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CONSTRUCTION OF REVERSIBLE COMPLEMENT DNA CODES
OVER A FAMILY OF CHAIN RINGS

SUMMARY

DNA codes, which consist of codewords over the alphabet {A,C,G,T}, are widely
used in bioscience, computer engineering, data storage and DNA computing.
Depending on the field of application, it is common to study DNA codes with
certain combinatorial properties (reversibility, Watson-Crick complement, minimum
Hamming distance, constant GC-Content, Hamming distance between reverse
complements, etc.). Defining DNA codes via commutative rings is a common approach
since the algebraic structure of these rings allow one to obtain codes with the foresaid
features.

In this study, the aim is to obtain reversible complement DNA codes, which are images
of codes on a particular chain ring family S = Fy: [u]/ <uk> . The elements of these rings
S are mapped bijectively onto elements of another chain rings R = Fy[v]/ <v’k> whose
structures are more convenient to derive DNA codes.

Some nice maps are constructed from the elements of the above rings to DNA
codewords, allowing one to check whether a DNA code satisfies some combinatorial
properties. These maps provide codes with a large spectrum of length, dimension
and distance. Moreover, using a family of rings instead of one specific ring provides
extreme versatility and novelty to the field.

Reversibility conditions are established for codes over arbitrary commutative rings.
Subsequently, necessary and sufficient conditions are proposed for reversibility of
DNA codes yielded from cyclic codes of odd length.

In addition to expressing the theoretical method of constructing these DNA codes, a
variety of sample codes are presented. The samples include repetition and punctured
codes, over a diverse collection of rings in the family. These codes are also analysed
and thereafter compared with each other and previously constructed codes in the
literature with respect to their size, transmission rate, Hamming distance and relative
minimum distance.
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BIR ZINCIR HALKA AILESI UZERINDE
TERSINIR TUMLER DNA KODLARI INSAASI

OZET

{A,C,G,T} alfabesi kullanilarak olusturulan DNA kodlar1 biyobilim, bilgisayar
mithendisligi, veri depolama, DNA programlama, hata diizeltme teorisi gibi bir¢cok
alanda yaygin olarak kullanilmaktadir. Kullanim alanina bagli olarak bu kodlarin
belirli kombinatoryal oOzelliklere sahip olmasi beklenir. Bu 0Ozellikler arasinda
tersinirlik, Watson-Crick tiimlerlik, minimum Hamming uzakligi, sabit GC icerigi,
ters tiimler kod sozciikleri arast Hamming uzaklig1 sayilabilir. DNA kodlar1 degismeli
halkalar iizerinde tanimlamak sikca kullanilan bir yontemdir ve bu halkalarin cebirsel
yapilar1 sayesinde belirtilen 6zelliklere sahip kodlar elde edilebilmektedir.

Bu tez calismasinda, genellestirilmis bir zincir halka ailesi {izerinde tanimlanmig
tersinirlik ve tiimlerlik 6zelliklerini saglayan DNA kodlar: elde edilisi anlatilmistir. Bu
halka ailesi S = F [u]/ <uk >’dir. S halkalarin elemanlari oncelikle bagka bir zincir halka
ailesi olan R = [y [v]/<v’k>’nin elemanlarina eslenmistir. R halkasi, cebirsel yapisi
sebebiyle DNA kodlari insaasi i¢in daha elveriglidir.

Zincir halkalarin elemanlarindan DNA kod sozciiklerine tanimlanan birebir ve
orten fonksiyonlar insaa edilerek olusan kodlarin kombinatoryal 6zellikleri kontrol
edilmistir.  Bu fonksiyonlar ile genis bir yelpazede uzunluk, boyut ve uzaklik
degerlerine sahip kodlar elde edilmistir. Ayrica, belirli bir halka yerine bir halka
ailesinin kullanilmasi, ¢alismaya ¢ok yonliiliikk ve 6zgiinliik saglamisgtir.

Calismada, keyfi de8ismeli halkalar ilizerinde kodlar i¢in tersinirlik kogullar
olusturulmustur.  Ardindan, tek uzunluklu devirli kodlardan elde edilen DNA
kodlariin tersinirligi icin gerek ve yeter sartlar olusturulmustur.

DNA molekiilleri hiicrenin genetik depolama birimleridir. Cift zincirlidirler. Her zincir
4 farkl tip niikleotit i¢erir: Adenin (A), Guanin (G), Sitozin (C) ve Timin (T). DNA’ nin
iki zinciri, niikleotit ciftleri arasindaki hidrojen baglar1 sayesinde birbirlerine baglidir.
Bu eglesme, Watson-Crick Tiimlerlik ozelligine gore gerceklesir. Watson-Crick
Tiimlerlik, Adeninin tiimlerini Timin, Guanininin tiimlerini Sitozin olarak tanimlar.
A=T,T=A,C=Gand G = C ile gosterilir.

DNA’nin 6zelliklerinin hesaplamali bilimlerde kullanilisi, Adleman tarfindan yapilan
bir calisgmaya dayanir. Bu calismada, NP-tam bir Hamilton yol problemi
Watson-Crick Tiuimlerlik 6zelligi kullanilarak cevaplanmigtir. O giinden bu yana, zorlu

hesaplamalarin ve programlamalarin ¢oziimiinde DNA molekiillerinin kombinatoryal
yonleri kullanilmaya devam etmisgtir.

DNA kodlari, Sp, = {A,C,G,T} alfabesi kullanilarak yazilan kod sozciikleri
kiimeleridir. Yukarida bahsedilen kombinatoryal 6zellikleri saglayan, belirli uzunluk
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ve Hamming uzakligindaki en fazla sozciik sayisina sahip DNA kodlar1 olusturmak
amaclanir. Boylece hata diizeltme kapasitesi ve iletim hiz1 yiiksek kodlara ulagilir.
Kodlama teorisinde genel olarak hem algoritmik, hem de cebirsel metodlar sikca
kullanilmaktadir. DNA kodlarinin ingaasinda kullanilan halkalar ve cisimler arasinda
ise Fy + uFy, Fy + uFy + vFy + wFa, Folul/(u?* — 1), Zap)/(v? —v), Zalu)/{u® —
1), Zs+ vZs, Falu)/(u* — 1), Fa[u)/(u’), grup matris halkalar1 ve Galois halkalari
sayilabilir.

Bu tez calismasinda secilen halka ailesi olan § = [Fy [u]/<uk>’den tk uzunlugundaki
DNA kod sozciiklerine fonksiyonlar agsagidaki semada 6zetlenmistir:

\ n \ tk o \
/R /F4 ,SD4tk

I

F4 T> SD4

Bilegke fonksiyon 8 = ¢ o n’nin n boyutlu uzaya genisletilmesiyle olusturulan @ :
R" — S"D4tk sayesinde ise tkn uzunlugunda kod sozciikleri olusturulmustur. Bu
fonksiyon semasi, nihai kodlarin her ¢, £ i¢in tiimlerlik ve tersinirlik 6zelliklerine sahip
olmasi1 saglanacak sekilde kurgulanmisgtir.

Her R = F4[v]/(v'*) halkasinda

tk—1
K:=(w+1) Z v

o

eleman1 tanimlanmistir. Bu eleman iizerinden halkadaki keyfi bir a € R ya da a € R"
elemanin DNA kod sozciigii goriintiisiiniin tiimleri i¢in a +a = k ve @(a) = O(a +
K1,) ozelligi saglatilmigtir. R halkasi tizerinde n uzunlukta bir C lineer kodunun tiimler
kod olmasi igin gerek ve yeter sart k1,, elemaninin C’de olmasi olarak belirlenmistir.
Bu kosul, ®(C) DNA kodunun tiimlerlik sartin1 belirlemek i¢in de kullanilmugtir.

