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ABSTRACT

GROBNER-SHIRSHOV BASES AND REDUCED FORMS FOR AFFINE WEYL
GROUPS

USTAOGLU, UGUR
M.Sc., Department of Mathematics

Supervisor: Assist. Prof. Dr. Erol Yilmaz

December 2012, 52 pages

Grobner-Shirshov basis and reduced forms for the elements in the affine Weyl
group of type A, are presented. Starting from the standard defining relations R of
A,,, anew set of relations R’ is founded. Then, by using the algorithm of elimination of
leading words with respect to the relations in R’, all the forms in the affine Weyl group
A, are reduced to an explicit list of forms. Using combinatorial techniques, the number
of forms in such a list is found to be equal to the number of elements in :4: . Therefore,

by the Composition-Diamond Lemma, the relations in R” are Grobner-Shirshov basis

for the affine Weyl group A,.

Keywords: Affine Weyl Groups, Composition-Diamond Lemma, Grébner-Shirshov

Basis, g-binomials and Basic Partitions.
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OZET

AFFINE WEYL GRUPLARI iCIN GROBNER-SHIRSHOV TABANLARI VE
INDIRGENMIS FORMLARI

UGUR USTAOGLU
Yiiksek Lisans, Matematik Bolimii

Tez Yoneticisi: Yrd. Dog. Dr. Erol Yilmaz

Aralik 2012, 52 sayfa

A, tipindeki affine Weyl grubu icin Grobner-Shirshov tabanlari ve indirgenmis
formlar1 gosterilmistir. A,’nin standart tanimlanan bagintilar1 olan R’den baglanarak,
yeni bir baginti kiimesi olan R’ bulunur. Sonrasinda, R’ i¢indeki bagintilara gore
onde gelen kelimelerinin eliminasyonlarinin algoritmasi kullanilarak, A, tipi affine
Weyl gruplarinin igerisindeki tiim kelimelerin belirgin listeleri indirgenir. Kombi-
natoryal teknigi kullanilarak, listedeki gibi kelimelerin sayisi A,’nin elemanlarinin
say1isina esit olmasi i¢in bulunur. Boylece Composition-Dimanomd teoremi sayesinde,
R’ icerisindeki bagintilar A, tipindeki affine Weyl grubu i¢in Grobner-Shirshov ta-

banidir.

Anahtar Kelimeler: Affine Weyl Gruplari, Composition-Diamond Teoremi, Grobner-

Shirshov Tabani, g-Binomiallar1 ve Temel Boliimleri.
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CHAPTER 1

INTRODUCTION

Grobner and Grobner-Shirshov bases theories are generating increasing interest
because of its usefulness in providing computational tools and in giving algebraical
structures which are applicable to a wide range of problems in mathematics, science,
engineering, and computer science. In general, Grobner-Shirshov bases theory is a

powerful tool to solve the following classical problems.

(i) reduced form:;

(ii) word problem;

(iii) rewriting system,;
(iv) embedding theorems;
(v) extentions;

(vi) growth function...

The Grobner basis theory for commutative algebras, introduced by Buchberger
[13], provides a solution to the reduction problem for commutative algebras. More
precisely, it gives an effective algorithm of computing a set of generators for a given
ideal of a commutative ring which can be used to determine the reduced elements with
respect to the relations given by the ideal. In [8], Bergman generalized the Grobner ba-
sis theory to associative algebras by proving the Diamond Lemma. On the other hand,
the parallel theory of Grobner bases was developed for Lie algebras by Shirshov [15].
The key ingredient of the theory is called Composition Lemma which characterizes

the leading terms of elements in the given ideal. In [2], Bokut noticed that Shirshov’s



method works for associative algebras as well, and for this reason, Shirshov’s theory
for Lie algebras and their universal enveloping algebras is called the Grobner-Shirshov

basis theory.

In particular, the technique of Grobner-Shirshov bases is proved to be very useful
in the study of presentations of associative algebras, Lie algebras, semigroups, groups,
etc. by generators and defining relations, see, for example, the book [4] by L. A. Bokut
and G. Kukin, survey papers [[5], [6]] by L. A. Bokut and P. Kolesnikov, and [7] by L.
A. Bokut and Yuqun Chen.

This thesis deals with Grobner-Shirshov bases theory for affine Weyl groups. Grobner-
Shirshov bases and reduced form of the elements were already found for the Coxeter
groups of type A,, B, and D, in [1]. They also proposed a conjecture for the general
form of Groébner-Shirshov bases for all Coxeter groups. In [9], an example was given
to show that the conjecture is not true in general. The Grobner-Shirshov bases of the
other finite Coxeter groups are given in [10] and [16]. This thesis is another exam-
ple of finding Grobner-Shirshov bases for groups, defined by generators and defining

relations.



CHAPTER 2

RELATIONS AND WEYL GROUPS

2.1 Coxeter Groups

Let us define that W is a group and S is a set of distinguish generators of W of

order 2. For s and s* belong to S. The order of the product ss  is denoted by m, €

(1,2, ...} U{oo).

Definition 2.1. (Coxeter System) We define that the pair (W, S) is a Coxeter System if
W has a presentation by generators and relations given by the set of generators S and
the relations:

=1 for seS,

ss s ... = s sss... which are braid relations for s,s € § such that m; ¢ is finite.

Afterwards, we can also say that W is a Coxeter Group.

The rank of the system is the cardinality of S.The matrix of the Coxeter system

(W,S) is (m, ) where s, s € S; it has values in {1, 2,.. .} [J{oo}.

Definition 2.2. (Coxeter Matrix) The coxeter matrix is n X n symmetric matrix with

diagonal entries 1 and oft-diagonal entries are greater than and equal to 2.

1 323
1 3 2 1 4 2
313 2
Example2.1.| 3 1 3 |,| 4 1 3 |and are Coxeter Matrix.
231 3
2 31 2 31
32 31

Every Coxeter matrix is the matrix of a Coxeter system.



Definition 2.3. (Coxeter Graph) The coxeter graph of (W, S) is the graph with set of
vertices S and edges {s, s’} when mg ¢ > 2. Furthermore, the edge is then labelled by

’
mg .

Proposition 2.1. If
w=[|w.

then its Coxeter graph Uy is the disjoint union

| [rw.

In particular, a Coxeter group W is irreducible if and only if I'y is connected.

Example 2.2. The symmetric group o, = o({1,2,...,n}). Lets; = (i,i + 1) and

Seo, = 181,82, ..., 8,-1}. Then (0, S ,) 1s a Coxeter system of type A,_; with graph

(The label is omitted when it is 3.) The rank of the systemisn — 1.

Theorem 2.1. [17] Let (W,S) be a Coxeter system, S’ a subset of S and W' the sub-
group of W generated by S'. Then (W',S’) is a Coexeter system with Coxeter matrix

the submatrix of the Coxeter matrix of (W, S) given by S'.

Lemma 2.1. [18] A Coxeter system is irreducible if its associated graph is connected.

For instance, the system in example 2.2 is irreducible.

If S is the disjoint union of two subsets S and S ,, and no vertex of §; is connected

to a vertex of S, then W = W; x W,, where W, is the subgroup of W generated by S ;.

Definition 2.4. (Length Function) If (W, ) is a Coxeter system, the length of w € W,
denoted by I(w), is the smallest integer m such that w is the product of m elements of

S.



Definition 2.5. (Reduced Decomposition) If m equals I(w), a decomposition w =

5187 ...5, with 51, 5,,...,5, €S 1s reduced.
Proposition 2.2. []19]

@) w) = w™). [Ifw = s1s2...5,, w' = s,5,1...510 50 l(w™") < l(w), and

Vin place of w]

similarly for w~
@ii) w)=1ifandonlyifw e S

(i) [ww) < Iw) +IW). [Ifw = $182...8, and w = s’ls/z...s:], then the product

WW =W =s55... spslls'2 e s:] has length at most p + q]
i) I(ww)) > I(w) — I(w"). [Applying (iii) to pair ww', W)™\, then use (i)]
W) [w)—1<1lws) <Iw)+ 1 forseS andw e W. [Use (iii) and (iv)]

Theorem 2.2. [I8] Letw = s152...8, with s1,52,...,5, € S. Then there is a subset

I={ii <ip<...<i,of{l,2,...,m}with p = l(w) elements such that w = s; s;, . .. 8; .
The above theorem is a result of the exchange lemma of [17]

Lemma 2.2. [I8] Let w = s15; ... 5, be a reduced decomposition where sy, 83, ..., Sp

belong to S. Let s € S, then one of the following claim holds;
@) l(sw)=1Iw)+ 1 and ss15;...s, is a reduced decomposition of sw.

(i) [(sw) =Ilw)—1and 3j € {1,2,...,m} such that s|...S;_1Sj41 ... Sy IS a reduced

decomposition of sw and ss ...Sj-1Sj+1 ... Sy IS reduced decomposition of w.

2.2 Real Reflection Groups

Definition 2.6. (General Linear Group of a Vector Space (GL(V))) If V is a vector
space over F, the general linear group of V, written as GL(V) or Aut(V), is the group
of all automorphisms of V, i.e. the set of all bijective linear transformations V — V,

together with functional compositions as a group operation. If V has finite dimension n,



then GL(V) and GL(n, F) are isomorphic. The isomorphism is not canonical; it depends

on a choice of basis in V. Given a basis (e;e; .. .e,) of V and an automorphism

n

Tek = Zajkej

=1

for some constants a; in F, the matrix corresponding to 7 is then just the matrix with

entries given by the a j.

