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ABSTRACT
Ph.D. Thesis

INVESTIGATING OF EARLY UNIVERSE THROUGH EQUATION OF
STATE OF QUARK GLUON PLASMA

Hamid Farhan Ashour ALZAKI

Siileyman Demirel University
Graduate School of Natural and Applied Sciences
Department of Physics

Supervisor: Assist. Prof. Dr. Gaber FAISEL

In this thesis we study the evolution of thermodynamics parameters in an epoch of
the early universe. The universe in that epoch was filled by a fluid of quark gluon
plasma.The thermodynamics parameters we study are the energy density, pressure
density and entropy density. The time evolution of these parameters can be obtained
upon solving Friedmann differential equations of the energy density, of the general
relativity. In this thesis we provide analytic solutions for the Friedmann differential
equation in the framework of the bag models. In addition, we present the results of
the analytic solutions for pressure density and entropy density. Based on the analytic
solutions, we present the plot of the time evolutions of these thermodynamics parameters
and a discussion about their behavior will be provided. This will shed light on that
epoch of the early universe.

Keywords: Quark-gluon plasma, Friedmann differential equations, early universe.
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OZET
Doktora Tezi
ISBIRLIKCI GRI YONEYLEM ARASTIRMASI OYUNLARI
Hamid Farhan Ashour ALZAKI

Siileyman Demirel Universitesi
Fen Bilimleri Enstitiisii
Fizk Anabilim Dah

Damsman: Assist. Prof. Dr. Gaber FAISEL

Bu tezde bazi termodinamik parametrelerin evrenin erken bir doneminde degisimleri
incelenmistir. Bahsi edilen donemde evren kuvark-gluon plazmasi adi verilen sivi
formda bir maddeyle dolu idi. Calisilan termodinamik parametreler enerji yogunlugu,
basing yogunlugu ve entropi yogunlugudur. Bu parametrelerin zamanla degisimleri,
Genel Gorelilik’in bir denklemi olan ve enerji yogunluguna bagl olarak yazilabilen
Friedmann diferansiyel denklemi analitik olarak ¢oziilerek elde edilebilmektdir. Bu
tez calismasinda Friedmann denklemine bag model yaklasimi ¢ercevesinde analitik
cOziimler elde dilmistir. Ayrica, basing yogunlugu ve entropi yogunlugu i¢in analitik
cOziimler sunulmustur. Analitik ¢oziimler temel alinarak ilgili termodinamik parame-
trelerin zamana baglh degisimlerini gosteren grafikler ve davranislari tizerine tartigmalar
sunulmugtur. Bu tartismalarin evrenin o erken evresine 151k tutacagini diisiinmekteyiz.

Anahtar Kelimeler: kuvark-gluon plazmasi, Friedmann diferansiyel denklemi, erken
evresi.
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1. INTRODUCTION

Hadrons are composed of quarks and can interact through strong nuclear force. Hadrons
can be classified into baryons and mesons. Baryons are made of three quarks or three
anti-quarks while mesons consist of quark and anti-quark. Protons and neutrons are
examples of baryons. Gluons are massless particles that mediate the strong nuclear
interaction (force) between quarks or in other words gluons are the mediator of the
strong nuclear interaction between quarks (Markum et al., 1985). Protons and neutrons
combine together to form the nucleus of an atom. Thomsen, Rutherford and Chadwick
found, experimentally, that atoms contain nucleus and electrons orbiting. Later, many
other particles such as muons, neutrinos and hadrons were observed. A variety of
precision measurements were made since the 1960s to investigate the internal structures
of protons and neutrons (Lipkin, 1973). In 1964, the quark model was first presented by
Murray Gilman and Zweig, independently. According to the quark model, hadrons are
combinations of quarks or anti-quarks or both of them together (Griffiths, 2008). The
quark model is a successful model as it is verified experimentally up to date.

The main forces (interactions) governing our universe are gravity, electromagnetic,
the weak and strong nuclear forces. The strong nuclear force is responsible for the
confinement of quarks and gluons forming the hadrons and also the confinement of
protons and neutrons in the nucleus of the atom and thus, is the dominant force at the
nucleus scale. For instances, the main forces can be scaled as: gravitational force is
~ 1073, the weak interaction is ~ 1 /137 and the strong interaction is ~ 1 (Busza et al.,
2018). At low energies, the strong nuclear interaction is really strong. This can be the
reason that the observation of free quarks is difficult. However, at sufficient large values
of energy, the strong nuclear force becomes loose enough to create a state consists of
free quarks and gluons. This state is known as Quark Gluon Plasma (QGP).

Quantum chromodynamics (QCD) is widely accepted theory describing the strong
nuclear interaction. Collins, QCD have asymptotic freedom i.e. the QCD coupling
constant decreases with the increasing of the momentum transfer ¢> (Collins and Perry,
1975; Yang, 2006). The QCD coupling constant controls the strength of the interactions
between quarks/gluons and also between quarks and gluons. Thus, at large momentum

transfer ¢°, which means high energies, the QCD coupling constant becomes small



enough to allow quarks and gluons to be free. This property of QCD leaded Perry
and others to firstly proposed the existence of QGP as a new form of matter at very
high temperatures and densities in the 1970s. QGP is also believed to exist as a phase
of the early universe after parts of a thousandth of a second following the Big Bang.
QGP played an important role in the achievement of hadronization process, a process
in which quarks and gluons are confined together to form hadrons, that leaded to the
formations of protons and neutrons essential for having atoms and thus matter forming
stars, planets and all material structures in our universe. Fig 1. shows the expansion of
the universe following the big bang.

The Big Bang is widely accepted theory to describe how our universe emerges and its
evolution with time. According to practical observations, it appears that the universe
began to form 13.7 billion years ago. Since then, the universe is believed to have gone
through three stages in its formation. One of these stages of the universe is the stage
happened after very short time estimated to be a 10 of a second following the Big
Bang. In this stage, the universe was so hot and was filled with QGP fluid. In the
next stage of universe, the protons and neutrons were formed due to the hadronization
process, and these formed nuclei that captured electrons to form hydrogen atoms. With
the formation of the electrically neutral hydrogen, the cosmic microwave background
radiation appeared, which we can measure today with our modern devices. After the
formation of hydrogen, it began to cluster into stars, galaxies and quasars, clusters of

galaxies and clusters of enormous galaxies.
1.1. Research Objective

The goal of the study in this thesis is to find analytic solutions for the Friedmann
differential equation that describes the time evolution of the energy density in the
beginning of the universe. In this study, we consider bag models as a framework to
derive the equations of state of QGP, which are required for searching for solutions for
the Friedmann differential equation. For some bag models, we will show that possible
analytic solutions can exist. Based on these solutions, we will show the time evolution
of the thermodynamic parameters in the early universe when it was field by a fluid of
QGP. These thermodynamic parameters include, energy density, pressure density and

entropy density.
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Figure 1.1. The Expansion of the universe(Perlmutter et al., 1998).

1.2. Thesis Organization

In chapter one we give a brief introduction related to quark gluon plasma.

In chapter two we briefly review the standard model, its ingredient relevant to the quark
gluon plasma.

Chapter three: contains a introduction to the equations of state of the Quark Gluon
Plasma in different models based on MIT bag model.

In chapter four we discuss cosmological model of the universe based on general relativity
and Einstein field equations and mathematical concepts related to it.

Chapter five: contains the analytic solutions for the Fried-mann differential equations
governing the variation of the energy density, the temperature and the pressure with time
in some models and the related analysis regarding these thermodynamic parameters.

Finally in chapter six we give the conclusion.



2. The Standard Model

The Standard Model (SM) is a model that describes in a unified formalism both the

weak and the electromagnetic forces. The particle content of the standard model is

shown in Figure 2.1.

Three generations of matter

(fermions)
| I m
=22 MeV/c? =1.28GeV/c? =173.1 GeV /c?

mass s 2/3 2/3 P —
charge  4/5 u /2 Cc 1/2 t
spin i ' i ' . '

- - _— - e —

= 4.7 MeV /c? =96 MeV/c? =4.18 GeV/c®

-1/3 -1/3 -1/3

v d s b

LEPTONS

neutrino

Interactions/force carriers

(bosons)

GAUGE BOSONS
VECTOR BOSONS

124.97 GeV/c?

H

higgs

Figure 2.1. The Standard model (Rolnick and Huston, 1994).

