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abstract

GRÖBNER-SHIRSHOV BASES AND REDUCED FORMS FOR AFFINE WEYL

GROUPS

USTAOĞLU, UĞUR

M.Sc., Department of Mathematics

Supervisor: Assist. Prof. Dr. Erol Yılmaz

December 2012, 52 pages

Gröbner-Shirshov basis and reduced forms for the elements in the affine Weyl

group of type Ãn are presented. Starting from the standard defining relations R of

Ãn, a new set of relations R′ is founded. Then, by using the algorithm of elimination of

leading words with respect to the relations in R′, all the forms in the affine Weyl group

Ãn are reduced to an explicit list of forms. Using combinatorial techniques, the number

of forms in such a list is found to be equal to the number of elements in Ãn. Therefore,

by the Composition-Diamond Lemma, the relations in R′ are Gröbner-Shirshov basis

for the affine Weyl group Ãn.

Keywords: Affine Weyl Groups, Composition-Diamond Lemma, Gröbner-Shirshov

Basis, q-binomials and Basic Partitions.
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özet

AFFINE WEYL GRUPLARI İÇİN GRÖBNER-SHIRSHOV TABANLARI VE

İNDİRGENMİŞ FORMLARI

UĞUR USTAOĞLU

Yüksek Lisans, Matematik Bölümü

Tez Yöneticisi: Yrd. Doç. Dr. Erol Yılmaz

Aralık 2012, 52 sayfa

Ãn tipindeki affine Weyl grubu için Gröbner-Shirshov tabanları ve indirgenmiş

formları gösterilmiştir. Ãn’nin standart tanımlanan baǧıntıları olan R’den başlanarak,

yeni bir baǧıntı kümesi olan R′ bulunur. Sonrasında, R′ içindeki baǧıntılara göre

önde gelen kelimelerinin eliminasyonlarının algoritması kullanılarak, Ãn tipi affine

Weyl gruplarının içerisindeki tüm kelimelerin belirgin listeleri indirgenir. Kombi-

natoryal tekniǧi kullanılarak, listedeki gibi kelimelerin sayısı Ãn’nin elemanlarının

sayısına eşit olması için bulunur. Böylece Composition-Dimanomd teoremi sayesinde,

R′ içerisindeki baǧıntılar Ãn tipindeki affine Weyl grubu için Gröbner-Shirshov ta-

banıdır.

Anahtar Kelimeler: Affine Weyl Grupları, Composition-Diamond Teoremi, Gröbner-

Shirshov Tabanı, q-Binomialları ve Temel Bölümleri.

iv



To my family and my supervisor

v



acknowledgements

I would like to express sincere appreciation to my supervisor, Assist. Prof. Dr. Erol

Yılmaz for his motivation, helpful discussions, encouragement, patience and constant

guidance during this work. I would also like to thank other examining committee

members for their suggestions.

I am grateful to express my appreciation to my family, relatives and friends for

their continuous helps.

vi



table of contents

abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

özet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

table of contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

chapter

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 RELATIONS AND WEYL GROUPS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Coxeter Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Real Reflection Groups . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Coxeter Groups as Reflection Groups . . . . . . . . . . . . . . . . . 6

2.4 Finite Coxeter Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.5 Root Systems and Weyl Groups . . . . . . . . . . . . . . . . . . . . 8

2.6 Affine Weyl Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
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chapter 1

INTRODUCTION

Gröbner and Gröbner-Shirshov bases theories are generating increasing interest

because of its usefulness in providing computational tools and in giving algebraical

structures which are applicable to a wide range of problems in mathematics, science,

engineering, and computer science. In general, Gröbner-Shirshov bases theory is a

powerful tool to solve the following classical problems.

(i) reduced form;

(ii) word problem;

(iii) rewriting system;

(iv) embedding theorems;

(v) extentions;

(vi) growth function. . .

The Gröbner basis theory for commutative algebras, introduced by Buchberger

[13], provides a solution to the reduction problem for commutative algebras. More

precisely, it gives an effective algorithm of computing a set of generators for a given

ideal of a commutative ring which can be used to determine the reduced elements with

respect to the relations given by the ideal. In [8], Bergman generalized the Gröbner ba-

sis theory to associative algebras by proving the Diamond Lemma. On the other hand,

the parallel theory of Gröbner bases was developed for Lie algebras by Shirshov [15].

The key ingredient of the theory is called Composition Lemma which characterizes

the leading terms of elements in the given ideal. In [2], Bokut noticed that Shirshov’s
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method works for associative algebras as well, and for this reason, Shirshov’s theory

for Lie algebras and their universal enveloping algebras is called the Gröbner-Shirshov

basis theory.

In particular, the technique of Gröbner-Shirshov bases is proved to be very useful

in the study of presentations of associative algebras, Lie algebras, semigroups, groups,

etc. by generators and defining relations, see, for example, the book [4] by L. A. Bokut

and G. Kukin, survey papers [[5], [6]] by L. A. Bokut and P. Kolesnikov, and [7] by L.

A. Bokut and Yuqun Chen.

This thesis deals with Gröbner-Shirshov bases theory for affine Weyl groups. Gröbner-

Shirshov bases and reduced form of the elements were already found for the Coxeter

groups of type An, Bn and Dn in [1]. They also proposed a conjecture for the general

form of Gröbner-Shirshov bases for all Coxeter groups. In [9], an example was given

to show that the conjecture is not true in general. The Gröbner-Shirshov bases of the

other finite Coxeter groups are given in [10] and [16]. This thesis is another exam-

ple of finding Gröbner-Shirshov bases for groups, defined by generators and defining

relations.
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chapter 2

RELATIONS AND WEYL GROUPS

2.1 Coxeter Groups

Let us define that W is a group and S is a set of distinguish generators of W of

order 2. For s and s
′

belong to S . The order of the product ss
′

is denoted by ms,s′ ∈

{1, 2, . . .}
⋃
{∞}.

Definition 2.1. (Coxeter System) We define that the pair (W, S ) is a Coxeter System if

W has a presentation by generators and relations given by the set of generators S and

the relations:

s2 = 1 f or s ∈ S ,

ss
′

ss
′

. . . = s
′

ss
′

s . . . which are braid relations for s, s
′

∈ S such that ms,s′ is finite.

Afterwards, we can also say that W is a Coxeter Group.

The rank of the system is the cardinality of S .The matrix of the Coxeter system

(W, S ) is (ms,s′ ) where s, s
′

∈ S ; it has values in {1, 2, . . .}
⋃
{∞}.

Definition 2.2. (Coxeter Matrix) The coxeter matrix is n × n symmetric matrix with

diagonal entries 1 and off-diagonal entries are greater than and equal to 2.

Example 2.1.


