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ABSTRACT
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In the first part, the longitudinal motion of a rod with varying cross-section
and elastic properties will be examined. The longitudinal vibration of non-uniform
rods is a subject of considerable scientific and practical interest that has been studied
extensively. The methods of formulation and solution of an axially loaded rod
modeled as a continuous system will be analyzed. The motions of continuous
systems will be obtained from the superposition of the modes. In superposition
analysis, Duhamel’s integral equation will used to evaluate the response of the
system to any form of dynamic loading. The transient response of an axially-loaded
bar will aso be studied by performing the formulation in the Laplace transform
space. The solution in the time domain will be obtained by an appropriate numerical
inverse Laplace transformation method. The results will be compared with
superposition analysis.

In the second part, free vibration analysis of functionally graded (FG) beam
will be performed. Young's modulus of the beam varies in thickness direction
according to an exponential law. Using plane strain equation of elasticity, governing
equation of axial and transverse motion are solved and exact natural frequencies are
obtained. The results are compared with those of various beam theories.

Keywords. FGM beam, Non-uniform rod, Vibration analysis, Laplace transform,
Elasticity analysis.
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Bu tezin ilk boliminde, degisken kesit ve elastik 6zellige sahip bir cubugun
eksenel titresimi ele alinacaktir. Degisken kesitli cubuklarin eksenel titresimleri
bilimsel ve pratik anlamda kayda deger bir ilgi gormis ve derinlemesine
incelenmistir. Sirekli bir sistem olarak modellenmis eksenel dinamik ydklt bir
cubugun titresim analizi yapilacaktir. Devamli sistemlerin  hareketleri, serbest
titresim modlar1 yardim ile elde edilecektir. Superpozisyon analizinde, sistemin her
tir dinamik yike olan tepkisini degerlendirmek icin Duhamel integral denklemi
kullanilacaktir. Eksenel yuklu bir gubugun titresimi, ayrica, Laplace transform
uzayinda gerceklestirerek incelenecektir. Zaman uzayindaki ¢dzim uygun bir
nimerik ters Laplace tranformasyon metodu ile elde edilecektir. Sonuclar
Superpozisyon analizi ile karsilastirilacaktir.

Ikinci bolumde, fonksiyonel derecelendirilmis Kirise ait serbest titresim
analizi yapilmstir. Kirise ait Young modull kalinlik dogrultusunda eksponansiyel
olarak degismektedir. Dizlem sekil degistirme kabull ile kirisin eksenel ve enine
titresim denklemleri analitik olarak ¢ozilmis ve kesin dogal frekans degerleri
hesaplanmistir. Sonuglar degisik Kiris teorileri sonuclari ile karsilastirilmistur.

Anahtar kelimeler: FGM Kkiris, Degisken kesitli cubuk, Titresim analizi, Laplace
transformasyon, Elastisite Analizi.
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1. INTRODUCTION

Longitudinal vibrations of non-uniform bars have attracted considerable
scientific and practical attention in the study of composite structures subjected to
high velocity impact and the study of foundations. The use of variable cross-section
members can help the designer reduce the weight, improve strength and stability of
structures. Free vibration analysis and presentation of fundamental frequencies along
with mode shapes constitute most of the archival works. The researchers are
expected to subsequently obtain the forced vibration response through other methods
such as mode superposition.

In the first part of this thesis, the dynamic response of non-uniform rods
subjected at the end point to various time-dependent axial forces will be presented as
closed-form equations. The need for exact solutions is obvious: they give adequate
insight into the physics of the problem as well as establishing the accuracy of the
approximate or numerical solutions. In optimization problems using closed-form
solutions will greatly reduce the solution time. Laplace transformation will be
employed in the analysis. The inversion into the time domain is performed
analytically using calculus of residues and numerically by Durbin’s inverse
transfrom method. Free vibration behavior is readily obtained since substituting the
complex Laplace parameter in the governing equation directly gives natural
frequencies. Uniform mass and stiffness are assumed along the rod. The cross section
is assumed to vary along the non-dimensional axial coordinate in the forms
A() = A sin’[ah +D], Ah)=A (L+ah)®> and Ah)=Ae?". Naurd
frequencies for these cross sections are given in tabular form and good agreement
with other benchmark results are observed. The first ten fundamental frequencies are
listed. Using only the first ten frequencies in the forced vibration response provided
six-digit accuracy. The results are compared to those obtained via Mode
Superposition Method (MSM). Among other advantages, the efficiency of analytical
results is obvious. for some cases, up to a hundred frequencies were needed in MSM
to achieve the same accuracy.
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Also, free and forced vibration of heterogeneous rod, which exhibit
inhomogeneity both in material density and in elastic modulus, is studied. These
inhomogeneities are described in forms of sin’[ah +b], (1+ah)® and e .
Closed-from expressions for the fundemental natural frequencies are derived. It is
noted that if the nonuniform cross-sectional area and heterogeneous meaterial
properties vary according to the same functional form, the governing equation for
both cases will be in the same form.

The materials with elastic properties varying in the coordinate direction are
termed as functionally graded materials (FGM). FGM can be fabricated by
continuously intermixing several materials without generating a boundary. Thus, it
was named for this feature of the gradual changes (gradient) of functions.

Beams are incontestably the simplest and the most commonly used of all
structural elements. Consequently, many researches have been involved in modeling
behavior of beams. In the last part of this study, we analyze the free vibration of an
FGM beam. The plane elasticity equations are solved exactly to obtain natural
frequencies by using Laplace transform method. Different higher order shear
deformation theories and classical beam theories were also used in the literature
where, governing equations were found by applying Hamilton’s principle. Navier
type solution method was used to obtain frequencies. The beam theory results are
compared with elasticity solutions.

The aim of the present thesis may be stated as the efforts to obtain analytical
benchmark solution for vibration behaviour of rods and beams.
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2. PREVIOUS STUDIES

2.1. Non-uniform Rods and Heter ogeneous Rods

The vibration of beams and rods has been studied extensively, and continues
to receive considerable attention in the literature.

Raj and Sujith (2005) have presented exact solutions for the longitudinal
vibration of variable area-rods. The eigen frequencies of rods with certain area
variations are obtained.

Li et al. (1999) have presented exact analytical solutions for longitudinal
vibration of non-uniform rods with concentrated masses coupled by translational
springs. The governing differential equation for longitudinal vibration of a rod with
varying crossection is reduced to Bessel’s equation or an ordinary differential
equation with constant coefficients by selecting suitable expressions such as power
function for the area variation. They have shown in their research that the proposed
methods were in good agreement with the full-scale measured data and it is
applicable to engineering practices.

Abrate (1994) has shown that for some non-uniform rods and beams the
equation of motion can be transformed into the equation of motion for a uniform rod
or beam. Also, when the ends were completely fixed, the eigenvalues of the non-
uniform continuum were the same as those of uniform rods or beams. They used an
efficient procedure to analyze the free vibration of non-unifrom beams with general
shape and arbitrary boundary conditions. Simple formulas were presented for
predicting the fundamental natural frequency of non-uniform beams with various end
support conditions.

Qiusheng et al. (1996) have determined the natural frequencies and mode
shapes of multi-storey buildings and high-rise structures with variably distributed
stiffness and variably distributed mass.

Horgan and Chan (1999) have obtained exact solutions for polynomial and

exponential variations of strings, rods and membranes.
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Li, Fang and Jeary (1997) have established the differential equations of free
longitudinal vibrations of bars with variably distributed mass and stiffness
considering damping effects. They proposed an approach to determine the natural
frequencies and mode shapes in vertical direction for tall buildings with variably
distributed stiffness and variably distributed mass. The numerical examples showed
that the computed values of the fundamental longitudinal natura frequency and
mode shape by the proposed method were close to the full-scale measured data.

Eisenberg (1991) has presented the solution for exact longitudinal vibration
frequencies of a variable cross-section rod. The solution is found using the exact
element method, where the dynamic axial stiffness for the rod is found. The natural
frequencies for the variable cross-section member are those for which the stiffnessis
equal to zero. These values can be found up to any desired accuracy. This method is
good for any polynomial variation in the cross-sectional area and the mass
distribution along the member. The results of several examples are compared with
results obtained from finite element analysis.

Kumar and Sujith (1997) have presented exact analytical solutions for the
longitudinal vibration of rods with non-uniform cross section. Using appropriate
transformations, the equation of motion of axial vibration of a rod with varying cross
section was reduced to analytically-solvable standard differential equations whose
form depend upon the specific area variation. The governing equation for the
problem was the same as that of wave propagation through ducts with non-uniform
cross sections. Therefore, solutions they have presented could be used to investigate
such problems.

Li (2000) has presented exact analytical solutions for the free longitudinal
vibrations of bar with variably distributed stiffness and mass. By using appropriate
transformations, the differential equations of free longitudinal vibrations of bars with
variably distributed stiffness and mass are reduced to Bessel’ s equations or ordinary
differential equations with constant coefficients.

Candan and Elishakoff (2001) have presented close-form solutions of
nonhomogeneous rod under two sets of boundary conditions. Closed-form
expressions for the natural frequency can serve as benchmark solutions.
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Elishakoff and Candan (2001) used the inverse method and obtained the exact
natural frequencies in rods and beams with polynomially varying material and
geometrical properties.

Nachum and Altus (2007) found the natural frequencies and mode-shapes of
the k-th-order of non-homogeneous rods and beams. The solution is based on the
functional perturbation method.

Celebi, Keles and Tutunct (2009) have obtained the exact displacement
solutions of heterogeneous rods under dynamic axial load by using the Laplace
transform method. Inverse transformation into the time domain is performed using
modified Durbin’s method.

2.2. Application of Laplace Transform to Dynamic Problems

Many of the works obtained through a literature survey on vibration analysis
have been about the Laplace transform and Fourier transform methods applied to
dynamic problems.

Durbin (1974) has presented an accurate method for the numerical inversion
of Laplace transform which was a natural continuation to Dubner and Abate's
method.

Narayanan (1977) has described the use and importance of dynamic stiffness
influence coefficients in flexural forced vibrations of structures composed of beams.
The dynamic problem was formulated in terms of dynamic influence coefficients and
reduced to a static form. They used the Fourier transform plane and a numerical
inversion based on the Cooley-Tukey algorithm of the transformed solution.

Beskos and Narayanan (1981) have presented a general method for
determining the dynamic response of complex three dimensional frameworks to
dynamic shocks, wind forces or earthquake excitations. The method consisted of
formulating and solving the dynamic problem in the Laplace transform domain by
the finite element method and of obtaining the response by a numerical inversion of
the transformed solution. They provided a basis for comparing the accuracy of other
approximate methods such as conventional finite element method. The proposed
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method appeared to be better than the conventional finite element method in
conjunction with either modal analysis or numerical integration.

Manolis and Beskos (1981) used the Laplace transform in the free vibration
analysis. They replaced the complex Laplace parameter with ia in the transient
formulation which directly gives the natural frequency a with no inversion required.

Calim (2009) studied the forced vibration of non-uniform composite beams
subjected to impulsive loads in the Laplace domain. The solutions obtained are
transformed to the time domain using the Durbin’s numerical inverse Laplace
transform method.

2.3. FGM Beams

Functionally graded materials (FGM) are composite materials intentionally
designed so that they possess desirable properties for specific applications. As the
application of FGM increases, new methodologies have to be developed to
characterize them, and to design and analyze structural components made of these
materials. The literature on the response of FGM beam to mechanical and other
loadings are mostly inclusive of beam theories.

Sankar (2001) gave an elasticity solution based on the Euler-Bernoulli beam
theory for functionally graded beam subjected to static transverse loads by assuming
that Young's modulus of the beam vary exponentially through the thickness. Sankar
found that beam theory results agree quite well with elasticity solution for beams
with large length-to-thickness ratio subjected to more uniform loading characterized
by longer wave length of the sinusoidal loading.

Zhong and Yu (2007) presented a general two-dimensional solution for a
cantilever FG beam in terms of the Airy stress function.

Sankar and Tzeng (2002) developed a simple Euler-Bernoulli type beam
theory to obtain elagticity solution FGM beams subjected to temparature gradients.
They found that the thermoelastic properties of the beam can be tailored to reduce
thermal stresses for a given temparature distribution.
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Aydogdu and Taskin (2007) investigated free vibration of simply supported
FGM beams. They used different higher order shear deformation theories and
classical beam theory (CBT) and showed that CBT gives higher results and the
difference between CBT and higher order theories is increased with increasing mode
number.

Calio and Elishakoff (2005) derived closed-form solutions for the natural
frequencies for axially graded beam-columns on elastic foundations with guided end
conditions.

Ying et al. (2008) obtained the exact solutions for bendind and free vibration
of FGM beams resting on a Winkler-Pasternak elastic foundation based on the two-
dimensional elasticity theory by assuming that the beam is orthotropic at any point
and the material properties vary exponentially along the thickness direction.

Sina et al. (2009) used a new beam theory different from the tradional first-
order shear deformation beam theory to analyze the free vibration of FGM beams.

Simsek and Kocaturk (2009) have investigated the forced and free vibration
characteristics of an FGM Euler-Bernoulli beam under a moving harmonic load.

Kadoli et al. (2008) studied the static behaviour of an FGM beam by using
higher-order shear deformation theory and finite element method.

Simsek (2010) has studied the dynamic deflections and the stresses of an
FGM simply-supported beam subjected to a moving mass by using Euler-Bernoulli,
Timoshenko and the parabolic shear deformation beam theories.

Li (2008) proposed a new unified approach to investigate the static and the
free vibration behaviour of Euler-Bernoulli and Timoshenko beams.

Aydogdu (2005) has investigated the vibration of cross-ply composite beams
for six different boundary conditions by using the Ritz method. Polynomial trial
functions are used in the analyses.

Abbasi et a. (2008) have presented the vibration behavior of an FGM
Timoshenko beam under lateral thermal shocks with coupled thermoelastic
assumption. The solution obtained by transfinite element method where time is

eliminated using the Laplace transform.
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Soldatos and Sophocleous (2001) have developed some higher-order shear
deformation theories in which there is no need to use shear correction factors.

Simsek (2009) has investigated the static analysis of a functionally graded
simply supported beam under a uniformly distributed load by Ritz method. The
material properties of the beam vary continuoudly in the thickness direction
according to a power law.
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3. MATERIAL AND METHOD
3.1. An Overview of the Differential Equation

The equation of motion for a linear single-degree-of-freedom (SDF) system
subjected to external force is the second order differential equation for the
displacement:

mu(t)+ cu(t)+ ku(t) = P(t)

The initial displacement u(0) and initial velocity U(O) at time zero must be
specified to define the problem completely. Typically, the structure is at rest before

the onset of dynamic excitation, so that the initial velocity and the displacement are
zero. A brief review of three methods of solution is given in the following sections.

3.1.1. Classical Solution

Complete solution of the linear differential equation of motion consists of the

sum of the complementary solution u(t) and particular solutionu,(t), that is,
u(t) = u.(t) +u,(t) . Since the differential equation is of second order, two constants

of integration are involved. They appear in the complementary solution and are
evaluated from knowledge of the initial conditions.

3.1.2. Duhame!l’s Integral

Another well-known approach to the solution of linear differential equations,
such as the equation of the motion of an SDF system, is based on representing the
applied force as a sequence of infinitesimally short impulses. The response of the

system to an applied force, p(t), at timet is obtained by adding the responses to all



3.MATERIAL AND METHOD Kerimcan CELEBI

impulses up to that time. We develop this method in the next section, leading to the

following result for an undamped SDF system:
1 t
t) =——p(t )sin t-t)|dt
) = - P )sinw, (- )

wherew, =+k/m. Implicit in this result are “a rest” initial conditions. This

equation, known as Duhamel’s integral-the derivation of which will be discussed in
subsequent sections- is a special form of the convolution integral.