Z herhangi bir alfabe olmak iizere T :Z" — Z" fonksiyonu herhangi bir a =
(ay,az,...,ap) € Z"

icin T'(a) =a" := (ay,...,a2,a;) olarak tamimlansin. C ise Z iizerinde n uzunlugunda
bir kod olsun. 7(C) = C ise C koduna tersinirdir denir.

Benzer sekilde, her R = F4[v]/(v*) halkasinda

p:=1+ i Vi
i=[%]

eleman1 tanimlanmigtir. Bu eleman iizerinden halkadaki keyfi bir a € R ya da a € R"
elemanin DNA kod sozctigii goriintiisiiniin tersinin 8 (a)” = 6 (pa) ve ©(a)” = O(pa’)
ile hesaplanabilmesi saglanmigtir.

Keyfi bir A halkas1 iizerinde kodlarin tersinirligi iizerine genel sartlar sunulmustur.
Bunu takiben, keyfi A halkasi iizerinde devirli kodlarin tersinirligi ele alinmis, bu
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devirli kodlar A[x]/{x" — 1)’in idealleri olarak tanimlanmgtir. Bir polinomun tersi
tanimlanip, iirete¢ polinomlarin kendine ters olmasi ile iiretilen DNA kodlarinin
tersinirligi arasi iligkiler ortaya konmustur.

R halkasi, karakteristigi 2, tek maksimal ideali (v), bu idealin nilpotentligi 7k olan
sonlu zincir halkasidir. R/ <v> bolim halkas1 F4’e izomorftur ve F4, R’1n birimsel alt
halkasidir. n tek say1, s = rk olmak iizere, R[x]/(x" —1)’in herhangi bir ideali C =
(80,vg1,...,v" "' gs_1) olacak sekilde Fy iizerinde g;—1[gs—2|--|g1|go[x" — 1 kosulunu
saglayan go,g1,...,&s—1 monik polinomlar1 vardir. C devirli kodunun tersinir olmasi
icin gerek ve yeter sartin, her g; polinomunun kendine ters polinom olmasi oldugu
kanitlanmigtir. ®(C) DNA kodunun tersinir olmasi i¢in gerek ve yeter sartin her g;
polinomunun kendine ters polinom olmasit ve k(1 +x+ ... +x")’nin C’nin eleman
olmas1 oldugu gosterilmistir.

DNA kodlarin ingaasinin teorik metodlarinin yanisira, ¢esitli ornek kodlar sunulmusg-
tur. Bu orneklerin igerisinde, tekrarli ve delikli kodlar dahil olmak iizere, muhtelif
halka aileleri tizerinde tanimli kodlar bulunmaktadir. Bu kodlar, uzunluk, aktarim
hizi, Hamming uzunlugu ve goreceli minimum uzaklik parametreleri bakimindan hem
kendi i¢lerinde hem de literatiirdeki orneklerle karsilastirilmigtir.

Orneklerin de destekledigi gibi, bu tez calismasi, cebirsel yapilarin ozellikleri
kullanilarak, istege gore ayarlanmis uzunlukta, yiiksek kod hizina ve goreceli
minimum uzakliga, boylece daha yiiksek iletim hizina ve hata diizeltme kapasitesine
sahip DNA kodlar1 olusturmanin miimkiin oldugunu gostermektedir. ileriki arastirma
alanlar arasinda, lineer kodlardan elde edilen DNA kodlarinin tersinirligi, sabit GC
icerigine sahip DNA kodlarinin cebirsel tiiretimi, ve keyfi halkalar iizerinde cift
uzunlukta DNA kodlar1 sayilabilir.
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1. INTRODUCTION

1.1 Purpose of Thesis

The main purpose of this thesis is to construct DNA codes over a family of chain rings
and establish conditions for reversibility and complementary properties. By choosing
a family of rings with variable parameters instead of one specific ring, it is aimed to

obtain codes with high transmission rates and error-correcting capabilities.

1.2 Literature Review

DNA molecules are the genetic data storage units of cells, made up of two strands.
Each strand is a sequence of nucleotides of four types: Adenine (A), Guanine (G),
Cytosine (C) and Thymine (T). The two strands of a DNA molecule are connected to
each other by hydrogen bonds between nucleotide pairs, respecting the Watson-Crick
Complement (WCC) Property, in which Adenine pairs with Thymine and Cytosine
pairs with Guanine. Using properties of DNA in computing, as well as bio-science
and chemical array analysis, dates back to a study of Adleman [1], in which WCC
Property of DNA molecules is used to answer an NP-Complete Hamiltonian path
problem. Since then, computationally challenging problems are continued to be
dealt by employing the combinatorial aspects of DNA molecules such as WCC Rule,
Hamming distance constraint, reversibility, fixed GC-content constraint. DNA codes
are sets of codewords over the alphabet {A,C, G, T} which respect these combinatorial
conditions, in line with the scope of application. In recent decades, DNA codes have
come into prominence in DNA computing [2]-[5], data storage [6] and error correction

theories [7,8].

Construction of DNA codes with the greatest possible number of codewords of
pre-determined length and constraints has become one of the primary objectives

in coding theory, addressed by both algorithmic and algebraic methods [9,10].



Algebraic construction of codes over fields and rings is an established approach
[11,12]. Similarly, construction of DNA codes are studied over the rings F, + ulf,
in [13,14], Fy + uF5 + vy + wFy in [15], Fa[u)/(u®* — 1) in [16], Z4[v]/(v* — V)
in [17], Za[u)/{u* — 1) in [18], Zs + vZ4 in [19], F2[u)/(u* — 1) in [20] and Fa[u]/(u®)
in [21,22]. Further, DNA codes are studied over group matrix rings in [23] and Galois

rings in [24].

1.3 Hypothesis

In this thesis, the focus is DNA images of codes over chain rings § = Fy [u]/<uk>
Beginning with the mapping of the elements of S to R = F4[v}){v'*) and using R for the
formulation of DNA codes for the rest of the work, each element of R is related to a
DNA strand of length 4 using the Gray map 7 and one-to-one correspondence G to
the DNA alphabet Sp,. Contrary to the previous works, due to the variability of ¢ and
k, DNA codes of desired length and size can be obtained. After defining the convenient
maps, the condition for being a complement code for the DNA image of R" is given. As
well as some generalized conditions for reversibility of the DNA image of an arbitrary
ring A, particular results regarding the reversibility of the DNA image of cyclic codes
over R for odd length 7 is obtained. Lastly, with examples of DNA codes for numerous
choices of ¢, k, n and examining these codes for their size and Hamming distance,

codes with high transmission rates and error correcting capabilities are demonstrated.



2. PRELIMINARIES

2.1 Brief Information on Algebraic Structure of Codes

Coding theory originated from the need of electronic information to be transmitted
and stored without errors. This information used to be viewed as an array of ones
and zeros, then extended to an alphabet. The connections between coding theory and
algebra, geometry and combinatorics are founded quickly and using finite fields and
rings as the alphabet gained popularity. Here, some fundamental definitions and basic
theory [11,25] are introduced as a guide for the comprehension of the work to be

presented.

Definition 1. Let A be any finite set. A code C over the alphabet A of length n is a

subset of A”. Here, n is the length and M = |C]| is the size of the code.

