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EXPLOITING OPTIMAL SUPPORTS IN ENHANCED
MULTIVARIANCE PRODUCTS REPRESENTATION FOR LOSSY
COMPRESSION OF HYPERSPECTRAL IMAGES

SUMMARY

Data serves as an irreplacable foundation of modern society as it is the
core element of numerous fields such as technological innovations, scientific
advancements, and economic decisions. It enables insights into domains of
knowledge and experience, assistance with decision-making tasks, and predictions
for future outcomes. It has progressed since the very beginning of time from
being knowledge and information kept in physical formats like carvings on cave
walls and events conserved as inscriptions, to evolving into such mathematical
structures that can be obtained by any interaction made through current
technological devices like interactions on social media and observations acquired
through the use of advanced tools owing to technological advancements. Data
transforming into more detailed and complex structures poses efficiency challenges
that entails computational methods which can handle the processing and handling
of such structures.

For the data handling needs, many methods have been proposed and have been
in use thus far. Each has its advantages as well as some drawbacks in the form
of problems in either certain limitations or computational complexity issues.
Some alternative workarounds have been suggested for these kinds of issues
such as embracing an iterative approach rather than employing direct solutions
and techniques have been customized to fit specific workflows. Moreover, some
innovative approaches operate on representations of data that have undergone
compression and transformation, rendering them into more easily processable
structures. An important aspect of these practices is the preservation of the
data’s characteristic features. Compression methods execute this procedure in
unique ways like exploiting the eigenvalues and eigenvectors or utilizing singular
values. These techniques not only streamline the processing of data but also
contribute to the efficiency and accuracy of analyses by retaining characteristic
features throughout the compression process. In the field of data processing, an
understanding of these diverse methodologies proves convenience in selecting the
most effective solutions for the application under consideration.

Hyperspectral imaging is an area that requires such computational techniques
to process the collected data due to its high dimensional workflow. It outputs
3-dimensional mathematical structures where the first two dimensions correspond
to the spatial attributes of the captured area while the third dimension captures
the spectral information with respect to the obtaining device’s capacity of
retrieving bands. As a result, the fibers in the data’s third dimension relate to
spectral signatures that empower the identification of objects and materials. The
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ability to analyze these spectral data opens doors to multiple useful applications
in numerous areas like remote sensing, agriculture, medical imaging, archaeology,
and urban planning.

Recent studies in computational sciences for high-dimensional structures have
adopted new methods that improve the overall processing performance and
make more in-depth analyses possible. Considering the relational design in
its third dimension, the High Dimensional Model Representation (HDMR)
is a technique that hyperspectral imaging can benefit deeply thanks to its
decorrelation properties. The aim of HDMR is to represent multivariate functions
in terms of lower dimensional ones. But thanks to the way it was defined, this
technique is also applicable on tensors, hence, it can be used to decompose a
given tensor in terms of less dimensional entities where each element refers to
the attitude of a certain combination of dimensions. This ability of HDMR
addresses the decorrelation of each dimension of the given data. The decorrelation
procedure enables reducing the noise and removing artifacts while preserving
the high-frequency components. Hence, it can be said that HDMR is a
suitable compression technique for high-dimensional data with strong relations on
individual axes such as hyperspectral images. HDMR employs a set of weights and
support vectors to represent data, consequently, necessitating calculation steps.
These entities are either assigned certain values or arranged using techniques
like Averaged Directional Supports (ADS) but the process of calculating the
optimal entities can also be optimized by employing iterative methods such as the
Alternating Direction Method of Multipliers (ADMM) where the entailments of
HDMR could be used as constraints of ADMM. A sub-method of HDMR which is
called the Enhanced Multivariance Products Representation (EMPR) specializes
in optimizing the representation by focusing on the support vectors. The weights
are assumed to be constant values or scalars and the support vectors are managed
by the previously mentioned calculation techniques. As these methods employ
the main data for the calculation of the support vectors, they introduce a more
robust method EMPR compared to HDMR. Iterative approaches like ADMM can
assist in properties of these support vectors such as enforcing sparsity for better
representions and improving denoising capabilities.

This thesis work explores the hyperspectral imaging area and proposes a new
perspective on the decomposition methods by bringing a tensor-based iterative
approach to EMPR through the use of ADMM. The study compares the
proposed method’s performance and efficiency with some other well-known tensor
decomposition techniques, namely CANDECOMP /PARAFAC Alternating Least
Squares (CP-ALS) and Tucker Decomposition (TD), while also comparing the
results to EMPR’s regular application by ADS. Multiple tests are performed
on hyperspectral datasets which are 3-dimensional and as a result, the proposed
technique is arranged to be applicable on any 3-dimensional tensor especially data
that can benefit the decorrelation properties of EMPR. As a result of EMPR, the
relations in each dimension and the combinations of these dimensions are acquired
through the support vectors.
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Results from multiple metrics prove that the proposed method performs similarly
to the mentioned tensor decomposition methods for specified ranks and the
decorrelated dimensions are successfully represented by the 1-dimensional EMPR
components. Tests also employ the 2-dimensional components to reveal the
effect on final representations with comparisons to CP-ALS and TD aiming for
multiple rank options. The key point of this proposed technique lies in EMPR’s
superior decorrelation ability. Not only does it demonstrate the capability of
reconstructing high-dimensional data with similar accuracy but it also highlights
its potential to reduce noise and artefacts in the process. These results
are particularly promising for any lossy compression task including Cartesian
geometry utilizing tensor decomposition techniques where accurate and efficient
data processing is paramount. Furthermore, this performance advantage paves
the way for advancements in lossy compression techniques, enabling researchers
and practitioners to gain more precise insights from data.
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HIPERSPEKTRAL GORUNTULERIN COKDEGISKENLILiGi
YUKSELTILMIS CARPIMLAR GOSTERILIMi DESTEK
VEKTORLERININ OPTIMIiZE EDILEREK KAYIPLI SIKISTIRILMASI

OZET

Veri, teknolojik inovasyonlar, bilimsel gelismeler ve ekonomik kararlar gibi pek
¢ok alanin temel unsuru olmasi nedeniyle modern toplumda yeri doldurulamaz
bir temeli olusturmaktadir. Bilgiye ve deneyime iligkin iggoriiler saglarken,
bir kararin verilmesi gerektigi durumlarda ge¢mis olaylara bagh olarak oneriler
sunabilir ve gelecekteki sonuclara yonelik tahminler elde edilmesinde yardimci
olur.  Zamanin basglangicindan bu yana, magara duvarlarindaki oymalar
ve yazitlarda kaydedilen gegmis olaylar gibi fiziksel formatlarda saklanirken,
glintimiiz teknolojik cihazlariyla yapilan herhangi bir etkilegimle elde edilebilecek
algoritmik yapilara evrilene kadar ilerlemigtir ve degismeye de devam etmektedir.
Verilerin daha detayli ve karmagik yapilara doniigsmesi verimlilik noktasinda
sorunlar ortaya c¢ikarmaktadir ve bu tiir yapilarin iglenmesini ve sonraki
agamalarda kullanilabilecek hale getirilebilecek hesaplamali yontemlerin 6nemini
ortaya koymaktadir.

Verinin verimli bir sekilde iglenebilmesi i¢in bugiine kadar pek c¢ok yontem
onerilmis ve halihazirda bir¢cok basarili uygulamasi kullanilmaktadir.  Bu
yontemlerin sagladigi avantajlarinin yani sira, belirli kisitlamalar ya da hesaplama
karmagiklig1 (ing: computational complexity) gibi konularda baz1 dezavantajlari
da vardir. Bu tiir sorunlar i¢in dogrudan ¢oziimler kullanmak yerine yinelemeli
(ing: iterative) bir yaklagimi benimsemek gibi baz1 alternatif ¢éziimler 6nerilmisg
ve teknikler belirli is akiglarina uyacak sgekilde oOzellestirilmigtir. Ayrica bazi
yenilik¢i yaklagimlar, sikigtirilmig ve dontigtiiriilmiis verilerin temsilleri {izerinde
calisarak onlar1 daha kolay islenebilir yapilara doniistiirmektedir. Bu yontemlerin
dikkat edilmesi gereken 6nemli bir yani da verinin karakteristik ©zelliklerinin
korunmasidir. Sikigtirma yontemleri, veriyi sikistirirken bahsedilen karakteristik
ozelliklerini korumak icin oOzdegerlerden ve Ozvektorlerden yararlanmak veya
tekil degerleri kullanmak gibi yollarla bagvurmaktadir. Bu teknikler yalnizca
verilerin iglenmesini kolaylagtirmakla kalmaz, ayni zamanda sikistirma stireci
boyunca karakteristik 6zellikleri koruyarak analizlerin verimliligine ve ana veriye
olan yakinligin korunmasina katkida bulunur. Veri igleme alaninda, bu gesitli
metodolojilerin anlagilmasi, hedeflenen uygulamalar i¢in en etkili ¢oziimlerin
secilmesinde kolaylik saglar.