Let V be a finite dimensional real vector space. A reflection of V is an automor-
phism of order 2 whose set of fixed points is an hyperplane. A finite reflection group

W in V is a finite subgroup of GL(V) generated by reflections.

Definition 2.7. (Crystallographic) If there is W — invariant Z — lattice of V, i.e, if
there exists a free Z — submodule L of V stable under W such that the canonical map

L ®ZR — V is an isomorphism, then the group W is called crystallographic.

Definition 2.8. (Chamber) Let A be the set of reflecting hyperplanes of W. Then
V — (Mpyea H is in general non-connected: its connected components are the chambers

of W.

Theorem 2.3. [17] The group W acts simply transitively on the set of chambers, the

closure of chamber is a fundamental domain for the action of W on V.

Theorem 2.4. [17] The pair (W, S) is a Coxeter System.

2.3 Coxeter Groups as Reflection Groups

We define a set S and a Coxeter matrix M = (m, ) where s, s €S.LetV=RS
and denote by {e,} where s, s € S its canonical basis. Let us define a bilinear form B),
on V by

T
By(es,ey) = —cos——
ms,s'



and we know that By(s;,ey) = —cos—"— = —cos] = 1. Let p, be the reflection in V
given by
ps(x) = X- 2BM(es, x)es
= X+ 2cos
ms,s’ eS

One has V = Re; @ H,, where H, is the hyperplane orthogonal to e;.

Let W be the group with set of generators S and relations

=1

ss'ss ...=ssss...forthose s,s €S such that mg g # 00,
Lemma 2.3. Forany s € S, p; is a reflection that preserves the bilinear form By(., .).

Proof.

BM(ps(x)’ps(y)) BM(X - 2BM(esa x)es’y - 2BM(esa y)es)
= Bu(x,y) —4By(x,e5)By(y, e5) + 4By(x, e5) Bu(y, e5)

BM(X,)’)

O

Theorem 2.5. [17] The map s — p; extends to an injective morphism W — GL(V),

the reflection representations of W. Furthermore, (W, S) is a Coxeter system.
When S is finite, By, is positive definite if and only if W is finite.

Theorem 2.6. [18] The construction of real reflection groups and Coxeter groups as
reflection groups give rise to inverse bijections between the set of conjugacy classes of
finite subgroups of GL,(R) generated by reflections and the set of those rank n Coxeter

matrices give rise to a finite group.



2.4 Finite Coxeter Groups

The classification of Coxeter graphs causing irreducible finite Coxeter groups is

the following([17])

An [ ] [ ] @ ooreenenens ) °

Bl’l [ ] [ @ ooeeenenens o °

D, °

\ [ ] @ eeeeeens [ )
° /

Es ° ° ° ° °
°

E; ° ° ° ° ° °
°

F, ° ° ° °

G, = L,(6) o— o

H; o> ° °

H, o o ° °

L(m) o—" o

2.5 Root Systems and Weyl Groups

Definition 2.9. (Root System) Let V be a finite-dimensional real vector space, with the
standard inner product denoted by (., .). A root system in V is a finite set ¢ of non-zero

vectors (called roots) that satisfy the following properties:

(i) The roots span V
(ii) The only scalar multiplies of a root @ € ¢ that belong to ¢ are « itself and —a.

(iii) For every root @ € ¢, the set ¢ is closed under reflection through the hyperplane

perpendicular to @. That is, for any two roots @ and B, the set ¢ contains the



reflection of S.
(@, )
(@, )

uB)=f -2

€

(iv) (Integrality Condition) If @ and S are roots in ¢, then the projection of g onto the

line through « is a half-integral multiple of @. That is,

(a.)

(a, @)

<B,a>=2 ez

The integral condition is known as a crystallographic root system.

In view of property (iii), the integrality condition is equivalent to stating that 8 and
its reflection o, (B) differ by an integral multiple of .

Note that the operator < .,. >: ¢ X ¢ — Z defined by property (iv) is not an inner
product. It is not necessarily symmetric and is linear only in the first argument. The
rank of a root system ¢ is the dimension of V.

The cosine of the angle between two roots is constrained to be a half-integral mul-

tiple of a square root of an integer:

@p),B.a)
(a,) (B.B)
@) @B
le 1B
(. B)
la?|B1?
= 4cos*(0)

2

<B,a><a,B>

= 2

= (2cos(H))Y’ €Z

Since 2cos(6) € [-2, 2], condition (i1) says that no scalar multiples of « other than 1

and —1 can be roots which would correspond to 2a or —2« are out.

Definition 2.10. (Dual Root System and Coroot) If ¢ is a root system in V, the coroot

a" of aroot « is defined by
v 2
@

(@)



The set of coroots also forms a root system ¢" in V, called the dual root system (or

sometimes inverse root system). By definition (a)" = «, so that ¢ is the dual root

system of ¢". The lattice in V spanned by ¢" is called the coroot lattice.

Definition 2.11. (Alternative Definition of Root System) Let V be a finite dimensional
real vector space ¢ a finite subset of V and ¢" a finite subset of V* parameterized by

¢:¢— @', — . Assume that
(i) <¢p>=V.

(ii) Ya € ¢, we have (o', @) = 2 and the reflection s, : V — V, x = x — (@', )

stabilizes ¢.
(iii) We have o¥(¢) C Z, Va € ¢.
(iv) Va € ¢, we have 2a ¢ ¢
Then, ¢ is a root system in V

Definition 2.12. (Irreducible) If ¢ = ¢; | ¢, and ¢; is a root system in V; together
with zp}/ = {QV}QE¢[, the subspace of V generated by ¢;, for i € {1, 2}, then we say that
¢ = ¢1 P ¢2. The root system ¢ is irreducible if it is non-empty and it is not the direct

sum of two non-empty root systems.

Definition 2.13. (Weyl Group) The Weyl group of the root system ¢ is the subgroup
of GL(V) generated by the reflections s, for a € ¢.

Note that W is a crystallographic finite reflection group with Z — lattice the Z —

submodule of V generated by ¢.

Proposition 2.3. [I8]Let W be crystallographic reflection group in a finite dimen-

sional real vector space V. Then there is a root system ¢ in V with Weyl group W.

The set A = {a;}1<i<, is called a basis of ¢. Let ¢* = {a € dla = > n;a;, n; > 0} (the

positive roots) and ¢~ = {a € ¢|la = ) n;a;, n; < 0} (the negative roots).

10



Proposition 2.4. [17] The set A is a basis of V and ¢ = ¢* | ¢~.

The Cartan matrix is (< @, 8" >) where  and 8 belong to A. Let us define S = {s,}

where @ € A. Then, (W, §) is a Coxeter system.

The rank 2 root systems

Type A X A, Type As

(0% -+ ay (0% ) + an

| N

—Q -1 — @ —Q) | —ap

Proposition 2.5. [18] Let w € W. The cardinality of ¢~ N w(¢") is the length [(w)

The root system in V* which is either an inverse to ¢ or a dual to ¢ is defined by

the set ¢". There is an isomorphism of groups

W(g) — W(g")

sending s, on s,v. Through this isomorphism, W(¢) operators on V*.

Remark 2.1. [18] The root systems (V, ¢) and (V*, ¢*) are not isomorphic in general:
for example, the root system of type C, is the inverse of the root system of B,, when

n > 3, these root systems are not isomorphic.

2.6 Affine Weyl Groups

Let us define that ¢ is a root system in a finite dimensional real vector space V. We
set a subgroup of the group Af f(V*) of affine transformations of V* as follows:

For o € ¢ and k € Z, let H,; be the affine hyperplane of V* defined by

Hyx ={x € V'(a,v) =k}

11



Let s, be the orthogonal reflection with respect to H, 4

Sax(x) = x = (@, x) = k)a”

The affine Weyl group associated to ¢ is the subgroup W of Af f(V*) generated by s,
aep, kel

Let Q be the subgroup of Af f(V*) generated by the transformations by elements
of ¢V.

Proposition 2.6. [17]We have W = Q =« W.

Definition 2.14. (Alcove) An alcove is connected component of V* — (J,eprez Hak

where the set {H, i }qeqkez 18 the set of reflecting hyperplanes of W.

Theorem 2.7. [17] The group W acts simply transitively on the set of alcoves. The

closure of an alcove is a fundamental domain for the action of W on V*.

Assume that C be a chamber for W. Afterwards, there is a unique alcove A c C
such that 0 is in A, which is the closure of A. Suppose that S be the set of reflections
with respect to the walls of A. The pair (W,S) is a Coxeter group. There is a root
@ = ), ma; in ¢ such that if 8 belongs to ¢, 8 = >, m;a;, then m; < n;: @ is the highest
root if ¢ is irreducible. This root is orthogonal to the wall of A which does not contain
0 ([17]). The length of an element w € W is the minimal length of a gallery of alcoves
from A to w(A).

