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ABSTRACT

TWO-PARTICLE SCHRODINGER OPERATORS WITH POINT
INTERACTIONS

In this thesis, a singular quantum mechanical problem, where two particles interact
with each other through Dirac delta potentials in the plane, has been considered. The
proof for the existence of a self-adjoint Hamiltonian operator for the model is given by
using some operator theory techniques and renormalization idea in quantum field theory.
Moreover, some necessary background for unbounded operators is reviewed in order to

make the thesis as self-contained as possible.
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OZET

NOKTASAL ETKILESIM ICEREN IKI-PARCACIKLI
SCHRODINGER ISLEMCILERI

Bu tezde, iki parcacigin diizlemde birbirleriyle Dirac delta potensiyeliyle etkiles-
tigi tekil bir kuantum mekanigi problemi ele alinmigtir. Bazi operator teorisi teknikleri ve
Kuantum alan teorisindeki renormalizasyon fikri kullanilarak, model i¢in kendine eslenik
bir Hamiltoniyen operatiiniin var oldugunun ispat1 verilmistir. Ayrica, tezin sadece kendi
bagina yeterli olabilmesi amaciyla, sinirli olmayan operatorler i¢in bazi gerekli olan alt

yapi1 derlenecektir.
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CHAPTER 1

INTRODUCTION

In this thesis, we will give a detailed mathematical construction of the two-particle
Shroédinger operator with point interactions in two dimensions by following the approach
described originally in (Dimock and Rajeev, 2004). The formal Hamiltonian operator of

this system is given by

H=-—> A= ) gdxi—x), (1.1)

where m is the mass of the particles, g is the strength (or coupling constant) of the interac-
tion between the particles and A; is the Laplacian, for i-th particle, and & = h/(2) is the
reduced Planck constant. Our two-particle treatment of the system does not assume any
symmetry, so particles are assumed to be distinguisable. One can extend the method de-
scribed here to the Fock space as well but here we only assume that there are two particles
without any symmetry.

A single particle interacting only with a Dirac delta potential (that is, one particle
version of the above problem) represents quantitatively various physical systems. It is an
idealized potential when the de-Broglie wavelength A = % of the particle is much larger
than the range of the potential, where p is the momentum of the particle. The studies
on the applications of the above model and its one-particle version in various dimensions
are well-known for a long time in wide range of areas of physics from atomic physics,
to molecular physics and nuclear physics (Demkov and Ostrovskii, 1988; Uncu et al.,
2005; Cacciapuoti, 2005; Exner and Kovatik, 2015). One of the most famous example
for such type of potentials is known as the Kronig-Penney model in solid state physics
(Kronig and Penney, 1931; Kittel, 2005). It is essentially based on a Hamiltonian with
infinitely many periodic Dirac delta interactions in one dimension, which describes a non-
relativistic electron moving in a fixed crystal lattice. This model explains the energy band

structure of solids very well and it is exactly solvable. The one dimensional problem with



a single Dirac delta potential becomes a standard textbook problem, discussed in various
textbooks of Quantum Mechanics (see e.g., (Griffiths and Schroeter, 2018)).

Actually, the model becomes much more interesting if we consider the same Hamil-
tonian in higher-dimensions. That was first studied by Bethe and Peierls (Bethe and
Peierls, 1935) and separately by Thomas (Thomas, 1935) to describe the interaction be-
tween proton and neutron in the nucleus by a zero range potential in three dimensions.
Bethe and Peierls gave a boundary condition on the wave function which corresponds
to delta potential in three dimensions. But it was Thomas who realized the necessity of
the renormalization of the coupling constant and he approximated the Hamiltonian by
some short range scaled potentials. Then, starting from 1930s, these works stimulated
tremendous developments in the field. An extensive historical development and its vari-
ous applications of the subject with a long list of references is given in the introduction to
the monograph (Albeverio et al., 1988).

It is not difficult to see that the above model Hamiltonian in two dimensions is
problematic from the physical point of view. This can be immediately seen with a simple
scaling argument or by expressing the equation in Fourier space. For simplicity, let us
consider only the one particle problem and choose the support of the Dirac delta potential

to be at the origin. Then, the time independent Schrodinger equation becomes

—AP(x) = go(x)¢ (%) = EY(x) , (1.2)

where we have chosen the units such that & = 2m = 1. Under the formal scaling transfor-
mation of coordinates by some positive constant, say «, then the left hand side is scaled
by a factor 1/a? (using the scaling properties of delta functions and normalization of
the bound state wave functions in two dimensions). This implies that we have the same
Schridinger equation except for the rescaled bound state energy by o. This means that if
you assume that there exists a ground state with some energy, then there should also exist
another rescaled ground state energy. Since the scaling parameter is arbitrary, the ground
state energy can be lowered arbitrarily, so that the ground state becomes unbounded from
below. This is not physically acceptable conclusion. Although the same one dimensional
problem is completely well understood physically (see for instance the master thesis (Tu-
nal1, 2014) for some details), its two-dimensional version leads to unphysical results. The

problem still exists in higher dimensions although the nature of the problem is somewhat



different from its two-dimensional counterpart.

One way to resolve this problem is based on the well known strategy in quantum
field theory, namely renormalization. The first step is to smooth out the singularity at short
distances by assuming that the form of the potential is only valid down to a scale which we
can not access physically. That scale is known as the cut-off. This part of the procedure
is known as regularization. Then we have to deduce the physics of the problem in shorter
distances by assuming every physical observable remains finite or make senses by fixing
some experimentally measured quantity (e.g., bound state energy or phase shift in the
scattering process). Then, short distance behavior (or equivalently high energy behavior)
can be predicted uniquely, which makes the renormalization procedure remarkable (the
magnetic dipole moment of the electron calculated from the renormalization procedure in
quantum electrodynamics is confirmed with the experimental result within 14 significant
digits). For a pedagogical introduction to renormalization in quantum field theory, see for
instance (Kraus and Griffiths, 1992). There are various works on the renormalization of
Dirac delta interactions in physics literature from different points of view. In (Gosdzin-
sky and Tarrach, 1991; Manuel and Tarrach, 1994; Mead and Godines, 1991; Perez and
Coutinho, 1991), different regularization schemes are performed in coordinate space or in
momentum space (Thorn, 1979; Huang, 1992; Jackiw, 1991; Phillips et al., 1998; Mitra
et al., 1998; Henderson and Rajeev, 1998; Nyeo, 2000; Adhikari and Frederico, 1995).

This quantum mechanical problem with Dirac delta potential in two dimensions
provides us a way to understand several quantum field theoretical concepts such as regu-
larization, renormalization, dimensional transmutation, quantum anomaly, exact non per-
turbative solutions to renormalization group equations, etc. Therefore, studying the de-
tails of Dirac delta interactions in quantum mechanics may help us to understand better
the concepts in the renormalization procedure within a more elementary context. Another
important-aspect of point interactions is that they can be exactly solvable, that is, the re-
solvent can be explicitly calculated in terms of the support and the strength of the Dirac
delta potentials (Albeverio et al., 1988).

Actually, from the mathematical point of view, the formal Hamiltonian operator
H = —A — gd(x) is not even a well defined operator in L?(R™) due to the fact that §
does not map square integrable functions to the square integrable functions. A detailed

exposition of the subject (in terms of quadratic forms, nonstandard analysis, and Von



Neumann’s approach to self-adjoint extensions of symmetric operators) has been exten-
sively discussed in the monographs (Albeverio and Kurasov, 2000; Albeverio et al., 1988).
There is yet another approach to give the above Hamiltonian a well-defined meaning by
constructing the resolvent with a suitable limit of the regularized resolvents given in (Ra-
jeev, 1999; Dimock and Rajeev, 2004). This approach can also be applied to some simple
field theories (to the bosonic particles interacting through the two-body point interactions
in two dimensions) by hoping that these ideas will work in more realistic situations and
the cases where standard perturbative approaches do not work, such as in QCD. In this
method, the complete information about the spectrum of the system is given by the resol-
vent formula and the interaction is described by an explicit expression for the resolvent
without constructing domains of the operators. The bound state energies are given by the
poles of the resolvent and the scattering amplitude is determined by the explicit formula
of the resolvent. It has been proved that there exists a densely-defined self-adjoint oper-
ator, say H, after the renormalization procedure even if we do not know what the exact
formal expression is (Dogan et al., 2012).

Altough there are already several written thesis about the point interactions: (Cac-
ciapuoti, 2005; Altunkaynak, 2005; Gopalakrishnan, 2006; Erman, 2010; Surace, 2010;
Tunali, 2014) summarizing the subject in very detail, we shall here only review the con-
struction of the model, based on the combination of the approximation procedure in the
resolvent sense developed in (Dimock and Rajeev, 2004). For the convenience of the
physics-oriented reader, we also review the relevant materials from operator theory with
given detailed proofs, thus making the thesis self-contained.

The thesis is organised as follows.