Hiperspektral goriintiileme, yiiksek boyutlu is akisi sebebiyle toplanan verilerin
islenmesi i¢in bu tiir hesaplama tekniklerinin kullanimini gerektiren bir alandir.
Ik iki boyutun yakalanan alanin boyutuna karsiik geldigi, {iciincii boyutun ise
alic1 sensorlerin kapasitesine baglh olarak spektral bantlardaki yakaladigi bilgiyi,
3-boyutlu matematiksel yapilar cinsinden bir araya getirir. Sonug olarak elde
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edilen verinin {iclincii boyutundaki lifler olarak adlandirabilecegimiz numerik
diziler, spektral imzalar olarak adlandirilir ve goriintiiniin incelenen bolgesindeki
nesnelerin ve malzemelerin tanimlanmasini saglar. Bu spektral verileri analiz
etme yetenegi, uzaktan algilama, tarim, tibbi goriintiileme, arkeoloji ve sehir
planlama gibi bir¢ok alanda ¢ok sayida yararli uygulamaya kapi agcmaktadir.

Yiiksek boyutlu yapilara yonelik hesaplamali bilimlerde yapilan son ¢aligmalar,
genel iglem performansini artiran ve daha derinlemesine analizleri miimkiin
kilan yeni yontemleri benimsemektedir. Hiperspektral goriintiilerin {i¢lincii
boyutunda goriilen iligkisel tasarim goz Oniine alindiginda Yiiksek Boyutlu
Bice Gosterilimi (YBBG), ilintisizlegtirim o6zellikleri sayesinde hiperspektral
goriintilleme alaninin derinlemesine faydalanabilecegi bir tekniktir. YBBG’nin
amaci, yiiksek boyutlu fonksiyonlarin daha diisiik boyutlu fonksiyonlar cinsinden
idafe edilmesidir. Ancak tamiminmin yapildigi sartlarin uyumlu olmasi sayesinde
sadece fonksiyonlar {izerinde degil, tensorler iizerinde de uygulanabilmektedir
ve bunun sonucunda bir tensorii, belirli boyutlarin kombinasyonu hakkindaki
karakteristik bilgiye sahip olan daha az boyutlu 6geler cinsinden gosterebilmektir.
YBBG’nin bu yetenegi, sahip olunan verilerin her boyutunun ilintisizlegtirilmesini
miimkiin kilmaktadir. Ilintisizlestirim prosediirii, yiiksek frekanshi bilegenleri
korurken verideki giiriiltiiniin azaltilmasini ve verinin toplanmasi sirasinda
ortaya cikabilen hatalarin ortadan kaldirilmasini saglar. Dolayisiyla YBBG'nin,
hiperspektral goriintiiler gibi bireysel eksenler ftizerinde giiclii iligkilere sahip
yiiksek boyutlu veriler i¢in uygun bir sikistirma teknigi oldugu soéylenebilir. Bir
verinin YBBG'si elde edilirken, gosterim i¢in bir dizi agirlhik ve destek vektori
kullanir, dolayisiyla baz1 hesaplama adimlar1 gerektirmektedir. Bu bilegenlerin
belirlenmesi igin ¢esitli yontemler bulunmaktadir. Belirli degerlerin atanmasiyla
ya da Yonel Ortalamali Destekler (YOD) kullanilarak belirlenebilirken, yinelemeli
yontemler ile de bu bilegenler i¢in optimal degerleri hesaplanabilmektedir.
CYCG'nin bagarili sonuglar elde etmesinde ve son yaklagtirim tizerinde destek
vektorlerinin etkisi biiyiiktiir. Sikigtirilacak veri kullanilarak hesaplamalarin
gergeklestirilmesi ve destek vektorlerinin bu sgekilde hesaplanmasi sonucunda
YBBG ile kargilagtirildiginda daha giic¢lii ve bagarili sonuglar elde edilmektedir.
Ancak destek vektorlerinin yaklagtirnmin basarisinda bu kadar etkili olmasi
bu bilegenlere hesaplanirken kullanilan yontemlerin ve optimal degerlere olan
yakinligin énemini ortaya koymaktadir. Bu noktada yinelemeli bir ¢6ziim yontemi
olan Carpanlarin Alternatif Yon Yoénteminin (CAYY) kullaniminin avantajlar:
vardir. YBBG’nin destek vektorlerini hesaplama siirecinde, direkt hesaplamalar
gerceklegtirilmesi yerine, hesaplama karmagikligini azaltacak sekilde yinelemeli
bir yolun izlenmesi ve YBBG'nin gerekliliklerinin CAYY’1in kisitlamalar1 olarak
kullanilarak da optimize edilmesi miimkiindiir. YBBG'nin alt yontemlerinden
biri olarak adlandirilabilecek olan Cokdegiskenliligi Yiikseltilmig Carpimlar
Gosterilimi (CYCG), gosterimin destek vektorlerine odaklanarak daha bagarili bir
final gosterim elde etmeyi hedefler. Bu noktada agirliklar sabit ya da skaler kabul
edilirken destek vektorleri bahsedilen yontemler yardimiyla hesaplanmaktadir.
CAYY gibi yinelemeli yontemler, CYCG’nin destek vektorlerinin seyrekligi gibi
hedeflenen belirli sartlarin saglanmasinda yardimeci olmaktadir.
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Bu tez caligmasi, hiperspektral gorseller alanini aragtirirken CAYY yardimiyla
CYCG'ye tensor tabanli yinelemeli bir yaklagtirim getirerek tensor ayrigtirimi
yontemlerine yeni bir bakis agisi kazandirmayr hedeflemektedir. Bu caligma
igerisinde, yaygin olarak kullanilan tensor ayrigtirimi yontemlerinden CAN-
DECOMP/PARAFAC Alternatif En Kiigiik Kareler (ing: CANDECOMP /-
PARAFAC Alternating Least Squares, CP-ALS) ve Tucker Ayrigtirimi (ing:
Tucker Decomposition, TD) ile performansim ve verimliligini kargilagtirirken
aynt zamanda ggncel CYCG hesaplarinda kullanilan YOD yontemi ile
onerilen yontem arasindaki farkin sonuclarini incelemektadir. 3-boyutlu olan
hiperspektral verisetleri iizerinde c¢esitli metrikleri de dikkate alarak testler
gergeklegtirilmigtir.  Ayni zamanda Onerilen yontemin herhangi bir 3-boyutlu
tensorde, Ozellikle de CYCG’nin ilintisizlestirme ozelliginden faydalanabilecek
verilerde uygulanabilirligi ortaya konmustur. CYCG’nin kullanimi sonucunda da
boyutlar ve boyutlar arasindaki iligkileri tagiyan destek vektorleri elde edilmigtir.

