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ABSTRACT

SUBALGEBRAS OF LATTICE ORDERED
ALGEBRAS

Ebru KILIC

Department of Mathematics

Master of Science Thesis

Supervisor: Prof. Dr. Omer GOK

This study explores the relationships between vector sublattices and subalgebras of
Archimedean unitary f-algebras. The primary focus is on analysing the sufficient
and necessary conditions under which a vector sublattice becomes a subalgebra.
The ’Stone condition’ emerges as a pivotal criterion, proving to be both necessary
and sufficient for these relationships, particularly demonstrating that a r*-closed
vector sublattice of an Archimedean unitary f-algebra, possessing a unity becomes
a subalgebra. Furthermore, the study delves into the relationship between a lattice
homomorphism and an algebra homomorphism, by making observations regarding
a Markov operator which maps two Archimedean unitary f-algebras. In addition
to these, with a specific focus on their image spaces, our objective is to enhance
the comprehension of lattice homomorphisms that map f-algebras. By introducing
a product structure into the image space of a lattice homomorphism, it can be
considered as an Archimedean f-algebra. Moreover, under specific conditions,
the image space can be identified as an f-subalgebra of a semiprime f-algebra.
Focusing on these key aspects, this work attempts to reveal valuable insights about
lattice homomorphisms between f-algebras.

Keywords: Archimedean property, Riesz space, order unit, Riesz homomorphism,

lattice ordered subalgebra, f-algebra.
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OZET

LATIS SIRALI CEBIRLERIN ALT CEBIRLERI
Ebru KILIC

Matematik Anabilim Dali
Yiiksek Lisans Tezi

Danisman: Prof. Dr. Omer GOK

Bu calisma, latis alt uzaylari ile Arsimet birimsel f-cebirlerinin alt cebirleri
arasindaki iligkileri arastirmaktadir. Birincil odak noktasi, bir lattice alt uzayinin
bir alt cebir haline gelmesi icin gerekli ve yeterli kosulu analiz etmektir. ’Stone
kosulu’ bu iligki icin hem gerekli hem de yeterli olan cok onemli bir kriter olarak
ortaya cikmakta ve Ozellikle, birim eleman iceren nispeten diizgiin kapali bir
lattice alt uzaymin, Arsimet birimsel f-cebirinin bir alt cebiri haline geldigini
gostermektedir. Ayrica calisma, iki Arsimet birimsel f-cebiri arasindaki Markov
operatoriine iligkin gozlemler yaparak, f-cebirlerinin cebir homomorfizmasi ile
lattice homomorfizmalar1 arasindaki bagi arastirmaktadir. Daha sonra, ozellikle
goriintii uzayina odaklanilarak f-cebirleri arasindaki latis homomorfizmalarinin
anlagilmasina katkida bulunulmasi amaclanmaktadir. Bir latis homomorfizminin
goriintli uzayina bir ¢arpim yapisi getirilerek, goriintii uzayinin bir Arsimet f-cebiri
olarak diisiiniilebilecegi ve buna ek olarak, belirli kosullar altinda goriintii uzayinin,
yar1 asal bir f-cebirinin bir f-alt cebiri olarak tanimlanabilcegi gosterilmektedir.
Bu temel yonlere odaklanan s6z konusu c¢alisma, f-cebirleri arasindaki latis

homomorfizmalar1 hakkinda degerli bilgiler ortaya ¢ikarmaya hedeflemektedir.

Anahtar Kelimeler:  Arsimet ozelligi, Riesz uzayi, sira birim, Riesz

homomorfizmasi, lattis sirali alt cebir, f-cebiri

YILDIZ TEKNIiK UNIVERSITESI
FEN BILIMLERI ENSTITUSU
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1

INTRODUCTION

The term " f-algebra" was introduced by G. Birkhoff and R.S. Pierce in 1956
and it is a concept within the broader field of functional analysis that combines
vector lattice structures with algebraic structure. Some notable examples of
f-algebras include C'(X) (where X is a topological space), spaces of Baire
functions and measurable functions. In addition, lattice homomorphisms, which
preserve both the lattice and vector space operations, play a crucial role in the study
of f-algebras. An important theorem, established by Hager and Robertson [1],
asserts that a lattice homomorphism between two Archimedean unitary f-algebras,
that preserves the unity, is also an algebra homomorphism. Both f-algebras and
lattice homomorphisms still continue to be significant in functional analysis and

related areas of mathematics.
This study comprises three main chapters.

In Chapter 2, we delve into the exploration of f-algebras, vector lattices, and
related subjects, offering fundamental insights. A comprehensive review of existing
literature is provided, highlighting crucial theorems and definitions that form the

basis for subsequent chapters.

Moving to Chapter 3, we closely examine the content of the article [2], focusing
on the f-algebras and vector lattices and the relationship between them in detail.
A key theorem emerges, showing that every r“-closed vector sublattice of an

Archimedean unitary f-algebra becomes a subalgebra.

In Chapter 4, the exploration shifts to the image space of a lattice homomorphism
between f-algebras. Specifically, for v mapping from an Archimedean f-algebra .o/
to an Archimedean vector lattice 8, we demonstrate that the formula y(w) *y(v) =

~v(wv) defines a multiplication in R(7y), making it an Archimedean f-algebra.



Assuming &7 is unitary and 4 is semi-prime f-algebras, we examine the necessary

and satisfactory conditions for R(v) to transform into an f-subalgebra of .



2

PRELIMINARIES

Definition 2.1. Let () # & be a set where both scalar multiplication and addition are

defined. In that case, & is called a real vector space if the axioms below are satisfied
Vv, wand u € & and Va, b € R.

1. w+u € & (closure under addition),

2. w + u = u + w (commutative property),

3. w4+ (u+v) = (w+ u) + v (associative property),

4. & has an additive identity (zero element) such that w + 0 = 0+ w = 0,

5. Each w has an additive inverse in & such that w + (—w) = (—w) +w = 0,

6. aw € & (closure under scalar multiplication),

7. a(w + u) = aw + au (distributive property),

8. (a+ b)w = aw + bw (distributive property),

9. a(bw) = (ab)w (associative property),

10. 1 € R is a scalar identity such that 1t = ¢.

Definition 2.2. The relation denoted as "<" is termed as an order relation within

the vector space & whenever the following conditions are met.

1. w <wandv < wuimply w < u (transitive),
2. w < w holds for each w € & (reflexive),
3. w <wandv < wimply w = v (antisymetric).

Definition 2.3. A real vector space & is said to be an ordered vector space when the

following conditions are met.



1. "<"is an order relation on &,

2. & is linearly ordered, i.e.,if w < v € & thenw +u < v+ wand aw < av
hold for all » € & and all real numbers o« > 0.

Definition 2.4. An ordered vector space & is termed as a vector lattice (or Riesz
space) when Yw,v € & , sup{w, v} and inf{w, v} are present in E. The notations

used in this study are as follows:

wVu=sup{w,u} and w Awu=inf{w,u}.

Notice that, if the infimum exists then the supremum exists as well and vice versa.

Theorem 2.1. The statements below are mutually equivalent for all w,w in the

vector lattice &.

1. w<u.
2. wAUuU=w.
3. wVu=u.

Theorem 2.2. The following are satisfied for all w,v and w in the vector lattice &.

1. wVw=wandwA\w=w,
22 w<wVwuandu < wV u,
3 w>wAuandu > w Au,
4 wVu=uVwandw Nu=uANw,

S5 wA (uVo)=(wAu)V (wAv)and
wV (uAv)=(wVu)A(wVo).

Definition 2.5. The set & = {w € & : w > 0} is called the positive cone of the

vector lattice & and elements belonging to & are called the positive elements of

&.

Definition 2.6. (Definition 11.6, [3]]) Suppose & is a vector lattice and w € & ;

1. 0 < w' =wVO0is called the positive part of w,

2. 0 < w™ =w A 01is called the negative part of w,

4



3. Jw| = (—w) V (w) is called the absolute value (or modulus) of w.

Theorem 2.3. (Theorem 11.4, [3|]) The following are satisfied for any w in the

vector lattice &.

