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ABSTRACT

LOCALLY STATIONARY GRAPH PROCESSES

Canbolat, Abdullah
M.S., Department of Electrical and Electronics Engineering

Supervisor: Assoc. Prof. Dr. Elif Vural

December 2023, 81 pages

Stationary graph process models are commonly used in the analysis and inference

of data sets collected on irregular network topologies. While most of the existing

methods represent graph signals with a single stationary process model that is glob-

ally valid on the entire graph, in many practical problems, the characteristics of the

process may be subject to local variations in different regions of the graph. In this the-

sis, we propose a locally stationary graph process (LSGP) model that aims to extend

the classical concept of local stationarity to irregular graph domains. We character-

ize local stationarity by expressing the overall process as the combination of a set

of component processes such that the extent to which the process adheres to each

component varies smoothly over the graph. We propose an algorithm for computing

LSGP models from realizations of the process, and also study the approximation of

LSGPs locally with Wide Sense Stationary (WSS) processes. Experiments on sig-

nal interpolation problems show that the proposed process model provides accurate

signal representations competitive with the state of the art.

Keywords: Locally Stationary Graph Processes, Non-stationary Graph Processes,
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ÖZ

YEREL DURAĞAN ÇİZGE SÜREÇLERİ

Canbolat, Abdullah
Yüksek Lisans, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. Elif Vural

Aralık 2023 , 81 sayfa

Durağan çizge süreç modelleri, düzensiz ağ topolojilerinde toplanan veri kümelerinin

analiz ve çıkarımında yaygın olarak kullanılmaktadır. Mevcut yöntemlerin çoğu tüm

çizgenin tamamında geçerli olan tek bir durağan süreç modeli ile çizge işaretlerini

temsil ederken, birçok pratik problemde sürecin özellikleri çizgenin farklı bölgele-

rinde yerel değişikliklere tabi olabilir. Bu tezde klasik yerel durağanlık kavramını

düzensiz çizge topolojilerine genişletmeyi amaçlayan yerel olarak durağan bir çizge

süreç (LSGP) modeli önerilmiştir. Geliştirilen modelde çizge süreci bir dizi bileşen

sürecin kombinasyonu olarak ifade edilmiş, yerel durağanlık özelliği ise her bir bi-

leşen sürecin modeldeki ağırlığının çizge üzerinde yavaş bir şekilde değişmesi ile

karakterize edilmiştir. Sürecin örnekleminden LSGP modellerini hesaplamak için bir

algoritma önerilmiş ve ayrıca LSGPlerin yerel olarak geniş anlamda durağan (WSS)

süreçler ile yaklaşık olarak gösterimi incelenmiştir. İşaret tamamlama problemleri

üzerine yapılan deneyler, önerilen süreç modelinin, literatürdeki güncel algoritma-

larla rekabet edebilecek doğru işaret temsilleri sağladığını göstermektedir
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Anahtar Kelimeler: Yerel Durağan Çizge Süreçleri, Durağan Olmayan Çizge Süreç-

leri, Çizge İşareti Tamamlama, Çizge Bölümleme
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Problem Definition

Analysis of acquired data has been a critical focus in signal processing for many

years. A classical approach has been used for data analysis since its introduction:

Fourier Transform (FT). FT is efficient in a way that it can capture the frequency

characteristics of the data, allowing interpretable representations. However, one ma-

jor drawback of FT is that it assumes the data has an underlying grid structure, which

is a standard connection between the instances of the data. This may not always be

the case, because even a simple graph topology constructed by connecting diagonals

of a 2d grid structure does not meet this assumption. This problem is overcome with

emergence of Graph Signal Processing (GSP).

GSP has successfully extended common data analysis tools, such as FT, sampling,

dictionary learning and other data analysis approaches [1–3] to irregular graph do-

mains. Moreover, in the literature, the probabilistic modelling of a signal defined

over graphs is introduced in several works, and Wide Sense Stationarity (WSS) of

graph signals [4–7], is a crucial development in this direction. A WSS model im-

poses a signal structure that is compatible with the given topology. However, this is

rather strict, asserting a global implication on the stochastic model, e.g. in classical

time series analysis, a WSS model has a Moving Average (MA) representation on

time domain that is valid for all time instants [8].

In the time domain, this problem is overcome with the development of the Locally

Stationary Process (LSP) model [9], which assumes that WSS process polynomial

has smooth progression as time passes, allowing the decomposition of the domain
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into several pieces, hence modeling a time series with several different WSS models

that are arbitrarily close to the original process on each interval. A similar notion

is used in Piecewise Stationary Processes, which assume that these transitions are

abrupt rather than smooth, hence each interval is modelled without considering the

smoothness of the polynomial coefficients, and in return, the covariance matrix [10].

Piecewise Stationary Process models are successfully extended to irregular graph

topologies [11], however, a rigorous treatment of LSPs on graph domains is miss-

ing in the literature. In this thesis, we aim to generalize the notion of LSP to graph

domains with a rigorous theoretical treatment.

1.2 Proposed Methods and Models

In this thesis, we provide a definition for a locally stationary graph process (LSGP)

model, which can be thought as consisting of different WSS kernels smoothly transi-

tioning from one vertex to another. The transition and validity of a given WSS process

are controlled via parameters called membership functions. This will help us to apply

the discussion in LSP conveniently in graph domains. First, this provides us with a

clear notion of smoothness of the process, second, it increases the explainability of

the model. Moreover, thanks to this explainability we get a representation called the

vertex-frequency spectrum. Since any LSGP has a vertex-frequency spectrum we see

that WSS processes are subsets of this general class if we take any kernel that does not

change through the graph. Furthermore, this property of the process will lead to the

consequence that the space of LSGPs on subgraphs of the process can be embedded

on the space of LSGPs on their supergraphs through the process extension, which

might be useful for specific applications concerning the subgraph of a specific net-

work. Its inverse process called the restriction is also another applicable operation on

these processes, hence going back to the subgraph process is also possible, of course

with an expected data loss.

Following the definition of the process, a possible question to ask is how one can learn

this process. We address this question by introducing a learning algorithm consisting

of a nonconvex optimization problem utilizing the sample covariance matrix of the
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process. Since this nonconvex problem is intractable, we solve it by introducing

positive semidefinite (PSD) matrices that are second-order functions of the process

parameters, and using an alternating optimization scheme. This allows us to learn the

parameters of the process.

The convex relaxation of the learning algorithm enables an accurate computation of

the process parameters; however, this comes at the cost of an increase in the time

complexity of the algorithm. Therefore, the subsequent inquiry is whether it is pos-

sible to further decrease the complexity. Since we use the covariance matrix of the

process and models are assumed to concentrate on some graph regions, it is possible

to theoretically study the covariance matrix of a pure LSGP. The main expectation

on this issue is that under the condition that the membership functions are concen-

trated on some subregions of the graph, the cross correlation between those regions

should be considerably small. In this thesis, this is proved to be true under the con-

dition that the frequency spectrums and membership functions of the components of

the LSGP are clearly distinguishable from each other, hence highlighting the impor-

tance of the vertex-frequency spectrum of the process. Assuming that the membership

functions and frequency spectrums are clearly separated, we propose a graph parti-

tioning algorithm that approximates the overall LSGP via its components defined on

the subgraphs, where we utilize the covariance values on the edges of the graph.

1.3 Contributions and Novelties

This thesis study presents some comprehensive contributions over the existing litera-

ture, which can be summarized as follows:

• We propose a novel signal model called LSGP and study the theoretical prop-

erties of this model. To the best of our knowledge, this model has not been

explored or defined thoroughly in the GSP literature until this work. Moreover,

we introduce an algorithm for learning the parameters of an LSGP model from

an initial estimate of the covariance matrix of the process.

• We theoretically study the properties of the covariance matrix of an LSGP, and

through this analysis, propose a graph partioning algorithm utilizing the covari-

3



ance matrix. The idea of using process values for graph partitioning is not new,

e.g. there is an example of it in [11], but our partitioning algorithm uses the

covariance matrix of the process.

• We demonstrate the usage of the proposed model in signal interpolation appli-

cations. We estimate the missing entries of graph signals with the proposed pro-

cess model, using the available observations to estimate the covariance matrix,

in contrary to algorithms requiring the whole process for estimating a model.

1.4 The Outline of the Thesis

In Chapter 2, we introduce the related literature, which overviews some basic con-

cepts for understanding locally stationary processes. First, an outline of graph signal

processing and spectral graph theory will be given. Second, we discuss stochastic

processes defined over some topology and its extension to graphs. We will then ex-

plore two definitions of LSPs found in the literature, giving an idea of our model, i.e.

how it would behave on irregular topologies. Also, we review examples of similar

approaches for modelling graph processes in the literature. Last but not least, we

conclude the Chapter with a literature review on the estimation of missing signals.

In Chapter 3, we introduce our LSGP model and investigate its theoretical properties,

vertex-frequency spectrum and extension-restriction of the process. We show that

our process model is comprehensive enough to model the process on the subgraphs

separately.

In Chapter 4, we present an algorithm to learn process parameters for a given data set

and propose an optimization algorithm. Then, the problem in its explicit final form is

given. Lastly, we present a complexity analysis of the algorithm.

In Chapter 5, we discuss theoretical properties of covariance matrices of LSGPs in

order to address the high complexity of the algorithm in Chapter 4. Then, we give a

partitioning algorithm on the graph utilizing the covariance information of the given

process.

In Chapter 6, we present the experimental results of the algorithms proposed in Chap-
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ters 4 and 5 and elaborate further on the practical properties of LSGPs.

In Chapter 7, we conclude the thesis by highlighting possible future extensions.
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CHAPTER 2

RELATED WORK

In this chapter, we will revisit some key concepts in spectral graph theory and signal

processing in both the graph and time domains by reviewing recent advances in the

literature.

2.1 Notation

We write matrices with boldface capital letters (e.g. A), vectors with boldface low-

ercase letters (e.g. x) and sets with caligraphic letters (e.g. V). Indexing is shown in

parentheses (e.g. A(i, j)). The notation ∥ · ∥F stands for the Frobenius norm of a ma-

trix; ◦ refers to the Hadamard (elementwise) product, (·)T denotes the transpose and

(·)† denotes the pseudo-inverse of a matrix. Vectors and matrices consisting of only

zeros and only ones are denoted as 0N ∈ RN×1, 1N ∈ RN×1 and 0N×M ∈ RN×M ,

1N×M ∈ RN×M , respectively. IN ∈ RN×N represents the identity matrix. When

written as a matrix operation, the notation | · | : RN×M → RN×M stands for element-

wise absolute value, i.e., |A|(i, j) = |A(i, j)| for a matrix A. Curly inequalities for

matrices represent element-wise inequality, e.g. A ≼ B means A(i, j) ≤ B(i, j) for

all entries (i, j). The cardinality of a set is denoted as | · |. The covariance matrix of

a random vector x is shown as Cx.

2.2 Graph Signal Processing

In this thesis, we consider graphs defined with tuple G = (V , E ,W). V is the vertex

set whose entries are called vertices of the graph G and E ⊆ V × V is the edge set

7



of the graph. The entries of E are referred to as edges, which illustrate the 2-tuple

dependencies between the graph’s vertices. Moreover, we impose that any element

in the edge set is invariant to the permutation of its corresponding entries, i.e. if

(v, w) ∈ E then (w, v) ∈ E . Such graphs are called undirected graphs. For an

undirected graph the edge relation can also be shown with the notation v ∼ w, if

(v, w) ∈ E . If all the edges are not invariant to permutation, then the graph is called

directed. Throughout the thesis, we assume that G is undirected. The reason why we

are using undirected graphs instead of directed ones is that undirected graphs have

well-defined spectral properties allowing us to generalize the notion of frequency in a

straightforward way, contrary to directed graphs [1]. However, there is some literature

extending the idea of frequency to directed graphs as well with some tricks [12–14].

We furthermore enrich the structure on the graph G with W : E → R≥0 called weights

of the graph G. Let N = |V|, then one can represent this edge function with the matrix

W ∈ RN×N with an abuse of notation. A precise definition of W can be given by

picking some enumeration of the vertices. The enumeration of the vertices can be

given in terms of an arbitrary bijective function f : V → {1, 2, . . . , N}, relating a

natural number to each vertex. Again with some abuse of notation, it can be defined

as

W(i, j) =

0 (f−1(i), f−1(j)) /∈ E

W(f−1(i), f−1(j)) otherwise
(2.1)

In graph signal processing, we mainly focus on signals on a point cloud scattered in

RN . Among several approaches in the literature [15–17], we will use the k-Nearest

Neighbors (k-NN) algorithm to construct the underlying graph with Gaussian edge

weights in (2.2), where σ is a positive hyperparameter that controls the scattering of

the weights and xi is the ith element in the point cloud.

W(v, w) = exp
(
−
∥xf(v) − xf(w)∥2

σ

)
(2.2)

A graph Gs = (Vs, Es,Ws) is said to be a proper subgraph (subgraph in short) of G if

Vs ⊂ V and Es ⊆ (Vs×Vs)∩E and Ws = W|Es . A graph G is said to be a supergraph

8



of Gs if Gs is a subgraph of G.

Before delving into details on spectral graph theory, let us give the definition of a

connected graph. A graph is said to have a single connected component if for each

pair of vertices v, w, there exists some sequence of vertices {v, p1, . . . , pn−1, w} such

that ∀i, (v, p1), (pi, pi+1) and (pn−1, w) ∈ E . Graphs with multiple connected compo-

nents are formed by taking unions of single connected components. All graphs in this

thesis are assumed to have single connected components.

For spectral analysis on the graphs, we assume some structure matrix S based on

the information encoded with W. There are several choices of S considered in the

literature [5, 18, 19], and one of the common choices is to use the Laplacian matrix

LG of the graph [6,20,21], which provides the generalization of the second derivative

to irregular discrete spaces. The definition of the classical Laplacian matrix is based

on the degree of each vertex. The degree of a vertex is defined in (2.3).

dv =
∑
w∼v

W(v, w) (2.3)

Moreover, vertex degrees can be embedded into a diagonal matrix D with the same

enumeration D(f(v), f(v)) = dv. Then, the classical Laplacian matrix is defined as

in (2.4).

