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Subscript

bh

: Cross-sectional area of the pipe, m?

: Formation volume factor, m3/sm?

: Isothermal compressibility, Pa*

: Wellbore storage coefficient, m*/Pa
. Specific heat capacity, J/kg-K

: Pipe inside diameter, m

. Friction factor, unitless

: Reservoir thickness, m

. Specific enthalpy, J/kg

: Effective permeability, m?

: Wellbore Length, m

: Mass of fluid per unit depth, kg/m

: Mass of wellbore system per unit depth, kg/m
: Stehfest Parameter, unitless

. Pressure, Pa

: Volumetric flow rate at standard conditions, sm®/s
. Radius, m

: Reynolds number, unitless

: Skin factor, unitless

:Time, s

: Temperature, K

: Overall heat transfer coefficient, J/s.m?.K
: Vector of velocity, m/s

: Laplace variable

: Mass rate, kg/s

: Gauge location from top of the formation, m
: Thermal diffusivity constant, m?/s

: Thermal expansion coefficient, K

: Joule-Thomson expansion coefficient, K/Pa
: Porosity, fraction

: Thermal conductivity, J/m-s-K

. Viscosity of fluid, Pa.s

: Density, kg/m?

: Acentric factor, unitless

: Pipe roughness, m

: Unit-impulse response

: Wellbore
. Initial conditions
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MODELING AND INTERPRETING TRANSIENT WELLBORE
TEMPERATURE BEHAVIORS IN WELLBORES UNDER
NONISOTHERMAL SINGLE-PHASE LIQUID FLOW CONDITIONS IN OIL
RESERVOIRS

SUMMARY

Currently, the transient temperature data can be useful to predict reservoir and
wellbore parameters. With developing technology, temperature sensors can
recognize small temperature changes like 0.01 K or less; thus, resarchers use
transient temperature data for parameter estimation in reservoir or wellbore. Near
wellbore zone, parameter estimation from the transient pressure data is difficult
because the pressure changes hastily near wellbore zone. Generally, it is assumed
that fluid flow is isothermal in the reservoir although it is nonisothermal. There are
some factors which cause thermal changes in reservoir as J-T coefficient, adiabatic
expansion or compression, convection and conduction. So, the heat flow model
should be used to model and interprete wellbore temperature data.

In this work, the transient wellbore temperature distrubitions in wellbores are
modeled and interpreted under nonisothermal single-phase liquid flow conditions for
oil reservoirs. By using mass, momentum and energy balance equations, the
temperature behaviors are obtained for transient and steady state conditions in
drawdown and buildup periods. Then, the analytical solutions are coupled with
sandface pressure and temperature solutions derived by Kocak (2017) in Laplace
space.

Derived equations in the solution of analytical model are conventional wellbore
storage (WBS) model equation by using mass balance, momentum equation, and heat
flow model equation. These equations provide transient and steady state wellbore
temperature distrubitions in drawdown and buildup. With these distrubitions, the
effects of various parameters on sandface and wellbore temperature can be

investigated. Also, the parameters such as permeability, skin, J-T coefficient, earth

XXi



thermal conductivity can be estimated from transient wellbore temperatures along
with transient wellbore pressure data.

All of equations derived in this work provide transient temperature data for single
phase and slightly compressible fluid for a vertical wellbore in drawdown and
buildup periods, for nonisothermal conditions. These data can be used to estimate
reservoir and fluid properties, but drawdown temperature data is more crucial due to
exhibiting discernable flow regimes. Also, we can not see any distinguishable flow

regimes in buildup temperature behaviors.
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PETROL REZERVUARLARINDA TEK-FAZLI SIVI AKISI
KOSULLARINDA KUYUICI KARARSIZ SICAKLIK DAVRANISLARININ
MODELLENMESI VE YORUMLANMASI

OZET

Gliniimiizde, kararsiz sicaklik verilerinin kullanimi kuyui¢i ve rezervuar
parametrelerinin  belirlenmesinde Onemli bir yer almistir. Sicaklik verilerini
belirlemek icin hassas Olclimler yapan aletlerin gelistirilmesi kararsiz sicaklik
analizleri i¢in 6nemli bir gelisme olmustur. Kuyuigi civari parametrelerin tahmininde
kararsiz basin¢ analizinin yetersiz kaldig1r goriilmiistiir. Bu sebeple, kirlenme zonu
faktorii ve kirlenme zonu yari ¢api gibi parametrelerin belirlenmesinde arastirmacilar
kararsiz sicaklik analizini kullanmaya baslamistir. Rezervuardaki akis izotermal
degildir ve rezervuarda sicaklik degisimine sebep olan bazi 6nemli 1s1 transferi
mekanizmalart vardir: Joule-Thomson ektisi, 1s1 iletimi ve yaymimi, adyabatik
genlesme/sikilagsma. Sicaklik verilerini modellerken bu 1s1 transfer mekanizmalar
kullanilmaktadir.

Bu calismada, petrol rezervuarlari igin izotermal olmayan tek fazli sivi akis
kosullarindaki kararsiz kuyui¢i sicaklik davranislari incelenmistir. Kararsiz ve kararh
akis kosullarinda sicaklik dagilimlart elde edilirken kiitle, momentum ve enerji
denklemleri kullanilmigtir. Elde edilen analitik modeller Kocak (2017) tarafindan
Laplace uzayinda ¢oziilen kuyudibi basing ve sicaklik ¢oziimleri ile birlestirilmistir.

Is1 transferi mekanizmalar1 kullanilarak analitik olarak tiiretilen denklemler sunlardir:
Konvensiyonel kuyui¢i depolama denklemi, mometum denklemi, 1s1 transferi
denklemi. Bu denklemler ile iiretim ve iiretim kapama donemleri i¢in kararli ve
kararsiz kuyuigi sicaklik dagilimlari elde edilir. Elde edilen sicaklik dagilimlar
rezervuar ve kuyui¢i parametlerinin kuyudibi ve kuyuici sicaklik degisimleri
tizerindeki etkilerinin  gorlilmesini  saglar. Dahasi, kirlenme zonu faktori,
gecirimlilik, J-T katsayzisi, 1s1l iletkenlik gibi parametreler tahmin edilebilir.

Calismada ilk olarak kiitle korunum denklemi kullanilarak konvensiyonel kuyuigi
depolama modeli elde edilir. Bu model elde edilirken, 1 boyutlu ve tek fazli petrol
akiginin oldugu, rezervuar ve 1s1l parametrelerinin sicaklik ve basing ile degismedigi,
kuyunun rezervuara dik oldugu ve yer¢ekimi etkilerinin ithmal edildigi kabul edilir.
Ayrica, model tiiretilirken izotermal sikistirilabilirlik ve izobaric 1s1l genlesme
katsayilarinin tanimlar1 kullanilir. Kuyu kesit alanmin sabit oldugu kabul edilir.
Kiitle korunumu modelinde momentum korunumu ihmal edilir. Daha sonra, basing
kuvvetlerini, siirtinme kayiplarin1 ve yergekimi etkilerini iceren momentum
denklemi yazilarak momentum modeli elde edilir. Siirtlinme kayiplarini elde etmek
i¢cin Darcy-Weishbach siirtinme denklemi kullanilir. Bu denklemde 6nemli olan ters
akisa izin vermek i¢in hizin karesini yazarken mutlak deger kullanmaktir. Kiitle ve
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momentum korunumu denklemleri elde edilirken Mansori (2015) nin yaklasimi takip
edilir. I¢ ve dig simir kosullar1 kullanilarak Laplace uzayinda elde edilen denklemlerle
basing ve akis hizi1 profilleri elde edilir.

Kullanilmasi gereken diger 6nemli model kararsiz kuyuigi 1s1l enerji denkleminin
tiiretilmesidir. Bu modelin tiiretilmesi Hasan ve Kabir (2005) tarafindan verilir.
Ancak buradaki tek fark, onlarin ¢alismasinda kullanilan derinlik koordinati z,
kuyubasindan kuyudibi yoOniine dogru pozitif iken bu ¢alismada kuyudibinden
kuyubast yoniine dogru pozitiftir. Isil enerji denkleminin tiliretilmesinin baslangic
noktasi enerji korunumu denkleminin yazilmasidir. Enerji korunumu denklemi bazi
Oonemli parametreleri igerir: Entalpi, kiitle hizi, derinlik. Formasyondan alinan veya
formasyona verilen 1s1 tanimindan yararlanilarak kuyui¢i 1s1 akis modeli
olusturulmaya c¢alisilir. Ayrica, Sagar (1991) tarafindan tiiretilen 1s1 transferi
katsayisi denklemi ve Hasan ve Kabir (1994) tarafindan tiiretilen boyutsuz 1s1
transfer fonksiyonu kullanilir. Calismanin tiimiinde jeotermal gradyan 0.03 K/m
olarak kullanilir.

Bu 1s1 transfer mekanizmalar1 ile iiretim ve iiretim kapama donemleri i¢in oncelikle
kararsiz kuyuici sicaklik sonuglarina ulasilir. Daha sonra kararli kuyuici sicaklik
sonuclarina ulagmak i¢in kararsiz kuyuigi sicaklik denklemlerinde zamanin sonsuza
gittigi varsayimi yapilir. Ayn1 varsayim liretim kapama donemi i¢in {iretim kapama
zamaninin sonsuza gitmesi olarak ele alinir.

Kocak (2017) tarafindan elde edilen kararsiz kuyui¢i ve kuyudibi basing ve akis hizi
denklemleri ile c¢alismada elde edilen kararsiz kuyuigi sicaklik denklemleri
birlestirilir. Cozlimlerin sayisal ¢evriminde iki dnemli algoritma kullanilir: Stehfest
(1970) ve Crump (1976) algoritmalari. Crump algoritmasinin momentum ¢oziimleri
icin daha uygun oldugu grafiksel olarak gosterilir ve bu algoritma calismadaki biitiin
modellerin elde edilmesinde kullanilir.

Elde edilen kararsiz kuyuigi sicaklik denklemleri Onur ve Cinar (2016) 1n kullanmis
oldugu parametrelerle degerlendirilir ve grafiklerle gorsellestirilir. Oncelikle kuyuici
basing parametresinin kuyuici derinlik koordinati z ile degisim grafigi elde edilir.
Ayni grafik kiitle hiz1 parametresi icin de elde edilir. Tim bu grafikler farkh
kirlenme zonu parametreleri i¢in de degerlendirilir ve negatif kirlenme zonu
parametresinin kuyui¢i akis hizini artirdig, pozitif kirlenme zonu parametresinin ise
kuyuici akis hizini azalttig1 gbzlemlenir.

Kirlenme zonu parametresinin sifir oldugu kabul edilen durumda, kuyudibinden
kuyubagina dogru gidildikge kuyuigi sicakliginin formasyona verilen 1s1 sebebiyle
azaldig1 gozlemlenmistir. Formasyona verilen 1siin sebebi 6l¢ii aletinin bulundugu
derinlikte formasyonun daha diisiik sicakliga sahip olmasidir. Uretim doneminin geg
zamanlarinda Ol¢liim noktasindaki kuyuigi sicaklifi  kuyuicine giren sivinin
sicakliginin artmasiyla artar. Fakat, sabit Ol¢lim noktasi i¢in tretim kapama
doneminin ge¢ zamanlarindaki kuyuici sicaklig sabit ylizey sicakligina yaklasir.

