customer.

4.2. Computational Setting

We simulate the system as a customer arrives either to buy or to lease a product.

We assume that the buying and the leasing customers arrive according to Poisson

processes with rates λs and λl,i, respectively. As in the analytical model, λs equals

to as − ksPs and λl,i equals to al,i − kl,iPl,i. In our numerical study, as equals to al,i

and they are assumed to be equal to 2. Also, ks equals to kl,i and the value of them

is equal to 0.25. Pl,i is assumed to be a fraction of Ps. This fraction is denoted by



43

αl,i which changes with respect to the leasing option i. We assume that there are 3

leasing options. We run the model for two different values of αl,i that are the same as

in the analytical model. In the first case, αl,i values are equal to 0.15, 0.27, 0.39 and

in the second case they are equal 0.28, 0.54 and 0.77. The selling price and the leasing

price are chosen according to the analytical model results since these results provide

an initial search point for the price and order-up-to level S. Then, we investigate the

closer values of the price and the inventory level to find where the maximum profit is

obtained. Since we are not able to try every price and inventory level, we have to limit

our search and then decide in these limits which profit is the highest one.

In this model we are dealing with steady state quantities thus we choose a long

run length which is equal to 5000 days in ARENA software. We test longer and shorter

time periods in order to reach steady state quantities and we determine that a period

of 5000 days is enough. Also, in order to decrease the effect of variation we replicate

the runs for 5 times and take the average of these 5 replications. In total, 921 scenarios

are applied for different price and inventory levels. For 12 different cases, first for a

given price, the effects of inventory level on the profit is investigated. Then, for a given

inventory level different price levels are put into the system and the effect of price on

the profit is investigated. To this end, the compound effect of price and inventory level

on the profit of the system is discussed.

4.2.1. Purchasing and Remanufacturing

In our model, we assume that by the time customer arrives if there is any prod-

uct in the inventory, she is satisfied and upon arrival, we know whether this customer

will return the product or not. If there is no product in the finished goods inventory

the customer is backordered until the time there is an available product in the inven-

tory. We assume that the buying customer will use the product for 720 days and with

probability r will return the product. This probability is set equal to 0.7 and 0.4 in

different scenarios. Also, we assume that if the customer will not return the product

we give a manufacturing order for a product. The returned products (from the buy-

ing customers) are remanufactured and this process takes 3 days per product. After
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remanufacturing process the products are put into the same finished goods inventory.

Manufacturing time is longer than refurbishing or remanufacturing times and it is set

to 6 days.

In this model, we are able to show that when a buying customer arrives we know

the type of customer (will she return the product or not) so if the customer will not

return the product we give a manufacturing order upon the customer is satisfied. Thus,

while the product is at customer another product is manufactured in order to satisfy

a possible incoming demand. We assume that for a manufacturing order we do not

need to wait until the end of the time which is defined as the buying customer uses the

product.

4.2.2. Leasing and Refurbishing

In our system, the leasing customers are divided into three groups such as who

want to lease the product for 180 days, 360 days and 540 days. However, leasing a

product is possible only when there is a product available in the inventory, thus we

check the finished goods inventory. For the leasing customers, we assume that upon

a customer arrives we know the type of the customer and the type of customer shows

how long the customer will lease the product. We also know that at the end of lease

period the customer will return the product, however if the returned product is not in a

refurbishable condition we give a manufacturing order and then the product that is not

refurbishable will be dismantled. Otherwise, if the product is not highly depreciated it

can be refurbished and the time that the product will spend in refurbishing station is

known. If the product is leased for 180 days it will spend 1 day in refurbishing; if the

product is leased for 360 days, it will spend 2 days in refurbishing and if the product

is leased for 540 days it will spend 3 days while being refurbished. The probability of

being in a refurbishable condition for a returned product changes with respect to the

time spent at lessee. The probability of being refurbishable for a product leased for

180 days is 0.9 and for the product leased for 360 days is 0.8 while for the product

leased for 540 days it equals to 0.7. All the refurbished products are sent to the same

finished goods inventory. The parameters of the leasing and refurbishing is summarized
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in Table 4.1.

Table 4.1. Parameters of leasing and refurbishing

Leasing Duration 180 360 540

Refurbishing Duration 1 2 3

Refurbishing Probability 0.9 0.8 0.7

4.2.3. Parameters of The System

In the simulation model, we determine 12 different sets and these sets change

according to three different factors which are αl,i, return probability of sold product

r, and number of times that the product is reprocessed which is denoted by rn. Note

that αl,i is the proportion of leasing price to the the selling price of the product. We

investigate two levels of αl,i, the first level is 0.15, 0.27, 0.39 and the second level is

0.28, 0.54, 0.77. These values are the same as the ones in the analytical model and

they are obtained from the formula given in Equation (3.6). The return probability r

is set to two different values that are 0.7 and 0.4. The reprocessing number after the

return rn is set to 1, 2 and 3 in different scenarios.