Definition 2. A code C over Fy of length n is a subset of . Here, I, is a field of ¢
elements where ¢ is a prime power. If C has size M and distance d, then we say that C

isa (n,M,d) code.

Definition 3. Let v,w € A” where A is any set. Then,

dy(v,w) = [{i|lvi # wi}|

is the Hamming distance between codewords v and w. The distance of a code C is
defined as
d(C) = min{dy(v,w)|v,w € C,v # w}.

Definition 4. For an (n,M,d) code over Fy, the relative minimum distance is defined
d

d logaM
n — .

as 0 = ¢ and the information transmission rate (i.e. code rate) is defined as R =

Definition 5. Let R be a nonempty set with two operations (+, -), called "addition” and

’multiplication’ respectively, satisfying the following axioms. For all a,b,c € R ,

e Risclosedunder +and-.ie.a+be€ Randa-b €R.



* Commutativity. a+b=b+aanda-b=>b-a.

* Associativity. (a+b)+c=a+ (b+c)and (a-b)-c=a-(b-c)
* Distributive law. a- (b+c¢) = (a-b)+ (a-c)

» Additive identity element. a + 0 = a.

* Multiplicative identity element. a-1 =aanda-0=0.

* For any a, there exists an additive inverse element (—a) € R such that a+ (—a) = 0.
Then, R is called a (commutative) ring.

Throughout, a ring means a commutative ring with 1.

Definition 6. Let R be a ring. A linear code C over the alphabet R of length n is a
R-submodule of R".

When R is a field, the linear code C over R of length n with Hamming distance d, is a
vector space over R, and so it has a basis. The dimension of the linear code C is defined
to be the dimension of this vector space. If the dimension is k, then the code is said to

be an [n,k,d|-linear code.

An [n,k,d]-linear code can detect up to d — 1 errors and correct up to [(d —1)/2]

CITOIS.

For "better" codes, n is desired to be small for fast transmission, k and d to be large for

variety of messages and higher error detecting, correcting capabilities respectively.

The Main Problem in Coding Theory is to maximize A,4(n,d), which stands for the
maximal number of codewords one can get in an [n,k,d|-code over F, while k is

ranging.

Definition 7. Let C be a code over an alphabet R of length n. The cyclic shift of the
codeword (x1,x2,...,X,—1,X,) is defined to be (x,,x1,x2,...,x,—1). The code C is called

cyclic if it is invariant under the cyclic shift.



Definition 8. A principal ideal ring (PIR) is a ring R, all of whose ideals are generated
by a single element. i.e. Each ideal can be represented as I = <a> for some element

a€eR.

Definition 9. A chain ring is a PIR whose ideals are linearly ordered by set theoretic
containment. It is known that a ring is a chain ring if and only if it is Artinian, local,
and PIR. There exists an element a € R that generates the unique maximal ideal and

creates the chain: {0} C <a"*1> C <ae’2> cC-.-C <a> CR.

Here, ¢ is the index of nilpotency of the maximal ideal ().

Definition 10. In this thesis, any code over the alphabet {A,C,G, T} will be referred
as a DNA code.

2.2 Setup of Preliminary Structures and Maps

Throughout the thesis, I, denotes a field of order ¢ where g is a power of a prime. The
local rings S = Fy[u]/ (u*) and R = F4[v]/ (') of order 4* which are both vector
spaces over the field Fy = {0,1,®,® + 1} where @ is a root of x> +x+1 =0 are
considered. To study DNA codes over R and S, construction of bijections from R
and S to the set § Dk = {A,C,G, T}’k are needed, satisfying some certain properties
where Sp, = {A,C,G,T} is the DNA alphabet. The constructions of the bijections
6onoy:S—Sp, and 6on:R— Sp, , satisfying properties in Lemma 4, are

not immediate, see [26]. The following bijections y,7,0,0 are used where y,7 are

[F4-linear maps.

v \ n \ tk o \
S 7 R 7 IF4 7 SD4I/(
F4 T) SD4

To define the linear bijections ¥, ), firstly the following respective bases
(ol |i=0,...k—1,j=0,..t—1}, {V' |i=0,....,tk—1}, {e},es,....ex}

of S,R, IFZ" over [y are fixed. Here, « is a primitive root of the simple field extension
Fy C Fy so that Fy = F4]a] and e; is the standard basis vector of F ﬁ(‘ whose j th

component is the Kronecker symbol §;;. The map from elements of S to R is defined



by y(u'a/) = v+ for all i, j. The definition of the Gray map 1 depends on the parity

of tk. If tk = 2s is even,

25—i—1 N
Tl(Vi)Z ei+1+j_zs}rlej, ifi<s—1
e si1t+ex , ifi>s
for all i. If tk =25 — 1 is odd,
25—i—2 ‘
n(vf): ei+1+j:SZ:Hej, ifi<s—1

eis+1tesx—i—1, ifi>s

for all i. In the definition of 1 , the convention that if the lower index of the summation
symbol is greater than its upper index then the summation is zero is used. The
definition of the linear maps ¥y and 1 are completed by extending linearly. The
bijection & is the componentwise extension of ¢ which is defined by letting 6(0) = A,
o(l)=C,0(0)=Gando(@+1)=T.So0 G(x1,....5) = (6(x1),...,0(x)) for all

(X1, .y xyi) € FIE.

Example 1. Let a = Y'* 'a;v' € R.If th = 10 then 1(a) = (ap + as,a1 + ag,ar +
a7,a3 +ag,as +ag,ao +ay +ax +az +ag, a0+ a +ax +ag,ap +ai +az,ap + as, as).
If tk = 11 then n(a) = (ao + as,a1 +ay,ar +ag,as + ag,as + aio,as,ao0 + ay +ar +

asz +ayp,a0+ay +ax +ag,ap +ay +ag,ap + az, ag).

To simplify the notation, put 6 = con and let ® : R" — Sf‘)ﬂk be the
componentwise extension of 6 so that ®(r) = (G(r(o)), o(r),..., G(r(”_l))) for all
r= (r(o),r(l),...,r(”’l)> € R". The map O is used to obtain codes ®(C) of length
tkn over the DNA alphabet by using codes C of length n over R. The so obtained
codes @(C) are called DNA codes over R. It is tried to relate the properties of codes
C and O(C), namely WCC property and reversibility, as mentioned in the previous
section. The complements of the DNA letters are defined as A=T,T=A,C=G
and G = C. One may define the respective complements 5, 7, X of elements of s € S,
r € R, x € F4 in such a way that they commute with the maps in the above diagram.
That is, 6(X) = o(x), 0(F) = (77,73, ...,7;x) where r; are the DNA letters such that

(r1,r2,....,rx) = 0(r) and y(5) = y(s). Furthermore, the complement (xj,x7,...,X)

of any tuple (xj,xp,...,x,) of elements of R,S,Fs or of DNA letters are defined



Table 2.1 : DNA Strands corresponding to the elements of R = F4[v]/ (v?).