Elde edilen kuyuigi sicaklik dagilimlarinin gesitli parametrelerle degisimi incelenir.
Bu incelemelerde farkli kirlenme zonu parametreleri kullanilir. Sabit 6l¢iim noktasi
derinliginde, tiretim ve iiretim kapama donemlerinde negatif ve pozitif kirlenme zonu
degerleri i¢in jeotermal gradyan arttik¢a kuyuici sicakligimin azaldigir gozlemlenir.
Isil iletkenligin sadece liretim doneminde minimum diizeyde etkisi oldugu iiretim
kapama doneminde ise etkisinin olmadigi gozlemlenir. Artan 1s1l iletkenligin
kuyuicinde sicakligi diisiirdiigli gézlemlenir. Diger bir inceleme iiretim akis hizinin
kuyuici sicakligr tzerindeki etkisini gozlemlemek icin yapilir. Akis hizinin
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artmasiyla kuyuici sicakliginin arttignr goriiliir. Ancak bu sicaklik artis1 Olglim
noktasinin kuyudibinden uzaklagmasiyla daha net anlagilir.

Calismanin tamamindan elde edilen kuyuigi sicaklik ve tiirevinin zamanla degisim
grafigi sonuglarm yorumlanmasinda kullanilir. Uretim donemi igin elde edilen
grafiklerden akis rejimlerinin belirlenebildigi ve bu akis rejimleri sonucunda
kirlenme zonu ve bu zonun disinda kalan bdlge icin rezervuar parametrelerinin
belirlenebildigi gézlemlenir. Ancak, iiretim kapama donemi i¢in elde edilen sicaklik
grafiklerinden akis rejimlerinin belirlenemedigi anlagilir.

Bu calismada tiiretilen biitiin denklemler izotermal olmayan kosullarda tek fazli sivi
akist igin kararsiz sicaklik verisi saglar. Bu veriler rezervuar parametrelerini
belirlemek i¢in kullanilabilir, fakat {iretim donemi sicaklik verisi akis rejimlerini
belirlemek i¢in kullanildigindan daha énemlidir.
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1. INTRODUCTION

1.1 Background and Literature Review

Recent studies show that like pressure data, transient temperature data can be used to
estimate the rock and fluid parameters. One of the main reasons that motivates the use
of temperature transient data is due to new upgradings in temperature-measurement
devices temperatures can now be measured with a resolution better than 0.01 K (Duru
and Horne 2011a; Al-Nahdi et al. 2014; Sidorova et al. 2015).

The studies in the petroleum and geothermal engineering display impressive heating
and cooling behaviours of sandface temperatures during constant rate drawdown and
buildup tests if there are the impacts of Joule-Thomson heating/cooling, transient-
adiabatic-fluid expansion/compression, conduction, and convection in the modeling.
Generally, temperature changes during fluid production are small compared with to
pressure changes; however, some temperature changes in the high-pressure-drawdown
conditions become more conspicuous. With the nonlinear-regression and sensitivity
analysis, it has been displayed that information regarding petrophysical properties such
as porosity and permeability could be inferred from the temperature-transient data
(Onur and Cinar, 2016).

The first classical study about analytical temperature equation for estimating steady
state wellbore temperature distribution along the wellbore was presented by Ramey
(1962). This work was for a vertical wellbore of an injection well under nonisothermal
flow. The Ramey (1973) analytical steady-state wellbore-temperature equation was
modified by Curtis and Witterholt for producing wells. Later, Alves et al. and Hasan
and Kabir have presented steady-state analytical equation for estimating wellbore

temperature changes in 1992 and 1994, respectively.

In the literature, “Hasan, Kabir and Lin” (1990) were the first to present an analytical
wellbore-temperature equation. Their study was to predict transient wellbore
temperature along the wellbore for drawdown and buildup tests under single-phase
fluid flow in the wellbore. After Hasan et al., “Izgec, Kabir, Zhu and Hasan’s (2007)

1



transient fluid and heat flow modelling, App’s (2010) nonisothermal and productivity
behavior of high pressure reservoirs, and “Duru and Horne”s (2010) reservoir

temperature transients modelling works are listed, chronologically.

In this study, the transient wellbore temperature behaviors in wellbores under
nonisothermal single-phase liquid flow conditions in oil reservoirs are modeled and
interpreted. The analytical equations developed in this study provide information
content of transient-temperature measurement made under single-phase flow of
slightly compressible fluid for a vertical wellbore across from producing horizon

during drawdown and buildup tests.

1.2 Problem Statement

Until now, pressure changes were modeled by researchers in order to understand
wellbore and reservoir characterization; however, researchers have not studied
sufficiently about transient temperature changes as a function of the gauge depth inside
the wellbore for both production and buildup periods during well tests because of lack
of analytical studies. In this study, we model and interpret transient wellbore
temperature behaviors as a function of gauge position in wellbores under

nonisothermal single-phase liquid flow conditions in oil reservoirs.

1.3 Objective of Research

The main goal of this study is to model transient wellbore temperature behaviors for a
single-phase liquid flow under nonisothermal conditions analytically. New analytical
and semi-analytical solutions depend on a coupled wellbore/reservoir thermal model
are provided to interrogate the transient temperature measurement information in the
vertical wellbore as a function of the gauge depth. This measurement is performed
across from producing horizon or at a gauge depth above it during drawdown and
buildup tests. Based on temperature-derivative and straight line methods, new
interpretation methodologies of sandface and wellbore transient temperature
information is investigated. Some considerations are slightly compressible, single-
phase, and homogenous infinite-acting reservoir system with skin effect. Also, Joule
Thomson heating/cooling, adiabatic fluid expansion, conduction, and convection

impacts are accounted for in the analytical solutions.



1.4 Significance of the Study

Like pressure data, transient temperature data provide many information about
reservoir characterizations. Until today, researchers have tried various methods in
order to analyze transient temperature data analytically or numerically. In this study,
we model analytically transient temperature behaviors in wellbore using mass and
momentum balance equations, and also compare results with RUBIS as Sui did in his

thesis. The significance of the work is that analytical steady-state and transient

1.5 Scopes of the Study

Main assumptions for wellbore are below:

- 1D radial flow, and single phase oil with irreducible-water saturation.

- Slightly compressible fluids (oil and water) are immiscible.

- Darcy’s Law governs fluid flow in each zone.

- Reservoir parameters and thermal properties of fluid and rock are constant, do
not vary with pressure and temperature namely.

- The well is vertical and fully perforated.

- The solid matrix which is rigid (zero velocity), oil, and connate water are in a
local thermal equilibrium (T, =T, =T, =T ).

- Gravity and capillary effects are ignored.

In this work, the subscripts o, w, s, r and t refer to oil phase, water phase, solid matrix,

effective rock, and total system properties, respectively.

1.6 Thesis Structure

Thesis structure can be defined as following steps:

In Chapter 2, a general derivation of conventional wellbore storage model including
changes of density and compressibility with p and T will be given, and then reduced
under certain assumptions. Also, a general derivation of mass and momentum balance

equations will be given with specific considerations.

In Chapter 3, derivation of transient wellbore thermal energy equation will be provided

using overall heat transfer coefficient, correlations for dimensionless heat transfer



functions, and earth geothermal gradient modeling. Then, transient and steady-state

wellbore temperature solutions will be derived.

In Chapter 4, the solutions in Laplace space for variable-rate case including constant-
rate and buildup periods derived by Kocak (2017) will be given as they are necessary
to compute transient wellbore pressure and temperature solutions given in this study.
Besides, it is stated that using the Crump algorithm for inversion of Laplace space

solutions inverted by using the Stehfest algorithm.

In Chapter 5, the behaviors of sandface and wellbore flow rate, pressure, and

temperature distrubitions will be investigated for production and buildup cases.

In Chapter 6, the impact of various parameters such as gauge location, production flow
rate, geothermal gradient, earth conductivity and diffusivity, and well length on

temperature solutions will be investigated.

In Chapter 7, we will provide some interpretation and analysis methodology for
predicting parameters such as permeability, skin, J-T coefficient, thermal conductivity
of earth and formation, etc from transient wellbore temperatures along with transient

wellbore pressure data.

In Chapter 8, conclusions of the study and recommendations for future work will be
present



2. WELLBORE MASS AND MOMENTUM FLUID FLOW MODEL
EQUATIONS

2.1 Conventional Wellbore Storage Model

Mass Balance Equation: In this section, a general derivation of conventional wellbore
storage model including changes of density and compressibility with p and T will be

given.

Here, we present the derivation of the mass balance equation by considering the flow
of a slightly-compressible fluid in a linearly elastic walls of a vertical pipe (see Fig. 1)
with a constant cross-section over the lengt of a pipe. Furthermore, we consider a small
control volume and assume that the flow is one dimensional. The radial velocity due

to expansion and contraction of the pipe wall is small and can be ignored.

wah(t)
pwh(t]
Wellhead : Tunt)
| z=L,,
Casing—_ |
Pipe internal _| L v
diameter, D h“
q*(z,t), p¥(z,t), T¥(z,1) f“h
hd
Zoouge | || |
Bottom
Hr?lr‘ 2=0
| aAt)
T PoAL) Non-skin zone
q(rt) Skin zone|[  *|ITAt)
p(r.t) Golt) h
Tir, 1) Porlt)
Tbh(t)
rs :—"’ w

o0 r I <0

Figure 2.1: A cylidrical homogeneous reservoir with a vertical well where the well head flow is
controlled, and the bottomhole flow rate pressure and temperature are measured. Note that locations of

pressure and temperature gauges may be at different horizons in the wellbore.
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Consider the figure shown in Fig. 1, where the distance z, velocity u“(zt) are
considered positive in the upward direction, and fluid discharge g"(z,t) The mass

balance equation can be given as:

a(p™AY) | a(pWAYuY)
+ =
at 0z

0 (2.1)

The cross-sectional area A"along the z-direction, may change with z and t, i.e.,
A% (z,t), because of pipe elasticiy (or strain). Also note that we can express the second
term in the left-hand side of Eq. 2.1 in terms of flow rate;q" (z, t) becauseq” (z,t) =
u%(z,t)A(t). Hence, Eq. 2.1 can be expressed as:

a(pva¥) . a(p¥q") _
at + 9z =0

2.2)

As density in the wellbore is a function of both pressure and temperature and for the
purpose of generality, we assume an elastic pipe where its cross-sectional area changes

only with pressure and hence with time. So, Eq. 2.2 can be expressed as:

AW 4 w2
at

at 0z 0 (2'3)

Using the chain rule for time derivative of density which is a function of both

temperature and pressure gives:
7= Gw), (50) + G) . (5) @4)

Using the definitions of isothermal fluid compressibility and isobaric termal expansion

coefficients, which are defined by

w_ 1 (2"
V= (apW)TW (2.5)
and
w_ _ 1 (9"
B = =5 (o), (26)
in Eq. 2.4 gives
ap¥ ap" aTV
G =0 (ST 27)

Furthermore, we use chain rule for the time derivative of the cross-sectional area in
Eq. 2.3:



AV _ (9AY ap"
o0 = (aW)TW (%50) (2.8)
Using Egs. 2.7 and 2.8 in Eq. 2.3 gives:

o () 4 (), () 25200 e

Furthermore, we can expand the third in the LHS of Eq. 2.9 as:

00" _ 20" 20"
0z =P 0z t4a 0z (2'10)

Where the second derivative term in the RHS of Eq. 2.10 can be expressed by using
the chain rule as:

apY apW\ apv¥ | (9pW\ or¥
4 =(p) 14 +(p) (2.11)
0z opW/w 0z aTw p% 0z

Using the definitions of isothermal compressibility (Eq. 2.5) and isobaric thermal

expansion coefficient (Eq. 2.6) in Eqg. 2.11, Eqg. 2.11 can be expressed as:

ap” w 9p% aTv

= (- (2.12)
Now using Eq. 2.12 in Eq. 2.10 gives:

a(p”¥q”) _ aq” ap" aTv
e e (- ) 213)
Substituting Eq. 2.13 in Eq. 2.9 gives:

w oW Wap WaT ) W(ﬂ) (ﬂ) WM
A p (C at ﬁ ot +p ap%¥ ™ at +p 0z +

Eliminating densities from Eq. 2.14 result in:
w (.wop” w oTY 4% " 9q” w( .wor” _
A (C at ﬁ at ) + (6pW)Tw ( at ) + 0z *tq (C 0z
aTV
BZ) =0 (2.15)
We can express Eq. 15 in terms of the bulk modulus of the fluid, which is equal to the

inverse of the isothermal compressibility of the fluid; that is,

Kv == (2.16)

cW

The variation of cross-sectional area with p can be related to the Young’s modulus

(E) of the pipe and as given by:



(Z:;:)TW — % AW (2.17)

where e is the wall thickness of the pipe and D is the inner diameter of the pipe.

