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CHARACTERIZATION OF TORSION UNITS OF U, (ZS,)

Murat GUVERCIN

M. S. Thesis - Mathematics
June 2010

Supervisor: Asst. Prof. Tevfik BILGIN

ABSTRACT

In ZS, any torsion unit is conjugate to one of the element in S,. §, has 5
conjugacy classes : 6, (12), (12)(34), (123), (1234)

6 is trivial, (12) and (12)(34) consist of elements of order two, (123) has

elements of order 3 and (1234) has elements of order 4. In this study, all torsion units

are characterized according to the conjugacy classes in S, in terms of parameters.

Keywords: Torsion units, parameterization of torsion units, irreducible representation.



U,(ZS,) DEKI SONLU MERTEBELI BiRIMSELLERININ BELIRLENISI

Murat GUVERCIN

Yiiksek Lisans Tezi — Matematik
Haziran 2010

Tez Danugmani: Yrd. Dog. Dr. Tevfik BILGIN
0z

7S, te bulunan smurl mertebeli birimlerden herbiri S, te bir elemana esleniktir.

S, te bes eslenik sinifi vardir: 6 (12), (12)(34), (123), (1234)

6 agikar smnif, (12) ve (12)(34) siiflar1 2 mertebeli elemanlar1, (123) sinifi

3 mertebeli elemanlar1, (1234) sinifi 4 mertebeli elemanlart icerir. Bu calismada tiim
sinirhi mertebeli birimler S, te eslenik siniflarina gore parametrize edilmistir.

Anahtar Kelimeler: Sonlu mertebeli birimseller, Sonlu mertebeli birimsellerin
parametrizasyonu, indirgenemez temsiller.
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CHAPTER 1

INTRODUCTION

1.1. Basic Definitions and Properties of Group Ring RG

Definition 1.1.1. Let G be group and R be a commutative ring with identity. Let us

denote the set of all finite formal linear combinations by RG . Then the set

RG={a=) a,g:8eGa,eR)}

finite

is a ring under the following addition and multiplication:

1- Addition of two elements in RG : Let =Y a,g and f=) f g€ RG then

geG geG
a+B=> a,g+> . f.g=> (a+pB)g
geG geG geG

2- Multiplication of two elements in RG : Let =) a,g and f=) f,he RG then

geG heG

af=0Q a.0)Q B

geG heG

= > (a,B)(gh

g.heG

=5 S a,B)gh

geG heG

If we choose g = gh™' then, we simply denote

af=>.0, a,.B)g

geG heG

Some Basic Properties of RG

1- Equality of two elements in RG : For any two « = Z a,g and f= Z B.g € RG

geG geG

a=fea,=p,9geC.



2- The group G can be embedded into RG by the following group homomorphism:
i:G—>RG
ga lpg

3- The ring R can be embedded into RG by the following ring homomorphism:
¥:R —> RG

ra reg

4- The ring RG has the identity. 1., =1,.e;. So we can consider Unit group of RG
denoted by

U(RG)={y=)_7,8€ RG:yA=1,;,34€ RG)
Clearly,U(R),G cU(RG) and more generally U(R). G cU(RG).If U(RG)cU(R).G

then, we say RG has trivial units.

5- For N < G, let us consider following natural group homomorphism :
0:G—>G/N
ga gN
If we extend the group homomorphism linearly over R, we get the following natural
ring homomorphism.
@®:RG — R(G/N)
> 7v.ga D 7,(gN)

6- We can define a ring homomorphism from RG to R as follows:

€:RG—R

D.%.83 2.7,

The kernel of € is an ideal of RG , denoted by A(G)={ye RG: Z 7, =0}

7- If we restrict this homomorphism to unit group of RG then we get a group
ephimorphism :
£:U(RG)—>U(R)

%83 D7,



This map is called augmentation map and the kernel of € is a normal subgroup of
U(RG), and denoted by U,(RG)={ye U(RG):Z;/g =1,} and it is usually called

normalized units (or units with augmentation 1).

8- If we take R=Z then the group ZG 1is called the Integral Group Ring.
U(ZG)=2U,(ZG) since U(Z)={%1}.

Definition 1.1.2. The set of torsion units can be defined as
{r=>_7,8€RG:y" =1,;,Gme ¢ *}

It is obvious that the set of torsion units is a subset of U(RG).

1.2. The Unit Problem for Integral Group Ring

Describing the units of the integral group ring is a classical and difficult
problem. Over the years, it has drawn the attention of those working in the areas of
algebra, number theory and algebraic topology. For a compilation of results in the unit
problem, the reader is directed to the monograph by Sehgal [1]. We will use the

standard notation of that text. Most descriptions of U(ZG) in the mathematical
literature either give an explicit description of the units, the general structure of U(ZG),
or a subgroup of finite index of the unit group U(ZG) . These results are often obtained

by using techniques from representation theory and algebraic number theory [2].

In 1940, substantial work on the unit problem was done by Graham Higman
[3]. He first showed that if U(ZG)=%G , then U(Z[GxC,])=+(GxC,). Using this, he
showed that U(ZG)=xG if and only if G is abelian of exponent 2,3,4,or 6 or
G = Ex K where Kjis the quaternion group of order 8 and E is an elementary abelian
2-group. Furthermore, Higman gave a general structure theorem for U(ZA), where A is

a finite abelian group. Other results include: A, and S, by Allen-Hobby[4], D,, by

Passman-Smith[5], G=C,XC,, where ¢ is a prime dividing p-1 by Galovich-Reiner-

Ullom [6],

G| =p’ by Ritter-Sehgal[7], and U(ZS,) by Hughes-Pearson[8].



Recently, Jespers and Parmenter[9] gave a more explicit decription of

U(ZS,) . More recently, torsion units of U(ZS,) were parametrized by Bilgin [10].
In 1993, Jespers and Parmenter [11] completed the description of U(ZG) for
all groups of order 16. Jespers [12], in 1995 gave a description of U(ZG), for the

dihedral groups of order 12 and for G =D, xC,.

1.3. Linear Extensions of Irreducible Representations of S, to ¢S,

Let us write the representation of ¢S, obtained by using faithful irreducible

representation  of  S4=K4XS;, where K, ={(1),(12)(34),(13)(24),(14)(23)}  and

S, ={(1),(123),(132),(12),(13),(23)} . Then all elements of S can be written as;

S
} (D) (123) (132) (12) (13) (23)
K,

(D) (D) (123) (132) (12) (13) (23)
(12)(34) (12)(34) (243) (143) (34) (1432) (1243)
(13)(24) (13)(24) (142) (234) (1423) 24) (1342)
(14)(23) (14)(23) (134) (124) (1324) (1234) (14)

1444442444448 1444442444443

A, Sa/A
If we take K=K, ={k.k,.ky.k,} where k=), k,=(12)(34), k,=(13)(24),
k,=(14)23) and H=S8,={h.h.h.h. h.,h} where h=(1), h=0123), h=(32),
h,=(2), hy=(13), hy=(23) then S, = KH and every g, € S, can be written as g, =kh;.

