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ANALYSIS AND DESIGN OF GENERAL TYPE-2 FUZZY LOGIC
CONTROLLERS

SUMMARY

This thesis presents new interpretations on the design parameters of the general type-
2 fuzzy logic controllers by investigating their internal structures, proposes novel
systematic design approaches for the general type-2 fuzzy logic controllers based on
comprehensive and comparative analyses, and validates theoretical findings as well as
proposed tuning methods via simulation and real-time experiments.

The fuzzy systems have been successfully realized in a wide variety of engineering
areas such as controls, image processing, data processing, decision making, estimation,
modeling, and robotics. The fuzzy logic systems provide complex mappings from
inputs to outputs, and this benefit usually results in better performances in comparison
to non-fuzzy counterparts. Due to this, the fuzzy logic controllers have been applied
to numerous challenging control problems for decades. Nowadays, more attention has
been given to a new research direction of the fuzzy sets and systems, the general type-
2 fuzzy logic controllers, which is the main motivation of this thesis.

The internal structures of a class of Takagi-Sugeno-Kang type fuzzy logic controllers
are first examined in detail. In this context, three fuzzy logic controller types (type-1,
interval type-2, and general type 2) and two kinds of controller configurations (single-
input and double-input) are considered. The baseline controllers, i.e. type-1 and
interval type-2 fuzzy logic controllers, are presented in the preliminaries section. The
fuzzy sets, fuzzy relations, fuzzy rules, fuzzy operators, and PID forms of these fuzzy
logic controllers are explained in detail. The design assumptions and design parameters
are given, also the most common design approaches are listed. Afterward, the general
type-2 fuzzy sets and the general type-2 fuzzy logic controllers are presented. The
general type-2 fuzzy logic controllers are described with a-plane associated horizontal
slices because the a-plane representation provides useful advantages on the handling
of the secondary membership function of the general type-2 fuzzy sets and the
calculation of the general type-2 fuzzy logic controller output. It is shown that the a-
plane based general type-2 fuzzy logic controller output calculation is accomplished
through the well-known interval type-2 fuzzy logic computations. The secondary
membership functions are further detailed in terms of their mathematical definitions
and design options.

The structure analysis on the general type-2 fuzzy sets shows the interactions between
non-fuzzy, type-1 fuzzy, interval type-2 fuzzy, and general type-2 fuzzy sets happen
in the secondary membership function. It is shown that the general type-2 fuzzy logic
controller can easily transform into interval type-2 fuzzy, or type-1 fuzzy counterparts
based on the secondary membership function definitions. As an outcome of this
structural analysis, a new representation of the trapezoid secondary membership
function is proposed based on a novel parameterization of the parameters that form the
trapezoid shape. It is shown that the parameterized trapezoid secondary membership
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function is capable to construct trapezoid, triangle, interval, and singleton shapes so
that the general type-2 fuzzy logic controllers are further capable to transform into
interval type-2 fuzzy, or type-1 fuzzy counterparts. It is also shown that the proposed
parameterization of the trapezoid secondary membership functions allows designing
the control curves/surfaces of the general type-2 fuzzy logic controllers with a single
tuning parameter. Moreover, the structural design suggestions are presented not only
to construct fuzzy controllers in a straightforward manner but also to ease the design
of the controllers with few design parameters. The design parameters of the general
type-2 fuzzy logic controllers are grouped as the shape and the sensitivity design
parameters with respect to their effects on the accuracy and the shape of the resulting
fuzzy mapping. Accordingly, the tuning parameter of the secondary membership
functions and the total number of a-planes are interpreted and as the sensitivity and
shape design parameters, respectively.

The shape analyses of the general type-2 fuzzy logic controllers show the effects of
the proposed shape design parameter on the control curves/surfaces. In this context,
the resulting fuzzy mappings of single input and double input general type-2 fuzzy
logic controller structures are compared for various design settings of the shape design
parameter. The comparative analyses provide interpretable and practical explanations
on the potential advances of the shape design parameter. Based on the shape analyses,
novel design approaches are proposed to tune the shape design parameter in a
systematic way. In this context, it is suggested constructing the general type-2 fuzzy
logic controllers over their type-1 and interval type-2 baselines and tuning them via
the shape design parameter by providing a tunable tradeoff between robustness and
performance. Therefore, it is aimed to combine benefits of baseline type-1 (relatively
more aggressive control curves/surfaces better performance measures) and interval
type 2 (relatively smoother control curves/surfaces, better robustness measures) fuzzy
logic controllers. To enhance the control performance, two scheduling mechanisms are
also proposed for online-tuning of the shape design parameter with respect to the
steady-state operating points as well as transient-state dynamics.

The sensitivity analyses of the general type-2 fuzzy logic controllers show the effects
of the proposed sensitivity design parameter on the accuracy of the control curves/
surfaces. In this context, the resulting fuzzy mappings of single input and double input
general type-2 fuzzy logic controller structures are also compared for various design
settings of the sensitivity design parameter. The comparative sensitivity analyses show
interpretable and practical explanations of the sensitivity design parameter in terms of
calculation accuracy and computation burden. Therefore, it is suggested tuning the
sensitivity design parameter by considering the limitations of hardware components
such as resolution and processing speed. To accomplish the design in accordance with
a tradeoff between sensitivity and computational time, a novel iterative algorithm is
proposed to tune the sensitivity design parameter.

The simulation and real-time experimental control studies validate the proposed design
recommendations, systematic design approaches, and tuning methods for the general
type-2 fuzzy logic controllers on benchmark control systems. In these control studies,
the general type-2 fuzzy logic controllers are designed based on the proposed design
methods. In order to show the performance improvements on the control systems, the
general type-2 fuzzy logic controllers (tuned either online or offline) are compared
with type-1 fuzzy and interval type-2 fuzzy counterparts. The performance measures
clearly show that the online-tuned general type-2 fuzzy logic controllers outperform
all general type-2, interval type-2, and type-1 counterparts on account of the proposed
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scheduling mechanisms over the proposed systematic design rules. The results also
show that the systematic design of the general type-2 fuzzy logic controllers is simply
accomplished by following the proposed tuning steps of the shape and sensitivity
design parameters.
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GENEL TiP-2 BULANIK MANTIK KONTROLORLERININ ANALIZi VE
TASARIMI

OZET

Bu tez; bulanik kontroldrlerin i¢ yapilarini analiz ederek genel tip-2 bulanik mantik
kontrolorlerinin tasarim parametreleri {izerine yeni yorumlar sunmakta; genel tip-2
bulanik mantik kontrolorler i¢in genis kapsamli ve karsilagtirmali analizlere dayanan
yeni sistematik tasarim yaklagimlari 6nermekte; elde edilen teorik bulgular ve 6nerilen
ayarlama yontemlerini benzetim ve gercek zamanli deneyler ile dogrulamaktadir.

Bulanik mantik tabanli sistemler, goriintii isleme, veri isleme, kontrol, karar verme,
Ongorii, tahmin, robotik ve modelleme gibi bircok miihendislik alaninda basariyla
uygulanmaya devam etmektedir. Bulanik mantik sistemleri, girisleri ve cikislar
arasinda gelismis st diizey bir haritalama saglamaktadir ve bu durum genellikle
bulanik olmayan esdegerlerine kiyasla daha iyi performanslar ile sonu¢lanmaktadir.
Bu sebeple, bulanik mantik kontrolorleri, zorlu kontrol problemlerinde siklikla
uygulanmistir. Uzun yillardan beri tip-1 bulanik mantik kontroldrleri birgok farkl
uygulamada bir¢ok farkli sekillerde uygulanmistir. Yakin zamanda gosterilmistir ki
belirsizlikleri ve dogrusal olmayan sistemlerin ele alinmasinda aralik degerli tip-2
bulanik mantik kontroldrler daha iyi sonuglar vermektedir. Aralik degerli tip-2 bulanik
mantik kontroldrlerinin bu kazanim, aralik degerli tip-2 {iyelik fonksiyonlarinda yer
alan belirsizlerin izdiisiimii elamaninin getirdigi yeni tasarim parametreleri, serbestlik
derecesi ve genis tasarim esnekligi ile agiklanmistir, ¢linkii aralik degerli tip-2 iiyelik
fonksiyonlari, genel tip-2 bulanik kiimelerin 6zel bir hali olan aralik degerli tip-2
bulanik kiimeler ile tanimlanmistir. Giinlimiizde ise, bu tezin de ana motivasyonu olan,
bulanik kiimeler ve bulanik sistemlerin yeni bir arastirma alan1 olan genel tip-2 bulanik
mantik kontrolorlerine, daha fazla ilgi gosterilmektedir.

Bu tez kapsaminda Takagi-Sugeno-Kang tipi bulanik mantik kontroloérlerinin bir
sinifinin i¢ yapilar1 detayli bir sekilde incelenmistir. Bu baglamda, ti¢ farkli bulanik
mantik kontrolor tipi (tip-1, aralik degerli tip-2, ve genel tip-2) ve iki farkli kontrolor
yapist (tek girisli ve iki girisli) ele alinmigtir. Temel bulanik mantik kontrolorleri, diger
bir deyisle tip-1 ve aralik degerli tip-2 bulanik mantik kontrolorleri 6n bilgiler
kisminda sunulmustur. Bu temel bulanik mantik kontrolorlerinin bulanik kiimeleri,
bulanik iliskileri, bulanik kurallari, bulanik operatorleri ve PID kontrolor formlari
detayli bir sekilde agiklanmigtir. Tasarim varsayimlari ve tasarim parametreleri
detaylica verilmis ve en ¢ok kullanilan tasarim yontemleri listelenmistir. Daha sonra
genel tip-2 bulanik kiimeler ve genel tip-2 bulanik mantik kontrolorleri sunulmustur.
Genel tip-2 bulanik mantik kontrolorleri a-diizlemi ile iligkili yatay dilimler ile ifade
edilmigstir, ¢iinkli a-diizlemi gdsterimi, genel tip-2 bulanik kiimelerin ikincil tiyelik
fonksiyonunun ve genel tip-2 bulanik mantik kontroloriiniin ¢ikis hesaplanmasinin ele
alinmasinda bir¢ok avantaj sunmaktadir. Ayrica a-diizlemi tabanli genel tip-2 bulanik
mantik kontrolorii ¢ikis hesaplamasi, iyi bilinen (ve literatiirde siklikla kullanilan)
aralik degerli tip-2 bulanik mantik kontroloriine ait hesaplamalar ile yapilabildigi
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gosterilmistir. Ayrica genel tip-2 bulanik kiimelerinin ikincil iiyelik fonksiyonlar1 da
tanimlar1 ve tasarim segenekleri bakimindan detaylandirilmistir.

Genel tip-2 bulanik kiimlerinin yap1 analizi, bulanik olmayan, tip-1 bulanik, aralik
degerli tip-2 bulanik ve genel tip-2 bulanik kiimeler arasi etkilesimlerin (veya bir
smiftan digerine gegisler) ikincil liyelik fonksiyonunda gergeklestigini gostermistir.
Genel tip-2 bulanik mantik kontroldrlerinin, ikincil liyelik fonksiyonu tanimlarina
bagl olarak, kolaylikla aralik degerli tip-2 bulanik mantik veya tip-1 bulanik mantik
kontrolorlere dontisebilmektedir. Bu genel tip-2 bulanik kiimelerinin yap1 analizinin
bir ¢iktisi olarak, yamuk seklini olusturan parametrelerin yeni 6zgiin bir haritalama
(diger bir ifade ile yamuk tasarim parametrelerini esleme) ile yamuk ikincil tiyelik
fonksiyonlarmin yeni gosterimi Onerilmistir. Parametreleri eslenmis ikincil tiyelik
fonksiyonu yamuk, liggen, aralik-degerli (dikdortgen) ve tekil sekiller olusturabildigi
gosterilmistir, ki bu sayede, genel tip-2 bulanik mantik kontrolorlerinin de aralik
degerli tip-2 bulanik ve tip-1 bulanik mantik kontrolor esdegerlerine dontisebildigi
gosterilmistir. Ayrica, Onerilen parametre eslemeli ikincil tiyelik fonksiyonlar: ile
genel tip-2 bulanik mantik kontrolorlerinin kontrol egrileri/ylizeyleri tasariminin tek
bir ayarlama parametresi ile miimkiin oldugu gdsterilmistir. Bu yapisal tasarim
Onerileri, sadece bulanik mantik kontrolorlerini a¢ik bir bicimde olusturmak i¢in degil
aynt zamanda daha az parametre ile bu kontrolorlerin tasariminin kolaylastirma
amaciyla da sunulmustur. Genel tip-2 bulanik mantik kontrolorlerinin temel tasarim
parametreleri, bu tasarim parametrelerin degerleri ile olusacak olan bulanik giris-¢ikis
haritalamas1 lizerindeki dogruluk (veya hassaslik) ve bulanik yiizey sekli tizerindeki
etkilerine bagli olarak, hassaslik ve sekil parametreleri olarak gruplanmistir. Bu
nedenle, o-diizlemlerinin toplam sayisi ve ikincil iiyelik fonksiyonun tasarim
parametresi, sirasiyla genel tip-2 bulanik mantik kontrolorlerinin hassaslik ve sekil
tasarim parametreleri olarak adlandirilmistir.

Genel tip-2 bulanik mantik kontroldrlerinin sekil analizleri, 6nerilen sekil tasarim
parametresinin kontrol egrileri/yiizeyleri iizerindeki etkilerini gdstermektedir. Bu
baglamda, tek girisli ve iki girisli genel tip-2 bulanik mantik kontrolor yapilarinin
¢ikist olan bulanik haritalar, sekil tasarim parametresinin farkl tasarim segenekleri i¢in
karsilastirilmigtir. Onerilen sekil tasarim parametresi [-2, 2] aralifinda tanimlanmigtir
ve karsilastirmali analizlerde adim araliklar1 0.5 olacak sekilde [-2, 2] deger araliginda
dokuz nokta sec¢ilmistir. Bu karsilastirmali analizler, genel tip-2 bulanik mantik
kontroldrlerinin sekil tasarim parametresinin olasi getirileri hakkinda yorumlanabilir
ve pratik agiklamalar sunmustur. Bu analizler 15181nda, genel tip-2 bulanik mantik
kontrolorlerinin sekil tasarim parametresini sistematik bir sekilde ayarlamak i¢in
0zgilin tasarim yaklagimlart onerilmistir. Bu baglamda, genel tip-2 bulanik mantik
kontroldrlerinin, temel tip-1 ve temel aralik degerli tip-2 esdegerleri ilizerinden
olusturulmas1 ve sekil tasarim parametresinin, sistemi performansi ve dayaniklilig
arasindaki ayarlanabilir bir dengeye bagli olarak secilmesi onerilmistir. Boylece temel
tip-1 (goreceli agresif kontrol egrisine/yiizeyine sahip, performans 6lgiitleri yiiksek)
ve temel aralik degerli tip-2 (goreceli yumusak kontrol egrisine/ylizeyine sahip,
dayaniklilik olgiitleri yiiksek) bulanik mantik kontroldrlerinin  getirilerinden
faydalanilmas1 amaglanmistir. Ayrica, kontrol sisteminin performansini arttirmak
amaciyla, sekil tasarim parametresinin siirekli hal ¢alisma noktalar1 ve sistemin gegici
hal dinamiklerine bagl olarak c¢evrimigi giincellenmesi i¢in iki farkli programlama
mekanizmasi da Onerilmistir.

Genel tip-2 bulanik mantik kontrolorlerinin hassasiyet analizleri, 6nerilen hassasiyet
tasarim parametresinin kontrol egrileri/yiizeyleri iizerindeki hesaplama dogrulugunu
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gostermektedir. Bu baglamda, tek girisli ve iki girisli genel tip-2 bulanik mantik
kontrolor yapilarinin ¢ikisi olan bulanik haritalar, hassasiyet tasarim parametresinin
farkli tasarim segenekleri i¢in karsilastirilmistir. Bu karsilastirmali analizler, genel tip-
2 bulanik mantik kontrolorlerinin hassasiyet tasarim parametresi hakkinda, hesaplama
dogrulugu ve hesaplama yiikii bakimindan, yorumlanabilir ve pratik agiklamalar
sunmustur. Analizler 1s181nda, hassasiyet tasarim parametresinin sistemdeki donamin
bilesenlerin Ol¢ekleme degeri ve islem yapma hizi gibi yapisal limitleri goz Oniine
alinarak ayarlanmasi onerilmistir. Bu baglamda, hesaplama dogrulugu ve hesaplama
zamani arasindaki dengeye bagli olarak genel tip-2 bulanik mantik kontroldrlerinin
hassasiyet tasarim parametresini ayarlamak i¢in yeni iteratif bir ayarlama algoritmasi
Onerilmistir.

Benzetim ve gercek zamanli deneysel kontrol ¢aligmalari, bu tez kapsaminda 6nerilen
genel tip-2 bulanik mantik kontrolorleri i¢in sunulan tasarim varsayimlari, sistematik
tasarim yaklagimlar1 ve ayarlama yontemlerini, kiyaslamaya uygun deneysel kontrol
sistemleri iizerinde onaylamaktadir. Bu calismalarda, genel tip-2 bulanik mantik
kontrolorleri tez kapsaminda Onerilen tasarim yontemlerinde verilen adimlara gore
olusturulmustur. Kontrol sisteminin performans iyilestirmelerini agik¢a gosterebilmek
amactyla, cevrimi¢i veya c¢evrimdist ayarlanan genel tip-2 bulanik mantik
kontroldrleri, tip-1 bulanik mantik ve aralik degerli tip-2 bulanik mantik esdegerleri
ile karsilastirilmistir. Performans Slgiimleri, ¢cevrimici ayarlanan genel tip-2 bulanik
mantik kontroldrlerinin, Onerilen sistematik tasarim kurallarina gore belirlenen
cevrimici programlama mekanizmalari sayesinde tiim genel tip-2, aralik tipi-2 ve tip-
1 benzerlerinden daha iyi performanslar gosterdigini gostermistir. Ayrica elde edilen
bu sonuglar, genel tip-2 bulanik mantik kontrolérlerinin tasariminin sistematik bir
sekilde, sadece sekil ve hassasiyet tasarim parametreleri vasitasiyla 6nerilen ayarlama
adimlarinin izlenmesiyle gerceklenebildigini gostermektedir.

XXV






1. INTRODUCTION

Fuzzy Logic Controllers (FLCs) have been successfully implemented in numerous
engineering problems and applications including control, robotics, image processing,
decision making, estimation, and modeling for more than 50 years [1-76]. AFLC is a
complex system that provides a mapping from its input(s) to its output(s) based on
fuzzy rules and fuzzy relations. That is why it is also called as Fuzzy Logic System
(FLS) by researchers. A FLC computes Fuzzy Sets (FSs) instead of ordinary sets. The
pioneering study on the FSs and their notations was introduced in 1965 [1] and the
first study on the fuzzy rules and the FLC structure was presented in [2]. The pioneer
industrial application of FLCs was accomplished in 1974. In this study, the linguistic
control rules of a skilled human operator are expressed by a fuzzy inference [3-4]. The
early fuzzy literature (in the 80s and 90s) focused on the theory of fuzzy logic, fuzzy
sets, and fuzzy systems as well as fuzzy applications (in the 2000s) [3-21]. These
studies were performed with ordinary FSs and FLCs, which are now called as Type-1
(T1) FLCs in today’s fuzzy literature. After the 2000s, the fuzzy community began
working on Interval Type-2 (IT2) FLCs as an extension of ordinary T1-FSs and T1-
FLCs, then in the 2000s and early 2010s, the fuzzy research interest dominantly
focused on the theory of IT2-FLCs and real-time applications [22-59]. Nowadays,
researchers have given more attention to a new research direction of the fuzzy sets and

systems, General Type-2 (GT2) FLCs, which is the main motivation of this thesis.

For more than four decades, T1-FLCs have been popular in fuzzy control applications
and T1-FLCs have taken part in many studies [3-21]. In fuzzy literature, the most
popular fuzzy systems are Mamdani fuzzy systems [2-3] and Takagi-Sugeno-Kang
fuzzy systems [5-6]. These FLC structures are characterized by the same fuzzy IF-
THEN rules and the same FSs at the antecedent part, on the other hand, they differ in
the part of consequents. As mentioned in [7], a Mamdani fuzzy system uses Zadeh
rules [2] and Mamdani implications [3] in computations and employs FSs sets at the
consequent part, whereas a Takagi-Sugeno-Kang (TSK) system uses singletons [5] or

mathematical functions [6] at the consequent part. The TSK fuzzy systems are one of



the most well-known fuzzy structures and they have been widely used in control
applications as the design and analysis of the fuzzy control system is relatively more
interpretable than Mamdani fuzzy systems. In this context, numerous fuzzy control
and fuzzy modeling papers implemented TSK fuzzy systems for various engineering
problems associated with the systems where uncertainties and nonlinearities exist [7-
11]. In fuzzy control problems, the PID type fuzzy controllers, or simply Fuzzy PID
(FPID) controllers are generally preferred, since, from the input-output mapping point
of view, the FPID controllers are equivalent to conventional PID controllers [9-12].
The FPID controllers can be designed in many ways that the fuzzy inference either
generates the control signal (which is applied to the system) [14] or tunes the PID
controller gains [15]. In T1 fuzzy literature, there are also various studies that employ
/ present online self-tuning structures with heuristic update rules [16-18], auto-tuning
mechanisms for controller design [19], and online scheduling or self-tuning structures

via optimization [19-21].

In the past decades, the fuzzy research has been mainly focused on IT2-FLCs, although
the concept of Type-2 (T2) FSs were first introduced in 1975 [22]. Once the T1-FLCs
have reached a high level of research maturity, then the popularity of T2-FSs starts
increasing and this interest is sustained for more than 20 years [7]. A complete
overview of the IT2 fuzzy systems (e.g. fuzzy sets, inference, operations) was first
introduced in [23] and the theory and design were further investigated in [24-25]. The
first IT2 fuzzy control applications [26-28] demonstrated that T1-FLCs might have
limitations on the handling uncertainties and nonlinearities while IT2-FLCs are better
to handle uncertainties and nonlinearities. This limitation is mostly occurred due to
crisp membership grade values. It has been stated that T2-FSs are very useful in
situations where the determination of an accurate membership function is relatively
difficult with a T1 fuzzy set [7, 29].The IT2-FLCs have been also successfully
implemented in various simulation studies and real-time control applications [26-45];
autonomous mobile robot control [26, 37], liquid-level control of coupled tank process
[27, 28], linear system control [32, 33, 38], pH control of neutralization process [34-
36], position control of magnetic levitation system [39], load frequency control of
power system [40], nonlinear system control [41, 42], velocity control of electric
vehicle [43], position control of spherical robot control [44], control of flying drone

[45].



In the first years of the IT2-FLC studies, there were some theoretical drawbacks for
applications; the computational complexity (or computational burden), and the lack of
complete understanding of the internal structure of the IT2-FLCs [7, 30-31]. The
computational burden bottleneck has been addressed by the type-reduction algorithms/
methods. The most known algorithm is Karnik-Mendel (KM) algorithm [46]. In the
KM algorithm and its enhancements [7, 47-48], the type reduced set of the IT2-FLC
(lower and upper bound of interval output set) is calculated based on the optimal left
and right switching points which are determined iteratively [7]. Although there are
many approximations of the KM-based type-reduction algorithm, the KM-based
algorithms are the most popular type-reduction and defuzzification methods, since KM
algorithms calculate precise IT2-FLC outputs [7, 49]. In order to answer the lack of a
deeper understanding of the IT2-FLCs, the researchers have investigated the internal
structure, stability, and analytic derivations of IT2-FLCs. The internal structure of the
IT2-FLCs is also investigated in further studies by providing easier representations
[50], IT2-FS mathematics (based on TI1-FS mathematics) [51], new geometric
representations [52], notation similarities between IT2-FLC and standard mathematics
[53], the relationship between FSs [54], application-independent perspectives [55] as
well as comprehensive fuzzy logic books [7, 30, 31]. The stability of the IT2 fuzzy
systems is also examined in various studies [41, 56, 57]. Moreover, the analytical
derivations are investigated in various studies; for example, the closed-form
formulation of the single input fuzzy system was determined in [36] an [41], the
controller gains around the origin were obtained in [38, 43] and [58, 59] derived IT2-

FLC outputs by dividing the input space to several sub-regions.