Now using the expressions given by Eq. 2.16 and 2.17 in Eq. 2.16-2.5 gives:
1 op¥ aT"\ , D ap™\ , 99Y 1 9p¥ aTv\ _
(B S r e () (G S ) =0 @)

Eq. 2.18 can be rearranged as:

w(l  P)or” , a" 3"  4wewdT”  pw,wdT" , 047 _
4 (KW + eE) t v oz AYp - B"q e 0 (219
Recall that the sonic velocity is defined
KW
= \/pW[1+DKW(eE)—1] (2.20)

and is also the speed at which the pressure waves generated by water hammer travel
in the pipe (also referred to as velocity of water-hammer wave in the fluid). Eq. 2.20
can be rearranged as:

=24 P2 (2.21)

Using Eq. 2.21 in Eq. 2.19 gives:

AV ap%W g% ap Oq

Gt e — AR T — g T+ = 0 (2.22)
Some remarks are in order for Eq. 2.22:
1. If we have an isothermal flow, Eq. 2.22 reduces to:
Gt T+ =0 (2.23)
or
T T = (2.24)

Chaudhry (2014) states that in most of the engineering calculations, the
convective acceleration term, i.e., the second term in Eq. 2.23 (or 2.24) is small
as compared to the other terms so that Eq. 2.24 is approximated by

apw azpw aqw
at AV 0z

=0 (2.25)



2. Forarigid pipe, we have

AW

(ap—W)TW =0 (2.26)
So, to obtain the mass balance equation for a rigid pipe, to satisfy Eq. 2.24, we

set D(eE)~1 in Eq. 2.20, so that the sonic velocity becomes

or

- p_w dp¥ - cWpW

== =2 (2.28)
o

It should be noted that although we will consider nonisothermal flow in the
wellbore when solving thermal energy-balance, we will assume that the
temperature changes with time and space in mass and momentum balance
equations could be neglected when we couple the mass and momentum
equations in the wellbore. This is a realistic assumption because the
temperature changes with time and in the vertical directions are quite small as
compared to the pressure changes with time and in the vertical direction in Eq.
2.22. So, we consider the following approximate mass balance equation which
follows directly from Eq. 2.22 by neglecting the time and space derivatives of
temperature in Eq. 2.22 and the convective term in Eq. 2.22 as:

AY op¥  aq¥
v ot T =0 (2.29)

Furthermore, we assume a rigid-pipe, and hence, Eq. 2.29 can be expressed as:

apV 1 9q% _
o0 + W o, 0 (230)

The classical wellbore storage model used for accounting compressive type
wellbore storage effects under single-phase flow assumption is based on only

the mass-balance equation given by Eqg. 2.30.



Integration of Eq. 2.30 with respect to z,

i chw% - fq"sv;h% (2.31)

a w
AY "z 2= = —(qun(t) — qsr () (2.32)
Gsr () = Qun(6) + A%z 22 (2.33)

We know that volume (V") equals multiplying of cross-sectional area (A) and wellbore
length (2).

ap"

Iy (2.34)

qsr (&) = quu(t) + VW%

Definition of wellbore storage is that if some portion of the production is owing to
expansion or compression of fluid in wellbore after a rate change, this effect is the
wellbore storage. Its formula can be given as shown in eq. (2.35):

C =cvyv (2.35)

The final equation is:

a w
Qo (8) = qun(t) + C =5~ (2.36)

where C is the wellbore storage coefficient which is in m® /Pa. It is assumed to be

constant, and same for both drawdown and buildup periods.
If we take the Laplace transform of Eq. 2.36, given by
Gsr () = qun(s) + Clsppr — pur(t = 0)]
= qwn(s) + Clsppr — " (2 =0,t = 0)] (2.37)
In the Eq. 2.37, s represents the Laplace transform variable.

In this work, we assume that the formation is in the hydraulic equilibrium with the

wellbore. Superscripted to w refers to the wellbore properties.

To compute bottomhole pressure p,,;, as a function of time, the solutions of a composite
reservoir fluid flow model for a line-sink or finite wellbore as presented in SPE-
181710 Onur et al. (2016) are used. In Laplace space in terms of the specified wellhead
flow rate and the wellbore storage coefficient, Eq. 2.37 gives the solution for sandface

or bottomhole flow rate:
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= _ qwh(s)
s () = cswanm (2.38)

where W(r,,s) is refered to the unit impulse response (Kuchuk et al.2010). It is given

in SPE-181710 for a finite wellbore and for a line sink well, respectively:

W(r,,s) = J’T (e e rocnr o) (2.39)
zmcshrw [K1 Tw +Q(U)I1(Tw\/n?>]

and

¥Y(r,,s) = Zmlcsh [KO (rw\/%> + Q(s)1, (rw\/%ﬂ (2.40)

The bottomhole pressure p,;, can be defined in the Laplace space as:

PY(z=0.6=0) _ Gwa(8)¥(rws) (2.41)

Por(s) = s [1+CsW(1,S)]

K, Iy, K71, and I; are the Bessel Functions.

2.2 Momentum Model

For a single-phase slightly-compressible fluid flow, the momentum equation for a
slanted wellbore of angle 6 (is the angle that the conduit makes with the horizontal,
considered positive for the conduit sloping upward in the downstream direction, see
Chaudhry 2014. Note for a vertical well = 90" ) taking into acount the specific

contributions of pressure forces, friction loss, and gravity can be given as:

6(pquAW) n a[pWAW(uW)Z]
ot 0z

+Awag;zw+prAW sinf +tonD =0  (2.42)

where T, is the shear stress exerted by the conduit (pipe) walls on the flowing fluid.
We assume that the energy losses for a given flow velocity during the transient state
are the same as those for steady state flows at that velocity. If we use the Darcy-
Weishbach friction equation for computing the friction losses, the wall shear stress can
be given by

11



Ty == p" futlu”| (2.43)

Where f represents the Darcy-Weishbach friction factor. Note that we are writing
(u")?as u%|u"| to permit the reverse flow.

Subtstitution of Eq. 2.43 into Eq. 2.42 and the expansion of the terms in parantheses

yield:
w 2(p"AY) waw 0 w qw o w U v w 9(p"AYu") w 9% w
—a + p"A +pA Z+u — +A -, tr’g
W oo 1mD? WL W(,,W —
A% sin 6 + ET_p fu¥|lu¥|nD =0 (2.44)

BecauseA” = mD?/4, Eq. 2.44 can be written as:

w 9(p" A" ) w w9 W AWy w ou" w 9(p* A% u") w ﬂ w
P + p"A +pA Z+u Y + A4 = +p% g
AY sin 6 + M =0 (2.45)

2D

The rearrangement of the terms of this equation gives:

aWW aWWW
[(pA)_I_(pA )

— |+ prar ZE 4 pravyw 2 4 qw 4 v g

0z
AYpY fu¥|u?|

2D

A sin@ + =0 (2.46)

Based on the continuity equation (Eg. 2.1) the sum of the two terms inside the brackets
of Eq. 2.46 is zero. Hence, dropping the terms inside the brackets gives

pWAW +pWAW w2 +AW ” —+ p¥ §A%sind +2 ——— =10 (247)
and dividing Eq. 2.47 by p" A" gives:
our w1 opY A
5 tu — +pw 5 T gsingd +———=20 (2.48)

For a rigid pipe, we can express Eq. 2.48 in terms of volumetric flow rate as:

1 9q” q” 9qV |, 1 9p%W fqa%¥lq%”| _
o Tamzas Tow ez T gsing + 55, =0 (2.49)

For a laminar flow, the friction factor is given by:

64u” _ 64v"
pWYuwD g

f= (2.50)
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where V" is the kinematic viscosity. For laminar flow, with the use of Eq. 2.50 in Eq.
2.49, EQ. 2.49 becomes:

1 aq¥ qW 6q 1 ap

oo Yz as T v + gsing + 2Atzq =0 (2.51)
Defining
32v%
R==— (2.52)
then using expression given by Egs. 2.52 in Eq. 2.51 gives:
L 9q” a” aqw+iaL+ gsind +—W:0 (2.53)

AW 9t | (AW)2 9z | p¥ oz
Neglecting the convective acceleration term, i.e., the second term in Eq. 2.53, we have
a simplified version of Eq. 2.53 as:

1 g% 1 ap% _
A_W?-l-p_wa_-l- gsiné +——O (2.54)

Multiply both sides by the cross-sectional area gives:

24" | A 0p” |
T —+ AYgsind + Rq¥ =0 (2.55)
Furthermore, consider a vertical wellbore, 8 = 90°, then Eq. 2.55 becomes:

aq¥ A& AV ap

S T ow s A9 +RY =0 (2.56)

It is a common practice in hydraulic engineering to compute pressures in the pipeline

in terms of the hydraulic head, H, above a specified datum, i.e.,

p*¥ =pY9(H-2) (2.57)

The partial derivative of pw given by Eq. 2.57 with respect to z is

g (1) e
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Using Eqg. 2.58 in Eq. 2.56 gives:

aqv
at

oH
+4%g (2-1)+A%g +Rg" =0 (2.59)
Cancelling A" g terms:

aqv
at

+4vg 24 R = (2.60)
Since we deal with pressure, the hydraulic head is transformed into hydraulic pressure
in the well denoted by p* = p" g H , then using this in Eq. 2.60 gives:

30" . yw g a(p¥/p" Q)

w _
L ——+Rq¥ =0 (2.61)

Neglecting the variation of density along z, momentum equation reduces to:

For solutions of mass and momentum balance equations, we follow Mansori et al.
(SPE 176301) approach. Earlier it is shown that the mass balance and momentum
balance equations for a vertical wellbore where we have flow of slightly compressible

fluid under laminar flow conditions can be written as:

A L (2.63)

Jat AWcW 0z

and

aq%¥  AY op%W

40P~ wo_
ac t v o, + Rq" = (2.64)

We can combine Eqgs. 2.63 and 2.64 (by eliminating pressure p“). Let’s take the
derivative of Eq. 2.63 with respect to z and the derivative of the second equation with

respect to time to obtain the following equations, respectively,

azpw 1 62qw

dtdz  AWcW 9z2 =0 (2'65)
and
azqw AW azpw aqw _
atz | pw ataz ¢ =0 (2.66)
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Multiplying the first equation by A"/p" gives:

AW asz 1 anW .
oW atdz | pWcW 9z2 0 (2.67)
Subtracting Eq. 2.67 from Eq. 2.66 gives:
anW an 1 anW _
ot2 +R ot pWceW 9z2 (2'68)
or can be rearranged as:
2 W 2 W w
aa:z —-p¥c” —aafz —pYc”R aait =0 (2.69)

We solve Eq. 2.69 subject to the following ICs. It is assumed that the well does not

produce at time t < 0O:

q¥(z,0) =0, for0<z<1L, (2.70)

2 (20) =0, for0<z<L, 2.71)

Taking the Laplace transform of Eq. 2.69 gives:

azqw
0z2

3qV% (z,t=0)
at

—pWeV” [SZC_[W —5q¥(z,t=0) —

pYcVR[sq” —q"¥(z,t =0)] =0 (2.72)

Using Egs. 2.70 and 2.71 in Eq. 2.72 gives:

L pvet(s?q") — pYeVR(sq") = 0
(2.73)
or
aazf: —p¥c”(s* + Rs)q” = 0 (2.74)

Eq. 2.74 is a second order homogeneous ODE. It is general solution can be expressed

as:

g% (s) =M, sinh[\/p""c""(s2 + Rs)z] + M, cosh[\/p""c‘"’(s2 + Rs)z] (2.75)
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where M; and M, are arbitrary constants to be determined from the boundary
conditions. If Eq. 2.63 is transformed into the Laplace domain, we obtain:

1 9q% _
AWcY 9z

sp¥ —p¥(z,t =0) +

0 (2.76)

Taking derivative of Eq. 2.75 with respect to z gives:

02"(s)

—— = My+/p¥c¥ (s? + Rs) cosh[/p¥c¥ (s% + Rs)z] +

M,+/p¥c? (s? + Rs) sinh[\/p""c""(s2 + Rs)z] (2.77)
Using Eqg. 2.77 in Eq. 2.76 and the rearranging the resulting equation, we have:
_y _ pW(zt=0)
p - S

{Ml\/chW(s2 + Rs) cosh[\/pwc""(s2 + Rs)z] +

1

AW cW

M,+/p¥c* (s2 + Rs) sinh[{/p¥c¥ (s% + Rs)z]} (2.78)

Two boundary conditions are required to find My and M in Egs. 2.75 and 2.78. At
each side of the wellbore, either flow rate or pressure can be specified. For example,
in a well test, the choke controls the flow rate at the wellhead and the reservoir response
determines the pressure at the bottomhole; so, we can take wellhead specified rate,

gwn(t), and the bottomhole pressure pon(t) as boundary conditions.