The classification of the irreducible affine Weyl groups (or of their Coxeter graphs)

is the following [17];

The type with cases | The graphs

1 [ J

12



The type with cases

The graphs

=

n

n>3

S A

Theorem 2.8. (A formula for order of W)[19] If W is an irreducible Weyl group of

rank n, then

w| =nlcicy...c,f,

Coefficients of Highest Root and Index of Connection
Type | Coefficient of @ | f

A, IL1,...,1 n+1

B, 1,2,2,...,2 2

13



Coefficients of Highest Root and Index of Connection

Type | Coefficient of @ | f

C, 2,2,...,2,1 2

D, 1,2,2,...,2,1,1 | 4

Es |1,2,2,3,2,1 3

E; 2,2,3,4,3,2,1 2

Eg 2,3,4,6,5,4,3,2 | 1

Fy 2,3,4,2 1

G, 3,2 1

where f is the index of connection and the c; are the coefficient of the highest root.

a = Y cia; where A = {ay,an, . ..,a,).

14



CHAPTER 3

GROBNER-SHIRSHOV BASES AND REDUCED
FORMS FOR A,

3.1 Grobner-Shirshov Bases for the Associative Algebras

Definition 3.1. (Linearly Ordered Set) A linearly ordered set (or a total ordered set) is

partial ordering set (S, <) which has the property of comparability
Vri,r; €S either r;<r;j or rj<r;

In other words, a linearly ordered set is a set S with a binary relation < on it such that
the followings hold for all r;, r; and r are in §'.

e Reflexivity: r; < r;.

e Antisymmetry: if r; < rjand r; < r;, then r; = r;.

e Transitivity: if r; < r;and r; < 1y, then r; < ry.

e Comparability: Either r; < rjor r; < r;.

Definition 3.2. (Well Ordering) A well-ordered relation on a set S is a total order on §
with the property that every nonempty subset of S has a least element in this ordering.

The set S together with the well-order relation is then called a well-ordered.

Example 3.1. N is a well-ordering but Z is not a well-ordering because Z has no least

element.

15



Definition 3.3. (Semigroup) A semigroup is a non-empty set R with a binary operation

29,9

on "% such that binary operation is associative

ax(b=xc)=(ax*b)=x*c.

99,9

Definition 3.4. (Monoid) If § is a monoid set together with a binary operation ",

then S satisfies the following three axioms;

(i) Closure: Ya,beS axbes,

(ii) Associativity: Ya,b,c € S (a*b)*c =ax* (b*c),
(iii) Identity Element: de € S : YVae S : exa=axe =a.
A monoid is a semigroup with an identity element.

Example 3.2. Let us give 5 examples of monoid;

e (Z*,+) is a semigroup but not a monoid since the identity O is not in the set.

(Z*,-) is a monoid under multiplication since the multiplicative identity 1 is in

the set Z*.
e Every group is a monoid and every abelian group is a commutative monoid.

e N forms a commutative monoid under addition (identity element 0), or under

multiplication (identity element 1).

e Let S be aset. The set of all functions S — S forms a monoid under function
composition. The identity is the identity function. It is also called full transfor-
mation monoid of S. If S is finite with n elements, the monoid of functions on

S is finite with n" elements.

Definition 3.5. (Free Monoid) The free monoid on a set S is the monoid whose ele-
ments are all the finite sequence of zero or more elements from S. It is usually denoted

by §*.

16



Suppose S is a linearly ordered set and k is a field. Let S* be the free monoid
generated by S. The elements of S * are called words. The empty word is the identity
which is denoted by 1. Let k < § > be free associative algebra over k generated by §
defined by .

k<S> = {aniwi, co; €k and w; €S}

i=1
Definition 3.6. (Monomial Ordering) A well ordering < on S* is called monomial

ordering if it agrees with left and right multiplications by words:
U>v = wiuwy > wivws Ywi,w, €87,

Example 3.3. A standard example of monomial ordering on S * deglex ordering which
first compare two words by length and then compare by lexicographical where S is

well ordered set.

Definition 3.7. (Leading Word) Let f = ozf + Y au € k < S > where a,; €k,
f € S*and u; < f for each i. Then we call f the leading word of f.

For a word w € S*, we denote the length of w by |w|.

Example 3.4. Let S = {ry,ry, 12} and f = roriry + roriro + riry + rp using deglex order

with rg > r; > r,. Firstly we check lengths of the words.

Wy =rohr, = |[wy| =3,
Wy =rorirg = |wa| =3,
w3 =riry = |wsy| =2,

Wy =1 = |W4|: 1.

Then, |w;| = |w,| > |ws| > |wy| and secondly, using lexicographic order w, > w; >

ws > wy because of ro > r; > ry. f = wy = ryryry 1s the leading word of f.

Definition 3.8. (Monic) If leading word of f, f, has a coefficient 1, then f is called

monic.

17



Definition 3.9. (Composition of Intersection) For two monic polynomials f and g in

k < § > and a word w, the composition of intersection is defined by

(f.@w=rfb—ag w=fb=ag, |fl+Igl>wl

Example 3.5. Let f = rorirarg + 2rorarory + rory + 1y and g = rargriry + 2rar rory +
riry + 1. f = rorinrg, & = nroriry and w = rorinrgrir; = f(rirp) = (ror;)g and
Ifl+1gl = 4+4 =8 > |w| = 6. Then the composition of intersection is (f, g), =

f(riry) — (ror1).g = roriraroriry + 2rorargririry + rorriry + ririry — rofirrorry —

21’01"11’21"11’07‘1 — rorrirp — rorirp = 27’01"21"01"1}"1}"2 + rrinrn —21"()1"11"21"1}"01"1 — rorn

Definition 3.10. (Composition of Inclusion) For two monic polynomial f and g in

k < § > and a word w, the composition of inclusion is defined by

(f.@w=f—agb if w=f=agh.

Example 3.6. Let f = roriryrgriry+rrgry+ror +ry and g = rirror +rarirg+rir+r;.
f = rori1rrorir; and § = Inrror. f = rorihnror; = (l’o)g(l’z), then the COHlpOSitiOH of
inclusion is (f, g),, = ror1rarorira+raror+rori+ri—(ro)(riraror1+rariro+rir+r)(r) =

—Frola Vo) — For1ary — rolraly + rargly + rolp + 1.

Definition 3.11. (Elimination of Leading Words) In the event of the composition of
including the transformation f +— (f, g),, = f —agb is called elimination of the leading

word (ELW) of g in f.

Example 3.7. If we use the previous Example 3.6, then the ELW is f — agh =
rorirroriry + raprgry + rory + 11 — (ro)(l’ll’zl"orl + rrirg+rirn + rz)(rz) = —rolhrirory —

rorirry — rolal + rrgry + rorp + 1.

Definition 3.12. (Trivial Relative) A composition (f, g),, is called trivial relative to
some R Cc k < S >if (f,g), = X aa;rib; + r where o; € k, r; € R, a;,b; € S* and
a;r;b; < w. In particular, both f — (f,g), = f —agb = 0 and r = 0 of R, then (f, g).,

is trivial relative to R.
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Example 3.8. Let /11, h, and h3 belong to R. hy = ror rarorry+rorarira, hy = riryror; +

rory + rp and hs = 1. AISO,/’L_l = ro(l’l_g)rz,

(hi,hy)y = hy—ro(ho)rs
= Forlorry + rorariry — ro(rirarory + rary + ry)rp
= —rolnnrn+ 0

= —I"()hg,l"z.

where roh_3r2 < w and r = 0.Then, (h, h»),, is trivial relative to R.

Definition 3.13. (Grobner-Shirshov Basis) A subset R of k < S > is called a Grobner-

Shirshov basis if any composition of polynomials from R is trivial relative to R.

The following lemma was first proved by Shirshov [15] for Lie algebras presented
by generators and defining relations. He called it the composition lemma. A similar
lemma for free associative algebras was formulated later by Bokut [1] and by Bergman
[8] under the name “Diamond lemma” after celebrated Newman’s Diamond lemma
[11] for graphs. This kind of lemmata are now named as composition-diamond lemma.
We will use Bokut’s version of this lemma for free associative algebras. Similar ideas
were independently discovered by Hironaka [12] for power series algebras and by

Buchberger [13, 14] for polynomial algebras.

Lemma 3.1. (Composition-Diamond Lemma for associative algebras) Let k be a field,
A =k(S|R) = k(S )/I(R) and < a monomial ordering on S*, where I(R) is the ideal of

k(S) generated by R. Then the following statements are equivalent:
(i) R is a Grobner-Shirshov basis.
(i) f € I(R) = f = asb for some s € Rand a,b € S*.

(iii) The set of R-reduced forms

Red(R) ={w e S*\w # asb,a,b e S*,s € R}
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is a k-linear basis for the algebra A = k(S |R).

For commutative polynomials, this lemma is known as Buchberger’s Theorem for

the Grobner basis (see [13, 14]).

Definition 3.14. (Buhberger-Shirshov Algorithm) If R C k(S ') is not a Grobner-Shirshov
basis, then we reduce every nontrivial compositions to a polynomial relative to R and
add this polynomial to the R. Having repeated this procedure (possibly infinitely
many times), we obtain a Grobner-Shirshov basis R“"”. The process is called the

Buchberger-Shirshov algorithm.

If the set R consists of semigroup relations (i.e. u — v, where u,v € S*), then each
nontrivial composition of polynomials from R has the same semigroup form. Hence,
R consists of semigroup relations too.

Let A = smg(S|R) be a semigroup presentation. Then R C k(S) and we can obtain
the Grobner-Shirshov bases R"P. The set R"” does not depend on the field k and
consists of semigroup relations. We will call R“"? the Grobner-Shirshov bases for the
semigroup A.

