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ABSTRACT

ALGEBRAIC OVERTWISTED CONTACT STRUCTURES
ON 3-SPHERE

It is known that all of the complex analytic singularity links and the associated
Milnor open books on the 3-sphere correspond to a single contact structure, which
is the unique tight structure of the 3-sphere. The main question of this thesis is
whether the overtwisted contact structures on the 3-sphere are real algebraic. We will
define the notion of real algebraicity in the introduction of the thesis. We explicitly
construct a family of real algebraic multilinks in the 3-sphere which are the bindings
of planar Milnor open book decompositions supporting overtwisted contact structures.
Furthermore, we prove that all the overtwisted contact structures with non-negative

3-dimensional invariants are obtained in this family.



OZET

3 BOYUTLU KURE UZERINDEKI CEBIRSEL ASIRI
DONEN KONTAK YAPILAR

Tim kompleks analitik tekillik baglarinin ve 3 boyutlu kiire iizerindeki ilgili tiim
Milnor acik kitap ayrigimlarinin tek bir kontak yapiya karsilik geldigi ve bu kontak
yapinin 3 boyutlu kiire tlizerindeki biricik siki kontak yapi oldugu bilinmektedir. Bu
tezin temel sorusu; 3 boyutlu kiire tizerindeki agir1 donen kontak yapilarin reel cebirsel
olup olmadigidir. Reel cebirsellik kavramini girig boliimiinde tanimlayacagiz. Bu tezde,
3 boyutlu kiire tizerinde, asir1 donen kontak yapilar: destekleyen diizlemsel Milnor acik
kitap ayrigimlarin baglari olan bir reel cebirsel ¢oklu baglar ailesi insa ediyoruz. Ayrica,
3 boyutlu kiire iizerindeki, 3 boyutlu degismezi negatif olmayan tiim agir1 donen kontak

yapilarin bu aileyle elde edilebilecegini ispatliyoruz.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . ... o . iii
ABSTRACT . . . . e iv
OZET . . o v
LIST OF FIGURES . . . . . . . . . vii
LIST OF SYMBOLS . . . . . . . . ix
1. INTRODUCTION . . . . . e e 1
2. RESOLUTION OF SINGULARITIES . . ... .. ... ... ... ..... 4
2.1. Links of Isolated Singularities . . . . . . . . . . ... ... .. ... .. 4
2.2. Resolutions of Singularities and Resolution Graphs . . . . . ... . .. 5
2.3. Milnor Fibrations . . . . . . . . .. ... L 8
2.4. Real Algebraic Singularities of the Form fg . . . . ... ... .. ... 9
3. SEIFERT FIBERED MANIFOLDS . . . . .. .. ... .. ... .. ..... 10
3.1. Seifert Links and Multilinks . . . . . . .. ... .. ... ... ... 10
3.2. Splice Decomposition, Splice Diagrams of Graph Links . . . . .. . .. 14
3.3. Fibered Condition of Graph Links and Monodromy . . . . .. ... .. 18
3.4. From Plumbing Diagrams to Splice Diagrams . . . . . . .. ... ... 22
3.5. Criteria for Algebraicity of Multilinks . . . . . . ... ... ... .... 24
4. INVARIANTS OF 4-MANIFOLDS . . . . . . ... ... ... ... ..... 26
4.1. The 3-Dimensional Invariant of 2-Plane Fields . . . . . . ... ... .. 26

4.2. 4-Manifold Construction via Pages and the Monodromy Data of Open

Books . . . . . 29

4.3. Classical Invariants of 4-Manifolds . . . . . . . ... .. ... ... ... 31

5. CONSTRUCTION OF CONTACT STRUCTURES ON 3-SPHERE VIA FIBERED
MULTILINKS . . . . o 33

6. CONCLUSION . . . . s 52
REFERENCES . . . . . . 53

APPENDIX A: INTERSECTION MATRIX CALCULATIONS . ... .. .. 57



Figure 2.1.

Figure 3.1.

Figure 3.2.

Figure 3.3.

Figure 3.4.

Figure 3.5.

Figure 4.1.

Figure 4.2.

Figure 5.1.

Figure 5.2.

Figure 5.3.

Figure 5.4.

Figure 5.5.

LIST OF FIGURES

The resolution graph of Example 2.1

Splice diagram for a Seifert multilink

Splice diagram for a graph link . . . . . . . ... .. ... ... ..

Splice diagram for the Example 3.2

Splice components of the previous graph link . . . . . . .. .. ..

A Plumbing diagram on the left and the corresponding splice dia-
gram on the right

D* U {(2g +r — 1) 1-handles } U {four 2-handles} . . . . . . . ..

Kirby diagram for 4-manifold whose boundary admits an open book

with planar pages . . . . . . . . . ... L
Families of multilinks in 3-sphere with trivial monodromy . . . . .

Plumbing diagram for (I) . . . . . ... ... ... ... ... ...

4-punctured sphere corresponding to the case (u=1). The dashed

lines indicate the boundaries.

Kirby diagram for the 4-manifold corresponding to (I) . . . . . . .

Splice diagram for (I)-(I)

vii



Figure 5.6.

Figure 5.7.

Figure 5.8.

Figure 5.9.

viil

Pages for (I)-(I) corresponding to the case (u =1,v=1) . . ... 42
Kirby diagram for the 4-manifold corresponding to (I)-(I) . . . . . 43
Splice diagram for (I)-(I)-(I) . . . . ... .. ... .. ... ..., 46

Kirby diagram for the 4-manifold corresponding to (I)-(I)-(I) . . . 47



: aak>

1X

LIST OF SYMBOLS

The intersection matrix of the plumbed 4-manifold obtained

by I'
The first Chern class of &

The square of the first Chern class

The 3-dimensional invariant

Complex conjugate of the function f

The n-th homology group of X with the coefficient group G

The n-th cohomology group of X with the coefficient group
G

The set of homomorphisms from X to G
Linking number

The singularity link of the function f

The multilink with the homology class m
The intersection matrix of the manifold X
Rotation number of the curve ¢

The spin® structure of a manifold

The twist map corresponding to the edge £

Germ of the analytic function f

Longitude

Meridian

The signature of the manifold X
Monodromy map

The Euler characteristic of X
Plumbing diagram

Seifert fibered manifold

The surface of genus ¢ with r boundary component



1. INTRODUCTION

Contact structures on 3-manifolds come in two mutually exclusive types: over-
twisted and tight. Y. Eliashberg proved that there is one-to-one correspondence be-
tween overtwisted contact structures up to contact isotopy and oriented 2-plane fields
up to homotopy [1]. Combined with the fact that S® admits a unique tight contact
structure, Eliashberg’s result leads to a complete classification of the contact structures
on S3. The unique tight contact structure is induced by the standard embedding of the
unit sphere in C2. The overtwisted contact structures on S® are countably infinitely

many and they are determined uniquely by the 3-dimensional invariant ds.

M. Gromov [2] and Eliashberg [3] showed that every Stein fillable contact struc-
ture is tight. Overtwisted contact structures are neither Stein fillable nor fillable in any
other sense (see e.g. [4, Chapter 12] for the fillings of contact 3-manifolds). Additionally,

there are also examples of tight structures which are not Stein fillable.

More generally, the singular complex analytic fillability of contact manifolds is
discussed by C. Caubel, A. Némethi and P. Popescu-Pampu in [5]. The link manifold
of an isolated singularity of a complex analytic surface V' has a natural hypersurface
distribution. A. N. Varchenko showed that this distribution is contact, which depends
only on the analytic type of the complex surface singularity [6]. A Milnor fillable 3-
manifold is a connected, closed, oriented contact 3-manifold which is contactomorphic
to the link manifold of a complex analytic surface with an isolated singularity. Any such
manifold admits a unique Milnor fillable contact structure up to contactomorphism [5,
Theorem 1.2]. Moreover, if f : (V,0) — (C,0) is a complex analytic germ with an
isolated singularity at 0, the open book decomposition defined by the Milnor fibration
of f (see e.g. [7]) is compatible with the Milnor fillable contact structure. (For the
one-to-one correspondence between open book decompositions and contact structures

in 3-dimension, one can see e.g [8] or [9].)



Every Milnor fillable contact structure is Stein fillable and hence is tight. A
natural question one can ask is whether one can produce overtwisted contact structures
in an analytical way. First recall that besides the existence of the Milnor fibration for
isolated complex analytic singularities, Milnor also proved the existence of the Milnor
fibration for the real analytic singularities under the condition that the Jacobian matrix
of the function h : R"** — R¥ has rank k on an open neighborhood of the origin, except
the origin. [7]. We call this condition Milnor condition. Analytic constructions of
overtwisted contact structures may depend on the Milnor fibration of the real analytic
singularities. An immediate example is the overtwisted contact structure on S? with
d; = % It is supported by the open book, with binding the negative Hopf link, which is
given by the real algebraic map h : R* — R?, h(z,y) = 27. Here we want to elaborate
this type of constructions. Of course not every real analytic map satisfies the Milnor
condition. Many studies have been conducted to find real algebraic maps admitting
Milnor fibrations (see e.g. [10], [11]). Consider the holomorphic germs, f,g: (C?,0) —
(C,0) with isolated singularities. A. Pichon and J. Seade gave a wide family of link
manifolds of real algebraic singularities of the form fg admitting Milnor fibrations [12].

(See also the sequence of articles [13], [14].)

We call the singularity links of complex algebraic plane curves in C? complex
algebraic. A link is real algebraic if it is the singularity link of an algebraic map
h : R* — R? that satisfies the Milnor condition. So every real algebraic link is a fibered

link.

Which fibered links can be realized by real algebraic singularities is also discussed
in many articles (e.g. [15] [16], [17]). One can ask that question even for multilinks
instead of links. A multilink is a link together with integers, called multiplicities, on
each of its link components. M. Ishikawa proved that if the multiplicities of a fibered
multilink are all positive or all negative, the oriented multilink is the binding of an
open book which is compatible with a tight contact structure [18]. He also proves that
multilinks with opposite signed multiplicities are compatible with overtwisted contact

structures. Thus, real algebraic fibered links can be obtained by such multilinks .



Since Milnor fillable contact structures are tight and there is a unique tight con-
tact structure on S?, it is compatible with an open book decomposition whose binding
is a complex algebraic link. In this thesis, we explicitly construct real algebraic func-
tions whose singularity links are fibered multilinks in S3. Moreover, we show that
these fibered multilinks are the bindings of open books supporting overtwisted contact
structures on S®, by computing the 3-dimensional invariants ds of the corresponding

2-plane fields. More precisely, we have:

Theorem 1.1. Every overtwisted contact structure on S* with ds > 0 is real algebraic.
The associated real algebraic functions can be chosen of the form fg and the supporting

open books to be planar.

Here is the layout of the thesis text. In Chapter 2, we explain how to investigate
the topology of link manifolds and singularity links by resolving the singular points. We
present the Milnor condition for real analytic germs and state under which conditions
the real analytic germs of the form fg satisfy the Milnor condition. In Chapter 3, we
follow [19] to review multilinks in Seifert fibered manifolds. We explain the splicing
operation for producing larger family of multilinks in homology 3-spheres and the
cases when the splicing of two multilinks is possible. Afterwards, we explain how to
use the combinatorial data of multilinks to detect fiberability and algebraicity of the
multilinks. We describe the method discussed in [20] to calculate the dj invariant
from the monodromy data and the pages of the compatible open book decomposition
in Chapter 4. We give the constructive proof for Theorem 1.1 in Chapter 5. The
detailed calculations concerning the intersection matrices which are necessary for the

calculation of the djz invariant constitute the Appendix A.