So, evaluating Eq. 2.75 at z = L,, gives:

M, sinh[\/p¥c¥(s% + Rs)L,,| + M, cosh[/p¥c* (s2 + Rs)L,| = Gun (2.79)

pY(z=0,t=0) 1
s AW cW

My+/p¥c¥ (s2 + Rs) sinh|y/p¥Wc¥ (s2 + Rs)0|} = Dpn (2.80)

{Ml\/p""c""(s2 + Rs) cosh|\/p""c""($2 + Rs)0| +

or
pW(z=0,t=0) M4/ pWcW(s2+Rs) _
s - : AW W = pbh (2'81)
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So, Eq. 2.81 determines M, as:

My PVTGERS) _ pM=0e=0) _ (2.82)

AW cW s bh

or

M1:

AV W [pw(z=0,t=0)

VPYWcW(s2+Rs)
Using Eqg. 2.83 in Eq. 2.79 determines M, as:

— Don] (2:83)

N

M _ AW W tanh|\/chW(52+Rs)LW| [pW(Z=0,t=0) _ ]
2 = Qwn m Pbn

Using Egs. 2.83 and 2.84 in Eq. 2.75 gives the flow rate profile in Laplace space:

(2.84)

N

Wi, e
chw[l’ (z=0,t=0) % ]

g e WeW(c2 q
NETD) smh[\/p cv(s +RS)Z]+ Quwn —

AV W tanh|\/chW(sz+Rs LW|
VpPYcY (s2+Rs)

q"(z,s) =

[ W(Z — _ﬁbh]} cosh|y/p¥c¥(s? + Rs)z|  (2.85)

or
Wiy e
chw[p (Z—So't—o_)_ﬁbh]

VpYcW(s2+Rs)
tanh[\/chW(s2 + Rs)LW] cosh[\/chW(s2 + Rs)z]}

g% (z,s) = {sinh[\/chW(s2 + Rs)z] —

+qwn[v/pVc¥ (s? + Rs)z] (2.86)

Using Eqgs. 2.83 and 2.84 in Eq. 2.78 gives the pressure profile in Laplace space:

—w _ pV(zt=0) 1 AW W [pW(zzo,t=0)
pe = s AWcW [ /pWcW(s2+Rs) s

Tgbh] \JpYc¥(s2 + Rs) cosh[\/p¥c¥(s? + Rs)z] + {qwh -

AYcY tanh|\/pW W (sZ+Rs) Ly | [ W(z 0t=0)

pWcW(s2+Rs)

ﬁbh]}\/l)wcw(sz + Rs) sinh[{/pWc¥ (s? + RS)Z]} (2.87)
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Important Remarks on Egs. 2.86 and 2.87:

1.

In Egs. 2.86 and 2.87, qun is the surface or wellhead flow rate in Laplace
domain, as we will consider constant-rate drawdown followed by buildup, then

We can express Quh as:

gsc t <t
QWh(t) = [1 —H(t— tp)]qsc = {OSC £> tz (2.88)

Where gsc Is a constant rate, and t, is the producing time before shut-in. The

Laplace transform of Eq. 2.88 is given by:
Gun(s) = [1 — e™"tP] % (2.89)

In Egs. 2.86 and 2.87, pon is the bottom-hole pressure and will be obtained from
the solution of the pressure diffusivity equation without wellbore storage but
including skin with the appropriate inner and outer reservoir boundary
conditions. For example, we can consider a finite wellbore or line source
solution for both drawdown and buildup, represented in Laplace space. So, for
example, the solution poph for a fully penetrating vertical well in an composite
(inner zone representing the skin zone) infinite acting reservoir will be obtained

by solving the following equations:

10 ( 905\ _ 10ps
;5(r¥>_ns 5 fort>0and 0 <r <y (2.90)
10 dps\ _ 10p
;g(rg>—nat,fort>0andrs<r<oo (2.91)

Where 775 = A /(¢c,)s and 7= 21(gc,), and Ag =kg /g and A=K/ u.
ICs:

ps(r,t =0) =p; = constant for 0 <r <7 (2.92)

p(r,t =0) = p; = constant forr, <r < o (2.93)
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Continuity BCs.

Ops(r=r5t) _ , Ip(r=rst)
AS or =4 or (2'94)
ps(r = 1,,t) = p(r = r,t) (2.95)
Inner BC:
aps I asr(t)B
(T or )rzr =1 -HE S (2.96)
Outer BC:
lim p(r,t) =p; (2.97)
T—00

The solution of the above initial-boundary-value problem will provide the solution of
pobh in Laplace space. It is known the solution of the above IBVP for a line-source or
finite-wellbore is well-known in Laplace space. Let’s derive it first for a line-source
and then for a finite-wellbore here. For simplicity, delta pressures will be worked,
defined by:

Aps(r,t) = p; — ps(r,t) (2.98)
and

Ap(r,t) = p; —p(r,t) (2.99)

Here, pi represents the initial pressure at the reservoir at time zero and z = 0, and for
simplicity, we assume that the initial reservoir pressure and initial wellbore pressure
at time zero and z = 0 are identical, though this is not necessary and we can relax this

assumption. Under this assumption, pi = p“(z =0, t = 0).

The pressure solutions for a composite system where the vertical well is treated as a

finite-wellbore can be found in Kocak (2017).
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3. WELLBORE HEAT FLOW MODEL EQUATIONS

3.1 Derivation of Transient Wellbore Thermal Energy Equation

In this section, the starting point is the transient wellbore heat transmission equation.
It seems that various forms given in papers Hasan and his coworkers and others like
Spindler (2010) are quite confusing. The derivation of transient wellbore thermal
energy equation is given by Hasan and Kabir (2005). Unlike them, the depth

coordinate, z is choosen as positive in the upward direction.

Firstly, the energy balance equation can be written as:

gutute ) (st gl G

The heat received from the formation, Q can be defined by

Q = wey(Tei — Tr)Lg (3.2)

In the Eq. 3.2, Ly is the relaxation parameter. The terms H, u, w, and c,, are defined

in the Nomenclature. T,; depends on well depth, T,; = Tejwn — gz sin 6.

9 u2 g zsinf _ 0Hf u ou g zsin6
5[W<Hf+29 TR )l_w<¥+ﬁa_ 9 J
c c c c

u du g zsin@) (3.3)

_ aTy w,. Op
_w<cp py echpaZ+ g Joz g7
Cc Cc

Hasan and Kabir marked that the temperature rise of the tubular material at any time
may be taken to be a fraction of the increase in the fluid temperature. In this case, it

can be written as:

m'E' = CrxmE (3.4)
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Cr in the EqQ. 3.4, is the thermal storage capacity of wellbore. It is defined by
Cr = — (3.5)
First and second term in the Eq. 3.1 can be written as:

0 i )
o (mE +m'E'") = = [mcpr(l + CT)] (3.6)

We can write Eq. 3.1 again

wep(Tei — Tp)Lg = = [me, T;(1 + Cp)]

ﬂ_ w a_p u a_u_ g zsin8
+w (cp 5 §rCp 5, t g oz 37 (3.7)

We know that m = pA and w = pAu. The Eq. 3.7 can be given by

paucy(Te; — Tr)Lg = o [pAc, Tr (1 + Cr)]

u ou g zsinB) (3,8)

an w 6p
+pAu <cp 5~ &1Cp 5, g oz W
c c
We assume that coefficients are constant,

T
pAc, (1 + Cr) FTn pAuc,Lg (Tei(z) — T (z, t))

_ & w a_p u a_u _ g zsinf
pAuc, < =~ —&r5, g oz G el (3.9

We define ¢ as

—wip __u Ou
P =T, g cp oz (3.10)

Eg. 3.8 can be written
prAYeY (1+ Cr) G = pY AU Y Ly [Toi(2) = T (2,0)]

g sing%
w
g Ccp J

+p" AV u" ¢y <aaT—ZW +¢ - > (3.11)

In the Eq. 3.11 Ly is defined by:
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27TT'to Utole
PWAWuWC‘p!V [Ae+1toUto f ()]

LR:

(3.12)

Let’s see whether Eq. 3.11 reduces to their Alves et al. (1992) or Sagar et al. (1991)

steady-state equation. For steady-state flow, Eq. 3.11 reduces to:

MY L Ta(2) =T (2,)] — o + L 3.13
9z - RUei\Z Z, ()0 gcc;;v] ( ' )
Comparing this equation with Eq. 3.14, which is repeated here,

TV g sin 8%

O_Z = —A(TW — Te) - 9 CC{;V] + @ (314)

It looks like we have sign difference between Egs. 3.13 and 3.14. This is expected
because Eg. 3.13 considers z-axis to be positive from well-head to bottom of the well,
whereas Eq. 3.14 considers z"-axis to be positive from bottom of the well to well-head.
Hence, Hasan and Kabir (1994) z" = Lw-z. Hence, dz" = -dz or dz =-dz". So, both

equations are equivalent.