The main purpose of this thesis is to find a Grobner-Shirshov basis and classify all
reduced forms for the affine Weyl group A,. The strategy for solving the problem is as
follows.

Let R be the set of polynomials of the defining relations of A,. Using Buchberger-
Shirshov algorithm, we obtain a new set R’ of polynomials including R. Then, by
using the algorithm of elimination of leading words with respect to the polynomials
in R’, all the words in the group A, are reduced to the explicit classes of words. After
that, we compute the number of all reduced forms with respect to these classes by
means of a generating function. This generating function turns out to be same with
the well known Poincaré polynomial of the affine Weyl group A,,. Therefore, by the
Composition-Diamond Lemma the functions in R’ form a Grobner-Shirshov basis for
the affine Weyl group A,.. Furthermore, one can easily see that this basis is in fact a

reduced Grobner-Shirshov basis.
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3.2 Grobner-Shirshov Bases for ;47

In this section we explicitly present Grobner-Shirshov bases for the affine Weyl

group of type A,.

Definition 3.15. The affine Weyl group A, has a presentation with generators § =
{ro,r1,...,r,} and defining relations

rri=1 0<i<n,

rirj=rir; 0<i<j—1<mnand(,j) # (0,n),

Fiti i = it ity 0<i<n—1,

rorptro = rproly.

Identifying each relation u = v by a polynomial u — v, we define
](i):riri—l 0<i<n,
z(i’j) =rrij—rir; 0<i<j-1<nand(,}j) # (0,n),

(@) _ .
S = hifigri—righiti 0<i<n-—1,

f4 = roFuto — rnloly.

Let us define

Fitig1 -..7j, 0<i<j<m

ritiei...rj, 0<j<i<mnm
Tij =19 T, i=J;

1, i=1,j=0;

I, i=n,j=n+1l.

Lemma 3.2. Let R = {fi, />, f5, f1a}. A Grobner-Shirshov Basis of A, with respect to
deglex order with ry > ry > - -+ > r, contains the following polynomials.
g(li’j) = 1ijli = T Tij 0<i<j—1<nwith(ij) # 0,n),
82 = Fonl0rn — F1Ton’0
ggj’k) = Foluklj = 0T nk (n>3) 2<j<k-1<n,
)

85 = ToTujTjs1 — Tjlolyj 2<j<n,
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k) _

8s = Tornklo — I'nTolnk 2<k<n,
"D = 1< 2<k
8¢ = Torukuror — oVl 1170,0-1 <i<n , <Kk<n,
®h = 1<l<k-1
87 = Foruklirornk — Frolnk 1o n i+ 1 SI<KkK—-1<mn,
kD _
8 = Formklulolni-1 — rirorwruforac 3<k<n , k—-1<l<n,

kD _
89 = 1oruk11Fo T — TnhoVnkF 1170 njr1,1-1
2<k<n-1 , k+1<j<n , 1<I<j-2,

GkD _
810 = FornkT1ornjrii+1 = Fnl0Fnk 11707 njT 11

2<k<n , k<j<n , j-1<Zl<n-1

Proof. Let R = {f1, f2, f3, fa}. We apply the Buchberger-Shirshov algorithm to the R.
We show every ELW in the below computations except ELW’s of £/, the commu-

tativity relations. Notice that at this point we are not claiming that this is a Grobner-

Shirshov basis for Xn.
(0, Dy = g2 for i=0,1,2,...,n—2.
(g, fli0y = @D
for i=0,1,2,...,n=2 , j=i+3,i+4,...,n with (i, j)# (0,n).

& f) = g2
(fz(o’j), fIy= g9 (n>3) for j=2,3,...,n-2.
(g/k+1) fz(jk))_ (j.k)

n>4) for k=n-1,n-2,...,4 , j=2,3,...,k—-2.
(fz(on 1) f(n 1)) — (n 1)
@ =gl (m>3) for j=n-2,n-3,...,2.
a7 = 857",

¥V, [ =¢® (n>3) for k=n-2,n-3,...,2.
(Fo ) =

g0, fO) = g%V for k=2,3,...,n-1.

(gD, [y = g% for k=2,3,...,n , 1=23,...,n—1.
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0
(FO, f2) = rorariror, — rirorariro

— oD
_g7" .

(8(10’1)’f4) = g(7n’l) (n>3) for [=23,...,n-2.

k+1,)) (k)
(& 7.8,)

Yornk+171MkFo nk — Y1FoVnk+17 1170 nk+2 K i+ 1

(kD (kk+2)

=8&;  —nroruk+17183 Fi+1

n>3) for k=n-1,n-2,...,3 , [=1,2,...,k=2.

(kk=2) (k=1)y _
(g7 184 ) = FOTukl L k=170T k=1 = FIFOT il 1 k=27 0T s 1 Th=1Tk

= g;k’k_l) -1 rornkrl,k_zggk_l’kﬂ)rk (n>3) for k=n-1,...

(n,n=2) (n—1)
(87 » 84 ) = 10Fal 1.a=170T nn-1 = P70l 1 n=210 n-1n

— n=1) (0,n=1)
= 83 _rerrnrl,n—2f2 T-

-1 -1 0,n—1 -1 ,
(gz,gff' )) = ”0,n—2f3(n )i’oi’n”n—l - ”17’0nf2( " )rn - rer,n—2f3(n )Vorn + gé"")

k1D (k=1)y _ k-1,0) (k=1,k+1)
(88 » 84 ) = rorni+171k-28, o k-1 — P70V ni+17185 T
(k=1,0) (k,0)

o ni+171, 628 rornk+1Tk + &g

n>3) for k=3,4,....,.n—-1 , I=kk+1,...,n
gV, iy = g &V for k=12,3,...,n— 1.
(+LED ALy GikD
(8¢ " ) = g
n>3) for k=23,....n-2 , j=k+1,k+2,...,n—-1.
ikd=1)  p(1-1
(g;] ),f3( ))=rornki’l,z—ll’oi’njh,z—ﬂ’zrz—l”z—rnrornki’l,l—lrornﬂ’l,z—zi’ﬂ’z—l

_ kD
=gy

(n>3) for k=2,3,....n-1 , j=k+1,k+2,....n , [=2,...

(j+1.k

,3.

,J— 2.

J=D 0 eG=Dy
89 ,f3 ) = YoFnk?1,j-170 n, j+171,j-2V j¥ j-1Fj = YV o uk V1, j-170Fn, j+171,j-27 ;¥ j-1

— (j,k,j—l)
=80

(n>3) for k=23,....n-1 , j=kk+1,...,n-1.

(kn—1) pn—1)\ _
(86 ’f3 ) - rOrnkrl,n—er,n—2rnrn—lrn - rnrOrnkrl,n—lr()rnrl,n—l

= 8%’]""_1) (n>3) for k=2,3,...,n.

(k=1 p(D)y _
(810 > J3 ) = FOTakl1=1 70 T 111 T 141 T 17141 = Tl OFnk 111707 njT10-1 71714171

— O] (O] (ko)
= Folukl1,1-184 T1-1,jT10+1 — TnhoVnk?1,1-184 Vi-1,jV11 T 87

for k=2,3,....,.n-1 , j=kk+1,...,n-1 ,JJ=j-1,...
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In the above equation if / = j, then r,_; j assumed to be the identity 1. O

Example 3.9. In this example, we examined Grobner-Shirshov Basis of Affine Weyl

Group A, using the Lemma 3.2;

g(li’j):rijr,-—r,-ﬂr,-j 0Sl<]—1<4 with (l,])¢(0,4)

0) £(0,2) (V)] (0,2)
(f3 ’fz )rmrofz - J3 r2_r01f2

(roriro — rirory)ra — rori(rory — rat)

ro2ro — riroz

_ ,0.2)
=g .

0,2) ,(0,3) _ (0,2) (0,3)
(gl 9f2 )r02r0r3 _gl r3_r02 2

(rooro — riro2)r3 — rop(rors — r3rg)

ro3ro — I'iro3

0.3)
.-

(1) (1,3) — D (1,3)
(f3 9f2 )r12r1r3 - J3 r3_r12f2

(rirry = rarir)rs — rip(rirs — r3ry)

rizry — nrs

_ 13
=g, -

(1,3) p(1,4) _ (1,3 (1,4)
(g] 5f2 )r13r1r4—g1 r4_rl3 2

(rizry — rar3)ra — riz(riry)

rry —nnrig

— o
=g

(2) £2.4) — 2 (2.4)
(f3 9f2 )r2r32r4 - J3 r4_r23f2

(rar3ry — r3rar3)ry — 13(rafs — rary)

o4y — 134

— 524
=g
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82 = Foabors — I'1Foalo

0,3 0,3
(g(l )’ ﬁ‘)foﬂomro = g(l )7‘47‘0 - r03f4

(rosro — riro3)raro — ro3(roraro — rarors)

Yoarolrs — F1¥op4to

= g2'

8" = rorgr; — rirora 2sj<k-1<4

0,2) (2.4 (0,2) (2,4)
(fz afz )r0r2r4 =J, rs—Thj,
= (rory — raro)rs — ro(rary — rar)

= rolr4lp — Nrora

_ .24
= g3 .
@) .
g}’ = rorajric1 — rirors; 2<j<4

0.3) »(3) (0,3) (3)
(fz )’f3 )r0r34r3 =J, T4 — 1o 3

= (ror3 — r3ro)ra3 — ro(r3rars — rarsrs)

YoF43¥4 — F3Fola3
N )]
= g4 .