Cesitli metrikler tizerinde yapilan testlerden elde edilen sonuclar, Onerilen
yontemin bahsedilen tensér ayristirma yontemleriyle karsilagtirildiginda
kargilagtirilan  yontemlerin  belirtilen baz1 ranklarda benzer performans
sergiledigini ve boyutlarin ilintisizlestirilerek kendilerine 0zgii bilgilerinin de
CYCG'nin destek vektorlerinde bagariyla temsil edildigini kanitlar niteliktedir.
Bu testlere ek olarak, CYCG’nin 2-boyutlu o6gelerinin de eklenmesiyle son
yaklagtirimdaki etkisi gozlemlenmigtir ve bu sonuglar diger yontemlerin farkh
rank hedeflendiginde elde ettigi sonuclarla karsilastirilmistir.  Onerilen bu
teknigin kilit noktasi, CYCG'nin iistiin ilintisizlegtirme yetenegindedir. Yalnizca
yiiksek boyutlu verileri daha yiiksek dogrulukla yeniden olusturma yetenegini
gostermekle kalmayip, aymi zamanda siiregteki giiriiltiiyii ve hatalar1 azaltma
potansiyelini de ortaya koymaktadir. Bu sonuglar, dogru ve verimli veri iglemenin
¢ok o6nemli oldugu, tensor ayristirma yontemleri yoluyla kayiph sikistirmayi
ve kartezyen geometrisini kullanan herhangi bir uygulama alani i¢in faydal
olmaktadir. Ayrica bu kayiph sikistirmalar igerisinde saglayabilecegi performans
avantaji, bu alandaki ilerlemelerin Oniinii agarak aragtirmacilarin ve benzeri
uygulamalardan faydalanan kigilerin, verilerden daha kesin iggoriiler elde
etmelerine olanak tanimaktadir.
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1. INTRODUCTION

Regardless of the domain, data has been an essential part of our studies, our
knowledge, our technology, our development, and even our daily lives. Any
advancement that improves or concludes results, is an outcome of processed
data and mechanisms that decide over defined rules related to its applications.
Whether it is acquired knowledge or observed results, the size and detail of
data is increasing over time, bringing certain necessities for handling it. Owing
to advancements in technology, more in-depth observations into studies are
obtainable but as a consequence, the size of collected data increases at tremendous
speeds. Tasks such as storing, processing, and understanding data are becoming
a challenge where nowadays any interaction is considered useful and inspectable.
Thus, the need for processes that would support numerous operations through
more efficient storage and better representations arises. Even though such
advancements are being made in computational science, the aspect of efficiency

is a concern point that needs to be taken into consideration.

This work focuses on providing an efficient computational method for the
specified needs and explores the obtained results on applications performed on
hyperspectral images which contain certain relationships between dimensions and

their layers.

Hyperspectral Imaging (HSI) enables data to be captured from numerous adjacent
and narrow spectral bands, reflecting the abovementioned need for development
of methods in managing this data [2]. In contrast to conventional images that
are only comprised of three bands, the broader scope of spectral bands in
HSI, provides a more comprehensive spectral resolution. Each pixel that these
images contain, stores a spectral signal formed by the intensity values over the
recorded spectral bands. These spectral signals are used in tasks such as object

identification and revelation of material properties, allowing them to be also
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Figure 1.1 : Abstraction of Hyperspectral Images [1].

called spectral signatures. Hence, HSI has a vast range of applications spanning
across various fields including remote sensing [3], geology [4], urban planning [5],

agriculture [6], archacology [7], and medical imaging [8].

An abstraction of a hyperspectral image is seen in Fig. 1.1.

1.1 Literature Review

In contemporary times, the structure of data has evolved to become
high-dimensional and complex, presenting challenges and opportunities across
various application areas. HSI is an area that has emerged where sensors
capture a multitude of spectral bands, generating a 3-dimensional set of data
points. Diverse and impactful practice areas such as crop health monitoring [9],
identification of pollutants [10], and tissue analysis [11| benefit such detailed
structures. However, these structures lead to numerous challenges in processing

and storing needs [12], especially in restoration [13|, compressive sensing [14],



anomaly detection [15], multispectral fusion [16], and spectral unmixing tasks [14].
Each of these tasks requires a unique perspective on how these challenges could
be overcome. Various computational methods have been studied and due to their
tensor-like structure, tensor decomposition methods have been found applicable
to hyperspectral data. Past studies employ customized tensor decomposition
techniques with respect to their specified needs for increasing processing, storing,

and transmission efficiency.

Before touching on these tasks, a short introduction to tensor algebra would
be useful. Tensor algebra is a branch of mathematics that generalizes linear
algebra to become more capable, modifying the operations to satisfy the needs
and constraints in higher dimensions. It handles the substructure of most
operations in modern-day engineering and scientific research tasks, giving lead
to improvements for more efficient processes and enabling before impossible
procedures. Tensors, which could be referred to as an extension of scalar, vector,
and matrix algebra, are proven to be indispensable in describing and manipulating
multi-dimensional data especially owing to their ability to represent information
in a structured and processable state. This advantage is what empowers most
technological advancements and tasks. As stated in the previous paragraph,
hyperspectral imaging is an area which highly benefits these tools and the
mentioned challenges are now considered as forges for future solution methods

and techniques.

We can now return to hyperspectral images and the tasks previously mentioned.
Restoration is an essential study area in hyperspectral imaging as the recorded
information are often compromised by various factors. Whether it is the variations
in environmental factors or issues caused by equipment, hyperspectral images
are prone to such errors during the process of acquisition and transformation.
External elements tend to have such effects regarding the present state of the
atmosphere. Occasionally, undesired artifacts might also occur as an outcome
due to problems in sensor and transmitting equipment. These factors inevitably
result in visual degradation including noise, blurring, and missing data. As

a consequence, these artifacts affect the efficiency in later steps of operations,



necessitating methods that can reduce errors and improve the condition of the

data.

Methods aiming to achieve an absolved result generally employ tensor
decomposition techniques alongside image denoising, deblurring, inpainting, and
destriping degradation operations, modifying these decomposition algorithms to

work coherently. Thus, for a degraded hyperspectral image 7 defined as

T=MX)+S+N (1.1)

where 7, X, S, and N stand for the observed hyperspectral image, the restored
hyperspectral image, the sparse error, and the additive noise, respectively. The
function M is defined as the degradation operation that is used for the specific

problem. Hence, the restoration problem can be generalized for 7 defined as

min 2T — M() — S|4 + /() + dg(S) (1.2)

The parameters 7 and A in (1.2) are regularization parameters and the functions
f and g ensure the regularization on the recovered tensors X and S with respect
to their desired properties. The Frobenius norm term aims to minimize the noise,

eventually converging to a final clear tensor X.

Another significant field of study focuses on retrieving collected information from
sensing equipment over long distances. During the acquisition of hyperspectral
data, the sampling rate is required to be larger than double its maximum
frequency component to assure the clarity of collected information. This is a
well-established principle in the literature of signal processing, which is also
known as the Nyquist Theorem [17], underlining the conditions that help avoiding
distortions. However, this necessity also increases the need for computing and
storage extensively. The growing spectral resolution of HS images contributes
to the heightened costs and diminished efficiency of transmitting data from
airborne and spaceborne platforms to ground stations. Compressive Sensing

aims to overcome these challenges by reducing the cost of signal storage and



transmission through the process of compressively sampling and reconstructing
signals. This procedure is generally done by combining a downsampling operator,
a permutation matrix, and a Walsh-Hadamard transform [18] and applying
this unified operation on a hyperspectral recording X to obtain compressive

measurements y which is later used for the reconstructions on ground stations.

y=[(X) (1.3)

where f denotes the unified operation applied on X. Thus, the compressive

sensing problem of hyperspectral image A can be defined as

minlly — £(X)[ + Mh(X) (1.4)

Similar to (1.2), the additional term Ah(X) is added for regularization.
Through a suitable minimization process, efficiently transmittable compressive
measurements can be attained and the received information can be used in a

clear reconstruction of the hyperspectral image.

These study areas utilize a number of tensor decomposition methods in solving
their minimization problems with as high efficiency as possible [12|. Considering
each task obligates unique constraints, computational methods are customized
to fit specified needs. Owing to their flexibilityy, CANDECOMP/PARAFAC
and Tucker Decomposition are among the widely used tensor decomposition
techniques.
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Figure 1.2 : 3-Dimensional Visualization of CANDECOMP /PARAFAC.

Canonical Decomposition/Parallel Factor Analysis (CP), also known as
CANDECOMP/PARAFAC, is a factorization technique, widely used in signal

and image processing tasks. It is applied to high-dimensional data and used for



representing the data in terms of rank 1 tensors of the same size. A generalization

of CP decomposition application on a 3-dimensional tensor X could be made by

N
X:Z)\Tarobrocr (1.5)

r=1
where N stands for the predefined final rank of approximation, a,, b., and c,
are 1-dimensional components used for the calculation of rank 1 tensors and A,
are the non-zero weight parameters. It is also important to mention that the
o operation stands for the tensor outer product. This procedure can also be

visualized as in Figure 1.2.