1 3 2

3 1 3

2 3 1

,


1 4 2

4 1 3

2 3 1

 and



1 3 2 3

3 1 3 2

2 3 1 3

3 2 3 1


are Coxeter Matrix.

Every Coxeter matrix is the matrix of a Coxeter system.
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Definition 2.3. (Coxeter Graph) The coxeter graph of (W, S ) is the graph with set of

vertices S and edges {s, s
′

} when ms,s′ > 2. Furthermore, the edge is then labelled by

ms,s′ .

Proposition 2.1. If

W =
∏
α

Wα

then its Coxeter graph ΓW is the disjoint union

∐
α

ΓWα
.

In particular, a Coxeter group W is irreducible if and only if ΓW is connected.

Example 2.2. The symmetric group σn = σ({1, 2, . . . , n}). Let si = (i, i + 1) and

S σn = {s1, s2, . . . , sn−1}. Then (σn, S σn) is a Coxeter system of type An−1 with graph

s1
•

s2
•

s3
•

sn−2
•

sn−1
•

(The label is omitted when it is 3.) The rank of the system is n − 1.

Theorem 2.1. [17] Let (W, S ) be a Coxeter system, S
′

a subset of S and W
′

the sub-

group of W generated by S
′

. Then (W
′

, S
′

) is a Coexeter system with Coxeter matrix

the submatrix of the Coxeter matrix of (W, S ) given by S
′

.

Lemma 2.1. [18] A Coxeter system is irreducible if its associated graph is connected.

For instance, the system in example 2.2 is irreducible.

If S is the disjoint union of two subsets S 1 and S 2, and no vertex of S 1 is connected

to a vertex of S 2, then W = W1 ×W2, where Wi is the subgroup of W generated by S i.

Definition 2.4. (Length Function) If (W, S ) is a Coxeter system, the length of w ∈ W,

denoted by l(w), is the smallest integer m such that w is the product of m elements of

S .
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Definition 2.5. (Reduced Decomposition) If m equals l(w), a decomposition w =

s1s2 . . . sm with s1, s2, . . . , sm ∈ S is reduced.

Proposition 2.2. [19]

(i) l(w) = l(w−1). [If w = s1s2 . . . sp, w−1 = spsp−1 . . . s1 so l(w−1) ≤ l(w), and

similarly for w−1 in place of w]

(ii) l(w) = 1 if and only if w ∈ S

(iii) l(ww
′

) ≤ l(w) + l(w′). [If w = s1s2 . . . sp and w = s
′

1s
′

2 . . . s
′

q, then the product

ww
′

= w = s1s2 . . . sps
′

1s
′

2 . . . s
′

q has length at most p + q]

(iv) l(ww
′

) ≥ l(w) − l(w
′

). [Applying (iii) to pair ww
′

, (w
′

)−1, then use (i)]

(v) l(w) − 1 ≤ l(ws) ≤ l(w) + 1 for s ∈ S and w ∈ W. [Use (iii) and (iv)]

Theorem 2.2. [18] Let w = s1s2 . . . sm with s1, s2, . . . , sm ∈ S . Then there is a subset

I = {i1 < i2 < . . . < ip of {1, 2, . . . ,m} with p = l(w) elements such that w = si1 si2 . . . sip .

The above theorem is a result of the exchange lemma of [17]

Lemma 2.2. [18] Let w = s1s2 . . . sm be a reduced decomposition where s1, s2, . . . , sm

belong to S . Let s ∈ S , then one of the following claim holds;

(i) l(sw) = l(w) + 1 and ss1s2 . . . sm is a reduced decomposition of sw.

(ii) l(sw) = l(w) − 1 and ∃ j ∈ {1, 2, . . . ,m} such that s1 . . . s j−1s j+1 . . . sm is a reduced

decomposition of sw and ss1 . . . s j−1s j+1 . . . sm is reduced decomposition of w.

2.2 Real Reflection Groups

Definition 2.6. (General Linear Group of a Vector Space (GL(V))) If V is a vector

space over F, the general linear group of V , written as GL(V) or Aut(V), is the group

of all automorphisms of V , i.e. the set of all bijective linear transformations V → V ,

together with functional compositions as a group operation. If V has finite dimension n,

5



then GL(V) and GL(n,F) are isomorphic. The isomorphism is not canonical; it depends

on a choice of basis in V . Given a basis (e1e2 . . . en) of V and an automorphism

Tek =

n∑
j=1

a jke j

for some constants a jk in F, the matrix corresponding to T is then just the matrix with

entries given by the a jk.

Let V be a finite dimensional real vector space. A reflection of V is an automor-

phism of order 2 whose set of fixed points is an hyperplane. A finite reflection group

W in V is a finite subgroup of GL(V) generated by reflections.

Definition 2.7. (Crystallographic) If there is W − invariant Z − lattice of V , i.e, if

there exists a free Z − submodule L of V stable under W such that the canonical map

L
⊗

Z R→ V is an isomorphism, then the group W is called crystallographic.

Definition 2.8. (Chamber) Let A be the set of reflecting hyperplanes of W. Then

V −
⋂

H∈A H is in general non-connected: its connected components are the chambers

of W.

Theorem 2.3. [17] The group W acts simply transitively on the set of chambers; the

closure of chamber is a fundamental domain for the action of W on V.

Theorem 2.4. [17] The pair (W, S ) is a Coxeter System.

2.3 Coxeter Groups as Reflection Groups

We define a set S and a Coxeter matrix M = (ms,s′ ) where s, s
′

∈ S . Let V = RS

and denote by {es} where s, s
′

∈ S its canonical basis. Let us define a bilinear form BM

on V by

BM(es, es′ ) = −cos
π

ms,s′

6



and we know that BM(ss, es′ ) = −cos π
ms,s′

= −cosπ1 = 1. Let ρs be the reflection in V

given by

ρs(x) = x − 2BM(es, x)es

= x + 2cos
π

ms,s′es

One has V = Res ⊕ Hs, where Hs is the hyperplane orthogonal to es.

Let W be the group with set of generators S and relations

s2 = 1

ss
′

ss
′

. . . = s
′

ss
′

s . . . for those s, s
′

∈ S such that ms,s′ , ∞.

Lemma 2.3. For any s ∈ S , ρs is a reflection that preserves the bilinear form BM(., .).

Proof.

BM(ρs(x), ρs(y)) = BM(x − 2BM(es, x)es, y − 2BM(es, y)es)

= BM(x, y) − 4BM(x, es)BM(y, es) + 4BM(x, es)BM(y, es)

= BM(x, y)

�

Theorem 2.5. [17] The map s 7→ ρs extends to an injective morphism W → GL(V),

the reflection representations of W. Furthermore, (W, S ) is a Coxeter system.

When S is finite, BM is positive definite if and only if W is finite.