L̂G = D−W (2.4)

Since Laplacian is the generalization of the second derivative on graphs, one can

define the notion of frequency on graphs, similarly to the case where the eigenvalues

of the second derivative operator on some closed interval with Dirichlet boundary

conditions gives the square valued frequencies of Fourier Series and eigenvectors

are sine and cosine functions [22]. By construction, L̂G is a positive semidefinite

symmetric matrix whose eigenvalue decomposition can be given as in (2.5).

L̂G = ÛGΛ̂GÛG
T

(2.5)
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Due to its construction, the classical Laplacian matrix always has its lowest eigen-

value as 0 which corresponds to the constant vector [1]. The multiplicity of the 0

eigenvalue corresponds to the number of connected components [23], thus, in our

case we observe the 0 eigenvalue with multiplicity 1.

One downside of this construction is that for increasing number of vertices the maxi-

mum eigenvalue of the graph Laplacian will increase accordingly. As we will see in

Section 3.1.2.1, any LSGP can be extended to a supergraph with regular arguments,

hence allowing a graph to grow indefinitely means its maximum eigenvalue will also

increase unboundedly hence keeping track of the process may not be possible. More-

over, this may be an issue for numerical computations, making them impossible to

implement practically. These problems will be overcome with the normalized Lapla-

cian definition in (2.6a) with the decompositon in (2.6b). In this case, the eigenvalues

of LG are scattered in between [0, 2], no matter what size the graph is [23].

LG = IN×N −D−1/2WD−1/2 = D−1/2L̂GD
−1/2 (2.6a)

LG = UGΛGU
T
G (2.6b)

Once we have completed the review of spectral graph theory, we will now focus

on the signals defined over the vertices of the graph. The spectral properties of the

graph is useful for the analysis of the graph signals. A graph signal x can be defined

as a function between the vertex set and a vector space. For example, if vertices are

mapped to a real number then the vector space is R, if vertices are mapped to a random

variable then the vector space is the space of random variables. More rigorously,

x : V → R, considering that the vector space is real numbers. Considering the

enumeration f , x can be represented by a vector x ∈ RN as x(f(v)) = x(v) with

an abuse of notation. From this point and on, since the operators discussed here are

enumeration invariant, we will drop the enumeration f and show the resulting vector

with vertex entries.

As aformentioned since the Laplacian matrix is the generalization of the second

derivative, its eigenvectors can be seen as the extension of Fourier Series to graphs.

Hence one may define the Graph Fourier Transform (GFT) as the application of trans-
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posed eigenvectors to the signal x in (2.7) and similarly define its inverse.

x̂ = UT
Gx (GFT) (2.7a)

x = UGx̂ (Inverse GFT) (2.7b)

Similarly to the case in classical signal processing, filtering is done via applying a

kernel to the eigenvalues of the graph Laplacian, i.e. the graph frequencies. A simple

filtering operation can be viewed in (2.8a) with a frequency kernel h : R→ R and for

a graph signal x. A compact form of the same operation where the kernel is a matrix

function applied to the Laplacian can be viewed in (2.8b).

y = UGh(ΛG)U
T
Gx (2.8a)

y = h(LG)x (2.8b)

The representation in (2.8a) is important in the analysis of LSGPs because with some

trick, it can be changed into a form where one can see how much each node is affected

from the filtering operation. This form is shown in (2.9). More details about this form

can be found in Section 3.1.1. Note that for frequency filtering, each node is filtered

with the same frequency kernel which is encoded in a vector of ones.

y = (UG ◦ 1h(λG)
T )UT

Gx (2.9)

It’s worth noting that if the graph topology is kept constant and all eigenvalues have

multiplicity 1, any kernel h can be written as a polynomial with highest order N − 1

due to Cayley-Hamilton theorem [24]. This fact will be useful for the analysis of

WSS processes while stating that any WSS process can be written as a MA process.

In classical signal processing, it is desirable to have signals changing smoothly in

the domain. One prominent example can be given as the Nyquist Sampling Theo-

rem, which requires the sampled signal to be smooth enough, i.e. to have low-pass

behaviour. Such signals are reconstructable from their discretized values sampled at
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evenly spaced intervals [25]. Hence, it is customary to use the frequency character-

istics of the signal to see how smooth the signal is. But this is rather restrictive in

GSP because GFT has high complexity O(N3) contrary to the complexity of Fast FT,

O(N log2(N)) [26]. There are several works addressing this issue, which decrease the

complexity of the GFT operation for special cases of graphs [27,28]. Therefore, most

of the time in GSP, the smoothness of a graph signal x is measured by (2.10) [1]. In

the common situation where the graph Laplacian is sparse, the complexity of verify-

ing whether the signal exhibits a low-pass behaviour decreases.

Smoothness = xTLGx =< LGx,x > (2.10)

(2.10) is higher when the signal is rapidly changing and lower when the signal is

smoothly changing between vertices. The term (2.10) can be interpreted as an inner

product where high frequency components are penalized more hence detecting the

presence of rapidly changing components. In this thesis we use (2.10) to measure the

smoothness of the membership functions.

2.3 Wide Sense Stationary Processes

In this section, we will divert our focus to stochastic processes with strong properties

both in time and vertex domains. Consider a stochastic process x whose index set is

integers or real numbers. Then x is called a WSS process on that domain if it satisfies

the properties in (2.11). Hence, WSS processes in the time domain is characterized

by the invariance of the process characteristics to the shift operator. This allows a

spectral representation of the covariance Cx [29].

E[x(t)] = c, c ∈ R,∀t (2.11a)

Cx[t1, t2] = E[x(t1)x(t2)] = Cx[t1 − t2], ∀t1, t2 (2.11b)

Inspired by these observations WSS processes on graphs are defined as in Definition

1.
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Definition 1 (Wide Sense Stationary Process). A stochastic graph signal x ∈ RN on

graph G is called WSS if the following conditions are satisfied [6]:

• The mean of the process is E[x] = c1N for a constant c ∈ R.

• The covariance matrix Cx of the process is in the form of a graph filter Cx =

UGh(ΛG)U
T
G , where h is a positive graph kernel.

The second condition here imposes that the covariance matrix Cx of the process x

be characterized by a single graph kernel, which is equivalent to the case in the time

domain, where the covariance matrix of a WSS process has a spectral decomposition.

Utilizing AR, MA and ARMA filters is a common practice in GSP [5,20,30,31]. Here

we will make it clear why it is a valid choice through implications on WSS process

in the time domain. According to Wold’s Theorem [32] any covariance stationary

process in the time domain can be written by a MA filter with infinite support plus a

mean term. On the other hand, AR filters may be written as an infinitely supported

MA filter, e.g., consider the simple example in signal processing
∑∞

n=0 α
nz−n =

1
1−αz−1 or vice versa. Therefore, AR, MA or ARMA filters are mainly used in signal

processing for various purposes. In the case of GSP, each of these filters can be

generated by a MA filter due to the reason given in Section 2.2. Moreover, assuming

an AR filter in Section 4.1 introduces an irreducible non-convexity to the objective

function. Therefore, we mainly focus on MA filters in this thesis.

Since there is a single graph kernel constituting a covariance matrix, as we observed

in (2.9), this is a global assumption on a given topology that does not account for the

local changes across the graph. Hence we will explore local approaches in the time

domain to generalize them to the graphs.

2.4 Locally Stationary Time Processes

A non-stationary process that is locally close to a stationary one has been a concern

in the classical time domain setting for many years. In this section, we will explore

two different definitions in the time domain by discussing their estimation techniques.
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These definitions are due to Silverman [33] and Dahlhaus [9].

According to Silverman a process x is called LSP if its covariance Cx can be decom-

posed as in (2.12), where C is a WSS covariance and Q is a function showing the

validity of the covariance C at different time instants [33]. However, this is rather

strict because this process is generated by a single WSS covariance function by vary-

ing the validity of the covariance at the midpoints of time instant pairs. Since this

definition does not allow the incorporation of the effect of more than one covariance

function into the process model, it is less flexible than our definition.

Cx(t1, t2) = Q

(
t1 + t2

2

)
C(t1 − t2) (2.12)

Although (2.12) can be seen as a special case of our definition where the number of

models is taken to be 1, some estimation techniques utilizing this definition is worth

looking at. In [34], for the special case of LSPs whose process values are i.i.d. under

rotation, optimal window and data tapers are given for the estimation of the Wigner-

Ville Spectrum [35], a time varying spectrum for covariances in the time domain. In

the same work a generalization of Silverman’s LSP called Multicomponent LSP is

proposed, which might be seen as an equivalent formulation of our definition in the

time domain. An optimal filter similar to the Wiener Filter is devised in [36], which

is used for EEG application. Another work on estimation approaches can be found

in [37], where Q and C are found separately, similar to our approach where we find

process parameters in an alternating manner (see Chapter 4). One thing to note is

that, contrary to these approaches our model consists of several component models in

which case the generalization of these approaches may not be feasible.

Let xt,T be a finite-dimensional random process, where t ∈ Z is a time instant and

T ∈ Z+ is the total number of time instants in the process. Also, let ϵt represent the

value of a white noise process at time instant t. According to Dahlhaus, the process

xt,T is then called a linear locally stationary process if it can be expressed as a time-

varying MA(∞) process as [9]

xt,T =
∞∑

i=−∞

at,T (i) ϵt−i + µ

(
t

T

)
. (2.13)
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Here µ : [0, 1] → R is the mean function of the process and at,T : Z → R are

time-varying moving average (MA) filter coefficients. For each time shift value i, the

filter coefficient at,T (i) is approximately given through a kernel f as at,T (i) ≈ f( t
T
, i)

where f(., i) : [0, 1]→ R.

The process xt,T has the spectral decomposition [9]

xt,T = µ

(
t

T

)
+

1√
2π

∫ π

−π

At,T (λ)e
jλtdξ(λ) (2.14)

where ξ(λ) is an orthogonal increment process and At,T (λ) ≈ F ( t
T
, λ), with At,T

and F ( t
T
, .) being the frequency domain representations of the filters generated by

at,T and f( t
T
, .), respectively. These are also called as the time-frequency spectrum

of the process. This representation is important in this thesis because there exists a

similar decomposition of LSGPs introduced in Section 3.1.1.

As seen in (2.14), a LSP in Dahlhaus’ sense is characterized by an approximate filter

F which may be seen as a power spectral density of the stationary process that is

approximately equal to the kernel centered around some point. In [38,39], this fact is

exploited to find the best basis for the estimation of the locally stationary covariance.

An approach for the estimation of the time-frequency content of a special kind of

LSPs can be found in [40]. In [41], this approximate filter is used to construct a

local Whittle likelihood estimator. Although these works lead to well-established

techniques in the domain, their generalization to the graph domain is intricate. This

is because these filters are assumed to be centered somewhere in [0, 1] and not just

on the discrete points t
T

in question. However, this is not immediately applicable to

graph processes, due to their irregular structures.

Although these two definitions may seem distinct, a common approach in the time

series analysis literature is to use data tapering or windowing to get a sample estimate,

which can be seen in the works [9, 42–44]. For a given center where the process is

approximated by a stationary time series, the usage of data tapers diminishes the

effect of the samples that are closer to the boundary of its support. A similar notion

is used in this thesis, where the membership functions assess the validity of the given

stationary component model. In this work, the membership functions are learnt from

data.
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2.5 Vertex-Varying Graph Signal Processing

In this chapter we will analyse some related techniques and highlight the differences

between this work and the others. By definition, LSGPs exhibit a node-varying na-

ture, hence we will compare the recent advances in the literature with the works

related to vertex-varying graph signal processing. First, we will give examples of

node-varying graph filters and show how our work relates to them. Then we will look

at another deterministic notion of vertex-frequency spectrum and explain why this

is different from our construction in Section 3.1.1. Second, we will look at related

stochastic process definitions in GSP which are somewhat related to our work.

Contrary to the filters defined in (2.8a), some filters in the GSP literature are more

elaborate. These are called node-varying graph filters as shown in the works [45–47].

In these works, there are several definitions of more intricate filters however the most

related one to our discussion is the node-varying graph filter whose definition is given

in (2.15) [47].

y =
K−1∑
k=0

GkS
kx (2.15)

Here S is the structure matrix mentioned in Section 2.2 and Gk are diagonal matrices

encoding the node-varying information of polynomial kernels.

Notably, this filtering operation is closely related to ours for creating a LSGP and

suprisingly, in one of the works [48] considering these filters, a non-stationary pro-

cess is clearly hinted. However, in the rest of the paper signals are assumed to be

deterministic. Another point that is different from our work in the definition of these

filters in [47, 48] is that there is no mention of smoothness of membership functions.

Our result (3.4) in Theorem 1 is proved in [49] for polynomial kernels, however in

our case we prove that transitions of these kernels are also smooth if diagonal matri-

ces are smooth on the graph and our assumption is more general as it can potentially

incorporate any type of graph kernels.

In classical signal processing, it is common practice to utilize several windows local-

ized on some time value to measure the frequency characteristics around that neigh-

borhood [50, 51] which are used in the analysis of signals with Short Time Fourier
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Transform (STFT) [52]. In GSP, this practice is generalized by localizing filters in

both vertex and frequency domains [53–55]. In [56], several localized kernels with

different scales in the frequency domain are used to generate a vertex-frequency spec-

trum of a graph signal which is a mere generalization of STFT. This is similar to the

concept of vertex-frequency spectrum of LSGPs, but with slight differences. For

LSGPs, the vertex-frequency spectrum corresponds to a matrix that multiplicatively

interacts with the eigenvectors of the graph Laplacian. This interaction alters the

behavior of eigenvectors on each vertex without the need for defining a windowing

function. Consequently, an operation akin to the STFT for determining the spectrum

might not be available.

As emphasized in Section 2.3, WSS processes are vertex-invariant meaning that non-

stationary processes have vertex variance or have more intricate generators. A simple

form of this variance is to assume that processes are stationary on their associated

subgraphs, contrary to our definition which assumes several stationary kernels on

the supergraph. This type of process is introduced in [11] and is called a Piecewise

Stationary Process. An important problem in this work is to find the pieces, i.e. sub-

graphs, and the algorithm given in the same work [11] aims to extract those subgraphs,

which uses process values and groups together the vertices with the same activation

pattern throughout the realizations of the process. This contrasts with our work on

estimating the subgraphs, where we utilize the covariance matrix of the process.