24 2 _ .24 (2)
(g3 5,](‘3 )r0r4r23r2 - g3 r32 - r0r4fzg

(rorary — rarora)r3p — rora(rarsry — r3rrs)

Yolr4ot3 — Farolsn

— P

_g4 .
© = - 2<k<4
85 = Folaklo — Frakolay SKk<

0,3 0,3
(f4’ fz( ))ror4ror3 = f47'3 - r0r4f2( )
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= (roraro — rarora)rs — rora(rors — r3ro)

= Frolr43ro — I4Tolr43

N E))
=85 -

3) £0.2) _ ,3 (0,2)
(g ’fz )r0r43ror2 - 35 ry — r0r43‘f2

(rorazto — raroras)ry — roras(rory — rarp)

rorapFo — T'a¥olap

— @
=85 .
(-
g6 = rolragriitor — rarorakr1iro,1-1 1<l< 4, 2<k<4

0 0
(f4af:5( ))ror4ror1ro = ﬁlrer - }"0}"4]%( )

(roraro — rarora)rirg — rora(roriro — rirory)

roraF1¥o1 — Farorariro

— 4D
= g6 .

4,1 1) 4,1 (1
(86 )afz,‘( )r0r4r1r02r1 = g((g )rZrl - }"0}"4}"1}"0]% )

(rorarirory — raroral1¥o)rary — rolal ro(rirary — rarir;)

Forari2Fo2 — F4Forat12¥Fo1
_ 8(64’2)-
(8(64’2),J§2))r0r4r12r03r2 = 8(64’2)7’32 - Vor4r127’01f3(2)
= (rorariaroy — rarorari2ro1)r3s — rorararol(rarary — r3rar3)
= Forar13ro3 — r'aholr4r137o2
_ g(64,3)'
(g?)’ f3(0))ror43r01r0 = 8(53)”1 ro — r0r43f3(0)
= (rorasro — rarora3)riro — rora3(roriro — rirory)
= Tor43riror — I'4Folrasriro

_ ,GD
=8¢ -
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3,1 1 3,1 1
(gg) )’f3( ))70r43r1r02r1 = gé )1’21’1 - 1’01’431’1}”0](3( )

= (rora3r1rory — ralota3l11o)rar — rorastiFo(rirary — rafra)

ror43ri12ro2 — r'4rolr43F12501

_ 5,32
=8¢ -

32) £2 32 2
(gg ),f3( ))r0r43r12r03r2 = gé )7”32 - 7’0”43”121’01]63( )

(rorazriatos — rakora3riako1)rsn — rorasriaror|(rak3ry — rarars)

rora3r137p3 — F4rora3r 13702

_ 5,33
=g

2 (0 (2) (0)
(g ’f}, )r0r42r01r0 = g5 rirp _r0r42f£3

(roraato — Farorap)riro — roraa(roriro — rirory)

= VoF42F1ro1 — Falor4al1ho

_ ,2D
=8¢ -

2.1) (1) _ 2D (1)
(g6 ’f;; )r0r42r1r02r1 - g6 r2r1 - r0r42r1r0j;;
= (roraal'1¥o1 — Falolaal'170)12ly — Folaal 1 Fo(ri7ar) — 1ar 1)
= ForaxFr12Fo2 — raFor42F12701

— 22
=g. .

2.2) £(2) 2,2) (2)
(8¢ s J3 Droraariarsrs = 8¢ 132 — Foraararor1 f

(rorsatiatos — raloraaliato1)r3n — Folaal2ror1(Fal3ry — 13rar3)

roF42r13703 — F4lol42713702

_ 5,23

_g6 .
*D = 1<l<k-1<4
87 = roraxlurolak — rrolrairirol4 j+1 SI<rk—-1<

0 0
A2, frrorare = L rar0 = ro1 fi

(ror1ro — riror)rarg — roi(roraro — rarors)

rorar1rorg — rirorat1ro
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_ 4D
=g, .

0,2 0,2
(g§ )’f4)r02r0r4ro = g(l )I’4I’0 — roofa

(roaro — riro2)raro — roa(rorako — rarors)

rorariohorsa — rikorariaho

— ,42)
= g7 .

4,1 3 4,1 3
(gg )’ gi ))r0r4r|r0r43r4 = g(7 )7'34 - r0r4rlgi)

(rorarirors — rirorarro)rag — rorar(rorasrs — r3rorss)

YoF43r1rora3 — I'roF43F17ors
_ 3D
= g7 .

k[
g; ) = r0r4kr11r0r4,k_1 — I'roragr1irorsk 3 < k < 4, k - 1 < l < 4

4,2 3 _ 42 3)
(gg )5 ga ))ror4r12ror43r4 - g; )r34 - r0r4r12g4

(rorariarors — rirorar12ro)ras — rorar12(rorasrs — r3rora3)

rorar12F3rora3 — rirorar12rolas

(rorari3roras — rirorari3rors) — riroraria(rors — 1r3ro)r

_ ,43 (0.3)
=gy —rirorarinf, rs.

(3) _ 3)
(g29 g4 )ro4ror43r4 - g2r34 - r04g4

(roarors — roroaro)rsa — roa(Forazra — r3rora3)

ro2(r3rars — rarsra)roras — riroa(rors — raro)ry
+ rori(rars — r4ra)ragroras — rirora(r3rars — rar3ra)rory
+ ro(rira — rar))raaroray — riror(rars — rar)raarols
— riro(riry — rar)raarors + roralialora3 — riroral'i4rors
= r02f3(3)r0r43 -n ”04f2(0’3)”4 + ror1f2(2’4)”34’”0”43 - 7’01”12]03(3)%?4
+ r0f2(1’4)r24r0r43 = rirory fo(2, 4)raarors — Vlrofg(l’4)l’247’0r4

(4.4)
+8g 7.
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3,1 2 3,1 2
(8(7 )’ gi ))r0r43r1r0r42r3 = 8(7 )I"23 - 7’0’”43”1851)

= (rora3r1Foraz — Firorasl1Fora)rs — rora3ri(Foraars — raroras)

= (rora3rialolas — rirora3riatoras) — rirora3ri(rorary — rarors)rs

_ ,(32 24
=8g < —nirorarig; rs.

44 2 4.4 2
(8; )’ gi ))r0r4r|3r0r42r3 = g; )l"23 - ’”0’”47’13851)

(rorarialoras — rirorariarora)ras — rorar13(roraals — rarorsy)

rorar1(raary — r3rg)roray — riroraria(rorary — rarors)

+ rora(rir3 — r3r1)raloray — rirorar(ralry — r3ra)rorss

— rirora(rirs — r3r)raaroras + rofasrialora

— I'ror43ri14¥ola3

4)

2, 2.4 (1,3)
rorar1g, Tolay — FiToraria8s  +Toraf, "~ rarora

(2.4) (1,3) (3.4)
— rirorar1gy Foras — Iirorafy, T raatoras + gg

43 2 43 2
(ggg )’ gi ))r0r4r14r0r42r3 = ggg )r23 - r0r4r14g51)

(rorari3roras — rirorari3tora)ra3 — roraria(Yoraars — raroran)

rorar1(rarsry — r3rar3)roray — rirorar3(rorars — rarora)rs
+ rora(rirs — r3r)rpsroray + rora(rirs — r3r))raarora
— rirorary(rarsry — r3rar3) + rirora(rirs — r3r)rarorss
+ rora3ri3roray — rifolra3r3froras

_ (2,3) 2.4) (1,3)
= rorar1g, " rorax — rirorarizg; 13+ rorafy T rasrora

(3.3)

2,3) (1,3)
— rirorari g, F rirorafy T rasroras + gg

ikl . .
gé’ = Yoral1rorajry — raroraxryrorajriy—1 2<k<3, k+1<j<4,1<[1<j-2

3,1) p(1,4) 3.1) (1,4)
(g6 ’fz )r0r43r1r01r4 :g6 r4_r0r43r1r0f2

(rorasrirory — rarorasr170)rs — Fors3riro(rirs — rary)

Foraslr1roraly — F4lor43liroly
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_ (430
=&y A

4.3,1) (1) _ 43D 1
(g9 ’f3 )r0r43r1r0r4r12r1 =89 nry — rorasn ror4f3

(rorasriroraly — rafora3rirola)rary

— rorasrirors(rirary — rarir)

Yor43r12rorar12 — Farolra3ri2rorari2

(4.3.2)
9 .

2,1)  £(1,4) _ 20 (1,4)
(g6 ’fz Irorgrirorrs = 8¢ T4~ r0r42r1r0f2
= (roraariror — rarolal1o)rs — roraariro(rirs — rary)
= FoF4aF17oraly — IaroF4aF17olrs
(4,2,1)

4,2,1) (1) _ 420 (1)
(89 ’f3 Drorsrirorariar = 89 rry — l’ol’42}’1}’0r4f3

(roraar1roraly — raForanlFola)rary

— roraprirors(rirary — rarir)

YoF4ar12r0ral12 — Falrolr42r12Forar

(4,2,2)
9 .