Theorem 2.6. [18] The construction of real reflection groups and Coxeter groups as

reflection groups give rise to inverse bijections between the set of conjugacy classes of

finite subgroups of GLn(R) generated by reflections and the set of those rank n Coxeter

matrices give rise to a finite group.
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2.4 Finite Coxeter Groups

The classification of Coxeter graphs causing irreducible finite Coxeter groups is

the following([17])

An • • • • •

Bn • • • • •

Dn •

• • • •

•

E6 • • • • •

•

E7 • • • • • •

•

F4 • • • •

G2 = I2(6) •
3
•

H3 •
5
• •

H4 •
5
• • •

I2(m) •
m
•

2.5 Root Systems and Weyl Groups

Definition 2.9. (Root System) Let V be a finite-dimensional real vector space, with the

standard inner product denoted by (., .). A root system in V is a finite set φ of non-zero

vectors (called roots) that satisfy the following properties:

(i) The roots span V

(ii) The only scalar multiplies of a root α ∈ φ that belong to φ are α itself and −α.

(iii) For every root α ∈ φ, the set φ is closed under reflection through the hyperplane

perpendicular to α. That is, for any two roots α and β, the set φ contains the
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reflection of β.

σα(β) = β − 2
(α, β)
(α, α)

α ∈ φ

(iv) (Integrality Condition) If α and β are roots in φ, then the projection of β onto the

line through α is a half-integral multiple of α. That is,

< β, α >= 2
(α, β)
(α, α)

∈ Z

The integral condition is known as a crystallographic root system.

In view of property (iii), the integrality condition is equivalent to stating that β and

its reflection σα(β) differ by an integral multiple of α.

Note that the operator < ., . >: φ × φ → Z defined by property (iv) is not an inner

product. It is not necessarily symmetric and is linear only in the first argument. The

rank of a root system φ is the dimension of V .

The cosine of the angle between two roots is constrained to be a half-integral mul-

tiple of a square root of an integer:

< β, α >< α, β > = 2
(α, β)
(α, α)

2
(β, α)
(β, β)

= 2
(α, β)
|α|2

2
(α, β)
|β|2

= 4
(α, β)2

|α|2|β|2

= 4cos2(θ)

= (2cos(θ))2 ∈ Z

Since 2cos(θ) ∈ [−2, 2], condition (ii) says that no scalar multiples of α other than 1

and −1 can be roots which would correspond to 2α or −2α are out.

Definition 2.10. (Dual Root System and Coroot) If φ is a root system in V , the coroot

αV of a root α is defined by

αV =
2

(α, α)
α

9



The set of coroots also forms a root system φV in V , called the dual root system (or

sometimes inverse root system). By definition (αV)V = α, so that φ is the dual root

system of φV . The lattice in V spanned by φV is called the coroot lattice.

Definition 2.11. (Alternative Definition of Root System) Let V be a finite dimensional

real vector space φ a finite subset of V and φV a finite subset of V∗ parameterized by

φ : φ→ φV , α→ αV . Assume that

(i) < φ >= V .

(ii) ∀α ∈ φ, we have (αV , α) = 2 and the reflection sα : V → V , x 7→ x − (αV , x)α

stabilizes φ.

(iii) We have αV(φ) ⊂ Z, ∀α ∈ φ.

(iv) ∀α ∈ φ, we have 2α < φ

Then, φ is a root system in V

Definition 2.12. (Irreducible) If φ = φ1
⋃
φ2 and φi is a root system in Vi together

with φV
i = {αV}α∈φi , the subspace of V generated by φi, for i ∈ {1, 2}, then we say that

φ = φ1
⊕

φ2. The root system φ is irreducible if it is non-empty and it is not the direct

sum of two non-empty root systems.

Definition 2.13. (Weyl Group) The Weyl group of the root system φ is the subgroup

of GL(V) generated by the reflections sα for α ∈ φ.

Note that W is a crystallographic finite reflection group with Z − lattice the Z −

submodule of V generated by φ.

Proposition 2.3. [18]Let W be crystallographic reflection group in a finite dimen-

sional real vector space V. Then there is a root system φ in V with Weyl group W.

The set ∆ = {αi}1≤i≤n is called a basis of φ. Let φ+ = {α ∈ φ|α =
∑

niαi, ni ≥ 0} (the

positive roots) and φ− = {α ∈ φ|α =
∑

niαi, ni ≤ 0} (the negative roots).

10



Proposition 2.4. [17] The set ∆ is a basis of V and φ = φ+
⋃
φ−.

The Cartan matrix is (< α, βV >) where α and β belong to ∆. Let us define S = {sα}

where α ∈ ∆. Then, (W, S ) is a Coxeter system.

The rank 2 root systems

Type A1 × A2 Type A2

α2OO

��

−α1
oo // α1

−α2

−α1 + α2ee

%%

α2OO

��

α1 + α299

yy

−α1
oo // α1

−α1 − α2 −α2 α1 − α2

Proposition 2.5. [18] Let w ∈ W. The cardinality of φ− ∩ w(φ+) is the length l(w)

The root system in V∗ which is either an inverse to φ or a dual to φ is defined by

the set φV . There is an isomorphism of groups

W(φ) → W(φV)

u 7→ tu−1

sending sα on sαV . Through this isomorphism, W(φ) operators on V∗.

Remark 2.1. [18] The root systems (V, φ) and (V∗, φ∗) are not isomorphic in general:

for example, the root system of type Cn is the inverse of the root system of Bn, when

n ≥ 3, these root systems are not isomorphic.

2.6 Affine Weyl Groups

Let us define that φ is a root system in a finite dimensional real vector space V . We

set a subgroup of the group A f f (V∗) of affine transformations of V∗ as follows:

For α ∈ φ and k ∈ Z, let Hα,k be the affine hyperplane of V∗ defined by

Hα,k = {x ∈ V∗|(α, v) = k}

11



Let sα,k be the orthogonal reflection with respect to Hα,k

sα,k(x) = x − ((α, x) − k)αV

The affine Weyl group associated to φ is the subgroup W of A f f (V∗) generated by sα,k,

α ∈ φ, k ∈ Z.

Let Q be the subgroup of A f f (V∗) generated by the transformations by elements

of φV .

Proposition 2.6. [17]We have W = Q oW.

Definition 2.14. (Alcove) An alcove is connected component of V∗ −
⋃

α∈φ,k∈Z Hα,k

where the set {Hα,k}α∈φ,k∈Z is the set of reflecting hyperplanes of W.

Theorem 2.7. [17] The group W acts simply transitively on the set of alcoves. The

closure of an alcove is a fundamental domain for the action of W on V∗.

