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ABSTRACT

DEVELOPMENT OF AN ADAPTIVE MULTIGRID SCHEME FOR
COMPUTATIONAL FLUID DYNAMICS

Mustafa Serdar TEKCE
Department of Airframe and Powerplant Maintenance
Eskisehir Technical University, Institute of Graduate Programs, January 2024
Supervisor: Prof. Dr. Kiirsad Melih GULEREN

Lack of variety of adaptive multigrid schemes were spotted and motivated the
thesis. Main objective was to develop a new adaptive multigrid scheme while keeping
robustness and performance as possible. In order to justify a fair numerical
experimentation setup, authentic code generation effort was given that implements basic
finite volume methods, intergrid operations and iterative solvers. A fundamental
reference case was selected in order to get proper validation which had analytical Laplace
solution. Fixed and adaptive multigrid schemes and algorithms were also implemented.
All methods were presented with both theory and practice in a harmonized manner. All
procedures and algorithms were validated regarding the reference case. Reference work
unit was defined and was suggested as a new non-dimensional unit of computational cost
measurement. Results were compiled and presented in an increasingly complex order.
Explorations varying grid resolutions, boundary conditions and fixed multigrid schemes
revealed key factors regarding reference case and multigrid methods. Exploration of
adaptive multigrid schemes revealed key aspects regarding cost and performance while
enabling selection of best parameter sets for the reference case. Explorations established
the basis of comparison metrics. Innovative aspect of the thesis was carried out by
developing a new and an alternative adaptive multigrid scheme. Comparative
performances of multigrid schemes revealed that newly developed adaptive multigrid
scheme is robust and is performing as well as the other ones. The new adaptive multigrid
scheme was called PID driven and was shown to have 18% lower cost compared to

flexible scheme while preserving performance with same effectivity.

Keywords: Multigrid, CFD, Algorithm, Scheme, Performance.



OZET

HESAPLAMALI AKISKANLAR DINAMIGI ICIN BIR ADAPTIF COKLU AG
SEMASI GELISTIRILMESI

Mustafa Serdar TEKCE
Ugak Govde Motor Bakim Anabilim Dali
Eskisehir Teknik Universitesi, Lisansiistii Egitim Enstitiisii, Ocak 2024
Danigman: Prof. Dr. Kiirsad Melih GULEREN

Adaptif coklu ag semalarindaki cesitlilik eksikligi goriilerek tez caligmalarina
baslanildi. Miimkiin oldugu dl¢ilide giirbiizliigii ve basarimi saglayarak yeni bir adaptif
coklu ag gelistirilmesi ana amag olarak belirlendi. Makul bir sayisal deney diizenegi
kurmak adina, temel seviyede sonlu hacimler yontemi, aglararasi islemler ve yinelemeli
¢oziciiler iceren 6zgiin kod gelistirme ¢abasi verildi. Analitik Laplace ¢6zimi bulunan
temel bir referans vaka segilerek, diizgiin bir dogrulama hedeflendi. Sabit ve adaptif ¢oklu
ag semalar1 ve algoritmalar1 uygulandi. Tim ydntemler, teorileri ve uygulamalar ile
birlikte harmanlanarak verildi. Tim islem ve yontemler referans vaka O6zelinde
dogrulandi. Referans is birimi tanimlanarak hesaplama maliyeti i¢in yeni bir 6l¢lt olarak
Onerildi. Sonuglar derlendi ve artan karmasiklik sirastyla sunuldu. Farkli ¢6ziim ag:
¢Oziiniirliikleri, sinir kosullar1 ve sabit semalar etrafinda yapilan kesifler, referans vaka ve
coklu ag yontemleri ile alakali onemli hususlar1 ortaya ¢ikardi. Adaptif coklu ag semalar:
etrafinda yapilan kesifler, maliyet ve basarim ile alakali 6nemli hususlar1 ortaya
cikarirken, ayni zamanda en iyi Orneklemlerin se¢imini sagladi. Tim kesifler
karsilastirma niceliklerinin temelini olusturdu. Tezin yenilik¢i tarafi, yeni ve alternatif bir
adaptif ¢oklu ag semasi gelistirilmesiyle birlikte yerine getirildi. Coklu ag semalarinin
karsilagtirmali performanslari, yeni gelistirilen adaptif ¢oklu ag semasinin, daha iyi
degilse bile en az digerleri kadar giirbiiz ve basarili oldugunu gosterdi. Yeni adaptif coklu
ag semasina PID siiriiglii ismi verildi ve ayni etkinlikte bir bagarimda oldugu halde, esnek

semaya gore %18 daha az maliyete sahip oldugu gosterildi.

Anahtar Sozcukler: Coklu Ag, HAD, Algoritma, Sema, Basarim.
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1. INTRODUCTION

Computational Fluid Dynamics (CFD) have become a basic tool to design, to
develop and to assess for any subject related to fluid dynamics and/or mass/heat transfer.
Many companies and many institutions develop in-house codes and tools in order to
reduce the effort required for any research or design. Commercial CFD software focuses
on generic industrial problems, while most of the open-source or academic software
focuses on special cases at special context.

Main problem with CFD endeavour is that available computational resource is
almost always limited in any situation compared to desired amount, regardless of context
and case. Thus, any effort is highly valuable that achieves solution at a desired accuracy
while keeping resource (memory, processor, time, power) costs minimal.

Accuracy of CFD simulations mostly depends on the grid resolution of the domain.
Assuming convergent solution of a CFD setup is present, increasing resolution adversely
effects convergence rate of solution [1]. High resolution representation of domain
increases accuracy, requires high resource, increases cost and decreases convergence rate.
Low resolution representation of domain decreases accuracy, requires low resource,
decreases cost and increases convergence rate. Thus, any CFD campaign aims to
determine appropriate domain resolution for given problem through validation and mesh
dependency studies [1] before venturing further towards generation of data sets that
require high resource allocation for a tremendous amount of time. Compromization
between accuracy and cost is crucial for efficiency while using iterative methods to solve
the given problem.

Tridiagonal Matrix Algorithm (TDMA) [2], Successive Over Relaxation (SOR) [3]
and Conjugate Gradient (CG) [3] can be listed as improvements over simple iterative
methods. Adaptive grid refinement techniques can be mentioned as an improvement over
using unstructured and non-uniform grids to enhance grid employment [4]. Adaptive grid
refinement intelligently alters the grid locally and dynamically during the simulation
based on various criteria such as flow gradients, shock waves or regions of particular
interest [5]. Partition of the computational domain along with parallelization for High
Performance Computing (HPC) are other ways to reduce elapsed time to solution while
investing in other computational cost items which are required to solve complex modern

problems anyway [6].



Although there are several approaches to reduce computational cost, multigrid
methods stand out in terms of cost reduction while keeping solution accuracy [7].
Multigrid methods and algorithms reduce computational cost dramatically [8].
Additionally, multigrid methods do not conflict with most of the other cost reduction
approaches, making it a much more versatile and reliable tool while amplifying
effectivity. Advanced iterative methods, adaptive grid refinement strategies, partition and
parallelization can also be employed while using most of the multigrid methods and
algorithms [9]. Essence of the multigrid approach being both simple and profound enables
such feat.

Adaptive multigrid methods further improve efficiency while preserving all the
other aspects of multigrid approach towards solution. Conception of adaptability of the
multigrid methods varies. Some adaptive multigrid methods are about adapting intergrid
operations based on algebraic relations present at discretised form of the domain [10].
Some adaptive multigrid methods are about adapting intergrid operations to complex
geometries or to exploit geometrical relations while doing so [11]. Some adaptive
multigrid methods employ varying decomposition [12] and preconditioning [13]
strategies. However, adaptability concept of the thesis is the adaptive multigrid schemes
which employs reactive steering between grid resolutions according to specified criteria.
The very first adaptive multigrid scheme is called Multi-Level Adaptive Technique
(MLAT) [14,15]. While different nomenclature for adaptive multigrid schemes is present
such as flexible [16,17] and scheduled [18], all employ essentially same algorithm as
MLAT. Surprisingly enough, lack of any other adaptive multigrid scheme is the main
motivation of the thesis. Developing a new adaptive multigrid scheme is the main
objective of the thesis. Increased robustness and performance of this new scheme

compared to present ones are secondary objectives.

1.1. Fundamentals

Multigrid methods are based on the very nature of iterative solutions. In order to
describe multigrid methods properly, some fundamental concepts regarding iterative
solutions of discretized domains such as grid, residual, error; should be elaborated. Only
related highlights are pointed out below, assuming basic knowledge on iterative

numerical methods and finite volume method are present [19].



Grid is the discrete representation of a domain at a desired resolution. Domain is
divided into finite cells (with vertices) in order to discretise mathematical relations of
physical phenomena. Cells of a grid may be at different sizes and shapes while providing
topological continuity at cell interfaces. Figure 1.1 is given to visualize examples to
structured/unstructured fine/coarse grids. Fine and coarse grid concepts are pretty
straightforward which correspond to high and low resolution representations of domain,
respectively. Structured grid ends up with coefficient matrices that can be related to
geometrical discretization of the domain. Unstructured grids have little or no geometrical
relation between coefficient matrices and discretized domain. Both structured and

unstructured grids can be processed through varying multigrid methods.

Figure 1.1. Examples to Structured (A), Unstructured (B), Coarse (C) and Fine (D) grids

Difference between exact solution and intermediate solution is measured by a
concept called residual which in fact is one of the main indicators of convergence when
using iterative methods. Residual is the absolute value of differences of a property for
grid cells on successive iterations. Mean residual is defined as in Equation 1.2 [1] and

(Y4

converges to zero towards exact solution. “r” is residual, “y” is intermediate solution of a
[IP2)

property, “c” is the subscript for “cell”, “i” is the subscript for “iteration”, “n” is the

number of cells within given domain.
e =10 = 0edi-al (1.1)

F==yn () (1.2)



Assuming iterative solution exists, residual values should converge towards zero.
Residual can be monitored dimensional or non-dimensional. Regardless of
dimensionality, appropriate convergence (residual) target is crucial for any iterative
solution.

Figure 1.2 visualizes dimensional residual progress of iterative solutions with same
convergence criteria for a simple cavity flow on various grid resolutions. Different
convergence behaviours and rates are observed for different grid resolutions. More
iterations are required for a desired convergence on high resolution grids compared to
low resolution grids. Convergence rates decreases with proceeding iterations on all
resolutions. Different oscillation behaviours are present on all resolutions as well as

different numerical dissipation.
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Figure 1.2. Example of different convergence behaviour of different grids of same domain [1]

Further mathematical elaboration of residual concept is required in order to
establish a proper base for multigrid knowledge. Equation 1.3 defines the solution for a
boundary condition problem of a discretized domain. Equation 1.4 defines the relation
between intermediate solution and residual. Equation 1.5 defines the error of intermediate
solution. Equation 1.6 defines the relation between error and residual. “A” is the

coefficient matrices of the system of equations, “x” is the exact solution vector, “b” is the



[y}l (P2

constant vector, “y” is the intermediate solution vector, “r” is the residual vector, “e” is

the error vector; for the iterative solution of the boundary condition problem.

Ax=0Db (1.3)
Ay=b-—r (1.4)
e=x—y (1.5)
Ae=r (1.6)

Equation 1.6 clearly states that error vector and residual vector are directly related.
Exact error vector of an iterative solution is always unknown. Thus, residual vector is
used in order to check convergence criteria for iterative solutions of discretized domains.

Equation 1.6 also shows that relation between error vector and residual vector
depends on coefficient matrices of discretized domain. Thus, relation between error
vector and residual vector changes for different grids. Likewise, residual progress through
iterations will be different with each different grid that represents the same domain.

It is emphasized that behaviour of error propagation and error dissipation with
respect to iterative methods, discretization methods, grid resolution were studied
extensively [1]. It is observed that oscillating errors at shorter wavelengths dissipate faster
compared to errors oscillating at longer wavelengths [18]. As a focal point of the multigrid
methods, it is also observed that; according to algebraic inference, there is a definite
relation between grid resolutions and oscillation wavelengths of error through progressing
iterations [18]. Simply put; error behaviour and progression are directly related to grid
resolution. Practical application (or exploitation) of the relation between iterative solution
behaviour and resolution is the very essence of multigrid methods.

Figure 1.3 to Figure 1.5 conceptually visualizes the relation between wavelengths
of error and resolution of the solution. Equation 1.7, Equation 1.8 and Equation 1.9 are
used for data generation of the example. Equation 1.7 is selected for the example for
having both high and low gradients on exact solution. “c” is the input of the function, “x”
is the exact solution of the function, “y” is the intermediate solution, “e” is the error of

intermediate solution.
In(c)

x(c) = . 1<c<11 a.7)
error = random(—0.1 = 0.1) (1.8)
y(c) =x(c)+e (1.9)
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Examining Figure 1.3 to Figure 1.5, it can be observed that wavelength of the error
is directly proportional to grid resolution. Additionally, it can be observed that solving
same physical case (dimensions, operating conditions, boundary conditions, etc..) on
different resolutions impose different results.

Understanding error wavelength concept is essential; and its mathematical and
physical implications are difficult to comprehend at first glance. Since error wavelength
is a mathematical phenomenon related to size of the matrices; iterative solution of
different coefficient matrices will progress differently. Assuming fine and coarse grid
solutions are present, iterative solution progress of fine grid will have shorter wavelengths
of errors compared to iterative solution of coarse grid. Vice versa, iterative solution of
coarser grid will capture longer wavelength error behaviour. Thus, fine grids would
capture and converge occurrences of high gradient changes within domain, while coarse
grids would be more efficient on capturing and converging occurrences of low gradient
changes within domain. Coarse grids will have mathematically shorter error wavelengths
compared to fine grids, while fine grids will have physically shorter error wavelengths
compared to coarse grids.

Making use of different error behaviour and computational cost of different grid
resolutions for iterative solution of boundary condition problems are the very essence of
multigrid methods. With composing proceedings and progresses of different resolutions,
multigrid algorithms increase convergence rates while keeping solution accuracy of fine

grids.

1.2. Basic Operations

There are several basic operations required for a functioning multigrid
cycle/algorithm besides iterative solution operations and finite volume method functions
[1]. Each operation or process has a specific purpose to carry out. Main building blocks
of any multigrid cycle or algorithm could be listed as initialization, restriction,
prolongation and finalization.

Initialization is the preliminary phase of the multigrid cycle between initial guess
of the solution and first cycle operation (i.e., restriction). Initialization is basically running
the iterative solution starting with initial guess and ending at a specified iteration count,
a crude convergence target or an event check. Initialization occurs at initial (or final)

resolution which is the finest grid resolution.



Initialization plays an important role for further cycle operations by clearing out
irregularities caused by initial guess and boundary conditions on the very first iterations
of the solution process. Initial guess of a boundary condition problem is mostly
inconsistent with final solution. Boundary conditions may also impose challenging
gradients before iterative solution get on track. Consequently, first iterations of iterative
solutions highly unstable in terms of residual progress. Clearing out this unstable phase
of iterative solution greatly increases viability of upcoming operations.

Restriction is coarsening resolution of the grid and migrating available data
accordingly. Restriction is transferring the current state of iterative solution from fine grid
to coarse grid. Downgrading resolution of the solution can be processed for both
structured and unstructured grids. Restriction of solutions on unstructured grids require
algorithms based on algebraic methods. Geometric methods for restriction of solutions
requires structured grids.

There are two types of grids regarding domain representation. Vertex centred grids
discretise domain around vertices at cell boundaries. Cell centred grids discretise domain
around vertices at cell centre. Figure 1.6 illustrates restriction output of a fine grid which

is a coarser grid for a structured grid on a two-dimensional domain.
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Figure 1.6. Examples to vertex centered and cell centered grids [10]



Restriction operation can be done through various approaches. Injection method for
restriction is executed by copying some of the values of fine grid to coarser grid and is
more suitable for vertex centred grids [18]. Injection method on a vertex centred grid is
simply like deleting some of the vertices. Equation 1.10 is given to represent injection
method for a one-dimensional restriction. “u” is a physical property of the domain, “i” is

the subscript for vertex number (or ID), “c” denotes coarse grid, “f” denotes fine grid.

injection : uji = ugi (1.10)

Weighting method for restriction is executed by calculating coarser grid values by
interpolating fine grid values and is more suitable for cell centred grids [18]. Equation
1.11 is given to represent weighting method with linear interpolation for a one-

3L
1

dimensional restriction. “u” is a physical property of the domain, “i” is the subscript for

vertex number (or ID), “c” denotes coarse grid, “f” denotes fine grid.
weighting : uf = %(u;_l +ul) (1.11)
Figure 1.7 illustrates a one-dimensional example of restriction by weighting
method. Figure 1.8 illustrates a two-dimensional example of restriction by weighting

method.

Figure 1.7. Example to one dimensional restriction operation with weighting method [18]

fine coarse
cells cell

Figure 1.8. Example to two-dimensional restriction operation with weighting method [18]



Prolongation is increasing resolution of the grid and migrating available data
accordingly. Prolongation is transferring the current state of iterative solution from coarse
grid to fine grid. Prolongation is simply the reversed operation of restriction which has
more complexity of execution. Upgrading resolution of the solution can be processed for
both structured and unstructured grids. Prolongation of solutions on unstructured grids
require algorithms based on algebraic methods. Geometric methods for prolongation of
solutions requires structured grids.

Prolongation operation can be done through various interpolation methods.
Establishing appropriate interpolation method is crucial while respecting boundary
conditions of the domain. Equation 1.12 is given to represent linear interpolation for a
one-dimensional prolongation. “u” is a physical property of the domain, “i” is the

subscript for vertex number (or ID), “c” denotes coarse grid, “f” denotes fine grid. Figure

1.9 illustrates a one-dimensional example of prolongation.

Lo=uf ol =@ +ufy) (1.12)
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Figure 1.9. Example to one dimensional prolongation operation with linear interpolation [18]

Finalization is the carry through phase at the end of the multigrid cycle following
last cycle operation (i.e., prolongation). Finalization is basically proceeding the iterative
solution delivered through a cycle operation (most probably prolongation) and ending at
the final convergence target which will deliver final solution. Finalization occurs at final
(or initial) resolution which is the finest grid resolution.

Finalization aims to smooth out the residue of the last cycle operation and to
diminish the errors transferred between resolutions. Finalization also aims to continue
iterations until desired convergence target is reached. Additionally, finalization phase

ensures that final solution is delivered at desired resolution.
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1.3. Cycle Descriptions

Multigrid cycles are procedural integration of various grid operations, solution
iterations and decision checks composed in a specific algorithm. Various multigrid cycle
definitions are present in literature and are used in software. Selecting, defining or setting
an appropriate multigrid cycle depends on the case and requires exercise before execution.
Multigrid cycles improve convergence rates of iterative solutions, but reckless execution
of multigrid cycles may hinder effectivity.

Most of the multigrid cycle definitions have predetermined sequential order of
operations and iterations. Figure 1.10 and Figure 1.11 illustrates V cycle and W cycle that
are mentioned (without further elaboration) to be members of the p cycles where p
parameter is 1 and 2 respectively [10]. Figure 1.12 illustrates F cycle that is defined with
a specified pattern that progressively increases the top level of fine grid resolutions [18].
Figure 1.13 illustrates full multigrid initialization (FMG) that seems to be defined similar
to F cycle without having initial restriction operations and initialized with the coarsest
resolution level [18]. “I” denotes initialization, “S” denotes a sweep of iterations, “R”

denotes restriction, “P”” denotes prolongation, “F” denotes finalization.
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Figure 1.10. Pattern of a V multigrid cycle with four resolution levels
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Figure 1.13. Pattern of a FMG multigrid initialization with four resolution levels
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Theoretically, countless multigrid cycle definitions can be made. Multigrid cycle
definition may or may not have a pattern or an algorithm. Regardless of definition, any
multigrid cycle should serve a purpose which will most likely be related to case at hand.
In some cases, decreasing computational cost without any other considerations may be
sufficient. In some cases, multigrid cycles are needed to increase resolution to capture
high gradients of properties without increasing computational cost. In some cases,
multigrid cycles are beneficial to solve domains with complex geometries at high
resolution grid without having to implement grid refinements or further user effort.
Whatever the cause, taking the effort to define an appropriate multigrid cycle specific to
a case is valid. Defining adaptable multigrid algorithms are another approach to have
convenient multigrid cycles for varying cases.

Algorithms which adapt multigrid cycle pattern by automating the execution of
restriction and prolongation operations based on decisions around residual progress, are
called “flexible” [16,17] in commercial software and “scheduled” [18] in literature.
Adaptive multigrid cycles are driven by the conditions of iterative progress. Steering
between resolutions without predetermined definition makes the cycle versatile against
the ever-changing state of the iterative solution.

Flexible multigrid cycle monitors the residual progress to decide when to execute
restriction or prolongation. Restriction operation is decided while iterating solution when
residual progress is under an expected convergence rate. Equation 1.13 is used to monitor
restriction condition. Prolongation operation is decided while iterating solution when a
target residual level which is a proportion of the initial residual level at current resolution,
is reached. Equation 1.14 is used to monitor prolongation condition. “a” is the non-
dimensional constant of prolongation condition, “B” is the non-dimensional constant of
restriction condition, “R” is the mean (non-dimensional) residual, “i” subscript denotes
the iteration count, “0” subscript denotes the initial residual. “o” has a default value of
0.3 and “B” has a default value of 0.7 [16].

if (R; > BR;_,) istrue thenrestrict (1.13)
if (R; < aRy) is true then prolong (1.14)

Figure 1.14 illustrates an example to the flow chart of a flexible multigrid cycle.

Superscript of “R” denotes resolution level, “¢p” denotes the property that is being

iteratively solved.
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Figure 1.14. Schematic of flexible multigrid cycle [16]

Scheduled multigrid cycle monitors the residual progress to decide when to execute
restriction or prolongation similarly to flexible multigrid cycle. Restriction operation is
decided while iterating solution when residual progress is under an expected convergence
rate. Equation 1.15 is used to monitor restriction condition. Prolongation operation is
decided while iterating solution when a target residual level (at coarser grid) which is a
proportion of the final residual level at previous resolution (at finer grid), is reached.
Equation 1.16 is used to monitor prolongation condition. “¢” is the non-dimensional
constant of prolongation condition, “3” is the non-dimensional constant of restriction
condition, “R” is the mean (non-dimensional) residual, “c” superscript denotes coarse

3L
1

grid, “f” superscript denotes fine grid, “i” subscript denotes the iteration count.
if (R; > 6R;_1) istrue thenrestrict (1.15)
if (RS < eR”) istrue then prolong (1.16)
Even though flexible and scheduled multigrid cycles have slight differences in
execution, are conceptually same in essence. Both flexible and scheduled multigrid cycles
use non-dimensional constants to monitor operation conditions to steer the cycle towards

final solution.
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2. LITERATURE

Multigrid is a numerical method to increase convergence rate of the iterative
solution of a boundary condition problem of a discretized domain while generating
accurate solution [20]. Multigrid methods increase convergence rates by making use of
different iterative behaviour of various grid resolutions towards high resolution domain
solution [21]. Most of the multigrid cycles have predefined algorithms with certain
parameters [21]. Essentially, multigrid algorithms exploit varying benefits of iterating a
solution on different (high/low) resolutions in order to get an accurate final solution with
reduced computational cost.

Multigrid methods emerged in the late of 20th century and became a fundamental
tool of modern CFD software. Figure 2.1 is generated with the numbers returned from the
publication search executed with the keywords; “multigrid” and “computational fluid

dynamics”; over forty years of time.

Figure 2.1. Number of publications about “multigrid” and “CFD” with respect to years

2.1. Multigrid Methods

The multigrid method is a numerical technique used in computational fluid
dynamics (CFD) and other fields of computational science and engineering to solve
partial differential equations (PDES), especially those related to fluid flow. It's a powerful
approach for accelerating the convergence of iterative solvers.

Multigrid employs a hierarchy of grids, with each grid having a different level of
resolution [10]. These grids can be thought of as a series of meshes, where the finest grid
represents the problem's original domain, and coarser grids are obtained by repeatedly

coarsening the mesh.
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On the finest grid iterative solvers are applied to the discretized PDE to approximate
the solution. However, these solvers can be slow to converge, especially when dealing
with fine grids. Multigrid introduces a key concept called “smoothing” [18]. Smoothing
operations are used to reduce high-frequency error components in the solution. These
operations can be relaxation techniques, like Jacobi or Gauss-Seidel, and are applied to
the solution to make it smoother.

To transfer information between grids with different resolutions, multigrid employs
restriction and prolongation operations [18]. Restriction operators aggregate data from
finer grids to coarser grids, while prolongation operators interpolate data from coarser
grids to finer grids.

Once the error is reduced on the fine grid using smoothing, the algorithm transfers
the problem to a coarser grid. This process continues recursively until the coarsest grid
and/or a condition is reached. On the coarsest grid, a direct solver, such as Gaussian
elimination, can be applied to solve the problem efficiently due to the reduced size of the
system. Any other convenient iterative solver can also be used on the coarsest grid instead
of a direct solver.

After solving on the coarsest grid, the algorithm begins a correction phase, which
involves prolongating the solution back to finer grids and adding it to the previously
smoothed solution [7]. This corrects errors introduced by solving on the coarser grids.

The entire process of transferring between grids, smoothing, and correction is
repeated iteratively until a desired level of accuracy is achieved. Multigrid can
significantly accelerate the convergence of iterative solvers, reducing the number of
iterations required to reach a solution [8].

The power of multigrid lies in its ability to address error components at different
scales efficiently [18]. High-frequency error components are more effectively treated on
finer grids, while low-frequency error components are addressed on coarser grids. This
hierarchical approach can dramatically improve the convergence rate, making it a popular
choice for solving complex CFD problems with fine grids, where other solvers may
struggle to converge in a reasonable amount of time [8].

Multigrid methods can be divided into two categories considering respective
approaches to grid interpretation. Algebraic multigrid methods (AMG) focus on
operations regarding matrix of coefficients which does not require any geometrical

constraint [22]. On the other hand, geometric multigrid methods (GMG) focus on
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operations regarding geometrical representation of the domain which does require some
form of relationship between grid and matrix of coefficients [22]. Both AMG and GMG
have unique feats which can be a pro or a con depending on the situation and/or case.

Algebraic multigrid methods offer a distinctive approach unlike geometric
multigrid methods which rely on the grid's geometric structure. Algebraic multigrid
methods do not require detailed information about the grid or its physical properties.
Instead, they operate based on the algebraic relationships between grid points.

Algebraic multigrid methods have garnered significant attention due to their ability
to handle unstructured grids, complex geometries, and irregular mesh structures. The
distinguishing feature of these methods is that they build a hierarchy of grids solely based
on the algebraic connectivity between grid points.

Large system of algebraic equations represents the discretized equations and
involves a matrix of coefficients and a vector of unknowns. The matrix structure may or
may not reveal any obvious geometric hierarchy. Algebraic multigrid methods, through
a systematic approach, construct a multilevel grid structure without explicitly considering
grid points, making them highly adaptable to a wide range of grid configurations [22].

Geometric multigrid methods, in contrast to algebraic methods, leverage the
geometric structure of the grid to take advantage of the grid's hierarchy, where a coarse
grid is embedded within a finer grid, and each level represents a different level of
resolution.

Geometric multigrid methods typically start with an initial guess for the solution
and apply relaxation techniques, such as Gauss-Seidel or SOR, to smooth out errors at
each level. As the iterations progress, the grid hierarchy allows for the transfer of
information between different resolutions. This interaction between grid levels helps
correct errors and improve the accuracy of the solution.

Geometric multigrid methods excel in situations where the grid has a well-defined
geometric hierarchy, such as structured grids [22]. They are particularly effective for
problems with regular geometries and highly isotropic flow conditions.

Overall, the choice between algebraic and geometric multigrid methods depends on
the nature of the problem and the grid type. Algebraic multigrid methods offer flexibility
in handling irregular grid structures, while geometric multigrid methods are well-suited

for problems with well-defined grid hierarchies [22].
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2.2. Multigrid Schemes

Multigrid schemes are a category of methods employed in CFD to accelerate
convergence in iterative solvers. Fixed-pattern multigrid schemes, such as the V-cycle,
W-cycle, and F-cycle, are widely used and have demonstrated their effectiveness in
improving convergence speed [7].

In a multigrid cycle, the grid is successively refined and coarsened in a
consequential manner. This process involves moving between different levels of grid
resolution. At each level, a relaxation method, often a simple iterative technique like
Gauss-Seidel, is applied to smooth out errors in the solution. The process of moving
between grid levels allows for the transfer of information, helping to correct errors more
effectively. The W-cycle and F-cycle are variations of the V-cycle, introducing more
coarsening and refinement steps in the multigrid scheme. These fixed-pattern multigrid
schemes aim to address issues with convergence by taking advantage of grid hierarchy
and the interactions between different resolutions.

Fixed-pattern multigrid schemes are robust and well-established, making them prior
choice for many CFD simulations [1]. However, they may not always be the most
efficient option in all scenarios. For some complex problems, particularly those involving
irregular geometries or highly anisotropic grids, adaptability in the multigrid cycle is
essential.

Adaptive multigrid schemes take the principles of fixed-pattern multigrid a step
further by introducing adaptability into the process. These schemes dynamically adjust
the multigrid cycle based on the problem's characteristics [17].

The adaptive multigrid approach recognizes that not all regions of the flow field
require the same level of attention. In areas with smooth and well-behaved flow, coarser
grid levels and fewer iterations suffice. On the other hand, in regions with complex
turbulence or steep gradients, finer grids and more iterations are necessary for accurate
convergence.

To achieve adaptability, adaptive multigrid schemes use various criteria to
determine when to refine or coarsen the grid, such as error levels, gradient steepness, or
flow behaviour [8]. This adaptability enhances convergence speed by focusing
computational effort where it is most needed. It effectively balances the need for accuracy
with computational efficiency, making it a powerful tool in addressing a broad range of

flow problems, including those with dynamic or changing flow patterns.
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Adaptive multigrid schemes are highly versatile and are especially beneficial for
problems where flow conditions vary significantly throughout the domain. They can
adapt to handle both complex and relatively straightforward flow regions, optimizing the
convergence process and ensuring that CFD simulations produce accurate and reliable
results [8].

2.3. Recent Studies

Some of the recent studies in multigrid methods have concentrated on enhancing
the efficiency and reliability of these techniques. One prominent area of research has been
the adaptation of multigrid methods to high-performance computing (HPC)
environments. As computational resources continue to evolve, multigrid methods need to
be optimized for parallel computing platforms, enabling the simulation of more complex
and realistic scenarios. The scalability of multigrid methods is crucial, especially for
problems that require massive computational power, such as weather forecasting,
turbulent flow simulations, or aerodynamic analysis of intricate aircraft designs. Recent
research has focused on developing parallelization strategies and hybrid solvers that
harness the power of modern HPC architectures.

Parallel multigrid methods have several advantages over sequential ones, including
faster computation, scalability, reduced communication overhead, and efficient
implementation. Parallel multigrid methods can solve large problems faster than
sequential methods by distributing the computation across multiple processors
[23,24,25]. Parallel multigrid methods can reduce communication overhead by using grid
partitioning and ensuring that time spent on communication is maintained at a small
fraction of computation time [26,27]. Parallel multigrid methods can be implemented
efficiently on parallel machines, and many research projects have been conducted on
parallel multigrid methods, including parallel geometric multigrid methods [28];
addressing a variety of subjects from proposed new algorithms to theoretical studies to
questions about practical implementation [25].

Parallelization of multigrid methods is an important area of research for solving
large computational problems on high performance, massively parallel computers. There
are various parallel implementations of multigrid methods, and some components of the

classical algorithm require new parallel approaches.
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A new parallel algorithm [29] for the multigrid process has been developed,
including a modification based on a V-cycle mixed with the two-grid method. With this
modification, parallel computing is enabled for each grid resolution. Convergence rate of
the initial value problem is enhanced by implementing parallelization in post-smoothing
while keeping sequential pre-smoothing.

In a parallel multigrid method [30], load balancing, adaptive grid refinement and
eventually solution of PDEs on the processed grids are the main phases of the method.
Defining domain partition and show nodes are initial and essential for further operations.
Compatible adaptive grid refinement succeeds domain definition. Balanced
parallelization of the partitioned grids is carried out to various metrics of partitions and
relations between them. Hierarchical multigrid methods then used to achieve high parallel
efficiency on small cluster computers.

Multigrid methods have proved to be among the fastest numerical methods for
solving a broad class of problems, from many types of partial differential equations to
inverse problems [24]. Reviews of various sequential and parallel methods conclude with
that multigrid methods will preserve their contribution over iterative solutions, even if
parallel computing takes over serial computing [24].

Algebraic multigrid (AMG) is a very efficient algorithm for solving large problems
on unstructured grids. While much of it can be parallelized in a straightforward way, some
components of the classical algorithm, particularly the coarsening process and some of
the most efficient smoothers, are highly sequential, and require new parallel approaches.
One of the algebraic approaches is based on decomposition of domain into a number of
sub-domains (partitions) with an overlap [23]. Various parallel coarsening schemes,
interpolation procedures, parallel smoothers are reviewed [31]. Vast number of research
of parallel AMG methods are present [31]. One of the approaches is seemed standing out

with the concept of compatible relaxation [32].

Advancements in multigrid methods have also targeted to improve the handling of
complex geometries. Problems involving irregular or unstructured grids have historically
posed challenges for multigrid solvers. Researchers have developed techniques to adapt
multigrid methods to effectively handle these complex geometries, ensuring that they

remain a valuable tool for a wide range of CFD applications.
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Some of the recent studies regarding geometric multigrid methods (GMG) [33]
have focused on the adaptability of multigrid methods to complex geometries. A meshless
geometric multigrid method has been proposed for complex geometries with an improved
cell coarsening algorithm [34]. A flexible, parallel, adaptive geometric multigrid method
has also been developed for adaptively refined meshes for massively parallel
computations [35]. Additionally, an adaptive geometric multigrid method has been
developed for the mixed finite cell formulation of Navier-Stokes equations [36]. Results
from these studies indicate that the presented multigrid methods are capable of solving

the model problems independently of the problem size and are robust [34,36].

Research on multigrid schemes has focused on refining existing approaches and
introducing novel ones to address a range of flow problems effectively. Fixed-pattern
multigrid schemes have undergone further investigation to optimize their parameters for
improved convergence. The challenge with fixed-pattern schemes is that they may not
always provide the fastest convergence in every situation. Recent research has delved into
the fine-tuning of parameters, such as the number of grid levels and relaxation factors, to
adapt multigrid schemes for specific problems. By optimizing these parameters,
researchers aim to enhance convergence speed and efficiency in simulations across a
diverse set of flow conditions and geometries.

In practice, tuning the parameters of multigrid methods is a "minimax" problem,
minimizing with respect to solver parameters the appropriate measure of work, which
involves minimizing an estimate of the spectral radius of a stationary iteration, or the
condition number of a preconditioned system, in terms of a symbol representation of the
algorithm [37].

There have been some recent developments in the field of parameter-dependent
multigrid methods. A parameter-dependent smoother for the multigrid method has been
proposed, which uses tensor formats to efficiently solve parameter-dependent linear
systems [38]. The integers v1 and v2 are parameters in the scheme that control the number
of VV-cycles and the number of pre- and post-smoothing steps, respectively [10].

In summary, tuning the parameters of multigrid schemes is important to optimize
their performance. Local Fourier analysis is a useful tool for predicting and analysing the
performance of multigrid methods. Recent developments in the field of parameter-

dependent multigrid methods have proposed a parameter-dependent smoother for the
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multigrid method, which uses tensor formats to efficiently solve parameter-dependent

linear systems.

Adaptability within multigrid schemes has also garnered substantial attention.
Studies have explored ways to make multigrid cycles more responsive to the changing
flow conditions throughout the simulation. Adaptive multigrid schemes, as mentioned
earlier, dynamically adjust the grid based on error levels, gradient steepness, or flow
behaviour. These schemes have the potential to significantly reduce the number of
iterations required for convergence and ensure that simulations produce accurate results
in scenarios with fluctuating flow patterns.

The adaptability of multigrid cycles has been an essential point of research.
Researchers have explored ways to automate the selection of grid levels and determine
when to refine or coarsen the grid during the simulation. This adaptability is particularly
critical for problems with high gradients and/or transient phenomena, where the flow
features change dramatically and/or over time.

Multi-level adaptive technique (MLAT) is a combination of multigrid and adaptive
methods [14]. The basic idea of MLAT is to work not only on a single grid but on a
sequence of grids, each of which is a successor of the previous one. The solution can also
be computed on the coarsest grid and then refined successively on finer grids until the
desired accuracy is achieved [14].

The MLAT algorithm uses a combination of relaxation sweeps and intergrid
operations to solve boundary value problems [14]. MLAT is a challenging technique to
implement because its basic software components are strongly interrelated, and thus the
modularization is nontrivial [15]. Program design is further complicated by efficiency
considerations [15]. However, the abstract mesh concept has been developed to address
these issues and its implementation in a patch-adaptive multigrid program has been
successful [39].

MLAT offers several advantages over traditional numerical methods, including
improved efficiency, better accuracy, adaptability, and flexibility. These advantages
make it a powerful tool for solving partial differential equations in a wide range of
applications.

MLAT improves the efficiency of numerical solutions to PDEs by adapting the

discretization to the local behaviour of the solution [15]. This means that the algorithm

22



can use a coarser grid where the solution is smooth and a finer grid where the solution is
more complex, resulting in faster and more accurate solutions [15].

MLAT can also achieve higher accuracy than traditional numerical methods by
using a sequence of appropriate discretizations [15]. This allows the algorithm to capture
the local behaviour of the solution more accurately, resulting in more accurate solutions
[15].

MLAT is adaptable to a wide range of problems, including linear and nonlinear,
elliptic and mixed-type problems [15]. This makes it a versatile technique that can be
used in many different applications.

Since MLAT is a combination of multigrid and adaptive methods, it can be used
with different types of discretization methods, including finite-difference and finite-
element methods [15]. This makes it a flexible technique that can be adapted to different
types of problems.

While MLAT offers several advantages over traditional numerical methods, it also
has some limitations. These include complexity, mesh generation challenges and
implementation difficulties.