2. RESOLUTION OF SINGULARITIES

For a thorough discussion of the material in this chapter, one can consult [21].

2.1. Links of Isolated Singularities

Consider the complex surface singularity V = {f; = -+ = f = 0} C C? for
complex analytic polynomials f; : C* — C with an isolated singular point 0 € C2.
The intersection V' N S? is a 3-manifold and is called a link manifold. Let V; C V be
the germ of f. Since 0 € V} is an isolated singularity, V} is complex co-dimension 1
submanifold of C? and the intersection V; with S? is transversal. Hence V N S? is a

compact, smooth 1-manifold, embedded in the link manifold, and is called a singularity

link. [22]

Since f is in the ring of convergent power series, it has a unique prime factorization
Le. f= fi"--- f* where each f; is an irreducible complex polynomial. Thus, around
the neighborhood of 0, the zero locus of f can be seen as Vy = Vy U--- UV}, where
each VJ, is called a branch of V;. For each irreducible component f;, V;, N S? defines a
component of the singularity link with a multiplicity. The multiplicity of a branch can
be seen as the degree of f restricted to the branch at zero i.e. the intersection number

of the parametrization of the branch and the curve V.

J. Milnor showed that V' is locally homeomorphic to a cone on the singularity
link whose vertex is the origin [7]. Hence, for the investigation of the topology of V
around 0, it is sufficient to examine the topology of its link. For an extensive study

about the topology of plane curve singularities, one can look up [23].



2.2. Resolutions of Singularities and Resolution Graphs

One of the main tools to study singularities is resolution. While we resolve
singularities, we replace the singular points with larger sets (e.g. complex lines) to get
a smooth manifold. Consider a singular curve C' C C? with an isolated singularity at
0. The space

X = {(z1,2,]a : b]) € C* x CP'bz; = a2z}

with p : X — C2 a biholomorphic map away from the singular point, is called the
blow up of C? at 0. Observe that for any point z = (21, 25) # 0 € C?, p~'(2) consists
of a single point, while p~1(0) = {(0,0,[a : b])} =~ CP', which will be denoted by
E. Here, E is called the ezceptional divisor and C := p=3(C — 0) is called the strict
transform. Note that X is a smooth submanifold of C2 x CP!, which can be covered

by two charts
S a
U, = {(2’1,22, [a : b]) € X|ZQ 7é 0,v1 = 29,u1 = E}
and
5 b
U2 = {(21,22, [CL . b]) € X‘Zl 7£ 0,1)2 = Z1,Ug = 5}

by pasting them by attaching us = u% and v, = wyv;. For any singular surface, we
can always apply a finite number of blow ups to obtain a smooth complex surface X,

which is called the resolution of the singularity.

Theorem 2.1. Consider a complex surface singularity (V,0) C (C%,0) with an isolated
singularity at 0. There exist a smooth surface V and a holomorphic map p: V — V,

which 1s a composition of a finite number of blow ups satisfying the condition:

o E = pY(0) has smooth irreducible components E,--- , E; where E; ~ CP' and

they intersect each other transversally and pairwise disjointly.



Here, (V,p) is called a good resolution of C2.

We can correlate the combinatorial data of a good resolution with a weighted
dual graph, which is called dual resolution graph. Each vertex symbolizes an irreducible
component F; of the exceptional divisor. For each F; and E; which intersect each other
at a point, the vertices corresponding to them are joined by an edge. A dual resolution
graph is decorated by the self intersection numbers of the exceptional divisors. When
we acquire an exceptional divisor during the resolution process, its self intersection
number is —1. As long as we continue blowing up a point of it, its self intersection

number decreases by 1.

Let f: (V,0) C (C?,0) — (C,0) be a germ of an analytic function f. Let us
define T := {f op = 0}. It can be easily seen that T = E U C. Here, C is the
strict transform of f~1(0), which is a disjoint union of a finite number of irreducible
smooth complex disks, each of which intersects E transversally at a smooth point.
The components of the strict transform correspond to the preimage of the irreducible
branches of V;. The resolution graph for the germ of f is the resolution graph of 1%
decorated by arrowheads. Each arrowhead corresponds to the components of the strict
transform and is attached to the vertices depending on the intersection of the strict

transform with the exceptional divisors.

Example 2.1. Consider the holomorphic polynomial f : C?> — C given by f(z,y) =
(2% 4+ y3) (23 + y?), with two irreducible analytic factors f; = 2% 4+ y* and fo = 2 + 3%
It can be easily seen that f has an isolated singularity at (0,0). Therefore, in order
to understand the zero locus better, we will blow up the origin. On the first chart,
we have the identification {x = st,y = t} and on the second chart, we have {z =
t',y = s't'}. Hence, f(x,y) = 0 gives t*(s*> + t)(s3t + 1) = 0 on the first chart and
(Y41 + (8")3) (¢ + (s')*) = 0 on the second chart. We have E, = {t = 0} = {¢ = 0}
with multiplicity m; = 4. In the first chart, f is desingularized but not f;, and in the
second chart, the opposite. Hence, we will blow up the singular point of f; = (s? +t)

and fy = (' + (s')?) in the corresponding charts.



On the first chart, we have singularity of t4(s?+t) at the origin. After blowing up
the origin with the charts {s = uv,t = v} and {s = v/, t = u/v'}, we have v°(u?v+1) = 0
and (u/)*(v")3(v'+u') = 0. Here, Fy = {v = 0} = {¢' = 0} with multiplicity my = 5. In
the first chart, f; is desingularized while in the second chart there is a triple transverse
intersection of { f; = 0}, F; and Es at the origin. After one more blow up at the origin
of the second chart by setting {v' = ab,v' = b} and {v' =V v = a'b'}, the singularity
resolves and we have F3 = {b = 0} = {V' = 0} with multiplicity msz = 10 which
intersects F» and the component of the strict transform corresponding to {f; = 0} at

distinct points.

On the second chart, by blowing up twice in the same way, we get two excep-
tional divisors E,, with multiplicity m, = 5, intersecting F; transversely and Fs, with
multiplicity ms = 10, which intersects the second component of the strict transform
and Ej transversely in distinct points. In this example, the components of the strict
transform have multiplicity 1. Moreover, the self intersection numbers corresponding
to the exceptional curves are e; = —b,e0 = =2, e3 = —1, e, = —2, e5 = —1. The dual
resolution graph is given in Figure 2.1. The numbers in parentheses are multiplicities
while the numbers on each vertex is the self intersection number of the corresponding

exceptional divisor.

M M

20 -1 -5 -1 -2
. . —o

G a0 @ (10) ©)

Figure 2.1. The resolution graph of Example 2.1

In [24], W.D. Neumann states that the dual resolution graph can be considered as
a plumbing diagram (explained in Section 3.4) and one can construct a 4-manifold by
applying plumbing operation according to the dual resolution graph. Consider a ball

B around 0. Since p is a biholomorphic map except 0, p~'(B?) is also a 4-manifold,



which is a neighborhood of the exceptional divisors. The 4-manifold we obtained by
the dual resolution graph is diffeomorphic to p~*(B2). Moreover, the boundary of the
plumbed manifold is diffeomorphic to the link manifold and p~(V;N.S?) is a link in the
boundary of the plumbing manifold. The branch C; of the strict transform corresponds
to a link component on the boundary manifold and the multiplicity m; of po f along
the curve C; gives the multiplicity of the corresponding link component. Therefore,
the topology of the singularity link can be observed by the decorated resolution graph.
In the next chapter, we will examine the singularity links as links in the boundary of

the plumbing manifold.
2.3. Milnor Fibrations

Consider a holomorphic map f : (C?,0) — (C,0) with a critical point at 0.
We have the following Milnor Fibration Theorem [7, Chapter 4] which guarantees the

existence of an open book decomposition in the case of isolated singularities.

Theorem 2.2. Let € be sufficiently small and V; = f~1(0) be the zero set of f. Con-
sider Ly =V N S3. The map m; : (S2 — Ly) = S, m4(2) = %, is a locally trivial
fibration. If 0 is an isolated singularity of f, then Ly is fibered link which is the binding
an open book decomposition of S® whose pages are fibers of the fibration, which are

diffeomorphic to the Seifert surface of L.

Later in the same book, Milnor proves that real analytic germs also give rise to
such fibrations. We have the following theorem from [7, Chapter 11] (one can also

see [13, Theorem 1.1}).

Theorem 2.3. Let f: (R*,0) — (R?,0) be a real analytic germ whose Jacobian matriz
has rank 2 on an open neighborhood of 0 i.e. f has an isolated singularity at 0. For e
sufficiently small, consider Ly =V NS? and let N(Ly) be a tubular neighborhood of L.
Then, there is a locally trivial fibration w; : (S? — N(Ly)) — S* which is isomorphic to
the fibration f~1(S')n D2



Here the fibration ¢ can be chosen so that in the neighborhood of the link, it
coheres with the map % However, if 0 is not an isolated singularity then % might not
be a locally trivial fibration, hence does not define an open book decomposition. It is
tough to find examples with isolated singularities in the real case. In the next section,
we will examine some necessary and sufficient conditions for real analytic germs to
have isolated singularities. One can look up [25] for a comprehensive investigation on

Milnor fibrations and recent developments.
2.4. Real Algebraic Singularities of the Form fg

In [13] and [12], Pichon and Seade examine real algebraic germs with isolated sin-
gularities of mixed functions of the form fg where f and g are holomorphic functions.
They show the existence of the Milnor fibration in the link exterior and also investigate
the geometry of the fibration near the singularity link. We have the following impor-
tant results which enable us to consider the bindings of larger family of open book

decompositions in S? as open book decompositions obtained by Milnor fibrations.

Theorem 2.4. [12, Theorem 2] Let f,g: (C* 0) — (C,0) be two holomorphic germs

with no common branches. The following statements are equivalent:

(i) The real analytic map fg: (R* 0) — (R%0) has an isolated singularity at 0.
(it) Ly — Ly is a fibered multilink. Here, —L, denotes L, with reversed orientation.
(i1i) For p : X — C2 a good resolution of fg, we have mzf #+ m{ for each rupture

vertex i of its dual graph.

If any of these conditions hold, the Milnor fibration wpg : S2 — (Ly U L,) — S is a

fibration of the multilink Ly — L, and isotopic to |§_§| on the tubular neighborhood of

the link, too. Hence it defines an open book decomposition of S3.

We observe that L5 as an unoriented link is LU L,. We can obtain its plumbing
diagram via the resolution graph of Ly, as in Section 2.2 by orienting link components

corresponding to f positively and g negatively.
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3. SEIFERT FIBERED MANIFOLDS

As we discussed in the previous chapter, the fibration on the link exterior, namely
the Milnor fibration, constitutes an open book decomposition whose pages are Seifert
surfaces of the singularity link. Therefore, to get information about the open book
decompositions whose bindings are singularity links, we will examine topology of the
algebraic links in S3. Moreover, topological singularity link does not carry information
about the multiplicities of the branches of the germs, whereas Milnor fibration is in the
homotopy class determined by these multiplicities. That is why, we need the notion of
multilinks, links with additional information, which is firstly introduced by Neumann
and D. Eisenbud in [19]. By the Decomposition Theorem of W. H. Jaco, P. B. Shalen, K.
Johansson and Thurston’s Hyperbolization theorem, it is known that we can decompose
every link in S® into torus links and hyperbolic links into pieces cutting along a tori.
Any pieces we obtained after decomposing is either Seifert fibered or simple. In the
case of algebraic links, it is known that each component has a Seifert fibered structure.
Therefore, in order to study algebraic links, or more generally algebraic multilinks, it

is convenient to understand the link’s exterior and its decomposition.

