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ABSTRACT

REDUCING COMPUTATIONAL DEMAND OF MULTI-STATE
CONSTRAINT KALMAN FILTER IN VISUAL-INERTIAL ODOMETRY

APPLICATIONS

Eyice, Kerem

M.S., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Tolga Çiloğlu

September 2019, 88 pages

The aim of this study is to reduce the computational load required by Multi-State Con-

straint Kalman Filter in visual-inertial odometry applications while maintaining the

accuracy of the localization solution. In order to accomplish this, a keyframe-based

pose selection mechanism is proposed. The proposed method fuses visual measure-

ments with inertial measurements in order to estimate the kinematics of the platform.

The contribution of this study is to reduce computational demand of the filtering op-

erations by using visual measurements obtained only from selected keyframes for

navigation purposes. Experiments have been performed with visual-inertial datasets

collected at different speeds of an aerial platform in order to assess the performance

of the proposed method. Results showed that the proposed method can attain accurate

navigation solution while decreasing the required computational load with a proper

keyframe selection criteria.

Keywords: Visual-Inertial Odometry, Multi-State Constraint Kalman Filter, Vision-

v



Aided Inertial Navigation, Autonomous Navigation
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ÖZ

GÖRSEL-ATALETSEL KONUMLAMA UYGULAMALARINDA ÇOK
DURUM KISITLI KALMAN SÜZGECİNİN İŞLEM YÜKÜNÜN

AZALTILMASI

Eyice, Kerem

Yüksek Lisans, Elektrik ve Elektronik Mühendisliği Bölümü

Tez Yöneticisi: Prof. Dr. Tolga Çiloğlu

Eylül 2019 , 88 sayfa

Bu çalışmanın amacı; Çok Durum Kısıtlı Kalman Süzgeci tabanlı Görsel-Ataletsel

Konumlama uygulamalarında konumlama çözümünün doğruluğunu korurken, gerekli

olan işlem yükünü azaltmaktır. Bunu başarmak için, anahtar kareye dayalı bir poz

seçim mekanizması önerilmiştir. Önerilen yöntem platform kinematiğinin kestirimi

için, görsel ölçümler ile ataletsel ölçümleri birleştirir. Bu çalışmanın katkısı, sadece

seçilen anahtar karelerden elde edilen görsel ölçümleri seyrüsefer amacıyla kullana-

rak süzgeç işlemlerinin işlem yükünü azaltmaktır. Önerilen yöntemin performansını

değerlendirmek için bir hava platformunun farklı hızlarında toplanan görsel-ataletsel

veri setleri ile deneyler yapılmıştır. Sonuçlar, önerilen yöntemin doğru hesaplama çö-

zümünü elde etmenin yanı sıra, gerekli işlem yükünü uygun bir anahtar kare seçim

ölçütüyle düşürdüğünü göstermiştir.

Anahtar Kelimeler: Görsel-Ataletsel Konumlama, Çok Durum Kısıtlı Kalman Süz-
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geci, Görsel Destekli Ataletsel Seyrüsefer, Otonom Seyrüsefer
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Tolga Çiloğlu for his guidance, support, and advice. I am grateful to him for letting

me to carry out this study under his supervision with his encouragement and positive

attitude.

I would like to extend my thanks to all the lecturers in the Department of Electrical

and Electronics Engineering, who greatly helped me to store the knowledge I need to

carry out this study.
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CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

Navigation, in addition to planning and following a route, is the task to determine the

kinematics of the platform (position, velocity, and attitude) by sensor measurements.

A navigation system consists of multiple sensors measuring the motion of the plat-

form and/or information about the environment of the platform and a computer for

processing the raw output of the sensors in order to estimate the platform’s kinemat-

ics. Autonomous navigation concept has drawn intense interest in recent years due to

its significance in unmanned aerial vehicles [1, 2, 3], unmanned land vehicles [4, 5]

and space exploration applications [6, 7].

Autonomous navigation solution can be easily obtained where Global Navigation

Satellite Systems (GNSS) signals are available and reliable [8, 9]. On the other hand,

there are GNSS-denied environments such as urban canyons, forests, underground,

indoors; where the quality of satellite signals degrades sharply. In addition to that,

jamming and spoofing are human-made threats to the GNSS-based navigation sys-

tems which are more likely to occur than they were in the past. In these environments,

obtaining accurate navigation solution becomes more difficult.

However, a wide range of GNSS-denied navigation systems have been developed for

indoor environments with infrastructure [10, 11, 12]; navigation problem in unstruc-

tured and unknown environments remains challenging. Moreover; size, cost, weight,

and power consumption strictly limit sensor choice in micro aerial vehicles, mobile

phones, augmented reality and virtual reality devices and other applications.
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Choosing appropriate sensors to design a navigation system for GNSS-denied envi-

ronments is a crucial task. Available sensors for this task can be divided into two main

types: proprioceptive sensors and exteroceptive sensors. The former type of sensors

can provide information about the motion of the platform, while the latter type of sen-

sors can gather information about the environment. Examples for proprioceptive sen-

sors are wheel encoders measuring linear and rotational velocity of wheels [13, 14],

Inertial Measurement Units (IMU) measuring acceleration and rotation rates of the

platform [15, 16]. Examples for exteroceptive sensors include cameras [17, 18, 19],

laser sensors [20, 21, 22], acoustic sensors [23, 24] and magnetometers [25, 26] which

capture information about the surroundings.

Among these options, combining an IMU with a single camera offers many benefits

in order to obtain navigation solution for small, lightweight, and inexpensive plat-

forms. Firstly, both sensors are capable of gathering 3D motion information with

no infrastructure requirement. Hence, using the combination of these sensors en-

sures operation in unknown environments. In addition to that, these sensors have

complementary characteristics since the camera is exteroceptive while the IMU is a

proprioceptive sensor. Thus, fusion of IMU and camera measurements can provide

more robust and accurate localization solution.

Techniques that combine IMU and camera measurements for navigation purposes

are termed as vision-aided inertial navigation. Images are used to extract and track

distinctive features in the environment such as sparse points, edges, lines or planes.

Then feature measurements are fused with IMU measurements to estimate kinematics

of the platform. Vision-aided inertial navigation methods can be grouped into two

main categories based on whether the navigation system has mapping ability and

focuses on global optimization of the map and the whole path of the platform, or only

aims to estimate kinematics of the platform. Methods that have extra mapping thread

are termed as Simultaneous Localization and Mapping (SLAM) and techniques that

are implemented for only localization purposes are called as Visual Odometry (VO)

and Visual Inertial Odometry (VIO) [27].

Among VIO methods, A Multi-State Constraint Kalman Filter (MSCKF) technique

[19] has drawn intense interest to fuse IMU and camera measurements; due to its

2



accuracy and consistency. MSCKF uses an error-state Kalman Filter. An error-state

Kalman filter includes errors of the kinematics that are going to be observed in the

state vector. Thus, an indirect correction mechanism is applied to the kinematics.

IMU measurements are used to propagate the kinematics of the platform and the co-

variance matrix of the states according to the dynamic motion model in this technique.

On the other hand, visual measurements are used to estimate the errors of the kine-

matics and update the covariance matrix of the states. Subsequently, estimated errors

are subtracted from the propagated kinematics of the platform.

Propagation and update threads are processed at different frequencies since propa-

gation happens at IMU measurement frequency and updates from camera measure-

ments are obtained at camera measurement frequency. Camera measurements are the

pixel positions of features extracted and tracked in consecutive frames. As the fea-

tures are tracked in image sequences, pixel position measurements provide informa-

tion about position and attitude change of the camera/platform between consecutive

frames. Distribution of the features in the images influences observability issues of

the filter states. Homogeneously distributed features in the images improve unique-

ness of the information extracted from images.

In [28], MSCKF method was compared to five different recent VIO algorithms in

terms of computational demand and accuracy on four different hardware platforms.

These hardware platforms are a Laptop, a small desktop PC, and two embedded com-

puters, UP Board and ODROID. Although MSCKF is the oldest algorithm, it is seen

that the algorithm has close performance on accuracy with the other methods in all

of the platforms. In addition to that, the algorithm was able to complete all VIO

datasets used on all platforms, showing robust performance. Lastly; despite MSCKF

being the oldest algorithm, it showed better performance on computational resource

requirements when compared to the other algorithms.

In [29], the authors used a modified version of the MSCKF algorithm on the proces-

sor of a mobile phone (Samsung Galaxy S2). In doing so, they tested the algorithm to

perform kinematics estimation when operating on a resource-constrained system. Re-

sults of the experiments showed that the MSCKF algorithm is able to obtain accurate

localization solution on this platform in real-time operation.

3



These studies showed that MSCKF algorithm is still a valid and viable solution to

fuse visual and inertial measurements on platforms having limited resources.

1.2 Contribution

MSCKF algorithm is an EKF based VIO formulation where the state of the filter is

formed by two main parts: a static and a dynamic part. The static part comprises

of errors of the current position, velocity, and attitude of the platform in addition

to errors of biases of the accelerometers and gyroscopes. On the other hand, the

dynamic part includes errors of past platform poses (A pose is the position and the

attitude of the platform). States that are included in the dynamic part are the errors

of poses at instants of image capture. The number of included platform pose states in

the dynamic part of the state vector changes in time. In addition to that, contents of

the stored poses change during the operation of the platform.

As the filter starts operation, errors of the platform poses (pose states) at the instants

of image capture are appended to the dynamic part of the overall state vector. Mea-

surements of features obtained from images are also registered to the memory.

At each image capture, filter update conditions are checked whether some of the

previously observed features have to be used in filter update step or not. The first

condition checked is the loss of a feature track. Previously registered measurements

of a feature are used in filter update phase if the track of the feature is lost. The other

update condition is that the filter reaches the maximum number of pose states allowed.

In this case, at least one of the older platform pose state have to be removed from the

filter state vector. However, when removing the pose state from the filter state vector,

measurements of the features observed at the time that pose was recorded should be

used in the filter update phase.

After the filter update phase is completed, all feature measurements used in filter up-

date are removed from measurement storage. Subsequently, remaining feature mea-

surements of each pose state are checked. If a pose state has no remaining feature

measurement, that pose is removed from the filter’s state vector.

4



In Figure 1.1 flow chart showing management of the state vector and feature mea-

surements is presented.

Figure 1.1: Flow chart of management of states and feature measurements.

Limit for the maximum number of pose states stored in the filter determines the size

of the sliding window. This size has effects on both the accuracy and required com-

putational resources. Errors on the estimated states are reduced as the size of the

window increases. On the other hand, computational resources required for filtering

operation increases if the size of the window is extended since the number of included

elements in the state vector increases.

In this work, it is aimed to keep the accuracy of the localization solution while re-

ducing the required computational resources. To this end, a keyframe-based pose

selection mechanism is proposed to extend the sliding window while storing fewer

elements in the state vector. The term keyframe is used in visual odometry literature

to refer to a frame in which the scene observed by the camera changes more than a

threshold compared to the last keyframe [30, 31, 32, 33]. A platform pose state is

included in the overall state vector if the frame is a keyframe. The captured image is

used for only feature tracking purposes if it is not a keyframe.
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1.3 Outline of the Thesis

The outline of this thesis is as follows.

A literature survey about the studies on SLAM, VO and VIO is presented in Chapter

2. Firstly, a taxonomy of vision aided navigation systems is shared regarding various

characteristics of such systems. Then, different visual inertial odometry techniques

are discussed.