MLAT is a complex technique that requires a significant number of computational
and theoretical expertise to implement [15]. The algorithm uses a sequence of
increasingly finer discretizations, which may require recursive and/or nested algorithms
[15].

MLAT requires the generation of a sequence of meshes, which can be a challenging
task [15]. The meshes must be generated in a way that accurately captures the local
behaviour of the solution, which can be difficult to achieve [15].

2.4. Summary of Literature

Advanced iterative methods are not applicable to all situations. Adaptive grid
refinement mainly aims to increase solution accuracy not convergence rate. Algebraic
multigrid methods are mostly concerned with intergrid operation robustness. Geometric
multigrid methods are mostly case specific and aim to exploit geometrical relations while
transferring data between grid resolutions. Fixed-pattern multigrid schemes are robust but
lack efficiency when left without user input.

Studies on multigrid methods are mostly focused on scalability of parallelization

on HPCs, adaptation to complex geometries. Studies on multigrid schemes are mostly
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focused on parameter optimization of fixed-pattern schemes, tuning adaptive algebraic
multigrid methods and hybrid schemes with different approaches to domain
decomposition and preconditioning.

Although there are various efforts to improve existing multigrid methods as well as
proposing new ones occasionally, studies specifically on adaptive multigrid schemes
remain fundamental and are simply lacking. Flexible and/or scheduled adaptive schemes
are merely a different expression of MLAT while offering no alternative to essence of
MLAT as it emerged. Thus, effort of generating a new adaptive multigrid scheme

algorithm is considered worthwhile.
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3. METHOD

Definitive exploration of adaptive multigrid schemes requires controlled
experiments. In order to perform controlled experiments, clarity of parametric models and
reference case are also needed. In this manner, thesis is built upon a code from scratch
which is consisted of functions with scalable infrastructure. Functions are generated to
work with varying inputs and to return output in a definitive format. Output of a function
is input of another function and vice versa. Scalable infrastructure that keeps input and
output intact, enabled changing the internal sequence/procedure of the function without
hindering the main stream of code execution.

Functions and algorithms are presented with input, sequence/procedure and output
alongside assumptions and theory of each procedure. Consequently, method of the thesis
is presented with both theory and practice in an integrated fashion. Figure 3.1 illustrates

the presentation schematic of functions and algorithms.

Definition Sequence

Theory Assumptions Input Procedure Output

Figure 3.1. Presentation schematic of functions and algorithms

All codes of functions/algorithms are shared in Appendices #1 to #4 in the presented
order. With careful treatment, all functions/algorithms can be altered to work with another
case. Future work presents essential pointers and insightful considerations towards further

development of the code.

3.1. Theory

Theoretical basic knowledge to some concepts used in methods are given in this
section. These concepts and subjects which are not used directly as they are but are seen
as inspiration. Work unit concept is an inspiration to reference work unit parameter which
is used to compare cost of multigrid cycles. PID controller theory is an inspiration to
steering algorithm of the adaptive cycle that is generated and presented with the thesis.
Exponential decay theory is an inspiration to understand residual progress as well as to

specify a criterion to the steering mechanism of the adaptive multigrid cycle.
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3.1.1. Work Unit

Work unit (WU) is defined as the memory cost of performing one relaxation sweep
on the finest grid [18]. It is also noted that intergrid transfer operations (restriction and
prolongation operations throughout the cycle) cost 10-20% of the entire cycle [18]. By
solving geometric series of the memory costs at each resolution level, a single V multigrid
cycle cost is given as 4 WUs for one-dimensional problem, 8/3 WUs for two-dimensional
problem and 16/7 WUs for three-dimensional problem [18]. Memory cost of multigrid
cycles decreases with increasing dimension of the problem. Figure 3.2 illustrates the
memory cost accumulation of a V cycle with four resolution levels; based on solution and
right-side vectors [18]. “(n)h” represents (n)th resolution level, “v array” and “f array”

represents the solution and right-side vectors respectively.
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Figure 3.2. Memory cost diagram of a V cycle with four resolution levels [18]

Work unit concept as described above and illustrated in Figure 3.2 is ambiguous
because memory allocation of any array or vector is dependent to the environment
(language, compiler, IDE, operating system, etc...) as well as definition of the
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array/vector itself. Additionally, most expensive object of an iterative solution is most
likely the coefficient matrices rather than solution vector if sparse array infrastructure is
not used. Even if sparse arrays are used to store data, matrices and vectors would have
varying memory costs depending on the boundary conditions and solver models. Fair
comparison of costs of multigrid cycles requires normalized or independent variable as
an indicator. Time cost would inherently include any varying parameter of the
environment, algorithm and system that multigrid cycle works on.

Work unit concept as a cost indicator is also not comprehensive enough for present
applications. Computational cost includes process time in addition to memory allocation.
Even though memory cost can be a limitation to an iterative solution at certain situations,
time cost is much more significant when considered within the context of modern fast
paced business and scientific environment. Time cost inherently includes the processor
time, as well as access time to data on memory. Time cost also includes the energy cost
to power the computer system during the process.

Measuring computational cost in terms of elapsed time is seen as much more
convenient and comprehensive for comparing performance of multigrid cycles. Thus,
reference work unit is defined as the elapsed time of performing one iteration on the finest
grid.

3.1.2. PID Controller

Proportional-integral-derivative (PID) controller is defined as a control loop which
implements feedback to the process in order to achieve continuously modulated control
towards a desired state [40]. PID controller continuously calculates an error between a
desired and measured state of a process, consequently applies a correction response
generated with the combination of proportional, integral and derivative terms [40]. Figure
3.3 illustrates the block diagram of a PID controller feedback loop. Error value (e(t)) is
calculated by subtracting measured process variable (y(t)) from desired setpoint (r(t)).
Control variable (u(t)) is calculated by combining contributions of proportional (P),
integral (1) and derivative (D) terms. Proportional term is calculated by multiplication of
proportional gain factor (Kp) and error value. Integral term is calculated by multiplication
of integral gain factor (K)) and integration of error value through the progress. Derivative
term is calculated by multiplication of derivative gain factor (Kp) and rate of change of

error value through the progress.
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Figure 3.3. Block diagram of a PID controller feedback loop

Control variable (u(t)) is generated by adding proportional, integral and derivative
terms for an unmodified PID controller. Proportional control variable is proportional to
existing error. If there is an error factor having different unit than setpoint and process
variable, proportional control fails. Integral control variable is set regarding the
persistence of the error. Integral control shows slow reaction at first but shows
increasingly intense reaction if error persists. Integral control eliminates offset errors,
may induce oscillations in form of constant, growing or decaying sinusoids. Derivative
control variable is set regarding the rate of change of the error. Derivative control cannot
bring system to setpoint by itself, while flattening the error trajectory towards setpoint.
PID controller combines pros and cons of each individual controllers into a much more
reliable and adaptable feedback loop.

Although being a widely used and an adaptable feedback loop, PID controller can
not be used as described above for steering an adaptive multigrid cycle. Control variable
and process variable are simply different in terms of both units and concept for a multigrid
cycle.

Setpoint or desired state (r(t)) of an iterative solution is convergence target which
is in the units of residual. Consequently, process variable (y(t)) should inherit the same
unit in order to subtract one from another. So, setpoint is recognized as convergence target
while process variable is recognized as current residual. Therefore, error is recognized
the difference between current residual and convergence target.

Steering (restrict, prolong) or termination command is recognized as the input of
the adaptive multigrid cycle while output of the multigrid cycle is recognized as the

iterative solution of the problem which is monitored through residual.
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Thus, proportional-integral-derivative (PID) driven adaptive multigrid cycle is
envisioned as the innovative aspect of the thesis based on the inspiration from PID

controllers.

3.1.3. Exponential Decay

Exponential decay is defined as a proportional decrease rate of a quantity to its
current value over time [41]. Representation of exponential decay in the form of
differential equation is given in Equation 3.1 and solution of the differential form in
Equation 3.2 for further use. Figure 3.4 contains the exponential decay curves plotted

with varying lambda values with a certain (No=1) initial value.
L0 = N (3.1)

N(t) = Nyje ™ (3.2)

Exponential Decay Curves
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Figure 3.4. Example to exponential decay curves

Residual progress curves of convergent iterative solutions are strikingly similar to
exponential decay curves. Figure 3.5 gives an example to progress curves of mean
residual for different resolutions. Consideration of the similarity between Figure 3.4 and
Figure 3.5 gives the impression that exponential decay concept may be useful for the

efforts of generation of an adaptive multigrid cycle. Logarithmic behaviour of residual
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curves on Figure 1.2 enhances the impression to consider exponential decay concept as
an asset towards generation of an adaptive multigrid cycle.

0.8

0.6

04

residual

0.2

iteration

Figure 3.5. Example to progress curves of mean residual for different resolutions

Further investigation on exponential decay curves lead to observations on integral
and derivative behaviours of the curves. Derivative behaviour is straightforward enough
to understand with a constant proportional change as the definition goes. However,
inspecting integral behaviour of the curves reveal an interesting aspect of the exponential
decay. Figure 3.6 illustrates the integral curves of the exponential decay. All of the
integral curves plotted with different lambdas eventually and asymptotically converges
to a certain value which in fact is 1/A. So; for a known or a desired rate of change of
decay, there is an integral value that decay can never reach. Vice versa; for a certain
integral target value, there should be a minimum decay constant value to reach that
integral. In other words, exponential decay behaviour can be used to check if residual
progress complies with a desired rate of change; or to check if residual progress exceeded

a certain investment (integral) level.
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Figure 3.6. Example to integral of exponential decay curves

Thus, exponential decay behaviour is considered to understand residual progress

and to specify steering criteria of the adaptive multigrid cycle.

3.2. Scope

Exploration space to cover every aspect of an adaptive multigrid cycle definition
for the iterative solution of a boundary condition problem using finite volume method is
simply vast. Exploration with commercial software is not viable due the simple fact that
commercial software is not open-source and does not allow to change most of the
parameters. Exploration with open-source software is also not viable due to the
complexity of available CFD solvers which will break the focal point of the exploration
by forcing a high effort for proper validation. Most sensible approach to exploration was
seen as the generation of a simple finite volume method solver and building multigrid
algorithms over the definite infrastructure. Generation/development of a code/algorithm
from scratch enabled full authority over the controlled experiments of parameters as well
as clarity over validation. Exploration without any infrastructural uncertainty improved
the merits of the thesis.

Main concern of the thesis is to discover the fundamentals of adaptive multigrid
cycles while establishing a viable and valid execution base. Thus, efforts are focused on
generation/development of multigrid algorithms rather than generation/development of a
CFD solver.
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Boundary condition problem is assumed as a two-dimensional diffusion. Thermal
diffusion problem on a homogenous plate is selected for the reference case which may
have constant temperature and constant heat flux at boundaries. Thermal coefficients are
assumed to be constant within the homogenous plate. Another reason to select thermal
diffusion case is having analytical Laplace solution which inherently enabling proper
validation of results.

Domain is assumed to be represented with a structured grid of uniform elements.
Structured grid enabled to use geometric multigrid methods while easing the
implementation of finite volume method operations.

Geometric multigrid methods are assumed in order to ease the implementation of
restriction and prolongation and to focus on multigrid cycle algorithms.

Central differencing is assumed for discretization which is adequate for the
reference case and is convenient to implement on structured grids and to work with
geometric multigrid methods.

Gauss Seidel method without any modification is assumed for iterating the solution
which is adequate for the reference case.

All variables are in default SI units [42] unless otherwise specified.

3.3. Environment

Selection of the medium for the tool generation is the initial step to consider.
Environment should fit to the scope and purpose of the code. Capable of meeting the
infrastructure requirements; an object-oriented, functional, fast, high-level, open-source
language is considered for tool development. Although "Python™ has been the most
popular language for software development in recent years, "Fortran” or "C" can still be
preferred due to its speed in many engineering applications. Although languages such as
"MATLAB" and "VBA" are also widely used, they are not open-source. “The Julia
programming language” has been preferred with the claim of being both high-level and
fast. According to shared benchmark data, Julia has proven to be as fast as Fortran, even
though it is as high-level as Python [http-1]. Figure 3.7 summarizes the results of various

languages for various benchmark types.
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Figure 3.7. Benchmark results of various programming languages compared to C language [http-1]

Selection of the language led to specify which libraries to use while keeping tool
development authentic as possible. Scope of the thesis focuses on the effectivity of
multigrid methods and algorithms. Thus, finite volume methods, iterative solvers and
multigrid operations should be performed with authentic functions. Complimentary or
basic infrastructure such as; mathematical functions, data base environment, graph
plotting, file input output protocols, benchmark tools, are implemented by standard or
imported libraries. Comprehensive documentation of the language and standard libraries
are available [http-2, http-3, http-4, http-5, http-6]. Documentation of external libraries
[http-7, http-8, http-9, http-10] are also available at respective source sites. Table 3.1
summarizes brief explanations to the imported libraries that is selected for code

infrastructure.
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Table 3.1. Selected libraries for code infrastructure

Library Origin Explanation
Provides functions that generates date and information in
Dates Standard .
various/custom formats.
Printf Standard Enables macros that returns formatted output as string.
SparseArrays | Standard Provides sparse vector/matrice infrastructure and functions.
Statistics Standard Offers basic and advanced statistical functions.
csv External Input output interface/infrastructure for comma separated value files.

Compatible with DataFrame library.
Offers database features with various filters and operations.

DataFrames External Data can be processed in the desired format.

Supports object-oriented data types.
Plots External Offers various plotting functions and features with various back-ends.
StatsPlots External Extension of Plots library. Contains many statistical recipes.

3.4. Finite Volume Method Functions

Basic operations regarding finite volume method were coded as functions.
Definition of a boundary condition problem is sequential. Problem definition starts with
domain description and grid generation. Once computational grid is present at desired
resolution, a method for boundary condition inclusion follows. Discretization of the
governing equations based on the grid and boundary conditions lead to coefficient
matrices of systems of equations. Delivering the coefficient matrices of the problem

completes finite volume method sequence of the solution procedure.

3.4.1. FVM Function #1 “initialize_domain”

Generation of the domain is the very first step towards solution. Domain is assumed
to be in rectangular shape on two dimensions. Size in each dimension may vary. Grid is
assumed to be uniform in x and y directions. Number of divisions may vary in each
direction. Thus, “initialize_domain” function works with two-dimensional size input and
two number of division input. Table 3.2 summarizes the input variables with brief

explanations.

Table 3.2. Input variables of “initialize_domain” function

Variable Type Explanation

diml Float Length (m) of the domain in first dimension.

dim2 Float Length (m) of the domain in the second dimension.
n_div_x Integer Number of divisions in first (x) direction.

n_div_y Integer Number of divisions in second (y) direction.
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Number of cells is calculated by multiplying number of divisions on each direction.
Size of each uniform cell in both directions are calculated by dividing length of each
dimension to number of divisions. DataFrame object is initialized with ID column using
number of cell information. Sequentially; columns of indices, coordinates and value
(temperature) are calculated and added to DataFrame object simultaneously using
DataFrame infrastructure. Property (temperature) values of cells are assigned as zero in
order to keep domain dummy for further operations. When all columns are processed,
function returns the DataFrame object populated with all individual cell information.

Table 3.3 summarizes the output object while Figure 3.8 is an example output of
the “initialize_domain” function. “ID” is the identification number of the cell, “i” is the

[13%2]

indice of the cell along the first direction, “j” is the indice of the cell along the second

direction, “x” is the coordinate of the cell centre at first direction, “y” is the coordinate of

the cell centre at second direction, “T” is the property (temperature) value at cell centre.

Table 3.3. Output object of “initialize_domain” function

Object Type Explanation
outCs DataFrame Container of information (1D, i, j, X, y, T ) of grid cells.

6400x6 DataFrame

Row | ID i J X y T
Inté4d 1Int64 1Int64 Floaté4d Floaté4d Floated
1 1 1 1 ©.91875 ©.81875 e.e
2 2 2 1 ©.85625 ©.91875 e.e
3 3 3 1 ©.89375 0.91875 e.e
4 = - 1 ©.13125 ©.0e1875 0.0
5 5 5 1 ©.16875 ©.01875 0.0
6397 6397 77 88 2.86875 2.98125 e.e
6398 6398 78 80 2.98625 2.98125 e.e
6399 6399 79 80 2.94375 2.98125 e.e
6400 6400 80 80 2.98125 2.98125 0.0

6391 rows omitted

Figure 3.8. Output example of “initialize_domain” function
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3.4.2. FVM Function #2 “boundary_conditions”

Defining boundary conditions is essential for any boundary condition problem.
Conventional denotations of boundaries are assumed as west, east, south and north [1].
Fix (“Dirichlet”) and flux (“Neumann”) thermal boundary conditions are assumed.
Temperature and heat flux values may vary at each boundary but does not vary within a
boundary. Thus, “boundary conditions” function works with four Dirichlet boundary
condition input and four Neumann boundary condition input. Equation 3.3 is given to
represent heat flux boundary condition. “k” is the heat transfer coefficient, “A” is the area
of the heat transfer, “T” is temperature, “C” is the spatial location. Table 3.4 summarizes

the input variables with brief explanations.

dT
q=kAZ (3.3)

Table 3.4. Input variables of “boundary conditions” function

Variable Type Explanation

WB_fix Float Temperature (K) value of western boundary condition.
WB_flux Float Heat flux (W) value of western boundary condition.
EB_fix Float Temperature (K) value of eastern boundary condition.
EB flux Float Heat flux (W) value of eastern boundary condition.
SB_fix Float Temperature (K) value of southern boundary condition.
SB_flux Float Heat flux (W) value of southern boundary condition.
NB_fix Float Temperature (K) value of northern boundary condition.
NB_flux Float Heat flux (W) value of northern boundary condition.

Empty DataFrame object is created to contain boundary denotations, fix values,
flux values. Columns of boundary denotations, temperature values, heat flux values are
added into the DataFrame object. Function then returns the DataFrame object contains
boundary condition information to be later called as input to other functions.

Table 3.5 summarizes the output object while Figure 3.9 is an example output of
the “boundary conditions” function. “W” denotes west, “E” denotes east, “S” denotes
south, “N” denotes north, “fix” is the temperature boundary condition, “flux” is the heat

flux boundary condition.

Table 3.5. Output object of “initialize_domain” function

Object Type Explanation
Container of boundary condition information at domain boundaries
out_df DataFrame )
- in terms of temperature and heat flux.
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4x3 DataFrame
Row | boundary fix flux
String Float64 Floate4d

1 | W 273.15 e.e
2 E 273.15 e.e
3 S 273.15 e.e
4 | N 373.15 e.e

Figure 3.9. Output example of “boundary conditions” function

3.4.3. FVM Function #3 “apply_boundary_conditions”

Validity of solutions based on finite volume method requires proper application of
boundary conditions. Additionally, different grid resolutions of multigrid cycles require
a compatible method for inclusion of boundary conditions. A method using source terms
of finite volume method [1] while preserving discretization equations is generated in
order to maintain a viable multigrid cycle execution.

Boundary conditions are assumed to be suitable for the domain towards iterative
solution. Sanity check of boundary conditions against divergence is not present.
Boundary condition input are assumed as physically feasible. Since reference case is
selected, constants and relations of thermal diffusion problem are assumed to be
predetermined. Thus, “apply boundary conditions” function works with domain and
boundary condition input which are assumed to be compatible. Table 3.6 summarizes the

input objects with brief explanations.

Table 3.6. Input objects of “apply_boundary conditions” function

Object Type Explanation
in_df DataFrame Container of information ( ID, i, j, X, y, T ) of grid cells.

Container of boundary condition information at domain boundaries
in terms of temperature and heat flux.

bc_df DataFrame

Number of divisions and cell sizes in each direction are read/calculated from input
DataFrame which contains domain/grid information. Inclusion of boundary conditions
requires an imaginary cell addition to perimeter of input grid. Number of divisions in each
direction and total cell number is calculated accordingly. DataFrame object is initialized

with ID column using number of cell information. Sequentially; columns of indices,
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coordinates and value (temperature) are calculated and added to DataFrame object
simultaneously using DataFrame infrastructure. Temperature values and heat flux of cells
are assigned as zero in order to keep domain dummy for further operations. After
initialization of the domain with imaginary perimeter addition, boundary conditions
values (temperature and heat flux) are assigned to each (W, E, S, N) boundary cells
accordingly using DataFrame infrastructure. Source coefficients at boundaries are
calculated and assigned to respective cells while simultaneously added as columns to
DataFrame object using DataFrame infrastructure. Eventually, a DataFrame object is
returned as output containing grid information and boundary conditions in source
coefficient format.

Equation 3.4 and Equation 3.5 are used to calculate source coefficients [1]. Figure
3.10 illustrates the transformation of boundary conditions to source terms. Derivation of
the source term contributions are given under the “discretised form” heading below.
Source coefficient calculations assume cells to be equal in size at each direction. “k” is
the thermal conduction coefficient, “A” is the surface area between cells (by including a
constant thickness), “AC” is the distance between adjacent cell centres, “q” is the heat

flux, “B” subscript denotes the boundary.

D Prix Prix Sp Sp Sp
Qfiux Qfiux Gfiux Su Su Su

Figure 3.10. Transformation of boundary conditions to source coefficients

_ _ 2kpAp
5, = - et (3.4)
Su=4qg — Sp ()3 (3.5)

Table 3.7 summarizes the output object while Figure 3.11 is an example output of
the “apply boundary conditions” function. “T” denotes temperature, “q” denotes heat

flux, “Sp” and “Su” denotes source coefficients.
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Table 3.7. Output object of “apply_boundary conditions” function

Object Type Explanation

Container of grid information (ID, i, j, X, ¥) and boundary
conditions (T, q) in source coefficient (Sp, Su) format.

out_df DataFrame

6724x9 DataFrame

Row | ID i j X y T q Sp Su

Inte4 Inte4 Inte4 Floate4d Floate4 Floate4 Floate4 Floate4 Floate4d

1 1 1 1 -8.81875 -0.81875 273.15 0.8 -20.0 5463.0

2 2 2 1 8.81875 -0.81875 273.15 8.8 -20.0 5463.0

3 3 3 1 8.85625 -0.01875 273.15 0.0 -20.0 5463.0

4 s s 1 8.89375 -0.01875 273.15 0.0 -20.0 5463.0

5 5 5 1 8.13125 -6.81875 273.15 8.8 -20.0 5463.0
6721 6721 79 82 2.90625 3.01875 373.15 0.0 -20.0 7463.0
6722 6722 80 82 2.94375 3.81875 373.15 0.0 -20.0 7463.0
6723 6723 81 82 2.98125 3.81875 373.15 8.8 -20.0 7463.0
6724 6724 82 82 3.01875 3.01875 373.15 0.0 -20.0 7463.0

6715 rows omitted

Figure 3.11. Output example of “apply _boundary conditions” function

3.4.4. FVM Function #4 “discretised_form”

Prerequisite to generate coefficient matrices of an iterative solution is to write down
system of equations in a discretized form. Discretization method directly effects iterative
solution progress alongside grid resolution. Gradients of physical properties are captured
either inherently by grid resolution or numerically by discretization method.

Discretization method assumed as central differencing with linear interpolation.
Figure 3.12 illustrates cell denotations used in discretization [1] for a two-dimensional
finite volume method. “P” denotes the cell being processed, “W”” denotes the western cell,
“E” denotes eastern cell, “S” denotes southern cell, “N” denotes northern cell, “w”
denotes the western cell face, “e” denotes eastern cell face, “s” denotes southern cell face,
“n” denotes northern cell face. In short, an uppercase letter denotes cell (centre) while a
lowercase letter denotes cell face. Equation 3.6 and Equation 3.7 are used for two-
dimensional diffusion problem [1]. Equation 3.8 and Equation 3.9 are the gradually
discretized form of the diffusion problem [1]. By distributing Equation 3.7 while using
source terms given in Equation 3.10, discretized form is written as seen in Equation 3.11
for two-dimensional diffusion problem [1]. Table 3.8 summarizes the expressions of

[IPPeS)

coefficients of discretized form. “¢” is the physical property, “x” and “y” is the
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coordinates, “S” denotes source contribution, “V” denotes volume, “I"” is the relational

constant, “A” is the area at interface.
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Figure 3.12. Denotations for discretization function [1]

= (T5) + 55 (r5y) +5s =0 (36)
s (15 drdy + [y 55 (1)) dxdy + [y, Spav =0 (37)

|r.A. (Z‘i’) — TwAy (52 ) | +[reas (a¢) —rnAn(g—f) |+sav=0 (38

r,A, (Pe—9p) r, A4 (pp—Pw) +T,A (@n—0p) I, (¢p Sfll:s) +SAV =0 (3.9)

Sxpg W Sxwp " sxpy

SAV = S, + S,¢p (3.10)

Table 3.8. Coefficients of discretized form

Ay ag ag ay ap
r,A A [.A [A
o — o L aw +ag+as+ay—S,
Sxwp 8xpg 8ysp Sypn
apPp = aywdyw + agdpp + asps + aydpy + Sy (3.11)

“discretised_form” function works with DataFrame input which contains domain
and boundary condition information. Table 3.9 summarizes the input object with brief

explanations.
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Table 3.9. Input object of “discretised form” function

Object Type Explanation
in df DataFrame _Contal_ner of information ( ID_, i,j,%x, Y, T,0, Sp, Su) of grid cells
- including source terms at perimeter.

Input DataFrame of “discretised form” function contains additional imaginary cell
information at boundaries. Thus, number of divisions of output in each direction and total
cell number of output are calculated by excluding imaginary cells at perimeter.
DataFrame object is initialized with ID column using number of cell information.
Sequentially; columns of indices, coordinates and value (temperature) are calculated and
added to DataFrame object simultaneously using DataFrame infrastructure. Dummy
columns of coefficients given in Table 3.8 with constant values for aW,aE,aS,aN and zero
values for Sp,aP,Su are added to DataFrame object. aW,aE,aS,aN coefficients at
boundaries are cleared out by link cutting [1]. Neighbouring (aW,aE,aS,aN) subsets of
input DataFrame are taken in order to be used at calculating remaining (Sp,aP,Su)
coefficients. Equation 3.12 is used to calculate Sp values, Equation 3.13 is used to
calculate aP values and Equation 3.14 is used to calculate Su values. Eventually, a
DataFrame object is returned as output containing grid information and respective

coefficients of discretization.

Sp, =Sp, +Sp, +Sp + 5y (3.12)
ap = aw+aE+a5+aN_Sp (313)
Sup = Suy + Sug + Sug + Suy (3.14)

Table 3.10 summarizes the output object while Figure 3.13 is an example output of

the “discretised form” function.

Table 3.10. Output object of “apply _boundary conditions” function

Object Type Explanation

Container of grid information (ID, i, j, X, y) and (aW, aE, aS, aN,
Sp, aP, Su) coefficients of discretization.

out_df DataFrame
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6400x12 DataFrame

Row | ID i j X y al aE as aN Sp aP Su
Int64 1Inté4 1Inté4 Float64 Floate4 Floaté4 Floaté4 Floaté4 Float6é4 Float64 Float64 Float64
1 1 1 1 ©.01875 0.01875 0.0 l1e.0 8.0 1.0 -40.0 60.©6 10926.0
2 2 2 1 ©.e5625 0.01875 le.0 l1e.0 8.0 1.0 -20.0 5e.e 5463.0
3 3 3 1 ©.09375 0.01875 1.0 1e.0 8.0 1.0 -20.0 5e.e 5463.0
4 4 4 1 ©.13125 0.e1875 1.0 18.0 8.0 1.8 -20.0 5e.e 5463.0
5 5 5 1 ©.16875 ©.01875 18.0 18.8 9.0 18.8 -28.8 58.8e 5463.0
6397 6397 77 80 2.86875 2.98125 10.0 10.0 10.0 0.0 -20.8 58.8 7463.0
6398 6398 78 80 2.90625 2.98125 10.0 10.9 10.9 9.9 -20.0 50.0 7463.@
6399 6399 79 80 2.94375 2.98125 10.0 10.0 10.0 0.9 -20.0 50.0 7463.@
6400 6400 80 80 2.98125 2.98125 10.0 9.9 10.0 0.9 -49.0 60.9 12926.9
6391 rows omitted

Figure 3.13. Output example of “discretised_form” function

3.4.5. FVM Function #5 “coefficient_matrices”

Last step before venturing towards iterative solution is to generate coefficients of
matrices using discretised form of domain. Generating coefficients of matrices is
basically writing down system of equations by cell number instead of neighbouring
denotations. “coefficient matrices” function merely transforms/rearranges discretised
form of the domain.

“coefficient_matrices” function works with DataFrame input which contains grid
information and respective coefficients of discretization. Table 3.11 summarizes the input
variables with brief explanations.

Table 3.11. Input object of “coefficient_matrices” function

Object Type Explanation
. Container of grid information (ID, i, j, X, y) and (aW, aE, aS, aN,
in_df DataFrame Sp, aP, Su) coefficients of discretization.

Number of cells and number of divisions in each direction are read from input
DataFrame which contains discretised form of the domain. Dummy coefficient matrices
(A) in size of number of cells in two dimension is created for further assignment using
zero values. For loop is executed for number of cells, reading neighbouring cell
information (aP, aW, aE, aS, aN) and assigning them to corresponding cells according to
their IDs at the coefficient matrices. “Su” column of input DataFrame is assigned as
constant (b) vector. Eventually, coefficient of matrices (A) and constant vector (b) are
returned as an output of “coefficient matrices” function.

Table 3.12 summarizes the output objects while Figure 3.14 is an example output

of the “coefficient matrices” function. Equation 3.15 and Equation 3.16 show the output
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(Y34

format of the matrices. “A” is the coefficient matrices of the system of equations, “x” is
the exact solution vector, “b” is the constant vector, “a” are cell coefficients denoted with
subscripts of indices, “n” denotes the subscript of indices as well as number of cells, “¢”

is the physical property.

air QA2 - Q1] [P b,
Q1 QAzz2 ... d2pn b
2
AR | B L (3.15)
an1  Qp2 e App d)n bn
Ax=b (3.16)
Table 3.12. Output objects of “coefficient_matrices” function
Object Type Explanation
A Matrice Container of coefficient of matrices based on cell IDs.
b Vector Container of constant vector.
6400x6400 Matrix{Float64}: 6400-element Vector{Float64}:
60.9 -10.90 0.0 0.0 0.9 0.0 . 0.9 0.0 0.0 0.0 0.0 10926.0
-10.0 50.2 -10.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 5463.0
0.0 -l10.0 50.0 10.0 0.0 0.0 0.9 0.0 e.e 0.0 0.0 5463.0
0.0 0.0 10.0 5.0 -10.0 0.0 0.0 0.0 0.0 0.0 0.0 5463.90
0.0 9.0 0.0 10.0 50.6 -10.0 0.0 0.0 0.0 0.0 0.0 5463.0
9.9 0.0 0.0 0.0 -10.0 5.0 . 0.0 9.0 0.0 0.0 0.0 5463.0
9.9 0.0 0.0 0.9 0.0 -10.90 0.0 0.0 0.0 0.0 0.0 5463.0
é.e 0.0 0.0 0.0 0.0 ‘e‘e -1é.e 0.0 0.0 0.0 0.0 7455,9
0.0 0.0 0.0 0.0 0.0 0.0 . 50.0 -10.0 0.0 0.0 0.0 7463.0
0.0 0.0 0.0 e.e 0.0 0.0 -10.0 50.0 10.0 0.0 0.0 7463.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 -10.0 50.0 -10.0 0.0 7463.0
9.0 0.9 0.0 0.0 e.e 0.0 9.0 0.0 10.0 5.0 -10.0 7463.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 10.0 60.0 12926.0

Figure 3.14. Output example of “coefficient_matrices” function

3.5. Iterative Solution Functions

Various solution methods and algorithms require different iterative solution
functions with different conditioning. Thus, solution iterator functions based on iteration
count, convergence criteria or special conditionings are generated in order to properly
engage in multigrid cycle/algorithm development and exploration. Iterative solution
functions are similar in essence with changing conditioning and monitors which serve

specific purposes to respective cycles/algorithms.
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3.5.1. Iterative Solution Function #1 “gauss_seidel iterate”
Iterator function is required in order to build iteration functions upon. Gauss-Seidel
iterative method without modifications or relaxations is assumed for solution. Equation

3.17 to Equation 3.22 summarizes Gauss-Seidel method used in iterative solutions [3].

a;;  Qqp Ain $1 by
e I L P2 d);z‘,lﬁ Ib:z (3.17)
An1  Ony Ann ¢;n b-n
A=L,+U (3.18)
a;, 0 .. 0 0 a;; - Gin
L=|%t @2 - 0 00 - G (3.19)
a;u a;lZ | aT.lTl 0 0 O
Lx=b—Ux (3.20)
x D) = [71(p — Ux () (3.21)

k+1 1 i— k+1 k .
xl( ) = a_u(bl - §=11 aijxj( ) _ ;—l=i+1 al-jxj( )) L= 1,2, W, n (322)

Iterator function works with matrices (A) and vectors (b, X) input and performs one
iteration with Gauss-Seidel method. Table 3.13 summarizes the input objects with brief

explanations.

Table 3.13. Input objects of “gauss_seidel_iterate” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.
b Vector Container of constant vector.

X Vector Container of solution vector.

Size of the coefficient matrices are read from input. An intermediate operation

vector is created in order to contain cumulative row sum of the solution vector. Elements
of solution vector are calculated and assigned within the consecutive loops of indices (i,
J) which sweeps all rows and non-zero columns. Eventually, solution vector (x) is returned

as output of “gauss_seidel iterate” function. Table 3.14 summarizes the output object.

Table 3.14. Output object of “gauss_seidel_iterate” function

Object

Type

Explanation

X

Vector

Container of solution vector.
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3.5.2. Iterative Solution Function #2 “iterate_solution_count”

Iteration count is one of the main variables to be monitored through any iterative
solution process. Thus, having a function to iterate solution for a certain number of
iterations was seemed imperative. “iterate solution count” function establishes a base for
more advanced iterative solution procedures.

“iterate_solution count” function works with matrices (A), vectors (b, x) and
iteration count (ic) input and performs consecutive iterations. Table 3.15 summarizes the

input objects and variables with brief explanations.

Table 3.15. Input objects of “iterate_solution_count” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.
b Vector Container of constant vector.

X Vector Container of solution vector.

ic Integer Number of iterations for the iterative solution.

Upon receiving input, empty/dummy containers (R, S, t, r, y, rh, xh) are created in
order to store variables of iterations. “R” is the mean residual vector calculated with
Equation 3.24, “S” is the standard deviation of residual vector calculated with Equation
3.25, “t” is the vector of time stamps, “r” is the residual vector calculated with Equation
3.21, “y” is the intermediate solution vector, “rh” is the container of residual vectors. “1”
denotes cell number while “n” denotes total number of cells.

7)) = 120 -y (3.23)
R = mean(®) = ~¥17(i) (3.24)

S =std(?) = /M (3.25)

Time stamp is used to mark start of the while loop which iterates until the iteration
count delivered by input is reached. For each while loop iteration; solution vector is
iterated using “gauss_seidel iterate” function, residual vector is calculated using current
and previous solution vectors, current time stamp is used to record progress, iteration
progress variables (mean residual, standard deviation of residual vector, current time,
residual vector, solution vector) are pushed into respective containers. In order to keep
track of iterative process and later use, history of iterative solution is recorded. Iteration

history is recorded by creating a DataFrame object containing mean residual, standard
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deviation of residual and time stamp columns. Field history is recorded by creating a

DataFrame object containing solution vectors of each iteration. Residual history is

recorded by creating a DataFrame object containing residual vectors of each iteration.

Eventually, iteration history, field history and residual history objects are returned as

output of “iterate solution count” function.

Table 3.16 summarizes the output objects while Figure 3.15, Figure 3.16 and Figure

3.17 are example output of the “iterate solution count” function.

Table 3.16. Output objects of “iterate_solution_count” function

Object Type Explanation
. . . Container of mean residual vector, standard deviation of residual
iteration_history DataFrame .
vector and time stamp vector
field_history DataFrame | Container of solution vectors of each iteration
residual_history DataFrame | Container of residual vectors of each iteration

8x3 DataFrame

Row R S t
Float64 Float64 Int64
1 274.729 12.08958 79943600
2 @.154425 @.563102 156054400
3 8.146266 8.517291 232470400
4 8.139211 @.478872 208532200
5 9.133032 0.446151 384623900
6 @.127562 @.41792 460654500
7 @.122675 @.393291 542912800
8 0.118274  ©.371599 620959000

Figure 3.15. “iteration_history” output example of “iterate_solution_count” function

6400x8 DataFrame

Row x1 x2 x3 x4 x5 x6 x7 x8

Float64 Float64 Float64 Float64 Float64 Floaté4 Float64 Float6sd

1 273.15 273.15 273.15 273.15 273.15 273.15 273.15 273.15

2 273.15 273.15 273.15 273.15 273.15 273.15 273.15 273.15

3| 273.15 273.15 273.15 273.15 273.15 273.15 273.15 273.15

4 | 273.15 273.15 273.15 273.15 273.15 273.15 273.15 273.15

5 | 273.15 273.15 273.15 273.15 273.15 273.15 273.15 273.15
6397 358.2 358.755 359.208 359.586 359.986 268.18 368.418 360.626
6398 355.701 356.112 356.446 356.723 356.957 357.157 357.33 357.482
6399 348.046 348.291 248.49 348.655 348.794 3248.912 349.017 349.107
6400 322.352 322.431 322.496 322.55 322.596 322.635 322.668 322.698

6391 rows omitted

Figure 3.16. “field_history” output example of “iterate_solution_count” function
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6400x8 DataFrame

Row x1 x2 x3 x4 x5 x6 x7 x8
Float64 Float6d Float6d Float64d Float64 Float6d Float6d Float64

1 272.15 2.9 Q.8 2.0 2.9 0.0 8.0 2.9

2 272.15 2.9 a.e 8.8 2.9 9.9 8.8 2.9

3| 272.15 9.8 0.9 0.9 0.0 0.0 8.8 0.0

4 272.15 2.9 a.e 2.9 2.9 9.9 8.9 2.9

5 272.15 a.e a.e 2.9 a.e 0.9 8.9 2.9
6397 357.2 @.554634 9.453622 @.37796 @.319825 9.27419 8.237708 @.208083
6398 354.701 ©.410606 0.334163 9.277349 @.233961 9.200071 8.173088 @.151249
6399 | 347.046 0.244645 9.199865 0.165214 ©.139376 ©.119198 ©.183136 0.09091361
6480 321.352 ©0.8794711 0.0648093 0.8538891 0.8455332 0.0389943 0.0337793 0.8295523

6391 rows omitted

Figure 3.17. “residual_history” output example of “iterate_solution_count” function

3.5.3. Iter. Sol. Function #3 “iterate_solution_count_for_cycles”
Iterative solution function for cycles works with matrices (A), vectors (b, X, r) and
iteration count (ic) input and performs consecutive iterations. Table 3.17 summarizes the

input objects and variables with brief explanations.