Then every ye ¢S, can be written in the form

Y= ZZYU&:; :

4
i=1 j=I



Now let’s define the following representations

1. p:S, - GL(1,C)

g a [l

2. p,: S, > GL(1,0)
[1] if geA,

[-1] if ge S, /A,

3. p,: S, > GL2,C) where 7 :

g a (p=hp

S, - GL(2,C)

(123) 0
*

-1
-1

. 0 1
(12) a 1 0

|

53 (1) (123) (132) (12) (13) (23)
K4
(1 0] 0 -1 (-1 17 0 17 1 -1 -1 0]
(D 0 1] L —1} -1 0] 1 0 0 -1 -1 1
1 0] 0 -1 (-1 17 [0 17 M -1 -1
(12)34) 0 1] 11 1] -1 0] 1 0] 0 -1 -1 1
(1 0] 0 -1 (-1 17 0 17 M1 -1 -1 0
(13)24) 0 1] 1 1] -1 0] 1 0] 0 -1 -1 1
(1 0] 0 -1 (-1 17 0 17 M -1 -1 0
(14)(23) 0 1] 1 -1 -1 0] 1 0 0 -1 -1 1
4. p,: S, - GL3,¢)
[0 0 -1
1234 a |0 -1 O
1 0 O
0 0 1
a3 a |1 0 O
01 0




(23)

o — O

-1

0 0

0 -1 0

-1 0 0

-1

0

-1 0 O

0 0 -1

(13)

0

-1

0

-1 0 O

0 0 -1

-1 0 0

-1

0 0
0

-1

12)

o o -

— O O

o —H O

-1 0 0

0 0 -1

0 -1 0

-1

0 0

0 0

-1

(132)

o —- O

— O O

o O -

0 0 -1
-1 0 O

0

-1

0 0

-1

0

-1

0 0

(123)

— O O

-1 0 O

0

-1

-1

0 0

0 -1 0

0 0 -1
-1 0 O

|

6]

0 -1 0
0 0

-1

-1 0 0

0

0

1

0 0 -1

0 0

-1
0

0

-1

S3

(12)(34)

(13)(24)

(14)(23)

- GL@G, ¢)

S,

5. ps:

0 0 1
0
-1 00

|

0 01

00
010

1

(1234) a

123) a

o T o o —- o o ™ o o - O
~~ I
< ©o 7 °C°e " oo |27
N —
7 o o __00 — © o — © o
|
1
i T T T
o o
- | 1_.00 — O O — O O
o — i o —- O
— © e o~ o e e
N—" —
o o
001__ _001 _001__ |
e — |
1
T T T
© <o oo - oo - —
~ e e
[\l — — - O O
— [ [ - o o
N—" 10
o
01__0 _010 . | _01.0
e — |
_1 _O 0 ) —
1 i
— o —~ O 0_0 0_0
(@) —
o o
B — O O — O O | 1__00
N—"
ee - |loo7 (007 |oo ~
T T T
|
—_ ~oo |T7T°° |[Teo |Too
on oo ™
(q\l o o — | 001_. o o
—
N
o — O — —
= T -, |© | © O —-= O o e
L L L
T 1_ — _00
1 i
oo~ |© 97 e o
~ i
o o
a o —H O 01_.0 o - O |
— O O — —
- |mo o |22 |1 2°
oy ~ ~ ~
” 3 3 g
D N’ N’ N’
=z ~ ~ ~
N on <
<t — — —
K ~ ~ ~




By extending these representations over ¢ linearly we get the representations of ¢S, :

*1. p o ¢S, S g
46
Y= Y8y A
==
*2_p_2: ¢S, _>¢1x1
46
Y= 2 V& a
p |
*3, E ¢S, -
4 6
7=Zz%y'gij a
i=1j=1
*4. p, ¢S,
4 6
Y2 2 %8y A
=
*5. p. ¢S, > ¢
46
V=0 V& a
p =

Then for every ye ¢S, we explicitly express these representations as follows :

4.6
yplezl%y(gi,-pl)
i=1j=

4.6
7p2=2121%,<g,;,-p2)
=l j=

2x2
¢

4

6
YP=2 > ¥i(8iPs)

f= =

3x3
¢

4 6
7p4=2121%y(g,7p4)
=

i=lj=

4.6
yp5=_zlzln,-(g,-,~p5)
=1 j=

_ 4 6
1) 7p1=|: Z%/i|
i=1 j=1
. 4 3 6
2) 7p, = {Z %;,)—[ZZ%,}
i=1 j=1 i=1 j=4
3 7/73={a1—a3+a5—a6 -, + o+, — o
o, —o,+0o, -0 o, -0, -0+,
4)
Vit Ve TVt Vs Vst Vat VstV
V51~ Va6 = Va1 — Vas Vs = Vs T Vas Vs
7:0_4: Vot Va =V =V Yut Vs =7a—7ss

1Vt V=V~ Va

Vst Vs = Vs = Vo5
__733 —Vas T Vst Vs

Yt Vs = Vo — Vs

Vot Ve = V2 = Va6
V2=V TVt Va6

4
}, where ¢, = Z?’ik
i=1

Vot Vst Vot 7ss
Va2 " Vas T Var T Vas

Vi3t Ve = Vs — Va6
tVs+ Va6 —Vas — Vas

(T Ty CTR £
Vi TVt VYt Vs |




5)

yps =

Yii— N6 T 71—V
Vst Va6 =Vt Ve

Vo =Na =Vt 7
1V =V VotV

Vis= Vs = Vst 725

L= Va3t Vs Vs = Vas

Vis=Vat V=V
— 7 + Vaa — Va3 t Y

Y= Vs = Yat7s
V51~ Vss =V T Vas

Vo=V~ Va2 T 7
V2t Ve TV — Vae

Vio = Ns Ve = Vas
Vot Vs Vet Vs

V3= Ve~ Va3t 72
V3= V6 ~Vas T Vas

Yi—Na =Vt 7
VTVt YV mVu




CHAPTER 2

SOME PRELIMINARY RESULTS

2.1. Basic Results in ZS,

Let us recall some basic results which are used to characterize the torsion units.

Theorem 2.1.1. (N.A. Fernandes[13]) Let y= Z}/gg € U,(ZS,) be a non trivial torsion unit.
a) If the order of y is 2 then y is rationally conjugate to (12) or (12)(34). That is,
;/:0:(12)05‘1 or y=a(12)(34)a ' for some e Qs,
b) If the order of y is 3 then y is rationally conjugate to (123). That is,
y=a(23)a™" for some ae QS,.
c) If the order of ¥y is 4 then y is rationally conjugate to (1234). That is,

y=a(234)a”" for some ae QS,.

Proposition 2.1.2. Let p be a representation of ZG obtained by extending linearly a
representation o of finite degree of a group G over Z. If ye U,(ZG) is a rational
conjugate to g for some ge G then

i) [P|=[gp| and i) r(p)=1r(gp).

Proposition 2.1.3. (Berman-Higman [3]) Let G be a finite group. Suppose

y€ U,(ZG) is a torsion unit, namely, " =1 for some natural number n. If 7, #0 then
y==1.

Corollary 2.1.4. If Y€ U,(ZG) is a torsion unit and y #1 then ¥, =0.

Corollary 2.1.5. If ye U,(ZG)is arational conjugate to ge Z(G), then y =g . That is, any

torsion unit which is rational conjugate to an element in the center of a group is trivial.
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Definition 2.1.6. Let f:Z" — Z
(Ps-sp)a f(pysesp,)

be a function. Then each p; is called free parameter (i =1,....,n). If g is a divisor of f(p,,...,p,)

then g is called dependent parameter (i =1,....,n).