Chapter 3 focuses on required mathematical background for constructing MSCKF

based VIO algorithm. This chapter includes underlying mechanisms of both the pro-

cess and the measurement of MSCKF based VIO. Finally, details of the MSCKF

algorithm are presented in this chapter.

In Chapter 4, methodology of proposed keyframe-based MSCKF for VIO algorithm

is provided. After evaluating the effect of the size of the sliding window on perfor-

mance of standard MSCKF with real world data, keyframe-based MSCKF for VIO is

presented.

In Chapter 5, performance of the proposed keyframe-based MSCKF for VIO method

is investigated. Experimental results of the proposed and standard MSCKF methods

are compared.

Concluding remarks of this thesis are presented in Chapter 6.
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CHAPTER 2

LITERATURE SURVEY

2.1 Categorization of Simultaneous Localization and Mapping and Visual Odom-

etry Methods

2.1.1 Simultaneous Localization and Mapping, Visual Odometry

SLAM and VO methods have common properties in the sense that both approaches

aim to estimate platform kinematics and reconstruct the structure of the scene. On the

other hand, there are specific differences between these two methods regarding the

size of the estimation window and the task of "loop closure".

SLAM comprises estimation of the full path of the platform and building a global map

of the environment concurrently. The global map is a description of the surroundings

which consists of 3D positions of all the features observed. Constructing a map is

useful not only for path planning and visualization purposes but also for limiting the

accumulated error in the estimation of the platform’s states.

Loop closure is the term used for detection of previously observed areas upon revisits.

The position errors of mapped features get higher due to the drift in platform’s states

estimated by SLAM systems. Loop closure can be beneficial after operating some

time. Accumulated errors on the path of the platform can be reduced if the SLAM

system detects a loop closure while the platform is revisiting previously observed

parts of the map [27]. On the other hand, performance of loop closure depends highly

on the operational type of the platform. Error removal can be performed effectively

for a platform wandering in the same places or operating in small surroundings such

as indoors.
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On the contrary to SLAM methods, VO systems do not seek to construct a global

map. These approaches aim to establish locally consistent trajectory. VO systems

estimate the platform’s pose in each step sequentially, and feature observations are

used solely in estimation process of the platform’s trajectory. Since a global map is

not constructed in VO systems, there is no chance to detect loop closure and remove

accumulated error with time. Although SLAM systems provide more accurate local-

ization solution, VO methods are less complicated and are computationally cheaper.

Storing the full map and estimating the whole path of the platform make SLAM sys-

tems challenging to operate in real-time applications.

2.1.2 Monocular and Stereo Vision

Number of cameras used for SLAM/VO systems is one of the distinctive character-

istics of SLAM and VO systems. Stereo cameras yield an important advantage over

monocular ones since scale ambiguity in the scene can be removed easily. The range

between the stereo cameras and the feature can be calculated by using observations

from two cameras. Hence, the 3D position of the feature can be predicted directly

for further use in stereo vision-aided navigation systems. There are several examples

using stereo cameras for both SLAM [34, 35] and VO [36, 37].

On the other hand, the accuracy of the depth estimate from stereo camera measure-

ments depends strongly on the ratio of the baseline of the cameras and the scale of the

scene. The baseline of the cameras has to be large enough to obtain a precise depth

estimate in large scale environments. Increasing the baseline may not be possible in

applications having size requirements. In such environment and application configu-

rations, stereo cameras have less benefit over the use of monocular methods. Conse-

quently, several monocular vision-aided navigation methods have been proposed for

use in both SLAM [38, 39, 40] and VO [41, 42] systems.
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2.1.3 The Amount of Pixels Used for Motion Estimation (Sparse, Semi-Dense,

and Dense)

The sparsity of the used points on the images is another different characteristic of

SLAM & VO systems. Most work done on vision-based navigation systems is based

on using sparse features which are detected with feature extraction algorithms and

tracked in consecutive images.

Dense methods use every point in the images in order to obtain better motion esti-

mation accuracy. There are examples of dense methods in VO [43] and SLAM [44]

based on RGB-D images. On the other hand, most dense SLAM works use monoc-

ular RGB cameras while estimating the depth map of the scene in temporal images

[45, 46, 47]. The main drawback of dense methods is high computational cost since

these methods use every pixel on the images for localization.

Semi-dense approaches use a group of high-gradient pixels in the image such as the

whole pixels of edges or corners. Generally, the number of used points are more

than sparse methods, but fewer than dense methods. In [48], authors proposed a

SLAM technique which uses sparse high gradient features for trajectory estimation

while reconstructing a semi-dense map of the environment. Monocular VO methods

are proposed in [49, 50], which construct semi-dense depth map for all points in the

image having non-negligible image gradient. Then, propagated information of these

pixels is used to estimate motion with new image measurements.

2.1.4 Interpretation of Images: The Type of Quantitative Information

There are mainly three different ways to infer the motion of the platform from image

sequences. The most commonly used method is called as "feature-based" or "indi-

rect". Feature-based systems estimate motion by using re-projection errors of features

in the images.

In Figure 2.1, indirect motion estimation procedure is briefly described. T k,k−1 repre-

sents the motion of the platform between two consecutive steps which includes both

3× 3 rotation matrix between consecutive steps,Rk,k−1, and 3× 1 translation vector,

9



Figure 2.1: Visualization of the motion estimation in feature-based methods.

tk,k−1.

T k,k−1 =
[
Rk,k−1 tk,k−1

]
(2.1)

ui and u′i are the pixels of ith feature in the (k − 1)th and the kth image, respectively.

Lastly, pi represents the estimated position of the feature at the reference coordinate

system. Motion inferring mechanism of feature-based SLAM/VO systems is pre-

sented in Equation 2.4 where π(·) is the projection model of a feature to the image
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plane.

ûi = π(pi) =

−fMH 0 cx

0 f
N

W
cy

 (
1

di
Cc
n(pi − pc)) (2.2)

In Equation 2.2, ûi represents the projected pixel position of the feature. H , M ,

W , N , f , cx, and cy are the camera intrinsic parameters defined in Section 3.4. di

represents a measurement or an estimation about the depth of the feature. Cc
n and

pc represent direction cosine matrix from the reference frame to the camera frame,

and the position of the camera at the reference frame, respectively. The position of a

feature can be projected to the image plane using the relation shared in Equation 2.2.

The position of the feature can be estimated by using its observation in the former

image, ui, and a measurement or an estimation about the depth of the feature, di.

pi = π−1

ui
1

 · di (2.3)

Subsequently, predicted observation of the same feature in the latter image can be

calculated by projecting the estimated position of the feature to the image plane of

the kth frame. Difference between the projected pixel position of the feature in the

latter image and the measurement about the pixel position of the feature is minimized

in order to estimate the motion of the platform between consecutive steps.

T k,k−1 = min
T

∑
i

Cost

u′i − π
T ·

pi
1

 (2.4)

Fundamental examples of feature based SLAM/VO are studied in [40, 38, 51].

In contrast, direct methods infer motion and structure of the scene from intensity

values in the image. The estimation process is done by minimizing the cost of the so

called photometric error which is the difference in the pixel intensities.

In Figure 2.2 and Equation 2.6, motion estimation in direct methods is represented.

The feature observed in the (k − 1)th frame is projected to the kth frame. u′i is the pre-
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dicted pixel position of the feature in the kth frame, which is projected using the pixel

position of the feature in the (k − 1)th frame and a measurement or an estimation

about the depth of the point di.

u
′

i = π

T ·
π
−1

ui
1

 · di
1


 (2.5)

Minimized cost is the difference between the intensity value of the point in the (k − 1)th

frame, Ik−1(ui), and the intensity value of the projected pixel of the same point in the

kth frame, Ik(u
′
i). There are several examples of direct methods that are using above

procedure for motion estimation and structure reconstruction [52, 51, 47, 45].

Figure 2.2: Visualization of the motion estimation in direct methods.
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T k,k−1 = min
T

∑
i

Cost(Ik(u
′

i)− Ik−1(ui)) (2.6)

In [41], a monocular semi-direct VO approach is presented. In this method, image

alignment procedure is executed in order to minimize the photometric difference be-

tween image patches corresponding to the same points when a new image is captured.

In the last step, motion estimation is obtained by minimizing the reprojection error

that has been established in the previous alignment step.

2.2 Visual Inertial Odometry

Complementary characteristics of inertial and visual measurements make combining

these two sensor modalities an ideal choice. Thus, visual-inertial fusion based odom-

etry techniques for state estimation problem have gained large popularity over the

past decades.

Fusion techniques of these sensor modalities can be categorized in terms of the visual

measurements used in the integration and integration method.

Figure 2.3: Visual Inertial Odometry flow diagram
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2.2.1 Information Integration Level

VIO methods can be divided into two main types in terms of the integration level:

loosely-coupled and tightly-coupled integration.

In loosely-coupled techniques, visual module is treated as a black box providing

pose estimates similar to visual odometry. Subsequently, visual pose estimates are

fused with predicted kinematics using IMU measurements. There are several loosely-

coupled visual-inertial integration techniques [53, 54, 55, 56, 57].

In contrast, tightly-coupled methods estimate the pose by making use of raw camera

measurements as visual measurements in Figure 2.3. The raw measurements used

in visual-inertial integration can be the intensity values [58, 59, 60] or the feature

pixel positions [61, 29, 19, 62, 33, 63] as mentioned in Section 2.1.4. Studies, which

compare these two methods, have presented that loosely-coupled techniques are usu-

ally less computationally expensive, however tightly-coupled methods outperform in

terms of the estimation accuracy [33].

2.2.2 Information Integration Method

VIO methods can be divided into two categories in terms of the used integration

method in Figure 2.3: filtering-based and optimization based.

Filtering based methods mostly use Extended Kalman Filter (EKF) to fuse inertial

and visual measurements. Filter states and covariances are propagated using inertial

measurements. Filter updates are performed when visual measurements are obtained.

There are several loosely-coupled filtering based methods [64, 54, 55, 57] as well as

tightly-coupled approaches [19, 59, 65].

On the other hand, using nonlinear optimization as integration method results in

more accurate pose estimation of the platform. However, computational demand of

optimization-based methods is much higher than the filtering-based techniques. Ex-

amples of tightly-coupled optimization based VIO methods are [33, 66, 63, 32, 67]
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2.2.3 Recent State of the Art Visual Inertial Odometry Techniques

Many VIO methods have been proposed in recent years in order to be used in real

time navigation of small devices.

In ROVIO [59], authors proposed a sparse, filtering based, direct VIO method to be

used in monocular systems. In this work, point features are parametrized by the in-

verse depth and bearing vector in the state of the EKF which are propagated according

to the corresponding dynamics as new frames registered. Multilevel patch features of

8x8 pixels are tracked in the image sequence, and photometric errors of the patches

are used directly as innovation in the EKF update state. In order to decrease the high

dimensional error term and to reduce the computational cost of the filter operations,

a QR-decomposition is employed on the stacked error vector.

A sparse feature based optimization method for both monocular and stereo configu-

rations has been proposed as OKVIS [33]. Authors formulated a probabilistic cost

function which fuses reprojection errors of features and IMU error terms. Since the

optimization based methods require more computational resources, they limit the op-

timization to a set of keyframes. Keyframes are frames that are arbitrarily spaced in

time which are selected according to the feature content. If the hull of the projected

and matched landmarks covers less than 50 % of the image or if matched over de-

tected keypoints is less than 20 %, the new frame is registered as a keyframe. All

features that are visible in the keyframes are used in the estimation process.