The main superiority of the IT2-FLCs is preserved in the Footprint of Uncertainty
(FOU) in their antecedent Membership Functions (MFs) as it covers uncertainties and
nonlinearities in the secondary membership function layer [7, 30-31]. It has been
illustrated that IT2-FLCs are better to handle uncertainties and nonlinearities in
comparison to T1-FLC counterparts [26-33]. It is demonstrated that IT2-FLCs can
achieve significant control performance improvements in comparison to their T1-FLC
counterpart via a FOU design by extending T1-MFs into IT2-MFs [33, 41, 42]. It has
been also shown that the IT2-FLCs are potentially more robust than T1 counterparts,
as their Control Curves (CCs) / Control Surfaces (CSs) are usually smooth around the

steady-state [26-28, 32-33, 41-45]. In [41] (for single input structures) and [43, 44]



(for double input structures), it is shown that both smooth or aggressive CCs/CSs can
be generated by tuning the parameters that define the FOU. These performance and
robustness improvements of IT2-FLCs occur due to the extra degree of freedom
provided by the FOU in the antecedent MFs that are defined by IT2-FSs. Thus, the
FOU parameters are categorized as the design parameters of the IT2-FLCs.

Recently, in a wider perspective, [55] have sought an answer to the research question:
“Why does improved performance occur as one goes from crisp, to T1, to IT2, to GT2
fuzzy systems?”. It has stated that the performance improvement usually happens
when structure changes from crisp system, to T1 fuzzy systems, and to IT2 fuzzy
systems, by introducing three kinds of partitions: (1) Uncertainty partitions to
distinguish T1-FSs from crisp sets, and IT2-FSs from T1-FSs; (2) First-and second-
order rule partitions that are results of uncertainty partitions and are associated with
the rules that fired in corresponding regions of the state space and the changes in their
mathematical formulae within those regions; and (3) Novelty partitions that can only
occur in an [T2 fuzzy system that uses type-reduction [55]. The same research question
has been also investigated for GT2-FLCs in [60] to show the first-order and second-
order rule partitions and novelty partitions of GT2-FLCs and provide new perspectives

for the potentials of GT2-FLCs comparing to T2, T1, and crisp counterparts.

Nowadays, researchers have given more attention to GT2-FLCs, as it is a new research
direction for the fuzzy community [7, 59-76]. A GT2-FS and a GT2-FLC are in fact a
T2-FS and a T2-FLC respectively (“in the most general form”), but to distinguish them
from IT2 counterparts, “General” notation is preferred by many researchers [7]. In
early studies on GT2-FLCs [61-68], the internal structure of GT2-FLCs is investigated.
One of the representations of GT2-FSs, a-plane representation, has been proposed in
[61-62] so that the GT2-FLC calculations can be handled by existing T1 and IT2 FS
mathematics. Another representation of GT2-FSs, zSlice representation, has been
presented [63-64] with GT2 mathematics and one of the pioneer real-time control
applications of GT2-FLCs. These two representations have been investigated further
in [65-66], and as mentioned in [7, 67], these two novel representations are the same
from a content point of view with a different view. These representations are quite
important for further GT2-FLC studies since zSlice or a-plane representations make it
possible to represent the output of GT2-FLC by aggregation of T1 and/or IT2 FLCs
[7]. The studies have shown that GT2-FLCs can outperform their T1 and IT2 FLC



counterparts [7, 30, 31, 60, 62, 68-76]. This is due to the fact that GT2-FLCs have
more parameters to be tuned in comparison to their IT2 and T1 counterparts, and it
computes GT2-FSs, by employing zSlice or a-plane representations into Secondary
MFs (SMFs) which are T1-FSs instead of interval FSs [7]. This is also connected to
the FOU comment of IT2-FLCs (as it is a footprint of a collection of all SMFs at the
secondary layer) since GT2-FSs differs from IT2 and T1 counterparts at the secondary
layer of antecedent MFs. In [68], the impacts of the SMFs (in terms of size and shape)
on the control system performance have been also investigated by employing zSlices
representation. It has been marked that the design of GT2-FSs is relatively more
complex than the IT2 ones due to the difficulty of tuning the parameters, on the other
hand, the GT2-FLCs provide an acceptable tradeoff between system performance and
robustness and by tuning the SMFs. As of 2020, the GT2-FLCs have been successfully
implemented for various applications, including autonomous outdoor mobile robot
control [62, 68], mobile robot control [69-70], water tank liquid level control [70, 73],
control of ball and beam system [70], chaotic system control [71], traffic control [72],
linear system control [74], and nonlinear system control [74, 75]. The research interest
on the GT2-FLCs still continues to analyze the internal structures better and design

more systematic controllers.

In this thesis, new insights on the interpretations of GT2-FLCs’ design parameters and
the novel systematic design and new tuning methods of GT2-FLCs are presented with

comprehensive analyses, simulations, and a real-time experiment.

First, a class of TSK FLCs is examined in Chapter 2 and Chapter 3, and the internal
structures of the GT2-FLCs are presented after giving the preliminaries on the T1-FSs,
T1-FLCs, IT2-FSs, and IT2-FLCs. In the preliminaries part that is given in Chapter 2,
the internal structures of two kinds of FLC type (single input and double input) are
presented along with their FPID configurations, the design parameters of these fuzzy
controllers are listed, and the most common design parameters are summarized based
on the design assumptions. The GT2-FS and GT2-FLC definitions are given in Chapter
3; the GT2-FLCs are first represented with a-planes since this representation provides
various benefits on the handling of the GT2-FSs, the mathematical definitions, and
numerous design options for two types of T1-FSs (triangular and trapezoid) that are

employed as the SMF of GT2-FLC are given, and the a-plane based output calculation



of the GT2-FLCs is explained in terms of well-known IT2-FLC computations with an

illustrative numerical example.

The comprehensive analyses on the GT2-FSs, SMFs, and GT2-FLCs are presented in
Chapter 4. The interactions between GT2-FSs and IT2-FSs, T1-FSs, and crisp sets are
first shown in terms of the SMF definitions at the antecedent part, and a novel
representation and parameterization of the trapezoid SMF are proposed. It is shown
that the trapezoid SMF allows constructing trapezoid, triangle, interval, and singleton
shapes so that the GT2-FLC can behave like its IT2-FLC or T1-FLC counterpart as
per design. Therefore, it is suggested the usage of trapezoid SMFs with the proposed
parameterization of the trapezoid SMFs that accomplish the design with a single tuning
parameter. Then, the general suggestions on the structural settings of GT2-FLCs are
provided not only to construct GT2-FLCs straightforwardly but also to ease the design
of'the GT2-FLCs with few design parameters. The main design parameters of the GT2-
FLCs are presented and summarized by the given interpretations with respect to their
effects on the shape and sensitivity of the resulting CCs/CSs. The total number of o-
planes is called as the sensitivity design parameter and the tuning parameter of the

SMFs is called as the shape design parameter.

In Chapter 5 and Chapter 6, comparative analyses/simulations on the single input and
double input GT2-FLC structures (with numerous design settings) are conducted to
validate the interpretations of the shape and sensitivity design parameters of the GT2-
FLCs respectively. In this context, new design methods are proposed for interpretable
and practical selections of the shape and sensitivity design parameters towards a

systematic controller design.

The effects of the shape design parameter on the CCs/CSs are first investigated by
comparing the resulting CCs/CSs of the GT2-FLCs in terms of comparison measures.
These comparative studies provide a deeper understanding of the role of the shape
design parameters and how this parameter improves the performance and robustness
of the control system. In the light of the shape analyses, novel and systematic design
recommendations are proposed on how to tune the shape design parameter by
providing a tradeoff between robustness and performance. Moreover, two novel online
scheduling mechanisms are proposed for online-tuning of the shape design parameter

with respect to the steady-state operating points and transient-state dynamics.



The effects of the sensitivity design parameter on the CCs/CSs are also investigated
by comparing the resulting CCs/CSs. These comparative studies provide practical
insight on how to tune the sensitivity design parameter in terms of calculation accuracy
and computation burden. Based on these analyses, it is suggested tuning the sensitivity
design parameter by taking into account the limitations of hardware components such
as quantization level (e.g. resolutions) and computational time (processing speed).
Then, a novel iterative algorithm, which provides a compromise between sensitivity

and computational time, is proposed to tune the sensitivity design parameter.

In Chapter 7, simulation and real-time experimental control studies are presented to
validate the proposed design recommendations and systematic design approaches for
GT2-FLCs. In these simulation and real-time studies, the GT2-FLCs (online-tuned or
offline-tuned) are compared with T1-FLC and IT2-FLC counterparts. In the simulation
study on a second-order nonlinear system, the proposed tuning steps for the shape
design parameter are followed, and a simple scheduling mechanism (steady-state
operating point-based) is employed into PID type -FLCs. The real-time experiments
are performed on a real-world drone that acts as a proof-of-concept benchmark control
system. The real-time experimental study presents a comprehensive design (for both
shape and sensitivity design parameters) and a comparative, as well as a complete
application (among T1, IT2, and GT2 FLCs) to validate the proposed systematic
design approaches (the tuning steps of shape and sensitivity design parameters) for the

GT2-FLCs in real-time control applications.

Chapter 8 presents the conclusions and discussions.






2. PRELIMINARIES ON FUZZY LOGIC CONTROLLERS

2.1 Type-1 and Interval Type-2 Fuzzy Sets

2.1.1 Type-1 fuzzy sets

A Type-1 Fuzzy Set (A) is defined as follows [7]:

A={(xus(x) |xe€Xx} 2.1

where x is the input variable, X is the value set of the input variable x, and p,(x) is
the MF of T1-FS A. In standard mathematical set notation, a T1-FS can be also
described as follows [53]:

ta:X = [0,1] (2.2)

In fuzzy set notation, a T1-FS (i.e. A) can be also described for the continuous universe

(X) and the discrete universe (X,) as follows [7]:

A= fﬂA(x)/x (2.3)
XEX

A= z pa(x)/x (2.4)
X€Xq

in which 0 < u,(x) < 1. Here, “/ term” associates with the elements in X and X,
universes, while [ and ¥ denote union over x values for X and X, universes,
respectively. The value of pu,(x) is called as the membership degree of the input x. In
the fuzzy literature, the MFs are characterized by well-known geometric shapes such
as triangle, trapezoid, sigmoid, or gaussian. The membership degree is calculated
based on the shape of the employed MFs. Moreover, an a-cut of T1-FS is denoted as
A% and defined based on a-cut level (i.e. a € [0,1]) as follows [7]:

A% = {x| ua(x) > a} (2.5)



A triangleT1-FS is defined as follows:

(x—a
Ib—a
MA(x)=4"_x
Lc—b
0,

a<x<b

b<x<c (2.6)

otherwise

where a, b, and c are left support, center, and right support points of the triangle shape,

respectively. A simple illustration of a triangle T1-MF (e.g. A) is presented in Figure

2.1. A triangle T1-MF can be also defined with min and max mathematical operator

functions as follows:

Ua(x) = max (min (x — a, ‘- x) , O) (2.7)
b—a c—b
1
# ()
0
a b ¢
X
Figure 2.1 : Triangle T1-FS.
A trapezoid T1-FS is defined as follows:
(F—4 a<x<b
b—a
1 b<x<c
ua(x) = id Z (2.8)
c<x<d
d—c
0 otherwise

where a, b, ¢, and d are left support, left center, right center, and right support points

of the trapezoid shape, respectively. A simple illustration of a trapezoid T1-MF is

given in Figure 2.2. Alternatively, a trapezoid T1-MF (e.g. A) can be defined with min

and max mathematical operator functions as follows:
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x—a d-—x
= ' 2.9
Ua(x) = max (mln (b — a'l'd — c>'0> (2.9)

# (%)

0

Figure 2.2 : Trapezoid T1-FS.

A Gaussian T1-FS is defined as follows:

‘uA(x) = e_%(%)z (2.10)

where m and o are mean and standard deviation values of the Gaussian T1-MF,

respectively. An illustration of a Gaussian T1-MF (e.g. A) is presented in Figure 2.3.

2.1.2 Type-2 fuzzy sets

A Type-2 Fuzzy Set (4) is defined as follows [7]:
A={(x,w),u;(x,u) |x€X,u€eU} (2.11)

where x is the input variable (also called as the primary variable of A), X is the universe
of the primary variable x, u is the secondary variable of 4, U = [0, 1] is the universe
for the secondary variable u, and p;(x,u) is the T2-MF of the T2-FS A. Here it is
worth mentioning that the membership grade of T2-MF (i.e. uz(x, 1)) is defined in the
three-dimensional domain (X X Uy), while the membership grade of T1-MF (i.e.
Ua(x)) is defined in the two-dimensional domain (X). A T2-FS is also described in

standard set notation as follows [53]:

X xU - [01] (2.12)

11



H (%)

Figure 2.3 : Gaussian T1-FS.

Similar to its T1 counterpart, in fuzzy set notation, a T2-FS A can be defined for the

continuous universe (i.e. X and U) and the discrete universe (i.e. X4 and U,) as:

A= f f,ug(x,u)/(x,u) or A= f f,ug(x,u)/u /x (2.13)

XEX ueU XEX uevu
A=) Y mw/@w or A=) | Y wmw/u|/x @14
XEXquely X€EXg \u€ely

The membership grade (primary and/or secondary) of a T2-FS is described based on
the primary membership of x (i.e. J,) and the SMF (uz(,) (1) or uzy)) as follows:

Racy (W) = i) = Ui, = f

Halow) 2.15
uel0,1] /(u) @13)
L ={,wlue[01], pzlx,u)> 0} (2.16)

where A(x) and A4, denote the FS of the SMF. Here, if the employed SMF support (I,.)

is always closed such that J,, = {x} X I, then ], is defined as follows [7]:

Jx = [gg(x),ﬁg(x)] (2.17)

where pz(x) and i;(x) are Lower MF (LMF) and Upper MF (UMF), respectively.

Here, J, is calculated based on the input variable x at the primary level. The difference

12



between T1 and T2 MFs is that a T1-MF has a single membership degree (which means
that J, is a value), while a T2-MF has uncountable membership degrees (which means
that J, is a union set of these intervals). Moreover, the SMF is the distinguishing
property of the T2-FSs, since it determines the output and categorizes the type of FS
(i.e. type-1, interval type-2, or general type-2) as it is defined by a set (e.g. crisp,
interval or type-1) at the secondary level. In the fuzzy literature, “GT2” is preferred to
distinguish T2, IT2, and GT2 terms [7]. For the T1-FS case, there is no factual SMF
since secondary grades are crisp values. For the IT2-FS case, the SMF is an interval
set where all secondary grades are 1. For the GT2-FS case; the SMF is a T1-FS that is
denoted as A(x) or 4,, as indicated in equation 2.15. Another distinguishing property
of T2-FSs is preserved in the FOU which is a collection of all primary memberships
of the input x. The FOU of 4 is drawn by shading the area where p5(x,u) > 0, and

defined as follows:

FOU(4A) = U]x = {(x, u)|x €EXuE [EA(X),HA(X)]} (2.18)

XEX
Here, the LMF and the UMF are also defined on the primary level and characterize the
lower and upper boundaries of the FOU(A) as follows:

pa(x) = influlu € [0,1], pz(x,u) > 0} (2.19)

t;(x) = sup{ulu € [0,1], uz(x,u) > 0} (2.20)

2.1.3 Interval type-2 fuzzy sets

As a special form of GT2-FSs, an IT2-FS is obtained when all secondary membership
grades are 1 (i.e. uz(x,u) = 1) as follows [7]:

A={(x,uw),u;(x,u)=1 |x€X,u€U} (2.21)

When an IT2-MF (instead of GT2-MF) is employed, an interval set (instead of T1-FS)
is used at the secondary layer of SMF, p3(,(u), so that the IT2-MFs can be drawn in

the 2D domain (similar to the T1 counterpart) with respect to LMF, UMF, and FOU.
In this context, IT2 counterparts of T1-MF examples (triangle, trapezoid, and

Gaussian) are given in Figures 2.4, 2.5, and 2.6.
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Figure 2.4 : Triangle IT2-FS.
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Figure 2.5 : Trapezoid IT2-FS.
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Figure 2.6 : Gaussian IT2-FS.
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M (x,11)

{) 1 1 1 1 1 1
H(X)

M (x,11) /

0 1 1 1 1 1
Hi(r)< ; > [ii(x)
(b)
1 .
Ky (x,11) :
0 1
(7)€ ; > 7ii(z)
(c)

Figure 2.7 : Secondary grade examples of T1 and T2 fuzzy sets.

The differences between T1, IT2, and GT2-MFs at the secondary layer (in terms of the
SMF) are illustrated in Figure 2.7. Here, the FOU does not exist for the T1-MF since
the LMF and the UMF are overlapped at the value of u(x). Accordingly, this provides
a crisp secondary layer as shown in Figure 2.7a. On the other hand, the IT2-MF has a
predefined interval set at the secondary layer thanks to its FOU bounded by the LMF
(M4 (x)) and the UMF (u;(x)). This provides additional design flexibility, whereas the

SMF design is not possible as all secondary grades are 1 as shown in Figure 2.7b. On
the contrary for the GT2-MF case, numerous SMF design is possible since the SMF is
designed based on a TI-FS used at the secondary layer (Figure 2.7c¢ shows only
triangle example in this context). This provides extra design flexibility and opportunity
to the designer. The selection of the SMFs and the effects on the controller/system

performances will be investigated in the next chapters.
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2.2 Type-1 and Interval Type-2 Fuzzy Logic Controllers

A FLC is a complex system that provides a mapping from its input(s) to its output
based on fuzzy rules in the rule table, which is used in many applications such as
reasoning, decision making, modeling, and control [30, 31]. In fuzzy literature, the
most popular FLC structures are Mamdani and Takagi-Sugeno-Kang [7]. Both FLC
structures are characterized by IF-THEN rules and have the same antecedent part, on
the other hand, they differ in the part of consequents. The Mamdani fuzzy systems use
fuzzy sets at the consequent part of the rules, whereas the TSK fuzzy systems use
mathematical functions or singletons at the consequent part of the rules. As the TSK
FLCs are considered in this thesis, the consequents of all FLCs are defined by
singletons, while the antecedent parts are defined by T1, IT2, and GT2 FSs for T1,
IT2, and GT2 FLCs, respectively.

2.2.1 Type-1 fuzzy logic controllers

The T1-FLCs are constructed by four main parts [7]: fuzzifier, fuzzy rule base,
inference engine, defuzzifier as shown in Figure 2.8. Here, the fuzzifier converts the
crisp input into T1 fuzzy input sets. Then, the inference engine combines these T1
fuzzy input sets through the fuzzy IF-THEN rules and accumulates T1 fuzzy output
sets after calculating the corresponding firing levels of fuzzy rules. After combining

these T1 output fuzzy sets, the defuzzifier generates the crisp output.

Crisp Input Crisp Output
r--—r T
| Rules |
| I
| A |
| Y

I
| Fuzzifier > Inference »  Defuzzifier |
| Type-1 Fuzzy Type-1 Fuzzy |

Input Sets Output Sets
| P ® TI-FLC|
- -

Figure 2.8 : System block diagram of type-1 fuzzy logic controllers.
A fuzzy rule of a TI-FLC is defined as follows [7]:

Ry: IF xyisA;; and .. and x;isA;; THEN yriisC, (2.22)
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where x; (j € {1,2, ..., /}) is aninput, 4;; (i € {1,2, ...,1}) is an antecedent MF, | is the
total number of inputs, I is the total number of antecedent MFs, R, (n € {1,2, ..., N})
is the n™ rule of the rule table, N is the total number of rules in the rule table, yr, is
the output of T1-FLC, and C,, is an output singleton consequent of the rule R,,. When
the weighted average center-of-sets defuzzification method is applied, then the output

of a T1-FLC (yr;) is defined as follows [7]:

N
1 /nC
Y1 = S Inn (2.23)
n=1 fn
where f,, is the firing strength of the rule R,, and calculated as:
J
le = ﬂ i—1 l'lA]‘l(x]) = ALlAl'i(xl) X . X l'l'A]‘l(x]) (2'24)
]:

where X and Il terms indicate product t-norm operators. Here, ,uAji(xj) is the

membership degree of the corresponding T1-MF (i.e. u4(x)) and calculated according

to T1-MF definitions and the value of the input x;.

2.2.2 Interval type-2 fuzzy logic controllers

In addition to their T1 counterparts, the T2-FLCs have additional operation denoted as
type-reduction as illustrated in Figure 2.9 [7]. The type reducer is essential for T2-
FLCs; it requires a computational cost which is assumed as the main bottleneck of T2-
FLCs [7], whereas it is required to complete the output calculation of T2-FLCs. The
fuzzifier uses and processes the T2-FSs. The output of the inference becomes T2 fuzzy
output sets. Then the type-reducer evaluates these T2 fuzzy output sets and converts
them to a kind of type-1 fuzzy set denoted as type-reduced sets. The defuzzifier uses
this type-reduced set for the defuzzification process. It is worth mentioning that there
are several type-reduction algorithms in the literature, while the KM type reduction
[46] is still the most commonly used type-reduction method [7]. Due to this reason in
this thesis, the KM algorithm is employed as a type-reducer of T2-FLCs. Another
remark is that the type-reduction methods are generally proposed for IT2-FLCs, where
all secondary grades are 1. This is also GT2-FLC compatible from the calculation point
of view since the output calculation of GT2-FLCs is handled in a way that all IT2-FLC

fuzzy notations that are given in Figure 2.9 become also valid for the GT2-FLC
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calculations [7]. The computation of a GT2-FLC will be explained in “Chapter 3 -

General Type-2 Fuzzy Logic Controllers in detail.

Crisp Input Crisp Output
17— i _____ _i
| Rules Defuzzifier |
|
[ 4 A Type-Reduced Set |
| Y (Type-1 Fuzzy Set)

I :
| Fuzzafier »  Inference » Type-Reducer |
| Interval Type-2 Interval Type-2 |

Fuzzy Input Sets

Fuzzy Output Sets

IT2-FL.C|

Figure 2.9 : System block diagram of interval type-2 fuzzy logic controllers.
A fuzzy rule of an IT2-FLC is defined as follows [7]:

R,: IF xisA;; and and x;is4;; THEN y,isC, (2.25)

where x; (j € {1,2, ...,]}) is an input, Aj,i (i € {1,2, ...,1}) is an antecedent MF, ] is the
total number of inputs, I is the total number of antecedents MF, R, (n € {1,2, ..., N})
is the n™ rule of the rule table, N is the total number of rules in the rule table, y;r, is
the output of IT2-FLC, and C,, is an output singleton consequent of the rule R,,. When
a KM type reduction and center of set defuzzification method [46] is applied, then the
output of an IT2-FLC (y;r,) is defined as follows [7, 48, 49]:

(3_’1T2 + lez)

= (2.26)
YiT2 2

where y;r, and y ., are left and right endpoints of the type-reduced set (i.e. T1 interval

fuzzy numbers), respectively. The left and right endpoints of the type-reduced set are

calculated as follows:

Yhe1faCn + i1 fuCn
ARG AR Yy 4

Yir2 = (2.27)

$l=1 ECn + Zyl=R+1 ECn

n=1/n + Xn=r+1/n

(2.28)

Yira =
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where L and R are left and right switching points of the KM algorithm respectively [7,
48, 49], E and f,, are the upper and lower firing strengths of the firing interval (FI,,)

associated with the rule R,,. The firing interval is calculated as follows:
Flo=|fa T (2.29)

where lower and upper bounds of the firing interval are calculated as:

—/

o= | () =, () XX () (230)
4 4j=

_ —/ _ _ _
1 14 Jt Lt I

where u /Tji(xf) and ngi(xj) are the membership degrees of the corresponding LMF

and UMF (i.e. pz(x) and u;(x)), respectively. In this thesis, (as in previous works

[40, 42-44, 49]), the UMFs and the LMFs are always defined with respect to their T1

baseline and the design parameter denoted by M; ; as follows:
i, () = 1y, (x7) (2.32)
ua, () = 1, () My = pay (35) M (2.33)

where M; ; is the height of the LMF associated with the T2-FS /Ij,i. The parameter M

associated with an IT2-FLC A, in the most generic form, is also called as the FOU
design parameter of IT2-FLCs [36-45]. This design parameter defines the size of the
FOU since it changes the shaded area. As illustrated in Figures 2.10-2.13, higher M
values result in a smaller FOU as the shaded area shrinks when the LMF approaches
towards the UMF. In a similar manner, lower M values result in larger FOU since the
shaded area enlarges. For example, the shaded FOU area of Figure 2.10 is much larger
than the one for Figure 2.12, since the height values are M = 0.2 and M = 0.8,
respectively. Moreover, as illustrated in Figure 2.13, when M = 1 for all T2-FSs, then
the FOU disappears so that the IT2-FLC reduces into its T1-FLC counterpart from the

structure and calculation points of view.
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Figure 2.10 : A triangle IT2 membership function for M = 0.2 setting.
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Figure 2.11 : A triangle IT2 membership function for M = 0.5 setting.
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Figure 2.12 : A triangle IT2 membership function for M = 0.8 setting.
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Figure 2.13 : A triangle IT2 membership function for M = 1 setting.