In Chapter 2, we shortly introduce the postulates of Quantum Mechanics. Chapter
3 include the basics of operator theory in Hilbert spaces and most of propositions and
theorems introduced in this chapter can be found in (Reed and Simon, 1972; Kreyszig,
1978; Hall, 2013; Gustafson and Sigal, 2011; Dimock, 2011). In Chapter 4, we give a brief
exposition of the spectrum of operators. Then, we have compiled the Von Neumann’s self-
adjoint extension theory with some examples from quantum mechanics in Chapter 5. We
also finally discuss the bound state problem of the one dimensional Dirac delta potential
within the context of self-adjoint extension theory as well as the standard approach given

in physics literature. Chapter 6 is the main topic of the thesis, where we study the two



dimensional singular two-particle model in quantum mechanics. In this model, we have

two particles interacting with each other through Dirac delta potential in two dimensions.



CHAPTER 2

MAIN PRINCIPLES OF QUANTUM MECHANICS

Roughly speaking, quantum mechanics is essentially the physical theory of the mi-
croscopic world (e.g., electrons, Hydrogen atom, molecules, etc.). In quantum mechanics,
we encounter some peculiar phenomena beyond the limits of our intuition that we are fa-
miliar with in daily life (there are some interesting quantum effects, such as the quantum
Hall effect, Bose-Einstein condensation, in macroscopic systems as well). In this chapter,
we shortly summarize the very basic principles (or postulates) of quantum mechanics.
The fact that all the peculiarities appear at very short distances (around 107'%mn) is the
main reason why we encounter many confusing results in quantum mechanics (see for in-
stance, discussion on the famous double slit experiment in the first chapter of (Feynman,
1965)). Unfortunately, there is no known formulation of quantum mechanics based on a
system of principles directly confirmed by experiments so far. The reason why we are so
confident about its validity is based on the fact that all the consequences of the principles
are confirmed with experiments (Faddeev and Yakubovskii, 2009).

The list of basic principles is sometimes called axioms but one must be careful about
the terminology, it is different from the one used in mathematics literature. Since the laws
of quantum mechanics are not complete, the usage of the axioms here does not mean that
we can deduce from these “axioms” all other experimental facts in quantum mechanics.

Before giving these list of principles according to the most common formulation
of Quantum Mechanics (Copenhagen school), let us first heuristically introduce some
notions. In quantum mechanics, we describe the particle moving in R? (in this thesis we
shall consider the particles moving in R? as well) by a complex-valued function (which is

also called as wave function)
U(x,t), (2.1)

where (x,t) € R3 xR, and x denotes the position of the particle and ¢ represents the time.

The function p;(x) = [1(x,t)|? is interpreted as the probability density of the particle at



t. According to the probabilistic interpretation, v» must be normalized
1ot o dx =1, 22)
R3

for all £ € R. The position of the particle x is a quantity which can be measured and
is called observable. Due to our probabilistic interpretation, it is also a random variable

whose expectation is defined by

Ey(x) = /xw(x, t)|? dx . (2.3)

R3

In experiments, it is difficult to measure x directly and we are only able to measure some
functions of x. For instance, we can check whether the particle is located inside a certain
region ) of space, say inside a detector (€2 must be Borel set in R? to talk about the prob-
ability rigorously, see chapter 1 in (Breuer et al., 2002)). The corresponding observable

is the characteristic function x(x) of this set. In particular, the number

@umzfm@wwwﬁa:/wmmwx 2.4)

RS

gives the probability of finding the particle inside 2 C R3. It is important to notice that,
in contrast to classical mechanics, the particle is no longer localized at a certain point in
space. In particular, the mean-square deviation (or variance) Ay(x)* = Ey(x?) — Ey(x)?
does not vanish in general.

The phase space of a quantum system is a complex Hilbert space H (e.g., we choose
H = L*(R"), see the definition of Hilbert spaces in Chapter 3) and some possible states
(pure states in particular) of this system are represented by the elements of this space and
denoted by ¢ with the unit norm ||¢|| = 1.

An observable a corresponds to a linear operator A in this Hilbert space and its



expectation, if the system is in the state 1/, is given by the real number

Ey(A) = (¢, Ap) = (A, ) (2.5)

where (-, -) denotes the inner product in . Similarly, the mean-square deviation is given
by

Ay(A)* = Ey(A%) = Ey(A)* = [|A = (B (A)]*. (2.6)
Note that A, (A) = 0 if and only if ¢ is an eigen state corresponding to the eigenvalue

Ey(A). In other words,
Atp = Ey(A)b . 2.7)

Except for the measurement process, the time evolution of a quantum mechanical
system is described in the following way: Given an initial state ¢/(0) of the system, there
must be a unique vector ¢(¢) which represents the state of the system at a later time ¢ (see,

for instance, Stone’s theorem in (Teschl, 2014)). Then, we will write

»(t) = U)y(0) - (2.8)

Furthermore, we expect that the superposition of states must hold from simple conse-
quences of experiments. This implies that U () (a1 (0) 4+ a2t)2(0)) = aythy (t) + aaha(t)
where |a;|? + |as]* = 1. Hence, U(t) should be linear operator. Moreover, since ¢(t) is

a normalized state (i.e., |[¢(¢)|| = 1), we must have

U@l =l (2.9)

Such operators are called unitary (see Example 3.33 for exact definition). Next, since we

have assumed the uniqueness of solutions to the initial value problem, we must have

U0)=1. (2.10)



and

Ut+s)=U®)U(s). @.11)

The second condition is just semi-group property. A family of unitary operators U (t)
satisfying this property is called a one-parameter unitary group. In addition to this, it is

natural to assume that this group is strongly continuous, i.e.,

lim U(t) = Ulte) (2.12)

t—to

for all ¢/ € H. Each such group has an infinitesimal generator defined by

Hy = lim (Ut — ), (2.13)

t—to t

where D(H) = {y € H: tlirgl%(U (t)Y) — 1) exists}. This operator must be self-adjoint
—to

due to Stone’s theorem and it is called the Hamiltonian that corresponds to the energy

of the system. If ¢/(0) € D(H), then #(¢) is a solution of the Schrodinger equation (in

suitable units)

.d

Z@lﬁ(t) = Hi(t) . (2.14)
Solving this equation for a given potential is one of the main problems in quantum me-
chanics.

In summary, we have the following list of principles of quantum mechanics.

1. To every physical system, there is an associated Hilbert space H.The states of the
system (according to the pure state theory- simplified idealized case) are described
by unit vectors ¢ in H. States are in general represented by all positive trace-
class linear operators in Hilbert space. In particular, pure states are represented
by the projection operator onto the vector v). We refer the reader to (Faddeev and

Yakubovskii, 2009) for the details.
2. For each observable a, there is an associated linear self-adjoint operator A in H.

3. A pair (¢, A) determines a probability distribution for the measurement of the ob-
servable A in the state ¢/ and the expectation value for a measurement of a, when

the system is in the state ¢ is given by E,,(A) = (¢, Ay) .



4. The time evolution of the system is given by a strongly continuous one-parameter
unitary group
U(t) = e~ wHt

where H is the energy observable (generator of the group). This principle is only

valid when there is no measurement during the time evolution.

However, one should notice that there is no general prescription for how to find the
operator corresponding to a given observable.

The reader interested in the details can consult a mathematically oriented introduc-
tory book on quantum mechanics, e.g., see (Faddeev and Yakubovskii, 2009; Schuller,
2016) for the motivation of these principles and all other details. We must also admit that

the above list of basic principles or axioms is not complete.
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CHAPTER 3

SOME ELEMENTARY NOTIONS AND RESULTS IN
OPERATOR THEORY

Before formulating our main problem in this thesis, we would like to first introduce
the necessary technical machinery in order to be more clear, pedagogic, and self-contained
as much as possible. For this purpose, we shall first discuss some basic notions and some
useful theorems in this and the next chapter, starting from the very beginning. Since one
must in general deal with unbounded operators in quantum mechanics, we shall start with

the discussion of linear operators (not bounded in general) and their properties.

3.1. Linear Operators in Hilbert Spaces

We first shortly recall the most elementary notions in operator theory without going
into the details for the sake of being self-contained. As we all know, there are several
structures that one can define on sets. One of the most basic structure is known as the
metric structure (which is simply the abstract notion of a distance). We refer the reader to
(Kreyszig, 1978; Reed and Simon, 1972) for all the details about the concepts introduced
in this chapter.

The map d : M x M — R on a set M is called metric if it satisfies the following

axioms:
1) d(z,y) =0,
2) d(z,y) = 0if and only if z = v,
3) d(z,y) = d(y, ),
4) d(x,z) < d(x,y) +d(y,z) forall x,y,z € M.

If we have metric defined on a set M, then M together with this metric d is called metric

space.