Theorem 2.1.7. (Bilgin [10]) Let y= Z 7,8 € U,(ZS;) be a non trivial torsion unit

a) If the order of ¥ is 2 then ¥ can be expressed in terms of two parameters as follows;

3k +2k 3k? +2k

1(123)-(132))+[n—4k -1+ 1(2) +[2k +1-n](23)

y=[n-3k-1+

3k* +2k

+[2k+1- 1(13),

where k is a free parameter and # is a divisor of 3k” + 2k .

b) If the order of ¥ is 3 then ¥ can be expressed in terms of two parameters as follows;

2_ 2_
y=ln—3k+2+K 23K oay gk —n—1 - K=K 5
n n

2 _ 2_
+[n—4k+2+M](IZ)+[2/€—1—n](23)+[1—2k+w](13)
n n

where k is a free parameter and # is a divisor of 3k* —3k +1.

4 6 4
Proposition 2.1.8. Let G=S,, N=K,,7=Y_>.7,8,€¢5, and &, =) %, (j=1,23,4,5,6).
i=1

i=1 j=1
Consider the following natural ring homomorphism:
¢: 2S,—>7Z(S,/K,)
dv.ga Dy, (gN).

Then we have

a) If y: (12)(34) then ¢ =1 and a; =0 for j=2,3,4,5,6.

b) If y: (12) or y: (1234) then

2
a,=0 0{2=n—3k—1+M o, =-a,
n

2
, =n—dk -1+ 2K @, =2k+1-n a,=1-a,-a,
n

where k is a free parameter and # is a divisor of 3k” +2k .
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c) If y: (123) then

- 3k> — 3k +1
o, =0 azzn—3k+2+3k 3k+1 o, =3k-n-1-———
n n
2 1 -
a,=2k—1-n 0@:1_2“M o, =n—ak 42K 3k
n n

where k is a free parameter and n is a divisor of 3k> =3k +1.

2.2. Basic Results in Matrices over Z

In this part we want to find matrices such that their 2", 3", 4™ power is identity.

If A>=1 and A#Ithen tr(A)=+%l1 since §,(x)=x"—1 and A, (x) =(x—1)(x’ 1) or
A, (x)=(x+1)(x>=1) thatis A, (x)=x—x"—x+1 or A, (x)=x"+x"—x—1

We’ll determine matrices such that

i) A>=1, A#+I, tr(A)=-1 and

i) A>=1, A=+, tr(A) =1

Proposition 2.2.1.

a b X
Let A=|c d y eZ> If A>=1 then
u v —-l—-a-d
a=pg-1 b=qr c=pr d=r>-1
_ _ _p 2 _r 2
X=nq y=nr u=——(pg+r--2) v=——(pg+r-=2)
n n
where 1| pg+r*-2.
Proof:
bc+ux +a’
Since A” = bc+vy+d’ =1,

a’+d’ +2a+2d +2ad +ux+vy+1



we get
be+ux+a’ =1 be+ux=1-d*
be+vy+d® =1 = bc+vy=1-d’

a’ +d* +2a+2d +2ad +ux+vy+1=1 ux+vy=—a’—d* —2a-2d —2ad

be=(a+1)(d+1)

=ux=—(a+1)(a+d)
vw=—(d+1)(a+d)

If we assign b,c,u, x in terms of m, n, p, g, r, s such that

b=gs c=pr u=-mp
then we get the following result :
a=pq—1 d=rs—1 v =—mr
and
a+d=mn
From (2.3) and (2.4) we get

a+d=mn = pg—l+rs—1=mn
=>mn=pq+rs—2

=>n|pq+rs—2 and m=

So, we get the matrix A as

rq—1 qs ng
A= pr rs—1 ns

Then

1 q(s—r)
A= p(r—=s)(pg+rs—2) 1

-
—g(pq+rs—2) —;(pq+rs—2) I-pg-

ﬂ(pq+rs—2)(s—r) m(pq+rs—2)(r—
n n

pq+rs—2

n

rs

sng(s—r)

gpn(r—s) |.

s) 1

12

@2.1)

(2.2)

(2.3)

2.4)



i) s=ror
So A’=1<1 ii) g=0and p=0or
iii) g=0and rs=2
pg—1 qr nq
A= pr r’—1 nr
r
—%(pq+r2—2) —;(pq+r2—2) 1-pg-r

Proposition 2.2.2.
a b X
Let A=|c d y eZ> .If A*=I then
u v l-a-d
a=l-pqg  b=-qr c=pr d=1+r
xX=nq y=-nr

v=="(pg=r'=2)
where n| pg—r*-2.

Proof:

bc+ux +a’

Since A® = bc+vy+d’

a’+d’—2a—-2d+2ad +ux+vy+1

be+ux+a’ =1
be+vy+d* =1
a’ +d* —2a-2d+2ad +ux+vy+1=1

be+ux=1-ad*
= be+vy=1-d’
ux+vy=—a’—d’ +2a+2d —2ad
bc=(-a)1-d)
= ux=(1-a)a+d)

(2.5)
vy=(-d)a+d)

If we assign b,c,u, xin terms of m, n, p, g, r, s such that

b=gs c=pr u=mp xX=ngq (2.6)

13
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then we get the following result :

a=1-pqg d=1-rs v=mr y=ns 2.7)
and
a+d=mn (2.8)
From (2.7) and (2.8) we get
at+d=mn = 1l-pg+1—-rs=mn
>mn=2-pq—rs
=n|pg+rs—2 and m=m.
n
Then we get the matrix A as
1-pq qs nq
A= pr 1—rs ns . Then
£(2—pq—rs) L(Z—pq—rs) =1+ pg+rs
Ln n _
1 q2—pg—rs)(r+s) ngs(r+s)
A’ =] p(2—pg—rs)(r+s) 1 ngp(r+s)
ﬂ(r+s)(2—pq—rs) m(r+s)(2—pq—rs) 1
L n n _
i) s=-ror
So A’=1<4 ii) g=0and p=0 or

iii) g=0and rs=2

If we choose the first case we get the general solution as follows

1-pq —qr
A= pr 1+7°
L@-pg+r)
L n
Proposition 2.2.3.
a b c
LetA=|p ¢ r|eZ” where A?=1.Then

X y z

nq
-nr

L(Z—pq+r2) ~1+pg—r’
n




Da+qg+z=k
A'=1o1 iaqg+az+qz—bp—cx—ry=1
i) x(br —qc)+ y(cp —ar)+ z(aqg—bp) =k

where k=%1

Proof. Since A* =1 it satisfies the polynomial p(x)=x"-1. Since Ae Z>°, A,(x)
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divides p(x). So the characteristic polynomial A,(x)=(x—1)(x" +1) or A,(x) =(x+1)(x" +1)

or quivalently, A,(x)=x’—x*+x—1 or A, (x)=x"+x>+x+1. Simply we write

A, (x)=x"+k’* +x+k, where k==1. Since

A, (x)=x" =Tr(A)x*+ Y. (aza; —a,a;)x—det(A), (A=(a,))

i i i jj
1<i<j<3

we get

a+q+z=k
A'=1&1 iaqg+az+qz—bp—cx—ry=1
i) x(br —qc)+ y(cp—ar) + z(ag—bp) =k

where k==1.