Assume that C be a chamber for W. Afterwards, there is a unique alcove A ⊂ C

such that 0 is in Ā, which is the closure of A. Suppose that S̃ be the set of reflections

with respect to the walls of A. The pair (W, S̃ ) is a Coxeter group. There is a root

α̃ =
∑

niαi in φ such that if β belongs to φ, β =
∑

miαi, then mi ≤ ni: α̃ is the highest

root if φ is irreducible. This root is orthogonal to the wall of A which does not contain

0 ([17]). The length of an element w ∈ W is the minimal length of a gallery of alcoves

from A to w(A).

The classification of the irreducible affine Weyl groups (or of their Coxeter graphs)

is the following [17];

The type with cases The graphs

Ã1 •
∞
•

Ãn n ≥ 2 •

• • • • •

12



The type with cases The graphs

B̃n n ≥ 3 •

• • • •

•

C̃n n ≥ 2 • • • • •

D̃n n ≥ 4 • •

• • •

• •

Ẽ6 • • • • •

•

•

Ẽ7 • • • • • •

•

Ẽ8 • • • • • • •

•

F̃4 • • • • •

G̃2 •
3
• •

Theorem 2.8. (A formula for order of W)[19] If W is an irreducible Weyl group of

rank n, then

|w| = n!c1c2 . . . cn f ,

Coefficients of Highest Root and Index of Connection

Type Coefficient of α̃ f

An 1, 1, . . . , 1 n + 1

Bn 1, 2, 2, . . . , 2 2
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Coefficients of Highest Root and Index of Connection

Type Coefficient of α̃ f

Cn 2, 2, . . . , 2, 1 2

Dn 1, 2, 2, . . . , 2, 1, 1 4

E6 1, 2, 2, 3, 2, 1 3

E7 2, 2, 3, 4, 3, 2, 1 2

E8 2, 3, 4, 6, 5, 4, 3, 2 1

F4 2, 3, 4, 2 1

G2 3, 2 1

where f is the index of connection and the ci are the coefficient of the highest root.

α̃ =
∑

ciαi where ∆ = {α1, α2, . . . , αn}.
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chapter 3

GRÖBNER-SHIRSHOV BASES AND REDUCED

FORMS FOR Ãn

3.1 Gröbner-Shirshov Bases for the Associative Algebras

Definition 3.1. (Linearly Ordered Set) A linearly ordered set (or a total ordered set) is

partial ordering set (S ,≤) which has the property of comparability

∀ri, r j ∈ S either ri ≤ r j or r j ≤ ri

In other words, a linearly ordered set is a set S with a binary relation ≤ on it such that

the followings hold for all ri, r j and rk are in S .

• Reflexivity: ri ≤ ri.

• Antisymmetry: if ri ≤ r j and r j ≤ ri, then ri = r j.

• Transitivity: if ri ≤ r j and r j ≤ rk, then ri ≤ rk.

• Comparability: Either ri ≤ r j or r j ≤ ri.

Definition 3.2. (Well Ordering) A well-ordered relation on a set S is a total order on S

with the property that every nonempty subset of S has a least element in this ordering.

The set S together with the well-order relation is then called a well-ordered.

Example 3.1. N is a well-ordering but Z is not a well-ordering because Z has no least

element.
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Definition 3.3. (Semigroup) A semigroup is a non-empty set R with a binary operation

on ”∗” such that binary operation is associative

a ∗ (b ∗ c) = (a ∗ b) ∗ c.

Definition 3.4. (Monoid) If S is a monoid set together with a binary operation ”∗”,

then S satisfies the following three axioms;

(i) Closure: ∀a, b ∈ S a ∗ b ∈ S ,

(ii) Associativity: ∀a, b, c ∈ S (a ∗ b) ∗ c = a ∗ (b ∗ c),

(iii) Identity Element: ∃e ∈ S : ∀a ∈ S : e ∗ a = a ∗ e = a.

A monoid is a semigroup with an identity element.

Example 3.2. Let us give 5 examples of monoid;

• (Z+,+) is a semigroup but not a monoid since the identity 0 is not in the set.

• (Z+, ·) is a monoid under multiplication since the multiplicative identity 1 is in

the set Z+.

• Every group is a monoid and every abelian group is a commutative monoid.

• N forms a commutative monoid under addition (identity element 0), or under

multiplication (identity element 1).

• Let S be a set. The set of all functions S → S forms a monoid under function

composition. The identity is the identity function. It is also called full transfor-

mation monoid of S . If S is finite with n elements, the monoid of functions on

S is finite with nn elements.

Definition 3.5. (Free Monoid) The free monoid on a set S is the monoid whose ele-

ments are all the finite sequence of zero or more elements from S . It is usually denoted

by S ∗.
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Suppose S is a linearly ordered set and k is a field. Let S ∗ be the free monoid

generated by S . The elements of S ∗ are called words. The empty word is the identity

which is denoted by 1. Let k < S > be free associative algebra over k generated by S

defined by

k < S > = {

m∑
i=1

cαiwi, cαi ∈ k and wi ∈ S ∗}.

Definition 3.6. (Monomial Ordering) A well ordering < on S ∗ is called monomial

ordering if it agrees with left and right multiplications by words:

u > v ⇒ w1uw2 > w1vw2 ∀w1,w2 ∈ S ∗.

Example 3.3. A standard example of monomial ordering on S ∗ deglex ordering which

first compare two words by length and then compare by lexicographical where S is

well ordered set.

Definition 3.7. (Leading Word) Let f = α f +
∑
αiui ∈ k < S > where α, αi ∈ k,

f ∈ S ∗ and ui < f for each i. Then we call f the leading word of f .

For a word w ∈ S ∗, we denote the length of w by |w|.

Example 3.4. Let S = {r0, r1, r2} and f = r0r1r2 + r0r1r0 + r1r2 + r2 using deglex order

with r0 > r1 > r2. Firstly we check lengths of the words.

w1 = r0r1r2 ⇒ |w1| = 3,

w2 = r0r1r0 ⇒ |w2| = 3,

w3 = r1r2 ⇒ |w3| = 2,

w4 = r2 ⇒ |w4| = 1.

Then, |w1| = |w2| > |w3| > |w4| and secondly, using lexicographic order w2 > w1 >

w3 > w4 because of r0 > r1 > r2. f = w2 = r0r1r0 is the leading word of f .

Definition 3.8. (Monic) If leading word of f , f , has a coefficient 1, then f is called

monic.
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Definition 3.9. (Composition of Intersection) For two monic polynomials f and g in

k < S > and a word w, the composition of intersection is defined by

( f , g)w = f b − ag w = f b = ag, | f | + |g| > |w|.