Duhamel’ s integral provides an alternative method to the classical solution if
the applied force p(t) is defined analytically by a simple function that permits
analytical evaluation of the integral. For complex excitations that are defined only by
numerical values of p(t) a discrete time instants, Duhamel’s integral can be
evaluated by numerical methods.

3.1.3. Transform Methods

The Laplace and Fourier transforms provide powerful tools for the solution of
linear differential equations, in particular the equation of motion for a linear SDF
system. Because the transform methods are similar in concept, here we mention only
the Laplace transform method, which leads to the frequency-domain method of
dynamic analysis. The frequency-domain method, which is an alternative to the time-
domain method symbolized by Duhamel’s integral, is especially useful and powerful
for dynamic analysis of structures. The solutions in Laplace transform space can be
calculated numerically for real problems. For time-space transition, numerical
inverse Laplace transforms are needed. Various inverse Laplace transform methods
have been improved for this purpose. Exact inversion into the time domain is
performed via the theory of Residues and Durbin’s inverse transform method. The

analytical results are tractable and allow for parametric studies.

10
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3.2. Partial Differential Equations of M otion of an Axially-L oaded Bar

The analysis of continuous systems leads to governing partial differential

equations in displacement.

3.2.1 Axial Deformations (Undamped)

The axial motion of a rod with varying cross-section A(x), uniform density

and Young's modulus is governed by the differantial equation

TPu(xt) 1 & Tu(x, t)u
m(><)—ﬂtz ﬂxgEA(X) X a(x,t) (3.1)
Using the dimensionless variables
_u _ X _ct
V—I,h—t,t —T (32)
Renders EQ.(3.1) in the form
(h)“vih”-ﬂlh( A FE) =L ) (33)

where c> =E/r , cisthe velocity of propagation of the displacement.

Usually, the external axial loading consists only of end loads, in which case
the right hand side of this equation would be zero. However, when solving Equation
(3.3) the boundary conditions imposed a h =0 and h =1 must be satisfied. It
should be noted that in this formulation damping is neglected. The free-vibration
equation of motion — setting q(h,t ) =0 in Equation (3.3) - becomes

11
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Tvht) T

: v t), _
C m(h)T ﬂh(EA(h) o )=0 (3.4

3.2.2. Orthogonality of Axial Vibrations M odes

The axial vibration mode shapes have orthogonality properties. The
orthogonality of the axial mode shapes with respect to the mass distribution can be
derived using Betti’s law. Consider the beam shown in Figure (3.1). Two different
vibration modes, m and n, are shown for the beam. In each mode, the displaced shape
and the inertial forces producing the displacements are indicated.

Betti’s law applied to these two deflection patterns means that the work done
by the inertial forces of mode n acting on the deflection mode m is equal to the work

of the forces of mode m acting on the displacement of mode n; that is,

1 1

é/m flndh :c‘)/n flmdh (35)
0 0
Expressing these in terms of the modal shape functions shown in Figure (3.1) gives

G, )G, t)a; Y.h)mh)V,()dh
° . (3.6)
=G, ()G, )W ¢Y.)mh)V, (h)dh

which may be written as
@n-an) Yah)V,()mh)dh =0 (3.7)

Since the frequencies of these two modes are different, their mode shape must satisfy

the orthogonality condition

12
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nO)V,)mh)dh =0 , a,*a, (38)

If the two modes have the same frequency, the orthogonality condition does not
apply, but this condition does not occur often in ordinary structural problems.

MO 02y ()Gt Nﬁqf) 2V, )Gt)

i) =VGL) N|n®,t )= G )

- —— -h —f="————/——y +h

Z 4 Z T

1 1

Figure 3.1. Two modes of vibration for the same rod.

The orthogonality relationship with respect to the axial stiffness property can be
derived from the homogenous form of the equation of motion [Equation (3.4)] in
which the harmonic time variation of free vibration has been substituted. In other

words, when the nth-mode displacements are expressed as (Clough and Penzien,
1993)

v,(.t) =V, ()r sn@@t 4 ,) (3.9)

and this displacement expression is substituted into the homogeneous form of
Equation (3.4), one obtains

dé VA
c’a;mh)V,bh)=- —aE Ah)—"y (3.10)
dh & dh H

13
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Substituting this relation into both sides of Equation (3.6) and canceling the common
term G, (t )G, () gives

(a-a)

O%M

(3.11)

CEC

Since the frequencies are different, modes m and n must satisfy the orthogonality

condition

dv, (h)u

G/m(h)—eEA(h) dh 0 (3.12)

3.2.3. Analysis of Dynamic response (Normal Coordinates)
The essential operation of the mode-superposition analysis is the
transformation from the geometric displacement coordinates to the modal-amplitude

or normal coordinates. For a one-dimensional system, this transformation is
expressed as

vht) =4 Vih)G () (3.13)

which is simply a statement that any physically permissible displacement pattern can
be made up by superposing appropriate amplitudes of the vibration mode shapes for
the structure.
3.2.4. Uncoupled Axial Equations of Motion

The mode-shape (normal) coordinate transformation serves to uncouple the

equations of motion of any dynamic system and therefore is applicable to the axial

14
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motion of a one-dimensional member. Introducing Equation (3.13) into the equation
of axial motion, Equation (3.3), leadsto

dG,0)}

AN =

& c'mih)V, ()G ) - é_ldi

i=1

@: ('D>I_(nD> D

(G t)=Labh.t) (314
0

Multiplying each term by V (h) and applying the orthogonality relationships
[Equation (3.8) and Equation (3.12)] leads to

G(t)@Zm(h)vm) dh - G(t)@/(h gy A S
) Y (315)

J-Va(h)ah.t)dh

0
multiplying Equation (3.10) by V. (h) and integrating yields

dV (h)u

Olzazm(h)V (h)dh —-(3/ (h) eEA(h) (3.16)

Substituting Equation (3.16) into Equation (3.15), we get uncoupled axial equation of
motion

M Gnt)+a2M_ G, (t)=P, ) (3.17)
where
= ¢’mh)V, (h)dh (3.18)

is generalized mass of the n’th mode and

15
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P, =L@.h)ah.t)dh (3.19)

is the generalized loading associated with mode shape V, (h) .

From this discussion it is apparent that after the vibration mode shapes have
been determined, the reduction to the normal-coordinate form involves exactly the

same type of operations for all structures.
3.2.5. Formulation of Duhamel Integral

In theory of vibrations, Duhamel’s integral is a way of calculating the
response of linear systems and structures to arbitrary time-varying external
excitations.

The procedure described in (Clough and Penzien, 1993) for approximating
the response of an undamped SDOF structure to short duration impulsive loads can
be used as the basis for developing a formula for evaluating response to a general

dynamic loading. This formulais:

1 & 0. -
G(t ):m—aéd:’(t)dt csnfat] ,t =t -t (3.20)
0 @

p(t)

\/7\

p(t)

T dr

dy (1)
(t-t) >0

Response dY (t)

(t-1)

Figure 3.2 Derivation of the Duhamel integral (undamped).

16
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Consider an arbitrary general loading P(t) asillustrated in Figure 3.2 and,
for the moment, concentrate on the intensity of loading P(t ") acting at time

t =t . This loading acting during the interval of time dt ~ represents a very short
duration impulse P(t ")dt “on the structure, so that Equation (3.20) can be used to
evaluate the resulting response. It should be noted carefully that although this
equation is approximate for impulses of finite duration, it becomes exact as the
duration of loading approaches zero. Thus, for the differential time interval dt *, the

response produced by theimpulse P(t ") d(t *) isexactly equal to

dG(t ) =

Mgn[a t-t7) , t3t’ (3.22)
ma

In this expression, the term dG(t ) represents the time-history response to the

differential impulse over thetimet 3 t " ; it is not change of G during atime interval
dt .

The entire loading history can be considered to consist of a succession of
such short impulses, each producing its own differential response of the form of
Equation (3.21). For this linearly elastic system, the total response can then be
obtained by summing all the differential responses developed during the loading
history, that is, by integrating Equation (3.21) as follows:

G(t):m—lat(‘f(t Ysinfa(t -t 7)]dt” t 30 (3.22)

This relation, generally known as the “Duhamel integral equation”, can be used to
evaluate the response of an undamped SDOF system to any form of dynamic
loading P(t ) ; however, for arbitrary loadings the evaluation must be performed
numerically using procedures described subsequently. Finally we can say that,
Equation (3.22) is a Duhamel solution of the Equation (3.17).

17
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3.3. Free Vibration Analysis of Non-uniform and Heterogeneous Rods

By applying the so-called product method, or method of separating variables,
we shall obtain ordinary differential equation which satisfies the motion of arod.

3.3.1. Free Vibration Analysis of Non-uniform Rods

The longitudinal motion of a rod with varying cross-section A(h), uniform

density and Y oung’s modulus is governed by the differential equation

112v(h,t)+ 1 ‘ﬂA(h)ﬂv(h,t):‘ﬂzv(h,t)
Th? Ah) fh  1h qt °

0<h<1t >0 (3.23)
Assuming a solution of the form v(h,t ) =V (h)G(t ), Equation (3.23) reduces to the
second order differential equation for the complex amplitude V (h) :

dV(h), 1 dAh) dv(h)
dh?  Ah) dh  dh

+a®V(h)=0 (3.24)

The above equation will be solved for rods with cross-sections varying
asAh) = A sin’[ah +b], Ah)=A (1+ah)? andAh)=A e *".

3.3.1.1. Solution for Area Variation of the Form A(h) = A,(L+ah)?

In this section the exact solution for the longitudinal vibration of a rod with

an area variation of the form
Ah)=A 1+ ah)? (3.25)

isderived. To simplify equation (3.24) anew variable z is introduced (Abrate, 1995):

18
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z

V)= @+ ah) (3.26)
Transforming equation (3.24) fromtheU - h spacetoV - h spaceyields

Z+a2z=0 (3.27)
whose solution is given by

z=c,cogkh]+c,sin[kh] (3.28)
where

k?=a? (3.29)
Therefore,

V() =;(c1 coglkh] +c, sin[kh]) (3.30)

(1+ah)

For fixed-free rods, the boundary conditions are V(0) =0 and (TV/fh)[Lt]=0

which give the following equation

a
1+a)

tan[k] (3.31)

The equation (3.31) can be proved by the different values of k. So equation (3.29)
can be shown to be:

a =k (3.32)

19
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Table 3.1 shows the natural frequencies for tapered rods with a=0,1,2 and

L=1.

Table 3.1. Natural frequencies of fixed-free rods with A() = A,(L+ah)?

Mode a=0 a=1 a=2
1 1.57079 1.165561 0.967402
2 4.71239 4.604216 4.567452
3 7.85398 7.789883 7.768373
4 10.9956 10.949943 10.934681
5 14.1372 14.101725 14.089886
6 17.2788 17.249781 17.240109
7 20.4204 20.395842 20.387664
8 23.5619 23.540708 | 23.533624
9 26.7035 26.684801 26.678553
10 29.8451 29.828369 29.822779

3.3.1.2. Solution for Area Variation of the Form A= A sin’[ah +b]

In this section the exact solution for the longitudinal vibration of a rod with

an area variation of the form

Ah) = A sin?[ah +b] (3.33)

is derived. To simplify equation (3.24) a new variable z is introduced (Kumar and
Sujith, 1997):

_ z
V() —m (3.39)

20
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Transforming equation (3.24) fromthe V - h spaceto z- h space yields

Z'+(@*+a?)z=0 (3.35)

whose solution is given by

z=c,Sn[kh] +c, cogkh] (3.36)
where
k?=a?+a’ (3.37)
Therefore,
1 .
V(h)=———(c,sin[kh] +c, cogkh
() sin[ah+b](1 [kh] +c, cogkh]) (3.39)

For fixed-free rods, the boundary conditions ae V(0)=0 and
(V /9h)[Lt ] = 0 which give the following equation

_ a
k = tan[K] o (3.39)

The equation (3.39) can be proved by the different values of k. So equation
(3.37) can be shown to be:

a’=k’-a’ (3.40)

21
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Table 3.2. shows the natural frequencies for tapered rods with a=0,1,2 and
L=1.

Table 3.2. Natural frequencies of fixed-free rods with A= A, sin’[ah +b]

Mode a=0 a=1 a=2
1 1.57079 1.51764 2.14856
2 4.71239 4.70214 5.53576
3 7.85398 7.84831 8.63281
4 10.9956 10.9916 11.6946
5 14.1372 14.1341 14.7579
6 17.2788 17.2763 17.8306
7 20.4204 20.4183 20.9137
8 23.5619 23.5601 24.0062
9 26.7035 26.7019 27.1064
10 290.8451 290.8437 30.2129

3.3.1.3. Solution for Area Variation of the Form Ah) = A e ™"

In this section the exact solution for the longitudinal vibration of a rod with

an area variation of the form

Ah)=A€e® (3.41)

is derived. The equation (3.24) becomes

dv _dv
el e +a®Vv =0 (3.42)

it isobviousthat if

22
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a’-4a?30 (3.43)

then, only zero solution exists. When

a’-4a°po (3.44)

the general solution of V(h) isgiven by (Li, 2000)

ah

V(h) =e? (c,cogkh] +c,sin[kh]) (3.45)
where
2 _ .2 a’
k®=a®-— (3.46)

For fixed-free rods, the boundary conditions are V(0)=0 and
(V /9h)[Lt ] = 0 which give the following equation

cot[k] = - 2% (3.47)

The equation (3.47) can be supplied by the different values of k. Equation
(3.46) can be shown to be.

2
aZ=k’+ % (3.48)

Table 3.3. shows the natural frequencies for tapered rods with a=0,1, 2 and
L=1
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Table 3.3. Natural frequencies of fixed-free rodswith Afh) = A e ™

Mode a=0 a=1 a=2
1 1.57079 1.90344 2.26183
2 4.71239 4.84173 5.01391
3 7.85398 7.93283 8.04109
4 10.9956 11.0521 11.1306
5 14.1372 14.1812 14.2426
6 17.2788 17.3149 17.3652
7 20.4204 20.4509 20.4936
8 23.5619 23.5884 23.6255
9 26.7035 26.7269 26.7596
10 29.8451 29.8661 29.8953

3.3.2. Free Vibration Analysis of Heterogeneous Rods

The longitudinal motion of arod with uniform cross-section, varying density

r (h) and varying Young' s modulus E(h) isgoverned by the differential equation

Tvht), 1 TEQ)vb.L) _ .rh) TPvhit)
fh* EhM) Th  1h Eh) ft*

O<h <1t >0 (3,49)

Assuming a solution of the form v(h,t ) =V (h)G(t ), Equation (3.49) reduces to the

second order differential equation for the complex amplitude V (h) :

dvh) . 1 dEh)dvh) . _,.rh) _
dh? TEm) dh dn 2 C g M=0 (3.50)

The above equation will be solved for rods with densitiy and Young' modulus

varying assin’[ah +b], (1+ah)® and € ®. Since the density and elasticity
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variations of the heterogeneous rods are of the same form of the area variations of

non-uniform rods they have the same natural frequencies.

3.3.2.1 Solution for E(h) = E,(1+ah)® and r (h) =r ,(1+ah)?

In this section the exact solution for the longitudinal vibration of arod with a

densitiy and elastic modulus variation of the forms

E() = E,(1+ah)?