This process of calculating the optimal components a,, b,., and ¢, and parameters
A, are achieved via various methods furthermore one of the common ways of
computing these entities is through iterative approaches such as Alternating
Least Squares (ALS) and Gradient Descent (GD). ALS employs an alternating
calculation process where each vector component undergoes a minimization
problem while the rest are assumed constants. After the vectorial components
complete an iteration, the weight parameters are updated with the help of a
specified optimization problem. When a pre-defined tolerance value between
contiguous iterations is satisfied, the process terminates and a final approximation

is established.

Tucker Decomposition (TD) is a widely used tensor decomposition method,
especially for the abovementioned hyperspectral imaging tasks. It employs factor
matrices and a core tensor to represent the main data tensor. The level of
approximation can be managed by adjusting the targeted rank. Below can be

found the equation

X:AX1B1X2B2"'XNBN (16)

where X € R7*2*IN js an N-dimensional tensor to be decomposed. A €
R 1> f2XIN holds as the core tensor and B; are the factor matrices. This operation

can also be visualized as in Figure 2.1 for a 3-dimensional data tensor.
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Figure 1.3 : Visualization of Tucker Decomposition for 3-D case.

Similar to CANDECOMP /PARAFAC, the optimal values in factor matrices and
the core matrix are generally attained via iterative approaches, especially ALS.
The factor matrices are updated for each mode individually with the core matrix
being fixed. After each iteration, the core matrix is updated with another ALS
problem. This process is repeated until the convergence criteria is met, hence,

yielding a final approximation.

The concept of efficient storage and processing of high-dimensional data, heavily
relies on computational techniques. Besides CP decomposition and Tucker
Decomposition, several other methods such as Principal Component Analysis
(PCA) [19]-[21], Independent Component Analysis (ICA) [22], Minimum Noise
Fraction (MNF) [23], and Non-negative Matrix Factorization (NMF) [24] are
among the commonly used computational techniques that have been developed
for efficient storing purposes without sacrificing the characteristics of the data

which are important aspects for further tasks.

In this regard, PCA aims to represent high-dimensional data in terms of
decorrelated 1-dimensional orthogonal components by employing transformations
through the use of eigenvalues and eigenvectors. Through these operations, it
projects data points onto a different hyperplane which is also more beneficial for
feature extraction tasks. ICA is a technique developed for separating complex
mixed signals into statistically independent components, aiming to uncover the
structure of the data under certain assumptions. MNF is a transformation
tool that is designed to decorrelate bands through prioritization of features.
It is exploited in remote sensing and image-processing tasks, enabling analysis

of complex multi-band data. Lastly, NMF is a dimensionality reduction and



feature extraction method applied in image and text data analysis tasks. It
reveals meaningful patterns by exploiting the data’s basis vectors and coefficients,
factoring the data matrix into two lower-dimensional matrices while enforcing

non-negativity constraints.

Although these methods provide representations with low error rates, their
computational complexity is generally high due to their underlying matrix
inversion-based mathematical operations. Studies have developed alternative

techniques to overcome such issues by utilizing iterative solution processes.

Some other techniques build on algorithms referred to as dictionary learning [25|
and sparse coding [26,27|. In dictionary learning-based algorithms, dictionary
elements are updated according to the results of present calculations and the
desired outcome until a representation at the desired level is achieved or is
performed for over a predetermined number of iterations. On the other hand,
sparse coding refers to representing data in terms of fewer dictionary elements.
This also implies minimizing the amount of non-zero elements in components, in
other words, employs calculations of the Ly-norm. Minimization of the Lg-norm is
a problem of NP-hard, and thus the process is relaxed by minimizing the problem

with respect to Li-norm instead of Lg-norm.

Methods based on sparse coding are divided into Ly-norm minimization methods
(greedy pursuit) 28|, L,-norm regularization-based algorithms 29|, and iterative
shrinkage algorithms [30]. These subcategories also have situations that could
pose problems within themselves, and various solution methods have been

developed.

The Orthogonal Matching Pursuit (OMP) [31] method was introduced to prevent
the selection of the same dictionary element on different iterations of greedy
pursuit algorithms, while Alternating Direction Method of Multipliers (ADMM)
[?] has been developed to allow an iterative process for minimization problems
involving the Lj-norm. Although iterative shrinkage algorithms are useful for

dense large matrices, their convergence rates are known to be slow. As a solution



for this problem the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

[32] has been proposed to increase the convergence rates.

In addition to all these methods, recent studies have been adopting High
Dimensional Model Representation (HDMR) [33]-[36] which is a method
used for dimensionality reduction and feature extraction tasks. It enables
multidimensional datasets to be analyzed and examined by expressing them in
terms of lower-dimensional components. Similar to PCA and its variations,
these lower-dimensional components are arranged to be orthogonal to each
other. This ensures that these methods capture the maximum variance in
the data, furthermore, it makes it possible for each to component capture
a unique and non-redundant aspect of the information in the data. Having
components representing unique information corresponding to behaviours in
different dimensions, the need for dimensionality reduction in certain tasks is
satisfied and is achieved without losing much relevant information. This is the
result of orthogonality which ensures that these directions are not mixed or
correlated, simplifying the interpretation of each component’s contribution to the
overall structure of data. Orthogonality also simplifies the computational side of
numerous tasks and improves the numerical stability. This can be important
when dealing with data that may have noise or small numerical errors such
as sensor-related errors or weather-caused variations in hyperspectral images.
It can also be mentioned that orthogonality simplifies the reconstruction steps
to be straightforward and involve simple linear combinations. This makes it

computationally efficient.

HDMR aims to resolve a tensor in terms of lower or equal dimensional entities
which are weight components, support vectors, and HDMR components. These
components are restricted to fit certain constraints, hence for the ease of
calculations, numerous ways for calculating approximations with high accuracies
have been used. The weight vectors are expected to be arranged to be of length 1
and for the support vectors, some of these methods assign them as vectors of ones

1,, where n corresponds to the size of the support vector, coherent with the main



tensor sizes while other methods either employ Averaged Directional Supports

(ADS) [37] or iterative techniques.

After finalizing these entities, an HDMR expansion of a 3-dimensional tensor

H € R™*m2X"3 could be expressed as,
H =ho (W1 0 Wy 0W3) x (81 089 083) + hy o (Wy 0 w3) % (85 083)
+ hy o (W) ows) % (s7083) + (Wy 0 Wg) % (81 083) o hy (1.7)
+hipowz*xss+hyzowy*xsy +wyxs;ohyz+hyog

where the * operation is the Hadamartd product, the s; components are the
support vectors and the hyg, h;, h; ;, h; ; , components are the HDMR components.
The HDMR components are calculated with the help of the weight vectors wy,

wy, and w3 which are also required to satisfy the constraint ||w;|[; = 1.

As previously mentioned, these support vectors can also be arranged by the ADS
which employs a set of equations for the calculations of these components. An
example calculation for the support vector s, can ben done via Eqn. (1.8).

ny n3

[s2); = Z Z [(w1li [wa]i Hiji (1.8)

i=1 k=1

where the subscripts 7, j, and k denote the element indices of the specified tensors.