4.2,1) »(1,3) @420 (1,3)
(89" s J3 7 Drorgarirorssnrs = 89 13 = Folaal'Tola3 f

(roraar1roraly — raroral1rora)r3

— rorsarirora3(rirs — rary)

YoF4p1Fora3lry — TaFolaal1rofss

_ (320
= g9 .

k) _ i i
glO = rorairuror4;ri+1 — raroragrirorajri 2<k< 4, k < J < 4,_] -1<1<3

“43) (3 — 43 (3)
(86 s J3 Drorarisroarss = 8¢ 143 — Tolal13ron f3

= (Forar13¥o3 — Fakoral13702)ta3 — rorar13ro(1r3rars — r4r3ry)

= FoF4r13roral14 — ralol'ar13rolrary3
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_(443)
=81 -

3,3 3 3,3 3
(g(6 )’f3( ))r0r43r13ro4r3 = gfs )I’43 - r0r43r13r02f3( )

(rora3ri3ro3 — ralora3ri3roo)ras — rolasl13rop(r3rars — rarsry)

YoF43F 1370 414 — F'4¥oF4371370F 4713

_(433)
=81 -

2,3 3 2,3 3
(g(6 )’f3( ))r0r42r13ro4r3 = gfs )r43 - r0r42r13r02f3( )

(roraari3ros — raroraal13ro2)ras — Folaal13ro2(r3rars — rarsry)

rorax¥13¥oraria — Farorap¥137grars

(4.2.3)
10 :

(432) £(2) _ ,432) (2)
(gg ,f3 )r0r43r12r0r4r|3r2 = &9 I3 — ro’”43’”12”0”4”1f3

(rora3riakorariy — rarora3ri2lolal12)131
— Forasliarorati(rarsry — r3rr3)

= 431204313 — Falola3l1270r43712

(332
=80 -

(3,3,2) £(3) _ (332 (3)
(glo ’f3 Drorararorsarnars = 810 T43 — ”0”43’”127"0”43”12]03

(rora3r1arora3ri3 — Fakora3rialolr4sri2)ras
— roraslilolaslo(r3rars — rarsry)

Yorasriarorasr|(rafs — ral2)r3s

— Farora3tiakorasri(rary — r4r)r3

+ roraariakora3(rira — rar)rag

— raroraariahoras(rira — r4ry)

+ rors3ria(rorasrs — r3roras)ris

— raroraario(rora3rs — r3roras)ri3

+ Fora3¥ 1370743714 — Falor4371370743713

— (24 (24)
= r0r43r12r0r43r1f2 r3g — r4r0r43r12r0r43r1f2 r3
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(1.4) (1.4)

+ rora3riatorasf, T raa — rarorasriaroras f,
®3) 3) (333)
+ rorazti128, T4 — Falora3rng, 113 + 8 -

4.2,2) »~(2) _ (422) (2)
(89 9‘]% )r0r42r12r0r4r13r2 - 89 I3 — r0r42r12r0r4r1f‘3

(roraariahorariy — raroraal12Forar )

— roraaliatorat (a3, — 1r3rar3)

YoFr4aV 120743113 — F4lol42V 120743712

(3,2,2)
10 '

3.2,2) ~(3) _ (322 (3)
(glo ’f3 )r0r42r12ror43r14r3 =80 T4z~ r0r42r12r0r43r12f3

(roraali2Fora3ti3 — ralolanl 12kl a3112)143

— roTranl 12t a3l 12(r3rars — rarary)

roraarialora3r(rary — rar)rs
— r4rorapliakorasri(rary — r4r)r3
+ roraariabora3(rira — rar)ra
— rarorapriohoras(rirg — rar)ry
+ roraaria(rorasrs — r3roras)ria
— raroranr1o(rorasrs — r3rora3)ri3
+ Tor4al1370ral14 — Yalolaa137074713
_ (2,4) (2,4)
= roraraforasr f,” s — rarorsriarorssri f,7rs
+ 7’07’42”12”07’43f2(1’4)7’24 - ’”47’07’421’127’07’43f2(1’4)7’23

3) (3) (3,2,3)
+ Foraat128, T4 — Faroraalag, 13 + 81 -

(3.2,1) (1) _ 32D (1)
(g9 7]% )ror42r1r0r43r12r1 - g9 r2r1 - r0r42r1r0r43f3

= (Forapr17ora3ry — Falolaal | Tola3)rar)

— roraprirora3(rirary — rarra)

roraar1Folr4al12 — FaloraaiFolraal

e
=8 -
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(2,2,1)  £(2) _ 220 (2)
(glo ’fB )Vor4zrlr0r4zrl3rz =819 32— Tolrsh l’()l”427‘1f3

= (roraal1Foraal12 — Falolaal1FoT4211)130

— Forapl1Foraati(rarsry — 131r3)

roraariroraz(rirs — rar))raz — raroraarirora(rirs — rarpra
+ rorapri(roraprs — rarora)ris
— r4rorapri(rorars — rarorap)riz
t roraal12VoFaal'13 — FalolaaF127or 42712

= ror42r1”o”42f2(1’3)”23 - r4r0r42r1r0r42f2(1’3)r2 + ror42r1giz)r13

) (2,2,2)
— I4hofrahi8, T2 + &1y -

2.2,2) »~(3) (222 3)
(glo ’f3 )r0r42r12ror4zr14r3 =8y T4~ r0r42r12r0r42”12f3

(roraat1atoraal13 — Falolaal 1270427 12)F43
— FoFapl12Foranl12(F3rars — rarsry)

rorarialoraar(rary — rar)rs

— Faroranliaroranri(rary — rar)r3

+ roraariarora(rirs — rar)r

— rarorapliokorap(riry — rar)ras

+ roraariaroras3(rary — ra)ris

— rarorapr1aroras(rary — rar)ri3

+ Toraal13Volaal14 — Falol4aF1370r 42713

= ”0”427’127”07”42”1f2(2’4)7”34 - ”4”0”427’127”07”42”1f2(2’4)7”3

+ 7’07’421”127’07’42f2(1’4)7’24 - r4’”07’42’”1270742f2(1’4)7’23
+ r0r42r12r0r43f2(2’4)r14 - r4r0r42r12r0r43f2(2’4)r13

3) 3) (2,2,3)
+ 10r4ar128, 1214 — Talolanl128, ' T2l13 + 819 -
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3.3 Reduced Forms for Z,:

In the previous section, we explicitly presented Grobner-Shirshov bases for the
affine Weyl group of type A,,, and now we will classify all reduced forms for the affine

Weyl group of type A, in this section.

Definition 3.16. (Reduced Form) Let R” = R U {g, g>,...,&10}- We want to find the
properties of the elements of the set Red(R") = {w € S*|w # a?b; a,beS*, feR}.If

w € Red(R’), then we call that it is a reduced form.

Notice that elements of R’ not containing ry is in fact a Grobner-Shirshov basis for
the Coxeter group A,. The following lemma is just another way of expressing of the

Lemma 3.2 of [1].

Lemma 3.3. Any reduced form not containing ry is in the format

§ = (1) " (e j )™ o (r2),) 2 ()™

where i < j; < nand a; € {0, 1}.

After investigation of leading words of the elements of R’, we can claim the fol-
lowing results. For convenience, we write ryr;, ,+171; instead of ry and ror,. 710 instead

of roru.
Lemma 3.4. The following words are reduced forms.
() w=roryryfor2<k<n+1,0<Il<n.

k<pANl>q), if g—p<l-k<-1
(i) (rormri)(rorapriy) =4 k<p)AU>q), if (g—p<-DAU-k>-1)

k<p)AU=q), if l-k>qg-p=-1
for2<k,p<n+1, 0<lg<n

Lemma 3.5. Let w be a reduced form starting with r; fori = 1,2,...,n and let t be a

reduced form starting with ro. Then wt is also a reduced form.
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Proof. The result follows from the following observation. Any leading word starting

with r; fori = 1,2,...,n1n R’ does not contain ry. O

Lemma 3.6. Let w; be reduced forms in the format roryry where 2 < k < n+ 1,
O0<l<nfori=12,...,j Ifwiwy...wj_y and wj_w; are reduced, then wiw, ... w;

is also reduced.

Proof. We prove by induction. Let w = wyw,ws. The only possible reducible subform
of w is in the format rw, s where r and s are proper subforms of w; and w3, respectively.
Since w,ws is a reduced form, w;s is also reduced form starting with . Since r is a
proper subform of wy, r is also a reduced form not containing ry. By lemma 3.5, rw,s
is also reduced. Hence w;w,ws; should be a reduced form.

Assume wiw, ... wj_; and w;_;w; are reduced. So wows ... w;_; is also reduced. By
inductive assumption wows ... w; should be reduced. Hence the only possible reducible
subform of w = wyw, ... w; is in the format rw,ws ... w; where r is a proper subform
of w;. Since w; is reduced, r is also a reduced form not containing ry. By lemma 3.5,

rwows ... w; s also reduced. Therefore w should be a reduced form. O
Definition 3.17. In this area, we will give some definitions which are required.

() Let b; = aq,q) = rorpn-p+2rq Where 0 < pj,q; < nand p; + ¢q; = ifori =

1,2,...,2n.
(ii) Define
u = (b)) (bop-1)™" ... (byp))"™
where p, | = p;orp,.y = p;+1fori=n+2,n+3,...,2n. Furthermore, m; = 1
when p;.y = p; > pioyfori =n+2,n+3,...,2n — 1. In particular m,,; = 1

when p,+» = pni1. Otherwise, m; € {0, 1}. Each b; is called a component of the
word u. If m; can take only the value 1, then b; is called a marked component of

u. The other components are called unmarked components of u.