Another direct VIO approach is proposed in [60], which uses stereo cameras in an

optimization-based estimation. The method uses semi-dense depth maps instead of

sparse points in the images. The depth map is obtained via not only using stereo

configuration but also related images of the same camera taken at different poses.

Authors introduced an overall energy cost comprises of image and IMU errors which

is subsequently minimized via nonlinear optimization.

In [63], authors proposed a monocular optimization based VIO method which uses

sparse features as the image measurements. The main contribution of this paper is

preintegrating IMU measurements between keyframes in order to reduce the number

of variables used in optimization. Hence, this optimization based method becomes
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feasible in real-time operation. Then, the proposed approach minimizes negative log

posterior probability of states given both visual and preintegrated inertial measure-

ments.

A sparse feature based stereo MSCKF is proposed in [68]. In this method, firstly

features are matched in stereo image pairs then tracked in subsequent frames. Mea-

surements of the same feature in both cameras are used in Kalman Update step of

MSCKF algorithm.

A deep-learning based approach for VIO is proposed in [69]. In this paper, the au-

thors presented the first fully end-to-end trainable visual inertial navigation technique.

The model is based on a Convolutional Neural Network - Recurrent Neural Network

structure to process monocular images and IMU measurements for egomotion esti-

mation.
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CHAPTER 3

THEORETICAL BACKGROUND

In this study, a visual-inertial odometry method based on the paper [19], a Multi-State

Constraint Kalman Filter is used. This method is a monocular, sparse, feature-based,

tightly-coupled, and filtering-based visual-inertial odometry technique.

This chapter provides the required theoretical background to follow the problem of

inertial and visual sensor fusion. The chapter begins by the definition of coordinate

frames and transformations between these coordinate frames. Then, motion estima-

tion of a platform via inertial measurements is discussed. Subsequently, the geometric

relationship between the image and the scene is discussed. Next, a review of linear

and nonlinear Kalman filtering is presented. Lastly, details of the MSCKF algorithm

is provided.

3.1 Coordinate Frames

The concept of coordinate frames is essential for navigation applications since plat-

form kinematics are represented using coordinate frames. In this section, the coordi-

nate frames that are used in this study are defined.

• Local cartesian frame (n-frame): Local cartesian frame is the reference frame

used in this study which has a fixed origin with respect to Earth. The origin of

local cartesian frame is the point on Earth where the platform starts operation.

Frame’s x, y and z axes point the north, east and down directions relative to

the origin of the coordinate frame. In this study, it is aimed to estimate the

platform’s position and velocity relative to the origin of local cartesian frame
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and platform’s attitude relative to the axes of local cartesian frame.

• Body frame (b-frame): Body frame is rigidly attached to the platform, and x,

y, and z axes point the nose, right, and bottom of the platform, respectively. In

most applications, axes of the body frame are coincident with the measuring

axes of the IMU.

• Camera frame (c-frame): Camera frame is rigidly attached to the camera,

which its origin is at the optical center. Frame’s x and y axes point up and

to the right and are parallel to the image plane. z axis is perpendicular to the

image plane and points out of the camera.

3.2 Coordinate Transformations

Coordinate Transformations describe the orientation of the axes of one coordinate

frame with respect to the axes of another. This description allows one to transform

a vector resolved in one coordinate frame to the another frame. In this section, three

methods for Coordinate Transformations are presented: Euler Angles, Direction Co-

sine Matrices (DCM) and Quaternions.

• Euler Angles: Three angles corresponding to a specific single-axis rotation

sequence are called as Euler angles. These angles are called as roll (φ), pitch

(θ) and yaw (ψ).

• Direction Cosine Matrices (DCM): Direction Cosine Matrices are 3x3 ma-

trices which can be denoted as Cα
β to represent the DCM from β-frame to α-

frame. For example, transformation of a vector resolved in β-frame to α-frame

can be done by multiplying the vector by DCM.

pα = Cα
βp

β (3.1)

where pα is the vector resolved in α-frame, pβ is the vector resolved in β-frame.

A DCM can be converted to and from euler angles using:

Cα
β =


cos(θ)cos(ψ) cos(θ)sin(ψ) −sin(θ)

(−cos(φ)sin(ψ) + sin(φ)sin(θ)cos(ψ)) (cos(φ)cos(ψ) + sin(φ)sin(θ)sin(ψ)) sin(φ)cos(θ)

(sin(φ)sin(ψ) + cos(φ)sin(θ)cos(ψ)) (−sin(φ)cos(ψ) + cos(φ)sin(θ)sin(ψ)) cos(φ)cos(θ)


(3.2)
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φ = arctan(
Cα
β2,3

Cα
β3,3

)

θ = −arcsin(Cα
β1,3)

ψ = arctan(
Cα
β1,2

Cα
β1,1

)

(3.3)

• Quaternions: A coordinate transformation can be represented using a quater-

nion which is a hyper-complex number with four components, [70]:

qαβ = (qαβ0, q
α
β1, q

α
β2, q

α
β3) (3.4)

The first element of a quaternion, qαβ0, is the "scalar part" that is a function of

the magnitude of the rotation. The other three components qαβ1, q
α
β2, q

α
β3 are the

"vector part" of the quaternion which are functions of both the magnitude and

the axis of rotation. The vector part can be thought of as the vector around

which rotation is performed. The elements of a quaternion can be represented

with respect to the magnitude of the rotation, µβα, and the unit vector repre-

senting the axes of the rotation, uβα as:

qαβ0 = cos
(µβα

2

)
qαβ1 = uβα1sin

(µβα
2

)
qαβ2 = uβα2sin

(µβα
2

)
qαβ3 = uβα3sin

(µβα
2

)
(3.5)

In Equation 3.5, uβα1, uβα2, and uβα3 represent components of the unit vector.

A quaternion can be converted to the corresponding DCM using:

Cα
β =


qαβ0

2 + qαβ1
2 − qαβ22 − qαβ32 2(qαβ1q

α
β2 + qαβ0q

α
β3) 2(qαβ1q

α
β3 − qαβ0qαβ2)

2(qαβ1q
α
β2 − qαβ0qαβ3) qαβ0

2 − qαβ12 + qαβ2
2 − qαβ32 2(qαβ2q

α
β3 + qαβ0q

α
β1)

2(qαβ1q
α
β3 + qαβ0q

α
β2) 2(qαβ2q

α
β3 − qαβ0qαβ1) qαβ0

2 − qαβ12 − qαβ22 + qαβ3
2


(3.6)
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The corresponding DCM can be converted to the quaternion using:

qαβ0 =
1

2

√
1 + Cα

β1,1 + Cα
β2,2 + Cα

β3,3

qαβ1 =
Cα
β2,3 − Cα

β3,2

4qαβ0

qαβ2 =
Cα
β3,1 − Cα

β1,3

4qαβ0

qαβ3 =
Cα
β1,2 − Cα

β2,1

4qαβ0

(3.7)

3.3 Inertial Navigation in Local Cartesian Frame

In this section, the concept of inertial navigation in local cartesian frame is discussed.

3.3.1 Inertial Measurement Unit

Inertial navigation systems require measurements of IMU to calculate kinematics of

the platform. IMU usually consists of three accelerometers, and three gyroscopes

mounted orthogonally.

Accelerometers provide measurements of specific force, which is the summation of

the acceleration and negative of the gravitation vector. Several error sources con-

taminate specific force measurements of accelerometers, such as bias, scale factor,

misalignment, measurement noise, etc. The most dominant error sources for low-cost

sensors are bias, which is a constant additive error, and measurement noise, which is

an additive error with high bandwidth power spectral density.

Gyroscopes used in navigation systems measure rotation rate of the platform. Gy-

roscope measurements are subject to several error sources similar to accelerometers.

The most dominant error sources for low-cost gyroscopes are bias and measurement

noise.
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3.3.2 Attitude Dynamics

The time derivative of the quaternion can be expressed as in Equation 3.8, [70].

q̇bn =
1

2
qbn ◦

0

ω

 (3.8)

In Equation 3.8, ω represents the gyroscopic rotation rate measurements and ◦ is the

quaternion multiplication used as:

p ◦ q =


p1 −p2 −p3 −p4
p2 p1 −p4 p3

p3 p4 p1 −p2
p4 −p3 p2 p1




q1

q2

q3

q4

 (3.9)

3.3.3 Velocity and Position Dynamics

Velocity dynamics of the platform in local cartesian frame can be expressed by the

relation given in Equation 3.10:

v̇nb = Cn
bf

b + gn (3.10)

In Equation 3.10, f b represents specific force measured by accelerometers and gn is

the gravitation vector resolved in the local cartesian frame.

The dynamics of the position with respect to local cartesian frame is simply the time

derivative of the velocity. The dynamics of the position is given in Equation 3.11.

ṗnb = vnb (3.11)
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3.4 Imaging Geometry

Optical properties of a camera define the relationship between the image and the

scene. A pinhole camera can be constructed to model this relationship for lenses

having a very small aperture. Pinhole camera model is shown in Figure 3.1.

Figure 3.1: Pinhole camera projection model.

Position of a point in the image plane, piy, is related to the position of the point in the

scene pcy and the focal length of the camera f .

piy =
f

pcy,(3)
pcy (3.12)

In Equation 3.12, pcy,(3) is the distance between the point and the optical center of the

camera in the zc axis.

In order to obtain the pixel location of the point in the image, the position of the point

in the physical image plane has to be converted to the pixel coordinate system. An

example image plane consisting M ×N pixels with height H and width W is shown

in Figure 3.2.

The pixel position of the point is related to the position of the point in the image plane
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Figure 3.2: Image plane with M ×N pixels and dimensions of H , W .

as:

ppixy =

−MH 0 0

0
N

W
0

piy +

cx
cy

 (3.13)

In Equation 3.13, cx and cy represent the pixel coordinates of the principal point. The

principal point is the geometric center of the image, [71].

Normalized camera coordinate system is an auxiliary coordinate system used in image-

based navigation system. A hypothetical image plane with a focal length of 1 is as-

sumed to obtain the relationship between other coordinate systems defined previously.

Thus, the position of a point in normalized camera coordinate system is related to the

position in the scene as:

pc
y

=
1

pcy,(3)
pcy (3.14)

In Equation 3.14, pc
y

represents the position of the point in the normalized camera

coordinate system. Pixel position of the point is related to the position of the point in
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normalized camera coordinate system as:

ppixy =

−fMH 0 cx

0 f
N

W
cy

pc
y

(3.15)

3.5 Feature Detection and Tracking

Vision-based navigation systems require detection and tracking of features. These

processes are essential since pixels of the features are the visual measurements used

in estimation.

There are many feature detection methods in the literature. These methods can be

categorized as corner detectors and blob detectors. Commonly used corner detection

methods are FAST [72], Harris [73], and Shi-Tomasi [74]. Examples of blob detec-

tion methods are SIFT [75] and SURF [76]. Blob detection methods provide features

that are more distinctive than the corners. However, corner detectors are less compu-

tationally complex. On the other hand, it is important to detect features that are more

likely to be detected in subsequent images. Hence, using a feature detector which

extracts distinctive features is advantageous in vision-based navigation applications.

SIFT method applies the difference-of-Gaussian (DoG) operator on the entire image.

The lower and the upper scales of the image are convolved with a DoG operator.

Then, all local minima or maxima of the output is detected across space and scales.