Table 3.17. Input objects of “iterate_solution_count for cycles” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.
b Vector Container of constant vector.

X Vector Container of solution vector.

r Vector Container of residual vector.

ic Integer Number of iterations for the iterative solution.

Upon receiving input, empty/dummy containers (R, S, t, rh, xh) are created in order
to store variables of iterations. Residual vector (r) is read from input and a dummy
intermediate solution is calculated with input solution vector (x) and residual vector (r).
Time stamp is used to mark start of the while loop which iterates until the iteration count
delivered by input is reached. For each while loop iteration; solution vector is iterated
using “gauss_seidel iterate” function, residual vector is calculated using current and
previous solution vectors, current time stamp is used to record progress, iteration progress
variables (mean residual, standard deviation of residual, current time, residual vector,
solution vector) are pushed into respective containers. In order to keep track of iterative
process and later use, history of iterative solution is recorded. Iteration history is recorded
by creating a DataFrame object containing mean residual, standard deviation of residual

and time stamp columns. Field history is recorded by creating a DataFrame object
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containing solution vectors of each iteration. Residual history is recorded by creating a
DataFrame object containing residual vectors of each iteration. Eventually, iteration
history, field history and residual history objects are returned as output of
“iterate_solution count for cycles” function.

Table 3.18 summarizes the output objects of the
“iterate_solution _count for cycles” function. Example output of

“iterate_solution count for cycles” are similar to Figure 3.15, Figure 3.16 and Figure

3.17.

Table 3.18. Output objects of “iterate_solution_count _for_cycles” function

Object Type Explanation

Container of mean residual vector, standard deviation of residual
vector and time stamp vector

field_history DataFrame | Container of solution vectors of each iteration
residual_history DataFrame | Container of residual vectors of each iteration

iteration_history DataFrame

3.5.4. Iter. Sol. Function #4 “iterate_solution_converge for_cycles”
Iterative solution function for a desired convergence target works with matrices (A),
vectors (b, x, r) and a convergence criterion (dc) input and performs consecutive

iterations. Table 3.19 summarizes the input objects and variables with brief explanations.

Table 3.19. Input objects of “iterate_solution_converge for cycles” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.
b Vector Container of constant vector.

X Vector Container of solution vector.

r Vector Container of residual vector.

dc Float Desired convergence level of iterative solution.

Upon receiving input, empty/dummy containers (R, S, t, rh, xh) are created in order
to store variables of iterations. Residual vector (r) is read from input and a dummy
intermediate solution is calculated with input solution vector (x) and residual vector (r).
Time stamp is used to mark start of the while loop which iterates until the convergence
criteria delivered by input is reached. While loop is terminated if desired convergence
level is reached. For each while loop iteration; solution vector is iterated using

“gauss_seidel iterate” function, residual vector is calculated using current and previous
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solution vectors, current time stamp is used to record progress, iteration progress variables
(mean residual, standard deviation of residual, current time, residual vector, solution
vector) are pushed into respective containers. In order to keep track of iterative process
and later use, history of iterative solution is recorded. Iteration history is recorded by
creating a DataFrame object containing mean residual, standard deviation of residual and
time stamp columns. Field history is recorded by creating a DataFrame object containing
solution vectors of each iteration. Residual history is recorded by creating a DataFrame
object containing residual vectors of each iteration. Eventually, iteration history, field
history and residual  history objects are returned as output of
“iterate_solution converge for cycles” function.

Table 3.20 summarizes the output objects of the
“iterate_solution_converge for cycles” function. Example output of
“iterate_solution converge for cycles” are similar to Figure 3.15, Figure 3.16 and Figure

3.17.

Table 3.20. Output objects of “iterate_solution _converge_for cycles” function

Object Type Explanation

Container of mean residual vector, standard deviation of residual
vector and time stamp vector

field_history DataFrame | Container of solution vectors of each iteration
residual_history DataFrame | Container of residual vectors of each iteration

iteration_history DataFrame

3.5.5. Iter. Sol. Function #5 “iterate_solution_converge with count”

Iterative solution function for a certain convergence target works with matrices (A),
vectors (b, x), a convergence criterion (cc) and maximum iteration count (i_max) input
and performs consecutive iterations. Table 3.21 summarizes the input objects and

variables with brief explanations.

Table 3.21. Input objects of “iterate_solution_converge with_count” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.

b Vector Container of constant vector.

X Vector Container of solution vector.

cc Float Convergence criteria of iterative solution.

i_max Integer Maximum number of iterations for the iterative solution.
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Upon receiving input, empty/dummy containers (R, S, t, r, y, rh) are created in order
to store variables of iterations. Time stamp is used to mark start of the while loop which
iterates until the convergence criteria delivered by input is reached. While loop is
terminated if maximum number of iterations is reached. For each while loop iteration;
solution vector is iterated using “gauss seidel iterate” function, residual vector is
calculated using current and previous solution vectors, current time stamp is used to
record progress, iteration progress variables (mean residual, standard deviation of
residual, current time, residual vector, solution vector) are pushed into respective
containers. In order to keep track of iterative process and later use, history of iterative
solution is recorded. lIteration history is recorded by creating a DataFrame object
containing mean residual, standard deviation of residual and time stamp columns. Field
history is recorded by creating a DataFrame object containing solution vectors of each
iteration. Residual history is recorded by creating a DataFrame object containing residual
vectors of each iteration. Eventually, iteration history, field history and residual history
objects are returned as output of “iterate_solution_converge with count” function.

Table 3.22 summarizes the output objects of the
“iterate_solution converge with count” function. Example output of
“iterate_solution converge with count” are similar to Figure 3.15, Figure 3.16 and

Figure 3.17.

Table 3.22. Output objects of “iterate_solution_converge with_count” function

Object Type Explanation

Container of mean residual vector, standard deviation of residual
vector and time stamp vector

field_history DataFrame | Container of solution vectors of each iteration
residual_history DataFrame | Container of residual vectors of each iteration

iteration_history DataFrame

3.5.6. Iterative Solution Function #6 “iterate_solution_flexible”

Flexible multigrid cycle requires special iterative solution function which has
additional input and output as well as additional conditioning. Even though final
convergence target input is essentially same, iterative solution function for flexible cycle
also deals with directions in terms of restriction, prolongation or termination. Additional

measures for robustness are also incorporated in the process.
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“iterate_solution flexible” function works with matrices (A), vectors (b, X, 1),
decision criteria (pc, rc), maximum iteration count (i_max), minimum iteration count
(i_min) and final convergence target (fc) input and performs consecutive iterations. Table

3.23 summarizes the input variables with brief explanations.

Table 3.23. Input objects of “iterate_solution_flexible” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.

b Vector Container of constant vector.

X Vector Container of solution vector.

r Vector Container of residual vector.

pc Float Prolongation criteria.

rc Float Restriction criteria.

i_max Integer Maximum number of iterations for the iterative solution.
i_min Integer Minimum number of iterations during a solution sweep.
fc Float Final convergence criterion.

Upon receiving input, empty/dummy containers (R, S, t, rh, xh) are created in order
to store variables of iterations. Residual vector (r) is read from input and a dummy
intermediate solution is calculated with input solution vector (x) and residual vector (r).
Time stamp is used to mark start of the while loop which iterates until any criteria
delivered by input is reached. While loop is terminated if maximum number of iterations
iIs reached. For each while loop iteration; solution vector is iterated using
“gauss_seidel iterate” function, residual vector is calculated using current and previous
solution vectors, current time stamp is used to record progress, iteration progress variables
(mean residual, standard deviation of residual, current time, residual vector, solution
vector) are pushed into respective containers.

Restriction criteria, prolongation criteria, termination criteria are continuously
checked with each iteration. All criteria trigger respective action registers to be returned
as an output towards multigrid cycle that called the “iterative solution_flexible” function.
Table 3.24 summarizes the checks against criteria and respective actions. “cR” is the

mean residual of current iteration, “pR” is the mean residual of the previous iteration.
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Table 3.24. Checks against criteria of “iterative_solution_flexible” function and respective actions

Check Expression Action

If restriction criterion is smaller than the ratio of
current mean residual to previous mean residual, | . cR . .

- . . o o s if <= d ic > iy, ) then
providing that iteration count is bigger than minimum (TC ( ) ana te l"”")
number of iterations, then...

Restrict

If current mean residual is smaller than the
prolongation criterion, providing that iteration countis | if (cR < pc and ic > i,,;,) then Prolong
bigger than minimum number of iterations, then...

If current mean residual is smaller than the final
convergence criterion, providing that iteration countis | if (cR < fc and ic > iy;,) then Prolong
bigger than minimum number of iterations, then...

If iteration count is bigger than maximum number of

iterations, then... if (ic > imqy) then Prolong

In order to keep track of iterative process and later use, history of iterative solution
is recorded. Iteration history is recorded by creating a DataFrame object containing mean
residual, standard deviation of residual and time stamp columns. Field history is recorded
by creating a DataFrame object containing solution vectors of each iteration. Residual
history is recorded by creating a DataFrame object containing residual vectors of each
iteration. Eventually, iteration history, field history, residual history objects and “action”
string are returned as output of “iterate solution_flexible” function.

Table 3.25 summarizes the output objects of the “iterate solution flexible”
function. Example output of “iterate_solution_flexible” are similar to Figure 3.15, Figure

3.16 and Figure 3.17 with the addition of “action” string.

Table 3.25. Output objects of “iterate_solution_flexible” function

Object Type Explanation

Container of mean residual vector, standard deviation of residual

iteration_history DataFrame .
vector and time stamp vector

field_history DataFrame | Container of solution vectors of each iteration
residual_history DataFrame | Container of residual vectors of each iteration
action String Action phrase to be evaluated later.

3.5.7. Iterative Solution Function #7 “iterate_solution_PID_driven”

PID driven multigrid cycle requires special iterative solution function which has
additional input and output as well as additional conditioning. Even though final
convergence target input is essentially same, iterative solution function for flexible cycle
also deals with directions in terms of restriction, prolongation or termination. Additional

measures for robustness are also incorporated in the process.
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“iterate_solution PID driven” function works with matrices (A), vectors (b, X, 1),
cycle constants (cP, cl, cD), decision criteria (Pc, Ic, Dc), maximum iteration count
(i_max), minimum iteration count (i_min) and final convergence target (fc) input and
performs consecutive iterations. Table 3.26 summarizes the input variables with brief

explanations.

Table 3.26. Input objects of “iterate_solution_PID_driven” function

Object Type Explanation

A Matrice Container of coefficient of matrices based on cell IDs.
b Vector Container of constant vector.

X Vector Container of solution vector.

r Vector Container of residual vector.

cP Float Multiplier constant of proportional term.

cl Float Multiplier constant of integral term.

cD Float Multiplier constant of derivative term.

Pc Float Criteria constant to check against proportional term.

Ic Float Criteria constant to check against integral term.

Dc Float Criteria constant to check against derivative term.
i_max Integer Maximum number of iterations for the iterative solution.
i_min Integer Minimum number of iterations during a solution sweep.
fc Float Final convergence criterion.

Upon receiving input, empty/dummy containers (R, S, t, rh, xh) are created in order
to store variables of iterations. Residual vector (r) is read from input and a dummy
intermediate solution is calculated with input solution vector (x) and residual vector (r).
Dummy values of current mean residual (cR), previous mean residual (pR) and initial
mean residual (iR) assigned with mean residual value. Initial mean residual acts as a
reference for further condition checks which represents the starting and/or maximum
mean residual of the step. Time stamp is used to mark start of the while loop which iterates
until any criteria delivered by input is reached. While loop is terminated if maximum
number of iterations is reached. For each while loop iteration; solution vector is iterated
using “gauss_seidel iterate” function, residual vector is calculated using current and
previous solution vectors, current time stamp is used to record progress, iteration progress
variables (mean residual, standard deviation of residual, current time, residual vector,
solution vector) are pushed into respective containers. As a robustness precaution, initial
mean residual is reassigned as mean residual if it is bigger than initial mean residual

within the while loop.
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Previous and current error is calculated against final convergence target using
previous (pR) and current (cR) residuals respectively. Integral of error is calculated at
each iteration using simple trapezoid method with middle point sums. Change of error is
calculated with the difference between current and previous error. Proportional, integral
and derivative terms are calculated by multiplying coefficients (cP, cl, cD) with current
error, integral of error and change of error respectively.

previous error = pe = pR — fc (3.26)
current error = ce = cR — fc (3.27)
integral = integral + (Ce;pe) (3.28)

change = ce — pe (3.29)

proportional term = PT = cP * current error (3.30)
integral term = IT = cl * integral (3.31)
derivative term = DT = cD * change (3.32)

Action assignment criteria (proportional, integral, derivative) are continuously
checked with each iteration. All criteria trigger respective action registers to be returned
as an output towards multigrid cycle that called the “iterative solution PID driven”

function. Table 3.27 summarizes the checks against criteria and respective actions.

Table 3.27. Checks against criteria of “iterative_solution_PID_driven” function and respective actions

Check Expression Action
If proportional term (PT) is smaller than proportional

criteria multiplied by initial mean residual, providing | if (PT < Pc .iR) and (ic > ipin) Prolon
that iteration count is bigger than minimum number of | then g
iterations, then...

If integral term (IT) is bigger than integral criteria

multiplied by initial mean residual, providing that | if (IT > Ic.iR) and (ic > i) Prolon
iteration count is bigger than minimum number of | then g
iterations, then...

If derivative term (DT) is bigger than derivative

criteria multiplied by initial mean residual, providing | if (DT > Dc .iR) and (ic > inin) Restrict
that iteration count is bigger than minimum number of | then

iterations, then...

If iteration count is bigger than maximum number of | .. . ;

iterations, then... if (ic > imqay) then Prolong

In order to keep track of iterative process and later use, history of iterative solution
is recorded. Iteration history is recorded by creating a DataFrame object containing mean
residual, standard deviation of residual and time stamp columns. Field history is recorded
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by creating a DataFrame object containing solution vectors of each iteration. Residual
history is recorded by creating a DataFrame object containing residual vectors of each
iteration. Eventually, iteration history, field history, residual history objects and “action”

string are returned as output of “iterate solution PID driven” function.

Table 3.28 summarizes the output objects of the “iterate solution PID driven”
function. Example output of “iterate solution PID driven” are similar to Figure 3.15,

Figure 3.16 and Figure 3.17 with the addition of “action” string.

Table 3.28. Output objects of “iterate_solution_PID_driven” function

Object Type Explanation

Container of mean residual vector, standard deviation of residual
vector and time stamp vector

iteration_history DataFrame

field_history DataFrame | Container of solution vectors of each iteration
residual_history DataFrame | Container of residual vectors of each iteration
action String Action phrase to be evaluated later.

3.6. Intergrid Operation Functions

Initialization, restriction, prolongation and finalization are basic operations for any
multigrid cycle. Initialization and finalization operations are covered with iterative
solution functions. Restriction and prolongation operations require individual and
complimentary functions. Thus, functions that changes the resolution of the solution are

generated for multigrid cycles to use.

3.6.1. Intergrid Operation Function #1 “restrict”

Restriction is basically downgrading the resolution. Geometric multigrid operations
are assumed. Domain is assumed as rectangular in two dimensions. Grid is assumed cell
centred, uniform and structured. Weighting method with linear interpolation is assumed.
Equation 3.33 is used to calculate property values of cells at downgraded resolution.

Figure 3.18 illustrates restriction operation in two dimensions.

1
Ci},ljﬂ =2 (Céli—1,2j—1 + Céli,Zj—l + C;i—l,zj + Céli,Zj) (3.33)
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Figure 3.18. Restriction operation on two dimensions

Coarsening function works with DataFrame object input that contains grid
information (ID, i, j, X, y) and cell properties (T, r). Input is assumed to be compatible for
a feasible restriction operation. Table 3.29 summarizes the input objects with brief

explanations.

Table 3.29. Input object of “restriction” function

Object Type Explanation
in Cs DataFrame Conta_lner of grid information (1D, i, j, X, y) and cell properties (T,
- r) of fine grid.

Number of divisions of fine grid on each direction are read from input DataFrame.
Number of divisions of coarse grid is calculated with number of divisions of fine grid.
Number of cells of coarse grid is calculated with number of divisions of coarse grid.
Output DataFrame object is initialized with ID column using number of cell information
or coarse grid. Columns of indices (i, j) of coarse grid are calculated and added to output
DataFrame object simultaneously using DataFrame infrastructure. Dummy columns of
cell property values (X, y, T, r) are initialized with zero values. Columns of cell property
values (x, y, T, r) of fine grid are reshaped as two-dimensional arrays. Element wise
interpolations are carried out on two-dimensional arrays of input cell property matrices
to find the coarse grid cell property values. Columns of cell property values (x, y, T, r) of
output DataFrame are assigned with the vectorization of interpolated matrices. When all
columns are processed, function returns the DataFrame object populated with all
individual cell information of the coarse grid.

Table 3.30 summarizes the output object while Figure 3.19 is an example output of
the “restrict” function. “ID” is the identification number of the cell, “i” is the indice of

(1343}

the cell along the first direction, “j” is the indice of the cell along the second direction,
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“x” is the coordinate of the cell centre at first direction, “y

centre at second direction, “T” is the temperature value at cell centre,

value at the cell centre.

Table 3.30. Output object of “restrict” function

[t

is the coordinate of the cell

7
T

is the residual

Object Type Explanation
out Cs DataFrame Container of g_rld information (1D, i, j, X, y) and cell properties (T,
- r) of coarse grid.

1600x7 DataFrame

Row | ID i | X y T r
Inté4 Inté4 1Inté4 Floatéd4d Floaté4 Floaté4 Floaté4d

1 1 1 1 ©.8375 ©.e375 273.15 0.9

2 2 2 1 ©.1125 ©.e375 273.15 0.9

3 3 3 1 ©.1875 ©.8375 273.15 0.0

4 < < 1 0.2625 ©.8375 273.15 0.0

5 5 5 1 ©9.3375 9.8375 273.15 0.0
1597 1597 37 40 2.7375 2.9625 331.586 ©.0288765
1598 1598 38 40 2.8125 2.9625 331.586 ©.0288765
1599 1599 39 49 2.8875 2.9625 331.191 ©.0199269
1600 1600 40 49 2.9625  2.9625 315.864 ©.00838497

Figure 3.19. Output example of “restriction” function

3.6.2. Intergrid Operation Function #2 “prolong”

1591 rows omitted

Prolongation is basically upgrading the resolution. Geometric multigrid operations

are assumed. Domain is assumed as rectangular in two dimensions. Grid is assumed cell

centred, uniform and structured. Linear interpolation is assumed. Equation 3.35 is derived

by distributing Equation 3.34 and by arranging the expression. Equations 3.35 to 3.38 are

used to calculate property values of cells at upgraded resolution. Figure 3.20 illustrates

prolongation operation in two dimensions. Uppercase letters denote coarse grid cells

while lowercase letters denote fine grid cells.
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b=
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Figure 3.20. Prolongation operation on two dimensions

Prolongation function works with boundary condition input in addition to
DataFrame object input that contains grid information (ID, i, j, X, y) and cell properties
(T, r) while calling “face_and node values” function to generate necessary information.
Input is assumed to be compatible for a feasible prolongation operation. Table 3.31

summarizes the input objects with brief explanations.

Table 3.31. Input objects of “prolongation” function

Object Type Explanation
Container of grid information (ID, i, j, X, ¥) and cell properties (T,
r) of coarse grid.

Container of boundary condition information at domain boundaries
in terms of temperature and heat flux.

in_Cs DataFrame

bc_df DataFrame

Number of divisions of coarse grid on each direction are read from input
DataFrame. Number of divisions of fine grid is calculated with number of divisions of
fine grid. Number of cells of fine grid is calculated with number of divisions of fine grid.
Output DataFrame object is initialized with ID column using number of cell information
or fine grid. Columns of indices (i, j) and coordinates (X, y) of fine grid are calculated and
added to output DataFrame object simultaneously using DataFrame infrastructure.
Temporary DataFrame object is generated to contain the face and node values of each
cell of coarse grid by using “face_and node values” function in addition to original
coarse grid information. Dummy columns of cell property values (T, r) are initialized with

zero values. Columns of cell, face and node property values (T, r) of coarse grid are
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reshaped as two-dimensional arrays. Element wise interpolations are carried out on two-
dimensional arrays of input cell, face and node property matrices to find the fine grid cell
property values. Columns of cell property values (T, r) of output DataFrame are assigned
with the vectorization of interpolated matrices. When all columns are processed, function
returns the DataFrame object populated with all individual cell information of the fine
grid.

Table 3.32 summarizes the output object while Figure 3.21 is an example output of
the “prolong” function. “ID” is the identification number of the cell, “i” is the indice of
the cell along the first direction, “j” is the indice of the cell along the second direction,

(Y=t

“x” is the coordinate of the cell centre at first direction, “y” is the coordinate of the cell

€C 9%
r

centre at second direction, “T” is the temperature value at cell centre, is the residual

value at the cell centre.

Table 3.32. Output object of “prolong” function

Object Type Explanation

Container of grid information (ID, i, j, X, y) and cell properties (T,
r) of fine grid.

out_Cs DataFrame

25600x7 DataFrame

Row | ID i Jj X y T r
Int64 1Inté4 1Int64 Floated Floate4 Floate4 Float64

1 1 1 1 ©.9e9375 8.ee9375 273.15 0.0

2 2 2 1 ©.e28125 ©.889375 273.15 0.0

3 3 3 1 ©.846875 ©.009375 273.15 0.0

B! 4 B 1 ©.865625 ©.009375 273.15 0.0

5 5 5 1 ©.e84375 ©.009375 273.15 0.0
25597 25597 157 160 2.93437 2.99062 360.068 ©.80352723
25598 25598 158 166 2.95312 2.99062 357.477 ©.00257343
25599 25599 159 166 2.97187 2.99062 351.602 ©.80155082
25600 25600 160 160 2.99062 2.99062 322.693 ©.000514068

25591 rows omitted

Figure 3.21. Output example of “prolongation” function

3.6.3. Intergrid Operation Function #3 “face_and_node_values”
Complication of prolongation operation is the handling of cells at boundaries.
Interpolation of the information for the inner cells are straightforward. Generation of a

robust prolongation function requires inclusion of boundary condition input and an
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additional function to generate the information at cell faces and nodes alongside
neighbouring cell information.

Figure 3.22 illustrates the denotations for necessary information to be generated
with “face_and node values” function. Equation 3.39 to 3.46 are used to find property
values assuming uniform grid and linear interpolation. “@” denotes the property value,
“P” denotes the cell being processed, “W” denotes the western cell, “E” denotes eastern
cell, “S” denotes southern cell, “N” denotes northern cell, “SW” denotes the south
western cell, “SE” denotes south eastern cell, “NW” denotes north western cell, “NE”
denotes north eastern cell, “w” denotes the western cell face, “e” denotes eastern cell face,
“s” denotes southern cell face, “n” denotes northern cell face, “sw” denotes the south
western cell node, “se” denotes south eastern cell node, “nw” denotes north western cell

node, “ne” denotes north eastern cell node. Uppercase letters denote cells while lowercase

letters denote cell faces and cell nodes.

Figure 3.22. Denotations for “‘face_and_node_values” function

bow =7 (bsw + bs + b + bp) (3.39)

e = 5 (s + sz + bp + ) (3.40)
brw = 7 (bw + B + baw + bn) (3.41)
bne = 5 (Pp + b5 + by + bup) (3.42)
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bw = = (bw + p + B + Gru) (3.43)

1

e = 2 (d)P + ¢ + Pge + ¢ne) (3-44)
s = 7 (bs + bp + Paw + Bsc) (3.45)
bn == (b + by + Gy + Pre) (3.46)

Equation 3.39 to Equation 3.46 does not directly work for cells at boundaries.
Special treatment is necessary for cells at each distinct boundary and for each property.
Since, temperature and residual are transferred across resolutions via restriction and
prolongation, “face and node values” function executes special treatments for
temperature and residual values.

Function to generate additional information columns works with boundary
condition input and DataFrame object input that contains grid information (1D, i, j, X, y)

and cell properties (T, r). Table 3.33 summarizes the input objects with brief explanations.

Table 3.33. Input objects of “face_and node_values” function

Object Type Explanation
in_Cs DataFrame gontalner of grid information (1D, i, j, X, y) and cell properties (T,

Container of boundary condition information at domain boundaries

be_df DataFrame in terms of temperature and heat flux.

Number of divisions in each direction as well as number of cells are read from input
DataFrame. Since resolution change is not required, input DataFrame is directly copied
as output DataFrame for this stage of the sequence. Residual assumption value at
boundaries is assigned. Empty columns are added to output DataFrame for property
values of neighbouring cells (W, E, S, N, SW, SE, NW, NE) centres. Empty columns are
added to output DataFrame for property values of neighbouring nodes (sw, se, nw, ne)
and (w, e, s, n) faces. For loops are executed for number of cells, calculating indices and
assigning property values with respective special treatments at corresponding positions.
Property values at cell centres that are outside of boundaries are assigned as “NaN”.
Property values at faces and nodes that are on boundaries are assigned as respective
boundary conditions with proper linear interpolation if necessary. Empty column

additions and respective assignment loops are executed for temperature and residual
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values. Eventually, “face and node values” function returns the DataFrame object
populated with additional columns.
Table 3.34 summarizes the output object while Figure 3.23 is an example output of

the “face_and node values” function.

Table 3.34. Output object of “face_and _node_values” function

Object Type Explanation
out Cs DataFrame Conta_uner of _grld_ mforma_tlon (ID, i, }, X, y)_and cell properties (T,
- r), neighbouring information of cell properties (T, r).

6400x39 DataFrame

Row | ID i j X y T r W_T E_T S_T N_T .
Inté4 Inté4 1Inté4 Floaté4 Floaté4 Floaté4 Floaté4d Float64 Float64 Float64 Floatésd -
1 1 1 1 ©.91875 ©.e1875 273.15 0.0 NaN 273.15 NaN 273.15 -
2 2 2 1 ©.e5625 ©.e1875 273.15 @.e 273.15 273.15 NaN 273.15
3 3 3 1 @.09375 ©.e1875 273.15 0.9 273.15 273.15 Nal 273.15
4 4 4 1 ©.13125 ©.81875 273.15 ©.@ 273.15 273.15 NaN 273.15
5 5 5 1 ©.16875 ©.e1875 273.15 0.0 273.15 273.15 Nal 273.15 -
6397 6397 77 80 2.86875 2.98125 351.273 0.0116598 351.339 350.324 311.833 NaN
6398 6398 78 80 2.90625 2.98125 350.324 ©.0098965 351.273 344.82 311.333 NaN
6399 6399 79 80 2.94375 2.98125 344.82 ©.00614672 35@.324 321.32 3@6.813 NaN
6400 6400 80 80 2.98125 2.98125 321.32 ©.00205627 344.82 NaN 290.503 NaN

28 columns and 6391 rows omitted

Figure 3.23. Output example of “face_and _node_values” function

3.7. Multigrid Algorithm Functions

Running an iterative solution with any multigrid cycle requires working algorithms
on convenient data structure. Although algorithms may vary, consistent data structure
enables fair comparison between cycles/algorithms. Accessibility to recordings of
solution progress is another rationale to have a practical data structure. Table 3.35
summarizes the columns of the DataFrame object that records run of a multigrid
cycle/algorithm with brief explanations. Some of the columns may be seen as excessive
in terms of computational cost, however accessibility and practicality of available

information reduced the efforts towards tool development and result generation.
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Table 3.35. Columns of DataFrame object that records the run

Column Data Type | Explanation

step Integer Steps of the run.

level Integer Resolution level of each step.

n_cell Integer Number of cells for the resolution on each step.

nx Integer Number of divisions in first direction for each step.

ny Integer Number of divisions in second direction for each step.

initial_residual Float Initial mean residual value at the beginning of each step.

final_residual Float Final mean residual value at the end of each step.

iteration_count Integer Iteration count for each step.

iteration_duration Integer Elapsed time while iterating the solution for each step.
Elapsed time while executing intergrid (restriction or

operation_duration Integer prolongation) operations preceding finite volume method

functions for each step.
Elapsed time while executing finite volume method functions

U ration Integer preceding iterations for each step.
initial field DataFrame Initial field information (ID, i, j, X, y, T, r) at the beginning of

- each step.
final_field DataFrame ;Lnsll field information (ID, i, j, X, y, T, r) at the end of each
iteration histor DataFrame Iterative solution history of mean residual (R), standard

- y deviation of residual (S) and time stamps of each step.

field_history DataFrame | Solution vector history of iterative solution of each step.
residual_history DataFrame | Residual vector history of iterative solution of each step.

Excluding columns of DataFrame objects containing field and history information
enables summarizing run history in a compact fashion. Figure 3.24 is an example to a run

history that summarizes what transpires during a multigrid cycle.

10x11 DataFrame

Row step level n_cell nx ny initial_residual final_residual
Int64 Int64 Int64d Int64 Int64 Float64 Float64

1 1 0 6400 80 80 1.0 1.0
2 2 0 6400 80 80 1.59544 0.316303
3 3 1 1600 40 40 0.464135 0.503073
4 4 2 400 20 20 0.845009 0.88932
5 5 3 100 10 10 1.48021 1.48271
6 6 4 25 5 5 2.21309 1.88699
7 7 3 100 10 10 1.39117 0.312344
8 8 2 400 20 20 0.272293 0.0745363
9 9 1 1600 40 40 0.0675594 0.0198555
10 10 0 6400 80 80 0.0182567 0.0054156

iteration_count iteration_duration operation_duration FVM_duration
Int64 Int64 Int64 Int64

1 0 116400 23529600
3 257544000 4800 34509400
3 17744200 128600 3211300
3 1526200 90100 867800
3 269500 36100 369900
3 103200 37300 184100
3 328200 419400 281400
3 1946500 771700 712800
3 19569800 2443200 3514000
3 258939500 11056700 32870300

Figure 3.24. Example to a run history of a multigrid cycle
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Execution of any multigrid cycle is consisted of calling finite volume method and
iterative solution functions while steering through resolution levels either in a predefined
or an adaptive fashion. Any multigrid cycle goes through initialization, resolution change
(restriction and prolongation), iterative solution sweeps at multigrid levels and
finalization activities. Figure 3.25 illustrates conceptual flowchart of any multigrid cycle
run. Initialization and finalization activities are at initial resolution level and does not
require additional functions rather than iterative solution functions. Pre-process and initial
generation of data structure activities are merged under a function. Resolution changes,
iteration sweeps, monitoring, conditioning, steering and other complimentary activities
of multigrid cycles are merged with initialization and finalization under a function. Post-

process of the run is not included within the multigrid algorithms.

preprocess and initialize multigrid cycle

A L
| V[ |

Preprocess I::> Initialization |::> @ @ E:> |::> Postprocess

Iteration
Sweep

N

Figure 3.25. Conceptual flowchart of a multigrid run

3.7.1. Multigrid Algorithm Function #1 “preprocess_and_initialize”

Every CFD run starts with pre-process activities that generates grid upon domain
input while specifying boundary conditions and solver model. Since solver model is
predefined with thesis scope, generating grid and executing initial finite volume method
operations are assumed to be the pre-process of multigrid cycles. Creating container of
run data as described in Table 3.32 and storing initialization phase completes preparation
towards execution of multigrid cycles.

“preprocess_and initialize” function works with domain dimensions and number
of division input (diml, dim2, nx, ny) alongside boundary condition input (bc_df),
convergence criteria (cc), iteration count (ic) and initialization value (init_val). Table 3.36

summarizes the input objects with brief explanations.
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Table 3.36. Input variables of “preprocess_and_initialize” function

Variable Type Explanation

diml Float Length (m) of the domain in first dimension.

dim2 Float Length (m) of the domain in the second dimension.

nx Integer Number of divisions in first (x) direction.

ny Integer Number of divisions in second (y) direction.

be df DataErame pontainer of boundary condition information at domain boundaries
- in terms of temperature and heat flux.

cc Float Convergence criteria of iterative solution of initialization.

ic Integer Number of iterations for the iterative solution of initialization.

init_val Float Property (temperature) (K) initialization value for the first iteration.

Number of cells are calculated with number of divisions input. Empty data structure

is created as described in Table 3.32 to be populated later. Finite volume method functions

are called in sequence using input. Dummy values to residual vector and initialization

value to solution vector are assigned during the process. Iterative solution function that

monitors convergence and iteration count is called if number of iterations input is bigger

than zero to iterate solution. Eventually, data structure is populated with a single row that

contains initialization step data and “preprocess and initialize” function returns the

DataFrame as output.

Table 3.37 summarizes the output object while Figure 3.26 is an example output of

the “preprocess _and _initialize” function.

Table 3.37. Output object of “preprocess_and_initialize” function

Object Type Explanation
- Container of data columns as described in Table 3.35 for
init_data DataFrame S
— initialization phase.
1x16 DataFrame
Row | step level n_cell nx ny initial_residual final_residual iteration_count iteration_duration
1 ‘ 1 2] 6400 80 80 1.0 1.0 1 00 gy
operation_duration fvm_duratxon initial_field final_field iteration_history field_history residual_history
-------- 162200 25594400 6400x7 DataFrame 6400x7 DataFrame
Figure 3.26. Output example of “preprocess_and_initialize” function
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3.7.2. Multigrid Algorithm Function #2 “run_fixed_V_cycle”

Creating algorithms to execute multigrid cycles with predefined patterns are
straightforward in terms of complexity. Multigrid cycles with fixed conceptual patterns
vary with the iteration count of sweeps on resolution levels in addition to desired or
maximum coarsening level. In short, there is not much to steer in terms of algorithm when
it comes to multigrid cycles with fixed patterns.

Multigrid cycle that follows fixed V pattern as illustrated in Figure 1.10 belongs to
the u cycle family with parameter value of p is one [18]. Constant number of iterations
per sweep is assumed for resolution levels. Maximum coarsening level is assumed as the
maximum feasible level for multigrid methods works. Initialization phase and finalization
phase is assumed to be included in the iterations on initial resolution level.

“run_fixed V _cycle” function works with initialized data structure, boundary
conditions, desired coarsening level and number of iteration per sweep input. Table 3.38

summarizes the input objects with brief explanations.

Table 3.38. Input variables of “run_fixed V _cycle” function

Variable Type Explanation
- Container of data columns as described in Table 3.35 for
init_data DataFrame S
— initialization phase.
Container of boundary condition information at domain boundaries
bc_df DataFrame .
in terms of temperature and heat flux.
course_level Integer Desired maximum level of coarsening through the cycle.
i_sweep Integer Number of iterations for solution at a resolution.

Initialized data is copied to be later populated with run data. Maximum coarsening
level is determined using a complimentary function that checks if desired coarsening level
is feasible and assigns maximum possible level instead if it is not. Once maximum
coarsening level is set, an array is generated that holds the sequential resolution levels of
the cycle. For loop is executed for the level values in the array. Within the for loop;
resolution change operations are carried out according to level direction; values of step,
number of cells, number of divisions are assigned; finite volume method functions are
called for the field on process; iterative solution function for cycles is called according to
input; data structure is populated with the information of each step. Finalization phase of

multigrid cycle inherently included with the iterative solution of the field on initial
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resolution at the end of the cycle. Eventually, “run_fixed V cycle” function returns
DataFrame that contains run data as output.
Table 3.39 summarizes the output object while Figure 3.27 is an example output of

the “run_fixed V cycle” function.

Table 3.39. Output object of “run_fixed V cycle” function

Object Type Explanation

Container of data columns as described in Table 3.35 for multigrid
cycle including initialization and finalization.

data DataFrame

10x16 DataFrame

Row | step level n_cell nx ny initial_residual final_residual iteration_count iteration_duration
Int64 164 Inté nt64 Int64 Float64 Float64 t64 nt64

1 1 0 6400 80 80 1.0 1 100
2 2 0 6400 80 80 1.59544 3 253225800
3 3 1 1600 40 40 0.464135 17681100
4 4 2 400 20 20 0.845009 1566400
5 5 3 100 10 10 1.48021 245000
6 6 4 25 5 5 2.21309 106400
7 7 3 100 10 10 1.39117 3 331500
8 8 2 400 20 20 0.272293 3 1883700
9 9 1 1600 40 40 0.0675594 3 19428000
10 10 © 6400 80 80 0.0182567 260430300

operation_duration FVM_duration initial_field final_field iteration_history field_history residual_history
Int64 )ataFran ataF rame )ataF rame DataFrame DataFrame

184400 32884600 6400
2400 25653900 6400
128700 3124300 1
136400 867400
51500 303000 1
56800 177400
416000 271100 1
737000 773300 4
2390100 3122700

10934800 22798400

Figure 3.27. Output example of “run_fixed V _cycle” function

3.7.3. Multigrid Algorithm Function #3 “run_fixed W_cycle”

Multigrid cycle that follows fixed W pattern as illustrated in Figure 1.11 belongs to
the u cycle family with parameter value of p is two [18]. Constant number of iterations
per sweep is assumed for resolution levels. Maximum coarsening level is assumed as the
maximum feasible level for multigrid methods works. Initialization phase and finalization
phase is assumed to be included in the iterations on initial resolution level.