In this chapter, we will define multilinks, in particular, Seifert multilinks. We will
also give complete classification of them and a definition of Seifert fibered manifolds. To
examine decompositions of the multilinks, we will define the splice operation. We will
explain under which conditions this operation is valid and how we can read topological
data from splice decompositions according to splice diagrams. We will explain how
these results are related to plumbing manifolds, i.e. how these results are connected to

the algebraic case. We mainly follow the arguments in [19].

3.1. Seifert Links and Multilinks

Definition 3.1. A multilink L(m) = L(my,...,m,) = (X,m1S1 U---Um,S,) in an

oriented homology 3-sphere 3 is a collection of smooth disjoint oriented simple closed
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curves together with integer multiplicities. We have the equality m;S; = (—m;)(—=S;)

where —S; is S; with the opposite orientation.

Equivalently, we can define a multilink as an oriented link L in ¥ with a homology

class (my,...,my) € Hi(L) = Z". Note that, by Alexander Duality

Hy(L) ~ H'(S - L). (3.1)

Also, by the Universal Coefficient Theorem, we know that

H'S — L) ~ Hom(H,(S — L), Z). (3.2)

Since H; (X — L) is generated by (u1, . .., pt,) where p; is the standard oriented meridian
of the component S;, we can generate H'(X — L) with the set (Ik(u1,-), ..., k(un, ).

Therefore, m = (my,...,m,) represents a cohomology class in the link complement
given by,
m(y) = U(L.y) = Y mi- k(Si,7) (3.3)
i=1

Where m(ﬂ]) — mj7 ] = {1’ “ e 77’[,}.

We should note that an oriented link is a multilink with multiplicities £1, thus

the notion of multilinks is a generalization of links.

Definition 3.2. A Seifert surface for the multilink 1.(m) is an embedded oriented
surface F' C ¥ — L such that

e If my # 0, F N N(S;) has |m;| leaves meeting along S; and F is oriented in
a way that F N ON(S;) = m;S; in Hi(N(S;)) where N(S;) denotes the tubular
neighborhood of the link’s i-th component.

e Ifm; =0, FNN(S;) comprises discs which are transverse to S; and F is oriented
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in a way that the intersection number of S; with each disc is the same and either

+1 or —1.

Note that, F' € Hy(X — L, (X — L)) and Hy(X — L,0(X — L)) ~ H'(X — L)
by Alexander Duality. On the other hand, since F' - p; = m; = lk(L, p;) = m(p;), we
realize that the Seifert surface of a multilink is dual to the associated cohomology class

of the multilink.

Seifert surfaces can be characterized as follows. Assume that FNN(S;) = ap;+bA;
and let Fy = FFN (X — L). We have 0Fy = ap; + b\; + Z;Z m;S;. Thus, we have
Fy - u; = b and also by the previous paragraph Fy - pu; = m(p;) = m,.  Similarly
Fo - N = Y25 mylk(Ni, S;) +a = 0 which implies a = — 37, m;lk(\;, S;), we can
denote — 7 mjlk(X;, ;) as mj. Therefore, if we assume that gcd(a,b) = d; i.e.
di = (7%) = (TZ—:) where ged(pi, ¢;) = 1, we get FNON(S;) = d;S;(pi, ¢:) where Si(pi, ¢;)

is (ps, ¢;)-cable knot on S;.

Because the fundamental group of the link exterior is abelian, we know that
Hom(H(X—L),Z) ~ Hom(m(X—L),Z) where the latter group is the set of homotopy
classes of the maps from the link exterior to S'. By the equation (3.2), this implies that
the cohomology class m defines a homotopy class in [¥ — L, S1]. We call a multilink
fibered if there exists a locally trivial fibration map ¥ — L — S! in the homotopy class
which corresponds to the multiplicities of the multilink whose fibers are minimal Seifert

surface for the multilink.

Let Y be an oriented 3-manifold and B be an oriented surface. A Seifert fibration
is a map ¥ : Y — B such that all of its fibers are circles and in a disk neighborhood
of any point z;, preimage of the disk is homeomorphic to a solid torus where preimage
of the center is core circle of the solid torus while any other point lifts to fibers of
1 that wrap «a; times in the longitudinal direction and —f; times in the meridianal
direction around the core. Here, «; and (; only depends on x; and they are relatively

prime integers. If a; = 1, the whole neighborhood is fibered trivially as D? x S!, the
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core circle is called nonsingular (generic) fiber 1. Otherwise, there are «; fibers in the
preimage of any point, in this case the core circle is called singular (exceptional) fiber
of the map. When B is compact, the number of the singular fibers are finite [26]. Y is
called Seifert fibered manifold.

Let By = 5% —int((D?), U---U(D?),) be a 2-sphere with k punctures. Consider
the trivial S'-bundle Xy = By x S* whose boundary consists of & tori ((S*), x SY)U---U
((S"), x Sh). Let R = By x {1} be a section of this bundle. Define Q; = RN ((S'), x
St = (S1), x {1} oriented as a component of —9R and H; = {1} x S* C S, x S* which
is a typical oriented fiber of the circle bundle on the i-th boundary component. Note
that @; and H; are generators of the first homology group of 7-th boundary component.
We paste a solid torus 77 = D? x S' onto the i-th boundary component (S*), x S* by
gluing a meridian p; = S* x {1} of the solid torus to the curve ;Q; + 3;H; on (S*), x S*
where o, 3; are relatively prime integers. For a chosen longitude \; = {1} x S* for 77,
we have )\; is homologous to —0,;Q; + §; H; on S*; x S' where 0; = ay...@; ...y and
0; = Z#i Bjo ... ...Q;...a; The resulting manifold ¥ is a homology 3-sphere if
the coefficients o, [3; satisfies Zle fiay ... ;. ..ar =1 [27]. We denote the manifold
by X(aq,...,ax). When all «; are nonzero, we can extend the circle bundle on ¥ to
T;’s and have a Seifert fibration. The core circles S; of the glued tori 7; are singular

fibers of the fibration when «; # %1 because of the way we glue the tori.

It can be easily seen that manifolds X(ay, ..., ax) and X(ay, . .., ag, 1) are home-
omorphic. X(ay, ay) is a basic example of a Seifert fibered 3-manifolds which is S3. A
Seifert link is defined to be an oriented link in X(ay, ..., ax) which is the union of a
finite number of singular and nonsingular fibers of the Seifert fibration. As an exam-
ple, (X(ay, a9,1,...,1),8,U---US,) consists of n copies of (a1, asz)-torus knot on S3.

Seifert links with multiplicities for each component are called Seifert multilinks.
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3.2. Splice Decomposition, Splice Diagrams of Graph Links

In this section, we will define the operation called splicing. It is a generalization
of the basic operations such as connected sum, disjoint sum and cabling. We will see
that splicing can be used to construct new links from old ones and help us to define the
fibrations of the new links with respect to the old ones. We will see that any multilink
can be expressed as splicing of more elementary multilinks. For a short introduction

to this subject, one can see [28].

Definition 3.3. Let L' = (¥, m{S{Um|S{U---Um.,S!) and L" = (X", mgS{um/ ST U
---UmlS!) be two oriented multilinks. For a chosen pair of link components Sy’ and S{,

consider their tubular neighborhoods with standard meridians and longitudes. Consider

U= (X' = N(Sp)) Un (Z" = N(57))

where h is the homeomorphism mapping meridians on the boundary of the tubular

neighborhoods of the link components to longitudes and vice versa. The multilink

L=(XmSiu---Um,S, UmiSfuU---um!S"

is called the splice of L' and " along Sy’ and S{. L' and L" are called the splice

components of L.

Y. is again a homology 3-sphere which can be seen easily by writing down Mayer

Vietoris sequence.

In other respect, as we mentioned in the beginning of this chapter, splitting
theorem of Jaco, Shalen and Johannson tells us that if L is a link in ¥, it is the result
of a splicing operation along a torus, embedded in the link exterior, which is uniquely
defined up to reversing the orientations of the link components that is spliced. The
splice components which is obtained after desplicing the link is either a Seifert link

or a simple link. Moreover, if the link is in S®, the splice components are also in
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S3 [19, Proposition 2.1]. By definition, 3 — L is the union of the link complements
of splice components pasted along some torus. The multilink structure given by the
cohomology class m determines the multilink structure of each splice component. In
other words, m € H' (X — L) = H'((X' — L')) U (X" — L")) can be restricted to the
classes m’ € H'((X' — L') and m” € H'((X" — L"). Thus, splicing of links is possible if
and only if these cohomology classes agree on the torus on which the splicing occurs.
On this torus, we have

mh = m (1) = (V')

(3.4)

&l
—
><
~
&l
N
o
<

N
~

1/
mgq

Note that m" (") = >, mlk(N", S7) and m'(X') = > 0, milk(XN', S7). Hence splicing
is possible only when the multiplicity of splice components satisfies the above equalities.
Observe that this equalities coincide with the characterization of Seifert surface given
in the previous section. We can say that while splicing two links along a torus, we

paste Seifert surfaces of splice components along the splicing torus.

We are interested in algebraic links, the special kind of multilinks that can be
realized as link of plane curve singularities. As we have seen in the previous chapter,
each branch of the germ of an analytic map carries a positive integer multiplicity. This
multiplicity gives the multiplicity of the corresponding component of the singularity
link. We call a multilink with splice components that are all Seifert links a graph link.
Algebraic multilinks are known to have only Seifert fibered splice components that can
be derived from Puiseux pairs [19, Appendix to Chapter 1], hence they are special
family of graph links. All the graph links in S® are iterated torus links [19, Theorem
9.2].

Multilinks shall be represented by a special kind of diagrams that are called
splice diagrams. Since graph links can be produced by splicing Seifert multilinks, we
can represent all the graph links by splice diagrams which can be seen as a special

combination of splice diagrams of splice components. Splice diagrams are practical for
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many purposes such as computing linking numbers, defining whether a multilink is

fibered, so on. They are explained in [19, Section 8] in depth.

Recall that we can express Seifert multilinks as (X(ax, ..., ), mS1U- - -Um,S,,).
It can be represented by a splice diagram given in Figure 3.1 where nodes correspond
to Seifert manifold embedded in the link exterior, arrowhead vertices correspond to
the tubular neighborhoods of link components (nonsingular fibers), whereas boundary
vertices correspond to the tubular neighborhoods of some singular fibers of the Seifert
manifold. Note that in [19, Chapter I1I], the node is also considered as a nonsingular

fiber of the fibration of the corresponding Seifert manifold.

Figure 3.1. Splice diagram for a Seifert multilink

Splicing of two multilinks can be seen as connecting the splice diagrams of them
along arrowheads corresponding to link components at which splicing occurs. Thus,
splice diagrams of graph links can be easily obtained from splice diagrams of splice
components. The splice diagram for a multilink is not unique, however up to some
equivalence relations given in [19, Theorem 8.1], there is a unique minimal splice dia-

gram.

Proposition 3.4. Let v and w be two vertices in the splice diagram of a given multilink.
Let o(v,w) be the simple path connecting vertices v and w. The linking number of the

link components corresponding to v and w respectively is the product of all weights
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Figure 3.2. Splice diagram for a graph link

adjacent to o(v,w) which are not on it.

Example 3.1. Consider the Seifert multilink given in Figure 3.1. For 1 <1,5 <k,

”{?(SZ,SJ) :al...o?i...o?j...ak.

Also, for any nonsingular fiber 7 of ¥,

lk(T,Si):&l...di...&k.