The output of this step provides the extracted features. Since, SIFT applies the DoG

operator on all scales of the image and searches for local minima and maxima in space

and scales, features extracted in this method are scale invariant.

After detection of features, tracking of the features in consecutive images is em-

ployed. Kanade-Lucas-Tomasi (KLT) feature tracker [77, 74] can be used for this

task. This feature tracker is robust to changes in the appearance of features during

long sequences [78]. KLT feature tracker searches the best match of the feature on a

specific area of the image.

In order to discuss KLT feature tracker, consider two functions; I1(x) and I2(x)
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which give image intensities at the pixel location x in two images. The aim is to

find the displacement d which makes the difference between I1(x + d) and I2(x)

minimum in some region R of the image. In order to accomplish this, an L2 norm

error is minimized.

E =
∑

x∈R
[I1(x+ d)− I2(x)]2 (3.16)

A linear approximation is made to obtain I1(x+ d) as:

I1(x+ d) ≈ I1(x) + d
∂

∂x
I1(x) (3.17)

In order to minimize the error E with respect to d,

0 =
∂

∂d
E, (3.18)

is set.

0 ≈ ∂

∂d

∑
x∈R

[I1(x) + d
∂I1
∂x
− I2(x)]2 (3.19)

0 ≈
∑

x∈R
2
∂I1
x

[I1(x) + d
∂I1
∂x
− I2(x)] (3.20)

Finally, d can be estimated as:

d ≈
[∑

x∈R

[
∂I1
∂x

]T
[I2(x)− I1(x)]

] [∑
x∈R

[
∂I1
∂x

]T [
∂I1
∂x

]]−1
(3.21)

3.6 Kalman Filtering

This part provides essentials of Kalman Filtering technique. The section begins with

the development of linear Kalman filtering equations while at the end, extension of

Kalman filtering for nonlinear problems is provided.
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3.6.1 Linear Kalman Filter

Kalman Filter is a recursive Bayesian estimation method, [79]. Estimation process

aims to find the optimal solution to a linear stochastic differential equation. The

linear stochastic differential equation generally has the following form, [79]:

ẋ(t) = F (t)x(t) +B(t)u(t) +G(t)w(t) (3.22)

In Equation 3.22, x, F , B, u, G and w represent the state vector, the system dy-

namics matrix, the input matrix, the input vector, the noise transformation matrix and

the process noise vector, respectively. The process noise is assumed to be zero mean

Gaussian noise distributed with the covariance given as:

E{w(t)wT (t+ τ)} = Q(t),where τ = 0

E{w(t)wT (t+ τ)} = 0,where τ 6= 0
(3.23)

The mean of the state vector propagates as:

x̂(t) = Φ(t, t0)x̂(t0) +

t∫
t0

Φ(t, τ)B(τ)u(τ)dτ (3.24)

In Equation 3.24, Φ(t, t0) represents the state transition matrix from time t0 to time t.

The state vector residual, δx is the difference between the estimated state vector x̂

and the true state vector x. The state vector residual is given as:

δx(t) = x̂(t)− x(t) (3.25)

The error covariance matrix P is given as:

P (t) = E{δx(t)δx(t)T} (3.26)
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The error covariance matrix propagates according to the system dynamics as:

P (t) = Φ(t, t0)P (t0)Φ(t, t0)
T +

t∫
t0

Φ(t, τ)G(τ)Q(τ)G(τ)TΦ(t, τ)Tdτ (3.27)

Assuming the interval between two discrete propagation instances, ∆t = tk+1 − tk,

is sufficiently small allows us to assume F (tk+1) ≈ F (tk). Thus, the state transition

matrix can be approximated as:

Φ(tk) = exp(F (tk)∆t) (3.28)

Equation 3.28 can be solved using a series expansion. Propagation of the error co-

variance matrix in discrete time is given as:

P (tk+1) = Φ(tk)P (tk)Φ(tk)
T +Qd(tk) (3.29)

In Equation 3.29, Qd(tk) represents the covariance matrix of discrete time process

noise. Calculation of theQd(tk) matrix is discussed in Appendix A.

The measurement vector, z , is a set of observations about the outputs of the system.

Observations are related to the state vector linearly with additive noise:

z(ti) = H(ti)x(ti) + ν(ti) (3.30)

In Equation 3.30,H and ν represent measurement matrix and zero-mean white Gaus-

sian noise vector, respectively. The covariance of the measurement noise is defined

by:

E{ν(ti)ν
T (tj)} = R(ti),where i = j

E{ν(ti)ν
T (tj)} = 0,where i 6= j

(3.31)

Update mechanism of Kalman Filter is employed when a new measurement is ob-

tained. Assume a new observation is received at time ti, and the estimate of the state
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vector and the covariance matrix are available prior to time ti (t−i ), the Kalman gain

matrix,K(ti), can be computed as:

K(ti) = P (t−i )H(ti)
T [H(ti)P (t−i )H(ti)

T +R(ti)]
−1

(3.32)

After calculating the Kalman gain matrix, the estimate of the state vector and the

covariance matrix can be updated according to:

x̂(t+i ) = x̂(t−i ) +K(ti)[z(ti)−H(ti)x̂(t−i )]

P (t+i ) = P (t−i )−K(ti)H(ti)P (t−i )
(3.33)

3.6.2 Extended Kalman Filter

In the previous section, the development of the linear Kalman filter is discussed. The

system dynamics and the measurement model are assumed to be linear in the de-

veloped linear Kalman filter. These assumptions are not valid for most of the real

applications. Thus, an extension of Kalman filter for nonlinear applications is neces-

sary.

A nonlinear version of the Kalman filter, Extended Kalman filter, is developed in

order to be used in such systems. In EKF, state propagation and update mechanisms

are governed by nonlinear functions of the state vector elements. Thus, the system

dynamics can be represented as, [79]:

ẋ(t) = f(x(t),u(t), t) +G(t)w(t) (3.34)

The nonlinear function, f(·), replaces the system matrix.

It is assumed that the error in the estimate about the state vector is much smaller than

the state vector itself. Thus, a linear model can be applied to the propagation of the
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error in the state vector estimate as:

δẋ(t) = F (t)δx(t) +G(t)w(t) (3.35)

F (t) =
∂f(x,u, t)

∂x

∣∣∣∣
x=x̂(t),u=u(t)

(3.36)

Assuming the interval between two discrete propagation instances, ∆t = tk+1 − tk,

is sufficiently small allows us to assume f(x,u, tk+1) ≈ f(x,u, tk). Thus, the state

transition matrix can be approximated as:

Φ(tk) = exp(F (tk)∆t) (3.37)

Equation 3.37 can be solved using a series expansion. Propagation of the error co-

variance matrix is given as:

P (tk+1) = Φ(tk)P (tk)Φ(tk)
T +Qd(tk) (3.38)

In Equation 3.38, Qd(tk) represents the covariance matrix of discrete time process

noise. Calculation of theQd(tk) matrix is given in Appendix A.

In the EKF, the measurement model is given as:

z(ti) = h(x(ti), ti) + ν(ti) (3.39)

In Equation 3.39, h(·) is a nonlinear function of the state vector. The innovation term

r(ti) can be calculated as:

r(ti) = z(ti)− h(x(t−i ), ti) (3.40)
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Upon calculation of the innovation, Kalman filter update is carried out:

x̂(t+i ) = x̂(t−i ) +K(ti)[r(ti)] (3.41)

The Kalman gain matrix K(ti) is calculated in the same way as in the linear case.

However, the measurement matrix is obtained by linearizing the nonlinear measure-

ment function:

H(ti) =
∂h(x, t)

∂x

∣∣∣∣
x=x̂(ti)

(3.42)

Similar to the Kalman gain matrix, the covariance matrix update mechanism is the

same as in the linear case.

3.7 MSCKF for Vision-aided Inertial Navigation

MSCKF has become a state-of-the-art method for filtering based VIO approaches due

to its consistency and accuracy. The most significant novelty that MSCKF introduced

to VIO literature is to maintain a sliding window of past platform poses in its state

vector. In contrast to MSCKF, prior studies on EKF based VIO contain a represen-

tation of currently tracked feature positions in the state vector. In [61], two different

approaches to EKF based VIO are compared in terms of both the accuracy and com-

putational efficiency. Results of Monte Carlo simulations showed that MSCKF based

VIO outperforms the other EKF based VIO techniques in pose estimation accuracy

while having lower computational demand.

In Figure 3.3, the flow diagram of MSCKF based VIO algorithm is presented. The

expressions used to perform the computations of each block are given in the caption

of Figure 3.3. INS thread processes IMU measurements in IMU readout rate in order

to predict kinematics of the platform and propagate covariance matrix of the filter. On

the other hand, camera observes the scene at the frame rate. A new image is processed

to extract features and track existing features. Subsequently, feature pixel position

measurements are recorded for further use in update thread. Upon obtaining the new
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image, current pose solution of the platform is recorded and covariance matrix of

the filter is augmented. After visual thread finishes operation, filter update conditions

are checked. Two different update triggering mechanisms exist in MSCKF algorithm.

The first one is loss of the track of a feature and the other one is reaching the maximum

allowed number of pose states. As either one of the update conditions occurs, update

thread of MSCKF is executed. Firstly, positions of features that are going to be used in

the update step are estimated using the observations of the feature and pose states that

the feature was observed. Then, estimated position of the feature is re-projected to the

image plane of each observed platform poses to obtain predicted pixel position of the

feature. Subsequently, innovation of the feature is calculated by subtracting predicted

pixel position of the feature from measurements in each frame. Lastly Kalman update

operation is carried out for all features that are processed and both kinematics of the

platform and covariance matrix of the filter are updated.

In this section, a detailed explanation about a modified version of the MSCKF based

integration method is presented including the structure of the state vector, propagation

of the covariance matrix, augmentation of the states and update mechanism of the

filter.
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Figure 3.3: Flow diagram of MSCKF based VIO. Kinematics Propagation is applied

using Equation 3.49 and Covariance Matrix Propagation is executed using Equation

3.54. New Pose State Augmentation is carried out by equations 3.59 - 3.58. Fea-

ture position estimation is achieved using all of the registered measurements of the

feature and corresponding platform poses. This estimate is computed using Gauss-

Newton least squares minimization. Innovation computation is implemented using

equations 3.63, 3.64, 3.65, 3.70, and 3.71. Lastly, Covariance Matrix Update is given

by equations 3.73 - 3.78.
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3.7.1 Structure of the State Vector

The state vector of the filter comprises two main parts, INS states and a sliding win-

dow of previous poses at which images are captured and feature observations are

obtained. The INS states are described as:

δxI =
[
δpnb

T δvnb
T δψT δba

T δbg
T
]T

(3.43)

In Equation 3.43, δpnb and δvnb are errors on the position and velocity estimates of

the platform with respect to local cartesian frame respectively, δψ is the error on

the estimated attitude, δba and δbg are the errors on the estimated biases of the ac-

celerometers and the gyroscopes, respectively.

In the paper of Mourikis and Roumeliotis, [19], a pose state includes errors on the

camera position and attitude at the time of image was captured. On the contrary, the

state vector of a pose at time ti consists of the errors on the position and attitude of

the platform at that time instance in this study.