(3.51)
r()=r,1+ah)?
is derived. To smplify equation (3.50) a new variable z is introduced:
Vh)=—2 (3.52)
(1+ah)
Transforming equation (3.50) fromtheU - h spacetoV - h spaceyields
Z+a’z=0 (3.53)
whose solution is given by
z=c,cogkh]+c,sin[kh] (3.54)
where
k?=a?’ (3.55)
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Following the same steps as in the section (3.3.1.1), the same mode shapes

and natural frequncies at Table 3.1 can be found for E()=E,(1+ah)® and

rth)=r,1+ah)>.

3.3.2.2. Solution for E() = E,sin?[ah +b] and r (h) =r ,sin’[ah +b]

In this section the exact solution for the longitudinal vibration of arod with a
densitiy and elastic modulus variation of the forms

E() = E,sin’[ah +b]

(3.56)
r(h)=r,sin’[ah +b]
is derived. To smplify equation (3.50) a new variable z is introduced:
vh)=— 2% (3.57)
sin[ah +Db]
Transforming equation (3.50) fromthe V - h spaceto z- h space yields
Z'+(@*+a?)z=0 (3.58)
whose solution is given by
z=c,Sn[kh] +c, cogkh] (3.59)
where
k?=a?+a? (3.60)

26



3.MATERIAL AND METHOD Kerimcan CELEBI

Following the same steps as in the section (3.3.1.2), the same mode shapes

and natural frequncies at Table 3.2 can be found for E() = E,sin’[ah +b] and
r(h)=r,sin’[ah +b].
3.3.2.3. Solution for Eh)=E,e® and r (h)=r, e ™

In this section the exact solution for the longitudinal vibration of arod with a

densitiy and elastic modulus variation of the forms

Eh)=E, e ™
(3.61)
rh)=r,e®
is derived. The equation (3.50) becomes
d®v _adv
-a—+a® =0 3.62
dh? dh (362)
it isobvious that if
a®-4a*30 (3.63)
then, only zero solution exists. When
a’-4a’po (3.64)
the general solution of V (h) isgiven by
ﬂ
V(h) =e? (c,cogfkh] +c, sin[kh]) (3.65)
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where

k?=a’-a’l4 (3.66)

Following the same steps as in the section (3.3.1.3), the same mode shapes

and natural frequncies at Table 3.3 can be found for Eh)=E,e® and

rh)=r,e™.

3.4. Forced Vibration Analysis of Non-uniform Rods and Heterogeneous Rods

The main methods employed in the analysis are Mode-superposition method
and Laplace transformation method. Inverse transformation into the time domain is

performed using calculus of residues and Durbin’s numerical inverse method.

3.4.1. Laplace Transformation

Laplace transform is a powerful method for solving differential equations in
engineering and science. It can be used to find the response of a system under any
type of excitation including the harmonic and periodic types. This method can be
used for the efficient solution of linear differential equations, particularly those with
constant coefficients. It permits the conversion of differential eguations into
algebraic ones which are easier to manipulate. The major advantages of the method
are that it can treat discontinuous functions without any particular difficulty and that
it automatically takes into account the initial conditions.

The Laplace transformation method is widely used in engineering
mathematics, where it has numerous applications. It is particularly useful in problems
where the (mechanical or electrical) driving force has discontinuities, for instance,
acts for a short time only, or is periodic but is not merely a sine or cosine function.

Another advantage is that it solves problems directly. Indeed, initial value problems
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are solved without first determining a general solution. Similarly, nonhomogeneous
equations are solved without first solving the corresponding homogeneous equation.
The Laplace transform of a functionf (t), denoted symbolically as

F(p)=L f(t), isdefined as

F(p)=Lf(t)=¢gg ™ f(t)dt (3.67)

0

where p is, in general, a complex quantity and is called the subsidiary variable. The
function e ™' is called the kernel of the transformation. Since the integration is with
respect to t, the transformation gives a function of p. Here and in the following
sections, a capital F will represent the function in the Laplace domain, whose
inversion in real time, f(t), is required. It is noted that t can be any independent
variable. However, in this thesis, and because of its association with “time”, in many
engineering applications we will call it “time”. The inversion integral is defined as
follows (Abramowitz and Stegun, 1982).

f+)¥

f)=—— FF(p)dp (3.68)

f- ¥

where { is chosen so that all the singular points of F(p)lie to the left of the line
Re{ p} = 1 inthe complex p-plane.
In order to solve a vibration problem using the Laplace transform method, the

following steps are necessary:

1. Write the equation of motion of the system.
2. Transform each term of the equation, using known initial
conditions.

3. Solve for the transformed response of the system.
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4. Obtain the desired solution (response) by using inverse Laplace
transformation.

The Laplace transform method of solving the differential equation provides a
complete solution, yielding both transient and forced vibration.

3.4.1.1. Solution of Boundary-Value Problemsby L aplace Transforms

Various problems in science and engineering, when formulated
mathematically, lead to partial differential equations involving one or more unknown
functions together with certain prescribed conditions on the functions which arise
from the physical situation.

These conditions are called boundary conditions. The problem of finding
solutions to the equations which satisfy the boundary conditions is called a
boundary-value problem.

By use of the Laplace transformation (with respect to t or x) in a one-
dimensional boundary-value problem, the partial differential equation can be
transformed into an ordinary differential equation. The required solution can then be
obtained by solving this equation and inverting by use of the inversion formula or
any other methods.

3.4.1.2. Displacement Solution of Axially Loaded Non-Uniform Rods Using
Laplace Transform Technique

In this section, the same problem in section 3.3.1 will be investigated again. A
fixed-free rod with the axial force applied at the free end h =1.0 will be considered.
In order to obtain equation of the motion of the system, equation (3.23) can be used
again. The above equation is solved for a rods with a same cross-section area
variations in section 3.3.1.
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34.1.2.(1). Displacement Solution for Area Variation of the Form
Ah) = A, (1+ah)*

If v(h,t) is longitudinal displacement of any point “h” of the beam at

dimensionlesstime“t ”, the boundary value problem is

112v(h,t)+ 1 ‘ﬂA(h)ﬂv(h,t):‘ﬂzv(h,t)

O<h<1t>0 (3.69-a)

Th? Ah) fh  1h mws
_o Wh,0 _ _o v _ P()
V(h !O) - O! ﬂ—t - O! V(O!t ) - O! ﬂ_hh:l - m ( 369'b)

where E is Young’'s modulus. Substituting A() = A (1+ah)® and taking the

Laplace transform of equations (3.69-a) and (3.69-b) yields

VO Y0P Y0, p) =0 (370:)
y(0,p) =0, ﬂy%t P) = /1(1) L{P t )} (3.70-b)

where y(h, p) = L{v(h,t )}, p being the complex Laplace parameter. Introducing a
new variable z defined as (Abrate, 1995).

V4

yh,p) = @+ ah) (3.71)
into equation (3.70-a) resultsin
z-p°z=0 (3.72)
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At this stage free vibration analysis can easily be performed and
determination of fundamental frequencies would be in order. If the Laplace
parameter pin Eq. (3.72) isreplaced by ia , wewill get again Eqg. (3.27) at “3.3.1.1"
and the end we will find the same frequencies at Table-3.1. Notethat a corresponds
to the natural frequency whose determination will not require inverse transformation
(Manolis and Beskos, 1981). The general solution of equation (3.72) is

z=c,sSnkh]+c, cogkh] (3.73)
where

k?=-p? (3.74)
Therefore,

y= (1+1ah) (c,sin[kh]+c, cogkh]) (3.75)

From the first condition in (3.70-b), ¢, =0 and so

__sin[kh]
yh,p)=¢ (@+ah) (3.76)
From the second condition in (3.70-b), we have
th " (L+a)? i EA(+a) |

From equation (3.77), we can find “ c,” for the different loading types and then put it
into the equation (3.76) to find the displacement in Laplace space. Later, we use
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Direct Laplace Transform methods and Theory of Residues for finding displacement

of rod under dynamic loading in real time.

Table 3.4. Axial displacement expressions of the end point in laplace space for

Ah) = A (1+ah)®

P(t) L{pe)} | y(1p)
8l e o1 R 1 1 sin[k]
ol ° °p EA, p (k(1+a)codk]- asink]) (L+a)
o P (1- =) 9’ P g° 1 Sin[k]
zyy | BRI BT B A p(p? +07) (ki a)codk]- asnk]) (+a
30
>l p a-ee) |p—9 P9 1 sinfk |
%8 ° p(p+a) | EA, p(p+9) (k(1+a)cogk |- asink])(1+a)

34.1.2.(2). Displacement Solution for Area Variation of the Form
A=A sin’[ah +D]:

If v(h,t) is longitudinal displacement of any point “h” of the beam at

dimensionlesstime“t ”, the boundary value problem is

112v(h,t)+ 1 9AM) v(h,t)  T?v(h,t)

O<h<1t>0 (3.78-8)

Mh? Ah) Th fh — qt?2
_n Tvh,0) _ _~ W _ Pt)
V(h !O) - O! ﬂ—t - O! V(O!t ) - O! ﬂ_h - - m (378'b)

where E is Young's modulus. Substituting A(h) = A, sin’[ah +b] and taking the

Laplace transform of equations (3.78-a) and (3.78-b) yields
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y (, p) +2acot[ah +b] y'(h, p) - p*y(h,p) =0 (3.79-9)
Ty(@, 1
y(0,p) =0, y%h P) EAQ) L{P t )} (3.79-h)

wherey(h, p) = L{v(h,t )}, p being the complex Laplace parameter. Introducing a
new variable z defined as (Kumar and Sujith, 1997)

-z
yh,p) = sniah +b] (3.80)
into equation (3.79-a) resultsin
z +(a*- p?)z=0 (3.81)

At this stage free vibration analysis can easily be performed and
determination of fundamental frequencies would be in order. If the Laplace
parameter pin Eq. (3.81) isreplaced by ia , wewill get again Eqg. (3.35) at “3.3.1.2"
and the end we will find the same frequencies at Table-3.2. The general solution of
equation (3.81) is

z=c,sSnkh]+c, cogkh] (3.82)
where
k?=a%- p® (3.83)
Therefore,
1 .
=———(c,gnkh]+c, cogkh
y sniah +b] (¢, sinfkh] +c, cogkh]) (3.84)
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From the first condition in (3.79-b), ¢, =0 and so

__sin[kh]
ybh,p)=¢ Snfah +b] (3.85)
From the second condition in (3.79-b), we have
chl [csc[a + b] (k cos[K] - acot[a + b]sin[K])]
. (3.86)
“EA snla+h] Hpe)}

From equation (3.86), we can find “c,” for the different loading types and

then put it into the equation (3.85) to find the displacement in Laplace space. Later,
we use Direct Laplace Transform methods and Theory of Residues for finding
displacement of rod under dynamic loading in real time.

Table 3.5. Axial displacement expressions of the end point in laplace space for a

A= A sn’[ah +b]

P(t) L{P©)} | y(Lp)
s 1 P, 1 1 sinfk |
& Po IDo_ - A N N
59 p E A, p kcogk]sinfa+b]- acosa+b]sin[k] sin[a+b]
¢ |pa-cosotpr & P O 1 ____sinli]
- p(p*+g9°) EA, p(p®+g?) kcos[k]sinfa+b]- acos[a+b]sin[k] sinfa+b]
e
o P g P g 1 Sin[k]
E§ P,1-e%) | °p(p+a)| EA, p(p+g) kcoslk]sin[a+b]- acos[a+b]sink] sin[a+b]
g
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3.4.1.2.(3). Displacement Solution for Area Variation of the Form Ah) = A e ™

If v(h,t) is longitudinal displacement of any point “h” of the beam at

dimensionlesstime“t ”, the boundary value problem is

112v(h,t)+ 1 9AM) v(h,t)  T?v(h,t)

O<h<it>0 (3.87-8)

Mh? Ah) Th fh — qt?2
_n Tvh,0) _ _~ W _ Pt)
V(h !0) - 0! ﬂ—t - 0! V(O!t ) - 0! ﬂ_h - - m (387' b)

where E is Young's modulus. Substituting A(h) = Aje®" and taking the Laplace
transform of equations (3.87-a) and (3.87-b) yields

y 0,p)-ayh,p)- p®yh,p)=0 (3.88-3)

y(0,p) =0, ﬂy%t P) = /1(1) L{P t )} (3.88-h)

At this stage free vibration analysis can easily be performed and
determination of fundamental frequencies would be in order. If the Laplace
parameter p in Eq. (3.88-a) is replaced by ia , we will get again Eqg. (3.42) a

“3.3.1.3" and the end we will find the same frequencies at Table-3.3. For equation
(3.88-a), it isobvious that if

a’+4p° £0 (3.89)
then, only zero solution exists. When

a2 +4p2 0 (3.90)
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the general solution of y(h, p) isgiven by

yh,p)=ce " +c,e" (39)

n
where |, ,= a 2\/5 and D=a* +4p?,

From the first condition in (3.88-b), ¢, =- ¢, and so

SnoPh Dy (3.92)
yh,p)=ce” [e? -e ? ] :

Result of the use of hyperbolic equalities, the equation (3.92) becomes

y(h, p) =c; ezah sinh[@h] (3.93)

From the second condition in (3.88-b), we have

Ty p) =c, e é\/Bcosh[£] +asmh[\/25] \

X 2 é

1
EA S L{Pt)} (3.94)

C>C c

From equation (3.94), we can find “ c,” for the different loading types and then put it

into the equation (3.93) to find the displacement in Laplace space. Later, we use
Direct Laplace Transform methods and Theory of Residues for finding displacement

of rod under dynamic loading in real time.
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Table 3.6. Axial displacement expressions of the end point in laplace space for

AR) = Ae®
P(t) L{Pe)} | y(Lp)
L 1 2Pe* 1 sinh[ R ]
& 8 PO PO_ E?%) 2 22 2 2
52 P P v ap cosh[g\/a ;4p*]+asinh[4\/a ;4&]
2 . Jai+4p?
g P, (1- cosfgt )| B,——2— 2Re’ ¢ s~ —1
e S ) Jat +4p? Jat +4p?
& % [52 +4p? Cosh[u].Fagnh[u]
oL 2 2
s g e
CY e | P pprg) L9 2
Q| © E 2 2 2 2
> O A p(p+g)mco§1[\/a ;4p ]+asinh[\/a ;4p ]

3.4.1.3 Displacement Solution of Axially Loaded Heterogeneous Rods Using
Laplace Transform Technique

In this section, the same problem in section 3.3.2 will be investigated again.
A fixed-free rod with the axial force applied a the free end h =1.0 will be

considered. In order to obtain equation of the motion of the system, equation (3.49)
can be used again. The above equation is solved for arods with a same densitiy and
same Y oung’'s modulus variations at (3.3.2). The heterogeneous rod shares the same
displacement expressions of the non-uniform one. Since the density and elasticity
variations of the heteogeneous rod must be same.

3.4.1.3.(1). Displacement Solution for E(h)=E,(1+ah)?and r () =r (1+ah)?

If v(h,t) is longitudinal displacement of any point “h” of the beam at

dimensionlesstime“t ”, the boundary value problem is
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Tvht), 1 TEQ)vb.L) _ .rh) TPvhit)

,0<h<1t>0 (395a)

fh* EM) Th  Th Eh) ft*
_o Wh,0 _ _o v _ P()
V(h !O) - O! ﬂ—t - O! V(O!t ) - O! ﬂ_hh:l - m ( 395—b)

where E is Young's modulus. Substituting E() = E, (1+ah)?-r () =r ,(1+ah)? and

taking the Laplace transform of equations (3.95-a) and (3.95-b) yields

2a

y"(h,p)+(1+ah)y'(h,p)- p*yh,p) =0 (3.96-a)
_n y&p _ 1
y(0,p) =0, ho - EQ AL{P(t)} (3.96-b)

wherey(h, p) = L{v(h,t )}, p being the complex Laplace parameter. Introducing a

new variable z defined as

V4

yh,p) = @+ ah) (3.97)
into equation (3.96-a) resultsin

z-p?z=0 (3.98)
The general solution of equation (3.98) is

z=c,sSnkh]+c, cogkh] (3.99)

where
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k? =- p? (3.100)

I
1
©

Following the same steps as in the section (3.4.1.2.(1)), the same axial displacement

expressions of the end point in the Laplace space for Ah)=A, (1+ah)? a Table 3.4

can be found for E(h)=E_ (1+ah)*and r (h)=r (L+ah)?>.