The particles are characterized by their spin, their mass, and their quantum numbers

(charges) that determine their interactions. The fermionic content of the SM (spin =

1/2 particles) is organized in three family with identical quantum numbers and different

masses. Table 2.1 introduces a detail of the quarks and leptons.

Table 2.1. Quarks and Leptons

Quarks Leptons
Flavour | Mass (GeV /c?) | Charge | Flavour | Mass (GeV /c?) | Charge
u 0.002 2e/3 Ve <8x107° 0
d 0.004 -e/3 e 5.110x 10~* -
¢ 1.2 2¢/3 vy <2.7x107* 0
S 0.120 -e/3 u 0.1057 -e
t 173 2e/3 Vi < 0.035 0
b 4.2 -e/3 T 1.777 -e




Table 2.2. Quark quantum numbers

| Quark quantum numbers | up | down | charm | strange | top | bottom |
I3—3-component of isospin | 1/2 | —1/2 0 0 0 0
S - strangeness 0 0 0 -1 0 0
C - charm 0 0 1 0 0 0
B—bottomness 0 0 0 0 0 -1
T —topness 0 0 0 0 1 0
2.1. Quarks

Quarks are charged particles. They were proposed to explain the structure of
hadrons. Quarks are classified into six quarks (Collins, 1975); up (u), down (d),
charm (c),strange (s), top (t) and bottom (b). Their masses ranges from few MeV to
173 GeV as shown in Table 2.1. All quarks have electric charges, the quarks u, c
and t have charge —%e and the quarks d, s and b have charge —%e. Each quark is said
to represent a separate flavour (Markum et al., 1985). Particles made up of quarks
are called Hadrons. Hadrons with spin integer are called mesons and those with spin
half-integer are called baryons. The proton and the neutron are example of baryons.
Each of them made up of three quark. |p >= |uud >, |n >= |udd >. Fig.2.2 provides

the structure of proton.

0:0-0- %

- —_—

Figure 2.2. proton charge (Enstrom, 1998).

Generally, the quark family consists of six types, with different flavors, all of which carry
a colored charge and an electric charge. Despite extensive searches in many experiments,
no free quark was detected. It is therefore believed that quarks are confined within
the hadrons, and that the potential of the strong force between quarks increases as the
distance increases. It needs a high amount of energy to separate two quarks from each

other. Thus, the hadrons are neutral-colored particles. Therefore, the quarks that make

5



up the hadrons must contain a mixture of color that makes the particle "colorless." For

example, three possible colour configurations to form colorless spin zero pion.

u,dr >
‘ nt>= ubd_,; >

where r, b.g refer to red, blue and green colors respectively.

2.2. Gluons

Gluons transmit the strong nuclear force between quarks or between themselves. Gluon
is one of the gauge bosons such as photon, graviton and W7, Z bosons (Dicus et al.,
1987). The gluon is a spin-1 particle with no mass. The effective range of the force is
of the order of 1015 m (Lehnert, 2013; Gilani, 2004). Gluons carry both colour and

anticolour charges. Below are possible colour combinations of colorless gluons

* Red anti-red r7, red anti-blue rb, red anti-green rg

« Green anti-red g7,green anti-green gg,green anti-blue gb

* Blue anti-red br,blue anti-green bg,blue anti-blue bb

Since the gluons themselves carry colors they can interact with each other (Pickering
and Cushing, 1986). This is the main difference between strong interaction and
electromagnetic interaction, gluons can be released and absorbed, created and
annihilated, when a strong interaction is involved in a process. Since quarks make up
hadrons such as the proton and the neutron, gluons mediates the force that keep the
proton and the neutron together. The strong nuclear force that makes the nucleons
in a nucleus bind together. One result of the features of the strong interaction is
that when the quarks are near each other, the strength of the strong force decreases.

This feature is the asymptotic freedom at small distances between quarks (Bethke, 2002).

The strong running coupling constant ¢ gives a measure of the strength of the strong

nuclear interaction. The interactions of quarks and gluons through the strong interaction



are described by QCD theory (Shirkov and Solovtsov, 1997). QCD has complex field
equations which make it difficult to perform accurate calculations. Instead of that, it
may be necessary to use perturbative ways. Perturbative ways rely on expressing the
required calculations as a power chain for the expansion parameter. This parameter
must be selected in such a way that the higher order terms in the expansion are too small
that they can be neglected (Jain and Munczek, 1991; Wang et al., 2002). Expansion

parameter is given as

o (%) = — 2.1)

(33-2N))n (%)

Where, Ny denotes number of quark flavours, A is a scaling parameter while Q stands

for the momentum transfer. From this, it can be easily seen that how oy decreases
when the momentum transfer is increased. This corresponds to a decrease in alpha
when the distance from a quark decreases which, implies asymptotic freedom and color

confinement.

2.3. Quantum Chromo-dynamics

QCD is a type of quantum field theory, it is called also quantum-mechanical gauge
theory of the strong nuclear interaction. It was formulated in the 1960s and 1970s,
in similarity with quantum electrodynamics (Pascual and Tarrach, 1984). QCD is a
kind of quantum field theory based on a non-abelian gauge theory, with symmetry
group SU(3) where the QCD analog of electric charge, in the familiar electromagnetic

interaction, is a property called color. There are two strange properties in QCD which are

» Asymptotic freedom: if the energy of the reaction between quarks and gluons
increases, a steady decrease in the strength of the interaction occurs (Bethke,
2007). This prediction of QCD was first discovered in the early 1970s by Hugh
David Poltizer, Frank Wilkesk and David Gross, for which they received the
Nobel Prize in Physics in 2004.

* Confinement, which says that the strong nuclear force between quarks increases
as the quarks move away from each other. Because of this, one needs infinite
energy to separate two quarks away from each other. As a consequence the quarks

remain together in the form of hadrons, protons or neutrons, for example.



Although QCD has not been proven analytically, many scientists believe that this
theory is correct, because it has been able to determine the cause of the constant
failure to search for free quarks (Johnson, 1979).
The underlying principle of the Lagrangian of QCD is the requirement of invariance
under the local rotation in the colors space. As it is known, the complex rotations of
an arbitrary vector in three-dimensional space are described by unitary 3 x 3 matrices
of unit determinant which formes symmetry group of the gauge transformation SU (3).
The generators can be taken to be eight linearly zero trace independent hermitian 3 x 3
matrices. The general Hermitian matrix A;, that can be parameterized with eight real
numbers a, b, ...... his:
a c—id e—if
c+id b g—ih (2.2)
et+if g+h —a—>b
They correspond to the eight Gell-Mann matrices (Carozzi et al., 2000), and are
symbolized by A;,i = 1,2,....8. These matrices achieve the commutative relations
[Aa, Ap] = 2ifupcAe With fipe, the SU(3)c structure constants, that are real and com-
pletely antisymmetric under interchange of any pair of indices. The derivation of the
Lagrangian of QCD method is based on modifying the Lagrangian of the quantum
electrodynamics (QED) to suit the strong interaction’s gauge invariance (Miiller, 1992).

The Lagrangian of QED is given by
. . _ 1
Loep = iy (du +ieAy) y —myry — ZF“VFHV (2.3)

where A is the field of the electromagnetic vector,and F*V = d, Ay — dyAy is a tensor

of the electromagnetic field force.