δxCi
=
[
δpnb (ti)

T δψ(ti)
T
]T

(3.44)

Thus, the overall state vector when the last m previous pose states are included be-

comes as:

δx =
[
δxI

T δxCk−m

T δxCk−m+1

T · · · δxCk−2

T δxCk−1

T
]T

(3.45)

3.7.2 Propagation

Propagation of the kinematics and covariance matrix is based on the continuous time

local cartesian frame inertial navigation. This subsection provides underlying mecha-

nism of the block written as "Kinematics & Covariance Matrix Propagation" in Figure

3.3.
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3.7.2.1 Continuous Time System Dynamics

Time evolutions of biases of accelerometer and gyroscopic measurements are defined

as:

ḃa = nwa

ḃg = nwg
(3.46)

where nwa and nwg are white Gaussian noise processes.

The specific force and rotation rate measurements, which are corrupted with IMU

noise sources, can be expressed as:

fm = f + ba + na

ωm = ω + bg + ng
(3.47)

Estimated accelerometer and gyroscope biases can be subtracted from noisy measure-

ments.

f̂ = fm − b̂a

ω̂ = ωm − b̂g
(3.48)

In the paper of Mourikis and Roumeliotis, [19], continuous-time dynamics of the

velocity of the platform is modeled by incorporating rotation of Earth. However,

including the Earth’s rotation in velocity dynamics requires information about the

position of the platform with respect to Earth. Since the aim of this study is to estimate

kinematics of the platform in the local cartesian frame, the position of the platform

with respect to Earth is not included in the navigation system. Thus, differently from

the paper of Mourikis and Roumeliotis, a simple continuous-time dynamics model

for the velocity of the platform is governed in this study. Based on this simple model,

local cartesian frame inertial navigation of the platform is modeled using the bias

removed inertial measurements according to Equation 3.49.
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˙̂pnb = v̂nb

˙̂vnb = Cn
b f̂ + gn

˙̂qbn =
1

2
q̂bn ◦

0

ω̂

 (3.49)

The Direction Cosine MatrixCn
b can be calculated from propagated quaternion using

Equation 3.6.

Continuous time propagation of the INS states is:

˙δxI = FδxI +GnI (3.50)

In Equation 3.50, nI =
[
na

T ng
T nwa

T nwg
T

]T
is the process noise vector with

covariance matrix ofQI . The matrices F andG for a consumer-grade IMU are given

in [70] as:

F =



03×3 I3×3 03×3 03×3 03×3

03×3 03×3 −[(Cn
b f̂)×] Cn

b 03×3

03×3 03×3 03×3 03×3 Cn
b

03×3 03×3 03×3 03×3 03×3

03×3 03×3 03×3 03×3 03×3


(3.51)

G =



03×3 03×3 03×3 03×3

I3×3 03×3 03×3 03×3

03×3 I3×3 03×3 03×3

03×3 03×3 I3×3 03×3

03×3 03×3 03×3 I3×3


(3.52)

3.7.2.2 Discrete Time Implementation

IMU measurements are obtained with a period of ∆t, and these measurements are

used to calculate kinematics of the platform. The kinematics are calculated using nu-
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merical integration of local cartesian frame inertial navigation equations. In addition,

covariance matrix of the filter has to be propagated at these time instances.

The covariance matrix of the overall state vector consisting of m pose states can be

partitioned as:

P k =

P IIk P ICk

P CIk P CCk

 (3.53)

In Equation 3.53, P IIk is the 15 × 15 covariance matrix of the INS states, P CCk is

the 6m×6m covariance matrix of the pose states andP ICk is the 15×6m correlation

matrix between the INS states and the pose states.

Using this notation, propagation of the covariance matrix is given by:

P k+1 =

ΦkP IIkΦk
T +Qk ΦkP ICk

P CIkΦk
T P CCk

 (3.54)

In Equation 3.54,Qk represents the covariance matrix of discrete time process noise,

which can be calculated from the continuous time process noise covariance matrix,

QI , by using the methodology described in Appendix A.

3.7.3 State Augmentation

In the paper of Mourikis and Roumeliotis, [19], a pose state includes errors on the

position and attitude of the camera. On the contrary, a pose state includes errors

on the position and attitude of the platform in this study. Thus, differently from the

paper of Mourikis and Roumeliotis, whenever a new image is captured errors on the

current position and attitude of the platform is appended to the filter state vector,

in this study. In addition, the camera pose estimate is computed from the platform

position and attitude estimate upon recording a new image, in the paper [19]. On the

contrary, the current position and attitude estimate of the platform is recorded for use

in update step, in this study. Hence, computation of the camera position and attitude is

not included in the state augmentation step. Instead of, in this study, camera position
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and attitude are computed during update phase.

Overall filter state vector before the current pose state is appended is given as:

δx =
[
δxI

T δxCk−m

T δxCk−m+1

T · · · δxCk−2

T δxCk−1

T
]T

(3.55)

After including the current pose state to the filter state vector, state vector becomes:

δx =
[
δxI

T δxCk−m

T δxCk−m+1

T · · · δxCk−2

T δxCk−1

T δxCk

T
]T

(3.56)

In Equation 3.56, δxCk
includes errors on the current pose estimate.

δxCk
=
[
δpnb (tk)

T δψ(tk)
T
]T

(3.57)

Thus, the Jacobian matrix of the δxCk
with respect to the states of the filter only

includes two 3 × 3 identity matrices for relating the errors of the position and the

attitude of the platform. Other blocks of the Jacobian matrix are zero matrices.

J =

I3×3 03×3 03×3 03×3 03×3 03×6m

03×3 03×3 I3×3 03×3 03×3 03×6m

 (3.58)

After obtaining the Jacobian matrix, the covariance matrix of the filter is augmented

accordingly:

P k
′
(15+6(m+1))×(15+6(m+1)) ←

 I15+6m

J6×(15+6m)

P k(15+6m)×(15+6m)

 I15+6m

J6×(15+6m)

T
(3.59)

In Equation 3.59, P k is the covariance matrix before current pose state is included

and P k
′ is the augmented covariance matrix.
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3.7.4 Measurement Model

Measurement model depends on the constraints resulted in multiple poses of the same

static feature. A constraint equation can be formed from all the image measurements

of the same point relating poses at which the measurements were obtained.

Position of the feature in the normalized camera coordinate system is used as the

measurements of the filter. Since feature extraction and tracking phases provide pixels

of the features, a transformation from pixels to the normalized camera coordinate

system has to be employed.

pc
f

=


−H
fM

0
cxH

fM

0
W

fN

−cyW
fN


ppixy

1

 (3.60)

In Equation 3.60, H , M , W , N , f , cx, and cy are the camera intrinsic parameters

defined in Section 3.4. Parameters of the transformation matrix given in Equation

3.60 is included in the Fast Flight Dataset.

Assume that measurements of a static feature fj have been obtained from a set of Mj

poses. Each of the observations of the feature is described as (where i = 1, 2, · · ·Mj):

zj,i =
1

pcifj ,(3)

pcifj ,(1)
pcifj ,(2)

+ nj,i (3.61)

In Equation 3.61, nj,i is the 2× 1 image noise vector, with covariance matrix Rj,i =

σ2
imI2×2.

Feature position in the camera coordinate system pcifj can be calculated according to

the below relationship.

pcifj = Cci
n (pnfj − p

n
ci

) (3.62)

In Equation 3.62, pnfj represents the 3D position of the feature in the local cartesian

coordinate system. Since this position is unknown, an estimate has to be generated.
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Gauss-Newton least squares minimization is applied using the measurements of the

feature and corresponding platform pose estimates in order to estimate the 3D po-

sition of the feature. After obtaining a position estimate of the feature in the local

cartesian frame, the feature is reprojected to each image plane, at which observations

are registered. Subsequently, measurement innovations can be calculated.

rj,i = ẑj,i − zj,i (3.63)

In Equation 3.63, ẑj,i represents the reprojected measurement prediction of the feature

fj in the ith frame:

ẑj,i =
1

p̂cifj ,(3)

p̂cifj ,(1)
p̂cifj ,(2)

 (3.64)


p̂cifj ,(1)

p̂cifj ,(2)

p̂cifj ,(3)

 = Ĉ
ci
n (p̂nfj − p̂

n
ci

) (3.65)

Equation 3.63 can be linearized about the filter state vector and the errors on feature

position δpnfj as:

rj,i = HXj,iδxCi
+Hf j,iδp

n
fj

+ nj,i (3.66)

In Equation 3.66, HXj,i and Hf j,i are the jacobians of the measurement zj,i with

respect to the state and the feature position estimate, respectively.

HXj,i =
[
02×15 · · · −J j,iĈ

ci
n J j,iĈ

ci
n [(p̂nfj − p̂

n
ci

)]
×
· · ·
]

(3.67)

Hf j,i = J j,iĈ
ci
n (3.68)
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The Jacobian matrix, J j,i, in Equation 3.68 is:

J j,i =
1

p̂cifj ,(3)


1 0 −

p̂cifj ,(1)

p̂cifj ,(3)

0 1 −
p̂cifj ,(2)

p̂cifj ,(3)

 (3.69)

Derivation of the Jacobian matrices is provided in Appendix B.

Innovation vector of the feature fj can be obtained by stacking the innovations of the

feature fj from all Mj measurements:

rj = HXjδx+Hf jδp
n
fj

+ nj (3.70)

Since the observations of the feature in different images are independent, the mea-

surement noise covariance matrix isRj = σ2
imI(2Mj)×(2Mj).

As it is mentioned before, feature position estimate is generated using the observa-

tions of the feature and corresponding platform pose estimates. Consequently, errors

on the feature position estimate are correlated to the errors on the platform pose esti-

mates. Hence, calculated innovation in Equation 3.70 is not in the form of Equation

3.40. Thus, this innovation term cannot be applied directly in the EKF update step. In

order to overcome this problem, an auxiliary innovation term (roj), which is obtained

by projecting rj to the left nullspace of the matrixHf j , is defined. LetA denote the

unitary matrix whose columns form the basis of the left nullspace ofHf j , roj can be

calculated as:

roj = AT (ẑj − zj) ≈ ATHXjδx+ATnj

≈Hojδx+ noj

(3.71)

Since the matrix Hf j has full column rank and has dimension of 2Mj × 3, its left

nullspace is of dimension 2Mj − 3. Thus, roj is a 2Mj − 3 vector. As a result, the
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measurement noise covariance matrix is:

E{nojnojT} = σ2
imA

TA = σ2
imI(2Mj−3)×(2Mj−3) (3.72)

3.7.5 Update

After obtaining innovations and measurement Jacobian matrix of features, which are

going to be used in the update step, Kalman filter update can be carried out. Overall

innovation vector can be obtained by stacking all innovations of the features in a

single vector as:

ro = Hoδx+ no (3.73)

In Equation 3.73, ro, Ho, and no are vectors and matrix which are formed by block

elements of roj ,Hoj , and noj , respectively.

In [19], the authors proposed employing the QR decomposition of the Ho matrix in

order to reduce computational complexity.

Ho =
[
Q1 Q2

]TH

0

 (3.74)

In Equation 3.74, TH is an upper triangular matrix, Q1 and Q2 are unitary matri-

ces whose columns form bases for range and nullspace of Ho respectively. After

obtaining QR decomposition ofHo matrix:

ro =
[
Q1 Q2

]TH

0

 δx+ no (3.75)

Q1
Tro

Q2
Tro

 =

TH

0

 δx+

Q1
Tno

Q2
Tno

 (3.76)
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rn = Q1
Tro = THδx+ nn (3.77)

can be found. In Equation 3.77, nn = Q1
Tno represents the measurement noise

vector with covariance matrix ofRn = σ2
imIr×r with r being the number of columns

ofQ1. Subsequently, Kalman gain matrix can be computed as:

K = PTH
T (THPTH

T +Rn)
−1

(3.78)

Two events are introduced in [19] to trigger filter update mechanism. If a feature

track is lost, all the corresponding measurements of the feature are processed in the

Kalman update. The other triggering mechanism occurs if the number of stored pose

states reaches the limit. Since including a pose state to the filter increases number

of required computation in Kalman filter equations, maximum number of stored pose

states has to be limited considering the computational resource of the system.