R n(R) 0(R) | R n(R) 6(R)

0 (0,0,0) AAA ov? (0,0,0) GAG

1 (1,0,0) CAA o2 +1 (0+1,0,0) TAG

o (@,0,0) GAA »? +0 (0,0,0) AAG

o+1 (0 +1,0,0) TAA ov? +o +1 (1,0,0) CAG

v (0,1,0) ACA o? +v (@,1,0) GCG

vt 1 (1,1,0) CCA 2 +v+1 (0+1,1, ®) TCG
) (@,1,0) GCA 0 +v+o (0,1,0) ACG
vho+1 (@+1,1,0) TCA o +v+o+l (1,1,0+1) CcCT
ov 0,0,0) AGA o2 + ov (0,0,0) GGG
wv+1 (1,0,0) CGA o+ ov+1 (0+1,0,0) TGG
v+ o (0,0,0) GGA v+ ov+ o 0,0,0) AGG
ov+o+1 (0+1,0,0) TGA o +ov+o+l (1,0,0) CGG
(0+1)v (0,0+1,0) ATA wv2+(w+ 1)y (0,0+1,0) GTG
(@+1)v+1 (1,w+1,0) CTA wv2+(a)+l)v+l (0+1,0+1,0) TTG
(0+1)v+o (0,0+1,0) GTA a)v2+(w+ v+o (0,0+1,0) ATG
(0+1)v+o+1 (0+1,0+1,0) TTA a)v2+(w+ v+ o+1 (1,0+1,0) CTG
V2 (1,0,1) CAC (©+1)? (@+1,0,0+1) TAT

V41 0,0,1) AAC (@+ 102 +1 (0.0,0+1) GAT
V4o (0+1,0,1) TAC (0+ 1)+ (1,0,0+1) CAT
4o+l (®,0,1) GAC (@+1)WV+o+1 0,0,0+1) AAT
Vv (11,1 ccc (@+ 1)V +v (@+1,1,0+1) TCT
Vvt 0,1,1) ACC (@+1)W2+v+1 (0,1,0+1) GCT
Vvt o (0+1,1,1) TCC (@+ 1)V +v+ o (1LLo+1) CCT
Vivto+l (@,1,1) Gce (@+ 1)V +v+o+1 0,1L,o+1) ACT
v+ aov 1,0,1) CGC (©+ 112+ ov (0+1,0,0+1) TGT

v +ovtl 0,0,1) AGC (@+ 1)V +ov+1 (0.0,0+1) GGT
V4 ov+o (0+1,0,1) TGC (@0+1)V2 +ov+o 1,0.0+1 CGT
V4ov+o+l (w,0,1) GGC (0+ 1)V +ov+o+1 0,0,0+1) AGT
V4 (@4 1)y (Lw+1,1) cTC (0+ 1)V +(0+ 1)y (0+1.0+1Lo+1) TTT
V4 (o+)v+1 (0,0+1,1) ATC (@+ 1)y + (@+ 1)y +1 (@,0+1,0+1) GGT
Vo (o+1)v+o (0+1,0+1,1) TTC (@+ 1) +(@+1)v+o (Lo+1,0+1) CTT
Vi(o+)v+o+l (0,0+1,1) GTC (0+ 1) +(0+1)v+o+1 (0,0+1,0+1) ATT

componentwise so that (x1,x7, ...,X,) = (X1,X2, ..., %) - For instance, the complements

in IF4 are givenby 0 =w+1and 1 = w.

The three letter long DNA Strands, i.e. codons, that are images of elements of R under

0 for (n,k,t) = (1,3, 1) are listed in Table 2.1.

Example 2. Lett =k =2.For uc € S and v € R one easily sees that uad = (w+ 1)u+
wuo and ¥ = v+ (w+ 1D)v? 4 (w+ 12

Whenever it is convenient, the results are presented in a more general setting, such
as over arbitrary commutative rings. For the rest, let A be any commutative unital
ring such that 1 # 0. The A-module isomorphism 7 : A" — A[x]/ (x" — 1), given for
any a = (ag,ai,...,a,—1) € A" by m(a) = pa(x) + (x" — 1) where pg(x) = ap+ajx+
.- 4 a,_1x""!, allows to identify codewords a of length n with polynomials py(x) of
degree < n— 1. A subset C of A" is called a cyclic code over A of length n if 7(C)
is an ideal of the quotient ring A[x]/ (x" — 1) . By abuse of notation, it is said that any
ideal of A[x]/ (x" — 1) is a cyclic code over A, and the elements g(x) + (x" — 1) of the
quotient A[x]/ (x* — 1) are still denoted by g(x). For simplicity, A, = A[x|/ (x" — 1) and
R, = R[x]/ (x" — 1) for any positive integer n.






3. COMPLEMENT CODES

Let C be a code over R and D be a code over Sp, . It is said that C is a complement code
ifa € Cforalla € C, and D is a complement DNA code if a € D for all a € D. By its

definition, its obvious that ®(a) = @ (a) for all a € R". Therefore,

Remark 1. For any code C over R, C is a complement code if and only if ®(C) is a

complement DNA code.

The above remark remains true for codes over S and their images under the
componentwise expansion of 6 o7y. As the sum of any two distinct elements of Fy
is equal to the sum of the other two elements, one sees that a 4@ is the same for all

a € R. Indeed,

Lemma 1. Let
tk—1

K:=(o+1) Z Vi
=45
and 1, be the all-ones vector in R". Then, a+a = x and ©(a) = ©(a+ «1,) for all

ac€Randa € R".

Proof. Leta e R. Thenn(a) = (by,...,by) and n (@) = (cy, ..., ¢ ) for some bj, c; € Fy.
As 11(@) = n(a), one sees that ¢; = b; for each i. For any i, the possibilities for the set
{bi,c;i} are {O,w+ 1} and {1,w}. In any case one sees that b; + ¢; = w+ 1. Therefore,
N (a+a) = (w+ 1)1, where 1;; is the all-ones vector in ng. Asn (1) = Z:]:L’;"J v
the proof is finished. 0
As ¥ is a linear bijection commuting with complements, one sees that b+b = 7! (k)
for all b € S and so a result similar to the previous lemma holds for S.

Example 3. Letn =1, R =TF4[v]/ (V') and a = (0 + 1) + 0* + @V’ + (0 + 1)v* +

V> + (@ + 1)v® € R!. Then, one sees that

kK = (@+1)(+vH4v>409), na) = 0,1,0+1,0,0,0,0+1)
0(a) = ACTGGGT, atk = o+l1+o?+vV+ov +od
na+x) = (0+1,0,0,1,1,1,0), 0(a+x) = TGACCCA = 0(a)



Proposition 2. For any linear code C over R of length n, C is a complement code if

and only if k1, € C.

Proof. Follows from Lemma 1 stating that a+a = «1,,. ]

Proposition 3. Let C be an ideal of R,,. Then, C is a complement code if and only if
k(14+x+-—+x""Hec.

Proof. As the 1, vector corresponds to (1 +x+---+x""1), the result follows from

Proposition 2. ]
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4. REVERSIBLE (CYCLIC) CODES

Let Z be any alphabet (i.e., DNA alphabet or a commutative ring). A code C over Z
of length n is called reversible if 7(C) = C where T is the map T : Z" — Z" given for
any a = (ay,az,...,a,) € Z"by T'(a) = a" := (ap, ...,az,a;). Reversible codes over the

DNA alphabet are called reversible DNA codes.

The difficulty of characterizing linear codes over A with respect to their minimal
generating sets depends on the structure of the ring A. Leaving the elaborations to

another work, the following are only mentioned without justification.

Remark 2. Let C be a reversible linear code over A such that A cannot be written as the

direct sum of two nonzero reversible linear subcodes.

1. If 2 is invertible in A, then either ¢" =c forallc € Cor ¢’ = —cforall c € C.

2. If Ais a finite local ring of characteristic 2 and the maximal ideal m of A is principal,
then either C is a free R-module of rank 2 with a basis {c,c;} such that c¢i=cyor

else ¢ = ¢ mod mC for all ¢ € C.