The term "local stationarity" occurs in several occasions in the GSP literature in the

works of Girault et al. [54, 57] and Scalzo et al. [19]. In [57], the criterion for being

a LSP is rather strict since the local power spectrum in (2.16) of the signal should be

the same for every localization of the signal using localized atoms gi,m where i,m are

the indices denoting the vertex number and scale of the localized atoms. The scale

in this discussion is usually controlled by shifting frequency bands of a single kernel.

As explained in Section 2.2, the spread of the function should decrease as frequency

increases because the kernel rapidly changes.

Sx(i,m) = E[| < x,gi,m > |2] (2.16)

Thus, even for WSS signals this condition may not be satisfied as pointed out in
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[57]. However, this definition of spectrum is useful for estimating the power spectral

density of a WSS signal.

In [19], a stochastic process x is called LSP if, within each specified neighborhood Vk,

the mean, variance and correlations between the vertices is constant. This condition

is given in (2.17).

E[xv] = mk, E[x2
v] = σ2

k, E[xvxw] = ρk, ∀v, w ∈ Vk (2.17)

Although this condition is weaker than that of Girault, which assumes that (2.16)

is a constant mapping, it coincides with our definition in the case where the weight

function W is a constant function with constant membership within Vk. Hence, it is

still more strict than our definition.
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CHAPTER 3

LOCALLY STATIONARY GRAPH PROCESSES

In this chapter, we will introduce the proposed LSGP model, together with a compre-

hensive analysis.

3.1 Locally Stationary Graph Processes

We propose a locally stationary graph process model of the form

x =
K∑
k=1

GkUGhk(ΛG)U
T
Gw (3.1)

where the process x ∈ RN of interest is obtained by filtering a white noise process

w ∈ RN of unit variance. Here, the overall filtering operation on the white process

is expressed in terms of K graph filters of the form UGhk(ΛG)U
T
G , each of which

is defined by the kernel hk(λ). For each k, the term UGhk(ΛG)U
T
Gw is an individ-

ual WSS graph process, which forms a “component” of our locally stationary graph

process model. The matrices Gk ∈ RN×N are diagonal matrices representing the

“membership” of the overall process x with respect to each component WSS process:

For each n-th node, the n-th diagonal entry Gk(n, n) indicates how much the k-th

component process contributes to the overall process x. Note that an analogy can be

drawn between (3.1) and the classical locally stationary time process model in (2.13),

such that the filter coefficients at,T in (2.13) would correspond to the graph filters

UGhk(ΛG)U
T
G in (3.1). While the local behavior of the process model is captured by

the dependence of the filters at,T on the time instant t in (2.13), in (3.1) it is captured

by the membership matrices Gk whose n-th entries define the local behavior of the

process at the n-th graph node.
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In (3.1) we do not make any general assumptions about the spectral characteristics

of the graph filters hk(·) defining the model. In return, in order to provide the model

with a meaningful notion of local stationarity, one must ensure that the statistics of the

process change smoothly between neighboring nodes. We achieve this by imposing

that the membership functions of the process vary slowly on the graph: Defining the

vectorized form gk ∈ RN of the diagonal matrices Gk such that gk(n) = Gk(n, n),

the vector gk can be regarded as a membership function on the graph, which identifies

how much each graph node conforms to the k-th component process model. An upper

bound on the term gT
kLGgk then determines the rate at which the membership function

gk varies on the graph. This motivates the following definition of locally stationary

graph processes (LSGP):

Definition 2 (Locally Stationary Graph Process). A stochastic graph signal x is called

a locally stationary graph process (LSGP) with variation rate C, if it can be expressed

as

x =
K∑
k=1

GkUGhk(ΛG)U
T
Gw (3.2)

such that gT
kLGgk ≤ C and ∥hk(ΛG)∥2F = 1, for k = 1, . . . , N .

Let hk ∈ RN denote the vectorized form of the diagonal entries of hk(ΛG) such

that hk(n) = hk(ΛG)(n, n). In the above definition, the normalization condition

∥hk(ΛG)∥2F = 1 (or equivalently ∥hk∥ = 1) on the filter kernels is imposed in order

to avoid the scale ambiguity arising from the product of the membership values gk

with the amplitudes of the kernels hk.

In this construction, given an unweighted finite ring graph with T + Q − 1 nodes,

it is possible to obtain a special instance of the time process model in (2.13) as the

last T observations on the graph, with indices ranging from 0 to T − 1. Therefore,

for each time instant, at,T is restricted to have Q coefficients and be a causal FIR

filter. Under these conditions, we impose that at,T and f satisfy the weak assumptions

presented in [9]. To recover this process using (3.2), let the membership functions and

component kernels be defined as per (3.3). It is assumed that membership functions

are 0 outside the nodes corresponding to the [0, T − 1] interval.
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h̃k(λ) = λk−1

hk(λ) = h̃k(λ)/∥h̃k (ΛG) ∥2

gk(t) = ∥h̃k (ΛG) ∥2 · at,T (k − 1)

k ∈ {1, 2, . . . , Q} and t ∈ {0, 1, . . . , T − 1}

(3.3)

The variation rate of this process is bounded, if the number of samples, T , is finite.

This is due to the fact that the kernel, f , has bounded variation over the (0, 1] interval

and the deviation of the FIR filter coefficients at,T (j) from f is assumed to be bounded

at each node instant. Therefore, the LSGP defined on a ring graph according to (3.3) is

equivalent to the LSP in (2.13), when at,T (i) are chosen as the coefficients of a causal

FIR filter with Q-taps. This shows that the proposed LSGP model (3.2) generalizes

locally stationary time processes to graph domains.

3.1.1 Vertex-Frequency Spectrum

In classical time series analysis, a locally stationary time process is associated with a

time-frequency spectrum At,T as in (2.14). We now show that the notion of vertex-

frequency spectrum can be generalized to LSGPs as well.

Theorem 1 (Vertex-Frequency Spectrum). A locally stationary graph process with

variation rate C can be expressed as x = Hw, where the filter

H =
K∑
k=1

GkUGhk(ΛG)U
T
G

can be written in the form

H = (UG ◦M)UT
G (3.4)

where M =
∑K

k=1 gkh
T
k . Here the matrix M ∈ RN×N identifies the vertex-frequency

spectrum of the process, such that M(n, i) gives the local spectrum for the i-th graph

frequency λG(i) at graph node n. For each graph frequency λG(i), the local spectrum

M(·, i) has bounded variation over the whole graph when regarded as a graph signal,

such that the total variation of the local spectra is upper bounded as

tr(MTLGM) ≤ K2C.
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Proof. We first present the following lemma, which is due to [58].

Lemma 1. For any A,B ∈ RN×M and diagonal matrices D,E, the following equal-

ity holds

D(A ◦B)E = A ◦ (DBE).

Taking D = Gk, A = UG , B = 1N×N and E = hk(ΛG) in Lemma 1, we have

H =
K∑
k=1

GkUGhk(ΛG)U
T
G =

K∑
k=1

Gk(UG ◦ 1N×N)hk(ΛG)U
T
G

=
K∑
k=1

(
UG ◦ (Gk 1N×N hk(ΛG))

)
UT

G

=

(
UG ◦

(
K∑
k=1

Gk 1N×N hk(ΛG)

))
UT

G

(3.5)

where the third and the fourth equalities follow respectively from Lemma 1 and the

linearity of the Hadamard product. Defining

M =
K∑
k=1

Gk 1N×N hk(ΛG) (3.6)

we arrive at the equality in (3.4).

The matrix M in (3.6) can equivalently be written as M =
∑K

k=1 gkh
T
k . We then

observe that each i-th row of M is given by
∑

k gk(i)h
T
k , hence represents the over-

all spectrum at node i resulting from the contributions of all individual spectra hk

weighted by the membership gk(i) of the i-th node to the k-th model. Therefore,

the matrix M provides the vertex-frequency spectrum of the locally stationary graph

process x.

We next bound the variation of the local spectra on the graph as follows. Writing

tr(MTLGM) =
K∑

i,j=1

tr(hig
T
i LGgjhj

T ) =
K∑

i,j=1

gT
i LGgjtr(hih

T
j ) (3.7)
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and noting that tr(hih
T
j ) = ⟨hi,hj⟩ ≜ hT

i hj , we have

tr(MTLGM) = |tr(MTLGM)| =

∣∣∣∣∣
K∑

i,j=1

gT
i LGgj ⟨hi,hj⟩

∣∣∣∣∣
≤

K∑
i,j=1

∣∣gT
i LGgj

∣∣ |⟨hi,hj⟩| ≤ C
K∑

i,j=1

|⟨hi,hj⟩| ≤ K2C

(3.8)

where the last two inequalities follow from the Cauchy-Schwarz inequality and the

fact that LG is a positive semi-definite matrix.

An immediate implication of Theorem 1 is that the vertex-frequency spectrum M

of a locally stationary graph process is the counterpart of the time-frequency spec-

trum At,T for locally stationary time processes; hence, M defines a vertex-varying

spectrum for LSGPs. Noticing that a WSS graph process is always an LSGP due to

Definition 1, it is easy to verify that the vertex-frequency spectrum M of a WSS graph

process takes the trivial form of a rank-1 matrix with identical row vectors.

An illustration of the ideas presented here is shown in Fig. 3.1. First a LSGP has been

constructed on a randomly generated graph (see Section 6.1.1 for details of graph con-

struction.). The component kernels, which are cubic polynomial filters with low-pass

characteristics in this case, are shown in Fig. 3.1(b). We let membership functions be

constant on a subgraph and decrease smoothly towards other subgraphs as shown in

Fig. 3.1(a). Since the area where the membership functions blend is relatively small

with respect to the subgraphs the vertex-frequency behaviour of separate polynomials

is observable in the vertex-frequency spectrum as seen in Fig. 3.1(c). Some example

realizations generated with the given model can be seen Fig. 3.1(d)-3.1(e). Notice the

variation of the graph signal on the nodes, demonstrating the variation of the mem-

bership functions.

3.1.2 Extension and Restriction of LSGPs

In the analysis of graph signals, a question of interest is whether a signal model de-

fined on a graph can be extended to larger graphs in a mathematically consistent way,

e.g. as would be required in applications where new nodes are added to the graph.
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Similarly, one may be interested in restricting the signal model to a subgraph of the

original graph as well, e.g. due to node removal. In this section, we discuss the ex-

tension and restriction of locally stationary graph process models, and show that the

family of LSGPs are sufficiently comprehensive so as to permit their extension and

restriction to larger and smaller graphs by still remaining in the class of LSGP models.

Let us consider a graph G = (V , E ,W) with a given subgraph Gs = (Vs, Es,Ws). The

relation between the subgraph Gs and the supergraph G can be represented through

an inclusion map ι = (ιv, ιe, ιw) : Gs ↪→ G, where ιv, ιe, and ιw denote the inclusion

maps defined over the vertices, edges, and edge weights, respectively. One can then

define a binary selection matrix Ss ∈ {0, 1}|Vs|×|V| such that Ss(vs, v) = 1 whenever

ιv(vs) = v,∀vs ∈ Vs for a given enumeration of the vertices in Vs and V .

3.1.2.1 Extension of LSGPs

We consider an LSGP xs on the subgraph Gs defined by the kernels hs,k and the

membership functions gs,k for k = 1, . . . , K. Due to Theorem 1, the process xs can

be expressed in terms of its vertex-frequency spectrum as

xs =

(
UGs ◦

K∑
k=1

gs,kh
T
s,k

)
UT

Gs
ws (3.9)

where ws ∈ R|Vs| is a unit-variance white process. In order to extend the process

xs to the supergraph G, in addition to the inclusion map ι in the vertex domain,

we will also make use of an inclusion map in the frequency domain, defined as

ι̂ : {1, 2, . . . , |Vs|} ↪→ {1, 2, . . . , |V|}. The inclusion map ι̂ determines how the

frequencies in the spectrum of LGs should relate to those of LG . We maintain a

generic setting by treating ι̂ as an arbitrary injection, whose selection is in fact a

matter of choice among several possible strategies. The spectral selection matrix

Ŝ ∈ {0, 1}|Vs|×|V| associated with ι̂ is given by Ŝ(vs, v) = 1 for ι̂(vs) = v.

We can then define the extension of the process model xs to the supergraph G as

x =

(
UG ◦

K∑
k=1

ST
s gs,kh

T
s,kŜ

)
UT

Gw. (3.10)

The extended process model is thus obtained by extending the membership functions
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and the kernels to the graph G, respectively as gk = ST
s gs,k and hk = ŜThs,k. Notic-

ing that the choice of ι̂, and thus Ŝ, determines the vertex-frequency spectrum of the

extended process x, the extension operation in (3.10) is observed to define an injec-

tive map between the set of LSGPs on the subgraph Gs and the set of LSGPs on G by

retaining the model order K. The adoption of the normalized graph Laplacian in our

process model provides a convenient basis for the extension procedure in (3.10) due

to the boundedness of its eigenvalues. It can be verified that the extended process x

takes the value 0 on the nodes in V \ Vs.

The extension from multiple subgraphs without data loss is also possible if the sub-

graphs are disjoint. Let {Gsi}Si=1 be the subgraphs of G such that Vsi ∩ Vsj =

∅, i ̸= j and let us define LSGPs xsi corresponding to the ith subgraph. Assume

that each xsi is generated by the membership function and component kernel pairs(
{gsi,k}Kk=1, {hsi,k}Kk=1

)
. Moreover, for each i, we have a vertex selection matrix Si

corresponding to Gsi and a spectral selection matrix Ŝi associated by the inclusion ι̂i.