“run_fixed W_cycle” function works with initialized data structure, boundary
conditions, desired coarsening level and number of iteration per sweep input. Table 3.40

summarizes the input objects with brief explanations.
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Table 3.40. Input variables of “run_fixed W cycle” function

Variable Type Explanation

Container of data columns as described in Table 3.35 for
initialization phase.

Container of boundary condition information at domain boundaries

init_data DataFrame

be_df DataFrame in terms of temperature and heat flux.
course_level Integer Desired maximum level of coarsening through the cycle.
i_sweep Integer Number of iterations for solution at a resolution.

Initialized data is copied to be later populated with run data. Maximum coarsening
level is determined using a complimentary function that checks if desired coarsening level
is feasible and assigns maximum possible level instead if it is not. Once maximum
coarsening level is set, an array is generated that holds the sequential resolution levels of
the cycle. For loop is executed for the level values in the array. Within the for loop;
resolution change operations are carried out according to level direction; values of step,
number of cells, number of divisions are assigned; finite volume method functions are
called for the field on process; iterative solution function for cycles is called according to
input; data structure is populated with the information of each step. Finalization phase of
multigrid cycle inherently included with the iterative solution of the field on initial
resolution at the end of the cycle. Eventually, “run_fixed W _cycle” function returns
DataFrame that contains run data as output.

Table 3.41 summarizes the output object while Figure 3.28 is an example output of

the “run_fixed W_cycle” function.

Table 3.41. Output object of “run_fixed W _cycle” function

Object Type Explanation

Container of data columns as described in Table 3.35 for multigrid
cycle including initialization and finalization.

data DataFrame
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20x16 DataFrame

Row | step level n_cell nx ny initial_residual final_residual iteration_count iteration_duration
Int64 Int64 Int64 Int64 Int64 Float64 Float64 Int64 Int64

1 1 ] 6400 80 80 1.0 1.0 1l 100
2 2 Q 6400 80 80 1.59544 0.316303 3 249071600
3 3 1 1600 40 40 0.464135 0.503073 3 17826800
4 a4 2 400 20 20 0.845009 0.88932 3 1496400
5 5 3 100 10 10 1.48021 1.48271 3 253600
6 6 4 25 S 5 2.21309 1.88699 3 95300
7 7 3 100 10 10 1.39117 0.312344 3 343100
8 8 4 25. 5 5 0.848682 0.468259 3 97100
9 9 3 100 10 10 0.478914 0.076354 3 330300
10 10 2 400 20 20 0.10196 0.0236826 3 1918900
11 11 1 1600 40 40 0.0304592 0.00771502 3 19175900
12 12 2 400 20 20 0.0335237 0.0168414 3 1521500
13 13 3 100 10 10 0.122176 0.0479743 3 251000
14 14 4 25 5 5 0.417602 0.085177 3 92600
15 15 3 100 10 10 0.242322 0.0347021 3 363900
16 16 4 25 5 5 0.332711 0.0515139 3 97000
17 17 3 100 10 10 0.218091 0.0359692 3 323200
18 18 2 400 20 20 0.0781423 0.0167562 3 1886100
19 19 1 1600 40 40 0.0271911 0.00615992 3 20290800
20 20 Q 6400 80 80 0.00877109 0.00203725 3 263311000

3.7.4. Multigrid Algorithm Function #4 “run_fixed_F cycle”

operation_duration
Int64

FVM_duration

Int64

initial_field
DataFrame

final_field
DataFrame

iteration_history field_history
DataFrame

DataFrame

residual_history
DataFrame

184400
4000
135200
97400
38200
35100
382100
68400
346500
695200
2261100
335300
38800
33900
379100
59900
329900
860900
2456900
11480200

32884600
30847800
3218500

803700
272700
171200
267100
180100
271900
756000

3318700

802400
297200
163800
270800
165100
281800
776100

3259900
30879300

6400x7 DataFrame
6400x7 DataFrame
1600x7 DataFrame
400x7 DataFrame
100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
400x7 DataFrame
1600x7 DataFrame
400x7 DataFrame
100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
400x7 DataFrame
1600x7 DataFrame
6400x7 DataFrame

6400x7 DataFrame
6400x7 DataFrame
1600x7 DataFrame
400x7 DataFrame
100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
400x7 DataFrame
1600x7 DataFrame
400x7 DataFrame
100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
25x7 DataFrame

100x7 DataFrame
400x7 DataFrame
1600x7 DataFrame
6400x7 DataFrame

1x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3
3x3

3x3

DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame
DataFrame

6400x1 DataFrame
6400x3 DataFrame
1600x3 DataFrame
400x3 DataFrame
100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
400x3 DataFrame
1600x3 DataFrame
400x3 DataFrame
100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
400x3 DataFrame
1600x3 DataFrame
6400x3 DataFrame

Figure 3.28. Output example of “run_fixed W _cycle” function

Multigrid cycle that follows fixed F pattern as illustrated in Figure

6400x1 DataFrame
6400x3 DataFrame
1600x3 DataFrame
400x3 DataFrame
100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
400x3 DataFrame
1600x3 DataFrame
400x3 DataFrame
100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
25x3 DataFrame

100x3 DataFrame
400x3 DataFrame
1600x3 DataFrame
6400x3 DataFrame

1.12 [18].

Constant number of iterations per sweep is assumed for resolution levels. Maximum

coarsening level is assumed as the maximum feasible level for multigrid methods works.

Initialization phase and finalization phase is assumed to be included in the iterations on

initial resolution level.

“run_fixed F cycle” function works with initialized data structure, boundary

conditions, desired coarsening level and number of iteration per sweep input. Table 3.42

summarizes the input objects with brief explanations.

Table 3.42. Input variables of “run_fixed F_cycle” function

Variable Type Explanation
L Container of data columns as described in Table 3.35 for
init_data DataFrame S
- initialization phase.
Container of boundary condition information at domain boundaries
bc_df DataFrame .
in terms of temperature and heat flux.
course_level Integer Desired maximum level of coarsening through the cycle.
i_sweep Integer Number of iterations for solution at a resolution.
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Initialized data is copied to be later populated with run data. Maximum coarsening
level is determined using a complimentary function that checks if desired coarsening level
is feasible and assigns maximum possible level instead if it is not. Once maximum
coarsening level is set, an array is generated that holds the sequential resolution levels of
the cycle. For loop is executed for the level values in the array. Within the for loop;
resolution change operations are carried out according to level direction; values of step,
number of cells, number of divisions are assigned; finite volume method functions are
called for the field on process; iterative solution function for cycles is called according to
input; data structure is populated with the information of each step. Finalization phase of
multigrid cycle inherently included with the iterative solution of the field on initial
resolution at the end of the cycle. Eventually, “run _fixed F cycle” function returns
DataFrame that contains run data as output.

Table 3.43 summarizes the output object while Figure 3.29 is an example output of

the “run_fixed F cycle” function.

Table 3.43. Output object of “run_fixed F cycle” function

Object Type Explanation

Container of data columns as described in Table 3.35 for multigrid
cycle including initialization and finalization.

data DataFrame
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22x16 DataFrame

Row | step level n_cell nx ny initial_residual final_residual iteration_count iteration_duration
Int64 Int64 Int64 Int64 Int64 Floatéd Float64 Int64 Int64
1 1 0 6400 80 80 1.0 1.0 1 100
2 2 [} 6400 80 80 1.59544 0.316303 3 252693000
3 3 1 1600 40 40 0.464135 0.503073 3 18137200
4 4 2 400 20 20 0.845009 0.88932 3 1560800
5 5 3 100 10 10 1.48021 1.48271 3 268400
6 6 4 25 5 5 2.21309 1.88699 3 267300
7 7 3 100 10 10 1.39117 0.312344 3 402000
8 8 4 25 5 5 0.848682 0.468259 3 109900
9 9 3 100 10 10 0.478914 0.076354 3 424900
10 10 2 400 20 20 0.10196 0.0236826 3 2042200
kb 1 3 100 10 10 0.115821 0.0504038 3 261400
12 12 4 25 5 5 0.422808 0.087226 3 101400
13 13 3 100 10 10 0.244315 0.0348195 3 348800
14 14 2 400 20 20 0.0751983 0.0160187 3 2053900
15 15 1 1600 40 40 0.0260534 0.00596016 3 22309300
16 16 2 400 20 20 0.0293046 ©0.00954447 3 1558600
17 17 3 100 10 10 0.0967708 0.0178496 3 305500
18 18 4 25 S 5 0.373698 0.061052 3 101300
19 19 3 100 10 10 0.223578 0.0360364 3 349300
20 20 2 400 20 20 0.0783935 0.0167929 3 2091800
21 21 1 1600 40 40 0.0272734 0.00616909 3 20071500
22 22 Qo 6400 80 80 0.0087914 0.00203958 3] 275582600
operation_duration FVM_duration initial_field final_field iteration_history field_history residual_history
Int64 Int64 DataFrame DataFrame DataFrame DataFrame DataFrame
184400 32884600 6400x7 DataFrame 6400x7 DataFrame 1x3 DataFrame 6400x1 DataFrame 6400x1 DataFrame
2400 26445700 6400x7 DataFrame 6400x7 DataFrame 3x3 DataFrame 6400x3 DataFrame 6400x3 DataFrame
123000 3384500 1600x7 DataFrame 1600x7 DataFrame 3x3 DataFrame 1600x3 DataFrame 1600x3 DataFrame
108100 853400 400x7 DataFrame 400x7 DataFrame 3x3 DataFrame 400x3 DataFrame 400x3 DataFrame
43000 284800 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
38600 191200 25x7 DataFrame 25x7 DataFrame 3x3 DataFrame 25x3 DataFrame 25x3 DataFrame
465400 285400 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
109800 193800 25x7 DataFrame 25x7 DataFrame 3x3 DataFrame 25x3 DataFrame 25x3 DataFrame
436100 406000 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
789500 775800 400x7 DataFrame  400x7 DataFrame 3x3 DataFrame 400x3 DataFrame  400x3 DataFrame
127800 294100 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
43800 188600 25x7 DataFrame 25x7 DataFrame 3x3 DataFrame 25x3 DataFrame 25x3 DataFrame
366700 277600 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
713800 752300 400x7 DataFrame  400x7 DataFrame 3x3 DataFrame 400x3 DataFrame  400x3 DataFrame
2390800 3140100 1600x7 DataFrame 1600x7 DataFrame 3x3 DataFrame 1600x3 DataFrame 1600x3 DataFrame
379500 899500 400x7 DataFrame  400x7 DataFrame 3x3 DataFrame 400x3 DataFrame  400x3 DataFrame
69800 373400 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
47500 182400 25x7 DataFrame 25x7 DataFrame 3x3 DataFrame 25x3 DataFrame 25x3 DataFrame
496500 293500 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame
869900 817400 400x7 DataFrame  400x7 DataFrame 3x3 DataFrame 400x3 DataFrame  400x3 DataFrame
2571100 3233800 1600x7 DataFrame 1600x7 DataFrame 3x3 DataFrame 1600x3 DataFrame 1600x3 DataFrame
11166500 23053700 6400x7 DataFrame 6400x7 DataFrame 3x3 DataFrame 6400x3 DataFrame 6400x3 DataFrame

Figure 3.29. Output example of “run_fixed F cycle” function

3.7.5. Multigrid Algorithm Function #5 “run_flexible cycle”

Generating a function executing a flexible multigrid cycle that follows its own path
which is determined according to schematic given in Figure 1.14 is no easy task. Number
of iterations per sweep may vary for any resolution level. Maximum coarsening level may
vary according to conditions. Pattern of the path towards final solution is unknown.
Flexible multigrid cycle parameters may vary and are to be explored. Steering of the
resolution is assumed to be according to flexible multigrid cycle parameter relation as
illustrated in Figure 1.14 while using related equations. Final solution is assumed to be
on initial resolution level.

“run_flexible cycle” function works with initialized data structure, boundary
conditions, flexible multigrid cycle parameters (alpha, beta), final convergence criterion,
minimum and maximum number of iterations per sweep and maximum number of steps

input. Table 3.44 summarizes the input objects with brief explanations.
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Table 3.44. Input variables of “run_flexible cycle” function

Variable Type Explanation
- Container of data columns as described in Table 3.32 for
init_data DataFrame S
- initialization phase.

Container of boundary condition information at domain boundaries
bc_df DataFrame .

in terms of temperature and heat flux.
alpha Float Flexible cycle parameter related to prolongation condition.
beta Float Flexible cycle parameter related to restriction condition.
fc Float Convergence criteria of final solution.
i_min Integer Maximum number of iterations for solution at a resolution.
i_max Integer Maximum number of iterations for solution at a resolution.
step_max Integer Maximum number of steps for the multigrid cycle.

Decision dictionary that converts string of action to corresponding integer values
as seen in Table 3.42 is created. Initialization data is copied to be later populated with run
data. Initial field information is assigned with available initialization data. Action string
is set to “continue” and condition variable is set to false. While loop that checks whether
condition variable is true or false is used instead of for loop contrary to other fixed cycles.
Within the loop, previous level information (step, level, residual) are assigned; current
resolution level is calculated using previous level and translation of action; current level
information is assigned (step, number of cells, number of divisions); finite volume
method functions are called for current field information; solution and residual vectors
are assigned according to current field information; prolongation and restriction criteria
(pc, rc) are assigned using alpha and beta parameters using Equation 3.47 and Equation
3.48 respectively; prolongation and restriction criteria are reset as described in Table 3.46
if conditions are met as a robustness precaution; iterative solution function for flexible
cycles are called with input described in Table 3.23 that returns iteration history, residual
history and action string; final field information is copied from initial field information;
solution and residual vectors of final field is assigned with output of iterative solution;
run data is populated with the information of each step as described in Table 3.35; logic
variable regarding restriction feasibility is calculated, projected next level is calculated
via current level and decision; condition variable is checked as summarized in Table 3.47;
and the while loop is terminated if current step exceeds the maximum number of steps
and no other check is triggered. Eventually, “run_flexible cycle” function returns

DataFrame that contains run data as output.
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Table 3.45. Decision dictionary of action strings

Variable Type Translation Type
restrict String 1 Integer
prolong String -1 Integer
continue String 0 Integer
pc = pR .alpha (3.47)
rc = beta (3.48)

Table 3.46. Checks and respective assignments for robustness precautions of flexible cycle

Check

Expression

Assignment(s)

If prolongation criterion is smaller than final
convergence criterion, then...

If pc < fcthen

Change prolongation
criterion = pc = fc

If previous mean residual is smaller than final

Lo If pR hen
convergence criterion, then... PR Sgghe

Change restriction
criterion > rc =1

Table 3.47. Checks and respective assignments for the while loop of flexible cycle

Check Expression

Assignment(s) and
Action(s)

If level is zero and mean residual is smaller
than final convergence criterion, then...

If (level = 0) and (R < fc)
then

Terminate loop

If (level = 0) and
(next level < level) then

If level is zero and projected next level is
smaller than the current level, then...

Copy field

Change action string
to “continue”
Continue loop

If level is bigger than zero and mean
residual is smaller than final convergence
criterion, then...

If (level > 0) and (R < fc¢)
then

Prolong field
Change action string
to “prolong”
Continue loop

If projected next level is bigger than the
current level and restriction is infeasible for
the available field, then...

If (next level > level) and
(restriction is infeasible)
then

Copy field

Change action string
to “continue”
Continue loop

If projected next level is bigger than the
current level and restriction is feasible for
the available field, then...

If (next level > level) and
(restriction is feasible) then

Restrict field
Continue loop

If level is bigger than zero and projected
next level is smaller than the current level,
then...

If (level > 0) and
(next level < level) then

Prolong field
Continue loop

If no other check is true, then... Else

Copy field
Set action string
Continue loop

Table 3.48 summarizes the output object while Figure 3.30 is an example output of

the “run_flexible cycle” function.
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Table 3.48. Output object of “run_flexible cycle” function

Object Type Explanation

Container of data columns as described in Table 3.35 for multigrid
data DataFrame : s Lo

cycle including initialization and finalization.

14x16 DataFrame

Row | step level n_cell nx ny initial residual final _residual iteration_count iteration_duration
Int64 Int64 Int64 Int64 Int64 Float64 Float64 Int64 Int64
1 | e 6400 80 80 1.0 1.0 1 ]
2 2 2] 6400 80 80 2.85133 0.399139 4 334323200
3 3 1 1600 49 40 1.09158 0.709309 3 18691000
- 4 2 400 20 20 1.94739 1.21162 3 2605000
5 5 3 100 10 10 3.12316 0.498032 8 3619700
6 6 4 25 5 5 1.08024 0.0933585 5 1731000
7 7 3 100 10 10 0.243591 0.0166367 S 1933100
8 8 2 400 20 20 0.0602766 0.00819849 5 5921500
9 9 3 100 10 10 0.8928029 0.00521761 7 2053200
10 10 4 25 5 5 0.376474 0.0008816492 10 4127600
11 11 3 100 10 10 0.196156 0.000833789 18 9021100
12 12 2 400 20 20 0.8519937 0.000968563 23 44127200
13 13 : | 1600 49 40 0.0137161 0.000942873 12 91506500
14 14 @ 6400 80 80 0.00407261 0.000782567 4 355641800
operation_duration FVM duration initial field final_field iteration_history field_history residual_history
Int64 Int64 DataFrame DataFrame DataFrame DataFrame DataFrame
191200 36571900 6400x7 DataFrame 6400x7 x3 DataFrame ame  6400x1 Dat
27100 25335700 x7 D € €
131100 3440500 7
970600 929600 40
63200 333500
86900 275000 25
491900 351200
891300 958100 40
177400 417000 10
68900 271400
725900 421700 1@
1518600 1119600 40
2501300 3302100
11045500 24335800 6

Figure 3.30. Output example of “run_flexible cycle” function

3.7.6. Multigrid Algorithm Function #6 “run_PID_driven_cycle”

Creating a function executing an adaptive PID driven multigrid cycle that follows
its own path which is determined on the way is a challenging task which in fact is also an
essential component of the thesis. Number of iterations per sweep may vary for any
resolution level. Maximum coarsening level may vary according to conditions. Pattern of
the path towards final solution is unknown. PID driven multigrid cycle parameters may
vary and are to be explored. Steering of the resolution is assumed to be according to
conditional checks between proportional, integral and derivative terms and criteria. Final
solution is assumed to be on initial resolution level.

“run_PID driven_cycle” function works with initialized data structure, boundary
conditions, PID coefficients (cP, cl, cD), PID criteria (Pc, Ic, Dc) and operational
limitations (fc, i_min, i_max, step_max) input. Table 3.49 summarizes the input objects

with brief explanations.
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Table 3.49. Input variables of “run_PID_driven_cycle” function

Variable Type Explanation
init data DataErame _Cc_)r)ta_iner_ of data columns as described in Table 3.32 for
- initialization phase.

be_df DataErame pontainer of boundary condition information at domain boundaries
in terms of temperature and heat flux.

cP Float Multiplier constant of proportional term.

cl Float Multiplier constant of integral term.

cD Float Multiplier constant of derivative term.

Pc Float Criteria constant to check against proportional term.

Ic Float Criteria constant to check against integral term.

Dc Float Criteria constant to check against derivative term.

fc Float Convergence criteria of final solution.

i_min Integer Maximum number of iterations for solution at a resolution.

i_max Integer Maximum number of iterations for solution at a resolution.

step_max Integer Maximum number of steps for the multigrid cycle.

Decision dictionary that converts string of action to corresponding integer values
asseen in Table 3.50 is created. Input parameters are assigned to corresponding individual
variables for further use. Initialization data is copied to be later populated with run data.
Initial field information is assigned with available initialization data. Action string is set
to “continue” and progress variable is set to true. While loop that checks whether progress
variable is true or false is used instead of for loop contrary to other fixed cycles. Within
the loop, previous level information (step, level, residual) are assigned; current resolution
level is calculated using previous level and translation of action; current level information
is assigned (step, number of cells, number of divisions); logic variable regarding
restriction feasibility is calculated; finite volume method functions are called for current
field information; solution and residual vectors are assigned according to current field
information; proportional, integral and derivative criteria assigned using PID criteria
input parameters; proportional, integral and derivative criteria are reset as described in
Table 3.51 if conditions are met as a robustness precaution; iterative solution function for
PID driven cycles are called with input described in Table 3.26 that returns iteration
history, residual history and action string; final field information is copied from initial
field information; solution and residual vectors of final field is assigned with output of
iterative solution; run data is populated with the information of each step as described in
Table 3.35; projected next level is calculated via current level and decision; progress
variable is checked as summarized in Table 3.52; and the while loop is terminated if
current step exceeds the maximum number of steps and no other check is triggered.
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Eventually, “run_PID driven cycle” function returns DataFrame that contains run data

as output.

Table 3.50. Decision dictionary of action strings

Variable Type Translation Type
restrict String 1 Integer
prolong String -1 Integer
continue String 0 Integer

Table 3.51. Checks and respective assignments for robustness precautions of PID driven cycle

Check

Expression

Assignment(s)

If level is smaller than one, then...

If (level < 1) then

Change proportional
criterion > Pc =0

If restriction is infeasible, then...

If
(restriction infesible)
then

Change integral

criterion > Ic = —
fc

If previous mean residual is smaller than final
convergence criterion, then...

If (pR < fc) then

Change derivative
criterion > Dc =0

Table 3.52. Checks and respective assignments for the while loop of PID driven cycle

Check

Expression

Assignment(s) and
Action(s)

If level is zero and mean residual is smaller
than final convergence criterion, then...

If (level = 0) and (R < fc)
then

Terminate loop

If level is zero and projected next level is
smaller than the current level, then...

If (level = 0) and
(next level < level) then

Copy field

Change action string
to “continue”
Continue loop

If level is bigger than zero and mean
residual is smaller than final convergence
criterion, then...

If (level > 0) and (R < fc¢)
then

Prolong field
Change action string
to “prolong”
Continue loop

If projected next level is bigger than the
current level and restriction is infeasible for
the available field, then...

If (next level > level) and
(restriction is infeasible)
then

Copy field

Change action string
to “continue”
Continue loop

If projected next level is bigger than the
current level and restriction is feasible for
the available field, then...

If (next level > level) and
(restriction is feasible) then

Restrict field
Continue loop

If level is bigger than zero and projected
next level is smaller than the current level,
then...

If (level > 0) and
(next level < level) then

Prolong field
Continue loop

If no other check is true, then...

Else

Copy field
Set action string
Continue loop
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Table 3.53 summarizes the output object while Figure 3.31 is an example output of

the “run_PID driven cycle” function.

Table 3.53. Output object of “run_PID_driven_cycle” function

Object Type Explanation

Container of data columns as described in Table 3.35 for multigrid
cycle including initialization and finalization.

data DataFrame

22x16 DataFrame

Row | step level n cell nx ny initial_residual final_residual iteration_count iteration_duration
Int64 Int64 Int64 Int64 Int64 Float6s Float64 Int64 Int64

1 1 -] 6400 80 80 1.0 1.0 - (2]
2 2 -] 6460 80 80 2.05133 0.487187 3 253432600
3 3 1 1600 40 48 1.21538 0.63939 4 28020700
4 4 2 400 20 20 1.81699 0.99691 4 2741600
S 5 3 100 10 10 2.70096 0.908194 5 1543500
6 6 4 25 S 5 1.87783 0.210777 4 641300
7 7 3 100 10 10 0.3082406 0.043428 3 845100
8 8 2 400 20 20 0.08789625 0.913025 4 3213400
9 9 - 1600 40 49 0.9230795 0.00473886 a4 20727600
10 10 0 6400 30 80 0.0072607 0.00184282 3 269225200
11 11 1 1600 48 48 0.008856411 0.009340142 4 24733000
12 12 2 400 20 20 0.0294058 0.09780549 4 2544200
13 13 3 100 10 10 0.105497 0.9185268 a4 1041000
14 14 2 400 20 20 0.0621289 0.0126867 3 2560800
15 15 1 1600 49 40 0.0223549 0.008515664 3 20950100
16 16 -] 6400 80 80 0.08756783 0.00178856 3 264703700
17 17 1 1600 40 49 0.80837656 0.00289347 4 26287100
18 18 2 400 20 20 0.0273141 0.00530698 4 3135800
19 19 1 1600 48 40 0.8161363 0.0037287 3 22612900
20 20 ] 6400 80 80 0.0061805 0.00119446 4 359448300
21 21 1 1600 48 48 0.008729168 0.00242366 3 19018500
22 22 -] 6400 80 80 0.00492643 0.000897514 4 362878200

operation_duration FVM duration initial field final_field iteration_history field history residual_history

Int64 Int64 DataFrame DataFrame DataFrame DataFrame DataFrame

191200 36571900 6400x7 DataFrame 6400x7 DataFrame 1x3 DataFrame 6400x1 DataFrame 6460x1 DataFrame

32600 27649200 6400x7 DataFrame 6400x7 DataFrame 3x3 DataFrame 6400x3 DataFrame 6400x3 DataFrame

120800 3321400 1600x7 DataFrame 1600x7 DataFrame 4x3 DataFrame 1600x4 DataFrame 1600x4 DataFrame

95900 907000 400x7 DataFrame 400x7 DataFrame 4x3 DataFrame 400x4 DataFrame  400x4 DataFrame

46800 300000 100x7 DataFrame 100x7 DataFrame 5x3 DataFrame 100x5 DataFrame  100x5 DataFrame

75600 275500 25x7 DataFrame 25x7 DataFrame 4x3 DataFrame 25x4 DataFrame 25x4 DataFrame

484000 305200 100x7 DataFrame 100x7 DataFrame 3x3 DataFrame 100x3 DataFrame 100x3 DataFrame

785300 856600 400x7 DataFrame 4@0x7 DataFrame 4x3 DataFrame 400x4 DataFrame  400x4 DataFrame

2331200 3087000 1600x7 DataFrame 1600x7 DataFrame 4x3 DataFrame 1600x4 DataFrame 1600x4 DataFrame

22060700 26381000 6400x7 DataFrame 6400x7 DataFrame 3x3 DataFrame 6400x3 DataFrame 6400x3 DataFrame

1240800 3407700 1600x7 DataFrame 1600x7 DataFrame 4x3 DataFrame 1600x4 DataFrame 1600x4 DataFrame

1060000 878400 400x7 DataFrame 400x7 DataFrame 4x3 DataFrame 400x4 DataFrame  400x4 DataFrame

91700 368400 100x7 DataFrame 100x7 DataFrame 4x3 DataFrame 100x4 DataFrame 100x4 DataFrame

810360 872600 400x7 DataFrame 400x7 DataFrame 3x3 DataFrame 400x3 DataFrame 400x3 DataFrame

2433000 3720900 1600x7 DataFrame 1600x7 DataFrame 3x3 DataFrame 1600x3 DataFrame 1660x3 DataFrame

11395100 25709000 6400x7 DataFrame 6400x7 DataFrame 3x3 DataFrame 6400x3 DataFrame 6400x3 DataFrame

1300600 14256300 1600x7 DataFrame 1600x7 DataFrame 4x3 DataFrame 1600x4 DataFrame 1600x4 DataFrame

184400 926200 400x7 DataFrame 400x7 DataFrame 4x3 DataFrame 400x4 DataFrame  400x4 DataFrame

2079200 3557300 1600x7 DataFrame 1600x7 DataFrame 3x3 DataFrame 1600x3 DataFrame 1600x3 DataFrame

10899300 24934500 6400x7 DataFrame 6400x7 DataFrame 4x3 DataFrame 6400x4 DataFrame 6480x4 DataFrame

1273100 3560700 1600x7 DataFrame 1600x7 DataFrame 3x3 DataFrame 1600x3 DataFrame 1600x3 DataFrame

11362000 24089400 6400x7 DataFrame 6480x7 DataFrame 4x3 DataFrame 6400x4 DataFrame 6400x4 DataFrame

Figure 3.31. Output example of “run_PID driven_cycle” function

3.8. Complimentary Functions

Even though core functions are given thoroughly; there are complimentary
functions which are called in main functions or individually which are not explained in
detail. Code of complimentary functions are not given in appendices. Auxiliary functions
are mainly basic tools carrying out simple but necessary tasks. Visualization functions
are mainly postprocess tools which illustrates given data. Exploration functions are
mainly numerical experimentation setups that sweeps through a parameter space for a
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specific run type. Result Generation functions are for generating results packs with
predetermined context; in order to compile data and illustrations which provides

consistent and comparable output.

3.8.1. Auxiliary Functions

“generate laplace solution” function creates a solution domain similar to
“Initialize_domain” but instead of creating a dummy solution vector, it fills the solution
vector with exact solution. This function calls another auxiliary function called
“reference case temperature” which provides calculation of exact solution at input
location.

“measure_reference_work unit” function finds the reference work unit of given run
data.

“filter time per iteration” function filters outliers of given time per iteration values
using standart deviation.

“find_max_level” function finds the maximum feasible coarse level of given grid.

“calculate cost ratios” function calculates the cost ratios of FVM functions,
intergrid operations, iterations and total cycle.

“construct_array of vectors” function creates an array of vectors with given ranges
of parameters. This function is called prior to exploration functions and is used to provide
exploration space input.

“take diagonal subset” function generates a solution vector for further
postprocessing by taking the diagonal subset of the given field.

“add_data for comparison_plot” function creates a container that holds rows of
data and properties. This container enables illustrating comparison plots within loops in

an orderly fashion.

3.8.2. Visualization Functions

“plot_residual scatter” function generates the illustration of grid cells with
colouring according to residual value for given step and iteration of given run data.
“plot_residual scatter with field data” function is a variant which accepts field data as

input.
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“plot_field contour” function generates the illustration of coloured field contour of
the solution property for given step and iteration of given run data.
“plot_field contour with field data” function is a variant which accepts field data as
input.

“plot_residual progress” function generates the plot of residual progress of given
run data with marking initial and final residual values of each step.

“plot_time per iteration” function generates the plot of elapsed time values with
each iteration of given direct iterative run data. This function calls
“filter time per iteration” in order to present both filtered and unfiltered graph of
elapsed time per iteration values.

“plot_ run_summary” function generates the illustration of comprehensive yet
minimalistic presentation of the given run data in a summarized form. This function
generates various annotations to emphasize main variables of the run. This function calls
“calculate_cost_ratios” function to get some of data required for the annotations. This
function returns summary metrics array which is comprised of reference work unit and
cost ratios; in addition to the actual run summary plot.

“plot_surface” function is a generic tool for create three dimensional surface plots.
This function accepts x, y and z values to plot and colours the surface output according
to z values. This function is mainly called while generating exploration visualizations.

“plot_stats_box” and “plot_stats density” functions generate the comparison
illustration of given data in the form of statistical box plot and probability density plot
respectively.

“plot_diagonal values” function generate comparison plot of diagonal values of

given data.

3.8.3. Exploration Functions

“explore_resolutions_of direct runs” carries out numerical experiments regarding
grid resolutions of direct iterative solution runs. This function explores the effect of
varying grid resolution around a given reference case. This function records values of
number of cells, iteration count and reference work units of each direct iterative solution

run with varying grid resolution.
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“explore_boundary conditions_of direct runs” carries out numerical experiments
regarding boundary condition of direct iterative solution runs. This function explores the
effect of boundary condition around a given reference case. This function records values
of number of cells, boundary condition and initialization value variation, iteration metrics
and solution metrics of each direct iterative solution run with varying boundary
conditions. This function also saves the field contour of the final solution.

“explore initialization values of direct runs” carries out numerical experiments
regarding initialization value of direct iterative solution runs. This function explores the
effect of initialization value around a given reference case. This function records values
of number of cells, initialization value variation, iteration metrics and solution metrics of
each direct iterative solution run with varying initialization value.

“explore_parameters_of # cycle”(#=V,W,F) carries out numerical experiments
regarding parameters of multigrid cycles with fixed schemes. This function explores the
effect of varying maximum coarse grid level and iteration per sweep around a reference
case. This function records values of maximum coarse grid level, iteration per sweep,
mean residual, reference work unit and cost ratios of each multigrid run with varying
parameters. This function also saves the run summary plot of the multigrid run.

“explore parameters_of flexible cycle” carries out numerical experiments
regarding parameters of multigrid cycles with flexible schemes. This function explores
the effect of varying alpha and beta parameters of flexible cycle around a reference case.
This function records values of alpha, beta, mean residual, reference work unit and cost
ratios of each multigrid run with varying parameters. This function also records a message
if multigrid run indeed valid according to given operation limits. This function also saves
the run summary plot of the multigrid run.

“explore_parameters_of PID driven cycle” and
“explore criteria_of PID driven cycle” carry out numerical experiments regarding
parameters of multigrid cycles with PID Driven schemes. These functions explore the
effect of varying P1D coefficients and PID criteria of PID Driven cycle around a reference
case, respectively. These functions record values of PID parameters (coefficients or
criteria), mean residual, reference work unit and cost ratios of each multigrid run with
varying parameters. This function also records a message if multigrid run indeed valid
according to given operation limits. This function also saves the run summary plot of the

multigrid run.
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3.8.4. Result Generation Procedures

Sequential tasks are carried out in order to generate result packs that are presented
In results section, to improve consistency and to eliminate human factor. These
procedures are merely combinations of various functions and commands in a harmonized
manner.

Procedure that generates validation result pack initially arranges titles, labels and
other plot properties of various runs for given run data container. Analytical Laplace
solution of the reference case is generated. With the addition of the exact solution,
postprocess of each run are carried out. Field contour, residual scatter, residual progress,
diagonal values, property distribution, error distribution, run summary and convergence
level plots are generated. All data and plot are saved to respective directories.

Procedure that generates residual progress pack initially creates the residual
progress graph of varying resolutions for further use in resolution exploration. Then,
residual progress graph of direct iterative solution for given resolution is plotted with
annotations. Similarly, first derivative of residual progress is also plotted. Field contour
and residual scatter plots are generated for certain mean residual levels. Statistical
analyses plots (property distribution, error distribution, box plot of property) of direct
iterative runs are generated. Residual progress plots of multigrid runs are also generated.
All data and plots are saved to respective directories.

Procedures that generate exploration result packs slightly differ from previous ones.
Since exploration functions are also comprehensive procedures themselves, data required
for exploration result packs are generated via exploration functions and then postprocess
procedures are carried out. Results regarding the explorations of grid resolutions,
boundary conditions and initialization values can be generated for direct iterative solution
runs. Results regarding the explorations of different multigrid cycles can be generated for
respective multigrid cycle types. Results of adaptive multigrid cycle schemes are treated
differently. Parameter sets that end up with Invalid or infeasible multigrid runs prevented
surface and contour representations of explorations; thus, scatter representations of data

are generated. All data and plots are saved to respective directories.
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4. RESULTS

Generating result packs to cover essential aspects of thesis was simply challenging.
Therefore, results were presented with increasing complexity starting with validation of
the tools (procedures) at disposal. Validation pack serves the answer to the question “do
procedures get to correct solution?” by any means. Result pack of residual progress offers
insights about “how procedures get to the solution?” anyway. Within the exploration
pack, several aspects of procedures were discovered by changing input parameters and
are presented in an informative manner. Parameter explorations were conducted to answer
to questions “which parameters effect the way and/or the cost to solution?” as
comprehensive as possible. Parameter explorations were planned according to principals
of experimental design [43]. Statistical analyses of results are shared wherever applicable

or appropriate.

4.1. Validation

Comparing outcome of the procedures to a reference outcome validated methods.
Two-dimensional thermal diffusion problem on a homogenous plate was selected for the
reference case which may have constant temperature and constant heat flux at boundaries.
Selecting thermal diffusion case which has analytical Laplace solution as reference
inherently enabled proper validation of methods. Run summary plots of the validation

runs were also given in Appendix #5 with higher pixel resolution.

4.1.1. Reference Case

Thermal diffusion case has constant temperature and constant heat flux at
boundaries [44]. Thermal coefficients and thickness are constant within the homogenous
plate [44]. Reference case has certain dimensions on both directions [44]. Number of
divisions of the domain were specifically selected to clearly present results before
exploring higher grid resolutions.

Figure 4.1 was given to illustrate the reference case. Thermal conductivity was
assumed constant as 1000 W/mK within the homogenous plate [44]. Thickness of the
plate was assumed constant as 1cm [44]. Thermal diffusion case has constant temperature
values at boundaries West, East, South and North as 0 °C, 0 °C, 0 °C and 100 °C
respectively. Reference case has dimensions of 3m in both directions. Reference domain

was generated with 80 division of cells in both directions.
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T=100°C

Thermal Diffusion
Two-dimensional Plate
Conductivity = 1000 W/mK
Thickness=0.010 m

Boundary Conditions
T=0°C West =273.15K
East =273.15K
South  =273.15K
North =373.15K

Dimensions
idirection=3 m
jdirection=3m

T=0°C

T=0°C Number of Divisions
i direction =80
— jdirection =80

Figure 4.1. lllustration of the reference case definition

4.1.2. Analytical Laplace Solution
Thermal diffusion case can be solved by Laplace transform using boundary

conditions [44]. Equation 4.3 was used to generate temperature solutions within the

domain at any location [44].

0%u = d%u
_ﬁ+a_yz_0 for x =[0,a] and y = [0, b] (4.1)

u(0,y) =0°C;u(a,y) =0°C;u(x,0) =0°C;u(x,b) =100°C (4.2)

V2u

400°C qop SN % sinh(222
u(x,y) = ——2Xk=1 (nsir)lh(mr() ) forn=2k—1 (4.3)

Field contour plot was given in Figure 4.2 to illustrate exact solution of the case.
Since solution is exact and residual is practically zero; analytical solution of the case can

be used to measure any error within the domain which are generated by other numerical

methods.
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Analytical Laplace Solution
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Figure 4.2. Analytical Laplace solution field contour plot of the reference case

4.1.3. Direct Iterative Solution

Reference case was solved via Gauss-Seidel iterative method as described after
preprocessing the input by finite volume method functions. Constant initial guess value
was given to the domain. Constant initial guess value was calculated as 298.15 °K by
averaging temperature values of boundary conditions. Convergence criteria was given as

0.001 (°K) mean residual and was reached after 1028 iterations.