As we will consider z axis positive upward, then we express Eq. 3.11 in terms of the

coordinate axis zw. Hence, Eq. can be given as:

prAV e (14 Cr) G = pY A U e Ly [Ti(2) = T (2,0))

w in 8%
or~ J ) (3.15)

AW AW, W W _
pAuCP(az @+ gCCzY:"J

3.1.1 Overall heat transfer coefficient

Sagar et al. (1991) defines U, (which determines the heat transfer from the wellbore to

the sorroundings) as:

Tti

_ -1
U =2 [ln(Tcl/rto)_I_ln(rwb/rco) (3.16)

lan /1cem

where ri is the inside tubing radius, ry is the outside tubing radius, r¢ is the inside
casing radius, rwp is the wellbore radius, Aan is thermal conductivity of material in
annulus, and Acem is thermal conductivity of cement. The units of thermal conductivity
is J/m-s-K. Note that Eq. 3.16 applies if flow occurs inside a tubing placed inside a

production casing.
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For flow inside a production casing without a tubing, then Ut is given by (Sagar et al.
1992):

-1
Ut — i [ln(rwb/rco) (3.17)

Tci Acem

3.1.2 Correlations for dimensionless heat transfer functions

There are various forms of equations proposed in the literature for dimensionless time
function representing transient heat transfer from the wellbore to formation. For

example, Hasan and Kabir (1994) proposes the following equation:

Tp = 1.1281yt,(1 — 0.3tp) for 1071 < ¢, < 1.5 (3.18)
and
0.3
Tp = (04063 + 0.5Int,) (1 +2) for tp > 1.5 (3.19)
D

Hasan and Kabir (2002) proposes the following equations:

Tp = In(e™ %22 + (1.5 — 0.3719e2) /Tp) (3.20)
and
Tp = In[(e7 %> + (1.5 — 0.3719e72)] /T (3.21)

Cinar et al. (2006) proposes the following formula:

log(Tp) = 0.007165 + 0.30947 log(tp) — 0.04807[log[(tp)]]1? +
0.003574[log[(tp)]]1® for 1072 <t, < 10* (3.22)

Kutun et al. (2015) proposes the following equation:
Tp = In(1 + 1.74/tp) (3.23)

In Egs. 3.18-3.23, t,, represents the dimensionless time defined by

at
tnh =
D (r’)z

2

t (3.24)

where r, is the outside radius of casing and a, is the effective/total thermal diffusivity

constant of the formation.
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Table 3.1. compares the values of T, computed from the above equations in

comparison with the rigorous solution of Carslaw and Jeager (1959) for a cylndrical

wellbore.

Table 3.1-Comparison of Approximate and Rigorous Tp Solutions

Dimensionless | Rigorous Eq. 317 |Eq. 3.19 | Eg. 3.20| Eqg.3.21 Eq. 3.22
time, to Solution (Hasan & | (Hasan & | (Hasan & | (Cmaret | (Kutun et
(Carslaw Kabir, Kabir, Kabir, al. 2006) al. 2015)
and Jeager, | 1994) 2002) 2002)
1969)
1x1010 1.102x10° | 1.100x10° | 1.128x10% | 7.552x10% | 3.400x10" | 1.700x10°5
12
1x10® 1.128x10° | 1.127x107% | 1.127x10° | 7.552x10* | 4.445x10° | 1.699x103
1x10° 3.563x10° | 3.563x10° | 3.559x10° | 2.388x10° | 6.476x10* | 5.361x10°3
1x10* 1.123x102% | 1.124x102 | 1.120x10° | 7.552x10° | 5.909x10% | 1.686x10%
1x1073 3.519x102 | 3.532x102 | 3.487x10° | 2.389x102 | 3.545x102 | 5.236x107
1x10? 0.1081 0.1094 0.1054 7.560x102 | 0.1470 0.1570
1x10% 0.3142 0.3228 0.2987 0.2411 0.4426 0.4302
5x10? 0.6168 0.6283 0.5911 0.5508 0.8120 0.7894
1 0.8021 0.7895 | 0.7802 0.7802 1.017 0.9933
15 0.9267 0.8738 | 0.9068 0.9420 1.149 1.1256
2.0 1.022 0.9784 1.001 1.063 1.248 1.2250
5.0 1.362 1.356 1.313 1.394 1.589 1.5689
10 1.651 1.651 1.585 1.555 1.871 1.8525
100 2.723 2.724 2.708 4.055 2.900 2.8904
1000 3.860 3.861 3.859 12.82 3.976 4.0029
1x10° 6.161 6.161 6.162 128.22 6.306 6.2889
1x108 7.312 7.312 7.313 405.47 8.044 7.4390

It looks like Eq. 3.18 is the best, but Eq. 3.20 also works quite good for all

dimensionless time ranges.
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3.1.3 Earth geothermal gradient modeling

In Eq. 3.16, T,; is the geothermal gradient and represent the initial condition, defined

by
T.i(2) = Tojwn + (L, —2%) 9 SING" for 0 <z <L, (3.25)

Note that we can express T,; in terms of the geothermal temperature gradient at depth

of fluid entry as:
Tei(Z) = Teibh —z% gG sin 6’Wf01‘ 0< zW < LW (326)

where T,;,p IS the initial temperature at the wellhead, and g, is the geothermal

gradient in K/m, taken as 0.03 K/m in this study. T,;p;, represents the earth temperature
atz=0andt = 0.

3.2 Transient Wellbore Temperature Solutions

3.2.1 Specified production case-single phase oil systems

We can divide both sides of Eq. 3.15 by p"A"c}(1+C; ) to obtain:

oTY _ _ q%Lr . _ow _q” aTv w g sing¥
ot~ Ava+cy) [T,i(z) — T"(z,t)] AW(1+CT)laz p(z”,t) + 5 (3.27)
or
otV | _qWLp 9TV _  qYig N w
at AW(1+CT)62W_AW(1+CT)[Tel(Z) ™(z 0]
q¥ w _ g sing%
c

Hasan and Kabir (2005) and also lzgec et al. (2007) first solves the steady state
problem by setting time derivative to zero in Eg. 3.28 to obtain:

oTY

dzW = LR [Tei(zw) - TS";’(ZW)] + [(p(zw' t) —

ing%
J l (3.29)

w
gccp]

From the general solution of linear nonhomogenous equation,
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TSV;(ZW) = Teibh - gGZW Sinew + (TI;AII‘L - Teibh)e_LRZW

g sino%

w
gccp]

+i(gG sind" + ¢ — ) (1— e trz™) (3.30)

Now take the derivative of Eq. 3.30 with respect to z" to obtain the gradient of wellbore

temperature with respect to z" to obtain:

dTW . w w —L ZW
—— =% sin@" — Lg(Typ, — Teipn)e™ "R
- g sin6% —LozW
+ O sin@" + @ — g Cg’] e "R (331)
Recall Eqg. 3.28:
aTW q¥Lg 0TV _  qYLg

[Tei(z) =T (z,0)]

at = AW(1+Cr) 9z¥  AW(1+Cr)

qv (2", 8) g sing% 3.3
AV (1+CT) Pz, gccg/] ( : )
Using Eq. 3.31 in Eqg. 3.32 gives:
[ —9esing" — Lp(TH) — Teipn)e™ %" |
orr 4" oW
s
ot A+ Cr) |4 gusing” + g — ) p-taz”
g )
=1 ()~ TV 0]+ o, ) - S (3.33)
T av(+cp) b e ’ AW(1+C7) A g Cc{,”] '
For simplicity, we define
a=—2 (3.34)

T AW(1+Cp)
Using Eq. 3.34 in Eq. 3.33 gives:

—0eSiN0" — Lp(TY — Toipn)e “7%"

3 w
g sin6 o —Lpz"
g

aTw
—-— T a
at +

+<gesin0W +¢—
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g sing%
= alg[T,;(z) — TV (z,t)] + alLg I(p(zw, t) — g l (3.35)
Eq. 3.35 can be rearranged as:
aTv g sin 8% ]
e + aLlpT¥(z%,t) = algTei(z") + a|p ————| + a g, sind”
g cy)
g sing%

+alg(TY — Topn)e “R%" —a ( g;Siné" + ¢ — > e~Lrz” (3.36)

w
gccp]

Let’s define

P(t) = alLg (3.37)
and
g sin6% )
Q(t) = aLRTei(zW)+a<<p— — >+agG sing"
g Ccp]

g sin6%
w
g CCp ]

+alg(TY — Topn)e "% —a ( g;Sind" + ¢ — > e~LrZ"  (3.38)

Note that Q(t) = Q = constant is actually independent of time, t. Then, Eq. 3.38 can be

written as:
4+ P(OT(2",0) = Q) (3.39)

We solve this first order, nonhomogeneous ODE subject to the initial condition given

by:

T"(z%,t = 0) = T,;(z") (3.40)
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The general solution of Eq. 3.40 is given by

TV (2", t) = e~ alrdt| [ ef alrdtq(t)dt + B| (3.41)
or

TW(z%,t) = e 4Rt [ e?LlrtQ(t)dt + e LR!B (3.42)
The integral in the RHS of Eq. 3.42 can be performed as follows:

[ertQ(e)dt = Q [ e rtdt = - e®lt (3.43)

Using Eq. 3.43 in Eq. 3.42 gives:

TV (z%,t) = e *Lrt 9 palpt 4 p-alptp — & | -alptp (3.44)
alLgp alLg

To determine B, we use the initial condition given by Eqg. 3.40. So, the constant B can

be determined as:
TY(z%,t = 0) = > + e"rOB = T,.(z%) = B = T,;(z¥) — >  (3.45)
alLp aLp

Using B given by Eqg. 3.45 in Eq. 3.44 gives the wellbore temperature as a function of

z"and t as:
_ Q9 o -algt (7. _°
V(Y 6) = o+ emot (Ty(2*) - -5
= e R, (2Y) + - (1 — e~%xt) (3.46)
R
Using Q given by Eqg. 3.38 in Eq. 3.46 gives:

TY(z%,t) = e LRIT,. (z%) + @ (1 — e~ @LrY)
alg

(1 _ e—aLRt)
—_——X

— —aLRtT . w +
e El(z ) aLR
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_aLRTei(zW) +a ((p — gSi:;]W> + agg sin HWLR_
+aLlg(Typ — Tecibh)e_LRZW (3.47)
- <ge sing" + ¢ — ggS::;JW> e Lrz"
Defining
g sino¥

Y = g.Sinfd" + ¢ — (3.48)

9 @
Eq. 3.47 can be written as:

TV (z%,t) = e LRIT, (2V) +

g sing%¥ . —LpzW
(1-e-aLrt) |aLgTei(zV) + a (go By > + ag.Sin8" + aLg(TY, — Teiprn) e “R?
aL ¢
i —apeLrZ"
g sing%

_ 1 1 H w
=e aLRtTei(ZW)+Tei(ZW)+;<¢_ g C;;v])-l_agGsme

w 1 w
+(T3y, — Toipn)e "R%" — L—ll)e_LRZ — e URIT,; (%)
R

e~ alrt g sin8%
Le \" "o oy

9g SN0 — (T3, — Teipn)e ™R e %" +

e—aLRt e—aLRtlpe_LRZW (3.49)

LR

Lr

Cancelling e 7%Lrt term

_,—alLpt in 6W _ ,—alLpt
TV(2%,t) = T, (z%) +w<¢ _gsn >+ € eLR *) ge sind"

Lr g CCI‘S’]
_p—aLpt w w
- & eLR - )¢€_LRZ + (Tph — Teipn) (1 — e~4HRE)e~1r" (3.50)
(1_e—aLRt)

R

Bracketing common term as

_,—alLpt in 6%
(2, t) = Tyi(2%) + =) )<gG Sing" + g — >+
Lr QCCpJ

(1—e~alRt)

et o (T, — Toupn) (1 — e~0br)e b (351)
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. g sing%
Because y = g;Sin@d" + ¢ —

Eq. 3.51 result in

9 7’
_p—alLpt _p,—alLpt w
(2", 1) = Tog(z") + L=y - B2 )yt
Lr Lr
+(1 — e MR (TY, — Toipp)e trZ" (3.52)

1 — e~ alrty(1 — —Lgz%¥
(e o)

TV (z%,t) = T,;(z%) +
Lg

+(Thh — Teipn) (1 — e~ ¥R ) e ~LrE" (3.53)

3.2.2 Buildup case for-single phase oil systems

Here, we follow Hasan et al. (2005). As in drawdown, they assume that rate variation
with well depth becomes negligible quickly. With wellhead shut-in, g% = 0, and the

relaxation distance for buildup becomes:

2n T¢iUtde 21 T¢iUtde
=y T L, =
Il = pWAWyW] . — cy [Ae+f(t)rtiut] for Ly cp (pWAWuW) [Ae+f(t)rtiUt] 354
R=PTATU AR = B[ ralde | o o [ ralie ] (3.:54)
¥ Lae+f()reiUs R e (oW avuw)y e +f (O iU
Then transient wellbore temperature equation for this case becomes:
ﬂ = L AW — TW (W
dAt - PWAW(1+CT) [Tel(z ) T (Z ;At)] (355)
or can be rearranged as:
arv L w(,Ww _ Lg (oW
dAt pWAW(1+CT)T (2", At) T pWAY(1+Cr) Tei(2") (3.56)
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where the earth temperature Tei is given by Eq. 3.25,

Tei(2%) = Teipn — 2795 SING" for 0 <z¥ <L,

(3.57)

In Eq. 3.55 or 3.56, At is the elapsed time during buildup, i.e., At = t-tp, where t is the

total time. Eq. 3.56 is a first order linear nonhomogeneous equation. We solve it

subject to an initial condition given by:
T (z%, At = 0) = Tf,(2")
where Tt is the fluid temperature at the moment of shut-in.