1. w=w"—w withwt Aw™ =0;

w| =w"+w”, and so |w| € &T

2. (aw)" = aw™ and (aw)™ = aw™ for a > 0.
(aw)t = —aw™ and (aw)™ = —aw™ for a < 0.

law| = |a||w| for a € R.

3. Forw,u € &. Then w < u holds, iff wt < u™ and w™ > u".
Theorem 2.4. (Theorem 11.5, Theorem 11.8, [3|]) The following identities are valid
Yw, v and u in the vector lattice &.

1. —(wVu)=(—w)A (—u).

2. —(wAu)=(—w)V(—u).

3w+ (uVo)=(w+u)V(w+v)

4. w+ (uAv) = (w+u) A (w+ o).

S wtu=wVut+wAu

6. a(wVu) = (aw) V (au) holds for o > 0.

7. a(w Au) = (aw) A (au) holds for o > 0.
Theorem 2.5. (Theorem 2.4, [3]) The following statements are valid for all
w, v and u in the vector lattice &.

1. Ifw=v—uandvANu=0thenv=w", u=w".

2. lw—ul=wVu—wAu

3. JwVu—uVu| <|w—uv| (Birkhoff’s inequality).

4. lwAu—uAv| <|w—uv| (Birkhoff’s inequality).

Theorem 2.6. (Definition 1.1.25, [4)]) [Riesz Decomposition Property] If & is a
vector lattice and w,v,u € & with 0 < w < v + u. Then, there are t,s € &
suchthatw =t+sandt <o, s < u.

Theorem 2.7. The inequalities |vy N\ ... Nv,| < |vi| A ... Alvg| and vy V ...V v, | <

|v1| V ... V |v,| are satisfied for arbitrary vy, ..., v, in a vector lattice &.

5



Definition 2.7. Let () # S be a subset of the vector lattice & and w, u € &,

1. § is called bounded above if for each w € § there is a u € § ensuring that
w < u holds.

2. S is called bounded below if for each w € § there is a u € $ ensuring that
u < w holds.

3. S is called bounded when $ is bounded both from below and above.

4. & is called Dedekind complete when each § that is bounded below has an

infimum and each § that is bounded above has a supremum.

5. & is called Dedekind o-complete when each countable (or finite) § that
is bounded below has an infimum and each countable (or finite) $ that is

bounded above has a supremum.

6. Assume w,u € &. The set [w,u] = {v € & : w < v < u} is called an order

interval in &.
7. S is called order bounded whenever S is included in an order interval.
8. w, v are called disjoint if |w| A |u| = 0 and it is denoted by w L v.

9. The set S¢ = {w € & : w L wu forall w € S} is called the disjoint

complement of §.

Definition 2.8. Let {u,}>°, and {w, }°°, be the sequences in the vector lattice &

1. If uy < uy < ... hold, then {u, }5°, is called decreasing; similarly if u; >
ug > ... hold, then {u, }>° ; is called increasing . In this work, we will use

the notations u,, | and u,, T respectively.

2. If u,, | and v = inf u,,, we will use the notation wu,, | v; similarly if u,, T and

u = sup u,, then we will use the notation u,, 1 u.
3. If u, T u then au,, T au forreal a > 0.
4. u, T wand w, T wimply u, + w, T u + w.
5. u, T uwimplies u;” T vt and u, | u™.

6. u, T uand w, T w imply that u,, V w, T vV w and u,, A\ w, T u A w hold.



Definition 2.9. The vector lattice & is called Archimedean whenever the decreasing
sequence vn~' | 0 (n = 1,2,...) for all v € &*. That is to say, & is called
Archimedean when for arbitrary v, w € & such that nw < v (n = 1,2, ...) implies

w = 0.

Definition 2.10. Assume {v,, }°°, is a sequence in the vector lattice &. For a fixed
a € &1, the sequence {v,,}5°, is said converging a-uniformly towards v € &
whenever, for all § > 0 there exists a corresponding Ns € N ensuring that |v,, —v| <
da holds for all n > Nj. This type of convergence is denoted by z,, — z(«). In
this context, the element « is referred to as the convergence regulator.

Additionally, the sequence {v, }22 , is said converging relatively uniformly to v €
&, if v, — v(«a) for some a € &. Here, the notation v, — v(r.u.) is employed

which does not explicitly identify the regulator.

Theorem 2.8. If w,, — w(r.u.) and v, — v(r.u.) in the Archimedean vector lattice

&, then v = w.

Theorem 2.9. Let w,, — w(r.u.) and u,, — u(r.u.) in the vector lattice &. Under

these conditions, the subsequent assertions are valid:

1. aw, + Bu, = aw + fu(r.u.) for a, f € R,
2. Wy Aty = w A u(ra.),

3. wy VU, = w Vou(ra.).

Definition 2.11. Suppose & is an Archimedean vector lattice and « € &*. Then,
the series {v,, }»°, is called an a-uniform Cauchy sequence in & whenever, V6 > 0
there exists a corresponding N; € N ensuring that |v, — v,,,| < da holds for all
m,n > Ns.

Definition 2.12. Suppose & is an Archimedean vector lattice and () # 5 C &.
1. Sistermed as relatively uniformly closed (r*-closed) if every relative uniform
limit is contained in §.

2. S is called relatively uniformly complete (r“-complete) if each relatively

uniformly Cauchy sequence in & has a limit.

Definition 2.13. Consider the vector lattice &,

1. The linear subspace § of & is called a vector sublattice (or Riesz subspace) in

& if for any pair w, u € S, sup{w, u} and inf{w, u} € S.

7



2. The linear subspace S of & is called an order ideal (ideal or o-ideal) if § is
a solid subspace of &, that is to say, for any w € S and u € & satisfying
|u| < |w| implies that u € .

3. The o-ideal S of & is termed as a band whenever X C S and w = sup X
implies w € X.

Example 2.1. Consider the subset S # () of a vector lattice &. In this case, S¢ (the

disjoint complement of S) is also an o-ideal of &.

Definition 2.14. Suppose & is a vector lattice and () # § C &.

1. The smallest o-ideal including § is termed as an o-ideal spanned by § and it
is denoted by Ag. If S is a singleton including v then the o-ideal spanned by

v is termed as a principal o-ideal and it is denoted by 7,.

2. The smallest band including S is said to be a band spanned by $ and it is
represented with by {S}. If § is a singleton including v then the band spanned
by v is said to be a principal band and it is denoted by {v}.

Definition 2.15. In a vector lattice &, the element e > 0 is termed as a weak order
unit if {e} = &, i.e., {e}¢ = {0}. In particular e is termed as a weak order unit
whenever for any w € &, e A w = 0 implies w = 0.

Definition 2.16. In a vector lattice &, the element e € & is termed as a strong order
unit in & if 4, = &. That is, for every v € & there is an element n € N satisfying

lv| < ne.

Definition 2.17. The vector sublattice S of a vector lattice & is called order dense (

or o-dense) in & if for each v > 0 in & there exists w € & ensuring that 0 < w < v
holds.

Theorem 2.10. The o-ideal S in a vector lattice & is termed o-dense iff S¢ = {0}
(i.e., 5% = &).

Theorem 2.11. For a vector lattice &, the assertions below hold:

1. If 7 is an o-ideal in & then 7 is also a vector sublattice in &.
2. Any vector sublattice of an Archimedean vector lattice is Archimedean.
3. {0} and & itself are bands in &.

4. If 7 is an o-ideal of & thenv € J iff |v| € J.



Theorem 2.12. (Theorem 22.3, [5]) For a vector lattice &, the assertations below

are equivalent:

1. & is Archimedean.
2. {8} = {5} holds when ) # 5 C &.
3. Forany band S in &, S = $% holds.

Definition 2.18. Let & be a vector sublattice of the Dedekind complete vector lattice

K. Then, X is termed as a Dedekind completion of & if for each w € X satisfies
w=sup(v:ve&&v<w)=inf(u:ue & u>w).

Definition 2.19. The linear operator v : & — .% between the given vector lattices
is termed as a lattice homomorphism (or Riesz homomorphism) iff the equalities
y(w A v) = y(w) A~y(v) or similarly v(w V v) = y(w) V v(v) are satisfied for all

elements w,v € &.