34.1.3.(2. Displacement Solution for  Eh)=E,sn’[ah +b] and

r(h)=r_sin’[ah +b]

If v(h,t) is longitudinal displacement of any point “h” of the beam at

dimensionlesstime“t ”, the boundary value problem is

Tvht), 1 TEQ)MOL) _r®) TvOt) (s (3.101-3)

fh* EM) Th  Th Eh) ft*
_o Wh,0 _ _o v _ P()
V(h !0) - 0! ﬂ—t - 0! V(O!t ) - 0! ﬂ_h - - m (3101—b)

where E is Young's modulus. Substituting E(h) = E,sin’[ah +b]-
r (h) =r_sin’[ah +b] and taking the Laplace transform of equations (3.101-a) and
(3.101-b) yields

y'(, p) +2acot[ah +b] y'(, p) - p2 y(h,p) =0 (3.102-3)
_~ v@p _ 1
v, p) =0 HB = AL{P )} (3.102-b)

wherey(h, p) = L{v(h,t )}, p being the complex Laplace parameter. Introducing a

new variable z defined as
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z

yh,p) = m (3.103)

into equation (3.102-a) resultsin
z +(@*- p*)z=0 (3.104)
The general solution of equation (3.104) is

z=c,sSnkh]+c, cogkh] (3.105)

where

K2=a?+q? (3.106)

Following the same steps as in the section (3.4.1.2.(2)), the same axial displacement

expressions of the end point in the Laplace space for A() = A sin’[ah +b] at

Table 3.5 can be found for E(h) = E,sin’[ah +b] and r (h) =r  Sn*[ah +b].
3.4.1.3.(3). Displacement Solution for Eh)=E,e® and r (h) =r, e *" :

If v(h,t) is longitudinal displacement of any point “h” of the beam at

dimensionlesstime“t ”, the boundary value problem is

Tvht), 1 TEQ)vb.L) _ .rh) TPvhit)

,0<h <Lt >0 (3.107-3)

fh* EM) Th  fTh Eh) ft*
_o Wh,0 _ _o v _ P()
V(h !O) - O! ﬂ—t - O! V(O!t ) - O! ﬂ_h - - m (3107-b)
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where E is Young's modulus. Substituting Eh)=E,e® - r(h)=r,e® and
taking the Laplace transform of equations (3.107-a) and (3.107-b) yields

y h.p)-ay'h,p)- p*yh,p) =0 (3.108-3)
1
y(0,p) =0, ﬂy%t P) EDA L{P t )} (3.108-b)

For equation (3.108-a), it is obvious that if

a2 +4p2 £0 (3.109)

then, only zero solution exists. When

a’+4p°>f0 (3.110)

the general solution of y(h, p) isgiven by

y(h,p)=ce'" +ce'" (3.111)

where | , ,= and D=a* +4p?.

a++/D
2

Following the same steps as in the section (3.4.1.2.(3)), the same axial displacement

expressions of the end point in the Laplace space for A() = A,e®" at Table 3.6 can

be found for Eh)=E,e® and r (h)=r, e .
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3.4.2. Numerical Direct Laplace Transform Methods

Some load functions analytical expressions are complicated and their Laplace
transforms can not be found from tables. In such cases, numerical values of functions
should be calculated separately. Their transforms can be obtained by adirect Laplace
transform method which depends on Fast Fourier Transform (FFT).

The Fast Fourier Transform (FFT) was developed by (Cooley and Tukey,
1965), which enables us to compute numerically direct and inverse Fourier
transforms and convolution integrals. This algorithm, originally developed for
electrical engineering needs, has also been successfully applied to various problems
of applied mechanics.

3.4.2.1. Direct Laplace Transform which Utilizes FFT

If f(t) function intime spaceis:

f@)=1() for OELET

(3.112)
f(t)=0 for t<Oandt>T
Laplace transformation of f (t) is
- T
F(p)=Of (e ™dt (3.113)
0

t =t, =nDt for the separated values of f (t) in separated Equation (3.113) form,

iank

f(p)=Dtd [f(t,)e™]e ™ (3.114)
n=0
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Here, p, =a+i

2F_)I_k (the k’'th Laplace transform parameter) andN =T /Dt.

Equation (3.114) can be calculated by the help of FFT algorithm. The term in the

summation [f (t,)e a‘"J is input to the FFT algorithm (Clough and Penzien,1993).

The FFT agortithm is aso given in Appendix-A.
3.4.3. Numerical Inverse Laplace Transform Methods

Using the Laplace transform for solving differential equations, however,
sometimes leads to solutions in the Laplace domain that are not readily invertible to
the real domain by analytical means. Numerical inversion methods are then used to
convert the obtained solution from the Laplace domain into the real domain. Each
individual method has its own application and is suitable for a particular type of
function. All the inversion methods are based on approximations used to evaluate the
integral given in Eq.(3.68).

The solutions in Laplace transform space can be calculated numerically for
real problems. For time-space transition, numerical inverse Laplace transforms are
needed. Various inverse Laplace transform methods have been improved for this
purpose (Canat, 1975) and (Beskos and Narayan, 1982). Three important methods
are given below:

Maximum Degree of Precision Method
Dubner and Abate Inverse Transform Method

Durbin’s Inverse Transform Method

As it can be seen from (Temel, 1995), the best solution is provided by
Durbin’s inverse Transform Method, so Modified Durbin’s Method is to be used in
the prepared program in the present thesis.
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3.4.3.1. Durbin’sInverse Transform M ethod

A numerical inverse Laplace transform technique is necessary to obtain the
values in the time domain. For this purpose, Durbin’s inverse Laplace transform
techniqgue based on the fast fourier transform is used (Durbin,1974). Durbin's
formulation for inverse Laplace transform is summarized as follows:

The real-time function f(t;) is obtained from the corresponding transform

values F(p,) as

o, )@&é L refF(@)+Rel & (A0 +iBIO)W*

|

e

her G (3.115)
(=0,1,2,..crvenee. N-1)

where

1=0

A= 8 Re| Flati(k+1N)2 )g

BK) = 4 Im Fla+i(k+1 N)Zp)g (3.116)
1=0 1
_ . 2p
W = Exp[i —
Pl N]

R . _ . 2p k . th
Here, i is the complex number, p, =a+i is the k™ Laplace transform
T

parameter. There are N units of equal time intervalsand T is the solution interval.
f(t) is caculated for all t; = jDt=jT/N,(j =012,...,N-1). The selection of
constant “@’ in numerical direct and inverse Laplace transform is explained in
(Durbin, 1974). It is implied that if the value of “a” is chosen from range 5 to 10,
good results are obtained. Therefore, for the numerical examples presented in this
thesis the value of “aT” is generally taken as “6”. Finally, results can be modified

multiplying each term by Fejer (F, ) or Lanczos (L, ) factorsto obtain better results
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in the Laplace domain (Narayan, 1977). The terms in Equation (3.116) are input to
the FFT subprogram as

-1

[AK) +i B(k)]e e (3.117)

Qo7

=
1l

0

As proposed by (Narayan, 1977), the equation (3.116) is modified as follows:

f, )@@e L refF (@) +Rer § (A +iB]L ) Zﬂ (3119
0

1 k=0

Each value calculated in the Laplace space is multiplied by Lanczos
correction factor (L). This correction factor is;

ilo=1for k=0 u
i |
kp
T Sn—— |
L b Y
“ : L =— N for k>0 (3.119)

kp !

| — |

) N b

The inverse transformation outlined above is used in the present thesis work
for transforming displacement equations at Table 3.7, Table 3.8 and Table 3.9.

3.4.4. Use of Residue Theorem in Finding Inverse Laplace Transforms

Another way of inverse transformation into the time domain is performed

using calculus of residues. We consider the inverse Laplace integral:

CH¥ c+iR

1 pt — pt
f(t)_T O~ (p)edp = EIRI& (iz:(p)e dp (3.120)
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where t>0 and c isto the right of all singularities of F(p).

1. Check that F(p) ® Oas R® ¥ on the contour

21 C:z:c+Re”,%£f P (3.121)

_1
QR—% 2%

2. Check that F(p) has only isolated singularities to the left of Re(p) =c and
compute residue terms at each singularity.
3. Compute the inverse Laplace integral by the Residue Theorem:

f(t)=a RedF(p)e™;p,] (3.122)

Re(p;)pc

If a Laplace transform involves a branch point, the contour in Fig.3.3 must be
modified by inserting a branch cut to make the function single valued inside the
contour, and this often involves making a cut along the negative real axis. The
Residue Theorem and Branch point issue are also given in Appendix-B.

xxxxxx

ssssss

Figure 3.3 Integration contour C
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3.4.4.1. Solutions for theform (1+ah)?

The displacement equations of the rod are amost the same for Case 1 (non-

uniform rod with varying crosssection  A()=A (l+ah)*?) and Case 2
(heterogeneous rod with varying density r (h) =r  (1+ah)? and varying Young's
modulus E(h) = E,(1+ah)?), asshown in Table 3.4. Asaresult of this, Case 1 and
Case 2 will be handled together. A detailed analysis for the load types
Pt)=P,@-codgt]), P(t)=P, andR,(t)=P,(1- €% ) will be presented, and
subsequently, the outline of analyses and results will be listed.

3.4.4.1.(1). Displacements due to the Cosine Type Force

Expression given in Table-3.4 can be rewritten as follows;

__Rg’ F(p)

YTEA@ra) p(p’ +g2)5(p) (3.123)
where

F(p)=sin[y- p*] (3.124)

G(p)=+- p*> +a)cod/- p*]- asin[y- p°] (3.125)

and the complex L aplace parameter p has been maintained in the formulation.
Using the inversion theorem we may write the displacement function v in the real
time space as

Pg’ C+i¥ e F(x) dx

T ER arami, 8, 7 +a)600) x

(3.126)
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Applying the residue theorem yields

v(h,t )=2pia Residues at the poles of v (3.127)

The points of Eqg. (3.126) arex =+ig and the zeros of the equation G(x)=0
andx =0. These points are singular points, not branch points (see Appendix-B). The

residues at the pole ig and - ig can be obtained readily. They are

. . . 3.128
29° G(ig) 29°G(-ig) (3129
Noting that F(-ig)= F(ig) and G(-ig)= G(ig) sum of the residues becomes
__ F(ig)cosgt ]
R 9% G(ig) (3.129)

As for the roots of G(x)=0; in view of Eqg. (3.125), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

JaZ@+a)codfa’]- asinj/a’]=0 (3.130)

Theroots ag, s=12,... of Eq.(3.130) correspond to natural frequencies given by

Eqg. (3.32). Without resorting to lengthy discussions, based on this observation, it can
be concluded that these are all real and simple.

The residues of the integrand at the simple poles x = +ia gare

iast . -iast s
€ F('as()jG and e F( |a;)G
(9”- a,f)a,soT (9°- a:)asdi (3.131)
Xl =a._ Xly =-a.
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The residue sum is expressed explicitly as

2cosfa ¢ Jsinfy/a.’]
(g°- a.2)@.)(cosfa,]- (1+a)a,sin[ya.’])

The sum of the residues at the poles of the zeros of G(x)is

¥
R, =aR

s=1

For x = Otheresidue is as follows:

_ sin[0]
& 9°(-a)sin[0]

The result of Eq.(3.134) is0/0, so L’Hospital’ s rule must be used.

1
R=
g2

Final form of the displacement can now be written as

P,g*

V(lt)=—EAO(1+a)

(R +R; +Ry)

3.4.4.1.(2). Displacementsdue to the Step Force

Expression given in Table-3.4. can be rewritten as follows;

y= R F(p)
EA (1+a) pG(p)
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where
F(p)=sin[y- p?] (3.138)
G(p)=+- p*> @+a)cod/- p*]- asin[y- p?] (3.139)
Using the inversion theorem we may write the displacement function v in the real
time space as
vht)= . - 0 ¢ Flx) (3.140)
EA0(1+a)2p|C_i¥ G(x) x
Applying the residue theorem yields
v(h,t )=2pia Residues at the poles of v (3.141)

The singular points of EQ.(3.140) arex =0 and the zeros of the equation G(x) =0 .
As for the roots of G(x)=0; in view of Eqg. (3.139), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

\/f(h a) cos[\/f] - asin[\/g]= 0 (3.142)

The roots ag, s=12,... of EQq.(3.142) correspond to natural frequencies. The

residues of the integrand at the simple poles x = tia gare
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iat -iad

e ° F(ia,) and e °F(-iay)
dG dG
a,—— a
dX| x=a, dX|  x=.a,

The residue sum is expressed explicitly as

) 2cosfa ¢ Jsin[y/a 7]
(a,)(cosfa,] - (1+a)a,siny/a’])

The sum of the residues at the poles of the zeros of G(x)is

¥
R, =aR

s=1

For x = Otheresidue is as follows:

_sn[0]
S SO

The result of Eq.(3.146) is0/0, so L’Hospital’ s rule must be used.

R, =1
Final form of the displacement can now be written as

— PO
v(Lt) —m(Rl +R, +R;)
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3.4.4.1.(3). Displacements due to the Exponential Type Force

Expression given in Table-3.4 can be rewritten as follows;

Rg F(p)
y=— 3.149
EA1+a) p(p+9)G(p) (3.149)

where

F(p)=sin[y- p?] (3.150)

G(p)=+- p* (1+a)cody- p°]- asiny- p’] (3.151)
Using the inversion theorem we may write the displacement function v in the real
time space as

Rg CtH¥ & Fx) dx
viht)= ° - 0 (3.152)
EAQ+a)2pi. Gy (X+09)GX)Xx

Applying the residue theorem yields

v(h,t)=2pia Residuesat the poles of v (3.153)

The singular points of Eq. (3.152) arex =-g and the zeros of the equation G(x) =0
andx =0. Theresidues a the pole - g can be obtained readily. It is

_F(-g)e®

R TG g)

(3.154)
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As for the roots of G(x)=0; in view of Eqg. (3.113), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

JaZ @+a)cosfya’]- asin/a?]=0 (3.155)

The roots ag, s=12,... of EQq.(3.155) correspond to natural frequencies. The

residues of the integrand at the simple poles x = tia gare

iat -iad

e F(lajG and e F(-|adsc);
(g+ias)a57 (g_ ias)asi (3156)
Xy =a, Xy =.a,
The residue sum is expressed explicitly as
snfa.](2gcoda.t]+2a sna.t
___Shia,](2gcosa,t] +2a, snfa, ) 3157)
(g +as )(as)(COS[aS]' (1+a)assn[as])
The sum of the residues at the poles of the zeros of G(x)is
8
R,=a R, (3.158)
s=1
For x =0theresidueis as follows:
sin[0]
= > 17 3.159
=g asno (3.159)

The result of Eq.(3.159) is0/0, so L’Hospital’s rule must be used.
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R, =— (3.160)

Final form of the displacement can now be written as
v(Lt)=—22 (R, +R, +R,) 3.161
TR (3.161)

Table 3.7. Displacements dueto P,(t ),P, (t ) and P, (t ) for the form (1+ah)?

v(it) = EoAb(l’f )(R +R,+R,)
R _ F(ig)codlgt ]
Pt) | 9°G(ig)
R, é 2F (ia,)cogla t |
s=1(g°- a,")a (cosfa,]- (1+a)a,sinfa,])
R 1/g?
v(Lt):m(R R, +R,)
R, 0
) R ¥ 2F (ia)cosla t ]
’ s21a,(coda,]- (L+aja, Snfa,])
R 1
vit)=—9 (R +R,+R,)
EAl+a)
R, _F(-9)e?
B(t) 9G(-9)
R é F(ia )(2a,sinfat]+2g coda t])
’ s=1(g’ +a,)a,(cosfa,] - (L+a)a, sina,])
R, é

3.4.4.2. Solutionsfor theform sin®[ah + b]

The displacement equations of the rod are almost the same for Case 3 (non-

uniform rod with varying cross-section

(heterogeneous rod with varying density r (h) =r
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Young's modulus E(h) = E,sin’[ah +b]), as shown in Table 3.5. As a result of
this, Case 3 and Case 4 will be handled together. A detailed analysis for the load
types B(t)=P,@-codgt]) , R(t)=P andPR(t)=P1-e?) wil be

presented, and subsequently, the outline of analyses and results will be listed.