Figure 3.3. Splice diagram for the Example 3.2

Example 3.2. Consider the graph link given in Figure 3.3. It is the result of splicing
of two Seifert links along the link components Sj, S corresponding to the weights
ap = 1, By = 13 respectively. Observe that since m/(S)) = m/lk(S],S5)) =1-2 =2
and m”(Sy) = mylk(Sy, Sy) + m5lk(SY,Sy) =1-1+2-2 =5, the multiplicities of the
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splice components are m{, = 5 and m{; = 2 by (3.4). The splice components of the link

are given in Figure 3.4.

Figure 3.4. Splice components of the previous graph link

3.3. Fibered Condition of Graph Links and Monodromy

Recall that if a multilink is fibered, its fibers in the link exterior are Seifert
surfaces bounded by the link itself. Since m € [¥ — L, S|, we have a circle bundle
on the link exterior which the fibers of the fibration are transverse to. We say that
any generic fiber of the manifold ¥ intersects the pages of the fibration transversely
in |I| points which we will define below. In other words, the linking number of the
multilink with any generic fiber (see Example 3.1) does not vanish. Moreover, since
splicing operators paste the Seifert surfaces of splice components, for a multilink to be
fibered, we need its splice components to be fibered, too. We summarize these results

in the theorem below.

Theorem 3.5. Let L(m) = (32, m1 51 U---Um,S,) be a Seifert multilink, it is fibered

if and only if for any generic fiber T of the manifold (v, ..., o), we have
m(7) = Zmilk(r, S;) # 0.
i=0

Furthermore, a multilink is fibered if and only if it is an irreducible link and each of its

splice components is fibered.



19

We will denote m(7) = >, m;o; by l. Furthermore, the fibration 7 : ¥—L — S*
is unique up to homotopy and its fiber F' has d = ged(my, ..., m,) components which

can be easily deduced from the exact homotopy sequence of the fibration [19, Theorem

11.3].

Moreover, when the multilink is fibered, ¥ — L is homeomorphic to the mapping
torus of a diffeomorphism ¢ on F, i.e. it is homeomorphic to F' x I/(0,z) ~ (1, ¢(x)).
We call the map ¢ the monodromy of the fibration. We have the following lemma

summarizing useful results of this section.

Lemma 3.6. [19, Lemma 11.4] Let L.(m) be a Seifert fibered multilink, i.e. 1 # 0, given
in Figure 3.1. Then, its fiber I is an |l|-fold cyclic branched cover of an n-punctured

sphere and has Fuler characteristic

x(F) =il - (k—Q— > O%) (3.5)

j=n+1

Furthermore, its monodromy ¢ is a generator of the group Z/|l|Z of covering transfor-
mations. i.e. it is isotopic to a homeomorphism of order |l|. It can be seen as flows
along the Seifert fibers of the link exterior on the interior of F', whereas it can be seen

as flows along typical fibers H; on each i-th boundary component.

Proof. The Seifert fibration ¢ of ¥(ay,...,qx) can be seen as a S' action on 3 whose
orbits are fibers of ¢. Consider this S! action on the link exterior ¥ — L, the orbit
space of this action (X — L)/S! is n-punctured sphere, call S,. Consider the Milnor
fibration 7 on the link exterior with pages F'. Let z € ¥ — L and tz is an element
of the orbit of z where t € S'. We have n(tz) = t'n(z) [19, p.90] which means only
[ of the points in the orbit map to the image of z. If the orbit of z is a nonsingular
fiber of the Seifert fibration, it intersects F' in [ points. Nevertheless, if it is a singular
fiber of the Seifert fibration, it wraps «a; times in the longitudinal direction, hence the
orbit can be seen as Z/«;Z and it intersects F' in aiz points. By the map ¢|r, we see

that F is an |[|-fold branched cover of S,, with singular set consisting k — n points with
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branch indices ay, 11, -+, ax. Hence, the monodromy ¢ : F' — F' is a homeomorphism
of order || and can be seen as a flow along fibers. On the boundary of link exterior,
the Seifert fibration has typical fibers H; each of which is homologous to o;u; + a;\;,
we will explain the monodromy flow on the boundary in the next theorem. Moreover,

By Riemann-Hurwitz Formula for branched covers,

e =1 (xe - 3 ).

i=n+1 J

Note that x(S,) =2 — n.

We have already seen that the fiberability of a graph multilink depends on its
splice components. The page of the graph multilink is also obtained by the pages F; of
the splice components pasted along a splicing torus. Hence, we can consider that the
monodromy is pieced together from the monodromy maps of the splice components
which are exactly ¢|p, of finite order. If we take the tubular neighborhood of the
separating tori in the link exterior, we see that the link exterior is the union of link
exteriors of the splice components. Hence, we can see the Seifert fibered structure
of the link exterior as the Seifert fibered structures of the link exterior of the splice
components joined by toral annuli 72 x I. In each splice components, the monodromy
is given by the flow along the corresponding Seifert fibers, whereas on the tubular
neighborhood of the separating torus, it has two different flows in each end given by
the Seifert fibration of each Seifert component. Monodromy acts like a twist map on

the separating torus which measures the difference between two flows.

Theorem 3.7. [19, Theorem 13.1] Let F;NF; be the separating torus on which splicing
of i-th and j-th splice components occurred and F be the edge of the splice diagram
connecting these nodes as given in Figure 3.2. Let m{ and m{ be the multiplicities of
the splice components respectively and l; and l; be the orders of the monodromy map in

each component. F; N Fj is the collection of dp = gcd(m(, mg) annuli and in each of



21

these annuli, the twist number is given by:

—dp

tE = 1L (Oéoﬁo — O‘nﬁlﬁm) (36)

For the boundary components, let dg = gcd(m;,m’) where m; is the multiplicity of
the boundary component and m' = lk(S;,> 7, m;S;). Let a; be the weight of the

corresponding component. We have

tp = —Lq, (3.7)

Proof. Without lost of generality, we can assume that the graph multilink has two splice
components with pages F; and Fj;. The graph multilink has the page I’ = F; U I} and
F,NF; = TNF where T is the separating torus corresponding to tubular neighborhood
of the link components which are spliced. Hence T'N F' is the boundary component of
both F; and F;. As we discussed the behavior of the page around the boundaries in
Section 3.1 and 3.4, we have FFNT = m{\ — mgu'. hence F'NT has dp components

each of which is homologous to

"
mO,X _Mmy

. 7 (3.8)

On the one end of tubular neighborhood of the separating torus, we have the Seifert
fibration corresponding to the first splice component. On the boundary that splicing
occurred, it has fibers H; = ag\ + a1 ---a,u’. Similarly on the other end of the
tubular neighborhood of the separating torus, the fibers of Seifert fibration on the
boundary is given by H; = B+ A + Bop’. The monodromy flow runs parallel to
the former at speed 1/1;, while to the latter at speed 1/l;. After some modifications as
in [19, p.107,108]. We see that the difference of these two flows is a flow of speed (3.6)

around (3.8). Similarly, on the boundary of the page, we have the flow (3.7).
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3.4. From Plumbing Diagrams to Splice Diagrams

Recall from Chapter 2 that the resolution graphs of the links of singularities can
be seen as plumbing diagram of the link in the corresponding the plumbing manifold.
Thus, homology spheres of the fibered multilinks can be described by plumbing. In
this section, we will give an algorithm to detect corresponding splice diagrams to links
in the plumbing manifolds. In [19, Chapter 5], one can find more information about
plumbing manifolds, algorithms to calculate the determinant of intersection form for

plumbing manifold and how to obtain plumbing diagrams from splice diagrams.

We define a plumbing tree, denoted by I'y, to be a connected graph with no cycles
which consists of vertices with an integer weight e; and edges connecting some of the
vertices. Given a plumbing tree I'g, one can construct an oriented 4-manifold obtained
by plumbing disc bundles according to I'y as constructed in [19]. The boundary of
the 4-manifold is a plumbed 3-manifold which we will denote by M (T'g). We define
plumbing diagrams, denoted by I', to be plumbing trees with extra vertices which have
one incident edge that shown by an arrow. Such a diagram represents a link L(T")
in the 3-manifold M (I'y). If M (L) is a homology sphere, then L(I') is a graph link.
Moreover, it is a Seifert fibered homology sphere and each vertex with more than 2
incident edges corresponds to a Seifert pieces of the manifold and arrows correspond
to components of the given link. Let V (i), A(7), N(i) be the set of vertices, arrowhead
vertices and non arrowhead vertices of I' which are adjacent to i, respectively. Consider

the intersection matrix A(I') = (A4;;); jen of the plumbed 4-manifold given below:

Aij =141, jeN(>)

0, otherwise

\

M (Ty) is a homology sphere if and only if det(A(T")) = 1. Note that an easy algorithm
to calculate the determinant of a plumbing diagram can be found in [19, Section 21].

Moreover, if the plumbing tree I'y can be reduced to a trivial graph by blowing down
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(-1) vertices, then M (Ty) is S3. When M(Ty) is a homology sphere, a cohomology
class m € H'(M(T)) gives a multilink structure on (M(T), L(T')), we can denote it
as I'(m). All the previous results about link components also hold for L(I'). Up to
replacing I'(—m) by I'(m), any graph multilink can be represented as unique plumbing
diagram which has weight e; < —2 for any vertex i which is neither an arrowhead nor
a node. Recall from Chapter 2, the branches of V' = f~!(0) have multiplicities that
can be read from blow up steps, thus the singularity link is a multilink in S2. The
decorated dual resolution graph is indeed the plumbing diagram for the singularity link
and we can deduce the corresponding splice diagram using plumbing diagram to find
out important results about the fibration whose binding is the multilink. The splice

diagram for I for a multilink can be constructed as described below.

(i) Make det(—A(I")) = £1 by single (4+1) blow up on some chain of I'. Since our
link of singularities is in S®, we can have a minimal plumbing diagram with
determinant +1.

(ii) Replace each maximal chain in I" by a single edge where all the nodes are weighted
as 1.

(iii) Let T'; be the subgraph of T cut off by a corresponding edge of I". The weight
at the end of that edge is given by det(—A(I';)). If I'; is a single arrowhead,
det(—A(T;)) = 1.

(iv) Multiplicities are equal to the corresponding multiplicity in T'.

Figure 3.5. A Plumbing diagram on the left and the corresponding splice diagram on
the right
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As an example, consider the real analytic function fg = xy(z?* + fy?’)m. Its
dual resolution graph can be obtained as in Section 2.2 by resolving fg and orienting
the branches corresponding to g negatively. It can be easily seen that det(—A(T")) = £1
and we have 4 maximal chains that we have to replace with single edges. The maximal
chain on the left gives a subgraph with determinant 4, whereas the maximal chain on
the right gives a subgraph with determinant 3. The other arrowheads are weighted as

1. The plumbing graph and the corresponding splice diagram are given in Figure 3.5.

3.5. Criteria for Algebraicity of Multilinks

After the discussion about fibered multilinks, the natural question that comes
to mind is when a fibered multilink can be realized by singularities. As in Chapter
2, when we have an isolated singularity of a holomorphic function, the corresponding
Milnor fibration defines an open book structure of S* whose binding is isotopic to the
singularity link. All the complex algebraic links in S® are graph multilinks and the
corresponding splice diagram of the multilink can be deduced from Puiseux pairs given
in [19, Appendix 1]. However, not all the graph multilinks in S* are complex algebraic.

The next theorem tells when a graph multilink is complex algebraic.