Field Contour Residual Scatter
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Figure 4.3. Direct iterative solution field contour plot (left) and residual scatter (right) plot of the
reference case.
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4.1.4. Fixed Cycle Solutions

Reference case was solved via multigrid cycles with fixed schemes, namely V
cycle, W cycle and F cycle. Constant initial guess value was calculated as 298.15 °K by
averaging temperature values of boundary conditions and was given to the domain.
Iteration number per sweep on each resolution was constant and was given as 5 for V
cycle, W cycle and F cycle. Maximum coarsening level was 4 for V, W and F cycles.

Field contour plots and residual scatter plots were given in Figure 4.4, Figure 4.5
and Figure 4.6 to illustrate multigrid cycle solutions and residual distributions of the
reference case. Summary of multigrid cycle runs were given for V, W and F cycles in
Figure 4.7, Figure 4.8 and Figure 4.9 respectively to illustrate operations and steps that
solution gets through. Convergence levels of solutions were 0.00117, 0.00122, 0.00122
(°K) mean residual for VV, W and F cycles respectively. Even though most of the domain
was converged fairly, as seen in Figure 4.4, Figure 4.5 and Figure 4.6; multigrid cycles
with fixed schemes generated high residual values for cells with high gradients of

temperature.
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Figure 4.4. Multigrid V cycle solution field contour plot (left) and residual scatter (right) plot of the
reference case
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Multigrid F cycle solution field contour plot (left) and residual scatter (right) plot of the
reference case
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Figure 4.7. Run summary of multigrid V cycle solution of the reference case
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Figure 4.8. Run summary of multigrid W cycle solution of the reference case
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Figure 4.9. Run summary of multigrid F cycle solution of the reference case

4.1.5. Flexible Cycle Solution

Reference case was solved via flexible multigrid cycle with adaptive scheme.
Constant initial guess value was calculated as 298.15 °K by averaging temperature values
of boundary conditions and was given to the domain. There was no constant iteration
number per sweep on each resolution. Flexible cycle runs with alpha and beta parameters
which controls the steering between resolutions. Thus, iteration numbers per sweep on
each resolution were fallout of circumstances and had a limit of 2 at minimum. Cycle
inputs were given; alpha as 0.2 and beta as 0.8 for the reference condition. Convergence
criteria was given as 0.001 (°K) mean residual.

Field contour plots and residual scatter plots were given in Figure 4.10 to illustrate
flexible multigrid cycle solution and residual distributions of the reference case. Summary
of flexible multigrid cycle run was given in Figure 4.11 to illustrate operations and steps
that solution gets through. Convergence level of solution was 0.00078 (°K) mean residual
and was reached after 14 steps with 1 preprocess step on initial resolution and 13 sweeps
on various resolutions. Even though most of the domain was converged fairly, as seen in
Figure 4.10, flexible multigrid cycle also generates high residual values for cells with
high gradients of temperature as multigrid cycles with fixed schemes. Additionally,

convergence level of the solution was more precise than the convergence target input
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which can be inferred as that flexible multigrid cycle not only ensured but also exceeded

convergence target.
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Figure 4.11. Run summary of flexible multigrid cycle solution of the reference case

4.1.6. PID Driven Cycle Solution

Reference case was solved via PID driven multigrid cycle with adaptive scheme.

Constant initial guess value was calculated as 298.15 °K by averaging temperature values

of boundary conditions and was given to the domain. There was no constant iteration

number per sweep on each resolution. PID driven cycle runs with cP, cl, cD parameters

Pc, Ic, Dc criteria which controls the steering between resolutions. Thus, iteration

numbers per sweep on each resolution were fallout of circumstances and had a limit of 2

at minimum. Cycle inputs were given; cP, as 1.0, cl as 1.0, cD as 1.0, Pcas 0.2, Ic as 5.0,
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Dc as -0.1 for the reference conditions. Convergence criteria was given as 0.001 (°K)
mean residual.

Field contour plots and residual scatter plots were given in Figure 4.12 to illustrate
PID driven multigrid cycle solution and residual distributions of the reference case.
Summary of PID driven multigrid cycle run was given in Figure 4.13 to illustrate
operations and steps that solution gets through. Convergence level of solution was
0.00090 (°K) mean residual and was reached after 22 steps with 1 preprocess step on
initial resolution and 21 sweeps on various resolutions. Even though most of the domain
was converged fairly, as seen in Figure 4.12, PID driven multigrid cycle too generated
high residual values for cells with high gradients of temperature as multigrid cycles with
fixed schemes. Additionally, convergence level of the solution was more precise than the
convergence target input which can be inferred as that PID driven multigrid cycle also

not only ensured but exceeded convergence target.
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Figure 4.12. PID driven multigrid cycle solution field contour plot (left) and residual scatter (right) plot
of the reference case
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Figure 4.13. Run summary of PID driven multigrid cycle solution of the reference case
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4.1.7. Comparison of Solutions

Visual inspections of field contour plots of solutions gave the impression that all
solutions were satisfactory. However, residual scatter plots had apparent differences
between direct iterative solutions and multigrid cycle solutions. In order to properly find
out if solutions were in fact converged and were correct, temperature values at a diagonal
line within domain were read. Figure 4.14 was generated to compare numerical solutions

against analytical solution.
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Figure 4.14. Comparison of temperature values on a diagonal line within domain for various runs.

Satisfactory solution accuracies were observed for all solutions while multigrid
cycle solutions having exceptional proximity to analytical solution. Although Figure 4.14
alone validated methods towards an accurate solution generation, further statistical
analyses were carried out in order to get comprehensive insight of the situation.
Distribution (density) curves of temperature values within the domain were generated and
were given in Figure 4.15 for inspection. Exact error distribution (density) curves within
the domain were generated and were given in Figure 4.16 for inspection. Box plots that
notify mean, extrema and quartile values were also generated and were given in Figure
4.17 for temperature values within the domain. Convergence levels of each solution were

visualized in Figure 4.18 to remind mean residual values of solutions.
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Figure 4.17. Comparison of box plots of temperature values within domain for various runs
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Figure 4.18. Comparison of convergence levels in terms of mean residual values for various runs

Analyses of data and plotting figures revealed that for a certain mean residual level
of solution, other statistical parameters were aligned as well. Fair amount of investment
was required to get fairly consistent outcome with high precision convergence of mean
residual levels amongst various solutions. Thus, further examination of residual progress

and/or behaviour was required to understand solution process.

4.2. Residual Progress

Mean residual is an essential concept that is conventionally monitored during
computational analyses [1]. For high precision convergence values, it was observed that
monitoring mean residual in fact would work towards realizing a correct solution.
However, the path undertaken to get such correct solution should be examined in order
to truly reveal residual behaviour. Cost of the path should also be a subject of
consideration. Examining residual progress can also shed light to opportunities towards
cost reduction as well as complimentary concepts that would ensure getting a correct

solution.

4.2.1. Direct Iterations

Distributions of residuals within the domain were examined for several
convergence levels of mean residual for the direct iterative solution run. Residual
progress curve was generated and was presented in Figure 4.19 in which iteration counts
were marked for certain convergence levels. Figure 4.21 was composed to visualize

solution and residual distribution progress with mean residual convergence.
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Figure 4.20. First derivative of residual progress curve of direct iterative solution

First derivative of residual curve with absolute values were given in Figure 4.20 to
emphasize the progress towards solution. Inspection of Figure 4.20 clearly showed that
improvement (change) with each iteration diminishes to below 0.0001 per iteration after
approximately 250 iterations. Even though rate of change diminished, solution was not
satisfactory as seen in Figure 4.21. In order to achieve correct solution, iterations
continued till convergence target of mean residual was reached at a grinding rate of

improvement for each iteration.
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Figure 4.21. Solution progress by field contour and residual scatter plots

Inspecting Figure 4.21 leaded to other observations on solution progress through
the iterative process. Solution accuracy was clearly unacceptable before mean residual
was at 0.01 levels. Even then, residual scatter within domain did not seem converged.
Thus, further statistical analysis was required in order to understand when to end iterative
process to get converged and correct solution.

Temperature values on a diagonal line as seen in Figure 4.22 inferred that solution
accuracy was not acceptable before the convergence levels of 0.005 for mean residual.
Temperature distribution curves in Figure 4.23 and exact error distribution curves in
Figure 4.24 also supported the indication inferred from Figure 4.22 which was that
solution accuracy was not satisfactory before certain convergence level of mean residual.
Boxplots given in Figure 4.25 revealed that quartiles of temperature values within domain
were indeed not converged till certain convergence of mean residual. In other words, to
get an accurate solution, convergence of mean residual was ambiguous at best, while

converged quartiles alongside mean residual assured satisfactory results.
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Figure 4.22. Comparison of temperature values on a diagonal line within domain for various convergence
levels of mean residual

—Laplace Solution
0.03 s R=0.020 i=266
eoee R=0005 |=610
> R=0.001i=1028
=
= 0.02
0
©
o)
o)
E \\
0.01 \
:\..*"s
P —
I e —
0.00 s
275 300 325 350 375

Temperature (K)

Figure 4.23. Comparison of density curves of temperature values within domain for various convergence
levels of mean residual
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Figure 4.25. Comparison of box plots of temperature values within domain for various convergence levels
of mean residual

4.2.2. Fixed Cycles

Residual progress curves of multigrid cycles with fixed schemes were generated
and presented in Figure 4.26, Figure 4.27 and 4.28 for V, W and F multigrid cycles
respectively. Residual progress curves of multigrid cycles differed from direct iterative
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counterparts by having gaps between steps because of intergrid (grid resolution change)
operations. Thus, each step and cumulative progress were plotted against operation and/or
iteration count. Field contour plots and residual scatter plots were already given in Figure

4.4, Figure 4.5 and 4.6 to illustrate solution for V, W and F multigrid cycles respectively.
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Figure 4.26. Residual progress curve of multigrid V cycle solution
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Figure 4.27. Residual progress curve of multigrid W cycle solution
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Figure 4.28. Residual progress curve of multigrid F cycle solution

4.2.3. Flexible Cycle

Residual progress curve of flexible multigrid cycle with adaptive scheme was
generated and presented in Figure 4.29 to be inspected. Field contour plots and residual

scatter plots were already given in Figure 4.10 to illustrate solution for flexible multigrid
cycle.
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Figure 4.29. Residual progress curve of flexible multigrid cycle solution
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4.2.4. PID Driven Cycle

Residual progress curve of PID driven multigrid cycle with adaptive scheme was
generated and presented in Figure 4.30 to be inspected. Field contour plots and residual
scatter plots were already given in Figure 4.10 to illustrate solution for PID driven

multigrid cycle.
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Figure 4.30. Residual progress curve of PID driven multigrid cycle solution

4.2.5. Comparison of Cycles

Validation of methods and residual progress of direct iterative runs showed that
solution was acceptable at convergence levels of 0.001 for mean residual. Final
convergence levels of each multigrid cycle as seen in Figure 4.18 were approximately at
same level. In this manner, residual scatter plots were generated and presented in Figure
4.31 in order to fairly compare residual distribution for each solution. Colour scales of
plots were kept limited between 0.0 to 0.001 residual values in Figure 4.31. Cells with
colours which were not red in Figure 4.31 are converged below 0.001 level of residual

value.
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Figure 4.31. Residual scatter plots comparison of solutions for similar convergence of mean residual

Crucial observations can be inferred from Figure 4.31 regarding residual progress
of a solution. First of all, multigrid cycles performed significantly better compared to
direct iterative method in terms of residual distribution while having approximately
similar mean residual levels. Secondly, multigrid cycle solutions had high residual values
at locations with high gradient of temperature change while direct iterative method did
not. Multigrid V, W and F cycle solutions appeared comparably same regarding residual
distributions as well as mean residual levels. Flexible and PID driven multigrid cycles
appeared relatively similar regarding residual distributions as well as mean residual
levels. Main difference between V cycle and other fixed schemes was the number of steps
undertaken on coarse grid levels. W and F cycles had much more steps on coarse grid
levels than V cycle as seen in run summary illustrations given in Figure 4.7, Figure 4.8
and Figure 4.9. Main difference between flexible and PID driven cycles were
conceptually same. PID driven cycle visited fine grid resolutions more than flexible cycle
which went through more iterations on coarse grid levels as seen in run summary
illustrations given in Figure 4.11 and Figure 4.13.

Numbers regarding cost of each solution at 0.001 mean residual level were

summarized in Table 4.1. Reference work unit is the elapsed time for a single iteration on
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finest grid and was measured for each solution on the run. Table 4.1 should be read by
reminding that; V cycle, W cycle and F cycles had 5 iterations per sweep, flexible cycle
had alpha as 0.2 and beta as 0.8 for input parameters, PID driven cycle had cP, as 1.0, cl
as 1.0, cD as 1.0, Pc as 0.2, Ic as 5.0, Dc as -0.1 for input parameters. All of the input
parameters were subject to change in parameter explorations. Since performance and/or
cost of multigrid cycles are dependent on input parameters, solution of the reference case
with initial input parameters should be recognized as establishing a reference foundation

for further studies.

Table 4.1. Cost information of each solution at 0.001 mean residual level.

Direct Flexible PID
. V Cycle W Cycle F Cycle driven
Iterative Cycle Cycle

(Operation, Iteration)

ot (1,1028) | (1045) | (20,95) | (22,105) | (14,207) | (22,77)

Mean Residual

0.001 0.00117 0.00122 0.00122 0.00078 0.0009
Convergence Level

Converged Cell

54.6% 71.1% 72.4% 72.4% 89.0% 86.0%
Number Percentage
Cost in Reference
Work Units 1028 11.9 12.9 12.6 11.0 215
Costwith 1espectto | 1500005 | 116% | 125% | 123% | 107% | 209%

Direct Iterative

Almost all multigrid cycles delivered same if not better solution accuracy compared
to direct iterative method, for only approximately 1% cost of the direct iterative solution.
It is imperative to remind that cost ratio of multigrid cycles would vary with input
parameters as well as case parameters and circumstances.

According to insights revealed by Figure 4.31 and Table 4.1, high performing
multigrid cycle should minimize iteration count on fine grid resolutions and maximize
iteration count on coarse grid resolutions. Furthermore, convergence should be monitored
not only with mean residual levels, but with additional concepts such as quantiles of
distributions of physical properties. Thus, it was necessary to conduct parameter
explorations, since validation and progress of solutions for reference case were

adequately revealed.
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4.3. Explorations

Validation of methods and solution progress of various runs, indicated the necessity
of exploration of effects and/or outcome of input parameters and/or variables. Parameter
exploration should reveal how the way and/or the cost to solution are affected from
variables.

All methods (direct iterative and multigrid cycles) were able to produce valid
solutions with appropriate input parameters. Fair amount of cost was required to achieve
a valid solution for direct iterative solutions. Multigrid cycles reduced costs to incredible
levels. There were essential differences between direct iterative solutions and multigrid
cycle solutions regarding residual distribution. Quartile progress of flow properties
(temperature for the reference case) should be investigated.

Investigation of grid resolution and initialization value should help determine the
reference input values towards multigrid cycle explorations. Thus, grid resolutions that
are product of consecutive intergrid operations were selected. Restriction operations
would take domain from the finest grid to coarsest grid within selected resolutions. Vice
versa, prolongation operations would take domain from the coarsest grid to finest grid
within selected resolutions.

Multigrid cycles with fixed schemes should be explored around iteration per sweep
and maximum coarsening level while monitoring cost and convergence level as outcome.
Multigrid cycles with adaptive schemes (flexible and PID driven) should be investigated
around their input parameters while monitoring cost. Adaptive schemes require at least
two iterations per sweep in order to calculate rate of change regarding either to monitor
steering criteria or convergence criteria. Flexible cycle should be explored around alpha
and beta parameters. PID driven cycle should be explored more thoroughly, around
constants of proportional, integral and derivative terms (cP, cl, cD) as well as constants
of proportional, integral and derivative steering criteria (Pc, Ic, Dc) to get a proper
impression. PID driven multigrid cycle may have much more interaction between input
parameters compared to flexible multigrid cycle, which imposes more risks and

opportunities on the outcome.

4.3.1. Grid Resolutions
Mean residual progress and property (temperature) quartile progress on different

grid resolutions were inspected. Metrics of direct iterative solutions were given in Table

102



4.2. All solutions had practically same convergence level of mean residual. Iteration count
and time cost to achieve a valid solution increased with increasing grid resolution. Figure

4.32 were given to illustrate mean residual progress with respect to iterations.

Table 4.2. Direct iterative solution metrics for different grid resolutions

l\lljui\r?igfornzf Number of Cells Iteration Count Solution Time | Convergence Level
5x5 25 21 0.0030 s 9.541E-04 (°K)
10x 10 100 61 0.013s 9.611E-04 (°K)
20x 20 400 158 0.15s 9.830E-04 (°K)
40 x 40 1600 358 265 9.929E-04 (°K)
80 x 80 6400 1028 92.45s 9.999E-04 (°K)
160 x 160 25600 2653 3467 s 9.994E-04 (°K)
residual progress
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Figure 4.32. Residual progress curves of solutions with different grid resolutions

Mean residual progress started with high rate of change, continued with diminishing
rate of change and end with creeping rate of change on fine grids. Mean residual progress
started with high rate of change and kept rate of change throughout the iterative process
on coarse grids.

Temperature distribution progress curves were given in Figure 4.33 with mean and
quartile values supported with analytical solution counterparts. Although differences in
mean value progresses were not apparent at first sight, quartile value progresses were
clearly observed for different grid resolutions. Quartile values converged rapidly on
coarse grids and did not even converge on finest grids. In terms of capturing property
distribution across the solution domain, coarse grids exceptionally outperformed fine

grids relatively.
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Figure 4.33. Temperature mean and quartile progress curves of solutions with different grid resolutions

Cost of each iteration throughout the solution process were visualized in Figure
4.34 for each grid resolution. Elapsed time for each iteration was measured with time
stamp differences between at the start and end of the iteration. Time cost of iterations
unpredictably varied for each grid resolution with a slightly increasing trend as the
iterations continue. Even with the standard deviation filter, variations and spikes on
curves were present. Although time cost per iteration varied around a mean value,

individual estimation of an iteration cost was seemed not possible.
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Figure 4.34. Elapsed time per iterations for different grid resolutions

Mean value of filtered values of elapsed time per iterations corresponds to reference

work unit as defined. Even though elapsed time values had a slightly increasing trend

while having unpredictable spikes and variations as seen in Figure 4.34, average of the

values was convenient to use as a reference to non-dimensionally compare multigrid cycle

performances. Thus, reference work unit variation with respect to grid resolution was

explored and measurement metrics were given in Table 4.3 alongside domain

information.
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Table 4.3. Reference work unit measurements for different grid resolutions

Number of Number of  |Reference Work Number of Reference Work
. . L Number of Cells .
Divisions Cells Unit Divisions Unit
5x5 25 0.146 ms 100 x 100 10000 190.6 ms
10x 10 100 0.180 ms 120 x 120 14400 367.5ms
20 x 20 400 0.658 ms 140 x 140 19600 679.1 ms
30 x 30 900 2.24 ms 160 x 160 25600 1151 ms
40 x 40 1600 6.27 ms 180 x 180 32400 1831 ms
50 x 50 2500 13.32 ms 200 x 200 40000 2789 ms
60 x 60 3600 26.74 ms 250 x 250 62500 6720 ms
70 x 70 4900 47.81 ms 300 x 300 90000 13966 ms
80 x 80 6400 80.1 ms 350 x 350 122500 25822 ms
90 x 90 8100 124.0 ms 400 x 400 160000 44154 ms

Reference work unit curve with respect to number of cells was given in Figure 4.35

together with fitted polynomial curve and was illustrated with logarithmic axes.

Reference work unit relation with respect to number of cells was given in Equation 4.4

with almost perfect polynomial fit.

RWU = 1.72 x 1076 x (NoC)? + 1.76 x 10™* x (NoC)

100000 ms

10000 ms

1000 ms

100 ms

10 ms

1ms

reference work unit - miliseconds

0ms

Reference Work Unit Graph

—Measured - - Polynomial Fit
/ r
/p) /
P
A
/.
/
e Rt
10 100 1000 10000 100000

number of cells

1000000

Figure 4.35. Reference work unit curve as a function of number of cells

R%2 =1

(4.4)

Curve given in Figure 4.35 and relation given in Equation 4.4 were shared only to

prove existence of such relation and/or behaviour. Numerous dependencies and nuisance

factors prevented the extraction of a universal relation regarding reference work unit.

Figure 4.35 and Equation 4.4 was only applicable to the computer, operating system and

environment that studies were conducted. It should also be noted that below certain
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number of cells, reference work unit did not improve as expected because machine and/or
procedures did not respond more faster than a certain rate.

Reference work unit for multigrid cycles should be calculated by division of sum
of elapsed time on finest grid iterations to sum of iteration counts on finest grid which in
fact returns the average of available values.

Since time cost was selected as the performance indicator of multigrid cycles, rate
of change in mean residual with respect to time was also inspected to reveal if its
conceptually useful to monitor solution progress. Thus, rate of changes in mean residual
with respect to time and iteration were plotted and were given in Figure 4.36 for a grid
resolution. Example plot to first derivatives of mean residual progress revealed that using
time to monitor rate of change was not applicable due to oscillations alongside
unpredictable spikes, while using iteration to monitor rate of change was applicable with

a smooth curve.

0.0000

—0.0002

-0.0004

dR/dt

—0.0006

-0.0008

—-0.0010
0 500 1000 1500 2000 2500

time - miliseconds

0.000

—-0.002

—0.004

dR/di

-0.006

-0.008

-0.010
0 100 200 300

iteration

Figure 4.36. Example to first derivatives of mean residual curves; with respect to time (top) and iteration
(bottom)

Thus, time dependent derivatives were found not usable for monitoring steering
criteria or any condition. Even if its plausible at best to sort out the root cause of
oscillations and spikes, it was suspected that operating system sub-processes and
environment subroutines were mainly responsible. Oscillations and spikes had decreasing

effect on fine grid resolutions because of the simple fact that time cost ratio of oscillations

107



and/or spikes to iterations decreased. In any case, time dependent derivatives were not
reliable enough to monitor any condition related to solution progress.

4.3.2. Boundary Conditions

Boundary conditions are one of the essential inputs for a finite volume method
problem. It is imperative to show that methods and procedures generate output changing
with varying input. Method and procedure validity on various boundary conditions should
be explored before venturing further. Additionally, validation aside; varying boundary
conditions may induce different effects on solution as well as progress. Thus, explorations
around changing boundary conditions were conducted to understand implications.

Code accepts Dirichlet and Neumann boundary conditions for the thermal diffusion
case. Dirichlet boundary conditions were given as temperature values in the unit of
Kelvin. Neumann boundary conditions were given as heat flux values in the unit of Watts.

Randomized boundary condition values were selected from arrays of; 200, 300,
400, 500 °K for Dirichlet and -2000, -1500, -1000, 500, 0, 500, 1000, 1500, 2000 W for
Neumann; to each West, East, South and North boundaries. Numerous solutions were
generated with the runs using randomized boundary conditions in order to check if
methods and/or procedures fail at some. No failures were returned for over hundred cases
which validated that methods and procedures work with various boundary conditions.
Examples of field contours to such solutions were given in Figure 4.37 and Figure 4.38

to emphasize that methods and procedures were capable of generating solutions.
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Figure 4.37. Example #1 of field contour plot to randomized boundary condition cases
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Figure 4.38. Example #2 of field contour plot to randomized boundary condition cases

Even though generation of solutions were clarified, any possible effect of boundary
conditions on solution progress and/or cost should be explored in an organized manner.
Explorations were designed around the reference case changing an individual Dirichlet

or Neumann boundary condition at a time for a selected boundary. Grid resolutions also
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varied within the exploration while convergence values of mean residual were 0.001 for
all solutions. Initialization values of domains were calculated by averaging Dirichlet
boundary conditions of each case.

Metrics of the exploration that varied Dirichlet conditions to North boundary were
given in Table 4.4 and Table 4.5 for inspection. Response surface and contour plot of the
Dirichlet boundary condition exploration were given in Figure 4.38 to visualise the
metrics. Metrics of the exploration that varied Neumann conditions to North boundary
were given in Table 4.6 and Table 4.7 for inspection. Response surface and contour plot
of the Dirichlet boundary condition exploration were given in Figure 4.40 to visualise the
metrics. Field contour plots of solutions with varying Dirichlet and Neumann boundary
conditions were given in Figure 4.37 and Figure 4.39 for the grid resolution of the

reference case.

Table 4.4. Exploration metrics of varying Dirichlet Boundary conditions regarding iteration count

. North Boundary Temperature Value
Iteration Count
200 °K 250 °K 300 °K 350 °K 373.15°K
5x5 21 18 18 21 21
S 10x10 58 46 48 58 61
g % 20x20 145 97 102 147 158
& 40x40 335 256 266 338 358
80x80 947 648 686 960 1028
Table 4.5.  Exploration metrics of varying Dirichlet Boundary conditions regarding differences in mean
temperature values between initialization and solution
Absolute Differences in North Boundary Temperature Value
Mean Temperature 200 °K 250 °K 300 °K 350 °K | 373.15°K
5x5 0.001 0.001 0.002 0.001 0.002
§ 10x10 0.009 0.009 0.009 0.009 0.009
g é 20x20 0.040 0.040 0.041 0.040 0.039
& 40x40 0.088 0.043 0.047 0.091 0.105
80x80 0.076 0.034 0.038 0.078 0.093
Ty = 200 °K Ty = 250 °K Ty = 300 °K Ty = 350 °K Ty = 373°K

Figure 4.39. Field contour plots of solutions with varying Dirichlet boundary conditions on North
boundary for the grid resolution of the reference case
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Figure 4.40. Response surface (left) and contour plot (right) for exploration of Dirichlet boundary

condition on North boundary

Table 4.6. Exploration metrics of varying Neumann Boundary conditions regarding iteration count

. West Boundary Heat Flux Value
Iteration Count
-1000 W -500 W ow 500 W 1000 W
5x5 17 20 21 22 23
§ 10x10 58 39 61 67 71
g g 20x20 199 154 158 201 221
& 40x40 606 470 358 552 647
80x80 1590 1143 1028 1248 1667
Table 4.7.  Exploration metrics of varying Neumann Boundary conditions regarding differences in mean
temperature values between initialization and solution
Absolute Differences in West Boundary Heat Flux Value
Mean Temperature -1000 W -500 W ow 500 W 1000 W
5 5X5 12.502 6.252 0.002 6.248 12.498
% 10x10 12.491 6.259 0.009 6.241 12.491
§ 20x20 12.460 6.211 0.039 6.211 12.460
= 40x40 12.339 6.090 0.105 6.089 12.339
o 80x80 11.855 5.644 0.093 5.598 11.852
=—1000 W =-500 W Ow=0wW OQw =500 W Ow = 1000 W

Figure 4.41. Field contour plots of solutions with varying Neumann boundary conditions on North

boundary for the grid resolution of the reference case
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Figure 4.42. Response surface (left) and contour plot (right) for exploration of Neumann boundary
condition on West boundary

Temperature values of 200, 250, 300, 350, 373.15 °K were selected around mean
temperature value of exact solution which is 298.15 °K for reference case. Heat flux
values of -1000, -500, 0, 500, 1000 W were selected to align exploration with conductivity
and other inputs of the reference case. Grid resolutions of 5x5, 10x10, 20x20, 40x40,
80x80 were selected to align exploration with other results.

Exploration results were presented with iteration counts as seen in in Table 4.4 and
Table 4.6 rather than iteration durations which in fact are the costs of the solutions.
Reasoning behind choosing iteration count over iteration duration was to make it easy to
read. Solution time with respect to grid resolution changed exponentially as seen in Table
4.2 which would not be practical to use to present exploration results. Additionally,
iteration counts of direct iterative solutions were actually cost of the runs in terms of
reference work unit at corresponding grid resolution.

Exploration metrics presented in Table 4.5 and Table 4.7 were the absolute of the
differences between initialization (temperature) values of the domain and mean
(temperature) values of solutions. Initialization values of domains were calculated by
averaging Dirichlet boundary conditions of each case.

Inspecting exploration results of Dirichlet boundary condition on North boundary
revealed that boundary value itself does not change cost while property distribution of the
solution changes cost. In other words, boundary conditions that impose high gradients on
domain which in turn decreased convergence rate ending up with increased solution cost.
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Thus, main contributor to cost was actually seemed as high gradients rather than boundary
conditions.

Additionally, initialization by averaging Dirichlet boundary conditions was seemed
appropriate when compared to mean values of solution. Mean values of solutions were
almost same with initialization values as seen in Table 4.5 when there were no Neumann
boundary conditions present.

Inspecting exploration results of Neumann boundary condition on West boundary
revealed that boundary flux changed the complexity and/or gradient within the domain.
When the absolute value of flux at boundary increased, convergence rate decreased that
ended up with increased solution cost. Increasing absolute values of flux at boundary also
increased the absolute difference between initialization and solution.

In both explorations of Dirichlet and Neumann boundary conditions, dominant
factor on solution costs were by far grid resolutions. It was safe to assume that boundary
conditions are less effective on cost than grid resolution. However, for a certain grid
resolution, it seemed that increasing difference between initialization (which was derived
from boundary conditions for given explorations) and solution, increased cost as
expected. Initialization effect on solution cost increased with increasing grid resolution,
which is a factor that should be explored separately.

4.3.3. Initialization Values

Initial guess of the solution is one of the key steps for any computational fluid
dynamics problem. Simply, if iterative solution of a problem starts with an initial guess
close to solution, iterative process would relatively cost less. Even though initialization
effect on solution progress is straightforward enough to understand easily, it is
appropriate to quantify the effect and its interaction with grid resolution.

Mean temperature values of 250, 275, 300, 325, 350 °K were used in the initial
exploration of the initialization effect, using the reference case values for other
parameters. Changing iteration count values with respect to initialization values were
given in Figure 4.43 for the reference case. Mean temperature values of solutions with

respect to initialization values were given in Figure 4.44 for the reference case.
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Figure 4.43. Exploration of iteration count values with respect to initialization values for the reference

case
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Figure 4.44. Exploration of mean temperature values of solutions with respect to initialization values for
the reference case

Iteration count values were greatly reduced as seen in Figure 4.43 for initial guess
values with increasing proximity to mean value of the solution. Vice versa, solution cost
increased with poor initial guess values. Additionally, solution convergence approach to
exact solution was directly linked with initial guess values as seen in Figure 4.44 for the
reference case. Solution of the initial guesses with higher values than exact solution
approached convergence from above, while solution of the initial guesses with lower

values than exact solution approached convergence from below.
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Exploration of initialization effect was expanded with the addition of grid resolution
effect. Convergence values of mean residual were 0.001 for all solutions. Metrics of the
exploration that varied initialization values for various grid resolutions were given in
Table 4.8 and Table 4.9 for inspection. Response surface and contour plot of the Dirichlet

boundary condition exploration were given in Figure 4.45 to visualise the metrics.

Table 4.8. Exploration metrics of varying initialization values regarding iteration count

. Initialization Value (°K)
Iteration Count
250 °K 275 °K 300 °K 325 °K 350 °K
5x5 26 24 21 23 25
S 10x10 84 78 57 75 82
g % 20x20 274 246 118 243 272
& 40x40 861 748 350 753 864
80x80 2533 2068 1031 2126 2561
Table 4.9.  Exploration metrics of varying initialization values regarding differences in mean

temperature values between initialization and solution

Absolute Differences in Initialization Value (°K)
Mean Temperature 250 °K 275 °K 300 °K 325 °K 350 °K
5x5 48.148 23.148 1.852 26.848 51.848
_§ 10x10 48.141 23.141 1.859 26.841 51.841
g é 20x20 48.111 23.110 1.888 26.811 51.811
& 40x40 47.989 22.989 1.819 26.690 51.689
80x80 47.503 22.502 1.695 26.203 51.203

Figure 4.45. Response surface (left) and contour plot (right) for exploration of initialization values

iteration count

Response Surface

number of cells

275

300

350

initialization value

initialization value

+

115

2000

Contour Plot

3000 4000

number of cells

3000

- 2500

2000

1500

- 1000

500

iteration count



Exploration of initialization effect confirmed expectations. With accurate initial
guess values, iterative process cost was greatly reduced. Exploration revealed that,
initialization effect on solution cost was much higher for fine grid resolutions. As a bonus,
exploration also revealed that convergence approach direction towards solution may be
selected by picking an appropriate initial guess value. Additionally, it was also confirmed
that averaging Dirichlet boundary conditions to calculate initial guess value was a valid
approach for the reference case. In essence, best initial guess value would be the value

with the most probability density within the domain.

4.3.4. Parameters of Fixed Cycles

Multigrid cycles with fixed schemes were explored around maximum coarse grid
level and iterations per sweep. Restriction beyond maximum coarse grid level was
infeasible and/or was limited. Iterations per sweep value was the iteration count of
solution on each step of multigrid cycle. Exploration was designed to generate cost and
convergence values with varying maximum coarse grid level and iteration per sweep.
Each multigrid cycle with fixed scheme (V, W, F) was explored separately.

Maximum coarse grid levels were selected as 2, 3, 4, 5 to capture the effect on cost
and convergence. Initial grid resolution was selected as 160x160, so minimum grid
resolutions are 40x40, 20x20, 10x10, 5x5 respectively. Iterations per sweep values were
selected as 1, 2, 3, 4, 5 to capture parameters for minimal cost at acceptable convergence.

Metrics of the exploration of V cycle that varied maximum coarse grid level and
iterations per sweep were given in Table 4.10 and Table 4.11 for cost and convergence
respectively. Response surface and contour plot of the exploration of V cycle were given
in Figure 4.44 and Figure 4.45 to visualise exploration metrics for cost and convergence

respectively.

Table 4.10. Exploration metrics of V cycle with varying maximum coarse level and iterations per sweep
regarding cost in reference work unit

. ) Iterations per Sweep
Cost in Reference Work Unit
1 2 3 4 5
e E 2 g - 40x40 2.996 5.119 7.241 9.512 11.530
g i 3 £ % 20x20 2.974 5.110 7.246 9.405 11.510
- O 5 =
§ = 4 £ § 10x10 2.959 5.137 7.231 9.397 11.541
c
S 5 = - 5x5 2.979 5.116 7.253 9.410 11.540
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Table 4.11. Exploration metrics of V cycle with varying maximum coarse level and iterations per sweep
regarding convergence level of mean residual

. Iterations per Sweep
Convergence Level of Mean Residual
1 2 3 4 5

— =]
£g 2 55 [ 40x40 | 2.45719 | 0.04608 | 0.03634 | 0.03056 | 0.02663
g E 3 ES | 20x20 | 355250 | 0.01975 | 0.01492 | 0.01204 | 0.01007
§ § 4 .g § 10x10 | 552550 | 0.00703 | 0.00448 | 0.00300 | 0.00205

o 5 S 5X5 6.83194 | 0.00137 | 0.00070 | 0.00048 | 0.00038
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Figure 4.46. Response surface (left) and contour plot (right) of cost in reference work unit for exploration
of V cycle
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Figure 4.47. Response surface (left) and contour plot (right) of convergence of mean residual for
exploration of V cycle

Exploration of W cycle was conducted with same input parameters. Metrics of the
exploration of W cycle were given in Table 4.10 and Table 4.11 for cost and convergence
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respectively. Response surface and contour plot of the exploration of W cycle were given
in Figure 4.44 and Figure 4.45 to visualise exploration metrics for cost and convergence

respectively.

Table 4.12. Exploration metrics of W cycle with varying maximum coarse level and iterations per sweep
regarding cost in reference work unit

Iterations per Sweep
1 2 3 4 5
40x40 3.523 5.593 7.953 10.334 | 12671
20x20 3.083 5.320 7.582 9.776 12.050
10x10 3.083 5.300 7.523 9.770 11.972
5X5 3.091 5.275 7.544 9.742 11.990

Cost in Reference Work Unit

Maximum
Coarse Level
gl wiN
Resolution

Minimum Grid

Table 4.13. Exploration metrics of W cycle with varying maximum coarse level and iterations per sweep
regarding convergence level of mean residual

. Iterations per Sweep
Convergence Level of Mean Residual
1 2 3 4 5

— =]
9 2 5 S 40x40 | 2.88776 | 0.02155 | 0.01660 | 0.01359 | 0.01152
g % 3 ES | 20x20 | 424468 | 0.00748 | 0.00494 | 0.00342 | 0.00242
é % 4 g § 10x10 | 5.27066 | 0.00138 | 0.00068 | 0.00046 | 0.00036

© > S SX3 3.41220 | 0.00091 | 0.00064 | 0.00048 | 0.00039
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Figure 4.48. Response surface (left) and contour plot (right) of cost in reference work unit for exploration
of W cycle
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Figure 4.49. Response surface (left) and contour plot (right) of convergence of mean residual for

exploration of W cycle

Exploration of F cycle was conducted with same input parameters. Metrics of the

exploration of F cycle were given in Table 4.10 and Table 4.11 for cost and convergence

respectively. Response surface and contour plot of the exploration of F cycle were given

in Figure 4.44 and Figure 4.45 to visualise exploration metrics for cost and convergence

respectively.

Table 4.14. Exploration metrics of F cycle with varying maximum coarse level and iterations per sweep
regarding cost in reference work unit

Cost in Reference Work Unit

Iterations per Sweep

1 2 3 4 5
c g 2 g < 40x40 3.062 5.260 7.485 9.668 | 11.885
3= 3 ES | 20x0 | 3082 | 5339 | 7541 | 9773 | 12002
§ % 4 E § 10x10 3.075 5.325 7.562 9.789 | 11.999

© > p 5X5 3.106 5.337 7.563 9.781 | 12.028

Table 4.15. Exploration metrics of F cycle with varying maximum coarse level and iterations per sweep
regarding convergence level of mean residual

Convergence Level of Mean Residual

Iterations per Sweep

1 2 3 4 5
e 2 g < 40x40 | 255164 | 0.03227 | 0.02530 | 0.02110 | 0.01823
£ E 3 ES | 20x20 | 427735 | 0.00930 | 0.00644 | 0.00470 | 0.00352
§ § 4 £ § 10x10 | 5.28459 | 0.00128 | 0.00065 | 0.00045 | 0.00036

© ° p 5x5 2.68124 | 0.00092 | 0.00064 | 0.00048 | 0.00039
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Figure 4.50. Response surface (left) and contour plot (right) of cost in reference work unit for exploration
of F cycle
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Figure 4.51. Response surface (left) and contour plot (right) of convergence of mean residual for
exploration of F cycle

Even though numbers do slightly change, explorations of V, W and F multigrid
cycles resulted with same inferences.