3.4.4.2.(1). Displacements due to the Cosine Type Force

Expression given in Table-3.5. can be rewritten as follows;

_ P9’ F(p)
- ; 2 2 3.162
Y EAsna+h] p(p’ +0°)G(p) (3.162)
where
F(p)=sin[ya’®- p*] (3.163)

G(p)=ya’ - p?sinfa+b]cogy/a? - p?]- acoga+b]sinfya’ - p*] (3.164)

Using the inversion theorem we may write the displacement function v in the real

time space as
Rg’ CHI¥ & F(x) dx
viht) = : o) —— (3.165)
EAosm[a+b]2p|C_ v (x°+g°)G(x) x
Applying the residue theorem yields
v(h,t)=2pia Residuesat the poles of v (3.166)
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The singular points of Eq. (3.165) are X =*ig and the zeros of the equation
G(x) =0 andx =0. The residues at the pole ig and - ig can be obtained readily.
They are

, — 3.167
29° G(ig) 29°G(-ig) (3167
Noting that F(-ig)= F(ig) and G(-ig)= G(ig) sum of the residues becomes
__ F(ig)cosgt ]
R 9% G(ig) (3.168)

As for the roots of G(x)=0; in view of Eqg. (3.164), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

Ja?+a’sinfa+b]cog,/a*+a’]- acoga+b]sin[,/a’* +aZ]=0 (3.169)

Theroots ag, s=12,... of Eq.(3.169) correspond to natural frequencies given by

Eq. (3.40). The residues of the integrand at the simple poles x = +ia gare

jag i -iag i
€ F('as()jG and e F( |a;)G
(9®- a:)ani (g7 - a:)an— (3.170)
X |y =a, X |y =-a,

The residue sum is expressed explicitly as
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2c:os[ast]sin[\/a2 +a32](\/a2 +a.’)
(g%- a.)@?(acoda+b]cod a’ +a ’] (3.171)
+sinfa+b](- cogya? +a,’] +ya’ +a,’Sirlya’ +a 1))

The sum of the residues at the poles of the zeros of G(x)is

%:5& (3.172)

s=1

For x = Otheresidue is as follows:

R = sin[a]

= —g 2 (@) sinb] (3.173)

If parameter “a’ is equal to zero, the result of Eq.(3.173) is0/0, so L’Hospital’s rule
must be used.

1
R, = o2 snib] (3.174)
Final form of the displacement can now be written as
i) =— (R 4R, +R,) (3175)
EAysinfa+tb] = * % 7 '

3.4.4.2.(2). Displacements due to the Step Force

Expression given in Table 3.5. can be rewritten as follows;
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y= b F(p) (3.176)
E A sinfa+b] pG(p)
where
F(p) =sin[ya*- p?] (3.177)

G(p)=a® - p’ sinfa+b]cosya’ - p?]- acosa+b]sinlya’ - p’] (3.178)

Using the inversion theorem we may write the displacement function v in the real

time space as

O = A sin[F2+ bl 2pi z+°:: i(x)i(X) = (3.179)
Applying the residue theorem yields

v(h,t)=2pia Residuesat the poles of v (3.180)

The singular points of Eq. (3.179) arex = 0 and the zeros of the equation G(x) =0 .
As for the roots of G(x)=0; in view of Eqg. (3.178), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

Ja?+a’sinfa+b]cog,/a*+a’]- acoga+b]sin[,/a’* +aZ]=0 (3.181)

The roots ag, s=12,... of Eq.(3.181) correspond to natural frequencies. The

residues of the integrand at the simple poles x = tia gare
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iat

e F(;g:ls) and e FO(I-Glas)
a, % a % (3.182)
dX| x =a dX| x=-a

The residue sum is expressed explicitly as

_ 2coda § |sinya? +a ?](/a’ +a.?)
a2(acosa+b]cosya? +a ] +sinfa+b](- cosya® +a ’] (3.183)

+\/a2 +a.’ sin[\/a2 +a.’])

R, =

The sum of the residues at the poles of the zeros of G(x) is

R -a R, (3.184)

s=1
For x = Otheresidue is as follows:

R = sin[a]

= St (3.185)

If parameter “a’ isequal to zero, the result of Eq.(3.185) is0/0, so L’Hospital’srule
must be used.

1
sin[b]

R, = (3.186)

Final form of the displacement can now be written as
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—_ PO
v(Lt) —W(Rl +R, +R;) (3.187)

3.4.4.2.(3). Displacements due to the Exponential Type Force

Expression given in Table 3.5. can be rewritten as follows;

Ry F(p)
- - 3.188
Y= EAsna+b] p(p+a)G(p) (3188)
where
F(p)=sin[ya’- p*] (3.189)

G(p) =+’ - p’ sinfa+b]cosya’ - p’]- acosfa+blsnlya’ - p’] (3190

Using the inversion theorem we may write the displacement function v in the real

time space as
P9 CHI¥ & F(x) dx
viht)= : - 0 (3.191)
EA,snfa+b]2pi C- ¥ (x +g)G(x) x
Applying the residue theorem yields
v(h,t)=2pia Residuesat the poles of v (3.192)

The singular points of Eq. (3.191) arex =-g , the zeros of the equation G(x) =0
andx =0. Theresidues at the pole - g can be obtained readily. It is

_F(-g)e®

R TG g)

(3.193)
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As for the roots of G(x)=0; in view of Eqg. (3.190), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

Ja?+a’sinfa+b]cog,/a*+a’]- acoga+b]sin[,/a’* +aZ]=0 (3.194)

The roots ag, s=12,... of Eq. (3.194) correspond to natural frequencies. The

residues of the integrand at the simple poles x = tia gare

-iad

e s F(-iay)

iast .
e ° F(ia,) and

) dG . dG
(g+|as)asd7 (g_ Ias)asdi
Xlx =a Xlx =-a

S S

(3.195)

The residue sum is expressed explicitly as

 (2gcoda t]+2a,sinfa,t])sinya’ +a,’](Ja* +a,’)
(9° +a?2)(@?(acosfa+b]codya’ +a ] +sinfa+b](- cosly/a” +a,’] (3.196)

+yJa+a ? sinfyfa? +a %))

The sum of the residues at the poles of the zeros of G(x) is

&:5& (3.197)

s=1
For x = Otheresidue is as follows:

R = sinfa]

~9@sn[o] (3.198)
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If parameter “a’ isequal to zero, the result of Eq.(3.198) is0/0, so L’Hospital’srule
must be used.

1
R, = gsin[b] (3.199)
Final form of the displacement can now be written as
W) = =D (R +R, +R,) (3.200)
EAysinfa+tb] =+ % 7 '

Table 3.8. Displacements dueto P,(t ),P,(t ) and P, (t ) for the form sin*[ah +b]

v(lt):Po—gz(R +R,+R,)
E, A sinfa+b] -+ %
. _ Flig)cosgt]
' 9°G(ig)
P(t) é 2coqfa Jsinya’ +a 2](a> +a.?)
R, s=1(g- a.)(@2(acosla+b]cog/a’ +a,’]
+sinfa+b](- cogy/a’ +a ] +4a’ +a . sn[/a’ +a,’])))
R sin[a]
) 9°(a)sin[b]
PO
= (R +R,+R
v(dt) Evosin[a+b]( 1 tR, +Ry)
R, 0
P.t) ¢ 2coda t ]sinfy/a® +a.’](ya? +a,’)
? R, s=1a?(acos/a+b]cosy/a® +a ] +sinfa+h](- cos[y/a’ +a ?]
+\/a2+aszsin[\/a2+a32]))
R sinfa]
8 asin[b]
P.g
=—— " (R +R,+R
v(1,t) Evosin[a+b]( 1 TR, +R,)
R _ F('g)eg
' 9G(-9)
Pi(t) ¥ (2gcogfat]+2a snfa t])sin[ya’ +a.’](/a’ +a.’)
R, s=1(g° +a2)(a’(acoga+blcoga’ +a ] +sin[a+b](- cogya’ +a ’]
+\/a® +a 2sin[,/a® +a 2])
sin[a]
Re | g@snib]
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3.4.4.3 Solutionsfor theform e 2"

The displacement equations of the rod are almost the same for Case 5 (non-

uniform rod with varying cross-section A() = A e ™) and Case 6 (heterogeneous
rod with varying densty r (h)=r_ e® and vaying Young's modulus
E()=E,e ™), asshown in Table 3.6. Asaresult of this, Case 5 and Case 6 will
be handled together. A detailed analysis for the load types P,(t ) = P,(1- coggt ]) ,
P,t)=P, andR,(t ) =P, (- €¢) will be presented, and subsequently, the outline
of analyses and results will be listed.

3.4.4.3.(1). Displacements due to the Cosine Type Force

Expression given in Table 3.6. can be rewritten as follows;

_2R €9’ F(p)

3.201
EA, p(p®+9*)G(p) (3.200)

where
F(p) =sinh [ﬁ] (3.202)

[2 4 2 / 2 4 2
G(p)=+a* +4p’ cosh[%] + asinh[¥] (3.203)

Using the inversion theorem we may write the displacement function v in the real

time space as

2P e*g? CHI¥ et F(x) dx

= e i % 7 +a)60) x

(3.204)
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Applying the residue theorem yields
v(h,t)=2pia Residuesat the poles of v (3.205)
The singular points of Eq. (3.204) are X =*ig and the zeros of the equation

G(x) =0 andx =0. The residues at the pole ig and - ig can be obtained readily.
They are

, > , 3.206
29°G(ig) 29°G(-ig) (3200
Noting that F(-ig)= F(ig) and G(-ig)= G(ig) sum of the residues becomes
__ F(ig)cosgt ]
R 92 G(ig) (3.207)

As for the roots of G(x)=0; in view of Eqg. (3.203), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

2 4 2 2 4 2
Ja? +4p? cosh[—“a;p] +as nh[—“a;p] =0 (3.208)

The roots ag, s=12,... of Eq.(3.208) correspond to natural frequencies given by

Eq. (3.48). The residues of the integrand at the simple poles x = +ia gare

iast . -iast s
€ F('as()jG and e F( |a;)G
(9°- asz)as? (g°- a;)asOT (3.209)
Xlx =a, X|y =.a.
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The residue sum is expressed explicitly as

Zcos[at]smh[“ ](1/a -4a %)

(9%-a.)(@,(-2,((2+2) com[';aS] (3.210)

+4a’- )smh[“ ]))

RS:

The sum of the residues at the poles of the zeros of G(x)is

R -a R, (3.212)

s=1

For x = Otheresidue is as follows:

sinh[2]
R, = 2 (3.212)
9%(a) (cosh[%] ¥ sinh[%])

If parameter “a’ isequal to zero, the result of Eq.(3.212) is0/0, so L’Hospital’srule
must be used.

Ry =—— (3.213)
Final form of the displacement can now be written as

a 2
V(lt)=2Féi

(R, +R, +R,) (3.214)
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3.4.4.3.(2). Displacementsdueto the Step Force

Expression given in Table 3.6. can be rewritten as follows;

2R e* F(p)
= 3.215
EA pG(p) (3:215)
where
F(p) =sinh[12 4P (3.216)

2 4 2 2 4 2
G(p) = a’ + 4p” cosn¥ " 2] + asin 2P (3217)

Using the inversion theorem we may write the displacement function v in the real

time space as
2Pe* CFI¥ “ F(x) d
vht)=-=5 "y ¢ Flk) & (3.218)
EAZDI. iy G(x) x
Applying the residue theorem yields
v(h,t )=2pia Residues at the poles of v (3.219)

The singular points of EqQ. (3.218) arex = 0 and the zeros of the equation G(x) =0 .
As for the roots of G(x)=0; in view of Eqg. (3.217), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives
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2 4 2 2 4 2
Jaz +ap? cosh[—\'a;p] +as nh[—Va;p] =0 (3.220)

The roots ag, s=12,... of Eq. (3.220) correspond to natural frequencies. The

residues of the integrand at the simple poles x = tia gare

iat iat

Sy e
2, G 2 B (3.221)
TOX| =g dX| x=.a

S S

The residue sum is expressed explicitly as

2coda t ]sinh[ va ](,/a - )

Rs:

2 2

(@.(-2a,(2+a) cosh[a'24aS] (3.222)

+ya’- 4a”)sinh[ 2 ]))

The sum of the residues at the poles of the zeros of G(x)is

R, = & R, (3.223)

s=1

For x = Otheresidue is as follows:

sinh[2]
R, = 2 (3.224)
a (cosh[g] +s nh[%])
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If parameter “a’ isequal to zero, the result of Eq.(3.224) is0/0, so L’Hospital’srule
must be used.

1
Ro= (3.225)

Final form of the displacement can now be written as

2P, e*

v(Lt)= EA

(R +R; +R;) (3.226)

3.4.4.3.(3). Displacements due to the Exponential Type Force

Expression given in Table 3.6. can be rewritten as follows;

_2Re'g  F(p)
EA  p(p+9)G(p)

(3.227)

where

a2 +4p2

F(p) =sinh[ ] (3.228)

2 4 2 2 4 2
G(p) = a’ + 4p” cosn¥ " ZP ] + asin 2P (3.229)

Using the inversion theorem we may write the displacement function v in the real

time space as

2P, e*g CHI¥ e F(x) dx

= e i, 8 (x+9)66) x

(3.230)
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Applying the residue theorem yields
v(h,t )=2pia Residues at the poles of v (3.231)

The singular points of Eq. (3.230) arex =-g and the zeros of the equation G(x) =0
andx =0. Theresidues at the pole - g can be obtained readily. It is

_F(-g)e*

R TG g)

(3.232)

As for the roots of G(x)=0; in view of Eq. (3.229), replacing x with ia and
setting G(ia) = G(-ia) equal to zero gives

2 4 2 2 4 2
Ja? +4p? cosh[—“a;p] +as nh[—“a;p] =0 (3.233)

The roots ag, s=12,... of EQ.(3.233) correspond to natural frequencies. The

residues of the integrand at the simple poles x = tia gare

e "I F(-ia,)

iat

e ° F(ia,)

and

. dG . dG
(g+|as)asd7 (g_ Ias)asdi
XIx =a, XIx =-a,

(3.234)

The residue sum is expressed explicitly as
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(2a,sinfa t]+2gcoga t])smh[“ ](1/ )

(92 +a2)(a,(-2a,((2+a) cosh [';aS] (3.235)

+ya’- 4a,”)sinh[~———— e ])))

RS:

The sum of the residues at the poles of the zeros of G(x) is

R, = 5 R, (3.236)

s=1

For x = Otheresidue is as follows:

sinh[2]
R, = P (3.237)
g(a) (COSh[E] +d9 nh[E])

If parameter “a’ is equal to zero, the result of Eq.(3.237) is0/0, so L’Hospital’srule
must be used.