(iii) Let (¢;) € {0,1,2,...,n} be a decreasing subsequence such that ¢; — #;-; > 1.
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Define
V= btlblz b .bt

s

where (p,q.) # (0,n), p,, > p,_, and q,, > q,_, fori =2,3,...,s.

(iv) Assume that u and v are the words defined as above except the value of m,..
Let w = uv where p,.1 > p,, and g,4+; > ¢q,. Furthermore, m,,; = 1 when

Dn+2 = Pns1 > py,. Otherwise, m,,; € {0, 1}.
After this point u, v and w will represent the words given by above definition.
Proposition 3.1. The words u, v and w given by definition 3.17 are reduced.

Proof. Letn+1< j<i<2nand

bi = A(pigy = T0Tnn-piv2l1.g;

and

bj = d(pjqj) = YoTnn-p;+271,4;-

qgi—(n—pj+2)=qj+pj—(n+2)=j—(n+2) > —1. Similarly, g; — (n—p; +2) > —1.
By definition of the word u, p; < p;andthenn — p; +2 <n-p;+2. By lemma 3.4,

bib; is a reduced form. Hence u is a reduced form. |

The figure 3.1 shows every possible reduced forms u, v and w for n = 3 and
n = 4, respectively. Before we count these forms, let us explain the reason to in-
troduce marked components. We can produce several words from a word u by taking
exponents of unmarked components zero or one. The marked components are intro-
duced to prevent a word being produced by two different u’s or w’s. The next example

will explain that why we introduce the concept of marked component.

Example 3.10. Let

wi = (roraaria)™ (roraari3)™ (rorazri3)™ (rorariz)™ rox
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Forn=73

Yos o — ;2

7

Fofariz Fol
o3l Folal2 Folslh Ty
FoFsak2 Fols

N, o~

Yol l ——=Fol32

Forn=14
/'Y04 ~
o X
ToFa3ti4 FolaF1i3 ——Fofulz = To1
FoF4a¥1a FoF43F13 Fo
Fola2¥13

Ty

Folazl12

FoFaply —= Fola2

Figure 3.1: Graphics of A~3 and Ay, respectively.
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and

wa = (roraaria)" (rorazria)"™ (roraria)™ (rorariz)™ ro;.

If we take m; = ms = 0 and m; = my = 1, then the word (r0r42r14)(r0r4r13)r01 can
be produced by using both w; and w,. However, rors>ri3 is a marked component in
the word w;. Hence m, = 1 in w;. Therefore, the word (ryrsxr14)(rorariz)ro; can be

produced by using only w,.

Theorem 3.1. (i) Let
uy = (b2n)"™ (b2p1)™ .. (b )™

and

y = (b2p)™ (be1)™ " ... ()™

two different reduced forms given by definition 3.17. One of uy and u, has a

marked component which is not a component of the other.

(ii) Let v be a word given by definition 3.17. The above argument also valid for the

words w1 = u;v and wy = upv.

Proof. (i) Since the only possibility for the b,, = Ezn = Q) the first components
of u; and u, are same. Let j be the largest integer such that b; # Ej. Assume
that by = b1 = Ay bj = a(pg-1) and b; = a(,1,). There are two cases to
consider. In the first case, there exists an index j —k < n + 1 such that b;_; =
Apg-2>bj2 = ipg-3)5 -+ Djk = Alpgk-1)sDjk-1 = A(p-1,4-4-1)- Hence bjyis a
marked component of ;. Since b; = a, 1, bj« # bj. In the second case,
bjt = Apg-2:bj2 = Apg-3)s - -+ s buva = Apgin-jr1)s Purt = A(pgan- - Hence by,

is a marked component of u;. Since b; = a,_1 4, bps1 # bpi1.

(i) If w; = u;v and w, = uv,, then the only case we have to consider b;_; = a,4-2),
bir = apg-3y - busr = Apgin-ji1, bus1 = apgin—j and b,y 1s not a marked
component of wy. This is true provided that p, = p. Let byt = ap, .\ G

Since b; = a,-14, P,.; < p = p;, which is impossible. Hence b, is a marked

38



component and E,,H * b,

O

Corollary 3.1. Let s be a word which is produced by a word u or w = uv by taking
certain exponents of unmarked components equal to one. Then this word u or w = uv

Is unique.

Proof. Assume that the word s produced by two different u; and u, (or w; = uyv
and wy = upv). Then s should contain every marked components of both u; and u,.
However, this is impossible. Because one of the u; and u, has a marked component

which is not component of the other. O

Example 3.11. We show the forms that may occur for n = 4.

(roraaria)" (rorasria) ™ (roraria)™ (roa)™ 1,
To,
Tot,
T02,

ro3.

(roraaria)" (rorasria)(roraria) (rorariz)™ | 1, ny = 15
ro, Ny = 1;
roi, ng = 1;
rory,

roz, ng = 1;
rorary,
roraria,
rorariro,
rorar127o,

Yora4r127o1 -
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(roraaria)" (rorazria)(rorazri3)™ (rorari3)™

1, n3 = 1;
ro, n3 = 1;
ror, n3 = 1;
rors, N3 = 1;
roz, n3 = 1;

rorari, n3 = 1;
rorariz, n3 = 1;
rorar1ro, N3 = 1;
rorariafo, n3 = 1;

rorsrizror, 3 = 1.

(roraaria)" (rorasria)(rorazri3)"™ (rorasriz)™

1, ng = 1,
ro, ng = 1;
roi, ng = 1;

ror4, Ng = 1,
rorary, na = 1;
rol43,

rorasry,

rorariro, ng = 1;
ror4sriro,

Yolr43r1rors.

(roraaria)" (roraar13)(rorasri3)™ (rorariz)™

1, ny, = 1,

ro, Ny = 1,

ror, n2 = 1;

rorg, Ny = 1;

roo, n2 = 1;
rorary, Ny = 1;
roraria, Ny =15
rorariro, Ny = 1,
rorarizro, ny = 1;

rorasriaror, ny = 1.
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(roraaria)" (roraar13)(rorazri3)™ (rorazriz)™

1, Ny =nyg = 1;

ro, Np = Ny = 1;

o1, np =ng = 1;

rors, Ny = ng = 1;
rorary, Ny = N4 = 1;
roras, Ny =ng = 1;
rorasry, np =ng = 1
rorariro, Ny = ng = 1;
rorasriro, Ny = ng = 1;

rors3rirors, Ny =ng = L.

(roraaria)" (roraar13)(roraari2)" (rorasrin)™

I, ns=1;
ro, nz = 1;
ro1, n3 = 1;

rors, n3 = 1;
rorary, n3 = 1;
rorss, n3 = 1;
rorsary, n3 = 1;
rorariro, n3 = 1;
rorasriro, n3 = 1;

rors3rirors, n3 = 1.

(roraaria)" (roraar13)?(roraari2)™ (roraary )™

1, ng = 1,
ro, Ng = 1,
rorg, Nng = 1;
rors3, ng =1;

rorsqn.
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3.4 Counting Reduced Forms

Theorem 3.2. In a word w = uv, the indexes of the marked components of u together
with indexes of v form a decreasing sequence (s;) of the integers between 1 and 2n — 1
such that s; — s;-1 > 1,q, # n, ps, > ps,_, and q5, > qs,_,.

Conversely, if (s;) is a decreasing sequence satisfying these conditions, then a word
w = uv where the indexes of the marked components of u together with indexes of v is

equal to sequence (s;) can be constructed.

Proof. The first part of the theorem is easily follows from Definition 3.17. For the
second part the word w = uv can be constructed as follows:

The components of u between b,, and by, are

A(n,n)> An=1,n)s + - - » A(pg, n)s Apg ,n=1)s + + - > A(py, g5

The components of u between b, , and b,, where s, > n + 1 are

a(p,vk_l sy )» a(ka_l _l’qlk—l JIRRER a(psk gy ) a(psk sy —1)seee a(ﬂsk,%k)‘

If s; # n+ 1, then the components of u between b, and b,,,; are

a(ﬂskﬂsk)a(mk—l,%k) ct a(PhL]sk)

where p;+q,, = n+ 1. If s is the last term of the sequence (s;), then w = u. Otherwise,

v = b, ---bs, where s, is the last term of the sequence (s;) and w = uv. m]

Let w = uv and w = uv where u is the marked components of u. We will find a

correspondence between the words w and some special partitions of integers.
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3.5 Integer Partitions

Definition 3.18. (Partition)If m is a positive integer, then a partition of m is a non-
increasing sequence of positive integers pi, pa, ..., px Whose sum is m. Each p; is

called a part of the partition of m.
We let a function p(n) denotes the number of partitions of the integer n.

Example 3.12. p(7) = 15 and partitions of 7 are

=7 =442+1 =3+1+1+1+1
=6+1 =4+1+1+1 | =2+42+2+1

=5+2 =3+3+1 =24+2+1+1+1
=5+1+1 | =3+242 =24+1+1+1+1+1
=4+3 =34+2+1+1 | =1+1+1+1+1+1+1

We take p(n) = 0 for all negative values of n and p(0) = 1.

Integer partitions were first studied by Euler. For many years one of the most in-
triguing and difficult questions about them was determining the asymptotic properties
of p(n) as n got large. This question was finally answered quite completely by Hardy,
Ramanujan, and Rademacher [[20],[21]]. An example of a problem in the theory of
integer partitions that remains unsolved, despite a good deal of effort having been ex-
pended on it, is to find a simple criterion for deciding whether p(n) is even or odd.
Though values of p(n) have been computed for n into the billions, no pattern has been
discovered to date. Many other interesting problems in the theory of partitions remain

unsolved today.