Under these constraints and definitions, the joint extension of the processes on the

subgraphs can be expressed as

x =

(
UG ◦

S∑
i=1

K∑
k=1

ST
si,k

gsi,kh
T
si,k

Ŝsi,k

)
UT

Gw. (3.11)

The constraint that the subgraphs are disjoint allows for the extension without data

loss by virtue of each subgraph having a mutually exclusive selection matrix. Conse-

quently, the rows of the vertex-frequency spectrum are filled without overlap. Similar

to the extension from a single subgraph, in this case, we can obtain membership

functions and component kernels on the supergraph G as gi(K−1)+k+1 = ST
si
gsi,k and

hi(K−1)+k+1 = ŜT
si
hsi,k. This approach generates at most KS membership functions

on the supergraph.

If the selected subgraphs have overlapping nodes, i.e., ∃i, j, Vsi ∩Vsj ̸= ∅, the exten-

sion in (3.11) introduces an LSGP on G defined by the extended membership func-

tions and component kernels on the supergraph. However, this may lead to data loss,

if the frequency content of the subgraph processes is supported across all graph fre-

quencies. In this case, the composition of restriction and extension will not result in
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preservation of the original processes xsj and xsi as highlighted in Remark 1.

3.1.2.2 Restriction of LSGPs

We next consider an LSGP x on the supergraph G given by

x =

(
UG ◦

K∑
k=1

gkh
T
k

)
UT

Gw. (3.12)

Based on the node and vertex mappings ι and ι̂, we define the restriction of x to the

subgraph Gs as

xs =

(
UGs ◦

K∑
k=1

Ssgkh
T
k Ŝ

T

)
UT

Gs
ws. (3.13)

Similarly to the extension procedure, we define the model parameters of the restricted

process xs as gs,k = Ssgk and hs,k = Ŝhk, which identify its vertex-frequency spec-

trum. Hence, the restriction operation defines a surjective map between the set of

LSGPs on the supergraph G and the set of LSGPs on the subgraph Gs. The formu-

lation in (3.13) reveals that the model order of the restricted process is at most K;

however, due to the potential loss of information in restriction, the resulting process

may occasionally be represented with a smaller order.

It should be noted that, restricting a process to a subgraph of G can potentially lead

to data loss in the process residing on the graph. This data loss may be prevented by

restricting the process on several subgraphs possibly having overlapping nodes.

For most graph topologies, the extension procedure defined in (3.10) and the restric-

tion procedure in (3.13) do not preserve the signals located on the vertices of the

subgraph. A notable exception to this occurs when the graph is composed of several

connected components. Under this condition, the eigenvector matrix of the super-

graph is block diagonal, where each block corresponds to the eigenvector matrix of

a connected component within the graph. Therefore, the restriction and extension

procedures will preserve the signals on the connected components, as long as the fre-

quency selection matrix retains the frequencies of the connected component properly.

Inspired by this discussion, the accuracy of the extension and restriction process can

be associated with the eigenvalue gap of the graph Laplacian matrix of the discon-
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nected graph, particularly when considering the problem on subgraphs that are con-

nected with edges with relatively low weights. Thus, in certain applications, it be-

comes possible to learn the process on the subgraph and extend it to a supergraph by

the simple procedure in (3.10), with some accuracy.

Remark 1. Following the definitions of the extension and restriction operations, a

pertinent question is whether the extension of a process xs from Gs to G, followed by

its restriction back to Gs preserves the original process xs. Under the mild assump-

tion that the matrix (SsUGŜ
T ) ◦UGs has no zero entries, it is easy to show that the

consequent application of the operations in (3.10) and (3.13) lead to an identity mor-

phism on the set of LSGPs on Gs with model order K, hence ensures that the process

xs is preserved. The assumption that (SsUGŜ
T ) ◦UGs should have nonzero entries is

very likely to be met for irregular graph topologies consisting of a single connected

component, since the eigenvectors of the graph Laplacian do not typically contain

zero entries in this case.
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Figure 3.1: LSGP Model
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CHAPTER 4

LEARNING LSGP MODELS

In Section 3.1, we proposed a model for locally stationary graph processes and ex-

amined some of its properties. We next study the problem of learning LSGPs in this

chapter. We propose a framework for computing an LSGP model from a set {xl}Ll=1

of L graph signals that are considered as realizations of a process x. Our aim is then to

compute a process model of the form (3.2). In many practical applications, the graph

signals of interest can be only partially observed; hence, we address a flexible setting

where the given realizations xl ∈ RN of the process may contain missing values.

4.1 Polynomial Approximation of WSS Components

In this section, we will propose an optimization problem to obtain an LSGP model

whose component processes are generated from the polynomial kernels.

4.1.1 Algorithm

We consider that the value xl(i) of the realization is known at a subset of the graph

nodes i ∈ {1, . . . , N}. Let us denote as I l the index set of the nodes i where xl(i) is

known. In order to compute an LSGP model, we first obtain a sample covariance esti-

mate Ĉx of the covariance matrix Cx of the process from the available observations.

Our approach is then based on learning a process model by fitting the parameters of

the LSGP in (3.2) to the covariance estimate Ĉx. The covariance matrix of the graph

process x = Hw as defined in Theorem 1 is given by

Cx = E[xxT ] = HHT (4.1)
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assuming that w is a zero-mean white process with unit variance. We then propose to

learn the process model by solving the following optimization problem:

minimize
{gk}Kk=1,{hk}Kk=1

||Ĉx −HHT ||2F + µ1 tr(GTLGG)

subject to G = [g1 . . . gK ], H =
K∑
k=1

GkUGhk(ΛG)U
T
G .

(4.2)

The above optimization problem is motivated by the local stationarity definition in

Definition 2. The first term in the objective function enforces the covariance matrix

Cx = HHT of the learnt process model to fit the initial empirical estimate Ĉx. Gath-

ering all membership functions gk in the matrix G ∈ RN×K , the second term aims to

reduce the variation rate C of the locally stationary process as much as possible, so

that the process statistics change smoothly throughout the graph.

One can observe that the optimization problem in (4.2) is difficult to solve as it is

nonconvex and it involves 2NK optimization variables. In order to put the problem

in a more tractable form, we first constrain the graph kernels hk(·) to be polynomial

functions, which is a common choice due to its various convenient properties such as

good vertex-domain localization [47]. The entries of the spectrum vector hk are then

of the form

hk(i) =

Q−1∑
q=0

bq,kλ
q
G(i) (4.3)

where λq
G(i) denotes the q-th power of the i-th graph frequency λG(i); and bq,k are

polynomial coefficients. Let us define the polynomial coefficient vector

bk = [b0,k b1,k . . . bQ−1,k]
T ∈ RQ

of the k-th kernel, as well as the overall coefficient vector b = [bT
1 bT

2 . . . bT
K ]

T ∈
RQK . Let also g = [gT

1 gT
2 . . . gT

K ]
T ∈ RNK denote the vectorized form of the

matrix G. Then we propose to relax the nonconvex problem (4.2) into a convex one,

by introducing the new optimization variables

Γ = ggT ∈ RNK×NK , B = bbT ∈ RQK×QK . (4.4)

In Section 4.1.2, we show that the term HHT can be directly expressed as a function

of Γ and B; and the term tr(GTLGG) can be written as a linear function of Γ. We
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can thus define the functions f1(Γ,B) = ||Ĉx −HHT ||2F and f2(Γ) = tr(GTLGG)

representing the first and the second terms of the objective in (4.2). Meanwhile, for

the decompositions in (4.4) to be valid, the matrices Γ and B need to be rank-1 and

positive semi-definite. We thus propose to relax the original problem (4.2) into the

optimization problem

minimize
Γ,B

f1(Γ,B) + µ1f2(Γ) + µ2tr(B) + µ3tr(Γ)

subject to Γ ∈ SNK
+ , B ∈ SQK

+

(4.5)

where Sn
+ denotes the cone of n×n positive semi-definite matrices and µ1, µ2, µ3 are

positive weight parameters. The terms tr(B) and tr(Γ) in the objective function give

the nuclear norms of the positive semi-definite matrices B and Γ, aiming to minimize

their ranks by providing a relaxation of the rank-1 constraint.

The term f1(Γ,B) in (4.5) is quadratic individually in Γ and in B, and the term

f2(Γ) is linear in Γ. While the overall objective function is not jointly convex in Γ

and B, it is convex in only Γ and only B. We propose to minimize the objective

iteratively with an alternating optimization procedure. In each iteration, we first fix Γ

to optimize B, and then fix B to optimize Γ with semi-definite programming (SDP)

[59] by linearizing the quadratic functions. Once Γ and B are found in this way, the

model parameter vectors g and b are computed through their rank-1 approximations

via SVD. The filter H can then be computed from g and b using the relations in

(3.4) and (4.3). The proposed method for learning LSGP models is summarized in

Algorithm 1.

4.1.2 Optimization Problem in Explicit Form

Here we derive the explicit expressions for the terms f1(Γ,B) and f2(Γ) appearing

in our problem formulation in Section 4.1.1. Defining Hk =
∑Q−1

q=0 bq,kL
q
G , we have

H =
∑K

k=1 GkHk, which gives

HHT =
K∑
k=1

K∑
l=1

GkHkH
T
l G

T
l

=
K∑
k=1

K∑
l=1

Q−1∑
q=0

Q−1∑
r=0

Gkbq,kbr,lL
q+r
G Gl.

(4.6)
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Algorithm 1 Learning LSGP models
Input: Graph G, process realizations {xl}Ll=1, number of process components K

Output: LSGP model parameters gk, hk, M, H

procedure learnLSGP(G, {xl}Ll=1, K)

1: Compute sample covariance estimate Ĉx from {xl}Ll=1

2: Estimate second order local filter parameters Γ,B by solving (4.5) in an alter-

nating manner

3: Find g and b with rank-1 decompositions of Γ and B

4: Compute kernels {hk}Kk=1 using (4.3)

5: From {gk}Kk=1 and {hk}Kk=1, compute M =
∑K

k=1 gkh
T
k

6: Estimate H from (3.4)

We proceed by defining Zk = [0N×N . . . IN×N . . . 0N×N ]∈ RN×NK which contains

the identity matrix in its k-th block. We then have ZkΓZ
T
l = gkg

T
l . Again using

Lemma 1, we set D = Gk, E = Gl, A = bq,kbr,lL
q+r
G , B = 1N×N , and manipulate

the resulting equation as in Section 3.1.1 to obtain

HHT =
K∑
k=1

K∑
l=1

Q−1∑
q=0

Q−1∑
r=0

Gkbq,kbr,lL
q+r
G Gl

=
K∑
k=1

K∑
l=1

Q−1∑
q=0

Q−1∑
r=0

(ZkΓZ
T
l ) ◦ (bq,kbr,lL

q+r
G ).

(4.7)

Hence, HHT is shown to be a function of Γ. In order to obtain the dependence of

HHT on B, we define the matrix

Yk = [0Q×Q . . . IQ×Q . . . 0Q×Q]
T ∈ RQK×Q

which contains the identity matrix in its k-th block, and the vector eq = [0 . . . 1 . . . 0]T ∈
RQ×1, which contains the value 1 in its q-th entry. We thus obtain the function

f1(Γ,B) = ||Ĉx −
K∑
k=1

K∑
l=1

Q−1∑
q=0

Q−1∑
r=0

(ZkΓZ
T
l )

◦ (eTq+1Y
T
k BYler+1L

q+r
G )||2F

(4.8)

in terms of Γ and B.
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Next, for the term f2(Γ), we first observe that f2(Γ) = tr(GTLGG) =
∑K

k=1 g
T
kLGgk.

Writing LG =
∑N

i=1 λG(i)uiu
T
i and using the equality gkg

T
k = ZkΓZ

T
k , we obtain

the explicit form of the term f2(Γ) in (4.5) as

f2(Γ) = tr(GTLGG) =
K∑
k=1

N∑
i=1

λG(i)u
T
i ZkΓZ

T
kui. (4.9)

4.1.3 Complexity Analysis of the Algorithm

We next analyze the complexity of the method proposed in Algorithm 1 for learn-

ing LSGP models. The complexity of the preliminary step of finding the eigen-

value decomposition of LG is O(N3). The sample covariance estimation in Step-

1 has complexity O(N2L). The most significant stage of the algorithm is Step-2,

where we compute the Γ and B matrices by solving the optimization problem (4.5)

based on semidefinite programming (SDP). The commonly used HKM algorithm can

be taken as reference for the solution of SDP problems [60], whose complexity is

O(mn3 + m2n2) with m and n respectively denoting the number of equality con-

straints and the number of variables. Hence, the complexity of the alternating stages

of solving for Γ and B can be obtained as O(poly(N)K2) and O(poly(K)Q6) re-

spectively, where poly(·) denotes at least cubic polynomial complexity. Next, the

complexity of computing rank-1 decompositions for obtaining the model parameters

in Step-3 is O(N3K3) for g and O(K3Q3) for b. The evaluation of the polyno-

mial functions in Step-4 requires Θ(NKQ) operations. Once the filter kernels hk

are found, Step-5 can be executed with a complexity of O(N2K). Finally, the es-

timation of the operator H from M in Step-6 has complexity O(N3). Hence, as-

suming that K,Q ≪ N , the overall complexity of the algorithm can be reported as

O(poly(N)K2).

Remark 2. In the above analysis, the primary computational bottleneck of Algorithm

1 is seen to be Step-2, which has polynomial complexity in the number of nodes N .

The high complexity in N stems mainly from the nonparametric formulation of the

membership functions in our model, which results in N optimization variables to

solve for, for each gk vector. In applications involving large networks, the computa-

tional complexity of the algorithm can be alleviated through several strategies. For

instance, the membership functions gk can be formulated in a parametric form with
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a relatively small number of parameters, e.g., in terms of a linear combination of a

small set of localized and smoothly varying graph signal prototypes, such as graph

wavelets [53] and heat kernels [55]. This would significantly reduce the complexity

of Step-2, while preserving the locality and smoothness properties of the membership

functions over the graph. Another strategy would be to locally approximate the graph

with a smaller subgraph and learn a simpler model on the small graph. This idea is

elaborated in detail in Chapter 5.