3.7.6 MSCKF Algorithm

In this subsection all the equations used in MSCKF algorithm are given once again in

order.

Every measurements obtained from IMU are processed to propagate kinematics and

covariance matrix. Propagation of kinematics is performed using:

q̂bn(tk+1) = q̂bn(tk) ◦

 1
1

2
ω(tk)∆t

 (3.79)

v̂nb (tk+1) = v̂nb (tk) + (Ĉ
n

b (tk)f
b(tk) + gn(tk))∆t (3.80)

p̂nb (tk+1) = p̂nb (tk) + v̂nb (tk)∆t (3.81)

In order to propagate the covariance matrix, firstly continuous time system dynamics
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matrix and the noise transformation matrix are formed.

F k =



03×3 I3×3 03×3 03×3 03×3

03×3 03×3 −[(Ĉ
n

b (tk)f̂(tk))×] Ĉ
n

b (tk) 03×3

03×3 03×3 03×3 03×3 Ĉ
n

b (tk)

03×3 03×3 03×3 03×3 03×3

03×3 03×3 03×3 03×3 03×3


(3.82)

Gk =



03×3 03×3 03×3 03×3

I3×3 03×3 03×3 03×3

03×3 I3×3 03×3 03×3

03×3 03×3 I3×3 03×3

03×3 03×3 03×3 I3×3


(3.83)

Subsequently, state transition matrix can be calculated using second order Taylor Se-

ries expansion.

Φk = exp(F k∆t)

Φk ≈ I + F k∆t+
∆t

2!
F k

2
(3.84)

In order to calculate covariance matrix of discrete time process noiseQk, continuous

time process noise matrixQI is formed.

QI =


Qa 03×3 03×3 03×3

03×3 Qg 03×3 03×3

03×3 03×3 Qwa 03×3

03×3 03×3 03×3 Qwg

 (3.85)

Then, covariance matrix of discrete time process noise can be approximated as:

Qk ≈ ΦkGkQIGk
TΦk

T∆t (3.86)
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Lastly, covariance matrix of the filter can be propagated according to:

P k+1 =

ΦkP IIkΦk
T +Qk ΦkP ICk

P CIkΦk
T P CCk

 (3.87)

When a new image is captured, feature extraction and tracking tasks are performed

and lost features are determined. Pixels of the features that are tracked in the cur-

rent image and pixels of the new features are converted to the normalized camera

coordinate system using:

pc
f

=


−H
fM

0
cxH

fM

0
W

fN

−cyW
fN


ppixy

1

 (3.88)

In Equation 3.88, H , M , W , N , f , cx, and cy are the camera intrinsic parameters

defined in Section 3.4. After obtaining measurements of the features at the normalized

camera coordinate system, these measurements are recorded for further use in update

phase.

Subsequently, current platform position, p̂nb (tk), and attitude, q̂bn(tk), estimates are

recorded for further use in update phase. In addition to that, covariance matrix of the

filter is augmented since the current pose state is appended to the overall filter state

vector. Firstly, the Jacobian matrix of the current pose state with respect to the states

of the filter is formed:

J =

I3×3 03×3 03×3 03×3 03×3 03×6m

03×3 03×3 I3×3 03×3 03×3 03×6m

 (3.89)

After obtaining the Jacobian matrix, the covariance matrix of the filter is augmented

accordingly:

P k
′
(15+6(m+1))×(15+6(m+1)) ←

 I15+6m

J6×(15+6m)

P k(15+6m)×(15+6m)

 I15+6m

J6×(15+6m)

T
(3.90)
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Subsequently, filter update triggering events are checked. Lost features and the re-

maining features that were observed at the oldest pose are determined. Gauss-Newton

least squares minimization is applied using the measurements of each feature and

corresponding platform pose estimates in order to estimate the 3D position of each

feature in local cartesian frame separately. Then, each feature is reprojected to each

image plane. This reprojection is applied using the estimated position of the feature

in local cartesian frame, p̂nfj , platform position, p̂nci , and attitude, Ĉ
ci
n estimates at the

time when the image was captured.


p̂cifj ,(1)

p̂cifj ,(2)

p̂cifj ,(3)

 = Ĉ
ci
n (p̂nfj − p̂

n
ci

) (3.91)

ẑj,i =
1

p̂cifj ,(3)

p̂cifj ,(1)
p̂cifj ,(2)

 (3.92)

Then, innovation vector of the feature fj in the ith frame can be calculated using the

reprojected measurement prediction, ẑj,i, and the measurement of the feature in the

ith frame, zj,i.

rj,i = ẑj,i − zj,i (3.93)

In addition to that, Jacobian matrices of the measurement with respect to the states

and the feature position estimate are calculated.

HXj,i =
[
02×15 · · · −J j,iĈ

ci
n J j,iĈ

ci
n [(p̂nfj − p̂

n
ci

)]
×
· · ·
]

(3.94)

Hf j,i = J j,iĈ
ci
n (3.95)
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The Jacobian matrix, J j,i, in Equation 3.68 is:

J j,i =
1

p̂cifj ,(3)


1 0 −

p̂cifj ,(1)

p̂cifj ,(3)

0 1 −
p̂cifj ,(2)

p̂cifj ,(3)

 (3.96)

Then, all innovation vectors, Jacobian matrices of the measurement with respect to

the states and Jacobian matrices of the measurement with respect to the feature posi-

tion estimate are stacked in order to obtain overall innovation vector, rj , and overall

Jacobian matrices, HXj , Hf j of the feature fj . Following that, the unitary matrix

A is obtained whose columns form the basis of the left nullspace of Hf j . The,n an

auxiliary innovation vector, roj , and an auxiliary measurement matrix, Hoj , for the

feature fj can be obtained.

roj = ATrj (3.97)

Hoj = ATHXj (3.98)

Measurement noise covariance matrix,Roj , for Mj measurements of the feature fj is

formed as:

Roj = σ2
imI(2Mj−3)×(2Mj−3) (3.99)

Then, all innovation vectors and all measurement Jacobian matrices of all the features

are stacked in order to obtain overall innovation vector, ro, and overall measurement

Jacobian matrix, Ho. Subsequently, QR decomposition of the Ho matrix is em-

ployed.

Ho =
[
Q1 Q2

]TH

0

 (3.100)
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After that, final innovation vector is obtained using:

rn = Q1
Tro (3.101)

And measurement noise matrix is formed by:

Rn = σ2
imIr×r (3.102)

In Equation 3.102, r is the number of columns ofQ1.

Then, Kalman gain matrix is computed.

K = P−k TH
T (THP

−
k TH

T +Rn)
−1

(3.103)

Covariance matrix of the filter is updated.

P+
k = P−k −KTHP

−
k (3.104)

Finally, states of the filter are estimated and estimated errors are removed from the

estimated kinematics.

δx̂ = Krn (3.105)
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CHAPTER 4

PROPOSED METHODOLOGY

This chapter focuses on the proposed keyframe-based MSCKF method for VIO de-

scribed earlier. Firstly, VIO dataset used in offline experiments is presented. Then,

experimental results related to the effect of allowed maximum number of pose states

stored in the filter are shared and computational complexity of the algorithm is dis-

cussed. Lastly, keyframe-based MSCKF technique is introduced.

4.1 Fast Flight Dataset

In this work, offline experiments have been conducted using the "Fast Flight Dataset"

[68, 80]. There are four flight datasets with speeds of 5 m/s, 10 m/s, 15 m/s, 17.5

m/s collected over an airport runway. The datasets consist of visual and inertial mea-

surements of 600 meters long round-trip level flight. Two forward looking Point-

Grey CM3-U3-13Y3M-CS cameras running at 40 Hz with 960 × 800 resolution are

mounted on the platform which provide stereo images. Besides, the platform contains

a VectorNav VN-100 Rugged IMU running at 200 Hz. IMU messages and stereo im-

ages are time synchronized. In addition to that, the platform contains a GPS receiver-

antenna module so that GPS position and velocity measurements are provided in the

dataset as reference data. The cameras are forward looking and obtaining images

of the front scene of the platform. An example image from the dataset is shared in

Figure 4.1. Since this study focuses on monocular visual-inertial odometry based on

MSCKF, images from only one of the cameras are used in the experiments of this

study.

In Table 4.1 and Table 4.2, specifications of gyroscopes and accelerometers of Vec-
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Figure 4.1: An example image from Fast Flight Dataset.

torNav VN-100 Rugged IMU are given, respectively [81].

During the experiments, covariance matrix presented in Equation 4.1 is used as the

continuous time process noise covariance matrix. In Equation 4.1:

• Sa is the power spectral density of the accelerometer random noise and set in

the experimentation as 1e− 4
m2

s2
,

• Sg is the power spectral density of the gyroscope random noise and set in the

experimentation as 1e− 6rad2,

• Swa is the power spectral density of the accelerometer bias variation and set in

the experimentation as 1e− 4
m2

s4
,

• Swg is the power spectral density of the gyroscope bias variation and set in the

50



Table 4.1: Specifications of gyroscopes of VectorNav VN-100

Range ± 2000 ◦/s

In-Run Bias Stability < 10 ◦/hr

Linearity < 0.1 % FS

Noise Density 0.0035 ◦/s
√

Hz

Bandwidth 256 Hz

Alignment Error ±0.05◦

Resolution < 0.02 ◦/s

Table 4.2: Specifications of accelerometers of VectorNav VN-100

Range ± 16 g

In-Run Bias Stability < 0.04 mg

Linearity < 0.5 % FS

Noise Density 0.14 mg/
√

Hz

Bandwidth 260 Hz

Alignment Error ±0.05◦

Resolution < 0.5 mg

experimentation as 1e− 6
rad2

s2
.

QI =


SaI3×3 03×3 03×3 03×3

03×3 SgI3×3 03×3 03×3

03×3 03×3 SwaI3×3 03×3

03×3 03×3 03×3 SwgI3×3

 (4.1)

Measurement noise variance, σ2
im, is set as 1e−4 during the experiments. Initial state

covariance matrix is given in Equation 4.2. In Equation 4.2:

• σ2
p is the initial variance of the error on the platform position and set in the

experimentation as 25m2,
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• σ2
v is the initial variance of the error on the platform velocity and set in the

experimentation as 6.25e− 2
m2

s2
,

• σ2
ψ is the initial variance of the error on the platform attitude with respect to the

local navigation frame and set in the experimentation as 1.6e− 3rad2,

• σ2
ba is the initial variance of the error on the accelerometer bias and set in the

experimentation as 9.6e− 3
m2

s4
,

• σ2
bg is the initial variance of the error on the gyroscope bias and set in the ex-

perimentation as 9.4e− 5
rad2

s2
,

P 0 =



σ2
pI3×3 03×3 03×3 03×3 03×3

03×3 σ2
vI3×3 03×3 03×3 03×3

03×3 03×3 σ2
ψI3×3 03×3 03×3

03×3 03×3 03×3 σ2
baI3×3 03×3

03×3 03×3 03×3 03×3 σ2
bgI3×3


(4.2)

In each flights of Fast Flight Dataset, the vehicle is stationary during the first second

of operation. So, in this study measurements of accelerometers during the first second

are used to initialize the roll and pitch angle of the platform with respect to the local

navigation frame. For this purpose coarse alignment technique is used [70].