Other parameters such as refurbishing, remanufacturing and manufacturing costs

and the times spent in these processes are the same as in the analytical model. While

doing the computations, we fix some the parameters and they are summarized in Table

4.2

Table 4.2. Costs in the simulation model

cl,1 cl,2 cl,3 cr cm hf b

0.1 0.2 0.3 0.5 1 0.001 2

In the system, all the costs are assumed to be per unit. In the analytical model,

there was no loss sale cost, however in simulation model, we assume that the unsatisfied

leasing customer will not wait for an available product and this will cause a loss sale.

The loss sale cost equals to $0.15 per unit. The other parameters that change in

different cases are shown in Table 4.3.
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Table 4.3. Parameters of the 12 cases

Case number αl,1 αl,2 αl,3 r rn

1 0.28 0.54 0.77 0.4 1

2 0.28 0.54 0.77 0.4 2

3 0.28 0.54 0.77 0.4 3

4 0.15 0.27 0.39 0.4 1

5 0.15 0.27 0.39 0.4 2

6 0.15 0.27 0.39 0.4 3

7 0.15 0.27 0.39 0.7 3

8 0.15 0.27 0.39 0.7 2

9 0.15 0.27 0.39 0.7 1

10 0.28 0.54 0.77 0.7 3

11 0.28 0.54 0.77 0.7 2

12 0.28 0.54 0.77 0.7 1

4.3. Analysis of The Simulation Results

In simulation model, as an initial state we use the optimal price and inventory

levels obtained from the analytical model. While calculating the profit of the system

the revenue obtained from leasing and sales and the costs which are incurred in various

stations of the system are considered. These costs are refurbishing, remanufacturing,

manufacturing costs and holding, backorder and loss sale costs. All the costs are

calculated per day. The revenue is also calculated per day, thus the expected profit is

obtained per day. The results of the runs are summarized in Table 4.4.

In the first case, the proportion of the leasing price to the selling price of the

product is 0.28 and 0.54 and 0.77, leased for 180, 360 and 540 days, respectively.

The return probability of a sold product equals to 0.4 and a returned product can be

reprocessed only once. For the prices: 5, 5.4, 5.6, 5.8, 6 and 6.2 different inventory

levels such as 1250, 1300, 1350, 1400, 1450, 1500, 1550, 1600, 1650, 1700 are tried

out and according to the generated profits near to the maximum profit new runs are
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Table 4.4. Results of the 12 cases

Case number Order-up-to level price profit

1 1475 5.7 10.9034

2 1450 5.7 11.3577

3 1450 5.8 11.5883

4 1900 6.3 7.2838

5 1825 6.4 7.8309

6 1850 6.2 8.0844

7 1925 6.2 8.1170

8 1925 6.2 7.8410

9 1950 6.2 7.2951

10 1575 5.8 11.6493

11 1575 5.8 11.396

12 1600 5.8 10.9168

applied. Then, the prices such as 5.7, 5.75, 6.4 and 6.6, the new inventory levels such

as 1375, 1425, 1475, 1525 are tried out. According to the run results for the case 1 the

optimal price is 5.8 and the optimal inventory level is 1450. In Figure 4.4, for a given

price (5.8), the graph of the profit with respect to the inventory level is shown. On the

0 1300 1375 1425 1475 1525 1600 1700
10

10.1

10.2

10.3

10.4

10.5

10.6

10.7

10.8

10.9

11

inventory level

pr
of

it

Figure 4.4. The profit vs. inventory level for the price 5.8

other hand, for the given best inventory level equal to 1450 the pattern of the profit

with respect to the price can be shown as in Figure 4.5.
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Figure 4.5. The profit vs. the price for the inventory level 1450

Although while simulating the system we make assumptions differently from the

analytical model, the unit costs and the time spent in various stations of the system

are the same as in the analytical model. Thus in order to compare the results of two

models for the first case, the summary of the analytical model results are given in Table

4.5.