The color property implies that a quark’s wave function has three color space compo-
nents ¥ = (Y, Yg, ¥p,). A transformation of a color gauge y — Uy is defined by a
unitary matrix U (3 x 3) with detU = 1, can indeed be given as an imaginary exponen-
tial of a hermitian matrix L. The linear combinations of all traceless Hermitian of the

eight matrixes (Gell-Mann, 2010) are as described above

1 8
L= 3 a; 0,1, (2.4)



ardo] = 2ifunche and Va2l = 5 0+ 2dance 2.5)

The eight generators in the Lie Group SU(3) are called Gell-Mann matrixes, or %la to
be more precise. The real parameter 6, must differ in space to make the rotation U is

dependent on space, 6, = 6,(x). It is leading to
= exp [ Z 6 ( ] (2.6)

Therefore, y — U (x)y and
QU)W =Uduy+ (duU) y =U [duy+U* (duU) y] 2.7)

Because Ud, v is on the right side, a color potential needs to be added, similarity of the
electromagnetic potential Ay, in QED. This potential can be denoted as A p and can be

expressed as
1 8
4 P Z (2.8)

The changes Zu (x) in the color rotation are given by

~ ~ 1
Ay = UALU —i=U* (9uU) (2.9)
8

In the Dirac equation, the potential can be then chosen so that the total derivative is
invariant under this gauge transformation. This can be done through replacing the
derivative with the covariant derivative D, = dy, — <8u —igA “>.

The next step consists of adding a kinetic term to Lagrangian, similar to the correspond-
ing one in QED, —%F #VF,v. Here the field strength tensor F};, has to be improved in
order to maintain the theory gauge invariant. Because there are no interactions between
two photons, QED is an abelian gauge theory. However, QCD is a local theory of
non-abelian SU(3) where there are interactions between gluons, the generators are

non-commutative. This leads to a change in the field strength tensor

Fily = uAS — 0yA% + g funcALAS, (2.10)

And this description makes it invariant under transformation of the local color gage

Fuy — U*F,yU. Thus, the QCD Lagrangian can be expressed as
Locp = iy (a . ngu> W my — ZngF“V 2.11)
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Finally, the general Hermitian matrix Gell-Mann matrixes A; introduced above, can be

parameterized as

010 0 —i 0 1 0 0
M=]100 ML=]i 0 0| =0 -1 0 (2.12)
000 0 0 0 0 0 0
00 1 00 —i 00 0
M=]1000]| =] 00 0 =100 1 (2.13)
1 00 i 00 010
00 0 10 0
M=]100 —i ?Lg:% 01 0 (2.14)
0 i 0 00 —2

As mentioned before, they satisfy the commutative relations [A;, Ap] = 2ifpcAc. The
SU (3)¢ structure constant f;. has real values and it is antisymmetric under interchange

of any pair of indices. The non-vanishing values of f,,. are

1
fizs =1, fass = fors = V3/2, fia1 = fies = fras = fas71 = fra5 = f376 = 3 (2.15)
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3. EQUATION OF STATE OF QUARK GLUON PLASMA

In general, equations of state are thermodynamic equations that relate mathematically
two or more state functions describing a characteristic of the matter. These equations,
can describe characteristics of solids, fluids and mixtures of fluids. For example, the
state functions can be the pressure, temperature, volume or internal energy (Borsanyi et
al., 2014). One of the earliest state equations is that of the ideal gas, that is essentially
accurate for low-pressure and moderate temperatures of gases. Yet at higher pressures
and lower temperatures this equation is increasingly unreliable, and fails to expect
condensation from a gas to liquid. Hence a number of much more reliable state
equations for gases and liquids were already developed. Currently, there is no single
equation of state which provides optimality the properties of all materials within all
conditions. Besides predicting the behavior of gases and liquids, there are also equation
of state for predicting solid volumes, including the transformation of solids from one
crystalline state to another. There are equations of state, which model the interior of
stars. A similar term is the ideal liquid-state equation used in cosmology. The laws that
expressed the equations of state include
* Boyle’s Law in 1662, Boyle observed that the volume of gas is inversely propor-
tional to pressure. This can be described in mathematical form as PV = constant
* Charles’s law in 1787, the French physicist Jacques Charles observed that over the
same 80 kelvin interval oxygen, nitrogen, hydrogen, carbon dioxide and air were
expanding to the same degree. Joseph Louis Gay-Lussac later published results

of similar experiments in 1802 which suggested a linear relationship between

Ww_»n
no

volume and temperature
 Dalton’s law of partial pressure in 1801, the pressure P of a gas mixture is equal
to the total of the pressure of all the component gases. This can be expressed
mathematically for n species as Pyy;q = PL + P>+ P34 ... + P,.
* The ideal gas law in 1834, Emile Clapeyron put Boyle’s law together with Charles’
law in the ideal gas law that formulated as PV = R(T +273.15) where P,T and V
are pressure, temperature and volume, respectively, R is gas constant.

Our knowledge of the equation of state of quark gluon plasma has been constantly in-

creased because of the experimental results from heavy ion collision, modern astrophysi-
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cal measurements and also because of the progress in lattice quantum chromo-dynamics
calculations (a quantum field theory in which the strong interaction is described in terms
of interaction between quarks mediated by gluon exchange, both quarks and gluons).
New results on the equations of state of quark gluon plasma encourage researchers to

investigate the early universe when it was in quark gluon plasma state.
3.1. Fermi-Dirac Distribution

Fermions follow the Paulis exclusion principle. Thus no more than one particle can
occupy the same energy state. It means that the number of particles n; is not allowed
to exceed the number of states g; in the ith group. The group of g; states can be split
into two individual subgroups. The first subgroup is n; of the states that contain one
particle. The other subgroup then becomes g; — n; and must not contain particles. As

a consequence, the number of the different ways that the states can be split can is given as

gi!

ni!(gi—n,-)! (3.1)

which represents the contribution to the number of microstates obtained from the ith
group. Hence, one can find the total number of microstates which corresponds to an

allowed distribution,n;, as

w000 =T =t 2

It should be noted that, the macrostate conditions imply that

and

Y nigi=U (3.4)

where U is the energy. Using the Stirlings approximation to simplify Inzpr, one finds

that

Intpp =Y {gilngi—nilnn; — (g; —n;) In(g; —n;)} (3.5)
;
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In order to maximize Intpr, one can use the Lagrange method. Thus, for the maximum

condition

d(Inf) + ad(N) + Bd(U) = 0 (3.6)

where o and f3 are a multiplier for the number condition and for the energy condition
respectively. The parameter o can be determined from the number of particles N. It
can be regarded as a potential for particle number and can be given as o = kbLT where U
is the chemical potential and 7 is the temperature. On the other hand, the parameter
B can be determined by ensuring that the distribution describes an assembly with the
correct energy U. It can be thought as potential for energy and is given by f = —kbLT.

Upon substitution of Int = In7rp and the expressions of N and U given in Eq.3.3 and

Eq.3.4 and performing differentiation, we get the following equation

Y {In[(gi—ni) /ni]+ o+ Be}dni =0 (3.7)

l

The above equation indicates that for each i we have
In[(gi—n;) /ni] +o+ P& =0 (3.8)
the preceding equation can be rewritten as
ni=gi/lexp(—a—pB&)+1] (3.9)
This can be expressed as a distribution function
frp(€) =ni/gi=1/[exp(—a — Be)+1] (3.10)

which represent the Fermi Dirac distribution function.
3.2. Bose Einstein Distribution

Regarding bosons, any number of them is allowed to occupy any one particle state.
Thus, in the ith group we have g; states occupied by n; identical particles without any
restrictions on the occupation number. A common microstate can be expressed in terms
of g; — 1 lines and n; crosses. The lines stands for the divisions between the states, g;.
On the other hand, the crosses denote an occupying particle. Then, the number of ways

in which (n; + g; — 1) symbols can be arranged into n; cross and (g; — 1) lines is given
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(gi—i—ni—l)!

oy p—Y 3.11)

Since we deal with large numbers of g; states, one can drop the term —1 in both the
numerator and denominator and thus, the number of microscopic states for a given

allowed distribution of bosons is approximated as

. )1
1o () = [T 5! (3.12)

i I’l,'!g,'!

Proceeding as in the case of fermion above, we get
Intpe =Y {(gi+ni)In(gi+n) —nilnn; — g;Ing;} (3.13)
i

and hence, after using the Lagrange method to maximize Intgg and after differentiation

we obtain

Z{ln[(gi+ni) /nil+o+Begtdn; =0 (3.14)

l

which indicates that In[(gi+n) /ni] + o+ Bei =0 (3.15)

The above equation can be rewritten as
ni =gi/lexp(—a—pe)—1] (3.16)
and finally
fBe(€) =ni/gi=1/[exp(—a — Be) — 1] (3.17)

The previous equation represents the Bose-Einstein distribution function.
3.3. MIT Bag Model

The MIT Bag Model is the most widely used model that express the equations of state
of the QGP in the framework of bag models. It is simple model that was developed
in 1974 at the Massachusetts Institute of Technology in Cambridge and it attracted
the attention of researchers in the field of hadron physics (Sladek et al., 1974). In the
bag models, quarks are allowed to move freely inside a bag that is subjected to a fixed

external pressure to equal the internal pressure and thus keeps the bag stable (Johnson
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et al., 1975).