Single iterations per sweep generated unacceptable solutions as seen in Table 4.11,
Table 4.13 and Table 4.15 regarding convergence levels of mean residual. Results of
single iterations per sweep was also not comparable with other results of iterations per
sweep.

Cost in reference work unit was directly proportional to iterations per sweep while
maximum coarse level had little or no effect on cost. Convergence level of mean residual

improved with increasing maximum coarse grid level. Although iterations per sweep had

120



an effect on convergence, maximum coarse level was dominant factor relatively on
convergence.

In order to reduce cost while considering the limitation to minimum number of
iterations per sweep, any multigrid cycle should visit maximum feasible coarse grid
resolution level. In this manner, a reference multigrid cycle can be defined with 2 (two)
iterations per sweep and maximum coarsening possible based on V scheme. Any
multigrid cycle simply can not have lower cost than the reference multigrid cycle. Thus,
the reference multigrid cycle can be used to evaluate performance of multigrid cycles
with adaptive algorithms.

Run summary plot of the reference multigrid cycle was given in Figure 4.52 to
illustrate the shortest possible path to solution for the reference case at 160x160 grid
resolution. Solution convergence level of the reference multigrid cycle was 0.001373 of
mean residual. Total cost of the reference multigrid cycle can be assumed as 5 (five)
reference work units. Consistency of the cost of the reference multigrid cycle was also
investigated. Distribution of reference work unit measurements of reference multigrid
cycle with 100 samples were plotted and was given in Figure 4.53 accompanied by
statistical properties. According to measurements presented in Figure 4.53 reference work
unit may variate 7.5% around the mean for extremes while having lower and higher
quartiles within 1% of mean.

Inspecting cost of each item in Figure 4.52 leaded to observation that iterations cost
had the highest percentage of the total cost. Furthermore, iterations on the finest grid
resolution had the highest contribution with overwhelming percentage. Cost of iterations
made up to 85% of the total cost while finite volume method operations costed 13% of
the total costed and intergrid operations costed 2% of the total cost. Cost of iterations on
finest grid resolution made up 80% percent of the total cost. It is imperative to remind
that these cost fractions were for the best possible case and/or path. Observation of the
cost fractions underlined the cost contribution of initialization and finalization steps.
Compared to initialization and finalization cost, all operations and iterations to employ

multigrid cycles costed extremely low.
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Figure 4.53. Statistical data of reference work unit measurements of the reference multigrid cycle

4.3.5. Parameters of Flexible Cycle

Flexible multigrid cycles with adaptive scheme were explored around steering
criteria. Alpha parameter was the criteria for prolongation, beta parameter was the criteria
for restriction. Alpha was defined as the ratio of convergence level of current iteration to
convergence level of previous step that triggers prolongation. Beta was defined as the
ratio of convergence levels of consecutive iterations that triggers restriction. Restriction
was allowed up to infeasible grid level. Exploration was designed to generate cost and
convergence values with varying alpha and beta parameters.

Alpha values were initially selected varying between 0.05 and 0.50 with 0.05 steps;
and beta values were initially selected varying between 0.50 and 0.95 with 0.05 steps; to
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capture the effect on cost and convergence. Default values of alpha and beta were noted
as 0.3 and 0.7 respectively [16]. Initial grid resolution was selected as 160x160, so
minimum grid resolution was 5x5 at coarsest level. Since the cycle scheme was adaptive,
operational limitations were set. Minimum iterations per sweep was 2, maximum
iterations per sweep was 50, maximum number of steps was 200 and final convergence
target was 0.001 mean residual.

Metrics of the initial exploration of flexible cycle at broad space that varied alpha
and beta were given in Table 4.16 and Table 4.17 for cost and convergence respectively.
Response surface points and contour view of points of the exploration of flexible cycle
were given in Figure 4.54 and Figure 4.55 to visualise exploration metrics for cost and
convergence respectively.

Flexible cycles had tendency to stuck in a restriction and prolongation loop at coarse
levels for some couples of alpha and beta while solving the reference case. Solutions were
only acceptable at the initial resolution level. Thus, invalid runs that were not complying
with operational limitations were excluded and were marked. There were 77 valid runs in

of broad space with 100 points.

Table 4.16. Exploration metrics of flexible cycle with varying alpha and beta regarding cost in reference
work unit at broad space

beta

cost 050 | 055 | 0.60 | 0.65 | 0.70 | 0.75 | 080 | 0.85 | 090 | 0.95
005 | 621 | 6.22 | 6.20 | 6.20 | 6.27 | 720 | 7.29 | 8.30 | 10.43 | 15.81

0.10 | 6.20 | 6.28 6.20 719 | 7.30 | 8.33 | 10.45 | 15.78

0.15 | 6.21 | 6.26 721 | 729 | 825 | 13.57 | 15.99

020 | 6.21 | 6.26 7.28 | 11.43 | 11.61 | 16.03

_‘c:_ 025 | 842 | 841 9.41 | 9.79 | 10.96 | 16.42
& 0.30 8.42 9.42 15.57 | 21.87
035 | 724 | 819 | 820 | 822 | 819 | 820 | 8.44 15.61 | 24.21

040 | 7.18 | 820 | 823 | 818 | 825 | 818 | 827 15.45 | 22.01

045 | 9.37 | 10.41 | 10.37 | 10.42 | 10.36 | 8.25 18.58 | 21.85

0.50 | 9.37 | 10.36 | 10.37 | 10.42 | 10.37 | 8.18 | 13.04 | 13.06 | 17.68 | 21.77
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Table 4.17. Exploration metrics of flexible cycle with varying alpha and beta regarding convergence of
mean residual at broad space

beta
050 | 055 | 0.60 | 0.65 | 0.70 | 0.75 | 0.80 | 0.85 | 0.90 | 0.95
0.05 |0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052
0.10 |0.00052 | 0.00052 0.00052 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052
0.15 |0.00052 | 0.00052 0.00052 | 0.00052 | 0.00052 | 0.00052 | 0.00052
0.20 |0.00052 | 0.00052 0.00052 ] 0.00052 | 0.00052 | 0.00052
0.25 |0.00052 | 0.00052 0.00052 ] 0.00052 | 0.00052 | 0.00052
0.30 0.00052 0.00052 0.00052 | 0.00052
0.35 |0.00094 | 0.00098 | 0.00098 | 0.00098 | 0.00096 | 0.00094 | 0.00052 0.00052 | 0.00058
0.40 |0.00094 | 0.00098 | 0.00098 | 0.00098 | 0.00096 | 0.00094 | 0.00074 0.00052 | 0.00067
0.45 |0.00085 | 0.00085 | 0.00085 | 0.00085 | 0.00080 | 0.00094 0.00052 | 0.00080
0.50 |0.00085 | 0.00085 | 0.00085 | 0.00085 | 0.00080 | 0.00099 | 0.00070 | 0.00080 | 0.00052 | 0.00084

convergence

alpha

Response Surface Points Contour View of Points
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i 7 . . 25
................. - - - -

cost
=}
®

0.1 0.2 0.3 0.4 0.5
alpha

0

Figure 4.54. Response surface points (left) and contour view of points (right) of cost in reference work
unit for exploration of flexible cycle at broad space
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Figure 4.55. Response surface points (left) and contour view of points (right) of convergence of mean
residual for exploration of flexible cycle at broad space

High beta values ended up with relatively high cost as seen in Figure 4.52 while
high values of alpha ended up with relatively high convergence levels as seen in Figure
4.53. Most of the moderate values of alpha and beta generated invalid runs. Interestingly
enough, default values of alpha and beta did not work with the reference case at initial
resolution of exploration.

According to results of initial exploration of flexible cycle at broad space, following
exploration at a narrower space was designed as seen in Figure 4.54 and Figure 4.55 as a
region encompassed with dashed lines. Alpha value varied 0.05 to 0.25 with 0.01 step
and beta value varied 0.70 to 0.90 with 0.01 step for the exploration of the narrow space.
Selected space for the following exploration had higher resolution than the initial
exploration to uncover precise boundary of validity.

Metrics of the following exploration of flexible cycle at narrow space that varied
alpha and beta were given in Table 4.18 and Table 4.19 for cost and convergence
respectively. Response surface points and contour view of points of the exploration of
flexible cycle were given in Figure 4.56 and Figure 4.57 to visualise exploration metrics
for cost and convergence respectively.
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Table 4.18. Exploration metrics of flexible cycle with varying alpha and beta regarding cost in reference

work unit at narrow space
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Table 4.19. Exploration metrics of flexible cycle with varying alpha and beta regarding convergence of

mean residual at narrow space
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Figure 4.56. Response surface points (left) and contour view of points (right) of cost in reference work
unit for exploration of flexible cycle at narrow space
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Figure 4.57. Response surface points (left) and contour view of points (right) of convergence of mean
residual for exploration of flexible cycle at narrow space

Although cost of the flexible multigrid cycle varied irregularly with changing alpha
and beta for exploration at narrow space; convergence levels of mean residuals were
identical regardless of alpha and beta as seen in Figure 4.56 and Figure 4.57 for the valid
runs. Several couples of alpha and beta were selected for further inspection as best
performing sample points of exploration space

Detailed cost metrics of flexible multigrid cycle at selected points were given in
Table 4.20 for various parameters with average values. Reference work unit (RWU)
variation is the percentage difference between RWU measurement of the instance and the
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mean of the measurements. Iteration cost is the percentage cost of the iterations within
the cycle. Finite volume cost is the percentage cost of the finite volume method functions
within the cycle. Intergrid cost is the percentage cost of the intergrid operations
(restriction, prolongation) within the cycle. Total costs of the cycles were given in Figure

4.58 alongside the performances of the flexible cycle at selected points.

Table 4.20. Cost metrics of flexible multigrid cycles at selected points

- beta L beta
RWU variation iteration cost
0.75 0.80 0.85 0.75 0.80 0.85
© 0.05 | 0.44% | 0.26% | 0.62% © 0.05 | 90.2% | 90.4% | 91.6%
= 0.10 | -0.40% | -0.35% | -0.14% = 0.10 | 90.3% | 89.0% | 91.6%
[3+] 3+
0.15 | -0.18% | 0.14% | -0.39% 0.15 | 90.3% | 90.4% | 91.6%
- beta . . beta
finite volume cost intergrid cost
0.75 0.8 0.85 0.75 0.80 0.85
- 0.05 8.7% 8.5% 7.5% - 005 | 1.1% | 1.1% | 0.9%
=1 010 | 87% | 9.9% | 7.5% S | 010 | 1.0% | 1.1% | 0.9%
[+ [3+]
0.15 8.7% 8.5% 7.5% 015 | 1.0% | 1.1% | 0.9%
Alpha=0.05 Beta=0.75 > 7.21 Alpha=0.05 Beta=0.80 - 7.29 Alpha=0.05 Beta=0.85 > 8.29
Alpha=0.10 Beta=0.75-> 7.18 Alpha=0.10 Beta=0.80~> 7.39 Alpha=0.10 Beta=0.85-> 8.27
Alpha=0.15 Beta=0.75-> 7.20 Alpha=0.15 Beta=0.80~> 7.27 Alpha=0.15 Beta=0.85 > 8.25

Figure 4.58. Performances of flexible multigrid cycles at selected points

Best cases of flexible cycle run resided within the region that has alpha values
between 0.05 and 0.25; and beta values between 0.75 and 0.85 for the reference case. Best
performing flexible cycles costed 7.60 reference work unit on average while having
0.00052 convergence level of mean residual. Run summary plots of the best cases of the

flexible cycle were given in Appendix #6 for further inspection.
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4.3.6. Parameters of PID Driven Cycle

PID driven multigrid cycles with adaptive scheme were explored around steering
criteria. There were several parameters that contributes to steering criteria. Proportional,
integral and derivative coefficients were used to calculate proportional, integral and
derivative terms respectively. Conditional checks between respective proportional,
integral and derivative terms and criteria triggered corresponding action which may be
restriction, prolongation as well as continuation to iterations without changing grid
resolution. Restriction was allowed up to infeasible grid level. Exploration was designed
to generate cost and convergence values with varying PID coefficients and PID criteria.

Since conditional checks were done against PID criteria, establishing valid and
robust criteria was imperative before venturing towards tuning PID coefficients.
Proportional criterion (Pc) values were initially selected varying between 0.10 and 0.50
with 0.05 steps. Integral criterion (Ic) values were initially selected varying between 5.0
and 20.0 with 5.0 steps. Derivative criterion (Dc) values were initially selected varying
between -0.25 and -0.05 with 0.05 steps. Default values of proportional, integral and
derivative coefficients were given as 1.0, 1.0 and 1.0 respectively. Initial grid resolution
was selected as 160x160, so minimum grid resolution was 5x5 at coarsest level. Since the
cycle scheme was adaptive, operational limitations were set. Minimum iterations per
sweep was 2, maximum iterations per sweep was 50, maximum number of steps was 200
and final convergence target was 0.001 mean residual.

Metrics of the initial exploration of PID driven cycle at broad space that varied PID
criteria were given in Table 4.21 and Table 4.22 for cost and convergence respectively.
Response surface points and contour view of points of the exploration of PID driven cycle
were given in Figure 4.59 and Figure 4.60 to visualise exploration metrics for cost and
convergence respectively.

PID driven cycles had tendency to stuck in a restriction and prolongation loop at
various grid resolution levels for some sets of PID coefficient and criteria while solving
the reference case. Solutions are only acceptable at the initial resolution level. Thus,
invalid runs that were not complying with operational limitations were excluded and were

marked. There were 39 valid runs in of broad space with 45 points.
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Table 4.21.

Exploration metrics of PID driven cycle with varying PID criteria regarding cost in reference

work unit at broad space (for integral criterion = 5.0)

Cost Derivative Criterion
(Integral Criterion = 5.0) -0.20 -0.10
0.10
- 6.25 6.22 7.39
g 0.20 6.09 6.08 6.08 6.22 7.47
’5 0.25 6.01 6.14 6.05 6.14 11.09
s 0.30 7.05 7.05 6.06 6.14 10.93
§ 0.35 6.99 7.06 6.06 9.73 12.05
cé 0.40 6.99 7.17 6.08 13.43 11.94
- 0.45 9.60 9.66 9.66 13.45 15.71
0.50 9.68 9.68 14.34 13.39 19.17
Table 4.22. Exploration metrics of PID driven cycle with varying PID criteria regarding convergence of
mean residual at broad space (for integral criterion = 5.0)
Convergence Derivative Criterion

(Integral Criterion = 5.0)

Proportional Criterion

-0.20

-0.10

0.10 0.00060

0.00063 0.00069 0.00068
0.20 0.00077 0.00077 0.00077 0.00075 0.00079
0.25 0.00095 0.00094 0.00091 0.00088 0.00087
0.30 0.00087 0.00085 0.00098 0.00096 0.00097
0.35 0.00087 0.00085 0.00098 0.00091 0.00086
0.40 0.00087 0.00085 0.00098 0.00091 0.00092
0.45 0.00094 0.00093 0.00093 0.00094 0.00085
0.50 0.00100 0.00093 0.00087 0.00098 0.00097
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Figure 4.59. Response points and orthogonal views of cost in reference work unit for exploration of PID
driven cycle criteria at broad space
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Figure 4.60. Response points and orthogonal views of convergence of mean residual for exploration of
PID driven cycle criteria at broad space
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High proportional criterion values ended up with relatively high cost as seen in
Figure 4.59 while high values of derivative ended up with relatively low cost as seen in
Figure 4.59. Integral criterion seemed no or little effect on cost as seen in both Figure
4.59 and Figure 4.60. Low proportional criterion values coupled with high derivative
criterion values ended up with low convergence levels as seen in Figure 4.60 for mean
residual.

According to results of initial exploration of PID driven cycle at broad space,
following exploration at a narrower space was designed as seen in Figure 4.57 and Figure
4.58 as a region encompassed with dashed lines. Proportional criterion varied between
0.15 and 0.30 with 0.025 step; integral criterion varied between 4.0 and 7.0 with 1.0 step;
derivative criterion varied between -0.15 and -0.05 with 0.02 step; for the exploration of
the narrow space. Selected space for the following exploration had higher resolution than
the initial exploration to uncover precise boundary of validity.

Metrics of the following exploration of PID driven cycle at narrow space that varied
PID criteria were given in Table 4.23 and Table 4.24 for cost and convergence
respectively. Response surface points and contour view of points of the exploration of
PID driven cycle were given in Figure 4.61 and Figure 4.62 to visualise exploration

metrics for cost and convergence respectively.

Table 4.23. Exploration metrics of PID driven cycle with varying PID criteria regarding cost in reference
work unit at narrow space (for integral criterion = 5.0)

Cost Derivative Criterion
(Integral Criterion =

5.0) 0150 | -0130 | -0.110 | -0.090 | -0070 | -0.050
- 0.150 6.18 6.24 6.21 6.24 6.32 7.38
'% 0.175 6.08 6.11 6.26 6.19 6.26 7.35
::) 0.200 6.09 6.08 6.16 6.20 6.21 7.35
‘_C“ 0.225 6.16 6.06 6.14 6.14 6.18 11.07
£ 0.250 6.05 6.06 6.14 6.22 9.86 11.15
g‘ 0.275 6.17 6.06 6.13 6.15 9.85 11.03
& 0.300 6.07 6.08 6.26 9.76 10.90 10.95
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Table 4.24. Exploration metrics of PID driven cycle with varying PID criteria regarding convergence of
mean residual at narrow space (for integral criterion = 5.0)

Convergence Derivative Criterion
Integral Criterion =
(Integ 5.0) -0.150 -0.130 -0.110 -0.090 -0.070 -0.050

0.150 0.00063 0.00063 0.00069 0.00068 0.00068 0.00068
0.175 0.00069 0.00068 0.00069 0.00074 0.00074 0.00073
0.200 0.00077 0.00080 0.00077 0.00074 0.00077 0.00079
0.225 0.00084 0.00084 0.00088 0.00084 0.00083 0.00082
0.250 0.00091 0.00090 0.00088 0.00086 0.00082 0.00087
0.275 0.00098 0.00098 0.00096 0.00094 0.00089 0.00087
0.300 0.00098 0.00098 0.00096 0.00091 0.00085 0.00097
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Figure 4.61. Response points and orthogonal views of cost in reference work unit for exploration of PID
driven cycle criteria at narrow space
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Figure 4.62. Response points and orthogonal views of convergence of mean residual for exploration of
PID driven cycle criteria at narrow space

Cost of the PID driven multigrid cycle varied fairly regularly with changing PID
criteria for exploration at narrow space as seen in Figure 4.61 and Figure 4.62.
Convergence levels of mean residuals also varied regularly with changing PID criteria as
seen in Figure 4.61 and Figure 4.62. Although proportional and derivative criterion values
were effective on the outcome, integral criterion did not change cost nor convergence
beyond a certain value. Condition check for integral criterion did indeed trigger within
cycles but did not reflect any complications on outcome. Integral criterion acted as a fuse
against over investment as originally intended. Several sets of PID criteria were selected
for further inspection as best performing sample points of exploration space.

Detailed cost metrics of PID driven multigrid cycle at selected points were given in
Table 4.25 for various parameters with average values. Reference work unit (RWU)
variation is the percentage difference between RWU measurement of the instance and the
mean of the measurements. Iteration cost is the percentage cost of the iterations within
the cycle. Finite volume cost is the percentage cost of the finite volume method functions

within the cycle. Intergrid cost is the percentage cost of the intergrid operations
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(restriction, prolongation) within the cycle. Total costs of the cycles were given in Figure

4.63 alongside the performances of the PID driven cycle at selected points.

Table 4.25. Cost metrics of PID driven multigrid cycles at selected points of PID criteria

Dc Dc
RWU variation iteration cost
-0.15 -0.10 -0.05 -0.15 | -0.10 | -0.05
0.15 | -0.14% | 0.44% | -0.39% 0.15 | 86.9% | 88.5% | 90.2%
g 020 | 0.26% | 1.42% | -0.59% & 0.20 | 88.3% | 88.8% | 90.4%
025 | 0.25% | -0.63% | -0.62% 0.25 | 88.5% | 88.5% | 90.0%
- Dc ) . Dc
finite volume cost intergrid cost
-0.15 -0.10 -0.05 -0.15 | -0.10 | -0.05
0.15 | 11.8% | 10.1% | 8.7% 015 | 1.3% | 1.3% | 1.1%
£ 0.20 10.4% | 10.0% | 8.5% & 020 | 1.3% | 1.2% | 1.1%
025 | 10.3% | 10.3% | 8.6% 025 | 1.3% | 1.3% | 1.4%

Pc=0.15, 1c=5.0, Dc=-0.15 - 6.28 Pc=0.15, 1c=5.0, Dc=-0.10 - 6.22 Pc=0.15, 1c=5.0, Dc=-0.05 = 7.40

Pc=0.20, Ic=5.0, Dc=-0.15 - 6.08 Pc=0.20, Ic=5.0, Dc=-0.10 > 6.18 Pc=0.20, 1c=5.0, Dc=-0.05 > 7.36

Pc=0.25, Ic=5.0, Dc=-0.15 -> 6.06 Pc=0.25, 1c=5.0, Dc=-0.10 = 6.15 Pc=0.25, 1c=5.0, Dc=-0.05 - 11.11

Figure 4.63. Performances of PID driven multigrid cycles at selected points of PID criteria

Best cases of PID driven cycle criteria exploration resided within the region that
had proportional criterion values between 0.15 and 0.25; derivative criterion values
between -0.15 and -0.05 for the reference case. Integral criterion was selected constant as
5.0 for the best cases of PID driven cycle criteria exploration for the reference case. Best
performing PID driven cycles with selected criteria costed 6.985 reference work unit on
average while having 0.000773 convergence level of mean residual. Run summary plots
of the PID driven cycles with selected criteria were given in Appendix #7 for further
inspection.

Exploration of PID criteria established the foundation of PID driven cycle for the

reference case. PID criteria baseline was selected as 0.20, 5.0 and -0.10 for proportional,
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integral and derivative criterion respectively. Having the foundation and baseline for PID
criteria enabled the exploration to tune PID coefficients for the reference case.

Proportional coefficient (cP) values were initially selected varying between 0.5 and
1.5 with 0.2 steps. Integral coefficient (Ic) values were initially selected varying between
0.5 and 1.5 with 0.2 steps. Derivative coefficient (Dc) values were initially selected
varying between 0.5 and 1.5 with 0.2 steps. Initial grid resolution was selected as
160x160, so minimum grid resolution is 5x5 at coarsest level. Since the cycle scheme was
adaptive, operational limitations were set. Minimum iterations per sweep was 2,
maximum iterations per sweep was 50, maximum number of steps was 200 and final
convergence target was 0.001 mean residual.

Metrics of the initial exploration of PID driven cycle at broad space that varied PID
coefficients were given in Table 4.26 and Table 4.27 for cost and convergence
respectively. Response surface points and contour view of points of the exploration of
PID driven cycle were given in Figure 4.64 and Figure 4.65 to visualise exploration
metrics for cost and convergence respectively.

PID driven cycles had tendency to stuck in a restriction and prolongation loop at
various grid resolution levels for some sets of PID coefficient and criteria while solving
the reference case. Solutions are only acceptable at the initial resolution level. Thus,
invalid runs that were not complying with operational limitations were excluded and were

marked. There were 204 valid runs in of broad space with 216 points.

Table 4.26. Exploration metrics of PID driven cycle with varying PID coefficients regarding cost in
reference work unit at broad space (for integral coefficient = 1.1)

Cost Derivative Coefficient
(Integral Coef. = 1.1) 0.5 0.7 0.9 1.1 1.3 15

0.5 7.04 6.04 13.37 13.33 10.79 10.84
E = 0.7 7.05 6.04 6.10 9.71 10.81 10.86
2 0.9 6.05 6.04 6.13 6.14 6.19 6.19
2% 11 6.13 6.07 6.22 6.20 6.26 6.26
a © I- 6.18 6.24 6.23 6.29 6.29

15 6.15 6.23 6.21 6.2 6.2
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Table 4.27. Exploration metrics of PID driven cycle with varying PID coefficients regarding
convergence of mean residual at broad space (for integral coefficient = 1.1)

Convergence Derivative Coefficient
(Integral Coef. = 1.1) 0.5 0.7 0.9 1.1 1.3 15
0.5 0.00085 0.00098 0.00091 0.00090 0.00100 0.00097
s & 0.7 0.00085 0.00098 0.00096 0.00082 0.00086 0.00085
= g 0.9 0.00085 0.00084 0.00083 0.00084 0.00084 0.00083
g_ E 1.1 0.00072 0.00069 0.00069 0.00074 0.00074 0.00074
s O

0.00063 0.00068 0.00068 0.00068 0.00068
0.00063 0.00067 0.00067 0.00063 0.00063
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Figure 4.64. Response points and orthogonal views of cost in reference work unit for exploration of PID
driven cycle coefficients at broad space
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Figure 4.65. Response points and orthogonal views of convergence of mean residual for exploration of
PID driven cycle coefficients at broad space

High proportional coefficient values ended up with relatively low cost as seen in
Figure 4.64 while low values of derivative coefficient ended up with relatively low cost
as seen in Figure 4.64. Integral criterion seemed no or little effect on cost as seen in both
Figure 4.64 and Figure 4.65. Low proportional coefficient values coupled with high
derivative coefficient values ended up with distinctive high cost as seen in Figure 4.64.

According to results of initial exploration of PID driven cycle at broad space,
following exploration at a narrower space was designed as seen in Figure 4.64 and Figure
4.65 as a region encompassed with dashed lines. Proportional coefficient varied between
0.8 and 1.6 with 0.1 step; integral coefficient varied between 0.6 and 1.4 with 1.0 step;
derivative coefficient varied between 0.6 and 1.2 with 0.1 step; for the exploration of the
narrow space. Selected space for the following exploration had higher resolution than the
initial exploration to uncover precise boundary of validity.

Metrics of the following exploration of PID driven cycle at narrow space that varied
PID coefficients were given in Table 4.28 and Table 4.29 for cost and convergence

respectively. Response surface points and contour view of points of the exploration of

139



PID driven cycle were given in Figure 4.66 and Figure 4.67 to visualise exploration

metrics for cost and convergence respectively.

Table 4.28. Exploration metrics of PID driven cycle with varying PID coefficients regarding cost in
reference work unit at narrow space (for integral coefficient = 1.0)

Cost Derivative Coefficient

(Integral Coef. = 1.0) 0.6 0.7 0.8 0.9 1 1.1 1.2
0.8 6.05 6.05 6.13 6.11 6.12 6.13 6.18

= 0.9 6.05 6.06 6.12 6.12 6.11 6.11 6.17
é 1 6.06 6.07 6.11 6.15 6.17 6.20 6.26
§ 1.1 6.13 6.09 6.21 6.22 6.19 6.18 6.26
= 1.2 6.18 6.16 6.23 6.26 6.20 6.20 6.24
é 1.3 6.22 6.21 6.23 6.28
g 1.4 6.21 6.18 6.20 6.26
o 1.5 6.20 6.23 6.22 6.29
1.6 6.20 6.18 6.22 6.23 6.22 6.22 6.29

Table 4.29. Exploration metrics of PID driven cycle with varying PID coefficients regarding
convergence of mean residual at narrow space (for integral coefficient = 1.0)

Convergence Derivative Coefficient

(Integral Coef. = 1.0) 0.6 0.7 0.8 0.9 1 1.1 1.2

0.8 0.00091 | 0.00091 | 0.00090 | 0.00088 | 0.00088 | 0.00086 | 0.00086

o 09 0.00084 | 0.00084 | 0.00084 | 0.00083 | 0.00083 | 0.00084 | 0.00084
3 1 0.00077 | 0.00077 | 0.00080 | 0.00077 | 0.00075 | 0.00074 | 0.00074
E 11 0.00072 | 0.00069 | 0.00072 | 0.00069 | 0.00075 | 0.00074 | 0.00074
! 12 0.00064 | 0.00064 | 0.00068 | 0.00068 | 0.00075 | 0.00074 | 0.00074
S 13 0.00061 0.00073 | 0.00068 | 0.00068
S 14 0.00060 0.00069 | 0.00069 | 0.00069
= 15 0.00061 0.00067 | 0.00067 | 0.00067

1.6 0.00060 | 0.00063 | 0.00062 | 0.00063 | 0.00063 | 0.00063 | 0.00063
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Figure 4.66. Response points and orthogonal views of cost in reference work unit for exploration of PID
driven cycle coefficients at narrow space
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Figure 4.67. Response points and orthogonal views of convergence of mean residual for exploration of
PID driven cycle coefficients at narrow space
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Cost of the PID driven multigrid cycle varied fairly regularly but at a small amount
with changing PID coefficient for exploration at narrow space as seen in Figure 4.66 and
Figure 4.67. Convergence levels of mean residuals also varied regularly with changing
PID coefficient as seen in Figure 4.66 and Figure 4.67. Although proportional and
derivative coefficient values were effective on the outcome, integral coefficient did not
change cost nor convergence beyond a certain value just like integral criterion. Several
sets of PID criteria were selected for further inspection as best performing sample points
of exploration space.

Detailed cost metrics of PID driven multigrid cycle at selected points were given in
Table 4.25 for various parameters with average values. Reference work unit (RWU)
variation is the percentage difference between RWU measurement of the instance and the
mean of the measurements. Iteration cost is the percentage cost of the iterations within
the cycle. Finite volume cost is the percentage cost of the finite volume method functions
within the cycle. Intergrid cost is the percentage cost of the intergrid operations
(restriction, prolongation) within the cycle. Total costs of the cycles were given in Figure

4.68 alongside the performances of the PID driven cycle at selected points.

Table 4.30. Cost metrics of PID driven multigrid cycles at selected points of PID coefficients (for integral
coefficient = 1.0)

. cD . . cD
RWU variation iteration cost
0.7 0.8 0.9 0.7 0.8 0.9
13 -1.3% | 1.0% | 1.0% 1.3 | 885% | 88.7% | 88.5%
S 14 | -02% | 0.0% | 0.3% S 1.4 | 88.29% | 88.8% | 89.0%
15 -0.2% | -0.2% | -0.5% 15 | 88.6% | 88.5% | 88.6%
. cD . ) cD
finite volume cost intergrid cost
0.7 0.8 0.9 0.7 0.8 0.9
13 | 10.2% | 10.1% | 10.0% 13 | 1.3% | 1.2% | 1.5%
% 1.4 10.1% | 10.0% | 9.8% s 1.4 1.7% | 1.2% | 1.2%
15 10.2% | 10.3% | 9.9% 1.5 1.2% | 1.2% | 1.5%
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cP=1.3,cl=1.0, cD=0.7 > 6.19 cP=1.3, cl=1.0, cD=0.8 = 6.20 cP=1.3, cl=1.0, cD=0.9 - 6.25

cP=1.4,cl=1.0,cD=0.7 = 6.18 cP=1.4,cl=1.0, cD=0.8 = 6.20 cP=1.4,cl=1.0,cD=0.9 2> 6.19

cP=1.5,cl=1.0, cD=0.7 - 6.15 cP=1.5,cl=1.0,cD=0.8 > 6.24 cP=1.5,cl=1.0, cD=0.9 - 6.25

Figure 4.68. Performances of PID driven multigrid cycles at selected points of PID coefficients (for
integral coefficient = 1.0)

Best cases of PID driven cycle coefficient exploration resided within the region that
had proportional coefficient values between 1.3 and 1.5; derivative coefficient values
between 0.7 and 0.9 for the reference case. Integral criterion was selected constant as 1.0
for the best cases of PID driven cycle coefficient exploration for the reference case. Best
performing PID driven cycles with selected coefficients costed 6.208 reference work unit
on average while having 0.000659 convergence level of mean residual. Run summary
plots of the PID driven cycles with selected coefficients were given in Appendix #8 for

further inspection.

4.4. Summary of Results

Thermal diffusion on a homogenous plate was studied and was assumed as
reference case. Analytical Laplace solution of the reference case was present to compare
with solutions of direct iterative method and multigrid cycles with fixed and adaptive
schemes. Validation of direct iterative and multigrid cycle solutions were shown with
statistical analyses. Solution progress was examined via residual progress and residual
distribution within the domain of solutions. Residual progress of solutions on different
grid resolutions were explored while inspecting progress of property distribution as well.
Progresses of mean and quartile values of solution were also examined. Elapsed time
values per iteration were measured for different grid resolutions. Reference work unit
relation as a function of number of cells was founded for the reference case. Various
direct iterative solutions were generated with differing Dirichlet and Neumann boundary
conditions. Effect of initialization was explored for different grid resolutions. Cost and

convergence levels of multigrid cycles with fixed schemes were explored with varying
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iterations per sweep and maximum coarse grid level. Reference multigrid cycle was
defined according to the results of the exploration of cycles with fixed schemes. Cost and
convergence levels of multigrid cycles with adaptive schemes were explored with varying
input parameters. Flexible cycles were explored with varying alpha and beta parameters.
PID driven cycles were explored with varying PID coefficients after the exploration of
and establishing of PID criteria.

Analytical solution of the reference case enabled the calculation of the property at
any location within domain regardless of the grid resolution. Statistical analyses showed
that all methods are valid and generates correct solutions with appropriate parameters.
Progress of mean residual and property distribution revealed that solution accuracy is
only acceptable when a certain convergence for mean residual is reached. Exploring
solution progress on different grid resolutions revealed that quartiles (distribution)
converge differently for each grid resolution. Examining measurements of elapsed time
values per iteration revealed that time dependant derivatives are not reliable for steering
mechanisms. Exploring the effect of different boundary conditions revealed that main
contributor to cost is high gradients rather than different boundary conditions.
Additionally, the approach to initialization by averaging Dirichlet boundary conditions
were found convenient when there are no Neumann boundary conditions present.
Initialization with values closer to actual solution is observed to have a great effect on
reducing cost. Exploration of multigrid cycles with fixed schemes revealed that there is a
minimum number of iterations per sweep. Multigrid cycle cost increases with iterations
per sweep while maximum coarse level does not affect cost. On the other hand, maximum
coarse level is much more effective than iterations per sweep to obtain better convergence
levels. Exploring adaptive cycles with respective input parameters revealed that adaptive
cycles are not completely robust compared to cycles with fixed schemes. On the other
hand, adaptive cycles assure and most of the time exceed desired convergence levels if
they are not stuck in steering loops. Effectivity of both flexible and PID driven cycle are
found almost identical while PID driven cycle is more robust on a broader range of input
parameters.

Adaptive multigrid cycles were the main interest of the thesis while cost and
convergence were main focal points. Performance of the adaptive multigrid cycles were
measured with total cost in reference work units. High performing multigrid cycle was

assumed to have low cost. Solution accuracy of the adaptive multigrid cycles was
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measured with convergence level in mean residual. Accurate solution was assumed to
have low mean residual value. Effective multigrid cycle was assumed to get an accurate
solution with low cost. In this manner, effectivity indicator was defined as multiplication
of convergence and cost in order to combine both outcomes. Relatively low value of
effectivity indicator corresponds to relatively more effective multigrid cycle. Effectivity
indicator is for only comparison purposes. Average values regarding performance and
accuracy were given in Table 4.31 to emphasize high level comparison of adaptive
multigrid cycles with respect to reference multigrid cycle. Average values presented in
Table 4.26 was derived using the data given in exploration results of selected best cases
of respective cycles. Total cost ratios are percentage of total cost values to total cost value
of reference multigrid cycle. Total cost values are the measured costs in reference work
unit. Iteration cost ratio, finite volume method (FVM) cost ratio and intergrid operation
cost ratio are respective percentages of cost within the total cost values. Convergence
levels are the mean residuals of solutions. Effectivity indicator values are calculated as
defined.

Table 4.31. High level comparison of adaptive multigrid cycles with respect to reference multigrid cycle

Average Values Unit Rl\’/tleztlatrl(;r:lcde Fle>(<;? Ee%/de CI)D/::Iia I(D;\()ir;t)
Cycle
Total Cost Ratio % 100 % 152 % 124 %
Total Cost Reference Work Unit 5.00 7.60 6.21

Iteration Cost Ratio % 85.0 % 90.6 % 88.6 %

FVM Cost Ratio % 13.0% 8.4 % 10.1 %
Intergrid Cost Ratio % 2.0% 1.0% 1.3%
Convergence Level Mean Residual 0.001373 0.000523 0.000659
Effectivity Indicator Convergence * Cost 0.006865 0.00397 0.00409

Essential aspects of the results were reflected on Table 4.31 that presents clear
inferences. PID driven cycle costed less compared to Flexible cycle; for a desired

convergence target of 0.001 and same operational limitations. Both adaptive cycles
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(Flexible and PID driven) assured and exceeded convergence target as seen in respective
convergence levels. Both adaptive cycles had similar cost percentages of iterations, FVM
and intergrid operations while PID driven cycle had tendency to have slightly more FVM
and intergrid operations compared to Flexible cycle. Having slightly more FVM and
intergrid operations means that PID driven cycle tends to steer more at coarse to mid grid
resolution levels. Both adaptive cycles had almost identical effectivity indicator values.

Both adaptive cycles were much more effective than the reference multigrid cycle.
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5. CONCLUSION

Lack of variety of adaptive multigrid schemes were spotted and motivated the
thesis. In order to justify a fair numerical experimentation setup, authentic code
generation effort was given that implements basic finite volume methods, intergrid
operations and iterative solvers. A fundamental reference case was selected in order to
get a proper validation. Multigrid schemes and algorithms were also implemented. All
methods were presented with both theory and practice in a harmonized manner. All
procedures and algorithms were validated regarding the reference case. Results were
compiled and presented in an increasingly complex order. Innovative aspect of the thesis
was carried out by developing a new and an alternative adaptive multigrid scheme.
Comparative performances of multigrid schemes revealed that newly developed adaptive
multigrid scheme is robust and is performing as well as the other ones if not better.