Proposition 2.2.4.
a b u
Let A=|c¢ d v|eZ™.
Xy z
z=—-a-d

A’ =1 lu=k[-(bx—ay)(a’ +ad +d’ +bc)— y(1+ (a+d)(ad — bc))]
v=k[(cx—dy)(a® +ad +d* +bc)+ x(1+ (a+d)(ad — bc))]

where bx* +(d —a)xy—cy’* =+1 and k==1.

Proof. Since A’=1 and Ae Z*, A,(x)=x’ —1. Since

A, (x)=x =Tr(A)x*+ . (a;a; —aa;)x—det(A),

i i i jj
1<i<j<3

Da+d+z=0
we get A’ =1 &1 ii)ad +az+dz—bc—ux—vy=0
ii)u(cy —dx)+v(bx—ay)+ z(ad —bc) =1
By substituting 1) into ii) and iii) in (2.9) we get the following equations

ux+vy=-a*—ad—d* —bc
u(cy —dx)+v(bx—ay)=1+(a+d)(ad —bc)

2.9

(2.10)
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So we get the following system of linear equations
2 2
X y u| | —a”—ad—-d”—bc @.11)
cy—dx bx—ay || v| |1+(a+d)ad-bc) '

This equation has a solution in Z if and only if bx* +(d —a)xy —cy’ =%1. In this case the

solution is

u=k[—(bx—ay)(a’* +ad +d* +bc)— y(1+ (a+d)(ad — bc))]
v=k[(cx—dy)(a®* +ad +d* +bc) + x(1+ (a + d)(ad — bc))]

where k=z1. Hence

z=—a—d
A’ =1 & {u=k[-(bx—ay)(a’ +ad +d* +bc)— y(1+ (a+d)(ad — bc))]
v=k[(cx—dy)(a’+ad +d* +bc)+ x(1+ (a+d)(ad — bc))]

where bx* +(d —a)xy—cy’* =+1 and k=%1.



CHAPTER 3

CHARACTERIZATION OF TORSION UNITS

S, ={1} u{(12),(13),(14),(23),(24),(34)} L{(123),(132),(124),(142),(134),(143),(234),(243)} U
{(12)(34),(13)(24),(14)(23)} U{(1234),(1243),(1324),(1342),(1423),(1432)}

has five conjugacy classes. By theorem 2.1.1. any torsion unit of order 2 is conjugate to
(12)(34) or (12), any torsion unit of order 3 is conjugate to (123) and any torsion unit of order 4

is conjugate to (1234).

3.1. Torsion Units of Order 2
Let ye U,(¢S,) be a torsion unit of order 2. Then by theorem 2.1.1. either y: (12)(34) or

y: (12)
Case 1) Let ¥ be rationally conjugate to (12)(34)

1) By proposion 2.1.8. ¢; =1 and a; =0 for j=2,3,4,5,6 where o, =i7[k . That is
i=1
Yut Y+t Vu=1
Yo+ Vo 7+, =0,
VotV t+ Vs t+7,;=0,
Vet Vo TV + 7 =0,
Vist Vst Vs + Vs =0,

Yiet Voot Vst V6 =0 3.D
it Ve TVt Vs Vst Vat VstV Vot Vst Vot 7as
=Va1 = Va6 — Va1 — Vas V3"V " Vs Vu Vo= Vs =V = Vas

ii) 7:0_4 SN\ N2t Na =V = Vo Yaut Vs =7a—7ss Vst Ve = Vs — Va6 (3‘2)

1Vt V=V~ Va

Vst Vs = Vs = Vas

__733 —Vas T Vst Vs

1Yt Vs = Vo — Vs

Vo T V6 = V2 =726
V2=V TVt Vas

tVis+ Vs —Vis — Vas

Vit Ve =7 =7

V1=V TV TV |

17



So

A=yp, =

If we assign entries of A in (3.3)

2(}/12+}/14+732+734) 2(}/11 +}/15+731 +}/35)

2(}/11+7/16+7/21+7/26)_1 2(}/13+;/14+7/23+}/24) 2(7/12+}/15+7/22+7/25)

2(}/13 + }/16 + 7/33 + 736)

L _2(723 Vst Vst 735) _2(722 t VstV t 736) 1_2(721 +VutVt 734)

Vit Vet Va7 =0a, 7/13+7/14+723+724:b1’ Vo T VstV T 7s =X,

Yot VutYotVu=c, VutVstVatVs=d,
Vst Vs TVt Vs =U, VotV t Vo T V6 =Vis

we get

2a,-1  2b, 2x,
A= 2¢ 2d4,-1 2y
—2u,  2v, 1-2w,

By proposition 2.1.2. tr(3p,) =tr((12)(34)p,)=-1.

By proposition 2.2.1.

2a,-1=pg, -1 = a]:_p12%
2y =qn, = b =44
2
2e,=pr = ¢ =24
2
r2
2d,-1=1-1 = d =L
2
2x,=nq, = X =
2
2y, =nmn =y :%

Vist Vet Vst 756 =N
VautVutVatVu=w

—2u, =—ﬂ(plql+rl2—2) = u =i(plql+r12—2)

n, 2n,

v v
—2v ==t (pg+i=2) = v=—(pg+r’ -2

n, 2n,

1-2w,=1-2a,-2d, = w, =q

+d1 — plql—i_rl2

18

(3.3)
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2

. . . L
where p,, g, 1, are free parameters and n, is a divisor of p,q, +7r>—2. Since d, = 17

it is obvious that 7, is even. Moreover as a special case we can take n, =1. In this case

X = 5 and so g, is even too. If we replace 7, g, and n, by 21, 2¢, and 1 respectively

9,
we get
a, = pq,
d =2r’
u, = p(pg,+2577 =1)
Yi—Yie TV Vs
Vit Vs =Vt Ve
iii) 7;5 SN\ Vo= Na VotV
1tV =V Vo TV
Vs = Vs = Vst 7as
| V33t Vas T Vs — Vs
2(711 70— Ve 726)_1
B=yp, =
’ 2(712"'7/32_714_734)
L =2(Vos + Va3 = V35 = Vas)
If we take

Yii 771 = Vie = Vo = s
Vo TV = Vs = V5 =Cas
Vst Vs = Vs — Vas = Uy

b, =2q,n,

X =4,

v, =r(2pg, +4’iz -2)

Vis=Viat Vs =V
VstV —ViatVs

Vi = Vs = Va1 Vs
71 = Vss = Vu T Vs

Vo= Ve =Vt Vs
e + V36 tVn— Vas

2(711 +Vn Vs — 735)

—2( Voo ¥ Va0 = Vas — 736)

2(713 LTl P 724)

Vo= VstV =7
Vot Vs =Vt Vs

Vi3 = Ve~ Vas T Va6
7 = Vs — Vs T Va6

Yi=Ya=Yat 7

Vot Ve T Ve~ Vas |

Yot Vs =V =Y =0y Vo ¥V = Vs — Va5 = X5,
YtV —Ns— Vs =d,,
Vo ¥ V32 = Y26 T V36 = Va>

Vist V3= Ve~ 736 = Vas
VotV = V=V =W,

2(712 t 70— Ns— 725)

2(7/13 + V3=V~ 736)

1- 2(721 TV YV 734)

¢, = Ppih
M =h

_ 22
Wy = Dig, T 2n
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2a,-1  2b, 2x,
Weget B=| 2¢, 2d,-1 2y,
2u, 2v, 1-2w,

By proposition 2.1.2. tr(jps) =tr((12)(34) ps) =—1.