4.2 Visual Front-End

Feature-based VIO algorithms require detection and tracking of the features in image

sequences. Thus, a visual front-end has to be constructed in order to extract fea-

tures in images and continuously track them. Since the feature detection and tracking

algorithms are not in the scope of this study, public libraries are used.

During the experiments of this study, SIFT features are extracted using OpenCV li-

brary [82]. An example image showing extracted features in a sample image of Fast

Flight Dataset is presented in Figure 4.2. In the experimentation, a feature selection

mechanism is employed in order to reduce the required memory and processing time
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while having homogeneously distributed features in the image. Image grids with an

area of 80 × 80 pixels are constructed. Only two features in each image grid are

selected. Two features are selected based on the responses of the features to the DoG

operator. Two features having the highest responses are selected for tracking in each

grid.

Figure 4.2: Extracted SIFT features in a sample image from Fast Flight Dataset.

During the experiments, features are tracked in image sequences using KLT feature

tracker algorithm of MATLAB® [83]. Tracked features in a sample of consecutive

image pair of Fast Flight Dataset are presented in Figure 4.3.
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Figure 4.3: Tracked features in a sample of consecutive image pair of Fast Flight

Dataset.

4.3 Effect of Maximum Number of Stored Pose States

Two events to trigger Kalman update phase of the MSCKF algorithm are mentioned

in Section 3.7.5. One of the triggering condition is reaching the maximum number of

pose states allowed, Nmax, in the filter. Since computational resources of real-time

systems are limited, there has to be a limit for the number of states can be stored. At

least one of the old pose states has to be marginalized and measurements obtained

from the corresponding state(s) have to be used in Kalman update phase when the

limit is reached.

In order to observe the effect of Nmax on the performance of MSCKF algorithm, ex-

periments with different Nmax values have been conducted on four datasets available

in Fast Flight Dataset. Final position errors of standard MSCKF algorithm experi-

mented with 4 different datasets are given in Figure 4.4 - Figure 4.5 and in Table 4.3

- Table 4.4. In these experiments, used Nmax values are 10, 13, 15, 18, 20, 30, 40, 50,

60, 80, and 100. Position errors are determined by using GPS position measurements

as the reference position of the platform.

Effect of increasing the maximum number of pose states stored in the filter can be

observed from presented results of experiments. As the Nmax value is increased, it

is observed that the position errors generally decreased in all datasets. It can be seen
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Table 4.3: Final horizontal position errors for different values of Nmax

Nmax 5 m/s dataset, (m) 10 m/s dataset, (m) 15 m/s dataset, (m) 17.5 m/s dataset, (m)

10 90.05 145.9 276.25 78.9

13 93.8 94.5 139 23.12

15 93.63 32.49 110 38.01

18 78.24 33.28 4.28 13.3

20 68.37 33.7 14.52 19.97

30 69.32 35.69 7.47 19.07

40 50.55 29.66 6.81 24.89

50 45.71 26.76 2.45 19.37

60 33.89 25.45 5.19 19.91

80 64.57 15.67 6.61 20.32

100 48.52 22.16 1.22 20.43

from the results thatNmax should be selected as more than 20 states in order to ensure

optimum positioning performance for all datasets. Position errors are mostly much

higher when Nmax is selected below 20 than the errors obtained when Nmax is longer.

However, increasing Nmax beyond a moderate value for each dataset has less effect

on accuracy.

In [84], the author examined the dependency of the computational complexity of the

MSCKF algorithm on the number of pose states in the filter. It can be seen from

the dissertation of Li [84] that overall complexity of the filter becomes cubic in the

number of pose states stored. Although increasing Nmax to a proper value results in

an acceptable positioning performance, excessive increase in computational resources

required to execute the filter operations is a major drawback.
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Table 4.4: Final vertical position errors for different values of Nmax

Nmax 5 m/s dataset, (m) 10 m/s dataset, (m) 15 m/s dataset, (m) 17.5 m/s dataset, (m)

10 19.92 18.99 10.13 4.8

13 7.59 35.7 12.86 1.74

15 3.62 6.6 14.06 0.27

18 0.18 5.72 8.29 5.41

20 2.99 4.79 7.4 2.19

30 4.75 5.15 7.44 0.07

40 14.23 4.12 6.28 1.44

50 3.41 3.78 6.54 0.71

60 5.24 2.59 7.08 0.43

80 0.42 2.14 6.03 0.25

100 3.16 2.34 5.27 1.28
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Figure 4.4: Final horizontal position errors with different Nmax values.

Figure 4.5: Final vertical position errors with different Nmax values.
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4.4 Keyframe-Based MSCKF For Visual Inertial Odometry

In this work, a keyframe-based pose state selection method is proposed in order to

reduce the maximum number of pose states stored in the filter while keeping the

positioning performance of the MSCKF algorithm. The term keyframe is used in

vision aided navigation literature [30, 31, 32, 33] to denote a frame in which the

scene observed by the camera is changed more than a specific extent when compared

to the last keyframe.

In the proposed keyframe-based MSCKF algorithm, features are tracked in every

captured image. However, a pose is added to the state vector of the filter only if the

frame is a keyframe. If a frame is not a keyframe, it is used only for tracking purposes.

Current frame is classified as a keyframe if and only if,

• A "translation threshold" is exceeded (The platform translated more than a pre-

defined threshold from the position of the last keyframe),

• A "rotation threshold" is exceeded (The platform changed its attitude more than

a predefined threshold relative to its attitude at the last keyframe was obtained),

• A "lost feature threshold" is exceeded (Ratio of the lost feature tracks over total

active feature tracks in the current frame is more than a predefined threshold).

It is sufficient to treat the current frame as a keyframe when only one of the above

criteria is satisfied, since the scene observed by the camera changes when one of the

conditions occurs. Evolution of the state vector in standard MSCKF algorithm and

proposed keyframe-based MSCKF algorithm on an example are illustrated in Figure

4.6 and Figure 4.7, respectively.

The aim of selecting only keyframes to use in MSCKF algorithm is to infer almost

the same amount of information from fewer observations by discarding redundant

observations. Required computational resource can be highly reduced while keeping

estimation accuracy at the same level.
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Figure 4.6: Evolution of the overall filter state vector in standard MSCKF algorithm.

Figure 4.7: Evolution of the overall filter state vector in proposed keyframe-based

MSCKF algorithm.
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CHAPTER 5

EXPERIMENTAL RESULTS

Experiments have been conducted with the proposed keyframe-based MSCKF algo-

rithm in order to investigate estimation performance. It is observed during experi-

mental work with Fast Flight Dataset that the level of predefined translation threshold

has the most influence on positioning accuracy among the criteria discussed in Sec-

tion 4.4. Thus, it is aimed to observe the effect of varying translation threshold on

accuracy of final position estimate. In Figure 5.1 - Figure 5.8 and Table 5.1 - Ta-

ble 5.2, final position accuracy of the proposed keyframe-based MSCKF algorithm is

shared with different translation threshold values for 4 datasets available in Fast Flight

Dataset. In these experiments, used keyframe selection translation threshold values

are 0.1, 0.3, 0.5, 0.8, 1, 1.2 and 1.5 m. During these experiments, the maximum num-

ber of allowed pose states is limited to 10. In order to compare the performance of

the proposed algorithm with standard MSCKF algorithm, position errors of standard

MSCKF where Nmax is 10 and 60 are indicated in figures as flat lines.

Table 5.1: Final horizontal position errors of keyframe-based MSCKF for different

translation threshold values. Nmax is set as 10

Translation threshold (m) 5 m/s dataset, (m) 10 m/s dataset, (m) 15 m/s dataset, (m) 17.5 m/s dataset, (m)

0.1 170 57.6 77.33 152

0.3 88.52 32.58 21.46 7.36

0.5 65.12 20.62 10.85 12.46

0.8 71.85 20.64 14.09 10.22

1 47.71 10.22 9.89 12.99

1.2 48.44 18.61 8.78 11.57

1.5 29.05 29.96 6.24 11.36
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Table 5.2: Final vertical position errors of keyframe-based MSCKF for different

translation threshold values. Nmax is set as 10

Translation threshold (m) 5 m/s dataset, (m) 10 m/s dataset, (m) 15 m/s dataset, (m) 17.5 m/s dataset, (m)

0.1 15.14 14.9 8.94 16.46

0.3 16.07 6.62 14.58 0.25

0.5 8.24 6.92 7.16 0.44

0.8 10.93 5.49 7.36 2.55

1 8.2 5.3 7.22 2.01

1.2 7.57 5.01 7.78 2.41

1.5 9.4 6.78 7.73 2.58

Results of the experiments showed the effect of proposed keyframe-based MSCKF

algorithm when selecting Nmax as a small value such as 10. Horizontal position er-

rors are 90.05, 145.9, 276.25, and 78.9 meters for 5 m/s, 10 m/s, 15 m/s, and 17.5

m/s datasets respectively when Nmax is selected as 10 in standard MSCKF configu-

ration. These errors are reduced to 33.89, 25.45, 5.19, and 19.91 meters when Nmax

is selected as 60 in standard MSCKF. Vertical position errors are 19.92, 18.99, 10.13,

and 4.8 when Nmax is 10 and 5.24, 2.59, 7.08, and 0.43 when Nmax is 60 in standard

MSCKF.

Accuracy of horizontal position solution of proposed keyframe-based MSCKF with

Nmax as 10 is similar to the standard MSCKF with Nmax as 10 when the predefined

translation threshold for keyframe decision is selected at lower values. On the other

hand, increasing the translation threshold for keyframe decision enhances the per-

formance of keyframe-based MSCKF. Horizontal position errors of keyframe-based

MSCKF with Nmax as 10 become much better than the standard MSCKF when Nmax

is 10 as the translation threshold is selected as more than 1 meters. Horizontal posi-

tioning performance of proposed method gets to a similar level of standard MSCKF

with Nmax as 60.

Vertical positioning performance of the proposed method has a similar characteristic

with horizontal channel. Vertical position errors of keyframe-based MSCKF with an

Nmax value of 10 are at similar levels of standard MSCKF with an Nmax value of 10

when the translation threshold is selected lower. Selecting the translation threshold
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beyond 1-meter results in better performance than the standard MSCKF. On the other

hand, experimental results showed that vertical positioning performance of keyframe-

based MSCKF can not reach the performance of standard MSCKF with Nmax value

of 60. Vertical position errors of standard MSCKF when Nmax is selected as 60

are 5.24, 2.59, 7.08, and 0.43 meters for datasets 5 m/s, 10 m/s, 15 m/s, and 17.5

m/s, respectively. Performance of keyframe-based MSCKF with Nmax value of 10 is

about 7-10, 5-7, 7-8, and 2-3 meters in vertical channel when the best performance is

obtained at horizontal positioning solution. These results showed that the proposed

method can attain better performance in horizontal channel with fewer Nmax value

while the accuracy of vertical positioning solution degrades slightly.

During experiments, it is observed that choosing a translation threshold above 1.5 me-

ters resulted in inconsistent positioning solutions. In most of the test cases, estimated

kinematics of the filter diverged. In addition to that, a consistent solution were not

able to be obtained with keyframe-based MSCKF when the Nmax value is set below

10. In most of these experiments, filter estimate diverged.

63



Figure 5.1: Final horizontal position error of keyframe-based MSCKF, 5 m/s dataset.