11



Then, one can talk about convergence of the sequences in the set M in the following
way: A sequence of elements {x,,}°°_; of a metric space M is said to converge to some
element = in M if d(x,,,x) — 0 as m — oo. In this case, we simply write z,,, — x or
n%lir{l)o r, = x. A particular sequence {x,, }5°_, of a metric space M is called Cauchy if for
any given € > (, there exists a positive integer N € N such that n,m > N implies that
d(zp, ) < € (or we say d(zy, T,,) — 0as n,m — oo). Using the fourth axiom (known
as triangle inequality) of the metric, it is easy to show that every convergent sequence is
Cauchy (equivalently, if the sequence is not Cauchy, it is not convergent - this is a useful
criteria whether a given sequence is convergent or not if you do not have any candidate).
Converse statement is in general not correct: Consider a sequence of partial sums xy =
ZZ:O 1/m/! in the set of rationals Q with the usual metric d(z,y) = |x — y|. This partial
sum is convergent to the irrational number e, which is not in Q. In a given metric space
M, if all the Cauchy sequences in it converge in M, then M is called complete.

One can also define the following topological concepts: open, closed sets, and some
other derived notions out of them in analogy with the notions that we are familiar with
the real numbers. We first define the open ball B(y;r) of radius r centered at y as the set
B(y;r) :={zx € M : d(z,y) < r}. Aset O C M is called open if for every y € O,
there exists ~ > 0 such that B(y;r) C O. A point z € M is called a accumulation point
(or limit point) of a set X C M if there exist a sequence of points {x,,}>°_, € X with all
X, # x such that z,, — x. Let X C M, and if X’ denotes the set of all the accumulation
points of X in M, then the closure of X is the set X = X U X’. Aset X C M is called
closed if X contains all its accumulation points, that is, X = X. One can show that X is
always closed and it is the smallest closed subset containing X. A set X is called dense
in M if every point of M is an accumulation point of X, or a point of X (or both), that is,
X =M.

A normed space is a vector space together with a norm defined on it. The norm ||.||

is a map from the given vector space V' to R satisfying following properties:
1) ||z|| > O0forallz € V,
2) ||zx|| = |#|||z|| forall z € V and z € C,
3) |l +yll < [l=]| + [[yl[ forall z,y € V,

4) ||z|| = 0if and only if z = 0.

12



If the fourth property does not valid, then we have a semi-norm. A Banach space B is a

complete normed space (complete in the metric defined by the norm d(z, y) = ||z — y||).

Definition 3.1 A Hilbert space H is a complete inner product space (complete in the

metric defined by the inner product: d(1, p) = ||t — ¢|| = /(¥ — ¢, — ©)). Here, the

inner product is amap (-,-) : H X H — C and satisfies the following properties:

(i) (p, ) = (U, p) forall p,v € H. Here the bar denotes the complex conjugation.

(ii) (@, 1 + z19) = {(p, 1) + 2(p, ) for all p,1,10s € H and for all z € C (it is

linear with respect to the second slot whereas it is anti-linear with respect to the first slot

(entry). This is simply a choice commonly used in quantum mechanics literature).
(iii) (1,v) > 0 for all ¢ € H, and (1, ) = 0 if and only if ) = 0.

It follows from the definition that Hilbert spaces are Banach spaces with respect to the
norm ||z|| = \/(x,x). Throughout the thesis, we shall deal with operators defined on
Hilbert spaces. From now on, we shall denote the vectors in Hilbert spaces by Greek
letters simply because of the literature on Quantum Mechanics.

As emphasized in Chapter 2, quantum theory is constructed on the Hilbert spaces, in
particular on the set of “square integrable” functions, usually denoted by L?(R™), where

n is the dimension of the space on which the particle is moving.

Example 3.1 Let 1) be a measurable function defined on R™ with complex values C (up

to equality almost everywhere) and square integrable (in the sense of Lebesgue)

/|1/1(x)|2dx< 0, (3.1)
]Rn

then, 1) is said to be in L*(R"). The actual meaning of a function in this space is the
equivalence class of the function modulo almost everywhere equal (the reason for this
is based on the following observation: ||1|| = 0 implies f “= 0, where a.e. stands for

almost everywhere). The inner-product in L*(R"™) is defined by

(o) = / PEOP(x) dx , (3.2)

Rn

13



where 1, p € L*(R"™). Then L*(R") is a Hilbert space with the above inner product.

The proof of the completeness of the square integrable function space is rather technical
and involves the usage of Lebesgue measure theory (see the Riesz-Fischer theorem given
in (Rudin, 1976). Here we stick to the notation [ ¢(x) dx for the integrations, altough
there are various ones in abstract measure theory ﬂig. g., du(x), or p(dx)).

One frequently useful fact in the inner product spaces (in particular Hilbert spaces)

is the well-known Cauchy-Schwarz inequality

(&, )] < Il Il (3.3)

for all ¥, ¢ in H. The idea of the proof is as follows: assume ¢, # 0 without loss
of generality and then use the decomposition v = c¢ + x where x L ¢, and use the

positivity of the norms ¢ and Y.

Corollary 3.2 If v, converges to ¢ in H, then im{p,, — p, ) = 0 for all ) € H.
m—

This is just the result of Cauchy-Schwarz inequality (3.3), i.e., |[{©m — @, V)| < ||om —
sl l[1]-

Definition 3.3 The orthogonal complement of the subspace of a Hilbert space H. is de-
fined through the inner product V+ := {x € H : (x,¢) =0 forall € V}.

Since we shall use some important results from Hilbert space theory in the subse-

quent chapters, we are now going to summarize them:

Lemma 3.4 Let V., W be subspaces of H.
(i) IfV C W, then W+ C V.
(ii) V* is a closed linear subspace of H.
(iii) V. c (V).
Proof: (i) Let) € W+ and o € V. Then, ¢ € W (since V. C W), so (1, p) = 0 for

all p € V. Then, ¢ € V*. (ii) Let 41,1, € V4, and 21,2, € C, and ¢ € V. Then,
(o, 2101 + 22109) = 21{0, Y1) + 22(p, 2) = 0, 80 2191 + 2919 € V. This means that



V't is a linear subspace of H. Let {1, }%_, be a sequence in V' converging to ¢ € H.

As a simple consequence of the continuity of the inner product, for any ¢ € V' we have

0= lm (¢ — ¢, p) = (1, p) soy € VL. (iii) Let o € V. Then, for all ¢y € V+,
m—0o0

(p,0) = (¥, ) = 0,50 that p € (V)*. O

Theorem 3.5 Let V be a closed subspace (its closure is itself, i.e., V = V) of a Hilbert

space H. Then, for any 1) € H, there exists a unique ¢ € V and x € V* such that

v=p+x. (3.4)

Moreover, ||{||> = ||¢]]* + || x|

The proof of the theorem can be found in (Kreyszig, 1978) and all the details about the
counterintuitive infinite dimensional Hilbert spaces (in the sense that many notions, e. g.,
basis does not have to be exactly the same as the one in finite dimensional vector spaces)
can be found in standard textbooks, e.g. (Kreyszig, 1978; Debnath et al., 2005), or even

more elementary one (Rynne and Youngson, 2013).

Corollary 3.6 IfV is a closed linear subspace of H, then V++ = V.

Proof: We have already shown that V' C V** in Lemma 3.4. Suppose that ¢ € V++.
Then, by Theorem 3.5, we can write ¢) = o + x, where ¢ € V and y € V*. Since p € V

and ¢ € V=5, (¢, x) = (@, x) = 0. Then, 0 = (¢, x) = (¢ + X, X) = (0, X) + (X x) =
||x||?. This means that y = 0, or 1) = ¢ € V, which implies V- c V.

Corollary 3.7 IfV is a linear subspace of H, then V++ =V.

Proof: Tt is clear that V C V, then V' cVEtand VAL ¢ V' from Lemma 3.4. Since
V is always closed, Vit =V by the Corollary 3.6. Then, V*+ C V. Moreover, by
Lemma 3.4, V C V*+. Since V*+ is closed and V is the smallest closed set containing
V,wehave V C V C VL. Therefore, V+ = V.

Once we have a new structure in mathematics (here, for instance, Hilbert space), it
is natural to study the maps between these structures. Due to the motivation coming from
quantum mechanics, we are mainly interested in linear operators on a Hilbert space. For
instance, Hamiltonian or Schrédinger operator is one of the most common ones. Many of

the results also hold for the ones defined on Banach spaces as well.
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Definition 3.8 A linear operator T is amap T : D(T) — H, satisfying the linearity

T(ap + Bp) = aT(¥) + BT () , (3.5)

forall i, pin D(T) and for all o, 5 € C. Here D(T) is called the domain of T (linear
subspace of H).

We shall always consider linear operators in this thesis. We will sometimes write the
action of the operators as 7'(¢) = T'¢ when it does not lead to confusion throughout the
thesis. The linear subspace Ran(T) := {T'(y¢) : ¢ € D(T)} is called the range or the
image of the operator 7. Moreover, the linear subspace Ker(T) = {¢ € D(T) : T(p) =
0} is called the kernel of 7. This is also called the null space of 7.