Example 3.5. Let f = r0r1r2r0 + 2r0r2r0r1 + r0r1 + r1 and g = r2r0r1r2 + 2r2r1r0r1 +

r1r2 + r2. f = r0r1r2r0, g = r2r0r1r2 and w = r0r1r2r0r1r2 = f (r1r2) = (r0r1)g and

| f | + |g| = 4 + 4 = 8 > |w| = 6. Then the composition of intersection is ( f , g)w =

f .(r1r2) − (r0r1).g = r0r1r2r0r1r2 + 2r0r2r0r1r1r2 + r0r1r1r2 + r1r1r2 − r0r1r2r0r1r2 −

2r0r1r2r1r0r1 − r0r1r1r2 − r0r1r2 = 2r0r2r0r1r1r2 + r1r1r2 − 2r0r1r2r1r0r1 − r0r1r2

Definition 3.10. (Composition of Inclusion) For two monic polynomial f and g in

k < S > and a word w, the composition of inclusion is defined by

( f , g)w = f − agb i f w = f = agb.

Example 3.6. Let f = r0r1r2r0r1r2+r2r0r1+r0r1+r1 and g = r1r2r0r1+r2r1r0+r1r2+r2.

f = r0r1r2r0r1r2 and g = r1r2r0r1. f = r0r1r2r0r1 = (r0)g(r2), then the composition of

inclusion is ( f , g)w = r0r1r2r0r1r2+r2r0r1+r0r1+r1−(r0)(r1r2r0r1+r2r1r0+r1r2+r2)(r2) =

−r0r2r1r0r2 − r0r1r2r2 − r0r2r2 + r2r0r1 + r0r1 + r1.

Definition 3.11. (Elimination of Leading Words) In the event of the composition of

including the transformation f 7→ ( f , g)w = f −agb is called elimination of the leading

word (ELW) of g in f .

Example 3.7. If we use the previous Example 3.6, then the ELW is f − agb =

r0r1r2r0r1r2 + r2r0r1 + r0r1 + r1 − (r0)(r1r2r0r1 + r2r1r0 + r1r2 + r2)(r2) = −r0r2r1r0r2 −

r0r1r2r2 − r0r2r2 + r2r0r1 + r0r1 + r1.

Definition 3.12. (Trivial Relative) A composition ( f , g)w is called trivial relative to

some R ⊂ k < S > if ( f , g)w =
∑
αiairibi + r where αi ∈ k, ri ∈ R, ai, bi ∈ S ∗ and

airibi < w. In particular, both f 7→ ( f , g)w = f − agb = 0 and r = 0 of R, then ( f , g)w

is trivial relative to R.
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Example 3.8. Let h1, h2 and h3 belong to R. h1 = r0r1r2r0r1r2 +r0r2r1r2, h2 = r1r2r0r1 +

r2r1 + r1 and h3 = r1. Also, h1 = r0(h2)r2,

(h1, h2)w = h1 − r0(h2)r2

= r0r1r2r0r1r2 + r0r2r1r2 − r0(r1r2r0r1 + r2r1 + r1)r2

= −r0r1r2 + 0

= −r0h3r2.

where r0h3r2 < w and r = 0.Then, (h1, h2)w is trivial relative to R.

Definition 3.13. (Gröbner-Shirshov Basis) A subset R of k < S > is called a Gröbner-

Shirshov basis if any composition of polynomials from R is trivial relative to R.

The following lemma was first proved by Shirshov [15] for Lie algebras presented

by generators and defining relations. He called it the composition lemma. A similar

lemma for free associative algebras was formulated later by Bokut [1] and by Bergman

[8] under the name ”Diamond lemma” after celebrated Newman’s Diamond lemma

[11] for graphs. This kind of lemmata are now named as composition-diamond lemma.

We will use Bokut’s version of this lemma for free associative algebras. Similar ideas

were independently discovered by Hironaka [12] for power series algebras and by

Buchberger [13, 14] for polynomial algebras.

Lemma 3.1. (Composition-Diamond Lemma for associative algebras) Let k be a field,

A = k〈S |R〉 = k〈S 〉/I(R) and < a monomial ordering on S ∗, where I(R) is the ideal of

k〈S 〉 generated by R. Then the following statements are equivalent:

(i) R is a Gröbner-Shirshov basis.

(ii) f ∈ I(R)⇒ f = asb for some s ∈ R and a, b ∈ S ∗.

(iii) The set of R-reduced forms

Red(R) = {w ∈ S ∗|w , asb, a, b ∈ S ∗, s ∈ R}
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is a k-linear basis for the algebra A = k〈S |R〉.

For commutative polynomials, this lemma is known as Buchberger’s Theorem for

the Gröbner basis (see [13, 14]).

Definition 3.14. (Buhberger-Shirshov Algorithm) If R ⊂ k〈S 〉 is not a Gröbner-Shirshov

basis, then we reduce every nontrivial compositions to a polynomial relative to R and

add this polynomial to the R. Having repeated this procedure (possibly infinitely

many times), we obtain a Gröbner-Shirshov basis Rcomp. The process is called the

Buchberger-Shirshov algorithm.

If the set R consists of semigroup relations (i.e. u − v, where u, v ∈ S ∗), then each

nontrivial composition of polynomials from R has the same semigroup form. Hence,

Rcomp consists of semigroup relations too.

Let A = smg〈S |R〉 be a semigroup presentation. Then R ⊂ k〈S 〉 and we can obtain

the Gröbner-Shirshov bases Rcomp. The set Rcomp does not depend on the field k and

consists of semigroup relations. We will call Rcomp the Gröbner-Shirshov bases for the

semigroup A.

The main purpose of this thesis is to find a Gröbner-Shirshov basis and classify all

reduced forms for the affine Weyl group Ãn. The strategy for solving the problem is as

follows.

Let R be the set of polynomials of the defining relations of Ãn. Using Buchberger-

Shirshov algorithm, we obtain a new set R′ of polynomials including R. Then, by

using the algorithm of elimination of leading words with respect to the polynomials

in R′, all the words in the group Ãn are reduced to the explicit classes of words. After

that, we compute the number of all reduced forms with respect to these classes by

means of a generating function. This generating function turns out to be same with

the well known Poincaré polynomial of the affine Weyl group Ãn. Therefore, by the

Composition-Diamond Lemma the functions in R′ form a Gröbner-Shirshov basis for

the affine Weyl group Ãn. Furthermore, one can easily see that this basis is in fact a

reduced Gröbner-Shirshov basis.
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3.2 Gröbner-Shirshov Bases for Ãn

In this section we explicitly present Gröbner-Shirshov bases for the affine Weyl

group of type Ãn.

Definition 3.15. The affine Weyl group Ãn has a presentation with generators S =

{r0, r1, . . . , rn} and defining relations

riri = 1 0 ≤ i ≤ n,

rir j = r jri 0 ≤ i < j − 1 < n and (i, j) , (0, n),

riri+1ri = ri+1riri+1 0 ≤ i ≤ n − 1,

r0rnr0 = rnr0rn.