The MIT bag model rely on several assumptions that can be summarized in the following.
Firstly, quarks can not leave the bag. Secondly, outside the bag there is no quarks can be
found. Thirdly, quarks masses are neglected. The internal pressure acting on the surface
of the bag is balanced by the effect of an external pressure denoted by B. It should be
noted that the internal pressure is due to the kinetic energy of the quarks inside the bag
while the external pressure is exerted by the vacuum on the surface of the bag. As a
consequence of the balance of these pressures, the energy momentum conservation at
the bag surface is guaranteed and the confinement results from this pressure balance.
Below, we derive the equations of state of the QGP in the MIT bag model based on
the assumptions discussed above for QGP containing only up and down quarks with
neglected interactions inside the plasma (Garcia et al., 2010). The degrees of freedom
of the gluons and quarks can be denoted as N ,N, respectively. They can be calculated

as follows:

N,=2x8=16 (3.18)

where 2 accounts for the number of polarizations of each gluon and 8 to account for its

allowed colors.

N,=2x3x2=12 (3.19)

where 2 accounts for the number of quarks that we have and 3 to account for allowed
colors for each quark and finally 2 for quark spin. We proceed now to calculate the
energy densities of the quarks and anti-quarks in the quark-gluon plasma. there will be
little more quarks than anti-quarks generally in the QGP created from normal atomic
nuclei. The energy densities for a quark and an anti-quark can be calculated in terms of

the temperature via

Eo /d3k k
T ) @m)d elsmiT 4
d*k k
E; = 3.20
1 / (27)3 [elk+31)/T 4 1 5:20)

where the chemical potential y accounts for the amount of energy needed to add other
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quark to the plasma at zero temperature. Evaluating the integrations,one gets

77.[2 2 4

) H
E,+E; = —T*+2T
gt Eq 120 +36 +6487r2

(3.21)

Turning now to the gluons, the energy density is given by

d’k k nT*
Eg_/ (2m)3 (KT —1) 30 (5-22)

Denoting the total energy density of the QGP by € and the total pressure of the QGP as
p, on finds that

Ey
e = B+—=
+V
1 E;
= —B+-—— 3.23
p +3V (3.23)

In the above equation Ej is the total internal energy that originate from the kinetic
energies of both quarks and gluons inside the bag. Hence, one finds that
Ex = (16E;+12(Eq+Eg))V (3.24)

Consequently, we find that

€ = B+16E,+12(Eq+E;)

1
p = Bty (16Eg + 12(Eq—|—Eq)) . (3.25)

For the case of a baryon-number symmetric quark-gluon plasma the chemical potential

vanishes and hence we finally obtain

3772,
- 27
€ 0 +B
37n?
p = 9—gT4—B. (3.26)



One can estimate the order of the transition temperature from QGP phase to hadron
phase. This temperature is denoted by 7; and is referred as critical temperature. The
hadronic phase is composed of massless charged and neutral pions that has equations of

state given as

¢ 3, g (3.27)
— 29 '
2
T
p= Nf%T4 (3.28)

where as before the energy density is denoted by € and the pressure is p and Ny = 3 is
the internal degrees of freedom of the pions. From equating the equations of pressure in
the two thermodynamics systems, the Hadron phase and the quark gluon plasma phase

we can write
Tn?

3Pps 165 4y ou % e _p (3.29)
90 ¢ 90 ¢ 720°¢ '

which leads to

45B | 1
T.=(—==)* 3.30
= 17 7r2> (3:30)
Finally, the entropy density S can be found using the following relation
E+p
S= 3.31
T (3.3D)

3.3.1. Energy density and pressure of QGP case made of only quarks

Based on quantum mechanics, the average number of particles per cell, in case of
fermions such as quarks, can be expressed as

8

here E is the particle energy, k is the usual Boltzmann constant, T is the temperature,
u is the chemical potential. In the above equation, g denotes the number of different
quantum states that the particle may have within the cell. For particle with momenta lie

between p and p + dp in one cubic centimeter, the number density can be expressed as

g 4mp?
e(E—1)/KT 1 1 p3

n(p)dp = dp (3.33)
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where 4 is the Planck constant and the volume of elementary cell in a phase space is
given by /i’ = AxAyAzApApyAp,. The particle energy E is related to its momentum p
through the relation

E? = (pc)? + (mc?)’ (3.34)
Where m is the mass of the particle. In the limit of massless fermions, £ = pc and

hence Eq.3.33 turns to be

B g 47rp2
In natural units we have 7 = ¢ = k = 1, and thus Eq.3.35 simplifies to
4 2
8 P (3.36)

n(p)dp =~ y (27[)3a’p
we can calculate the energy density of all particles in the unit volume as follows

€= /OME(p)n(p)dp (3.37)

since E = p,the above equation becomes
£ = /0 pn(p)dp (3.38)

from Eq.3.36 and by substituting in the above equation we get

oo 3
&g p’dp
€= 27:2/0 eP=)/T 41 539

where we set g = g,. In the fermion case we take 4 = 0 and by substituting in the above

equation we get

e — 8q [ _pdp
9 27172 0 ¢p/T 11
o0 3dz
=& f == [p/T =1
s Z
& = fO e H—e 2)

_qu4 © —z 1 Z ld
=>8q—2n20e 2 (14+e77) dz

T,
=——290,T 3.41
&y 3 3qu ( )

o8
=—"_oT 42

Thus, the entropy density S, in this case become
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£
_ 5t Py (3.43)

which finally is given by

784 273
T 44
S = 180" (3.44)

3.3.2. Energy density and pressure of QGP case made of only Gluons

In the boson case we take 4 = 0 and make the replacements g, <+ g, and +1 <+ —1 in

in Eq.3.39 to get

e — 85 [ _pdp
&F 27r2 0 or/T_]
3
—> €, = = ZZ dz T =Z
— & = 271:2 fO ez 1 ezZ
T4 1
— & = gzg? Joe i (1—e7%) dz
From the (Csernai, 1994; Boggs, 2019)the following equations were obtained
2
T 4
& = —g.T 3.46
g 30gg ( )
2
r 4
P, = 9OggT (3.47)
Thus, the entropy density in this case, S, can be written as
E
Sy = M (3.48)
T
which finally is given by
28¢ 2.3
Se = En T (3.49)

3.4. Model 1 and model 2

In model 1 and model 2, changes in the equation of state of QGP of the MIT bag model
has been introduced to describe the lattice QCD data. These modifications include a
reduction in the Stephan-Boltzmann constant and an introduction of another temperature

dependent term (linear or quadratic) in the pressure and also in the energy density and
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finally a bag constant term with negative sign. The equations of states are given as
(Begun et al., 2012)

o
P = ?IT“ AT —By,and € =8T"+B; (3.50)

from which we get the following relation:

81(t)—Bl 1

]

Bl

piler(n)] = 3ler (1) —4B1] — Al 3.51)

1

where 8] = 4.73, A = 3.94T2 and B; = —2.37T (Begun et al., 2012). For model 2 we
have (Pisarski, 2006)
pr= 2T CT Byand &= &T*—CT> + B, (3.52)

that gives the following relation

pz[Sz(l‘)] = % |:52 (82([) —432) —C[C-f— \/C2 +452(82(l) —Bz) (3.53)

where 8§, = 4.73, A = 3.94T7 and B, = —2.37T. (Begun et al., 2012).
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4. COSMOLOGICAL MODEL OF UNIVERSE

Einstein’s general theory of relativity widely improved our ideas and thoughts about the
space and time concepts (Alpher and Herman, 1948). Einstein field equations relate
the distribution of matter and energy within Universe to the geometry of the spacetime.
Cosmological models attempt to explain the reasons of the presence of the Universe
and to predict its evolution during time. Einstein introduced the equations that describe
a universe filled with matter based on his theory of general relativity. Einstein assumed
that the universe had to be static and introduced the cosmological constant, into the
field equations to fulfill this assumption. However, Willem de Sitter, Friedmann and
Lemaitre shortly after that obtained cosmological solutions to the field equations for the

case of non-static universes.