4.1.4 Optimization Details

To solve the program defined in (4.5), the CVX package on MATLAB is utilized

[61,62]. The problem in (4.5) consists of a Quadratic Program (QP) with semidefinite

constraints, which with some effort can be turned into a Second Order Cone Program

(SOCP) [63]. In this section, we will show how the optimization can be done without

using the CVX package. Without loss of generality, assume B is kept fixed. Let γ be

the vectorization of Γ. Then the program in (4.5) can be written in vector form as

minimize
γ

γTQγ + bTγ

subject to Γ ∈ SNK
+

(4.10)

for some Q,b that make (4.10) and (4.5) equivalent. The solution of the problem

in (4.10) can be achieved in two alternative ways. There are several works dedi-

cated to the solution of Quadratic SDPs, that have quadratic optimization problems

with semidefinite constraints [64, 65]. Another approach is to define a mapping to

convert the QP to an SOCP. To define this first decompose Q = QT
DQD, where

QD ∈ Rrank(Q)×N2K2 . Such a decomposition can be made with SVD or QR decom-

position [66]. Moreover, define the variable [63]

z =


2QDγ

zr+1

zr+2

 (4.11)

where r = rank(Q). Then (4.10) becomes equivalent to
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minimize
z,γ

zr+2 + bTγ

subject to Γ ∈ SNK
+ , zr+1 + zr+2 = 2

z1:r = 2QDγ, zr+2 ≥ ||z1:r+1||

(4.12)

The problem in (4.12) can be solved with the SDPT3 [67] which has the ability to

solve mixture of conic constraints using primal-dual interior point methods, whose

updates are arising from Gauss-Newton iteration. We have demonstrated how the

CVX reconstructs the problem inside [68]. Another approach is to write the QP as an

SDP. Notice that, any problem in an SOCP form can be written as a SDP [69] with

the following trick. First, convert the problem in (4.10) to the epigraph form, i.e.

minimize
t,γ

t

subject to Γ ∈ SNK
+ , t ≥ γTQγ + bTγ.

(4.13)

Then by the Schur complement test for semidefiniteness given in [70], the problem is

converted into a SDP as shown in (4.14) [69].

minimize
t,γ

t

subject to Γ ∈ SNK
+ ,

Irank(Q) QDγ

γTQT
D t− bTγ

 ∈ Srank(Q)
+

(4.14)

Typically, rank(Q) = N2, since Cx has N2 entries; therefore, the problem has high

complexity. (4.14) can be solved with existing methods that are used to solve linear

SDPs in the literature [71], since now it is converted to a SDP problem.

Notice that the same conversion can be made for B, in which case QD ∈ Rrank(Q)×K2Q2 ,

where rank(Q) is typically K2Q2.
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CHAPTER 5

LOCALLY APPROXIMATING LSGPS WITH WSS PROCESSES

In Section 4.1, we have proposed a method for learning an LSGP model from re-

alizations of the process. The statistics of data sets collected on large networks are

in practice likely to vary gradually throughout the network, which justifies the as-

sumption of local stationarity. On the other hand, a common problem in graph signal

processing is the potential complexity of learning graph signal models over a whole

network as the network size increases, which is illustrated by the complexity analysis

of Algorithm 1 as well. Motivated by these observations, in this chapter we explore a

constructive approach for handling local stationarity in large graphs. Our approach is

based on partitioning a given graph G into a set of K disjoint subgraphs {Gk}Kk=1. We

consider the LSGP model in (3.2) and express the process x on the original graph G
as x =

∑K
k=1Gkxk, where each component process

xk = UGhk(ΛG)U
T
Gw

is a WSS graph process. We then would like to partition G such that the process

x can be approximated through only the component process xk over each subgraph

Gk. The feasibility of such an approximation of course depends on the specific LSGP

model at hand; in particular, the structure of the membership functions gk and the

characteristics of the kernels hk of the component processes. In Section 5.1, we

explore the conditions on gk and hk that permit accurate local approximations of x

with WSS processes as above. We then study the covariance matrix Cx of the process

x and show that, under these conditions, the process x is weakly correlated across

different subgraphs Gk. Finally, these theoretical findings give rise to an algorithm in

Section 5.2 for suitably partitioning a graph G based on the covariance of the LSGP x

on G, and locally approximating the LSGP with a WSS process xk on each subgraph.
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5.1 Covariance Analysis of LSGPs

We consider a graph G = (V , E ,W) with N nodes. Let {Gk}Kk=1 be disjoint sub-

graphs with vertex sets {Vk}Kk=1 such that
⊔K

k=1 Vk = V . For each subgraph Gk,

let Sk ∈ {0, 1}|Vk|×N denote a binary selection matrix representing an inclusion

map between Gk and G as defined in Section 3.1.2. We consider an LSGP x =∑K
k=1 GkUGhk(ΛG)U

T
Gw on graph G whose membership functions gk’s have the

following property:

Assumption 1. Each membership function gk is localized over the subgraph Gk such

that there exist constants δ, µ, γ > 0 with |SkGm| ≼ δSk for k ̸= m, and µSk ≼

SkGk ≼ γSk for k = 1, . . . , K.

According to the above assumption, each membership function gk must be relatively

strong on the corresponding subgraph Gk as lower bounded by the parameter µ, while

it should take weaker values on the other subgraphs Gm as upper bounded by the

parameter δ. The parameter γ represents an upper bound that prevents gk from taking

unbounded values.

We first wish to determine how well the process x can be approximated by the com-

ponent processes xk, which we characterize in terms of their second-order statistics.

Let

Cxkxm = E[xkx
T
m]

denote the cross-covariance matrix between the component process xk and xm. In

the next main result, we provide a bound on the deviation between Cx and the cross-

covariances Cxkxm of the component processes.

Theorem 2. Let Assumption 1 hold for the LSGP x. Then for all k,m ∈ {1, . . . , K},
the cross-covariances Cxkxm of the components of x approximate the overall covari-

ance Cx according to the following bound:

|SkG
†
kCx(G

†
m)

TST
m − SkCxkxmS

T
m|

≼

(
2(K − 1)

δ

µ
+ (K − 1)2

(
δ

µ

)2
)
1|Vk|×|Vm|

(5.1)
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Before proceeding, let us introduce the following lemmas which we are going to use

in the proof.

Lemma 2. For any matrices U,A,V of compatible size such that UAVT ∈ RM×N ,

the inequality |UAVT | ≼ |U||A||VT | is satisfied.

Proof. Let us denote the n-th rows of U and V respectively as uT
n and vT

n . We then

have

UAVT =


uT
1Av1 uT

1Av2 · · · uT
1AvN

uT
2Av1 uT

2Av2 · · ·
...

...
... . . . ...

uT
MAv1 · · · · · · uT

MAvN

 .

For any (i, j) index pair, we obtain

|uT
i Avj| =

∣∣∣∣∣∑
k

∑
l

A(k, l)uT
i (k)vj(l)

∣∣∣∣∣
≤
∑
k

∑
l

|A(k, l)| |uT
i (k)| |vj(l)| = |uT

i | |A| |vj|.

It follows that |UAVT | ≼ |U||A||VT |.

Lemma 3. Let U,A,B,V be real matrices of compatible size such that UAVT ∈
RM×N and UBVT ∈ RM×N . Assume that U,V ≽ 0 and B ≼ A. Then UBVT ≼

UAVT .

Proof. Fixing any index pair (i, j), and using the same notation for row vectors as in

the proof of Lemma 2, we have

uT
i Bvj =

∑
k

∑
l

B(k, l)uT
i (k)v

T
j (l)

≤
∑
k

∑
l

A(k, l)uT
i (k)v

T
j (l) = uT

i Avj

since B ≼ A.

Proof. We can now prove Theorem 2. The cross-covariance matrix of the component

processes xk and xm is given by

Cxkxm = UGhk(ΛG)hm(ΛG)U
T
G . (5.2)
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The element-wise magnitude of the matrix Cxkxm can be bounded as

|Cxkxm| =

∣∣∣∣∣
N∑
i=1

hk(i)hm(i)uiu
T
i

∣∣∣∣∣ ≼
N∑
i=1

|hk(i)hm(i)uiu
T
i |

≼
N∑
i=1

|hk(i)hm(i)|1N×N ≼
1

2

N∑
i=1

(
|h2

k(i)|+ |h2
m(i)|

)
1N×N

≼ 1N×N

(5.3)

where the second and the fourth inequalities follow respectively from the fact that the

vectors ui and hk are unit-norm.

Next, we write the covariance matrix Cx of the process x as a weighted average of

the cross-covariances Cxkxm as

Cx =
K∑
k=1

K∑
m=1

GkCxkxmG
T
m. (5.4)

We can then bound the deviation between Cxkxm and the restriction of Cx to the

subgraphs Gk and Gm as

∣∣∣SkG
†
kCx(G

†
m)

TST
m − SkCxkxmS

T
m

∣∣∣
=

∣∣∣∣∣∣
∑

(i,j)̸=(k,m)

SkG
†
kGiCxixj

GT
j (G

†
m)

TST
m

∣∣∣∣∣∣
≼

∑
(i,j) ̸=(k,m)

|SkG
†
kGi||Cxixj

||GT
j (G

†
m)

TST
m|

≼
∑

(i,j) ̸=(k,m)

|SkG
†
kGi|1N×N |GT

j (G
†
m)

TST
m|

(5.5)

where the first and the second inequalities are due to Lemmas 2 and 3, respectively.

In order to bound the expression in (5.5) in terms of δ and µ, we next examine the

product |SkG
†
kGi| for the cases i ̸= k and i = k. Due to Assumption 1, we have

|SkG
†
kGi| ≼ 1

µ
Sk|Gi| ≼ δ

µ
Sk for i ̸= k; and |SkG

†
kGi| ≼ Sk for i = k. Using these
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inequalities in (5.5), we get∣∣∣SkG
†
kCx(G

†
m)

TST
m − SkCxkxmS

T
m

∣∣∣
≼

∑
(i,j)̸=(k,m)

|SkG
†
kGi|1N×N |GT

j (G
†
m)

TST
m|

=
∑

i ̸=k,j=m

|SkG
†
kGi|1N×N |GT

j (G
†
m)

TST
m|∑

i=k,j ̸=m

|SkG
†
kGi|1N×N |GT

j (G
†
m)

TST
m|

+
∑

i ̸=k,j ̸=m

|SkG
†
kGi|1N×N |GT

j (G
†
m)

TST
m|

≼

(
2(K − 1)

δ

µ
+ (K − 1)2

(
δ

µ

)2
)
Sk1N×NS

T
m

=

(
2(K − 1)

δ

µ
+ (K − 1)2

(
δ

µ

)2
)
1|Vk|×|Vm|

(5.6)

which concludes the proof.

Theorem 2 compares the covariance Cx of the process x (normalized by the inverse

membership functions for appropriate scaling) with the cross-covariance Cxkxm of

the component processes, when locally restricted to the nodes on the subgraphs Gk
and Gm. Note that by choosing k = m, the statement of the theorem pertains to the

approximation of Cx by the covariance Cxk
of the component process xk on the sub-

graph Gk. The theorem implies that as the ratio δ/µ decreases, which is a measure

of how much the supports of the memberships gk’s are restricted to the subgraphs

Gk’s, the covariance of x can be more accurately approximated by the covariances of

xk’s. This result brings about the possibility of identifying suitable subgraphs Gk’s

such that the LSGP x can be approximated with the WSS process xk when restricted

to the subgraph Gk. However, in order to accurately simplify the problem of com-

puting an LSGP model x to the computation of independent WSS process models xk

on smaller subgraphs, the processes {xk} must be weakly correlated with each other;

i.e., the covariance matrix Cx must have negligible entries over its off-diagonal blocks

corresponding to Cxkxm for k ̸= m. In order to establish this condition, in addition

to Assumption 1, the kernels {hk}must also be sufficiently different from each other,

which we characterize via their spectral separation in the following assumption:
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Assumption 2. For all k,m ∈ {1, 2, . . . , K} with k ̸= m, the spectral supports of

the kernels hk,hm are separated from each other such that
∑N

i=1 |hk(i)hm(i)| ≤ ϵ.

The parameter ϵ ≥ 0 in Assumption 2 is thus a spectral separation parameter ensuring

the incoherence of the kernels hk. The dissimilarities of the membership functions

gk’s as well as the separation of the kernels hk imposed by Assumptions 1 and 2 then

guarantee an upper bound on the process cross-covariance values across different

subgraphs, which is stated in the next main result.

Theorem 3. Let Assumptions 1 and 2 hold. Then, the average squared cross-covariance

of x across different subgraphs Gk, Gm is upper bounded as

1

γ4N2

K∑
k=1

K∑
m=1
m̸=k

∑
(i,j)∈Vk×Vm

|Cx(i, j)|2 ≤
2

N
K(K − 1)ϵ2

+
2

N2

∣∣∣∣∣∣∣
K⋃
k=1

K⋃
m=1
m ̸=k

Vk × Vm

∣∣∣∣∣∣∣
(
2(K − 1)

δ

µ
+ (K − 1)2

(
δ

µ

)2
)2

.