Theorem 2.13. (Theorem 2.14, [6]) The statements below are equivalent for the

linear operator v : & — F between the given vector lattices & and .7 .

1. v is a lattice homomorphism.

2. y(wt) = y(w)" satisfies Vw € &.

3. |y(w)| = ~(Jw]) holds Vw € &.

4. y(w Au) =y(w) A y(u) satisfies Vw,u € &.

5. It follows from w A u = 0 that y(w A u) = 0 Vw,u € &.

Notice that,
Y(w") =y(wV0) =v(w) Vy(0) =y(w)" >0

forall w € &, that is to say, the lattice homomorphism ~ is also a positive opera-

tor.

Definition 2.20. A linear, bijective Riesz homomorphism between vector lattices
is called a Riesz isomorphism (or lattice isomorphism). Moreover, asssume & and
Z are vector lattices. They are considered lattice isomorphic if there is a Riesz
isomorphism such that v : & — 7.



Theorem 2.14. (Theorem 2.15, [6]) Let v : & — F be a linear, one to one, onto
operator between vector lattices. Then -y is termed as a lattice isomorphism iff -y

and v~ are both positive operators.

Definition 2.21. The order bounded operator 7 from the vector lattice & into itself
is called an orthomorphism if w L v implies 7(w) L v holds Yw,v € &.

Note that, all orthomorphisms are d-homomorphism, which means |7(w)| = |7|w]|
Yw € &.

Theorem 2.15. In the vector lattice &, every positive orthomorphism is also a lat-

tice homomorphism.

Theorem 2.16. Any orthomorphism 7 in an Archimedean vector lattice is called

order continuous.

Theorem 2.17. Let Orth(&) be the set of all orthomorphisms on an Archimedean

vector lattice &. Then Orth(&) is also an Archimedean vector lattice, such that
(M1 Vr)w=mwVnw and (71 A To)w = Tqw A Tow
hold for w € & and for any 11,7 € Orth(&). In particular,
7w = |7w|, (7Hw = (rw) Tand(t7)w = (Tw)”

hold for w € & and for any T € Orth(&).

; u

Theorem 2.18. Suppose & is a r“-complete Riesz space then Orth(&) is r"-

complete as well.

Theorem 2.19. (Theorem 1, [7)]) Let S be a subset of the vector lattice & such that
S = & and let 71, T be the orthomorphisms in &. If mw = mw for all w € S
then 71 = 1 on &. That is to say, if e is the weak order unit of & and T e = Tye

holds then 71 = 19 on &.

Definition 2.22. The vector lattice & is termed as a lattice ordered algebra (or Riesz
algebra) when there is an associative multiplication in & that adheres to standard

algebraic axioms such that wv € &7 for every w,v € &7.

Definition 2.23. The lattice algebra .7 is termed as an almost f-algebraif wAv = 0

in o implies wv = 0.

Definition 2.24. The vector lattice .7 is termed as an f-algebra if w A v = 0 in &/
implies wu A v = 0 and uw A v = 0 hold Vu € /.

10



Theorem 2.20. In an Archimedean vector lattice Orth(&), there exists a multi-

plicative structure ensuring that
(Tng)w =T (TQ)U)

holds and Orth(&) is an Archimedean unitary f-algebra (with respect to the mul-
tiplication above) with the identity mapping as unity.

Theorem 2.21. Let T be an orthomorphism on the Archimedean unitary f-algebra
/. Then there is a T,, € Orth(</) for a uniquely determined w in <7 .

Theorem 2.22. In a unitary, r*-complete f-algebra <7 for any w € <f there exists a

uniquely determined v € < ensuring that v? = w holds. This can also be expressed

by v = \/w.

11



3

VECTOR SUBLATTICES AND SUBALGEBRAS IN
ARCHIMEDEAN F-ALGEBRAS

Theorem 3.1. (Theorem 142.1,[5])In any Archimedean f-algebra </ the state-

ments below hold.

1. w 1 wimplies wu = 0.
2. wwt = (wh)? > 0and w? = (w*)* + (w™)* >0, forallw € o/'+.

3. (wVu)?=w?Vu?and (wAu)?=w? Au® holds Vw,u € &

4. |wu| = |w||u| hold Vw,u € <.
Proof. 1. Given any w, u in o7 satisfying w | u, then by Definition wu L
w and similarly wu 1 wu. Hence wu = 0.

2. Considering w = wt — w™ we write

2

w* = ww
—wwm —wtw —w w" +w w
= (wh? —wrw —w wh + (w)2

Thus, by Theorem [2.3]2 and Theorem [3.1}1, we obtain w? = (w*)? +
(w™)? > 0.

3. For the first one

(wAu)? = {w(wAu)} A{u(wAu)}
= w? A wu A vw A u?

= (w?* Au?) A {(wu) A (uw)}

12



By Theorem 3.4.vi, [8] we have, w? A u? < (wu) A (uw). Hence, we obtain
(w? Au®) A {(wu) A (uw)} = w? Au?.
For the second one,

(wVu)? = {wwVu)}Vv{iuwVu)}
=w?Vwu Vuw Vu?

= (w?* v u?) Vv {(wu) V (uw)}
From Theorem 3.4.vi, [8] we have w?Vu? > (wu)V (uw) . Hence we obtain,

(w? vV u?) V {(wu) V (vw)} = w? Vv u’.

. Considering wt L w™ and using Theorem 14.2.iii, [3]] we write,

(whu™ +w u”) L (whu” +w uh).

Let f = wru™ +w v and g = wru™ +w u™ then,

f—g=wur+wu —wru —w ut
=wt(ut —u™) —w (ut —u")
= wu.

Notice that, f, g are disjoint then, Theorem [2.5]1 yields us f = (wu)" and
g = (wu)~. Consequently,

lwu| = (wu)t + (wu)” = f+g=(wTu" +wru") + (wu +w ut)
= (w +w7)(u" +u”)

= [w]lul.

Theorem 3.2. (Theorem 3.7, [8|]) ]) For a semi-prime f-algebra <f, the assertions

below

1.

2.

Proof.

hold.

w L uiffwu = 0.

Forall w,u € &/ w? < u? holds iff w < u. Hence, w? = v? iff w = u

1. In the previous theorem, we have proved, w L u implies wu = 0.

13



Conversely, suppose now that wu = 0. Then, we have
(Jwl A ful)? = (Jw] A ul)(Jw] Alul) < Jwllul = [wu| = 0.

As o7 is semi-prime, |w| A |u| = 0, that is to say, w L u.

2. Let 0 < w < w. Then, we have w? = ww < wu < uu = u>.
Now, for the converse, assume that w? < u?, but 0 < w < wu does not hold.
We have w A u < w. Subsequently we can find v > 0 € & satisfying
v+ w A u = w. In this case, v? + (w A u)? < w? with v? > 0. Since & is
semi-prime, w? = w? A u? = (w A u)?* < w?, which means we now have a

contradiction.

Theorem 3.3. (Theorem 142.5.iii, [3]) Every Archimedean unitary f-algebra is

semi-prime.

Let 7 be an Archimedean unitary f-algebra. Suppose that w € 7 such that w? =
0. Define an orthomorphism 7, in 2/ by 7,v = wv for all v € &/. Then, T,w =
w? = 0and 7,v = wv = 0 for all v € {w}? Hence 7, equals 0 on the set
D = {w, {w}¢}. Since P = & and 7, = 0 on D, by Theorem Tw = 0 on
.

Theorem 3.4. [9] Every Archimedean f-algebra is commutative.

Proof. Let o/ be an Archimedean unitary f-algebra. We will first show that all
positive elements are commutative in 7. Note that wAv = 0 in .« implies wv = 0.
Furthermore since .27 is an f-algebra w A v = 0 implies wv A v = 0, that is to say
wv € {v}?. Moreover, it follows from v L {v}¢ that wv L {v}%. Hence wv = 0.
Similarly, of course, vw = 0 as well.