Table 4.5. Summary of analytical model results of the first case

Inventory Level (S∗) Cost Revenue Profit Price (P ∗
s )

1244 1.8071 13.582 11.775 5.7

The profit obtained from the analytical model is higher which is reasonable,

because in the simulation model we assume that the returned products cannot be

reprocessed infinitely many times. Also, since we are not able to sell or lease the

same product more than twice we have to keep more products in the finished goods

inventory in order to satisfy the customer demand. Thus, in the simulation model the

optimal inventory level S∗ is higher than the one in the analytical model. According

to simulation model the calculated profits of the first case are given in Table 4.6 for

different combinations of the selling price and inventory levels.
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We design simulation scenarios, in order to understand the effect of the number

of times the same product is reprocessed. According to the run results, when the

number of times a returned product is reprocessed increases the profit increases too,

which is meaningful because the same product may be leased or sold for so many times.

The expected profit of the simulation model also approximates to the expected profit

obtained from the analytical model. It can be observed that the number of times that

a product is reprocessed affects the profit of the system and while this number goes to

infinity the profit continues to increase hence the profit obtained from the analytical

model is the highest one. However, when we discuss the optimal price and the inventory

level for the case 2, the optimal price equals to 5.7 and the optimal inventory level is

1450. In addition to that, for the case 3 the optimal price equals to 5.8 and the optimal

inventory level equals 1450. When we compare first three case the profit generated by

the system is the highest in the third case where rn equals to 3. The results of the

scenarios based on the second and third cases are given in Appendix A. Also, the figures

that show the profit of the system with respect to the price and the inventory level are

given in Appendix A.

In the simulation model, we also investigate how the proportion of the leasing

price to the selling price, αl,i affects the profit generated by the system, the optimal price

and inventory levels. The first case and the fourth cases are compared to understand

how the profit, optimal price and inventory levels are affected by the level of αl,i. For

the fourth case, the simulation model results show that the maximum profit is reached

at a point where the price equals to 6.3 and the order-up-to level equals to 1900. Figure

4.6 shows, for the given optimal order-up-to level, how the expected profit changes with

respect to the selling price. On the other hand, Figure 4.7 shows, for the given optimal

selling price how the expected profit changes with respect to the order-up-to-level.

For the fourth case, the profit is calculated for different combinations of the selling

price and and inventory level. The results (see Table A.3 in Appendix A) show that

the optimal profit decreases when αl,i values decrease from 0.28, 0.54 and 0.77 to 0.15,

0.27 and 0.39 for i = 1, 2, 3. The reason of the decrease in the profit can be explained

by the decrease in the revenue obtained from the leasing customers. Moreover, the
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Figure 4.6. The profit vs. the inventory level for the case 4
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Figure 4.7. The profit vs. the price for the case 4
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simulation results show that the calculated profit is less than the expected profit of the

analytical model for the same case. The analytical model results of the fourth, fifth

and sixth cases are the same since in the analytical model we do not consider a limit on

the number of times that a returned product is reprocessed. Thus the corresponding

results are given in Table 4.7.

Table 4.7. Summary of the analytical model results of the fourth case

Inventory Level (S∗) Cost Revenue Profit Price (P ∗
s )

1523 2.1005 10.428 8.3272 6.3

Another important criteria that affects the profit of the system is the return

probability of sold products. Two levels of this probability, 0.7 and 0.4 are considered in

different scenarios. When we compare the sixth and seventh cases the return probability

of a sold product is equal to 0.4 in the case 6 and it is equal to 0.7 in the case 7. When

we analyze the results of the case 6 scenarios, the profit equals to 8.0844 where the

selling price is equal 6.2 and the order-up-to level is equal to 1850.
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Figure 4.8. The profit vs. the inventory level for the case 6

On the other hand, the results of the senarios designed based on the case 7

parameter levels, show that the highest profit equals to 8.1170 where the selling price

equals to 6.2 and the order-up-to level equals to 1925. As a result, when the return

probability of a sold product is low, the profit will decrease. Also, the optimal inventory
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Figure 4.9. The profit vs. the price for the case 6

level increases as the return probability increases. Because, for the products that will

not return from the buying customers, we give a manufacturing order; however for

the products that will return we wait until the end of period that the customer uses

the product. Therefore, in order to decrease backorder and loss sale costs the optimal

order-up-to level is increased. The graph of the profit with respect to the inventory

level and the selling price is given in Figure 4.10 and Figure 4.11, respectively. The

summary of results for the seventh, eighth and ninth cases are given in Appendix A.
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Figure 4.10. The profit vs. the inventory level for the case 7
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Figure 4.11. The profit vs. the price for the case 7