4.1. General Relativity And Gravitation

Albert Einstein worked on his theory of gravitation between 1907 and 1915. This
famous theory is known as General relativity and implies that the observed gravitational
effect between masses results from their warping of space time. Due to the remark
that the Einstein field equations are nonlinear, solutions for these equations are hard
to be obtained. To overcome this difficulty, Einstein used approximation methods to
get predictions of the General relativity. However, in mid 1916, Karl Schwarzschild
successfully obtained the first non-trivial exact solution to the Einstein field equations
(Batista et al., 2012; Ashtekar et al., 2015; Liddle and Lyth, 2000).

Space-time in the light of general relativity is not flat Minkowski space of special
relativity but rather is a curved space-time and can be modelled using a mathematical
structure named as the apseudo-Riemannian manifold. Clearly, the general relativity is
an extension of the special relativity to include curved space-time. Mass and momentum
flux bend space-time in a way portrayed by the tensor field conditions of Einstein
(Pavsic, 2006; Foster and Nightingale, 2010). The Newtonian picture considers gravity
as one of the main forces in the universe that helps to accelerate particles in Euclidean
space while time is absolute. On the other hand and in the perspective of the general

relativity, there is no gravitational force.
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4.2. The Tensor

Tensors are the natural and logical generalization of vectors, as vectors are important
and necessary for a large number of mathematical studies of physical phenomena. There
are many applications of tensors in different branches of mathematics, for instances in
mechanics, and fluids (Heinbockel, 2001; Carroll, 1997; Sergeev, 1984). Let a space
Vn in N of the dimensions, take a set of axes in this space as follows

x!' x2 x3,...xV, shortly X', 1 < i< N. Take another set of axes in the same space Vy,

letit be X%, 1 < o < N. It is clear that

X =x(X!,x2,X3,....,XN) 1<i<N (4.1)

Xe=x*x'x2x3..xX") 1<a<N (4.2)

We can now express the cartesian axes in terms of spherical axes and vice versa in a
three dimensional space. Let (X,Y,Z) be the cartesian coordinates and (r, 0, ¢) are the

spherical coordinates. Then, we find that

x! = X =rsinOcos@
X? = Y =rsinBsing (4.3)

X3 = Z=rcos@

And

ro= VX?+Y?+27?

VX24Y2
o — tan ' YT (4.4)
Z
Y
~1
=t —
() an X
When we differentiate the equations, we get
. dX! X' oX' _ X'
dX'= 2o X' S X 4.5
axTx +oxaX Tt X Zaxa ()
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and

_ N oxe .
dX% = —dX’ (4.6)
L ox

Density, pressure, temperature are scalar quantities whose specification in any coordi-
nate system requires only knowing their magnitudes. On the other hand, vectors have
directions and hence to specify them we need to describe their magnitudes and their
directions. Both scalers and vectors are particular cases of a more general object called

a tensor. The tensor BY is a second rank tensor. It transforms as

B/=—"-"B 4.7

Where, B are called components of covariant tensor. According to the rule of transfor-

mation, covariant tensor
4 dxk dx!
B

i = 5 977 ok (4.8)

The components of mixed tensor B, according to the rule of transformation are repre-

sented as follows

;oF ax

4.3. The Einstein Field Equations

Einstein field equations are considered as the basic field equations in general relativity

and are given as (Einstein and Davis, 2013).

1
Guv :R‘u'v_iRguv — _KTIJV (4.10)

The left side of the equation, Gy, represent space-time geometry, T,y express the
matter and energy distribution and k: is the Einstein constant. Since, y,v =0,1,2,3:
so the above equation represent a set of 16 equations. In the above equation we have
R: curvature scalar

Ry v: curvature tensor.

guv: metric tensor that we use it to build the space time fabric and can be consider the
gravitational potential in the space time fabric.

T, v: energy momentum tensor, it expresses the energy matter at each of the points of
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space time fabric that cause the curvature in this fabric.
4.4. The Energy Momentum Tensor

The energy momentum tensor is a second rank tensor that characterizes the flow and
distribution of momentum and energy in an area of space time. It is specified by
sixteen components. Only 10 of them are independents because the energy momentum
tensor is symmetric. As mentioned earlier, it is usually symbolized as Ty. The
components of the energy momentum are measured in units of energy density (Jm>)
in the International System of Units while, in natural units they are measured in GeV*
units. In matrix form we have
700 701 702 703
701 il 12 713
Tuv = 702 12 722 23 “4.11)
703 13 723 33
Below we describe each component of the energy momentum tensor (Diaz, 2010)
o T9 is the local energy density.
o T = 79 s the average of stream of the energy per unit area divided by the speed
of light, C, at right angles to the i-direction where [i = 1,2,3].
o T = TJijs the average of stream of the i-component of momentum per unit area
at right angles to the j-direction where [i&j = 1,2,3].
In our case study, we consider Quark Gluon plasma as an ideal fluid and therefore the
treatment of its energy momentum tensor is the same as that of an ideal fluid. The QGP
is characterized by mass density p, a four-velocity u, and pressure p that works equally
in all directions at a point. In an event with the metric tensor gy, the components of

the energy momentum tensor are given by
_ p
Or we can write it as
Tuv:(8+p)uu”v—p8uv (4.13)

where the speed light C = 1 in natural unit and € is the energy density. At any space

time event, and if we are limited to using only locally inertial frames with cartesian
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coordinates, the metric tensor can be taken as the Minkowski metric (Sundermeyer,
1982; Lambourne, 2010). Thus, the components of the energy momentum tensor will

be given as
Tuv = (€+ p)uyty — pNuv (4.14)

in a frame where uy, = (1,0,0,0) we finally get

0

T O O O

0
0
p
0

S O O M
o o T

4.5. Ricci Tensor

The Riemann curvature tensor denoted as RZ gy can determine whether the space is flat
or curved, If Riemann tensor vanishes at all points in a space then the space is flat. The
Ricci tensor Ry can be obtained from contracting the first and last indices in Riemann

tensor that it is to say
— 1
Rop = ;Raﬁy (4.16)

The Ricci scalar R, that appears in the Einstein field equation, is obtained through
further contracting of the indices on the Ricci tensor

R=Y ¢%R,p (4.17)

o.p

Ricci tensor describes the curvature of the space, it is symmetric i.e. Ry = Rgq. It has
four indices, each of them takes four values. So it has 4* = 256 components. However,
there are only 20 independent components in four-dimensional space-time due to the
symmetry. In general, in an n-dimensional Riemannian space, the Riemann tensor R jk

is defined as
ortik Ttij
oxJ dxk

Rlijk = +Y Tk Timj— Y T T mk (4.18)
m m

Where the quantities I Jjk, are connection coefficients. These connection coefficients
are important to help to perform the differentiation in curved space. They can be defined

from the differentiation of the basis vectors é of the space (Alsing et al., 2011) as
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0é; :
J 1A
PN :Zrl]ke,‘ (4.19)
l
The above equation shows that I'" jk is merely indicating the component of the rate of
change of the basis vector &; regarding changes in the coordinate x* in the direction of
basis vector é;. The connection coefficient has a direct relation to the metric tensor gy

through the relation below

i U (08 98 9gjk
Fk= 2;5’ ( dx/ * oxk  oJxt (4.20)

where the dual metric tensor g'/ is the matrix inverse of g;; satisfying
Y g%er; =0 (4.21)
x

with6j’::lfori:jandSJ’::Oforiyéj.