The notion, namely dense subspace of a metric space can also be extended to

the Hilbert spaces, where the metric is induced by the norm d(p,v) = ||p — || =

\/ (o — 1, — ). Let us express the dense subspace definition for Hilbert spaces explic-
itly:

Definition 3.9 D C H is dense in H if for any 1) € H, and for any € > 0, there exists
@ € D such that || — || < e. Equivalently, for any 1 € H there exists a sequence

{p,} € D that converges to 1. In other words, D = H, where D denotes the closure of
D.

Example 3.10 Compactly supported smooth functions C3°(R™) are dense in Schwartz
space S(R™) (infinitely differentiable “rapidly” decreasing functions) and the Schwartz

space S(R") is dense in L*(R™) (see Appendix A for their precise definitions and the
proof).

Definition 3.11 A linear operator T' : D(T') — H is said to be densely defined if D(T)

is dense in H.

One of the simplest classes of linear operators is known as the bounded operators

due to their simple properties that they satisfy as we shall discuss below.

Definition 3.12 A linear operator T is said to be bounded if there exists a real number
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¢ > 0 such that

[Tl < cllell, (3.6)

forall p € D(T).

The infimum of such c is called the norm of the bounded operator, that is,

T
7| = Il 3.7)
eep(m\foy @l
Definition 3.13 If D(T) is dense in H, then
T
irll = sup LT a8
eermnfoy ]l

since if the bounded operator is defined on a dense domain, it can be extended to the
whole Hilbert space thanks to the bounded linear extension theorem (BLT), that we shall

discuss later on in this chapter.

It is easy to show that the set of bounded operators with D(7") = H equipped with the
pointwise addition and scalar multiplication form a normed space, where the norm of
the operator is defined by (3.8). One can further show that this norm space is indeed a
Banach space £(H) (see (Schuller, 2016) for the proof of the completeness of the space).

The above definition of norm implies the following useful inequality

ITell < ITIHIell (3.9)

for all ¢ and bounded operator 7'.
The Banach space £(#) for bounded operators has even an algebraic structure un-
der their compositions (also called product). The composition of bounded operators are

also bounded and we have the following useful estimate:

Proposition 3.14 For any bounded operators T' and S, we have

TSI < TS (3.10)
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Proof: Using the definition given in equation (3.8), and the inequality (3.9), the proof is
straightforward. [J

Let us give some examples for bounded operators:

Example 3.15 The identity operator I on H is bounded with norm 1, since ||Io(x)|| =
[l ()]

A more interesting example for bounded operators is the so-called projection operator:

Example 3.16 Let P, be the projection operator on the vector v in H, defined by

Pyp = (b, o), (3.11)

for all ¢ € H. Using |Pyp| = [(¢, v)| ||¢||, we find the projection operator is bounded
due to the Cauchy-Schwarz inequality (3.3).

Once we have the norm structure on the vector space, we can talk about the conti-
nuity of the maps between the vector spaces. In analogy with the definition of continuity,

one can define the continuous operator 7" at the point ¢ € H as follows:

Om — P — Tom — Top. (3.12)

m—r0o0 m—ro0

Then, we say that 7" is continuous at ¢. This can be put in the following equiva-
lent form, which will be useful when discussing more general class of operators, namely

closed operators:

Definition 3.17 Let T' be a linear operator on H and {p,,}>_, be a sequence in D(T')

such that ¢, — p € H as m — oo (%1_1}1(1)0H<pm — || = 0). If we have
(i) Tom >V EH ,
(ii) Ty = 1), where p € D(T') and 1) € Ran(T) ,

then T' is called continuous operator at .

There is a simple criterion to check whether a given operator is continuous or not, thanks

to the following theorem:
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Theorem 3.18 Let T’ be a linear operator in a Hilbert space H. Then, we have

(i) T is continuous if and only if T’ is bounded.

(ii) If T is continuous at a particular element (point) in ‘H, then it is continuous at every

point in H.

Proof: We shall give the proof bu using the argument given in (Jordan, 2012).
Proof of the part (a): Suppose that 7" is a bounded linear operator. We can choose a

sequence {p,, }>°_, converging some limit vector (. Then,

T — Tow|| = [|T(e — el <|IT|||le — emll

where we have used the linearity of 7" and the inequality (3.6). Since ||¢ — @] — 0
m — oo, we deduce from the above inequality that || T —Tp,,|| — 0 as m — oo. Thus,
T' is continuous (¢ was an arbitrary element in H).

Conversely, we also show that 7" is bounded if it is continuous. In order to show
this, we shall use one of the proof techniques, namely proof by contraposition: Suppose
that 7" is not bounded. This means that for each m there must be a vector ), such that

||T77Z)m|| > memH Let Pm = md)m Then,

However, ||T¢,, — 0|| > 1, which means that T'¢,, can not go to zero as m — oo. Here

Oml| = L 50 @, — 0as m — oo.

we have used 7°(0) = 0 thanks to the linearity. Hence, 7 is not continuous.

Proof of part (b): Suppose that 7" is continuous at some point ¢ in H, that is, for
any ¢ > 0 (tolerance number), there exists a 6 > 0 such that ||p|| < ¢ implies that
[|T(po + @) — Twol| < e. By linearity, this implication can be rewritten as ||T'(yq) +
T(p) —T(po)|| = ||T¢|| = ||T(0+ ¢) —T(0)|| < e. Therefore, T" is continuous at ¢
if and only if it is continuous at 0. It follows that if 7" is continuous at any point, it is
continuous everywhere. [

The above theorem simply states that boundedness and continuity are equivalent
notions for linear operators. When we lose continuity, we lose boundedness, and vice
versa (in contrast to what we have in functions due to the fact that the definition of a

bounded function is different from the one given for operators):

Bounded Linear Operator <= Continuous Linear Operator
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In quantum mechanics, the most basic operators, such as the position and the momentum

operators, defined on Hilbert spaces are typically unbounded.

Example 3.19 The position operator X in quantum mechanics is defined as a multipli-

cation operator in L*(R):

(Xo)(z) =z 0(z),

where its natural domain is given by
D(X) = {p € *(R) /lezlgo(x)|2 dx < o}
R

One can show that the domain of this operator is dense in L?*(R) (Hall, 2013) (Although
this is not crucial here but it will be important when we discuss adjoint of this operator).
For this, we define a subset £, of R: E,,, := {z € R : |z| < m} so that UX_ FE,, = R.

The characteristic function defined on these subsets are given by

1, ze€ek,,
XE, () = (3.13)
0, z¢ E, .

Then, for any v € L*(R) we have

—m

[l @F de = [ " l@)f? dr < [l ds. (3.14)
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and

/ (Xtbx, ) @) de = / (@)X, ()2 de (3.15)
R R
< / m?p(x)|? dx (3.16)
< m? [ |y do . (3.17)
/

Then, ¢¥xg,, € D(X). This implies that D(X) is dense in L*(R) due to the L?- Lebesgue

dominated convergence theorem (Rudin, 1976):

m— 00

lim /]w(x)xm(x) —(x)]Pdr=0. (3.18)

To show that this operator is not bounded, we define an another characteristic func-

tion definedonthe set [, . ={r e R:m <z <m+ 1}

X1 () = Xm(®) = (3.19)

Then

m+1 1/2 m+1 1/2
| Xxm|| = (/ |93|2d:17> >m (/ 1d:v) , (3.20)

since © > m when x € [m, m + 1]. Using

1/2

m+1 1/2
nll = { [rent@i?dr ) = ( [ dx) , (321)
R m
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we find

X Xl = m x| - (3.22)
Therefore
X X
ap WXV WX (3.23)
wen(xn{oy ]l eaes N | ol m=1

Hence, the position operator is not bounded.

Similarly, one can also show that the momentum operator
d
(Po)(z) = —ih=" | (3.24)

with the following possible choice of the domain D(P) = S(R), which is dense in L*(R)
is not bounded (see the definition of Schwartz space in Appendix A). As we know that
Fourier transform is preserving the norms (see Appendix B), it must transform unbounded
operators to unbounded operators. Since S(R) is stable under Fourier transform and the
derivative operator is just a multiplication operator under Fourier transform, we end up
with the result that the momentum operator must be also unbounded as a consequence
of the previous example. The above position and momentum operators can actually be
extended to L*(IR3). Actually, the unboundedness of momentum and position operators
are consequence of the algebraic relation, called the canonical commutation relations:
[X,P] :== XP — PX = ih. This can be proved by first noticing that X" P — PX" =
ihn X" 1 # 0 for all n € N. Assume that operators are bounded, then taking the norm of
the both sides to get nh < 2||.X|| || P||, which is a contradiction.

When dealing with unbounded operators, one notion is very useful in order to prove
some theorems. This notion can be considered as a generalization of the graph of a func-

tion:

Definition 3.20 The graph of a linear operator T' is defined by

I(T) == {(¢,Tp) : ¢ € D(T)}, (3.25)

22



where (-, -) denotes the pairing. It is a subset of H X H, which is again a Hilbert space

with inner product defined by:

((p1,91), (p2,2)) = (p1, pa2) + (1, ¢2) . (3.26)

Definition 3.21 The operator S is said to be an extension of the operator T if I'(T') C
I'(S). We simply write
TCS. (3.27)

Equivalently, T' C S if and only if
(i) D(T') € D(S),
(ii) Ty = Sy forall p € D(T).