We also design scenarios for the tenth, eleventh and twelfth cases where αl,i equals

to 0.28, 0.54, 0.77 for i = 1, 2, 3, r equals 0.7 and rn equals 3, 2, 1 respectively. When

we compare the case 7 and case 10 where the only difference is the value of αl,i. We

observe that, when αl,i is higher the profit of the system will be higher, since the

revenue obtained from the leasing customers is higher.
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Figure 4.12. The profit vs. the inventory level for the case 10

On the other hand, when we compare scenario results of the case 11 and the case

12, we observe that if the number of times that a returned product is reprocessed, is
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Figure 4.13. The profit vs. the price for the case 10

high the profit generated by the system will be higher.
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Figure 4.14. The profit vs. the inventory level for the case 11

According to these results, for a given price the profit first increases, then decrease

with respect to the inventory level. The reason of the increase in profit is the decrease

of the backorder and the loss sale costs. This result also means the customer demand

is more satisfied. However, after a certain level of the inventory, the profit decreases

because the increase in the holding cost cannot be compensated by the decrease in

the backorder and loss sale costs. For a higher price level when the inventory level
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Figure 4.15. The profit vs. the inventory level for the case 12

is increased the profit also increases, however again after a certain inventory level the

profit decreases. When a higher price is set it is observed that usually the maximum

profit is reached at a lower order-up-to level S, since at a higher price the demand of

the product will be lower. On the other hand, for a given order-up-to-level S, when

the price increases, the profit increases up to a level. However after a certain level,

increasing the price will not increase the profit, because the demand decreases.

The simulation model give insights about how should the price and the base

stock level S∗ set, in order to maximize the profit while satisfying the leasing and

selling customer demand best. In the simulation model, we use the results of the

analytical model as an initial price and inventory level. Then, for different price and

inventory levels we run the simulation model and analyze results. However, although

we have done 921 scenarios, certainly there are more cases that can be tried to see how

the profit changes id different scenarios. Thus, we determine that by fitting the results

that are obtained from the simulation model to a function in order to make possible

to try out more combinations of the price and inventory level.
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4.4. An Approximation for The Average Profit

In simulation model, we tried out different price and inventory levels in order

to find optimal pairs that would maximize the profit. Therefore, we aim to fit an

equation from the simulation model results. In order to find the function which fits

the data best, we use a tool (http://zunzun.com) which is a function finder. This

tools also searches whether the fitted function is linear, exponential, cubic, quadratic,

logarithmic, trigonometric, etc. At the end of the search, the tool gives a rank for

type of the function and the quadratic function has one of the highest rank. Thus, we

choose the equation that is a quadratic type of function, also from the analytical and

simulation model results we know that the shape of the profit function is suitable to

be a quadratic function.

The data which is used to find the best function is the one obtained by using the

results of case 1 with parameters defined in Table 4.3, because the results generated

for the first case is very detailed. There are 140 data points that can be fed into the

tool in order to obtain a function which gives the best results. After putting the data

points into the tool it gives the following function:

P (S, Ps) = a+ bPs + cS + dP 2
s + eS2 + fPsS. (4.1)

The selling price is denoted by Ps, the inventory level is denoted by S and the

obtained profit is denoted by P (S, Ps). The coefficients of the equation are given in

the Table 4.8.

Therefore, since a, b, c, d, e and f are known by putting new price and inventory

levels into the function one can obtain new profit values. The function is quadratic

and the shape of the function is concave thus we are able to find the global optimum

where the profit of the system is the maximum. As a result the obtained points are

P ∗
s=5.754, S∗=1562 and P (S, Ps)

∗=10.8569. When we compare the results of the

simulation model and results obtained from the function defined in Equation (4.1) we
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Table 4.8. Coefficients of the function

a = -68.4989

b = 15.3301

c = 0.04513

d = -0.8592

e = -0.000008

f = -0.00348

can conclude that the best price and the best inventory level for this data set is 5.8 and

1450, respectively. The profit obtained from the model is 10.8961, thus actually when

we search near the optimal solution, we find another function where the coefficients

are given in Table 4.9.

Table 4.9. Coefficients of the second function

a = -173.2847

b = 42.4647

c = 0.08207

d = -2.8007

f = -0.000014

g = -0.006676

According to this new function the optimal price equals to P ∗
s= 5.8225, the opti-

mal inventory level is found as S∗=1475 and the optimal profit is P (S, Ps)
∗= 10.8853.