The solution of Eq. 3.56 is given by:

TV (z%,At) = e~ @dbt[ef d'dd’ o (ALY dAL' + B|

or
TV (2", At) = e [ e¥2 Q(At")dAL' + e~ ¥2V'B
Where
f— e
P A (1+Cr)
and
Q = ST (2") = dTo(2)

The integral in the RHS of Eq. 3.60 can be performed as follows:

[e@2 QAt)dAL = Q [e¥2 dAt’ = 2ea'dt = T,y(z%)e'

Using Eq. 3.63 in Eg. 3.60 gives:

TV(2V,At) = e2T,,(2")e 2 + eV 4B = T,;(z) + Be® *¢
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(3.61)
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(3.62)
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To find the constant B, we use the initial condition given by Eq. 3.58. Doing so, we
determine B as:

TV (2%, At = 0) = T,;(z%) + Be®* = T,i(z") + B = Ty (2*) (3.64)
or
B = [Tyo(2") = Tu(2)] (3.65)
Using Eqg. 3.66 in Eq. 3.65 gives the solution for the buildup:
TY(2%,At) = Ty (2%) + [Tro(2") — Toi(2¥)]e® (3.66)

It looks like the analytical equation given by Eq. 3.54 and its solution given by Eq.

3.66 ignores the temperature gradient in the z-direction.

We’ll start with Eq. 3.15,

oTY
YA Y (L + Cp)—— = pY A WY e L[Toi(2) = T (2", 6)]
aTwW g sino%
—pW AV U cW <E —(z",t) + g ) (3.67)

And express it using Eq. 3.12 in Eq. 3.15 as:

w

2nr, Uiy, A
pVAYcy(1+ Cr)——=c) = to “to”e
ot Cp

[Ae + 1o Urof (D]

[Tei(z) = T (2%, 0)]

C wowow ﬂ_ w g sing¥ 368

Now, we use the definition of L given by Eq. 3.54 in Eq. 3.69 to obtain:

w

oT
pW AV ey (1 + CT)? = ¢y Lg[Tei(2) — T (2", 1)]

w W . w aTW w g Sinew
—p"q"cy <a—z—¢(2 D+ C¥”J> (3.69)
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For buildup period; ¢ = t, + At, where t, is the producing time, and hence we can

define Eq. 3.69 in terms of At as:

w

oT
p¥AYcy' (1 + Cr) FIvie cp L[Tei(2) — TV (2%, At)]

AW W W ﬂ_ WA gSingw 370
pratey 5y — 0N AN + o (3.70)

We can divide both sides of Eq. 3.70 by p” A% ¢y’ (1 + Cr) to obtain:

aTv Ly

- =R i _TW w
0At prW(1+CT) [Tel(z) T (Z 'At)]

_ qw ﬂ _ w g sin 8%
AW(1+CT) l aZ QD(Z lAt) + g C{,V] l (371)
or
aTv qv  oTV L,
- T,.(z) — T¥ (2%, At
9ot T AV(LEC) 02 - prAv(L ¥ gy Le®) —THEAD)]
=1 (v, a0 - 372
AY(1+CT) PLz= gccz‘,f"] (3.72)

Hasan and Kabir (2005) and also lzgec et al. (2009) first solves the steady state
problem by setting time derivative to zero in Eq. 3.72, and the following equation is
obtained:

Lpz"

T (2") = Toppn — 20 SINOY + (Typ, — Teipn)e PY4”

1 . W g sin 8% _L&—ZW
) ggSin@" + ¢ —————||1—e P¥a" (3.73)

+—
( Lp g oy
pWqW c

Now take the derivative of Eqg. 3.73 with respect to z" to obtain the gradient of

wellbore temperature with respect to z" to obtain:

34



/ Lrz"

dT" . Ly _Lgz™
2 - sing” — g (Ton — Teipn)e P4
i w g sin6% _L;?_ZW
+1 ggsind" + ¢ — ] 1—e P¥a%¥ (3.74)
c P
Recall Eq. 3.72:
aTv q”  oTv Ly o
At T AV T ) 0z~ prAw(L O e ~ TV AD)]
| (2%, af) — 207 (3.75)
av(rep [PV 9 o) '
Using Eq. 3.74 in Eq. 3.75 gives:
L _L;?ZW
aTW o |[ cSing" — (W_R;IW) (Tpn — Teipn)e P77" ]|
At T AV(L+ CT)ll ( 4 g sin 0W> <1 _;5%)'
gsSind" + ¢ — —e
) |

_ Ly qv g sing%¥
= m [Tel(z) TW(Z At)] AW(1+C ) [QU(ZW, At) - g C;;V] l (376)

For simplicity, we define

qW
e (3.77)

Using Eq. 3.77 in Eq. 3.76 gives:

/ Lrz"¥

in@"Y Lr —owgw
o [ —Qgsing” — <pwqw) (Tyn — Teipn)e P4
aar T @ , g sing"¥ _Lpz”
l+ gssind" + g ————|(1—e P"a"
9. %% |
_ w g sing™
- a(p o )[Tel(z)—T (2", AD)] + a |o(z"¥, At) — T (3.78)
Eg. 3.78 can be rearranged as:
aTv N ( L >TW( D) = < Ly ) )+ (2" A0 g sin@%
- a Z =a Z a Z —
dAt pYqv pvq©) ¢ v g CC{,”]
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_ Ly _Lgz”
+ag;sing" +a (Typ — Toipn)e Pa™

quW

g sing¥ _Lgz”

_a<gesin6’W +¢— g

Let’s define

P(At) = a (vaV;;W)

and
Lk " g sin@% v
Q(At):a W Tei(z )+a (p_g—cpw] +agGSIn¢9
c
! _Lgz” g sin6% _Lgz"¥
L w W 1 w w W
ta (pwzw) (Ton — Teipnle #*1" —a < geSind” + ¢ — 9 ) ) o

Then, Eq. 3.79 can be written as:

I+ P(ADTY (2%, A1) = Q(AD)

We solve Eq. 3.82 subject to an initial condition given by:
TV (2", At = 0) = Tgo(2")
where Ty, is the fluid temperature at the moment of shut-in.

The general solution of Eq. 3.82 is given by

!

U (2 PR S ol stk
TV(zV,At) = e [e Q(t)dt + e B

The integral in the RHS of Eq. 3.84 can be performed as follows:

!
LR

fea(W)AtQ(t)dt _ Q f ea(%)Atdt _ Q ea<p\f1§W>At

Using Eq. 3.85 in Eq. 3.84 gives:
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(3.82)
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—a(%)At Q a<%>m —a< ML,%W)AI:
T%(zV,At) =e \P°1 —T ¢ P=a +e W1/ B
a (i)
p7q

Lr

__ 9 e‘“(quW)“g (3.86)

I
al LR
quW

To determine B, we use the initial condition given by Eq. 3.82. So, the constant B can

be determined as:

Ll
TW@WAt=0)=—JL—+eﬂ%w%0MB=T (z")
)] L;? fo
e
= B = Tyo(z%) — ——o— (3.87)

[
al —LR_
quW

Using B given by Eq. 3.87 gives the wellbore temperature as a function of z" and ¢t

as:

!
Lg

TV(z%,At) = _Q _a<quW>At T (z%) — .
(Z ’ ) I te fo (Z ) 1/
“ (PWI:IW> ¢ (pwgw)

!
_af _ER

al = W)At
=e pa TfO(ZW) +

L,) [1 - e_“(%%t] (3.88)

L
R
a<pwqw

Using Q given by Eqg. 3.81 in 3.88 gives:

-l o
_ pvqv
ol toe
TV, At) =e U Teo(2%) +

- x
(i)
quW
i Ly ow B sin W e
a(pwqw) T,i(z )+a<<p gCcz‘;,]>+age sin@
L -2 3.89
+a (quw) (Tpn — Teipn)e P™a (3.89)
ino" g sino% _Lgz¥
— In — pWq%
al 9gs + ¢ g CCz'QV/ e
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Defining

_ in " g sino% 3.90
V= 0esing” 4o -~ (3.90)
Eqg. 3.89 can be written as:
TV (z%,At) = e‘a(LR)AtTfO (z") + (1 — e 8RBT (zW)
+[Tpr (AT) = Toppp] (1 — e ¢ ERIAL) e~ LRZ
(1_e—a(LR)At)(1_e—LRz)
+ Y(z,t) (3.91)

Lr

3.3 Steady-State Wellbore Temperature Solutions

3.3.1 Specified production case-single phase oil systems

The steady-state wellbore temperature equation is derived from transient wellbore
temperature equation in section 3.2.1. If we let time t goes to infinity in the Eq. 3.52,

Eq. 3.52 reduces to the steady-state temperature which is denoted by Ty given by:

1— —-Lgpz Loz
wl/) + [Tpn — Teipnle ™R (3.92)

T (2) = Tei(2Y) +
Lg

which is similar to the equation derived by Alves et al. (1992) and Hasan and Kabir
(1994).The momentum equation may be approximated for single-phase flow liquid

under incompressible fluid assumption as (Hasan and Kabir, 2002):
—2 ~ gsing" (3.93)

The acceleration term in Eq. 3.9 can be ignored as compared to the pressure gradient

term;
Q= 8}";?—: (3.94)
The J-T coefficient for liquids may be approximated as:
el = (¥ 9. CeN (3.95)

Using Eq. 3.93 and 3.95 in Eq. 3.94 gives:
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¢=OW9£WY1@WQQMW)=9;25V (3.96)

Then Eq. 3.90 under these assumptions reduces to:

Y = ggsinfd” (3.97)

3.3.2 Buildup case for single-phase oil systems

We recall Eqg. 3.91 which is transient wellbore temperature equation for buildup:
TV (2%, At) = e 4LRAT, (27) + (1 — e @R T, (2%)
+[Tpn(AT) = Toppp](1 — e @R ) e~ LrE

(1_e—a(LR)At)(1_e—LRz)

LR

+

Y(z,t) (3.98)

If we let shut-in time At and Ly goes to infinity in Eqg. 3.98, Eq. 3.98 reduces to the

steady-state temperature equation, given by
TV (zV) = Altim TV (z%,At) = Toi(zY) = Toipn — 29, SING" (3.99)

which is the geothermal gradient equation, as expected.
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4. COUPLING WITH TRANSIENT SANDFACE/BOTTOMHOLE
PRESSURE AND TEMPERATURE SOLUTIONS

To compute transient wellbore pressure and temperature solutions, we use the
equations derived in Kocak’s MS thesis (2017).