R g (3.238)

Final form of the displacement can now be written as

v(Lt)-ZPe g

(R, +R, +R,) (3.239)

71



3.MATERIAL AND METHOD Kerimcan CELEBI

Table 3.9. Displacementsdueto P,(t ),P,(t ) and P, (t ) for the form e *"

2 aP 2
vt )= =9 (R +R, +R,)

EA

R,

_ F(ig)codgt ]
9°G(ig)

R(t)
R,

¥ 2cos[ast]s;inh[%\/a2 - 4aS2]\/a2 -4a’
S

s=1(g2- af)(as(-2as«2+a)cosh[%Ja2- ta ]+ al- 4a§)snh[%\/a2 -4 ])

Rs

sinh[a/ 2]
a(cosh[a/ 2] +sinh[a/2])g?

v(Lt) =

26°R,
EA

(Rl + RZ + R3)

R,

0

R(t) R,

¥ Zcos[ast]sinh[%\/az Tt a4
s

Szl(as(-Zas((2+a)cosh[%\/a2 “da ]+ a?- 4aj)sinh[%,/ 4a 7))

Rs

sinh[a/ 2]
a(cosh[a/2] +sinh[a/2])

2e°P.
viat) = =9 (R 4R, +R,)

A

R,

_F(-9g)e?
9G(-9)

()
R,

¥ (2a,sinfa t]+2g cos[ast])sinh[%\/az ~daal- da
s

s=1(g? +af><as<-2as«2+a>cosh[§\/a2- da ]+ [al - 4af>sinh[§\/a2- 427 1)

Rs

snha/2]

ga(cosh[a/2] +sinh[a/ 2])

3.4.5 Mode-Superposition Analysis

In this section we use mode-superposition analysis for finding the

displacements of these rods under dynamic loading.

In mode-superposition analysis, we must follow certain steps. These are:

Determine Mode Shapes and Frequencies:

For these fixed-free rods, the expressions were found in previous stages
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Compute Generalized Mass and Loading:

M, = ¢V, h)mh)ch

P.(t)=-Va(h)ah.t)dh

where

q(xt) = P(t)d(x- L)
After using dimensionless variables and appliying Delta function, q(x,t) becomes;
1
qh.t)=P( )Id(h -1

Solve The Normal-Coordinate Response:

In this analysis, the Duhamel integral equation can be used to evaluate the
response of an undamped SDOF system to any form of dynamic loading P(t )

1
Mnan

Y, ()= t(fn(t*)sin[wn(t -t 7)]dt

Evaluate Displacement:

vht) =4 Vv, ()Y, )
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If we want to use mode-superposition analysis, firstly the forces, which we
applied to the rod, must be determined. These forces must be dynamic and the
following forces will be used:

- Cosine TypeForce: P,(t) =P, (1- codgt ])
- StepForce: P,(t)=PFR,

- Exponential Type Force: Rt )=R,(1- € %)

Also, only the displacement expression for the end point h =1 will be

obtained and the behavior of the end point under dynamic load will be examined.
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Table 3.10. Mode-superposition analysis expressions for step force loading.

n=1 n

For the form: 1+ ah)2
a, K,
sSinlk,h]
Vi) (1+ah)
2
M n %(m(n' Sn[an ])
S'n[kn ]
R.(t) Po Wra)
R, Snlk,]f
Y, (@) —Mna,?—(1+ 2) i1 Cos[ant ])
R8sk,
V(lat) (1+a)2 21 Mnag (1 Cos[ant ])
For the form: Sn®[ah +b]
a, kZ- a?
Snfk,h]
Vi) Snjah +b
2
M n ¢ ;inpo (an' sn[an ])
sinfk, |
P.(t) P Snfa+b|
R Snk,] 4
Y () Mnaﬁm(l Cosla,t])
R §arik]g,
v(Lt) Sinz[a+b] na:.l M a2 (1 Cos[ant])
For the form: e ah
a |(2+a’_2
n n 4
R
V.0 &2 sinfkh]
2
M n : ;inpo (2kn' Sn[an ])
P,t) P, €¥'2 Sinlk,|
Y.(t) M?a,? sinlk,]e*?(1- Cosla,t |)
m 2
v(Lt) Pe*d Sn—[k”](l Cosat )

ap
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Table 3.11. Mode-superposition analysis expressions for cosine type force loading

For the form: 1+ ah)2
a, K,
Snlk,h]
Vi) a+ah)
2
M, %(an- sinf2k, ])
sinfk, ]
P(t) Po (1- Codgt ])W
v Po  Sinlky ] 1- Cosiant] a,(Codant]- Codgt]),
n() Mpa, (1+a) an an-g2
R, & sr?k,] 1- Coda,t] . a,(Coda,t]- Codgt])
v(Lt) aP & Mo, — P— )
For the form: Sn’[ah +b]
a, k2 - a?
Snfk,h]
Vi) Sinfah +b
czrvo .
M, 4—kn(2kn- sinf2k, ])
Sinfk, ]
P.t) Po (1- Codgt ])W
R, Snlk,] 1- Cosa,t] . a,(Cosfa,t]- Codgt])
Yn(t) Mpa, Sn[a'"b]( an ' an'92 :

R, & sn?k,] 1- Coda,t]  a,(Coda,t]- Cosgt])
v(Lt) sia+b] 2, Mya, ( a, + — )
For the form: e ah
a, Jk+a /4

A
Vi) e? sinkh]

2
M, %(m(n- sin2k, )
P.(t) P, (1- Cosigt 1)e*'2 Sinlk,]

Py a2 ,1- Coda,t] ap,(Coda,t]- Codgt])
Yn(t) Mnangn[kn]e /2( an ' an'92 :
m 2

v(it) Y sn?[k,] (1- Codfant] , ap, (Cosant]- Cos[gt]))

n:1Mnan an an-92
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Table 3.12. Mode-superposition analysis expressions for exp. type force loading

For the form: 1+ ah)2
a, Kn
sinlk,h]
Vi) (1+ah)
2
Mn M@kn' Sn[an])
4k,
. Sin[k ]
Po (1- e 9)—1nd
RO o -7
Y(t) |:)O s.n[kn](ar%'e-ga§+gz'gzcos[ant]'anggn[ant])
n Mpa, (d+a) an(an+gz)
v(it) R_& Srifk,] af-e¥aj+g?- gCodat]-a,gSria],
(1+a)2 n=1 Mnar? ar'l-'-g2
For the form: Sn®[ah +b]
a, kZ- a?
Snfk,h]
Vi) Snfah +b
2
Mn M(an' S’n[an])
4k,
- Sin[k ]
Po@-e® n
P.() o (1-e )m
2P, Snlk,] a2-e%a2+g?-g2Codat]-a,gSnat]
Mna, Sm[a+b] a,@p+g9)
v(it) 'Eo | g sn’lk,] ai- e%ag+g?- g%Codat]- agSnlag]y
Sn?la+b|c; Ma2 a,+g°
For the form: e ah
a, JKk+aila
v 5"
0 e? sinfkh]
2
M, 0% ok - sinf2k, ])
4k,
P.(t) Ry (L- &9 )e? 2Sin[k, ]
Y ) Po gnfk, Je2 @n & ?an+9” - g"Codat]-a g Snia ]
n n
Mna a,(@n+9®)
a D an?lk,] aZ-e%al+g?- g%Coda t]- angSnat]
n=1 Mpay an@n+g”)
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3.5 FreeVibration Analysis of FGM Beam

A functionally graded beam of constant thickness of “h” with rectangular
cross-sectional dimensions “L” and unit depth is considered and shown in Figure 3.4.
A Cartesian coordinate system O(X,y,2) is defined on the bottom axis of the beam,
where the x-axis is taken along the bottom axis, the y-axis in the width direction and
the z-axis in the depth direction. The nomenclature developed by (Sankar, 2001) will
be closely followed. It is assumed that the Young’'s modulus of FG beam varies
through the thickness according to exponential form. The exponential form is given

by

E
E(2) = E, Expl E] 1 =Logl ], EJE, =1, (3.240)

b

where E,,E, and r,r, denote values of the elasticity modulus and density at the

top and bottom of the beam. A typical material used in applications is metal-ceramic
FGM. According to this distribution, bottom surface (z=0) of functionally graded
beam is pure metal, whereas the top surface (z=h) is pure ceramics. Figure 3.5 shows
the variation of Young’s modulus of metal in the thickness direction of FG beam. In
this thesis we analyze the free vibration analysis of FG beams using plane strain
elasticity. The results will then be compared to those from beam theories.

Odx,y,z>

Figure 3.4. A FGM beam
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3.5.1 Elasticity Analysis

The beam is assumed to be in a state of plane strain normal to the xz plane,
and the width in the y-direction is taken as unity. The boundary conditions are
similar to that of a simply supported beam. The upper and lower surfaces are

completely free of tractions.

0, 0 T T T T T T
70 120 170 220 270 320 370

E(z) [GPa]

Figure 3.5. Variation of Y oung's modulus in the thickness direction.

The differential equations of equilibrium are:

ﬂs XX ﬂt Xz 2
ot :r(z)% (3.241)
ﬂt Xz ﬂs zz 2
S 1%‘;" (3.242)

Assuming that the material is orthotropic at every point and also that the
principal material directions coincide with the x and z axes, the constitutive relations

are:
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Is .0 €, C; 0 0l €,
I ' - & al, !
is zzy & C5 O al €22y (3.243)
T

Tt Xz b g) 0 C55§’:\gleb

Assuming that all elastic stiffness coefficients vary exponentialy in the z
direction, the elasticity matrix can be written as:

6, ]=e" &2 ¢

u
¥
¥ (3.244)
v
u

where ¢, = ¢, (0) . Substituting from Eq.(3.243) into (3.241) and (3.242), than using

strain-displacement relations we obtain the following two equations in u(x,z,t) and

w(X,z,1):
a fu wo, Ta Tu iw 0_
X gcu X *Cy3 25 ++ ﬂchss 1z *Css X o =r( ) (3.245)
Tee Tu wo, Ta Tu ‘II 0_
xS ¢Css = — +Cy x ; = 8013 x +C S = (3.246)
E
where r (2) =r ,e" .Wewill assume solutions of the form:
u(x, z,t) =U(zt)cogx x]
(3.247)

wW(X,z,t) =W(zt)sin[x X]
wherex =np /L.

From the forms of the displacements one can note that the boundary
conditions at the left and right end faces of the beam are given by:

80



3.MATERIAL AND METHOD Kerimcan CELEBI

w(0, z,t) =w(L,zt) =0

(3.248)
S «(0,zt)=s (L,zt)=0

which is typical of simply supported beams. Substituting from Egs. (3.244) and
(3.247) into Egs (3.245) and (3.246) we obtain a pair of ordinary differential
equations for U(z,t) and W(z,t):

o ‘ ; I
-cQUXZ+cIx W +FC25U +c U +xc§5FW

(3.249)
+XcGEW =1 U
QU X - CLWX?- cfsxlﬁu - XU’ +c§3IFW'
. (3.250)
+cuW =1 W
where () © 1O ang (o 1O
1z it
Taking the Laplace transforms of Egs. (3.249) and (3.250) yields
- QUx2+cOx W +|—c§5 U +c2U +xc2 W
h h (3.251)
+XcqW -1, p?U =0
- AU x- cQWx?- ¢ x IFU- OxU +c§3IFV_V'
(3.252)

+cW -1 ,p?W =0

whereU (z, p) = L{U (z,t)} and W(z, p) = L{W(z1)}, p being the complex Laplace

parameter.
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To simplify the calculations, we will assume that the FGM is isotropic at

every point. Further we will assume that the Poisson’s ratio is a constant through the

z

thickness. Then the variation of Young’'s modulus is given by E(z) = E, eI h . The

elasticity matrix [c] isrelated to the Young's modulus and Poisson’ s ratio by:

é u

£ €g-v v 0 u

e u
cl=————aVv 1-v O ’ 3.253
g @+v)(1- ) g G (3.253)

1- 2y

50 0 —=

2 U

The solution of Egs. (3.251) and (3.252) can be derived as:

_ 4 ap)?
Uzp=8ae
i=1
(3.254)
— é a(p) 2
W(z,p)=aqbe "

i=1

where a, and b, are arbitrary constants to be determined from the traction boundary

conditions on the top and bottom surfaces, also at this stage free vibration analysis
can easily be performed, the Laplace parameter p in Egs. (3.251) and (3.252) are
replaced by ib to get

a(b), , o ab)’

| i
ai(_cflxz+FCgS h 55 hz +rbb2)
oab) . ol L sab), . o
+b (cyX b +xc55F+xc55 b )=0
a (otx 2P o 20Dy ap (ax
. (3.256)
+C§3|Fa(rb])l+cgg a(hb2)| +rbb2):O
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a(b), aretheroots of the characteristic equation for a (b)

QAJ: (3.257)
where
A= e +hC§5a(rk:)' * o (hb)i2+rbb2
B :Cfsxa(:‘))l e ITXCO a(rl?) (3.258)
A21=-c§5x&s)i_cf3x|h_clsx a(rl?)i .
| a(), , o a()?

A, =-cix? +c33h - +CY, hzl +r,b?

Note that the characteristic equation (3.257) is a quadratic equation in a (b) and will
result in four roots, and that is why we have four terms in the complementary

solution given in EQ.(3.254). The arbitrary constants a. and b are related by

b - ¢ X 2,1 Co a(d), +CQ a(b), +r,b
r==. *(‘ 5) h 26) (3.259)
& CL X L +xcd —+xc°

h

The four arbitrary constants a. can be found from the traction boundary

conditions on the top and bottom surface of the beam:
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Tu Tw
t ,(X0t)=Cy—|,.0+Cs—|,00 =0
xz( ) 55 Z| =0 55 ﬂX| 0
Tu Tw
txz(x’h’t) :CSS_Z|Z=h +C55W|z=h =0
; . (3.260)
u W
SZZ(X,O,t):C13ﬂ|Z:O C%EL:O =0
Tu Tw
S zz(Xih!t) :C13ﬂ|z:h +C%E|z:h =0

Substituting for u and w from Eqg. (3.248), we obtain the BCs in terms of U
and W:

u'(0,t) +x W(0,t) =0
U'(h,t)+x W(h,t) =0

0 0 (3.261)
- Cp X U(O,t) +ci; W'(0,t) =0

- x U(h,t) +cu W' (h,t) =0
where ¢! = c; (h) . Taking the Laplace transform of Eq. (3.261) to get

U'(0, p) +x W(0, p) =0
U'(h, p) +x W(h, p) =0

_ _ (3.262)
- ¢y x U(0, p) +cz W' (0, p) =0

- ¢l x U(h, p) +clW'(h, p) =0

Substituting for U and W from Egs. (3.254) into (3.262) and replaced
Laplace parameter p with ib , we obtain four equations for a,:
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é.ai (&s)i"'xri):o

i=1

41 " (3.263)
é.ai('cf3X+C§3ri ( )i):0
i1 h
4
aa(-cix+cyr, —a(s)i )et®re =0
i=1
Eqg. (3.263) can be written as
Su Sp S Sy ||
S, S,S,;S,|a
21 22 23 24 2 :O (3264)
Sy Sy, Sg Su||as

S41 S42 S43 S44 a'4

in which S, represents costants which includes b . For finding free vibration
frequencies, the determinant of constant matrix S; is set equal to zero.