In other words, S is an extension of the operator 7" by extending the domain of 7" to the
domain of S and they act in the same way on their common domains. This can also be
considered as the definition of the restriction of the operator S to the operator 7.
Although one should pay attention to the domain of the operators, this is not neces-
sary for bounded operators thanks to the following theorem. This simplifies many tech-
nicalities required by the domain issues. There are some cases (e.g., spin systems in
quantum mechanics) where you only have bounded operators since the Hilbert space in

this case is C™. In such circumstances, we do not have to deal with domain issues.

Theorem 3.22 (Bounded Linear Transformation (BLT) Theorem) Any densely defi-
ned bounded linear operator

T:D(T)CH—H (3.28)
can be extended uniquely to the whole Hilbert space H.

This theorem basically states the following: We can extend the given linear operator 7'
uniquely by using continuity from its domain D(7") to a linear operator defined on the
closure ﬁ and hence to the operator defined on the whole Hilbert space since 7' is
densely defined. We have to be careful here since this theorem does not state that there

can not be unbounded operators which extends 7' on the whole Hilbert spaces. What it

simply says that whenever we have a densely defined bounded linear operator, we can
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uniquely extend it to the bounded operator defined everywhere in H, which allows you to
get rid of dealing with the domain issues. For the sake of simplicity, we leave the proof in

Appendix C.
3.2. Closability, Closure, and Closedness

Definition 3.23 An operator T is called closed if T'(T) is a closed subset of H X H.

Equivalently, the definition of a closed operator can be reexpressed in the following way
in order to compare it with continuous (bounded) operators:

Suppose that there exists a sequence of vectors {¢,,}>°_, € D(T') converging to
¢ € H and the sequence of vectors {T'p,, }°°_; converging to ¢ € H. Then, if p € D(T)
and Ty = 1), then T is said to be closed. These definitions are equivalent since (¢, ¥y,)
in H x H converges to (¢, ) if and only if ¢, converges to ¢ in H and v, converges
to ¢ in ‘H. It is a simple exercise to show that every bounded operator is closed, but
the converse is not always true (Rynne and Youngson, 2013), as the following example

shows.

Example 3.24 The position operator X defined in Example 3.19 is closed. We have
already shown that this operator is not bounded. We consider the sequences {p,, ()}

m=1
and { X @, () }2°_, such that

pm(z) = o(z),

Xom(z) — Y(z),

in L?(R) respectively. Then there exist subsequences (see (Bass, 2013) for its proof)

N
o

1
5
s

Om; ()

IS]
Q]
=
=

X pmy (@) = 20m, (2)

We say a sequence of measurable functions {1{,,} converges almost everywhere to 1 and

write 1, =5 1 if there is a set of measure zero such that for x not in this set we have
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pointwise convergence V., (x) — 1 (x). We refer the reader to (Bartle, 2014; Bass, 2013).

Multiplying first subsequence by x, we get

Tom, (z) &5 zo(z) . (3.29)

Thus, thanks to the uniqueness of limits (up to measure zero), we must have

ro(z) = h(x) . (3.30)

This equation says that p(z) € D(X) and X(x) = ¢(x). This means that the multipli-

cation operator X is closed.

Theorem 3.25 (Closed Graph Theorem) Let T' be linear operator defined on the whole
Hilbert space H into H. Then T is bounded if and only if T'(T) is closed.

This is actually a particular case of a more general statement, where the operator is defined
on Banach spaces. The proof is rather technical so we leave its proof to Appendix C.
There are some operators that are not defined on full H but a dense subspace of ‘H such
that they are not bounded but their graph is closed.

If an operator 7' is not closed, it seems at first glance that it is always possible to
construct its closure”, that is, to extend 7" to a closed operator 7' by adding to its domain
D(T) all vectors ¢ € H for which one can find a sequence {¢,,}5°_; C D(T') such that
Ym —  as m — oo and the following limit 7%13%0 Tp,, = 1 exists. We then naturally set
T = 1. However, this procedure does not always work. The expression T may depend
on a chosen sequence {¢,, }>°_; converging . We say that operator 7" is closable if this
limit exists and its extension is called the closure of 7', denoted by T. In other words, we

have the following definition:

Definition 3.26 An operator 'T' is said to be closable if it has a closed extension. The

smallest closed extension of a closable operator T' is called closure of T', and it is denoted

byT.

It is sometimes more convenient to express the above definition in the following way: T'

25



is closable if Wlli_rf(l)ogom = 0 and WlLi_{nOOTgpm = 1) € H for a sequence {¢,,}>°_, C D(T)
implies that ) = 0. From the above definition, » = T0 = 0. Conversely, suppose that
@ € Hsuchthat ¢/, € D(T) — ¢, ¢l € D(T) — o, T, — o', and T/ — " as
m — oo. If we define ¢,,, = ¢!, — ¢, above definition implies that ¢/’ = ¢)".

It is natural to determine whether a given subspace is a graph of a linear operator or

not. The following proposition gives a convenient criteria for this:

Proposition 3.27 A linear subspace I' C H x H is the graph of some linear operator T'
if and only if
{0} x H)NnT ={(0,0)}. (3.31)

Proof: Suppose that there exists a linear operator 7" such that I' = I'(T") and (0,%) € T.
Then, (0,v¢) = (0,7°(0)) = (0,0). Conversely, suppose that the above condition holds.
Then, define the domain of an operator 7" as D(T') := {p : (¢,v) € T for some ¢ € H}
and define the action of 7" on its domain as 7'¢ := 1. Then, it is easy to show that 7" is

well-defined (¢ is unique) and linear (see for instance (Hislop and Sigal, 2012)). [J

Proposition 3.28 An operator T is closed if and only if D(T') is complete with respect to

the graph norm
lellFey = llellz + 1Tell3 (3.32)

which is induced by the inner product

<9017902>F(T) = <901, %02>H + <T9017T902>H .

Proof: Suppose T is closed and let {¢,, }°°_; be a Cauchy sequence in D(T") with respect
to the graph norm which is defined by Equation (3.32). Using Equation (3.32), we get

ngn - QOMH%(T) = H‘pn - (PmH%-L + HTQOn - T@m”?—[ : (3.33)

Since the left hand side of the Equation (3.33) vanishes as n,;m — oo, we must have
llon — @m|ln — 0 and ||Tw, — Tom|ln — 0as n,m — oo. That is the sequences
{om}s°_; and {Tp,, }>°_, are Cauchy in H. So, they must be convergent (since Hilbert

space is compete inner product space). Say the limits of these sequences are ¢ and ).
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This means ||¢, — ¢||x — 0and ||T'¢,, — ¥||x — 0. Since T is assumed to be closed,
¢ € D(T)and v = Ty € Ran(T). Using these convergences and the definition of
|| - ||r(ry, we see that the Cauchy sequence {¢,, }7°_, converges to ¢ € D(T") with respect
to the || - |[r(p). Thatis D(T) is compete with respect to the graph norm.

Conversely, suppose D(T") is complete with respect to the graph norm. Also assume
the sequence {(@m, Tpm)}oo_, converges to (p, 1)) € H x H, thatis ||p, — ¢||lx — 0
and ||T'v,, — || — 0. Since they are convergent, they must be Cauchy with respect
to the || - ||3. Using this fact and the definition of graph norm, we see that the sequence
{em}oe_, is Cauchy with respect to the || - ||r¢). Since D(T') is complete with respect
to the graph norm, there exists a function ¢ € D(A) such that ||¢,, — ¢||piry — 0 as
m — oo. This implies that ||¢,,, — ¢||zx — 0and ||Tp,, — T¢||zx — 0. By the uniqueness
of limit p = ¢ € D(T) and ¢ = T'¢p = T'p. Thatis (¢,1) € I'(T). Hence T is closed
(see for instance (Berezansky et al., 1996)). [J

If we try to obtain a closed extension of an operator, we simply take the closure of
its graph. But, in general, the closure of the graph of the operator may not be a graph of
an operator (see (Reed and Simon, 1972) chapter viii problem 1). The following theorem

gives the condition for this problem.

Proposition 3.29 If T is closable, then I'(T') = I'(T).