4.1 Transient Bottomhole Pressure

For this model, g5, can be computed from following Eq. (4.1) derived by Kocak
(2017);

Gsp(s) = —Tenl® _ (4.1)

[1+Cs¥(s)]
where W(s) is given in Kocak’s Thesis.
Ppn 1S computed from:

pY(z=0,t=0)  qwn(s)Bo'¥(s)
s [14+CsP(s)]

Ppn(s) = forO<r<rg 4.2)

For a wellbore including momentum balance, g% (z, s) and p%(z, s) in terms of the
known inputs are g,,;, and py;, can be represented by a system of equations, which can

be written in a matrix-vector form as:

¥ (z, s)} qwh( )] G

Twr(z,s 4.3
[ p* (z,s) wr (2,8 th(s) P (43)

Where the matrix T,,,-(z, s) is a 2x2 matrix given by:

cosh¢z _ATer (sin¢z — tanh¢L,, cosh¢z)
T, (z,5) = § (4.4)
chcw sinh ¢z (cosh ¢z + tanhgL,, sinh ¢z)
and G and P;, are given by, respectively,

Oy = AWCCW pw(z 0.£29) (sin¢z — tanh¢L,, cosh¢z) (4.5)
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and

Dine = PY(zt=0) _ p"(z=0t=0) (cosh ¢z + tanhgL,, sinh ¢z) (4.6)

N N

In Egs. 4.4-4.6, ¢ defined by

¢ = \/chW(sz + Rs) 4.7)

It follows from Eqs. 4.3-4.7 that g% (z, s) and p% (z, s) can be expressed, respectively,

as.
3% (z,s) = cosh¢zq,,,(s) — AW:W (sin¢z — tanh¢L,, cosh ¢z)py,(s) +
AW:W pW(z:go't:O) (sin¢z — tanh¢L,, cosh¢z) (4.8)
and

S
AW W

pY(z,s) = sinh ¢zq,,,, (s) + (cosh ¢z + tanhgL,, sinh ¢z)p,; (s) +

pY(zt=0) pY(z=0,t=
s s

0 (cosh ¢z + tanhgL,, sinh ¢z) (4.9)

Evaluating g% (z,s) at z = 0 so that we can have an expression for the sandface

volumetric rate g (s) as:

s (s) = cosh¢0q,,,(s) — @ (sin¢0 — tanh¢L,, cosh ¢0)p,,(s) +

AYcY p% (z=0,t=0)
S s

(sin¢0 — tanh¢L,, cosh ¢0) (4.10)

Eq. 4.10 can be simplified as:

AW W pW(Z=SO,t=0) tanh¢L, (4.11)

_ _ A% cW _
qu(S) = th(S) + Tctanh ¢Ly, pbh(s) -

Now using Eq. 4.2 in Eq. 4.11 gives:

~ _ = AWcW pY(z=0,t=0)  qwn(s)Bo¥(s)]
qu(S) - th(S) + ¢ tanh gLW { [1+CsW(s)] }
AV cY p%(z=0,t=0)

¢

tanh¢L,, (4.12)

Or can be simplified as:

4750 tanh ¢Ly, BoW(s)qsr (4.13)

C_Isf(s) = qwn(s) — c

which can be rearranged to solve g (s) as:
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— qwhr(s)
s) = T 414
qu( ) [1+A—CC Bo tanh CLwBO\P(S)] ( )

So, this provides us to compute g, is defined by following equation from wellhead

flow rate:

sy (8) = qpn(t) = L—l{ Gwn(s) } (4.15)

W W
cosh gLW[l +HATC tanh gLW‘P(rW,s)]

where

¢ =/p¥c¥(s% + Rs) (4.16)

We can compute the bottomhole pressure p,, as a function of t by numerically

inverting the following Laplace space solution,
prrn(t) =p¥(z=0,t) =p¥(z=0,t =0) —

L—1 \P(TWIS) C_Iwh(S) (4 17)
cosh gLW[1+uAV:CW tanh qLW‘P(rW,s)] .

4.2 Transient Wellbore Pressure Distribution Solution

Now let’s express Eq. 4.9 in terms of the sandface rate gs¢(s) by replacing the

bottom-hole p,, (s) in Eq. 4.9 by Eq. 4.2. Doing so gives:

¢

p¥(z,s) = T sinh ¢z q,,,,(s) + (cosh¢z +
tanh¢L,, sinh ¢z) [m - Bo‘P(s)qu] + pW(zs,t=0) _ P(z=0t20) (coshg¢z +
tanh ¢L,, sinh ¢z) (4.18)
or can be simplified as:
p¥(z,s) = pW(z,St =0 + Awgcw sinh ¢z g, (s)
—(cosh¢z + tanh¢L,, sinh ¢z) B,W(s)qsr (4.19)

Eq. 4.19 can used to compute wellbore pressure profile as a function of z because
both well head and sandface flow rates are specified in the RHS of Eq. 4.19.

The wellbore pressure p* as a fuction of z and t can be computed by numerically

inverting the following Laplace space solutions,
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c sinh ¢z

SAWcW cosh ¢Ly, Qwn(s)

p”¥(z,t) =p*(z,t =0) — Lt n (cosh ¢z+tanh ¢L,, sinh ¢z2)¥(ry,,s) _

S
cosh¢L,, [1+@ tanh cLW‘P(rW,s)] Qwn ( )

(4.20)

The initial wellbore pressure distrubition is computed from the hydraulic gradient of
the fluid:

v d
g

c

p"¥(z,t =0) = ppp(t =0) —

z (4.21)

where p" is the density of fluid evaluated and treated as constant evaluated at initial

bottomhole pressure and temperature, g (= 9.80665 5—2) is the gravity accelaration,

and g . is the unit conversion factor and equal to 1 kg-m/kgf-s?

Note that pp,(t = 0) = p¥(z=0,t = 0).

4.3 Transient Wellbore Flow Rate Distribution Solution

Similarly, we can compute the flow rate profile as a function of z from Eq. 4.8. For
convenience, we express Eq. 4.8 in terms of the sandface rate g (s) by replacing the

bottom-hole py, (s) in Eq. 4.8 by Eq. 4.2. Doing so gives:

" pY(z=0,t=0)
g% (z,s) = cosh¢zq,,(s) — e (sin¢z — tanh¢L,, cosh¢z) [ s ]
¢ _BOLIJ(S)qu
AWCCW pW(zzso,tzo) (sin¢z — tanh¢L,, cosh¢z) (4.22)
Or simplifying gives:
AYc

“Bo (sinh ¢z —tanh¢L,, cosh¢z)¥(s)gqss (4.23)

g% (z,s) = cosh¢zqg,,(s) + -

The wellbore flow rate g* as a function of z and t can be computed by numerically

inverting the following Laplace space solution,

_ cosh¢z sAYcY (tanhcL,, cosh ¢z—sinh ¢c2)¥(ry,s) —
q"(z,t) = L1 —== — Canhsly COTESMDTD 7 ()f (4.24)
cosh¢Ly Y costhW[1+ c tanh(;LW‘P(rW,s)]
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4.4 Numerical Inversion of Solutions

We present the results for skin zero case, and compare the accuracy of the Stehfest
(Stehfest 1970) and Crump (Crump 1976) inversion algorithms, as per Onur et al.
(2017).

In Figure 2 and Figure 3, we can show the results for drawdown and buildup period,
respectively.These results were obtained with both Stehfest and Crump algorithms.
We used a value of 12 as the Stehfest parameter (Ns;.; = 12). In the Crump algorithm,

we used a value 107 as the error tolerance.

In Figure 2 and Figure 3, we show the effect of the skin on the drawdown sandface
solutions computed from both the conventional WBS model by using the Stehfest
algorithm and the momentum model by using the Crump algorithm. As shown in these
figures, oscillations at early times in the sandface flow rate reduces as the skin factor
reduces. In all cases, the momentum effects finish at 0.01 hour; thus, all solutions for

the momentum model are obtained with Crump algorithm.

The all results are generated with the synthetic test data in Table 4.1.

Table 4.1: Well, wellbore and earth physical and thermal property input data

Property Value Property Value

Ae [JIms-K] 1731 re [m] 0.0968

A cem [3/Mrs-K] 0.346 reo [M] 0.1095
ae [MVs] 7.3806x10"° | Re [dimensionless] 6.13576 x10°

0 [K/m] 0.03 &/D [dimensionless] 5.0x10™

g [m/s?] 9.80665 f [dimensionless] 0.035
Cr 0 R [sY 1.01153 x10°2

[dimensionless] '

Lw [m] 1550 C [m’/Pa] 4.91795x10°

9" [°] 90 Teiwn [K] 291.48

Qun [m?/s] 3.29799x10°° Teibh [K] 351.48
y" [Pa/m] 8.18424 x10°
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Elapsed time (h)

Figure 4.1: Effect of skin-zone properties on sandface flow rates computed from the WBS model for

drawdown.

0.004 1 1 1 1 1 O N 1 R MR
0.003 -
Q
é 0.002 —
&
B S=-2,r;=14591m
S=0,rg=r,=0.125m
0.001 —
S=5,r=1.3635m
S$=5,r=0.3151m
0 T | 1 T 1 O A A 1 O
0.0001 0.001 0.01 0.1 1 10 100 1000

Elapsed time (h)

Figure 4.2: Effect of skin-zone properties on sandface flow rates computed from the momentum

model for drawdown.
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5. SANDFACE AND WELLBORE PRESSURE, FLOW RATE AND
TEMPERATURE BEHAVIORS

In this section, we investigate the behaviors of sandface and wellbore flow rate,

pressure, and temperature distrubitions. All results are generated with the data in Table

4.1. In additional Table 4.1, the data is used in Table 5.1 and 5.2.

Table 5.1: Simulation input data used for verification example (Onur and Cinar, 2016)

Reservoir and Fluid Properties

Component Physical and Thermal Properties

k [m?] 1.056x10*% |B, [m*/sm?] 1.05427 Property il Water Solid Matrix
¢ [fraction] 0.29 B, [m/sm?] 1.022  |p [kg/m? 834.56 1000.03 2643.05
h [m] 3048 |c, [Pa"] 1.077x10° |c, [Ikg-K] 2177.1 4186.8 962.96
T [K] 351.48 |c, [Pa'] 4.398x10 " g [KH] 7.2x10°* 9.0x10°* 9.0x10°°
p° [MPa] 13.06  |u, [Pas] 2.949x107° | &5 [K/Pa] -4.432x1077 | -1.933x1077 n/a
p, [MPa] 2.758  |[MW, [kg/gmol] 0.321 |¢ [K/Pa] 1.072x107 | 4.554x10°* n/a
rwp [M] 0.125 T, [K] 585 Cpr [uUnitless] 0.7456 1.7182

re [m] 15000 |p. [MPa] 1.2551 |4, [IIm-s-K] 3.4615 for saturated porous medium
S [unitless] variable |, Acentric Factor] 0.9196 |a, [m%s] 1.420x10° for saturated porous medium
sw [fraction] 0.15 7o [ms] 8.717x107 |(p ¢, ) [IM3-K] 2.437x10° for saturated porous medium
c, [Pa™] 4.351x10™° | CPGL [V/g-K] 14.108 |(poc, p) [¥m>-Pa] |5.630x107 for fluid

¢, [Pa™] 1.417x10° |CPG2 [J/g-K] 1.8223 |o*, [K/Pa] 2.310x10° for saturated porous medium

Table 5.2: Skin zone parameters for verification example (Onur and Cinar, 2016)

Skin K K re
factor, S ) )
[unitless] [m7] [m?] [m]
Case 1 ) 1.0560%x10™"* 5.6748x10"° 1.4591
Case 2 5 1.0560x10" 3.4148x10* 1.3635
Case 3 5 1.0560x107"° 1.6842x10™ 0.3151
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5.1 Sandface Flow Rate Behavior for Production and Buildup Cases

In this section, our results are obtained for sandface flow rate behavior with the
conventional WBS and the momentum models. As seen in Onur et all. (2016), the
sandface flow rate is input to the semi-analytical temperature model. Also, this input

(gsr) determines the sandface or bottomhole temperature behaviors.

In this section, we observe sandface flow rate behavior with elapsed time in the Figure

4 and 5 for drawdown and buildup for zero skin case, respectively.