2.3 From FLC Mapping to Fuzzy PID Controllers

The PID type fuzzy logic controllers, in other words, FPID controllers, are generally
cited as an alternative to the classic PID controllers, as they are analogous to their
conventional counterparts from their input-output mapping perspectives [9-11, 14-16].
The main difference between conventional and fuzzy controllers is that the
conventional controller provides a linear mapping from input to output, while the FPID
controller provides a nonlinear mapping. In some studies, this mapping is interpreted
that the FPID controller is a conventional PID controller with a varying controller gain
[19]. The FPID controller structures are generally constructed by the scaling factors
(input and output) and a base FLC. In literature, various fuzzy controller structures are

proposed [11-21].

In this thesis; all fuzzy controllers are categorized based on their internal FLC type and
the number of inputs. The generic FPID term is preferred to represent all possible
configurations of FPID controllers (i.e. PID, PD, PI, and P) since this categorization
happens with respect to the non-zero values of the scaling factors. Based on the FLC

type, the following FPID controller structures are examined:
e TI1-FPID controller that employs T1-FLC,
e [T2-FPID controller that employs IT2-FLC,

e GT2-FPID controller that employs GT2-FLC;
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while these fuzzy controllers (i.e. T1, IT2, and GT2 FPID controllers) are also

categorized with respect to their number of inputs as follows:
e Single-Input FLCs (SFLCs),
e Double-Input FLCs (DFLCs).

A fuzzy controller (either FLC or FPID) is generally constructed by choosing its inputs
as the error signal (e) and the derivative of the error signal (), while its output is the
control signal (u). Note that, in the fuzzy literature [14, 17, 21], inputs and outputs are
sometimes defined in the discrete-time domain instead of the continuous-time domain
by using the discrete error signal (e[k]) and the change of error signal (Ae[k]). But
these expressions do not change the generic structure of the fuzzy controller since the
fuzzy rule base and internal fuzzy inference calculations are the same. In this thesis,
for the sake of consistency, the notion of (e, Ae) is used to represent the error signal
and the change of the error signal, respectively. Hence, the inputs of a fuzzy controller

are defined as follows:

e =1 — Yy, =rlk] — ys[k] (2.34)
. de _ E

¢=— = (2.35)

Ae = e[k] — e[k — 1] (2.36)

where 75 is the reference signal of the control system, ys is the output of the system to
be controlled, and T denotes the sample time of the discrete system. For all fuzzy
controllers, the input scaling factors are used to normalize the inputs in the range of
the universe of discourse [40]. The input scaling factors are denoted as K, and K, for
the error and the change of error inputs, respectively. The input scaling factors

normalize the inputs as follows:
E=K,e, E e [-11] (2.37)
AE = Kpo Ae,  AE € [—1,1] (2.38)

where E is the normalized error input and AE is the normalized change of error input.
Here, the universe of discourse is defined in the range of [-1, 1], so inputs E and AE

are bounded in this value interval employed in the FLC. Here it is worth underlying
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that e is the input of the conventional or fuzzy controller, while E and AE are the inputs
of the FLC that is used in the fuzzy controller. Moreover, the output of the fuzzy
controller (u), which is the control signal of the closed-loop system, is generated after
the conversion of the FLC output by the output scaling factors, namely K, and Kj,.
Here, the output scaling factors convert the control signal into a real-time applicable

signal range as the FLC provides output only in the universe of discourse.

2.4 Single-Input Fuzzy PID Controllers

A Single-input Fuzzy PID (SFPID) controller consists of a SFLC, an input scaling
factor that is K,, an output scaling factor that is K, and a conventional PID controller
with 3 gain terms (K, K;, and K;) [36, 41]. In the closed-loop control block diagram,
the input of the SFPID controller is the error signal (e), while the output is the control

signal (u) as given in Figure 2.14.

r-—— |
| |_> Ky \
Fuzzy |
- @ ] y

E, Logic U, K, > Kf] “ System >
Controller L |
. d |
Ko |

SFPID Controller

Figure 2.14 : Closed-loop control block diagram of single-input FPID controllers.

2.4.1 Type-1 single-input fuzzy PID controllers

The T1-SFLC of a SFPID controller is constructed by selecting its single input as the
normalized error signal (x; = E) and the output as y;; = Urq [36, 41]. It is worth
marking that the fuzzy literature prefers “y” term to express the output of the fuzzy
mapping (from a fuzzy input x to a fuzzy output y). In this thesis, the y terms (e.g.
Yr1, Yir2,» and yer2) are used to represent a generic FLC output (like in equation
(2.39)), while U terms (e.g. Urq, U2, and Ugr,) are used for FLC output for control
applications. Therefore, the fuzzy rule in equation (2.22) is arranged for T1-SFLCs

employing T1-FSs (4;;) as follows:

Ry: IF x;isA;; THEN ypisC, (2.39)
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where i € {1,...,1} and k € {1, ..., K = I} represent corresponding antecedent MFs
that are defined in the rule R,,. Hence, the output of a T1-SFLC is calculated as given
in equation (2.23), while the firing strength calculation is accomplished after

redefining equation (2.24) as follows:
fo = Hay; (x1) = Hay; (E) (2.40)

where x; = E is the single input of the T1-SFLC structure. This single input signal is
obtained according to equation (2.37) in where the error signal (e) is obtained as in
equation (2.34). Then, the output scaling factor (K,) converts the SFLC output (Ur4,

also shown as U in Figure 2.14) as follows:
o =K,U, Ue[-11] (2.41)

where ¢ is the denormalized output of the T1-SFLC mapping. Here, the value of ¢ is
the input of the conventional part of the SFPID controller (as replacement of the error
signal) as given in Figure 2. 14. Consequently, the output of the T1-SPID controller,

namely the control signal (u = urq), is calculated as follows:

t

d
u=K,p+K f 0(&)dE + Kdd—(f (2.42)

0

It is worth underlying that the term “u” is used as the control signal (for example as in
equation (2.42)), in control applications as shown in Figure 2.14, while it is used as
the secondary variable in T2-FS definitions (as given in equation (2.11). Also, the U
term is used as the FLC output in control applications (for example as given in equation
(2.41)) as shown in Figure 2.14, while it is used as the universe of discourse of the
secondary variable (as given in equation (2.11)). In this thesis, the given both “u and
U” notations are followed for all FLC types (T1, IT2, and GT2) to have the same

naming convention as in the literature.

2.4.2 Interval type-2 single-input fuzzy PID controllers

The IT2-SFLC of a SFPID controller is also constructed by selecting its single input
as the normalized error signal (x; = E') and the output as y;r, = Ujr, [36, 41]. The

fuzzy rule in equation (2.25) is arranged for T2-SFLCs employing T2-FSs (4 ;i) as:
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R,: IF xyisA;; THEN yp,isC, (2.43)

Like its T1 counterpart, the output of IT2-SFLC is calculated as given in equations
(2.26), (2.27), and (2.28), while the lower and upper firing interval calculations in

equations (2.30) and (2.31) are arranged, respectively as follows:

fo = b, (1) = pa, (E) (2.44)

fo = b, (1) = 1z, (E) (2.45)

where x; = E is also obtained according to equation (2.37) in where the error signal
(e) is obtained as in equation (2.34). The membership degrees of LMF and UMF are
calculated as given in equations (2.32) and (2.33). The output scaling factor (K,)
converts the IT2-SFLC output (U;) as given in equation (2.41). Then the output of
the IT2-SPID controller (where u = u;r,), is calculated as given in equation (2.42). It
is worth underlying that once the FLC output (i.e. U) is obtained, then the rest of the
output calculations are the same for all FLCs. It only differs in the assignments of FLC
output to the corresponding signals: yrq, V72, and ysr,. Consequently, in the same
manner, the output of the GT2-SFPID controller (where u = u;r5), 1s calculated as in
T1-FPID and IT2-FPID controllers. The output calculations of GT2-SFLCs will be
presented in “Chapter 3 - General Type-2 Fuzzy Logic Controllers”.

2.5 Double-Input Fuzzy PID Controllers

A Double-input Fuzzy PID (DFPID) controller consists of a DFLC cascaded to two
input scaling factors (K, for E input, and K,, for AE input), and two output scaling
factors (K, and K, with an integrator) [10, 19, 39-40, 42-44] as shown in the closed-
loop block diagram in Figure 2.15.

F Ko
uzzy +
’ )
Logic v “ System >
Controller + ‘
K] |

DFPID Controller

Figure 2.15 : Closed-loop block diagram of double-input FPID controllers.
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2.5.1 Type-1 double-input fuzzy PID controllers

The T1-DFLC of a DFPID controller is constructed by selecting its inputs as the
normalized error input (x; = E’) and the normalized change of error input (x, = AE)
and the output as yr; = Uyq [10, 19]. Therefore, the fuzzy rule in equation (2.22) is
arranged for T1-DFLCs employing T1-FSs (4; ;) as:

R, IF xyisA;; and xpisA,, THEN yrisC, (2.46)

The output of T1-DFLC is calculated as given in equation (2.23), and the firing

strength calculation in equation (2.24) is arranged as follows:
fo = ta, (1) X pia,  (x2) = pa, (E) X pia,  (AE) (2.47)

where the inputs of the T1-DFLC structure (E and AE) are obtained according to
equations (2.37) and (2.38), respectively. Then, the output scaling factors convert the
T1-DFLC output (U in Figure 2.15) as follows:

t
u=K,U+K, f U@de, Ue[-11] (2.48)
0

where u is the control signal of the closed-loop control system. Here it is also denoted

as the output of the T1-SPID controller (i.e. u = ugy).

(P2l

It is worth noting again that the term “u” is used as the control signal (i.e. as given in
equation (2.48)), in control applications as shown in Figure 2.15, while it is used as
the secondary variable in T2-FS definitions (as given in equation (2.11)). Moreover,
the U term is used as the FLC output in control applications (i.e. as given in equation
(2.48)) as shown in Figure 2.15, while it is used as the universe of discourse of the
secondary variable in T2-FS definitions (as given in equation (2.11)). In this thesis,
the given both “u and U™ notations are also followed for the sake of having the same

naming convention as in the literature.

2.5.2 Interval type-2 double-input fuzzy PID controllers

The T2-DFLC of a DFPID controller is also constructed by selecting inputs as the
normalized error input (x; = E') and the normalized change of error input (x, = AE)

and the output as y;r, = U;r, [10, 19, 39-40, 42-44]. The fuzzy rule in equation (2.25)
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is arranged for IT2-DFLCs employing T2-FSs (ﬁj,i) and accordingly, the following

fuzzy rule structure is obtained:
Ry IF xisA;; and x,isA;;, THEN y,isC, (2.49)

Like its T1 counterpart, the output of IT2-SFLC is calculated as given in equations
(2.26), (2.27), and (2.28), while the lower and upper firing interval calculations in

equations (2.30) and (2.31) are arranged, respectively as follows:

fo = b, (1) X pha,  (2) = pz, ,(E) X pa,, (AE) (2.50)

Fa = g, () X Ry, () = g, (B) X T, (AE) @51)

where x; = E and x, = AE are obtained according to firing interval calculations given
in equations (2.37) and (2.38) respectively. Here, the membership degrees of LMF and
UMF are calculated as given in equations (2.32) and (2.33), respectively. Then, the
output scaling factors (K, and Kj)) convert the IT2-SFLC output (U) into the control
signal u as illustrated in Figure 2.15. Therefore, the output of the IT2-SPID controller

(i.e. u = u;ry), is calculated as given in equation (2.48).

Similar to the SFPID controller case, once the FLC output (i.e. U in terms of Urq, Ujr,,
Usr2) 1s obtained, then the rest of the output calculations are the same for all FLCs. In
other words, it only differs in the assignments of FLC output to the corresponding
signals, in terms of type-1, interval type-2, or general type-2. Consequently, the output
of the GT2-DPID controller (i.e. u = ugr,) is calculated in the same manner. The
output calculations of GT2-DFLCs will be presented in “Chapter 3 - General Type-2

Fuzzy Logic Controllers”.

2.6 Structural Design Recommendations

Although, the FLCs provide a superior framework to handle complex/nonlinear
systems thanks to their sophisticated input-output mappings, a proper or optimized
design might be challenging as the design parameters can be assigned independently
from each other, and the total number of the design parameters is also application-

dependent. To overcome this problem of the FLC design, some assumptions/rules are
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followed such that the FLC design is accomplished in a reasonable effort [7, 30, 31,

40, 41, 55]. In this thesis, the following common design assumptions are considered:

1.

The antecedent MFs (4;; or Aj’i) are uniformly distributed over the universe
(X;) of the corresponding input (x;).

The antecedent MFs (4; ; or A ;i) are constructed with triangle FSs.

The total number of antecedent MFs (I or K) corresponds to the total number
of rules in the rule table (N). For SFLC and DFLC structures, the conditions
are definedas N = I and N = [ X K, respectively.

The total number of rules (N) is a structural setting parameter for all SFLC and
DFLC structures.

The Consequent MFs (C,,) are constructed with singletons and each singleton
(Cy) corresponds to the fuzzy rule (R,,) in the rule table. The output values of
consequent MFs are assumed as design parameters for T1-FLCs.

The UMFs of the IT2 antecedent MFs (Aj,i) are constructed over their T1
counterparts by setting the UMFs as T1-FSs (4; ;).

The LMFs of the IT2 antecedent MFs (Aj,i) are constructed over their T1
counterparts by weighting the T1-FSs (4;;) with a height variable (M; ;). The
height of the IT2 antecedent MFs (/Tj,i) 1s assumed as a design parameter for
IT2-FLCs.

The scaling factors (K., Kx., K,, and K;), although they are common for all
FLC types, are mostly assumed as design parameters of T1-FLCs.

Table 2.1 : Design parameters of T1-SFLCs.

Assumptions  Total Number Known Antecedent Consequent  Total Number

of Rules Structural Design Design of Design
Parameters Parameters Parameters Parameters

3-5
2-5

- - - Ay Cn 7
4 - Ay c 72
I=N Ay c B4N
I=N Ay Cy 3N+ N
1-5 N I=N — c N*

S

S

===

S

?1: Rule structure is not clear, since the total number of rules is undefined.

?2: Rule structure is not clear, since the total number of antecedent MF is undefined.

73: Antecedent MF type is not clear. (It is 3N for triangle case, while it is 4N for trapezoid case).
—* : There is no antecedent design parameter according to assumptions since all parameters are
defined during distribution over the universe with respect to the total number of rules.

N* : The number reduces if a consequent is used in multiple rules.
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Table 2.2 : Design parameters of T1-DFLCs.

Assumptions  Total Number Known Antecedent Consequent  Total Number
of Rules Structural Design Design of Design
Parameters Parameters Parameters Parameters
- - - Al,i:AZ,k Cn 7
4 N - A1 Az Cy 72
3-5 N IXK=N A1 Az Cy 2B+ N
2-5 N IXK=N Api Ask Cy 3U+K)+N
1-5 N IXK=N = Cy N*

?1: Rule structure is not clear, since the total number of rules is undefined.

?2: Rule structure is not clear, since the total number of antecedent MF is undefined.
?73: Antecedent MF type is not clear. (For example, it is 4(I + K) for trapezoid case).
—* : All parameters are defined according to assumptions.

N* : The number reduces if a consequent is used in multiple rules.

Table 2.3 : Design parameters of IT2-SFLCs.

Assumptions  Total Number Known Antecedent Consequent  Total Number
of Rules Structural Design Design of Design
Parameters Parameters Parameters Parameters
- - i Al,i Cn ?
1-5 N I=N Ay =T 61t
1-6 N I=N Ay - 31
1-7 N [=N My -1 I

?: Rule structure is not clear.

—T1: T1-FLC baseline design. There is no IT2 design parameter.

t: IT2 Antecedent MFs are designed from scratch (Separate LMF and UMF designs).

$: UMF is fixed according to assumptions. Only LMFs are designed from scratch.

o: LMF and UMFs are defined according to assumptions. The parameter M, ; (i € {1,2,...,1}) is the
FOU design parameter.

Table 2.4 : Design parameters of IT2-DFLCs.

Assumptions Total Known Antecedent Consequent Total Number
Number Structural Design Design of Design
of Rules Parameters Parameters Parameters Parameters

- - - Al,i' AZ,k Cn 7

1-5 N IXK=N Ay Ay - (61 + 6K)T
1-6 N IXK=N Ay Ay - B3I +3K)f
1-7 N IXK=N My ;, My - (I+K)

?: Rule structure is not clear.

—T1: T1-FLC baseline design. There is no IT2 design parameter.

t: IT2 Antecedent MFs are designed from scratch (Separate LMF and UMF designs).

$: UMF is fixed according to assumptions. Only LMFs are designed from scratch.

o: LMF and UMFs are defined according to assumptions. The parameters M ; (i € {1,2,...,1}) and
M, (k € {1,2, ..., K}) are the FOU design parameters.
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As a comprehensive summary of various T1 and IT2-FLC design options, the settings
with the least design parameters (i.e. the last rows of the above tables) are summarized

in Table 2.5.

Table 2.5 : Summary of T1 and IT2 FLC design parameters.

FLC Type Total Known Antecedent Consequent Total Number
Number Structural Design Design of Design
of Rules Parameters Parameters Parameters Parameters

T1-SFLC N I=N - Cy N

T1-DFLC N IXK=N - Cy N

IT2-SFLC N I=N M, ; - I

IT2-SFLC N IXK=N My ;, My - I+K

Finally, the design parameters of T1-FPID and IT2 FPID controllers are summarized
in Table 2.6. Once the design is handled in a hierarchal order (first T1 fuzzy controller,
then IT2fuzzy controller), only antecedent FOU parameters are additionally tuned

during the IT2-FPID controller design.

Table 2.6 : Design parameters of T1-FPID and IT2 FPID controllers.

Controller Input Antecedent Consequent Output Additional
Type Scaling Design Design Scaling Parameters
Factors Parameters Parameters Factors (PID)
T1-SFPID K, - Cy K, K,, K, Ky
T1-DFPID K, Kpe - Cy K, K, -
IT2-SFPID K, M, ; Cy K, K,, K, Ky
IT2-DFPID K, Kpe My, My Cy K, K, -
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3. GENERAL TYPE-2 FUZZY LOGIC CONTROLLERS

3.1 Introduction

The GT2-FLCs are constructed by five main parts: fuzzifier, fuzzy rule base, inference
engine, type-reducer, and defuzzifier [7]. As in the T1-FLC and IT2-FLC counterparts,
the fuzzifier converts crisp input into GT2 fuzzy input sets, then the inference engine
combines these GT2 fuzzy input sets through the fuzzy IF-THEN rules and
accumulates the GT2 fuzzy output sets after calculating corresponding firing levels of
each fuzzy rule. After combining these output fuzzy sets, the type reducer calculates
them as type-reduced sets to be used in the defuzzification. Then the defuzzifier
generates the crisp output. Although the system block diagram of GT2-FLC seems like
its IT2 counterpart, the calculation steps are much more complex and additional
computation operations are required to compute the GT2-FLC output. These additional
operations and calculation steps will be given in the next sections. The system block

diagram of GT2-FLCs is given in Figure 3.1

Crisp Input Crisp Output

7T T T T T T T/ i — *|

| Rules Defuzzifier |
|

| A A Type Reduced Set |

| v Y (Type-1Fuzzy Set) |

|

: Fuzzifier » Inference » Type-Reducer |

| General Type-2 General Type-2 |

Fuzzy Input Sets Fuzzy Output Sets
v y Oup GT2-FLC|

—_—— — —_— — — —_— —_— — — —_— — — — — — — — — — — — — — — — — ——— ]

Figure 3.1 : System block diagram of general type-2 fuzzy logic controllers.
A fuzzy rule of a GT2-FLC is defined as follows [7]:
Ryt IF xyisA;; and .. and x;isd4;; THEN ygr,isC, (3.1)

where x; (j € {1,2,...,]}) is an input, Aj,i (i € {1,2,...,1}) is an antecedent GT2-MF,

J is the total number of inputs, [ is the total number of antecedent GT2-MFs, R,, (n €
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{1,2, ..., N}) is the n™ rule of the rule table, N is the total number of rules in the rule
table, and C,, is an output singleton consequent of the rule R,,, and y;r, is the output

of GT2-FLC.

3.2 General Type-2 Fuzzy Sets

The General Type-2 Fuzzy Set (GT2-FS) is the generic form of T2-FSs. Hence a GT2-
FS is also denoted as (A) and it is defined as in equation (2.11). For completeness

reasons, the definition of a GT2-FS (A) is also given in this section as follows [7]:
A={(x,u),pz(x,u) |x€XueU} (32)

where x is the input variable (also called as the primary variable of A), X is the universe
of the primary variable x, u is the secondary variable of A, U is the universe for the
secondary variable u, and pz(x, ) is theT2-MF of the T2-FS A. In the continuous and

the discrete domains, a GT2-FS (i.e. denoted as A) is defined as follows:

A= f fug(x,u)/(x,u) or A= f f/xg(x,u)/u /x (3.3)

x€EX UeU xX€X \ueu

A= Z Z wi(x,u)/(x,u) or A= Z z wz(x,w)/u /x (3.4)

xX€EX4 UEU, x€X ueu
d d d d

The membership grade (primary and/or secondary) of a GT2-FS is described based on
the primary membership of x (i.e. /) and the SMF (p3(,)(w) or uz()) Here, similar

to the IT2 case, the SMF and the primary membership (J, ) are also defined as:

s _ pa(x,u)
Hiw) = Hax) (w) = LE[OJ] 4 /(u) (3.5)
Je ={(,w)|ue[0,1], wuz(x,u)> 0} (3.6)

The SMF (i.e. pz(x)) 1s a distinguishing property of the GT2-FSs since it determines

the resulting output of the GT2-FLC [68]. The SMFs are generally defined with well-
known TI1-FSs (triangle, trapezoid, and gauss) at the secondary layer [7]. In this
context, GT2-FS counterparts of IT2-FSs (given in Figures 2.4, 2.5, and 2.6) and T1-
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FSs (given in Figures 2.1, 2.2, and 2.3) are illustrated in Figures 3.2-3.7. For easiness,

the SMFs are selected as triangle, trapezoid, gaussian T1-FSs, respectively.

T ) 1 T

075

Figure 3.2 : A triangle GT2-FS employing triangle SMF.
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Figure 3.3 : A triangle GT2-FS employing triangle SMF.
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(b)
p; o) 1 . . — .
0.75 .
o5l < 1z (u) ]
0.25 F ; -
0 - X .
0 Jr_r,_-l{-.:-,-] i) 1
T
(c)

Figure 3.4 : A trapezoid GT2-FS employing trapezoid SMF.
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M ) 1

.75

Figure 3.5 : A trapezoid GT2-FS employing trapezoid SMF.

38




p; ) 1

0.75

0 ~30
(a)
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— 3o — I a
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(b)
0 E_-l{r,-‘] i) 1
i
(c)

Figure 3.6 : A Gaussian GT2-FS employing Gaussian SMF.
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M ) 1

.75

Figure 3.7 : A Gaussian GT2-FS employing Gaussian SMF.