Note that if an alphabet Z has a module structure over a ring (i.e., a vector space over a
field), then T : Z" — Z" is a module isomorphism. Reversing elements of R and SD4tk

have the following commuting property.

Lemma 4. Let
p:=1+ Z Vi,
=
Then, 6(a)" = 0 (pa) and ®(a)" = O(pa’) for alla € R and a € R".

Proof. Justification is done only for 0, from which the result for ® follows easily. For
any x = (x1,...,xy) € F{f note that 6(x)" = (0(x1),...,6(xx)) = (6 (xs), .., O (x1)) =
o(x"). As 6 = G o, it is enough to justify that n(a)” = 1 (pa) foralla € R. As T

and 1) are Fy-linear, it is only needed to justify that (v')" = n (pv') for all i. This can

11



be done easily by using the definition of 1 and the fact that the basis elements e; of F ﬁ(‘

satisfy e} = e;x—it1- [l

The following remark follows from Lemma 4.

Remark 3. Let C be a linear code over R. Then, ®(C) is a reversible DNA code if and

only if C is reversible.

Now, reversibility of cyclic codes is considered. It begins with the classification
reversible cyclic codes C in terms of the ideal generators of (C). To do so, first some
elementary technicalities are needed. The reciprocal p*(x) of a nonzero polynomial
p(x) € Alx] is defined to be the polynomial p*(x) := x%€”(™) p(1/x). A polynomial

p(x) is called self-reciprocal if p*(x) = ap(x) for some unit a € A.

Lemma 5. Let a(x),b(x), f(x),g(x),h(x) be nonzero polynomials over A. Then

1. If degab = dega+degb then (a(x)b(x))* = a*(x)b*(x).
2. Ifdeg(a+b) = dega, then (a(x) +b(x))" = a*(x) +xdega—degbp(x),
3. If (0) # 0, then deg f*(x) = deg f(x) and (f*(x))" = f(x).

4. If degf(x) < n—1 and ay € A" is the codeword such that n(as) = f(x), then
n(a}) = X" £ (x) where m = deg f(x).

5. Ifthe leading coefficient of h(x) is not a zero divisor and deg f > deg g, then f(x) =
g(x) mod h(x) implies that f*(x) = xde/~de&g* (x) mod h*(x).

6. Let C be an ideal of A,. For any polynomial f(x) € Alx| and any positive integer m,
f(x) € Cifandonly if x" f(x) € C.

Proof. The first two parts can be found in [14,24], however here some conditions are
added to guarantee that these properties are satisfied in an arbitrary polynomial ring.
For instance, a = x*> +x+ 1 and b = —x? — | satisfies the condition dega > degb given

in the cited papers but (a+b)* # a* + b*. (3) is easy to justify.
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(4) Let f(x) =ag+ -+ anx™. The codeword corresponding to f under the bijection
misar = (ao,ai,...,am,0,...,0) € C. Its reverse codeword ay = (0,...,0,ap,...,a1,ao)

corresponds to the polynomial x* £*(x) under 7 where k =n— 1 —m.

(5) There is a polynomial g € A[x| such that f — g = hg. Using parts (1) and (2) one

sees that f* — xdee/—degg g (x) = p*g*,

(6) Assume X" f € C. There is a positive integer m’ such that n divides m’ +m. As C is

an ideal, X" " f € C. Since X" = 1 mod x" — 1, it follows that f € C.

]

Proposition 6. Let C be an ideal of A,,. Then, C is a reversible code if and only if
f*(x) € C for all nonzero polynomials f(x) over A such that f(x) € C.

Proof. It follows from part (4) of Lemma 5 that any code D is reversible if and only if
x"~1=mg*(x) € D for all nonzero polynomial g(x) over A of degree m < n— 1 such that
g(x) € D. As C is cyclic, using part (6) of Lemma 5 one sees that C is a reversible code
if and only if g*(x) € C for all nonzero polynomials g(x) over A of degree < n— 1 such

that g(x) € C.

Let f be a nonzero polynomial over A of degree > n such that f € C. If f is a multiple
of x" — 1 then so is f*, implying that f* € C regardless of whether C is reversible. It is
assumed that f is not a multiple of x” — 1. As x" — 1 is monic, the division algorithm
may be used to divide f by x” — 1 to obtain a nonzero remainder r with degree <n— 1.
Note that r € C. In part (5) of Lemma 5 by letting 7 = x" — 1 and g = r one sees that
f* € Cifand only if x"'r* € C for some positive integer m, equivalently * € C by part

(6) of Lemma 6. The result follows from the first paragraph by letting g = r. [

Proposition 6 may be refined as follows.

Corollary 7. Let of be a set of nonzero polynomials in A[x] and C = (/) be the ideal
of A, generated by <f (i.e., by {a+ (X" —1)|a € o/'}). Then, g* € C for all g € o if

and only if C is a reversible code.
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Proof. Assume that g* € C for all g € o/. Let f(x) be a nonzero polynomial over A
such that f(x) € C. Then

f(x) =Y ciai mod x" — 1
i=1

for some polynomials a; € o/ and ¢; € A[x]. As ¢; = ¢;+ (¥ — 1)" mod x"* — 1 where

" —1)" if necessary one may

n; is any non-negative integer, replacing ¢; with ¢; + (x
assume that di > dp > --- > d,, and deg f < d; where d; = degc;a; and assume that
each c; is monic (so that one may apply parts (1) and (2) of Lemma 5 to c;a; and ) c;a;).
Part (5) of Lemma 5 with 7 = x"* — 1 implies that
m
X ff(x) = (Z cia;)* mod x" — 1
i=1

where s = d| — deg f. Using parts (1) and (2) of Lemma 5 successively one sees that
m
Xf(x) = Zxdl*dic}ka;" mod x" — 1.
i=1

As a; € C by the assumption, x°f* € C and so f* € C by part (6) of Lemma 6. Hence

C is reversible by Proposition 6. ]

The previous result allows to produce many reversible cyclic codes. For instance, for
any nonzero f(x) € A[x], the ideal (f(x), f*(x)) of A, is a reversible cyclic code over

A of length n. However, the determination of its parameters may not be easy.

Corollary 8. Ler f(x) € Alx| be monic such that f(x)|x" — 1 in A[x]. Then, the cyclic
code C = (f(x)) over A of length n is reversible if and only if f(x) is self-reciprocal.

Proof. Suppose that C is reversible. Then f*(x) € C by Proposition 6 and so
fH(x) = g(x)f(x) mod x* — 1 for some g(x) € A[x]. As f(x)[x" — 1, f*(x) = h(x)f(x)
in A[x] for some h(x) € A[x]. As the leading coefficient and the constant term of f(x)
are unit in A, considering the degrees one sees that i(x) is constant and unit in A. So

f(x) is self-reciprocal.

Converse direction follows from Corollary 7. ]

As the following example shows, the condition f(x)|x" — 1 in the previous result can

not be dropped.
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Example 4. LetA=TF4,n=3, f=x*+xand C= (x* +x). Then C = (x+ 1) too, since
x?(x? 4+ x) = x+ 1 mod x*> — 1 and x(x+ 1) = x? +x. Although f is not self-reciprocal,

Corollary 8 implies that C is reversible.

Corollary 9. Let I and J be ideals of A, and a € A. Then,

1. If I and J are reversible codes, then so is 1J.
2. The ideal {a) of A, is reversible.

3. The ideal {af(x)) of A, is reversible for any self-reciprocal monic polynomial

f(x) € Alx] such that f(x)[x" — 1.