Identifying each relation u = v by a polynomial u − v, we define

f (i)
1 = riri − 1 0 ≤ i ≤ n,

f (i, j)
2 = rir j − r jri 0 ≤ i < j − 1 < n and (i, j) , (0, n),

f (i)
3 = riri+1ri − ri+1riri+1 0 ≤ i ≤ n − 1,

f4 = r0rnr0 − rnr0rn.

Let us define

ri j =



riri+1 . . . r j, 0 ≤ i < j ≤ n;

riri−1 . . . r j, 0 < j < i ≤ n;

ri, i = j;

1, i = 1, j = 0;

1, i = n, j = n + 1.

Lemma 3.2. Let R = { f1, f2, f3, f4}. A Gröbner-Shirshov Basis of Ãn with respect to

deglex order with r0 > r1 > · · · > rn contains the following polynomials.

g(i, j)
1 = ri jri − ri+1ri j 0 ≤ i < j − 1 < n with (i, j) , (0, n),

g2 = r0nr0rn − r1r0nr0,

g( j,k)
3 = r0rnkr j − r jr0rnk (n > 3) 2 ≤ j < k − 1 < n,

g( j)
4 = r0rn jr j+1 − r jr0rn j 2 ≤ j < n,
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g(k)
5 = r0rnkr0 − rnr0rnk 2 ≤ k < n,

g(k,l)
6 = r0rnkr1lr0l − rnr0rnkr1lr0,l−1 1 ≤ l < n , 2 ≤ k ≤ n,

g(k,l)
7 = r0rnkr1lr0rnk − r1r0rnkr1lr0rn,k+1 1 ≤ l < k − 1 < n,

g(k,l)
8 = r0rnkr1lr0rn,k−1 − r1r0rnkr1lr0rnk 3 ≤ k ≤ n , k − 1 ≤ l ≤ n,

g( j,k,l)
9 = r0rnkr1lr0rn jr1l − rnr0rnkr1lr0rn jr1,l−1

2 ≤ k ≤ n − 1 , k + 1 ≤ j ≤ n , 1 ≤ l ≤ j − 2,

g( j,k,l)
10 = r0rnkr1lr0rn jr1,l+1 − rnr0rnkr1lr0rn jr1l

2 ≤ k ≤ n , k ≤ j ≤ n , j − 1 ≤ l ≤ n − 1.

Proof. Let R = { f1, f2, f3, f4}. We apply the Buchberger-Shirshov algorithm to the R.

We show every ELW in the below computations except ELW’s of f2
(i, j), the commu-

tativity relations. Notice that at this point we are not claiming that this is a Gröbner-

Shirshov basis for Ãn.

( f (i)
3 , f (i,i+2)

2 ) = g(i,i+2)
1 for i = 0, 1, 2, . . . , n − 2.

(g(i, j−1)
1 , f (i, j)

2 ) = g(i, j)
1

for i = 0, 1, 2, . . . , n − 2 , j = i + 3, i + 4, . . . , n with (i, j) , (0, n).

(g(0,n−1)
1 , f4) = g2.

( f (0, j)
2 , f ( j,n)

2 ) = g( j,n)
3 (n > 3) for j = 2, 3, . . . , n − 2.

(g( j,k+1)
3 , f ( j,k)

2 ) = g( j,k)
3

(n > 4) for k = n − 1, n − 2, . . . , 4 , j = 2, 3, . . . , k − 2.

( f (0,n−1)
2 , f (n−1)

3 ) = g(n−1)
4 .

(g( j, j+2)
3 , f ( j)

3 ) = g( j)
4 (n > 3) for j = n − 2, n − 3, . . . , 2.

( f4, f (0,n−1)
2 ) = g(n−1)

5 .

(g(k+1)
5 , f (0,k)

2 ) = g(k)
5 (n > 3) for k = n − 2, n − 3, . . . , 2.

( f4, f (0)
3 ) = g(n,1)

6

(g(k)
5 , f (0)

3 ) = g(k,1)
6 for k = 2, 3, . . . , n − 1.

(g(k,l−1)
6 , f (l−1)

3 ) = g(k,l)
6 for k = 2, 3, . . . , n , l = 2, 3, . . . , n − 1.
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( f (0)
3 , f4) = r0rnr1r0rn − r1r0rnr1r0

= g(n,1)
7 .

(g(0,l)
1 , f4) = g(n,l)

7 (n > 3) for l = 2, 3, . . . , n − 2.

(g(k+1,l)
7 , g(k)

4 ) = r0rn,k+1r1lrkr0rnk − r1r0rn,k+1r1lr0rn,k+2rkrk+1

= g(k,l)
7 − r1r0rn,k+1r1lg

(k,k+2)
3 rk+1

(n > 3) for k = n − 1, n − 2, . . . , 3 , l = 1, 2, . . . , k − 2.

(g(k,k−2)
7 , g(k−1)

4 ) = r0rnkr1,k−1r0rn,k−1 − r1r0rnkr1,k−2r0rn,k+1rk−1rk

= g(k,k−1)
8 − r1r0rnkr1,k−2g(k−1,k+1)

3 rk (n > 3) for k = n − 1, . . . , 3.

(g(n,n−2)
7 , g(n−1)

4 ) = r0rnr1,n−1r0rn,n−1 − r1r0rnr1,n−2r0rn−1rn

= g(n,n−1)
8 − r1r0rnr1,n−2 f (0,n−1)

2 rn.

(g2, g
(n−1)
4 ) = r0,n−2 f (n−1)

3 r0rnrn−1 − r1r0n f (0,n−1)
2 rn − r1r0,n−2 f (n−1)

3 r0rn + g(n,n)
8

(g(k+1,l)
8 , g(k−1)

4 ) = r0rn,k+1r1,k−2g(k−1,l)
1 r0rn,k−1 − r1r0rn,k+1r1lg

(k−1,k+1)
3 rk

−r1r0rn,k+1r1,k−2g(k−1,l)
1 r0rn,k+1rk + g(k,l)

8

(n > 3) for k = 3, 4, . . . , n − 1 , l = k, k + 1, . . . , n.

(g(k,1)
6 , f (1,n)

2 ) = g(n,k,1)
9 for k = 2, 3, . . . , n − 1.

(g( j+1,k,1)
9 , f (1, j)

2 ) = g( j,k,1)
9

(n > 3) for k = 2, 3, . . . , n − 2 , j = k + 1, k + 2, . . . , n − 1.

(g( j,k,l−1)
9 , f (l−1)

3 ) = r0rnkr1,l−1r0rn jr1,l−2rlrl−1rl − rnr0rnkr1,l−1r0rn jr1,l−2rlrl−1

= g( j,k,l)
9

(n > 3) for k = 2, 3, . . . , n − 1 , j = k + 1, k + 2, . . . , n , l = 2, . . . , j − 2.