40



As shown in Figures 3.2-3.7, the visual properties of the GT2-FSs are considerably
more complex than their T1 and IT2 counterparts. In all figures, subplots (a) show
GT2-FSs in the 3D representation domain where the x-y-z axes are defined by the
primary input variable (i.e. x), the secondary variable (i.e. u), and the secondary
membership grade (i.e. uz(x,u)), respectively. The FOU, LMF, and UMF are shown
in Figures 3.2b, 3.4b, and 3.6b associated with their triangle, trapezoid, Gaussian T2-
FSs, respectively. In Figures 3.2c, 3.4c, and 3.6c¢, for a fixed input value (i.e. x;), the
resulting SMF support (i.e. J,) and corresponding triangle, trapezoid, and Gaussian
SMFs (i.e. tj(y)(u)) are given respectively. The figure subplot pairs 3.3a-3.3b, 3.5a-
3.5b, and 3.7a-3.7b are the same from the content point of view, but they differ from
the view rotation of the z-axis. In these figures, all subplots (b) are rotated on the z-
axis (i.e. uz(x,u)) until the data is projected into the “x, u” domain. In Figures 3.3c,
3.5¢, and 3.7c¢, a set of the resulting triangle, trapezoid, and Gaussian T1-FSs of the
SMFs are illustrated with blue markers, respectively. Here it is worth mentioning again
that, if a collection of all individual T1-FSs of the SMFs (marked as blue in Figures
3.3c, 3.5¢, and 3.7¢c) are combined for all x values (x € X), then the GT2-FS (i.e. 4) is
obtained over the values of SMF (i.e. uz(,) (1)) as follows [7]:

1z (x)

A=f0q&ﬂ.mm=mmw=f~ﬁmwmi 3.7

xeX Hatx

where f, (1) denotes the secondary grade of input variable x and it equals to pz(x, u).
The secondary grade can be also defined by the employed T1-FSs, that depict SMFs,
which are defined in the range of LMF and UMF values as follows:

fe@) = Ay, A ={(wma,) 1ue|us0,5;)|} (3.8)

where A, represents an individual T1-FS of a SMF.

3.3 Secondary Membership Functions

As mentioned in the previous sections, the SMF (i.e. pz(,)(u)) is constructed by an

ordinary T1-FS, which is also called as A, to represent the T1-FS associated with a
SMF slice. Therefore, the SMF definitions can be obtained by rearranging the T1-FS

definitions based on the input value universe of the secondary variable (i.e. u).
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3.3.1 Triangle secondary membership function

A triangle SMF that employs triangle T1-FS is defined (after the arrangement of the
triangle T1-FS definition in equation (2.6)) as follows:
pl <u<p?

2

u—p'
p1

(

| 7= p"
i W) —{ p? — (3.9)
[ﬂ' P <usp?
0, otherwise

where p° € [0,1] (s € {1, 2, 3}) defines the shape of the triangle. Here, p!, p?, and p3
are left support, apex, and right support points of the triangle shape, respectively.
These {p?, p?, p3} parameters in equation (3.9) are corresponding counterparts of the
T1-FS design parameters {a, b, ¢} in equation (2.6). The SMF parameters (p, p%, and
p?) are defined in increasing order as 0 < p! < p? < p3 < 1. Based on the values of
these parameters, it is possible to generate numerous SMFs with different shapes and
supports. In the fuzzy literature, the researchers mainly preferred to locate the supports
(p* and p3) on the values of LMF and UMF, such that the design of the SMF can be
accomplished through a single parameter [7, 62, 65]. This design is alternatively called

as the apex point design through a parameter Apex(u|x).
Once the base parameters (p* p?, and p3) are replaced with corresponding values of

{Eg(x), Apex(u|x), u;(x)} as follows:

3

pt=pa(x) p* =Apex(ulx) p°=p;(x) (3.10)

then the triangle SMF can be defined as follows:

( u—pix)
Apex(u|x), —pz(x) 1i(x) <u < Apex(u|x)
.u~x(u) = 9 T _ - G
v ﬁ~(x§§92pexléu|x) , Apex(ulx) <u < u;(x)
A ’

\ 0, otherwise

where the apex point (Apex(u|x)) is designed based on a single design parameter (w)

as pz(x) and fiz(x) are straightforwardly calculated for any x input value. The apex

point is mapped as a function of this design parameter (w) as follows:
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Apex(ulx) = paG) +w (5 () - o) (3.12)

where w € [0,1] determines the location of the apex point in the range of [u;(x),

u;(x)] as shown in Figure 3.8. Note that the parameter w is denoted as the design

parameter of triangle SMF and it is treated as the same for all vertical slices [65].

H; (x,1) T . . .
. pyl) Apex(z|u) Tii(x)
i |
0.8+ i
0.6+ .
0.4+ :
0.2 - i
0 1
0 W 1
u
Figure 3.8 : A triangle SMF and its apex point.
K (x,u) I l | | . .
Lr e W =0).25 | 7
w=0.5
0.8F —— w=0.75|7
—w=1
0.6 .
0.4+ i
0.2 - :
0 1 1 1 1
0 0.25 0.5 0.75 1

w

Figure 3.9 : A triangle SMFs with different apex point settings.

When the parameter is set to w = 0, the apex point is located on the LMF (i.e. uz(x))

as a left perpendicular triangle is obtained. When the parameter is set to w = 1, the

apex point is located on the UMF (i.e. 1;(x)) as a right perpendicular triangle is

obtained. The resulting shapes of the triangle SMFs for different w design parameter
settings {0, 0.25, 0.5, 0.75, and 1} are illustrated in Figure 3.9.
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It is worth underlying that the w-based parameterization provides a simple and useful
mapping for the SMF design, while the p-based parameterization provides more
design flexibility. For example, the support of the SMF is defined on a subset of the
primary membership of x ( J,), when p! > 0 or p3 < 1, which can be commented as
aresizing of the FOU [76]. When p! = 0 and p® = 1; the support of the SMF, in other

words, the horizontal line between p! and p3, is defined on the primary membership
of x [u a(x), Uz (x)]. The p-based parameterization covers the w-based one per design

option. The w-based parameterization has a single design parameter (w), while the p-
based parameterization has three design parameter (p*, p2, and p3).
3.3.2 Trapezoid secondary membership function

A trapezoid SMF that employs trapezoid T1-FS is defined (after the arrangement of
the trapezoid T1-FS definition in equation (2.8)) as follows:

(u— o6t L 5
m 6 Su<6
2 3
pa@) =4 b O =ESO (3.13)
5T 53 53 <u< st
0 otherwise

where ¢ € [0, 1] (t € {1, 2, 3,4}) defines the shape of the trapezoid. Here, 61, §2, §3,
and 8* are left support, left core, right core, and right support points of the trapezoid
shape, respectively. The parameters {5, §2, §3, §*} are corresponding counterparts
of the T1-FS design parameters {a, b, ¢, d} in equation (2.8). The SMF parameters
(61, 62, 63, and 6*) are defined in increasing order as 0 < 61 < §2 <63 < §* < 1.
Based on the values of these parameters, it is possible to generate numerous SMFs
with different shapes and supports. In fuzzy literature, like the triangle case,
researchers mainly preferred to locate the left and right supports (61 and §*) on the
values of LMF and UMF, such that the design of the SMF can be accomplished with
fewer design parameters [7]. This design can be alternatively called as the core line
design through Core (u|x) and Coreg(u|x). These core points can be selected as

symmetrical or non-symmetrical based on design preferences [7].

Once the base parameters (6, §2, 63, and §%) are replaced with corresponding values

of {Eg(x), Corey,(u|x), Coreg(ulx), uz(x)}, the triangle SMF is defined as follows:
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(_ “m ™) e et
Corep (u|x) —Eg(x) Halx) =u oreperc (ulx
wiw@ =4 1 Corey, (u|x) < u < Coreg(u|x) G.14)
.Ug(x) —u Corenn () < 1 < 7.0

ﬁg(x) - CoreR(u|x) Right < I
K 0 otherwise

where

o= £a(x) 62 = Corey(ulx) 8% = Coreg(ulx) &*=p;(x) (3.15)

Here, the left and right core points (i.e. Core,(u|x) and Coreg(u|x)) are determined
based on the symmetrical or non-symmetrical design options. The core points are
treated as the same for all vertical slices [7] and they are mapped based on two design

parameters (w; and wg) as follows:
Corey (ulx) = i) +w, (7,00 - pa()) (3.16)

Coreg(ulx) = () +we (5 () - i) (3.17)

where w;, and wy determine the core points in the relative range of [z (x), u;(x)].

My (x,u) ' . T .
L E"{.(x) Corey (ulx)  Coreg(u|z) ﬁ!{l(a:) |
| | ! |
| | | |
| | | |
0.8 - | | ‘ | |
E_fif:r 'J(u) : ) : : :
0.6 | | I | I i
| | | |
| | | |
| | | |
0.4+ | | | | _
| | ! |
| | | |
¢ | | | |
0.2+ i | ‘ | |
| | | |
| | | |
0 ! \
0 Wp Wp 1

w

Figure 3.10 : A trapezoid SMF and its support and core points.

For the symmetrical trapezoid SMF design option, the design parameters (w; and wpg)
that determines the core points (Core,(u|x) and Coreg(u|x)) are mapped based on a

single design parameter (w € [0, 0.5]) as follows [7]:
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w,=w wrp=1-—-w (3.18)

For the non-symmetrical trapezoid SMF design option, the design parameters (w;, wg)

that determine the core points (Core,(u|x) and Coreg(u|x)) are selected as [7]

Symmetrical and non-symmetrical trapezoid SMF design examples are given in
Figures 3.10 and 3.11, respectively. When w; = 0 and wy = 1, a rectangle shape is
obtained, therefore GT2-FS reduces to IT2-FS. For the setting w; = wg =w = 0.5
setting, a triangle shape is obtained, therefore trapezoid SMF reduces to triangle SMF.
The trapezoid SMFs will be also investigated in “Section 4.2 - Novel Representation

of Trapezoid Secondary Membership Function”.

K (x,1) ' ‘ ' '
Ol #;(x) Coreg(ulz) Corep(ulz) () |
| |
|
08 l .
& i )('U,)_'—). :
0.6 - : -
|
|
0.4 | i
|
|
0.2 - : i
|
|
0

W

Figure 3.11 : A trapezoid SMF and its support and core points.

3.4 Horizontal Slice Representation based on a-Planes

The GT2-FSs are represented with various methods; a) collection of all points, b) union
of all (vertical) slices over for all x values, c¢) union of wavy slices, d) union of all
(horizontal) slices over the a levels (or z-slices) at the secondary layer (e.g. uz(x, u)
axis) [7]. The collection of all points representation given in equation (3.2), is the
initial definition for all other representations. The representation, namely union of all
(vertical) slices over for all x values, is defined in the previous section in equation
(3.7). The vertical representation provides supportive features for the visualization of

GT2-FSs. The most popular representation is the union of all horizontal slices. This
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representation is also called as a-plane representation [61, 62] or z-slice representation
[63, 64]. Although the definitions of a-plane and z-slice representations seem to be
different, the resulting outputs are the same [65, 66, 76]. In this thesis, the “a-plane”
term is used to express the horizontal slices. According to the a-plane representation,

a GT2-FS (4) is represented as a union collection of a-planes (/Iap) raised to the level

@, in various ways, as given in [60]:

: ~Qp
A= U A (3.20)
ap€l0,1]
A7 = {(xw),pi(xuw) >a, |x€Xucel01]} (3.21)
A% — j ] {(x, w), ui(x,u) > ap} (3.22)
x€X u€lo,1]

where A% is an a-plane of the GT2-FS A that is associated with an a-plane (ap) (ie.
an a-plane raised to the level a,). Here, an a-plane A% also resembles an IT2-FS
whose secondary grade equals to the level a,, instead of 1. An a-plane is also defined
as the union of all primary memberships whose secondary grades (i.e. uz(x,u)) are
greater than or equal to the level a,. Since the a-plane representation of T2-FSs is
quite similar to the oa-cut representation of T1-FSs, a-planes of GT2-FS can be
obtained from a-cuts of the T1-FS employed in the SMF (p5(,)(u)) [7]. Based on this
notation, an a-plane of the GT2-FS (i.e. A%?) and a-cut of T1-FS employed in SMFs

(1.e. AZ”) can be expressed as follows:

A = (uliin @) = ap) = {ulug, = ay) = (s (0, e 0] (3.23)
A" = J AL /x = f |00 (), gy ()] /¢ (3.24)
x€X xXEX

where p;ap (x) and pzap (x) (or simply psap and piep) are lower and upper MFs of

A% also called as a-plane associated LMF and UMF, respectively. The illustrative o-
plane examples for triangle and trapezoid FSs are given in Figure 3.12 and Figure 3.13,

respectively.
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Figure 3.12 : An a-plane of triangle GT2-FS employing triangle SMF.
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Figure 3.13 : An a-plane of trapezoid GT2-FS employing trapezoid SMF.
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The a-plane representations of triangle and trapezoid GT2-FS employing triangle and
trapezoid SMFs are given in Figures 3.12 and 3.13, respectively. Here, the subplot (a)
shows the SMF slice (marked as blue) for a fixed input value x = x; on the FOU
(marked as grey) at the a-plane level a, = 0. On this SMF slice, five a-plane levels
a, = {0,0.25,0.5,0.75,1} are illustrated with green lines. The bottom line, where
a, = 0 is the support of the SMF and stands on the FOU. In the subplot (b), the SMF
and the a-plane level at a,, = 0.5 are shown on the “u, 7 (x,u)” axis domain. Here,
an a-plane level at a,, = 0.5 also means an a-cut from the T1-FS of the SMF (E i, as
marked with the blue triangle). In the subplot (b), based on the input value or slice
value (x;), the lower and upper membership degrees for an a-plane (pzep (x;) and
U zap (x;)) are illustrated. When these values are raised to the a-cut level (in other
words, raised to the a level a,), a rectangular shape, an interval set with the height
pz(x,u) = ay, is obtained as marked with light green. This interval set is important

since it is the same as the secondary grade of IT2-FSs, it only differs from the height.

The subplot (c) shows the union of all a-planes raised to the level of a,, over the input
x € X. Here, the resulting shape is a triangular prism with a fixed height of a,, = 0.5,
in other words, an IT2-FS with height a;, = 0.5 and its LMF and UMF are defined by

a-plane associated LMF and UMF (4 ;@ and ﬁgap ), respectively. This view of a-planes

is also important as the shape is an unnormal IT2-FS where pz(x,u) < 1. Here all IT2

properties are preserved in the o-plane (A%?) raised to the level of .

It is worth underlying that a horizontal slice (or zSlice) is obtained when an a-plane is

raised to the level a,,. The benefit of this representation based on a-planes is that the

computations developed for IT2 FSs can be applied to each horizontal slice [7].

In a similar manner that the support of a-cut for T1-FS changes with respect to the -
cut level and the base support of FS, the support of a-plane for GT2-FS, or in other
words the support of a-cut for the SMF, which is T1-FS (4(x)), changes with respect
to the a-plane level, and the primary membership that is the support of SMF. Hence,
the size and shape of the FOU change for each a-plane level as shown in Figure 3.14.

This a-plane associated FOU is called as FOU “? For example, the size of the FOU at

a, =0, FOU apzo(or in simple notation FOU®, marked as grey in figures) is larger

than the one at a), = 0.5, FOU 03 As the FOU is also defined by the LMF and UMF
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(¢4 and i z), an a-plane associated FOU (FOU ap) can be defined by a-plane associated
LMF (u;ap) and UMF (pzap). As ];: b= Mz (%), T (x)|, the a-plane support,
changes with respect to the degrees of a-plane associated LMF and UMF (pzep and
W zap ), the a-plane support also changes with respect to the input value (through uz(x)

and p1;(x)) in addition to the definition of the SMF. Since this dependency is handled

in LMF and UMF, a-plane associated ones are denoted as pizap and pd ;a;, respectively.

1 T T T

T T ]
08 P FOU=FOU*~"
ol o — 0 —— UMF=UMF®%~"
P
. 06- ——— LMF=LMF®~0
0.4 i
0.2+ i
(] L L L L L
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1 T T T T T
- FOU%:EL:’)
08¢ 05 —— UMF®=05|
06+ e - = LMF%=%3| |
u
0.4+ i
0.2+ i
0 L L L L L
X
(b)
1 T T T T T
PO U1
08 —— UMF%~1| ]

ap =1

- — LMF%~!

0.6

0.4

0.2

X
(c)
Figure 3.14 : Illustration of varying FOU sizes for different a-planes.

Also, Figure 3.15 shows the same triangular GT2-FS that is used in Figure 3.12, from
another perspective. This view perspective shows various a-planes (A%?) with respect
to their a-plane levels. This figure provides a better visual understanding of how GT2-

FLC calculations are handled by the horizontal slice or the a-plane representation.
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Figure 3.15 : Illustration of a horizontal-sliced GT2-FS by a-plane levels.
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3.5 Computation of an a-Plane Output

The main calculation steps for the computation of an a-plane output for GT2-FLC is
similar to the calculation steps for the computation of an IT2-FLC output. As shown
in Figure 3.15, each a-plane of GT2-FLC represents an a-plane associated T2-FLC, in
short a-T2-FLC, where the height of the secondary membership is @,,. So, each a-T2-
FLC has its computations based on a-plane associated firing levels. Recalling Figure
2.9, an IT2-FLC has 5 main operations (fuzzifier, rules, inference, type-reducer, and
defuzzifier), so does a-T2-FLC. Here, IT2-FLC and a-T2-FLC only differ at the
fuzzifier part, since membership degrees and firings are changing with respect to a-
plane levels. The system block diagram for a-T2-FLCs is given in Figure 3.16, where
the fuzzifier is separated into two parts as Fuzzifier and Fuzzifier® to point out the a-
T2-FLC calculations. The sub-operator Fuzzifier* calculates an a-plane associated
interval set of lower and upper membership degrees for further a-T2-FLC calculations
which are the same as in IT2-FLC. This interval set can be alternatively interpreted as

a-plane associated LMF and UMF, denoted as Eff and Hg, respectively.

Crisp Input o-plane Output
: l_ 1‘_ |
| Fuzzifier Rules Defuzzifier :
| General Type-2 4 A o Type-Reduced Sets |
| ¥ Fuzzy Input Sets ¥ (Type-1 Fuzzy Set) |
| |
| Fuzzifier® »  Inference » Type-Reducer |
| Interval a-Type-2 Interval a-Type-2
| Fuzzy Input Sets Fuzzy Output Sets |
o-plane level a-T2-FLC|

— e e o e o e e e e e e e e e e e e o e e ]

Figure 3.16 : Block diagram of a-plane associated type-2 fuzzy logic controllers.

For a triangle SMF defined in equation (3.9), the corresponding LMF and UMF of an

o-T2-FLC (i.e. pzep and U zap) are defined respectively as follows:
e = i+ w (g — ) @ (3.25)
Hyer = pz — (1 —w) (.‘_lg - gg) ap (3.26)
where @,, is the a-plane level and w is the apex point location of the triangle.
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For a trapezoid SMF defined in equation (3.13), the corresponding LMF and UMF of

an a-T2-FLC (i.e. s and ﬁgap) are defined as follows:
e = pg + Corep(ulx) (ﬁj — EA) (ap) (3.27)

fep =iz — (1 — CoreR(ulx)) (l_‘g — EA) (ap) (3.28)

Once the a-plane associated LMF (uzap) and UMF (i ;4,) are calculated, then the

membership grades of each a-T2-FLC are obtained, so that the output of a-plane (i.e.
a-T2-FLC) is calculated straightforwardly, as illustrated in Figure 3.16.

3.6 Aggregation of a-Planes towards Fuzzy Logic Controller Output

According to a-plane based horizontal slice representation, the output of a GT2-FLC
(Ver2) can be defined as a weighted average aggregation of a-plane associated T2-

FLC outputs over the a-planes as follows [7]:
P P
p
Yer2 = yGTzap ap (329)
p=1 p=1

where ygﬁz is the output of 0-T2-FLC, a,, is the a-plane level, p € {1, ..., P} denotes

corresponding a-plane index, and P (p =1, ... P) is the total number of a-planes.

Crisp Input Crisp Output
I _J' ______________________ ]
| D D |
| . > Horizontal-slice o-T2-FLC at level ap - |
Gp e
| c : |
| @ e |
_ u
| o »  Horizontal-slice a-T2-FLC at level a - |
T e % : ; |
I o z
| a s i |
| I; 1 »  Horizontal-slice a-T2-FLC at level a; > f |
| P e i |
| o ] ] e |
| o »  Horizontal-slice a-T2-FLC at level a; - 1 |
o)
| |
| GT2-FLC |

Figure 3.17 : Block diagram of the aggregation of a-plane based horizontal slices.
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This representation allows defining the output of GT2-FLC (y;r,) as an aggregation

of a-plane outputs (ygﬁz) in terms of a-T2-FLCs which are principally the resulting
T1-FLC or IT2-FLCs that are derived for a,, is the a-plane level [7, 75-76]. The
weighted average aggregation of a-plane associated T2-FLC outputs is visualized in
Figure 3.17. Here, the baseline IT2-FLC plane where «, = 0 is excluded from the a-
plane list since it has no impact on the GT2-FLC output calculation which is given in
equation (3.29) [64]. It is worth mentioning that once the total number of a-planes
increases, then the a-axis is sampled better in terms of granularity so that the collection
of the a-T2-FLC outputs will approach a uniformly sampled set of sets; on the other
hand, this high number of a-plane samples increases computational complexity and

computation time.

3.7 lllustrative Numerical Example

In this section, a numerical example for the output calculation of GT2-FLCs will be
presented. For illustration purposes, a simple, single-input (x), and 3-rule GT2-FLC
structure that employs 5 a-planes (a, = {0, 0.25,0.5,0.75,1}) is considered. So, the
handled GT2-FSs are shaped similar to the example given in Figure 3.15. Here, the
GT2-FLC is constructed with 3 antecedent and 3 consequent MFs. The antecedent part
is defined with triangular GT2-FSs (4, 4,, A3) with triangular SMFs (as the example
given in Figure 3.12) and the consequent part is defined with singletons (C; = —1,
C, = 0, C3 = 1). The rules are given in equations (3.30) — (3.32) and the rule table is
given in Table 3.1. The heights of the LMFs are selected as (M, = 0.2, M, = 0.6,
M5 = 0.2) and the apex point of the triangular SMF (Apex(u|x)) is set by the setting
w = 0.6 as shown in Figure 3.18.

R;: IF xisA; THEN yisC, (3.30)
R,: IF xisA, THEN yisC, (3.31)
Ry: IF xisA; THEN yisC; (3.32)

Table 3.1 : Rule base of the illustrative GT2-FLC.

A A, Az
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Figure 3.18 : Block diagram of the aggregation of a-plane based horizontal slices.

For illustration purposes, the input variable is applied as x = 0.4. For each a-plane
(ap, = {0,0.25,0.5,0.75,1}), 0-T2-FLC calculations are performed according to o-

plane horizontal slice representation. In this context, 1) a-plane associated membership

degrees (pzep and Uzap), 2) a-plane associated firing intervals ( fnap and fna”), 3) -

D

plane associated left and right endpoints of the type-reduced sets (yLa and y;: ") by
employing the KM center of sets calculation method, 4) defuzzified outputs of a-T2-
FLCs (ygﬁz), and finally, 5) final output of GT2-FLC (ysr,) are calculated based on

IT2 mathematics. The obtained numerical values are collected in Table 3.2.
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Table 3.2 : Calculation steps of illustrative GT2-FLC.

a a
I[Eg‘fp ﬁfﬂl ﬁ i’
@, T N VA A A Vot
R
0 0 [ 0 0]
@, =0 [0.36 0.6] 036 06| [0.1176 0.5263] 03220
0.08 0.4 10.08 0.4
0 071 T O 0 ]
a, = 0.25 0.396 0.576 0.396 0.576| [0.1818 0.4817] 0.3317
10.128 0.3681 10.128 0.368
[ 0 071 T O 0 ]
a, =05 0.432 0.552 0.432 0.552| [0.2418 0.4375] 0.3396
10.176 0.3361 10.176 0.336
[ 0 071 T O 0 ]
a, = 0.75 0.468 0.528 0.468 0.528| [0.2979 0.3938] 0.3458
10.224 0.3041 10.224 0.304]
[ O 071 71 0 0 7
a, =1 0.504 0.504 0.504 0.504| [0.3505 0.3505] 0.3505
10.272 0.2721 10.272  0.272]

Here, Table 3.2 is filled according to the following membership function definitions:

Haor = i, t W (ﬁgi —H ) ap,  i=1{123} (3.33)
Rao =Ry~ (L=w) (g~ iz ) ap 0= (123) (3.34)
S 639
=023 250 m=falow 150 @39
B={y 230 m=lem, x50 637)

It is worth noting that these membership degrees are the ones for a-T2-FLCs, including
the base a-plane level (a, = 0). The secondary grades of the input value (x = 0.4) are
shown with circles in Figure 3.19. Accordingly, the GT2-FLC output, which is also

shown in Figure 3.19, is calculated as a weighted average of a-T2-FLC outputs as:

Yer2 = (;ycrzal’)/(; a,,) (3.38)

_0.3220 x 0+ 0.3317 x 0.25 + 0.3396 x 0.5 4 0.3458 x 0.75 + 0.3505 x 1

0+025+05+0.75+1 = 0.3451
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Figure 3.19 :
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As another example, if three a-planes (ap = {0, 0.5, 1}) are considered for the output

calculation then the results are slightly different as follows:

P P
0.3220 X 0 + 0.3396 X 0.5 + 0.3505 x 1
Yer2 = <Z ygﬁzap>/<z ap> = IO T =0.3469 (3.39)
p=1

p=1

This example also shows the effect of the number and level of the a-planes. It is
obvious that once the total number of slices increases (or a-plane grid fined down),
then the calculation accuracy improves. Although it is not shown in this chapter, the
computational time also rises with a high number of a-planes. In the literature, there
is no unique methodology for the selection of a-planes, so the selection of alpha planes
is still under investigation by the fuzzy community [7]. This topic will be addressed in

the next chapters.
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4. TOWARDS SYSTEMATIC DESIGN OF GENERAL TYPE-2 FUZZY
LOGIC CONTROLLERS

In this chapter, the structural settings of the GT2-FLCs are investigated in order to
provide a better and clear understanding on the design parameters and interpretations
of these design parameters towards systematic design approaches for GT2-FLCs. As
explained in “Chapter 3 - General Type-2 Fuzzy Logic Controllers”, the SMFs are the
promising feature of GT2-FLCs. The SMFs, comparing to T1 and IT2 counterparts of
GT2-FLCs, provide extra design flexibility and more design options such that various
sophisticated fuzzy mappings can be achieved. On the contrary to these advantages,
the SMFs also brings a high level of design complexity as the effect of SMF design or

design parameters are not obvious.