Originally defined as a method for multivariate functions, there are several
sub-HDMR, methods where each method focuses on certain aspects of the
procedure. Some of these methods are named as Plain HDMR, Factorized
HDMR (38|, Logarithmic HDMR [39], Hybrid HDMR [39]-[41], and Generalized
HDMR [42]. The HDMR method that has just been explained is the general
definition of Plain HDMR. It outputs well-received results under functions that
have an additive nature. Functions that have a multiplicative nature produce
better results by using Factorized, Logarithmic, and Hybrid HDMR as they can
be expressed as a product of less-dimensional functions. These methods can
be used interchangeably in situations where a condition is not met and the other
version handles such situations better. For some multivariate functions Factorized
HDMR may yield results that don’t meet the expected level of representation, for

example for higher ranks of approximations the recent additions might not comply
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with the lower-dimensional functions, thus, entailed the studies for Logarithmic
HDMR which was introduced as an alternative for such problems. On the other
hand, problems that don’t have either an additive nature or a multiplicative
nature, necessitate a different approach and lead up to the introduction of
Hybrid HDMR. With this technique, Plain HDMR and a multiplicative nature
based method are combined with coefficients, employing both kinds of methods.
Lastly, Generalized HDMR is proposed as an alternative for these options as it
shows a different approach on the weight components. Instead of conducting the
products of 1-dimensional weight components, it employs a non-multiplicative
weight function that can be generalized to achieve a more qualitative operation.
Studies conducted on this topic have been employing the Fluctuationlessness
Approximation Theorem [43] for the purpose of optimizing the weight parameter
that manages the contribution level of Plain HDMR and multiplicative nature

based HDMR expansions.

As an expansion extended from HDMR, Enhanced Multivariance Products
Representation (EMPR) [37,44]-[48] is a recently adopted method for similar
tasks.

It aims to represent the main tensor in terms of lower-dimensional components
and optimize the approximation by adjusting the support vectors. It is also
important to note that the support vectors are calculated by utilizing certain
techniques that employ the main data tensor. This condition assists EMPR in
becoming a more robust and successful version of HDMR. Hence, these support
vectors play a significant role in the success of the method. Therefore, optimizing
the support vectors becomes crucial for the success of the representation obtained
by the method. There are several ways of calculating or initiating these
components, either by assigning pre-determined values or by arranging them to fit
the basis of ADS. Based on these facts, both studies and experiences considering
tests performed on HDMR and its variants show that the success of the method
increases when the support vectors are optimized which also indicates the benefits

of using iterative methods.
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Similar to HDMR, the EMPR expansion of a 3-dimensional tensor H &€ R "1 *"2xn3

can be expressed as,

H:h0t10t20t3+h10t20t3+ t10h20t3+t10t20h3
(1.9)
+hipots+hyzoty+tiohys+hios

where t; are the support vectors, the hg, h;, h; ;, h; ; , components are the EMPR

components.

EMPR will be explained with a more in-depth understanding in the next chapter

alongside other useful methods that were used in this thesis study.

1.2 Purpose of the Thesis

This thesis work explores the lossy compression area and compares the widely
known tensor decomposition methods with a recently introduced method utilizing
the aforementioned techniques. This work also aims to propose a competent
method that represents data at a similar or better level compared to widely
used tensor decomposition techniques, CANDECOMP/PARAFAC and Tucker
Decomposition. It is aimed to utilize optimization methods like the Alternating
Direction Method of Multipliers (ADMM) that can assist in an iterative manner
with efficient solutions resulting in low error rates instead of performing direct
solutions. This is the result of ADMM aiming to optimize solutions while ensuring

the robustness of results that fit into predefined constraints.

The literature review section lays emphasis on the importance of optimizing
the support vectors. Hence, the method this work proposes involves the use
of ADMM in optimizing the lower dimensional support vectors in EMPR to
achieve an efficient approximation of hyperspectral tensors. Supporting EMPR’s
decorrelation and denoising capability with the superior converging properties
of ADMM enables determining a well-established representation of the original
tensor. Therefore, this new method is capable of elevating the representation
quality and decorrelation capacity of EMPR in further tasks such as compression

and classification.
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2. MATHEMATICAL BACKGROUND

This chapter consists of the main mathematical operations and computational
methods that were used in the implementation of the proposed method. The
chapter will start with a short introduction into tensor algebra and the equivalents
of inner product from linear algebra, namely the tensor inner product. Then the
Enhanced Multivariance Products Representation will be explained in detail as
it stands as the core method of the proposed method with some modifications
which will be seen in Chapter 3. The Alternating Direction Method of Multipliers
will assist the optimization process as an iterative numerical approach with
flexibilities that serve for the enforcement of certain constraints. As the last

method, Gradient Descent is introduced and explained.

2.1 Tensor Operations

Tensors are algebraic objects, often referred to by their elements through
defined coordinate systems. These objects can be scalars, vectors, matrices,
or high-dimensional matrices.  They form the mathematical structure in
various operations where data is the source to be processed. Tensors support
similar algebraic operations to their linear algebraic counterparts through some
adjustments and this work builds upon the use of the tensor n-mode inner
Product [49] which is used extensively in tensor decomposition tasks. This
operation provides the ability to multiply tensors of higher dimensions under
certain notations. The n-mode inner tensor product brings the multiple steps
of unfolding, Kronecker product, Khatri-Rao product, Hadamard product, and
folding together into a single operation [49].

An n-mode inner tensor product between an n-dimensional tensor A €

R mxnzx-xnr and a vector b € R™ is denoted as A X b and defined explicitly
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as follows

ng
(AXKD) o i = iy big (2.1)
in=1
where the resulting tensor is (n — 1)-dimensional and of size ny x -+ X ng_1 X

Nga1 X -+ X n,. This operation enables the multiplication on a single dimension
and can be repeated successfully when one wants to execute the same task on

other dimensions.

Thus, for a tensor A € R™*"2X X" and a matrix B € R™ X" we denote the

multiplication operation X on dimensions k and ¢ as

nEg Ny

(Agk‘af B)il...ik,likJrl...ig,liul...ir = Z Z ail---irbikil (2'2>

ip=114,=1

where the resulting tensor is of size nq X+ - - XMg_1 XNgp1 X+ XNp_1 XNgp1 X+ - XNy,

2.2 Enhanced Multivariance Products Representation

Enhanced Multivariance Products Representation (EMPR) is a statistics-based
method which represents multivariate functions in terms of lower-dimensional
ones. As a consequence of its definition, this technique is also applicable to
tensors as well as their properties fit the constraints of the representation [37].

mo

= ®mO +0| +OI ]

S2 S2 ms
. |]
S1 mj S1

Figure 2.1 : Visualization of EMPR on a matrix M.

By employing EMPR, a 2-dimensional tensor (matrix) M of size n; X ns could

be rewritten in terms of vector outer products as follows
M = mgs;ss +myss +symi +m; (2.3)

where mg, m;, m, are the scalar and 1-dimensional EMPR components,
respectively. Other entities in the right-hand side of the representation in Eqn.
(2.3), namely s; and s, are the accompanying support vectors. The last term,
that is my; 5, is a matrix and stands as the residual term for the original matrix M.

These terms can be calculated uniquely and explicitly by engaging support vectors
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s; and sy appropriately. Thus, the scalar EMPR component my is computed as
follows

1
my = sTMs, (2.4)

By following the theory [37], the first 1-dimensional EMPR component, m; is
determined as
1

m; = —M So — MpSy (25)
N2

while the second 1-dimensional EMPR component, ms, is calculated as

1
my = —MTS1 — MypSa, (26)
ny

respectively. The abovementioned residual term is obtained by subtracting all

calculated EMPR terms from the raw matrix as follows

m; o = M — mgs;s; — m;s; —s;m;. (2.7)

Therefore, all EMPR components are determined uniquely by exploiting an

appropriate support vector team, {sy,ss}.

As one can easily verify, the right-hand side of Eqn. (2.3) consists of one-rank
terms except for the residual. By neglecting the residual term, it is obvious that
the original matrix M can be approximated with a rank two matrix structure.
Accordingly, it is evident that EMPR can be assessed as a low-rank approximation

technique for matrices having a finite number of expansion terms.

2.3 Alternating Direction Method of Multipliers

Alternating Direction Method of Multipliers (ADMM) is an algorithm used
in optimization tasks, an effective solution method for problems consisting
of separable functions and linear constraints. It is built on the foundations
of Augmented Lagrangians and combined with the method of multipliers,
ADMM brings together dual ascent’s decomposability and method of multipliers’

convergence properties. Problems that ADMM aims to solve are of the form :

min - f(x) + g(2)

st. Ax+Bz=c

(2.8)
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where f(x) and g(z) are convex functions, x and z are the tensors being aimed
to optimize and A, B, and c are tensors managed accordingly with respect to
the constraints of the problem. The solution is an iterative process, involving
an auxiliary variable y to transform the problem into an Augmented Lagrangian
problem and updating x, z, and y. Below, can be seen the steps for solving such

problems.