Now let u € &/ . We show that uv = vu for all v € &/ . In order to achieve that,
we define the operators 7; and 7,. in &/ by 7ju = uf and 7,.u = fu for all f € <.
Note that from p. 61, [8], 7, and 7, are positive orthomorphisms in /. For all
positive element v € {u}? we have v Au = 0. Hence, from the result in the previous
paragraph uv = vu = 0. That is to say, v = v = 0 forall 0 < v € {u}?,
which means 7,f = 7.f for all f € {u}¢. Additionally, u = T,u = u?. Let
D = {u, {u}?} be the subset of «7. Then, D% = {0}, (i.e, D is an o-dense subset
of o). Moreover, 7; = 7, on D. Therefore, by Theorem we obtain uv = vu
holds Yu,v € &7 *.

14



For the second part, to prove all elements commute in .o/ , take arbitrary w, z € .7,

wz=(w"—w7 )=t -27)

=wzt —wrz —w 2T +w 2™

=ztwt — 2wt —ztw + 2w

=(z"—27)(w" —w)

= zw.
|
In this paper, we focus solely on Archimedean f-algebras and Archimedean vector

lattices. Moving forward, whenever we mention f-algebras or vector lattices, we

mean they are Archimedean.
Proposition 3.1. (Proposition 2.1, [2]) Assume <f is an Archimerdean f-algebra
possessing the unity e. In that case, the statements below hold true Vw € </ ™.

L. 0<w—wA (ae) <a'w? aeN, sowA (ae) T w(w?)

2. 0<w—wA (aw?) <ale, a €N, sow A (aw?) t w(e)

Proof. 1. From Theorem [3.1]2 above, (w — ae)(w — ae)t > 0, and so

0<w—wA (xe)
=w+ (—w) V (—ae)

=0V (w— ae)

= (w— ae)t

<at'ww—ae)t <a'w?, a €N,
2. This statement is proven in the same way.

Lemma 3.1. (Lemma 2.1, [|10]) Suppose that {wy; k = 1,...n} is a sequence in the

vector latticce & and let uw € & such that

1. |wk - wk+1| <,

2. inf(wy, ...,w,) <u and sup(wy,...,w,) > —u.
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Then, inf(|w,], ..., |w,|) < u.

Lemma 3.2. (Lemma 3.1, [2]) Let 0 < w < v be elements in the Riesz space &.

Then,
k
/\ {|w ——v| k= O,l,...,n} <n
n
k

holds for all n € N.

Proof. Writing uj, = w — fv, (k = 0,...,n). It is evident that uy is a decreasing

sequence since 1y > Uy > ... > U,. On the other hand,

_ — _k, _ k1l — 1
L fug = tpgr] = |w — Jv —w + 20| = S0,
2. ul/\ug/\.../\un:un:w—%v:w—vgog%v,

3. ul\/u2\/...\/un:u1:w—%02%v.

In view of the previous lemma, we conclude that
1
[ur| A Jug] A oo Aug| < —v
n
Which means

k
/\{]w—ﬁm:k;:o,l,...,n} <n ' VneN
k

Theorem 3.5. (Theorem 3.2, [2|]) Suppose </ is an f-algebra and w < v € /™.
In this case there exists elements u,, in the vector sublattice which is spanned by w
and v such that

0<w?—wu,w<n2? VneN.

Proof. Writing, forn =1,2, ...
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Hence, u,, > 0. Since vector spaces are closed under scaler multiplication and

addition, u,, is in the vector sublattice which is spanned by w and v. Furthermore,
w? — v = w? — V{Qaw —oa*vlv
=w? + /a\{azv — 2aw}v
= w? + ;\{&21)2 — 20wv}
= /\{w:— 20wv + o*v?}

= M(w—av)?}.

Squaring the inequality in Lemma [3.2] we obtain

/\{(w —av)’ia=—, k=0,1,...,n} <n %%
n
k

In summary,
0<w?—u,w<n? VYneN.

Corollary 3.1. ( /|8]) Suppose that <of is an f-algebra possessing unity e.

1. If w < e € & then, we can obtain a sequence u,, in the vector sublattice &

which is spanned by e and w satisfying u, — w?(e).

2. If w > e, then we can obtain a sequence u,, in the vector sublattice & which

is spanned by e and w satisfying u,w — e(w?).

Theorem 3.6. (Corollory 3.12.1, [|11|]]) Assume <f is a semi-prime, r"-complete f-

algebra and w < v € /. In that case, there exists an element v in /" satisfying

U}2 = uv.

Proof. The elements u,,

satisfy 0 < w? — u,,v < n~2?v?, which means u,,v — w?(v?). Notice that, u,, is a
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v2-uniform Cauchy sequence. In that case, for all m,n > 0,
UV — upv| < n” %02
UV — upv| — n" 2% <0

(|t — Un| —n"?v)v < 0.

We conclude from the last inequality that
(|t — n| —n"20) v = 0.
Being that o7 is semi-prime, we can write
(|t — Up| —n20)" Av = 0.
Moreover, forall 0 < o <1,

—-1<a-1<0
0<(a—-13)<1

0<2a—a’<1.
It follows from

2

20w — o*v < 20w — *w = (20 — aHw < w < w

that u,, < v Vn € N. Hence (|u,, — v,| —n™?v)T < v.
Uy — up| <020

holds for all m > n. Thereby, we can write u,, — u(v) for some u € &7 *. Likewise
u,v — uv(v?). In conclusion, from Theorem 2.8 w? = uwv. |

The second application focuses on the r“-complete vector sublattices. It has been
proved in (Theorem 3, [12]) that a r“-complete, unitary vector sublattice & of
a unitary f -algebra 7, becomes a subalgebra. This finding is extended in the
subsequent theorem, thus, revealing that a ’Stone-condition” on & is both required

and satisfactory for it to be classified as a subalgebra.

Theorem 3.7. (Stone condition) (Theorem 3.5, [2|]) Assume <7 is an f-algebra with
unity e and & is a r*-closed vector sublattice in <7. In that case, & is classified as
a subalgebra of < iff the condition w N\ e € & holds for all w € &*. In general,

every r"-closed vector sublattice containing unity is a subalgebra.

18



Proof. As a beginning suppose that w A e € & forall w € & and let v € &% such
that 0 < v < e. According to Corollary [3.1]1

Uy = \/{(20w —a’e)tia=

satisfy u,, — v%(e). In addition to this, considering & is a vector space, i.e., it is

closed under scaler multiplication and addition,
(2av — a?e)t = 2av — *(2a'w Ae) (a > 0).

So, u, € & ¥ n € N. Thus, by r“-closedness of &, we get v> € &. Moreover,
consider an arbitrary v € &*. As stated in Proposition 3.1}1, v A ne 1 v(v?).
Therefore, (v A ne)? 1+ v?(v®). We have v A ne < eVn € N and by Theorem [3.1]3
we get (v A ne)?
v? € &. Given the fact that h? = (hT)? + (h™)?, we derive v? € & whenever

v € &. Furthermore, for all y, z € &, the equation

€ & Vn € N. By using r*“-closedness again, we conclude that

1
ye=(y+ z)® —y? — 2%

holds, so that yz € & forall y,x € &.
For the reverse direction, suppose that & is a subalgebra of .o7. It will be enough to
show that w A e € & Vw € &. To do this, define

k
vn:\/{Qa(wQ/\w)—asz:a: -, k:O,...,n}.
n
k

Then, writing
2a(w? Aw) — o*w?® = 2aw[(w A e) — (a*w))],
we obtain v,, € &. Furthermore, forn = 1,2, ...

w2/\e—vn:w2/\e—\/{2a(w2/\w)—oz2w2:a:
k

o
I
=
S
—

:w2/\6—|—/\{a2w2—2a(w2/\w):a:
k

| o ;%“Iw 3| =
e
Il
“O
=
——

:/\{w2Ae—2aw(wA€)+a2w2:a:
k

o
I
=
S
—

—— S

k
/\{(w/\e—&w)Q:a:E:k:O,...,n
k
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By Lemma[3.2] we derive that
0<w?Ae—uv, <n 2w

which means v,, T w?Ae. Since & is r-closed, then, w?*Ae € &. So, (nw?)Ae € &.
Further, from Proposition [3.1]2

(n(wAe)*)A(wAe) = (n(w?Ae)AleAw) = (nw? Ae) Aw = nw?* AeAw T wAe(e).
Consequently, It follows, (nw?) Ae Aw € & thatw Ae € & Vn € N.