4.1 Interactions between Fuzzy Logic Controllers

The GT2, IT2, and T1 FLCs are defined with respect to GT2, IT2, and T1 FSs used in
their fuzzy inferences, respectively. In the most generic representation, GT2-FSs /
GT2-FLCs include/cover corresponding IT2 counterparts, while IT2-FSs / IT2-FLCs
include /cover corresponding T1 counterparts, as illustrated in Figure 4.1 based on a
visual representation. This representation provides a pseudo-answer for a famous
design question [55, 60]: “Why does improved performance occur as one goes from
crisp, to T1, to IT2, to GT2 fuzzy systems?”. As illustrated in Figure 4.1, the outer
category inherits the inner one, so it can be commented that the performance of the

outer category is potentially higher than its inner category, if the design is proper.

Figure 4.1 : Inclusions and interactions of fuzzy sets.
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When an interaction (conversion) is considered, it is also possible to represent an inner
FS in terms of its outer FS [54]. This is also a very useful operation since FLC
calculations can involve a mixture of T1, IT2, and GT2-FSs [7]. In this context, the

definitions of GT2-FS, IT2-FS, T1-FS, and crisp set can be summarized as follows:

e GT2-FS, the generic form, as defined in equations (2.11) and (3.2):
A= {(x,u),/,tg(x,u) |x € X,u= [Eg(x),ﬁg(x)] eU = [0,1]} 4.1)
e IT2-FS, where all secondary grades are 1:
A= {(x,u),,ug(x,u) =1 |x€X,u= [Eg(x),ﬁg(x)] EU= [0,1]} (4.2)
e T1-FS, where the primary grade is crisp value and secondary grade is 1:
A-A={(x,uw),us(x,u) =1 |x€X,u=us(x)eU=1[0,1]} 4.3)
e Crisp set, where the primary grade is 0 or 1 and secondary grade is 1:

A-A={xwuxuw) =1 |x€Xu=p,(x)=1{01}} (4.4)

These interaction relations that are given in equations (4.1) — (4.4) are quite helpful to
connect different FSs during FLC calculations since the most outer FS covers all inner
counterparts. Therefore, a similar idea can be employed during the controller design
steps of GT2-FLCs, IT2-FLCs, T1-FLCs, such that the T1-FLCs extends the
performance of non-fuzzy counterparts, the IT2-FLCs increase the performance of T1

counterparts, and the GT2-FLCs outperforms its IT2, T1 fuzzy counterparts.

The interactions between GT2, IT2, and T1 FSs are preserved in the SMF of GT2-FSs
since only secondary grades are different as given in equations (4.1) — (4.4). This
difference can be also defined in terms of SMFs (i.e. p1j(x)(u)). A SMF is represented
by a collection of a membership grade function f,(u) that is calculated based on the
primary variable x and the secondary variable u as follows:

1z (x)

taco W) = Wiy = Ha, = f o fr(w)/u (4.5)
na(x

where f, (u) is a slice from SMF and denoted as A,.. This function is defined for
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e GT2-FSs with a T1-FS as denoted by A, in equation (3.8):
A = {(wpa, ) 1w € |uaCo, 00} (46)
e IT2-FSs with an interval set where all grades are 1:
Ay = {(wpa, ) =1) e |1z G H; )|} (“.7)
e T1-FS with a crisp set at a single point where the grade is 1:

Ay = {(wpa, ) =1) |u=p(x) = pax) = 5;(0)} 4.8)

4.2 Novel Representation of Trapezoid Secondary Membership Function

Based on FS and SMF interactions given in equations (4.1) - (4.4) and (4.5) - (4.8), the
SMFs can be defined in such a way that all properties of GT2, IT2, and T1 FSs can be
preserved. For this purpose, the basic trapezoid SMF definition given in the previous
chapter is extended and a novel representation of trapezoid SMF is proposed. A

trapezoid SMF and its design parameters are given in Figure 4.2.

H(x ”)1 t

o

/] E‘Pj_,",f j.‘r #":'i-_,l',:'

Figure 4.2 : Illustration of novel representation of trapezoid SMF.
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In the design of GT2-FLCs, it is possible to obtain various FLC types based on the
different shapes and supports of the trapezoid SMFs. The shape and support of the
trapezoid SMF are determined by its left support (61), left core (§2), right core (63),
and right support (§%) parameters.

The support of the trapezoid SMF is defined on the primary membership (i.e. J,), if

the following design condition is satisfied:
81=0 6%=free 63=free 6*=1 (4.9)

where the condition 61 = 0 and §* = 1 indicates that the supports of trapezoid SMF
are defined in the range of LMF and UMF, as formulated in equation (3.15).

The support of the trapezoid SMF is defined on a subset of the primary membership if

one of the following design conditions is satisfied:
61>0 6%2=free &3 =free 6*= free (4.10)
61 =free &% =free 63 =free §*<1 (4.11)

where the conditions §1 > 0 and 6* < 1 can be interpreted as resizing the FOU.

As the generic form of the trapezoid SMF, a trapezoidal shape is obtained if all design

parameters are free and the following condition is satisfied:
0<d6'<é62<83<6*<1 (4.12)

As the interval form of the trapezoid SMF, a rectangular shape is obtained when the

following condition is satisfied:
§t=0 62=0 6°=1 46*=1 (4.13)

As the crisp form of the trapezoid SMF, a spike shape is obtained when the following

condition is satisfied:
51 =¢, (Szzf, 63=€, 5t =¢ (4.14)

where & € [0,1] is a free design parameter. If the parameter & = 0, then the spike of
the crisp SMF is located on the LMF. If the parameter £ = 1, then the spike of the
crisp SMF is located on the UMF.
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As the triangle form of the trapezoid SMF, which is also a triangle SMF, a triangular

shape is obtained when the following condition is satisfied:
6l =free 6%2=6° 6*=free (4.15)

Here, similar to the trapezoid case, the FOU resizing is also possible for the triangle

SMFs based on the parameters §* and §*.

Even though the trapezoid T1-FSs provide more design options for the selection of the
shape and support of the SMFs, the design is relatively more complex as there are 4
design parameters to be tuned [75, 76]. To overcome this design complexity of the

trapezoid SMF, a simple parameter mapping (parameterization) is proposed.

The proposed novel parameterization determines the trapezoid SMF parameters (&¢)

with a single new design parameter as follows:

L _(6-1 1<6<?2
s _{O - (4.16)
1 1<6
52=& 0<6<1 4.17)
0 0 <0
1 0<6
§3=10+1 —-1<6<0 (4.18)
0 0 < —1
A (1 -1<86
0 _b+2 -2<6<-1 (4.19)

where 8 € [—2,2] is the new design parameter of the trapezoid SMF. Once these
parameter mapping equations are combined with respect to the design parameter value

range (from -2 to 2), the following complete parameterization is obtained:

[0 0 0 6+2] -2<0<-1
[0 0 6+1 1] -1<6<0

1 2 3 4] =

[T 62 63 &%) [0 0 1 1] 0<6<l (4.20)
-1 1 1 1] 1<6<2

where [§1 §2 §3 §*] is a vector of SMF parameters. The effect of the parameter
0 on the shape of FSs as well as the shape and support of trapezoid SMFs for 9 design
options is illustrated in Figures 4.3 - 4.12 (for 8 = {-2,-1.5,-1,-0.5,0,0.5,1, 1.5, 2}).
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Figure 4.3 : Trapezoid SMF parameters for the design setting 6 = —2.
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Although equation (4.20) gives a compact parameterization comparing to equations
(4.16) — (4.19), it is not practical as it includes many piecewise if-else conditions. To
eliminate these piecewise conditions, minimum and maximum functions are used so
that the SMF parameterization can be handled by simple mapping functions (one

function per design parameter) as follows [75, 76]:

6! = min(max(6 — 1,0),1)
5% = min(max(6, 0),1)
53 = min(max(6 + 1,0),1)
5% = min(max(0 + 2,0),1)

(4.21)

where 0 € [—2, 2] is the proposed new design parameter of the SMF. It is concluded
that it is possible to obtain various SMFs with this representation. Once the proposed
trapezoid SMF representation is applied, then corresponding a-plane associated LMF

and UMF (Egap and ﬁgap respectively) for an a-T2-FLC (i.e. A%?) are calculated as:
woe = i+ (7 — 1) (8% + @ (82 — 51)) (4.22)

Ry =1z — (Hg — 1) (1 - 6 + (87 — 65)) (4.23)

Here a-plane associated membership degrees, given in equations (4.22) and (4.23), are

used for the a-plane output calculations as explained in the previous chapters.

4.3 Structural Design Recommendations and Design Parameters

Since a GT2-FLC inherits its IT2 and T1 counterparts according to FLC interactions
summarized in “Section 4.1 - Interactions between Fuzzy Logic Controllers”, it is
suggested constructing the GT2-FLCs by designing first the base T1 and IT2 FLCs in
this thesis. The internal structures of baseline FLCs (single- and double- input) are
presented in “Chapter 2 - Preliminaries on Fuzzy Logic Controllers”. These initial
design settings provide a convenient starting point for the GT2-FLC design since the
parameters of baseline FLCs (T1-FLC and IT2-FLC) are distinguished from the GT2-
FLC ones. Therefore, in the design of GT2-FLCs, it is assumed that the baseline design
parameters (the primary part of antecedent MFs and the consequents) and structural

settings (rule base, aggregation/union operators, type-reduction) are tuned.
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The main design parameters of the GT2-FLCs are a-plane levels (a,), the total number

of a-planes (P), and the tuning parameters of the SMF. (Note: the design parameters
of T1-FLCs and IT2-FLCs are summarized in Table 2.5 in “Chapter 2 - Preliminaries

on Fuzzy Logic Controllers™). It is suggested handling these new GT2-FLC design

parameters as follows:

As given in equation (3.29), the output of the GT2-FLC is obtained based on a
weighted average calculation of a-T2-FLC outputs. This calculation depends
on the total number of a-planes (P) and a-plane levels (a,) of a-T2-FLCs. In

this thesis, the a-plane levels (a,,) are obtained with respect to the total number

of a-planes (P). The level of pt" a-plane (p = {1, ..., P}) is calculated as:
a, =p/P (4.24)

such that the a-plane levels (a,) excluded from the design parameters.

The GT2-FLC output calculation given in equation (3.29) can be interpreted as
granulation of continuous integration with respect to the total number of a-
planes (P) and a-plane levels (a,), which also depends on the total number of
a-planes (P). The input-output mapping of GT2-FLC becomes closer to its
continuous counterpart in terms of sensitivity/accuracy when the design
parameter P increases. Therefore, it is concluded that the total number of a

planes (P) is the sensitivity design parameter of the GT2-FLCs.

As given in equations (4.22) and (4.23), the membership degrees of a-T2-FLCs
are defined with respect to the parameters that define the shape and support of
the SMFs according to equations (4.9) - (4.15). This directly influences the
output of a-T2-FLCs (ygﬁz) and accordingly the output of the GT2-FLC (y¢r2)

according to equation (3.29). Therefore, it is concluded that the parameters that

define the SMF are the shape design parameters of the GT2-FLCs.

The design parameters of the GT2-FLCs can be assigned in various ways (similar to

design options of T1 and IT2 counterparts). In Tables 4.1 and 4.2, the SMF design

parameters and the total number of design parameters are tabulated for possible design

configurations (Note: it is assumed that the baseline T1-FLC and IT2-FLC designs are

completed and all T1 and IT2-FLC design parameters are fixed.).
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Table 4.1 : Design parameters of GT2-SFLCs.

Assumptions Total Known Shape Sensitivity ~ Total Number
Number of  Structural Design Design of Design
Rules Parameters Parameters Parameters Parameters
- — — — — ?
Unique SMF for each A4, ; N I=N 55, P 4N +1
Same SMF for all 4 ; N I=N 8. P 4+1
Unique SMF for each 4, ; N I=N 0, P N+1
Same SMF for all 4, ; N I=N ot p#* 2
?: Structure is not clear (too many design options).
t: The shape design parameter
}: The sensitivity design parameter
Table 4.2 : Design parameters of GT2-DFLCs.
Assumptions Total Known Shape Sensitivity  Total Number
Number of  Structural Design Design of Design
Rules Parameters Parameters Parameters Parameters
- - - - - ?
Unique SMF for each 4;; N IXK=N &{;,65, P 41+K)+1
Same SMF for all 4;; N IXK=N 5f; P 4+1
Unique SMF for each 4;; N IXK=N 0y;, 0, P I+K)+1
Same SMF for all Aj,i N IXK=N ot P 2

?: Structure is not clear (too many design options).
t: The shape design parameter.
#: The sensitivity design parameter

As shown in Tables 4.1 and 4.2, the proposed trapezoid SMF representation is very
promising for the GT2-FLC design. Here it is worth underlying that trapezoid SMFs
(rather than triangle SMFs) are preferred in this thesis since the trapezoid SMFs cover
the triangular SMFs and also provide the flexibility to convert GT2-FLCs into T1 or
IT2 FLC. The proposed trapezoid SMF representation is also easy-to-implement since
it not only reduces the total number of design parameters but also provides flexibility
to construct various shapes of SMFs based on the proposed parameterization [76]. In
this thesis, all antecedent FSs of the handled GT2-FLCs are defined with the same
SMEF, as stated in [7], this option reduces the design complexity/effort.

According to these design recommendations, the GT2-FLCs can be designed (over the

T1-FLC and IT2 FLC baselines), by simply tuning two design parameters:
e 0, the shape design parameter,

e P, the sensitivity design parameter.
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The summary of the design parameters and the total number of design parameters of
T1,IT2, and GT2 FLCs are listed in Table 4.3. Here, the consequent design parameter
(Cp) 1s associated with T1-FLC design, the FOU design parameter (M; ;) is related to
IT2-FLC design, the SMF shape and sensitivity design parameters (8 and P) are
associated with GT2-FLC design, while the total number of design parameters is
related to the total number of the rules (N). In the next chapters, comprehensive
comparative analyses are conducted to present the design recommendations/methods
on how to tune the shape design parameter (6) and the sensitivity design parameter (P)

of the GT2-FLCs.

Table 4.3 : Summary of T1, IT2, and GT2 FLC design parameters.

FLC Type Consequent FOU SMF Shape Sensitivity Total Number
Design Design Design Design of Design
Parameters Parameters Parameters Parameters Parameters
T1-SFLC C, = = - N
IT2-SFLC — M ; - - N
GT2-SFLC = - 0 P 2
T1-DFLC Cy — = - N
IT2-DFLC - My;, My, = = I+K
GT2-DFLC — — 2} P 2
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5. ANALYSIS AND DESIGN OF SHAPE DESIGN PARAMETER

In this chapter, the effect of the shape design parameter, (i.e. 8) on the control curve/

control surface generation will be presented, the design recommendations for the GT2-

FLCs are concluded, and new online scheduling mechanisms that tune the shape

design parameter are proposed.

5.1 Structural Change Analysis

In this section, how the structure of the GT2-FLC changes with respect to the shape

design parameter 6 € [—2,2] will be investigated. In this context, the structure

switching values of the shape design parameter (8 = {—2, 0, 2}) will be examined.

For the shape design parameter setting 8 = 0, all a-plane associated lower and
upper membership degrees (1 zap and fi3a; ) are equal for all a-planes slices as
Haep = Ujao = pj and [ize, = Uga, = My respectively. Therefore, an interval
SMF is obtained as illustrated in Figure 4.7. For this shape design parameter
setting, the GT2-FLC transforms into its IT2-FLC counterpart from the input-

output mapping point of view. Thus, the GT2-FLC results with an identical
CC/ CS with its IT2-FLC counterpart as follows:

Ugrz 6=0 Urrz (5.1

For the shape design parameter setting 8 = —2, all a-plane associated lower
and upper membership degrees ({;ep and U zap) are equal to the one calculated
for the LMF as Haep = Uzap = Mieo = Uj. Therefore, a spike-shaped SMF is
obtained as illustrated in Figure 4.3. For this shape design parameter setting,
the GT2-FLC transforms into a particular T1-FLC that only utilizes the LMFs

of the IT2-FSs. Thus, from the input-output mapping point of view, the GT2-
FLC results with the following CC/CS:
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U _ Ll (52)

e For the shape design parameter setting 8 = 2, all a-plane associated lower and

upper membership degrees (4zep and [ e, ) are equal to the one calculated for
the UMF as Kaep = Uzap = Lzao = Uy Therefore, a spike-shaped SMF is
obtained as illustrated in Figure 4.11. For this shape design parameter setting,
the GT2-FLC reduces into its T1-FLC baseline from the input-output mapping
point of view. Thus, the GT2-FLC results with the same CC/CS of'its T1-FLC
counterpart as follows:

Ugr2 o=l Ur1 (5.3)

It can be concluded that, in addition to numerous GT2-FLC design options, T1-FLC
and IT2-FLC design options are also possible by simply adjusting the shape design
parameter 8. Here, the values of 8 = {-2, 0, 2} are the structure switching values since
they determine the resulting input-output mapping. The output of the GT2-FLC is over

bounded by these structure switching values as follows:

Ugrz < Ugra < Ugry (5.4)

where
Uerz = 9=r{r.12i,%,2} Uer |6 (5.5)
Ugrz = 9=r?§,f)(,z} Ugr2 |(9 (5.6)

where Ugr, and Ugr, are the lower and upper bounds of the GT2-FLC output,

respectively.

5.2 Shape Analyses of Control Curves / Control Surfaces

In this section, the CCs/CSs of the GT2-FLCs will be analyzed for various shape
design parameter settings. For all CC/CS analyses, the sensitivity design parameter is

fixed as P = 10 (in other words the GT2-FLCs always employ 10 a-planes) and the
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baseline FLCs (i.e. T1-FLC and IT2-FLC) are fixed as defined in Section 5.2.1, so that
the resulting input-output mapping of the GT2-FLC is only determined by the shape
design parameter 6. For this purpose, the resulting CCs of the GT2-SFLCs and CSs of
the GT2-DFLCs are examined for 9 different shape design parameter settings in the
definition range of [-2, 2] as 6 = {-2,-1.5,-1,-0.5,0,0.5,1, 1.5, 2}.

Moreover, for the demonstration of the potential impacts of the shape design parameter
0 on the CC/CS generation clearly, two measures are defined to analyze the impact of
the shape design parameter 6. The first measure is the Normalized Total Energy (NTE)
of the CC/CS which is defined as follows:

U
NTE = M (5.7)
P
where || ||, indicates the signal norm of FLC outputs, Ugr, and Uy, are the outputs

of GT2-FLC and T1-FLC, respectively. The NTE measure provides useful information
on the aggressiveness/smoothness of the CC/CS of GT2-FLC comparing to the T1
counterpart. For instance, if NTE > 1, then the CC/CS of the GT2-FLC is relatively
more aggressive since it has more energy than its T1 counterpart, whereas the CC/CS
surface of the GT2-FLC becomes smoother when NTE < 1. For the CCs/CSs with the
measure NTE > 1, it is expected that the fuzzy control system achieves faster system
responses in the transient state, but this aggressive action might result in overshoots/
oscillations. The second measure is the Noise Ratio (NR), which is defined to examine
the robustness of the handled FLCs around the steady-state. The NR measure is
calculated based on a zero-mean Gaussian noise input with a standard deviation of

oin = 0.2 as follows:

NR =2 (5.8)

where g, is the standard deviation of the GT2-FLC output. The NR measure provides
useful information about how the GT2-FLC amplifies the zero-mean noise signal
around the steady-state so that the system reaction of the GT2-FLC in terms of the
control effort or the robustness against noises can be investigated in the time domain
numerically. For instance; if NR = 1, then it means that the GT2-FLC has a unit
mapping from input to output (e.g. v = f(x), where f(x) = x); when NR < 1, the
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GT2-FLC is potentially more robust against noises and uncertainties, since it does not
amplify the noisy signal, if NR > 1, then the GT2-FLC potentially produces relatively
more control action against noises and uncertainties around the state, which might end

up with faster system response compromising overshoots/oscillations.

5.2.1 Baseline FLCs used in shape analyses

In this section, the baseline FLCs which are examined in the analyses of the next
chapters (single/double-input T1/IT2-FLCs), will be presented. These employed
controllers; particularly T1-SFLC, T1-DFLC, IT2-SFLC, and IT2-DFLC, are assumed
as the baselines for the GT2-FLC design, as explained in previous sections. For this
purpose, the CCs of SFLCs and the CSs of DFLCs are wisely constructed for the sake
of clear GT2-FLC design.

The T1-SFLC and T1-DFLC are designed in a way that an aggressive CC and CS can
be achieved, respectively. The T1-FLC design aims to obtain a faster system response
in the transient state, although this might result in overshoot in some cases. To this
end, the T1-FLCs are determined based on the consequent design parameters (C,,) by
excluding the scaling factors which are set according to the control application. The
baseline T1-SFLC and baseline T1-DFLC are determined according to the comments
in [41, 40] via the consequent design parameter settings, which are denoted as CONS-

1 and CONS-2 respectively, as follows:
e CONS-1: C,=-1,C,=0,C; =1.
e CONS-2: ¢c,=-1,C,—-08,03=0,
C,=-08,C;=0,C4 =0.8,
C7 = 0, Cg = 08, Cg = 1.
The IT2-SFLC and IT2-DFLC can be designed in numerous ways such that smooth or
aggressive CCs and CSs can be achieved, respectively. To this end, four IT2-FLCs are
designed in this thesis; a smooth IT2-SFLC that employs FOU-1 which results with
relatively smoother CC than T1 counterpart, an aggressive IT2-SFLC that employs
FOU-2 which results with relatively more aggressive CC, a smooth IT2-DFLC that
employs FOU-3 which results with relatively smoother CS around the origin, an

aggressive IT2-SFLC that employs FOU-4 which results with relatively more

aggressive CS around the origin. For the IT2-SFLC designs, the recommendations in
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[41] are followed. For the IT2-DFLC designs, the analyses in previous works [40, 43,

44] are considered. The design parameters of the baseline IT2-FLCs are as follows:

L FOU-I: Ml,l = 02, Ml,Z = 09, M1’3 == 02
L] FOU'Z: Ml,l ES 0.9, M1,2 = 0.2, M1’3 == 0.9.
L FOU-3: Ml,l = 02, Ml,Z = 09, M1’3 == 02,

Mz’l ES 0.2, M2,2 ES 0.9, M2’3 == 0.2.
L] FOU'4: Ml,l ES 0.9, M1,2 = 0.3, M1’3 == 0.9,

M2,1 = 09, M2,2 = 03, M2,3 == 09

5.2.1.1 Baseline type-1 single-input FLC

The internal structure of the baseline T1-SFLC is constructed according to Section 2.4
and the baseline T1-SFLC is composed of N = 3 rules. The T1-SFLC employs the

design parameter setting CONS-1 in its rule base as shown in Table 5.1.

Table 5.1 : Rule base of baseline T1-SFLC.