By proposition 2.2.1.

2a,-1=p,q,-1 = azzpzzc]2
2b, =q,;, = bzz%rz

2

2c,=p,;, = ¢, = P ;rz
r2

2d,~1=12-1 = d,=2
2

n,q

2x,=n,q, = x2:%
n,r.

2y, =mp, = )’2:%

—2u, =—%(p2q2 +r22 -2) = u, =2p—2(p2q2 +r22 -2)

2 n,

_2"2:_&(1’2%""’22_2) = szﬁ

(p,q, + rzz -2)
n, 2n,

2
+
1—2W2:1—2612—2d2 = w:a2+d2:M ,

where p,, q,, 1, are free parameters and 7, is a divisor of p,q, +r°—2. Again r, is
even. Let’s take n, =1. In this case ¢, is even. If we replace r,, ¢, and n, by

2r,, 2q, and 1 respectively we get

a, = P,q, b, =2q,r, C, = Pyl
d2:2r22 X, =4, Yo =0,

u, = p,(p,q, + 21’22 -1 v, =1r,(2p,q, +4r22 -2) W, = pD,q, + 21’22



So we have the system
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Vit Vet Vot 76 = D4,

Yot Vs =Na = Vs = Dols

Vst Via+ Vo + 200 =291

YtV —Vs Vs 22”22

Yot Vst VntVs=q

ViatVs—Ye = V6=

Vo T Va T 75 T V34 = P11

Yoz ¥ Vi3 = Vas — Vas = P2 (P2q, + 2’”22 -1

Yut VsVt Vs :2”12

Yor + 732 = Vs — Va6 = (229, "'4”22 -2)

Vst Vet VstV =h

YtV = Vu—Vu=D9t 21’22

Yoz +%os + Vs + Vas = Pi(p1gy + 2’32 -1

YotV t ¥+, =1

Voot Yo+ V2 + V6 =1(2Pyq, ""4’”12 -2)

Yot Vm+VntV,=0

ntVutVathi=nq+ 21’12

VstV 73+ 7, =0

VitV =Vie = Vs = P24

Vet VotV +74=0

Vst Vo3 =V = Yoy =251,

7/15+7/25+735+745:0

Vo TV = Vs = Vs =4,

Yiet Vas T Vst Vi =0
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If we solve this system we get

7, =0

1
Yo :Z(‘L +q, + 25+ pir, —2piKg _4’33 +2n + p,r, —2py1q, _4r23)

1
Vi3 =Z(p1 + D, _plqu - pzqu +1+2qn _2p1”12 +1r,+2q,r, —2172?22)

1
N :Z(_pl% + Pagy + ik 2q — 2”12 — Pyl —2q,1, + 2”22)

1
Vs ZZ(pl —-Dytq — p]2q1 —q,t p22Qz + 2”12 —2P11’12 —2]’22 +2P2r22)

1
Yo =7 (P = P2y +35 = 2pgin —4r’ =31, +2p,q,r, +41)

1
Vo = E(plql + P,4,)

1
V2 :Z(% +q, —2r—pn+2pgn +4’33 —2r, =y, + 2,515 +4r23)

1
Vo= PPt PU PG 4260+ 2P+ 2,0+ 2P0

1
Ve =7 (P = Pt = P+ 20+ 21 + pyr, —2q,1, —21,7)

1
Vs =3 CPUE P2t @t PR =0y = Py =28 2P 4257 = 2pynY)

1
V26 :Z(P1% = P29, =36+ 2pgn+ 4’]3 +3r, —2p,q,1, _4’”23)
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_ 2 2
Vs =h tn

1
1% ZZ(_% —q, =25 =2r,+ pir+ por, +2pq i1 +2pyq,t; +4r13 +4r23)

1
Vs = Z(_pl -Dt p12q1 + Pzz% +1n+r,—2q1n—2q,n, + 2p1”12 + 2p2r22)

1
V4 :Z(pl% — D24, + Py — poh, — 2q1 + 2q,1, + 2’]2 - 2’”22)

1
Vss ZZ(_pl +p,—q tq,+ p12q1 - pzz% + 2”12 - 2’”22 + 2pl"l2 - 2p2r22)

1
V36 :Z(_pl% +Pg, — 1+ +2pgn —2p,yg,n, +4r13 —4r23)

1
Vo = 5(2 — D4, — P4, — 2’”12 - 2}’22)

1
Y :Z(_% —q, +2r+2r, — ph— por, —2piqit —2p,q,1, _4’13 _4r23)

1
Ve =Z(P1 +p, _plqu - p22q2 —h—r,=2q5 —2q,r, —2p1r12 _szrzz)

1
Vas =Z(_p1% + P,q, — pifi + poh, —2q1 + 2q,1, — 2’”12 + 2’”22)

1
Vas =Z(pl D~ qtq,— plz% + pzz% - 2’]2 + 2722 - 2171’”12 + 2P2r22)

1
Vas :Z(_plql +Dg, thH - _2p1q1r1 + 2p2Q2r2 _4”13 +47'23)
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Since 1 +r, =2y, +2y, and ¢q, +q, =2y, +2%,, both 1 +r, and ¢, +¢, are even
Now let’s analyse p,, q,, 1;, D5, 4, I, modulo 4.

If 1, r,q,q9, are odd

49, q, n r P and P,

1 1 1 1 From Y, P1+ P, is 2, from Y P1— P> is 0. so
Py = P, =3 . However they don’t satisfy 73

1 1 1 3 From ¥, P,— P, =2 ,from %4 P>=2.So

P=0,p,=2 or p,=2, p, =0 In this case % is not
satisfied

1 1 3 1 Don’t satisfy 7., 73 and 74 together

1 1 3 3 From %, P, + P, is 2, from Vi Pi— P> is 0. so
P = P, =3 . However they don’t satisfy %

1 3 1 1 From ¥, P, t P, is0,from Y4 P1=2.So P,=P,=2.In

this case 73 is not satisfied

1 3 1 3 From Yi¢ P+ P, is 2, from %> Py — P> =0 . So
Pi=P,=1 or p,=P, =3 . Inthis case %5 is not satisfied

1 3 3 1 Don’t satisfy 7., 73 and 76 together

1 3 3 3 From Y Pyt P, is 0, from Y4 P-=2.So p,=D, =2,

In this case 713 is not satisfied

3 1 1 1 Don’t satisfy 72, 73 and 714 together

3 1 1 3 Don’t satisfy 7», 73 and 76 together

3 1 3 1 Don’t satisfy 7., 73 and 76 together

3 1 3 3 Don’t satisfy 7», 73 and 714 together

3 3 1 1 Don’t satisfy 7», 73 and 76 together

3 3 1 3 Don’t satisfy 7., 73 and 74 together

3 3 3 1 Don’t satisfy 7., 73 and 74 together

3 3 3 3 Don’t satisfy 7., 73 and 76 together
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So when r, r,,q,,q, are odd we cannot find any torsion unit. Now let’s have a look at

what happens if r, r, are even and ¢,,q, are odd.

q, q, h n Py and P,

1 1 0 0 Don’t satisfy 7, .