Example 3.1. Consider the f-algebra o/ = C([0,1]). Then, &, which contains all
piecewise linear functions, is a subspace of <. Despite the fact that & contains the

unity, it is not r-closed, so & cannot be classified as a subalgebra of <7 .

Example 3.2. Suppose <7 is a unitary f- algebra which is defined by
o = {r € C(R") : there is a polynomial p, satisfying k(w) = p.(w)}.

Consider the subspace & = {k € 4 : p,,(0) = 0}. Notice that & is not r*-closed.
Indeed, let i(w) = w for all w € RT. Then, (n ') Ve € & and (n"Y) Ve —
e(i) Yn € N. However e ¢ &. Consequently the Stone condition is not applicable
to &, sincei € &andeNi ¢ &.

Proposition 3.2. Let & be a Dedekind o-complete vector lattice withw < v € &.
Then, there exists T € Orth(&) such that Tv = w.

Remark 3.1. Consider the vector lattice &, which is r“-complete and possessing the
strong o-unit e. Then, e is also a strong o-unit of the Dedekind completion & of
& . The foregoing proposition implies the existence of the unique orthomorphism
7o € Orth(&) for any 10 in &, ensuring that 7ze = 0 holds, since {e} is o-dense in
. Defining

WY = Ty (3.1)

we establish that & is an f-algebra with unity e. The application of Theorem
is crucial, as it reveals that &, a r%-closed vector sublattice of & containing
e becomes a subalgebra of & under the multiplication In summary, introducing
a multiplication in & transforms it into an f-algebra with e as the strong o-unit and
the multiplicative identity. This multiplication also extends seamlessly to the vector

space complexification & + i& of &.
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Let & be a r“-complete vector lattice. In that case, we can add a modulus into
E+i& ={9:9 =w+iv,w,v, € &} (p. 166, [2]) with respect to the formula

|9 = Jw+iv] = sup{Re(e™* ) : 0 < § < 21} = sup{wcosf+vsind : 0 < 6 < 2},

To demonstrate that the supremum on the RHS exists, let f(6) = |wcosf + vsind|,

e = |w| + |v| and define
fo=sup{f(2rk2™"): k=0,1,...,2"} Vn € N.
Let m < n we have

[fn = finl = |sup{f (2mk27")} — sup{f (2k™™)} : k = 0,1, ...,2"|
and applying Birkhoff’s inequality we get

< sup {|f(2rk2 ™)} = {f@rk™)|}
= sup {||w cos (2k2™") + vsin (27k27")| — |w cos (27k2™™) 4+ vsin (2wk2™™)| |}

for k = 0,1,...,2". Moreover, applying ||t| — |s|| < |t — s| we obtain

< sup{|w cos (27k27") 4+ vsin (2rk2™") — w cos (27k2™™) — vsin (20k27™)|}
= sup{|w(cos (2mk2™") — cos (2mk2™™)) + v(sin (2wk27") — sin (27k27™))|}
= sup{| — 2wsin (7k(27" 4+ 27")) sin (7k(27" —27™))

+2vcos (mk(27" 4+ 27™)) sin (7k(27" = 27™))|}
sup{| — 2wl|mh(2" — 27| + [20]lk(2 7" — 27™)}
=[| —2wr(2™" =27") + 2um(27" = 27™)|] sup | K|
[| — 2w + 2v|(w (27" = 27™)]2".2
< (] + o) (r(2" — 2202

IN

229" — eg,

€
< (jul + Johr -

Consequently, we have showed that f,, is an increasing e-uniform Cauchy sequence,
that is, f, T f(e) for some f € &. Therefore, we have obtained the desired

supremum f.

Theorem 3.8 (The complex Riesz decomposition property). Assume & + i& is the
complexification of a r*-complete Riesz space & furnished with the given modulus.
Ifwv e &and V) = y+iz € &+ i& with |¥] < w + v then there exist Uy ,
Vo € & +i& such that ) = Y1 + 99 and |91| < w, 92| < v.
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Proof. Let e = w + v. The principal o-ideal 7, = {y € & : |y| < ke, k € R*}
spanned in &, is a r*-complete vector lattice possesing the strong o-unit e. Then,

we have a r*-complete vector lattice furnished with (.) such that (p. 166, [2])
T+, ={pe&E+if :|¢| < ke, k € RT}

By Stone condition 4, + iJ, turns into an f-algebra, under the above multiplication,
with e as a unity. Notice that we can write ¥, = Yw and 95 = v (Theorem 12.10.1,

Theorem 12.12, p. 90, [_8]. A simple arithmetic reveals that
U+ =dw+ v =9 (w+v) =vde =1

On the other hand, observe that multiplication by a positive element in an f-algebra

is order continuous (Theorem 8.6, [8]). Then,

01| = [Yw| = |(y.w) + i(z.w)|
= sup{(y.w) cosf + (z.w)sinf 0 <6 <27}
= sup{ycosf + zsinf 0 <0 < 2r}.w

= |dw < ew = w.
For the other one,

[02] = [9v] = [(y.v) +i(z.0)]
= supq{(y.v) cosd + (z.v)sinf 0 <6 < 27}
= sup{ycosf + zsinf 0 <60 < 2r}.w

= |[].v <ew=n.

Remark 3.2. Consider two semi-prime f-algebras o7, 4 together with the algebra
homomorphism v : &/ — 2. Notice that, if w A v = 0 in &/ we have wv = 0. It
follows from Theorem [3.2]and y(wv) = y(w).y(v) = 0 that y(w) L v(v). So 7y is
disjointness preserving. Furthermore, from the equality

(vw])? = y|w]* = yw® = (yw)?,

we get |y|lw|| = |yw| for all w € &/, which means ~ is a
d-homomorphism (disjointness preserving). Since every positive disjointness
preserving homomorphisms are lattice homomorphisms (p. 113, Theorem 2.40, [6])

then the algebra homomorphisms v : &/ — £ said to be a lattice homomorphism
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iff «y is positive.

Theorem 3.9. Let o7 and % are semi-prime f-algebras, with the additional assump-
tion that <f is r"-complete. In that case, every algebra homomorphism ~y : of — %

is also a lattice homomorphism.

Proof. Given the foregoing observations, it is sufficient to demonstrate the
positivity of . Notice that the proof is almost trivial when <7 has a unity, via
Theorem Indeed, for all w € &/ there is a uniquely determined 0 < v € &/

satisfying v? = w. Thus,

However, according to hyphothesis, .27 is only semi-prime. So, <7 is r"-complete
by Theorem2.18| Orth(</) must be as well. Besides, from Theorem Orth(<)
is an f-algebra with a unity mapping as a unity. Now let w € «/*. By Theorem
12.8, [8] <7 is an r-ideal in Orth(</), ie. , waw? € &/, observe that there is
v € &/ such that v?> = w3. Hereby,

0 < 7(v)? = (V) = Y(w®) = P(w)®.

Then, by Theorem2.5[1. ~(w)? = (y(w)*)? — (y(w)7)? since (y(w)*)> L
(y(w)™)3. It follows v(w)® > 0 that, (y(w)™)* = v(w®)~ = 0. Further, by the
fact that Z is semi-prime, (y(w)™)? = (y(w)")(y(w)™)? = 0, i.e., y(w)” = 0
which means y(w) > 0. |

Theorem 3.10. Assume </ is unitary and A is semi-prime f-algebras. In that case,
the algebra homomorphism vy : &/ — 98, which is order bounded, is also a lattice

homomorphism.

Proof. As we previously stated, showing that v : &/ — £ is positive will lead us
to the desired result. For this purpose, suppose that unity e and w are the elements
in 7 such that 0 < w < e. Further, let

1 k
vn:§/k\{ae—|—a_1w:a: E:k: ,...,n},
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Now, let w € &7 be chosen, satisfying 0 < w < e. By Corollary [3.1]1, there is a

sequence

k
an\/{2aw—a26:a:ﬁ:kzo,...,n}
k

such that 0 < w? — v,, < n~2e. Then,
0 < v(w?) —y(v,) <n 2y(e) ¥n € N.