Proof. (1) Follows from Proposition 6 and Corollary 7 because 1J is generated by the
setof ={fg|fe€l,geJ},andas in the proof of Corollary 7 one may assume that f
and g are monic, and so (fg)* = f*g* € 1J.

(2) Follows from Proposition 6.

(3) Follows from the previous parts and Corollary 8. 0

Lemma 10. Let a be a nilpotent element of A with nilpotency s and go,g1,...,8s—1
be monic polynomials over A such that g 1|gs—2|---|g1|go|x" — 1. Assume for any
jwith 0 < j <s—1 and for any unit z € A that the annihilator of a*~'"~/ in A is
<aj+1> , and as’l’jg}k- (x) = a*~17izg(x) implies g; is self-reciprocal. Then the ideal

<g0,ag1, ...,as_lgs_1> of A, is a reversible if and only if each g; is self-reciprocal.

Proof. Assume that the given ideal C is reversible. It follows from Proposition 6 that

g; € C for all i. There are polynomials /; in A[x] such that

gF =hogo+hiagi + -+ +hs_1a° ' gy mod X" — 1.

s—1—i

Multiplying through a one gets
a‘y_l_igl’-‘ =g (hogo +hjagy+--- +h,~aigi) mod x"* — 1.
As g; divides each of go, g1,...,8i—1,

s—1—i *x __

a g =a""""hg; mod x" — 1
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for some polynomial 4 in A[x]. Using the fact that g; divides x” — 1 one concludes that

s—1—i = 1—i

algi=a"qg

for some polynomial ¢ in A[x]. Erasing the coefficients of ¢ annihilated by a*~!~" one

may assume that the leading coefficient of ¢ is not annihilated by a*~!=/. As g; is a
divisor of x"" — 1, the leading coefficient c of g7 is a unit. Comparing the degrees and
the coefficients of x% where d; = deg g;, one sees that ¢ is constant and ¢ — g € <ai+1> ,

implying that ¢ is a unit in A. Hence g; is self-reciprocal. [

The structure of ideals of A,, when A is a finite chain ring is studied in [27]—-[29].

Remark 4. [27] Let A be a finite chain ring with the maximal ideal (a) and let
s be the nilpotency of a. Assume that the characteristic of the field A/ (a) does
not divide n. Reduction of the coefficients modulo (@) induces a surjective ring
homomorphism p : A[x] — (A/{a))[x]. For any nonzero ideal C of A, there are
monic polynomials go,g1,...,gs—1 over A such that gs 1|gs—2| - |g1|go[x" — 1 and

$~lg,1). Furthermore, if one writes X" — 1 = hihy---h, over the

C = <g0,ag1,...,a
field A/ (a) for some monic irreducible polynomials &; which are necessarily coprime
(as the characteristic of A/ (a) does not divide n), then by the Hensel’s Lemma there
are pairwise coprime monic irreducible polynomials H; over A satisfying p(H;) = h;

such that x” — 1 = H{H, --- H, in A[x]. The polynomials g; appeared in the generators

of C are products of certain polynomials among Hy,Hs, ..., H,.

The next result follows from the definition of the ring R and Remark 4.

Remark 5. Assume the notations of Remark 4. If A has a unital subring isomorphic to
A/ {(a), then by regarding the coefficients of &; as elements of A one may see that h; €
Al[x] and so one may assume H; = h;. The ring R is a finite chain ring of characteristic 2
with the unique maximal ideal (v) and the nilpotency of v is tk. The quotient field R/ (v)
is isomorphic to [F4 and [F4 is a unital subring of R. If n is odd, for any ideal C of R, there
are monic polynomials g, g1, ...,gs—1 over [F4 such that g, 1|gs—2|---|g1|go|x" — 1 and

C =(go,vg1,..,v* 'gs—1) where s = rk.
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Theorem 11. Let C = <g0,vg1,...,vs_'gs_1> be an ideal of R,, where n is odd, s = tk
and the generators v'g; are given as in Remark 5. Then, C is reversible if and only if

each g; is self-reciprocal.

Proof. 1t is enough to justify that the conditions in Lemma 10 are satisfied for A =
R and a = v. As the ideals of R are 0 C (v) C --- C (+*"!) and s is the nilpotency
of v, it is clear that the annihilator of v*~'=/ is (v/™1). For the second condition let
vs_l_jg§(x) = v~ 17Jzg;(x) for some unit z in R. Then z = Y.cp* for some ¢; € Fy
withcyp #Oand g; =Y, Aixt for some A; € Fy. Comparing the coefficients of x', one
sees that vV~ 17/A,,_; = v ~17JzA;. As 1,v,...,v* ! are linearly independent over Fy, it

follows that A,,—; = coA;. Hence, g5 = cog; and g; is self-reciprocal. O

The following is immediate from Proposition 3 and Theorem 11.

Corollary 12. Let C = <g0,vg1, ...,vs_lgs_1> be an ideal of R,, where n is odd, s = tk
and the generators v'g; are given as in Remark 5. Then, ®(C) is reversible complement

DNA code if and only if each g; is reversible and k(1 +x+---+x"~1) € C.
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5. EXAMPLES OF DNA CODES

Example 5. Letn =5 and S = F4[u]/(u*). Then,
R=TF4p)/(v*), ©:R =8} ={AC,G T, Kk=(0+1)(V+v)eR.

Let C = (k(14x+x>+x>+x*)) C R%. The reversible complement DNA code ©(C)
of length / =20 is given in Table 5.1. It has size M = 16 and Hamming distance d = 10.

Table 5.1 : DNA Code of length 20 obtained from C = (k(14+x+x* 4+ x> +x*)).

AAAAAAAAAAAAAAAAAAAA
TTTTTTTTTTTTTTTTTTTT
GGGGGGGGGGGGGGGGGGGG
CCCCccceeceeceeccececcececce
ATTAATTAATTAATTAATTA
TAATTAATTAATTAATTAAT
GCCGGCCGGCCGGLCEECCaG
CGGCCGGCCGGCCGGCCGGC
ACCAACCAACCAACCAACCA
TGGTTGGTTGGTTGGTTGGT
GTTGGTTGGTTGGTTGGTTG
CAACCAACCAACCAACCAAC
AGGAAGGAAGGAAGGAAGGA
TCCTTCCTTCCTTCCTTCCT
GAAGGAAGGAAGGAAGGAAG
CTTCCTTCCTTCCTTCCTTC

Example 6. Letn =9 and S = F4[u]/(u®). Then,
R=T4M]/(*), ©:R =5, ={ACGT}, Kk=(o+1)(v+*)eR

Let C = (k(1+x>+x%)) C R°. The DNA code ©(C) of length / = 27 is given in
Table 5.2. It has size M = 106 and Hamming distance d = 3. For this DNA code, code
(transmission) rate &% = l”gTqM ~ 0.125, and relative minimum distance 0 = dl;l ~

0.074.
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Table 5.2 : DNA Code of length 27 obtained from C = (k(1+x* +x°)).