The metric tensor components (gy) are pure numbers quantities, showing that the
connection coefficients I jk can be expressed in units of m~!, while the Ricci tensor
(Ryv) and the curvature scalar R can both be expressed in units of m~2. Upon recalling
the appropriate units of 7y, it is easy to show that 83—46 has the right units to be

the Einstein constant k and the components of the energy momentum tensor can be

expressed in units of Jm 3.
4.6. The Space-Time Of General Relativity

In Newtonian mechanics and in special relativity, the forces result in an accelerated
motion. Newtonian gravity is an example of such force but, general relativity varies
greatly in dealing with gravity. In this theory, gravity is identified with curves of
space-time itself. The accelerated motion under the action of gravity is replaced by free
motion in warped space-time. The world-lines of free particles are geodesics of this
space-time and for a small spot of space-time, its geometry is still Minkowskian. The
line element ds?, the infinitesimal generalization of the space-time separation of two

points, in Minkowski space-time can be expressed as

ds* = di* — dx* — dy* —dz® (4.22)
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When referring to this points (¢,x,y,z) in Minkowski space-time, we can write it in

the form x* = (x,x!,x?,x*). The former equations can be written in terms of the

Minkowski metric tensor with signature (—, 4,4+, +)

-1 0 0 0

0 1 00
Nuv =

0 0120

0 0 0 1

ds? = —c?d? + do® 4+ dy? +dz* = nyydetdx”

and in Minkowski metric with signature (+,—,—, —), we find that
1 0 0 O
0O -1 0 O
Nuv =
0O 0 -1 O
0O 0 0 -1

Nuv = diag.(1,—1,—1,—1) and so we get

3
ds® = Z Nuy dx! dx”
10

ds* = 2di* —dx® — dy2 —dz? = *dr?

where

2
a2 =" L gr—ap (1

c2dt?

dx? +dy?* + dz?
c? a

2 AP +dy’+d?
B dr?

dt =dt\/1— 2

In the spherical coordinate system we have

ds® = dt* —dr* — r* d0* — ¥ sin*0 d 9>

In Minkowski space-time the point

= (xo’x17x27x3) = (t,r, 9,(]))
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(4.26)
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(4.28)

(4.29)
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The Minkowski Space-time metric tensor’s coefficients 1,y are constant, which shows
that the Minkowski space-time of the special relativity is flat.

The coefficient of the metric tensor are functions of the coordinates in curved time
of space in Riemannian space. Therefore in curved space, in order to compute a line
element ds?, the metric tensor NMuv must be replaced by the general metric tensor g,y
which has coefficients as coordinate function. Thus we have

3
ds =Y guydxdx’ (4.33)
u,v=0

4.7. Robertson-Walker geometry of space.

In spite of there are lots of various structures in the universe, all astronomical obser-
vations tell us that, the Universe is homogeneous and hence appears isotropic in all
locations. This is frequently referred as the cosmological principle.

In 1935, Arthur Walker of the University of Liverpool and Howard Robertson of the
California Institute of Technology showed independently that there is a one space time
metric describing all relativistic models that are homogeneous and isotropic which is
named as Robertson Walker metric. The cosmic space-time element is given as (Cai
and Kim, 2005; Frieman et al., 1990)

3
ds* = c*(dt)*— Y guvdxtdx’ (4.34)
u,v=0

1,x2and x> are position coordinates, and the metric

where t symbolize cosmic time, x
coefficients g,y are functions of t,x',x% and x*>. We can combine this requirement
into the metric by pressing that the cosmic time enters the metric coefficients g,y just
through a scaling function a?(t). We can write
3
ds* =c*(dt)* —a*(t) Y huvdx"dx"; hyy = guy (4.35)
1,v=0

In terms of co-moving coordinates r, 6 and ¢ we find that

dr?

2 4.2 2
ds*=dt”—a (t) m

+1r2(d6? 4 sin*0d$?) (4.36)

where K is the cosmology constant that describes the geometry of the spatial part of
space time. According to its values, we have closed universe if k= 1, flat universe if

k= 0 and open universes if K = -1. It should be noted that a(t) is scale factor that gives
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the information about distance ratios at different times. When a(t) increases with time,
the fundamental observers become more widely separated with time. As a consequence,
the galaxies containing those fundamental observers get further apart indicating that the

universe is expanding. The Robertson-Walker metric tensor g,y is given as

1 0 0 0

0 0 0

Suv = 1-kr (4.37)
0 0 da*(tt) O
0 0 0 a*t)

4.8. The Hubble Law And The Expansion Of The Universe

In 1922, astronomer Edwin Hubble analyzed the light of galaxies using the observations
recorded in the massive Mount Wilson Observatory. The observatory was the largest
optical astronomical one at that time, By analyzing the spectrum of the observed
galaxies, he concluded that their spectrum deviates towards red. It means that these
galaxies move away from each other. This is because, if these galaxies are approaching
to us or to each other, their spectrum will deviate towards the blue or violet. Hubble
deduced that the speed of the galaxy relative to its distance from us in the universe is
55 km / s per million parsec. Parsec is equal to 3.26 light years, or about 17 km/s per
million light years. There is another unit, Mega Parsec, which is equal about 3 million
light years. This relationship is called the Hubble constant. This constant is one of
the most important numbers in cosmology because it is necessary to estimate the size
and age of the universe. This long awaited confirmation indicates the rate at which the
universe is expanding from the primitive big bang, which is quite opposite to Einstein’s
thought of a stable universe. The rate of the change of the proper distance d),, distance
between two fundamental observers or their galaxies, with respect to cosmic time define
the so-called the proper radial velocity v,. In terms of v, and d, the Hubble parameter

H(t) is given as
Hi) =2 (4.38)

H(t) can be defined from the scale factor a(z) as follows

1 daf(t)
a(t) dr

H=H(t)=

Il
Qe

(4.39)
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Positive values of v, indicate that fundamental observers or their galaxies are moving
away from each others while negative values of v, indicating that they are coming

toward each others.
4.9. The Energy Density Of Universe

Universe consists of vacuum, matter and photons. Consequently, the total energy
density of the universe is the sum of energy densities of these three ingredients. It can

be expressed as

E(t) = &vac + Emarter + Erad (4.40)

The physicist Alexander Friedman in 1922 was able to prove that the universe is in
state of expansion through his equations which are named Friedman‘s equations which
later was supported by the observations of Hubble in 1928. These equations are a set of
equations in cosmology governing the expansion of the universe within the framework

of general theory of relativity. Friedman‘s famous equations are as follows

a 8tG

2 ’ K
H” S :T(pm+pR>_a_2+A7 (4.41)

When the universe expands the density of mater p,, and density of radiation pg
decreases pj, o< a% andpg o< a%. De-sitter solved the Friedman‘s equations with only

dark energy which showed that the universe exponentially accelerated

a 2
(_) A (4.42)
a

Thus the solution was as follows

a=ce’N (4.43)
It is called also De-sitter space, in the language of general relativity which is the
maximally symmetric vacuum solution of Einstein‘s field equations with a positive

cosmological constant (corresponding to a positive vacuum energy density and negative

pressure). From Eq.4.41 we can find the following equation

) K
H=—-4nG(p+¢€)+ — (4.44)
a
The energy momentum tensor is conserved and thus (Kirkby, 1971)
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£+3H(e+p)=0 (4.45)

The modern measurements indicated that the universe is flat and consequently K = 0.
So, from Eq.4.44 and Eq.4.45 we get
de &G

_3\/5(8+p): 3 dt (4.46)

With which we can find the temporal evolution of the energy density €.
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S. RESULTS AND DISCUSSION

This chapter summarizes our results for the variation of the energy density (g), the
temperature (7'), the entropy density and the pressure density in the era of an early
universe filed with QGP fluid. The results here are for several cases. A case where
QGP is made only of quarks, a case where QGP is made only of gluons and a third case
where QGP is made of both quarks and gluons together. In all these cases we consider
the MIT bag model as our framework for the equations of states of the QGP. We start
first by solving the corresponding differential equation to obtain analytic solutions. We
then graphically represent the analytic solutions showing the time variations of the
energy density (&), the temperature (7'), the entropy density and the pressure density. In
our analysis, we use the following initial conditions (Kalaydzhyan and Shuryak, 2015;

Sanches Jr et al., 2015):

&(t;) = 10’ MeV /fm’ at ;=10"s (5.1)

The time started at the electro-weak phase transition, #; = 10~ s, and ended at tr=

10~* s at which QCD phase transition was occurred.
5.1. Natural Units

In our analysis we use natural units. This unit system is preferable for easy calculations
in which the speed of sound in vacuum and the reduced planck constants are taken to
be unity.