(1) Form the Augmented Lagrangian function.
L,(x,2,y) = f(x) +g(z) + yT(Ax + Bz — ¢) + gHAx Y Bz—c|?  (2.9)

(2) Solve the problem for each variable’s latest iteration respectively.

xF = argmin(L,(x, 2", y")) (2.10)
z"! = argmin(L,(x" !, z,y* 1)) (2.11)
y" = y*  p(AXFT 4 Bz —¢) (2.12)

where the superscripts k£ and k + 1 are iteration counters.

(3) Depending on the convergence rates, either execute (2.10), (2.11) and (2.12)

respectively until the constraint satisfies
AxM + BZFTY — ¢ < tol (2.13)

where tol is a predefined tolerance value or execute (2.10), (2.11) and (2.12)

respectively for a certain number of iterations.

2.4 Gradient Descent

The Gradient Descent (GD) is an optimization algorithm widely used for
minimization of functions and attaining local minimums or maximums. It is
applied in numerous areas including machine learning, scientific computation,
and optimization tasks. It performs by iteratively taking steps in the direction

of the function’s negative gradient and updating the parameters accordingly.

Let f(x) denote the function that is intended to be minimized with respect to

variable x. Hence, the x that manages to minimize the function with respect
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to its latest parameters is calculated by performing the following update process
for a specified number of iterations or until a certain level of tolerance between
consequent iterations is met. The corresponding iteration formula for the GD is

given as follows,
= 3k _ V7, f(xH); k=0,1,2,... (2.14)

where the superscripts £ and k£ + 1 are the iteration counters and « is the

predetermined learning rate.
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3. IMPLEMENTATION

This thesis study focuses on implementing an efficient lossy compression technique
on hyperspectral images which are 3-dimensional data tensors. The mentioned
techniques and operations from Section 2 are adjusted to be compatible with
3-dimensional tensors and the necessary explanations are provided in the context.
Consider a 3 dimensional tensor H € R "1 *"2*"3 where H is comprised of nq X ngy
and ng spectral bands. Hence the EMPR application on H is denoted as,
H —hot,otyots - hyotyots+ t; ohyots 4+t oty ohs

+hisots+hjzotyg+tiohys+hios 3

where t1, to, and t3 are the corresponding EMPR support vectors, the hg, h;, h; ;,

h; ;3 components are the EMPR components and o denotes the outer product.

=hgoL+oL+0L+o +

'o— + o I ho3 +

Figure 3.1 : Graphical demonstration of EMPR on a 3-dimensional tensor.

The terms with 2 or higher dimensional entities are truncated from the equality

to obtain a first-order EMPR approximation H of H and it is denoted as,

H%ﬁ: h0t10t20t3+h10t20t3+ t10h20t3+t10t20h3 (32)

The scalar EMPR component, hg, is calculated through the use of the n-mode

product rule in (2.1) as follows,

h() - H§1t1§2t2§3t3. (33)

ninang
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Figure 3.2 : The EMPR approximation H of H.

Additionally, the corresponding 1-dimensional EMPR components, namely, hy,

h,, and h3 are calculated as follows,

1 _
h, = H Xotox3ts — hoty,

Nnong
1 .
h2 = H X1ty X3t3 — hotg, (34)
ning
1 .
h3 = H X1ty X oty — hotg.
n1Nno

The approach that this work pursues, performs EMPR on 3-dimensional tensors.
Although, it is possible to proceed with a 3-dimensional EMPR application on

‘H, moving forward with 2-dimensional EMPR applications on H’s matrix

nan

Tons

ning

Figure 3.3 : Unfoldings of tensor H.

unfoldings [50] provides better insights into the characteristics and features of
each dimension. Thus, the remaining operations are defined and employed by

means of a 2-dimensional EMPR procedure.
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3.1 The Proposed Method

Let F denote the unfolding of H with respect to its ¢-th dimension, which is
F = H; 1=1,2,3 (3.5)
Then, the EMPR approximation F of F is expressed as follows
F~F = fys;sh + fis} + s, (3.6)

where F = F(sy,s,). It should be noted that s, stores information on H’s i-th
dimension.

|~ = pomm——= + o= + o

So S2 fy

Figure 3.4 : The EMPR approximation F of F.

=
=)

Optimal support vectors s; and s, can be found through a gradient descent based
procedure but rather than proceeding with such an iterative process, embedding
ADMM for managing the iteration process improves the convergence rate and
enables better control over the variables’ properties. As stated in Section 2.3,

ADMM requires convex functions and constraints to perform.

A~

Hence, to address the distortion between F and its approximation F, the
corresponding convex loss function f and the convex function g that ensures

the sparsity of vectors z; and z, are defined as follows

f(s1,8) = |7~ FJ3 (3.7

9(z1,22) = M||z1 1 + Aaf|Z2]x (3.8)

As the aim of the method is to optimize the weight vectors s; and ss, the

constraints might be arranged as

As; + Bz; = c; i=1,2 (3.9)

21



where A = I, B = —I, ¢ = 0 with an expected convergence of s; and z; to

common optimal vectors.

Therefore, the ADMM problem would be of the form

min  f(s1,82) + 9(z,22) + 5 s1 = 2l + Zllso — 23

S1,52,21,Z2

(3.10)
s.t. S1—Z1:0,SQ—Z2:O

By transforming this ADMM problem into its Augmented Lagrangian form, the

following loss function £ is provided explicitly;

1 .
Ly p,(81,82,21,22,y1,y2) = §||F —F|I7 + Azl + Aollz2 ] (3.11)

¥ (51— 2) + ¥5 (52— ) + Blisi —zi]3 + £ ls2 — 23

Optimizing the support vectors requires calculating the respective partial

derivatives of F which can be seen below,

~ T

OF FT Fsy \ ©

a_:Imofg—i-slo(——sg( 52) ) (3.12)
St ny ning

OF F FT

a—:f101n2+(——51< Sl>)052 (313)
So no ning

where I, and I,,, stand as the identity matrices of size n; X ny and ng X ny while

8]/5\‘/851 € R™mxm2Xm and 8]?‘/882 € R™Mxm2xn2 " regpectively.

Consequently, the corresponding gradients which will be employed throughout
the iteration steps of s; are calculated as

OF

vsi£<S1,Sg) = _85-

Ko (F=F)+yf+pi(sh—2f);  i=1,2 (3.14)

Due to their explicit structures, dissociating s;’s in Eqn. (3.14) is not possible
using elementary operations. Thus, the Gradient Descent Algorithm from Section
2.4 can be employed for the minimization task which will leads to determining the
optimal support vector for each s;. Then, the iterative optimization procedure is
expressed mathematically as follows

sitl = s — aV, L(s),s); (3.15)

(3
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where « is an appropriate learning rate.

L, differentiates with respect to z; as follows.

0
Vil =Mz (llzill) = yi = pils] = 2) (3.16)

By (3.16), the dissociation of z; can be rewritten as

k
2 =S, (P + %) (3.17)

where S, is the soft-thresholding operator S, : R™ — R™ defined as follows.

a—K , &>K
S, (o) = 0, |of<k (3.18)
a+kr , a<-—K

Conducting soft-thresholding on the derivative of L; norm, involves the use of
subgradient operations. Below can be seen the subgradient soft-thresholding

operation with respect to vector z;.

[si]; + [yi];)'i—/\i . [sil; > Ai_[iyi]j
[z = $ [si]; + [yi];w . [sily < —A;_[yb (3.19)
0 , otherwise

where [z;]; corresponds to j’th element of z;.

To keep track of the difference in subsequent iterations, y; is updated as follows,

yEH = yh 4 (s - 2 (320)

7

The update formulas for the support vectors s; in Eqn. (3.15), the vectors z;
in Eqn. (3.19), and vectors y; in Eqn. (3.20) are performed for each unfoldings
of H, namely H), Hi) and Hs). For each unfolding, two support vectors
are obtained with the help of the optimization process. The s; vectors for each
unfolding is employed as t;, to and t3, respectively. Therefore, the construction of
a suitable approximation for the 3-dimensional hyperspectral tensor H is achieved

by following the structure in Eqn. (3.2).