X1 =E Aqq Aq, Aqs
C1 = _1 CZ = O C3 = 1

The antecedent MFs (A 4, A; ,, and A, 3) are defined with triangle FSs and the cores
are selected as ¢, ; = —1, ¢;, = 0, and ¢; 3 = 1. Here, the cores are represented with
¢j,i instead of b (as given in equation (2.6)) in order to have a similar label convention
with the MF A; ;. The antecedent MFs and resulting CC of the baseline T1-SFLC are

given in Figure 5.1 and Figure 5.2 in comparison with IT2 counterparts.
5.2.1.2 Baseline smooth interval type-2 single-input FLC

The internal structure of the baseline smooth IT2-SFLC is constructed according to
Section 2.4. The IT2-SFLC shares the same rule of its T1 counterpart as given in Table
5.2, it only differs that the IT2- SFLC uses IT2-FSs instead of T1-FSs.

Table 5.2 : Rule base of baseline IT2-SFLCs.
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The antecedent MFs (4, 1, A ,, and A, 3) are defined with triangle IT2-FSs and the
core points of these antecedent MFs are selected as the ones used for T1 counterpart
(c11 = —1,¢1, =0, and ¢; 3 = 1), while the FOU design parameters of the baseline
smooth IT2-SFLC are set to FOU-1. The antecedent MFs and resulting CC of the
baseline smooth IT2-SFLC are illustrated in Figure 5.1.

Arq Aio A

1 \

& A Az~
A2

C11 = -1 C12 = 0 C13 = 1

0.8 L|=T1-FLC J
= [T2-FLC FOU-1

-1 I I I I I I I I I
-1 -0.8 -0.6 -04  -0.2 0 0.2 0.4 0.6 0.8 1

E

Figure 5.1 : Baseline T1-SFLC and baseline IT2-SFLC employing FOU-1.
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5.2.1.3 Baseline aggressive interval type-2 single-input FLC

The internal structure of the baseline aggressive IT2-SFLC is constructed according to
Section 2.4 and it employs the same rule base and antecedent MFs of its smooth
counterpart (given in Table 5.2). It only differs on the FOU design, as the baseline
aggressive IT2-SFLC employs the parameter setting FOU-2, while the smooth IT2-
SFLC employs the parameter setting FOU-1. As shown in [36, 41], an aggressive or a
smooth CC can be achieved by proper tuning of the FOU design parameters. The
antecedent MFs and resulting CC of the baseline aggressive IT2-SFLC are illustrated
in Figure 5.2 in comparison with the T1 counterpart.

Aiq Ais A

1 I I I I I I I I

< A Az~
Al

0.8 L|=——T1-FLC i
—IT2-FLC FOU-2

_1 | 1 1 1 1 1 1 1 1
-1 0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
E

Figure 5.2 : Baseline T1-SFLC and baseline IT2-SFLC employing FOU-2.
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5.2.1.4 Baseline type-1 double-input FL.C

The internal structure of the T1-DFLC is constructed according to Section 2.5 and the
T1-SFLC, which is used for the analyses in this thesis, is composed of N =3 X 3 =9
rules. The T1-DFLC employs the design parameter setting CONS-2 as in Table 5.3.

Table 5.3 : Rule base of baseline T1-DFLC.

X =A0AE \ x;=E A Aqp Ay
Ayq C,=-1 ¢, =-0.8 ;=0
Ay, c,=-038 ;=0 C, =108
Ays ;=0 C; =038 =1

The antecedent MFs (A1 1, A1 2, A1 3,421, Ay 2, and A, 3) are defined with triangle FSs
and the core points are ¢;1 = ¢1 = —1, €1, =, =0, and ¢;3 = c;3 = 1. The
resulting CS differences between the baseline T1-DFLC and the baseline smooth IT2-
FLCs is given in Figure 5.3, and the differences between the baseline T1-DFLC and
the baseline aggressive IT2-FLC is given in Figure 5.4.

5.2.1.5 Baseline smooth interval type-2 double-input FLC

The internal structure of the smooth IT2-DFLC is constructed according to Section 2.5
and the baseline smooth IT2-DFLC is composed of N = 3 X 3 = 9 rules. Similar to
its T1 counterpart, the smooth baseline IT2-DFLC also employs the design parameter
setting CONS-2 as shown in Table 5.4.

Table 5.4 : Rule base of baseline IT2-DFLCs.

X, =AE \ x,=E Ay A, Az
Az,l Cl =-1 Cz =-0.8 Cg =0
A, c,=-08 Cs=0 Ce=10.8
A~2]3 C7 = 0 Cg = 08 Cg =1

The antecedent MFs (/11,1, ALZ, /113, 42,1, /12,2, and /12,3) are defined with triangle
IT2-FSs and the core points are the same as the T1 counterparts; ¢, ; = ¢ = —1,
€12 = C2 =0, and ¢; 3 = ¢, 3 = 1. Here, the baseline smooth IT2-DFLC employs
the design parameter setting FOU-1, which provides a smoother CS in comparison to
its T1 counterpart (as shown in previous analyses works [42-44]). The antecedent MFs
of the IT2-FLC and the CS differences between the baseline T1-DFLC, and the
baseline smooth IT2-SFLC (i.e. yrq — yr2) are illustrated in Figure 5.3.
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Figure 5.3 : Baseline T1-DFLC and baseline IT2-DFLC employing FOU-3.
5.2.1.6 Baseline aggressive interval type-2 double-input FL.C

The internal structure of the baseline aggressive IT2-DFLC is constructed according
to Section 2.5. The baseline aggressive IT2-DFLC employs N = 3 X 3 = 9 rules and
the design parameter setting CONS-2 as shown in Table 5.4. The antecedent MFs are
selected as the ones used for the smooth IT2 counterpart, and the baseline aggressive
IT2-DFLC uses the design parameter setting FOU-4, which provides an aggressive
CS. As it is shown in previous analyses works [42-44], it is possible to generate both

smooth and aggressive IT2 CS via proper FOU parameter design. The antecedent MFs
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of the IT2-FLC and the CS differences between the baseline T1 and the baseline
aggressive T2 DFLCs (i.e. yrq — y;r2) are illustrated in Figure 5.4.
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Figure 5.4 : Baseline T1-DFLC and baseline IT2-DFLC employing FOU-4.

5.2.2 Control curves of GT2-SFLCs

In this section, the shape analyses over the CCs of the GT2-SFLCs are presented for 9
shape design parameter settings, 6 = {-2, -1.5, -1,-0.5, 0, 0.5, 1, 1.5, 2}. In this context,
the resulting CCs of the GT2-SFLCs are firstly calculated for each shape design
parameter configuration, and the CCs of the handled GT2-SFLCs with FOU-1 and
FOU-2 are illustrated in Fig. 5.5 and Fig. 5.6, respectively. For easier understanding
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of how the shape design parameter affects the CCs, the CCs are given in two-fold; the
CC window where E € [0, 1] and the complete CC where E € [1,1].
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Figure 5.5 : Effect of shape design parameter on CCs of GT2-SFLCs with FOU-1.
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Figure 5.6 : Effect of shape design parameter on CCs of GT2-SFLCs with FOU-2.

As illustrated in Figure 5.5 and Figure 5.6, the shape design parameter 6 not only
defines the shape of the SMF (as explained in Section 4.2) but also shapes the resulting
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CC of the GT2-SFLC. The numerical NTE and NR measures are tabulated in Table
5.5. For the smooth design option FOU-1, as shown in Figure 5.5, the resulting CC
becomes smoother when the shape design parameter 6 decreases from 2 to -2. Here,
the shape design parameter settings 8 = 2 and 8 = 0 result with the baseline T1-SFLC
and the baseline smooth IT2-SFLC, which are defined in Section 5.2.1, respectively.
By decreasing the shape design parameter 8, the CC of the GT2-SFLC transforms
from an aggressive mapping (the mapping of T1 counterpart) to a smoother mapping.
This coincides with the NTE and NR measures. For this design, the lowest NR value
is achieved for the GT2-SFLC with 8 = —2 design. Therefore, the GT2-SFLC with
0 = —2 design setting is potentially more robust since it is less sensitive to the noise
in comparison to its GT2 counterparts. The NTE values are always less than 1, so it
can be interpreted that any GT2-SFLC design ends up with a potentially smoother
fuzzy controller than its T1-SFLC counterpart. For the aggressive design option FOU-
2, as shown in Figure 5.6, the resulting CC becomes more aggressive when the shape
design parameter 6 decreases from 2 to -2. Here, the shape design parameter settings
0 = 2 and 6 = 0 result with the baseline TI-FLC and the baseline aggressive 1T2-
FLC, which are defined in Section 5.2.1, respectively. By decreasing the shape design
parameter 0, the CC of the GT2-SFLC transforms from the mapping of its T1
counterpart to a more aggressive mapping. This also coincides with the NTE and NR
measures. For this design, the highest NTE value is obtained for the GT2-SFLC with
0 = —2 design. Therefore, the resulting GT2-SFLC with 8 = —2 design setting has

the potential to improve transient system response as its CC is aggressive.

Table 5.5 : Performance measures of shape analyses for GT2-SFLCs.

FOU-1 FOU-2

(7] NTE NR NTE NR
-2 0.633 0.093 1.341 5.272
-1.5 0.679 0.141 1.297 4.420
-1 0.707 0.189 1.266 3.978
-0.5 0.772 0.324 1.199 3.091

0 0.805 0.455 1.156 2.733
0.5 0.910 0.658 1.079 1.627

1 0.963 0.841 1.033 1.230
1.5 0.985 0.925 1.015 1.088

2 1.000 1.000 1.000 1.000
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5.2.3 Control surfaces of GT2-DFLCs

In this section, the shape analyses over the CSs of the GT2-DFLCs are presented for 9
shape design parameter settings, 8 = {-2, -1.5, -1,-0.5, 0, 0.5, 1, 1.5, 2}. In this context,
the resulting CSs of the GT2-DFLCs with FOU-3 and FOU-4 are firstly calculated for
each shape design parameter configuration. The CSs of the GT2-DFLCs with FOU-3
and FOU-4 are illustrated in Fig. 5.7 and Fig. 5.8, respectively. As the analysis on the
shapes of resulting CSs is not straightforward as the one for CCs; the CS differences
between the GT2-FLC and the baseline T1-FLC (i.e. Ugsr, — Urq), and the CS
differences between GT2-FLC and baseline I[T2-FLCs (i.e. Ugr, — U;r) are examined
by varying the shape design parameter 8, for FOU-3 and FOU-4 settings respectively.
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Figure 5.7 : Effect of shape design parameter on CSs of GT2-DFLCs with FOU-3.
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Figure 5.8 : Effect of shape design parameter on CSs of GT2-DFLCs with FOU-4.

For the smooth design option FOU-3, the CS differences between the GT2-DFLC and
the baseline T1-DFLC (Ugr, — Upy) is presented in Figure 5.9, and the CS differences
between the GT2-DFLC and the baseline smooth IT2-DFLC (i.e. Ugry, — Ujpryp) 18
presented in Figure 5.10. For the aggressive design option FOU-4, the CS differences
between the GT2-DFLC and the baseline TI-DFLC (Ugr, — Urqp) is presented in
Figure 5.11, and the CS differences between the GT2-DFLC and the baseline
aggressive IT2-DFLC (i.e. Ugr, — U;ry) is presented in Figure 5.12. The calculated
numerical NTE and NR measures for the employed GT2-DFLCs are tabulated in Table
5.6.
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Figure 5.10 : CS differences between GT2 and IT2 FLCs with FOU-3.
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Table 5.6 : Performance measures of shape analyses for GT2-DFLCs.

FOU-3 FOU-4

(7] NTE NR NTE NR
-2 0.736 0.344 1.143 6.638
-1.5 0.770 0.485 1.125 5.970
-1 0.787 0.609 1.106 5.502
-0.5 0.829 0.948 1.065 4.542

0 0.846 1.230 1.028 4.063
0.5 0.935 1.743 1.025 3.308

1 0.974 2.154 1.012 2.818
1.5 0.990 2.337 1.007 2.633

2 1.000 2.491 1.000 2.491

As illustrated in Figures 5.7 — 5.12 and listed in Table 5.6, the shape design parameter
0 not only defines the shape of the SMF (as explained in Section 4.2) but also shapes
the resulting CS of the GT2-DFLC, similar to its SFLC counterpart.

For the smooth design option FOU-3, the resulting CS becomes smoother when the
shape design parameter 6 decreases from 2 to -2. Here, the shape design parameter
settings 8 = 2 and 6 = 0 result with the baseline T1-DFLC and the baseline smooth
IT2-DFLC, which are defined in Section 5.2.1, respectively. By decreasing the shape
design parameter 6, the CC of the GT2-SFLC transforms from an aggressive mapping
(the mapping of its T1 counterpart) to a smoother mapping (a mapping smoother than
its smooth IT2 counterpart). This coincides with the NTE and NR measures. For this
design, the lowest NTE and NR values are achieved for the GT2-DFLC with 8 = —2.
Thus, the performance of the resulting GT2-DFLC is potentially more robust than its
counterparts as it is more capable to mitigate the noise. For the aggressive design
option FOU-4, the resulting CS becomes more aggressive when the shape design
parameter 6 decreases from 2 to -2. Here, the shape design parameter settings 6 = 2
and 6 = 0 result with the baseline TI-FLC and the baseline aggressive IT2-FLC,
which are defined in Section 5.2.1, respectively. By decreasing the shape design
parameter 6, the CC of the GT2-DFLC transforms from the mapping of its aggressive
T1 counterpart to a more aggressive mapping. This also coincides with the NTE and
NR measures. For this design, the highest NTE value is achieved for the GT2-SFLC
with 8 = —2 design. Therefore, the resulting CS of the GT2-DFLC with 8 = —2 is
aggressive and the fuzzy controller has the opportunity to improve system response,
although the robustness level of the resulting GT2-DFLC might reduce against noise,

as the NR value increases.
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5.3 Comments and Suggestions on Shape Design Parameter

In this section, in the light of the structural change analysis that is given in Section 5.1
and the shape analyses that are given in Section 5.2, the design comments and
suggestions on the shape design parameter 8 will be given for the sake of systematic

GT2-FLC design.

It is observed from previous analyses that the shape design parameter 6 defines the
resulting CC/CS of the GT2-FLC. In this context, the tuning of this parameter might
be an efficient and convenient technique to design GT2-FLCs, as the properties of the
baseline T1 and IT2 FLCs can be conserved. Since the impact of the shape design
parameter on the CC/CS generation is strongly connected to the baseline T1 and IT2
FLCs (in terms of smooth or aggressive design options as mentioned in Section 5.2.1),
this starting point (or design baseline) should be considered for the GT2-FLC design
too. In this context, it is suggested designing the T1-FLC first, then the IT2-FLC, and
finally the GT2-FLC, by introducing new design parameters to improve the previous

results of the base FLC.

In the design of the GT2-FLC, it is suggested designing the T1 and IT2 FLC baselines
(.e. Ugrs 9oy = Urq and Ugr, 9o = U;r2) with aggressive and smooth CCs/CSs,

respectively. Here, the design of the baseline IT2-FLC is constructed over its T1-FLC
counterpart, so that the baseline IT2-FLC has additional FOU design parameters than
its T1 counterpart. This design setting is very convenient as usually followed in various
fuzzy control studies [6, 7, 10, 12, 40-44] since the performance of IT2-FLC mostly
outperforms its T1 counterpart thanks to the extra degree of freedom provided by the
FOU. Thus, this initial design of “Aggressive T1-FLC & Smooth IT2-FLC” provides
a useful condition |Ujp,| < |Urq| for all input values (or almost all), and then the
boundaries of structure switch conditions, given in (5.4), can be revisited as follows:

(5.9)

b < 0 = [,
| GT2 9=—2 | GT2| GT2 9=2

which can be also observed from Figure 5.5, in which the CCs of the GT2-SFLCs with
FOU-1 are illustrated for different shape design parameter settings. For example, the
GT2-SFLC employing 8 = —2 generates the smoothest curve since the magnitude of

the signal is lower than its counterparts. Although the aggressive IT2-FLC design is
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not followed in this thesis, similar observations can be made for this design option. In
this case, the boundaries of structure switch conditions, given in (5.4), transforms to:

(5.10)

U | |SU S|U | |
| GT2 9=2 | GT2| GT2 9=—2

which can be also observed in Figure 5.6.

For the suggested baseline design setting; “Aggressive T1-FLC & Smooth IT2-FLC”,

the following comments can be made:

e A change in the shape design parameter 8 from 2 to 0 converts the CC/CS of
the GT2-FLC from the baseline T1-FLC to the baseline IT2-FLC, since the
shape of the SMF transforms from a crisp value to an interval set (as explained
in Section 4.2). Thus, the performance and robustness of the GT2-FLC with a
shape design parameter setting in the range of 8 € [0,2] will always lie

between the baseline T1-FLC and the baseline IT2-FLC.

e A change in the shape design parameter 8 from 0 to -2 converts the CC/CS of
the GT2-FLC from the baseline IT2-FLC to a T1-FLC that only executes the
LMFs as defined in equation (5.2). Thus, the design of a GT2-FLC with a shape
design parameter setting in the range of 8 € [—2, 0) gives a chance to construct
GT2-FLCs that are relatively more robust than its IT2-FLC baseline according

to the boundaries of structure switch condition in equation (5.9).

In conclusion, it can be underlined that “the shape design parameter 6 € [—2, 2]
provides not only a design simplicity as only baseline T1 and IT2 FLCs are needed,
but also convenient design flexibility since various GT2 CCs / CSs can be generated
straightforwardly by simply tuning a single parameter 6” [76]. The following sections

will provide the proposed tuning steps with a systematic design perspective.

5.4 Systematic Tuning of Shape Design Parameter

In this section, the proposed systematic tuning methods for the shape design parameter
will be presented. In this context, in the light of the structural change analysis given in
Section 5.1, the shape analyses that are given in Section 5.2, and the design comments
and suggestions on the shape design parameter (given in Section 5.3), the tuning steps

of the shape design parameter is summarized in Table 5.7. The systematic design of
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the CC/CS of the GT2-FLC, in other words, a systematic GT2-FLC design from the
baseline FLCs towards a desired CC/CS generation, can be achieved by following
three tuning steps. In Step-1, the baseline T1-FLC is designed such that the system
response is fast and satisfactory (i.e. the baseline T1-FLC has an aggressive CC/CS).
This can be accomplished by the selections of 1) the type of FLC (single or double),
2) the number of rules (N), 3) the antecedent MFs (4;;), 4) the consequent MFs (Cy,),
5) the rules in rule base (R,,), and the fuzzy operators. For this purpose, the structural
design recommendations given in Section 2.6, where the design parameters of the T1-
FLCs are also summarized in Table 2.5, can be followed. In Step-2, the baseline IT2-
FLC is designed by converting the baseline T1-FLC to the baseline IT2-FLC by tuning
the FOU design parameters (M; ;) to result in a potentially robust controller (i.e. the
baseline IT2-FLC has a smooth CC/CS). For this purpose, the structural design
recommendations that are given in Section 2.6 and the guidelines/suggestions in [12,
18-20, 40-44] can be followed. In Step-3, the GT2-FLC is designed over the baseline
FLCs. For this purpose, the baseline T1-FLC (from Step-1) and the baseline IT2- FLC
(from Step-2) are considered as initial settings to construct the GT2-FLC. Then, the
shape design parameter 6 (in online or offline manner) is tuned based on a compromise
between robustness (i.e. like IT2-FLC) and control system performance (i.e. like T1-

FLC). The tuning steps of the shape design parameter are summarized in Table 5.7.

Table 5.7 : Tuning steps of the shape design parameter.

Step-1: Design a baseline T1-FLC such that the system response is fast
and satisfactory (i.e. aggressive CC/CS).

Step-2: Convert the baseline T1-FLC to a baseline IT2-FLC by tuning the
FOU design parameters (M; ;) to end up with a potentially robust
controller (i.e. smooth CC/CS).

Step-3: Use the designed baseline T1-FLC (from Step-1) and the designed
baseline IT2- FLC (from Step-2) as initial settings to construct the
GT2-FLC. Then, tune the shape design parameter 6 (in online or
offline manner) by providing a tradeoff between robustness (i.e.

like IT2-FLC) and control system performance (i.e. like T1-FLC).
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5.5 Online Scheduling Mechanisms for Shape Design Parameter

In this section, two online scheduling mechanisms will be proposed to tune the shape
design parameter in an online manner. The generic design steps for the tuning of the
shape design parameter (given in Table 5.7) can be easily accomplished in an offline
manner by numerous design options such as; prior knowledge of system experts or
optimization-based design via neural networks or genetic algorithms. However, the
resulting control system performance (in transient and steady states) of the GT2-FLC
for a fixed shape design parameter 6 value closely depends on the operating points in
which the system is controlled/designed/optimized, especially for nonlinear systems.
Thus, the performance of a fuzzy control system might be optimal or satisfactory at a
certain operating point where the GT2-FLC is tuned, yet its performance might be
unacceptable at other points. This is expected since the dynamics of nonlinear systems
might change at different operating points and/or environmental conditions. In control
theory, this problem is usually addressed by gain-scheduled controllers designed at
various operating points and schedule a collection of controllers at the corresponding
steady-states [76]. Thus, on top of the offline-tuning of the shape design parameter, it
is proposed tuning the shape design parameter in an online manner by providing a
tradeoff between performance and robustness. This online update of the shape design
parameter can be easily achieved by the proposed SMF parameterization in Section
4.2 since the shape of the CC/CS of GT2-FLC is changed by the shape design

parameter as given in Sections 5.2 and 5.3.

The first proposed scheduling mechanism is denoted as SM-1 and it tunes the shape
design parameter in an online manner with respect to the steady-state operating points.
In this context, the SM-1 determines the shape design parameter values (6, that are
associated with steady-state operating points or references (7). Accordingly, the SM-

1 calculates the value of the shape design parameter as follows:
SM-1: 0=6,=f(@) (5.11)

where f,-(r) is a mapping (i.e. r — 6,.) that provides the updated value of the shape
design parameter (6,) with respect to the reference signal (r) of the operating point.
Here, if there is only one operating point, then the SM-1 is not required so that the
GT2-FLC design can be accomplished as explained in Table 5.7. If there are multiple

steady-state operating points, the values of the shape design parameters are stored in
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the shape design parameter vector 6, = [Hrl, Oy e 9rk] with respect to the reference
signal vector r = [ry, 1y, ..., 1% ]. For each operating point (i.e. %), the corresponding
value of the shape design parameter (i.e. 8y) is defined. To accomplish this goal in
terms of the systematic way of the GT2-FLC design, the Step-3 of Table 5.7 can be
followed to determine the appropriate values (6,,) of the shape design parameter.
Besides, if an interpolation method for the mapping function f,.(r) is defined, then the
GT2-FLC can also work for the intermediate operating points of the control system.

The design steps of the SM-1 are summarized in Table 5.8.

Table 5.8 : Design steps of the online SM-1.

Step-1: Define the steady-state operating points/references of the control

system as r = [17, Ty, o, ).

Step-2: For each operating point (i.e. 1), determine the corresponding
shape design parameter value (i.e. 8, ). For this purpose, the Step-

3 of Table 5.7 can be followed to tune the GT2-FLCs.

Step-3: Define an interpolation method (e.g. linear, cubic, polynomial,

fuzzy) for the mapping function £, (7).

Although tuning the shape design parameter as given in (5.11) is a simple method, the
scheduling sometimes might not be adequate to achieve a good transient-state control
performance because only steady-state operating points are considered. To overcome
this, the handling of the transient system dynamics during reference changes might be
an efficient way to update the shape design parameter. In this context, the second
online scheduling mechanism (SM-2) is proposed to update the shape design
parameter in an online manner with respect to the transient states of the control system

as well as the steady-state operating points, as follows:
SM-2: 0=06,+vy0, (5.12)

where y is a weighting coefficient and 8, is the varying parameter during the transient
state to enhance the performance of the GT2-FLC while the control system approaches
the steady-state operating point. Here, the value of 6, is determined with respect to the

steady-state operating points (7), as explained in the SM-1 part, while the value 6; is
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updated based on the transient states of the control system. As a transient state, various
signal information can be processed; for example, the error signal, the change of the
error signal, the rate of the control signal, the system output, etc. In this thesis, the

following design guidelines are followed to shape the value of 6;:

e [f the transient state response is fast, then the control signal or control action
should be smoothened to prevent overshoots and oscillations. Hence, the value
of the varying parameter (6;) is set to 8, < 0, so that the value of the shape
design parameter 6 decreases, according to SM-2 definition in equation (5.12).
With this design option, the CC/CS of the GT2-FLC becomes smoother as it
bends towards its boundary T1-FLC defined in equation (5.2).

o If the transient state response is slow, then the aggressiveness of the control
signal should be increased to increase the convergence speed of the control
system. Therefore, the value of the varying parameter (6;) is set to 8; > 0, so
that the value of the shape design parameter 6 increases, based on SM-2
definition in equation (5.12). With this design option, the CC/CS of the GT2-
FLC becomes more aggressive as it bends towards its boundary baseline T1-

FLC defined in equation (5.3).

e At the steady-state of the control system, the value of the varying parameter
(8;) should be set to 8; = 0 in order to assign the shape design parameter 6 to

its nominal value 6, at the steady-state operating point 7.