The standard unit of length in particle physics is the femtometre, where 1 fm = 10" m
For instance, the radius of the proton is ~ 1.0 fm. Usually the cross sections in "barns
are determined. Barn in Nuclear Physics (barn, symbol b) is a very small unit area that
matches the nuclear level of an atom. It is used in nuclear physics and particle physics to
define the nuclear section of a nucleus and its probability of entering into a reaction with
a primary particle such as a proton, neutron, gamma ray, or others. Barn is also used to
define a primary particle collision segment together in dispersion experiments (Antchev
et al., 2013). 1» = 107 28. Energy is measured in GeV, where 1 GeV = 1.6 X 10-107.
We were used to the use of units measuring times in seconds and distances in metres.

The speed of light in such units takes the value close to 3 x 108 ms™!.
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Instead, we could have chosen to use time unit in seconds and distance in light seconds.
In such units, light speed takes the value c=1 light-second per second so that c can be
left out. Natural units adopting in particles, nuclear physics and astrophysics, where
h = 1,c =1 and the unit of energy is the GeV. Thus, the length, area, time, rate,
momentum and mass of all fundamental quantities can be expressed in terms of GeV
power (McWeeny, 1973; Bartlett, 1974). For any system the total energy €, momentum
p and mass m are related as follows by the relativistic formula
2

E* = (pc)2 + (mcz) (5.2)

Thus,€e, P andm have the same units in GeV. Length, time in GeV ! and area in GeV 2

Table 5.1 illustrates how different conventional units are related in the unit system of

nature
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5.2. Analytical solutions for the differential equations of the thermodynamic pa-

rameters of QGP in MIT Bag Model

In this subsection we present our results for obtaining analytical solutions for the

differential equations of the thermodynamic parameters of QGP in some versions of the

MIT Bag Model.

5.2.1. QGP case made of only Gluons

We start with the equations of the state of the energy density and pressure of a QGP

formed only of gluons which are given as

8
& = 13 n*T* + B,
8 o4
Pg = ETCT—B,

By differentiating both sides of the energy density equation we obtain

4 x 872713
degz%ﬂ

Adding the two equations in Eq.5.3, we get

32
€+ Dy = EnzT4

By substituting the above equation in the differential equation

de B 87ert
3v/e(e+pP) V3

and performing integration we get

t 8nG
/ :—/ S
Ty T /8ﬂ2T4+B to 3

Letx =T? = dx =2TdT. By substltutlng in the above equation, we get

1 V& / /87rG
\F 87t2 2+B to
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(5.4)

(5.5)

(5.6)

(5.7

(5.8)



V1S /,/ (5.9)
42r Vi x x2+153 0

YK 1 158
/ Ve where o = 25 (5.10)
42m J o x x2+a o ~ 8r

V15 o+ Vx2+a? 87G |
“tas ln|—| -5 (5.11)
X
o T VR o
T? VT +a?] K V15 871G
olot VIt el K an YIS 370 (5.12)
2o+ /T +a?] ¢ 4a/2m 3
2 /T4 2
TO [(X + T + o ] _ e%(l*lo) (513)

T2[a+ /T3 + a?]
T? T+ a2
oty Do+l ) (5.14)

T2la+ VT +a?
I o — T02 e—%(t—to)
arvira et Jmre o)
72— _12f‘gz (5.16)
T= ff‘gz (5.17)
2.0F ]
__1.5¢ .
> | i
o [ :
Q 1.0 ]
7 |
= 0.5¢ .
0.0} ‘ | | | .
1015 1016 1017 1018 1019 1020
t(GeV"1)

Figure 5.1. Temperature versus time of gluon in MIT bag model for QGP case made of
only Gluons.

This solution gives the evolution of the temperature in the time interval mentioned
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above. Working in natural units, we find that

& (1) = 10"MeV /fm> = 7.674 x 10(GeV)* ar 1; = 107° s = 1.52 x 1013 (GeV) ™!
(5.18)

In Fig. 5.1 we show the plot of the evolution of the temperature in the time interval where
universe was filled with QGP. From the figure, one can notice that, the temperature
was very high at the beginning of the time interval and then began to drop dramatically
during this period.

Using the expression of the temperature given in Eq.5.17, we can find the energy density,

pressure and entropy, respectively, as

8n% , 2aC
812 2aC
Pe=s (—1—02)2_ (5.20)
37 5. | 20C ;4
= 5.21
Ss=5" Wi (5:21)

In Fig. 5.2 we show the graphical representation of the variation of energy density with
time for the same case. By looking at the figure, one can notice that the energy density

was very high and then began to drop dramatically during this period

80F
___ 60}
3
O 401
] [
w20t
0'_‘ | | | ‘ — |
1015 1016 1017 1018 1019 1020

{{Gev™")

Figure 5.2. Energy density versus time of gluon in MIT bag model for QGP case made
of only Gluons.
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Fig. 5.3 presents our result for the graphical the time variation of the pressure. We also

note that the pressure was very high and then began to decrease during this period

25|

g

RN
o

of | | | | —
1015 1016 1017 1018 1019 1020
{{Gev™")

Figure 5.3. Pressure versus time of gluon in MIT bag model for QGP case made of only
Gluons.

Before we comment on the entropy density graph, let us give an idea of entropy. Entropy
is an important and essential term for understanding many of the phenomena around
us in the universe. Entropy is viewed through several sciences. Through statistical
mechanics, it is a measure of the amount of energy within any physical system in
which this energy cannot be used to produce work, which is the second law of the
thermodynamics. As for entropy from the perspective of physics, it is the automatic
change that occurs in the system, and it is known that the automatic changes tend to
generally be directed towards achieving a balance in the differences inherent within any
system, whether this system is physical or chemical, so that the differences are reduced
to the least possible amount; to bring the system to a state of equilibrium.

In Fig. 5.4 we show the graphical representation of the time evolution of entropy density,
We note that the entropy density was very high and then began to decrease during this
period of QGP.
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Figure 5.4. Entropy density versus time in MIT bag model for QGP case made of only
Gluons.

5.2.2. QGP made of only quarks case

The equations of the state of QGP made of only quarks are given as

7
Sq = 1—077:2T4+B,

7
Py = %nzT“—B, (5.22)

By differentiating both sides of the energy density equation we obtain

14
de, = ?n2T3dT (5.23)

From Eq.5.22, by adding the two equations, we get
28

By substituting in the differential equation

d 8
_de 3G, (5.25)
3\€(e+P) 3

and performing integration, we get
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t 187G
/ :—/ S
Ty T /77172T4_|_B ) 3

Let x = T2 = dx = 2TdT. By substltutmg in Eq.5.26, we get

1 Vx / /87rG
f 77!72 2+B 1o
1 Vx 1 / /
2 M?Tox\/l w2 (32 + IOB o

V10 [Vx , 10B
/ dt where B~ = -—
2V Jym xn/( x2+l32 t0 m

Thus we get

V10 ﬁ+\/x2+[32 /872G |'
ZB\/_TL. | VX0 Tt I0)

1 1nT02[ﬁ+‘/T4+ﬁ2]=K(t—zo) o= 8nG

2B r2ip 4\ [1i 47 3

3
T [B+/T*+ B2 _ 2KVB(i—1)
T2[B+/T + B?]

Tﬂﬁ-+\/7§4—ﬁﬂ__éfQKvgaim)

T2B+/T*+ B2

2
I . Ty - 2KVB(—10)

=C :C=
B+ T+ B+ + B
=CB+Cy\/T*+ B2

2BC
T2 = T
1-C2
2BC
T =2
1-C2

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

Below in Fig.(5.5) we show the plot of the time variation of temperature in the case of

QGP made of only quarks

From Eq.5.37, we can find the expressions of the energy, pressure and entropy densities

for the same state of QGP, respectively

7m2 2BC

2
_ T 2PC o p
&="10G_c)*
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Figure 5.5. Temperature variation with time in case of MIT bag model where QGP
made of only quarks.