(5.7)

Proof. We begin by observing that for any a, b ∈ R, we have

|a+ b|2 ≤ |a|2 + |b|2 + 2|ab| ≤ 2
(
|a|2 + |b|2

)
. (5.8)
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We can bound the average squared cross-covariance as

1

γ4

K∑
k=1

K∑
m=1
m ̸=k

∑
(i,j)∈Vk×Vm

|Cx(i, j)|2

≤
K∑
k=1

K∑
m=1
m ̸=k

∑
(i,j)∈Vk×Vm

gk(i)
−2 |Cx(i, j)|2 gm(j)

−2

≤ 2
K∑
k=1

K∑
m=1
m̸=k

∑
(i,j)∈Vk×Vm

∣∣gk(i)
−1Cx(i, j)gm(j)

−1

−Cxkxm(i, j)
∣∣2 + 2

K∑
k=1

K∑
m=1
m̸=k

∑
(i,j)∈Vk×Vm

|Cxkxm(i, j)|
2

≤ 2
K∑
k=1

K∑
m=1
m̸=k

∑
(i,j)∈Vk×Vm

(
2(K − 1)

δ

µ
+ (K − 1)2

(
δ

µ

)2
)2

+ 2
K∑
k=1

K∑
m=1
m ̸=k

∑
(i,j)∈Vk×Vm

|Cxkxm(i, j)|
2

(5.9)

where the last inequality is due to Theorem 2. We proceed by upper bounding the

43



cross-covariance sum as

K∑
k=1

K∑
m=1
m ̸=k

∑
(i,j)∈Vk×Vm

|Cxkxm(i, j)|
2

=
K∑
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N∑
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hk(l)hm(l)ul(i)ul(j)

∣∣∣∣∣
2

≤
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K∑
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m̸=k

∑
(i,j)∈Vk×Vm

(
N∑
l=1

hk(l)
2hm(l)

2

)

·

(
N∑

n=1

un(i)
2un(j)

2

)

=
N∑
l=1

N∑
n=1

K∑
k=1

K∑
m=1
m ̸=k

hk(l)
2hm(l)

2
∑

(i,j)∈Vk×Vm

un(i)
2un(j)

2

=
N∑
l=1

N∑
n=1

K∑
k=1

K∑
m=1
m ̸=k

hk(l)
2hm(l)

2
∑
i∈Vk

un(i)
2
∑
j∈Vm

un(j)
2

≤ N
N∑
l=1

K∑
k=1

K∑
m=1
m ̸=k

hk(l)
2hm(l)

2 ≤ NK(K − 1)ϵ2

(5.10)

where the last inequality is due to Assumption 2. Using this result in (5.9), we get the

bound stated in the theorem

1

γ4N2

K∑
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K∑
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+
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δ
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)2
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(5.11)
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In the theorem, the first term in the cross-covariance upper bound decreases with ϵ;

hence, when the kernels hk have lesser frequency content in common, the correlation

between the process values on different subgraphs Gk, Gm weakens. Next, the sec-

ond term in the upper bound reflects the effect of the localization of the membership

functions on the process cross-covariance. As each membership function gk attains

better localization on the corresponding subgraph Gk, the ratio δ/µ decreases due to

Assumption 1, weakening the covariance of the process x across different subgraphs.

While Theorem 3 guarantees an upper bound on the cross-covariance of x across

different subgraphs Gk, Gm, in order for this bound to be meaningful, it should be

assessed relatively to the covariance of x on each subgraph Gk. Therefore, our next

aim is to get a lower bound for the average strength of the process covariance Cx

over the individual subgraphs Gk. In order to ensure such a lower bound, the process

x must change sufficiently slowly on each subgraph Gk, which requires a restriction

on the bandwidths of the kernels hk as follows:

Assumption 3. The kernels hk are band-limited such that hk(i) = 0 for i > κC for

all k ∈ {1, 2, . . . , K}, where κC is a cutoff parameter with κC ∈ {1, 2, . . . , N}.

Before proceeding to our next main result, we also define the following parameters

related to the topology of G and the process characteristics:

Definition 3. Let D(i, j) denote the unweighted geodesic distance between two ver-

tices i, j ∈ V given by

D(i, j) ≜ min{n : ∃ (l0, l1, . . . , ln) such that lk ∼ lk+1

for k = 0, . . . , n− 1; lk ∈ {1, . . . , N}; l0 = i, ln = j}.

Also let wmin ≜ min
i∼j

W(i, j) denote the minimum edge weight on G, let Tn =∑
i∼j W(i, j)(un(i) − un(j))

2 denote the total variation of un on G, and let σ2
k ≜∑

i∈Vk
Cxk

(i, i) represent the total variance of the process xk on the subgraph Gk.

We can now present our last result, which gives a lower bound on the average magni-

tude of the process covariance on the individual subgraphs.

Theorem 4. Let Assumptions 1 and 3 hold. Then the average magnitude of the co-
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variance of the process x on the individual subgraphs {Gk} is lower bounded as

1

N2µ2

K∑
k=1

∑
(i,j)∈Vk×Vk

|Cx(i, j)| ≥
1

N2

K∑
k=1

|Vk|σ2
k

− 1

2N2wmin

K∑
k=1

∑
(i,j)∈Vk×Vk

D2(i, j)

κC∑
n=1

Tn

− 1

N2

∣∣∣∣∣
K⊔
k=1

Vk × Vk

∣∣∣∣∣
(
2(K − 1)

δ

µ
+ (K − 1)2

(
δ

µ

)2
)
.

(5.12)

We first present the following lemma, which will be useful for the proof of Theorem

4.

Lemma 4. The following inequality holds for all edges (i, j) ∈ E and all n ∈
{1, . . . , N}.

Tn

wmin

≥ (un(i)− un(j))
2 (5.13)

Also, for all vertex pairs (i, j) ∈ V × V ,

D2(i, j)
Tn

wmin

≥ (un(i)− un(j))
2. (5.14)

Proof. We have

Tn =
∑
i∼j

W(i, j)(un(i)− un(j))
2

≥ wmin

∑
i∼j

(un(i)− un(j))
2

≥ wmin max
i∼j

(un(i)− un(j))
2.

(5.15)

Hence, (5.13) is proved. For showing (5.14), consider a simple path (i, l1, . . . , lq−1, j)

of length q = D(i, j) between nodes i and j. Then,

D(i, j)

√
Tn

wmin

≥ |un(i)− un(l1)|+ · · ·+ |un(lq−1)− un(j)|

≥ |un(i)− un(j)|.

(5.16)

Taking the square of both sides, we get the inequality in (5.14).

We can now prove Theorem 4.
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Proof. We first obtain an expression for the total covariances of the component pro-

cesses on their corresponding subgraphs as

K∑
k=1

∑
(i,j)∈Vk×Vk

Cxk
(i, j)

=
K∑
k=1

∑
(i,j)∈Vk×Vk

κC∑
n=1

hk(n)
2 un(i)un(j)

=
1

2

K∑
k=1

∑
(i,j)∈Vk×Vk

κC∑
n=1

hk(n)
2
(
un(i)

2 + un(j)
2
)

− 1

2

K∑
k=1

∑
(i,j)∈Vk×Vk

κC∑
n=1

hk(n)
2 (un(i)− un(j))

2

(5.17)

where the first equality is due to Assumption 3. We first obtain the following relation

K∑
k=1

∑
(i,j)∈Vk×Vk

κC∑
n=1

hk(n)
2un(i)

2

=
K∑
k=1

∑
i∈Vk

κC∑
n=1

|Vk| hk(n)
2un(i)

2

=
K∑
k=1

∑
i∈Vk

|Vk|Cxk
(i, i) =

K∑
k=1

|Vk|σ2
k.

(5.18)

Next, from Lemma 4, we get

−
κC∑
n=1

hk(n)
2(un(i)− un(j))

2 ≥ −
κC∑
n=1

(un(i)− un(j))
2

≥ −D2(i, j)

wmin

κC∑
n=1

Tn.

(5.19)

Using (5.18) and (5.19) in (5.17), we obtain

K∑
k=1

∑
(i,j)∈Vk×Vk

Cxk
(i, j) ≥

K∑
k=1

|Vk|σ2
k

− 1

2wmin

K∑
k=1

∑
(i,j)∈Vk×Vk

D2(i, j)

κC∑
n=1

Tn.

(5.20)
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Finally, from Assumption 1 it follows that

1

µ2
|Cx(i, j)| ≥ |G†

k(i, i)Cx(i, j)G
†
k(j, j)|

≥ G†
k(i, i)Cx(i, j)G

†
k(j, j)

≥ Cxk
(i, j)− |G†

k(i, i)Cx(i, j)G
†
k(j, j)−Cxk

(i, j)|.

(5.21)

Using this result together with the bound in Theorem 2, we get the inequality stated

in Theorem 4.

In Theorem 4, the first term in the right hand side of (5.12) sets a reference value

for the average covariance magnitude of x when restricted to the subgraphs {Gk},
assuming that the number K of subgraphs is increased proportionally to growing

graph size N . The average covariance magnitude has limited deviation from this

reference value if the second and the third terms have restricted magnitudes. The

second term improves as the bandwidth parameter κC of the kernels decreases, while

it can also be controlled by regulating the diameters of the subgraphs {Gk}’s [72].

The third term is bounded by the localization ratio δ/µ of the membership functions

as in Theorem 3.

5.2 Algorithm

The analysis in Sec. 5.1 shows that, under certain assumptions, the second-order

statistics of an LSGP model can be approximated by those of individual locally-

defined WSS graph processes. In this section, inspired by these results, we propose

an algorithm for partitioning a given graph G into smaller subgraphs, such that an

LSGP x defined on G can be approximated by an individual WSS process xk on each

subgraph Gk. Note that the WSS process model xk on each subgraph can be obtained

by computing an LSGP model with a single component by setting K = 1.

Our partitioning algorithm relies on the results in Theorems 3 and 4 in particular.

These results state that if the LSGP model x admits a local approximation, the cross-

covariance of x across different subgraphs must be relatively weak, while ensuring a

48



lower bound on the covariance of the process on each individual subgraph. Assuming

that an initial estimate Ĉx of the covariance matrix is available, we thus propose to

inspect the covariance matrix Ĉx along with the graph topology G in order to identify

a set of subgraphs {Gk}Kk=1, such that the weak entries in Ĉx are associated with

between-subgraph cross-covariance values, and the strong entries in Ĉx correspond

to within-subgraph covariance values.

In order to determine the subgraphs {Gk}, we first use the covariance values in Ĉx

for defining a distance function ρx : E → R+ on the edges E of the graph G. The

distance function ρx(i, j) = d(Ĉx(i, j)) is computed through a continuous and even

kernel d : R→ R+ that is strictly decreasing on R+∪{0}. A suitable choice for d(x)

is the Gaussian function exp (−x2/θ), where the parameter θ adjusts the mapping

between the covariance values and the corresponding distances. Once the distance

function ρx(i, j) is obtained, we employ a graph partitioning algorithm P(G, ρx, K)

that partitions the graph G into K disjoint subgraphs {Gk}Kk=1 by cutting the edges

(i, j) associated with high distance values ρx(i, j) and retaining those with low dis-

tances. Many alternatives exist in the literature for the choice of the partitioning algo-

rithm P; an example method can be found in the study [73], where the edges in G are

progressively removed in a geometry-dependent manner based on the Ricci curvature

induced by the distance ρx. The resulting graph partitioning procedure is denoted as

partitionGraph in Algorithm 2. Once the subgraphs {Gk}Kk=1 are determined,

we construct their selection matrices {Sk}Kk=1, and restrict the realizations xl of the

original process x on G to each subgraph as xl
k = Skx

l. One can then compute a WSS

graph process on each subgraph Gk through the method described in Algorithm 1 by

setting K = 1 in the LSGP model. The overall procedure is outlined in Algorithm 2.
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Algorithm 2 Local Approximation of LSGPs
Input: Graph G = (V , E ,W), realizations {xl}Ll=1, number of subgraphs K,

distance function d, graph partitioning method P
Output: Subgraphs {Gk}, an individual LSGP model (gk,hk) on each subgraph

Gk.

1: Estimate initial covariance Ĉx from {xl}Ll=1

2: {Gk}Kk=1 ← partitionGraph
(
G, Ĉx,P , d

)
3: for k = 1, 2, . . . K

4: Construct selection matrix Sk for subgraph Gk
5: for l = 1, 2, . . . L

6: xl
k = Skx

l

7: end

8: (g,h)← learnLSGP(Gk, {xl
k}Ll=1, 1)

9: gk = g; hk = h

10: end

procedure partitionGraph(G, Ĉx,P , d)
ρx : E → R+

for (i, j) ∈ E
ρx(i, j) = d

(
Ĉx(i, j)

)
end

{Gk}Kk=1 ← P(G, ρx, K)

return {Gk}Kk=1
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CHAPTER 6

EXPERIMENTAL RESULTS

In this chapter, we evaluate the performance of the proposed algorithms on synthetic

and real world datasets.

6.1 Performance Analysis of Algorithm 1

We first study the sensitivity of the LSGP learning method proposed in Algorithm 1.

6.1.1 Sensitivity to noise level

We construct a synthetic 5-NN graph with N = 36 nodes from a 2D grid perturbed

with additive white Gaussian noise. The original grid consists of 36 points sampled

regularly from the rectangle [0, 1]2 with 6 evenly distributed points in each direction.

The noise standard deviation in each direction x, y is selected as σx = σy = 0.6√
2
. A

graph is constructed from this noisy point cloud with the edge weights determined

with the Gaussian kernel, W (i, j) = exp(− ||xi−xj ||2
θ

), where θ = 0.9. We then gener-

ate realizations of an LSGP x whose vertex-frequency spectrum is given in Fig. 3.1,

with parameters K = 3, Q = 4 on this graph according to the model (3.2). The real-

izations are corrupted with additive white Gaussian noise at different signal-to-noise

ratio (SNR) levels.

We study two problems. In the first problem, we initially compute a sample covari-

ance estimate Ĉx of the process from all available realizations, then learn a model

based on Ĉx with Algorithm 1, and finally obtain an estimate C∗
x = HHT of the

covariance according to the learnt model.
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Before learning the covariance matrix according to (4.5), we normalize the sample

covariance matrix, because while estimating unknowns with LMMSE, scale informa-

tion does not provide a factor. Therefore, we assess the covariance performance by

comparing to the normalized true covariance matrix, and look at the Frobenius norm

of the error, which is called Covariance Discrepancy (CD). In this case, note that CD

in (6.1) also measures how much the learnt covariance matrix deviates from the unit

ball as well as the deviation from correlation pattern.

CD = ||Cx −C∗
x||F (6.1)

where Cx is normalized true covariance matrix.

In the second problem, we address a scenario where 10000 realizations xl of the

process are given, with half of the values in the realizations being missing. We obtain

the covariance matrix C∗
x with the proposed LSGP method as above, and then obtain

the LMMSE estimates of the missing values in each realization xl as

ẑl = (C∗
zy)

l ((C∗
y)

l)−1 yl (6.2)

where the vectors yl and zl respectively contain the available and the initially missing

entries of each realization xl, and ẑl is the estimate of zl. The matrix (C∗
zy)

l denotes

the estimated cross-covariance of zl and yl, and (C∗
y)

l is the estimated covariance of

yl, which can be obtained by extracting the corresponding entries of C∗
x for each re-

alization xl. Defining a concatenated vector z that consists of the missing values zl in

all realizations and its estimate ẑ, we evaluate the estimation error with respect to the

normalized mean error (NME), the mean absolute error (MAE), and the mean abso-

lute percentage error (MAPE) metrics, as shown in (6.3a), (6.3b), (6.3c), respectively,

where Lz denotes the length of z.