AAAAAACCCAAAAAACCCAAAAAACCC
AAACCCAAAAAACCCAAAAAACCCAAA
CCCAAAAAACCCAAAAAACCCAAAAAA
AAAAAAAAAAAAAAAAAAAAAAAAAAA
AAACCCCCCAAACCCCCCAAACCCCCC
CCCAAACCCCCCAAACCCCCCAAACCC
CCCCCCAAACCCCCCAAACCCCCCAAA
CCCceececceccccccccccccececccc
AAAAAAGGGAAAAAAGGGAAAAAAGGG
AAAGGGAAAAAAGGGAAAAAAGGGAAA
GGGAAAAAAGGGAAAAAAGGGAAAAAA
AAAGGGGGGAAAGGGGGGAAAGGGGGG
GGGAAAGGGGGGAAAGGGGGGAAAGGG
GGGGGGAAAGGGGGGAAAGGGGGGAAA
GGGGGGGGGGGGGGGGGGGGGGGGGGG
AAAAAATTTAAAAAATTTAAAAAATTT
AAATTTAAAAAATTTAAAAAATTTAAA
TTTAAAAAATTTAAAAAATTTAAAAAA
AAATTTTTTAAATTTTTTAAATTTTTT
TTTAAATTTTTTAAATTTTTTAAATTT
TTTTTTAAATTTTTTAAATTTTTTAAA
TTTTTTTTTTTTTTTTTTITTTTTTTTT
AAAAAATATAAAAAATATAAAAAATAT
AAATATAAAAAATATAAAAAATATAAA
TATAAAAAATATAAAAAATATAAAAAA
AAATATTATAAATATTATAAATATTAT
TATAAATATTATAAATATTATAAATAT
TATTATAAATATTATAAATATTATAAA
TATTATTATTATTATTATTATTATTAT
AAAAAAATAAAAAAAATAAAAAAAATA
AAAATAAAAAAAATAAAAAAAATAAAA
ATAAAAAAAATAAAAAAAATAAAAAAA
AAAATAATAAAAATAATAAAAATAATA
ATAAAAATAATAAAAATAATAAAAATA
TTCAAATTCTTCAAATTCTTCAAATTC
TTCTTCTTCTTCTTCTTCTTCTTCTTC

AAAAAACACAAAAAACACAAAAAACAC
AAACACAAAAAACACAAAAAACACAAA
CACAAAAAACACAAAAAACACAAAAAA
AAACACCACAAACACCACAAACACCAC
CACAAACACCACAAACACCACAAACAC
CACCACAAACACCACAAACACCACAAA
CACCACCACCACCACCACCACCACCAC
AAAAAAGTGAAAAAAGTGAAAAAAGTG
AAAGTGAAAAAAGTGAAAAAAGTGAAA
GTGAAAAAAGTGAAAAAAGTGAAAAAA
AAAGTGGTGAAAGTGGTGAAAGTGGTG
GTGAAAGTGGTGAAAGTGGTGAAAGTG
GTGGTGAAAGTGGTGAAAGTGGTGAAA
GTGGTGGTGGTGGTGGTGGTGGTGGTG
AAAAAAACAAAAAAAACAAAAAAAACA
AAAACAAAAAAAACAAAAAAAACAAAA
ACAAAAAAAACAAAAAAAACAAAAAAA
AAAACAACAAAAACAACAAAAACAACA
ACAAAAACAACAAAAACAACAAAAACA
ACAACAAAAACAACAAAAACAACAAAA
ACAACAACAACAACAACAACAACAACA
AAAAAATGTAAAAAATGTAAAAAATGT
AAATGTAAAAAATGTAAAAAATGTAAA
TGTAAAAAATGTAAAAAATGTAAAAAA
AAATGTTGTAAATGTTGTAAATGTTGT
TGTAAATGTTGTAAATGTTGTAAATGT
TGTTGTAAATGTTGTAAATGTTGTAAA
TGTTGTTGTTGTTGTTGTTGTTGTTGT
AAAAAAGAGAAAAAAGAGAAAAAAGAG
AAAGAGAAAAAAGAGAAAAAAGAGAAA
GAGAAAAAAGAGAAAAAAGAGAAAAAA
AAAGAGGAGAAAGAGGAGAAAGAGGAG
GAGAAAGAGGAGAAAGAGGAGAAAGAG
GAGGAGAAAGAGGAGAAAGAGGAGAAA
GAGGAGGAGGAGGAGGAGGAGGAGGAG

ATAATAAAAATAATAAAAATAATAAAA
ATAATAATAATAATAATAATAATAATA
AAAAAACATAAAAAACATAAAAAACAT
AAACATAAAAAACATAAAAAACATAAA
CATAAAAAACATAAAAAACATAAAAAA
AAACATCATAAACATCATAAACATCAT
CATAAACATCATAAACATCATAAACAT
CATCATAAACATCATAAACATCATAAA
CATCATCATCATCATCATCATCATCAT
AAAAAAGTAAAAAAAGTAAAAAAAGTA
AAAGTAAAAAAAGTAAAAAAAGTAAAA
GTAAAAAAAGTAAAAAAAGTAAAAAAA
AAAGTAGTAAAAGTAGTAAAAGTAGTA
GTAAAAGTAGTAAAAGTAGTAAAAGTA
GTAGTAAAAGTAGTAAAAGTAGTAAAA
GTAGTAGTAGTAGTAGTAGTAGTAGTA
AAAAAACTCAAAAAACTCAAAAAACTC
AAACTCAAAAAACTCAAAAAACTCAAA
CTCAAAAAACTCAAAAAACTCAAAAAA
AAACTCCTCAAACTCCTCAAACTCCTC
CTCAAACTCCTCAAACTCCTCAAACTC
CTCCTCAAACTCCTCAAACTCCTCAAA
CTCCTCCTCCTCCTCCTCCTCCTCCTC
AAAAAAAAGAAAAAAAAGAAAAAAAAG
AAAAAGAAAAAAAAGAAAAAAAAGAAA
AAGAAAAAAAAGAAAAAAAAGAAAAAA
AAAAAGAAGAAAAAGAAGAAAAAGAAG
AAGAAAAAGAAGAAAAAGAAGAAAAAG
AAGAAGAAAAAGAAGAAAAAGAAGAAA
AAGAAGAAGAAGAAGAAGAAGAAGAAG
AAAAAATTCAAAAAATTCAAAAAATTC
AAATTCAAAAAATTCAAAAAATTCAAA
TTCAAAAAATTCAAAAAATTCAAAAAA
AAATTCTTCAAATTCTTCAAATTCTTC
TTCTTCAAATTCTTCAAATTCTTCAAA
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Table 5.3 : Part of the DNA Code of length 27 obtained from C = (k(1+x+x?)).

AAAAAAAAAAAAAAAAAAAAAAAAAAA
AAAAATAAAAAAAATAAAAAAAATAAA
AAAACGAAAAAAACGAAAAAAACGAAA
AAAAGCAAAAAAAGCAAAAAAAGCAAA
AAAATAAAAAAAATAAAAAAAATAAAA
AAAATTAAAAAAATTAAAAAAATTAAA
AAACAGAAAAAACAGAAAAAACAGAAA
AAACCCAAAAAACCCAAAAAACCCAAA
AAACGAAAAAAACGAAAAAAACGAAAA
AAACGTAAAAAACGTAAAAAACGTAAA
AAACTGAAAAAACTGAAAAAACTGAAA
AAAGACAAAAAAGACAAAAAAGACAAA
AAAGCAAAAAAAGCAAAAAAAGCAAAA
AAAGCTAAAAAAGCTAAAAAAGCTAAA
AAAGGGAAAAAAGGGAAAAAAGGGAAA
AAAGTCAAAAAAGTCAAAAAAGTCAAA
AAATAAAAAAAATAAAAAAAATAAAAA
AAATATAAAAAATATAAAAAATATAAA
AAATCGAAAAAATCGAAAAAATCGAAA
AAATGCAAAAAATGCAAAAAATGCAAA
AAATTAAAAAAATTAAAAAAATTAAAA
AAAAAGAAAAAAAAGAAAAAAAAGAAA
AAAAGAAAAAAAAGAAAAAAAAGAAAA
AAAATGAAAAAAATGAAAAAAATGAAA
AAACCAAAAAAACCAAAAAAACCAAAA
AAACGGAAAAAACGGAAAAAACGGAAA
AAAGAAAAAAAAGAAAAAAAAGAAAAA
AAAGCGAAAAAAGCGAAAAAAGCGAAA
AAAGTAAAAAAAGTAAAAAAAGTAAAA
AAATAGAAAAAATAGAAAAAATAGAAA
AAATGAAAAAAATGAAAAAAATGAAAA