Theorem 3.3. [22] The number of partitions of the integer n whose largest part is k is

equal to the number of partitions of n with k parts.

We define a function p(n, k) to be the number of partitions of n whose largest part

is k (or equivalently, the number of partitions of n with k parts.)
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We will now derive Euler’s generating function for the sequence {p(n)};” . In other
words, we are looking for some nice form for the function which gives us ) ", p(n)x".

Consider

T+x+2+2+. )0+ +x+25+. 00+ +x5+7+..)... (%)

We claim that by expanding this product, we obtain the desired result, namely
Yo P(m)x". It is important to understand why this is true because when we look at
several variations, they will be derived in a similar manner. To illustrate, consider the
coefficient of x*. By choosing x from the first parenthesis, x*> from the second, and
1 from the remaining parentheses, we obtain a contribution of 1 to the coefficient of
x°. Similarly, if we choose x* from the third parenthesis, and 1 from all others, we
will obtain another contribution of 1 to the coefficient of x*. So how does this relate to
integer partitions?

Let the monomial chosen from the i — th parenthesis 1 + x' + x* + x* + ... in
() represent the number of times the part 1 appears in the partition. In particular, if
we choose the monomial x' from the i — th parenthesis, then the value i will appear
¢; times in the partition. Each selection of monomials makes one contribution to the
coefficient of x" and in general, each contribution must be of the form x'“! x> x3% ... =
x‘12e43et Thus the coefficient of x” is the number of ways of writing n = ¢; + 2¢, +
3c; + ... where each ¢; > 0. Notice that this is just another way to represent an integer
partition. For example, the partition 25 = 6 +4+4 +3+2+2+2+ 1+ 1 could
be represented by 25 = 1(2) + 2(3) + 3(1) + 4(2) + 5(0) + 6(1). Thus, there is an one
to one correspondence between choosing monomials whose product is x" out of the
parentheses in (x) and the partitions of the integer n.

Now we turn back to the original product in (*) and recognize that each term is a

geometric series. The product can be written as:

1 1 1
l—-x 1-x2 1-2x3
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Theorem 3.4. [22](EULER)

o0

Let n be a positive integer. Here we identify any partition of m = dy +d, + ... + d;
by the n—tuple (di,d>,...,d,0,0,...,0) when k < n. The map forms b; = a,, 4, and

some specific partitions defined below.

Definition 3.19. (Basic Partition) Let n € Z*. The n-tuples (k,1...,1,0,...,0) where
number of 1’sis/for 1 <k <n,1 <[ <n- 1 are called basic partitions.

The basic partition (ky, 1,...,1,0...,0) is said to be connected to the basic parti-
tion (kp, 1,...,1,0,...,0) if k; > k, and the number of 1’s in the first one is greater

than the number of 1’s in the second one.

According to theorem 3.2, two basic partitions being connected means correspond-

ing words are successive components of w.

Theorem 3.5. There is one to one correspondence between words w and the partitions

in which there are at most n parts and in which no parts is larger than n.

Proof. Since we identify each word w with a sequence of connected basic partitions,

we must find a correspondence between sequences of connected partitions and the

partitions fit into a box of size n X n. Let ay,a,,...,a, be a sequence of connected
partitions where a; = (k;, 1,...,1,0,...,0). Hence k; > kjand [; > [;for1 <i < j<m.
1.
Define '

m m
Da= )o@
1 i=1

where o (p1, p2, ... Pu=1 Pn) = (P> P15 P25 - - - s Pu—1)- Then

@ai:(kl,k2+1,...,km+m—l, m...omm—1,....m—1,...,1,...,1,0...,0)
———— ——

i=1 Im Ly ~Um+1) I =(p+1)

We prove the last equation by induction on m.

Letm=2,Since /; — 1 > I,
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a®a, = (k,1,...,1,0,...,00+(0,k, 1,...,1,0,...,0)
I L}

= (ky,kp+1,2,...,2,1,...,1,0,...,0)
—— —

I 11 ~(ly+1)

Let us assume that

m—1
@ai:(kl,k2+1,...,km_1+m—2,m—1,...,m—1,..., 1,...,1,0,...,0).
————

i=1 L1 [ =(p+1)

Then we have

Zm: o a)
i=1

m—1
= >0 @)+ ()
i=1

v

m—1
= Pai+o" @)
i=1
= (ki,ko+1,... kpy+m-2,m—-1,....m—-1,...,1,...,1,0,...,0)
L1 I
+(0,0,...,0,ky, 1,...,1,0,...,0)
m—1 Im
= (ki,ka+1,.. . ky+m—-1,m,....,m,..., 1,...,1,0,...,0).
—_———— —_———

Im 11—y +1)

The last equality easily follows from the fact/,,_; —1 > 1[,. Sincen > k; > kr +1 >
++ > ky + (m — 1) > m, the last line corresponds to a partition of 2n fits into a n by n
box.

Conversely let m = (my,my,...,m,) be a partition where n > m; > mp > --- >
m, > 0. If i, is the last index such that m;, # O, then let a; = (my,1,...,1,0,...0)

where the last 1 in i;-th position. Then let

x:O'_l(m—a]):(mz—1,...,m,-1 -1,0,...,0)

anda, = (my — 1,...,1,0,...,0) where the position of the last nonzero element in x

and the position of last 1 in a, are same. Clearly, a; and a, are basic partitions and a;
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(1,1,1,1)

1T (1,1,1,0)

(3,1,1,1) %’ (1,1,0,0)
Byl s 1)% (1,0,0,0)
(4,1,0,0) (3,0,0,0)
(4,0,0,0)

Figure 3.2: Partitions of A,

is connected to a,. Continuing the process until reaching the (0, ..., 0), one can obtain

a sequence of connected basic partitions. O

Example 3.13. If we apply the partition for n = 4, then the graph is at figure 3.2,

“1L,1,DeG,1,1,081,1,0,0) = (4, 1,1,1) + (3, 1,1,0)) + 0*((1, 1,0,0))
=4, 1,1,1)+(0,3,1,1) + (0,0, 1, 1)

= (4’ 4, 3’ 3)'

(3,1,1,1)@(2,1,0,00®(1,0,0,0) = (3,1, 1, 1)) + (2, 1,0,0)) + o*((1,0, 0, 0))
=(3,1,1,1)+(0,2,1,0) + (0,0, 1,0)

=(3,3,3,1).

(4,1,1,1)®(1,0,0,0) = ¢°((4,1,1,1)) + o' ((1,0,0, 0))
=(4,1,1,1)+ (0, 1,0,0)

= 4,2,1,1).
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3.6 Main Result

Definition 3.20. (g-Binomials) Let m and r be positive integers. The g-binomial is
defined by

m _(-gMd-g""--1-g""""
r (1-gd=g>)---(1-¢q)
q

Although the formula in the first clause appears to involve a rational function, it
actually designates a polynomial, because the division is exact in Z[g]. A standard
combinatorial interpretation for g-binomial is that it counts the number of partitions
that will fit into a box of size r X (m — r), weighted by the size of the partition. In

particular the g-binomial

2n _ (1 _ x2n)(1 _ x2n—l)_ . (1 _ xn+1)

Pt = (-0 -2 (-

n
X

counts the number of partitions in which there are at most n parts and in which no
parts is larger than n. Hence the coefficient of the term x* in p(x) is equal to number

of words w whose length is a.

Theorem 3.6. Let
u= (bZn)mz" (bzn_l)mzml .. (bnﬂ)mnﬂ )

Define
u= (bZn)az’l(bZn—l)az’kl tee (bn+1)(l/n+1

where a; > 1 if b; is a marked component of u and otherwise a; > 0. Let w = uv for a

fixed word v. Define w = uv. Then the words u and w are reduced forms.

The proof is similar to the proof of Proposition 3.1. Now, we can prove the main

result of this paper.

Theorem 3.7. The reduced Grobner-Shirshov basis of the affine Weyl group A, is the
set R'. Moreover all the reduced forms are the form sw or su where s is a reduced form

not including ry and u, w are words given by above theorem.
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Proof. Let u be the marked components of u and w = uv. The reduced forms not
including ry is given in Lemma 3.3. It is easy to see that the number of such words

given by the generating function (1 + x)(1 + x + x*) ... (1 + x + ...+ x"). Let

103

X
(1= x21)(1 = x2=1 (1 — x+h)

F(x) =

where a is the length of the word w (or % in case w = u). Then the coefficient of x* in
F(x) gives the number of words in w (or u in case w = u)with length k. Considering
every possible w and u, the number of words of the form w or u given by the following

generating function.

2n
n (1=x¥)(1=x2""1)-.(1—x"t1)
- - =000
(=) (=D (L= ) (== a2 (=)

1
(IT-x)A=x%)---(1-x")

Hence the number of reduced forms of the form sw or su is given by the generating

function
A+ +x+x)--(1+x+-+x"
(=01 —22) (1 - )

which is well known Poincaré polynomial of the affine Weyl group A,. (see [19]).
Therefore these are all reduced forms of A,,. Hence by Composition-Diamond Lemma,
R’ is a Grobner-Shirshov basis of Xn. In fact, R’ is a reduced Grobner-Shirshov basis.

O
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