Many aspects of multigrid methods and CFD code generation were revealed by
observations throughout the journey. In order to present key points and discuss findings
in an organized manner, experimental design approach was used [43]. Brief reminders to
terminology were given in the following paragraphs accompanied by illustrations.

Figure 5.1 illustrates variables of a generic process. Input variables [43] are the
factors or quantities that are given or selected at the beginning of a process. They are the
initial conditions or parameters that influence the process but are not directly affected by
it. Controllable variables [43] are the factors that the experimenter or system can adjust
or control during the process. Changes in these variables are intentional and designed to
observe their impact on the response variables. Uncontrollable variables [43] are factors
that may influence the process but are beyond the control of the experimenter. They can
introduce variability and uncertainties into the system, making it important to account for
them when analysing the results. Response variables [43]; also known as output variables,
are the measurable outcomes or results of a process. They represent the effects or changes
caused by the processing of input variables.

ﬂ Controllable

Input Response
Process

t Uncontrollable

Figure 5.1. Variable diagram of a generic process
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Figure 5.2 illustrates cause and effect diagram regarding exploration of adaptive
multigrid cycles. Most of the factors were not clearly apparent when study started and
most of them were also seemed as controllable if not constant at all. However, journey
through thesis revealed that Figure 5.2 is indeed factual according to observations and

results.

Uncontrollable Controllable

Factors Factors

Intergrid Operations Boundary Conditions
Steering Robustness Initialization Value
Library Performance Grid Resolution
Convergence Monitor Steering Criteria Adaptive
Multigrid Cycle
Data Structure Iterative Method Performance
Function Performance Finite Volume Method
Operating System Grid Structure
Computational Power Problem Physics

Nuisance Constant

Factors Factors

Figure 5.2. Cause and effect diagram for exploration of performance of adaptive multigrid cycles

Revelations regarding the concepts presented in Figure 5.2 are explained in
observation and discussion sections. Future work section presents insights about

migrating some factors from one type to another.

5.1. Observations

Many findings led to several insights regarding iterative solvers, finite volume
methods, multigrid cycles as well as software development. Some of the noteworthy
observations made during studies were given even if they are not directly related to main
objective.

Time dependent derivatives are unusable with a lot of uncertainty and random

spikes for any sort of condition checks or reasoning.
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Computational cost dramatically changes with data structure. Memory and CPU
usage spikes through the roof with dense matrix types. Sparse matrices are almost an
obligation for any CFD code.

Procedures and algorithms implemented within functions (such as Gauss-Seidel
iterator, intergrid operations, finite volume methods, etc...) directly effects computational
cost as well as performance. Software engineering principles also apply to any CFD code
imperatively.

System (& data type) epsilon and system response are physical limiting factors on
performance. No algorithm nor procedure can perform beyond system capabilities.
System consists of hardware and software. Software consists of operating system,
language environment and code itself.

Reference work unit relation above certain cell number indicates that with
increasing problem volume exponential computational cost growth is indeed natural and
IS unavoidable.

Most of the computational cost is expensed on the iterations and operations on
initial/finest grid level. Any effort that reduces the cost of initialization and finalization
would reduce overall cost dramatically.

Convergence criteria directly changes required level of investment for solution.
Mean residual is one of the most smooth and practical convergence monitors. Statistical
monitors like quartile residuals are unusable with highly oscillating behaviour in order to
rely for an adaptive scheme.

Steering criteria is the very essence of any adaptive multigrid scheme. Inherently
sequential and careful evaluation of criteria and condition checks are the very foundation
of a robust adaptive multigrid scheme. Convergence is assured by adaptive multigrid

schemes if they are not stuck in a steering induced (intergrid operation) loop.

5.2. Discussion

Discussion of the key findings were given on the basis illustrated in Figure 5.2.
Inferences and revelations were shared qualitatively while quantitative outcomes were
already given in results section.

Constant factors of the setup can be listed as; iterative method, finite volume
method, grid structure and problem physics. These factors were selected as constant in

order to reduce complexity of the setup and to focus the effort given on main objective.
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Iterative method (unmodified Gauss Seidel without any relaxation) was held
constant in order to avoid complexity input of advanced iterative methods. Selecting a
basic iterative method enabled to get a proper response to steering criteria input. In this
manner, iterations became a cost item rather than iterative method.

Finite volume method procedures were kept constant in order to eliminate cost
contribution of varying discretisations. Selecting a FVM approach enabled to get a proper
response to boundary condition and grid resolution input. By doing so, cost contributions
of FVM procedures were separated and steering criteria was promoted instead as a cost
item.

Grid type or structure was kept constant in order to filter out grid variations which
have same number of cells. With same type and structure, grids with same number of
cells should be identical for the domains with same sizes. Thus, grid contribution was
narrowed down to number of cells input. By fixing the structure, grid resolution became
a distinguishable variable.

Problem physics (reference case) was kept constant in order to focus efforts on
multigrid cycles while eliminating the variations of procedures. With changing problem
physics and/or phenomena finite volume methods may variate too. Instead of adding
another layer or dimension to the setup, problem physics was limited to a single case type.
Since problem physics changes the very foundation of methods towards solution, every
problem type should be explored in a separate experimental setup.

Nuisance factors of the setup can be listed as; data structure, function performance,
operating system and computational power. Some of the nuisance factors were also
mentioned in observation section. Even though most of the nuisance factors were blocked
by the setup, slight deviations on cost and performance were also detected.

Data structure was fixed for all runs. However, in conjunction with other nuisance
factors, even after some code optimization effort, without advanced software engineering,
data structure became one of the limiting factors preventing solution of cases with high
number of cells. Solutions of systems of equations are iterated over coefficient matrices
and vectors. Even with sparse matrices approach, without unlimited resource, case
volume was limited. Thus, data structure factor was blocked in order to demote it to be a
mere constraint.

Function performance was another nuisance factor that was not completely blocked.

Even though procedures were exactly same, varying conditions were detected to induce
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slight differences in terms of performance. Intergrid operations on same grid resolution
were observed to have slightly different performances depending on convergence level
of the solution delivered to function. Finite volume methods also displayed same
behaviour with differing boundary conditions. Iterative methods seemed fairly consistent
with changing input. Since both FVM and intergrid operations consisted low percentage
of the total cost, function performance contributions were considered as nuisance factors.

Operating system was another source of uncertainty with background processes
causing random and variant loads causing spikes on latency and/or response of functions.
Random behaviour of these spikes induced great effect on processes with short term
runtime which disrupted accurate measurements. Processes with long term runtime were
also affected with relatively negligible amount but may be affected by more than a
singular spike. In any case, uncertainty contribution of operating system was blocked by
either increasing sampling or using measurements with spikes having negligible
contribution percentage.

Computational power may be seemed as a constant factor but in fact a nuisance
factor. Combined with operating system and the environment in which the code runs,
computational power fluctuated with varying resource allocation of the machine.
Additionally, resource allocation also varied with hardware and software configuration.
Even though this effect was limited within fixed configuration; it was blocked by using a
non-dimensional (reference work unit) performance parameter.

Uncontrollable factors of the setup can be listed as, intergrid operations, steering
robustness, library performance and convergence monitor. Effect of these factors were
detected on cost and performance and could not be mitigated.

Intergrid operations induced a jump on mean residual of intermediate solution
which seemed to be varying with conditions. This setback hindered convergence rate at
an unknown amount. Since the relation between conditions and setback was not revealed
in this study, setback effect of intergrid operations was accepted as an uncontrollable
factor for multigrid cycle performance. Furthermore, contribution of intergrid operation
cost with respect to total cost was very low. Thus, steering criteria factor represented this
contribution instead.

Steering robustness could not be assured for any parameter and/or factor set of an
adaptive multigrid cycle. Some of the parameters induced steering loops for some cases.

Properties and/or conditions that induced steering loop in conjunction with steering
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criteria was elusive to specify. Some parameters were simply not compatible with some
other factors (such as boundary conditions, grid resolution and steering criteria) to
properly steer through. It almost feels like algorithm lost grip and skid when some
parameters met some conditions. It was possible to mitigate steering robustness issue with
hard counter measures but it would come with the cost of losing the very essence of
adaptive multigrid schemes. Thus, steering robustness issue was accepted as an
uncontrollable factor for adaptive multigrid cycles. Runs that had steering induced loops
were marked and left out of evaluation.

Library performance issue was arisen from the implementation of methods within
the libraries that were used. Both external and internal libraries employs and/or offers
limited variety of procedures for the same task. Alternating between the approaches to
carry out same task differs in terms of performance. Library performance also varied with
condition. Since main objective was not code optimization, best available usages of
libraries were assumed and were accepted as uncontrollable factor.

Convergence monitor concept is mean residual. Monitoring an alternative concept
for an adaptive multigrid scheme was tempting. However, both statistical and derivative
evaluation of residual vector and/or progress proved unusable according to observations.
Using mean residual as convergence monitor also promoted consistency of newly
developed adaptive scheme. In this manner, convergence monitor was accepted as
uncontrollable factor even though it may be changed with various complications.

Controllable factors can be listed as; boundary conditions, initialization value, grid
resolution and steering criteria. These factors could be varied and in fact were varied
within explorations. Exploration chapter of results section presents responses of these
factors thoroughly. Simply put, with all the assumptions, observations, efforts and
findings led to the experimental setup with these factors being controllable. In fact, thesis
was built upon the most important controllable factor which is steering criteria.
Discussion of these factors concludes thesis.

Grid resolution, boundary conditions and initialization value factors were explored
through direct iterative solutions. Exploring these factors enabled narrowing factors
further down in order to properly evaluate steering criteria of adaptive cycles. In the end,
all previous effort to control factors other than steering criteria factor was the basis to

suggest a new adaptive scheme and to compare it with the existing one.
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Mean residual progress and property quartile progress on different grid resolutions
were inspected. Response metrics of the direct iterative solutions revealed various
relations. With increasing grid resolution, increasing cost to get a solution was observed.
Similarly, reference work unit (elapsed time per iteration) also increased with increasing
grid resolution. Property quartile progress varied with varying grid resolution. Quartile of
solution vectors converged faster on relatively coarse grids. Furthermore, a quadratic
polynomial relation between number of cells and reference work unit could be written for
grid resolutions above a certain level for a system (hardware and software) configuration.

Varying Dirichlet and Neumann boundary conditions revealed different
implications on solution progress. Changing values of boundary conditions did not
directly change cost. In fact, it was observed that the increasing percentage and/or number
of high gradient regions within domain increased cost. Boundary conditions may
indirectly increase cost by inciting high gradient regions. Boundary condition factor was
explored with changing grid resolutions and it was observed that grid resolution is most
more dominant in terms of cost with respect to boundary condition effect. The approach
of initialization (by averaging Dirichlet boundary conditions) seemed to be effective at
reducing cost when there was no Neumann boundary condition that incites high gradients
on domain. Eventually, initialization value effect was to be explored.

Relatively correct initial guess of the solution appeared be effective at reducing cost
as expected. Effect of cost reduction increased with increasing grid resolution. It was also
observed that initial guess determines the approach direction of convergence towards
solution.

Exploration of parameters of multigrid cycles with fixed schemes revealed
additional insights towards establishing a knowledge basis for evaluating and/or
developing an adaptive multigrid scheme. In order to get a valid solution from a multigrid
cycle, there should be a minimum number of iterations per sweep at any resolution level.
In order to reduce cost effectively, a multigrid cycle should visit coarse grid levels as
much as possible. By considering these findings, a reference multigrid cycle that
accumulates minimum cost was defined as a comparative reference for the adaptive
multigrid cycles.

Steering criteria was the core of all experimental setup. In adaptive multigrid
schemes steering criteria was the main distinguishing feature for both conceptually and

practically. Thus, relation between the controllable factor (steering criteria) and response
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variables (cost and performance) was the ultimate revelation of the study. Clear
presentation of this relation was built upon validated methods certify that in fact a new
adaptive multigrid scheme was developed and was working properly which in return
justified innovative aspect of the thesis.

Even though a steering algorithm was pretty straightforward to understand or to
verbally describe, establishing a valid and robust one was simply proven challenging. A
working algorithm needs quite a few robustness precautions embedded in the code. An
adaptive multigrid cycle did not work with plain steering algorithm. Steering algorithm
should be covered under a higher frame that deals with a lot of exceptions and conditions.
Additionally, operational limitations were also should be in place in order to prevent
algorithm to be stuck. Steering is a persistent state and/or possibility that can be triggered
with each iteration. Thus, both adaptive multigrid cycle algorithm and iterative solution
function that is called within needs to be in recursive structure. Shortly, it takes more than
following a schematic illustration or pseudo-code to implement a working adaptive
multigrid scheme, let alone develop a new one.

Since all other factors were either blocked or held constant, evaluation of responses
and comparison of performances of adaptive multigrid cycles had valid basis with
changing steering criteria. Thus, comparative statements can be given according to results
between newly developed cycle (PID driven) and existing one (flexible). PID driven cycle
costed less compared to flexible cycle; for a convenient convergence level and same
operational limitations. Both adaptive cycles assured convergence target. Both adaptive
cycles had almost identical effectivity indicators. Both adaptive cycles were found to be
much more effective compared to the reference multigrid cycle. Newly developed PID
driven cycle had broader feasible range regarding parameter inputs compared to existing
flexible cycle, in terms of valid response (successful runs which delivers converged and
correct solution).

Finally, according to results of the comprehensive numerical experimentation, it
can be said that PID driven cycle is a newly developed and an alternative adaptive
multigrid scheme, which works more robustly and performs evenly compared to existing

adaptive multigrid schemes.
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5.3. Future Work

Computational fluid dynamics is simply a vast field to cover. Multigrid methods
alone have numerous studies and extensive literature. Total closure is practically
impossible for a study regarding combination of CFD and multigrid. Efforts were focused
to cover the main objective and a knowledge basis is established towards future work.

Convection with a pressure-velocity coupling algorithm may be the first
improvement to the code suite. Domains with varying dimensions (1D, 2D, 3D) would
be a great addition to the tool. FVM methods that could operate on non-uniform grids will
enhance applicability to complex geometries. Advanced iterative methods such as
Tridiagonal Matrix Algorithm (TDMA), Successive Over Relaxation (SOR) and
Conjugate Gradient (CG) may improve performance by reducing the costs of
initialization and finalization. Irregular or innovative multigrid schemes may be an
interesting subject to study. Effect of basic operations (such as finite volume methods,
intergrid operations, iterative methods) on cost and performance is an intriguing subject
in terms of software engineering and may be explored thoroughly. Convergence criteria
variations other than monitoring mean residual would be a challenging study.
Implementation of parallelization to the code will enable the solution of problems with
much higher grid resolutions. Code optimization in order to reduce computational cost
will always be a never-ending task. Minimizing library dependency is always fruitful in
terms of experience and performance. Less is more when it comes to dependencies.
Robustness analyses of the adaptive multigrid schemes may be a tempting endeavour.
Adaptive multigrid schemes may be tuned via neural network and/or machine learning

procedures to utmost potency.
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Appendix 1.1

Finite Volume Method Function - “initialize domain()”

# initialization of a dummy domain with input dimensions and division

function
initialize_domain(diml::Float64,dim2::Float64,out_n_div_x::Int64,out_n_div_y::Int64)

end

out_n_cell
out_c_dx =
out_c_dy =

= Int64( out_n_div_x * out_n_div_y )
diml / out_n_div_x
dim2 / out_n_div_y

out_Cs=DataFrame(ID=collect(Int64,1:1:out_n_cell)) )
out_Cs.i=repeat(collect(Int64,1l:1:out_n_div_x),out_n_div_y)
out_Cs.j=vec(rot190(repeat(collect(Int64,1:1:0ut_n_div_y),1,out_n_div_x)))

out_Cs.x
out_Cs.y

out_Cs.T =

( out_Cs.i .* out_c_dx ) .- (out_c_dx/2)
( out_Cs.j .* out_c_dy ) .- (out_c_dy/2)

spzeros(Float64,out_n_cell)

return out_Cs




Appendix 1.2

Finite Volume Method Function - “boundary_conditions()”

# defining boundary conditions

function
boundary_conditions(WB_fix::Float64,wB_flux::Float64,EB_fix::Float64,EB_flux::Float64

éB_fix::F1oat64,SB_f1ux::F1oat64,NB_fix::F1oat64,NB_f1ux::F1oat64)
out_df = DataFrame()
out_df.boundary = [ "w" , "E" , "s" , "N" ]
out_df.fix = [ wB_fix , EB_fix , SB_fix , NB_fix ]
out_df.flux = [ wB_flux , EB_flux , SB_flux , NB_flux ]
return out_df

end




Appendix 1.3

Finite Volume Method Function - “apply_boundary_conditions()”

# applying predefined BCs to a dummy domain
function apply_boundary_conditions(in_df::DataFrame,bc_df::DataFrame)

# in_n_cell = in_df.ID[end]
in_n_div_x = in_df.i[end]

in_n_div_y = in_df.j[end]

out_n_div_x in_n_div_x + 2
out_n_div_y = in_n_div_y + 2
out_n_cell = out_n_div_x * out_n_div_y

(in_df.x[end]-in_df.x[1])/(in_n_div_x-1)
(in_df.y[end]-in_df.y[1])/(in_n_div_y-1)

out_df=DataFrame(ID=collect(Int64,1:1:0ut_n_cell))
out_df.i=repeat(collect(Int64,1l:1:out_n_div_x),out_n_div_y)
out_df.j=vec(rot190(repeat(collect(Int64,1l:1:out_n_div_y),1,out_n_div_x)))

out_c_dx
out_c_dy

out_df.x = ( out_df.i .* out_c_dx ) .- (out_c_dx/2) .- out_c_dx
out_df.y = ( out_df.j .* out_c_dy ) .- (out_c_dy/2) .- out_c_dy
out_df.T = spzeros(Float64,out_n_cell)

out_df.q = spzeros(Float64,out_n_cell)

k = 1.0 * 1000.0 # w/mK

A = out_c_dx * 0.01 # c_dx=c_dy and thickness = 1lcm
dC = out_c_dx # c_dx=c_dy
a = k*A/dT # constant coefficient within domain

# west boundary
out_df[!,:T]
out_df[!,:q]

ifelse.(out_df[!,:i].==1, bc_df.fix[1], out_df[!,:T])
ifelse. (out_df[!,:i].==1, bc_df.flux[1], out_df[!,:ql])

# east boundary

out_df[!,:T] .= ifelse. (out_df[!,:i].==out_n_div_x, bc_df.fix[2], out_df[!,:T])

out_df[!,:q] .= ifelse. (out_df[!,:i].==out_n_div_x, bc_df.flux[2],
out_df[!,:qD)

# south boundary

out_df[!,:T] .= difelse.(out_df[!,:j].==1, bc_df.fix[3], out_df[!,:T])

out_df[!,:q] .= ifelse.(out_df[!,:j].==1, bc_df.flux[3], out_df[!,:ql])

# north boundary

out_df[!,:T] .= ifelse.(out_df[!,:j].==out_n_div_y, bc_df.fix[4], out_df[!,:T])
out_df[!,:q] .= ifelse.(out_df[!,:j].==out_n_div_y, bc_df.flux[4],
out_df[!,:qD)

# source calculations

out_df.Sp=spzeros(Float64,out_n_cell)

out_df[!,:sp] .= ifelse.(out_df[!,:T].==0.0, out_df[!, :Sp],
ones(Float64,out_n_cell).*(-2*a))

out_df.su=out_df.q .- out_df.sp .* out_df.T

return out_df

end




Appendix 1.4

Finite Volume Method Function - “discretised_form()”

# transforming a domain with BC into discretised form
# calculation of coefficients (aw, aE, aS, aN, Sp, aP, Su)

function discretised_form(in_df::DataFrame)

end

in_n_cell = in_df.ID[end]
in_n_div_x = in_df.i[end]
in_n_div_y = in_df.j[end]

out_n_div_x = in_n_div_x - 2
out_n_div_y = in_n_div_y - 2
out_n_cell = out_n_div_x * out_n_div_y

out_c_dx (in_df.x[end]-in_df.x[1])/Cin_n_div_x-1)
out_c_dy (in_df.y[end]-in_df.y[1])/(in_n_div_y-1)

k = 1.0 * 1000.0 # w/mK

A = out_c_dx * 0.01 # c_dx=c_dy and thickness = 1lcm
dC = out_c_dx # c_dx=c_dy

a = k*A/dT # constant coefficient within domain

out_df=DataFrame(ID=collect(Int64,1:1:0ut_n_cell))
out_df.i=repeat(collect(Int64,1l:1:out_n_div_x),out_n_div_y)
out_df.j=vec(rot190(repeat(collect(Int64,1l:1:out_n_div_y),1,out_n_div_x)))

out_df.x = ( out_df.i .* out_c_dx ) .- (out_c_dx/2)
out_df.y = ( out_df.j .* out_c_dy ) .- (out_c_dy/2)

# assigning dummy columns

out_df.aw=ones(Float64,out_n_cell)
out_df.aE=ones(Float64,out_n_cell)
out_df.as=ones(Float64,out_n_cell) .*
out_df.aN=ones(Float64,out_n_cell) .*
out_df.Sp=spzeros(Float64,out_n_cell)
out_df.aP=spzeros(Float64,out_n_cell)
out_df.Su=spzeros(Float64,out_n_cell)

SR T R )

# assigning west boundary coefficients (link cutting)
out_df[!,:aw] .= ifelse.(out_df[!,:i].==1, 0.0, out_df[!,:aw])

# assigning west boundary coefficients (link cutting)
out_df[!,:aE] .= ifelse.(out_df[!,:i].==out_n_div_x, 0.0, out_df[!,:aE])

# assigning west boundary coefficients (link cutting)
out_df[!,:as] .= ifelse.(out_df[!,:j].==1, 0.0, out_df[!,:as])

# assigning west boundary coefficients (link cutting)
out_df[!,:aN] .= ifelse.(out_df[!,:j].==out_n_div_y, 0.0, out_df[!,:aN])

# taking ne1ghbour1ng subsets of in_df
in_df_w = in_df[(in_df.i.<in_n_div_x-1) .& (in_df.j.<in_n_div_y) .& (in_df.j.>1),

in_df_E = in_df[(in_df.i.>2) .& (in_df.j.<in_n_div_y) .& (in_df.j.>1), :]
in_df_s = in_df[(in_df.j.<in_n_div_y-1) .& (in_df.i.<in_n_div_x) .& (1n df.i.>1),

in_df_N in_df[Gin_df.j.>2) .& (in_df.i.<in_n_div_x) .& (in_df.i.>1), :]

# calculation of Sp coefficients
out_df.sp .= in_df_w.Sp .+ in_df_E.Sp .+ in_df_sS.Sp .+ in_df_N.Sp

# calculation of aP coefficients
out_df.aP .= out_df.aw .+ out_df.aE .+ out_df.aS .+ out_df.aN .- out_df.sp

# calculation of Su coefficients
out_df.su .= in_df_w.Su .+ in_df_E.Su .+ in_df_S.Su .+ in_df_N.Su

return out_df




Appendix 1.5

Finite Volume Method Function - “coefficient_matrices()”

# generation of A and b matrices using discretised form of a domain
function coefficient_matrices(in_df::DataFrame)

in_n_cell = in_df.ID[end]
in_n_div_x = in_df.i[end]
in_n_div_y = in_df.j[end]

A=spzeros(Float64,in_n_cell,in_n_cell)
for ID=1:in_n_cell
A[ID,ID] = in_df.aP[ID]

j=rem(ID,in_n_div_x)
j=div(ID,in_n_div_x)+1
if i==0

i1

%:%n_n_div_x
end

ID_E=ID+1 ]
ID_S=ID-in_n_div_x
ID_N=ID+in_n_div_x

if (Gi_w > 0)
A[ID,ID_W] = in_df.aw[ID] *-1
end

if (i_E < in_n_div_x+1)
A[ID,ID_E] = in_df.aE[ID] *-1

end
if (s > 0)

A[ID,ID_S] = in_df.as[IDp] *-1
end

if (J_N < in_n_div_y+1)
A[ID,ID_N] = in_df.aN[ID] *-1
end
end
b = in_df.su
return A,b

end




Appendix 2.1

Intergrid Operation Function - “restrict()”

function restrict(in_Cs::DataFrame)

in_Cs.i[end]
in_Cs.j[end]

in_n_div_x
in_n_div_y

out_n_div_x Int64(in_n_div_x /
out_n_div_y Int64(in_n_div_y /
out_n_cell = Int64(out_n_div_x *

2)
2)

out_n_div_

y)

out_Cs=DataFrame(ID=collect(Int64,1:1:out_n_cell)) )
out_Cs.i=repeat(collect(Int64,1l:1:out_n_div_x),out_n_div_y)

out_Cs.j=vec(rot190(repeat(collect(Int64,1:1:out_n_div_y),

out_Cs.x=spzeros(Float64,out_n_cell)
out_Cs.y=spzeros(Float64,out_n_cell)
out_Cs.T=spzeros(Float64,out_n_cell)
out_Cs.r=spzeros(Float64,out_n_cell)

XS

<
w0
o

out_Cs[!,:x] .= vec( xs[l:2:in_n_

xs[2:2:in_n_div_x,1:2:in_n_div_y-1]
xs[1:2:in_n_div_x-1,2:2:in_n_div_y]

out_Cs[!,:y] .= vec( ys[1l:2:in_n_

ys[2:2:in_n_div_x,1:2:in_n_div_y-1]
ys[1:2:in_n_div_x-1,2:2:in_n_div_y]
out_Cs[!,:T] .= vec( Ts[1l:2:in_n

Ts[2:2:in_n d1v X,1:2:in_n_div_y-1]
Ts[1:2:in_n_div_x-1,2:2:in_n_div_y]
out_Cs[!,:r] .= vec( rs[1l:2:in_n

rs[2:2:1n_n_div_x,1:2:in_n_div_y—l]
rs[1l:2:in_n_div_x-1,2:2:in_n_div_y]

return out_Cs

end

reshape(in_Cs.x, (in_n_div_x,in_n_div_y
reshape(in_Cs.y, (in_n_div_x,in_n_div_y
reshape(in_Cs.T, (in_n_div_x,in_n_div_y
reshape(in_Cs.r, (in_n_div_x,in_n_div_y

div_x-1,1:
+

.+ Xs[2:2

.+ ys[2:2:
d1v x-1,1:
+

.+ Ts[2:2

.+ rs[2:2

vinon_div_y-1] .+

in_n_div_x,2:2:in_n_div_y] )
div_x-1,1: .+
+

2:in_n_div_y-1]

in_n_div_x,2:2:in_n_div_y] )
2:in_n_div_y-1] .+

in_n_div_x,2:2:in_n_div_y] )
div_x—l,l:
o+

2:in_n_div_y-1] .+

in_n_div_x,2:2:in_n_div_y] )

1,out_n_div_x)))

./ 4

./ 4

./ 4




Appendix 2.2

Intergrid Operation Function = “prolong()”

function prolong(in_Cs::DataFrame,bc_df::DataFrame)

in_n_div_x in_Cs.i[end]

in_n_div_y = in_Cs.j[end]

in_c_dx = (in_Cs.x[end]-in_Cs.x[1])/(in_n_div_x-1)
in_c_dy = (in_Cs.y[end]-in_Cs.y[1])/(in_n_div_y-1)
out_n_div_x = Int64( in_n_div_x * 2 )

out_n_div_y = Int64( in_n_div_y * 2 )

out_n_cell = Int64( out_n_div_x * out_n_div_y )
out_c_dx = in_c_dx / 2

out_c_dy = in_c_dy / 2

out_Cs=DataFrame(ID=collect(Int64,1:1:out_n_cell))
out_Cs.i=repeat(collect(Int64,1l:1:out_n_div_x),out_n_div y)
out_Cs.j=vec(rot190(repeat(collect(Int64,1:1:out_n_div_y),1l,out_n_div_x)))

out_Cs.x = ( out_Cs.i .* out_c_dx ) .- (out_c_dx/2)
out_Cs.y = ( out_Cs.j .* out_c_dy ) .- (out_c_dy/2)
out_Cs.T = spzeros(Float64,out_n_cell)
out_Cs.r = spzeros(Float64,out_n_cell)

temp_Cs=face_and_node_values(in_Cs,bc_df)

Tnn = reshape( out_Cs.T , (out_n_div_x,out_n_div_y))

Tnn[l:2:out_n_div_x-1,1:2:out_n_div_y-1] .= reshape( ( temp_Cs.T .+ temp_Cs.s_T
.+ temp_Cs.sw_T .+ temp_Cs.w_T ) ./ 4 , (1n n_div_x,in_n_div_y))

Tnn[2:2:out_n_div_x,1:2:out_n_div_y-1] .= reshape( ( temp_Cs.T .+ temp_Cs.e_T .+
temp_Cs.se_T .+ temp_Cs.s_T ) ./ 4 , (in_n_div_x,in_n_div_y))

Tnn[1l:2:out_n_div_x-1,2:2:out_n_div_y] .= reshape( ( temp_Cs.T .+ temp_Cs.w_T .+
temp_Cs.nw_T .+ temp_Cs.n_T ) ./ 4 , (n_n_div_x,in_n_div_y))

Tnn[2:2:out_n_div_x 2:2:out_n_div_y] .= reshape( ( temp_Cs.T .+ temp_Cs.n_T .+
temp_Cs.ne_T .+ temp_Cs.e_T ) ./ 4 , (in_n_div_x,in_n_div_y))

out_Cs.T=vec(Tnn)

rnn = reshape( out_Cs.r , (out_n_div_x,out_n_div_y))

rnn[1l:2:out_n_div_x-1,1:2:out_n_div_y-1] .= reshape( ( temp_Cs.r .+ temp_Cs.s_r
.+ temp_Cs.sw_r .+ temp_Cs.w_r ) ./ 4 , (in_n_div_x,in_n_div_y))

ron[2:2:out_n_div_x,1:2:out_n_div_y-1] .= reshape( ( temp_Cs.r .+ temp_Cs.e_r .+
temp_Cs.se_r .+ temp_Cs.s_r ) ./ 4 , (in_n_div_x,in_n_div_y))

rnn[1:2:out_n_div_x-1,2:2:out_n_div_y] .= reshape( ( temp_Cs.r .+ temp_Cs.w_r .+
temp_Cs.nw_r .+ temp_Cs.n_r ) ./ 4 , (in_n_div_x,in_n_div_y))

rnn[2:2:out_n_div_x,2:2:out_n_div_y] .= reshape( ( temp_Cs.r .+ temp_Cs.n_r .+
temp_Cs.ne_r .+ temp_Cs.e_r ) ./ 4 , (in_n_div_x,in_n_div_y))

out_Cs.r=vec(rnn)
return out_Cs

end




Appendix 2.3

Intergrid Operation Function - “face and node values()”

function face_and_node_values(in_Cs::DataFrame,bc_df::DataFrame)

in_n_cell = in_Cs.ID[end]
in_n_div_x in_Cs.i[end]
in_n_div_y = in_Cs.j[end]

out_Cs = copy(in_Cs)
out_n_cell = in_n_cell
out_n_div_x = in_n_div_x
out_n_div_y = in_n_div_y
# residual value assumption at boundaries
bc_R = 0.0

# Temperature interpolation

out_Cs.W_T=spzeros(Float64,in_n_cell)
out_Cs.E_T=spzeros(Float64,in_n_cell)
out_Cs.S_T=spzeros(Float64,in_n_cell)
out_Cs.N_T=spzeros(Float64,in_n_cell)

for ID=1:out_n_cell

i=rem(ID,out_n_div_x)
j=div(ID,out_n_div_x)+1
if i==

i-1

I=out_n_div_x
end

if i==
out_Cs.W_T[ID]=NaN
else
out_Cs.W_T[ID]=in_Cs.T[ID-1]
end

if i==out_n_div_x
out_Cs.E_T[ID]=NaN

else
out_Cs.E_T[ID]=in_Cs.T[ID+1]

end

if j==1
out_Cs.S_T[ID]=NaN
else
d out_Cs.S_T[ID]=in_Cs.T[ID-out_n_div_x]
en

if j==out_n_div_y
out_Cs.N_T[ID]=NaN
else
d out_Cs.N_T[ID]=in_Cs.T[ID+out_n_div_x]
en

end

out_Cs.SW_T=spzeros(Float64,out_n_cell)
out_Cs.SE_T=spzeros(Float64,out_n_cell)
out_Cs.NW_T=spzeros(Float64,out_n_cell)
out_Cs.NE_T=spzeros(Float64,out_n_cell)

for ID=1:out_n_cell

i=rem(ID,out_n_div_x)
j=div(ID,out_n_div_x)+1

1f i==0
J=j-1 .
I=out_n_div_x

end

if i==1 || j==
out_Cs.SW_T[ID]=NaN

else

out_Cs.SW_T[ID]=in_Cs.T[ID-out_n_div_x-1]

end




if i==out_n_div_x [ j==
out_Cs.SE_T[ID]=NaN
else

out_Cs.SE_T[ID]=in_Cs.T[ID-out_n_div_x+1]

end

if i==1 || j==out_n_div_y
out_Cs.NW_T[ID]=NaN
else

out_Cs.NW_T[ID]=in_Cs.T[ID+out_n_div_x-1]

end

if d==out_n_div_x || j==out_n_div_y
out_Cs.NE_T[ID]=NaN
else

out_Cs.NE_T[ID]=in_Cs.T[ID+out_n_div_x+1]

end

end

sw_BC_fix
se_BC_fix
nw_BC_fix
ne_BC_fix

(bc_df.fix[1]+bc_df.fix[4
(bc_df.fix[2]+bc_df.fix[

FHHHHH

4
out_Cs.sw_T=spzeros(Float64,out_n_cell)
out_Cs.se_T=spzeros(Float64,out_n_cell)
out_Cs.nw_T=spzeros(Float64,out_n_cell)
out_Cs.ne_T=spzeros(Float64,out_n_cell)

1.

out_Cs[!,:sw_T] .= ifelse.(out_Cs[!,:i
(out_Cs[!,:SW_T].+out_Cs[!,:S_T].+out Cs['
out_Cs[!,:sw_T] ifelise. (out_Cs[!,:i
out_Cs[!,:sw_T] ifelse.(out_Cs[!,:]

3

S

]’
1.
1.

out_Cs[!, :sw_T] ifelse. (out_Cs[!,
(bc_df.fix[1]+bc_df.fix[3]1)/2, out_Cs[!,

out_Cs[!,:se_T] .= ifelse.(out_Cs[!,:1i].
:E_T].+out_Cs[!,

(out_Cs[!,:SE_T].+out_Cs[!,:S_T].+out_Cs[!,

reminder of assumption to corner BC values
(bc_df.fix[1]+bc_df.fix[3])/2
(bc_df.fix[2]+bc_df.fix[3]

tsw_T] )

.&& out_Cs[!,:j].
+out_Cs[!, T])/4 out _Cs[!,

bc_df.fix[l], out_Cs[!, :sw T] )

bc_df.fix[3], out_Cs[!,:sw_T] )
.&& out_Cs[!,:j].==1,

l=out_n_div_x .&% out_Cs[!,:j].!=1,
:T]1)/4, out_Cs[!,:se_T] )

out_Cs[!,:se_T] .= ifelse.(out_Cs[!,:i].==out_n_div_x, bc_df.fix[2],

out_Cs[!,:se_T] )
out_Cs[!,:se_T]
out_Cs[!,:se_T]

out_Cs[!,:nw_T] .= ifelse.(out_Cs[!,:i].

(out_Cs[!,:NwW_T].+out_Cs[!,:N_T].+out_Cs[!,
out_Cs[!,:nw_T]
out_Cs[!,:nw_T]

out_Cs[!,:nw_T] )

out Cs[' :nw_T] .= ifelse.(out_Cs[!,:1].==
(bc_df. f1x[1]+bc df.fix[4]1)/2, out_Cs[!,:nw_T] )

out_Cs[!,:ne_T] .= ifelse.(out_Cs[!,:i].

out_Cs[!,:j].!'=out_n_div_y,
(out_cs[!,:NE_T].+out_Cs[!,:N_T].+out_Cs[!,

ifelse.(out Cs[!,:3].==

ifelse.(out_Cs[!,:i].==
ifelse.(out_Cs[!,:j].==

1, bc_df.fix[3], out_Cs[!,:se_T] )
ifelse.(out_Cs[!,:1].==out_n_div_x .&& out_Cs[!,:j].==
(bc_df. f1x[2]+bc df. f1x[3])/2 out_Cs[!,:se_T] )

1=1 .&& out_Cs[!,:j].
W_T].+out_Cs[!,:T])/4, out_Cs[!