Proof: First of all, our aim is to show I'(7") is a graph of some linear operator if we

assume that 7" is closable. For this purpose, suppose 7' is closable, then there exists a

closed operator S such that I'(T") C I'(S). Then, ['(T") C I'(S). If (0,¢) € ['(T") C T'(S)
for any ¢ € H, we must have ¢» = 0 by Proposition 3.27 (since I'(S) is the graph of a

linear operator). Hence I'(T") is a graph of a linear operator by Proposition 3.27. Thanks

to the definition of closure of a space, I'(7") is the smallest closed space containing I'(7),

then ['(T") C T'(T)) C I'(T). On the other hand, 7 is the smallest closed extension of T,

that is I'(T") C T'(T") C I'(T). Hence, I'(T") = I'(T') (see for instance (Reed and Simon,
1972)). O

Proposition 3.30 An operator T is closed if and only if

T=T. (3.34)
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Proof: Suppose T is closed, then its graph I'(T") is closed, that is I'(7") = I'(7’). On the

other hand, since 7' is assumed to be closed then it must be closable. Therefore, from

Proposition 3.29 we also have I'(T) = I'(T"). Combining all these, we obtain I'(7") =
['(T), implying that T = T.
Conversely if T = T, then

I'(T) =T(T) =T(T). (3.35)

Hence, I'(7T) is closed, or equivalently 7" is a closed operator (see for instance (Reed and
Simon, 1972)). [

Apart from the closed and bounded operators, the most important classes of oper-
ators in Quantum Mechanics are known as symmetric and self-adjoint operators, as we

shall define them in the next section.

3.3. Symmetric and Self-Adjoint Operators

Definition 3.31 Let T' : D(T) — H be a densely defined linear operator on H. The

adjoint of the operator ' is defined by

D(T™) :={y € H : In € H such that (¢, Ty) = (n, ) forall p € D(T)} , (3.36)

and its action on its domain is defined by

T :=n. (3.37)

Roughly speaking, the above definition of the adjoint operator corresponds to a
flipping operation of the initial operator 7" in the inner product to the other slot (entry) of

the inner product:
(¢, Tp) = (T", 9) - (3.38)

However, one must be careful about this formal operation since we have to be sure that

28



the adjoint of the operator should act on the elements of its domain on the right hand
side. That is why we first define the domain of the adjoint operator and then the action
of it on its domain. The notation for the adjoint of an operator in physics literature is
usually denoted by T'. One may recall that the adjoint of an operator in C" are given by
(T*);; = Tji, where i, j =1,...,n.

If we go back to the definition of the adjoint operator, we have to be sure that 7 must
be unique. Otherwise, the adjoint is not well-defined, that is, the action of adjoint on its

domain gives different results.

Proposition 3.32 7™ is well-defined.

Proof: Suppose that there are two vectors 7 and 7’ satisfying (), T) = (n, ), and
(0, Ty = (1, ) for any ¢ € D(T). Subtracting these equations from each other, we
get

(n—n',9)=0, (3.39)

for any ¢ € D(T). Since D(T) is dense in H, Equation (3.39) implies that n — 1’ = 0,
i.e., n» = 7’ that is what we wanted to show (Since D(7') is dense in #, there exists a
sequence {p,,}5°_, € D(T') converging to 7 — 1’ € H. Thanks to the continuity of inner
product we have 0 = lim (1 =1, om) = (n — 7', lim ) = (n =1/, — 1)) (see for
instance (Schuller, 2016)). []

Example 3.33 An operator U on a Hilbert space H is said to be unitary if U is surjective
(onto) and preserves inner products, i.e., (U, Up) = (1, ) for all 1, p € H. It follows
from the definition that U preserves norm as well: ||{Uv|| = ||¢|| for all v € H. Hence
it is bounded and ||U|| = 1. Using (¢, ) = (U, Up) = (U*Ut), p), so we have
(U*U — D), p) = 0 for all ¢, € H. Then, choosing p = (U*U — 1)1, we obtain
U*U = I. Hence, U(U*U)y = U or (UU*)x = x, where x = Uy € H, where we
have used the fact that the range of U is the full Hilbert space.

Definition 3.34 A densely defined operator T : D(T) — H is called symmetric (or
Hermitian) if

(W, Tp) =TV, p), (3.40)

forally,p € D(T).
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Definition 3.35 A densely defined operator T : D(T) — H is self-adjoint if T = T*.

This means that
(i) D(T) = D(T*) and
(ii) Ty = T*p forany p € D(T).

Every self-adjoint operator is symmetric, but in the unbounded case, the converse
is in general not true. The domain of the operator and the domain of its adjoint may not

be the same.

Definition 3.36 A symmetric operator T is called essentially self-adjoint if its closure T

is self-adjoint.

Since it is not so easy to find explicitly the adjoint domain of a given operator, it is
hard to check whether an operator is self-adjoint or not. For this reason, there are some
useful criteria to determine whether the operator is self-adjoint as we shall see later on.

The following theorem is one of the main reasons why we have to deal with so many
technical domain issues in quantum mechanics and in this thesis in particular. The reason
for that lies in the fact that most important operators in quantum theory (like position and
momentum as we have seen) are unbounded operators but they have to obey the symmetry
condition in some sense. The theorem below states that this can not happen, i.e., the
unbounded operators in quantum mechanics can not be everywhere defined, so they have
to be defined on a dense subspace of Hilbert spaces, namely on their domains, where all
the trivial algebraic operations (addition, composition) must be carefully performed since

T + S may not be defined when D(7") N D(5) = @.

Theorem 3.37 (The Hellinger-Toeplitz Theorem) Let T' be a symmetric operator de-
fined on the whole ‘H. Then T is bounded.

Proof: Let {(@m, Tom)}°_; be sequence in I'(T") such that

Tim (o, Topm) = (9 90) € HXH. (3.41)

Our aim is to show (p,v) € T'(T), i.e,, v = Ty. Let ¢ be a nonzero element in

D(T) = H. Using continuity of inner product and symmetry of T', we get (¢, 1)) =
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(6, lim Tpp) = lim (, Tpp) = lim (T'), o) = (T, lim o) = (Th,¢) =
(0, Ty). So, (¢, — Ty) = 0, which leads v = T'¢. Hence I'(T) is closed (see for
instance (Reed and Simon, 1975)). [

Actually, the above theorem is direct corollary of the closed graph theorem 3.25.
For symmetric operators, we have a very useful result to estimate symmetric operators

that we are going to use later on.

Proposition 3.38 Suppose T' is a symmetric operator on a Hilbert space H and z =

A+ ip € Cwhere A\, u € R. Then,

(T = zD)el|* = (T = ADel* + || el * (3.42)

Proof: Using the fact that 7" is symmetric, we have

(T —2Del? = (T —2D)p, (T —2D)p)
= (T = ADg|]> + (T, —inlp) + (—Mp, —inlp)
+ (=i, To) + (—iplp, =M ) + |||
= (T —zD)¢l” = (T = Al + ||ueel”

forany ¢ € D(T). O
Proposition 3.39 Let T and S be linear densely defined operators on ‘H.
(i) If T C S, then S* C T™.
(ii) If 'T"is symmetric, then I’ C T™.
(iii) If T is symmetric, then T C T™*.

Proof: (i) Let us first show that D(S*) C D(T*): Suppose that » € D(S*), then from the
definition of S* there exists a unique 1 € # such that (1), S¢) = (n, ¢) forall ¢ € D(S5).

Since we are given 7' C .S, we get

(W, Ty = (1, Sp) = (n,¢) , (3.43)
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forall p € D(T) C D(S), thatis ¢p € D(T™), implying that D(S*) C D(T*). What is
left is to show that 7%y = S*¢ for all ¢y € D(S™*). From the Equation (3.43) we have

S =n=T"Y, (3.44)

for all ¢» € D(S*).
(17) First, we need to show that D(7") C D(T™*). Letv € D(T") and define n) := T').
Since 7' is symmetric

(W, To) = (T, ) = (n,¢) , (3.45)

forany ¢ € D(T). Then ¢ € D(T*), so D(T) C D(T*). From above we have 1" :=
n = T for all » € D(T'), which completes the proof of (ii).
(737) If T is symmetric, then 7" C T™* by (ii). This implies D(T') C D(T*) or

D(T) € D(T*). On the other hand, thanks to the definition of symmetric operators,

domain of 7" must be dense in H, i.e., D(T)) = H. Therefore we have H = D(T) C
D(T*) C H. Thus D(T*) = H (adjoint of a symmetric operator is densely defined).
Then the result 7** C T™ immediately follows from (i) (see for instance (Schuller, 2016)).

O

Lemma 3.40 The self-adjoint extension of a self-adjoint operator must coincide with it-

self.

Proof: Suppose T’ is a self-adjoint operator and 7' C S where S is self-adjoint, then

rcsS=95" - T"=T,then S =T. (3.46)

Proposigon 3.39

See for instance (Schuller, 2016). [

In more technical words, we simply say that a self-adjoint operator is maximal with
respect to self-adjoint extension. In fact, self-adjoint operators are maximal even with
respect to symmetric extension. If S was just symmetric operator, then we would have
S C S* instead of S = 5™ in the Equation (3.46) thanks to Proposition 3.39.

In the following chapters we shall use the following nice property of symmetric

operators:
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Proposition 3.41 Let T be a densely defined linear operator on H. Then,

Ker(T*) = Ran(T)™* . (3.47)

Proof: (C) : forany ¢ € Ker(T*), T*y) = 0, and using the definition of 7* we have

0=(T"Y,p) = (v, Tp), (3.48)

for all ¢ € D(T). In other words, 1 € Ran(T)*, therefore Ker(T*) C Ran(T)*.