1 1 0 2 From %, P, isodd, from %4 Py + P, =0 In this case Vs
is not satisfied.

1 1 2 0 Don’t satisfy 7., %4 and 75 together.

1 1 2 2 From %, Pyt P, =10r3 from %4 P,— P, =0 Thisis
impossible.

L3 10 10 VFom 7% P +P2,=0, S0 1,=P,=0 or P,=P,=2 or
=L p,=3 or p,=3, p, =1 Inthis case %s is not
satisfied.

1 3 0 2 From %, P, iseven, from %4 P;— P, =0 . In this case %5
is not satisfied.

1 3 2 0 Don’t satisfy 7., %4 and 75 together.

1 3 2 2 From %s Pi+ P, =0, So 75 is not satisfied.

3 1 0 0 From Y Pi+ P>, =0, So 75 is not satisfied.

3 1 0 2 Don’t satisfy 7., %4 and 75 together.

3 1 2 0 Don’t satisfy 71,2, %4 and 75 together.

3 1 2 2 From %s P21+ P>, =0, So 75 is not satisfied.

3 3 0 0 Don’t satisfy 7.

3 3 0 2 Don’t satisfy 7., %4 and 75 together.

3 3 2 0 Don’t satisfy 7., %4 and 75 together.

3 3 2 2

From Y, P+ P, =10r3 from %4 P, — P> =0 Thisis
impossible.

Again we don’t have any torsion unit.
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If »,r, are odd and ¢,,q, are even

q, q, h n P, and P,

0 0

0 0 From 75 Py =P, ,from s 1 =1 . Then from 7}, P; is even. In this
case V3 € ¢

0 0

0 0

0 2

5 5 Vo~V €¢

0 2

0 2

2 0

5 5 Vot Vi€Ed

2 0

2 0

2 2 From 75 P = P, , from Y 11 =1 . Then from 7, P; is even. In this

2 2 case V3 € ¢

In this case we don’t have any torsion unit either.
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Hence 1, r,,q,,q, are all even. Now let’s analyze this case

q, q, h r D and P,

0 0 0 0 From %3 and %s Py =P, =0 or P, =P, =2 and they
satisfy all.

0 0 0 2 From %, P> =2, from % pi1 is 0. However they don’t
satisfy 7>s .

Don’t satisfy 7., 73 and 7»s together

0 0 2 2 From % and %sboth P,=P, =0 or p,=p, =2 and
they satisfy all.

2 0 0 Don’t satisfy 7,

From 7> p2is 1 or 3, from 75 p;is 3 or 1. However they

don’t satisfy 7>s .

Don’t satisfy %, 73 and 7»s together

From 7, Pt P, is odd, however in this case 73 is not
satisfied

2 0 0 0 Don’t satisfy 7, .

Don’t satisfy 7., 73 and 7»s together.

Don’t satisfy 7., 73 and 7»s together.

Don’t satisfy 7, and 7is together.

2 2 0 0 From %5 and % P1 =P, =0 or P, =P, =2 and they
satisfy all.

2 2 0 2 From %> P> =2, from Y P) =3.1In this case % is not
satisfied.

Don’t satisfy 7., 73 and 76 together.

2 2 2 2 From %3 and %6 P, =P, =0 or P, =P, =2 and they
satisfy all.




As aresult all possible values of p,, g,, 1,, p,, q,, 1, modulo 4 are
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Case 2) Let ¥ be rationally conjugate to (12)

2
1) By proposition 2.1.8. ¢, =0, «, =m—3k—1+M , O ==,
m

3k* + 2k

o, =m—4k -1+ , & =2k+1-m and o, =1-a, — ;.

m

Vit Ve TVt 7
Va1 = Va6 = Va1 ™ Vae

i) Y0, =| Yo+ Vi = Voo = Vos

1V TV = Vo~ Vu

Vis T Vis = Va3 = Vas
L=V = Vas T Vs T Vs

Vit Vat VstV
Vs = Vs T Vs " Vs

Yt Vs = 7a—7ss
Va1t Vss = Va = Vas

Vot Ve = V2 = Va6
Vo = Vae TV T Vag

Vo T VstV t7s
V" Vss TV = Vas

Vst Ve = Vs~ Vs
Vst V36 — Vas — Vas

Vit Ve =% =V

Vi =Vt YtV |

By proposition 2.1.2. tr(p,) =tr((12)p,) =1. So if we take

Yt Ve TVat Ve =7 =Ve = Vo = Vas = s
Vet VTV TV = V3= = Vs~ Vua :bl’
Vot Vst Yt Vs =70 = Vs = Vo=V =%
Yot Ve =V = Vut VotV =Y —Vu=6,
711"'?/15_721_725+731+7/35_741_745:dl’
Vst Ve = Vs =V T V33t V36 = Vaz = Vas = V1o
Vot Vs = V3= Vas = Vs = Vas T Vs T Vs = Uy
Vot Ve =72 =V V2"V T V2 T Vis =W1s
it Ve =Va =2 =V~ YaTVutVu=W

by proposition 2.2.2. we get

a, =1-pgq, b =—qn,, ¢, = Dpihs
d1:1+r12’ Wl:plq]_rlz_l’ X =nqg,
1% 148
Y =-mr, n=="tpg, =1’ =2, w=——t(pg =K -2,

1 1

where n,|p,g, —1r>—2.



Vi = Yie TV Vs Vis=Viat Vs =V Vo= VstV =7
=Vt Vs =Vt Ve VstV = Vst Vu Vot Vs = Vit Vs

iii) 7;5: Vo= Na =Vt Vo Vi = Vs = Va1t Vs Vs = N6 = Vst Vs
1tV =V Vo TV Y = Vss =V T Vs 7 = Vi Vs T Va6

Vs = Vs = Vst 7as Vo =Ne =Vt 7o Yi=Ya=Yat 7
__733 tVas T Va3 = Vas Va1tV TV = Vi Vot Vaa T Ve~ Vas |

By proposition 2.1.2. tr(yps) =tr((12)ps) =—1. So if we take

i VetV =% =Vt Vs =Vt Vi = o
Vo= VaT V3= Vs Vst Vs = Vs T Vu sz’
Vo= Vs TV~ Vs =Vt Vas =Vt 75 =%
Vo= Ve~ VTVt V=V = Vot Vu=0C
Vi = Vs =Vt Vs v Ve =%s = Yu+7s :dz’
Vi3 =06 = V3t Vo T V33 = Va6 = Vaz T Vas = Vo>
Vo= Vs =Vt Vas = Ve T Vas + Vi3 = Vis =y,
Vo= Ve V2TV = V2t V36 T Va2 = Vi =Vas
Y=Y VTV = VatVutVa—Yu=m

then by proposition 2.2.1. we get

a, = p,q, —1 b, =q,r, C, = Dol
d2=r22—1 W2=1—p2q2—r22 X, =Nn,q,
_ __p2 2_2 __r2 2_2
Yo =, u,=—-—=(p,q,+r, ) v, =——=(p,q, +1, )
n, n,

where n,|p,q, +1,°—2.