1, bc_df.fix[1], out_Cs[!
out_n_div_y, bc_df.fix[4],

l=out_n_div_y,

1 .&& out_Cs[!,:j].==out_n_div_y

l=out_n_div_x .&&

:E_T].+out_Cs[!,:T])/4, out_Cs[!,

out_Cs[!,:ne_T] .= ifelse.(out_Cs[!,:i].==out_n_div_x, bc_df.fix[2],

out_Cs[!,:ne_T] )

out_Cs[!,:ne_T] .= ifelse.(out_Cs[!,:j].==

out_Cs[!,:ne_T] )

out_n_div_y, bc_df.fix[4],

out_Cs[!,:ne_T] .= ifelse.(out_Cs[!,:i].==out_n_div_x .&&

out_Cs[!,:j].==

out_Cs[!,:w_T] .= ifelse.(out_Cs[!,:i].==

out_n_div_y, (bc_df.fix[2]+bc_df.fix[4])/2, out_Cs[!,:ne_T] )
, bc_df.fix[1],

(out_Cs[!,:W_T].+out_Cs[!,:T].+out_Cs[!,:nw_T].+out_Cs[!,:sw_T])/4)
out_Cs[!,:e_T] .= ifelse.(out_Cs[!,:i].==out_n_div_x, bc_df.fix[2],
(out_Cs[!,:E_T].+out_Cs[!,:T].+out_Cs[!,:ne_T].+out Cs[' :se_T1)/4)

out_Cs[!,:s_T] .= ifelse.(out_Cs[!,

jl.==1, bc_df 1x[3]

(out_Cs[!,:S_T].+out_Cs[!,:T].+out_Cs[', sw_T] .+out Cs[', se_T])/4)

out_Cs[!,:n_T] .= ifelse.(out_Cs[!,

:j].==out_n_div_y, bc_df.fix[4],

(out_Cs[!,:N_T].+out_Cs[!,:T].+out_Cs[!,:nw_T].+out_Cs[!,:ne_T])/4)

# residual interpolation

out_Cs.W_r=spzeros(Float64,in_n_cell)
out_Cs.E_r=spzeros(Float64,in_n_cell)
out_Cs.S_r=spzeros(Float64,in_n_cell)
out_Cs.N_r=spzeros(Float64,in_n_cell)

for ID=1:out_n_cell

,i_T] )




i=rem(ID,out_n_div_x)
j=div(ID,out_n_div_x)+1
if 'i=_=Q
J=j-1 .
=out_n_div_x
end

if ==
out_Cs.W_r[ID]=NaN
else
out_Cs.wW_r[ID]=in_Cs.r[ID-1]
end

if i==out_n_div_x
out_Cs.E_r[ID]=NaN

else
out_Cs.E_r[ID]=in_Cs.r[ID+1]

end

if j==
out_Cs.S_r[ID]=NaN
else
d out_Cs.S_r[ID]=in_Cs.r[ID-out_n_div_x]
en

if j==out_n_div_y
out_Cs.N_r[ID]=NaN
else
d out_Cs.N_r[ID]=in_Cs.r[ID+out_n_div_x]
en

end

out_Cs.SW_r=spzeros(Float64,out_n_cell)
out_Cs.SE_r=spzeros(Float64,out_n_cell)
out_Cs.NwW_r=spzeros(Float64,out_n_cell)
out_Cs.NE_r=spzeros(Float64,out_n_cell)

for ID=1:out_n_cell

i=rem(ID,out_n_div_x)
j=div(ID,out_n_div_x)+1
if 'i=_=_
J=]-1 .
i=out_n_div_x
end

if i==1 || j==1
out_Cs.SW_r[ID]=NaN
else
d out_Cs.SW_r[ID]=in_Cs.r[ID-out_n_div_x-1]
en

if i==out_n_div_x || j==
out_Cs.SE_r[ID]=NaN
else
d out_Cs.SE_r[ID]=in_Cs.r[ID-out_n_div_x+1]
en

if i==1 || j==out_n_div_y
out_Cs.Nw_r[ID]=NaN
else
d out_Cs.NW_r[ID]=in_Cs.r[ID+out_n_div_x-1]
en

if i==out_n_div_x || j==out_n_div_y
out_Cs.NE_r[ID]=NaN
else
d out_Cs.NE_r[ID]=in_Cs.r[ID+out_n_div_x+1]
en

end

out_Cs.sw_r=spzeros(Float64,out_n_cell)
out_Cs.se_r=spzeros(Float64,out_n_cell)
out_Cs.nw_r=spzeros(Float64,out_n_cell)
out_Cs.ne_r=spzeros(Float64,out_n_cell)

]

out_Cs[!,:sw_r] .= ifelse.(out_cCs[!,:

! .&& out_Cs[!,:j].!=1,
(out_Cs[!,:sw_r].+out_Cs[!,:S_r].+out_Cs[!,:w

J.+out_Cs[!,:r])/4, out_Cs[!,:sw_r] )
, bc_R, out_Cs[!,:sw_r] )

, bc_R, out_Cs[!,:sw_r] )

.&& out_Cs[!,:j].==1, bc_R,

— e

out_Cs[!,:sw_r] .= ife]se.(out_Cs[!,:1j
out_Cs[!,:sw_r] .= ife1se.(out_CS[!,:j%.
= 1

1
r
1
1
ifelse. (out_Cs[!,: 1

out_Cs[!,:sw_r] =
out_Cs[!,:sw_r] )




out_Cs[!,:se_r] .= ifelse.(out_Cs[!,:i].!=out_n_div_x .&& out_Cs[!,:3].!=1,
(out_cs[!, SE r]l.+out_Cs[!,:S_r].+out Cs[' :E_r].+out_Cs[!,:r])/4, out_Cs[!,:se_r] )

out_ Cs :se_r] .= 1fe1se (out_Cs[!,:i].==out_n_div_x, bc R, out Cs[!,:se_r] )

out_Cs=., se_r] .= ifelse.(out_Cs[!,:j].==1, bc_R, out_Cs[!,:se_

out_Cs[!,:se_r] .= ife1se.(out_Cs_., 1] -==out_n_div_x .&& out Cs[',:j].==1, bc_R,

out_Cs[!,:se_r] )

out_Cs[!,:nw_r] .= ifelse.(out_Cs[!,:i].!=1 .&& out Cs[', jl.!=out_n d1v_y,
(out_cs[!, Nw rl.+out_Cs[!,:N_r].+out_Cs[!,:w_r].+out_Cs[!,:r])/4, out_Cs[!,:nw_r] )

out_Cs inw_r] .= ifelse.(out_Cs[!,:i].==1, bc_R, out CS[' nw_r] )

out_Cs[!,:nw_r] .= ifelse.(out_Cs[!,:] ==—out_n_div_ y, bc_R, out_Cs[!,:nw_r] )

out_Cs[!,:nw_r] .= ifelse.(out_Cs[!,:1].==1 .&& out_Cs[!,: J] ==0ut_n d1v_y, bc_R,
out_cCs[!, Snw_ r] )

out_Cs[!,:ne_r] .= ifelse.(out_Cs[!,:i].!=out_n_div_x .&&

out_cs[!, J] l=out_n_div_y,

(out_Cs[' :NE_r].+out_Cs[!,:N_r].+out_Cs[!,:E_r].+out_Cs[!,:r])/4, out_Cs[!,:ne_r] )
out_Cs[!,:ne_r] .= ifelse.(out_cCs[!,:1].==out_n_div_x, bc_R, out_Cs[!,:ne_r] )
out_Cs[!,:ne_r] .= ifelse.(out_Cs[!,:j].==out_n_div_y, bc_R, out_Cs[!,:ne_r] )
out_Cs[!,:ne_r] .= ifelse.(out_Cs[!,:1].==out_n_div_x .&&

out_Cs[!,:j].==out_n_div_y, bc_R, out_Cs[!,:ne_r] )

out_Cs[!,:w_r] .= ifelse.(out_Cs[!,:i].==1, bc_R,
(out_cCs[!,:w_r].+out_Cs[!,:r].+out_Cs[!,:nw_r].+out_Cs[!,:sw_r])/4)
out_Cs[!,:e_r] .= ifelse.(out_Cs[!,:i].==out_n_div_x, bc_R,
(out_cs[!,:E_r].+out_cCs[!,:r].+out_Cs[!,:ne_r].+out_Cs[!,:se_r])/4)
out_Cs[!,:s_r] .= ifelse.(out_Cs[!,:j].==1, bc_R,
(out_Cs[!,:S_r].+out_Cs[!,:r].+out_Cs[!,:sw_r].+out_Cs[!,:se_r])/4)
out_Cs[!,:n_r] .= ifelse.(out_Cs[!,:j].==out_n_div_y, bc_R,
(out_Cs[!,:N_r].+out_cCs[!,:r].+out_Cs[!,:nw_r].+out_Cs[!,:ne_r])/4)

return out_Cs

end




Appendix 3.1

Iterative Solution Function - “gauss_seidel iterate()”

# iterator function, performs one iteration_of gauss seidel )

# uses sparse coefficient matrice, visits all rows while visiting only columns with
nonzero elements

function gauss_seidel_iterate(A,b,x)

sA = size(x,1) e 4.
row_sum = spzeros(Float64,sA) # initializes sparse array

for i=1:sA
columns = findall(!iszero,A[i,:]) # finds nonzero column indices
for j in columns
row_sum[i]=row_sum[i]+A[i,j]1*x[]]
end
x[i] = C b[i] - C row_sum[i] - A[i,i]1*x[i] ) ) / A[i,i]
end

return x

end




Appendix 3.2

Iterative Solution Function - “iterate solution_count()”

# iterative solution of A.x=b using predefined conditioning
# ic = allowed iteration count
# 1 = current iteration count

function iterate_solution_count(A,b,x,ic)

R=Float64[]
S=Float64[]
t=Int64[]

r=Float64[]

y = copy(x).+1

i=1

rh=ones(Float64,size(x))
xh=copy (x)

st=time_ns()
while 1i<=ic

x=gauss_seidel_iterate(A,b,x)

print(">") # to get a feeling if its running

r = abs.((x.-y))

y.=X

ct=time_ns()-st

push! (R,mean(r))

push! (s,std(r))

push! (t,ct)

rh = [rh r]

xh = [xh x]

i=i+1
end
iteration_history=DataFrame(R=R[1l:end],S=S[1l:end],t=t[1l:end])
field_history=DataFrame(xh[:,2:end], :auto)
residual_history=DataFrame(rh[:,2:end], :auto)#:auto)
return iteration_history,field_history,residual_history

end




Appendix 3.3

Iterative Solution Function - “iterate solution count for cycles()”

# iterative solution of A.x=b using predefined conditioning
# ic = allowed iteration count
# 1 = current iteration count

function iterate_solution_count_for_cycles(A,b,x,r,ic)

R=Float64[]
S=Float64[]
t=Int64[]

y = copy(x).+r

i=1

rh=ones(Float64,size(x))
xh=copy (x)

st=time_ns()
while 1i<=ic

x=gauss_seidel_iterate(A,b,x)

print(">") # to get a feeling if its running

r = abs.((x.-y))

y.=X

ct=time_ns()-st

push! (R,mean(r))

push! (s,std(r))

push! (t,ct)

rh = [rh r]

xh = [xh x]

i=i+1
end
iteration_history=DataFrame(R=R[1:end],S=S[1l:end],t=t[1l:end])
field_history=DataFrame(xh[:,2:end], :auto)
residual_history=DataFrame(rh[:,2:end], :auto)#:auto)
return iteration_history,field_history,residual_history

end




Appendix 3.4

Iterative Solution Function - “iterate solution _converge for cycles()”

# iterative solution of A.x=b using predefined conditioning
# dc = desired convergence
# mean(r) = mean residual

function iterate_solution_converge_for_cycles(A,b,x,r,dc)

R=Float64[]
S=Float64[]
t=Int64[]

y = copy(x).+r

rh=ones(Float64,size(x))
xh=copy (x)

print("mean(r)=",mean(r))
print("dc=",dc

st=time_ns()
while mean(r)>dc
x=gauss_seidel_iterate(A,b,x)
print(">") # to get a feeling if its running
r = abs. ((x.-y))
y.=X
ct=time_ns()-st
push! (R,mean(r))
push! (s,std(r))

push! (t,ct)
rh = [rh r]
xh = [xh x]

end
iteration_history=DataFrame(R=R[1l:end],S=S[1l:end],t=t[1l:end])
field_history=DataFrame(xh[:,2:end], :auto)
residual_history=DataFrame(rh[:,2:end], :auto)#:auto)

return iteration_history,field_history,residual_history

end




Appendix 3.5

Iterative Solution Function - “iterate solution converge with count()”

function iterate_solution_converge_with_count(A,b,x,cc,i_max)

end

R=Float64[]
S=Float64[]
t=Int64[]

r=Float64[]

y = copy(x).+1
cR=1
ic=1

rh=ones(Float64,size(x))
xh=copy (x)

st=time_ns()
ct=st
while cR>cc && ic<=i_max
pt=time_ns()-st
x=gauss_seidel_iterate(A,b,x)
print(">") # to get a feeling if its running
r = abs.((x.-y))
y.=X
ct=time_ns()-st
push! (R,mean(r))
push! (s,std(r))
push! (t,ct)
rh = [rh r]
xh = [xh x]
cR=R[end]
jc=ic+l
end
iteration_history=DataFrame(R=R[1l:end],S=S[1l:end],t=t[1l:end])
field_history=DataFrame(xh[:,2:end], :auto)
residual_history=DataFrame(rh[:,2:end], :auto)

return iteration_history,field_history,residual_history




Appendix 3.6

Iterative Solution Function - “iterate solution_flexible()”

# pc
# rc
# fc

func

end

prolong criteria
restrict criteria
final convergence

tion iterate_solution_flexible(A,b,x,r,pc,rc,i_max,i_min,fc)

R=Float64[]
S=Float64[]
t=Int64[]

cR=mean(r)
pR=mean(r)

y = copy(x) .+ r
ic=

rh=ones(Float64,size(x))
xh=copy (x)

printin("iterations")

println("initial conditions™)

printIn(">ic=",ic,">pc=",pc, ">pR=",pR,">cR=",cR,">cR/pR=",cR/pR,">")
printin("start")

st=time_ns()
while ic<=1i_max

x=gauss_seidel_iterate(A,b,x)

print(">") # to get a feeling if its running
r = abs. ((x.-y))

y.=X

ct=time_ns()-st

push! (R,mean(r))

push! (s,std(r))

push! (t,ct)
rh = [rh r]
xh = [xh x]

if size(R,1)>1
pR = R[end-1]
end
cR = R[end]
println(">ic=",1ic,">pc=",pc, ">pR=",pR,">cR=",cR,">cR/pR=",cR/pR,">")
jc=ic+l

if cR<fc && ic>i_min
action="prolong"
break

elseif cR<pc && ic>i_min
action="prolong"
break

elseif rc<(cR/pR) && ic>i_min
action="restrict"
break

end

end
if ic>i_max

action="prolong"
end
iteration_history=DataFrame(R=R[1:end],S=S[1l:end],t=t[1l:end])
field_history=DataFrame(xh[:,2:end], :auto)
residual_history=DataFrame(rh[:,2:end], :auto)#:auto)

return iteration_history,field_history,residual_history,action




Appendix 3.7

Iterative Solution Function - “iterate solution PID driven()”

# cP, cI, cD : coefficients of P,I,D
# Pc, Ic, Dc : criteria of P,I,D

function iterate_solution_PID_driven(A,b,x,r,cP,cI,cD,Pc,Ic,Dc,i_min,i_max,fc)

R=Float64[]
S=Float64[]
t=Int64[]

cR=mean(r)
pR=mean(r)
iR=mean(r)

y = copy(x) .+ r
ic=1
integral=0

rh=ones(Float64,size(x))
xh=copy (x)

printin("ic : iteration count , R : mean residual , pR : previous mean residual ,
CR : current mean residual™)

st=time_ns()
while ic<=1_max

x=gauss_seidel_iterate(A,b,x)

pr1nt(" ") # to get a feeling if its running
= abs. ((x.-y))

y.=x

ct=time_ns()-st

push! (R,mean(r))

push! (s,std(r))

push!(t,ct)
rh = [rh r]
xh = [xh x]
if size(R,1)>1
R = R[end-1]
end
cR = R[end]
if cR>1R
iR=CR
end
jc=ic+l

# calculation of PID terms

previous_error = pR - fc

current_error = cR - fc

integral = integral + (current_error+previous_error)/2
change = current_error - previous_error
proportional_term = cP * current_error

integral_term = cI * integral

derivative_term = cD * change

println(@sprintf ">ic=%d\t>pR=%.6f\t>CcR=%. 6f\t>cR/pR %. 6T\ t>CR-
pR=%.6F\t>sum(R)=%. 6F\t>1R=%.6F\t>P=%.6F\t>I=%. 6\ t>D=%. 6
ic-1 pR cR CcR/pR cR-pR sum(R) iR proportional_term integral_term
derivative_term )

if proportional_term<Pc*iR && ic>i_min
action="prolong"
println("proportional criteria triggered.")
break

elseif integral_term>Ic*iR && ic>i_min
action="prolong"
println("integral criteria triggered.™)
break

elseif derivative_term>Dc*iR && ic>i_min
action="restrict"
println("derivative criteria triggered.")
break

end

end




end

if ic>i_max
action="prolong"

printTn("maximum number of iterations criteria triggered.")
end

iteration_history=DataFrame(R=R[1l:end],S=S[1l:end],t=t[1l:end])
field_history=DataFrame(xh[:,2:end], :auto)
residual_history=DataFrame(rh[:,2:end], :auto)#:auto)

return iteration_history,field_history,residual_history,action




Appendix 4.1

Multigrid Algorithm Function - “preprocess_and _initialize()”

function
preprocess_and_initialize(diml::Float64,dim2::Float64,nx::Int64,ny::Int64,bc_df::Data
Frame,cc::Float64,ic::Int64,init_val::Float64)

n_cell=nx*ny

data=DataFrame(step=Int64[],Tevel=Int64[],n_cel1=Int64[],nx=Int64[],ny=Int64[],initia
1_residual=Float64[],final_residual=Float64[],
iteration_count=Int64[],iteration_duration=Int64[],operation_duration=Int64[],FvM_dur
ation=Int64[],initial_field=DataFramel[],
final_field=DataFrame[],iteration_history=DataFrame[],field_history=DataFrame[],resid
ual_history=DataFrame[])

# time stamp for operation start
op_st=time_ns()

# calling FvM functions

Cs_i = initialize_domain(diml,dim2,nx,ny)
Cs_i.r = ones(Float64,n_cell)

# operation duration
op_dur=time_ns()-op_st

# time stamp for FvM functions
fvm_st=time_ns()

# calling FvM functions
Cs_BC=apply_boundary_conditions(Cs_i,bc_df)
Cs_DF=discretised_form(Cs_BC)
A,b=coefficient_matrices(Cs_DF)

# FvM function duration
fvm_dur=time_ns()-fvm_st

x = ones(Float64,n_cell).*init_val

st=time_ns()
if ic>0

iteration_history,field_history,residual_history=iterate_solution_converge_with_count
(A,b,x,cc,ic)
elseif ic<l
ct=time_ns()-st
jteration_history=DataFrame(R=[mean(Cs_i.r)],S=[std(Cs_i.r)],t=[ct])
field_history=DataFrame([Cs_i.T], :auto)
d residual_history=DataFrame([Cs_i.r],:auto)
en

# assigning solution values to initial domain
Cs_f=copy(Cs_i)

Cs_f.T.=x

Cs_f.r=residual_history[:,end]

push!(data, (1,0,n_cell,nx,ny,iteration_history.R[1],iteration_history.R[end],size(ite
ration_history,1),
iteration_history.t[end],op_dur,fvm_dur,Cs_i,Cs_f,iteration_history,field_history,res
idual_history))

return data

end




Appendix 4.2

Multigrid Algorithm Function = “run_fixed V_cycle()”

function
run_fi§ed_v_cyc1e(preprocess::DataFrame,bc_df::DataFrame,course_1eve1::Int64,1_sweep:
:Int64

data=copy(preprocess)
max_Tlevel=find_max_Tlevel (data.nx[end],data.ny[end])

if course_level>max_level
course_level=max_level
printin("desired course level 1is infeasible, max course level is set to : ",
course_level)
else
println("desired course level 1is feasible, max course level is set to : ",
course_level)
end

levels = [Vector(data.1eve1[end]:1:cour§e_1eve1);Vector(course_]eve1—1:—1:0)]

printin("fixed v cycle levels will be :", Tevels)
for level in Tevels

# time stamp intergrid operation start
op_st = time_ns()

if Tevel>data.level[end]
Cs_i=restrict(data.final_field[end])
elseif level<data.level[end]
] Cs_i=prolong(data.final_field[end],bc_df)
else
Cs_i=data.final_field[end]
end

# intergrid operation duration
op_dur = time_ns()-op_st

# assigning step
step=data.step[end]+1
print("step=",step," Tevel=",level," iterations...")

# assigning field info
n_cell=Cs_1i.ID[end]
nx=Cs_1i.1i[end]
ny=Cs_i.j[end]

# time stamp for FvM functions
fvm_st=time_ns()

# calling FvM functions
Cs_BC=apply_boundary_conditions(Cs_i,bc_df)
Cs_DF=discretised_form(Cs_BC)
A,b=coefficient_matrices(Cs_DF)

# FVM function duration
fvm_dur=time_ns () -fvm_st

# iterative solution
x=copy (Cs_i.T)
r=copy(Cs_i.r)

iteration_history,field_history,residual_history=iterate_solution_count_for_cycles(A,
b,x,r,i_sweep)

# assigning solution values to final field
Cs_f=copy(Cs_i)

Cs_f.T .= x

Cs_f.r .= residual_history[:,end]

push!(data, (step,level,n_cell,nx,ny,iteration_history.R[1],iteration_history.R[end],s
ize(iteration_history,1l),
iteration_history.t[end],op_dur,fvm_dur,Cs_i,Cs_f,iteration_history,field_history,res
idual_history))

end

return data

end




Appendix 4.3

Multigrid Algorithm Function = “run_fixed W_cycle()”

function
run_fi§ed_w_cyc1e(preprocess::DataFrame,bc_df::DataFrame,course_1eve1::Int64,1_sweep:
:Int64

data=copy(preprocess)
max_Tlevel=find_max_Tlevel (data.nx[end],data.ny[end])

if course_level>max_level
course_level=max_level
printin("desired course level 1is infeasible, max course level is set to : ",
course_level)
else
println("desired course level 1is feasible, max course level is set to : ",
course_level)
end

levels = [Vector(data.level[end]:1:course_level);course_level-
1;Vector(course_level:-1:1);Vvector(2:1:course_level) ;course_level-
1;vector(course_level:-1:0)]

printin("fixed w cycle levels will be :", Tevels)

for level in Tevels

# time stamp intergrid operation start
op_st = time_ns(Q)

if level>data.level[end]
Cs_i=restrict(data.final_field[end])
elseif level<data.level[end]
] Cs_i=prolong(data.final_field[end],bc_df)
else
Cs_i=data.final_field[end]
end

# intergrid operation duration

op_dur = time_ns()-op_st

# assigning step

step=data.step[end]+1

print("step=",step," Tevel=",level," iterations...")
# assigning field info

n_cell=Cs_1i.ID[end]

nx=Cs_1i.1i[end]

ny=Cs_i.j[end]

# time stamp for FvM functions
fvm_st=time_ns()

# calling FvM functions
Cs_BC=apply_boundary_conditions(Cs_i,bc_df)
Cs_DF=discretised_form(Cs_BC)
A,b=coefficient_matrices(Cs_DF)

# FVM function duration
fvm_dur=time_ns () -fvm_st

# iterative solution
x=copy (Cs_i.T)
r=copy(Cs_i.r)

iteration_history,field_history,residual_history=iterate_solution_count_for_cycles(A,
b,x,r,i_sweep)

# assigning solution values to final field
Cs_f=copy(Cs_i)

Cs_f.T .= x

Cs_f.r .= residual_history[:,end]

push!(data, (step,level,n_cell,nx,ny,iteration_history.R[1],iteration_history.R[end],s
ize(iteration_history,1l),
iteration_history.t[end],op_dur,fvm_dur,Cs_i,Cs_f,iteration_history,field_history,res
idual_history))

end

return data

end




Appendix 4.4

Multigrid Algorithm Function = “run_fixed F cycle()”

function
run_fi§ed_F_cyc1e(preprocess::DataFrame,bc_df::DataFrame,course_1eve1::Int64,1_sweep:
:Int64

data=copy(preprocess)
max_Tlevel=find_max_Tlevel (data.nx[end],data.ny[end])

if course_level>max_level
course_level=max_level
printin("desired course level 1is infeasible, max course level is set to : ",
course_level)
else
println("desired course level 1is feasible, max course level is set to : ",
course_level)
end

temp_course_levels = [ [Vector(course_level:-
1:min_level);vector(min_level+1l:1:course_level-1)] for min_level=course_level-1:-1:1

course_levels=Int64[]

for i in eachindex(temp_course_levels)
for j in eachindex(temp_course_levels[i])
push! (course_levels, temp_course_levels[i][j])
end

end

Jevels = [Vector(data.level[end]:1:course_Tlevel-
1) ;course_levels;Vector(course_level:-1:0)]

printin("fixed F cycle levels will be :", Tevels)
for level in Tevels

# time stamp intergrid operation start
op_st = time_ns()

if Tevel>data.level[end]
Cs_i=restrict(data.final_field[end])
elseif level<data.level[end]
] Cs_i=prolong(data.final_field[end],bc_df)
else
Cs_i=data.final_field[end]
end

# intergrid operation duration
op_dur = time_ns()-op_st

# assigning step
step=data.step[end]+1

print("step=",step," Tevel=",level," iterations...")

# assigning field info
n_cell=Cs_1i.ID[end]
nx=Cs_1i.1i[end]
ny=Cs_i.j[end]

# time stamp for FvM functions
fvm_st=time_ns()

# calling FvM functions
Cs_BC=apply_boundary_conditions(Cs_i,bc_df)
Cs_DF=discretised_form(Cs_BC)
A,b=coefficient_matrices(Cs_DF)

# FVM function duration
fvm_dur=time_ns()-fvm_st

# iterative solution
x=copy (Cs_i.T)
r=copy(Cs_i.r)




iteration_history,field_history,residual_history=iterate_solution_count_for_cycles(A,
b,x,r,i_sweep)

# assigning solution values to final field
Cs_f=copy(Cs_i)
Cs_f.T .= x )
Cs_f.r .= residual_history[:,end]
# adding data
push!(data, (step,level,n_cell,nx,ny,iteration_history.R[1],iteration_history.R[end],s
ize(iteration_history,1), . . . . . )
iteration_history.t[end],op_dur,fvm_dur,Cs_i,Cs_f,iteration_history,field_history,res
idual_history))
end
return data

end




Appendix 4.5

Multigrid Algorithm Function - “run_flexible cycle()”

function
run_flexible_cycle(preprocess_data::DataFrame,bc_df::DataFrame,alpha::Float64,beta::F
loat64,

fc::Float64,i_min::Int64,i_max::Int64,step_max::Int64)

decision=Dict("restrict"=>1,"prolong"=>-1,"continue"=>0)

# time stamp intergrid operation start
op_st = time_ns()

data=copy(preprocess_data)

Cs_i= data final f1e1d[end]
action="continue"

# intergrid operation duration
op_dur = time_ns()-op_st

condition = false
while condition == false

# assigning previous level info
previous_step=data.step[end]
previous_level=data.level[end]
previous_residual=data. 1terat1on _history[end] .R[end]
printin(">",previous_residual,">")

# recognizing previous action and calculating current Tevel
level=previous_level+decision[action]
println(">",Tevel,">")

step:previous_step+1

printin(">",step,">")

# assigning field info
n_cell=Cs_i.ID[end]
nx=Cs_i.i[end]
ny=Cs_i.j[end]

# time stamp for FvM functions
fvm_st=time_ns()

# calling FvM functions
Cs_BC=apply_boundary_conditions(Cs_i,bc_df)
Cs_DF=discretised_form(Cs_BC)
A,b=coefficient_matrices(Cs_DF)

# FVM function duration
fvm_dur=time_ns()-fvm_st

# iterative solution
x=copy (Cs_i.T)
r=Cs_i.r
pc=previous_residual*alpha
if pc<fc
pc=fc
y printIn("!!! PROLONGATION CRITERIA RESET !!!™)
en
rc=beta
if previous_residual<fc
rc=1
g printIn("!!! RESTRICTION CRITERIA RESET !!!")
en

nouon

printin("pre_res=",previous_residual, ,'mean(r)=",mean(r))
iteration_history,field_history,residual_history,action=iterate_solution_flexible(A,b
,X,I,pc,rc,i_max, 1 m1n fo

pr1nt1n( act1on ">")

# assigning solution values to initial domain
Cs_f=copy(Cs_1i)

Cs_f.T.=x

Cs_f.r.=residua1_history[:,end]

# adding data

push! (data, (step,level,n_cell,nx,ny,iteration_history.R[1],iteration_history.R[end],s
ize(iteration_history,1),




iteration_history.t[end],op_dur,fvm_dur,Cs_i,Cs_f,iteration_history,field_history,res
idual_history))

# determining feasiblity and next Tevel starting conditions
restrict_infeasible = isodd(nx) || isodd(ny)
next_level=level+decision[action]

# time stamp intergrid operation start
op_st = time_ns()

if Tevel==0 && iteration_history.R[end]<fc
condition = true
elseif level==0 && next_level<level
Cs_i=copy(Cs_f)
action="continue"
printin(">can not exceed maximum resolution level, thus action is changed
to=>",action,">")
condition = false
elseif level>0 && iteration_history.R[end]<fc
Cs_i=prolong(Cs_f,bc_df)
action:"pro1on%"
println(">final convergence is reached, thus action is changed
to=>",action,">")
condition = false
elseif next_level>Tlevel && restrict_infeasible==true
Cs_i=copy(Cs_f)
action="continue"
printin(">restrict is infeasible, thus action is changed
to=>",action,">")
condition = false
elseif next_level>Tevel && restrict_infeasible==false
Cs_i=restrict(cs_f)
condition = false
elseif level>0 && next_level<level
Cs_i=prolong(Cs_f,bc_df)
condition = false
else
Cs_i=copy(Cs_f)
action="continue"
condition=false
end

# intergrid operation duration
op_dur = time_ns()-op_st

if step>step_max
break
end
end
return data

end




Appendix 4.6

Multigrid Algorithm Function = “run_PID driven cycle()”

cP : coefficient of proportional term

cI : coefficient of integral term

cD : coefficient of derivative term

Pc : criteria of of proportional term

Ic : criteria of integral term

Dc : criteria of derivative term

fc : final convergence

i_min : minimum number of iterations for a resolution
i_max : maximum number of iterations for a resolution
step_max : maximum number of steps for the run

HHHHH R

function run_PID_driven(preprocess_data::DataFrame,boundary_conditions::DataFrame,
PID_coefficients::vector,PID_criteria::vector, operat1on Timits::vector)

decision=Dict("restrict"=>1,"prolong"=>-1,"continue"=>0)
printIn("PID driven multigrid cycle.")

printin("reading input..")

cP = PID_coefficients[1]
cI = PID_coefficients[2]
cD = PID_coefficients[3]
Pc = PID_criteria[l]
Ic = PID_criterial2]
Dc = PID_criterial[3]

fc = operat1on Timits[1]

i_min = operation_limits[2]
i_max = operation_limits[3]
step_max = operation_Tlimits[4]

# time stamp intergrid operation start
op_st = time_ns()

data=copy(preprocess_data)
bc_df=copy(boundary_conditions)

Cs_i=data.final_field[end]
action="continue"

# intergrid operation duration
op_dur = time_ns()-op_st

printin("initiating cycle...™)

progress = true
while progress

# assigning previous Tevel info
previous_step=data.step[end]
previous_level=data.level[end]
previous_residual=data.iteration_history[end].R[end]

# recognizing previous action and calculating current Tevel
Tevel= =previous_ level+decision[action]

println("level = ",Tevel)
step=previous_step+1
printin("step = ",step)

# assigning field info

n_cell=Cs_1i.ID[end]

nx=Cs_1i.1[end]

ny=Cs_i.j[end]

# determining restriction feasibility
restrict_infeasible = isodd(nx) || 1sodd(ny)

# time stamp for FvM functions
fvm_st=time_ns()

# calling FvM functions
Cs_BC=apply_boundary_conditions(Cs_i,bc_df)
Cs_DF=discretised_form(Cs_BC)
A,b=coefficient_matrices(Cs_DF)

# FVM function duration

fvm_dur=time_ns () -fvm_st




# iterative solution

x=copy (Cs_i.T)

r=Cs_i.r

println("residual of previous step = ",previous_residual,"” , ","residual of
current step= ",mean(r))

if level<l
Pc=0.0
printIn("PROPORTIONAL CRITERIA RESET")
println(@sprintf ">Pc=%.1f" Pc)
else
Pc = PID_criteria[l]
end

if restrict_infeasible
Ic=1/fc
printTn("INTEGRAL CRITERIA RESET")
println(@sprintf ">Ic=%.1f" Ic)
else
Ic = PID_criteria[2]
end

if previous_residual<fc
Dc = 0.0
printIn("DERIVATIVE CRITERIA RESET")
println(@sprintf ">Dc=%.1f" Dc)
else
Dc = PID_criterial[3]
end

iteration_history,field_history,residual_history,action=iterate_solution_PID_driven(A
,b,x,r,cP,cI,cb,Pc,Ic,Dc,i_min,i_max,fc)
if level>0
println("action = ",action)
end

# assigning solution values to initial domain
Cs_f=copy(Cs_i)

Cs_f.T.=x

Cs_f.r.=residual_history[:,end]

# adding data

push! (data, (step,level,n_cell,nx,ny,iteration_history.R[1],iteration_history.R[end],s
ize(iteration_history,1),
iteration_history.t[end],op_dur,fvm_dur,Cs_i,Cs_f,iteration_history,field_history,res
idual_history))

# determining next level .
next_level=level+decision[action]

# time stamp intergrid operation start
op_st = time_ns()

if Tevel==0 && iteration_history.R[end]<fc
progress = false
elseif level==0 && next_level<level
Cs_i=copy(Cs_f)
action="continue"
printin("can not exceed maximum resolution Tevel, thus action is changed
to => ",action)
progress = true
elseif level>0 && iteration_history.R[end]<fc
Cs_i=prolong(Cs_f,bc_df)
action="prolong"
printin("final convergence is reached, thus action is changed to =>
",action)
progress = true
elseif next_level>level && restrict_infeasible==true
Cs_i=copy(Cs_f)
action="continue"
printin(">restrict is infeasible, thus action is changed
to=>",action,">")
progress = true
elseif next_level>level && restrict_infeasible==false
Cs_i=restrict(cs_f)
progress = true
elseif level>0 && next_level<level
Cs_i=prolong(Cs_f,bc_df)
progress = true
else
Cs_i=copy(Cs_f)




end

action="continue”
progress=true
end

# intergrid operation duration
op_dur = time_ns()-op_st

if data.step[end]>step_max
progress = false
end
end

printIn("PID driven multigrid cycle completed.")
printin("™)

return data




Appendix 5.1

Validation Run Summary Plot of V Cycle
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Appendix 6.1

Run Summary Plot of Flexible Cycle - Alpha=0.05 Beta=0.75 - 7.21 RWU

Flexible Cycle: alpha=0.050, beta=0.750
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Flexible Cycle: alpha=0.050, beta=0.850

160x160

25600
L | soxe0
6400
3 A0x40
1600
3 | 20x20
400
10x10
4 100
5 5x5
25

123 i=2
0000 5013 ..., 1987
R, i
10200 o, ._0-253 i a0k
i 4
i s e
i 0.002 0.004 0.019 !
L0002 o (2008 sasecin L
Residusl Lo ., iedb . obsi,. ..

Restriction
Prolongation




Appendix 6.2

Run Summary Plot of Flexible Cycle - Alpha=0.10 Beta=0.75 - 7.18 RWU

Flexible Cycle: alpha=0.100, beta=0.750
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Appendix 6.3

Run Summary Plot of Flexible Cycle - Alpha=0.15 Beta=0.75 - 7.20 RWU

160x160
25600

B0x80
6400

40x0
1600

20120
ano

10x10
100

5x5
s

Flexible Cycle: alpha=0.150, beta=0.750

0.000 3989 2011
_0.000 3.989 ..., 211
IR Y
i 017 ) 0.276 |,

Residual
Iterations
Restriction
Prolongation

Run Summary Plot of Flexible Cycle - Alpha=0.15 Beta=0.80 - 7.27 RWU

160x160
25600

60x80
6400

40x40
1600

20520
400

10510
100

25

Flexible Cycle: alpha=0.150, beta=0.800

Q000 3949 0, 2 S

HETH
i 0.195
L ammentx

-
i 0i4
0003
Residual {0002 0002 | Ui
Iterations 4970001 K 9802003 %

Restriction
Prolongation

Run Summary Plot of Flexible Cycle - Alpha=0.15 Beta=0.85 - 8.25 RWU

Flexible Cycle: alpha=0.150, beta=0.850

i=s i=2
160x160 0.000 4.992 2.008
| —_— e imenx —_— ek
o 25600 : H
HISNES T
, | o0 L0195 e 2252 1 e
6400 : T
: PUAE
2 | A L0019 s LI P
Y i=3 =23 1
20x20 i 0.002 0.003 0.016
s e ek e 22 —— ssite0sx
10410 i Looge f . iob ., o085 i.. *
+ 00 Iterations : Y gl
Restriction o, teration:
s 5x5 Prolongation 10002 i, WM F
25 o wu
1 2 3 4 5 6 7 8 9 10 11 12 13 14




Appendix 7.1

Run Summary Plot of PID Driven Cycle - Pc=0.15, I1c=5.0, Dc=-0.15 - 6.28 RWU

PID Driven Cycle: Pc=0.150, 1¢=5.000, Dc=-0.150
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Run Summary Plot of PID Driven Cycle - Pc=0.15, Ic=5.0, Dc=-0.10 - 6.22 RWU
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Run Summary Plot of PID Driven Cycle - Pc=0.15, 1c=5.0, Dc=-0.05 - 7.40 RWU
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Appendix 7.2

Run Summary Plot of PID Driven Cycle - Pc=0.20, I1¢c=5.0, Dc=-0.15 - 6.08 RWU

PID Driven Cycle: Pc=0.200, Ic=5.000, Dc=-0.150
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Appendix 7.3

Run Summary Plot of PID Driven Cycle - Pc=0.25, 1¢c=5.0, Dc=-0.15 - 6.28 RWU

PID Driven Cycle: Pc=0.250, Ic=5.000, Dc=-0.150
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Appendix 8.1

Run Summary Plot of PID Driven Cycle - cP=1.3, cI=1.0, cD=0.7 - 6.19 RWU

PID Driven Cycle: P=1.300, 1=1,000, D=0,700
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Run Summary Plot of PID Driven Cycle - cP=1.3, cI=1.0, cD=0.8 - 6.20 RWU
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PID Driven Cycle: P=1.300, 1=1.000, D=0.900

teox100 amoo 360 1591
as600 — 8

0187 |
o287
s HEX I 0615 . ools . _adzo |

200 | 0da oébe | Lobbz g |

 0.001

- Prolongation




Appendix 8.2

Run Summary Plot of PID Driven Cycle - cP=1.4, cI=1.0, cD=0.7 - 6.18 RWU
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Run Summary Plot of PID Driven Cycle - cP=1.4, cI=1.0, cD=0.8 - 6.20 RWU
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Run Summary Plot of PID Driven Cycle - cP=1.5, cI=1.0, cD=0.7 - 6.15 RWU
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