In the present work, since the beam is modelled as a continuum, infinitely
many frequencies may be obtained. Table 3.13 shows the first ten natural frequencies
for FGM beam with v=0.3, r, =2707 kg/m®,E, =70GPa, L/h=5,10,20 and
n=1,3,5.

3.5.2. Mode Shapes

a (b) values related to natural frequencies can be obtained from equation
(3.257) inimaginary form.

a(b), = p, +q,i , a(d);=p - qi

. . 3.265
a(b)2:p2+q2| 1 a(b)4:p2'q2| ( )
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For obtaining the a (b) values in real form, Eq.(3.254) is rewritten as

_ z 7 z 2
Uz p)=a,e"" codq ]+a,e”" snfg, ]

z z
P2 — Z Par . V4
+a2e hcos[qzﬁ]+a4e hsm[qzﬁ]

_ z 7 z 7
W(z,p)=be”" cos[g, -] +be” " sinfq, -]

+b, e”h cogq, E] +b, e i d, E]

(3.266)

Substituting Eq.(3.266) into Eq.(3.251) and following the same steps as in the section
3.5.1, the values of a and b will be obtained. Mode shapes will be found for

different values of “z” by using these constants.

Table 3.13. Exact natural frequencies for FGM beam, using elasticity theory.

L/h 20 10 5
n 1 3 5 1 3 5 1 3 5
0,00893 | 0,07795 | 0,20497 | 0,03530 | 0,28538 | 0,67918 | 0,13516 | 0,90212 | 1,85277
0,21179|0,63454 | 1,05460 | 0,42338 | 1,26295 | 1,76117 | 0,84503 | 1,92887 | 2,49016
_ 0,55681 | 0,96443 | 1,24508 | 0,78745 | 1,36391 | 2,45257 | 1,11363 | 2,90299 | 3,66944
\E/ 0,71326 | 1,32485 | 1,29714 | 0,81733 | 1,41712 | 3,40277 | 1,13311 | 3,67621 | 4,74260
g 1,26934 | 2,68590 | 1,46068 | 1,28994 | 1,60791 | 4,50087 | 1,37701 | 4,50523 | 4,82574
E 2,60600 | 4,73453 | 2,83432 | 2,63647 | 2,92917 | 5,91537 | 2,75253 | 6,14326 | 7,13686
:% 4,83398 | 5,22375 | 4,63721 | 4,78691 | 4,59607 | 7,55695 | 4,68378 | 7,57213 | 7,76168
W |5,08512|7,54838 | 5,39989 | 5,14687 | 5,49558 | 9,76948 | 5,30891 | 9,89271 | 10,3736
7,54940 | 9,49227 | 7,54730 | 7,54898 | 7,54725 | 10,1202 | 7,54775| 10,1539 | 10,5149
9,46614 | 10,0547 | 9,54357 | 9,47598 | 9,57814 | 12,6350 | 9,51486 | 12,6735 | 12,9128
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3.5.3 Beam Theory

In the present thesis, free vibration of simply supported FG beams using
classical beam theory (CBT) and parabolic shear deformation beam theory (PSDBT)
and first order shear deformation beam theory (FSDBT) will also be given from the
literature (Aydogdu and Taskin, 2007). Governing equations of FG beam for free
vibration problem were found by applying Hamilton principle and Navier type
solution method was used to solve vibration problem.

The state of stress in the beam is given by the generalised Hooke's law as

follows:
S X = Qll ex ’ t Xz = QSS gxz (3267)

where Q; are the transformed stiffness constants in the beam co-ordinate system and

are defined as

_ E(@
EEE

e

Qu T 2(1+Vv?)

(3.268)

Assuming that the deformations of the beam are in the x-z plane and denoting the
displacement components along the x, y and z-directions by U, V and W [Timarci
and Soldatos, 1995]:

U(x,zt) =u(xt)- zw, +F (2)u,(x,t)
V(xzt)=0 (3.269)
W(X, z,t) = w(x,t)

It may be noted that u and w denotes the displacement of points on the bottom
surfaces of the beam, and not points in the mid-plane. u, is an unknown function

that represents the effect of transverse shear strain on the beam bottom surface, and
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F represents the shape function determining the distribution of the transverse strain
and stress through the thickness.

Classical beam theory is obtained as a particular case by taking the shape
function as zero. Although different shape functions are applicable, only the ones
which convert the present theory to the corresponding parabolic shear deformation
beam theory (PSDBT) and first order shear deformation beam theory (FSDBT) are
employed in the present thesis. This is achived by choosing the shape function as

follows:

CBT :F(2) =0
FSOBT: F(2) =z (3.270)
PSDBT :F(2) = z(1- 42°/3h?)

The displacement equations yields the following kinematic relations:

ex = u,x - ZVV,XX +F (Z) u1,x
| (3.271)
gxz = F (Z)ul

where a prime denotes the derivative with respect to z and “x” represents the partial
derivative with respect to x. By substituting the stress-strain relations into the
definitions of the force and moment resultants of the theory given in [Soldatos and
Timarci, 1993] and using the notation given by [Soldatos and Sophocleous, 2001],
the following constitutive equations are obtained:

6NC U éA; B BY Udl, U
Ccd_Cc e pa UE u
eM,u=8eB; D, D oé& WU (3-272)
é l:l é a a aalj’\ l:l
éMflj éBll Dy Dy Géhx
Q= Aiu, (3.273)
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The extensional, coupling and bending rigidities appearing in Eq. (3.272) are,
respectively, defined as follows:

A= C‘Qn dz
(B, Bi) = Rulz F(2]dz (3.274)

h
(D, D5, D) = Rulz’, 2F (2).F *(9)]dz
0

Moreover, the transverse shear rigidity appearing in Eq. (3.273) isdefined according
to

A5 =R F'(2)dz (3.275)

It should be pointed out that the extensional A/, coupling Bj; and bending
D,; rigidities are the ones usually appearing even in the classical beam theories.
Among the additional rigidities in Eq. (3.272), the one denoted as B;] is considered

as additional coupling rigidity while the ones denoted as D, and DT are considered
as additional bending rigidities.

Upon employing the Hamilton’'s principle, the three variationally consistent
equilibrium eguations of the beam are obtained as:

ox =(FoUHT o U= T3 W,)
MG = (MU T Uy FToW= T, W) (3.276)
Mex- Qe =(MoUtrpl - 1y W,),
Here, , denotestime derivatives and the r ’sare defined as:

89



3.MATERIAL AND METHOD Kerimcan CELEBI

r,=g@zdz (=012

(3.277)
h
=0 (@2 F](2dz, (j=0Lm=12)
where r (2) =, Expll E] . The force and moment components are
h
(N, M) = ,L2dz
0
h
QA =0.F'(9dz (3.278)
0

h
M:=c,F(9dz
0

Here, the appearance of the higher order moment M ? and the transverse shear force
resultant Q7 in EQ.(3.278) is due to the particular form of the displacement field

(3.269). In particular, the superscript “a” in these definitions is used only for a
distinction between higher order transverse shear resultants and the corresponding
conventional ones used in classical beam theory.

Moreover, the following sets of boundary conditions at the edges of the beam
are obtained by the application of Hamilton’s principle: at x=0,L.

Either u or N° = N prescribed,
Either w or M, =Q, prescribed,

- (3.279)
Either w, or M¢ = M x prescribed,

Either u, or M @ = M x prescribed,
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Here, the over-barred quantities appearing in the right sides of natural boundary
conditions denote prescribed force and moment resultants acting on the beam
boundaries .

The simply supported boundary conditions are
N, =w=M;=M?=0 (3.280)

Navier-type solutions to Eq. (3.276) that satisfy the boundary conditions Eq.
(3.280) can be expressed in the form of

u=A cos[%]s‘n[b {]
Lu =B cos[ﬁLX] sn[b 1] (3.281)
w=C, sin[%]sin[ b t]

where “n” is the wave number in the x direction and A ,B, and C 6 are

undetermining coefficients. Inserting Eq. (3.281) in Eq. (3.276) leads to following

problem.
Ku K Ky ||A
Ka Kz Ky ||By|=0 (3.282)
Ka K Ky |G,

in which K; represents costants which includes b . For finding free vibration
frequencies, the determinant of constant matrix K; is set equal to zero.

Table 3.14 shows the fundemental natural frequencies for FGM beam with
v=0.3, r , =2707kg/m*,E, = 70GPa, L/h=5,10,20 and n=1,3,5.
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Table 3.14. Natural frequencies for FGM beam from beam theories.

n L/h CBT FSDBT PSDBT ET
5 0,141475 0,137088 0,141107 0.13516
1 10 0,035745 0,035446 0,035720 0.03530
20 0,00896 0,008941 0,008959 0.00893
5 1,151350 0,966028 1,134500 0.90212
3 10 0,312914 0,293397 0,311228 0.28538
20 0,08007 0,078611 0,079949 0.07795
5 2,737690 2,061590 2,681100 1.85277
5 10 0,825849 0,718196 0,816126 0.67916
20 0,219342 0,209255 0,218483 0.20497

The result from Elasticity Theory (ET) corresponding to “m” and “L/h”

values used in beam theories are also included for comparison purposes.

92




4. RESULTS AND DISCUSSIONS Kerimcan CELEBI

4. RESULTS AND DISCUSSIONS

For non-uniform rods and heterogeneous rods, the end-point displacements
will be calculated using the various methods outlined in previous sections and the
results will be compared to assure the efficiency of the Laplace transform method as
it is applied to the particular problem on hand.

The results are presented graphically using the following analyses for each
loading type:

Al (MSM): The resulting end-point displacement equations summarized in Table-
3.10to Table-3.12 are used directly.

A2 (DURBIN): Inverse Laplace transformation of the end-point displacement
expressions given in Table-3.4 to Table-3.6 are obtained. Durbin’s Inverse
Transform Method is used to obtain the values in the time domain

A3 (RESIDUE): The numerical results obtained from Residue theorem summarized
in Table-3.7 to Table-3.9 are used directly.

First ten frequencies have been taken in the calculations. Figs. 4.1 - 4.27
show the results for given variations subjected to dynamic loads
Pt)=P,@-codgt]), RP(t)=PRad P(t)=P@1- %), respectively. A g
value of 0.6 has been used throughout. Increasing a causes an increase in
displacement. In all loading cases, for a=2, a noticeable difference was present
between the exact and MSM results. To achieve the accuracy of the exact results, up

to a hundred frequencies were needed in MSM.
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Figure 4.1. End Displacement for the form sin’[ah +b] under P, ) = P,, a=0,
m=10.
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Figure 4.2. End Displacement for the form sin’[ah +b] under P, ) = P,, a=1,
m=10.
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Figure 4.3. End Displacement for the form sin’[ah +b] under P, ) = P,, a=2,
m=10.
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Figure 4.4. End displacement for the form sin®[ah +b] under
P(t)=PR,@1- codgt ]), &0, m=10,g =0.6.
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Figure 4.5. End displacement for the form sin’[ah +b] under
P(t)=PR,@1- codgt ]), a1, m=10,g =0.6.
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Figure 4.6. End displacement for the form sin®[ah +b] under
P(t)=PR,@1- codgt ]), &2, m=10,g =0.6.
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Figure 4.7. End displacement for the form sin®[ah +b] under
P(t)=P(- &%), a0 m=10,g=0.6.
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Figure 4.8. End displacement for the form sin®[ah +b] under

R(t)=PR@1- e%), a1 m=10,g=0.6.
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Figure 4.9. End displacement for the formsin®[ah +b] under
R(t)=PR@1- e%), a2 m=10,g=0.6.
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98



Al
A2
—+— A3

X

R, , &1, m=10.

50

Kerimcan CELEBI
30 40

20

10

o« o o Q!QRQ!Q¥

1.2
08 -

0,6
04 13
02 |2

Figure 4.11. End displacement for the form (1+ah)*under P, (t )

4. RESULTS AND DISCUSSIONS

o o o

,’!,," € & o o e [ 3 ”’*.’
T T T T ! ,ﬂ!ﬂf
© o) ~. ® S S °
S © o© o o© ©°

50
R, , &2, m=10.

30 40
99

20

10

Figure 4.12. End displacement for the form (1+ah)*under P, (t )



4. RESULTS AND DISCUSSIONS

Kerimcan CELEBI

2,5
2 | n
1,5 A
H x Al
14 2 H l o A2
> ? 1
H 2 ; + A3
* : .
05 2 3 H
’ i ;% i} \
® . s 2
: ; ¥
O j I I = I
0 2 30 40 50
-0,5
Figure 4.13. End displacement for the form(1+ ah)? under
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Figure 4.14. End displacement for the form (1+ah)? under
P(t)=PR,@1- codgt ]), a1, m=10,g =0.6.
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Figure 4.15. End displacement for the form (1+ah)? under
P(t)=PR,@1- codgt ]), &2, m=10,g =0.6.
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Figure 4.16. End displacement for the form (1+ah)® under P,(t ) = P,(1- € %) ,
a=0, m=10,g =0.6.
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Figure 4.17. End displacement for the form (1+ah)? under P,(t )

a=1, m=10,g =0.6.
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Figure 4.18. End displacement for the form (1+ah)*under P,(t )

a=2, m=10,g =0.6.
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Figure 4.21. End displacement for the form e *" under P,(t ) = P,, a=2, m=10.
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Figure 4.22. End displacement for the form e *" under P,(t ) = P,(L- codgt 1),
a=0, m=10,g =0.6.
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Figure 4.23. End displacement for the form e *" under P,(t ) = P,(L- codgt ),
a=1, m=10,g =0.6.
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Figure 4.24. End displacement for the form e *" under P,(t ) = P,(L- codgt ),
a=2, m=10,g =0.6.
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m=10,g =0.6.

106



Kerimcan CELEBI

’fv\@\ﬁs

- AW

4. RESULTS AND DISCUSSIONS

»»

»
2<»
I T4 13 *ui
2,51 & ¥
; x Al
ng o A2
X
g +A3
1,5*&
1%
1 g
b4
0,5 2

30 40 50

10 20

o
O wevere

Figure 4.27. End displacement for the form e ®" under RPt)=P1-e%), a2,
m=10, g =0.6.

In numerical analysis, fundemental frequencies of FG beams with clamped-
free support are given in tabular form for different values of slendernessratio (L/h=>5,
10, 20) and wave number (n=1,3,5). Assume that the FG beam is a mixture of two

materials and material properties were chosen as follows:

E,=70GPa , v, =03 , r,=2707kg/m’

E, =380GPa , v, =0.3 , r, =14695kg/m’
For the given material properties E, /E, =1 /1.
The results are presented graphically using the following analyses for each

L/h ratio and wave number (n).

B1: Elasticity solution (ET)
B2: Classical beam theory (CBT)
B3: First order shear deformation beam theory (FSDBT)

B4: Parabolic shear deformation beam theory (PSDBT)
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Figure 4.28. Variation of the fundemental frequency of FGM beam with L/h ratio for
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Figure 4.29. Variation of the fundemental frequency of FGM beam with L/h ratio for
n=3
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Figure 4.31. Variation of the fundemental frequency of FGM beam with n for
L/h=5
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Figure 4.32. Variation of the fundemental frequency of FGM beam with n for
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Figure 4.33. Variation of the fundemental frequency of FGM beam with n for
L/h=20
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Figures 4.28 - 4.33 show the fundemental frequencies of FG beams for

different values of slenderness ratio and wave number. As it seen from the figures,

L/h ratio is more effective for higher modes. The differences between analysis are

increasing with increasing mode number and decreasing L/h ratio.