(g( j+1,k, j−1)
9 , f ( j−1)

3 ) = r0rnkr1, j−1r0rn, j+1r1, j−2r jr j−1r j − rnr0rnkr1, j−1r0rn, j+1r1, j−2r jr j−1

= g( j,k, j−1)
10

(n > 3) for k = 2, 3, . . . , n − 1 , j = k, k + 1, . . . , n − 1.

(g(k,n−1)
6 , f (n−1)

3 ) = r0rnkr1,n−1r0,n−2rnrn−1rn − rnr0rnkr1,n−1r0rnr1,n−1

= g(n,k,n−1)
10 (n > 3) for k = 2, 3, . . . , n.

(g( j,k,l−1)
10 , f (l)

3 ) = r0rnkr1,l−1r0rn jr1,l−1rl+1rlrl+1 − rnr0rnkr1,l−1r0rn jr1,l−1rlrl+1rl

= r0rnkr1,l−1g(l)
4 rl−1, jr1,l+1 − rnr0rnkr1,l−1g(l)

4 rl−1, jr1l + g( j,k,l)
10

for k = 2, 3, . . . , n − 1 , j = k, k + 1, . . . , n − 1 ,l = j − 1, . . . , n − 1.
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In the above equation if l = j, then rl−1, j assumed to be the identity 1. �

Example 3.9. In this example, we examined Gröbner-Shirshov Basis of Affine Weyl

Group Ã4 using the Lemma 3.2;

g(i, j)
1 = ri jri − ri+1ri j 0 ≤ i < j − 1 < 4 with (i, j) , (0, 4)

( f (0)
3 , f (0,2)

2 )r01r0r2 = f (0)
3 r2 − r01 f (0,2)

2

= (r0r1r0 − r1r0r1)r2 − r0r1(r0r2 − r2r0)

= r02r0 − r1r02

= g(0,2)
1 .

(g(0,2)
1 , f (0,3)

2 )r02r0r3 = g(0,2)
1 r3 − r02 f (0,3)

2

= (r02r0 − r1r02)r3 − r02(r0r3 − r3r0)

= r03r0 − r1r03

= g(0,3)
1 .

( f (1)
3 , f (1,3)

2 )r12r1r3 = f (1)
3 r3 − r12 f (1,3)

2

= (r1r2r1 − r2r1r2)r3 − r12(r1r3 − r3r1)

= r13r1 − r2r13

= g(1,3)
1 .

(g(1,3)
1 , f (1,4)

2 )r13r1r4 = g(1,3)
1 r4 − r13 f (1,4)

2

= (r13r1 − r2r13)r4 − r13(r1r4)

= r14r1 − r2r14

= g(1,4)
1 .

( f (2)
3 , f (2,4)

2 )r2r32r4 = f (2)
3 r4 − r23 f (2,4)

2

= (r2r3r2 − r3r2r3)r4 − r23(r2r4 − r4r2)

= r24r2 − r3r24

= g(2,4)
1 .
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g2 = r04r0r4 − r1r04r0

(g(0,3)
1 , f4)r03r0r4r0 = g(0,3)

1 r4r0 − r03 f4

= (r03r0 − r1r03)r4r0 − r03(r0r4r0 − r4r0r4)

= r04r0r4 − r1r04r0

= g2.

g( j,k)
3 = r0r4kr j − r jr0r4k 2 ≤ j < k − 1 < 4

( f (0,2)
2 , f (2,4)

2 )r0r2r4 = f (0,2)
2 r4 − r0 f (2,4)

2

= (r0r2 − r2r0)r4 − r0(r2r4 − r4r2)

= r0r4r2 − r2r0r4

= g(2,4)
3 .

g( j)
4 = r0r4 jr j+1 − r jr0r4 j 2 ≤ j < 4

( f (0,3)
2 , f (3)

3 )r0r34r3 = f (0,3)
2 r43 − r0 f (3)

3

= (r0r3 − r3r0)r43 − r0(r3r4r3 − r4r3r4)

= r0r43r4 − r3r0r43

= g(3)
4 .

(g(2,4)
3 , f (2)

3 )r0r4r23r2 = g(2,4)
3 r32 − r0r4 f (2)

3

= (r0r4r2 − r2r0r4)r32 − r0r4(r2r3r2 − r3r2r3)

= r0r42r3 − r2r0r42

= g(2)
4 .

g(k)
5 = r0r4kr0 − r4r0r4k 2 ≤ k < 4

( f4, f (0,3)
2 )r0r4r0r3 = f4r3 − r0r4 f (0,3)

2
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= (r0r4r0 − r4r0r4)r3 − r0r4(r0r3 − r3r0)

= r0r43r0 − r4r0r43

= g(3)
5 .

(g(3)
5 , f (0,2)

2 )r0r43r0r2 = g(3)
5 r2 − r0r43 f (0,2)

2

= (r0r43r0 − r4r0r43)r2 − r0r43(r0r2 − r2r0)

= r0r42r0 − r4r0r42

= g(2)
5 .

g(k,l)
6 = r0r4kr1lr0l − r4r0r4kr1lr0,l−1 1 ≤ l < 4, 2 ≤ k ≤ 4

( f4, f (0)
3 )r0r4r0r1r0 = f4r1r0 − r0r4 f (0)

3

= (r0r4r0 − r4r0r4)r1r0 − r0r4(r0r1r0 − r1r0r1)

= r0r4r1r01 − r4r0r4r1r0

= g(4,1)
6 .

(g(4,1)
6 , f (1)

3 )r0r4r1r02r1 = g(4,1)
6 r2r1 − r0r4r1r0 f (1)

3

= (r0r4r1r0r1 − r4r0r4r1r0)r2r1 − r0r4r1r0(r1r2r1 − r2r1r2)

= r0r4r12r02 − r4r0r4r12r01

= g(4,2)
6 .

(g(4,2)
6 , f (2)

3 )r0r4r12r03r2 = g(4,2)
6 r32 − r0r4r12r01 f (2)

3

= (r0r4r12r02 − r4r0r4r12r01)r32 − r0r4r12r01(r2r3r2 − r3r2r3)

= r0r4r13r03 − r4r0r4r13r02

= g(4,3)
6 .

(g(3)
5 , f (0)

3 )r0r43r01r0 = g(3)
5 r1r0 − r0r43 f (0)

3

= (r0r43r0 − r4r0r43)r1r0 − r0r43(r0r1r0 − r1r0r1)

= r0r43r1r01 − r4r0r43r1r0

= g(3,1)
6 .
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(g(3,1)
6 , f (1)

3 )r0r43r1r02r1 = g(3,1)
6 r2r1 − r0r43r1r0 f (1)

3

= (r0r43r1r0r1 − r4r0r43r1r0)r2r1 − r0r43r1r0(r1r2r1 − r2r1r2)

= r0r43r12r02 − r4r0r43r12r01

= g(3,2)
6 .