So, v(v,) — v(w?)(r.u.). It follows from 7 is a lattice homomorphism that,

v(vn) = \/{2047(10) —a*y(e)ra= % tk=0,..,n}

k

Using Corollary 3111 for the f-algebra {7(e)}% with unity ~(e).
0 < y(w)? —~(v,) <n?y(e) Vn € N,

which means, y(v,) — v(w)?*(r.w.). In view of Theorem we derive that,
y(w?) = y(w)* > 0when 0 < w < e.

For the general case, let w € &/ be chosen arbitrary. By Proposition [3.1li. wAne 1
w(w?),that w? A n’e T w?(w?). Then, y(w? A n%e) 1+ v(w?)(r.u.). By the above
result and Theorem [3.1].3,

v(w? AnPe) = y((w Ane)?) = (v(w) Ay(ne))? = v(w)* Any(e).
Further, we have, y(w)? A n?y(e) T v(w)?. Therefore, v(w?) = v(w)? > 0 for all

we AT, [ ]

Corollary 3.2. (Corollary 5.5, [2]]) Asumme that of and 9P are f-algebras, pos-
sessing unities e and eg. The positive linear mapping vy from <7 to A satisfying
v(ea) = ep, (which characterizes v as a Markov operator) is a lattice homomor-

phism iff v is an algebra homomorphism.

Lemma 3.3. (Lemma 5.6, [2|]) Consider the f-algebra <7/ with unity e and let
w,v e AT, Ifforalla € R

a*w+2av+e>0

holds, then v* < w.
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Proof. Letu, = [v — £| (k=0,...,n?). Then,
lup — upy1| = [n7te] < nt(e* Vo) <=n"t(e Vv)?

Moreover, since uy, is decreasing A(ug, U1, ...u,2) = U,z = v — ne. Furthermore,

the inequalty —ne < —v A ne always holds and using Proposition we derive [3.1}i ,
v—ne<v—vAne<n 'w?<nt(vVe)
Applying Lemma [3.2]and [3.1] we get

/\{|v—§| k=0,1,..,n*} <n v Ve)? (3.2)
n
k

Now, using the hypothesis

a?w+2av+e>0
20w+ ea?> —w
V420 vtea >0t —w

(v+ate) >0 —w

Squaring the inequality [3.2]Vn € N we have
ko 2 —2 4
/\{(v——) :k=0,1,..,n°} <n“(vVe)
n
k

So, we derive v — w < n~2(v V e)*. Consequently, since ./ is Archimedean,

v —w < 0. |

Definition 3.1. (Definition 18.6, [13]) Assume S is a subset of the linear space L.
In that case, S is said to be a convex set if the conditions o, € Sand 0 < 5 < 1
imply Sag + (1 — B)as € S.

Definition 3.2. (Lemma 4.4.3, [14]) Assume £ is a linear space and S be a convex
set of L. In this case a € S is called the extreme point of £ iff a; + as € S and
a; — ag € Simply as = 0.

Theorem 3.11. (Theorem 5.7, [2]) Suppose </ and B are f-algebras possessing
the unities e.; and ey. Let M = {vy : o — B : ~linear, v > 0, and (e ) =
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e} be the convex set of Markov operators. Then, v is a lattice homomorphism with

V(e ) = eg iff v is an extreme point in M .

Proof. Suppose 7 is an extreme point in .# and let 0 < w < e,. Then, by the
positivity of v, 0 < y(w) < v(e) = ey. Define a linear operator k : &/ — A
such that

rw = y(wv) — yw.yv Yo € o

Then, with some calculation we get

(Y4 K)ey = Yey+hey =ez+7y(esv)—7(ey) v =ez+yv—v = ez. (3.3)
Furthermore, for 0 < w € &

(v+R)w = yw+kw = yw+y(wv) —yw.yv = yw(eg—yv)+y(wv) > 0. (3.4)

Using equality and inequality we derive that v + x € . Similarly,
v — Kk € M. Thus, we get kK = 0. Then y(wv) = vy(w).y(v) Vw € & such
that 0 < w < e, . Furthermore, Proposition3.1}i yields us y(wv) = ~(w).y(v)
Vw, v € <. Thus, by Corollary [3.2] ~ is a lattice homomorphism.

Conversely, assume ¢ is a lattice homomorphism with ¥(e,,) = ey and 7 is
positive, so v € .# . Moreover, let v = %(’71 + ) withy1,v1 € A . For (n = 1,2)

we have
0 < Yo((aw + e4)?) = a®y, (W?) + 2.9, (w) + ey Va € R.

Applying Lemma[3.3] we get (y,w)? < 4,(w?) (k = 1,2). Moreover,

A7) = 3+ 1)) = S0 w) + 397 2 () + 5r(w)’

Since v is an algebra homomorphism then (yw)? = v(w?). So

(’Yw)z = (%(’Yl(w) + %’yg(w))2 = i 1 1 2
1
2

(mw)? + 5(’7110)(’7210) + 1(7210)

Consequently, we derive

1 1 1 1

Z(”Ylw)Q - 5(”7110)(7210) + Z(’Yzw)2 = 5(%(“1) — Y2(w))? < 0.

It follows squares in f-algebras are positive, that (7, (w) — y2(w))? = 0. Finally, as
</ is semi-prime, v; (w) = Y2 (w) forall 0 < w € 7. [
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This section deals with the conditions for a r“-closed subalgebra in a unitary
f-algebra to be regarded as an o-ideal. While Theorem confirmed that any
r“-closed o-ideal is also a two sided ring ideal ( or algebra ideal ), we now focus on

the reverse scenario — when a r*-closed algebra ideal can be considered an o-ideal?

Theorem 3.12. (Theorem 6.1, [2)]) Assume that <f is an f-algebra which possess-
ing the unity e. If 7 is a r"-closed, two-sided ring ideal (or algebra ideal) in <7,

then 7 is also an o-ideal in <.

Proof. First,let0 < w < v withv € 7 and from Corollary 3.1}ii. we have u,, € &+

) for some o > e. Now if we write o = (v + €)?

satisfying u, (v + ce) — e(e”
we obtain, |ug(v + ee) — e| < ea for a proper k € N. Since 7 is an algebra ideal,

wurv € J. Furthermore
upw < ug(v +ee) < e+ ea < 2
So, using a > e and o > v > w we derive

lw — wuv| = wle — upv| < wle — uk(v + ce)| + eupw < ewa + 2ea
<ea?+2:a® (3.5)

= 3ea’

Now, If we pute = n~!, we get the sequence z,, = wu,v in 7 such that z,, — w(a?).
By the hypothesis, 7 is 7“-closed, thus, w € 7, i.e., 7 is solid.

For the second part, let w be an arbitrary element in 7. So w? € 7 as well. Observe
that 0 < |w| A nw? < nw?, Vn € N. By the foregoing result we have |w| A nw? €
g, ¥n € N. From Proposition [3.1}ii, we get |w| A nw? 1 |w|(e). Finally, 7 is

r*-closed thus, |w| € 7. That is to say, 7 is a subspace of <7 |

Example 3.3. (Example 6.2, [2]) Consider the non-unitary f-algebra o/ = {§ €
C([0,1]) : 0 < ngi for some ng € N} and define r"-closed algebra ideal in
C([0,1]), 1 = {wi:w e C([0,1])}. Let f € <f such that

w|sinw ™ if 0<w<1,

ry={ A

Notice that, 0 < |sinw| < 1 which means, 0 < f(w) < w = i(w). However, f is
not continous at 0, that is, f ¢ C([0,1]). Therefore, J is not an o-ideal in < .

Herewith, Example has shown that the assumption in Theorem that .o/ is

unitary is essential.
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Theorem 3.13. (Theorem 6.3, [2|]) Let S be a r*-closed subalgebra of C(X) with
the additional assumption that X is a topological space. In that case, S is a vector

sublattice of C(X).