Since these online scheduling mechanism design guidelines can be easily transformed
into fuzzy rules, as a part of SM-2, a fuzzy scheduling mechanism, denoted as f; (h),
is also proposed. This fuzzy scheduling mechanism provides a mapping (i.e. h — 6;)

that generates the 0, as follows:

0: = fr(h) (5.13)

where h denotes the inputs of the fuzzy mapping f;(h), and it indicates the transient
state signals of the system. In this thesis, these signals are selected as h = [E, AE] (the
error signal and the change of error signal) to process the transient state dynamics of
the control system, as it has been widely done in self-tuning FLC structures [16, 18,
22]. Here, the fuzzy scheduling mechanism is defined with the same antecedent MFs

and the fuzzy rules of the TI-DFLC presented in Section 5.2.1. According to the given
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design guidelines for the scheduling mechanisms, the rule base of the f;(h) fuzzy
mapping is constructed as given in Table 5.9. As given in Table 5.9, the rules are
symmetric on the left diagonal axis so that a symmetric CS is obtained, while the rule
consequents are mostly set to 0 and -1 values, to avoid the risk of overshoots and
oscillations. At the steady-state where E = AE = 0, only the rule Ry is activated with
Cs = 0, and this provides the fuzzy mapping output becomes 8, = 0 and 8 = 6, so
the value of the shape design parameter converges to its nominal value. It is worth
underlying that the consequents are the design parameters of the fuzzy scheduling
mechanism f; (h), and these parameters are suggested tuning according to the transient
dynamics of the control system. In this thesis, the following rule table is used as it has

resulted in satisfactory enhancements in experiments.

Table 5.9 : Rule table of fuzzy mapping of online SM-2.

X, =AE \ x,=E Ay, Ay, Az
Ayq =1 C,=0 C;=-1
Az C,=0 C;=0 Ce =—-1
Ay C;, =-1 Cg =-1 Co=-1

Figure 5.13 : Surface of fuzzy mapping of online SM-2.

99






6. ANALYSIS AND DESIGN OF SENSITIVITY DESIGN PARAMETER

In this chapter, the effect of the sensitivity design parameter (i.e. P) on the control
curve and control surface generation will be investigated, and a practical tuning

algorithm is proposed for the selection of the sensitivity design parameter P.

6.1 Sensitivity Analyses of Control Curves / Control Surfaces

In this section, the CCs/CSs of the GT2-FLCs will be analyzed for various sensitivity
design parameter settings in order to provide a practical insight into how to tune the
sensitivity design parameter P. In this context, the sensitivity/accuracy of the resulting
CCs/CSs and their computation burden are examined. For all CC/CS generation and
time analyses, the shape design parameters are fixed, which means that the shapes of
the CCs/CSs of the GT2-FLCs are fixed, so that any difference that occurs on the
resulting input-output mapping of the GT2-FLC is only related to the different settings
of the sensitivity design parameter P that is the total number of a-planes. For this
purpose, the results of the GT2-FLCs employing different number of a-planes are
analyzed for the settings P = {2, 3,4, 10, 25,100} in terms of three measures; the
Maximum Value of Errors (MVE) and the Mean Absolute Error (MAE) and the

average Computation Time (CT). These comparison measures are defined as:

MVE(eg) = max (eg[v]) (6.1)
74

MAE(D) = ) |e2[vll/V (6.2)

£2[v] = Uy[v] — Up[v] (6.3)

Here, V is the total number of samples, U, [v] and U, [v] denote samples from U, and
Up outputs of the GT2-FLCs employing P = a and P = b a-planes, respectively. As
a part of the sensitivity analyses, the average CT values are calculated over 10 trials,

by changing the input variables with 0.001 and 0.01 step sizes for GT2-SFLC and
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GT2-DFLC, respectively. The CT values are calculated with tic and toc functions of
the MATLAB. Similar to the shape analyses, the sensitivity analyses are performed
for the CC of the GT2-SFLC and the CS of the GT2-DFLC separately. During these
analyses, the following GT2-FLCs are considered;

e GT2-SFLC with FOU-2 and 6 = —1,
e GT2-DFLC with FOU-3 and 6 = —1.

In the comparisons, it is assumed that the output of a continuous GT2-FLC (U.) can
be approximated with a GT2-FLC employing P=1000 a-planes (i.e. U;qo). This high
number of a-planes provides a high level of granularity on the GT2-FLC computations
as mentioned in Section 3.6. Thus, for the comparative sensitivity analyses on the CCs/
CSs of the GT2-FLCs, it is assumed that U = U;g9. The effect of the sensitivity
design parameter P is firstly examined by comparing the outputs of the handled GT2-
SFLCs and GT2-DFLCs with the continuous ones. The resulting CCs of the GT2-
SFLCs and the CC differences to continuous the GT2-SFLC are illustrated in Figures
6.1 and Figure 6.2, while the CS differences between the GT2-DFLCs and the
continuous one is given in Figure 6.3. The comparison measures are given in Tables

6.1 and 6.2 for GT2-SFLCs and GT2-DFLCs, respectively.

]- T T T T T

— P — 9D
09— p =3 1
P=5
08 le—pP =10 7
e P = 25
0.7F | ——P =100 1
—_ P =1000
0.6 |- i}
(o]
S 05} -
-
0.4 il
0.3 | i}
0.2 1 _
0.1} ,
0 | | | | | | | | |

Figure 6.1 : Effect of sensitivity design parameter on CCs of GT2-SFLCs.
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Figure 6.2 : CC differences between U, and Up for P = {2, 3,4, 10, 25,100}.

As illustrated in Figure 6.1 and Figure 6.2, the input-output mappings of the GT2-
SFLCs are almost identical, although the sensitivity design parameter P varies through
a wide range from 2 to 1000, and the CS differences of the GT2-DFLCs are relatively
low as illustrated in Figure 6.3. These can be numerically observed from Table 6.1 for

the GT2-SFLCs and from Table 6.2 for the GT2-DFLCs.

It is worth underlying that the employed GT2-FLCs resulted in relatively low MVE
and MAE measures, independent from the value of the sensitivity design parameter P.
However, the total number of a-planes, in order words the sensitivity design parameter
P, has a significant effect on the average CT as expected. Accordingly, it can be argued
that the realization of a GT2-FLC (in a hardware element such as microcontroller)
employing high values of P (constructing by high numbers of a-planes) might be a
challenging problem in real-time applications that usually require a short computation
window (due to the high sampling frequencies). For instance, when the value of the
sensitivity design parameter P increases from 10 to 100, which means that the GT2-
SFLC employs 90 a-planes more, then the MVE measure of the GT2-SFLC reduces
from 8.925x107 to 0.798x107 but accordingly the average CT value increases

approximately 9 times.
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Table 6.1 : Sensitivity measures for GT2-SFLCs.

P MVE(s§)  MAE(&5) éverage MVE(eb*!)  MAE(eh*)
T (ms)

2 46.067 28.120 0.039+0.001 15.435 9.406

3 30.632 18.714 0.052+0.001 7.798 4.743

5 18.167 11.128 0.076+0.003 3.099 1.890

10 8.925 5.483 0.133+0.003 0.831 0.509

25 3.482 2143 0315:0.016 0.138 0.0805
100 0.798 0492 1257:0.077 0.009 0.006

" The sensitivity measures (MVE and MAE) values are normalized by 1073,
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Figure 6.3 : Effect of sensitivity design parameter on GT2-FLCs’ &5 values.
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In the second part of the sensitivity analyses, how the sensitivity of the CCs/CSs
changes with respect to the increments of the number of a-planes, (i.e. the increment
of the sensitivity design parameter from P to P + 1) is analyzed. In this context, the
resulting CC/CS differences between U, (a GT2-FLC employing P a-planes) and Up 4
(a GT2-FLC employing P+1 a-planes) are examined and the sensitivity measures;
MVEE*! and MAEE*!, are calculated. These differences are illustrated in Figure 6.4
for GT2-SFLCs and Figure 6.5 for GT2-DFLCs. The sensitivity measures are given in
Table 6.1 and Table 6.2 for GT2-SFLCs and GT2-DFLCs, respectively. Similar to the
first part of the analyses, the CCs/CSs are almost identical for various sensitivity
design parameter settings. On the other hand, increasing the value of the sensitivity
design parameter from P = 3 to P = 4 resulted in a relatively bigger improvement in
terms of the MVE and MAE measures when it is compared to the results in which the
value of P is increased from P = 100 to P = 101. The levels of the differences are
relatively lower than the differences to the continuous CC/CS. Thus, it can be
concluded that the relative CC/CS difference per increment on the P value decreases

when the total number of a-planes (or the value of the sensitivity design parameter) is

getting bigger.
T T T T T T
0.02 Ezj Eié
02 L ; 20 ]
€3 €25
b — el

0.01

-0.01

-0.02

-1 -0.8  -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 6.4 : CC differences between Up,; and Up for P = {2, 3,4, 10, 25, 100}.

105



Table 6.2 : Sensitivity measures for GT2-DFLCs.

P MVE(s§)  MAE(&5) éverage MVE(eb*!)  MAE(eh*)
T (ms)

2 48.577 23.783 0.133+0.012 16.295 7.975

3 32.281 15.814 0.147+0.014 8.342 4.022

5 19.140 9.393 0.169+0.014 3.299 1.598

10 9.407 4.625 0.224+0.015 0.878 0.430

25 3.701 1.808 0.356+0.017 0.146 0.072
100 0.860 0.415 1.017+0.051 0.010 0.005

" The sensitivity measures (MVE and MAE) values are normalized by 1073,

x107?
17

MVE(S)

[

-0.5 0

n
—
—
n
n
—
1

MV E()) wpem

MVE()

Figure 6.5 : Effect of sensitivity design parameter on GT2-FLCs’ £5** values.
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6.2 Comments and Suggestions on the Sensitivity Design Parameter

In this section, in the light of the sensitivity analyses given in Section 6.1, the design
comments and suggestions on the sensitivity design parameter P will be given for the
sake of systematic and practical GT2-FLC design. The performed sensitivity analyses
clearly demonstrated that the sensitivity design parameter does not change the shape
of the CC/CS alike its shape design parameter counterpart, but it closely defines the
CC/CS accuracy/sensitivity of the GT2-FLCs. The results also demonstrate that there
is a strong tradeoff between computational time and CC/CS precision. In other words,
a high number of a-planes means accurate precision on the computation of the control
signal of the GT2 fuzzy system, but a huge computation burden at the same time. Thus,
a practical technique is necessary to balance the time compromise of the CC/CS

sensitivity of the GT2-FLCs to be deployed.

In real-time control applications, the designed GT2-FLCs are usually implemented on
microcontroller-based hardware components that have finite precision (e.g. fixed or
floating data types) and limited processing power (e.g. function execution time) in
practice. Moreover, the GT2-FLCs do not only process quantized/sampled signals
from the environment, but also generate quantized/sampled signals to be deployed to
the actuators in the environment. This is due to fact that the feedback signals of the
system are captured by sensing elements (like resolvers, voltage/speed/position
sensors, cameras, IMU s, ...), while the control signal of the control system is realized
by physical actuators (like engines, electric machines, charging units, heaters, ...). In
this context, a continuous signal S, used in real-time applications, is usually defined

by a quantization operation as follows:
S=15/A]A (6.4)

where § is the quantized/sampled signal that is derived from the continuous signal S,
A is quantization level (or quantization interval) and | | denotes floor function happens

during the quantization. Then the quantization error (Qs) is defined as follows:
Qs=5-S5 (6.5)
Here, it is worth underlying that the quantization error might happen at the inputs and

outputs of GT2-FLCs in real-time applications. So, the magnitude and characteristic
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of the quantization error have an impact on the real-time control performance of the
GT2-FLC, since it changes the accuracy of the designed CC/CS of the GT2-FLC.
Thus, the quantization intervals or quantization errors of the fuzzy control system
should be considered in the design of GT2-FLCs. In this context, it is suggested
adjusting the sensitivity design parameter P by considering the quantization level A

and the required computational time on the target hardware element.

6.3 Tuning of Sensitivity Design Parameter

In this section, how the sensitivity design parameter P can be tuned from a practical
real-time implementation perspective is presented. Based on the sensitivity analyses
given in Section 6.1, and the design comments and suggestions on the sensitivity
design parameter P given in Section 6.2, a novel iterative tuning algorithm for the
sensitivity design parameter is proposed. The new algorithm determines the sensitivity

design parameter so that it addresses the problem of the selection of a-planes.

The proposed tuning algorithm of the sensitivity design parameter takes into account
the hardware limits of the real-time control system; quantization intervals that occur
in input/output signals, in terms of the sensitivity measures. The aim of the proposed
tuning algorithm is to determine the best P value, the number of a-planes, in a way
that the designed CC/CS can be realized with a reasonable compromise from the
sensitivity and the computation time. It is worth noting that the hardware limits are
very important factors for real-time control problems, in which the sensitivity and the
computational time are limited. The pseudo-code of the proposed tuning algorithm is
given in Table 6.3. The proposed tuning algorithm is constructed with two main steps:

Forward Calculation and Backward Calculation, as follows:

1. Forward Calculation: The goal of the forward calculation is to find the best
(in terms of sensitivity/accuracy) GT2-FLC output under given sensitivity
constraints and quantization levels of the input/output signals. In the forward
calculation step, the value of P is increased by 1 in each iteration step, until the
improvement per increment is lower than a stopping threshold. In this context,
the CC/CS differences of two consecutive GT2-FLCs (i.e. Up: the GT2-FLC
employing P a-planes and Up, ;: the GT2-FLC employing P + 1 a-planes) are

calculated in the search space [ Pyin, Pnax] Where Py, = 2 and By, 1s defined
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by the designer. The algorithm updates the candidate solution of the forward

calculation (P* = P) until the following stopping condition is satisfied:
MAE(ef™) < g (6.6)

where & is the threshold value that defines the improvement limit per a-plane
increment. Since a chattering effect is highly possible, when a floor operator is
executed for the quantization of a signal; then it is verified if the stopping

condition in equation (6.6) is satisfied in the next P iteration for the interval

of [P*, P* + Pf], so that the iteration can be stopped at the point P*as it is the
solution of the forward calculation. This extra procedure is a kind of local
search mechanism to handle the chattering effects on the MAE measure. Then
the solution P* is stored to be used in the next step. Here it should be noted that
if the resulting CTs of the GT2-FLC employing P* a-planes is suitable for the

real-time application (in terms of the time), the next step can be skipped.

. Backward Calculation: The goal of the backward calculation is to find the
best (in terms of sensitivity and time) GT2-FLC output under given constraints
of the signals, as well as the computation time limits of the hardware elements.
As mentioned the calculated P* solution in the forward calculation might result
in a GT2-FLC with a very high computation time which may not be practicable
for a realization. In order to handle this bottleneck, an error threshold (&,),
which defines the precision tolerance, is defined to reduce the total number of
a-planes which unsurprisingly reduces the average CT measure (as shown in
Section 6.2). This is accomplished by decreasing the value of P* by 1 in each

iteration step until the MVE value satisfies the following stopping condition:
MVE(el") > &, (6.7)

Here, the backward iteration stops at P**, when the condition (6.7) cannot be
satisfied anymore. This condition gives a compromise (between sensitivity and
computation time) by finding a solution satisfying P** < P*. Note that, if there
is no feasible solution for the real-time application (e.g. the average CT of the
GT2-FLC employing P** a -planes is too high), then the threshold &, should

be increased and the backward calculation should be re-executed.
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Table 6.3 : Tuning algorithm of the sensitivity design parameter.

Forward Calculation

Define input and output quantization levels: A;, and A,

Quantize input values based on A;;,, according to (6.4)

Define hyperparameter €; to be used in the stopping criteria

Define hyperparameters Py, Ppin, and Ppqy to be used for iteration limits
Initialize the parameters used in iteration loops as: P; = 0 and P* = P,
Start iteration

rFOR P = Pyin: 1: Bpay

Calculate the quantized output signal of the GT2-FLC (i.e. Up) via (6.4)
considering the output quantization level A,,,;
rIF P>2
Calculate the measure MAE (g5~ ) with Up and Up_; using (6.2)
-IF MAE(ef™ 1) < g
IF P, ==P;
P*=P-P,
BREAK
END
P,=P +1
~ELSE
P,=0
END
-END
~END

Calculate the input-output mapping of the GT2-FLC employing P a-planes
(i.e. Up by gridding the inputs) considering the input quantization level A;;,

Backward Calculation

Take P* and U} as calculated in the Forward Calculation step
Define hyperparameter €, to be used in the stopping criteria
Initialize the parameters used in iteration loops as: P*™* = P,
rFOR P=P" —1:-1:Py,in

Calculate the quantized output signal of the GT2-FLC (i.e. Up) via (6.4)
considering the output quantization level A,,;

Calculate the measure MVE (£) with Up and Up+ using (6.1)

IF MVE(e}) > &,

P*=P+1
BREAK
END
~END

Calculate the input-output mapping of the GT2-FLC employing P a-planes
(i.e. Up by gridding the inputs) considering the input quantization level A;,

In this section, a numerical example will be also presented in order to clearly show the

forward and backward calculation steps of the proposed tuning algorithm In this

context, a GT2-DFLC is constructed over the rule base defined in Table 5.4 and by

employing the FOU design parameters as M; ; = 0.05, M;, = 0.95, M; 3 = 0.05,
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M,, = 0.15,M,, = 0.85, M, 3 = 0.15, and the shape design parameter as 8 = 0.1.
The quantization intervals of the inputs and output are defined as A;, = 0.01 and
Aoyt = 0.001, respectively. The hyperparameters used in iterations of the proposed
tuning algorithm as Pp,;n, = 2, Ppgx = 100, and P = 20. The error thresholds of the
stopping conditions are selected as &; = 0.025 X 1073 and &, = 0.01. The variation
of the MAE measure with respect to the sensitivity design parameter P (or the total
number a-planes) is illustrated in Figure 6.6, the calculated execution times during the
iterations are illustrated in Figure 6.7, and the variation of the MVE measure with

respect to the sensitivity design parameter P is illustrated in Figure 6.8.

In the forward calculation step of the proposed tuning algorithm, the iteration starts by
varying the sensitivity design parameter from P,,;,, = 2 to P4 = 100. The forward
calculation iteration stops at the iteration P = 43 with the solution P* = 23, since the
improvement on the MAE(e5~1) the measure becomes less than the &; stopping

condition for more than Py trials, which are executed to handle the chattering effect.
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Figure 6.6 : Variation of MAE measure with respect to the P values.
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Figure 6.7 : Variation of execution time with respect to the P values.
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Figure 6.8 : Variation of MVE measure with respect to the P values.
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In the backward calculation step of the proposed tuning algorithm, the iteration starts
from the solution of the forward calculation P* = 23 towards the P,,;, = 2. Then the
backward calculation iteration stops at the solution P** = 4, since the value of the
MAE (85 ’ ) measure reaches the level of the €, stopping condition. The variation of
the MVE measure with respect to the sensitivity design parameter P (or the total
number a-planes) and the final solution of the proposed tuning algorithm are illustrated
in Figure 6.8. In order to show the effects of other candidate solutions, the differences
between GT2-FLCs are illustrated in terms of the difference € [v] for each data
sample of the handled GT2-DFLCs in Figure 6.9. Here the total number of samples is
V = 40401 = 201 x 201, since the inputs are sampled with A;,, = 0.01 quantization
interval such that 201 points are obtained for each input. As it is shown, the error values

for the solution P** = 4 is always below the €, = 0.01 boundary.

-0.012 .
201 4221 8241 12261 16281 20301 24321 28341 32361 36381 40401
Vv

Figure 6.9 : Output differences of GT2-FLCs with different P values.
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7. SIMULATION STUDIES AND REAL-TIME APPLICATIONS

In this chapter, simulation studies and real-time applications will be presented in order
to evaluate the effectiveness and the impact of the proposed interpretations, design

recommendations, and tuning methods for the GT2-FLCs.

7.1 Simulation Study on a Second-Order Nonlinear System

In this section, a simulation study [75] on a second-order nonlinear benchmark control
system will be presented to show how the GT2-FLC design can be accomplished based

on the proposed guides for a control problem.

7.1.1 Simulation environment

The benchmark control system, second-order nonlinear process model [14, 75] is

defined as follows:

—+—+=—=u(t—-1L) (7.1)

where y is the output of the system, u is the input of the system, and L is the time delay
which is L = 0.5s. Here, the gain of the second-order nonlinear system changes with
respect to the output of the system (i.e. y), so the system dynamic varies at different
operating points. When the system output is relatively low, then the gain of the
nonlinear process increases so that the system response is relatively faster; whereas if
the system output is relatively high, then the gain of the nonlinear process decreases
so that the system response is relatively slower. Due to this challenging nature of the
nonlinear system, a controller might result in very satisfactory performances for an
operating point, but this performance cannot be maintained for other operating points.
For the designs of the DFLCs, four steady-state operating points r = [ry, 15,75, 14] =
[0.6, 0.8, 1,1.2] are considered, and these references are applied in sorted order
during the simulation. Moreover, the PID type DFLC structure (given in Section 2.5)

is used for all fuzzy controllers during the simulation study.
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7.1.2 Controller design

In the design of the T1, IT2, and GT2 FLCs, the systematic tuning steps presented in
Section 5.4 are followed and the controllers are tuned according to three performance
measures; the rise time (7;), the settling time (75), and the overshoot (05%). In this
context, according to Step-1 of Table 5.7, the baseline T1-FLC is first designed for the
reference change from r; to 1. The baseline T1-FLC is constructed with the fuzzy rule
base given in Table 5.3 and the design parameters T1-FLC, the scaling factors of the

T1-FPID controller structure are selected as
e TI1-FLC: K, =1, K5, = 0.8, K, =0.15, K}, = 2.5

such that desired system performance (aggressive transient response) can be achieved
in terms of 7, T, and OS§% performance measures. Then, according to Step-2 of Table
5.7, the baseline IT2-DFLC is designed for the reference change from 7y to r,. The
IT2-FPID controller is constructed by using the same design parameters of the T1-

FPID counterpart and the FOU design parameters are selected as

L] IT2'FLC: Ml,l - 0.02, M1,2 - 0.90, M1'3 - 0.02,
M2,1 = 030, lez = 080, M2,3 = 030

such that desired system performance (smooth transient response) can be achieved in
terms of 7, Ty, and OS% performance measures. Then, as the last step of Table 5.7,
the GT2-DFLCs are designed; the GT2-DFLC with a fixed 8 value (called as GT2-
DFLC in simulation), the GT2-DFLC with online SM-1 (called as GT2-DFLC-SM).
The GT2-DFLC is first designed for the reference change from r;, to 73, and the shape
design parameter of the GT2-DFLC is selected as

e (GT2-DFLC: 6 =0.1

such that a tradeoff between performance and robustness (i.e., a tradeoff between an
aggressive T1-FPID controller and a smooth IT2-FPID controller) is obtained by
reducing the 7, and 7y measures while compromising from OS$% performance within
acceptable limits. Then, in the design of GT2-DFLC-SM, according to the tuning steps
in Table 5.8, the shape design parameters (0, = [0,,0,,05,6,]) that are associated

with the target references (r = [ry, 15,13, 7,] = [0.6, 0.8, 1,1.2]) are obtained as
o GT2-DFLC-SM: 6, = —12,0, =—08, 65 = 0.1, 6, = 0.4

such that different system responses can be achieved for each operating point.
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7.1.3 Simulation results

The simulation results of the employed T1-DFLC, IT2-DFLC, GT2-DFLC, and GT2-
DFLC-SM are compared with respect to performance measures: the rise time (7}), the
settling time (7), and the overshoot (O5%). The results are illustrated in Figure 7.1
and the performance measures are given in Table 7.1. The outcomes of the simulations
showed that an acceptable tradeoff between robustness and system performance can
be achieved by tuning the shape design parameter 6. Besides, the proposed online
scheduling mechanism SM-1 provides an opportunity to improve the overall system
performance since the shape design parameter 0 is effectively online-adjusted with

respect to the operating points.
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Figure 7.1 : Control performances of T1, IT2, and GT2 FLCs.
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As shown in Figure 7.1, the GT2-FLC-SM ended up with a robust system response for
the reference variation to the operating point r; = 0.6, since it obtained the best OS%
value without oscillations but the highest 7, value in contrast. For the reference
variation to the operating point r, = 1.2, the online scheduling mechanism tuned the
value of the shape design parameter from 0.1 to 0.4 at 80s such that the aggressiveness
of the control surface is increased which eventually speeds up the system response.
The resulting 7, value is smaller than its IT2 and GT2 counterparts. For the reference
variation to the operating point r, = 0.8 where the baseline IT2-FLC was designed,
the GT2-FLC-SM reduced the 7y and OS% performance measures by employing the
shape design parameter 8 value to -0.8. In summary, it can be concluded that the
proposed online tuning mechanism is highly efficient in the tuning of the shape design

parameter to enhance the control system performance.