The proposed method can be replicated by following the pseudocode in Algorithm
1.
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Algorithm 1 Calculate H
1: Initialize a,, A1, Ao, p1, p2, MAX ITER, and GRAD ITER
2: for i+ 1,2,3 do
3: F < H(i)

4: Initialize s;,z;,y; for j = 1,2

5: for j =1 to MAX_ITER do

6: Calculate 0F /0s; via (3.12)

7. for k = 1 to GRAD_ITER do
8: Calculate F via (3.6)

9: Calculate Vg, £ via (3.14)
10: s1 <8 —aVg L

11: end for

12: Update z; via (3.17) and (3.19)
13: Update y; via (3.20)

14: Calculate OF /s, via (3.13)

15: for k =1 to GRAD_ITERS do
16: Calculate F via (3.6)

17: Calculate Vg, £ via (3.14)
18: So <= 89 — aVs, L

19: end for

20: Update z, via (3.17) and (3.19)
21: Update y» via (3.20)

22: end for

23: t, =5

24: end for

25: Calculate hg, hy, hy, and hj via (3.3) and (3.4)
26: Calculate H via (3.2)

With the help of Algorithm 1, an efficient lossy compression technique for a given

hyperspectral tensor H is achieved.

3.2 Possible Improvements

As a possible improvement for the proposed algorithm, some terms from Eqn.
(3.1), more specifically the terms with 2-dimensional sub-components, are added
to the final approximation from Eqn. (3.2) to attain a better approximation
ﬁimpmved. The calculation of this improved result is done by the following

equation,

ﬁimpmued ~hotiotgots +hjotyots + tjohyots +t;0ty0hg
(3.21)

+hisots+hyjzoty+tiohys
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Considering the extended equation which contains 2-dimensional EMPR
components, it should be noted that the work done in Section 3.1 holds and only
requires the addition of terms hy 5 ots, h; 30ts, and t; ohy 3. The 2-dimensional

EMPR entities h; o, h; 3, and hy 3 are calculated by,

h, = %HYgtg —hgtiotyo —hjoty —t; 0hy,

hyg— nif‘??t? — hoty ot — hy ot — ;o hy, (3.22)
hy s = %Hiltl — hotyots — hyots — t, o hs.

where the support vectors tq, to, and t3 and the 1-dimensional EMPR components

h{, h,, and h3 are carried over from the proposed algorithm.

~

Algorithm 2 Calculate Himproved

Perform Algorithm 1
Calculate h 5, hy 3, and hy 3 via (3.22)
Calculate Himproved via (3.21)

This improved method can be executed by performing the calculations from

Algorithm 1 and calculating the additional terms as stated in Algorithm 2.
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4. RESULTS

4.1 Datasets

To highlight the robustness and applicability of the proposed method, a selection
of hyperspectral datasets were used for the implementations. Indian Pines and
Salinas datasets which were collected by AVIRIS sensors and Pavia University
dataset which is acquired by ROSIS sensors were used in testing the proposed
method and comparing it to other well-known techniques [51]. The sizes of
these datasets were adjusted to accommodate memory constraints, thus the

specifications are provided in Table 4.1.

Table 4.1 : Dataset specifications

Dataset Sensor Original Size Crop Size
Indian Pines AVIRIS 145x145%x224 75x75x200
Salinas AVIRIS 512x217x224 70x70x204
Pavia Uni ROSIS 610x340x103 101x101x96

These datasets are colorized and the false color images of them can be seen in

Fig. 4.1, 4.2, and 4.3.

4.2 Initializations

The algorithm requires initial starting values for support vectors s; and ss, and for
vectors z1, Zo, y1, and yo, as well. s; and sy are initialized with positive random
numbers and the supports are normalized under the constant weight factors which
are 1/n; and 1/ny for each unfolding matrix Hy;), respectively. Vectors z;, z,,
y1, and y» are initialized as zero vectors with appropriate sizes. Parameters «,
A1, A9, p1, and po are selected through a grid search process that resulted in the
lowest error rates. It should also be mentioned that normalizing the main tensor

‘H with respect to its maximum element helps with the calculation process and
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Figure 4.1 : Three-band false color image of Indian Pines Dataset.

Figure 4.2 : Three-band false color image of Salinas Dataset.

avoids undesired calculation errors. The final approximation H are multiplied

with the maximum element to finalize the process.
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Figure 4.3 : Three-band false color image of Pavia University Dataset.
4.3 Metrics

The proposed approach is compared by the test results with two widely used
tensor decomposition techniques to address its efficiency. These techniques are

CANDECOMP/PARAFAC Alternating Least Squares (CP-ALS) and Tucker
Decomposition (TD), respectively.

For achieving a fair comparison, Mean Squared Error (MSE), Peak
Signal-to-Noise Ratio (PSNR), Structural Similarity Index Measure (SSIM), and
Cosine Similarity are utilized to measure the performance of each technique.

These metrics can be computed as follows,

e MSE value between H and by using the Frobenius norm is defined as

N 1 N
MSE(H,H) = 5|11~ Hl} (4.1)
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where H stands for the original data and H is the final approximation.

The peak signal-to-noise ratio utilizes the mean squared error and the

maximum pixel value by calculating the following formula.

(4.2)

- MAX?
PSNR(H,H) =10 - log,, ( )

MSE(H,H)
The M AX used in the equation corresponds to the highest pixel value that the
tensor can contain. In this case, M AX is equal to 255 for grayscale images as
it is the highest value each pixel can contain. For a more general explanation,
the M AX value is calculated by considering the tensor’s bits per sample value.
Let tensor H have a bits per sample value of B. Thus, the maximum possible

pixel value can be calculated via

MAX(H) =s" -1 (4.3)

Structural Similarity Index Measure is a metric generally used in determining
the perceived quality of images or videos. It differs from MSE and PSNR by
considering the interdependencies between close pixels instead of solely relying
on error calculations. This metric employs the pixel sample means as well as

variances and covariances of the compared tensors.

(ppi + 1) (2035 + c2)
(u% + o+ cl> (072{ +o2 + 02>

SSIM(H,H) = (4.4)
p denotes the pixel sample mean while oy, 05 and o, 5 denote the variances
and covariance, respectively. c¢; and ¢y are used for stabilizing the division

with weak denominators.

Cosine Similarity calculates the similarity of compared tensors by employing
the cosine theorem. The resulting cosine value determines how close these
tensors are where a final value of 1 corresponds to identical tensors, and 0

corresponds to dissimilar tensors.

CosSim(x,X) = * X (4.5)

IREITES
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where x denotes individual fibers from the original data tensor and X denotes
the individual fibers from the final approximation tensor. This calculation
process is executed on each fiber couple and the average of these metric

calculations is taken for a finalized comparison value.

4.4 Performance Comparisons

The metric calculations are executed after each method establishes its optimal
components. The final tests are performed on the approximation which is
calculated over 250 iterations. This iteration count is determined after observing

the convergence behavior in metric results, specifically concerning the MSE.

The  results of the  proposed method are compared  with
CANDECOMP/PARAFAC-ALS and Tucker Decomposition’s results to
gain a clear understanding of how well it performs at different rank levels. The
proposed method is also compared to EMPR with its support vectors being
calculated via Averaged Directional Supports. This comparison will acquaint
us about the potential of using iterative solutions for the optimization of the
support vectors. The calculated results also contain test results of the proposed
method as well as its ADS applied version counterpart to investigate the effect

of the added terms.

Tables 4.2, 4.3, and 4.4 present the results of the metric calculations. The
algorithm is utilized in each dataset whose specifications are presented in Table

4.1.