NME =
||z− ẑ||2
||z||2

(6.3a)

MAE =
||z− ẑ||1

Lz

(6.3b)

MAPE =
1

Lz

L∑
i=1

|z(i)− ẑ(i)|
|z(i)|

(6.3c)
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Figure 6.1: (a) Variation of the covariance discrepancy with respect to the number of

realizations. (b) Variation of the estimation errors with the SNR.

The covariance discrepancies and the estimation errors in the two problems are plotted

in Fig. 6.1(a) and Fig. 6.1(b), respectively. The dashed curves in Fig. 6.1(b) are

provided as reference, showing the LMMSE estimation errors obtained with the initial

sample covariance matrix Ĉx given as input to Algorithm 1. In both figures, the

estimation performance improves with increasing SNR as expected. In Fig. 6.1(a),

the covariance discrepancy remains quite close to the ideal infinite SNR case and

approaches 0 with increasing number of realizations until the SNR drops down to

−3 dB. In these results, the CD of the sample covariance estimate Ĉx is consistently

above that of the algorithm output C∗
x, with the gap reaching around 0.05 at −3 dB

and around 0.04 at infinite SNR, which are not included in the plots for visual clarity.

Despite the seemingly minor difference in the CD values of Ĉx and C∗
x, the estimation

performance of C∗
x is in fact significantly better than Ĉx in the interpolation problem

in Fig. 6.1(b), which shows the efficacy of the proposed method for improving the

initial estimate of the process statistics.

6.1.2 Effect of model complexity

We next examine the effect of the model order parameters K (number of process

components) and Q (polynomial order) on the estimation performance of LSGP. A

synthetic 7-NN graph G with N = 36 nodes is formed as in Section 6.1.1 by com-
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Figure 6.2: Variation of the covariance discrepancy with the model complexity

bining K subgraphs {Gk}Kk=1 each of which consists of 36/K nodes. The component

processes xk are blended in x by setting the membership functions gk to 1 within

each subgraph Gk and to 0.1 outside Gk.

The variation of the covariance discrepancy is plotted in Fig. 6.2(a) for variable K

by fixing Q = 4, and for variable Q in Fig. 6.2(b) by fixing K = 2. As the model

complexity increases, the number of realizations required to attain a target covariance

discrepancy level increases in both cases as expected. The CD converges to 0 with

increasing number of realizations in all cases, which confirms that Algorithm 1 re-

covers the true process model. The algorithm performance is more sensitive to the

K parameter than Q, which is expected since increasing K by 1 increases the model

dimension by N .

6.1.3 Sensitivity to regularization parameters

We lastly investigate the effect of the weight parameters µ1, µ2, µ3 in the optimization

problem (4.5) on the algorithm performance. We conduct these experiments on real

data sets instead of synthetic data sets, since a synthetically generated graph process

fits the assumed signal model perfectly, which may affect the behavior of the algo-

rithm concerning the regularization parameters. We experiment on the COVID-19

and the Molène data sets described in Section 6.3. The ratio of missing observations
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Table 6.1: Variation of the NME and MAPE with µ1

µ1 0 10−8 10−7 10−6 10−5 10−4 10−3 10−2

Dataset COVID-19

NME 0.8091 0.8091 0.8091 0.8091 0.8091 0.8092 0.8130 0.8210

MAPE 2.1454 2.1454 2.1455 2.1459 2.1503 2.2075 2.4162 2.5038

Dataset Molène

NME 0.4470 0.4470 0.4470 0.4470 0.4470 0.4470 0.4465 0.4438

MAPE 1.0257 1.0257 1.0257 1.0257 1.0257 1.0258 1.0267 1.0369

is fixed to 80%. The K and Q parameters have been chosen by majority voting on

validation data, which has resulted in K = Q = 3 on the COVID-19 dataset and the

same parameters have been used on the Molène dataset. Once the model is learnt with

the proposed method, the LMMSE estimates of the missing observations are obtained

as in (6.2), and the NME and MAPE metrics for the LMMSE estimates are reported

in Table 6.1 for varying µ1 values and in Table 6.2 for varying µ2, µ3 combinations.

The non-tested weight parameters are fixed to 0 in each experiment, in order to focus

on the effect of the tested ones.

In Table 6.1, the performance of the algorithm is seen to be stable with respect to

the variations in µ1 over a rather large interval, which controls the smoothness of the

membership functions. The COVID-19 data set favors slightly lower µ1 values com-

pared to Molène, thus imposing the smoothness less strictly. The NME and MAPE

values in Molène are more robust to the increase in µ1, meaning that the objective

function will not change much when µ1 is increased, hence allowing identification

with smoother g. This is an expected result because if we use the stationarity mea-

sure convention in [6], the stationarity of the COVID-19 data set is given around 0.76

and Molène is given around 0.94. Thus, there is a possibility that the membership

functions of Molène are close to the first Laplacian eigenvector [74], while COVID-

19 allows more abrupt changes in the membership functions than Molène. In the

COVID-19 data set, from 0 to 10−5, the NME value of LMMSE is approximately

constant with the minimum occuring at 10−5. However, this is not true for MAPE

where the maximum between 0 and 10−5 resides at 10−5. Hence, although µ1 = 10−5
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Table 6.2: Variation of the NME and MAPE with µ2 and µ3

µ2
µ3 0 10−7 10−6 10−5 10−4 10−3 10−2 10−1

Metric NME (COVID-19)

0 0.8091 0.8091 0.8091 0.8091 0.8091 0.8091 9.5685 0.8091

10−7 0.8091 0.8091 0.8091 0.8091 0.8091 0.8091 0.8093 0.8096

10−6 0.8091 0.8091 0.8091 0.8091 0.8091 0.8091 0.8089 0.8118

10−5 0.8091 0.8091 0.8091 0.8091 0.8093 0.8097 0.8089 0.8112

10−4 0.8090 0.8090 0.8090 0.8090 0.8095 0.8101 0.8104 0.8328

10−3 0.8096 0.8096 0.8096 0.8101 0.8098 0.8116 0.8133 0.9125

10−2 0.8084 0.8084 0.8084 0.8085 0.8091 0.8126 0.9107 0.9392

10−1 0.8105 0.8093 0.8095 0.8113 0.8126 0.9116 0.9533 0.9950

Metric MAPE (COVID-19)

0 2.1454 2.1454 2.1454 2.1454 2.1454 2.1454 2.6417 2.1456

10−7 2.1455 2.1455 2.1455 2.1455 2.1456 2.1458 2.1298 2.2688

10−6 2.1460 2.1460 2.1460 2.1460 2.1469 2.1492 2.1489 2.2752

10−5 2.1508 2.1508 2.1508 2.1512 2.1530 2.1384 2.1703 2.3944

10−4 2.1959 2.1959 2.1960 2.2140 2.2051 2.2234 2.2491 2.1158

10−3 2.3035 2.3034 2.3029 2.2797 2.2344 2.3254 2.3276 1.6488

10−2 2.2116 2.2118 2.2136 2.2237 2.2798 2.4312 1.7388 1.8048

10−1 2.1697 2.1727 2.2483 2.2779 2.4244 1.7243 1.8460 1.0557

leads to smaller NME, the MAPE score seems more unstable as µ1 increases. The

MAPE value is optimal at µ1 = 10−8, hence a possible choice is to pick a value

between 10−8 and 10−6 to attain a trade-off between the two scores.

Next, the results in Table 6.2 show that relatively small (µ2, µ3) values lead to smaller

NME. Recalling that these parameters impose the low-rank constraints in (4.5), the

decrease in the MAPE values for increasing (µ2, µ3) is misleading as the algorithm

tends to compute a zero process model under too heavy regularization. This can

also be seen from the NME being 0.995 at (0.1, 0.1). The NME value is lowest at

(µ2, µ3) = (10−2, 10−6) and since from our discussion as higher values of (µ2, µ3)
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leads to a zero process model, it is safe to say that lower values of the regularization

parameters are better. In order to find a trade-off between the two scores, it is better

to pick µ2 between 10−4 − 10−5 and µ3 between 0− 10−5.

6.2 Performance Analysis of Algorithm 2

We next verify the validity of our theoretical findings in Chapter 5 by conducting

a performance analysis of Algorithm 2. We construct a synthetic graph similar to

the one in Section 6.1.2 consisting of K = 5 subgraphs and a total of N = 300

nodes. The subgraphs Gk are built with a 7-NN connectivity pattern within themselves

and combined with each other via extra edges. The membership functions gk to

component processes are chosen as in Section 6.1.2. The spectral kernels hk are set by

shifting and scaling a compactly supported bump function according to the intended

spectral separation, which is defined as h(λ) = exp((λ2n−1)−1) for λ ∈ (−1, 1) and

0 elsewhere.

We study the problem of graph partitioning for locally approximating LSGPs and

examine how the membership ratio δ/µ and the spectral separation parameter ϵ de-

fined in Chapter 5 influence the performance of Algorithm 2. In each instance of the

experiment, LSGPs with the investigated δ/µ and ϵ parameters are generated where

ϵ = 0 and δ/µ = 0.3 are kept constant respectively in each experiment. Algorithm 2

is provided the true covariance matrix Cx generated from the true LSGP parameters

g,h according to (4.1). The distance function d(x) in Section 5.2 is chosen as the

Gaussian function given by d(x) = exp
(

−x2

θ

)
, where θ is a suitable value that can

separate different Ĉx entries. The partitioning algorithm is selected as Ricci curva-

ture with surgery [73] as mentioned, where the surgery is done via maximizing the

modularity of the negative log weight distribution of the output of the Ricci curvature

expansion algorithm where the maximum number of partitions returned by modu-

larity is set to the true value K = 5 [75]. The subgraphs {Ĝk}Kk=1 returned by the

algorithm are compared to the true subgraphs {Gk}.

We evaluate the agreement between the true and the estimated subgraphs using the
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Table 6.3: Variation of the NMI with δ
µ

and ϵ

Membership ratio Spectral separation
δ
µ

NMI ϵ NMI

0 0.9764 0.1 0.9822

0.13 0.979 0.2 0.9853

0.27 0.965 0.3 0.9740

0.4 0.962 0.4 0.9488

0.53 0.918 0.5 0.9559

0.67 0.917 0.6 0.9489

0.8 0.853 0.7 0.9306

normalized mutual information (NMI) measure defined as1

NMI =
1

max(H(PV), H(PV̂))

∑
k,m

p(Vk, V̂m)log2

p(Vk, V̂m)
p(Vk)p(V̂m)

(6.4)

wherePV = {V1, . . . ,VK} is the true partitioning of the vertices andPV̂ = {V̂1, . . . , V̂K}
denotes its estimate. In (6.4), p(Vk) and p(Vk,Vm) represent the probability that a

vertex chosen uniformly at random lies in Vk and in Vk ∩ Vm, respectively. Also,

H(PV) = −
∑

k p(Vk)log2p(Vk) denotes the entropy of a partitioning. A higher

value of the NMI thus indicates a stronger agreement between the two partitions.

Table 6.3 shows the variation of the NMI with the parameters δ/µ and ϵ. As the δ/µ

ratio increases, the dominance of each membership function on the corresponding

subgraph weakens, leading to a decrease in the NMI. This is coherent with the find-

ings of Theorems 3 and 4, stating that δ/µ must be low for ensuring weak between-

subgraph and strong within-subgraph covariances. Similarly, the NMI decreases as ϵ

increases, which reduces the separation between the kernels and affects the partition-

ing performance, in coherence with Theorem 3. One might notice that, although the

general variation of the NMI values is coherent with the expected trend, there may be

small fluctuations in the NMI, which may be due to the following reasons: First, the

bounds proved in Theorem 3 and 4 are worst case bounds for the average entry of the

1 Among the various definitions of NMI, we adopt the definition in which normalization is performed using
the maximum of the entropies of the partitionings.
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covariance matrix, while the individual covariance values may change with respect

to the graph topology, the choice of the component processes etc. The second reason

is that partitioning algorithms are combinatorial rather than continuous, which would

may lead to momentary abrupt changes in the NMI, as δ
µ

or ϵ values vary.

6.3 Comparative Experiments on Real Data Sets

In this section, we evaluate our signal estimation performance on three real data sets:

COVID-19 pandemic data set. The COVID-19 data set consists of the number of

daily new COVID-19 cases in N = 37 European countries of highest populations

between February 15, 2020 and July 5, 2021 [76]. A 4-NN graph is constructed by

considering each country as a graph node. Edge weights are determined with a Gaus-

sian kernel based on a hybrid distance measure that combines geographical distances

and numbers of flights accessed via [77]. The daily new cases are normalized by

country populations and smoothed out with a moving average filter over one week,

which results in a graph process with 506 realizations.

Molène weather data set. This data set consists of hourly temperature measurements

taken in N = 37 measurement stations in the Brittany region of France in January

2014 [4]. The graph is constructed with a 5-NN topology by considering each station

as a graph node, with Gaussian edge weights based on the geographical coordinates

(lattitude, longitude) of the stations. Experiments are done on 744 zero mean graph

signals.

NOAA weather data set. The NOAA data set contains hourly temperature measure-

ments for one year taken in weather stations across the US averaged over the years

1981-2010 [78]. We construct a 7-NN graph from N = 246 weather stations with

Gaussian edge weights. The experiments are done on 8760 graph signals.

6.3.1 Comparative performance evaluation of the LSGP algorithm

We first study a signal interpolation problem on the Molène and COVID-19 data sets

by considering two scenarios:
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• (Random data loss) Missing observations of the graph signals occur at nodes

selected uniformly at random.

• (Structured data loss) Missing observations occur at particular regions of the

graph over a local clique of neighboring graph nodes.