Proof. Initially, take X=R and consider any r*“-closed subalgebra § of C'(X) with

i(w) = w. Notice that the function

. w if0>w
|i| = [w]| = .
w if w <0,

is continuous in R thus |i| € C(R). Then, from the well-known Stone—Weierstrass

theorem, we could obtain a polynomial without constant term such that
[pn(w) = |w|] < 47", Yn e N
and for all w € [—n,n]. Since i € S, p, € S, Vn € N as well. Moreover,
2" |pn(w) = Jw]] <27 on [=n,n].

Then,
Flw) =>"2"|pa(w) — |w|
n=1

converges pointwise on R. Consequently We obtain that f € C(R). Furthermore,

by the following expression
[pn(w) = |w|] <27 f

we get p, — |i|(f), so |i| € 5.
For the general case, consider an arbitrary r*-closed subalgebra § of C'(R) and let
h € S. Define L by

L={g€C(R):gohes}

Let f,g € £L whichmeans f o hand go h € S. Then,

(fog)oh=fo(goh)es

Thus, (f o g) € L. Thus, L is a subalgebra of C'(R). Furtermore, notice that
(ioh) = h € Sthen also i € L. Consequently, by the foregoing paragraph we get
li| € £. Hence, ||i] o h| = |h| € S and so S is a vector sublattice of C'(X). |

Theorem 3.14. (Theorem 6.5, [2]) Assume that <7 is an f-algebra possessing the

unity e and S be a r"-closed subalgebra of <f. In that case, S classified as a sub-
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space of & iffw ANe € S forallw € ST.

Proof. Theorem has shown that when a r“-closed vector sublattice § is also a
subalgebra then w A e € S for all w € $*. Conversely, suppose now that § is
a r"-closed subalgebra of .« with w A e € S for all w € ST. In that case, it is
sufficient to prove that |u| € § Vu € §.
Take u € S so, u> € ST. Then, by the hypothesis u?> A e € S. Moreover the
following series

© /1

; (2) [(u* Ae—e)" —e"]
converges-e uniformly to |u| A e (pp. 307-313, [15]). The partial sum of the series
above are polynomials in u? A e and thus, members of S. So, by r“-closedness of §
we obtain |u| A e. Take u = n~1u, we get |u| A ne| € S (n=1,2,...,n). By means
of Proposition 3.1lii, we write |u| A |ne| 1 |u|(u?). Therefore, |u| € S. |
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4

THE IMAGE SPACE OF RIESZ
HOMOMORPHISM DEFINED ON F-ALGEBRAS

Consider an Archimedean f-algebra .27. Then, by Theorem Orth(<7) is also
an Archimedean f-algebra possessing unity / (identity orthomorphism). Let 7,
denote the multiplication by an arbitrary w € .o7. Then, it follows <7 is an f-algebra
that 7,, € Orth(<). Thus, we can define an operator ¢ as follow

¢ 1 — Orth(<)

W — Ty

Proposition 4.1. (Proposition 12.1, [8|]) For an operator ¢ : o/ — Orth(</) the

statements below are valid.

1. ¢ is Riesz and algebra homomorphism
2. ¢ isinjective iff &/ is semi-prime
3. ¢ is bijective iff </ is unitary.
Proof. 1. Take w,v € & with w A v = 0. Then, for all z > 0 we have.
(Tw A7)z = (Tw2) AN (Tpz) =wz Avz=(wAv)z=0z=0

So, 7, A 7, = 0, which means, ¢ is a lattice homomorphism. Further, for

arbitrary f, g € o/ we can write

Trgh = (fg)h = f(gh) = 74(gh) = T47,h

forall h € 7. Thus, 74, = 747, that is, ¢ is an algebra homomorphism.
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2. Assume ¢ is semi-prime and ¢(w) = 0. Then, ¢(w) = 7, = 0. Therefore,
Tow = w? = 0. It follows from ¢ is semi-prime that, w = 0. Hence ¢ is

injective.

For the opposite direction, suppose ¢ is injective and w? = 0 in c¢. Then,
7w = w? = 0 on {w} U {w}?. Since {w} U {w}? is an order dense subset
of &7 then, 7, = 0 on <. It follows from ¢ is injective that w = 0. So ¢ is

semi-prime.

3. For the forward direction, assume ¢ is bijective and let / be the identity
mapping in .. Then, ¢! (I) becomes the unity of o7
For the other one, assume .27 is unitary so, <7 is also semi-prime. Then, by
the above ¢ is injective. Moreover, for all 7 in Orth(<7) there is a w € </

such that 7,, = 7, which means ¢ is surjective.

Proposition 4.2. (Proposition 2.2, [16]) Suppose <f is an f-algebra and w,u &€
AT, Then, 0 < wu — wu A nu < n  wu? holds ¥n € N .

Proof.

0= (wu —nu)* A (wu —nu)~

(wu —nu) VO] A [(nu —wu) V0]

[
= [wu + (—nu) V (—wu)] A [nu + (—wu) V (—nu)]
[wu — (nu) A (wu)] A [nu — (wu) A (nu)]

Since <7 is an f-algebra, we may write

0 = [wu — (nu) A (wu)] A [wu — (n™'wu) A (wu))
= [~wu + (nu) A (wu)] A [—wu + (0" 'w?u) A (wu)]

So

wu = [nu A wu] V [~ w?u A wul

Using the equality in Theorem [2.4]5, we get
nu A wu + w?un”t Awu = wu + [nu A wu] A [wrun"t A wul
Since [(nu) A (wu)] A [(w?un™') A (wu)] > 0, we write the following inequality
wu < (nu) A (wu) + (wun™) A (wu)
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Consequently, we obtain

wu — nu N\ wu < n~tw?u A wu < n~tw?u.

Finally, nu A wu < wu always holds, i.e., 0 < wu — nu A wu. Hence

0 < wu —nuAwu < n twu.

Lemma 4.1. (Lemma 3.1, [|16]) If v : &f — A is a lattice homomorphism from
f-algebra to vector lattice . Then, Ker(v) is a ring and o-ideal ({-ideal) in < .

Proof. Ker(y) is a subspace of 7 since it is closed under addition and scaler
multiplication. In addition to this, we have to show that Ker(7) is solid. Assume
that 0 < |w| < |v] and v € Ker(y). It follows from lattice homomorphisms are
positive, that v(0) < ~(Jw|) < 7(|v|). Then, ~ is a lattice homomorphism, so
7(0) < |v(w)| < |y(|v])| holds. Consequently, we get 0 < |y(w)| < 0, which
means w € Ker(y). Therefore, we conclude that Ker(v) is an o-ideal in Z.

For the other part, take w,v € Ker(y).

Y(w.v) = ~y(w).y(v) = 0.

Therefore, Ker (1)) is also an r-ideal.iden [

We are now turning our attention to the range of ~y, denoted as R(~y). Consider an
arbitrary y(w) € R(y). Since  is a lattice homomorphism, |y(w)| = v(|w|) holds.
It follows from |w| € 7, that v(|w|) € R(~y). Hence R(v) is a vector sublattice of
AB.

The Riesz operations in R(7) are

Y(w) Ay(v) =v(w Av) and y(w) V y(v) = y(w V)

for all w,v € /. Moreover, we can introduce the multiplication % in R(7)

formulated as
Y(w) *y(v) = y(wv)
for all w,v € &7. This multiplication is well-defined. Indeed, If w,v,y,z € &

such that y(w) = 7(y) and y(v) = 7(z). So, ¥(w —y) = y(w) —(y) = 0
and v(v — z) = v(v) — vy(2) = 0 which means, (w — y) and (v — z) € Ker(y).

32



Furthermore, since Ker(7) is (-ideal we deduce that

(w—y)v+yv—2z2) =wv—yz € Ker(y)

Then, v(wv — yz) = v(wv) — v(yz) = 0. Hence, y(wv) = v(yz), that is,

Y(w) * y(v) = 7(y) *7(2).

Moreover, "x" is associative. Take ¢, s and r € &7. It follows, 7 is a Riesz algebra,
that ts € & . Then,

2
—~
~
~
*
—~
-2
—~
VA
~—
/\
\_/
~—
«Q

=(t) * (y(s7))
(t(s7))

((ts)r)

(ts) x ¥(r)
*7(s)) * (7).