AAAAACAAAAAAAACAAAAAAAACAAA
AAAACAAAAAAAACAAAAAAAACAAAA
AAAACTAAAAAAACTAAAAAAACTAAA
AAAAGGAAAAAAAGGAAAAAAAGGAAA
AAAATCAAAAAAATCAAAAAAATCAAA
AAACAAAAAAAACAAAAAAAACAAAAA
AAACATAAAAAACATAAAAAACATAAA
AAACCGAAAAAACCGAAAAAACCGAAA
AAACGCAAAAAACGCAAAAAACGCAAA
AAACTAAAAAAACTAAAAAAACTAAAA
AAACTTAAAAAACTTAAAAAACTTAAA
AAAGAGAAAAAAGAGAAAAAAGAGAAA
AAAGCCAAAAAAGCCAAAAAAGCCAAA
AAAGGAAAAAAAGGAAAAAAAGGAAAA
AAAGGTAAAAAAGGTAAAAAAGGTAAA
AAAGTGAAAAAAGTGAAAAAAGTGAAA
AAATACAAAAAATACAAAAAATACAAA
AAATCAAAAAAATCAAAAAAATCAAAA
AAATCTAAAAAATCTAAAAAATCTAAA
AAATGGAAAAAATGGAAAAAATGGAAA
AAATTCAAAAAATTCAAAAAATTCAAA
AAAACCAAAAAAACCAAAAAAACCAAA
AAAAGTAAAAAAAGTAAAAAAAGTAAA
AAACACAAAAAACACAAAAAACACAAA
AAACCTAAAAAACCTAAAAAACCTAAA
AAACTCAAAAAACTCAAAAAACTCAAA
AAAGATAAAAAAGATAAAAAAGATAAA
AAAGGCAAAAAAGGCAAAAAAGGCAAA
AAAGTTAAAAAAGTTAAAAAAGTTAAA
AAATCCAAAAAATCCAAAAAATCCAAA
AAATGTAAAAAATGTAAAAAATGTAAA

Example 7. Letn =3 and S = Fea[u]/(u?). Then,
R=TF4[]/(V?), ®: R —>S%49 ={A,C,G,T}?,
k= (0+1)(*+v+v0+v7+18) eR.
Let C = (k(1+x+x*)) C R. Part of the DNA code ©(C) of length [ = 27 is given
in Table 5.3. It has size M = 1024 and Hamming distance d = 3. Here, code rate
Z =~ 0.185, and relative minimum distance 0 ~ 0.074. Comparing with the code in

Example 6, for a fixed length, a code with a 48% higher transmission rate is built.
Example 8. Letn =11 and S = Fe4[u]/(u?). Then,

R=TF4[v]/(+°),
kK= (0+1)(»¥+v*+1°) R,

®:R - S}J{16 ={A,C,G, T},

Let C = (k(1+x+x>+x3 +x* +° + 28 +x7 +38 + 2% +x10)) C R!!. The DNA code
O(C) of length I = 66 is listed in Table 5.4. This code has size M = 64 and Hamming
distance d = 22. Here, code rate Z ~ 0.045, and relative minimum distance 6 ~ 0.318.
Example 9. Letn = 11 and S = Fose[u]/(u*). Then,

R=T4[v]/(+®), ©:R'" =Sy ={A,C,G,T}*,
kK= (0+1)(v*+v>+10 V) eR.

Let C = <K(1 x4+ x2 03+t 00 a0+ xT a8 0 —l—x10)> C R''. 80 codewords
of the punctured DNA code ®p(C) of length / = 66, obtained by omitting every second
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Table 5.4 : The DNA Code ®(C) of length 66.

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
AACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAA
AAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAA
AATTAAAATTAAAATTAAAATTAAAATTAAAATTAAAATTAAAATTAAAATTAAAATTAAAATTAA
ACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACAACA
ACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCA
ACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCA
ACTTCAACTTCAACTTCAACTTCAACTTCAACTTCAACTTCAACTTCAACTTCAACTTCAACTTCA
AGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGAAGA
AGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGA
AGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGA
AGTTGAAGTTGAAGTTGAAGTTGAAGTTGAAGTTGAAGTTGAAGTTGAAGTTGAAGTTGAAGTTGA
ATAATAATAATAATAATAATAATAATAATAATAATAATA ATAATAATAATAATAATAATAATAATA
ATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTA
ATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTA
ATTTTAATTTTAATTTTAATTTTAATTTTAATTTTAATTTTAATTTTAATTTTAATTTTAATTTTA
CAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAACCAAAAC
CACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCACCAC
CAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGAC
CATTACCATTACCATTACCATTACCATTACCATTACCATTACCATTACCATTACCATTACCATTAC
CCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACCCCAACC
CCCCCCCCCCCCCCCCCCLLLeeeeeeeeceeececceeeccececcececececcececcececccececccccecececccccce
CCGGCCCCGGCCCCGGCCCCGGLCCCCGGCCCCGGLCCCGGLLCCGGLLLeaGGreeecaaeeeaaee
CCTTCCCCTTCCCCTTCCCCTTCCCCTTCCCCTTCCCCTTCCCCTTCCCCTTCCCCTTCCCCTTCC
CGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGCCGAAGC
CGCCGCCGCCGCCGCCGCCGCCGCCGLCCGCCGCCGCCGCCGCCGCCGCCGLCCGCCGCCGLCGLCGL
CGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGL
CGTTGCCGTTGCCGTTGCCGTTGCCGTTGCCGTTGCCGTTGCCGTTGCCGTTGCCGTTGCCGTTGC
CTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATCCTAATC
CTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTCCTC
CTGGTCCTGGTCCTGGTCCTGGTCCTGGTCCTGGTCCTGGTCCTGGTCCTGGTCCTGGTCCTGGTC
CTTTTCCTTTTCCTTTTCCTTTTCCTTTTCCTTTTCCTTTTCCTTTTCCTTTTCCTTTTCCTTTTC
GAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAGGAAAAG
GACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAGGACCAG
GAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAGGAG
GATTAGGATTAGGATTAGGATTAGGATTAGGATTAGGATTAGGATTAGGATTAGGATTAGGATTAG
GCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACGGCAACG
GCCCCGGCCCCGGCCCCGGCCCCGGLCCCCGGLCCCGGLLCCCGGLeeeaareeeaaeceasaeecca
GCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGCGGLG
GCTTCGGCTTCGGCTTCGGCTTCGGCTTCGGCTTCGGCTTCGGCTTCGGCTTCGGCTTCGGCTTCG
GGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGGGGAAGG
GGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGGGGCCGG
GGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGGG
GGTTGGGGTTGGGGTTGGGGTTGGGGTTGGGGTTGGGGTTGGGGTTGGGGTTGGGGTTGGGGTTGG
GTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGGTAATGG