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ABSTRACT 

MATHEMATICAL MODELS FOR  
PUBLIC TRANSPORTATION PLANNING 

Abdulkerim BENLİ 
Ph.D. in Industrial Engineering 

Advisor: Prof. Dr. İbrahim AKGÜN 

December 2023 

In this thesis, we propose mathematical programming models and solution methodologies 

for the transit network design problem (TNDP) and transit network design and frequency 

setting problem (TNDFSP). TNDP aims at designing the routes whereas TNDFSP aims 

at determining the routes and their frequencies of the routes to satisfy passenger demand 

in a transit network. The proposed models for TNDP (and TNDFSP) incorporate the 

features of real-life transit network systems and reflects the views of both passengers and 

the transit agency by considering in-vehicle travel time, transfers (and waiting times at 

the boarding and transfer stops, overcrowding and under-utilization of vehicles, and 

vehicle fleet size). Unlike previous studies that simplify several aspects of TNDP (and 

TNDFSP), the proposed models are the first to determine the routes (and their 

frequencies) simultaneously from scratch, i.e., without using a line (and frequency) pool, 

while considering the aforementioned issues such as transfers. We solve the proposed 

model for TNDP by the Gurobi solver and a heuristic algorithm based on the Benders 

decomposition with enhancements including an in-out cut loop scheme, disaggregation, 

and Pareto-optimal cuts. We solve the proposed model for TNDFSP by Gurobi-based 

Node Relaxation Heuristics. The proposed models have been validated using the 

benchmark instances from the literature. We provide the results of what-if analyses 

conducted using a real-world public bus transport network in the city of Kayseri in 

Türkiye. The results indicate that the models produce good-quality solutions compared to 

the state-of-the-art algorithms in the literature and that public transit planners can use the 

models as a decision aid. 

Keywords: Transit network route design and frequency setting problem; urban public 
transportation; mathematical programming; nonlinear mixed-integer programming; 
real-world application. 
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ÖZET 

TOPLU TAŞIMA PLANLAMASI İÇİN  
MATEMATİKSEL MODELLER 

Abdulkerim BENLİ 
Endüstri Mühendisliği Anabilim Dalı Doktora 

Tez Yöneticisi: Prof. Dr. İbrahim AKGÜN 

Aralık 2023 

Bu tezde, toplu taşıma ağı tasarım problemi (TATP) ve toplu taşıma ağı tasarımı ve 

frekans ayarlama problemi (TATFAP) için matematiksel programlama modelleri ve 

çözüm metodolojileri önerilmektedir. TATP, yolcu talebini karşılamak için bir rota ağı 

tasarlamayı amaçlarken, TATFAP, rota tasarımına ek olarak bu rotalar için yapılan 

frekans ayarlanması problemini de ele almaktadır. TATP (ve TATFAP) için önerilen 

modeller, gerçek hayattaki toplu taşıma ağı sistemlerini gerçekçi bir şekilde 

modelleyebilmekte ve araç-içi seyahat süresi, aktarma, (ve ilk biniş ve aktarma 

duraklarındaki bekleme süreleri, araç filosu büyüklüğü, araç kapasite aşımı ve araçların 

verimsiz kullanımı) gibi bir çok faktörü dikkate alarak, hem yolcuların hem de toplu 

taşıma kuruluşunun bakış açılarını yansıtabilmektedir. Her iki problem çeşitli şekillerde 

daha basit ve sade hale getiren literatürdeki çalışmalardan farklı olarak, bu çalışmada 

önerilen modeler, yukarıda belirtilen aktarma gibi hususları dikkate alan ve bir hat (ve 

frekans) havuzu kullanmadan, hatları ve (frekansları) sıfırdan belirleyebilmektedir. 

TATP için önerilen model, Benders ayrıştırmasına dayalı bir sezgisel algoritma ve Gurobi 

çözücüsü kullanarak çözülmüştür. TATFAP için önerilen model ise Gurobi tabanlı 

Düğüm Gevşetme Sezgiseli kullanılarak çözülmüştür. Önerilen modellerin geçerliliği, 

literatürdeki kıyaslama amaçlı kullanılan veri kümeleri esas alınarak doğrulanmıştır. 

Ayrıca, Türkiye'nin Kayseri şehrindeki halk otobüsü ulaşım ağı esas alınarak oluşturulan 

senaryolar için modeller kullanılarak elde edilen analiz sonuçları sunulmuştur. Sonuçlar, 

önerilen modellerin literatürdeki çoğu algoritmadan daha iyi çözümler üretildiğini ve 

toplu taşıma planlamacıları tarafından bir karar destek mekanizması olarak 

kullanılabileceğini göstermektedir. 

Anahtar kelimeler: Toplu taşıma ağı tasarımı ve frekans ayarlama problemi; 
matematiksel programlama; doğrusal olmayan karma tam sayılı programlama; gerçek 
hayat uygulaması. 
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Chapter 1 

 

Introduction 

Immigration from rural areas and increased mobility of people worldwide have led 

to rapid urbanization. As of 2018, 55 percent of the world’s population resides in urban 

areas, which is expected to rise to 68 percent by the year 2050 [1]. This unprecedented 

trend will undoubtedly bring about many issues such as escalating housing costs and 

forcing residents to relocate from downtown and city center to the outskirts, thereby 

increasing the amount of daily commuting and traffic [2]. The ever-increasing energy 

demand by urbanization and the notorious rise in greenhouse gas emissions pose a 

challenge to sustainable urban development. Providing high-quality and efficient public 

transportation is likely the most effective solution for cities to circumvent these 

challenges [3]. However, designing such a public transportation system is difficult 

because several issues need to be considered simultaneously. Firstly, the system is 

comprised of various agents with conflicting objectives. On the one hand, every passenger 

hopes to move from the boarding (i.e., departure) stop at any time to any arrival stop in 

the shortest amount of time possible while still traveling most comfortably throughout the 

journey. On the other hand, the transit agency responsible for the system’s management 

may not have the financial resources to make this possible. Secondly, constraints such as 

the traffic density, the capacity of the vehicle fleet and crew, and the appropriateness of 

the infrastructure need to be considered to develop a solution. Thirdly, transit agencies 

should adopt holistic decision-making principles to sustain the system, which is not easy 

because there are several interlinked and hard problems to solve.   

Ceder and Wilson [4] categorize public transport decision problems according to 

the timeframe into four problems: transit network design, timetable development, vehicle 

scheduling, and crew scheduling. Figure 1.1 depicts the functional relationships between 

these decision problems. Transit network design is a strategic problem that involves 

planning the routes by taking into account passenger demand and travel time. A route is 

a simple path connecting terminal stops with intermediate stops. The problem is also 
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addressed in other contexts such as the construction of roads/links [5], the location of  

stops/stations [6], and the expansion of transit infrastructure [7]. Timetable development 

is a tactical problem that aims at developing a schedule for trips along the routes. The 

frequency setting is a subproblem of timetable development that determines the 

frequencies of routes (i.e., the number of vehicles serving per time unit for each route) to 

meet passenger demand. The frequency information of a route helps to determine the 

route’s headway (i.e., the time at which the next bus will arrive at a stop along the route) 

and the resulting headway can be used to develop the route’s timetable. Vehicle 

Figure 1.1 The functional relation between the four decision problems of 
transit operations 
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scheduling is an operational level problem that assigns vehicle fleet to routes according 

to the timetable. Crew scheduling is another operational problem that creates duty rosters 

for the crew by taking the final timetable and vehicle schedule into account.  

These decision problems are mostly solved separately, and most studies address 

only certain aspects of the problems. However, there exist studies that attempt to integrate 

some of these problems. This thesis will address two problems: the transit network design 

problem (TNDP) and the transit network design and frequency setting problem 

(TNDFSP), which integrates TNDP and the frequency setting problem.  

The transit network design problem (TNDP) is to satisfy the passenger demand 

specified in an Origin-Demand (OD) demand matrix by designing routes considering 

travel times specified in the OD distance matrix. TNDP is defined under the assumption 

that the underlying infrastructure for public transport is already established. It is presumed 

that the network of stops as well as OD demand and distance matrices are already known. 

OD demand matrix records the number of people who want to travel from a stop (i.e., 

origin) to another stop (i.e., a destination) in a given time period. OD distance matrix 

consists of the distances (usually in a time unit) between stop pairs.  

The cost function in TNDP studies reflects either perspective of passengers or the 

transit agency. Passenger-oriented cost is mostly associated with minimizing passengers' 

travel time including in-vehicle travel time and the number of transfers. Another strategy 

only focuses on maximizing the number of direct travelers who travel on a single route 

without transferring. Nevertheless, this strategy generates lengthy journeys resulting in 

overcrowded vehicles at various points along the route, and numerous empty seats on 

less-crowded routes, which is inefficient [8]. The alternative is to penalize transfers at a 

certain threshold rather than imposing the use of a single route to avoid the 

aforementioned issues while increasing the number of direct travelers. Transit agency-

oriented costs refer to variable costs such as the length of routes as well as fixed costs 

(e.g., investment and maintenance) [9].  

TNDP is an NP-hard problem [10]. Therefore, the problem is simplified in various 

aspects, e.g., passenger transfer is not modeled. However, this can prevent TNDP from 

making useful implications on real-world applications. For instance, models that do not 

penalize transfers permit passengers to make many transfers although unnecessary 
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transfers are inconvenient [11]. A few mathematical programming studies treat transfers 

by expanding the transit network ([10], [12]) even though it increases the complexity of 

the problem. The construction of routes is also simplified. Most studies design routes 

selecting from a pool of candidate routes (i.e., line pool) generated by external route 

construction algorithms employing the shortest path or other heuristic methods [13] or 

configuring them by route generation algorithms [14]. Even though this simplification 

may overlook efficient routes, the tradeoff is made against the burden of more complexity. 

Only a few studies allow the model to build routes from scratch endogenously ([15], [11]).   

Transit network design and frequency setting problem (TNDFSP) aims to meet 

passenger demand by constructing routes and determining frequencies of routes. Routes 

and associated frequencies are designed considering the passengers' perspective to 

minimize the total travel time of passengers that includes in-vehicle travel, waiting, and 

transfer times and to maximize direct-traveler passengers (i.e., minimize transfers). 

However, considering only the passengers’ perspective may be too costly for the transit 

agency. In this regard, it should also try to minimize the costs, e.g., the costs of trips as 

well as fixed and operational costs of operating a vehicle fleet. In doing so, the transit 

agency needs to make several decisions, e.g., the number of routes to operate, the size of 

the vehicle fleet, the number of stops on a route, and the percentage of direct travelers. 

TNDFSP is an NP-hard problem [16] and computationally challenging even for 

small transit networks with fewer than a few stops. Determining passengers' waiting time 

requires headway information derived from the inverse of frequency that introduces 

nonlinearity to TNDFSP. Choosing the stops to include in a route and selecting routes 

from a line pool require binary decision variables. Furthermore, the problem is 

multiobjective since passengers and transit agencies have conflicting objectives, 

especially if the goal is to solve the costs of passengers and the transit agency 

simultaneously. All these complexities have led researchers to 

devise (meta)heuristics and analytical methods to solve TNDFSP rather than 

mathematical programming. However, methods other than mathematical programming 

use iterative approaches to set frequencies by updating frequencies iteratively according 

to overcrowding or underutilization of vehicles. It would be ideal if the frequencies were 

set simultaneously with the route construction [17]. This can be accomplished by defining 
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frequencies as endogenous variables within mathematical programs. Moreover, one 

cannot be confident about the solution quality unless mathematical programs are used. 

Durán-Micco and Vansteenwegen [18] give a comprehensive survey of studies 

about TNDP and TNDFSP and point out the following issues regarding previous studies.  

 Studies primarily focus on simplified networks. For instance, clustering stops to 

reduce the size of a real transit network [19].  

 Since the frequency setting problem is hard to solve with network route design, 

frequencies are set iteratively [20], i.e., a predefined, initial set of frequencies are updated 

according to the passenger assignment instead of determining them endogenously in a 

model. In case of not using an iterative frequency setting, appropriate frequencies are 

selected out of a finite candidate set [12].  

 Passenger assignment is done mainly by ignoring overcrowding in TNDFSP 

studies. A few TNDFSP studies consider crowding issues and use incremental algorithms 

in which the frequency of crowded routes is updated iteratively.  

 New models and approaches for TNDFSP and TNDP are needed to add more 

realistic concepts and solve real-world problems. Many assumptions are made before 

appropriately addressing problems, which results in different studies making different 

assumptions leading to different problems for which the results cannot be directly 

compared. 

 All TNDP and TNDFSP studies except for a few ([15], [21]) design routes out of a 

predefined route/line pool ([22], [23]) or route generation algorithms [12] with the risk of 

overlooking optimal routes.  

 (Meta)Heuristic approaches are mostly preferred because of the computationally 

challenging nature of the problem. Although they can provide good solutions for some 

benchmark instances, solution quality depends mainly on instance data and requires much 

tuning effort. Moreover, they are not flexible enough to easily incorporate realistic 

features and cannot provide information regarding the quality of the generated solutions.   

 Case studies stemming from real-world networks simplify passenger demand and 

deviate from realism by only considering a proportion of OD demand pairs, i.e., a highly-

sparse OD demand matrix is used [24]. 
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We are motivated to bridge the gap between theory and practice by developing 

novel mathematical models and solution methodologies for TNDP and TNDFSP and by 

solving problems that represent real-world transit network characteristics. Our goals are 

to solve the models using off-the-shelf commercial solvers, conduct what-if analyses to 

provide the decision-makers with managerial insights, and assess the flexibility and 

applicability of the models.  

The contribution of this thesis is threefold:  

(1) We propose a novel mathematical programming formulation for TNDP for 

which (meta)heuristics approaches have been used extensively in the literature. The 

passenger perspective is reflected by considering the in-vehicle travel time and the 

number of transfers. The transit agency perspective is addressed by minimizing the total 

length of routes by limiting the number of routes and the maximum number of stops 

allowed in each route. The model endogenously determines routes including their 

terminal and intermediate stops. To our knowledge, the model is the first to determine 

routes from scratch, i.e., without using line pools while realistically modeling transfers. 

Besides, we develop a heuristic algorithm based on Benders decomposition [25] with 

additional enhancements to solve large real-world network instances.  

(2) We propose a novel mathematical programming formulation based on realistic 

concepts for TNDFSP. The model reflects passengers’ route choice realistically by 

considering in-vehicle travel time, transfers, and waiting times at boarding (departure) 

and transfer stops as well as overcrowding and under-utilization of vehicles in the 

passenger assignment. The model also reflects the transit agency’s perspective by 

allowing the transit agency to determine service level by imposing limitations on several 

parameters such as vehicle fleet size. The model endogenously determines routes 

including their terminal and intermediate stops as well as their frequencies. To our 

knowledge, the model is the first to determine routes and their frequencies simultaneously 

from scratch, i.e., without using line and frequency pools while considering the 

aforementioned issues such as transfers and waiting.  

(3) We utilize the proposed TNDP and TNDFSP models to conduct what-if 

analyses using a real-world public bus transport network in Kayseri, Türkiye. We also 

present the results of computational tests implemented to validate and verify the model 

using the benchmark instances in the literature. The results obtained using Gurobi and the 
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proposed solution methodologies indicate that the models produce good quality solutions 

compared to the state-of-the-art algorithms in the literature and that public transit planners 

can use the models as a decision aid. 

The remainder of the thesis is organized as follows. Chapter 2 presents a mixed-

integer mathematical programming (MIP) formulation for TNDP. A Benders 

decomposition-based heuristic is developed to solve large-scale problems and algorithmic 

enhancements are implemented to accelerate solution times and improve solution quality. 

The proposed formulation is initially evaluated using Mandl [26], [27] and Mumford [32] 

benchmark instances and then applied to the real-world public transportation network in 

Kayseri.  Chapter 3 proposes a new multiobjective mixed-integer nonlinear mathematical 

programming (MMNP) formulation for TNDFSP. It gives the results of the computational 

tests performed for the validation and verification of the proposed model and compares 

the performance of the proposed model with those of the state-of-art studies in the 

literature. Moreover, the results of what-if analyses for a real-world network application 

in Kayseri are discussed by managerial insights and findings. The study in Chapter 3 is 

published in the journal Mathematics [28]. Chapter 4 concludes the thesis with remarks 

and a discussion of future research directions.  
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Chapter 2 

Transit Network Design Problem 

In this chapter, we address the transit network design problem (TNDP) that aims to 

design routes to satisfy passenger demand in a transit network. TNDP considers the 

perspectives of two decision-makers: passengers and a transit agency. The objective of 

passengers is to minimize total travel time including in-vehicle travel time and the number 

of transfers while the objective of the transit agency is to reduce the number of routes and 

the number of stops in routes and hence the total length of routes.  

We propose a new mathematical programming model for TNDP. Our approach 

differs from the related literature in various ways. The proposed model does not depend 

on a line pool or external route generation algorithms. Preprocessing such as analyzing 

OD demand pairs and generating candidate routes for a line pool is not required. The 

model uses endogenous decision variables to construct routes from scratch without 

predefining any stops on routes beforehand and ensures that the risk of overlooking the 

optimum routes is avoided. Moreover, the model uses the real transportation network as 

an input (i.e., it does not use extended extending transit network such as change & go 

[10] and trajectory [12] graphs that unnecessarily increase complexity). The passenger 

assignment rule in the proposed model adheres to the shortest path principle. Passengers 

will switch route choices and make transfers if doing so will reduce the total time spent 

in the transit network.  

Metaheuristic approaches are rife in the literature due to the complexity of the 

TNDP. However, the solution quality of the metaheuristics depends mainly on instance 

data and requires a lot of tuning effort. We solve the proposed model using Gurobi solver. 

However, even though Gurobi can solve problems defined on small transit networks 

successfully, it struggles to solve large-scale problems. Therefore, we propose a heuristic 

algorithm based on Benders decomposition to increase solution performance. 

Furthermore, the computational capability of the decomposition is improved by 
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employing algorithmic enhancements including in-out cut loop scheme, disaggregation, 

and Pareto-optimal cuts.  

We verify the performance and capability of the proposed model using small- and 

large-size well-known benchmark instances, namely Mandl and Mumford instances. 

Because there are no mathematical programs for TNDP in the literature, we compare the 

resulting solutions with those obtained by the state-of-art metaheuristic algorithms. We 

apply the proposed model for a real-world network with 204 nodes, 455 links, and 13338 

OD demand pairs, which is significantly larger than the problems in the literature.  

2.1 Literature Review 

Guihaire and Hao [29], Kepaptsoglou and Karlaftis [30], Farahani et al. [16], and 

recently Durán-Micco and Vansteenwegen [18] provide a detailed review of TNDP 

studies.  That surveys indicate that the scope of studies varies significantly depending on 

the assumptions regarding objectives, solution approaches, parameters, and network 

settings. This thesis emphasizes studies that employ mathematical programming 

approaches; however, (meta)heuristics and analytical formulations will be briefly 

mentioned as necessary. 

The backbone of a generic TNDP study is the methodology used for route design. 

Generally, routes are designed by selecting out of a line pool [22] or by generating routes 

via a route generation algorithm [14]. The cost function of TNDP is the most important 

criterion in the construction of routes. A cost function can be designed from passengers' 

and transit agencies' points of view. Typically, passenger-oriented costs are related to the 

amount of time spent traveling in the vehicle and the number of transfers whereas transit 

agency-oriented costs are related to total length of routes. In the literature, passenger- and 

transit agency-oriented costs are addressed separately as a single objective. Alternative is 

modeling TNDP as a multiobjective problem using 𝜀-constraint method [31] and by a 

weighted sum of the associated costs [32]. 

The directness, maximum length, number of routes, and operational budgets are the 

fundamental constraints of TNDP [33]. Besides, design parameters used in TNDP studies 

range from issues regarding infrastructure to characteristics of passenger demand. 

Infrastructural parameters are mostly concerned with road network design for public 
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transport (e.g., route and stop spacing [42], [43]). Passenger demand can be elastic or 

fixed.  Elastic demand supposes that passenger demand changes after establishing routes 

[36] and varies for different periods [35]. Most studies assume the demand is fixed so 

passengers’ demand does not depend on the route configuration. Network structure is 

another design parameter. Mostly routes are assumed to be bidirectional (i.e., having same 

stops are in both directions on a route), and starting and ending terminal stops of a route 

are different. However, there are some specific applications for radial [34] or rectangular 

grid networks [35]. Environmental concerns are also addressed for reducing the carbon 

footprint of transit networks. Environmental-friendly transit network design has been first 

studied by Site and Filippi [37] that minimize fuel consumption throughout routes. 

Beltran et al. [38] investigate subsidizing green routes on which low-emission vehicles 

serve by an external cost function. In addition to passenger and transit agency costs, 

Jovanovic et al. [39] consider harmful exhaust gases and the noise level of vehicles on 

routes. Newer studies focus on the electrification of transit networks (i.e., using electrical 

vehicles for transport).  Iliopoulou et al. [40] provide a heuristic algorithm to construct 

electrified routes and determine the location of charge stations. Pylarinou et al. [41] 

redesign an existing transit network by deploying additional electric vehicles assuming 

that charge stations are located at terminal stops of routes.  

Early TNDP studies are mostly solved by analytical formulations for very small 

networks with only a few stops. According to Ceder [42], analytical formulations are 

useful for carrying out policy analysis on idealized networks but they are not appropriate 

for designing an entire realistic transit network. Mathematical programming is another 

option to address TNDP. However, Chakroborty [43] notes that solving mathematical 

programming models are hard due to the discrete and multiobjective nature of the problem 

as well as difficulties with modeling complexities such as passenger transfers. As an 

example for challenging nature of the problem, Vermeir et al. [44] recently could solve 

only small Mandl [26] benchmark instances by an exact algorithm. Besides, some 

mathematical models attempt to solve particular aspects of TNDP e.g., maximizing the 

number of direct travelers [45], designing rapid transit networks [46], and for selecting 

routes out of a line pool [47].  

(Meta)Heuristics are employed exhaustively for TNDP in generating routes for the 

line pool, selecting routes out of the line pool, and route configuration. Routes are mostly 
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generated by shortest path algorithms considering travel times [30] and demand pattern 

of locations ([32], [48], [58]). An interesting approach for generating routes is using 

expert knowledge via artificial-based search algorithms ([49], [48]). Selection of routes 

out of a line pool and route configuration are done by mostly genetic algorithm ([50], [51], 

[27], [52], [53]). Chakraborty and  Dwivedi [32] and Petrelli [54] claim that genetic 

algorithm is the most effective metaheuristic for TNDP. However, recent studies show 

that stochastic beam search [55] and hyperheuristics [56] can also find good solutions at 

least for benchmark instances.  

The studies in the literature make many simplifying assumptions about route design 

and passenger transfers in handling TNDP and there is a need for new models and 

approaches that are more realistic in solving real-world problems. To our knowledge, 

there does not exist mathematical models that address passenger transfers without a 

route/line pool in neither bus transit planning setting nor rail transit planning setting.  

Most mathematical programming-based studies do not present computational results for 

benchmark instances or specific transit networks because the models are hard to solve 

even for small instances. That has led researchers to use metaheuristics primarily [57]. 

Good quality solutions are obtained for small Mandl and Mumford instances by 

evolutionary algorithms of Mumford [27] and John et al. [58], the ad-hoc route generation 

algorithm of Kiliç and Gök [59], and the hyper-heuristic approach of Ahmed et al. [56]. 

Moreover, solution quality depends mainly on instance data and requires a lot of tuning 

effort. They are not flexible enough to easily incorporate realistic features and cannot 

provide information regarding the quality of the generated solutions. In this regard, we 

offer a novel mathematical programming model that addresses aforementioned issues. 

Moreover, we obtain solutions for instances based on a real-world network with 204 

nodes, 455 links, and 13338 OD demand pairs, which is significantly larger than the 

problems in the literature, using an off-the-shelf software.  

2.2 Problem Description 

Consider an undirected network 𝐺 ൌ ሺ𝑁,𝐴ሻ  with node set 𝑁 ൌ ሼ1, … ,𝑛ሽ 

representing stops and directed arc set 𝐴 representing the roads/links between stops. An 

arc (𝑖, 𝑗ሻ between stops 𝑖 and 𝑗 exists only if 𝑖 and 𝑗 are adjacent and there is a direct road 

from 𝑖 and 𝑗. Without loss of generality, we assume that the roads between 𝑖 and 𝑗 are 
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bidirectional. A subset 𝑆 ⊆ 𝑁  (𝐷 ⊆ 𝑁 ) is distinguished as the set of supply/origin 

(demand/destination) nodes. A node 𝑖 ∈ 𝑆 generates flows 𝑤௜௝ ൐ 0 for some 𝑗 ∈ 𝐷, i.e., 

the number of passengers who would like to go from stop 𝑖 to stop 𝑗. 𝑤௜௝ are represented 

in an origin-destination (OD) demand matrix and specified over a time period (e.g., hour, 

day, month). It is possible that a node 𝑖 is in both 𝑆 and 𝐷.  For nodes 𝑖 and 𝑗 that are both 

in 𝑆 and 𝐷, it is not necessary that  𝑤௜௝ ൌ 𝑤௝௜. For a supply node 𝑘 ∈ 𝑆, the total outbound 

flow is 𝑠𝑢𝑝௞ ൌ ∑ 𝑤௞௝௝∈஽ .  

The passengers desire to go from their origins/boarding stops to their destinations 

on a single vehicle in the shortest possible time, which requires a route/line between each 

pair of stops in both directions. However, this is not practical from the perspective of the 

transit agency as it would be too costly. In this regard, the transit agency is to determine 

a route set  𝑇 to provide transport service to passengers. Each route 𝑡 ∈ 𝑇 is a simple path 

with no repetition of nodes and composed of a starting node (terminal), an ending node 

(terminal), a set of intermediate nodes, and a set of arcs ሺ𝑖, 𝑗ሻ ∈ 𝐴 connecting the nodes in 

𝑡. 

Passengers departing from 𝑖 and destined to 𝑗 may go directly on a single route if a 

route passing through 𝑖 and 𝑗 exists. Otherwise, passengers may go indirectly to their 

destination by changing route(s) at transfer points where two or more routes coincide. 

Because making transfers is annoying for passengers, a transfer discomfort penalty (in 

time units) is used to control the number of transfers. Thus, the total travel time for 

passengers to arrive at their destination from their origin is the sum of (1) in-vehicle travel 

time and (2) total penalty time resulting from transfers. The lower the total travel time 

and the number of transfers, the better for passengers.  Defining 𝑐௜௝ as the travel time 

(cost) from stop 𝑖 to stop 𝑗, in-vehicle travel time is the sum of 𝑐௜௝ for all ሺ𝑖, 𝑗ሻ on which 

passengers travel. 𝑐௜௝ are known and represented in an OD cost matrix.  

The transit agency needs to design a system considering the passengers' perspective. 

Specifically, the transit agency should attempt to minimize in-vehicle travel and to 

maximize direct-traveler passengers (i.e., minimize the number of transfers). However, 

considering only the passengers’ perspective may be too costly for the transit agency. In 

this regard, it should also try to minimize the costs. In doing so, the transit agency needs 

to make several decisions, e.g., the number of routes to operate, the number of stops on a 
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route, and the percentage of direct travelers. Depending on how several objectives are 

prioritized, the resulting systems may significantly differ; hence, an analysis of different 

scenarios needs to be conducted to devise a system balancing both perspectives. 

2.3 The Proposed Model 

We propose a mathematical programming model, namely, Transit Network Design 

Model (TNDM), to solve TNDP. We define TNDM on an extended network 𝐺𝑇 ൌ

ሺ𝑁𝑇,𝐴𝑇ሻ obtained by adding (1) two dummy nodes to 𝑁, namely, 𝑎 and 𝑏 that act as a 

super source node and a super sink node, respectively, and (2) two sets of directed arcs to 

𝐴, namely, 𝐴௦௢௨௥௖௘ ൌ ሼሺ𝑎, 𝑖ሻ: 𝑖 ∈ 𝑁ሽ and 𝐴௦௜௡௞ ൌ ሼሺ𝑖, 𝑏ሻ: 𝑖 ∈ 𝑁ሽ. That is, 𝑁𝑇 ൌ 𝑁 ∪ ሼ𝑎ሽ ∪ ሼ𝑏ሽ 

and 𝐴𝑇 ൌ 𝐸 ∪ 𝐴௦௢௨௥௖௘ ∪ 𝐴௦௜௡௞ .  We assume that all nodes are numbered, with a and b 

having the smallest and largest numbers, respectively. Figure 2.1 gives a schematic 

representation of the extended network 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ. 

 

All constructed routes start at node 𝑎 and end at node 𝑏. The model constructs a 

route 𝑡 ∈ 𝑇 from scratch by selecting an arc ሺ𝑎, 𝑖ሻ ∈ 𝐴௦௢௨௥௖௘, an arc ሺ𝑗, 𝑏ሻ ∈ 𝐴௦௜௡௞, and a 

set of arcs from 𝐴 that forms a path from 𝑖 and 𝑗, where nodes 𝑖 and 𝑗 are the starting and 

ending terminals of the route 𝑡, respectively. Figure 2.2 depicts the construction of routes 

in the model. In the figure, there are two routes: a-4-3-1-2-b and a-1-3-5-6-b. Because a 

Figure 2.1 Representation of a transit network GT=(NT,AT) 
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and b are dummy nodes, the routes on the real physical network are 4-3-1-2 and 1-3-5-6. 

A similar approach that uses dummy nodes for selecting terminal nodes for routes can be 

found in the work of An and Lo [104].  

To construct routes, we define binary decision variables 𝑑௜௝௧ . Since a route is 

bidirectional, we define 𝑑௜௝௧  for arcs ሺ𝑖, 𝑗|𝑖, 𝑗 ∈ 𝑁 ∧  𝑖 ൏ 𝑗ሻ  to reduce the number of 

decision variables. If 𝑑௜௝௧ ൌ 1, then nodes 𝑖 and 𝑗 are consecutive stops in route 𝑡 and 

passenger flow is allowed in both directions ሺ𝑖, 𝑗ሻ and ሺ𝑗, 𝑖ሻ on the route. For 𝑑௔௜௧ ൌ

1 and 𝑑௝௕௧ ൌ 1, stops 𝑖 and 𝑗 are the starting and ending terminals of route 𝑡. Another 

variable set associated with route construction is 𝑦௜௧ that take on the value of 1 if 𝑖 ∈ 𝑁 is 

a part of route 𝑡 and 0, otherwise. It is possible to impose additional requirements on the 

routes, e.g., the minimum (maximum) number of stops in a route and the maximum 

distance of a route. The decision variables 𝑓௧ and ℎ௧ represent the frequency and headway 

of a route 𝑡, respectively. In addition to the variables above, we define (1) 𝑥௜௝௞௧  that 

represent the flow of passengers of origin 𝑘 ∈ 𝑆 in arc ሺ𝑖, 𝑗ሻ (i.e., traveling from stop 𝑖 to 

stop 𝑗) on route 𝑡, (2) 𝑟௜௝௞௧ that represent the number of passengers of origin 𝑘 ∈ 𝑆 who 

transfer at node 𝑖 to route 𝑡 with the next stop being node 𝑗. 

 
Figure 2.2 Illustration of the route design in a transit network, GT 
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Below we summarize the sets, parameters, and decision variables used in the model. 

Sets and Indices 

𝑇                     𝑠𝑒𝑡 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒𝑠 ሺ𝑡 ∈ 𝑇ሻ 

𝑁                    𝑠𝑒𝑡 𝑜𝑓 𝑠𝑡𝑜𝑝𝑠 ሺ𝑖, 𝑗, 𝑘 ∈ 𝑁ሻ 

𝐴                     𝑠𝑒𝑡 𝑜𝑓 𝑎𝑟𝑐𝑠 ሺ𝑖, 𝑗ሻ 

𝑆                     𝑠𝑒𝑡 𝑜𝑓 𝑑𝑒𝑝𝑎𝑟𝑡𝑢𝑟𝑒/𝑠𝑢𝑝𝑝𝑙𝑦 𝑠𝑡𝑜𝑝𝑠 ሺ𝑆 ⊆ 𝑁ሻ 

𝑎                     𝑠𝑢𝑝𝑒𝑟 𝑠𝑜𝑢𝑟𝑐𝑒 𝑛𝑜𝑑𝑒 𝑓𝑜𝑟 𝑟𝑜𝑢𝑡𝑒𝑠 

𝑏                     𝑠𝑢𝑝𝑒𝑟 𝑠𝑖𝑛𝑘 𝑛𝑜𝑑𝑒 𝑓𝑜𝑟 𝑟𝑜𝑢𝑡𝑒𝑠 

𝐴௦௢௨௥௖௘          𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑒𝑑 𝑎𝑟𝑐𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 ሺ𝑎, 𝑖ሻ, 𝑖 ∈ 𝑁 

𝐴௦௜௡௞              𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑒𝑑 𝑎𝑟𝑐𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 ሺ𝑖, 𝑏ሻ, 𝑖 ∈ 𝑁 

𝑁𝑇                 𝑛𝑜𝑑𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ 𝑤𝑖𝑡ℎ 𝑁𝑇 ൌ 𝑁 ∪ ሼ𝑎ሽ ∪ ሼ𝑏ሽ    

𝐴𝑇                  𝑎𝑟𝑐 𝑠𝑒𝑡 𝑜𝑓 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ 𝑤𝑖𝑡ℎ 𝐴𝑇 ൌ 𝐴 ∪ 𝐴௦௢௨௥௖௘ ∪ 𝐴௦௜௡௞ 

𝐷௞                  𝑠𝑒𝑡 𝑜𝑓 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 ሺ𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛ሻ 𝑛𝑜𝑑𝑒𝑠 𝑓𝑜𝑟 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 ∈ 𝑆 

Parameters 

𝑠𝑢𝑝௞              𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛  𝑘 ∈ 𝑆 

𝑤௜௞                 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 ∈ 𝑆 𝑤𝑖𝑡ℎ 𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑖 ∈ 𝑁  

𝑐௜௝                    𝑡𝑟𝑎𝑣𝑒𝑙 𝑡𝑖𝑚𝑒 𝑓𝑟𝑜𝑚 𝑠𝑡𝑜𝑝 𝑖  𝑡𝑜 𝑠𝑡𝑜𝑝 𝑗  

𝑝𝑒𝑛𝑎𝑙𝑡𝑦        𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑝𝑒𝑛𝑎𝑙𝑡𝑦 ሺ𝑖𝑛 𝑡𝑖𝑚𝑒 𝑢𝑛𝑖𝑡𝑠ሻ 

𝑡𝑜𝑝𝑆𝑡𝑜𝑝        𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑜𝑝𝑠 𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑓𝑜𝑟 𝑎 𝑟𝑜𝑢𝑡𝑒 

𝑙𝑜𝑤𝑆𝑡𝑜𝑝        𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑜𝑝𝑠 𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑓𝑜𝑟 𝑎 𝑟𝑜𝑢𝑡𝑒 

𝑀                    𝑎 𝑏𝑖𝑔 𝑛𝑢𝑚𝑏𝑒𝑟 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑎𝑙𝑙𝑜𝑤 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟 𝑓𝑙𝑜𝑤 𝑖𝑛 𝑢𝑛𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑡𝑒𝑑 𝑒𝑑𝑔𝑒𝑠 

Decision variables 

𝑥௜௝௞௧        𝑡ℎ𝑒 𝑓𝑙𝑜𝑤 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 𝑤ℎ𝑜 𝑡𝑟𝑎𝑣𝑒𝑙 𝑓𝑟𝑜𝑚 𝑖 𝑡𝑜 𝑗 𝑜𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡  

𝑑௜௝௧          1, 𝑖𝑓 𝑎𝑟𝑐 ሺ𝑖, 𝑗ሻ, 𝑖 ൏ 𝑗, 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑏𝑒 𝑖𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡;  0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

𝑦௜௧            1, 𝑖𝑓 𝑠𝑡𝑜𝑝 𝑖 𝑖𝑠 𝑖𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡; 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

𝑟௜௝௞௧          𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 𝑤ℎ𝑜 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑎𝑡 𝑛𝑜𝑑𝑒 𝑖 𝑡𝑜 𝑟𝑜𝑢𝑡𝑒 𝑡  

                 𝑤𝑖𝑡ℎ 𝑛𝑒𝑥𝑡 𝑠𝑡𝑜𝑝 𝑏𝑒𝑖𝑛𝑔 𝑛𝑜𝑑𝑒 𝑗 

Objective Function Terms: 

𝑖𝑛 െ 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑡𝑟𝑎𝑣𝑒𝑙 𝑡𝑖𝑚𝑒:      𝑧ଵ ൌ   ෍ ෍෍ሺ𝑐𝑖𝑗𝑥𝑖𝑗𝑘𝑡ሻ
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴

  (2.1) 

𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑡𝑖𝑚𝑒 𝑝𝑒𝑛𝑎𝑙𝑡𝑦:         𝑧ଶ ൌ   ෍ ෍෍ሺ𝑝𝑒𝑛𝑎𝑙𝑡𝑦  𝑟𝑖𝑗𝑘𝑡ሻ
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴

 (2.2) 
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The objective function term (2.1) represents total in-vehicle travel time of 

passengers.  (2.2) finds the total transfer time of passengers who transfer and is used to 

penalize passenger transfers assuming that each transfer will take a specific time, i.e., 

penalty time. Along with the TNDP literature [56],  the objective term (2.3) is defined for 

reflecting the costs of the transit agency and sums up the total length (in time unit) of all 

routes.  

Model TNDM: Transit Network Design Model (TNDM) 

𝑡𝑟𝑎𝑛𝑠𝑖𝑡 𝑎𝑔𝑒𝑛𝑐𝑦 𝑐𝑜𝑠𝑡:              𝑧ଷ ൌ   ෍ ෍෍൫𝑐𝑖𝑗𝑑𝑖𝑗𝑡൯
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴;

𝑖൏𝑗

  
(2.3) 

min𝑍௣௔௦௦௘௡௚௘௥ ൌ  𝑧ଵ ൅ 𝑧ଶ (2.4) 

min𝑍௧௥௔௡௦௜௧ ௔௚௘௡௖௬ ൌ  𝑧ଷ (2.4’) 

𝑠. 𝑡.   

෍𝑑௔௜௧ ൌ 1
௜∈ே

 𝑡 ∈ 𝑇 (2.5) 

෍𝑑௜௕௧ ൌ 1
௜∈ே

 𝑡 ∈ 𝑇 (2.6) 

෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺

൅ ෍ 𝑑௝௜௧
௝∈ே;

௝ழ௜ ∧ ሺ௝,௜ሻ∈஺

ൌ 2𝑦௜௧ 
𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (2.7) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺ 
௜∈ே

൑ 𝑡𝑜𝑝𝑆𝑡𝑜𝑝 െ 1 
𝑡 ∈ 𝑇 (2.8) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺ 
௜∈ே

൒ 𝑙𝑜𝑤𝑆𝑡𝑜𝑝 െ 1 
𝑡 ∈ 𝑇 (2.9) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺
௜∈ே

൑ |𝑆̅| െ 1 𝑆̅ ⊂ 𝑁;  
3 ൑ |𝑆̅| ൑ 𝑡𝑜𝑝𝑆𝑡𝑜𝑝 െ 1, 
𝑡 ∈ 𝑇 

(2.10) 

෍ ෍𝑥௜௝௞௧
௧∈்௝∈ே;

ሺ௜,௝ሻ∈஺

െ ෍ ෍𝑥௝௜௞௧
௧∈்௝∈ே;

ሺ௝,௜ሻ∈஺

ൌ ൝
𝑠𝑢𝑝௞ ,     𝑖𝑓 𝑖 ൌ 𝑘
െ𝑤௞௜ ,      𝑖𝑓 𝑖 ∈ 𝐷௞
0,                    𝑜.𝑤

 𝑖 ∈ 𝑁, 𝑘 ∈ 𝑆 (2.11) 
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TNDM minimizes the costs of passengers (2.4) and the transit agency cost (2.4’). 

Constraints (2.5) require each route 𝑡 to have an arc from the super source node 𝑎 to a 

stop 𝑖 ∈ 𝑁, which becomes the starting terminal of that route. Constraints (2.6) require 

each route 𝑡 to have an arc from a stop 𝑖 ∈ 𝑁 to the super sink node 𝑏 with 𝑖 being the 

ending terminal of that route. If the starting and ending terminals are known in advance, 

they can be specified using (2.5) and (2.6). Constraints (2.7) ensure that each stop in a 

route is connected to two other nodes (stops or super nodes) as shown in Figure 2.2. 

Constraints (2.8) and (2.9) impose upper and lower limits on the number of stops 

in a route, respectively. Constraints (2.10) eliminate subtours in the routes using the 

Dantzig–Fulkerson–Johnson (DFJ) subtour elimination formulation [60] where 𝑆̅  is a 

subset of stops with the specified cardinality.  The number of such constraints increases 

exponentially with the cardinality of the node set |𝑁| and hence they cannot be used 

directly unless |𝑁| is very small. Therefore, we add subtour elimination constraints (2.10) 

during the solution process as described in Algorithm 2.1 only when the candidate 

solutions violate them. 

Constraints (2.11) are flow conservation constraints of passengers at the stops and 

ensure that passengers move from their origins to their destinations through some routes. 

Constraints (2.12) couple passenger flow variables and arc selection variables and allow 

passenger flows only when an arc is selected to be in a route. 

Constraints (2.13) are flow balance constraints for the transfer of passengers. They 

state that the number of passengers of origin 𝑘 on arc ሺ𝑖, 𝑗ሻ in route 𝑡 is equivalent to the 

෍ሺ𝑥௜௝௞௧ ൅ 𝑥௝௜௞௧ሻ
௞∈ௌ

൑ 𝑀𝑑௜௝௧ 𝑖, 𝑗 ∈ 𝑁; 𝑖 ൏ 𝑗 ∧ ሺ𝑖, 𝑗ሻ ∈ 𝐴  
𝑡 ∈ 𝑇 

(2.12) 

𝑥௜௝௞௧ ൌ ෍ 𝑥௚௜௞௧
௚∈ே;

௚ஷ௝ ∧ ሺ௚,௜ሻ∈஺

൅ 𝑟௜௝௞௧ 𝑖, 𝑗 ∈ 𝑁;  ሺ𝑖, 𝑗ሻ ∈ 𝐴 
𝑘 ∈ 𝑆;   𝑖 ് 𝑘 
𝑡 ∈ 𝑇 

(2.13) 

𝑟௜௝௞௧ ൒ 0, 𝑥௜௝௞௧ ൒ 0 𝑖, 𝑗 ∈ 𝑁;  ሺ𝑖, 𝑗ሻ ∈ 𝐴 
𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇 

(2.14) 

𝑑௜௝௧ ∈ ሼ0,1ሽ ሺ𝑖, 𝑗ሻ ∈ 𝐴𝑇 
𝑡 ∈ 𝑇 

(2.15) 

𝑦௜௧ ∈ ሼ0,1ሽ 𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (2.16) 
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number of passengers already traveling on route 𝑡 and the number of passengers that 

transfer to route 𝑡 at node 𝑖 and move to 𝑗. Finally, Constraints (2.14) - (2.16) define the 

decision variables. Passenger flow and transfer variables are defined to be nonnegative. 

Because the problem is strategic, fractional values regarding passenger flow and transfers 

may be accepted.  

2.4 Solution Methodology 

2.4.1 Subtour Elimination 

The number of subtour elimination constraints (2.10) increases exponentially with 

the cardinality of the node set |𝑁| and hence they cannot be used directly while solving 

TNDM unless |𝑁| is very small. For this reason, we add constraints (2.10) during the 

solution process only when candidate solutions violate them. The basic idea is to solve 

TNDM without constraints (2.10) and add constraints (2.10) that eliminate subtours, i.e., 

the cuts, whenever there is an integer solution with subtours.  

When TNDM is solved without constraints (2.10), subtours may occur in a route 

𝑡 ∈ 𝑇. For each integer solution for a route set 𝑇, we can check and quickly identify 

subtours and add specific cuts (2.10) to separate them. We run this intervention procedure 

within a Lazy Constraints Callback function of Gurobi. Lazy Constraints are constructed 

when the user defines a violation for an integer solution. Algorithm 2.1 summarizes the 

steps of the intervention procedure. 

Algorithm 2.1: Subtour Elimination  

Step 0: Start solving TNDM without constraints (2.10) using Gurobi. Due to the 

formulation consisting of integer decision space, the solver unfolds a branch and bound 

tree. 

Step 1:  When the solver finds an integer solution in any node of the branch and bound 

tree, run the Lazy Constraints Callback function defined for detecting subtours. 

Step 2: If the callback function finds subtour(s) in the integer solution, go to step 3. 

Otherwise, go to step 4. 

Step 3: Add corresponding subtour elimination constraints (2.10) for violating integer 

solution. 

Step 4: Continue exploring the branch and bound tree nodes. 
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2.4.2 Node Relaxation Heuristic 

Gurobi solve TNDM and can find good solutions for small networks such as the 

Mandl network. However, it struggles to find a solution on large-scale networks. 

Therefore, we activate the Node Relaxation Heuristic (NoRelHeur) parameter of Gurobi. 

NoRelHeur is a heuristic algorithm that is especially useful when the root node relaxation 

is time-consuming in the Branch&Cut solution procedure. NoRelHeur can help the model 

find and improve the integer upper bound. However, it cannot help to improve the lower 

bound.  

2.4.3 Decomposition of the Transit Network Design Model 

 To improve the solvability of TNDM, we adopt the Benders decomposition  (BD) 

approach [25]. BD has been used in versatile forms for a wide variety of decision 

problems [61]. The main idea behind BD is to decompose the original problem into a 

subproblem (SP) and a master problem (MP) and solve these two problems separately by 

providing necessary information from one to the other. Generally speaking, MP consists 

of the part with the complicating variables out of the original problem. The complicating 

variables mostly refer to integer variables. The SP consists of the dual of the residual of 

the original problem. The reason for using duality in SP is to project out MP's 

complicating variables onto SP's objective so that information updates regarding the 

solution quality across MP and SP can be provided. SP becomes a linear program because 

the complicating variables are found and fixed by MP. MP gives solutions for 

complicating variables MP and they are checked by SP according to the criteria of 

feasibility and optimality. By the duality theorem and given an MP solution; 

(1)  If SP is unbounded, then the primal is infeasible. To prevent this infeasibility, 

we enumerate extreme rays out of the unbounded solution of SP and add them as 

feasibility cuts to MP.  

(2)  If SP is feasible, then the primal is feasible. So, the extreme points of SP can be 

used to generate cuts which can improve the upper bound. These cuts are called optimality 

cuts.  

There are two approaches in implementing BD [95], namely the classical approach 

and Branch & Benders Cut (B&BC). In the classical approach, MP and SP are solved 
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iteratively within a loop, and they provide primal and dual bounds, respectively. Because 

MP has integer variables, a new branch and bound (B&B) tree is generated in the solution 

of MP in each iteration. Theoretically, the primal and dual bounds will converge in a finite 

number of iterations. 

In the B&BC approach, also called the modern approach, MP is solved via a single 

B&B tree. MP generates solutions along with the tree nodes, and SP generates feasibility 

and optimality cuts in return for given solutions by MP. These cuts are added to MP and 

some portions of the tree are pruned. In the B&BC procedure, MP provides both primal 

and dual bounds since SP is used only for generating the cuts needed in MP. Once MP is 

optimally solved, BD is deemed to reach convergence. Recent studies ([62], [63]) show 

that B&BC procedure can expedite solution times and improve bounds more efficiently 

compared to the classical iterative approach. We adopt the modern B&BC procedure to 

exploit these benefits. 

We can decompose TNDM into SP and MP by defining the following variables. 

We obtain SP by taking the dual of constraints in TNDM for fixed values of integer 

variables.  

𝑁𝑒𝑤 𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 

𝜆௜௞ 𝑖 ∈ 𝑁, 𝑘 ∈ 𝑆 𝑑𝑢𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜  
𝑓𝑙𝑜𝑤 𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 ሺ2.10ሻ 

𝜇௜௝௧ 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁; 
𝑖 ൏ 𝑗 

𝑑𝑢𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜  
𝑙𝑖𝑛𝑘𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 ሺ2.11 െ 2.12ሻ 

θ௜௝௞௧ 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 
𝑡 ∈ 𝑇;  𝑖! ൌ 𝑘 

𝑑𝑢𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜  
𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 ሺ2.13ሻ 

π௜௝௧ 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 
𝑡 ∈ 𝑇;  𝑖 ൏ 𝑗 𝑎 𝑠𝑙𝑎𝑐𝑘 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑡𝑜 𝑢𝑠𝑒 𝑖𝑛 𝑆𝑃 

𝜂  
a variable for the MP’s objective function; an underestimator 
of the total cost. 

𝑆𝑢𝑏𝑃𝑟𝑜𝑏𝑙𝑒𝑚 ሺ𝑆𝑃ሻ 

max𝑍 ൌ෍෍ሺ𝑠𝑢𝑝௞𝜆௜௞; ௜ୀ௞ െ 𝑤௜௞𝜆௜௞; ௜ஷ௞ሻ ൅
௞∈ௌ௜∈ே

෍෍෍π௜௝௧
௧∈்௝∈ே;

௜ழ௝

൫𝑑̅௜௝௧  ൯
௜∈ே

 
(2.17) 
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𝑠. 𝑡.   

𝜆௜௞ െ 𝜆௝௞ െ ෍ ൫𝜃௝௥௞௧൯
௥∈ே;  ௥ஷ௜

൅ 𝜇௜௝௧ ൑ 𝑐௜௝ 
𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ൌ 𝑘, 𝑗 ് 𝑘, 𝑖 ൏ 𝑗 
(2.18) 

𝜆௜௞ െ 𝜆௝௞ െ ෍ ൫𝜃௝௥௞௧൯
௥∈ே;  ௥ஷ௜

൅ 𝜇௝௜௧ ൑ 𝑐௜௝ 
𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ൌ 𝑘, 𝑗 ് 𝑘, 𝑗 ൏ 𝑖 

(2.19) 

𝜆௜௞ െ 𝜆௝௞ ൅ 𝜃௜௝௞௧ െ ෍ ൫𝜃௝௥௞௧൯
௥∈ே;  ௥ஷ௜

൅ 𝜇௜௝௧ ൑ 𝑐௜௝ 
𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ് 𝑘, 𝑗 ് 𝑘, 𝑖 ൏ 𝑗 

(2.20) 

𝜆௜௞ െ 𝜆௝௞ ൅ 𝜃௜௝௞௧ െ ෍ ൫𝜃௝௥௞௧൯
௥∈ே;  ௥ஷ௜

൅ 𝜇௝௜௧ ൑ 𝑐௜௝ 
𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ് 𝑘, 𝑗 ് 𝑘, 𝑗 ൏ 𝑖 

(2.21) 

𝜆௜௞ ൅ 𝜃௜௝௞௧ ൅ 𝜇௜௝௧ ൑ 𝑐௜௝ 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ് 𝑘, 𝑗 ് 𝑘, 𝑖 ൏ 𝑗 

(2.22) 

𝜆௜௞ ൅ 𝜃௜௝௞௧ ൅ 𝜇௝௜௧ ൑ 𝑐௜௝ 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ് 𝑘, 𝑗 ് 𝑘, 𝑗 ൏ 𝑖 

(2.23) 

െ𝑀 െ 𝜇௜௝௧ ൅ π௜௝௧ ൌ 0 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑡 ∈ 𝑇; 

𝑖 ൏ 𝑗 

(2.24) 

െ𝜃௜௝௞௧ ൑ 𝑝𝑒𝑛𝑎𝑙𝑡𝑦 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ് 𝑘 

(2.25) 

𝜆௜௞ ,   𝑓𝑟𝑒𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑖 ∈ 𝑁, 𝑘 ∈ 𝑆 (2.26) 

π௜௝௧ ,    𝑓𝑟𝑒𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑡 ∈ 𝑇; 

𝑖 ൏ 𝑗 

(2.27) 

θ௜௝௞௧ ൑ 0 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇; 

𝑖 ് 𝑘 

(2.28) 

𝜇௜௝௧ ൑ 0 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑡 ∈ 𝑇; 

𝑖 ൏ 𝑗 

(2.29) 

𝑀𝑎𝑠𝑡𝑒𝑟 𝑃𝑟𝑜𝑏𝑙𝑒𝑚 ሺ𝑀𝑃ሻ 

min  𝜂  (2.30) 

𝑠. 𝑡.   

෍𝑑௔௜௧ ൌ 1
௜∈ே

 𝑡 ∈ 𝑇 (2.31) 

෍𝑑௜௕௧ ൌ 1
௜∈ே

 𝑡 ∈ 𝑇 (2.32) 
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෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺

൅ ෍ 𝑑௝௜௧
௝∈ே;

௝ழ௜ ∧ ሺ௝,௜ሻ∈஺

ൌ 2𝑦௜௧ 
𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (2.33) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺ 
௜∈ே

൑ 𝑡𝑜𝑝𝑆𝑡𝑜𝑝 െ 1 
𝑡 ∈ 𝑇 (2.34) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺ 
௜∈ே

൒ 𝑙𝑜𝑤𝑆𝑡𝑜𝑝 െ 1 
𝑡 ∈ 𝑇 (2.35) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺
௜∈ே

൑ |𝑆̅| െ 1 
𝑆̅ ⊂ 𝑁;  
3 ൑ |𝑆̅| ൑ 𝑡𝑜𝑝𝑆𝑡𝑜𝑝 െ 1, 
𝑡 ∈ 𝑇 

(2.36) 

𝑑௜௝௧ ∈ ሼ0,1ሽ 𝑖, 𝑗 ∈ 𝑁𝑇, 𝑡 ∈ 𝑇 
(2.37) 

𝑦௜௧ ∈ ሼ0,1ሽ 𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 
(2.38) 

𝜂 ൒෍෍ሺ𝑠𝑢𝑝௞𝜆௜௞; ௜ୀ௞
∗ െ 𝑤௜௞𝜆௜௞; ௜ஷ௞

∗ ሻ
௞∈ୗ௜∈ே

൅෍෍෍π௜௝௧
∗

௧∈்௝∈ே;
௜ழ௝

൫𝑑௜௝௧൯
௜∈ே

 

∀൛𝜆௜௞
∗ ,π௜௝௧

∗  ൟ ∈ 𝑒𝑥𝑡.𝑝𝑡𝑠. ሺ𝑆𝑃ሻ (2.39) 

0 ൒෍෍ሺ𝑠𝑢𝑝௞𝜆መ௜௞;௜ୀ௞ െ 𝑤௜௞𝜆መ௜௞;௜ஷ௞ሻ
௞∈ୗ௜∈ே

൅෍෍෍πෝ௜௝௧
௧∈்௝∈ே;

௜ழ௝

൫𝑑௜௝௧൯
௜∈ே

 

∀൛𝜆መ௜௞ ,πෝ௜௝௧ൟ ∈ 𝑒𝑥𝑡. 𝑟𝑎𝑦𝑠ሺ𝑆𝑃ሻ (2.40) 

The objective function of MP (2.30) minimizes a surrogate variable 𝜂 that is an 

underestimator for the objective function value of SP. MP finds the values of 𝒅 which are 

fed into the objective function of SP (2.17) as 𝒅ഥ. Constraints (2.39) are optimality cuts 

added to the master problem when SP is feasible. Constraints (2.40) are feasibility cuts 

that are added when SP is unbounded. By finding a feasible solution for SP, we can 

identify its extreme points 𝝀∗ and  𝝅∗. If SP is unbounded, we can find associated extreme 

rays 𝝀෠  and 𝝅ෝ. Algorithm 2.2 describes the implementation steps of the BD decomposition 

algorithm. 
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Algorithm 2.2: Benders Decomposition of TNDM (B&BC Approach) 

Step 0: Start to solve MP; B&B tree will be generated. The solver will drop integrality 

requirements and relax MP at the root node of the B&B tree. 

Step 1: Solve the relaxed MP in the root node of the B&B tree and update the lower 

bound, 𝜂.  

Step 2: Continue to explore the nodes of the tree. Once an incumbent integer solution for 

𝒅 is found, run the following subroutine within a Lazy Constraints Callback function. 

Step 2.1. Run Algorithm 2.1 to detect whether there are any subtour(s). If there are any, 

add proper subtour elimination cuts to MP. 

Step 2.2. Solve SP with the incumbent solution 𝒅ഥ (which is fixed with the values of 𝒅). If 

SP is feasible, then go to step 4. If it is unbounded, go to step 3.  

Step 3: Add the feasibility cuts to the master problem and continue to the B&B procedure.  

 If the master problem’s lower and upper bounds converge, go to step 4. 

 If the master problem is infeasible, conclude the algorithm with an error. 

Step 4: Add the optimality cut to MP and update the incumbent solution. Then, continue 

the branch and bound procedure.  

 If MP’s lower and upper bounds converge, go to step 4. 

 If MP is infeasible, conclude the algorithm with an error. 

Step 5: End the algorithm successfully. The final incumbent solution and the 

corresponding subproblem solution are optimal.  

 Algorithm 2.2 may not converge as desired speed. Therefore, we employ several 

enhancement strategies to improve the performance of the algorithm. Namely, we employ 

cut strengthening, disaggregating SP, and Pareto-optimal cut selection.  

2.4.4 Benders Decomposition Enhancements 

2.4.4.1 Cut Strengthening at the Root Node 

Algorithm 2.2 may fail to generate good lower bounds with the default cut 

generation algorithm that relies upon Kelley[64]’s cut loop scheme. This scheme 

iteratively finds and adds violated cuts to separate fractional solutions of the relaxed 

problem and resolve the formulation in a loop sense. It can be ineffective to get good 

lower bounds when the constraint set is small [65]. This case generally occurs at the start 

of BD since MP has a small constraint set due to the decomposition. Moreover, if the first 
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iterations do not produce good results, the lower bound may follow an unstable trajectory. 

There are different approaches for stabilizing lower bound such as bundle method [66] in 

which subgradient descent algorithm is used. An alternative method for stabilization is 

the in-out scheme and its variants are used in various BD implementations ([67], [65], 

[63]). 

In the in-out scheme, three solution points are identified. The first point (𝑑௜௡ሻ is a 

feasible point in the interior of the convex hull of the decision space. The second point 

(𝑑௢௨௧ሻ is chosen at the boundary of the Linear Program (LP) hull. And the third point 

(𝑑௦௘௣ሻ  is called the separation point, which lies in the line between 𝑑௜௡ and 𝑑௢௨௧ points. 

Cuts violated by the 𝑑௦௘௣ are generated to separate it from the LP hull. Repeating this 

scheme over the resulting polyhedron in each iteration may improve the lower bound 

more than Kelley’s scheme, which is the default cutting plane algorithm in most off-the-

shelf solvers (e.g., Gurobi, CPLEX). Experimental results obtained by Fischetti et al. [65] 

and Zetina et al. [63] support the effectiveness of the in-out scheme for improving the 

lower bound, especially at the root node of the B&B tree. Because have experienced 

similar slow progress in improving the lower bound with the default cutting plane 

algorithm, we implement an in-out scheme at the root node as defined in Algorithm 2.3.  

Algorithm 2.3: In-out Scheme Implementation 

Step 0: Obtain the relaxed MP (MP_Rel) by dropping the integrality requirements on the 

𝑑. 

Step 1: Solve MP_Rel with the Barrier method to obtain an inner feasible point 𝑑௜௡. 

Step 3: Solve MP_Rel with the Dual simplex (or Simplex) algorithm to obtain an outer 

feasible point 𝑑௢௨௧. 

 Update the lower bound, 𝜂௖௨௥௥௘௡௧ 

 𝐼𝑓 ቚ𝜂௖௨௥௥௘௡௧ െ 𝜂௣௥௘௩௜௢௨௦ቚ ൐ 0, then go to Step 4, otherwise go to Step 6. 

Step 4: Find the separation point 𝑑௦௘௣ that lies on the line between 𝑑௜௡ and 𝑑௢௨௧ . 

 Select a weight parameter 𝛼 ∈ ሺ0,1ሻ. 

 𝑑௦௘௣ ൌ 𝛼𝑑௢௨௧ ൅ ሺ1 െ 𝛼ሻ𝑑௜௡ 

 Update the inner point 𝑑௜௡ ൌ 𝑑௦௘௣ 

Step 5: Solve SP with fixed 𝑑௦௘௣ values and add feasibility (or optimality) cuts to MP. 

Step 6: End the algorithm by leaving the root node and start to explore the branch nodes. 
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In Algorithm 2.3, we use the Barrier method which is an interior point algorithm to 

obtain an inner point. Since the crossover operation can convert interior points to the 

boundary of the LP hull, we disable the crossover in the Barrier. There is no certain guide 

for choosing a value for the weight parameter (𝛼) in Step 3 of the algorithm. After testing 

different values of 𝛼, we find out that 𝛼 ∈ ሾ0.4, 0.8ሿ give better results. The algorithm ends 

when MP's lower bound does not improve in the root node. 

2.4.4.2 Disaggregation of Subproblem 

Solving SP with Dual Simplex or Simplex algorithms in a reasonable amount of 

time is not possible for large instances. An alternative approach is to use the Barrier 

method; however, when SP is unbounded, detecting unboundedness may be too time-

consuming with the Barrier method. Therefore, we propose disaggregating SP at each 

stop to reduce its complexity.  

To disaggregate SP, we replace π௜௝௧  and 𝜇௜௝௧  of SP with the decision variables  

π௜௝௞௧  for 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇;  𝑖! ൌ 𝑘, 𝑖 ൏ 𝑗  and 𝜇௜௝௞௧  for 𝑖 ∈ 𝑁, 𝑗 ∈ 𝑁, 𝑘 ∈ 𝑆;  𝑖 ൏ 𝑗 , 

respectively.  

 
Accordingly, we modify the objective function (2.17) as follows to obtain the 

disaggregated version (2.41). 

max𝑍௞ ൌ෍ሺ𝑠𝑢𝑝௞𝜆௜௞; ௜ୀ௞ െ 𝑤௜௞𝜆௜௞; ௜ஷ௞ሻ
௜∈ே

൅෍෍෍π௜௝௞௧
௧∈்௝∈ே;

௜ழ௝

൫𝑑̅௜௝௧൯
௜∈ே

 
𝑘 ∈ 𝑆 (2.41) 

With the disaggregated objective function for SP, optimality and feasibility cuts are 

defined as follows, respectively.  

𝜂௞ ൒෍ሺ𝑠𝑢𝑝௞𝜆௜௞; ௜ୀ௞
∗ െ 𝑤௜௞𝜆௜௞; ௜ஷ௞

∗ ሻ
௜∈ே

൅෍෍෍π௜௝௞௧
∗

௧∈்௝∈ே;
௜ழ௝

൫𝑑௜௝௧൯
௜∈ே

 

∀൛𝜆௜௞
∗ ,π௜௝௞௧

∗  ൟ

∈ 𝑒𝑥𝑡. 𝑝𝑡𝑠. ሺ𝑆𝑃ሻ, 𝑘 ∈ 𝑆 

(2.42) 
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𝟎 ൒෍ሺ𝑠𝑢𝑝௞𝜆መ௜௞;௜ୀ௞ െ 𝑑𝑒𝑚௜
௞𝜆መ௜௞;௜ஷ௞ሻ

௜∈ே

൅෍෍෍𝜋ො௜௝௞௧
௧∈்௝∈ே;

௜ழ௝

൫𝑑௜௝௧൯
௜∈ே

 

∀൛𝜆መ௜௞ ,𝜋ො௜௝௞௧ൟ

∈ 𝑒𝑥𝑡. 𝑟𝑎𝑦𝑠ሺ𝑆𝑃ሻ, 𝑘 ∈ 𝑆 

(2.43) 

Objective function of MP is changed to ∑ 𝜂𝑘௞∈ௌ .  

2.4.4.3 Selection of Pareto-optimal Cuts 

SP may have alternative optima; hence the corresponding Benders cuts may slow 

down the progression of BD and adversely affect the performance of BD. This stems from 

the primal degeneracy seen in most network design problems [63]. A seminal paper by 

Magnanti and Wong [68] suggest using Pareto-optimal Benders cuts to overcome this 

problem. An optimality cut can be defined as Pareto-optimal only if it dominates others 

by the condition if 𝑓ሺ𝜆ᇱሻ ൅ 𝑔ሺ𝜋ᇱሻ ൒ 𝑓ሺ𝜆∗ሻ ൅ 𝑔ሺ𝜋∗ሻ  where η ൒ 𝑓ሺ𝜆∗ሻ ൅ 𝑔ሺ𝜋∗ሻ  and η ൒

𝑓ሺ𝜆ᇱሻ ൅ 𝑔ሺ𝜋ᇱሻ for all (𝜆∗,𝜋∗).  

Pareto-optimal cuts can be identified by a mathematical model using relative 

interior points of the convex hull of the master problem, namely, core points. We 

formulate the following mathematical model to find Pareto-optimal cuts for the proposed 

decomposition. The model is defined on the decision space of each disaggregated 

subproblem. 

Model PRT: Mathematical Model for Selection of Pareto Optimal Cuts 

max  𝑅௞ ൌ෍ሺ𝑠𝑢𝑝௞𝜆௜௞; ௜ୀୀ௞ െ 𝑤௜௞𝜆௜௞; ௜ஷ௞ሻ
௜∈ே

൅෍෍෍π௜௝௞௧
௧∈்௝∈ே;

௜ழ௝

൫d௜௝௧
଴ ൯

௜∈ே

 

𝑘 ∈ 𝑆 (2.44) 

෍ሺ𝑠𝑢𝑝௞𝜆௜௞; ௜ୀୀ௞ െ 𝑤௜௞𝜆௜௞; ௜ஷ௞ሻ
௜∈ே

൅   ෍෍෍π௜௝௞௧
௧∈்௝∈ே;

௜ழ௝

൫𝑑̅௜௝௧൯
௜∈ே

ൌ 𝑍௞
∗
 

 𝑘 ∈ 𝑆  (2.45) 

(2.18) – (2.29)   

The objective function (2.44) for each 𝑘 aims to maximize the left-hand-side of the 

corresponding optimality cut given in (2.42) by using the core points 𝒅𝟎. The constraint 

set for each 𝑘  contains the constraints (2.18) – (2.29) from the corresponding 
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disaggregated SP and also an equality constraint (2.45) to make sure that obtained 

solutions must yield corresponding disaggregated SP solution 𝑍௞
∗
 (i.e., obtained solutions 

must be feasible extreme points of corresponding SP). Pareto-optimal cuts are generated 

similarly to optimality cuts (2.42) except that the values of dual variables 𝜆 and 𝜋 are 

obtained by PRT. 

Core points (𝑑଴ሻ can be generated from the relative interior of the convex hull of 

MP [68]. Papadokos [69] proves that the core point does not have to be an interior point. 

Similarly, we observe that points from the integer hull of MP can lead to better Pareto-

optimal cuts. We update core points once MP finds a new incumbent solution. This update 

procedure is done as follows: 

 Initialize the core point 𝑑଴ with a point in the integer hull of MP. 

 Update the core point with a weight parameter (𝛼) when the incumbent solution 

is updated where the current master solution is 𝑑̅:     

𝑑଴ ൌ 𝛼𝑑଴ ൅ ሺ1 െ 𝛼ሻ𝑑̅  

Weight parameter 𝛼  is chosen between 0 and 1. Experiments show that 𝛼 ∈

ሺ0.1,0.3ሻ yields the best results. 

2.4.5 Benders Decomposition - based Heuristic 

Despite the enhancements in the decomposition algorithm, challenges persist with 

scaling to larger instances, which is the primary rationale for the initial implementation 

of decomposition strategy. As the instance size increases, the master problem’s size 

correspondingly increases as well. Consequently, we introduce a Benders decomposition-

based heuristic (BDH) approach aimed at diminishing the size of the master problem. 

This approach reduces the input dimensions -specifically OD distance matrix- for the 

master problem, thereby curtailing its overall complexity and size. Preprocess in an OD 

distance matrix is made by the Algorithm 2.4 as follows:  

Algorithm 2.4: Preprocess of OD distance matrix. 

Step 0: Initialization 

 Set Repetition Counter: Initialize a repetition counter, REP, to control the number 

of iterations. 

Step 1: Record Arcs 
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 Use Algorithm 2.2 (with the enhancements by Algorithm 2.3, disaggregation of 

subproblem and selection of Pareto-optimal cuts) to solve MP and subsequently solve the 

disaggregated SPs. 

 If the solution to the disaggregated SPs is optimal, record the solution for 𝒅 . 

Identify and record all unique arcs ሺ𝑖, 𝑗ሻ in the solution where 𝑑௜௝௧ equals to 1.0.  This 

action is to note the arcs actively utilized in the solution, distinct from the route index. 

Then, go to Step 2. 

 If an optimal solution for SPs isn't found, iterate adjustments, and return to solving 

MP until optimality for SPs is achieved. 

Step 2: Obtain Set of Arcs 

 Compile all recorded unique arcs from each iteration into a set of arcs called 

‘reducedArcs’.  

 Repeat the Step 1 until recording unique arcs REP times. Once REP iterations are 

completed, go to step 3.  

Step 3: Obtain OD_condensed by refining the OD distance matrix of the instance, which 

involves nullifying (or emptying) entries that do not correspond to the 'reducedArcs'. 

Algorithm 2.4 effectively generates a condensed version of the (OD) distance 

matrix, pertinent to the problem instance. This condensed matrix, referred to as 

OD_condensed, significantly narrows the decision space for the master problem, thereby 

enhancing computational efficiency and tractability. Original OD distance matrix is 

replaced by OD_condensed for the Benders decomposition-based heuristic (BDH) that is 

given in Algorithm 2.5.  

Algorithm 2.5: Benders decomposition-based heuristic (BDH) 

Step 0:  Disaggregate the SP and generate subproblems (SPs).  

 Start to solve MP; B&B tree will be generated. The solver will drop integrality 

requirements and relax MP at the root node of the B&B tree. 

Step 1: Solve the relaxed MP in the root node of the B&B tree and update the lower 

bound, 𝜂 by utilizing in-out scheme of Algorithm 2.3. 

Step 2: Continue to explore the nodes of the tree. Once an incumbent integer solution for 

𝒅 is found, run the following subroutine within a Lazy Constraints Callback function. 

 Step 2.1. Run Algorithm 2.1 to detect whether there are any subtour(s). If there are 

any, add proper subtour elimination cuts to MP. 
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 Step 2.2. Solve SPs with the incumbent solution 𝒅ഥ (which is fixed with the values of 

𝒅). If SP is feasible, then go to step 4. If it is unbounded, go to step 3.  

Step 3: Add the feasibility cuts to the master problem and continue to the B&B procedure.  

 If the master problem’s lower and upper bounds converge, go to step 4. 

 If the master problem is infeasible, conclude the algorithm with an error. 

Step 4: Utilize the model PRT for selecting Pareto-optimal cuts and add Pareto-optimal 

cuts to MP and update the incumbent solution. Then, continue the branch and bound 

procedure.  

 If MP’s lower and upper bounds converge, go to step 4. 

 If MP is infeasible, conclude the algorithm with an error. 

Step 5: End the algorithm successfully. The final incumbent solution and the 

corresponding subproblem solution are optimal.  

 

2.5 Computational Results on Benchmark Instances 

We have conducted tests using benchmark instances from the literature, namely 

Mandl and Mumford instances, and using a real-world transit network in Kayseri.  

Proposed models are coded with JuMP [70] mathematical modeling package in Julia [71] 

programming language. Experiments are conducted by Gurobi 9.5 solver.  

TNDM solution files for the tests for Mandl, Mumford, and Kayseri204 instances 

can be found at the following repository. (https://aguedutr-my.sharepoint.com 

/:f:/g/personal/abdulkerim_benli_agu_edu_tr/Eq4v3KjxFFlAvNb9UOI2lDoBokeWcfpk

p4VpbBLnKUOrxw, accessed on December 20, 2023). 

2.5.1 Tests for Mandl Network  

Mandl network [72] has been obtained by sampling out of the transit network of a 

Swiss town and consists of 15 nodes/stops and 21 edges. The geographical coordinates 

of the stops are not known. However, the network layout can be depicted as in Figure 2.3 

by the spectral layout algorithm [73]. The size of a node is proportional to the number of 

neighborhoods of that node. Features of the instances based on Mandl network are given 

in Table 2.1. 
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Table 2.1 Features of Mandl Transit Network 

Network 
Number of nodes/ 

edges 
Number of routes 

Number of stops per 
route (max.) 

Mandl 15 / 21 4,6,8,10,12 8, 14 

Transfer Penalty 
(mins.) 

Number of non-zero 
OD demand pairs 

Total Passenger 
Demand 

Demand period 
(mins.) 

5 172 15570 60 

 

 

The OD demand matrix of Mandl is given in Table 2.2. Total passenger demand 

is 15570 and the number of non-zero OD demand pairs is 172. Except for stop 15, each 

stop is a departure point. The OD distance matrix of the network is given in Table 2.3 as 

the distance unit is in minutes. A distance is recorded in the matrix if only there is a direct 

connection between two stops. 

 

 

 

 

Figure 2.3 Layout of Mandl Transit Network 
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Table 2.2 Origin – Destination (OD) Demand Matrix Table 

 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 0 400 200 60 80 150 75 75 30 160 30 25 35 0 0 

2 400 0 50 120 20 180 90 90 15 130 20 10 10 5 0 

3 200 50 0 40 60 180 90 90 15 45 20 10 10 5 0 

4 60 120 40 0 50 100 50 50 15 240 40 25 10 5 0 

5 80 20 60 50 0 50 25 25 10 120 20 15 5 0 0 

6 150 180 180 100 50 0 100 100 30 880 60 15 15 10 0 

7 75 90 90 50 25 100 0 50 15 440 35 10 10 5 0 

8 75 90 90 50 25 100 50 0 15 440 35 10 10 5 0 

9 30 15 15 15 10 30 15 15 0 140 20 5 0 0 0 

10 160 130 45 240 120 880 440 440 140 0 600 250 500 200 0 

11 30 20 20 40 20 60 35 35 20 600 0 75 95 15 0 

12 25 10 10 25 15 15 10 10 5 250 75 0 70 0 0 

13 35 10 10 10 5 15 10 10 0 500 95 70 0 45 0 

14 0 5 5 5 0 10 5 5 0 200 15 0 45 0 0 

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
 
 

Table 2.3 Origin – Destination (OD) Distance Matrix Table 

 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 - 8 - - - - - - - - - - - - - 

2 8 - 2 3 6 - - - - - - - - - - 

3 - 2 - - - 3 - - - - - - - - - 

4 - 3 - - 4 4 - - - - - 10 - - - 

5 - 6 - 4 - - - - - - - - - - - 

6 - - 3 4 - - - 2 - - - - - - 3 

7 - - - - - - - - - 7 - - - - 2 

8 - - - - - 2 - - - 8 - - - - 2 

9 - - - - - - - - - - - - - - 8 

10 - - - - - - 7 8 - - 5 - 10 8 - 

11 - - - - - - - - - 5 - 10 5 - - 

12 - - - 10 - - - - - - 10 - - - - 

13 - - - - - - - - - 10 5 - - 2 - 

14 - - - - - - - - - 8 - - 2 - - 

15 - - - - - 3 2 2 8 - - - - - - 
 

Several test instances are generated by changing the number of routes (NR) and 

maximum number of stops allowed per route (MS). For comparison with the literature, 

the transfer penalty is taken as 5 minutes in the Mandl tests.  

2.5.1.1 Results of Tests 

We have used a laptop computer with a core i7@3.30 GHz and 16GB RAM for 

experiments with Mandl. We conduct two sets of experiments by solving TNDM with the 
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passenger perspective (i.e., the objective function (2.4)) and the transit agency 

perspective (i.e., the objective function (2.4’)), respectively.  

The results for the first set of experiments are given in Table 2.4. All results are 

optimal with respect to total travel time (TTT). The average travel time column is 

calculated by dividing the TTT by the total passenger demand in the transit system. For 

instance, by operating with 4 routes, the average travel time (ATT) is ଵ଺ଷଶଵ଴
ଵହହ଻଴

ൌ 10.482 

minutes. The direct traveler (DT) column represents the percentage of passengers who 

travel on a single route without making any transfer. The transfer column represents the 

percentage of passengers who make a transfer. For instance, only 8.156% of total 

passengers make a transfer when 4 routes are available and maximum number of stops 

per route is 8. For all instances, maximum number of transfers is found to be one (i.e., no 

passenger makes transfers more than one time). The runtime column shows the CPU time 

of the experiment. TNDM can reach optimality for the cases with the number of 

maximum stops per route is 8. Increasing the number of maximum stops to 14 prevents 

closing optimality gap, however we know that obtained upper bound values are optimal 

that are verified by optimal results given by Vermeir et al. [44]. 

 It is worth mentioning that we can find optimal upper bound values with much 

shorter runtime. For instance, we obtain the optimal solution in 400 seconds for the 4-

route and 8-stop case but wait for the remaining 16330 seconds to increase the lower 

bound to the optimal objective function value. 

Table 2.4 Computational Test Results for Mandl Network on Passenger Perspective 

MS* NR TTT 
(mins.) 

AVT 
(mins.) 

DT (%) 
Transfer 

(%) 
Runtime (s) Gap (%) 

8 

4 163210 10.482 91.844 8.156 16770 0.0 

6 158500 10.18 97.174 2.826 132000 0.0 

8 156750 10.07 99.230 0.770 167000 0.0 

10 155940 10.02 99.936 0.064 140000 0.0 

12 155820 10.01 99.935 0.065 43000 0.0 
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14 

4 159990 10.28 96.46 3.54 86400 2.63 

6 157040 10.09 99.11 0.89 86400 0.8 

8 156090 10.03 99.88 0.12 86400 0.19 

10 155840 10.01 100 0 86400 0.03 

12 155800 10.01 100 0 86400 0.01 

* MS: Maximum number of stops per route; NR: Number of routes; TTT: Total travel time; ATT: 
Average travel time; DT: Direct travelers 

 The results for the second set of experiments regarding transit agency perspective 

are given in Table 2.5. We obtain optimal solutions for all instances. Even though we 

increase the number of routes, the model does not put additional stops and sticks with the 

minimum required stops (i.e., just enough to satisfy passenger demand). Therefore, the 

optimal route length is the same for all cases.  

Table 2.5 Computational Test Results for Mandl Network on Transit Agency 
Perspective 

NR 
Total length of 

routes (mins.) 
Runtime (s) 

4, 6, 8, 10, 12 63 421 

The results on Mandl instances show that Gurobi can solve TNDM and find optimal 

results for small-scale problems. In the following, we present the results of the tests 

conducted on moderate- to large-scale networks. 

2.5.2 Tests for Mumford Networks 

Mumford instances consist of four different transit networks: Mumford0, 

Mumford1, Mumford2, and Mumford3. The number of nodes/stops (edges) changes from 

30 (90) to 127 (425). Other features of the instances are given in Table 2.6. The 

coordinates of the stops and the demand period are unknown. However, layouts of the 

networks are depicted in Appendix A.  
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Table 2.6 Features of Mumford Transit Networks 

Network 
Number of 
nodes/edges 

Number of routes 
Number of stops per 

route (min./max.) 

Mumford0 30 / 90 12 2 / 15 

Mumford1 70 / 210 15 10 / 30 

Mumford2 110 / 385 56 10 / 22 

Mumford3 127 / 425 60 12 / 25 

 
Transfer Penalty 

(mins.) 
Number of non-zero 

OD demand pairs 
Total Passenger 

Demand 

Mumford0 

5 

870 342160 

Mumford1 4820 1926170 

Mumford2 11990 4847900 

Mumford3 16002 6394950 

2.5.2.1 Results of Tests 

We have used a workstation computer with 32 core and 256GB RAM for 

experiments with Mumford. The runtime for all tests is 86400 seconds by reserving 57500 

seconds for the Node Relaxation Heuristic (NoRelHeur). Mumford instances are hard to 

solve due to the large number of nodes and non-zero OD demand pairs. There are only a 

few (meta)heuristic approaches in the literature that have used these networks. The best 

results for TNDP are obtained by the evolutionary algorithms of Mumford [27] and John 

et al. [58], the ad-hoc route generation algorithm of Kiliç and Gök [59], and the hyper-

heuristic approach of Ahmed et al. [56]. In this regard, we compare the results of TNDM 

with those of the abovementioned studies/algorithms. The results for the first set of 

experiments are given in Table 2.4. 

We conduct two sets of experiments with the passenger perspective and the transit 

agency perspective, respectively. The results obtained using Gurobi with Node 

Relaxation Heuristics (NoRelHeur) and Benders decomposition-based heuristic (BDH) 

are given for the passenger perspective in Table 2.7 and for the transit agency perspective 

in Table 2.8. We do not employ BDH for transit agency perspective since we need 

equality sign in the equation 2.34 during the implementation of Benders decomposition 

(otherwise the Algorithm 2.5 may terminate early). Handling equation 2.34 with equality 
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sign will increase the transit agency cost unnecessarily that will negatively effect of BDH 

results.  

Table 2.7 Comparison of TNDM (solving by Gurobi with NoRelHeur and BDH) with 
Other Studies on Mumford Networks on Passenger Perspective 

Instance Model 
Average 

travel time 
(mins.) 

Runtime 
(s) 

Optimality 
gap (%) 

Mumford0 

BDH 14.33 86400 9.24 

Gurobi with 
NoRelHeur 

14.14 86400 7.97 

Ahmed et al. [56] 14.09 36000 - 

Kılıç and Gök [59] 14.99 - - 

John et al. [58] 15.40 - - 

Mumford [27] 16.05 - - 

Mumford1 

BDH 24.63 8640 21.7 

Gurobi with 
NoRelHeur 

21.91 86400 12.1 

Ahmed et al. [56] 21.70 36000 - 

Kılıç and Gök [59] 23.25 - - 

John et al. [58] 23.91 - - 

Mumford [27] 24.79 - - 

Mumford2 

BDH 29.39 86400 24.57 

Gurobi with 
NoRelHeur 

28.04 86400 20.94 

Ahmed et al. [56] 25.00 36000 - 

Kılıç and Gök [59] 26.82 - - 

John et al. [58] 27.02 - - 

Mumford [27] 28.65 - - 

Mumford3 

BDH 30.88 86400 31.2 

Gurobi with 
NoRelHeur 

29.70 86400 28.46 

Ahmed et al. [56] 27.89 36000 - 

Kılıç and Gök [59] 30.41 28800 - 

John et al. [58] 29.50 158400 - 

Mumford [27] 31.44 - - 
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Table 2.8 Comparison of TNDM (solving by Gurobi with NoRelHeur) with Other 
Studies on Mumford Networks on Transit Agency Perspective 

Instance Model 
Total length of 
routes (mins.) 

Runtime (s) 
Optimality 

gap (%) 

Mumford0 

Gurobi with 
NoRelHeur 

94 86400 37.4 

Ahmed et al. [56] 94 36000 - 

Kılıç and Gök [59] 707 - - 

John et al. [58] 745 - - 

Mumford [27] 759 - - 

Mumford1 

Gurobi with 
NoRelHeur 

396 86400 5.3 

Ahmed et al. [56] 408 36000 - 

Kılıç and Gök [59] 1956 - - 

John et al. [58] 1861 - - 

Mumford [27] 2038 - - 

Mumford2 

Gurobi with 
NoRelHeur 

1266 86400 34.4 

Ahmed et al. [56] 1330 36000 - 

Kılıç and Gök [59] 5027 - - 

John et al. [58] 5461 - - 

Mumford [27] 5632 - - 

Mumford3 

Gurobi with 
NoRelHeur 

1805 86400 40 

Ahmed et al. [56] 1746 36000 - 

Kılıç and Gök [59] 5834 - - 

John et al. [58] 6320 - - 

Mumford [27] 6665 - - 

Tables 2.7 and 2.8 show that solving TNDM by BDH and Gurobi with NoRelHeur 

can obtain good-quality solutions. However, we observe that the lower bound does not 

improve in tests on Mumford instances. Therefore, optimality gap is high for all test cases. 

Except for Ahmed et al. [56], TNDM can mostly provide better results than other 

compared approaches considering average travel time and total length of routes. Obtained 

results on Mandl and Mumford networks verify TNDM’s computational capability.  
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2.5.3 Tests for Kayseri204 Network 

Kayseri204 instances are defined on a real bus transit network in the city of Kayseri, 

located in the Central Anatolian Region in Türkiye. Kayseri has a population of about 1.5 

million. The current public transport system consists of tram and bus transit networks. 

The tram and bus networks intersect at certain points; however, the tram network passes 

through a limited number of streets and has limited capacity. The bus network is currently 

the main public transport system. The number of stops in both directions in the current 

bus transit system is over 3000, which is high for the size of a city such as Kayseri. In this 

regard, designing a trunk-and-feeder system is considered an alternative. Our goal in this 

study is to determine trunk lines/routes on the stops selected by Kayseri Transport Inc., 

considering demand intensity and location diversity. The features of the instances are 

given in Table 2.9. We assume a transfer penalty of 15 minutes, as in Arbex and da Cunha 

[97], Borndörfer and Karbstein [107]. 

Table 2.9 Features for Kayseri204 transit network instances 

Number of nodes/ edges Number of routes Node limits (min./max.) 
Transfer Penalty 

(mins.) 

204 / 405 15, 20, 25 2 / 25 15 

Number of non-zero OD 

demand pairs 

Total Passenger 

Demand 
Demand period (mins.) 

13338 205090 1000 

2.5.3.1 Results of Tests 

We conduct tests for Kayseri 204 with Gurobi 9.5 solver on an Intel(R) Xeon(R) 

Gold 6150@2.70 GHz computer with 256GB RAM. The runtime for all tests is 86400 

seconds by reserving 57500 seconds for the Node Relaxation Heuristic (NoRelHeur). The 

results obtained using Gurobi with NoRelHeur are given for the passenger perspective in 

Table 2.10.  
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Table 2.10 Results for TNDM (solving by Gurobi with NoRelHeur) on Kayseri204 
Network on Transit Agency Perspective 

Number of routes 
Average travel time 

(mins.) 
Runtime (s) 

Optimality gap 

(%) 

15 32.38 86400 36.24 

20 31.01 86400 33.44 

25 29.86 86400 30.86 

 

2.7 Conclusion 

In this chapter, we have addressed the transit network design problem (TNDP) and 

propose a novel mathematical programming model that incorporates features of real-

world transit network systems (e.g., passenger transfers). The model is the first to design 

routes from scratch without utilizing a line pool and attempt to solve large-scale problems. 

The proposed model is difficult to solve for large-scale networks using Gurobi. Therefore, 

we develop a solution methodology based on Benders decomposition and Branch&Cut 

procedure. We employ several enhancement strategies, namely in-out cut loop scheme, 

disaggregate the subproblem, and Pareto-optimal cuts, to improve the performance of 

the solution methodology and finally develop a heuristic based on Benders 

decomposition. 

We conduct experiments using Gurobi solver -with and without the NoRelHeur 

parameter activation- and Benders decomposition-based heuristic. We verify the 

performance and capability of the proposed model with small- and large-size well-known 

benchmark instances (i.e., Mandl and Mumford) and compare the results obtained by the 

model to those obtained with the state-of-art studies in the literature. Results show that 

Benders decomposition-based heuristic can provide solutions for large-scale TNDP 

whereas the original model cannot unless enabling NoRelHeur parameter of Gurobi. 

Lastly, we apply the model to a real-world transit network of Kayseri city in Türkiye.  

The main insights from the results obtained by the proposed model can be 

summarized as follows:  

 Increasing the number of routes has a marginal effect on the passengers' travel 

time. This phenomenon holds true across networks of different scales, as exemplified by 
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the Mandl network with its limited number of stops, and the more extensive Kayseri204 

network. Such findings suggest that increasing the number of routes is not the most 

effective strategy for reducing travel times.  

 Considering that ineffectual impact, a shift in focus is recommended towards 

increasing the number of stops in routes. However, the decision to implement new routes 

should be carefully evaluated against the operational cost implications of lengthier 

existing routes. The balancing act between the fixed costs associated with the introduction 

of new routes and the variable costs due to extending number of stops in routes is crucial 

for optimizing network design. 

 

 Furthermore, employing the total length of routes as a proxy for transit agency costs 

may not fully capture the complex cost elements inherent in public transportation 

networks. A more sophisticated approach that considers a variety of operational and 

contextual factors would likely provide a more accurate reflection of the costs that transit 

agencies encounter. 

We remark that the insights may change depending on the values of different 

parameters. However, the results indicate that the proposed model can be useful as a 

decision aid for designing a transit network system or evaluating a current system.  
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Chapter 3 

Transit Network Design and Frequency 
Setting Problem 

Transit Network Design and Frequency Setting Problem (TNDFSP) considers 

network route design and frequency setting problems simultaneously and aims at 

designing routes and frequencies of the routes to satisfy passenger demand given as an 

Origin-Destination (OD) demand matrix. Some literature refers to TNDFSP as the line 

planning problem, especially in railway network settings [13]TNDFSP is an NP-hard 

problem and computationally challenging even for small networks [16].  

Durán-Micco et al. [18] give a recent survey of TNDFSP studies for bus and rail 

transit settings. Some of their findings are as follows: (1) Due to the complexity of real-

world transit network settings, TNDFSP is hard to model for practical applications. 

Therefore, studies primarily focus on simplified networks [19]. (2) Many assumptions are 

made before appropriately addressing the problem, which results in different studies 

making different assumptions leading to different problems for which the results cannot 

be directly compared. (3) Case studies stemming from real-world networks simplify 

passenger demand and deviate from realism by only considering a proportion of OD 

demand pairs, i.e., a highly-sparse OD demand matrix is used [24].  (4) Frequencies are 

set iteratively, i.e., a predefined, initial set of frequencies are updated according to the 

passenger assignment rather than determining them endogenously in a model [49]. (5) 

Passenger assignment is done mainly by ignoring overcrowding. A few studies consider 

crowding issues and use incremental algorithms in which the frequency of crowded routes 

is updated iteratively. (6) There is a need for new models and approaches to add more 

realistic concepts and solve real-world problems.  

In addition to these issues pointed out by Durán-Micco et al. [18], all studies except 

for Wan and Lo [15] design routes out of a predefined route/line pool or use a route 

generation algorithm [12] with the risk of overlooking optimal routes. (Meta)Heuristic 
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studies are mostly preferred because of the computationally challenging nature of the 

problem. Although metaheuristic approaches can provide good solutions for some 

benchmark instances, solution quality depends mainly on instance data and requires a lot 

of tuning effort. Moreover, they are not flexible enough to easily incorporate realistic 

features and cannot provide information regarding the quality of the generated solutions.   

Considering the aforementioned issues, we are motivated to develop a novel 

mathematical model for TNDFSP that represents real-world transit network features. 

Rather than developing an exact solution methodology for the problem and focusing on 

computational performance, our goals are to solve the model using off-the-shelf 

commercial solvers, conduct what-if analyses to provide the decision-makers with 

managerial insights, and assess the flexibility and applicability of the models. In this 

regard, we propose a multi-objective nonlinear mixed-integer programming (MNMIP) 

model.  

The contribution of this study is twofold: (1) We propose a novel mathematical 

programming formulation based on realistic concepts. The model reflects passengers’ 

route choice realistically by considering in-vehicle travel time, transfers, and waiting 

times at boarding (departure) and transfer stops as well as overcrowding and under-

utilization of vehicles in the passenger assignment. The model also reflects the transit 

agency’s perspective by allowing the transit agency to determine service level by 

imposing limitations on several parameters such as vehicle fleet size. The model 

endogenously determines routes including their terminal and intermediate stops as well 

as their frequencies. To our knowledge, the model is the first to determine routes and 

their frequencies simultaneously from scratch, i.e., without using line and frequency 

pools while considering the aforementioned issues such as transfers and waiting. (2) We 

provide the results of what-if analyses conducted using a real-world public bus transport 

network in the city of Kayseri in Türkiye and the proposed model. We also present the 

results of computational tests implemented to validate and verify the model using Mandl 

benchmark instances from the literature [72]. The results obtained using Gurobi as the 

solver indicate that the model produces better solutions than the state-of-the-art 

algorithms in the literature and that the model can be used by public transit planners as a 

decision aid. 
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3.1 Literature Review 

Guihaire and Hao [29], Kepaptsoglou and Karlaftis [30], Farahani et al. [16], Ibarra-

Rojas et al. [74] and recently Durán-Micco et al. [18] provide a detailed review of TNDP 

and TNDFSP studies.  That surveys indicate that the scope of studies varies significantly 

depending on the assumptions regarding objectives, solution approaches, parameters, and 

network settings. This thesis emphasizes studies that employ mathematical programming 

approaches; however, (meta)heuristics and analytical formulations will be briefly 

mentioned when necessary. 

Mathematical programming-based TNDFSP studies are rare and mostly make 

assumptions that simplify the realistic aspects of the problem. The models in the literature 

essentially differ in how they handle (1) route design, (2) frequency setting, (3) transfer 

and waiting at the stops, (4) passenger assignment to the routes, and (5) vehicle fleet size. 

Most studies select the best routes from a predefined route set instead of generating routes 

from scratch using endogenous variables within the models. Marwah [75] generates a 

candidate route set using an ad-hoc heuristic procedure and proposes a linear 

mathematical program to determine the best routes out of this route set to minimize the 

number of transfers. Early studies such as Constantin and Florian [76], Dubois et al. [36], 

Furth et al. [77], and Lampkin and Saalmans [78] set frequencies as a sequential step after 

determining the route network instead of assigning them simultaneously with the route 

design. On the other hand, van Nes et al. [17] claim that the sequential solution procedure 

deviates from reality and propose a model that simultaneously addresses both route design 

and frequency setting. However, they consider only a set of candidate routes constructed 

using an algorithm described by Ceder and Wilson [4] and a limited number of 

frequencies. A different approach by van Oudheusden et al. [79] considers routes as 

facilities and uses set covering and facility location models to select efficient ones out of 

a candidate set.  

Wan and Lo [15] introduce a mixed integer programming model that designs routes 

from scratch rather than selecting from a candidate route set. However, their model 

neither treats transfers of passengers nor considers waiting times. Guan et al. [80] model 

passenger transfers by adding expected transfer times to predefined paths for each OD 

demand pair. Therefore, they assign passengers to lines with minimum in-vehicle travel 
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and transfer time along their path. De-Los-Santos et al. [21] propose a mathematical 

program formulation that uses decision variables to construct routes considering the 

walking option to make a transfer at different stops. However, frequency setting is made 

by parametric analysis rather than letting the model determines them.  

Cancela et al. [12] utilize a trajectory graph by adding waiting and transfer arcs to 

the transit network to model transfer and waiting times. Szeto and Jiang [81] utilize a 

bilevel mathematical program in which the upper level minimizes the number of transfers 

considering the vehicle fleet size while the lower level assigns passengers to the routes 

designed in the upper level. Routes are generated between a predetermined set of terminal 

stops with the help of an artificial bee colony algorithm, and associated frequencies are 

improved with an iterative approach using a linear program. 

Modeling waiting times at boarding and transfer stops affects passenger assignment 

to the routes. Even though there are typically no explicitly capacity limits on routes, 

setting frequencies for routes will indirectly impose capacity limits. That is, the maximum 

passenger load that can be carried on a route will depend on the route's frequency. 

Frequencies also indirectly determine the waiting times of passengers at a stop (via 

headways). Therefore, route choice of passengers depends on their perception of 

frequency, and route choice of passengers (i.e., assignment of passengers to routes) can 

be modeled by the principles of passenger assignment problem (PAP). PAP is an implicit 

problem within TNDFSP. However, there exist limited studies that address this issue.  

Spiess and Florian [82] suggest assigning passengers to the routes using the frequency 

share rule, which presumes that the probability that a vehicle arrives at a stop first is 

proportional to the frequency of its route. Hence, assuming passengers get on the first 

vehicle arriving at the stop, passengers are assigned to routes proportional to their 

frequencies. The frequency share method can lead to detours from shortest paths and 

overcrowding or under-utilization of the vehicles, which are eliminated later mainly 

through iterative frequency setting (e.g., Ahern et al. [31]). Cancela et al. [12] utilize this 

concept to model waiting times on the trajectory graph by associating waiting arcs with 

a predefined, finite set of frequencies for candidate routes. They test the model using only 

one of the Mandl benchmark instances and solve a simplified bus network with 84 stops 

in Uruguay without allowing transfers. Alternatives to frequency share are user 

equilibrium and system optimal approaches. The user equilibrium approach (e.g., Wan 
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and Lo [15]) ignores overcrowding issues since passengers of one OD pair are assigned 

to the same route(s) by following the shortest paths from origins to destinations. The 

system optimal approach (e.g., Zhou et al. [19]) assigns passengers to the routes to 

minimize the total travel time of all passengers on the network. When there is a limited 

number of vehicles, some passengers may be redirected from the shortest paths if it 

decreases the total travel time in the network.  

The line planning problem (LPP) is analogous to the TNDFSP; however, it applies 

to railway transit networks. The LPP presupposes that the infrastructure and OD matrices 

are provided. It attempts to identify a line concept composed of line routes and their 

corresponding frequencies. LPP is conducted primarily through studies of mathematical 

programming. Hence, we will review the literature by filtering out decision variables. An 

early study by Claessens et al. [9] optimize lines, the number of cars and their types, and 

train frequencies for cost-effectiveness in a subnet of the Dutch railway network. They 

build a nonlinear integer cost function, then convert it into a linear integer program by 

using a binary variable, 𝑋௜௝
௥௧௙௖  which takes 1 if the line takes a route 𝑟 in type 𝑡 from 

station 𝑖 to 𝑗 with frequency 𝑓 and cars 𝑐. By using that model, Bussieck [83] reduces the 

size with new strong cuts and data preprocessing, and offers linearization to discard the 

downside of the huge number of binary variables. Goosens et al. [8] introduce a multi-

type line planning problem that allows trains not to halt at every station. They define an 

edge capacity for satisfying traffic load on each line type. Their multicommodity flow-

based model can solve that edge capacity problem. Flow variable, 𝐹௜௝
௞  represents the 

number of passengers of station 𝑘 who travel between station 𝑖 and 𝑗. Borndörfer et al. 

[84] try frequency alternatives for each line and claim that tighter bounds are found 

compared to the models where the frequency is determined by edge capacity constraint.  

One of the quality measures for service level is the number of direct travelers. 

Bussieck et al. [85] construct a model representing direct travelers as an integer variable 

𝑑௜௝௟ for representing the number of travelers between terminal stations 𝑖 and 𝑗 on line 𝑙. 

Every traveler must use the shortest path or a combination of shortest paths between 

terminal stations. Thus, the line pool is generated from the shortest paths between 

terminals. Börndöfer and Pfetsch [86] introduce a continuous variable, 𝑦௦௧
௣  which 

represents the fraction of the demand between terminal stations 𝑠 𝑎𝑛𝑑 𝑡 along the path 𝑝. 

Paths and lines are predefined according to combinations of terminals. The compromising 
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objective has two terms: frequency of the lines and weighted travel time of passengers. 

That model does not determine lines nor explicitly consider transfers. Instead, the model 

routes passengers along the predetermined lines considering the shortest paths and 

computes the required frequency level.  

None of the LPP models treat transfers until Schöbel and Scholl [10]’s study, which 

model transfers by the change & go network where two nodes are consecutive stations of 

the same line or are the same station of different lines. Various costs can be assigned to 

edges in the change & go network, such as counting the number of transfers (i.e., an 

integer function) or measuring the transfer time (i.e., a continuous time function). They 

use a binary decision variable, 𝑥௦௧
௘  which is 1 if edge 𝑒 is used on the shortest path along 

the trip between departure station 𝑠 and arrival station 𝑡, and vice versa. In the objective 

function, demand from 𝑠 to 𝑡 is weighted with the edge cost function when 𝑥௦௧
௘  is 1. By 

this objective term, transfers are penalized (i.e., changing lines overweighted), and total 

travel time is minimized. However, that model selects lines from a predefined line pool. 

Borndörfer et al. [87] define a flow variable 𝑦௣ which is the number of passengers 

traveling from 𝑠 to 𝑡 on path 𝑝. A binary decision variable, 𝑥௟ is used to replace lines over 

the paths. Their objective is the minimization of the travel time of passengers and lines’ 

fixed and frequency costs. Borndörfer et al. [11] introduce a multicommodity flow model 

based on the work of Kim and Barnhart [88]. That model considers passengers as 

commodities between stations 𝑠 and 𝑡 using an arc 𝑎 that is represented in a continuous 

decision variable 𝑦௔௦௧. Lines are constructed by using a binary line flow variable, 𝑧௔௥ which 

represents line 𝑟 flow passing through arc 𝑎. The passenger flow is nonnegative if the 

binary line flow is active on its path. That model predetermines lines’ frequencies and 

start and end terminals of all line combinations. The advantage of the model is allowing 

the creation of lines from scratch. However, passenger transfers are ignored. Therefore, 

Borndörfer and Neumann [89] develop transfer utility within passenger paths by using 

the decision variable, 𝑦௣௞ which defines the number of passengers that travel on path 𝑝 

with at least transferring 𝑘 times. Nevertheless, their model has some simplifications for 

transfers, as the number of transfers 𝑘 is estimated but not optimally determined. In a 

recent LPP study, Zhou et al. [19] address transfers, waiting times, and frequency setting 

simultaneously using a line pool and solve a simplified version of the Hong Kong rail 
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network consisting of 44 stations with 52 links. Line frequencies are not considered in the 

initial passenger assignment; they are updated iteratively.  

For solving LPP mathematical programs, branch and bound ([9], [85]), branch and 

cut [90], branch and price [11] are the popular approaches. To reduce the size of the 

problem, column generation and decomposition methods ([87], [91], [89], [10]) are used.  

For practical issues, variable fixing heuristics [92] and metaheuristics such as cross-

entropy [93], and genetic algorithm [94] are used as well.  

To sum up, the studies in the literature make many simplifying assumptions about 

route design, frequency setting, transfers, waiting, passenger assignment, and vehicle 

fleet size in handling the problem and there is a need for new models and approaches that 

are more realistic in solving real-world problems. In fact, only a few studies consider all 

the aforementioned issues. To our knowledge, there does not exist mathematical models 

that address all issues simultaneously without a route/line pool in neither bus transit 

planning setting nor rail transit planning setting.  

Most mathematical programming-based studies do not present computational 

results for benchmark instances or specific transit networks because the models are hard 

to solve even for small instances. That has led researchers to use metaheuristics primarily. 

Iliopoulou et al. [57] and Durán-Micco et al. [18] survey the proposed metaheuristics. 

Good quality solutions are obtained for small Mandl instances that consist of only 15 

nodes and 21 links by evolutionary algorithms ([95], [96]), genetic algorithm ([97], [98]), 

simulated annealing [20], memetic algorithm [99] and hybrid approaches which combine 

genetic, simulated annealing, tabu search, or greedy algorithms ([33], [100]–[102]). 

Ahern et al. [20] test their algorithm using large Mumford instances with the number of 

nodes changing from 30 to 127 and the number of links changing from 90 to 425 and 

obtain satisfactory results. However, like mathematical programming-based studies, 

metaheuristic-based approaches make many simplifying assumptions and only a few 

address all the abovementioned issues simultaneously. Moreover, solution quality 

depends mainly on instance data and requires a lot of tuning effort. They are not flexible 

enough to easily incorporate realistic features and cannot provide information regarding 

the quality of the generated solutions. In this regard, we offer an all-encompassing, novel 

mathematical programming model that addresses all the issues simultaneously. Moreover, 

we obtain solutions for instances based on a real-world network with 204 nodes, 455 links, 
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and 13338 OD demand pairs, which is significantly larger than the problems in the 

literature, using an off-the-shelf software. Table 3.1 presents the properties of this study 

as well as those of mathematical programming- and heuristic-based studies in the 

literature. 

The following proposed mathematical model for TNDFSP is built on the model 

TNDM described in Chapter 2. Since we adhere to similar descriptions, notations, and 

terminology for both models, some portions of the following sections can be the same as 

the corresponding parts of Chapter 2. 

3.2 Problem Description 

Consider an undirected network 𝐺 ൌ ሺ𝑁,𝐴ሻ  with node set 𝑁 ൌ ሼ1, … ,𝑛ሽ 

representing stops and directed arc set 𝐴 representing the roads/links between stops. An 

arc (𝑖, 𝑗ሻ between stops 𝑖 and 𝑗 exists only if 𝑖 and 𝑗 are adjacent and there is a direct road 

from 𝑖 and 𝑗. Without loss of generality, we assume that the roads between 𝑖 and 𝑗 are 

bidirectional. A subset 𝑆 ⊆ 𝑁  (𝐷 ⊆ 𝑁 ) is distinguished as the set of supply/origin 

(demand/destination) nodes. A node 𝑖 ∈ 𝑆 generates flows 𝑤௜௝ ൐ 0 for some 𝑗 ∈ 𝐷, i.e., 

the number of passengers who would like to go from stop 𝑖 to stop 𝑗. 𝑤௜௝ are represented 

in an origin-destination (OD) demand matrix and specified over a time period (e.g., hour, 

day, month). It is possible that a node 𝑖 is in both 𝑆 and 𝐷.  For nodes 𝑖 and 𝑗 that are both 

in 𝑆 and 𝐷, it is not necessary that  𝑤௜௝ ൌ 𝑤௝௜. For a supply node 𝑘 ∈ 𝑆, the total outbound 

flow is 𝑠𝑢𝑝௞ ൌ ∑ 𝑤௞௝௝∈஽ .  

The passengers desire to go from their origins/boarding stops to their destinations 

on a single vehicle in the shortest possible time, which requires a route/line between each 

pair of stops in both directions. However, this is not practical from the perspective of the 

transit agency as it would be too costly. In this regard, the transit agency is to determine 

a route set  𝑇 to provide transport service to passengers. Each route 𝑡 ∈ 𝑇 is a simple path 

with no repetition of nodes and composed of a starting node (terminal), an ending node 

(terminal), a set of intermediate nodes, and a set of arcs ሺ𝑖, 𝑗ሻ ∈ 𝐴 connecting the nodes in 

𝑡. On each route 𝑡, several vehicles with a specific capacity (𝑐𝑎𝑝௧) operate bidirectionally 

depending on the frequency (i.e., the number of vehicles per time unit) needed to satisfy 

the demand.  



 

 

  48 

Table 3.1 Comparison of the proposed TNDFSP model with the studies in the literature 

 Wan and Lo [15] Cancela et al. [12] Zhou et al. [19] Ahern et al. [20] De-Los-Santos et al.[21] 
This Thesis’s 

TNDFSP model 

Route design Endogenous Line pool Line pool 
Route generation 

algorithm 
Endogenous Endogenous 

Modeling 
Capability 

Transfer 
Penalty 

× √ √ √ √ √ 

Waiting Times × √ √ √ √ √ 

Frequency Setting Endogenous 
Selection out of a 

finite set 
Approximation Iterative Parametric analysis Endogenous 

Passenger Assignment Rule User equilibrium Frequency share  System optimal Frequency share  User equilibrium System optimal 

Solution Method 
Off-the-shelf 

solver 
Off-the-shelf 

solver 
Off-the-shelf 

solver 
Simulated 
annealing 

Off-the-shelf solver 
Off-the-shelf 

solver 

Validation 
Transit Type Bus Bus Railway Bus Bus Bus 

Features 
A 10-node 
instance 

A Mandl instance A 44-node instance 
Mandl and 

Mumford instances 
10-, 15-, 30-node 

instances 
Mandl instances 

Real-world Implementation × 
84 nodes with 363 
OD demand pairs 

(Riviera, Uruguay) 
× × 

43 nodes with 543 OD 
demand pairs (Seville, 

Spain) 

204 nodes with 
13,338 OD 

demand pairs 
(Kayseri, Türkiye) 
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Passengers departing from 𝑖 and destined to 𝑗 may go directly on a single vehicle if 

a route passing through 𝑖 and 𝑗 exists. Otherwise, passengers may go indirectly to their 

destination by changing route(s) at transfer points where two or more routes coincide. 

Even if it is possible to move from 𝑖 to 𝑗 using a single route, passengers may prefer to 

transfer depending on waiting times at the boarding and transfer points, which are 

imposed by the frequencies of the routes. Because making transfers is annoying for 

passengers, a transfer discomfort penalty (in time units) is used to control the number of 

transfers. Thus, the total travel time for passengers to arrive at their destination from their 

origin is the sum of (1) in-vehicle travel time, (2) waiting time at the boarding stop, (3) 

waiting time(s) at the transfer stop(s), and (4) total penalty time resulting from transfers. 

The lower this total travel time and the number of transfers, the better for passengers.  

Let 𝑐௜௝ be the travel time (cost) from stop 𝑖 to stop 𝑗, with 𝑐௜௝ being represented in 

a symmetric OD cost matrix as in the literature, i.e., 𝑐௜௝ ൌ 𝑐௝௜. Thus, in-vehicle travel time 

is the sum of 𝜃௜௝ for all ሺ𝑖, 𝑗ሻ on which passengers travel. Waiting times at boarding and 

transfer stops are not known (i.e., variables) and determined by the headway of a route. 

The headway ℎ௧ is the reciprocal of the frequency 𝑓௧, i.e., ℎ௧ ൌ 1/𝑓௧, and indicates the 

time between two consecutive vehicles on a route. For instance, if 𝑓௧ ൌ

10 vehicles per hour, then ℎ௧ ൌ
ଵ

ଵ଴
 hours per vehicle, which is 6 min. Assuming that 

the arrivals of passengers at boarding and transfer stops are uniformly distributed, the 

waiting times of passengers for a route are set to half of the headway as an approximation 

as in Esfeh et al. [103]. 

The transit agency needs to design a system taking into account the perspective of 

passengers. Specifically, the transit agency should attempt to minimize the total travel 

time of passengers, including in-vehicle travel, waiting, and transfer times, and to 

maximize the number of direct-traveler passengers (i.e., minimize the number of 

transfers). However, considering only passengers’ perspectives may be too costly for the 

transit agency. In this regard, it should also try to minimize the costs, e.g., the costs of 

trips as well as the fixed and operational costs of operating a vehicle fleet. In doing so, 

the transit agency needs to make several decisions, e.g., the number of routes to operate, 

the size of the vehicle fleet, the number of stops on a route, and the percentage of direct 

travelers. Depending on how several objectives are prioritized, the resulting systems may 
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significantly differ; hence, an analysis of different scenarios needs to be conducted to 

devise a system balancing both perspectives. 

3.3 The Proposed Model 

We propose a mathematical programming model, namely, the Public 

Transportation Planning Model (PTPM), to solve TNDFSP. We define PTPM on an 

extended network 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ obtained by adding (1) two dummy nodes to 𝑁, namely, 

𝑎 and 𝑏 that act as a super source node and a super sink node, respectively, and (2) two 

sets of directed arcs to 𝐴, namely, 𝐴௦௢௨௥௖௘ ൌ ሼሺ𝑎, 𝑖ሻ: 𝑖 ∈ 𝑁ሽ and 𝐴௦௜௡௞ ൌ ሼሺ𝑖, 𝑏ሻ: 𝑖 ∈ 𝑁ሽ. That 

is, 𝑁𝑇 ൌ 𝑁 ∪ ሼ𝑎ሽ ∪ ሼ𝑏ሽ  and 𝐴𝑇 ൌ 𝐸 ∪ 𝐴௦௢௨௥௖௘ ∪ 𝐴௦௜௡௞ .  We assume that all nodes are 

numbered, with a and b having the smallest and largest numbers, respectively. Figure 3.1 

gives a schematic representation of the extended network 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ.  

 

 

All constructed routes start at node 𝑎 and end at node 𝑏. The model constructs a 

route 𝑡 ∈ 𝑇 from scratch by selecting an arc ሺ𝑎, 𝑖ሻ ∈ 𝐴௦௢௨௥௖௘, an arc ሺ𝑗, 𝑏ሻ ∈ 𝐴௦௜௡௞, and a 

set of arcs from 𝐴 that forms a path from 𝑖 and 𝑗, where nodes 𝑖 and 𝑗 are the starting and 

ending terminals of the route 𝑡, respectively. Figure 3.2 depicts the construction of routes 

in the model. In the figure, there are two routes: a-4-3-1-2-b and a-1-3-5-6-b. Because a 

Figure 3.1 Representation of a transit network GT=(NT,AT) 
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and b are dummy nodes, the routes on the real physical network are 4-3-1-2 and 1-3-5-6. 

A similar approach that uses dummy nodes for selecting terminal nodes for routes can be 

found in the work of An and Lo [104].  

To construct routes, we define binary decision variables 𝑑௜௝௧ . Since a route is 

bidirectional, we define 𝑑௜௝௧  for arcs ሺ𝑖, 𝑗|𝑖, 𝑗 ∈ 𝑁 ∧  𝑖 ൏ 𝑗ሻ  to reduce the number of 

decision variables. If 𝑑௜௝௧ ൌ 1, then nodes 𝑖 and 𝑗 are consecutive stops in route 𝑡 and 

passenger flow is allowed in both directions ሺ𝑖, 𝑗ሻ and ሺ𝑗, 𝑖ሻ on the route. For 𝑑௔௜௧ ൌ

1 and 𝑑௝௕௧ ൌ 1, stops 𝑖 and 𝑗 are the starting and ending terminals of route 𝑡. Another 

variable set associated with route construction is 𝑦௜௧ that take on the value of 1 if 𝑖 ∈ 𝑁 

is a part of route 𝑡 and 0, otherwise. It is possible to impose additional requirements on 

the routes, e.g., the minimum (maximum) number of stops in a route and the maximum 

distance of a route. The decision variables 𝑓௧ and ℎ௧ represent the frequency and headway 

of a route 𝑡, respectively. In addition to the variables above, we define (1) 𝑥௜௝௞௧  that 

represent the flow of passengers of origin 𝑘 ∈ 𝑆 in arc ሺ𝑖, 𝑗ሻ (i.e., traveling from stop 𝑖 to 

stop 𝑗) on route 𝑡, (2) 𝑟௜௝௞௧ that represent the number of passengers of origin 𝑘 ∈ 𝑆 who 

transfer at node 𝑖 to route 𝑡 with the next stop being node 𝑗, and (3) 𝑣௧ that represent the 

number of vehicles required for route 𝑡. 

Figure 3.2 Illustration of the route design in a transit network, GT 
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Below we summarize the sets, parameters, and decision variables used in the model. 

Sets and Indices 

𝑇                     𝑠𝑒𝑡 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒𝑠 ሺ𝑡 ∈ 𝑇ሻ 

𝑁                    𝑠𝑒𝑡 𝑜𝑓 𝑠𝑡𝑜𝑝𝑠 ሺ𝑖, 𝑗, 𝑘 ∈ 𝑁ሻ 

𝐴                     𝑠𝑒𝑡 𝑜𝑓 𝑎𝑟𝑐𝑠 ሺ𝑖, 𝑗ሻ 

𝑆                     𝑠𝑒𝑡 𝑜𝑓 𝑑𝑒𝑝𝑎𝑟𝑡𝑢𝑟𝑒/𝑠𝑢𝑝𝑝𝑙𝑦 𝑠𝑡𝑜𝑝𝑠 ሺ𝑆 ⊆ 𝑁ሻ 

𝑎                     𝑠𝑢𝑝𝑒𝑟 𝑠𝑜𝑢𝑟𝑐𝑒 𝑛𝑜𝑑𝑒 𝑓𝑜𝑟 𝑟𝑜𝑢𝑡𝑒𝑠 

𝑏                     𝑠𝑢𝑝𝑒𝑟 𝑠𝑖𝑛𝑘 𝑛𝑜𝑑𝑒 𝑓𝑜𝑟 𝑟𝑜𝑢𝑡𝑒𝑠 

𝐴௦௢௨௥௖௘          𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑒𝑑 𝑎𝑟𝑐𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 ሺ𝑎, 𝑖ሻ, 𝑖 ∈ 𝑁 

𝐴௦௜௡௞              𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑒𝑑 𝑎𝑟𝑐𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 ሺ𝑖, 𝑏ሻ, 𝑖 ∈ 𝑁 

𝑁𝑇                 𝑛𝑜𝑑𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ 𝑤𝑖𝑡ℎ 𝑁𝑇 ൌ 𝑁 ∪ ሼ𝑎ሽ ∪ ሼ𝑏ሽ    

𝐴𝑇                  𝑎𝑟𝑐 𝑠𝑒𝑡 𝑜𝑓 𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 𝐺𝑇 ൌ ሺ𝑁𝑇,𝐴𝑇ሻ 𝑤𝑖𝑡ℎ 𝐴𝑇 ൌ 𝐴 ∪ 𝐴௦௢௨௥௖௘ ∪ 𝐴௦௜௡௞ 

𝐷௞                  𝑠𝑒𝑡 𝑜𝑓 𝑎𝑟𝑟𝑖𝑣𝑎𝑙 ሺ𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛ሻ 𝑛𝑜𝑑𝑒𝑠 𝑓𝑜𝑟 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 ∈ 𝑆 

Parameters 

𝑐𝑎𝑝௧                𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑜𝑓 𝑎 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑖𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡 ∈ 𝑇 

𝑠𝑢𝑝௞              𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛  𝑘 ∈ 𝑆 

𝑤௜௞                 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 ∈ 𝑆 𝑤𝑖𝑡ℎ 𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑖 ∈ 𝑁  

𝑐௜௝                    𝑡𝑟𝑎𝑣𝑒𝑙 𝑡𝑖𝑚𝑒 𝑓𝑟𝑜𝑚 𝑠𝑡𝑜𝑝 𝑖  𝑡𝑜 𝑠𝑡𝑜𝑝 𝑗  

𝑝𝑒𝑛𝑎𝑙𝑡𝑦        𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑝𝑒𝑛𝑎𝑙𝑡𝑦 ሺ𝑖𝑛 𝑡𝑖𝑚𝑒 𝑢𝑛𝑖𝑡𝑠ሻ 

𝑡𝑜𝑝𝑆𝑡𝑜𝑝        𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑜𝑝𝑠 𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑓𝑜𝑟 𝑎 𝑟𝑜𝑢𝑡𝑒 

𝑙𝑜𝑤𝑆𝑡𝑜𝑝        𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑜𝑝𝑠 𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑓𝑜𝑟 𝑎 𝑟𝑜𝑢𝑡𝑒 

𝑝𝑒𝑟𝑖𝑜𝑑           𝑡𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑 𝑓𝑜𝑟 𝑤ℎ𝑖𝑐ℎ 𝑂𝐷 𝑑𝑒𝑚𝑎𝑛𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 

𝑀                    𝑎 𝑏𝑖𝑔 𝑛𝑢𝑚𝑏𝑒𝑟 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑎𝑙𝑙𝑜𝑤 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟 𝑓𝑙𝑜𝑤 𝑖𝑛 𝑢𝑛𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑡𝑒𝑑 𝑒𝑑𝑔𝑒𝑠 

𝜀                      𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑜𝑟 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑓𝑙𝑒𝑒𝑡 𝑠𝑖𝑧𝑒 

𝑣𝑒ℎ𝑖𝑐𝑙𝑒𝐹       𝑢𝑝𝑝𝑒𝑟 𝑙𝑖𝑚𝑖𝑡 𝑜𝑓 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑓𝑙𝑒𝑒𝑡 𝑠𝑖𝑧𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑖𝑡 𝑎𝑔𝑒𝑛𝑐𝑦 

𝜖                        𝑎 𝑠𝑚𝑎𝑙𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 ሺ𝜖 ൌ  10ൈ 10െ6ሻ 

Decision variables 

𝑥௜௝௞௧        𝑡ℎ𝑒 𝑓𝑙𝑜𝑤 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 𝑤ℎ𝑜 𝑡𝑟𝑎𝑣𝑒𝑙 𝑓𝑟𝑜𝑚 𝑖 𝑡𝑜 𝑗 𝑜𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡  

𝑑௜௝௧          1, 𝑖𝑓 𝑎𝑟𝑐 ሺ𝑖, 𝑗ሻ, 𝑖 ൏ 𝑗, 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑏𝑒 𝑖𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡;  0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

𝑦௜௧            1, 𝑖𝑓 𝑠𝑡𝑜𝑝 𝑖 𝑖𝑠 𝑖𝑛 𝑟𝑜𝑢𝑡𝑒 𝑡; 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

𝑟௜௝௞௧          𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑠𝑠𝑒𝑛𝑔𝑒𝑟𝑠 𝑜𝑓 𝑜𝑟𝑖𝑔𝑖𝑛 𝑘 𝑤ℎ𝑜 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑎𝑡 𝑛𝑜𝑑𝑒 𝑖 𝑡𝑜 𝑟𝑜𝑢𝑡𝑒 𝑡  

                 𝑤𝑖𝑡ℎ 𝑛𝑒𝑥𝑡 𝑠𝑡𝑜𝑝 𝑏𝑒𝑖𝑛𝑔 𝑛𝑜𝑑𝑒 𝑗 

𝑓௧              𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑟𝑜𝑢𝑡𝑒  𝑡 ሺ𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑝𝑒𝑟 𝑡𝑖𝑚𝑒 𝑢𝑛𝑖𝑡, 𝑒.𝑔. , ℎ𝑜𝑢𝑟,𝑚𝑖𝑛𝑢𝑡𝑒ሻ 

ℎ௧             ℎ𝑒𝑎𝑑𝑤𝑎𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑢𝑡𝑒 𝑡 ሺ𝑖. 𝑒. , 𝑡𝑖𝑚𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖𝑣𝑒 𝑣𝑒ℎ𝑖𝑐𝑙𝑒𝑠 𝑓𝑜𝑟 𝑟𝑜𝑢𝑡𝑒 𝑡ሻ 

𝑣௧             𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑓𝑙𝑒𝑒𝑡 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑓𝑜𝑟 𝑟𝑜𝑢𝑡𝑒 𝑡 
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Objective Function Terms: 

The objective function term (3.1) represents total in-vehicle travel time of 

passengers.  (3.2) finds the total transfer time of passengers who transfer and is used to 

penalize passenger transfers assuming that each transfer will take a specific time, i.e., 

penalty time.  (3.3) and (3.4) compute waiting times of passengers at boarding and 

transfer stops, respectively. Objective function terms (3.1) through (3.4) represent 

perspectives of passengers. The objective function term (3.5) computes the total number 

of vehicles needed by the transit agency for all routes and is used as a proxy cost to denote 

the costs of the transit agency associated with operating the system. To explain how the 

fleet size is computed, suppose that the frequency of a route is 16 𝑣𝑒ℎ𝑖𝑐𝑙𝑒𝑠/ℎ𝑜𝑢𝑟 and the 

route length in one direction is 15 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 . Because the route is bidirectional and 

symmetric, the route length is 2 ൈ 15 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 ൌ 30 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 . Then, the number of 

vehicles needed on the route is ቀ16
௩௘௛௜௖௟௘௦

௛௢௨௥
ቁ ൈ ሺ0.5 ℎ𝑜𝑢𝑟𝑠ሻ ൌ 8 𝑣𝑒ℎ𝑖𝑐𝑙𝑒𝑠. 

Model PTPM: Public Transportation Planning Model (PTPM) 

𝑖𝑛 െ 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑡𝑟𝑎𝑣𝑒𝑙 𝑡𝑖𝑚𝑒:      𝑧ଵ ൌ   ෍ ෍෍ሺ𝑐𝑖𝑗𝑥𝑖𝑗𝑘𝑡ሻ
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴

  (3.1) 

𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑡𝑖𝑚𝑒 𝑝𝑒𝑛𝑎𝑙𝑡𝑦:         𝑧ଶ ൌ   ෍ ෍෍ሺ𝑝𝑒𝑛𝑎𝑙𝑡𝑦  𝑟𝑖𝑗𝑘𝑡ሻ
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴

 (3.2) 

𝑤𝑎𝑖𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑎𝑡 𝑏𝑜𝑎𝑟𝑑𝑖𝑛𝑔:  𝑧ଷ ൌ   ෍ ෍෍൫ሺℎ𝑡/2ሻ𝑥𝑖𝑗𝑘𝑡൯
𝑡∈𝑇𝑘ൌ𝑖ሺ𝑖,𝑗ሻ∈𝐴

 (3.3) 

𝑤𝑎𝑖𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 𝑎𝑡 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟:   𝑧ସ ൌ   ෍ ෍෍൫ሺℎ𝑡/2ሻ𝑟𝑖𝑗𝑘𝑡൯
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴

 (3.4) 

𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑓𝑙𝑒𝑒𝑡 𝑠𝑖𝑧𝑒:                   𝑧ହ ൌ   2 ෍ ෍෍൫𝑐𝑖𝑗𝑓𝑡𝑑𝑖𝑗𝑡൯
𝑡∈𝑇𝑘∈𝑆ሺ𝑖,𝑗ሻ∈𝐴;

𝑖൏𝑗

 
(3.5) 

min𝑍௣௔௦௦௘௡௚௘௥ ൌ  𝑧ଵ ൅ 𝑧ଶ ൅ 𝑧ଷ ൅ 𝑧ସ 
min𝑍௧௥௔௡௦௜௧஺௚௘௡௖௬ ൌ  𝑧ହ 

(3.6) 
(3.6’) 

𝑠. 𝑡.   

෍𝑑௔௜௧ ൌ 1
௜∈ே

 𝑡 ∈ 𝑇 (3.7) 
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PTPM minimizes the costs of passengers (3.6) and the transit agency (3.6’); hence, 

it is a multi-objective optimization problem. The objective function (3.6) minimizes the 

total travel time of all passengers and (3.6’) minimizes the transit agency’s cost, which is 

represented as the fleet size required to operate the system. Constraints (3.7) require each 

෍𝑑௜௕௧ ൌ 1
௜∈ே

 𝑡 ∈ 𝑇 (3.8) 

෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺

൅ ෍ 𝑑௝௜௧
௝∈ே;

௝ழ௜ ∧ ሺ௝,௜ሻ∈஺

ൌ 2𝑦௜௧ 
𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (3.9) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺ 
௜∈ே

൑ 𝑡𝑜𝑝𝑆𝑡𝑜𝑝 െ 1 
𝑡 ∈ 𝑇 (3.10) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺ 
௜∈ே

൒ 𝑙𝑜𝑤𝑆𝑡𝑜𝑝 െ 1 
𝑡 ∈ 𝑇 (3.11) 

෍ ෍ 𝑑௜௝௧
௝∈ே;

௜ழ௝ ∧ ሺ௜,௝ሻ∈஺
௜∈ே

൑ |𝑆̅| െ 1 𝑆̅ ⊂ 𝑁;  
3 ൑ |𝑆̅| ൑ 𝑡𝑜𝑝𝑆𝑡𝑜𝑝 െ 1, 
𝑡 ∈ 𝑇 

(3.12) 

෍ ෍𝑥௜௝௞௧
௧∈்௝∈ே;

ሺ௜,௝ሻ∈஺

െ ෍ ෍𝑥௝௜௞௧
௧∈்௝∈ே;

ሺ௝,௜ሻ∈஺

ൌ ൝
𝑠𝑢𝑝௞ ,     𝑖𝑓 𝑖 ൌ 𝑘
െ𝑤௞௜ ,      𝑖𝑓 𝑖 ∈ 𝐷௞
0,                    𝑜.𝑤

 𝑖 ∈ 𝑁, 𝑘 ∈ 𝑆 (3.13) 

෍ሺ𝑥௜௝௞௧ ൅ 𝑥௝௜௞௧ሻ
௞∈ௌ

൑ 𝑀𝑑௜௝௧ 𝑖, 𝑗 ∈ 𝑁; 𝑖 ൏ 𝑗 ∧ ሺ𝑖, 𝑗ሻ ∈ 𝐴  
𝑡 ∈ 𝑇 

(3.14) 

ሺ෍𝑥௜௝௞௧
௞∈ௌ

ሻ/𝑝𝑒𝑟𝑖𝑜𝑑 ൑ 𝑐𝑎𝑝௧𝑓௧ 𝑖, 𝑗 ∈ 𝑁; ሺ𝑖, 𝑗ሻ ∈ 𝐴  
𝑡 ∈ 𝑇 

(3.15) 

𝑥௜௝௞௧ ൌ ෍ 𝑥௚௜௞௧
௚∈ே;

௚ஷ௝ ∧ ሺ௚,௜ሻ∈஺

൅ 𝑟௜௝௞௧ 𝑖, 𝑗 ∈ 𝑁;  ሺ𝑖, 𝑗ሻ ∈ 𝐴 
𝑘 ∈ 𝑆;   𝑖 ് 𝑘 
𝑡 ∈ 𝑇 

(3.16) 

2 ෍ ෍෍൫𝑐௜௝𝑓௧𝑑௜௝௧൯
௧∈்௞∈ௌሺ௜,௝ሻ∈஺;

௜ழ௝

൑ 𝑣௧ 
𝑡 ∈ 𝑇 (3.17) 

𝑓௧ℎ௧ ൌ 1 𝑡 ∈ 𝑇 (3.18) 

𝑟௜௝௞௧ ൒ 0, 𝑥௜௝௞௧ ൒ 0 𝑖, 𝑗 ∈ 𝑁;  ሺ𝑖, 𝑗ሻ ∈ 𝐴 
𝑘 ∈ 𝑆, 𝑡 ∈ 𝑇 

(3.19) 

𝑓௧ ൒ 0, ℎ௧ ൒ 0 ൅ 𝜖 𝑡 ∈ 𝑇 (3.20) 

𝑣௧ ൒ 0, 𝐼𝑛𝑡𝑒𝑔𝑒𝑟 𝑡 ∈ 𝑇 (3.21) 

𝑑௜௝௧ ∈ ሼ0,1ሽ ሺ𝑖, 𝑗ሻ ∈ 𝐴𝑇 
𝑡 ∈ 𝑇 

(3.22) 

𝑦௜௧ ∈ ሼ0,1ሽ 𝑖 ∈ 𝑁, 𝑡 ∈ 𝑇 (3.23) 
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route 𝑡 to have an arc from the super source node 𝑎 to a stop 𝑖 ∈ 𝑁, which becomes the 

starting terminal of that route. Constraints (3.8) require each route 𝑡 to have an arc from 

a stop 𝑖 ∈ 𝑁 to the super sink node 𝑏 with 𝑖 being the ending terminal of that route. If the 

starting and ending terminals are known in advance, they can be specified using (3.7) and 

(3.8). Constraints (3.9) ensure that each stop in a route is connected to two other nodes 

(stops or super nodes) as shown in Figure 4.2. 

Constraints (3.10) and (3.11) impose upper and lower limits on the number of stops 

in a route, respectively. Constraints (3.12) eliminate subtours in the routes using the 

Dantzig–Fulkerson–Johnson (DFJ) subtour elimination formulation [60], where 𝑆̅ is a 

subset of stops with the specified cardinality.  The number of such constraints increases 

exponentially with the cardinality of the node set |𝑁| and hence, they cannot be used 

directly unless |𝑁| is very small. Therefore, we add subtour elimination constraints (3.12) 

during the solution process as described in Algorithm 3.1 only when the candidate 

solutions violate them. 

Constraints (3.13) are the flow conservation constraints of passengers at the stops 

and ensure that passengers move from their origins to their destinations through some 

routes. Constraints (3.14) couple passenger flow variables and arc selection variables and 

allow passenger flows only when an arc is selected to be in a route. 

Constraints (3.15) ensure that a frequency for each route 𝑡 , 𝑓௧ , is determined 

considering the maximum passenger load on the route, which is equivalent to the 

maximum value on the left-hand side of (3.15). In other words, 𝑓௧ can be considered as 

the number of vehicles needed per time unit to satisfy the demand for route 𝑡. Constraints 

(3.16) are flow balance constraints for the transfer of passengers. They state that the 

number of passengers of origin 𝑘 on arc ሺ𝑖, 𝑗ሻ in route 𝑡 is equivalent to the number of 

passengers already traveling on route 𝑡 and the number of passengers that transfer to route 

𝑡 at node 𝑖 and move to 𝑗. 

Constraints (3.17) compute the number of vehicles for each route. Because routes 

serve in two directions, there is a multiplier of 2 on the left-hand side. Constraints (3.17) 

with constraints (3.15) ensure that vehicles are not overcrowded because each route has 

sufficient vehicles to carry passengers. Constraints (3.18) state that the headway of a route 

is the inverse of the frequency of that route. Finally, Constraints (3.19) - (3.23) define the 
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variables. Passenger flow and transfer variables, as well as headway variables, are defined 

to be nonnegative. Because the problem is strategic, fractional values regarding passenger 

flow and transfers may be accepted. To avoid undefined frequency evaluation due to the 

constraint set (3.18), we set a lower bound with a small number, 𝜖, for the headway 

variable in constraints (3.20).  

3.4 Solution Methodology 

3.4.1 Multiobjective Optimization 

PTPM is a multi-objective optimization model. In order to solve it using off-the-

shelf software and obtain Pareto-optimal solutions, we convert it into a single-objective 

optimization model using the 𝜀 െ  constraint method. We move the transit agency’s 

objective function (3.6’) to the constraint set as in (3.24), where the left-hand side 

represents the vehicle fleet size and the right-hand side represents an alternative level for 

vehicle fleet size. We solve the resulting single-objective optimization model for different 

levels of vehicle fleet size 𝜀 and find Pareto-optimal solutions. 

 

 

 It is worth mentioning that by restructuring the PTPM to include an objective 

function that exclusively focuses on minimizing the number of vehicles, a lower bound 

for the vehicle fleet size can be determined. The resultant solution derived from this 

transformation serves as a reliable reference point for determining the minimum 

requirement of the vehicle fleet. 

3.4.2 Subtour Elimination 

The number of subtour elimination constraints (3.12) increases exponentially with 

the cardinality of the node set |𝑁| and hence, they cannot be used directly while solving 

PTPM unless |𝑁| is very small. For this reason, we add constraints (3.12) during the 

solution process only when candidate solutions violate them. The basic idea is to solve 

PTPM without constraints (3.12) and add only those constraints of (3.12) that eliminate 

subtours, i.e., the cuts, whenever there is an integer solution with subtours.  

෍𝑣௧
௧∈்

൑ 𝜀 𝜀 ൑ 𝑣𝑒ℎ𝑖𝑐𝑙𝑒𝐹 (3.24) 
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When PTPM is solved without constraints (3.12), subtours may occur in a route 𝑡 ∈

𝑇. For each integer solution for a route set 𝑇, we can check and quickly identify subtours 

and add specific cut (3.12) to separate them. We run this intervention procedure within a 

Lazy Constraints Callback function of Gurobi. Lazy Constraints are constructed when 

the user defines a violation for an integer solution. Algorithm 3.1 summarizes the steps 

of the intervention procedure. 

Algorithm 3.1: Subtour Elimination  

Step 0: Start solving PTPM without constraints (3.12) using Gurobi. Due to the 

formulation consisting of integer decision space, the solver unfolds a branch and bound 

tree. 

Step 1:  When the solver finds an integer solution in any node of the branch and bound 

tree, run the Lazy Constraints Callback function defined for detecting subtours. 

Step 2: If the callback function finds subtour(s) in the integer solution, go to step 3. 

Otherwise, go to step 4. 

Step 3: Add corresponding subtour elimination constraints (3.12) for violating integer 

solution. 

Step 4: Continue exploring the branch and bound tree nodes. 

3.4.3 Solving Large-Size Instances 

We can obtain good solutions for small instances, such as the Mandl dataset, in 

minutes (see Section 3.5) with Gurobi. However, Gurobi cannot find feasible integer 

solutions for large-size instances such as a real-world application defined in Section 3.6. 

In this regard, we develop a solution methodology for large-size instances based on 

essentially providing the solver with a good warm-start solution for route design 

variables, 𝑑௜௝௧ . We obtain warm-start solutions by exploiting the Node Relaxation 

Heuristic (NoRelHeur) utility of Gurobi and solving relaxed versions of PTPM. 

NoRelHeur is an embedded heuristic algorithm of Gurobi and can be used when the root 

node relaxation consumes too much time during the Branch&Cut (B&C) solution 

procedure. In applying Gurobi with NoRelHeur, NoRelHeur first tries to find a high-

quality feasible solution in the allocated time and then Gurobi implements the branch and 

cut algorithm with the warm-start feasible solution found by NoRelHeur. The solution 

procedure is summarized in Algorithm 3.2.   
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In the application of Algorithm 3.2, we solve a relaxed, single-objective version of 

PTPM, PTPM_Rel, obtained by eliminating constraints (3.17), (3.18), (3.20), and (3.21), 

as well as terms (3.3) and (3.4) in the objective function (3.6). The eliminated constraints 

and objective function terms are related to vehicle fleet size, as well as to the frequency 

and headway decisions. PTPM_Rel tries to minimize the sum of in-vehicle travel time 

and transfer penalty time, i.e., 𝑧ଵ ൅ 𝑧ଶ, with constraints (3.7)-(3.16), (3.19), (3.22), and 

(3.23) ignoring the objective function (3.6’). While solving PTPM_Rel, we apply 

Algorithm 3.1 as necessary to eliminate subtours.  

To obtain a warm-start solution for 𝑑௜௝௧  to use in solving PTPM, we solve 

PTPM_Rel in two phases. In the first phase, we solve PTPM_Rel only for a specific 𝑘 ∈

𝑆, i.e., PTPM_Rel_k. That allows the construction of a route network considering only 

passengers of origin 𝑘. To ensure that the route set is connected and consists of all stops, 

there should be demand for passengers of origin 𝑘 at all other nodes, i.e., 𝑘 should be 

selected such that 𝑤௞௝ ൐ 0, ∀ 𝑗 ∈ 𝑁. If there does not exist such a 𝑘, we select a 𝑘 with 

the highest |𝑑𝑒𝑠𝑡௞| and assign an arbitrary positive value as demand for 𝑗 ് 𝑘 with 𝑤௞௝ ൌ

0 . Let 𝑑௜௝௧
ோ௘௟_௞  represent the values of decision variables 𝑑௜௝௧  obtained after solving 

PTPM_Rel_k. In the second phase, we solve PTPM_Rel with the original OD demand 

matrix using 𝑑௜௝௧
ோ௘௟_௞ as an initial solution for 𝑑௜௝௧. Let 𝑑௜௝௧

ோ௘௟ represent the values of decision 

variables 𝑑௜௝௧ obtained after solving PTPM_Rel. In the final step of Algorithm 2, we solve 

PTPM with the original OD matrix for different vehicle fleet levels using 𝑑௜௝௧
ோ௘௟  as the 

warm-start solution. We use Gurobi with NoRelHeur in solving PTPM_Rel_k and 

PTPM_Rel while we use Gurobi in solving PTPM. 

To obtain a warm-start solution for 𝑑௜௝௧  to use in solving PTPM, we solve 

PTPM_Rel in two phases. In the first phase, we solve PTPM_Rel only for a specific 𝑘 ∈

𝑆, i.e., PTPM_Rel_k. This allows a route network to be constructed considering only 

passengers of origin 𝑘. To ensure that the route set is connected and consists of all stops, 

there should be demand for passengers of origin 𝑘 at all other nodes, i.e., 𝑘 should be 

selected such that 𝑤௞௝ ൐ 0,∀ 𝑗 ∈ 𝑁. If such a 𝑘 does not exist, we select a 𝑘 with the 

highest |𝐷௞|  and assign an arbitrary positive value as a demand for 𝑗 ് 𝑘 with 𝑤௞௝ ൌ 0. 

Let 𝑑௜௝௧
ோ௘௟_௞  represent the values of decision variables 𝑑௜௝௧  obtained after solving 

PTPM_Rel_k. In the second phase, we solve PTPM_Rel with the original OD demand 
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matrix using 𝑑௜௝௧
ோ௘௟_௞ as an initial solution for 𝑑௜௝௧. Let 𝑑௜௝௧

ோ௘௟ represent the values of decision 

variables 𝑑௜௝௧ obtained after solving PTPM_Rel. In the final step of Algorithm 3.2, we 

solve PTPM with the original OD matrix for different vehicle fleet levels using 𝑑௜௝௧
ோ௘௟ as 

the warm-start solution. We use Gurobi with NoRelHeur in solving PTPM_Rel_k and 

PTPM_Rel while we use Gurobi in solving PTPM.        

Algorithm 3.2: Solution Procedure for Large Instances 

Input: A transit network instance with OD demand and distance matrices. 

Step 1: Obtain a route network considering passengers of a specific origin 𝑘.   

 Solve PTPM_Rel_k for a specific k using Gurobi with NoRelHeur. 

 Save d୧୨୲
ୖୣ୪_୩ that represent the values of decision variables for d୧୨୲ in the solution of 

PTPM_Rel_k. 

Step 2: Obtain a route network considering the original OD demand matrix. 

 Solve PTPM_Rel setting d୧୨୲
ୖୣ୪_୩ as an initial solution using Gurobi with NoRelHeur 

 Save d୧୨୲
ୖୣ୪ that represent the values of decision variables for d୧୨୲ in the solution of 

PTPM_Rel. 

Step 3:  Obtain feasible integer solutions for TNDFSP. 

 Solve PTPM setting d୧୨୲
ୖୣ୪ as an initial solution and using Gurobi for different vehicle 

fleet sizes to obtain Pareto-optimal solutions. 

Output: Pareto optimal solutions for the transit network for varying vehicle fleet sizes. 

3.5 Computational Tests Using Benchmark Instances 

In this section, our goal is to show that PTPM works correctly and produces better 

results than exact and heuristic methods proposed in the literature. We conduct two sets 

of experiments. In the first set of experiments, we ignore waiting times at boarding and 

transfer points because the studies with which we compare our results use different 

assumptions in modeling waiting times; hence, the results are not comparable when 

waiting times are taken into account. In the second set of experiments, we obtain solutions 

considering waiting times.  

To verify and validate PTPM, we use Mandl benchmark instances whose features 

are given in Section 3.4. We do not use Mumford instances because they are considered 
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inappropriate for TNDFSP tests due to highly unrealistic frequencies [105]. We conduct 

experiments with Gurobi 9.5 solver using Julia programming language [71] and JuMP 

modeling language package [70] on an Intel Core i7@3.30 GHz computer with 16GB 

RAM. We use the default settings of Gurobi parameters except for NonConvex=2, 

MIPFocus=1, and BranchDir=1. NonConvex=2 tells Gurobi that the model is nonlinear. 

MIPFocus=1 emphasizes improving primal bound. BranchDir=1 requires up-branch to 

be explored first when a branching decision is to be made. This setting reduces the number 

of explored nodes and decreases the computer’s RAM load, especially for large-size 

instances. The runtime for all experiments on Mandl instances is 3600 seconds. Vehicle 

capacity is 50 with a load factor of 1.25, i.e., 40 ൈ 1.25 ൌ 50.  

Pareto-optimal solutions are generated with respect to different levels of vehicle 

fleet size. We start by setting a vehicle fleet size less than or equal to an upper bound of 

the vehicle fleet and then gradually reduce it step by step. This approach is considered 

safe because if the number of vehicles is infeasible, the model itself results in infeasibility. 

3.5.1 Benchmark Tests without Considering Waiting Times 

In the literature, few studies model waiting times at boarding and transfer nodes 

and solve benchmark instances. However, the rules of passenger assignment in these 

studies differ from our system optimal approach, which results in different waiting times 

in different studies. For example, Ahern et al. [20] use the frequency share method, while 

Liang et al. [95] assign passengers to routes based on the directness of the trip and the 

number of transfers. In this regard, the results of different studies are not comparable 

when waiting times are considered. Therefore, we compare our results with those 

proposed in the previous studies without considering waiting times, i.e., we solve PTPM 

with 𝑍௣௔௦௦௘௡௚௘௥ ൌ  𝑧ଵ ൅ 𝑧ଶ by varying vehicle fleet size to obtain Pareto-optimal solutions 

as described before.  