(D) : for any ¢ € Ran(T)*, using definition of 7* we get

0= (), Ty) = (T"Y,p), (3.49)

for any ¢ € D(T). On the other hand, since D(T") is dense in H, we have 7%y = 0, i.e.,
Y € Ker(T™). Therefore Ker(T*) 2 Ran(T)* Hence Ker(T*) = Ran(T)* (see for
instance (Schuller, 2016)). [J

Corollary 3.42 IfT is densely defined linear operator on ‘H, then

H = Ker(T*)® Ran(T) . (3.50)

Proof: Since Ker(T™) is written as the orthogonal complement of Ran(7), it is closed
by Lemma 3.4. Then, it follows from Theorem 3.5 Hilbert space H can be decomposed
as H = Ker(T*) ® Ker(T*)* = Ker(T*) & Ran(T)*+. Thanks to the Corollary 3.7,
we obtain the desired result. [

Another key notion of operators is their inverse and it will be particularly important
in the study of the spectrum of the operators that we are going to discuss in the next

chapter.
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3.4. Inverse and Invertibility

Definition 3.43 Suppose T is a linear operator on H. An operator S is called the inverse
of T if D(S) = Ran(T), D(T) = Ran(S) (in order to have a well defined composition

of the operators), and

ST = ]Ran(S)a (351)

TS = Iran(r) - (3.52)

The inverse of T is denoted by T~ 1.

It is not difficult to show from the above definition that the inverse must be unique if
it exists. Finding the inverse of an operator 7' is equivalent to solving the following
inhomogenous equation

Ty = x, (3.53)

for all x in Ran(T'). This will be useful for our purposes when we are looking for the
inverse of a particular operator associated with our main problem in Chapter 6. If you
need to check whether a given operator 7" has an inverse, the best criterion is:

An operator 7" has an inverse if and only if

Ker(T) = {0} . (3.54)

The basic idea of the proof is as follows: Suppose @1, po € D(T') and T'p; = b = Tps.
Then, 0 = Tp1—Tps = T'(¢1 —p2) from linearity. This means that o1 — @y € Ker(T) =
{0}, implying 1 = 5. This allows us to define an operator 7! : Ran(T) — D(T) with
T~ = ¢, where Tp = 1). The operator 7! is well-defined and linear. Furthermore,
o =T = TN Typ), ie., T'T = Ipu), and TT"") = Top = 1) for ¢ € Ran(T),
ie., TT™' = Ipgn(r). Conversely, suppose that 7' exists. If ¢ € Ker(T), then ¢ =
T 1Ty =0, s0 Ker(T) = {0} (see for instance (Hislop and Sigal, 2012)).

Lemma 3.44 If T is a symmetric operator on H and its inverse exists, then T~ is also

symmetric.
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Proof: Since (1, Typ) = (T, p) for all p,1p € D(T), and let Tt = x and T'p = &, we
have (T 1y, &) = (x,T7%¢) forall x,& € D(T1). O

Definition 3.45 A linear operator T' is called invertible if its inverse is bounded on the

entire Hilbert space H (or it has a bounded inverse everywhere).

As a consequence of the Proposition 3.22 (BLT theorem), an invertible operator 7" must

also be onto in addition to being one-to-one since

Ran(T) =D(T™ ') =H . (3.55)

The conditions Ker(T) = {0} and Ran(T') = H are necessary conditions for 7" to be

invertible.

Proposition 3.46 Let T and S be two linear operators. If T' and S are invertible and S is
bounded, then the composition operator ST is defined on D(ST) = D(T) and invertible
and (ST)™' =T-1571

Proof: Since S is bounded, its domain can be extended to the entire Hilbert space H so
that D(ST) = D(T) N D(S) = D(T). From the definition of compositions, we must
have D(S) = Ran(T) = D(T~') and D(S) is entire Hilbert space, consistent with the
invertibility of 7.

Let T and S be invertible operators, then there exists inverse operators 7! and S~*
which are bounded. Clearly we have STT'S™! = I, and T-1S~'ST = I, where |
is the identity operator on H. This means that ST has an inverse and given by 7151,

Using the assumption that S and 7" are invertible, we have

TS < ISTHHIT | < o0 (3.56)

by Proposition 3.14 (see for instance (Gustafson and Sigal, 2011)). [J

Proposition 3.47 Suppose that T is a bounded operator from H to H and satisfies ||T|| <

1. Then the operator I —T' is invertible, with the inverse given by the following convergent
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series (Neumann series)

(I-T)'=I1+T+T*+T°+---. (3.57)

Proof: Since ||T'|| < 1, the geometric series Y ~_, |||/ converges in R. By Proposition
3.14, we have ||T™|| < ||T||™ for any m € Ny, so that Y~ ||T™|| converges in R
by comparison test. Therefore, the series Y °_, 7™ converges in Banach space L(H) -
set of bounded operators form a complete normed vector space - (Let ¢ > 0 and define
the Nth partial sum Sy := an:o T™. Since Y °_ ||T™|| converges, the partial sums

an:O |77|| form a Cauchy sequence, i.e., there exists N € N such that ZZ:O [T —

anzo [|T™|| = ZZZZ 41 [[T™]| < e whenever k, [ > N. Hence, by the triangle inequality
we get ||Sy — S| < an:lH ||T™|| < e when k,[ > N. This simply says that { S} form

a Cauchy sequence so it converges since £(#) is complete. Thus, >~ T converges

in Banach space L£(#)). Let us now find the limit. It is easy to realize that

k k
IL=D)Sk =1l = [[Se =TS =1 =D T =Y T —1|| (3.58)
m=0 m=0
= || =T (3.59)
< ||T|fF (3.60)

Thanks to ||7’|| < 1, we immediately conclude that klim (1-T)S, = 1in L(H). If
—00
Sy — Sin L(H), then (1 —=T)S, — (1 —=T)Sin L(H) by |[(1 = T)S, — (1 = T)S|| =
N(1=T)(Se=9)|| < ||(1=T)|| ||Sk—S||- Hence, we obtain (1-7")S = (1—T)klim Sy =
—00

k—o00

(I-7)'=> 1", (3.61)
m=0

See for instance (Hall, 2013) []

Theorem 3.48 Let T' be an invertible linear operator and S be bounded and satisfies

||ST~Y|| < 1. Then the operator T + S is invertible with domain D(T + S) = D(T).

Proof: Existence of T~! implies the following relation T+S = (I+ST~1)T. Invertibility

of T and the consequence of Proposition 3.47 suggest that 7' + S must have an inverse
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and its inverse is bounded

T+ 8) =TI+ STH T < NI+ ST (3.62)

where we have used Proposition 3.14. Hence 1" + S is invertible (see (Gustafson and

Sigal, 2011)). U

3.5. Some Useful Relations Among the Combined Notions of Linear

Operators

We have a very powerful theorem about the closability and the adjoint of an opera-

tor, from which we draw several useful conclusions.

Theorem 3.49 Let T' be a densely defined linear operator on a Hilbert space H. Then

we have
(i) T is closed.
(ii) T is closable if and only if D(T*) is dense, in which case T** =T.

(iii) If T is closable, then (T')* = T*.

Before proving the theorem we shall define some unitary operators, which simplify

the proofs a lot. Let us define two unitary operators on H X H:

Ulg,v) = (¥, ¢), (3.63)
V<907¢) = (_7»/}790)7 (364)

where ¢, 1 € H. From the above definitions, we have

U (p,9) = (¢, )
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and
V7, t) = (¥, —¢) .

Moreover,

UV (g, ) =U (=, 0) = (0, =) =V (b, ) =V 'U(p,¢),  (3.65)

or

U'v=v-1u. (3.66)

Suppose that 7! exists. Then, for any p € D(T) and ¢ = T'p, we have U(p, Tp) =

(T, @) = (1, T p) € T(T™'), and vice versa for the reverse inclusion. Hence,

UT(T) =TT . (3.67)

This is very similar to the rule for the graphs of inverse functions in Calculus, namely, the
graph of the inverse of a function f~! is obtained by reflecting the graph of f about the

line y = x.

Proposition 3.50 For any unitary map V' and any subspace M of Hilbert space, we have

(VM) =V (M) . (3.68)

Proof: (VM)* C V(M*): Let ¢ € (VM)*. Then, 0 = (4,Vyp) = (V*, @) =
(V=Y. ¢), where ¢ € M. This implies that V~'¢) € M~. Then we have V"1 = ¢ for
some ¢ € M=*. Then, ) = V¢ which implies that ¢» € V(M™). Therefore (V M)+ C
V(M*Y).