When testing the proposed method (LSGP), each graph signal is treated as the re-

alization of a locally stationary graph process, an LSGP model is learnt with Al-

gorithm 1, and LMMSE estimates of the missing observations are computed as in

(6.2). The proposed LSGP model is compared to two other stochastic graph process

models; namely, wide sense stationary graph processes (WSS) [6] and graph ARMA

processes (Graph-ARMA) [5]. We also include two reference non-stochastic graph

signal interpolation approaches in our comparisons, based on the total variation regu-

larization of graph signals (TV-minimization) [79], and the deep algorithm unrolling

method (Nest-DAU) recently proposed in [80]. All algorithms employing the process

covariance matrix have been provided the sample covariance estimate as input. For

algorithms requiring a covariance matrix, a sample covariance matrix has been esti-

mated on the available observations of the realizations. However, this might create a

covariance matrix with negative eigenvalues. For LSGP, the sample covariance ma-

trix is provided as input to the algorithm as it is. For the WSS approach, the input

covariance matrix is converted to a positive semi definite matrix by setting the neg-

ative eigenvalues to zero after diagonalization. An MA process has been learnt with

the Graph-ARMA method. Algorithm hyperparameters are determined with valida-

tion for all methods that require parameter tuning. For all algorithms, the validation

procedure is repeated for each realization and missing number of observations. For

the LSGP method, first the K,Q parameters, and then using these, the µ1, µ2, µ3 pa-

rameters have been validated. For each realization K is swept between 1 and 3 and

Q is swept between 1 and 5.

The variation of the estimation errors of the methods with the ratio of missing obser-

vations is shown in Fig. 6.3-6.5 with respect to the NME, MAE, and MAPE metrics.

The signal estimation performance of the proposed LSGP method is seen to be com-

petitive with the other methods, often outperforming them especially at middle-to-

high missing observation ratios. In most instances, the stochastic process based meth-
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Figure 6.3: NME of compared algorithms on COVID-19 and Molène data sets

ods LSGP, WSS, and Graph-ARMA provide smaller error than the non-stochastic

TV-minimization and Nest-DAU methods.

The results on the random data loss experiments suggest that the error of the LSGP

algorithm tends to be rather high at small ratios of missing observations. This some-

what unexpected behavior may be explained with the reasoning that, at small ratios

of missing observations, the choice of the algorithm hyperparameters tailored to the

available data samples may not generalize well to the missing data, which is small

in proportion. This effect is reduced as the ratio of missing observations increases

and thus the balance between the available and missing samples improves. This phe-

nomenon is observed at a milder level on the Molène data set than COVID-19. The

variation of the membership functions is smoother on the Molène data set [74], lead-

ing to a higher similarity between the missing and the available observations.
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Figure 6.4: MAE of compared algorithms on COVID-19 and Molène data sets

In the structured data loss experiment, for Molène and COVID-19, each realization

has randomly selected neighborhoods whose number is between 1 and 4, and the task

is again to estimate the missing samples. The proposed LSGP method significantly

outperforms the other methods in comparison and achieves error values smaller than

half of those of the other methods. While the error of LSGP in structured data loss

experiments is smaller than that in random data loss on the COVID-19 data set, the

two settings result in comparable error values on the Molène data set. One possible

explanation for this might be the smoothness of the associated membership func-

tions. Since the graph signals vary more smoothly over the graph in the Molène data

set, when a neighborhood is missing for a realization the loss of information within

that neighborhood can be compensated via the information available on the nearby

neighborhoods. Therefore, the results obtained in the structured and random data loss
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Figure 6.5: MAPE of compared algorithms on COVID-19 and Molène data sets

scenarios are similar on the Molène data set. In COVID-19, this is not the case, how-

ever. Graph signals have a rougher variation on the graph in the COVID-19 data set,

therefore, there is a gap between the NME, MAE and MAPE values of the random

and structured data loss scenarios.

6.3.2 Local approximation of LSGPs

We finally study the performance of locally approximating LSGPs with smaller pro-

cesses in problems where one needs to analyze data acquired on large network topolo-

gies. We experiment on the NOAA weather data set [78]. While the NOAA graph

with N = 246 nodes is not a typical representative of a “large network”, we have

chosen this data set deliberately so that we can conveniently test signal estimation
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algorithms on both the whole graph and its separate subgraphs in order to study how

partitioning affects the estimation performance.

We first partition the NOAA graph using Algorithm 2 where we set the number of

subgraphs as K = 7. The original graph and the computed subgraphs are shown

in Fig. 6.6(a) and Fig. 6.6(b). For comparison, we also present the climate map of

the US [81] in Fig. 6.6(c), which interestingly suggests that the estimated graph

partition boundaries mostly align with the climate transition zones often marked by

geographical elements such as mountain ranges. A close examination of the results

reveals that the partitions in the west are approximately divided by the Rocky moun-

tain range [82], whose topography is responsible for local temperature fluctuations in

its proximity and the partitions in the east are divided by the Appalachian mountain

range and partly the Grenville orogenic belt [83] extending towards the south. We

select the missing observations uniformly at random and consider two signal estima-

tion settings for the compared methods: In the first setting we learn distinct models

on separate subgraphs (Separate), while in the second setting we learn a single model

on the whole graph (Whole). As in Section 6.3.1 the algorithm hyperparameters are

selected by validation on each realization and this time the K parameter for LSGP

is kept constant at 1 and Q is swept in the range 1 − 10 instead of the smaller range

used previously. The algorithms are tested in both the separate subgraphs and the

whole graph settings and compared with respect to the NME, MAE and MAPE met-

rics in Fig. 6.6(d)-6.6(f). The estimation of the signals on the whole graph often

provides higher accuracy than on separate subgraphs, as expected. An interesting ex-

ception to this occurs in Fig. 6.6(e), where estimation on separate subgraphs results in

smaller MAE, since the error in separate modeling concentrates sparsely along sub-

graph boundaries and thus has relatively small ℓ1-norm. An illustration of this phe-

nomenon where we plot the MAE value obtained at each node for 50% and 60% miss-

ing observation ratios is given in Fig. 6.7. It is seen that more error is accumulated

towards the boundaries where the inner regions have mostly small error. Regarding

the difference between the whole graph and separate subgraphs settings, the method

with the smallest performance gap between the two settings is the TV-minimization

method, whose natural tendency to compute piecewise smooth signals is coherent

with separate modeling. The performance of LSGP is competitive with that of TV-
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minimization and often better than the other methods on separate subgraphs, offering

a promising solution in this setting. We also compare the time complexities of the

methods in Table 6.4 by reporting their average runtimes2. The runtimes of stochastic

process methods differ by a factor of around 4 between the separate subgraph and

whole graph settings, where the LSGP method has not been tested in the latter one

due to its complexity. This situation illustrates a common challenge faced by many

graph signal processing algorithms, whose complexities are typically around O(N3),

making them impractical to use in a straightforward way as the graph size N grows.

The experiments in this section have aimed to provide some insight for handling the

scalability issue in large graphs via the local modeling and processing of graph signals

on suitably identified neighborhoods.

Table 6.4: Runtimes of the compared methods (in seconds) on the NOAA data set at

50% missing observation ratio

Algorithm Separate subgraphs Whole graph

LSGP 62.39 -

WSS 5.14 20.30

Graph-ARMA 4.90 18.34

TV-minimization 338.84 408.20

Nest-DAU 6145.51 1015.38

2 The runtimes are measured on a laptop computer with 16 GB DDR5 RAM, and 3.2 GHz CPU. The Nest-
DAU method has a higher runtime in the separate setting since the validation procedure has resulted in a larger
number of layers.

65



-120 -100 -80 -60
Longitude

25

30

35

40

45

50

La
tit

ud
e

(a) Original NOAA graph

-120 -100 -80
Longitude

25

30

35

40

45

50

La
tit

ud
e

(b) Partitioning of the NOAA graph

-120 -100 -80
Longitude

25
30
35
40
45

La
tit

ud
e

(c) Köppen-Geiger climate regions of US

0 0.2 0.4 0.6 0.8
Ratio of missing observations

0

0.1

0.2

0.3

0.4

0.5
N

M
E

LSGP Separate
WSS Separate
Graph-ARMA Separate
TV-minimization Separate
Nest-DAU Separate
WSS Whole
Graph-ARMA Whole
TV-minimization Whole
Nest-DAU Whole

(d) NME for NOAA data set

0 0.2 0.4 0.6 0.8
Ratio of missing observations

5

10

15

20

M
A

E

LSGP Separate
WSS Separate
Graph-ARMA Separate
TV-minimization Separate
Nest-DAU Separate
WSS Whole
Graph-ARMA Whole
TV-minimization Whole
Nest-DAU Whole

(e) MAE for NOAA data set

0 0.2 0.4 0.6 0.8
Ratio of missing observations

0

2

4

6

M
A

P
E

LSGP Separate
WSS Separate
Graph-ARMA Separate
TV-minimization Separate
Nest-DAU Separate
WSS Whole
Graph-ARMA Whole
TV-minimization Whole
Nest-DAU Whole

(f) MAPE for NOAA data set

Figure 6.6: Results obtained on the NOAA data set
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CHAPTER 7

CONCLUSIONS

In this thesis, we have proposed a graph signal model called LSGP, which is com-

posed of several component process models, hence, allows the modelling of graph

data having different characteristics over different local regions on the graph. This is

achieved by defining membership functions for each component model, which rep-

resent the validity of each component on each node. We have then studied the main

properties of the proposed LSGP model such as the vertex-frequency spectrum and

the extension and the restriction. The vertex-frequency spectrum of LSGPs can be

regarded as the generalization of the time-frequency spectrum concept in classical

signal processing to graph domains. Apart from its theoretical properties, a learning

algorithm for the membership functions and the parameters for the polynomial coeffi-

cients generating the component processes has been presented. The choice of polyno-

mials for representing spectral kernels is common practice in graph signal processing.

Then to decrease the complexity of the algorithm on large graphs, we have proposed

a partitioning scheme inspired by the theoretical findings in Chapter 5. Last but not

least, we have evaluated the performance of our algorithm both in synthetic and real

datasets. The LSGP model gives promising results compared to other stochastic pro-

cess models in graph signal processing.

LSGPs are characterized by their component processes, which determine their fre-

quency characteristics, and by the membership functions that determine how the fre-

quency characteristics of each model spread over the graph. If there is no restriction

on the membership functions of the process, any membership function that might

have abrupt changes between adjacent nodes is allowed, contradicting the locality

of the process. To enforce the locality of an LSGP, the smoothness of the member-
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ship functions is desired. In turn, as pointed out in Chapter 3, this creates a vertex-

frequency spectrum where the frequency content changes smoothly over the whole

graph. Moreover, the existence of the vertex-frequency spectrum allows the exten-

sion and the restriction of the vertex-frequency contents to other graphs having more

or fewer nodes, respectively. How to sample the vertex-frequency content of an LSGP

is an open question and should be investigated in future work. Future directions may

include learning the LSGP in an adaptive way, i.e. updating the process when more

nodes are introduced into the network or some of the nodes are deleted, or modelling

stochastic processes on a large graph whose characteristics are driven by an LSGP on

a smaller graph, inspired by the extension and restriction discussion.

The learning of the nonparametric model of LSGP is a complex task. Therefore,

in Chapter 4, the frequency kernels are assumed to be polynomial. The learning

method then consists of learning the covariance matrix for the LSGP model, by esti-

mating the membership functions and polynomial parameters. However, this creates

a polynomial of order 4 in each parameter (membership functions and polynomial

parameters), making the problem non-convex. To decrease the polynomial order and

make the problem in each variable a convex one, we propose a learning algorithm to

learn some auxiliary variables that have a second order dependence on the member-

ship functions and polynomial parameters. This results in two conic problems, which

can be solved using primal-dual methods and Gauss-Newton method. This, however,

increases the complexity of learning the parameters, which should be examined in fu-

ture work. Therefore, the future work for this part involves decreasing the algorithm’s

complexity by introducing parametric membership functions or changing the method

for estimating the parameters.

The learning algorithm used in Chapter 4 gives promising results emphasizing the

necessity of vertex dependence, whose complexity is addressed by the theoretical

findings in Chapter 5. Since LSGPs are inherently composed of different global mod-

els, we have analyzed the conditions under which the covariance of an LSGP is close

to that of a WSS process. Consequently, we have found that the covariance of an

LSGP can be easily decomposed if three conditions hold: the membership functions

are concentrated on their designated subgraphs and minimal on the complements; the

frequency kernels do not overlap in the frequency domain; and, finally, the kernels
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exhibit lowpass characteristics. Of these three, the least significant is the lowpass

behaviour of kernels, as demonstrated by the theoretical findings. Based on these

findings, we have proposed a partitioning algorithm to expose subgraphs that can

provide approximate supports for a single component of the LSGP. Then, from the

partitioned subgraphs, LSGPs are learned accordingly. As shown in Chapter 6, al-

though this approach is promising, the main issue is that error is accumulated on the

boundaries. This problem should be explored in future research, incorporating the

flow of information between partitions.

We have exhibited the effectiveness of the algorithms and the expressiveness of the

model in three parts. In the first part, we have demonstrated the performance of our

algorithm in a controlled environment, i.e., on a synthetic data set consisting of re-

alizations of a Gaussian process generated with respect to our signal model. In the

experiments, we conclude that the proposed learning algorithm for LSGP parameter

estimation, as described in Chapter 4, is robust against the introduction of noise to

the given dataset and that the effect of model complexity is predictable. A surpris-

ing discovery is that the sensitivity of the algorithm to the regularization parameters

is an indicator of the smoothness of the given dataset, or, the smoothness of the as-

sociated membership functions. In the second part, we investigated the sensitivity

of the partitioning algorithm in Chapter 5 to the vertex and frequency separation

parameters, demonstrating that the algorithm successfully partitions the graph into

subgraphs over which the data exhibits an approximately WSS behavior. In the last

part, the strength of the algorithm compared to other stochastic process model meth-

ods has been demonstrated, where the LSGP algorithm is shown to have remarkable

estimation performance.

In conclusion, LSGP is a novel stochastic graph process model that might pave a

way for non-stationary graph signal processing with its strong properties. This makes

the LSGP a promising subject to study further, where the future directions may in-

clude LSGP models for time-vertex signal processing and further investigation of its

theoretical properties for gaining a deeper understanding of its behavior.
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