Theorem 3.8. [19, Theorem 9.4] A multilink with positive weights and multiplicities
which is represented by the splice diagram given in Figure 3.2 is an algebraic graph link

if and only of its diagram satisfies apfy > a1 ... apP1 ... B

The case of real analytic germs is more complicated. S. Akbulut and H. King
showed in [29] that every knot (hence link) in S® is weakly real algebraic i.e it is the
zero locus of an algebraic map f : R* — R? with an critical point. However, even
though the zero locus has a critical point, f might not have an isolated singularity at
that point. Therefore, given any fibered multilink in S, we might not be able to find
a real analytic map such that the Milnor fibration of the germ defines the open book
decomposition of the fibered multilink. It is hard to construct examples of real analytic

germs with an isolated singularity and it has been long studied in many articles.
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Theorem 3.9. [12, Theorem 3] If L and Ly are two multilinks in S® with positive
multiplicities such that Ly U —(Lg), Ly and Lo are fibered multilinks, then there exist
two holomorphic germs f, g : (C?,0) — (C,0) without common branches so that L, and
Lo are isotopic to the link of singularities of f and g and Ly U —(Lsy) is the multilink
associated to the real analytic germ fg: (R* 0) — (R? 0) given by I%I'

Since we can check whether a multilink is fibered or not as in Section 3.3, we can
obtain infinite family of real algebraic multilinks obtained from the holomorphic cases.

The fiberability of Ly U —(L,) can also be checked using the dual resolution graph as
it is discussed in [12] and Theorem 2.4.
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4. INVARIANTS OF 4-MANIFOLDS

In this chapter, we will discuss a method to calculate the 3-dimensional invariants

of the contact structures on S® regarding the compatible open book decompositions.

4.1. The 3-Dimensional Invariant of 2-Plane Fields

Consider the space of all 2-plane distributions on a 3-manifold Y, of which the
set of contact structures is a subspace. Eliashberg proved that any contact structures
which belong to the same component of this subspace are homotopic and each compo-
nent contains an overtwisted contact structure [1]. However, we cannot conclude that
homotopic contact structures are unique up to contact isotopy. As an example, we can
consider the standard tight contact structure and the standard overtwisted contact
structure on S3, which are in the same homotopy class but not isotopic. We have the
following results by Eliashberg which let us classify the contact structures on S* up to

isotopy by focusing on the homotopy classes of 2-plane distributions.

Theorem 4.1. [1, Theorem 1.6.1] Two overtwisted contact structures on a closed, ori-

ented 3-manifold are isotopic if and only if they are homotopic as 2-plane distributions.

Theorem 4.2. [30, Theorem 2.1.1] Any tight contact structures on S® is isotopic to

the standard contact structure.

V. G. Turaev worked on construction of invariants for 2-plane fields [31]. Consider
the space of vector fields of unit length in a 3-manifold Y. Two vector fields which do
not vanish anywhere are said to be homologous if they are homotopic outside of a 3-ball
in Y. An FEuler structure is defined to be an equivalence class of homologous vector
fields on Y. This structure is also called spin® structure in the literature. Later on,
R. E. Gompf worked on spin® structures which make the classification of the contact
structures easier [32]. Since there is a bijection between the space of oriented 2-plane

fields and the space of vector fields of unit length, mapping each oriented 2-plane
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field to its oriented normal vector field, we can consider a spin® structure as induced
by an oriented 2-plane field ¢ which only depends on the homotopy type of £. Let
c1(§) € H*(Y;Z) denotes the first Chern class of £. When H?(Y’;Z) has no 2-torsion,
if [&] and [£] are 2-plane fields satisfying ¢;(&1) = ¢1(&2), they induce the same spin®
structure. Since H?(S%;7Z) is trivial, ¢;(£) = 0 for any £ and S® has a unique spin®
structure. Gompf also states that even if two 2-plane fields induce the same spin®
structure, they might not be homotopic. Their homotopy types are determined by d3
invariant of £, which is defined by Gompf as

45(6) = (A, J) ~ 30(X) = 2x(X)

where (X, J) is a compact almost complex 4-manifold with boundary S® so that the
oriented complex tangencies along S* are homotopic to &, o(X) and x(X) are the

signature and the Euler characteristic of X, respectively.

Let (Y,€) be a contact structure compatible with an open book decomposition
with monodromy ¢ which is given by a product of Dehn twists around homologically
nontrivial curves 7, -+, 7, on the page >, , of genus g with » boundary components.
We will give a method to calculate the d3 invariant of the 2-plane field £ by means of the
corresponding open book decomposition. We will briefly follow arguments from [20].
It is a well known fact that for every 3-manifold Y with an open book decomposition,
there exists a 4-manifold X with an achiral Lefschetz fibration such that 0X =Y
and the achiral Lefschetz fibration agree with the open book decomposition on the

boundary [33]. Moreover, we have the following fact proved by F. Ding and H. Geiges.

Theorem 4.3. [34] Any closed orientable contact 3-manifold (Y,€) is the result of a

sequence of &1 contact surgeries along a Legendrian link in (S3,sq).

Recall that a link (Y, ), all of whose tangent vectors lie in &, is called a Legendrian
link. The homotopy invariants of the contact structure can be gathered from the

surgery description of a contact 3-manifold [35]. A contact surgery with an integer
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surgery coefficient on a Legendrian knot can be seen as adding vanishing cycles to the

achiral Lefschetz fibration of the 4-manifold, which bounds the contact 3-manifold [4].

Consider a 4-ball union (2g + r — 1) 1-handles, X, = fo,1»-15" X D? given in
Figure 4.1. From the Kirby diagram of the manifold, it can be easily seen that it admits
an honest Lefschetz fibration with no critical points, therefore it is diffeomorphic to
the Stein manifold D? x X, ,. (See [36, Section 8.2] for the relations between Kirby
diagrams and Lefschetz fibrations.) The fibration is a trivial bundle and its monodromy
is trivial. Consequently, on the boundary, it admits an open book decomposition with
the trivial monodromy and pages >, ,, which is compatible with the standard contact

structure on Y.

We can construct (Y, &) via a sequence of contact £1 surgeries on a Legendrian
link on the boundary manifold as stated in Theorem 4.3. Consider v;’s € Y as em-
bedded in different fibers of the open book. It is known that every link is isotopic
to a Legendrian link [36], thus we can consider these curves as a Legendrian link in
Y and apply (£1)-surgery on each component of this Legendrian link to construct &,
depending on whether the Dehn twist around the link component is negative or posi-
tive. Each (—1)-surgery adds a vanishing cycle to the Lefschetz fibration and results
an honest Lefschetz fibration which admits an almost complex structure. However,
applying (+1)-surgeries gives an achiral Lefschetz fibration which does not have an
almost complex structure. The resulting achiral Lefschetz fibration admits the open
book decomposition on the boundary, Y, which is compatible with the desired contact
structure £. In [35], it is shown that if X; is the handlebody decomposition of the 4-
manifold admitting the Lefschetz fibration constructed via g (+1)-surgeries, 90X is the
boundary of X = X ;#qCP? and is a contact manifold with desired contact structure.
Hence we can obtain every contact structure (53, ) by means of the monodromy data

of the compatible open book decomposition.

Finally, we have following statement from [20] which is a generalization of the

similar statement in [35].
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Theorem 4.4. Consider the J-manifold X with 0X = (S3,€), as we discussed above.
Let 0(X) be the signature, x(X) be the Euler characteristic of X and q be the number
of (+1) surgeries we performed. The Chern class ¢ € H*(X;Z) is Poincaré dual to

z”: rot(v;)C;
i=1

where C;’s are the cocores of the 2 handles attached along v;. The 3-dimensional
invariant ds is well-defined and is a rational number. Its formula is given by

4y(€) = (& = 30(X) = 2x(X) +4 (1.1

For any 2-plane field £ on S®, the corresponding 3-dimensional invariant is an
element of Z—% [35, Remark 2.6]. In the next sections, we will explain how to calculate

each of the terms of the formula.

4.2. 4-Manifold Construction via Pages and the Monodromy Data of
Open Books

The 4-manifold, which is given as D* union (2g+7—1), 1-handles is diffeomorphic
to D* x %, as we discussed in the previous section. After attaching four 2-handles,
the corresponding manifold has a Kirby diagram given Figure 4.1, which is shown
before in [20]. The dashed line presents the boundary, whereas the dotted lines present
generators of the second homology of the page. Observe that the curves in the diagram
represent the 2-handles attached along the Legendrian realizations of ~;’s with framing
(1), depending on their positions with respect to each other in the pages.Moreover,
note that the trivialization of the tangent bundle of the pages are observed in the
Kirby diagram with the orientation induced from R? [36]. Since the rotation number is
computed as the winding number of the curves with respect to a standard trivialization
of the tangent bundle of >J, ,, in order to calculate rotation numbers of these curves, we

can compute the winding numbers of their images that are drawn in the diagram [37].
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In the Figure 4.1, the red, purple and orange curves have rotation number zero whereas

the blue curve has 1.

SO O

L ) L )
\%

g copies 1) C(v)pies
Figure 4.1. D* U {(29 +r — 1) 1-handles } U {four 2-handles}

T 0060, 6

ap| a;l a; f

Figure 4.2. Kirby diagram for 4-manifold whose boundary admits an open book with

planar pages

In this thesis, we focus on the open book decompositions which have planar
pages with n boundary components and trivial monodromy in the interior of the pages.
Therefore, the monodromy is represented as curves which are parallel to the boundary
components. As an example, the Kirby diagram of a 4-manifold, which admits an open
book decomposition with planar pages of 6 boundary components, is given in Figure

4.2.
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4.3. Classical Invariants of 4-Manifolds

The intersection form for a 4-manifold is a symmetric 2-form

Qx : Ho(X;Z) x Hy(X;2Z) — Z

such that for any a, f € Ho(X; Z), it is geometrically defined as the intersection number
of the embedded surfaces corresponding to «, 5. An intersection form can be expressed

as a square symmetric matrix ()x. The signature of this matrix gives the signature of

the manifold X.

Since k-handles correspond to k-cells in the cell decomposition of the manifold,
they form a basis for Cy(X;Z). Thus, Hy(X;Z) can be generated by using 2-handles by
means of the boundary map which can be read from the Kirby diagram. In Figure 4.2,
Hy(X;Z) has the basis {ay — ag, ay —az, ¢y — ¢y, a+b+c+d+e— f}. Since rank Hy = 1
and rank H; = 0, the Euler characteristic of X is given by y(X) = rank Hy + rank H,.

The corresponding embedded surfaces for these basis elements are discussed in
[35] as follows. Generators of the second homology group can be seen as a link in
the boundary of D* due to the Kirby diagram of X [36]. We consider the Seifert
surfaces bounded by the link components and push the interior of these Seifert surfaces
into D*. By adding the core of the 2-handles, we obtain closed embedded surfaces
whose fundamental class also generate Hy(X;Z). Thus, the intersection matrix can be

considered as the linking matrix of the link.

Chern classes are defined to be the characteristic classes for complex vector bun-
dles. Once we have a complex vector bundle over a manifold, it naturally induces a
complex structure, which is called almost complex structure. Hence, we can specify
Chern classes via the almost complex structures. In such cases, Chern classes are de-
noted by ¢;(X, J) € H*(X;Z). By [32], it is known that ¢, (X, J) € H*(X;Z) is defined

by the surgery curve as its rotation number. Moreover, by Poincaré duality, its dual
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to > ", rot(v;)C; as we mentioned before. When we calculate ¢; (X, J) as above in the

basis we have chosen for Hy(X), say it is a vector v?, we can calculate square of it by

A(X) =0v'Q; .
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5. CONSTRUCTION OF CONTACT STRUCTURES ON
3-SPHERE VIA FIBERED MULTILINKS

Ishikawa states that a fibered graph multilink is compatible with a tight contact
structure if and only if all of its multiplicities are either positive or negative [18]. For
the multilinks with both positive and negative multiplicities, he constructs overtwisted
disks around negative fibers to show that the corresponding contact structures are
overtwisted. On S®, we stated that all algebraic graph multilinks with positive (or
negative) multiplicities are isotopic to the links of holomorphic germs with isolated
singularities. On the other hand, by Section 3.5, we have concluded that we can
produce an infinite family of real algebraic multilinks of the form fg via holomorphic
germs. In other words, we can construct an infinite family of overtwisted contact

structures on S°.