Figure 5.2: Final vertical position error of keyframe-based MSCKF, 5 m/s dataset.
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Figure 5.3: Final horizontal position error of keyframe-based MSCKF, 10 m/s dataset.

Figure 5.4: Final vertical position error of keyframe-based MSCKF, 10 m/s dataset.
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Figure 5.5: Final horizontal position error of keyframe-based MSCKF, 15 m/s dataset.

Figure 5.6: Final vertical position error of keyframe-based MSCKF, 15 m/s dataset.
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Figure 5.7: Final horizontal position error of keyframe-based MSCKF, 17.5 m/s

dataset.

Figure 5.8: Final vertical position error of keyframe-based MSCKF, 17.5 m/s dataset.
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CHAPTER 6

CONCLUSION

Autonomous navigation of small and inexpensive platforms is a crucial task for vari-

ous civilian and military applications. Reducing the required computational resources

is a challenging problem in the design of VIO applications of such platforms. In this

thesis, we proposed a keyframe-based MSCKF methodology in order to obtain accu-

rate positioning solution with lower computational demand.

First of all, effect of the maximum number of pose states stored at MSCKF is investi-

gated with Fast Flight Dataset. Results of this analysis showed that the accuracy of the

estimated position improves as the number of pose states in the state vector increases.

However increasing the maximum number of pose states stored may cause problems

in real-time operation due to the increase in size of the state vector. In addition to

that increased computational demand may cause reduction in the operation time of

the platform. Thus, a keyframe-based MSCKF is proposed in this study in order to

reduce computational demand while keeping accuracy almost at the same level. This

mechanism provides keeping only the pose states that are captured where the scene is

changed more than a specific level. Lastly, performance of the proposed methodology

is compared against standard MSCKF algorithm with a higher value of allowed max-

imum number of pose states. This comparison showed that using a keyframe-based

pose selection mechanism enables the MSCKF to obtain compatible positioning ac-

curacy with fewer pose states augmented in the overall state vector. These results

demonstrate that keyframe-based approach provides accurate and computationally ef-

ficient VIO algorithms to real-time autonomous navigation applications on platforms

with limited computational resources.
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APPENDIX A

CALCULATION OF DISCRETE PROCESS NOISE COVARIANCE MATRIX

By integrating Equation 3.35, propagation of the state vector in discrete time can be

obtained as:

δx(tk+1) = Φ(tk)δx(tk) +wd(tk) (A.1)

where wd(tk) is the discrete process noise vector:

wd(tk) =

tk+1∫
tk

exp(F (tk − τ)G(τ)w(τ)dτ (A.2)

By defining discrete time process noise covariance matrix as:

Qd(tk) = E[wd(tk)wd(tk)
T ]

= E[

tk+1∫
tk

tk+1∫
tk

exp(F (tk − τ)G(τ)w(τ)w(χ)TG(χ)T exp(F (tk − χ)T ]

(A.3)

By assuming process noise, w, is white,

E[w(τ)w(χ)T ] = Qδ(τ − χ) (A.4)

where δ(·) is Kronecker delta function. Discrete time process noise covariance matrix
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becomes:

Qd(tk) =

tk+1∫
tk

exp(F (tk − τ)G(τ)QG(τ)T exp(F (tk − τ)T ] (A.5)

An approximation to the above relation can be obtained by neglecting the time prop-

agation of the system noise over an iteration:

Qd(tk) ≈ Φ(tk)G(tk)QG(tk)
TΦ(tk)

T∆t (A.6)
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APPENDIX B

DERIVATION OF MEASUREMENT JACOBIAN MATRICES

The relation between measurement of the feature fj with pose states of Ci and the

position of the feature is given in Equations 3.64 - 3.65. Following the chain rule,

Jacobian of the measurement with respect to a vector can be calculated:

∂δzj,i
∂∗ =

∂δzj,i
∂δpcifj

∂δpcifj
∂∗ (B.1)

where δzj,i = z̃j,i−zj,i, and
∂δzj,i
∂δpcifj

previously used as J j,i in Equations 3.67 - 3.68.

zj,i =
1

pcifj ,(3)

pcifj ,(1)
pcifj ,(2)

 =



pcifj ,(1)

pcifj ,(3)

pcifj ,(2)

pcifj ,(3)

 (B.2)

and

z̃j,i =



p̃cifj ,(1)

p̃cifj ,(3)

p̃cifj ,(2)

p̃cifj ,(3)

 =



pcifj ,(1) + δpcifj ,(1)

pcifj ,(3) + δpcifj ,(3)

pcifj ,(2) + δpcifj ,(2)

pcifj ,(3) + δpcifj ,(3)

 (B.3)
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δzj,i =



pcifj ,(1) + δpcifj ,(1)

pcifj ,(3) + δpcifj ,(3)
−
pcifj ,(1)

pcifj ,(3)

pcifj ,(2) + δpcifj ,(2)

pcifj ,(3) + δpcifj ,(3)
−
pcifj ,(2)

pcifj ,(3)



=



pcifj ,(1)p
ci
fj ,(3)

+ δpcifj ,(1)p
ci
fj ,(3)

− pcifj ,(1)p
ci
fj ,(3)

− pcifj ,(1)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

pcifj ,(2)p
ci
fj ,(3)

+ δpcifj ,(2)p
ci
fj ,(3)

− pcifj ,(2)p
ci
fj ,(3)

− pcifj ,(2)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)



=



δpcifj ,(1)p
ci
fj ,(3)

− pcifj ,(1)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

δpcifj ,(2)p
ci
fj ,(3)

− pcifj ,(2)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)



(B.4)

∂δzj,i
∂δpcifj ,(1)

=



∂

∂δpcifj ,(1)

δpcifj ,(1)p
ci
fj ,(3)

− pcifj ,(1)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

∂

∂δpcifj ,(1)

δpcifj ,(2)p
ci
fj ,(3)

− pcifj ,(2)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

 ≈
 1

pcifj ,(3)

0

 (B.5)

∂δzj,i
∂δpcifj ,(2)

=



∂

∂δpcifj ,(2)

δpcifj ,(1)p
ci
fj ,(3)

− pcifj ,(1)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

∂

∂δpcifj ,(2)

δpcifj ,(2)p
ci
fj ,(3)

− pcifj ,(2)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

 ≈
 0

1

pcifj ,(3)

 (B.6)
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∂δzj,i
∂δpcifj ,(3)

=



∂

∂δpcifj ,(3)

δpcifj ,(1)p
ci
fj ,(3)

− pcifj ,(1)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

∂

∂δpcifj ,(3)

δpcifj ,(2)p
ci
fj ,(3)

− pcifj ,(2)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)



=



∂

∂δpcifj ,(3)

−pcifj ,(1)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)

∂

∂δpcifj ,(3)

−pcifj ,(2)δp
ci
fj ,(3)

pcifj ,(3)
2 + δpcifj ,(3)



=



−pcifj ,(1)(p
ci
fj ,(3)

2 + δpcifj ,(3)) + pcifj ,(1)δp
ci
fj ,(3)

(pcifj ,(3)
2 + δpcifj ,(3))

2

−pcifj ,(2)(p
ci
fj ,(3)

2 + δpcifj ,(3)) + pcifj ,(2)δp
ci
fj ,(3)

(pcifj ,(3)
2 + δpcifj ,(3))

2



≈



−pcifj ,(1)p
ci
fj ,(3)

2

pcifj ,(3)
4

−pcifj ,(2)p
ci
fj ,(3)

2

pcifj ,(3)
4



≈



−pcifj ,(1)
pcifj ,(3)

2

−pcifj ,(2)
pcifj ,(3)

2



(B.7)

Thus,
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J j,i =



1

pcifj ,(3)
0 −

pcifj ,(1)

pcifj ,(3)
2

0
1

pcifj ,(3)
−
pcifj ,(2)

pcifj ,(3)
2



=
1

pcifj ,(3)


1 0 −

pcifj ,(1)

pcifj ,(3)

0 1 −
pcifj ,(2)

pcifj ,(3)



(B.8)

is obtained.

After obtaining J j,i,
∂δpcifj
∂∗ terms have to be calculated for every element in the state

vector. It can be seen from the Equation 3.65 that the error on the position of feature

fj resolved in the ith camera coordinate systems is only related to the errors on the

ith pose state, δxCi
, and the error on the feature position estimate resolved in the

local cartesian frame, δpnfj . Thus, all blocks except ith pose state in the measurement

Jacobian matrix with respect to the state vector are zero matrices.

Jacobian with respect to the error on the position of ith pose state can be calculated

as:

δpcifj = p̃cifj − p
ci
fj

= Cci
n (pnfj − p̃

n
ci

)−Cci
n (pnfj − p

n
ci

)

= Cci
n (pnfj − p

n
ci
− δpnci)

= −Cci
n δp

n
ci

(B.9)

Using above relation:

∂δpcifj
∂δpnci

= −Cci
n (B.10)

can be obtained.
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Equation 3.65 has to be rewritten in order to obtain Jacobian with respect to the atti-

tude error:

pcifj = Cci
n (pnfj − p

n
ci

) = Cci
b C

b
n(pnfj − p

n
ci

) (B.11)

The relation between attitude error and the erroneous direction cosine matrix is dis-

cussed in [70] and used in derivation of system dynamics matrix given in Equation

3.51 as:

C̃
b

n = Cb
n(I − [δψ]×) (B.12)

where [δψ]× represents skew-symmetric matrix of the attitude error vector. For an at-

titude error vector of ψ =
[
δψ(1) δψ(2) δψ(3)

]T
, skew-symmetric matrix becomes:

[δψ]× =


0 −δψ(3) δψ(2)

δψ(3) 0 −δψ(1)

−δψ(2) δψ(1) 0

 (B.13)

Thus, the measurement Jacobian with respect to the attitude error of ith pose state can

be derived as:

δpcifj = p̃cifj − p
ci
fj

= Cci
b C̃

b

n(pnfj − p
n
ci

)−Cci
b C

b
n(pnfj − p

n
ci

)

= Cci
b C

b
n(I − [δψ]×)(pnfj − p

n
ci

)−Cci
b C

b
n(pnfj − p

n
ci

)

= Cci
n (pnfj − p

n
ci

)−Cci
n [δψ]×(pnfj − p

n
ci

)−Cci
n (pnfj − p

n
ci

)

= −Cci
n [δψ]×(pnfj − p

n
ci

)

(B.14)

Using the above relation for two vectors a and b

[a]×b = −[b]×a (B.15)
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Equation B.14 becomes:

δpcifj = Cci
n [(pnfj − p

n
ci

)]
×
δψ (B.16)

Hence, the measurement Jacobian with respect to the attitude error can be obtained

as:

∂δpcifj
∂δψ

= Cci
n [(pnfj − p

n
ci

)]
×

(B.17)

Lastly, the Jacobian of the measurement with respect to the feature position error

given in 3.68 can be derived as:

δpcifj = p̃cifj − p
ci
fj

= Cci
n (p̃nfj − p

n
ci

)−Cci
n (pnfj − p

n
ci

)

= Cci
n (pnfj + δpnfj − p

n
ci

)

= Cci
n δp

n
fj

(B.18)

As a result, the Jacobian matrix can be obtained as:

∂δpcifj
∂δpnfj

= Cci
n (B.19)
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