Table 4.2 presents the test results of the mentioned techniques on the cropped part
of the Indian Pines dataset. The test results show a similar level of performance
between the tensor decomposition techniques applied with lower ranks 2 and
5 and the main method of the proposed method, implying a different output
from the expected results. A closer inspection through a debugging process
reveals that the soft-thresholding process during the optimization of the support
vectors does not perform as expected. soft-thresholding is used as the result

of differentiating L;-norms and it’s parameters are arranged with the intended
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Table 4.2 : Results on Indian Pines Dataset

Method | Rank  SNR PSNR SSIM  Cos.Sim.  MSE
2 18771432 45.173589 0.643620 0.995492 0.340579

CP-ALS 5 21.514204 47.916361 0.728089 0.997912 0.248358
) 10 23.946030 50.348188 0.788361 0.998576 0.187710

15 25470259 51.872417 0.819490 0.998860 0.1574983

2 19.307530 45.709687 0.662698 0.996133 0.320194

™ 5 22061614 48463771 0.747603 0.998019 0.233189
10 25.004040 51.406198 0.811073 0.998840 0.166183

15 26757828 53.159985 0.853358 0.999170 0.135799

3 0189933  26.592090 0.001168 0.994787 2.892628

EMPR-ADS |50 2378078 28781136 0.146231 0.995333 2.248298
3 18317528 44.719686 0.629272 0.994785 0.358850

EMPR-ADMM |50 20822001 47.224379 0.756039 0.995793 0.268954

use of sparsification of the support vectors. The debugging process reveals that

the support vectors, despite the expected increase in the number of zero-valued

elements, aren’t sparsified, hence, the proposed method can’t achieve the expected

level of results.

Table 4.3 : Results on Salinas Dataset

Method ‘ Rank SNR PSNR SSIM  Cos.Sim. MSE
2 15.617441 47.746480 0.756081 0.992210 0.268681
CP-ALS 5 20.481271 52.610310 0.818436 0.998252 0.153477
i 10 23.519517 55.648556 0.848448 0.998986 0.108176
15 26.143033 58.272072 0.885262 0.999351 0.079975
2 16.135203 48.264242 0.764124 0.993602 0.253133
™D 5 21.076551 53.205590 0.819501 0.998370 0.143311
10 24.900040 57.029079 0.861081 0.999195 0.092280
15  27.875721 60.004760 0.906163 0.999609 0.065512
3 0.014150 31.787518 0.000035 0.960477 1.711902
EMPR-ADS 3+ 0.616961 32.390330 0.032719 0.975594 1.597123
3 14.443628 46.572667 0.726994 0.988784 0.307558
EMPR-ADMM 3+ 17.656066 49.785105 0.786195 0.992009 0.212474

Similar to the results in Table 4.2, the exhibited behaviour is carried over to

both tests series on datasets Salinas and Pavia University. Due to not being able
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to take advantage of the sparsification of the support vectors, the performance
of the proposed method and its improved version falls in between the results
of CP-ALS and TD’s results considering ranks 2 and 5. On the other hand,
the applications performed on the Pavia University dataset reveal an interesting
behaviour. For the SSIM test results, the proposed method when applied with
its improved version can surpass the tensor decomposition methods. Still, the
ADS-applied EMPR method achieves a higher result compared to the proposed
method, indicating the deficiency caused by the soft-thresholding algorithm.

The obtained test results for datasets Salinas and Pavia University can be seen

in Tables 4.3 and 4.4.

Table 4.4 : Results on Pavia Uni Dataset

Method | Rank  SNR PSNR SSIM  Cos.Sim. ~ MSE
2 7.685556 38.517698 0.122731 0.956340 0.785473

OP.ALS 5 9.390002 40.222144 0.204745 0.963309 0.645519
] 10 12200862 43.033004 0.315987 0.980330 0.467053

15 13.800936 44.633078 0.387519 0.984494 0.388474

2 7.685556 38517698 0.122731 0.956341 0.785473

il 5 9976316 40.808458 0.208531 0.971923 0.603383
10 12.893479 43.725621 0.338052 0.983634 0.431256

15 14.571643 45403785 0.417126 0.988179 0.355490

3 0.031075 30.863217 0.000011 0.941355 1.896075

EMPR-ADS 150 0851196 31.683338 0.018618 0.948300 1725240
3 6.697513 37.529655 0.097921 0.941273 0.880103

EMPR-ADMM 15 11177258 42.000400 0.563073 0.954037 0525468

After these observations, it is time to conduct the MSE experiments to compare

the proposed method with the other tensor decomposition methods.

In light of these information, experiments were conducted on the mentioned
datasets, comparing the performance of the proposed method to other

decomposition methods.

In Fig. 4.4, the MSE values were visualized for the Indian Pines dataset by the
proposed method, alongside the CP-ALS and TD techniques on varying ranks.
It is observed that the proposed method performs similar to CP-ALS and TD
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Figure 4.4 : MSE scores through iterations on dataset Indian Pines.

at lower ranks. Between CP-ALS and TD, it is seen that CP-ALS starts at a
higher error level but converges after 5 to 10 iterations and it takes even less
iterations for TD to converge to an optimal result. On the other hand, the
proposed method achieves its optimal result generally in less then 5 iterations.
Since GD is employed through the support vector optimization, an expected
behaviour would be the score undergoing a converging process but due to the

previously mentioned issue, such a result is not achieved.

Fig. 4.5 depicts the experiments on the cropped part of the Salinas dataset. It is
seen that CP-ALS and TD exhibit similar performance to their test results on the
Indian Pines dataset. TD converges faster with respect to CP-ALS and it takes
CP-ALS more iterations to converge to an optimal solution. On the other hand,
the studied method converges slower compared to its behaviour in its previous

tests on Indian Pines.

Finally, results from the comparisons on tests performed on the cropped segment
of Pavia University are shown in Fig. 4.6. CP-ALS is the slowest to converge,

whereas TD converges in the first 10 iterations. The proposed method when
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Figure 4.6 : MSE scores through iterations on dataset Pavia University.

tested with the improvements from Section 3.2 starts with a lower error rate,
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similar to TD with given rank 15 but falls behind as the other tests converge to

a lower error rate.

Through the figures and their deductions, it can be concluded that the proposed
method performs at a similar level to both techniques at lower ranks. The studied

method also achieves these results in a shorter iteration process compared to

CP-ALS and TD.
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S. CONCLUSIONS

This chapter is organized as the last section where the methods and their
capabilities will be discussed, considering the theoretical and practical aspects
of these techniques. In addition to all the current findings, future work that can

improve the performance and efficiency will also be discussed.

As previously stated, this thesis work aims to present a new perspective in
the area of compressing high dimensional data, more specifically 3-dimensional
hyperspectral data for efficiency in further processing tasks and minimizing
the data without losing its characteristic features. Hyperspectral data
are 3-dimensional tensors that host high correlations throughout its spatial
and spectral band information. The Enhanced Multivariance Product
Representation’s superior decorrelation and denoising abilities enable an effective
compression while preserving the core features. This process is employed by
optimizing the support vectors of the EMPR expansion through an iterative
approach. Instead of directly assigning certain values through assumptions or
calculations via the Averaged Directionally Supports (ADS), the Alternating
Direction Method of Multipliers is employed for its superior converging properties.
Combining these decorrelation, denoising, and converging properties into a new
method contributes to the literature with a new capable method for increased

efficiency.

Other tensor decomposition methods in the literature of compression and feature
extraction, namely Canonical Decomposition/Parallel Factorization and Tucker
Decomposition, are widely used and modified in accordance with the needs of the
task at hand. These methods are compared with the proposed method, operating
through the use of the Alternating Least Squares technique for component

calculations.
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The comparison of the proposed method and the mentioned tensor decomposition
is performed on the hyperspectral datasets Indian Pines, Salinas, and Pavia
University. These datasets are used in performance comparisons for hyperspectral
image processing tasks and the datasets are pre-processed for the tests. The
results obtained from these tests indicate that the proposed method not only
keeps pace with two important tensor decomposition techniques in metrics
SNR, PSNR, SSIM, CosSim, and MSE, it also demonstrates its capability of
compressing high dimensional data at a similar level to the well-known tensor
decomposition methods at specified ranks by reconstructing high-dimensional
data with comparable accuracy. This result of the proposed method highlights its
potential to reduce noise and artefacts in the process by neglecting the residual
term. The key point of the method lies in the combination of EMPR’s superior

decorrelation ability and ADMM'’s superior converging features.

These results are particularly promising for any lossy compression task including
Cartesian geometry utilizing tensor decomposition techniques where accurate
and efficient data processing is paramount. Furthermore, this performance
advantage paves the way for advancements in lossy compression techniques,

enabling researchers and practitioners to gain more precise insights from data.
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