In [38], J. B. Etnyre showed that all overtwisted contact structures on compact
3-manifolds are supported by planar open books. The question that comes to mind is
whether all these planar open books are chosen to have algebraic bindings. To answer
this question for the case of S®, we will consider the family of fibered multilinks with
planar Seifert surfaces. We construct special families of some real analytic maps that
determine fibered links in S® which have trivial geometric monodromy. Recall from
Chapter 3 that, since the monodromy map is of order |{|, for multilinks with |/| = 1,
a page of the corresponding fibration is an |{|-fold branched covering of a punctured
sphere, i.e. it is planar. Multilinks with |I| = 1 are given in Figure 5.1 ( [19, p.123]).
Note that these are all the possible Seifert multilinks with trivial monodromy. Firstly,
we will show which real analytic maps have these links as singularity links. We will
calculate the ds invariants of the corresponding contact structures to show that all

overtwisted contact structures on S® are supported by real algebraic planar open books.
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@ (I

Iv)

Figure 5.1. Families of multilinks in 3-sphere with trivial monodromy

Example 5.1. For the first example of an algebraic link with trivial monodromy, let

2u+1

p € Z* and « is a primitive (2u+1)-st root of unity i.e. « = 1. We consider two

holomorphic functions:

u 2u
Fla,y) =y [[@@" +a'y™) and glw,y) =2 [] (2" +ady).
i=1 Jj=u+1

Consider the real analytic function fg. After a finite sequence of blow-ups, it can be
easily seen that this function satisfies (i7¢) in Theorem 2.4 and is fibered. It has the

dual graph given in Figure 5.2

This singularity link is isotopic to the plumbing link in S3 given by the same

diagram. In order to find the corresponding splice diagram, we will follow the algorithm
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A

Figure 5.2. Plumbing diagram for (I)

we mentioned in Section 3.4. By simple matrix calculations, it can be easily checked
that the determinant of the corresponding matrix is 1 whereas the left subgraph has
determinant p and the right subgraph has determinant (p — 1). We conclude that the

corresponding splice diagram is (I) in Figure 5.1.

Here,l = —(p—1)+p—u-p-(p—1)4u-p-(p—1) = 1. Hence, (I) is a fibered link
with trivial geometric monodromy. Since all the multiplicities are either 1 or —1, the
pages are connected and have only one leaf in the tubular neighborhood of each link
component. Moreover, they are ”1-fold” covering of (2u + 2)-punctured S2. Hence, the

pages are (2u + 2)-punctured spheres; denoted by, 3¢ 2,42. (See Figure 5.3.)

Since [ = 1, the monodromy is trivial in the interior of pages. However, the
monodromy flow has nontrivial contribution on the boundary of the pages. By Theorem

E
o; where m; = 1

and dg = ged(m;, m') = 1 for each component. Therefore, the monodromy is

3.7, the twist on each boundary components is given by ty, = —

p=aP - b=P V.t et db . dL

Here, a denotes a curve parallel to the boundary component {z = 0} and ¢; to {z¥ +
a'yP~1 = 0} which are shown as dashed lines in Figure 5.3. We see that the number of

negative Dehn twists is p +u — 1.
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Figure 5.3. 4-punctured sphere corresponding to the case (u=1). The dashed lines

indicate the boundaries.

As we discussed in Chapter 4, by the monodromy information of the given open
book decomposition, we can construct the corresponding 4-manifold with boundary S3
and with an achiral Lefschetz fibration to calculate ds invariant of a contact structure
on S3 which is compatible with the open book. Since the pages have (2u+2) boundary
components, we first attach (2u + 1) handles to D* to get D? X ¥y9,12. Then, we
attach 2-handles along Legendrian copies of the homologically nontrivial curves on
Yo0,2u+2 near the boundaries of the pages with +1 framing depending on the parity of

Dehn twist. The resulting 4-manifold W is given in Figure 5.4.

Therefore, the 1-chain group C1(W) has a basis

{XJ}/JZ:LJ s '7Z2u—1}

and Co(W) has a basis

{al,...,ap,bl,...,bp_l,cl,...,cu,dl,...,du}.
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Figure 5.4. Kirby diagram for the 4-manifold corresponding to (I)

The boundary map D : Co(W) — C1(W) is given by D(a;) = X, D(b;) =Y,
D(Cl) = Zl —X, D(Cl) = Zz - Zi—1> D(du) =Y — ZQu—b D(dz) = Zu—i—i - Zu—i—i—l- ThUS,
Hy(W) has a basis with generators

u

{CLl —Q2,...,0p—1 — ap,b1 — bg, . ,bp_g — bp—l;bl — Z(CZ + dz) — ap}.

i=1
Since rank Hy = 1, rank H; = 0 and rank Hy = 2p — 2, we get x(W) =2p — 1.

Note that, af = —1 = dj, b7 = 1 = ¢;. So the square of basis elements are

(aj —aj1)* = =2, (bj — bj+1)? =2, (b — D1 (¢ +d;) — ap)* = 0 and in that basis,

the intersection matrix is:
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Jpo1
—1
Qw = 1
Ty
~1[1 0
where
2 -1 0 0 -2 1 0 0
-1 2 =1 0 1 -2 1 0

=10 -1 0 Ju=10 1 0
0 2 -1 0 -2 1
0 0o -1 2 0o ... 0 1 =2

The number of positive eigenvalues and negative eigenvalues of () are the same and is
equal to p— 1. This follows from Sylvester’s Law of Inertia, which says for a symmetric
matrix A and some nonsingular matrix W, A and WAW? have the same number

of positive, negative and zero eigenvalues. Therefore, () and the diagonal matrix D

___Db 23 p—1 1

. . . 3
have the same signature. D has diagonal entries —2, -3, ..., 25 e T

Hence, o(W) = 0. Moreover, Since Q is symmetric , Q has the same determinant as

D: det@Q = (—1)P~L.

To calculate ¢?, the square of the first Chern class, note that rot(a) = 0 = rot(b),
rot(c;) = —1 and rot(d;) = —1. Let us denote the cocores of the 2-handles attached

along a;, bj, cx, d; by A;, Bj, Cy, Dy respectively. Then, we see that ¢(W) is Poincaré
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dual to
(D _Ci+> D).
i=1 j=1
This evaluates on the basis above as w = (0, ..., 2u)?. Hence,
4u2. _]_ pfl. p_l p
W) = Qu(PDew) = 2 DRy )

(D!

Inserting the results of the previous steps into the formula (4.1) of d3 invariant,

we obtain:

d3(€):i(4u2(p—1)p—2(2p—1)—3-O)+p+u—1:u2p(p—1)+u—%_

By a similar calculation, we conclude the following information about the other

multilinks given in Figure 5.1.

Example 5.2. For ¢ € Z*, consider

u—1

fg=ag (" + a'y) [] (@2 + aviy).

i=1 j=1

Following the steps in the previous example, we see that the singularity link of this real
analytic map corresponds to the splice diagram (II) in Figure 5.1 which is a fibered
with trivial monodromy and the Milnor fibration has planar pages like the previous

example. For the compatible contact structure, we have

05(6) = 7((2u— 1Y%g — 2g +1) ~30) + g+ w=u(u— Ng+u— 3

Example 5.3. Consider

u+1 u

fa=my [ +a'y®) [[ (@ + avtt1y2).

i=1 j=1
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Similarly as before, we see that singularity link of this real analytic map corresponds
to the splice diagram (III) in Figure 5.1 which is fibered with trivial monodromy and
the Milnor fibration has planar pages as before. For the compatible contact structure,

we have

dg(f):i(6(2u—|—1)2—2~5—3-(—2))+u+1:6u(u+1)+u+2—%.

In Chapter 3, we discussed that if the splice components of a graph multilink is
fibered then it is fibered too. While splicing two multilinks, we paste the correspond-
ing Seifert surfaces along their boundary on the splicing torus. Thus, when we splice
fibered Seifert multilinks with planar pages, the resulting multilink is still fibered and
has planar pages. Therefore, we can use Seifert multilinks with planar fibers as building
blocks to construct new fibered multilinks with planar fibers. However, we should note
that splicing is not possible all the time and it should satisfy the cohomology condition
(3.4). Moreover, when each splice component corresponds to a real analytic singularity,
we consider the real analytic maps where we obtain by omitting the branches corre-
sponding to the link components on which splicing occurs. The product of these maps

corresponds to the multilink obtained via splicing.

Now, we explain the splicing possibilities of the multilinks given in Figure 5.1 and
the possible outcomes of the splicing operations; we omit the detailed calculations. For
the Seifert multilink in Figure 5.1, there are various possible ways to splice. However,
we consider splicing along the link component with weight p where the link component,
it is spliced with, must have multiplicity 1, along the link component with weight
p — 1 where the opposite splice component must have multiplicity —1 for the Seifert
multilinks (I). For the Seifert multilink (II), we consider splicing along the components
with weight 1 when ¢ = 2. For the Seifert multilink (III), splicing is possible only
along the component with weight 3 which can be spliced with a link component with
multiplicity 1. We summarize the possible multilinks with planar fibers that can be

obtained by splicing the given Seifert multilinks.



41

Lemma 5.1. We can obtain infinite families of real algebraic overtwisted contact struc-

tures on S® supported by planar open books which has bindings obtained by splicing:

o« (== (D
o ()= (1) =+ —(I)
o (III)— (1)~ —(I)

We will only consider the infinite family of fibered graph multilinks which are of
the form (I)-(I) and (I)-(I)-(I).

Example 5.4. In this example, we construct the contact structures corresponding to
the multilinks we obtained via splicing real analytic singularity multilinks (I)-(I) given

in Example 5.1.

Figure 5.5. Splice diagram for (I)-(I)

We splice the link component corresponding to {Z = 0} of the former splice com-
ponent to the link component corresponding to {y = 0} of the latter splice component.
Because, the splice link has multiplicity m; = —1(1---1)+v-1-¢+v-(—=1)-¢ = —1 and
me=1(1---1)+u-1-(p—1)+u-(—1)-(p—1) = 1 which agree with the multiplicity
—1 of {Z = 0} component of the first link and the multiplicity 1 of {y = 0} component
of the second link, this splicing is valid. Moreover, by omitting the branches of the

singularities corresponding to the splice components, we see that the multilink we got
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after splicing corresponds to the real analytic map of the form fg given below:

u v 2u 2v
zy [ [+ o'y ) [+ o) J] (@ + iy t) I (o +alye ).
i=1 k=1 j=u+1 l=v+1

By Example 5.1, we know that [; = I = 1. And also, dg = (my,ms) = 1. Thus
dg

tw = —ﬁ(p(q —1)—q(p—1)) = p—q. If we assume that g > p, then ty < 0.
1l2
We can express the page of the splice link as a union of the pages of the splice
components joined together from a boundary by a p — ¢ twisted toral annulus (since

dr = 1). Since the splice components have 2u + 2 and 2v + 2-punctured sphere pages,
the pages for the splice link are 2u + 2v + 2-punctured spheres, see Figure 5.6.