30



If we take m =n, =n, =1 we have the system
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Vit Vet Vat Ve Vs = Ve~ Vu— Ve =1—D4q

Vst Vat VotV = Vs = Vo = Vs = Vas = =41

Vot Vst Vot Vs =V =Vss Vo = Vis =4

Vot Va— Vo = Vut VotV =V —Vu =Dk

}/“+}/15—}/21—}/25+}/31+}/35—}/41—}/45=1+r12

Vst Ne = Vs = Vas T Vs T Va6 Vs —Vie =—H

Vst Vs = Vs = Vas = Vs~ Vas T Vs t Vs =—Pi(P1q, — ’iz -2)

Yot Ve~ Vo=V~ Vo= Vis T Yo t Vas =—1(D14q _"12 -2)

VitVa=YVa =2 =V~ VauatVatVu zplql_riz_l

Yi—Net Vo=V~ Vot Vs~ Var Vi = P2qr —1

Vo= Vat V=V = Vst Vas Vs T Vuu =41

Vo= Nst V= Vos Voot Vs = Vo 7 Vis =4

Vo=V Vot VutVo =V~ VotVu=D0h

}/“—}/15—}/21+}/25+}/31—735—;/41+}/45=r22—1

Vs = Ne Vit Vst Vs = Vs " Vazs T Ve =1

Vis—Vs— Vst Vas = Vst Vst Vas = Vas =—P2(P2q, + r22 -2)

Vo= Ve Vot Ve VotV Vo~V ="h(DPq, + ”22 -2)

Y= Ya= Va1tV = VatVautVa—Vu =—p2q2—r22+1

YutVutV+7,=0

Vot VntVant7Ve =—k + 3k’

Vst Vs T Vi3 + Va3 =k -3k

7/14 + }/24 + 7/34 + 744 =_2k+3k2

Vis T Vs Vs T Vas =1-3k

Vie T Voo + Vi + Vi =2k
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Since g, +q, =2, +2%,, =275, —27,, q,+4q, iseven.

If we solve this system we get

7, =0

1
Yo =§(6k2 —2k+q,+q, +25+2r,+ K =1’ + pn+ pyr, — pain — pagaty)

1
Yis = g(—6k2 +2k+2p +2p, —h+ 1, —qih 4y — PG — PG+ P = paty)

1
Via =§(6k2 —4k-2- ”12 + r22 +D1q, + Pgy + Pl Pl — 4l — o)

1
Yis = g(—6k2 +A442p, =2p, + g —q, + 1 =1 = pla + plgy + pi + ponyY)

1
Vie :§(4k+2—P1Q1 = Doty + 1 =30 5 5 = pgn + pagory)

1
Vo = Z(pz% - n4,)

1
V =§(6k2 —2k+q,+q, =25, =25, — 1+ 1’ = pir, = p,ry + pain + P,g,1,)

1
Vs =§(—6k2 +2k-2p —2p,+K—nr—qhr+qn+ plqu + p22q2 - 171"12 + Pzrzz)

1
Vo =§(6k2 —4k+2+1" =1’ = g, — PGy — P+ Doty — 4T — G51)

1
Ves zg(—6k2 —2p+2p,t g —q, _r12 + r22 + p12‘I1 - pzz% _plriz —p2r22)

1
I£% :§(4k+2—P1‘I1 —Pyg, — 1 +3n —1”13 _r23 + DT~ Paty)
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1
Va1 ZZ(rzz + ”12)

1
V5 =§(6k2 —2k—q,—q,—2r,—2r, - ’33 + r23 + Pt P+ P+ pag,hy)

1
Vs = g(—6k2 +2k=2p, =2p, =K+ 1, + @1 — @1y + PG + Py gy — P+ paty)

1
Va4 =§(6k2 —4k+2+ ”12 _’”22 =P — P2gy t Pt~ Dol T Q1 1)

1
Vss =§(_6k2 +4-2p +2p,—q,+q, + ’"12 - }’22 + plqu - pzz% - plriz - p2r22)

1
V36 :§(4k =24 gy + Pagy =35+ =1 =1+ pgt = pagoty)

1
Var =Z(_p2% + 04— rzz - ”12)

1
Yir =§(6k2 —2k—q,—q, + 25+ 25+ 5 =1’ = piri— por, = piait = padsty)

1
Vas =§(—6k2 +2k+2p +2p, + 115 +qn — g, — p12q1 - pzz% + plrl2 - p2r22)

1
Vas =§(6k2 —4k-2- ”12 + r22 + DGt Pygy — PG Pl H Qi+ G1)

1
Vas =§(—6k2 +2p,—2p,—q,+q, _’”12 + }’22 - p12% + p22% + 171’”12 + pzrzz)

1
YVis =§(4k =2+ pigy + Pogy + 35 =1+ 1 1 = pgn + pagony)
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3.2. Torsion Units of Order 3

Let ye (¢S,) be a torsion unit of order 3. Then by theorem 2.1.1. y: (123)

S |10

J=1

1

ﬁ)yZ;=U;i§:n}—[il;4nJ}=U]

iii) By proposition 2.1.8.

i) w71=[

4
=1

’ - 3k =3k +1
6‘(1:() %:n_3k+2+w a3:3k_n_1_—
n n
3k* -3k +1 2
@, =2k—1-n o =1-2k +———— a, =n—dk +24 K 231
n n

where k is a free parameter and n is a divisor of 3k* —3k +1.

7ll+}/l6+721+726 }/13+}/14+723+724 712+715+722+}/25

V51 = Vae Va1 — Vas

1v) 7,(T4= Vot Va = Vo= Vo

TVt V= Vo~ Vu

Vst Vs =V~ 7os
__733 Vs T Vi3 T Vs

If we take

Vs 7 Vas T Vis ™ Vas

YutVs—=2a—7ss
1Vt Vss =V = Vas

Vot Ve = Va2 = Va6
V2" Va6 T Va2 T Va6

it Ne TVt Ve =7~ Vie = Vo = Vis = s
713+7/14+723+724_733_734_743_?/44:bl’
Yot VstV t7s =V =Vs =V = Vs =,
Yot Ve =7V = YVuT Vot Vu=Vo=Yu=06
Vit Vs =V = Vos + Vs F Vs = Vi~ Vas =4,
Vst Ve =7 =06t 7331 Vs6 = Vaz = Vas =N
Vot Vs = Vs Vs Vs = Vas T Vs T Vs =X
Yot Ve =72 =% V2=V T V2 T Vi = 1>
MitVa=Va=Yu =V~ YautVutVu=%

Vo " Vas TV T Vas

Vst Ve = Vs = Va6
V3T Va6 — Vs — Vas

Vit Ve =70V
V1=V TV TV




weget A=|c¢ d, v,
N g
Since A’ =1 by proposition 2.2.4.
z,=-a,—d,
u, =t[—(bx, —a,y,)a,’ +ad, +d;’ +bc,)—y,(1+(a, +d,)ad, —bc))]
v =tl(c,x, —d,y, )@’ +ad +d’ +bc)+x(1+(a +d,)ad —bc))]

where bx’ +(d, —a,)x,y, —c,y’ =11 and r=%1I.