Table 7.1 : Performance measures of T1, IT2, and GT2 FLCs.

Operating Performance

Point Measure T1-FLC IT2-FLC GT2-FLC GT2-FLC-SM

T: 1.538 1.962 1.776 2.221

Ty Ts 14.98 10.98 10.86 12.96
0S% 34.35 21.67 26.38 15.08

T: 1.587 2.095 1.869 2.189

T Ts 11.78 9.967 9.916 7.484
0S% 25.90 11.75 16.37 8.196

T: 1.648 2.268 1.983 1.983

T3 Ts 10.90 9.456 9.335 9.335
0S% 18.05 3.380 7.915 7.915

T: 1.721 2.552 2.143 1.863

Ty Ts 8.256 9.490 9.212 8.880
0S% 10.99 0.0 0.514 6.241

7.2 Real-Time Application on Parrot Mambo Drone

In this section, the real-time experimental results [76] will be presented to validate the
proposed design interpretations, design recommendations, and tuning methods.
7.2.1 Experimental setup

The real-time experiments are conducted on the Parrot Mambo drone that is a
commercial product equipped with sophisticated software/hardware ingredients such

as an ARM 9 416 MHz processor, 6-degree of freedom IMU, pressure and ultrasonic
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sensors, and a downward-facing camera with a 60 FPS measurement [76]. The Parrot
Mambo drone has a MATLAB/Simulink support package that makes the system as a
proof-of-concept experimental setup. This drone has an efficient built-in preliminary
flight control structure, which contains low-level PID controllers and state estimators,
to stabilize the attitude and altitude dynamics, and the sampling time of this flight
control system is defined as T = 5 ms, so that the flight control algorithms run in every

Sms cycle. The Parrot Mambo drone is illustrated in Figure 7.2

‘/Global
Frame

Body Frame

Figure 7.2 : Illustration of Parrot Mambo drone.

For the real-time control experiments on the drone, the controllers are designed for the
x-axis position tracking problem. In this context, the y-axis reference is set to Om, and
the yaw angle reference is set to 0° and the z-axis altitude reference is set to 1m from
the ground, moreover the low-level built-in controllers are utilized for the control of
physical actuators. Then the DFLCs are designed to generate the pitch angle reference
signal with respect to the x-axis position reference changes. It is preferred to use a PI
type fuzzy controller that is formed by a DFLC (i.e. T1, IT2, or GT2) with an integrator
[3, 9] as explained in Section 2.5. In the PI type DFLC structure, there are two input
scaling factors used to normalize the inputs (K., K,.) and one output scaling factor
(Kp) to denormalize the output of the DFLC. The x-axis reference positions are

considered as r = [ry, 1y, 13] = [1m, 0.75m, 1.5m].

7.2.2 Design of the shape design parameter

In the design of the shape design parameter (), the systematic tuning steps presented
in Section 5.4 are followed. In this context, according to Step-1 and Step-2 of Table
5.7, the baseline DFLCs are first designed for the first x-axis reference, which is the

steady-state operating point r; = 1 m. According to Step-1 of Table 5.7, the baseline
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T1-DFLC is designed by employing the fuzzy rule base given in Table 5.3 and the

remaining design parameters (i.e. input/output scaling factors) are selected as
e TI-DFLC: K,=1,K\, =0.68,K, =25

such that an aggressive CS is obtained. Then, based on Step-2 of Table 5.7, the baseline
IT2-DFLC is designed by using the same design parameters of its T1 counterpart and

assigning the remaining FOU design parameters as

L] IT2'DFLC. Ml,l ES 0.05, M1,2 ES 0.95, M1‘3 == 0.05,
MZ,l ES 015, MZ,Z ES 085, Mz’g = 015

such that a smooth CS is achieved. As the last step of Table 5.7, the GT2-DFLCs are
designed in 3 ways; the GT2-DFLC with a fixed 6 value (called as GT2-DFLC in order
to distinguish from the online-tuned counterparts), the GT2-DFLC with SM-1 (called
as GT2-DFLC-SM-1), and the GT2-DFLC with SM-2 (called as GT2-DFLC-SM-2).
The GT2-DFLC, similar to its T1 and I'T2 counterparts, is designed for the steady-state
operating point r; = 1 m by providing a tradeoff between the aggressive T1-DFLC
baseline and the smooth IT2-DFLC baseline. The shape design parameter of the GT2-
DFLC is founded experimentally as

e (GT2-DFLC: 6 =0.1

such that a tradeoff between performance and robustness is obtained. Then, the GT2-
DFLC-SM-1 is designed for each steady-state operating point, where r = [ry, 15, 13] =
[1m, 0.75m, 1.5 m], by following the tuning steps in Table 5.8 (besides the generic
GT2-FLC design steps given in Table 5.7). The shape design parameters associated
with an operating point (8,. = [6;, 6, 85]) is obtained as

e (GT2-DFLC-SM1: 6,=0.1,6,=-08,6;=1

such that moderate, smooth, and aggressive CSs can be achieved for the operating
points rq, 1, and 73, respectively. The linear interpolation is used to define the mapping
given in equation (5.11). Then, the GT2-DFLC-SM-2 is designed for the same steady-
state operating points of its SM-1 counterpart (r = [ry,13,73]) by using the same
steady-state shape design parameters (0, = [0,,0,,605]) and further employing the
online update rule given in equation (5.12). Here, the transient part of the shape design
parameter (i.e. the parameter 8,) is handled by the fuzzy mapping defined in equation

(5.13) and Table 5.9 with the weighting coefficient y = 0.5.
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7.2.3 Comments on the control surfaces of the designed DFLCs

In this section, the CSs of the DFLCs that are employed for the real-time experiments
will be examined to provide a better understanding of how the proposed design
methods result. The resulting CSs of the designed DFLCs are illustrated in Figure 7.3.
The CS differences between “IT2-DFLC versus T1-DFLC, GT2-DFLC versus T1-
DFLC, and GT2-DFLC versus IT2-DFLC” are also examined in Figure 7.4.

T1-DFLC IT2-DFLC GT2-DFLC

1 o 0.3 I g 0.3 1 w015
0.2 0.2 0.1
0.5 0.5 0.5
0.1 0.1 0.05
AE o 0 AE Hilog AEo 0
: 0.1 0.1 -0.05
0.5 f -0.5 SESESRSIRIRERER 0.5
H 0.2 0.2 i 0.1
-1 H 0.3 -1 ”mmmmmm H 0.3 -1 H o 0.15
-1 05 0 0.5 1 -1 05 0 0.5 1 -1 05 0 0.5 1

E
(a) (b) (©)

Figure 7.4 : The CS differences between the designed T1, IT2, and GT2 DFLCs.
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The CS differences between GT2-DFLC and baseline controllers are illustrated in
Figure 7.4. In subfigures of Figure 7.4, the CS differences are shown by subtracting
the controller outputs which means that the CS differences calculated by “U;r, — Ur1”,
“Ugr, — Ur1”, and “Ugr, — Uppy” in subplots (a), (b), and (c), respectively. Here, as
the baseline fuzzy controllers (T1-DFLC and IT2 DFLC) are designed with smooth
and aggressive CSs, there are larger and deeper blue and red areas in Figure 7.4a (the
blue area for the region where E > 0 and AE > 0, and the red area for the region where
E < 0 and AE < 0). This is an expected outcome of the prior design because 1T2-
DFLC generates a relatively lower control signal due to its smooth CS. Figure 7.4b
and Figure 7.4c also show that the designed GT2-DFLC is relatively smoother and

more aggressive than its T1 and IT2 baseline counterparts, respectively.

The CSs of the designed online controllers (i.e. GT2-DFLC-SM-1 and GT2-DFLC-
SM-2) are compared with their fixed T1, IT2, and GT2 DFLC counterparts for each
operating point. The CS differences for GT2-DFLC-SM-1 and GT2-DFLC-SM-2 (in
comparison to T1, IT2, and GT2 DFLCs) are illustrated in Figures 7.5 — 7.7 and
Figures 7.8 — 7.10, respectively.

1 g 0.3 1 o 0.15 1 0.15
] H
0.2 0.1 0.1
0.5 0.5 0.5
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E
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0.3 B :
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Figure 7.6 : OP r,: CS differences between SM-1 and (a) T1, (b) IT2, (c) GT2.
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It can be commented that the CSs of the GT2-DFLC-SM-1 and the GT2-DFLC-SM-2
can transform both smoother CS (for example in Figures 7.6¢ and 7.9c for the
operating point ;) and more aggressive CS (for example in Figures 7.7c and 7.10c for
the operating point r3) for different operating points. This also coincides with the

corresponding NTE and NR values given in Table 7.2. It is observed that:

e For the first operating point 1y, the GT2-DFLC-SM-2 has a relatively high NTE
value and a NR value that is close to the baseline IT2 counterpart. So, without
comprising the robustness property of the designed IT2-DFLC around the
steady-state significantly, the SM-2 structure will increase the response of the

system in comparison to its IT2 and GT2 DFLC counterparts.

e For the second operating point r,, the GT2-DFLC-SM-2 has the lowest NR
value and thus the robustness around the steady-state is risen by transforming
the CS of the GT2-DFLC that is smoother than its baseline IT2-DFLC. This is

an expected design to result in a system response without oscillations.

e For the third operating point 73, the GT2-DFLC-SM-2 has a high NTE value,
which is close to its baseline T1-DFLCcounterpart, and a relatively lower NR
value. Thus, the SM-2 structure will smoothen CS around the steady-state to
eliminate overshoots while increasing the aggressiveness of the CS to speed up

the system response like its T1 fuzzy counterpart.

Table 7.2 : Performance measures of the designed CSs of the DFLCs.

Controller opP NTE NR
T1-DFLC T, T T3 1.000 2.491
IT2-DFLC Ty, Ty, T3 0.820 1.044

GT2-DFLC T, T T3 0.858 1.175

7 0.858 1.175
GT2-DFLC-SM-1 7 0.795 0.547
T3 0.975 2.107
7 0.876 1.108
GT2-DFLC-SM-2 T, 0.804 0.484
3 0.978 1.999

As mentioned in the previous sections, that tuning the shape design parameter with
respect to the operating points via the proposed SMs in an online manner gives the

opportunity to provide a good tradeoff between robustness and performance.
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7.2.4 Design of the sensitivity design parameter

In the design of the shape design parameter (P), the systematic tuning steps presented
in Section 6.3 are followed. In this context, the hardware limits of the real-time Parrot
Mambo drone experimental setup are considered in terms of quantization levels (i.e.
A) and computational time. These two terms are quite essential for an effective real-
time application on a flying drone since it is equipped with various sensors with
different scalings and available resources of the onboard computation power. Then the
average quantization levels of the real-time application are assumed as A;,, = 0.01 and
Ay = 0.001 approximately. In order to verify the feasibility of the designed GT2-
DFLCs, the average computational time of the built-in controllers of the Parrot Mambo
drone is examined by using the MATLAB Simulink Profiler toolbox. Then the average
computational time is found as T, = 3.7 ms, which lefts T — Trc = 1.3 ms for the
computations of the designed GT2-DFLCs. Based on this system information, the
iterative algorithm given in Table 6.3 is employed. The forward calculation is stopped
at P* = 23 for the stopping criteria and hyperparameter setting &; = 0.025 X 1073,
P; = 20, and Py,4, = 100 (The numerical example that is given in Section 6.3 can be
visited for further details, as it uses the same GT2-DFLC structure.). Then, in order to
conclude if the obtained forward calculation result, P* = 23, is feasible for the real-
time application, the average computation time of the GT2-DFLC with P* = 23 a-
planes is examined. In this context, the average computation time on the computer’s
processor, which is used for DFLC designs, is firstly calculated and then this value is
projected into the microprocessor of the drone by multiplying by 6.25 which is the
clock speed ratio between the computer (2.6 GHz) and the Parrot Mambo drone (416
MHz). Here, a buffer time (Tg = 0.3 ms) is also considered for computational time

calculation, since this rough conversion might include some errors. The average

computation time of the GT2-DFLC with P* = 23 a-planes on the computer (TGCTOZm Py
and the drone (Tgr,) are calculated as Topg” = 0.348 ms and Tgr, = 2.176 ms,

respectively. Then it is concluded that the solution of the forward calculation (P* =
23) is not feasible for the target real-time application, since the total required time is
higher than the sampling time of the Parrot Mambo drone (Tpe + Tgry, + T > T =
5 ms). Thus, the backward calculation of Table 6.3 is performed, and the iteration is
stopped at P** = 4 for the stopping criteria setting &, = 0.01 (The numerical example

that is given in Section 6.3 can be visited for further details, as it uses the same GT2-
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DFLC structure.). The average calculation time of the GT2-DFLC with P** = 4 for is
calculated as in the forward calculation and obtained as Tg;r, = 0.978 ms.
Accordingly, it is concluded that the solution P** = 4 is feasible for the real-time
application on the drone so that all GT2-DFLCs are constructed with 4 a-planes
(excluding ay = 0) as a; = 0.25, a, = 0.5, a3 = 0.75, and a, = 1.

7.2.5 Experimental results

The experimental result performances of the employed T1, IT2, and GT2 fuzzy PI
controllers are compared with respect to three performance measures: the rise time
(7)), the settling time (7§), and the overshoot (OS§%). The performances of the fuzzy
controllers are compared in two parts; the GT2-DFLC is first compared with the
baseline T1 and IT2 DFLCs (for this case, all design parameters are tuned and fixed in
an offline manner) in Figure 7.11, then the performance improvements of the proposed
online SMs, which change the shape design parameter during the flight, are compared
with the fixed GT2-DFLC in Figures 7.12,7.13, and 7.14 for the operating points 7y,

15, and 73, respectively. The performance measures are given in Table 7.2.

Table 7.3 : Performance measures of T1, IT2, and GT2 FLCs.

Operating  Performance GT2-FLC- GT2-FLC-

T1-FLC IT2-FLC GT2-FLC

Point Measure SM-1 SM-2
OP-1 T, 0.79 1.12 0.85 0.85 0.88
- T; 3.54 2.01 2.44 2.44 1.79
1 0S% 10.13 1.39 7.22 7.22 3.39
OP-2 T, 0.65 0.79 0.75 0.69 0.74
r T; 5.85 4.86 3.75 5.78 4.05
2 0S5% 30.47 9.38 15.87 9.39 6.64
OP-3 T, 1.23 1.64 1.39 1.18 1.15
rs T; 2.25 2.84 2.54 2.16 2.16
0S% 4.80 0.92 2.20 4.84 2.91

It is observed that the lowest OS% measures are obtained for the IT2-DFLC that is
designed as the smooth baseline with a smooth CS, whereas the lowest 7, measure is
calculated for the T1-DFLC that is designed as the aggressive baseline with an
aggressive CS. As shown in Figure 7.4, the designed GT2-DFLC has a CS that is
smoother and aggressive than its T1 and IT2 baselines respectively, so the resulting
controller behavior lies in between these baselines. As a result of the shape design

parameter setting the value of 8 = 0.1 for the steady-state operating point 7y, the GT2-
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Figure 7.11 : Real-time experiment results of the T1, IT2 and GT2 DFLCs.

DFLC improves the 7, performance measure of the baseline IT2-DFLC by 0.27s by
compromising the OS% value by 5.83%, on the other side, the GT2-DFLC improves
the OS% performance measure of the baseline T1-DFLC by 2.91% by compromising
0.06 s from the 7, value. Moreover, for the steady-state operating point 15, the
performances of the baseline T1 and IT2 DFLCs (given in Figure 7.11b) decrease in
comparison to the results for the first operating point r; (given in Figure 7.11a), so the

performance of the GT2-DFLC is also degraded for this operating point. This is an

127



expected outcome of the proposed systematic controller design since the GT2-DFLC
combines the outputs of the baseline T1 and IT2 DFLCs, so the GT2 fuzzy controller
performance also depends on the performances of the initial baseline controllers. For
the steady-state operating 3, the GT2-DFLC performs a moderate and superior system
response which results in among the performances of the baseline T1 and IT2-DFLCs

in terms of performance measures; T, T, and OS%.

The system responses of the GT2-DFLCs with SMs are compared with the GT2-DFLC
with a fixed shape design parameter 8 = 0.1 in Figures 7.12, 7.13, and 7.14 for the
operating points 1y, 15, and 13 respectively. It is observed that the online update of the
shape design parameter 8 (per the steady-state operating points) ends up with very

efficient system responses in terms of control performance and robustness.

As illustrated in Figure 7.12, the online tuning mechanism SM-2 changes the shape
design parameter dynamically based on the transient states (E and AE) of the control
system. Accordingly, the GT2-DFLC-SM-2 changes the shape design parameter from
-0.4 to a nominal design value 8; = 0.1 according to the fuzzy scheduling mechanism

defined in Table 5.9 and the update rule defined in equation (5.12).
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Figure 7.12 : Real-time experiment results of the GT2 DFLCs for ry.
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As illustrated in Figure 7.13, the SM-2 reduces the shape design parameter 6 value to
-1.3 (i.e. the smoothness of the CS is increased) and then dynamically increases the
value of the shape design parameter 6 to its nominal design value 6, = —0.8 at the
operating point 7, = 0.75 m. As given in Table 7.3, this ends up with non-oscillating
performance and less overshoot comparing to its T1, IT2, and GT2 counterparts. For
example, the GT2-DFLC-SM-2 reduces the values of OS% and 7 performance
measures by 2.64% and 0.81s respectively, because the online SM transforms the CS
as smoother than its baseline IT2 counterpart. As illustrated in Figure 7.14 for the
steady-state operating point 3 = 1.5 m, the shape design parameter of the GT2-
DFLC-SM-2 is changed from 0.5 to 8; = 1 gradually, and thus the aggressiveness of
the GT2 CS is increased gradually to result in a faster transient system response in

comparison to the GT2-DFLC with a fixed shape design parameter.

In conclusion, it is worth underlying that both online SMs; SM-1 and SM-2, enhance
the control system performance, while SM-2, which considers the transient state
dynamics and operating points to tune the shape design parameter, is capable to

achieve superior control performances for operating points in overall.
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8. CONCLUSIONS

In this thesis, the internal structures of GT2-FLCs are examined, the design parameters
are analyzed to provide new interpretations for these GT2-FLC design parameters, the
systematic controller design approaches for GT2-FLCs are presented and novel tuning
methods/algorithms are proposed. This thesis also shows new perceptions of how the
design of GT2-FSs affect the CC/CS of GT2-FLCs and how the design of GT2-FLCs

can be accomplished in straightforward and practical manners.

As the first part of the structural analyses, the GT2-FSs are investigated. It is shown
that a GT2-FS can transform into its IT2 fuzzy, T1 fuzzy, or crisp counterparts based
on the settings of the SMF of the antecedent GT2-FS. This structural analysis on the
types of FSs clearly shows that the superiority of the GT2-FLCs mostly lies in the
definitions of the SMFs of the GT2-FSs. It is shown that the trapezoid SMF has design
superiorities over its counterparts since the trapezoid SMF allows constructing not
only trapezoid but also triangle, interval, and singleton shapes. A new parameterization
is also proposed to represent/tune the trapezoid SMFs with a single parameter. Hence,
it is suggested the usage of trapezoid SMFs with the proposed parameterization of the
trapezoid SMFs such that the GT2-FS design can be accomplished with a single
parameter. Then, the general suggestions on the structural settings of GT2-FLCs are
provided not only to construct GT2-FLCs straightforwardly but also to ease the design
of the GT2-FLCs with few design parameters. The main design parameters of the GT2-
FLCs are presented as the shape design parameter and the sensitivity design parameter
with respect to their interpretable effects on the resulting CCs/CSs of the GT2-FLCs.
The tuning parameter of the GT2-FLCs is interpreted as the shape design parameter
and the total number of a-planes is interpreted as the sensitivity design parameter. It is
suggested to initialize GT2-FLCs over their T1 and IT2 counterparts by tuning the new
GT2-FLC design parameters.

The role of the shape design parameter is investigated via the shape analyses conducted
for two types of GT2-FLC structure with various design options. The effects of the
shape design parameter on the CCs/CSs of the GT2-FLCs show that the shape design
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parameter changes the shape of the fuzzy input-output mapping remarkably. This
observation provides explanations on the role of the shape design parameters on the
potential improvements to performance and robustness. It is shown that the GT2-FLCs
can achieve much complex CCs/CSs than their baseline T1 and IT2 counterparts in
terms of aggressiveness and smoothness of the fuzzy system. Therefore, it is suggested
to tune the CCs/CSs of the GT2-FLCs (via the shape design parameter) based on the
tradeoff between robustness and performance. It is concluded that the shape design
parameter provides not only design simplicity as only baseline T1 and IT2 FLCs are
needed, but also convenient design flexibility as the tradeoff between performance
(like T1-FLC) and robustness (like IT2-FLC) can be fulfilled. In order to accomplish
the controller design task in a systematic way, the design recommendations are given
for the easy design of the shape parameter. Two novel online scheduling mechanisms
are also proposed for online-adjustment of the shape design parameter to enhance the
system performance for different steady-state operating points and transient-state

dynamics of the control system.

The role of the sensitivity design parameter is investigated via the sensitivity analyses
conducted for two GT2-FLC structures with various design options. The effects of the
sensitivity design parameter on the CCs/CSs of the GT2-FLCs show that the sensitivity
design parameter has a minor impact on the shape of the fuzzy mapping but has a
major impact on the accuracy of the mapping and computational time. This provides
practical explanations on the role of the sensitivity design parameters on the
calculation accuracy and the computational time. It is shown that the GT2-FLCs result
in almost identical CCs/CSs, although the sensitivity design parameter changes in a
wide range. Consequently, it is suggested tuning the sensitivity design parameter by
considering the limitations of hardware components such as quantization level (e.g.
resolutions) and processing speed. It is shown that this design approach provides a
compromise between the calculation accuracy and computational time. It is shown that
the proposed iterative algorithm provides a practical solution to tune the sensitivity

design parameter, especially for real-time applications.

The simulation and real-time applications show the deployment of the proposed design
approaches on benchmark control systems, while the controller design phases validate
that the design of the GT2-FLCs is accomplished by simply following the proposed

design methods. These control applications also show that the presented analyses and
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the proposed design methods are applicable for different control problems. The real-
time experiments present a comprehensive design (for both shape and sensitivity
design parameters) and a comparative, as well as a complete application (among T1,
IT2, and GT2 FLCs) to evaluate the proposed systematic design approaches (the tuning
steps of shape and sensitivity design parameters) for the GT2-FLCs. The results of the
real-time control application show that the GT2-FLCs achieve better performance
measures comparing to the T1 and IT2 counterparts. This is an expected outcome of
the proposed GT2-FLC designs since the GT2-FLCs use a collection of T1 and IT2
FLCs. The real-time application results also show the proposed online tuning methods
for the shape design parameter provides satisfactory performances for all operating
conditions (since the shape design parameter is updated in an online manner), while
the proposed tuning method for the sensitivity design parameter provides a practical

solution to real-time applications.

It is believed that this thesis will open the doors for wider usage of GT2-FLCs in real-
time applications thanks to the presented interpretations on the design parameters of
the GT2-FLCs, the proposed design and tuning approaches for the GT2-FLCs, and the
presented analyses of the design parameters on the GT2-FLC’s performance,

robustness, sensitivity, and computational time.
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