5
=

v(ts)
= (y(t)

Proposition 4.3. (Proposition 3.2, [|16]) Assume, <7 is an f-algebra, A is a vector
lattice and ) : of — A is a lattice homomorphism. In that case, the image space

R(7) of v becomes an f-algebra under the multiplication * defined as follow

Y(w) x7(v) = y(wo)

Vw,v € <. Besides, if &/ has unity e then, R(~) has (e) as unity.

Proof. Let w,v,z € R(vy) with z > 0 and w A v = 0 hold. It follows from ~ is a
lattice homomorphism that, there exist s, ¢ and r € o7 such that y(s) = w,y(t) =
and y(r) = z hold. Since w A v = 0 then,

wAv="(s) ANy(t) =~v(sAt) =0.

Thus, s At € Ker(y). Furthermore, it follows from Ker(7y) is a r-ideal that
r(s At) € Ker(y), which means y(r(s A t)) = 0. So

1(s) = () = (s At) =7(s = s AT 4.1)

Art) = A(rt) = 4(r(s A1) = A(rt = r(s A1) (42)

33



Additionally, notice that (s — )™ A (s — t)~ = 0 always holds, that is,

0

((s— ) VO) A ((t—s) V0)
(s + (=) V(=5) At + (=s) A (1))
(s— (s AE)) A (t— (s AL)).

Since <7 is an f-algebra, we can write
(s—=(sAt))AN(rt—r(snt))=0.

Thus,
Y(s—=(sAt) Avy(rt —r(sAt)) =0.

Together with 4.1} 4.2]and [4.3] we get

w A (zx0) =y(s) A (y(r)) *(t) = (s) Ay (rt
=y(s—sAt)ANy(rt —r(sAt)) =0

4.3)

Therefore, R(7) is an f-algebra. Further, assume that .o/ possesses the unity e.

Then,
() xv(e) = y(se) = 7(s)
Vs € of. Thus, y(e) is the unity of R(7).

Corollary 4.1. (Corollary 3.3, [|16|]]) Suppose & is a vector lattice. The existence of
a lattice homomorphism from Orth(<?) onto & implies that & and Orth(<f) are

isomorphic as f-algebras.

Proof. Let v be the lattice homomorphism from Orth(&) onto & which means

& = R(7). In the previous proposition we have proved that R() is a unitary

f-algebra. Hence, from Proposition 4.1]3, we conclude that ~ is a bijective lattice

homomorphism.

Example 4.1. (Example 3.5, [16|]])Consider the f-algebra Cy([1,00)) with unity

i(w) =w, Yw € [1,00). Notice that
o ={h € Cy([1,00)) : ih € Cp([1,0)) }
is a semi-prime f-subalgebra of Cy([1,00)). Then,

T A — o
g—hg
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is an orthomorphism of </ for an arbitrary h € <f. So, we can define a mapping as
follow

7 Cy([1, 00)) —Orth()

h—)Th

Vh € Cy([1,00)). Observe that T(hf) = 7(h).7(f) holds for h, f € Cy([1,0)) so
7T is an algebra homomorphism. Moreover for h, f € Cy([1,00)) such that hA f = 0
hold. So we have T(h A f) = 0. Therefore, T is also a lattice homomorphism. To
show the surjectivity of 7, let 7 € Orth(</) and set h = im (i) for all w € [1, 00).
Then, h € Cy[1,00) and 7,(i"') = w(i~1). It follows from i~ is a weak order unit
in o that T, = m. Hence, Cy([1,00)) = Orth(</).

Let us define the operator ¢ : Orth(</) — & such that ¢ (h(w)) = h(2w)/w
holds Yw € [1,00) and all h € Cy([1,00)). Since [h(w)| = P¥|h(w)| holds then,

Y is a lattice homomorphism. However, define

iy { VIID/2 i < e
o) ifwel?).

Notice that, h(2) = h(1). Hence, 1 is not injective.

Example 4.2. (Example 3.5, [|16]]) Consider the multiplication structure on C'(R)
formulated by

foh=wf(w)h(w)

Vf,h € C(R) and w € R. Notice that, C(R) is a semi-prime f-algebra under the
multiplication e. Indeed, If f o f = wf(w)f(w) = wf*(w) = 0 for an arbitrary
f € C(R) and w € C(R) then, f*(w) = 0 which means f(w) = 0.

Furthermore, take f,h € C(R) with f A h = f(w) A g(w) = 0. Then, we obtain
ge fAh=wg(w)f(w)Ah(w)=0VweR

Moreover, let v be the lattice homomorphism from C(R) to semi-prime f-algebra
P defined by

Notice that, y(f) * y(h) = v(f @ h) = 0 holds ¥ f, h € C(R), which means, R(v)

is not semi-prime.

Example 4.3. (Example 3.6, [|16|]]) Consider the unitary f-algebra of real se-
quences with the standard operations and order RY and ~ : RY — RY defined as

Y{antn=0) = {a1n}nzo. Then, [Y({an}n=0)l = Hain}nzol = y({anin>ol) hence
7 is a lattice homomorphism. Observe that, the image space R(y) = {{an},>o :
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a > 0} with the multiplication x formulated as

{an}nso * {Bn}uz0 = {aBn}tu>o

is not an f-algebra. Indeed, given {an},>o and {fn},>0 € R(7). Notice that

{an}t,>o0 A {Bn}n>0 = 0 does not imply {an},>o * {fn}.>0 = {afn}t,>0 = 0
which means R(7) is not almost f-algebra. Thus, R(v) is not an f-algebra.

Proposition 4.4. (Proposition 3.7, [16]) Let </ be a semi-prime f-algebra and
& be a Riesz subspace of </. Suppose that & is equipped with the multiplicative
structure *, ensuring that & becomes an f-algebra with unity e. In that case, the

assertions below are equivalent.

1. & is an f-subalgebra of </ equipped with x, that is, x coincides with the

multiplication in <7

2. e is idempotent in < .

Proof. For the first part, assume 1. holds then, e x e = e. For the other one, assume
e is idempotent. It follows from <7 is a r-ideal in Orth(<7) that o7 has a unity 7. In
addition to this, for an arbitrary w € & such that 0 < w < e. We obtain

0<|we—w|=le—iw<l|e—ile=|e—e| =0
which means we = w. Moreover using Lemma [3.2] we get the following inequality

/\{|w —knte|:k=0,1,...,n} <n'e, neN.

Squaring the both sides, we get

Wk w — \/{—w——e k=0,. }:
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for n € N. In other respects, we can write

2k k? 2k k2
2 1 _ 2 .
w_\/{?w—ﬁe.k—O,...,n}_/\{ nw+n26.k—0,...,n}
1

k k

:é\{(w—§>2:k:0,...,n}§ﬁe

for n € N. From the foregoing inequalites, we get w * w = w? holds V w € &*

whenever 0 < w < e. Subsequently, in view of Proposition 3.1

1
O<w—-—wAne<wsxw—, n€N
n

1
0<w-—wAne<w?-, neN
n

we obtain w * w = w?,Vw € &*. Furthermore, for an arbitrary w € & we can
write w = wT —w™ and wT *w~ = wrw~™ = 0. In conclusion, w * w = w? holds

Yw € &. Moreover, observe that, for arbirtary s, € & we have
s+t s+t s—t s—t
sxt = * — *
=) (%) -(7)- (%)
(st 2 s —1\2
487 2 2

This means, * coincides with the multiplication in 7. [

Theorem 4.1. (Theorem 3.8, [16]) Let v : &/ — A be a lattice homomorphism
from f-algebra <f to semi-prime f-algebra 5. The range space R(7) is a Riesz
subspace and f- algebra with unity ~y(e) under the multiplication * formulated by

y(w) *y(v) = y(wov) Yw,v € .

Then, the assertions below are identical.

1. R(v)is an f-subalgebra of A.
2. 7y is an into algebra homomorphism.

3. v(e)? = ~v(e), that is to say, y(e) is idempotent under the multiplication *.
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CONCLUSION

This study, conducted with f-algebras, can be explored for its potential applicability

to almost f-algebras or d-algebras in the future.
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