Figure 5.6. Pages for (I)-(I) corresponding to the case (u = 1,v = 1)

When we splice two multilinks, we glue boundary components of both links
which correspond to the link components we splice. Hence, after splicing, the Dehn
twists corresponding to glued boundaries becomes nullhomologous in the link exte-
rior, i.e. there is no contribution to the monodromy from spliced boundary com-
ponents. Moreover, because of the monodromy flow in each end of the connecting
annulus, monodromy has —(q — p) twists. Recall that the monodromy maps are
pr=aP-a P V.t et db . dand ¢y = b9 B0 Lot et fL L fLin the

splice components. Therefore, we conclude that the monodromy of the new fibration
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isp=a P V.c;tocgtdb - d oy TR b et e fE - fY where kB = g — p. Thus,

the number of negative Dehn twists is ¢ +u + v — 1.

Similarly as before, we can use the monodromy data to construct a 4-manifold
with boundary S* admitting an achiral Lefschetz fibration, which induces the open
book decomposition on the boundary. Because the pages have (2u + 2v 4 2) boundary
components, first of all, we attach (2u + 2v + 1) handles to D* to get D? x g 9u+2012-
Since the monodromy is obtained by the monodromies of the splice components, to
construct the 4-manifold, we can use the Kirby diagrams for the splice components.
Next, we attach 2-handles along the Legendrian copies of the homologically nontrivial
curves on X g,+2,+2 hear the boundaries of the pages with £1 framing as before and
add one more 2-handle corresponding to the monodromy flow on the separating annulus

depending on the parity of the twist. Consequently, the resulting 4-manifold W is given

in Figure 5.7.

Figure 5.7. Kirby diagram for the 4-manifold corresponding to (I)-(I)
Furthermore, Hy(1W') has a basis with generators:

CL1—G27~~aap—2—ap—1,71—727--~77k:—1—Vk,bl—b27--~abq—1—bq,

u v

v+ (Zcz +d;) —ap_1,b1 + (Z ei + fi) =

i=1 i=1

Since rank Hy = 1, rank H; = 0 and rank Hy = 2¢g — 2, consequently, we have

x(W)=2¢—-1
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Note that, af = ¢; = ¢ =77 = 1l and b = d; = f? = —1. So the squares
of the basis elements are (a; — a;11)* = 2, (75 — vj+1)* = 2, (bj — bj11)? = =2,
(m+ O ci+d)—ap1)>=2and (b + (> ;_, € + fi) —1)? = 0. In this basis, the

Intersection matrix is:

Jp—2
1
1
Jg—p—1
Qw = 1
-1
Ji

1]1 2

1]—-1 0

Qw can be seen as the block matrix in the form:

A| BT
B| C

where A, B, C are (2 —4) X (2¢ — 4), 2 x (2¢ — 4) and 2 x 2 symmetric matrices

respectively..

Since Qw is symmetric , there is an orthogonal matrix S such that SQy ST is
diagonal. Let S; and S, be the orthogonal matrices diagonalize A and C' — BA~'BT

respectively. Define

po o
~P,BA | P,

S:
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It can be seen easily that

PLAPT | 0
0 | P(C-BABY)PY

SQST =

Hence,
o(Qw) = o(SQwST) = a(PLAP!)+0(Py(C—BA B P]) = 0(A)+0(C—BA™'B).

We know that .J, and J, are diagonalizable and are positive definite and negative
definite respectively. Therefore, A has (p —2) 4+ (¢ — p — 1) = ¢ — 3 positive and ¢ — 1
negative eigenvalues. It can be easily seen that C' — BA~!B” is positive definite, hence

has 2 positive eigenvalues. Thus, o(W) = 0.
Moreover, we have det Qu = (—1)7"! which is calculated in Appendix A.

Note that, rot(a) = rot(y) = rot(b) = 0, rot(c;) = —1, rot(d;) = —1, rot(e;) =
—1 and rot(f;) = —1. Then, (W) = =370 ,(C; + D;) — 375, (E; + Fj). This
evaluates on the basis above as w = (0,...,—2u,—2v)?. In order to calculate c?,
it is sufficient to calculate the inverse of last 2 x 2 block of Qy. We deduce that
A(W) = 4u’p(p — 1) + 8uvq(p — 1) + 4v3q(q — 1). Explicit calculations can be found in

Appendix A.

Inserting the results of the previous steps into the formula of the invariant ds, we
obtain:

d3(§) = i(4u2p(p — 1) +8uwvglp— 1) + 4v%q(g — 1) —2(2g— 1) —3-0) +q+u-+v—1

1
=u’p(p — 1) +v*q(g — 1) + 2uvg(p — 1) +u +v — 3

As we have seen, the information about the resulting graph link and its fibration

can be deduced from the splice components easily. Continuing the same procedure, we
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can construct new families of open book decompositions, hence new contact structures.
In the next example, we will construct a wider family of overtwisted contact structures

and observe how the procedure goes on.

Example 5.5. Similarly as in the previous example, we can splice three multilinks
given in Example 5.1. In other words, we can splice the multilink in Example 5.1 with
the multilink in Example 5.2 and the resulting splice multilink is given by the diagram

in Figure 5.8. We splice the link component corresponding to {Z = 0} of the first

Figure 5.8. Splice diagram for (I)-(I)-(I)

splice component to the link component corresponding to {y = 0} of the second splice

component as in the previous example. As we discussed before, it can be easily seen

that this splicing is valid. By the previous examples, we know that {; =l = 1. And
dg

also, dg = (my,my) = 1. Thus the ty = —ﬁ(q(r —1)—r(¢g—1) =q—r. If we
162

assume that r > ¢, ty < 0.

We can express the page of the splice multilink as a union of the pages of the
splice components joined together from a boundary by a ¢ — r twisted toral annulus
(since dg = 1). Since our splice components has 2u + 2v + 2 and 2y + 2-punctured

sphere pages, the pages for the splice link are 2u + 2v 4+ 2y 4+ 2-punctured sphere.
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The monodromy of the new fibration is

Qb _ a—(p—l)cl—l L. C;ldl dl —(g— p

ey fL fa07 00 g g Ry By

Hence, the number of negative Dehn twistsisr+u+v+y —1

By the same arguments as in the previous example, the corresponding 4-manifold
has the following Kirby diagram given in Figure 5.9

¢D

+1) (-1) +1) (1)

Figure 5.9. Kirby diagram for the 4-manifold corresponding to (I)-(I)-(I)

Hy(W) has a basis with generators:

a1—aza---,ap—2—ap—h%—72,---,7q—p—1—Vq—p791—92,---,9r q—1 0

—q—1 7 Yr—q>
u

1 — b+ (Z ¢+ d;) — ap,

=1

by — by, ... b

v

Yy
91 + (Z e; + fl) — Yg—p> bl + (Z g9; + hz) - Qr—q‘
=1

i=1
Since rank Hy = 1, rank H; = 0 and rank Hy = 2r — 2, we have x(W) =2r — 1

22 _ .2 2 .2 p2_ 2 _ 12 2 p2
squares of the basis elements are (a; — a;11)? = 2, (75 — vj+1)° = 2, (0; —
(bj = bj1)? = =2, (n — (3L ci + di) —

and (by — (D27, gi + i) —

9j+1>2 = 2,
ap-1)> =2, (0 — (X ei + fi) = vp)* =2

0,_4)* = 0. In this basis, the intersection matrix is:
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Jp—2
1
1
Jg—p—1
1
1
Qw = Jr—g—1
1
-1
Jr
111 2
111 2
1]—-1 0

The number of positive eigenvalues is (p—2)+(q—p—1)+(r—¢—1)+3 =r—1and
the number of negative eigenvalues is (r — 1) as we discussed in the previous example.

Thus, (W) = 0. Furthermore, det Qy = (—1)" 1.

Note that, rot(a) = rot(b) = rot(vy) = rot(0) = 0, whereas rot(¢;) = —1, rot(d;) =
—1, rot(e;) = —1, rot(f;) = —1, rot(g;) = —1 and rot(h;) = —1. Therefore, we have
(W) =—=321(Ci+ D) = >0 (B + Fy) = >75_,(Gj + Hj). This evaluates on the
basis above as w = (0, ..., —2u, —2v, —2y)T. In order to calculate c?, it is sufficient to

calculate the inverse of the last 3 x 3 block of Q. By following the calculations in
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Appendix A, we observe

pip—1) qlp—1) r(p—1)
AW) = (—2u, —20,-2y) | qlp—1) qlg—1) r(g—1) | (=2u,—2v,—2y)"
rip—1) r(g—1) r(r—1)
= 4u’p(p — 1) + 40%q(q — 1) + 4%r(r — 1)

+ 8uvq(p — 1) + 8uyr(p — 1) + 8vyr(q — 1).

Therefore, inserting the results we obtained in the previous steps into the formula of

the invariant ds, we have:

do(€) = 1 4up(p — 1) + dv?q(q — 1) + 4y°r(r — 1) + Suvg(p — 1)

& + 8uyr(p— 1) +8vyr(g—1) —2-(2r—1) — 3-(0)
+r+ut+v+y—1

=u'p(p — 1) +vq(q — 1) +y°r(r — 1) + 2uvg(p — 1)

1
+2uy7’(p—1)+2@yr(q—1)+u+v+y—5.

After these results, we have reached to the following conclusion about the con-

structions of the real algebraic overtwisted contact structures supported by planar open

books.

Theorem 5.2. All overtwisted contact structures on S* with ds > 0 are supported
by planar open book decompositions induced by real algebraic functions of the form
fg. Furthermore, the family of fibered multilinks we obtained in Erample 5.5 with
u=v=1y=1 gwes us all the overtuisted contact structures where ds +% > (0 is odd,

whereas u =2, v =1y =1 gives us all the ones where dz +% > 0 is even.

Proof. When u =v =y =1, we have

d3+%:p(p—1)+q(q—1)—1—7’(7’—1)+2q(p—1)+2r(p—1)+27’(q—1)+3.
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It is clear that p(p—1)+q(g—1)+r(r—1)+2q¢(p—1) +2r(p—1)+2r(¢—1) is of the
form 2M and we want to show that we can find triples (p,q,r) for all M > 0. After

some simplification, we see that

2M = (p+q+7r)* —p—3q—5r.

For M = 0, the equation holds when (p, ¢,7) = (0, 3,0). For the inductive step, consider

the following operations:

(i) if ¢ > 1, the triple (p+1,q — 1,r) gives 2(M + 1),
(ii) if p > 1, the triple (p — 1,q+ 2,7) gives 2(M +p+q+1r —4).

We will show that starting from 2M = 0 we can obtain all positive even integers with
these operations. We observe that if 2/ is of the form k2?4 3k, the equation holds when
(p,q,7) = (0,k + 3,0). By applying the operation (i), we have the triple (1, %k + 2,0)
and the equation holds for k? 4+ 3k + 2 = 2(M + 1). By applying the operation (ii) to
this triple, we get (0, k +4,0) which satisfies the equation for (k+ 1)*+ 3(k +1). Any
even integer in between can be obtained by successively applying the operation (i) to

the triple (1, k + 2,0).

By repeating the same procedure on (0,k + 4,0) and so on, we can obtain all

positive even integers by applying steps (i), (ii) and the sequence of (i)’s.

Similarly, for the multilinks with u = 2, v =y = 1, we have

d3+%=4P(p—1)+Q(C]—1)+7“(7”—1)+4C](P—1)+47"(p—1)+27"(q—1)+4-

Again, it is clear that it is of the form 2M and we want to show that it can generate

all the positive even integers. After some simplifications, the equation turns out

2M = (2p+q+1)* —4p — 5q — Tr.
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When (p,q,7) = (0,0,7), it is equal to 0. For the inductive step, consider the following

operations:

(i) if r > 1, the triple (p,q + 1,7 — 1) gives 2(M + 1),
(i) if ¢ > 1, the triple (p,q — 1,7+ 2) gives 2(M +p+q+1r —4).