We present the results in the objective space with the x-axis representing the 

average travel time consisting of in-vehicle travel time and transfer penalty time and the 

y-axis representing vehicle fleet size. Figure 3.3 indicates the results of PTPM, as well as 

the results of the studies of Ahern et al. (2022) [20], Arbex and da Cunha [97], Bagloee 

and Ceder (2011) [98], Baaj and Mahmassani (1991) [49], Buba and Lee (2018) [96], 

Liang et al. (2020) [106], Zhao et al. (2005) [100], Zhao and Zeng (2006, 2007, 2008) 
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[33], [101], [102], Zhao et al. (2015) [99] for different number of routes. We show only 

the results reported in the related studies. We remark that all studies with which we 

compare our results are (meta)heuristic-based because there does not exist mathematical 

programming-based studies that attempt to solve benchmark instances with the objective 

of minimizing the travel time. 
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Figure 3.3 Pareto-optimal solutions generated by PTPM and different studies in 
the literature without considering waiting times. 

The results indicate that PTPM can provide better Pareto-optimal solutions than 

other algorithms. The study closest to ours in performance is Ahern et al. [20]. As the 

fleet size increases, the results of PTPM and Ahern et al. [20] get closer. However, as the 

fleet size decreases, i.e., when the problems are harder to solve, PTPM produces much 

better results. 

The details of the computational results including the stops, vehicle fleet size, 

headways and frequencies of routes, average passenger cost and percent of transfers can 

be accessed through the following repository (https://aguedutr-my.sharepoint.com 

/:f:/g/personal/abdulkerim_benli_agu_edu_tr/Eq4v3KjxFFlAvNb9UOI2lDoBokeWcfpk

p4VpbBLnKUOrxw, accessed on December 20, 2023). 

3.5.2 Tests Including Waiting Times 

Figure 3.4(a) and Figure 3.4(b) present Pareto-optimal solutions generated by 

PTPM for Mandl instances considering waiting times and without considering waiting 

times, respectively. The results in Figure 3.4(a) indicate that, for a fixed fleet size, the 

average travel time decreases as the number of routes decreases because more vehicles 

can be assigned to routes, which decreases waiting times at boarding and transfer stops. 
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However, as the number of routes decreases, the passenger load gets higher causing more 

discomfort to passengers. In this regard, there is a need to establish a balance between 

passenger discomfort resulting from high passenger load and passenger discomfort 

resulting from long travel times.  

 

 

Figure 3.4 Pareto-optimal solutions generated by PTPM for Mandl instances 
considering waiting times. 
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The results in Figure 3.4(b) indicate that, for a fixed fleet size, the average travel 

time increases as the number of routes decrease, contrary to the results in Figure 4.3(a). 

As the number of routes decreases, the number of direct travelers increases; hence, the 

average in-vehicle travel time increases. The results in Figure 3.4 emphasize the 

importance of incorporating waiting times at boarding and transfer points, as the results 

without waiting times may mislead the transit agency in developing plans.   

3.6 A Real-World Application 

In this section, we present the results of computational tests conducted for instances 

defined on a real bus transit network in the city of Kayseri, located in the Central 

Anatolian Region in Türkiye. Kayseri has a population of about 1.5 million. The current 

public transport system consists of tram and bus transit networks. The tram and bus 

networks intersect at certain points; however, the tram network passes through a limited 

number of streets and has limited capacity. The bus network is currently the main public 

transport system. The number of stops in both directions in the current bus transit system 

is over 3000, which is pretty high for the size of a city such as Kayseri. In this regard, 

designing a trunk-and-feeder system is considered an alternative. Our goal in this study 

is to determine trunk lines/routes on the stops selected by Kayseri Transport Inc., 

considering demand intensity and location diversity. The Kayseri204 network consists of 

204 nodes and 405 edges. The features of the instances considered are given in Table 3.2. 

Table 3.2 Features for Kayseri204 transit network instances 

Number of nodes/ edges Number of routes Node limits (min./max.) 
Transfer Penalty 

(mins.) 

204 / 405 15, 20, 25 2 / 25 15 

Number of non-zero OD 

demand pairs 

Total Passenger 

Demand 
Demand period (mins.) Vehicle Capacity 

13338 205090 1000 50 

We conduct tests with Gurobi 9.5 solver on an Intel(R) Xeon(R) Gold 6150@2.70 

GHz computer with 256GB RAM with the parameter settings of Gurobi defined earlier. 

Since Kayseri204 is a large network, we run Algorithm 2 to find solutions for the 

instances. In the application of Algorithm 2, we set run times as follows: Step 1: 

NoRelHeurTime=2000, TimeLimit=3000; Step 2: NoRelHeurTime=50000, 

TimeLimit=60000; and Step 3: TimeLimit=23400, i.e., the total runtime of Algorithm 2 
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is 86400 seconds. We remark that we provide the solution obtained in Steps 1 and 2 as a 

warm-start solution in Step 3, where we run just the B&C algorithm of Gurobi. We obtain 

results for 15-, 20-, and 25- route options by setting the number of vehicles to 150, 160, 

180, 200, 220, 250, and 300. We assume a transfer penalty of 15 minutes, as in Arbex 

and da Cunha [97], Borndörfer and Karbstein [107]. 

OD demand and distance matrices as well as the features of Pareto-optimal 

solutions, including average travel time, vehicle fleet size, and optimality gap, can be 

accessed through the following repository (https://aguedutr-

my.sharepoint.com/:f:/g/personal/abdulkerim_benli_agu_edu_tr/Eq4v3KjxFFlAvNb9U

OI2lDoBokeWcfpkp4VpbBLnKUOrxw, accessed on December 20, 2023). 

3.6.1 Travel Time vs. Number of Vehicles 

Figure 3.5 gives Pareto-optimal solutions for the different number of routes. The 

results indicate that the 15-route solution dominates 20- and 25-route solutions with 

respect to the average travel time per passenger and vehicle fleet size. Like Mandl cases, 

for a fixed vehicle fleet size, average travel time for a 15-route solution is better than for 

20-route and 25-route solutions. That is because more vehicles can be assigned to the 

routes in the 15-route instance, which decreases waiting times at boarding and transfer 

points. When the required number of routes increases, more vehicles may be needed to 

ensure a certain service level.  

We remark that feasible solutions cannot be obtained for the vehicle fleet sizes 

lower than 150, 160, and 180 for the 15-route, 20-route, and 25-route instances, 

respectively. A sample solution for 15 routes and 150 vehicles is presented in Figure 4.6 

on the Kayseri map, where each color corresponds to a different route. Parts of some 

routes coincide and hence overlap in some segments. 

Table 3.3 details the results with respect to average in-vehicle travel time (AIVT), 

waiting time (AWT), transfer penalty time (ATP), optimality gap (Gap%), average travel 

time (ATT), and headway (AH) for the different number of routes. The table shows how 

average in-vehicle travel times, waiting times, and transfer penalty times change with the 

increasing number of routes and vehicle fleet sizes. As the fleet size increases, all related 

times get better for a fixed number of routes. As the number of routes increases, average 
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transfer penalty times decrease because the number of direct travelers increases. On the 

other hand, average waiting times increase because average headways increase as fewer 

vehicles can be assigned to the routes. Because average in-vehicle travel times are close 

to each other and the improvements in transfer penalty time are lower than the 

deterioration in waiting times, average waiting time becomes dominant and generally 

causes the total average travel time to increase for a fixed fleet size. For a fixed fleet size, 

increasing the number of routes does not improve service level with respect to total 

average travel time.  

   

Figure 3.5 Pareto-optimal solutions for Kayseri204 instances 

 

Figure 3.6 Sample solution for 15 routes and 150 vehicles for the Kayseri204 
network 
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Table 3.3 indicates that optimality gaps change from 47.15% to 61.56%. The 

resulting high gaps occur because Gurobi cannot improve the linear programming 

relaxation bounds, i.e., the solutions found by Gurobi may actually be much better. To 

check the quality of solutions found by Algorithm 3.2, we have also solved Mandl 

benchmark instances using Algorithm 3.2. The results indicate that Algorithm 3.2 

produces solutions that are close to and sometimes better than those found by Gurobi 

without NoRel, with optimality gaps of about 25% on average. Considering that the 

solutions found by the proposed model using Gurobi with these high optimality gaps are 

better than those found by state-of-the-art algorithms, we think that the solutions obtained 

for the Kayseri204 network may be much better.  

We remark that even though the gaps are high, this study is the first to obtain 

solutions for instances significantly larger than those in the literature using mathematical 

programming and off-the-shelf software (204 nodes and 13338 OD pairs in comparison 

to 84 nodes and 363 OD pairs in the literature). 

Table 3.3 Average travel times for Kayseri204 network instances 

Route Fleet AIVT AWT ATP ATT AH Gap (%) 

15 

150 26.69 13.74 8.51 48.94 21.67 57.82 

160 26.31 12.22 7.83 46.35 19.56 55.47 

180 26.07 10.31 7.04 43.43 16.9 52.47 

200 25.87 9.13 6.89 41.89 14.93 50.73 

220 25.96 8.06 6.72 40.75 12.68 49.34 

250 25.84 7.29 6.76 39.89 12.02 48.25 

270 25.68 6.59 6.82 39.10 10.48 47.20 

300 25.69 6.02 6.83 38.54 9.62 46.44 

20 

160 27.53 17.68 8.48 53.69 39.3 61.56 

180 26.70 14.68 6.46 47.84 31.2 56.85 

200 26.21 12.22 6.01 44.44 26.8 53.55 

220 25.93 10.93 6.00 42.86 22.33 51.83 

250 25.61 9.42 5.87 40.90 20.31 49.53 

270 25.39 8.67 6.00 40.06 18.38 48.47 
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300 25.36 7.79 5.91 39.06 15.51 47.15 

25 

180 26.12 15.83 5.87 47.82 44.27 56.83 

200 26.11 14.48 6.20 46.80 36.39 55.89 

220 25.55 12.96 5.96 44.47 32.21 53.58 

250 25.52 10.72 5.16 41.40 25.17 50.14 

270 25.36 9.91 5.12 40.39 22.47 48.90 

300 25.33 9.32 5.19 39.85 22.05 48.20 

* AIVT: Average in-vehicle time, AWT: Average waiting time, ATP: Average transfer penalty, ATT: 
Average travel time (AIVT+AWT+ATP), AH: Average headway. These units are in minutes. 

3.6.2 Utilization of Vehicle Capacity 

Analyzing the vehicle capacity utilization for a route helps the transit agency 

evaluate route crowding and under-utilization issues. The utilization of vehicle capacity 

for a route set can be computed as follows: Let 𝑛𝑣௧  represent the number of vehicles 

assigned to route 𝑡, 𝑣𝑐 the capacity of a vehicle, 𝑝𝑙௜௝௧ passenger load on the link from 𝑖 to 

𝑗 on route 𝑡, and 𝑛𝑙௧ the number of links on route 𝑡. Utilization of vehicle capacity for the 

link from 𝑖 𝑡𝑜 𝑗  on route 𝑡  is 𝑣𝑐𝑢௜௝௧ ൌ
௣௟೔ೕ೟

௩௖ ൈ௡௩೟
ൈ 100 , the average utilization of vehicle 

capacity for route 𝑡 is 𝑎𝑐𝑢௧ ൌ
∑ ௣௟೔ೕ೟೔ೕ

௡௟೟
, and average utilization of vehicle capacity for the 

whole route set is  𝑢 ൌ
∑ ሺ௔௖௨೟ൈ ௡௩೟ሻ೟

∑  ௡௩೟೟
.  

Figure 3.7 gives the average utilization of vehicle capacity for the different number 

of routes and vehicle fleet sizes for the Kayseri204 network. For a fixed number of routes, 

the average utilization of vehicle capacity decreases as the vehicle fleet size increases.  

Figure 3.8 depicts an example analysis of the most and least utilized routes for 15-

route instance with 150 vehicles. Figures 3.8(a) and 8(b) (8(c) and 8(d)) show the 

utilization of vehicle capacity on the links of the busiest route (the least busy route), route 

#5 (route #9), in forward and backward directions, respectively. A bar in the figure 

indicates vehicle capacity utilization for the link between two consecutive nodes in the x-

axis. For instance, the first blue bar in Figure 3.8(a) represents vehicle capacity utilization 

for the link from 82 to 80. The results indicate that the intensity of passengers and hence 

the utilization level gets higher towards the middle segment of the routes as expected, 
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reaching 100% for some links. Even though route #9 is the least busy route, the utilization 

level for some links is 100%. 

 

Figure 3.7 Average utilization of vehicles’ capacity for Kayseri204 instances 
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Figure 3.8 Utilization of vehicle capacity for the busiest and the least busy routes 
for a 15-route solution with 150 vehicles 

3.7 Conclusion 

We address the transit network design and frequency setting problem (TNDFSP) 

that aims to design the routes and determine the routes' frequencies to satisfy passenger 

demand in a transit network. We propose a novel mathematical programming model for 

TNDSFP that incorporates the features of real-life transit network systems. The proposed 

model reflects the views of both passengers and the transit agency by considering in-

vehicle travel time, transfers, waiting times at the boarding and transfer stops, 

overcrowding and under-utilization of vehicles, and vehicle fleet size. The model is the 

first to determine routes and their frequencies simultaneously from scratch, i.e., without 

using line and frequency pools while considering the aforementioned issues, such as 

transfers and waiting.  
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We solve the proposed model using Gurobi. We conduct computational tests using 

Mandl benchmark instances and a real-world transit network. The first group of tests 

indicates that the proposed model works correctly and produces better Pareto-optimal 

solutions than state-of-the-art algorithms. The second group of tests shows how what-if 

analyses may help design a transit network system. The main insights from what-if 

analyses may be summarized as follows:  

 The total average travel time for a fixed fleet size gets better with the decreasing 

number of routes because more vehicles can be assigned to the routes. 

 For a fixed fleet size, average waiting times at boarding and transfer points 

increase with the increasing number of routes because fewer vehicles can be assigned to 

the routes. 

 For a fixed fleet size, the average transfer penalty time decreases because the 

number of direct travelers increases with the increasing number of routes. 

 For a fixed number of routes, total average travel time, average transfer penalty 

time, and average waiting times improve with the increasing fleet size.    

 The average vehicle capacity utilization decreases with increasing vehicle fleet 

size. 

 The average vehicle capacity utilization may reach up to 100% on some links, 

even for the least busy routes. 

 More vehicles may be needed to ensure a certain service level with respect to the 

total average time with the increasing number of routes. 

 Incorporating waiting times and transfer times as well as vehicle fleet size into the 

modeling may change the results significantly and hence is of high importance. 

We remark that the insights may change depending on the values of different 

parameters. However, the results indicate that the model can be useful as a decision aid 

for designing a transit network system or evaluating a current system. This TNDFSP 

study is the first to obtain solutions for instances significantly larger than those in the 

literature using mathematical programming and off-the-shelf software (204 nodes and 

13338 OD pairs in comparison to 84 nodes and 363 OD pairs in the literature). However, 

the model is difficult to solve for large-scale problems in designing a system from scratch; 

hence, there is a need to improve the solvability of the model as a future research 

direction. 



 

 

  73 

Chapter 4 

 

Conclusions and Future Prospects 

4.1 Conclusions 

In this thesis, we address the transit network design problem (TNDP) that aims to 

design the routes to satisfy passenger demand in a transit network and the transit network 

design and frequency setting problem (TNDFSP) that considers frequency setting as well 

as route design. TNDP is an NP-hard problem that is hard to solve for even small 

networks. Therefore, mathematical programming models are rare in the literature, and 

they make some simplifications to handle complexity, especially for large transit 

networks. They design routes by selecting out of a line/route pool. Optimum routes can 

be overlooked due to that strategy since the line pool may not include optimum ones. 

Besides, preprocessing data, such as analyzing OD demand pairs and generating 

candidate routes, is required in such models. 

Moreover, they can model passenger transfers with only overextending transit 

network like change & go [10] and trajectory [12] graphs that unnecessarily increase the 

complexity of the problem. Considering the abovementioned issues, we propose a new 

mathematical programming mixed-integer model regarding TNDP. The proposed 

mathematical model embraces the complexity, and an off-the-shelf solver can solve it.  

The default formulation of the proposed TNDP model works well in small-scale 

problems. However, it may fail to handle large-scale networks. Therefore, we decompose 

the original formulation by the Benders decomposition (BD) algorithm. The BD is 

implemented with the Branch and Cut procedure instead of the classical approach, which 

uses an iterative algorithm. Moreover, some enhancement strategies for the BD are 

implemented. To increase the dual bound of the master problem, we adopt the in-out cut 

loop scheme replacing Kelley’s scheme. We disaggregate the subproblem since the 

aggregated version is hard to solve for large networks, even with modern solvers. We also 

set a cut selection criterion via an auxiliary mathematical model which finds Pareto-
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optimal cuts since some Benders optimality cuts can be redundant due to alternative 

optima solutions of the subproblem. Finally, we develop a heuristic based on Benders 

decomposition.  

TNDFSP is also a complex and NP-hard problem. Therefore, both mathematical 

programming and metaheuristic studies in the literature make many simplifying 

assumptions about route design, frequency setting, transfers, waiting, passenger 

assignment, and vehicle fleet size in handling the problem. We propose an all-

encompassing novel mathematical programming model that is flexible enough to 

incorporate realistic features of a transit network.  

Computational experiments are done by Gurobi solver. We verify the performance 

and capability of the proposed models with the well-known benchmark instances by the 

comparisons with the state-of-art studies in the literature. There is no mathematical 

program for TNDP making such verification, and their reported solutions regard only ad-

hoc instances. Finally, we apply the proposed models to a real-world transit network 

consisting of 204 nodes, 455 links, and 13338 OD demand pairs, which is significantly 

larger than the problems in the literature, using off-the-shelf software.  

The real-world application is done with what-if analyses that provide insights 

regarding the number of routes, average travel time, vehicle fleet size, and average vehicle 

capacity utilization. These insights suggest that the proposed models can be used as a 

decision aid for designing a transit network system or evaluating a current system.  

4.2 Societal Impact and Contribution to Global 

Sustainability  

The application of the proposed mathematical models to real-world transit networks 

has the potential to mitigate inefficiencies that public transit agencies encounter. Our 

findings indicate that these models can facilitate a reduction in vehicle fleet size while 

maintaining, or even enhancing, service quality in terms of passenger travel time. This 

efficiency gain enables transit agencies to reallocate budgets towards expanding services 

in underserved areas, thereby optimizing resource utilization. 
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Furthermore, the strategic route redesign made possible by the proposed models 

can diminish passenger travel times. This improvement may increase public 

transportation demand, potentially influencing a modal shift in commuter behavior 

towards more sustainable options. Such a shift can have immediate and positive 

environmental implications, including the reduction of carbon emissions and alleviation 

of traffic congestion. 

The research presented in this thesis also aligns with and contributes to the 

Sustainable Development Goals (SDGs) set forth by the United Nations in 2015 [108], 

with a particular focus on the eleventh goal: to ensure "sustainable cities and 

communities". Specifically, the second target of this goal advocates for "affordable and 

sustainable transportation systems". The efficacy of the proposed models suggests that 

transit agencies can manage vehicle fleets with greater efficiency, yielding operational 

cost savings that could translate into lower transportation fees for end-users. Additionally, 

the adoption of such efficient management practices can enhance the sustainability of 

transportation systems, underscoring the practical relevance of this research in the pursuit 

of global sustainability objectives as outlined in the SDGs. 

4.3 Future Prospects  

Future research directions upon this thesis can focus on employing additional 

methodological improvements. For the proposed TNDP model, additional accelerating 

strategies for Benders decomposition can be considered, such as variable fixing, trust 

region method, and matheuristics. For the proposed TNFSP model, problem-specific cuts, 

decomposition algorithms, and heuristics may be developed and incorporated into the 

solution procedure. Moreover, methods to reduce the sizes of the problems, e.g., network 

analysis or aggregation rules, may also be proposed. Computational experiments show 

that improving dual bound is hard by the proposed models. So, tighter reformulations are 

needed with strong valid inequalities.   

Aside from methodological improvements, the models can incorporate different 

aspects of public transportation planning problems. Various externalities can be 

embedded into cost functions, such as greenhouse emission costs. The electrification of 

current public transit systems can be studied by modifying the proposed models.  

Moreover, the design parameter of the problems can be altered with realistic variants. For 
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instance, a heterogeneous vehicle fleet can be easily specified as a parameter change 

instead of a homogeneous fleet as in the proposed models. 

Furthermore, a futuristic aspect of deploying autonomous public transit vehicles 

can be investigated via a case of redesigning routes by day (or shorter period) according 

to the real-time prediction of passenger demand. This variant requires solving the 

proposed models repetitively for each time period. This thesis assumes that the routes are 

bidirectional (i.e., having the same stops in both directions on a route). However, the 

proposed models can be transformed to deal with circular or radial routes. Last but not 

least, analysis of elastic demand has been disregarded in the literature for a long time, 

even though it can help analyze the redesigned transit networks. Simulation-based 

optimization approaches can do such post-process analyses.  
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APPENDIX A 

Layout of Mumford Instances 
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c) Mumford2 

 
d) Mumford3 

 
Figure A.1 Layout of Mumford Network Instances 
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