The obtained values are closer the ones found as a result of simulation model. To

sum up, fitting the results obtained from the simulation model help the decision maker

getting new profit values with respect to the different combinations of the price and

inventory level. The results generated by the fitted function are consistant with the

results of the analytical and simulation model thus one can use the function in order

to decide the optimal price and order-up-to level S that will maximize the profit of the

system.
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5. CONCLUSIONS

In this study, we consider a single product system in which customers arrive

according to Poisson processes and request either to lease or to buy a product. If a

customer prefers to lease the product, she chooses one the lease options given by the

manufacturer. At the end of the lease period, the customer return the product to the

system. The returned product may either be refurbished or dismantled. The decision to

refurbish or to dismantle the product depends on whether the product is depreciated.

On the other hand, if a customer prefers to buy the product, she may return the

product to the system with a certain probability. Returned products from the buying

customers are remanufactured. If a product returned from lease is not refurbishable or

a sold product is not returned from the customer, a manufacturing order is given. We

assume that a manufacturing order is given according to an (S − 1, S) policy.

We model the system as an infinite horizon problem with the objective of maxi-

mizing the expected profit per unit time with respect to the selling price and the base

stock level S. After building the analytical model, to find the optimal selling price

and order-up-to level a search algorithm is used which is coded in MATLAB. In the

analytical model, we assume that the returned products can be reprocessed infinitely

many times. However, in the real world, this is not possible because each time a prod-

uct is reprocessed, its level of depreciation increases. Hence, after a certain number

of reprocessing operations, the product has to be dismantled. Another assumption we

make in the analytical model is that if a leasing customer’s demand is not fulfilled from

the finished goods inventory it is backordered. In order to relax these two assumptions

we built a simulation model. In the simulation model, 921 scenarios are designed for

12 different cases. Each case consists of different combinations of the following system

parameters: αl,i the proportion of leasing price to selling price; r, the return probability

of the sold product; rn the number of times that the returned product is reprocessed.

Both the analytical and simulation model results show that for a given price, the

profit first increases then decreases with respect to the inventory level. The reason
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for the decrease in profit after a certain level of inventory level is that the increase in

holding cost cannot be compensated any more by the revenue obtained from the lease

and the sales. On the other hand, for a given inventory level the profit first increases

then decreases with respect to the price. The reason of this result can be explained

as follows: An increase in price up to a point, increases the revenue generated by the

system. However, after that point decrease in demand cannot be compensated by the

price increase.

The simulation model results also provide insights on how the profit, optimal

price and order-up-to level S changes with various system parameters. The results

show that, if the number of times that the returned product is reprocessed decreases,

the average profit decreases. This is very reasonable because for each dismantled

product a manufacturing order has to be given and the manufacturing cost incurred

will increase. Also, limiting the number of times of reprocessing causes an increase

in backorder and loss sale costs. Moreover, if the return probability of sold products

increases the profit generated by the system increases.

We used the simulation model results to obtain a function that finds the ap-

proximate profit for a given price and inventory level. Since the profit is a function

of two decision variables the function is 3 dimensional thus a 3D function finder is

used provided in (http://zunzun.com). This function is used to find the profit without

running the simulation model for different price and inventory level combinations. By

using the same function, the profit is optimized by taking the partial derivatives of the

function with respect to the decision variables. By using the fitted function, different

combinations of price and inventory level pairs can be tried to get the profit of the

system. The results generated by the function are consistant with the analytical and

simulation model results.

As a future study, the loss sale case can be incorporated into the analytical

model because the current model is valid under the backorder assumptions. Another

extension may be on the assumption that the customers are not able to differentiate the

reprocessed and brand-new products. Choice behaviour of the customers who are able
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to differentiate between the reprocessed and brand-new product may be incorporated

in a new model. Moreover, we assume that the market is monopolistic. Thus in a future

study the remanufacturers may compete on the remanufactured product market. In

another extension, the competition of the leased and sold products can be added to

the model then the payment structure of the leased products may be changed since the

payment structure affects the leased product demand.
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Figure A.1. The profit vs. the inventory level for the case 2

5 5.4 5.6 5.7 5.8 6 6.2
10.4

10.5

10.6

10.7

10.8

10.9

11

11.1

11.2

11.3

11.4

price

pr
of

it

Figure A.2. The profit vs. the price for the case 2
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Figure A.3. The profit vs. the inventory level for the case 3
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Figure A.4. The profit vs. the price for the case 3
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Figure A.5. The profit vs. the inventory level for the case 5
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Figure A.6. The profit vs. the price for the case 5
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Figure A.7. The profit vs. the inventory level for the case 8
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Figure A.8. The profit vs. the price for the case 8
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Figure A.9. The profit vs. the inventory level for the case 9
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Figure A.10. The profit vs. the price for the case 9
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