Following the same procedure, we will show that we can obtain all positive even integers
with these operations. We observe that if 20 is of the form k% + 7k, the equation holds
when (p, q,r) = (0,0, k+7). By applying the operation (i), we have the triple (0, 1, k+6)
and the equation holds for k? + 7k + 2 = 2(M + 1). By applying the operation (ii) to
this triple, we get (0,0, k + 8) which satisfies the equation for (k+ 1)®+ 7(k +1). Any
even integer in between can be obtained by successively applying the operation (i) to
the triple (1,%k + 2,0). Therefore, we can generate all the positive integers by dj +%

whereu=v=y=1landu=2,v=y=1.
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6. CONCLUSION

In this thesis, we constructed some families of real analytic maps with an iso-
lated singularity at the origin and showed that the corresponding singularity links are
multilinks in S? which are bindings of the planar open books supporting overtwisted
contact structures with positive ds invariants. It is still an open question that whether
the overtwisted contact structures with negative ds invariants can be obtained as sin-
gularity links. It is known that every overtwisted contact structure is supported by
a planar open book decomposition. Thus a further question to consider is whether
overtwisted contact structures with d3 < 0 are supported by planar open book de-
compositions with real analytic bindings. If the answer is negative, the next question
might be whether they can be obtained by open book decompositions with real analytic
bindings and pages of minimum genus. Another question that can be asked is whether

any overtwisted contact structure in an arbitrary 3-manifold is real algebraic.

Splicing multilinks is an algebraic operation whose effect on the germs of the
functions can be read off easily. A further question to be considered is to find an
algebraic operation in 4-manifold which corresponds to the splicing operation on the
boundary of the manifold. Finding such operation would simplify to describe the 4-
manifold which we obtained after splicing by means of the spliced 4-manifolds and

calculate the dz invariant of the corresponding contact structure.
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APPENDIX A: INTERSECTION MATRIX
CALCULATIONS

Here, we will give detailed calculations for the results about the intersection ma-

trices we used in Chapter 5. In the splicing of (I)-(I), we have the following intersection

matrix:
Jp—2
1
1
Jqufl
Q= 1
-1
J
1)1 2
1] -1 0
where
2 -1 0 0 -2 1 0 0
-1 2 =1 0 : 1 -2 1 0
J.=10 -1 0 Ja=10 1 0
0 2 -1 0 -2 1
0 0o -1 2 0O ... 0 1 =2
nxn nxn

Here, we have det Q = (—1)9"!. By induction, it can be easily seen that

det J, =2det J,_1 —det J, o =n+1,



o8

and

det J, = (=1)"(n + 1).

Let J/, be the matrix obtained by removing the last column of the matrix J,, and J; be
the matrix obtained by removing the first column of J,,. By calculating the determinant
via the last row, it is equal to the the sum of the below determinants multiplied by

(~1yrt

Jp s Jps
1 1
1 1
(;—p—l 4 Jg-p-1
1 1
—1 —1
g1 vy
11 2 11 2

We replace the last column to the positions of the removed columns, i.e. in the
first matrix, we move the (2¢ — 3)" column to the (¢ — 3)"¢ column position and in
the second matrix to the (¢ —2)"? column position. These row exchanges multiply the

determinants by (—1)2473-9%3) and (—1)2473-9+2) respectively. Since

J 1 _
. = det JTL—17 j// = —det Jn—l = (-1)”71,
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we have

(=1 det J)_,-det J,_ 4 -y

detQ= (=)' | + (=1)7" - det J,o-det J - det J,

+(=1)7-2-det J, 5 -det J,_, | -det Jo1
(—1)7-det J,_, - det Jy_p 1 - J)_,

+ (1) 4+ (=1)7-det J, s - det J”

qufl * det j;lil

+ (=172 det J,_o - det Jy_py - det J)_,
= (—1)%q(q —2) — (-=1)%(g — 1)*
(=1

Moreover, as we see in the same example, ¢(1V) evaluates on the given basis of Hy(W;Z)
as w = (0,...,—2u,—2v)T. Hence, in order to calculate ¢?, it is sufficient to calculate
the inverse of the last 2 x 2 block of ). Let’s call this matrix D and let d;; be the (4, j)

entry.

cofac
dn = — 5 =pp—1), diz=dyn =q(p—1) and dop = ¢(q — 1).




In fact,

Jqufl
cofacy; =

1|-1 0

(—1)9(=1)"" det J,_p - det J._,_, - det J,_
+ (—=1)%(=1)*"* det Jp s - det Jy_py - det ),
=(-D%lp-Dg-p-1)+ (=" (¢=1P-1)(g—p)

(1) 'p(p—1).

We have the following determinants which follow by induction,

. J//
" — (—1)2Jn_1 = 1

3
I
|

and



Therefore,

s
cofaciy = (—1)P! Jy—p—1
1
—1
J
i
+ (=17 J(/zl—p—l
1
-1
J

61



cofacyy =

Jqufl

1

(—=1)P~1(=1)P det J}')_2 -det Jy_p_1 - det jq_l

1

= (-7 q(qg - 1).

As a result, we conclude that

(W) = (—2u, —2v)

+2det J,_o - det J,_p_1 - det J,_,

plp—1) qlp—1)
q(p—1)

= 4u’p(p — 1) + Buvg(p — 1) + 4v’°q(q — 1).

(¢—1)

2

+ (—1)P(—1)P~ " det J,_p - det Ji_, - det J,_,

(—2u, —2v)*

62

For the second example, recall that in the splicing of (I)-(I)-(I), we have the following

Intersection matrix:



Jqufl

Jr—q—l

—1

det Q= (=1)""'r(r—q—1)(g—2)+ (1) 'r(r —g—2)(¢ - 1)

—2(=1)""r(r—g¢—1)(g—1)

+ (D)= -gg=2)+(=D)"(r =1 —g—1)(¢g—-1)

63

Calculating determinant with respect to the last three rows as in the previous example,

Moreover, as we see in the given example, ¢(W) evaluates on the given basis of Ho(W; Z)

as w = (0,...,—2u, —2v,—2y)’. In order to calculate ¢?, it is sufficient to calculate
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the inverse of the last 3 x 3 block of (). Let us call this matrix D. We have

We see that
Jp—2
Jq—p—l
1
1
cofacy; =
Jr—q—l
1
-1
jr—l

1 1 2

1]-1 0
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which can be calculated with respect to the last two rows so that

cofac;; = det J,_p - det J,_, ;- det J] det J,_,

r—q—1

+det J, o-detJ, , y-detJ” _, -det .,

r—q—1
—2det J,_p - det Jy_py - det J._,_; - det J,_;
+det J, o -det J,_, ; -det J._4 ;- det J"

+ det Jp_o - det Jy_pp_q - det J)

r—q—1

-det J”
—2det J,_ o -det J,_p i -det J,_,_1 - det J"
)= -r+ 1)+ ()0 -1)e-a9)p-r)

= (=1)"'p(p—1).

Meanwhile,
Jp—2
1
1
J q—p—1
cofacyy; =
J}—q—l
1
-1
j;—l

1 1 2

1]-1 0
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which can be calculated with respect to the last two rows so that

cofacyy = det J;FQ -det J,_p_1 - det Jq’uqf1 det J,._,

+det Jy,o - det JI_ - detJ/_, ;- det

r—q—1
—2det J,_p - det Jy_p 1 - det J._,_; - det J,_;
+ det ‘]1/9—2 -det J,—p—1 - det Jo_,_q - det jff_l
+det J,_y-detJ) | -detJ,_,_y - det J"
—2det J, o -det J, 1 -detJ,_, 1 -detJ"
=(-D"q((p—2)(¢g—p)+(p—(@—p—1)=2(p—1)(¢—p))

(=1)"'q(q - 1).

Concurrently,
Jp—2
1
1
J q—p—1
1
1
cofacss =
Jr—q— 1
jr—l

1 1 2

1 1 2




which can be calculated with respect to the last two rows so that

cofacgy = det J)_, -det J,

- det Jr—q—l - det j,,q_l

+det J,_o-det J)”

~det J,_q_1 - det J._,
—2det J,_p - det J,_,_; - det J_q_y - det J,_;

+det J, , - det J,_, 1 - det J)

r—q—1

- det jr—l

-det J” det J,_,

r—q—1

+det J,_o-det J)
— 2det J,_p - det Jy_p1 - det JI_ ;- det J,_y
+2det J, 5 -det J,_,_y -det J._4; - det J_1
+ 2det J,_o - det J;'_p_l -det J,_,—1 - det J
+4det J, o-det J, p 1 -det ., 1 -det

= (=1)""r(r—1).

Note also that,

which follows by induction.

Therefore,
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cofac;y = T
12 = (1) (=)}

(=1 =y

Jpa
J‘/
q—p—1
J/
r—q—1
1
) -1
J}—l
Jys
Jq—p—l
J///
r—q—1
1
-1
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Jps
Jé—p—l
)y
Jr—q—l
1
—1
s
Jp_s
Jqufl
+ (=1 (1)
‘]g—r—l
1
—1
Ty

(D) rlp =D —q=1)+0+(=1)"(r=1p-1)r—q+0

—(—=1)""q(p—1).
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Therewithal,

Jp—2
1
1
Jqufl
1
1
cofaciz =
J}—q—l
j;fl
1 1 2
1] -1 2
which can be calculated with respect to the last two rows so that
cofaciy = —(—=1)"""(=1)P""det Jp_p - det J,_,_; - det J/_,_; - det J_1

+ (1) (=1)7 " det Jyoa - det Jy_p—y - det J7 ;- det J,_;

— (=1 (—1)%2det Jp—s - det Jy_py - det J/_,_; - det Jr_1

— (=1 (=1)""det Jp_o - det JI_,_ - det J,_,_; - det J"

+ (=1)" (=1 det J,_o - det J,_, 1 - det J

r—q—1

-det J” |
— (1) (=1)92det J,_o - det J,_,_1 - det J,_,_; - det J
+2(=1)" Y (=1)*"" det J,_5 - det Jo_p1-det J._gq - det Jr_1
+2(=1)9(=1)P""det J, g - det Jy_p—y - det J)__; - det Jr_1
+4det J, o-detJ, 1 -detJ,_, 1 -det

= (=1)""r(p—1).



Besides,

Jp—2
1
1
Jqufl
1
1
cofacy; =
J’r’—q—l
jrfl

1 1 2

1]-1 0

which can be calculated with respect to the last two rows so that

cofacgs = (—1)""'(=1)?"det J)_, - det J,_p—y - det J/_,_; - det A
+ (=1 N (=1)" " det Jy_o - det J)_,_y - det J/_,_; - det J,_4
— (=1)" (1) 2det J,_p - det Jy_py - det JI__, - det J,_y
+ (=1)" (=1 det J)_, - det Jy_p—1 - det Jy_g - det J"

+ (=1)""H(=1)""det J,_5 - det J”

vy det J_g_y - det J!

— (=) (=1)"""2det J,_o - det J,_, 1 - det Jp_y_; - det J”_,

= ~(=17"r(g - D).

As a result, we conclude that



(W) =

plp—1) qlp—1) r(p—1)
(=2u, =20, =2y) | q(p—1) qlg—1) r(¢—1)

r(p—1) r(@—1) r(r—1)
=4uPp(p — 1) + 40°q(q — 1) + 4y%r(r — 1)

+ 8uvg(p — 1) + 8uyr(p — 1) + 8vyr(q — 1).

(—2’&, _21)7 _2y)T
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