In Figure 4.34, the first, third and fifth flexural mode shapes of FGM beam
using elasticity theory are shown for different L/h ratios. It is clear that mode shapes
are affected by the variations of L/h ratio.
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Figure 4.34. Flexural mode shapes at the bottom surface and upper surface of the

FGM beam.
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5. CONCLUSIONS

Closed-form solutions for free and forced vibration analyses of a non-uniform
rod and heterogeneous rod have been performed using Laplace transform technique.
The problem is solved in the Laplace domain and the inversion into the time domain
is done exactly by the residue theorem and modified Durbin’s inverse transform
method. The numerical results obtained from Residue theorem and Durbin’s inverse
transform method are compared with those from Mode Superposition Method
(MSM). It is seen that when use of first ten frequencies in the analytical solutions
gave six-digit accuracy, for certain cases, up to a hundred frequencies were needed in
MSM. In addition to their efficient use, exact solutions give adequate insight into the
physics of the problem. In optimization problems using closed-form solutions will
greatly reduce the solution time. The inhomogeneity parameter “a&’ used in rod
models is found to be effective in the response of the material such that increasing
the inhomogeneity parameter consistently caused a decrease in the amplitude of
displacements.

Free vibration analysis of FG beam has been performed using elagticity
analysis and beam theory. The advantage of using elasticity theory is, since the beam
is modelled as a continuum, infinitely many frequencies may be obtained. But in
beam theories, only limited number of natural frequencies are obtained. Figure 4.28-
4.33 show the variation of the fundemental frequencies of FGM beam. The most
important observation is the fact that the frequencies are increased when the value of
L/h decreased or value of n increased. The difference between the frequencies of CBT
and those of the other higher-order beam theories and elasticity solution is
significiant when L/h<20. The results of the higher-order beam theories and elasticity
solution are very close to each other when L/h>20. The difference between the
results increases with increasing value of n and decreasing value of L/h.

Also similar situation is valid for mode shapes; the difference between the
mode shapes of upper and lower surfaces increases with decreasing L/h. For long

slender beams, there is no variation through the thickness. In short and thick beams,
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however, the flexural mode shape for top and bottom surfaces are different. Because
of this, for short and thick beams, beam theory should not be used.
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APPENDI X A.
Fast Fourier Transforms

The Fast Fourier transform, which allows very efficient and accurate
evaluations of the discrete Fourier transforms, is based on an algorithm developed by
Cooley and Tukey. Since the algorithm is used in exactly the same way in evaluating
both the direct and inverse FFTSs, let us now consider only the direct FFT, namely

'\(I'J-l _i2p nm
A,°PN=Q p,e " , n=123....,(N-1) D
m=0
in which p, denotes p(t=t ). In the present work, p, corresponds to

f (t.)e *from Equation (3.99). A straightforward evaluation of this summation for

al values of n requires N? complex multiplications. This number would be
prohibitive for most practical solutions requiring large values of N, say N>1000, thus
providing the incentive to develop the FFT algorithm.

The FFT algorithm based on letting N =2° where g is an integer. In this

case, each value of n and m in their common range from zero to N-1 can be

expressed in terms of binary coefficients as given by

n=2"'n_, +29?n _, +...+n,
@)
m=2"'m,_; +29%m , +...+m
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in which each binary coefficient is either +1 or O depending upon the particular value

2p

of n or m being represented. Using these relations and lettingW,, °© e'i N, Equation
(1) can be expressed as

LY (L ,no):é: a . & Po(My 1My e MW 3)

Note that each coefficient A, for n=0,1,2,....,N-1 is represented by

A(ng_l,ng_z, ..... ,N,) and each load ordinate p, for m=0,1,2,.....,N-1 is represented

the multiplier of the W™ term in the first summation. The reason for introducing

this addition to the notation will become apparent as the algorithm develops.

Consider now the term W™ of Equation (3) in the form

W,\Tm :W£29'1n9,1+29'2ng,2+ ..... +Nng) (2% Tmg . 429 % mg , 4. tmg) (4)
Making use of W™ =W2W}?, this equation can be modified to
waom _W(Zg’lng>1+29’2ng>2+ ..... +ng) 2" "tmg o q)
N - N
*W(Zg ng 1429 2ng 4 +ng) (297 2 my )
(29 'ng ;429 %Ny ;4. +ng)mg
Wy (5)

let us now examine each individual W, term on the right hand side of this equation

separately. The first term can be written
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29(29°2ng.amy-1) e ypg 20 (20 %0y ,mg-1) o
:WN 9 WN .....

29(2n, m,_,) 29-Y(nym,_,)
w2 ) gy 2

-W 2971 (n, Mg.1)
- N

(6)
since each W, term of the form
. N (int eger )
. é -2y
WNZQ(Imeger) = ee N G =1 (7)
é a
writing the second term similarly and making use of Equation (7), one finds that
(29 Yn, ;+29 2n, ,+..+ng)(2' " 2m,.,) _ 29°2(2n,+ngy)m,.
WN g-1 g-2 0 g-2 - N 1 0 g-2 (8)

This pattern continues up to the last term which has no cancellations due to Equation
(7); therefore, it must remain in the same form shown in Equation (5).

After substituting all W, terms, except the last, in their reduced forms,
Equation (3) becomes

1 1 1
_ o o o * 59-1(no Mg 1)
A(Ng.1, Ny 5 Ne) =A@ @A v a Po(my ,my 5y, My)* Wy
me=0 m=0 my.1=0
29-2(2n1+n0)mg_2 * * (29-1n -14—29-2n -2+ .. +n )mO
*W e TW o o 0
(9)
Carrying out all summations in this equation in succession gives
c)1 29-1(NoMg-1) o
a po(mg_l,mg o yeeeesy My )W pl(no,mg o yeeeesy M)

my.,=0
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29-2(2ﬂ1+”o)mg-2

1
QA P (Ng, My e, M)W, © Py (Mg Ny My gy M)

my. =0
01 (29-1ng_1+29-2n " +n )m
a pg—l(n01n11----, ng_z,mo)WN l-2 7 0 0
my=0
_A(ng-l’ng-zv ..... y no)
(10)
these recursive equations, leading to the desired result A(Ng ;,Ny 5,y Ng)

represent the Cooley-Tukey algorithm used in modern FFT analysis. They are
extremely efficient due to the fact that each summation is used immediately in the
next summation. The fact that the exponential has unit value in the first term of each
summation and that W™ =-W]™"'? adds to the efficiency. The reduction in
computational effort which results from the use of Equation (10) is enormous when

the time duration T, is divided into a large number of intervals. For example, when

N=1024 (g =10), the computer time required by the FFT to obtainall N A -valuesis

approximately 0.5 percent of the time required to obtain the same values by direct
use of Equation (1). Not only isthe FFT extremely efficient but it is very accurate as
well, thus making the frequency-domain approach to the dynamic- response analysis
of structures very attractive indeed.
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APPENDIX B

1. Residue Theorem

Consider the counter integral
| =g f(2dz «y

where f has a finite number of singular points within C, and each of them is
isolated. We do not permit singularities on the contour C, and whether or not f

has singular points outside C will not be relevant.
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Figurel. Deformation of countour.
For definiteness, suppose that f has two isolated singular points within C , z

and z , as showb in Fig. 1a. Using Cauchy’ s theorem to deform the countour into
C; and C; (fig. 1b), we have

I :Q f(2)dz :Q f(z)dz+@‘2: f(2)dz 2

To evaluate the latter two integrals, which we denote as |; and I, respectively,

expand f in Laurent series
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¥
f(2)= & cn®(z- z)"in0<|z- z|<ry (3a)

n=-¥
and
s
f(2)= & cn@(z- 2p)"in0<|z- zp|<r (3b)
n=-¥

and be sure that C; is small enough to fit entrirely within the

0<|z- z7|<rqannulus, and that C; is small enough to fit entrirely within the

0<|z- zp|<r 7 annulus. The (3a) holdsonC; and (3b) C, , so we can re

express (2) as
Y : 1 2
=9 AP )"+ &P (z- 2)"dz=2pic +2picf) (@
‘n=-¥ ‘n=-¥

where the last step follows our “important little integral”. Understand that (3a)
and (3b) are two different Laurent series- of the same function of f(z), but about

z and z , respectively. Hence, their coefficients are in general different, and we
denote them as cgl) and CEF) , respectively.
Observe that of the infinite number of terms in the C; integral, only n=-1 term

survives and contributes to the answer its contribution being 2pic_(1%; similarly

for the C, integral. Thus, the surviving coefficients in (4) c(l% and c_(zl), are
called the residues of f(z2 a z and z ,and we have found in (4) that

| = Q f(z)dzisequal to2p i timesthe sum of the residues.

The foregoing derivation is attractive in its directness, but it does beg
justification of the termwise integration of two Laurent series, expressed by the
equality (4). With n=-1, that equation gives, immediately,
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AY

Q f(2)dz=2pi ¥ and Q f(2dz=2i c? 5)

In agreement with the result obtained above.Surely the same method appliesif C
contains any finite number of isolated singular points so we can state the residues

theorem:

Let C be a piecewise smooth simple closed curve oriented counterclockwise, and
let f(2) be analytic inside and on C except at finitely many points isolated z,.....,

z within C. If c_(jl) denotesthe residue of f &t z , then

k .
& f(dz=20i § et (6)
1 J:l
That is, the integral equals 2pi times the sum of the residues of f within C.

Again, by the residue of f at z we mean the c_(jl) coefficient in the Laurent

expansion

0)
f9= acy(z-z)" (7)
n=-¥

of f about 7 , insomeannulus0<|z- zj|<r j-

Calculating residues:

a) Expansions

e22

Example: Find the Laurent series expansion of f(z) = 3
(z-1)

Singular at z=1

Let z-1=u ,z=u+l
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P N CL L A " ®)
u u u-f 2 2 i;

Substituteback ; z- 1=u
Residue: 2e2
27

@‘)(Ze_il)?jdz:ZpiZe2:4pie2 9)

b) Ratiosof Analytic Functions:

If f(2)= P2) where P and Q are both analytic with no common factors, then

Q(2)
the function is not analytic at zeros of Q(2).

Suppose that Q(2) has asimple zero a z=a.

_P(@)+P(a)(z- a)+.... _ P(a)/QYa)

f(2) (10)
Q(a) +Q%a)(z- a) +..... (z- a)
. P(a)
Resdue,—5 = 11
=2 = 5qa) (11)
i . 1+z2
Example: Find theresidues of f(z) = 3
z2°-1
2 =1=e®" =cosp k+isnp k k=021
Singularities are at 20ki
2==¢ 3
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k=0b a =1 i
|
2pi
k=1p a, =e? —cos(2p )+|sm(2p)—-%+|§;/8|ngular points (12)
|
_2p| [
k=1p a,=e 3 cos(—)+|sm(@ —-%- gb
P(2) =1+ 22§l 1+a2
5 y(Res)z=4 = > =-(1+—=)
Q%2 =3z° p a a

1 2
Res),—q ==(1+1) =—
( )z—l 3( ) 3

Api
1 - 1.1 .43
2pi = — 3 =—(—x| —
(Res)zzei? 3(1+e ) 3(2+| 2)
2
1 2 1.1 .43
o;—zl pi(S +3 (—+|—)
2 -

¢) Residue of aPole

D> D~

1 dm 1
(ReS)z=a = I & - Bl g {(z a)mf(z)}J

If m=1it'scalled asimple pole. m= Pole of order.
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Example:

e’ cosz
2z-p)®
z=0 m=1
z=p m=3

Find theresidue of f(z) =

Singularities are at

z=0m=1

. .1d° _ _ e*cosz 1 (18)
(Res) :“gg[ad {2z ==
z L dz”~ z(z- p) p

2=p,m=3
1 d? 5 €7C0Sz (19)

{(z-p)

N=S0- )
p

(Res),., =lim[ 2z p)? 0

@p' 2 dz?

. e‘cosz

dz=2pif- —+% - Ly (20)
2(z- p) P p’ p

Determining the points, Singular point or Branch Point

The displacement equation of sinusoidal rod under cosinus type force is

Pg’ F
y= 9 (p)

“EAsna+h] p(p’ +g7)G(p) ()

where

F(p)=sin[ya®- p*] (22)
G(p)=+a*- p®> Sna+b]coga’ - p?]- acoga+b]sin[ya®- p*] (23)

If same value of y(p) are obtained by successively encircling p=0 and

p=zig,wecal p=0 and p=zig are singular points, otherwise they are
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branch points. In order to keep the function single-valued, we set up an artifical
barrier such as OB where B is at infinity. This barrier is called a branch line-cut
and point “O” is called a branch point. But in our solutions, these points are

singular points.

For p=0, we assume that
p=re€"
! (24)

then we have

Pg’ sn[/a® - r?e’'%]

EA Snfa+b] r, e%(r,e% - ig)(r,€* +ig)

1
Ja’- r7e*® cog/a’- r?e”*]dn[a+b] - acoda+b]sn[a’- r’e**]

y(p) =
(25)

As q increases from q , to q ,+2p , which is what happens when one complete

circuit counter clockwise around the origin is made, we find

Pg’ sn[/a*- r”e”"]

EA sinfa+b] r,e®e® (r,e%e®™ -ig)(r,e® e’ +ig)

1
\/az - r2e?%e*! cog,/a’ - r?e?“e® |sinfa+b]
- acoga+b]sin[y/a® - r2e”%e*']

y(p) =

(26)

where e*' =e*' =1, Equation (26) is equal to Equation (25). Thus there is
actually only one branch to the function, and so p =0 can not be a branch point.

For p=ig, we assume that

131



p-ig=re"

27)
then we have
() = Pg? sin[\/az- 2e”% - 2igre® +g°]
AP T E R sniarb] (,e" +ig)(,e®) (e +2ig)
1 (28)

\/az- r2e”% - 2igre™ +gzcos[\/ a’-r2e”% - 2igre® +g?Jsn[a+b]

- acos[a+b]sin[\/az - r2e’® - 2igre® +g°]

As q increases from q , to q ,+2p , which is what happens when one complete

circuit counter clockwise around the origin is made, we find

o Rgsn[a e aigree )
ip= EA snfa+b] (r,e%e* +|g)(r1 e“e™)(r,e“e™ +2ig)
1
\/az _ rlz g2t _ i gr, gl g +92 (29)
cos[\/a 2e?%e® - 2igre®e® +g?]snfa+b]

= acoqa'i' b]sn[\/a.2 _ r12 eZiq1e4Di - 2igr1eiche2pi +92]

where e*' =e*' =1, Equation (29) is equal to Equation (28). Thus there is
actually only one branch to the function, and so p=ig can not be a branch

point.

For p=-ig, weassume that

p+ig=r€e* (30)
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then we have

() = Pg’ sin[\/ a’-r2e”m +2igre®™ +g°]
A= EAsinfa+b] (r,e®-ig)(r,e® - 2ig)(r,e")
1 (31)

\/az -r2e®% +2igre® +g? cos[\/ a’-r2e’% +2igre* +g®lsnfa+h]

- acoga+ b]sin[\/az - r2e’® +2igr,e® +g°]

As q increases from q , to q ,+2p , which is what happens when one complete

circuit counter clockwise around the origin is made, we find

( )_ |:>Og2 S'n[\/az _ r12 eziq1e4pi +2igrleiq1e2pi +gz]
o EA sSnfa+b] (r,e%e®' - ig)(r,e“e®' - 2ig)(r e e®")
1

\/az _ r12 e2hg®i 4 o g rleiqleZpi +92 (32

cody a2 - r2e?%e®! +2igr,ee® +g®]sinfa+h]

- acoda+h]sin[,/ a?- r2e?%e® +2igre%e® +g?]
where €' =e*' =1, Equation (32) is equal to Equation (31). Thus there is

actually only one branch to the function, and so p=-ig can not be a branch

point.
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