V(M*) C (VM)*: Conversely, lety) € V(M™*). Then, ¢) = V¢ for some ¢ € M+
and 0 = (¢, x) = (V71,x) = (V*, x) = (¢, Vx) for any x € M. This means that
Y € (VM)*. Hence we get V(M*) C (V M)+ which completes our proof. [J

Proposition 3.51 Let V' be the unitary operator defined in equation (3.64). For any
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densely defined linear operator T' from H to H, we have

0(T*) = V(I(T)*: = V(I(T)") . (3.69)

Proof: Suppose ¢ € D(T') and ¢» € D(T™*). Using the definition of the unitary operator

V' and inner product on ‘H x H, we have

(V(e,Tp), (0, T*Y)) = (=T, ), (¥, T*Y)) = (=Tp,¥) + (0. T"Y) . (3.70)

Since (¢, T*¢) = (T'p, ), we get (=Tp,¢) + (¢, T*P) = (-Tp,¢) + (T'p,¢h) = 0.
This clearly forces (¢, T*w) € V(I'(T))*. Conversely, suppose (¢,n) € V(I'(T))*.
Then, we must have 0 = (V (¢, T¢), (¥,n)) = (=T, ¥) + (p,n) for any p € D(T).
This implies

(0, Te) = (n,) - (3.71)

In other words, ¢ € D(T*) and n = T*¢ € Ran(T*). Then (¢,n) € I'(T*). Hence
V([(T))* C T(T*). This completes the proof of the first equality. Second equality
immediately follows from the Proposition 3.50 (see for instance (Schmiidgen, 2012)). [

Now, we can give the proof of Theorem 3.49.

Proof of Theorem 3.49:

(1) We shall use the sequence definition of the closed operators given just after
Definition 3.23. Let {¢,,}5°, € D(T*) be a sequence converging to ¢ in #, and
{T,}2°_, converging to some vector y in H. Then, for any ¢ € D(T') dense in H,
we have (U, Tp) = (T, ) — (¥, Te) = (x,p) as m — oo. This implies that
v € D(T™*) and T* = x, so T™ is closed. J

Alternative proof of (7): It is just a simple corollary of the Proposition 3.51. Since
['(T)* is closed thanks to the Lemma 3.4, and the range of unitary operators are closed,
we get the desired result.

(71) Since I'(T) is a linear subspace of H x 7, and using Corollary 3.7 we have

['(T) = (T(T)*)*. Using Proposition 3.51, we obtain

D(T) = (T(T)7)" = (V*I(T)") " = (V(VI(T))")" = (VI(T7))~ .
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Hence, if 7* is densely defined 7** := (7™)* is well-defined and 7 is closable (I'(T") C
[(T) = (VI(T*))*, which is always closed thanks to Lemma 3.4) and I'(T') = T'(T**).
Conversely, suppose that D(7™*) is not dense so that there exists 0 # 1) € D(T*)*.
Since ((1,0), (o, T*p)) = (1, 0) + (0, T*p) = 0, for all ¢ € D(T*), (1,0) € T(T*)*.
Then, V (I'(T*)1) (V(0, ) = (0,4)) is not a graph of a linear operator due to Proposition

3.27. Since I'(T') = (VT(T*))*, T is not closable.
(iii) Using part (i), 7% = T*. Suppose now that T is closable. Using part (ii), we
get
T =T = (T =T** = (T)*. (3.72)

See for instance (Reed and Simon, 1972). [
Corollary 3.52 If'T is closable, then " C T™*.

Corollary 3.53 A symmetric operator is closable.

Proof: For T is a symmetric operator, 7' C T™ by Proposition 3.39 and 7™ is densely
defined from the proof given in (ii1) in Proposition 3.39. Then, 7" is closable by Theorem
3.49 (i7). O

Corollary 3.54 If T is symmetric, then T C T C T,

Proof: If T' is symmetric, then it is closable from Corollary 3.53. Since the closure of T’

is the smallest closed extension of 7', we get the desired inclusion result.

Proposition 3.55 If T is symmetric, then T is symmetric.

Proof: Suppose T’ is a symmetric operator, then Proposition 3.39 (iii) implies that 7™* C
T*. From the definition of extension we have T**¢p = T*¢ for all ¢ € D(T**). Then,

since T' = T™** for a densely defined 7™ we obtain

(W, To) = (0, T*p) = (U, T*0) = (T, 0) = (T, p) .

for any ¢, € D(T). That is 7T is symmetric (see for instance (Schuller, 2016)). [J

Remark 3.56 Symmetry of T' does not imply symmetry of T™.
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Corollary 3.57 If'T* is a densely defined linear operator on H, and z € C, then

H=Ker(T* —zI) ® Ran(T — zI) = Ker(T — zI) ® Ran(T* — zI) .  (3.73)

Proof: Since T™ is densely defined, one can replace 7" by 7™ in Proposition 3.41 to get

Ker(T) = Ran(T*)*, (3.74)

which implies

H = Ker(T*) @ Ran(T) = Ker(T) @ Ran(T*) . (3.75)

by the same argument used in the Corollary 3.42. Then, replacing 7' by T'— 21, and using

the facts (T — z1)* = T* — 21, (T — 2I) = (T — zI)** = (T* = zI)* = (T — zI), the

assertion follows. [

Corollary 3.58 If T is self-adjoint, then T is closed.

Proof: As aresult of Theorem 3.49, T' = T™ is closed. [J

Theorem 3.59 (i) Suppose T has an inverse (Ker(T) = {0}) and Ran(T) is dense

in H. Then T™* has an inverse and

(T*) = (T7H* . (3.76)

(ii) If T has an inverse, then T is closed if and only if T~ is closed.

Proof: (i) Using the assumption that Ran(7T) is dense in / and by Proposition 3.41, we
have Ker(T*) = Ran(T)* = {0}. Then (T™*)~! exists in its natural domain domain

Ran(T*). Since D(T~!) = Ran(T) = H, (T~')* is well-defined. Replacing T by 7!
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in Proposition 3.51, we get

L(T7Y) =v((TH7h) . (3.77)

On the other hand, using the definition of V' and V!, given in Equation (3.64), we obtain

—V e, To) = —(Tp,—p) = (=T, ) =V(e, Top) . (3.78)

Therefore

LT ==V I(T ™)) (3.79)

Next, using Equation (3.67), Proposition 3.51 and Equation (3.66), we get

L(T7)™) = UTH(I(T) = U(V(I(T)")) = UTV(I(T))

Hence, T'((T*)™') = T((T~Y)*), or (T*)" ' = (T~1)~.
(74) This is just a consequence of the Equation (3.67) since the range of unitary

operators are closed (see for instance (Schmiidgen, 2012)). [

Remark 3.60 As we have emphasized before that the necessary conditions for a linear
operator T to be invertible are Ker(T) = {0} and Ran(T) = H. These conditions be-
come sufficient conditions for particular classes of operators: 1) closed operators defined
on entire H (Suppose T is closed on entire H, Ker(T) = {0}, and D(T~') = H. Then,
T is invertible due to T~ is also closed (thanks to 3.59) and the Closed Graph Theorem
3.25). 2) symmetric operators defined on entire H (Suppose Ker(T) = {0} and T is
symmetric, then T~ is also symmetric, as shown previously. Thanks to the assumption

D(T™') = H, T is invertible due to Hellinger-Toeplitz Theorem 3.37).

Corollary 3.61 If T is a self-adjoint operator and its inverse exists, then T~ is also a

self-adjoint operator.
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Proof: Since T = T*, and from the fact that 7" has an inverse, we have Ran(T)* =
Ker(T*) = Ker(T) = {0}. This means that Ran(T) is dense so that Theorem 3.59 (i)
leads to the conclusion that (7*)~! = T-! = (T~1)*. O
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CHAPTER 4

RESOLVENT AND SPECTRUM OF AN OPERATOR

In order to describe our model introduced in the introduction, we need to use the so-
called resolvent of operators. For this reason, we shall discuss this notion and its relation

with the spectrum of operators.

4.1. Regularity Domains and Deficiency Index

Definition 4.1 Let T' be a linear operator. If there exists a number c, > 0 such that

(T = zD)¢l| = c.llell (4.1)

forall p € D(T), then we say that z € C is a regular point for T. The set of all regular
points of T' is the regularity domain of T'. The set of all regular points are denoted by
(7).

Remark 4.2 Unfortunately, the symbol for the regularity domain is not standard. Differ-

ent books choose different notations. We shall stick to the notation used in (Schmiidgen,

2012).

Lemma 4.3 Let T be a symmetric operator on H. Then, C\ R C 7 (T).

Proof: Let z = X + iu, where A\, u € R. Using the property of symmetric operator
given in Proposition 3.38 we have the following estimate ||(T" — zI)p|| > |Im z|||¢|| for
all p € D(T) and z € C. Hence, z € 7(T) as long as Im(z) # 0 (see for instance
(Schmiidgen, 2012)). [

Definition 4.4 We call the linear susbspace Ran(T — zI)* of H as the deficiency sub-
space of T where z € w(T), and its dimension (cardinality of an orthonormal basis of
H),

d.(T) := dim(Ran(T — zI)*) , (4.2)
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is called the defect number of T at the point 2.

Remark 4.5 For a densely defined linear operator 'T', we have

d.(T) = dim(Ker(T* — 1)) , 4.3)

thanks to the Proposition 3.41. In other words, the deficiency subspace Ran(T — zI)*
for a densely defined linear operator T coincides wi