7%, 2BC
=5

37 | 2pC

In Fig. 5.6 we show the graphical representation of the time variation of the energy

)2 —B (5.39)

density. By looking at the figure, one can notice that the energy density was very high

and then began to drop dramatically during this period

41



100F

80}
60|
40}
20}
|| e —
1015 1016 1017 1018 1019 1020

t(GeV‘1)

€ q (GeV“)

Figure 5.6. Energy density versus time in case of MIT bag model where QGP made of
only quarks.

In Fig. 5.7 we show the graphical representation of the variation of the pressure with

time. We also note that the pressure was very high and then began to decrease during

this period
35F ]
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Figure 5.7. Pressure versus time in MIT bag model for QGP case made of only quarks.

In Fig. 5.8 we show the graphical representation of the of the entropy density versus

time. We note that the entropy was high and then began to decrease during this period
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Figure 5.8. Entropy versus time in MIT bag model for QGP case made of only quarks.

5.2.3. A case of QGP made of both quarks and gluons

The energy and pressure densities of QGP state in this case are given by (Schifer et al.,

1984; Fogaca et al., 2010):

3772, ,
= B+—-T
€ T
3772

p = —B+WT4 (5.41)

By differentiating both sides of the energy density equation we obtain

_ 4x372°T3

d
€ 30

dT (5.42)

By adding the equations of the energy and pressure densities we get

T4 5 4
e+p= T (5.43)

Upon substituting in the differential equation

d 871G
% (5.44)
3\e(e+P) 3
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and performing the integration we get

| o
/ AT — —/ 3G 4 (5.45)
0Ty T4 B on Vo3

1 t [87G
/ AT = —/ 2 (5.46)
0Ty T4 B on V3

Let x = T? = dx = 2TdT. By substitute in above Eq. we get

87rG
\/ —— (5.47)
Z/xo /377: 2 /r
+B 0
t 187G
=— [ 4/——dt (5.48)
2\/377r2 /xox %) 30B /,0 3

377r2
A\ —— dt where = (5.49)
23772 /xo x\/x2+}’ /’0 7’2 377:2
2 2
V30 PPV P /S”Gt (5.50)
2'}/\/ 377'[«'2 X X0 3 o
T2 T4 2
VI K ;a:ﬂ,k: §7G (5.51)
2yt /r4 Ty 21/3772 3
2
Ll VI P k) (5.52)

T2[y+ /Ty + 7]
T2y + /T3 +7°]
0 i) (5.53)

TEy+ T4+ 7]
T2 T2 K
—C :C= 0 ) (5.54)
2
T2 = 1_—7'22 (5.55)
2vC
T = I_ch (5.56)

Below we show the plot of the temperature versus time. We note that the temperature
was high and began to decrease in the period under study.

From the Eq.5.56, we can find the energy, pressure and entropy densities respectively as

317, 29C |,
=% o) B G->D
_ 3 2C
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Figure 5.9. Temperature as a function of time in MIT bag model for QGP case made of
both quarks and gluons.

74 5
=7 ¥ (5.59)

In Fig. 5.10 we show the graphical representation of the variation of the energy density
with time. By looking at the figure, one can notice that the energy density was very

high and then began to drop dramatically during this period
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Figure 5.10. Energy density as a function of time for QGP case made of both quarks
and gluons.

In Fig. 5.11 we show the graphical representation of the time evolution of the pressure
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density in this case of QGP. By looking at the figure, one can notice that the pressure

density was very high and then began to drop dramatically during this period of time.
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Figure 5.11. Pressure versus time in MIT bag model for QGP case made of both quarks
and gluons.

In Fig. 5.12 we show that the variation of the entropy density with time.
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Figure 5.12. Entropy density versus time in MIT bag model for QGP case made of both
quarks and gluons.

5.3. Numerical solutions for the differential equations of the thermodynamic pa-

rameters of QGP in Modell and Model2

In this subsection we present our results for obtaining numerical solutions for the
differential equations of the thermodynamic parameters of QGP in some modified
versions of the MIT Bag Model, namely Modell and Model2. These models have
complicated forms of the differential equations and thus analytic solutions are difficult
to be obtained. Rather, numerical solutions can be easily obtained and the results will

be shown graphically in the following.
5.3.1. Modell

In this model, the energy density &; and the pressure density P; as functions of tempera-

ture T are given by

el(T)=oT*+B, pi(T)= %T“ _AT? B (5.60)

Eliminating the temperature, we obtain
1 €()—B
piler(e)] = Llei 1) 48]~ AL E

5 J4 (5.61)
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where the factors by (Begun et al., 2012) §; =4.73, A = 3.94TC3 and B = —2.37TC4.
Upon substituting the expression of pl in the preceding equation in the differential

equation

d 871G
e __ oG, (5.62)
3\€(e+P) 3

and solving numerically we get the plot shown in Fig. 5.13 which gives the graphical
representation of the time evolution of energy density of the QGP in modell. By looking
at the figure, one can notice that the energy density was very high and then it decreases
during this period. The numerical solutions obtained in this step can be used to obtain
corresponding solutions of the temperature and pressure using the equations of the state

listed above.
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Figure 5.13. Time evolution of energy density of QGP in modell.

In Fig. 5.14 we show the graphical representation of the time evolution of temperature
of the QGP in modell. As can be seen from the figure, the temperature was high and
then began to drop as one expect due to the cooling of the universe.

In Fig. 5.15 we show the graphical representation of the time evolution of pressure of
the QGP in modell , By looking at the figure, we notice that the pressure was very high

and then it decreases.
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Figure 5.14. Time evolution of temperature of QGP in modell.
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Figure 5.15. Time evolution of pressure of QGP in modell.

5.3.2. Model2

In this model, the energy density & and the pressure density p, as function of tempera-

ture 7', are given by

&(T) = 6T* —CT*+ By, pa(T) = %T“ _CT*— B, (5.63)

Eliminating the temperature, we obtain
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palea)] = 5 [e2(0) ~ 4B~ CIC+[C a8 (ex0) ~Bo)] (564

where the factors from (Begun et al., 2012). 8, = 13.01, ¢ = 6.06T% and B, = —2.34T?*.
Upon substituting the expression of p, in the preceding equation in the differential

equation

L —_— 87r_Gdt (5.65)

3Ve(e+P) 3
and solving numerically s we get the plot shown in Fig. 5.16. The plot shows the
graphical representation of the time evolution of energy density of the QGP in model2.
Clearly from the figure that, the energy density was very high at the beginning of the
time interval and then began to drop during this time period. The numerical solutions
obtained in this step can be used to obtain corresponding solutions of the temperature

and pressure using the equations of the state listed above.
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Figure 5.16. Time evolution of energy density of QGP in model2.

In Fig. 5.17 we show the graphical representation of the time evolution of temperature
of the QGP in model.2. As expected, the figure shows that the temperature started to
decrease after it was high in the period studied.

In Fig. 5.18 we show the graphical representation of the time evolution of pressure

of the QGP in model.2. One can notice that the pressure was very high and then it
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Figure 5.17. Time evolution of temperature of QGP in model2.
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Figure 5.18. Time evolution of pressure of QGP in model2.
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6. CONCLUSIONS

In the light of the progress in both experimental and theoretical sides, our understanding
of the properties of QGP has been improved significantly, comparing to that one several
decades before. The progress, regarding the equations of state of QGP, was made due
to measurements obtained from heavy ion collision experiments and development in
lattice QCD calculations. The impact on the equations of state of QGP can affect our
understanding of an early era of the universe thought to be filled with dense QGP plasma
for some short time interval after the big bang. During the era of QGP, the relevant
parameters consist of the total energy density, pressure density, temperature and entropy
density. With the help of the equations of state of QGP, one can study the time evolution
of thermodynamic parameters like energy, pressure, temperature and entropy densities.
In this thesis, we have used the equations of state of QGP in the MIT bag model and
two updated versions, to take into account the recent progress, to solve the Friedman’s
differential equations that govern the time variation of the energy density, temperature,
and pressure. We have showed that for some models, analytic solutions can be obtained
and for other models numerical solutions are easily more obtained. The time variation
of the thermodynamic parameters are then shown to give an idea of what happen in that
era of universe. For different models, different results are obtained, showing that the
equations of state of QGP can affect our understanding for what happened in that era of

the early universe.
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