Vi = N6 T 721 = Va6
Va1t Ve =V T Va6

V) 7;5: Vo= Na =Vt 7
1V =V = VetV

Vis=Ns Va3 75

V= YaTVs =V
VstV VstV

Vi = Vs = Vut Vs
75 = Vs =Vt Vas

Vo= N6 = V2 T 726
Vot Ve TV = Vas

Vo= VstV =75
Vot Vs =V T Vs

Vis = Ve~ Vst 76
V= Va6 ~Vaz t Va6

Yi—Ya— Va1tV

__733 Vst Vs — Vas Vit Vet Va =V |

By assigning entries of 7;5 by parameters as follows

Y= Ve TV =V = Va1 T Va6 =V T Vi =y
713_714+723_724_733+734_?/43+744:bz’
Vo= N5tV =Vs =Vt Vs Vit Vs =iy,
Vo= Na =Vt Yut Vo= Vu =Vt Vu=06,
Y= Ns =Vt VstV = Vss =V +Vis =dy,
Vs = Ve V3t Vas T V33 = Va6 = Vaz T Vasg =Vao
Vo= 2s =Vt Vs =V T Vs T Vs = Vas = %o
Vo= N6 = VT Vs Va2 T Va6 Va2 = Va6 = Vas
M~ Y= Va TV VatVatVu—Yu=2

a, X Y
weget A=b, ¢, g2
d, t, p,

Since A’ =1 by proposition 2.2.4.
2, =—a,—d,
u, =t[—(b,x, —a,y,)a,” +a,d, +d,” +b,c,)— y,(1+(a, +d,)a,d, —b,c,))]

v, =t{(c,x, —d,y,)a,’ +a,d, +d,’ +b,c,)+x,(1+(a, +d,)a,d, —b,c,))]

where b,x,” +(d, —a,)x,y, —c,y,” =*1 and r==1.
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3.3. Torsion Units of Order 4

Let ye (¢S,) be a torsion unit of order 4. Then by theorem 2.1.1. y: (1234)

S |10

J=1

. _ 4 3 4 6
ii) VP, = ( 1'lejj_£‘l _475/) :[_1]
=l j= i=l j=
3k* + 2k

1i1) By proposition 2.1.8 ¢, =0, &, =n—-3k -1+ , 0, =—0,,
n

i) w71=[

4
=1

s 4
3k :Zk, @ =2k+1-n and ¢, =1-a,—a, where o, =,
i=1

o,=n—-4k-1+

}/11+7/16+}/21+726 7/13+;/14+;/23+724 }/12+;/15+;/22+;/25

iv) 7p, =

V51~ V6 =V~ Vas

Vot Ve =V =7
1V TV = Vo~ Vu

Vist Vs = Vs = 7as
__733 ~Vas T Vst Vs

By proposition 2.2.3. if we take

V7V Vs Vu

Vit Vs =70 = Vs
Yt Vss = Va — Vas

Vo V6 = V2 =726
V2= Ve T Va2t Vas

By proposition 2.1.2 tr(3p,) =tr((1234)p,) =-1.

it Ne TVt Ve =7~ Vie = Vo = Vis = s
713+7/14+723+724_733_734_?/43_?/44:bl’
Yot Vst Vnt2s =V =V =V =75 =6
Yot Ve =7V = Yut Vot V=V =Vu="D
it Vs =Va=Vos TVt Vs = Va = Vs =4
Vot Ve =V =V T V3tV = Vs = Vas =1
Vot Vs = Vs =Vas = Vaa = Vas T Vs + Vs = %5
Yot Ve =72 =% V2" Ve T V2 ¥ Vi = V1>
MitVa=Va =Y =V~ YatVutVu=5

V" Vss TV = Vas

Vst V6 = Vas — Vs
V33t V6 = Vs — Vas

Yt Ve =% =7
V1=V TV TV




i)a, +q +z,=-1
then A*=/ & iaq +a,z+qz —bp —cx —ny =1
i) x,(br — q,c)+ ¥ (e,p, —an) + z,(a,q, —bp) =—1

Vi = N6 T 721 = Va6 Vo= NNaT Vs =V Vo= VstV =75
Va1t Ve =V T Va6 VstV VstV Vot Vs = Va2 T Vs

V) 7p_5: Vo= Va =V TV Yi—Ns = Va1t 7s V3= Ve~ V3t 7
1V =V~ Vot Vu Y = Vs = Vu + Vas V= V6 ~ Vst Va6

Vis= Vs =Yzt 725 Vo= %6~ Va2 T V6 Yi—Na = 7Va 1tV

By representing the entries of 7/75

Yi= VetV =V =Vt Vse =Vt Vi = o>
713_714+723_724_733+734_743+744sz’
Vo= Vs TV~ Ves =Vt Vs =V T 75 =6y
Vo= Ve~ VTVt V=V =Vt Vi = Do
Vi = Vs = Vut VstV =7s =~ Vat Vs =49,
V3= Ne V3tV T V33 = Ya6 = Vaz T Vas = oo
Vo= Vs =Vt Vs = Ve T Vas T Vi3 = Vs = %55
Vo= Ve VT Vs = V2t Va6 T Va2 = Vs = Voo
=NVt V= VatVut?Va—Vu=2%

we get by proposition 2.2.3

i)a,+q,+z,=1
A=l i) a,q, + 4,2, + 4,2, =b,p, —¢c,x, =1y, =1
iii) x, (b,r, — q,¢,) + y,(c,p, —a,,) + z,(a,q, —b,p ) =1

__733 +Vas T Vs = Vas Va2t Ve TV~ Vas VitV t V=V _

37
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3.4. Conclusion

4 6
Let y= ZZ 7, €U, (¢S,) be atorsion unit. Then the order of  canbe 2,3 or4 .

i=1 j=1
In this thesis we have analyzed all cases and we have characterized all torsion units in terms of
parameters
Case-1:

If the torsion unit ¥ of order 2 is rationally conjugate to (12)(34) then all coefficients can be

expressed in terms of 6 free parameters p,, q,, 1, P,, 4,, I, and 2 dependent parameters
(n,, n,) such that n,|p,q, —r>—2 and n,|p,q, +1r," =2.

Case-2 :

If the torsion unit ¥ of order 2 is rationally conjugate to (12) then all coefficients can be

expressed in terms of 7 free parameters ( p,, g,, I, P,, ¢,, I,k ) and 3 dependent parameters
(my, ny,m) suchthat m|3k>+2k, n|pq,+r’ =2 and ny| p,q, +1r," —2.

Case-3:

If the torsion unit ¥ of order 3 then ¥ is rationally conjugate to (123). All coefficients can be
expressed in terms of 14 parameters. Five of them are free parameters; (a,, d,, a,, d,, k),
other 9 parameters are dependent satisfying following relations;

1) bx>+(d, —a)xy, —cy’ =%l

2) byx,” +(d, —a)x,y, —c,y,” =+1

3) nis adivisor of 3k> =3k +1.
Case-4 :

If the torsion unit ¥ of order 4 then ¥ is rationally conjugate to (1234). All coefficients can
be expressed in terms of 14 parameters. Five of them are free parameters; (q,, q,, a,, g,, k),

other 9 parameters are dependent satisfying following relations;

1) aq,+az +qz —bp —cx—ny =1

2) x,(br, —q,c,))+y,(c;p, —a,n)+z,(a,q, —b,p,)=—1
3) a,q, +a,z, +q,2, —b,p, —c,x, —1r,y, =1

4) x,(b,r, —q,c,)+ y,(c,p, —a,1,) + 2,(a,q, —b,p,) =1

5) nis a divisor of 3k* +2k .
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