0.004 I B 1 1 1 O O B 11 B B R R U 1 | R A R RN
0.003 —
0.002 —
Q)
"’é i
=
0.001 |
WBS Model (Stehfest, Ngtef = 12)
0 Momentum Model (Stehfest, Ngtef = 12) | |
B Momentum Model (Crump) |
-0.001 N 1 T Y O O B A A O e B T
0.0001 0.001 0.01 0.1 1 10 100 1000

Elapsed time (h)

Figure 5.1: Comparision of sandface flow rates inverted by the Stehfest and Crump algorithms for the

WBS and momentum models for drawdown; skin zero case.
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B WBS Model (Stehfest, Ngtef = 12) i
Momentum Model (Stehfest, Ngief = 12)

0.003 | — Momentum Model (Crump) |
Q

£ 0.002 - .
o

0.001 — —

0 Ll Ll L L] il Ll Ll LI

0.0001 0.001 0.01 0.1 1 10 100 1000

Elapsed time (h)

Figure 5.2: Comparision of sandface flow rates inverted by the Stehfest and Crump algorithms for the

WBS and momentum models for buildup; skin zero case.

We can not see any oscillations in the WBS model for both drawdown and buildup
periods. Unlike WBS, we observe oscillations at early time in the momentum model.

These oscillations are owing to pressure waves in the well.

5.2 Flow Rate and Pressure Distrubitions along the Wellbore for Production

and Buildup Cases

Here, we observe the transient wellbore pressure and flow rate behaviors, and their

gradients.

We can see a cartesian plot of the transient wellbore pressure and wellbore length in
Figure 6, and a cartesian plot of the flow rate and wellbore length in Figure 7. Also,
Figure 8 and 9 shows gradients of the wellbore pressure and the flow rate. These
figures are obtained for zero skin case for drawdown period. In these figures, the well
length z is from 0 to 500 m. Our goal is to examine the gauge location on transient
temperature responses. The transient wellbore pressure, p" decreases linearly with

slope, as expected for a slightly compressible fluid., and its gradient dp“/dz shows
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small changes in the slope of Figure 11. As shown in the Figure 8 and 9, the flow rate
g" approaches to the wellhead flow rate and its gradient dq"/dz approaches zero
uniformly, as producing time increases. The wellbore flow rate increases linearly with

time at late times, but not linear at early times.

500 | | |
450 — |
400 — N
350 — i
g 300 —
N i |
C -
S 250 |- Elapsed time (h) —
> - 1
m 200 - 0
| === 1.3x103 7
150 L 4.5x10° i
5.4x1072
N 5.1x101 B
100 - 225 .
B 10 |
50 - 120
0 | \ | \ | \

0 2000 4000 6000 8000 10000 12000 14000
Wellbore pressure p¥(z,t) (kPa)

Figure 5.3: z vs p" plot at various drawdown times, momentum model, zero skin case.
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350 - | 45x10% | |
i N 9.5x10° |
300 | | 1.2x102 | |
] .. 2.0x102 | |
E oo . 3.3x102 ||
~ N . >5.5x10°2
~
200 > —

150

100

50

0
-8240 -8160 -8080 -8000 -7920 -7840

op“loz (Pa/m)

Figure 5.4: z vs dp%/dz plot at various drawdown times, momentum model, zero skin case.
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Figure 5.5: z vs " plot at various drawdown times, momentum model, zero skin case.
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0q"/oz (m3/s-m)

Figure 5.6: z vs dg"/dz plot at various drawdown times, momentum model, zero skin case.

In the Figure 10 and 11, we can see the cartesian plots of the transient wellbore flow
rate and pressure gradient for buildup. Because the gradient of the flow rate is negative,
its absolute values are plotted in Figure 11. Unlike drawdown period, the wellbore
flow rate decreases, and the wellbore pressure increases along the wellbore in buildup.
In Figure 12, we can see the effect of skin zone on the flow rate at various elapsed
drawdown times. The negative skin increases the wellbore flow rate, whereas positive

skin reduces the wellbore flow rate.
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Figure 5.7: z vs dp"/dz plot at various buildup elapsed times, momentum model, zero skin case.
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Figure 5.8: z vs abs(dq"/dz) plot at various buildup elapsed times, momentum model, zero skin case.

55



500
| I‘ I I I :\ I ‘l. I | ]
[ ! ] |
450 - | ! ' b
- ! Nt ;
400 : : ! o Elapsed time (h)
L | L kg u
I ' \ I 1x103(S=0,rg=r,=0.125m)
350 [ | . o -
: ! 7 : 2.1x10°3
i | ' | ] 2.0x10%2
300 - | b 5.5x10°2
a3 o T e i 1x102 (S =5, rg = 0.3151 m)
£ 250 |- ' :
N L A B R L S I I 2.1x10%
i : : ] 2.0x10?
200 = 0 5.5x102
o T B T 1x10°8 (S = -2, rg = 1.4591 m)
150 1= 4 e R ELLErT 2.1x10°
m! . 2.0x10°2
100 - H B R 5.5x10°
- i
50 - | b
— | ' X -
0 L | | | | | ! 1l | [ i

0 0.0005 0.001 0.0015 0.002 0.0025 0.003 0.0035
q" (m/s)

Figure 5.9: Effect of skin on g along the wellbore at various drawdown elapsed times, momentum

model.

5.3 Wellbore Temperature Behavior for Production and Buildup Cases

Here, we observe the wellbore temperature behavior computed by analytical wellbore

temperature solutions in the previous sections.

In Figure 13 and 14, we show the transient wellbore temperature distrubition on a
semilog plot for various different gauge locations with respect to drawdown and
buildup time, respectively. These figures are obtained for zero skin case in the
wellbore, with momentum effects. The wellbore temperature during drawdown and
buildup is cooling due to heat loss to formation as the gauge location increases. The
reason of heat loss to formations is the lower earth temperature at the gauge location,
as hown in Figure 15 and 26. Because of the increased temperature of the fluid entering
into the wellbore due to JT heating, the wellbore temperature al late times of drawdown
at the gauge location increases. But, we can see that the wellbore temperature at late

times of buildup tends to the earth temperature (constant) at the gauge location.
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Figure 5.10: Effect of gauge location inside the wellbore on transient temperatures during drawdown;
zero skin case.
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Figure 5.11: Effect of gauge location inside the wellbore on transient temperatures during buildup;

zero skin case.
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6. IMPACT OF VARIOUS PARAMETERS ON SANDFACE AND
WELLBORE TEMPERATURE

6.1 Geothermal Gradient at a Fixed Gauge Location for Production and

Buildup

Here, we observe the effect of geothermal gradient for different skin cases in
drawdown and buildup period. Our results are for fixed gauge location as z=500 m. As
shown in Figure 17, as the geothermal gradient increases, the wellbore temperature

decreases in drawdown and buildup for all skin cases.
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Figure 6.1: Effect of Earth Geothermal Gradient for z=500 m

59



6.2 Effect of Earth Conductivity and Diffusivity at a Fixed Gauge Location in
Production and Buildup

Here, we can see that the wellbore temperature decreses with increasing earth
conductivity value for all skin cases in drawdown period, except early times. Earth

conductivity does not have any effect in buildup period in Figure 18.
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Figure 6.2: Effect of Earth Conductivity for z=500 m

As shown in Figure 24, we do not observe any vital effect of earth thermal diffusivity
for zero and negative skin cases; however, a vital effect occurs for positive skin case
in drawdown and buildup periods. For positive skin case, the wellbore temperature

decreases significantly as earth thermal diffusivity decreases.
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Figure 6.3: Effect of Earth Diffusivity for z=500 m

6.3 Effect of Production Flow Rate at a Fixed Gauge Location

In this section, we observe the flow rate effects at a fixed gauge location. Two diffeent

gauge locations are evaluated for drawdown and buildup.

Firstly, three different flow rates are used as 3.3x10*, 3.3x10 and 3.3x102 in z=0 m
gauge location with and without skin. As shown in Fig. 20, the wellbore temperature

increases with increasing flow rate for s=0 and s=5 cases at z=0 m gauge location.

Secondly, three different flow rates are used as 3.3x107, 3.3x107 and 3.3x102 in
z=100 m gauge location with and without skin. As shown in Figure 21, the wellbore
temperature increases with increasing flow rate for s=0 and s=5 cases at z=100 m
gauge location, like in Figure 20. However, this increment of wellbore temperature at
100 m gauge location because of the flow rate is more distinct than at 0 m gauge

location.
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7. ANALYSIS OF INTERPRETATION OF TRANSIENT WELLBORE
TEMPERATURES

We can see the comparision of sandface and wellbore drawdown and buildup
temperature-derivatives with skin and momentum effects at different gauge locations
in Figure 22 and 23, respectively. At early times, a unit-slope line can be seen in
drawdown wellbore temperature-derivatives in Figure 22. As the gauge distance
increases, the unit-slope line become longer. The late time derivatives show zero slope
in drawdown reversing the non-skin zone properties. Also, we can see the
intermediate-time zero slope reversing the skin zone properties. By defining flow
regimes, we can estimate parameters such as permeability, skin, J-T coefficient,
thermal conductivity of earth and formation from transient wellbore temperature
solutions. As shown in Figure 23, we can not define any flow regimes for buildup

wellbore temperature-derivatives.
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Figure 7.1: Comparison of sandface and wellbore drawdown temperature-derivatives with skin and

momentum effects at different gauge locations (Onur et all.,2016)
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Figure 7.2: Comparison of sandface and wellbore buildup temperature-derivatives with skin and

momentum effects at different gauge locations (Onur et all.,2016)
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8. CONCLUSIONS

In this work, analytical nonisothermal wellbore model is presented to predict transient
wellbore temperature data with momentum or wellbore storage effects. To obtain
temperature behaviors for transient and steady state conditions in drawdown and
buildup, we use conventional wellbore storage model, momentum model, and wellbore
heat flow model equations. Also, this work provides analytical solutions by coupling
with sandface/bottomhole pressure and temperature solutions. For coupling, we use
the equations derived in Laplace space for variable-rate case including constant-rate
and buildup periods by Kocak (2017). During this study, we assume slightly
compressible and single-phase fluid in a homogeneous infinite-acting reservoir
system, and reservoir system with skin modeled is a composite zone adjacent to the
wellbore. In order to decouple the mass, momentum and energy balance equations in
the wellbore and reservoir, we can ignore the impacts of temperature changes on

wellbore and reservoir pressure transient data.

The analytical model is provided by using mass, momentum and wellbore heat flow
model equations. Then, it is coupled with transient bottomhole and wellbore pressure
solutions, and wellbore flow rate solutions derived by Kocak (2017) in Laplace space.
With derived analtical model, we investigate the sandface and wellbore behaviors of
flow rate, pressure, and temperature distrubitions. Besides, we investigate the impact
of various parameters such as geothermal gradient, earth conductivity and diffusivity,

production flow rate at a fixed gauge location on temperature distrubitions.
We can provide the conclusions obtained from the investigations:

- Unlike sandface temperature data, the wellbore temperature measurements above
perforation zone may not show the early time and late time semilog straight lines
reflecting the impacts of adiabatic-fluid and the J-T effects, respectively. Because,
these semilog straight lines depend on length above perforation zone greatly. Also,

they rely on earth geothermal gradient and radial heat losses.
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If the gauge location is near the producing zone, we can estimate the skin zone
properties easily by using drawdown and buildup wellbore temperatures.

The wellbore heat losses dominate in the buildup compared with drawdown; thus,
the formation properties can not be predicted from buildup wellbore temperature.
In drawdown, as the gauge location moves away from the producing zone, the
wellbore heat losses dominate on the wellbore temperature data.

We can not obtain any discernable flow regimes from buildup wellbore

temperatures at gauge locations, unlike buildup sandface temperatures.
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