(g(3,2)
6 , f (2)

3 )r0r43r12r03r2 = g(3,2)
6 r32 − r0r43r12r01 f (2)

3

= (r0r43r12r02 − r4r0r43r12r01)r32 − r0r43r12r0r1(r2r3r2 − r3r2r3)

= r0r43r13r03 − r4r0r43r13r02

= g(3,3)
6 .

(g(2)
5 , f (0)

3 )r0r42r01r0 = g(2)
5 r1r0 − r0r42 f (0)

3

= (r0r42r0 − r4r0r42)r1r0 − r0r42(r0r1r0 − r1r0r1)

= r0r42r1r01 − r4r0r42r1r0

= g(2,1)
6 .

(g(2,1)
6 , f (1)

3 )r0r42r1r02r1 = g(2,1)
6 r2r1 − r0r42r1r0 f (1)

3

= (r0r42r1r01 − r4r0r42r1r0)r2r1 − r0r42r1r0(r1r2r1 − r2r1r2)

= r0r42r12r02 − r4r0r42r12r01

= g(2,2)
6 .

(g(2,2)
6 , f (2)

3 )r0r42r12r03r2 = g(2,2)
6 r32 − r0r42r12r0r1 f (2)

3

= (r0r42r12r02 − r4r0r42r12r01)r32 − r0r42r12r0r1(r2r3r2 − r3r2r3)

= r0r42r13r03 − r4r0r42r13r02

= g(2,3)
6 .

g(k,l)
7 = r0r4kr1lr0r4k − r1r0r4kr1lr0r4,k+1 1 ≤ l < k − 1 < 4

( f (0)
3 , f4)r01r0r4r0 = f (0)

3 r4r0 − r01 f4

= (r0r1r0 − r1r0r1)r4r0 − r01(r0r4r0 − r4r0r4)

= r0r4r1r0r4 − r1r0r4r1r0
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= g(4,1)
7 .

(g(0,2)
1 , f4)r02r0r4r0 = g(0,2)

1 r4r0 − r02 f4

= (r02r0 − r1r02)r4r0 − r02(r0r4r0 − r4r0r4)

= r0r4r12r0r4 − r1r0r4r12r0

= g(4,2)
7 .

(g(4,1)
7 , g(3)

4 )r0r4r1r0r43r4 = g(4,1)
7 r34 − r0r4r1g(3)

4

= (r0r4r1r0r4 − r1r0r4r1r0)r34 − r0r4r1(r0r43r4 − r3r0r43)

= r0r43r1r0r43 − r1r0r43r1r0r4

= g(3,1)
7 .

g(k,l)
8 = r0r4kr1lr0r4,k−1 − r1r0r4kr1lr0r4k 3 ≤ k ≤ 4, k − 1 ≤ l ≤ 4

(g(4,2)
7 , g(3)

4 )r0r4r12r0r43r4 = g(4,2)
7 r34 − r0r4r12g(3)

4

= (r0r4r12r0r4 − r1r0r4r12r0)r34 − r0r4r12(r0r43r4 − r3r0r43)

= r0r4r12r3r0r43 − r1r0r4r12r0r34

= (r0r4r13r0r43 − r1r0r4r13r0r4) − r1r0r4r12(r0r3 − r3r0)r4

= g(4,3)
8 − r1r0r4r12 f (0,3)

2 r4.

(g2, g
(3)
4 )r04r0r43r4 = g2r34 − r04g(3)

4

= (r04r0r4 − r0r04r0)r34 − r04(r0r43r4 − r3r0r43)

= r02(r3r4r3 − r4r3r4)r0r43 − r1r04(r0r3 − r3r0)r4

+ r0r1(r2r4 − r4r2)r34r0r43 − r1r0r12(r3r4r3 − r4r3r4)r0r4

+ r0(r1r4 − r4r1)r24r0r43 − r1r0r1(r2r4 − r4r2)r34r0r4

− r1r0(r1r4 − r4r1)r24r0r4 + r0r4r14r0r43 − r1r0r4r14r0r4

= r02 f (3)
3 r0r43 − r1r04 f (0,3)

2 r4 + r0r1 f (2,4)
2 r34r0r43 − r1r0r12 f (3)

3 r0r4

+ r0 f (1,4)
2 r24r0r43 − r1r0r1 f2(2, 4)r34r0r4 − r1r0 f (1,4)

2 r24r0r4

+ g(4,4)
8 .
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(g(3,1)
7 , g(2)

4 )r0r43r1r0r42r3 = g(3,1)
7 r23 − r0r43r1g(2)

4

= (r0r43r1r0r43 − r1r0r43r1r0r4)r23 − r0r43r1(r0r42r3 − r2r0r43)

= (r0r43r12r0r42 − r1r0r43r12r0r43) − r1r0r43r1(r0r4r2 − r2r0r4)r3

= g(3,2)
8 − r1r0r43r1g(2,4)

3 r3.

(g(4,4)
8 , g(2)

4 )r0r4r13r0r42r3 = g(4,4)
8 r23 − r0r4r13g(2)

4

= (r0r4r14r0r43 − r1r0r4r14r0r4)r23 − r0r4r13(r0r42r3 − r2r0r42)

= r0r4r1(r24r2 − r3r24)r0r42 − r1r0r4r14(r0r4r2 − r2r0r4)

+ r0r4(r1r3 − r3r1)r24r0r42 − r1r0r4r1(r24r2 − r3r24)r0r43

− r1r0r4(r1r3 − r3r1)r24r0r43 + r0r43r14r0r42

− r1r0r43r14r0r43

= r0r4r1g(2,4)
1 r0r42 − r1r0r4r14g(2,4)

3 + r0r4 f (1,3)
2 r24r0r42

− r1r0r4r1g(2,4)
1 r0r43 − r1r0r4 f (1,3)

2 r24r0r43 + g(3,4)
8 .

(g(4,3)
8 , g(2)

4 )r0r4r14r0r42r3 = g(4,3)
8 r23 − r0r4r14g(2)

4

= (r0r4r13r0r43 − r1r0r4r13r0r4)r23 − r0r4r14(r0r42r3 − r2r0r42)

= r0r4r1(r2r3r2 − r3r2r3)r0r42 − r1r0r4r13(r0r4r2 − r2r0r4)r3

+ r0r4(r1r3 − r3r1)r23r0r42 + r0r4(r1r3 − r3r1)r23r0r42

− r1r0r4r1(r2r3r2 − r3r2r3) + r1r0r4(r1r3 − r3r1)r23r0r43

+ r0r43r13r0r42 − r1r0r43r13r0r43

= r0r4r1g(2,3)
1 r0r42 − r1r0r4r13g(2,4)

3 r3 + r0r4 f (1,3)
2 r23r0r42

− r1r0r4r1g(2,3)
1 + r1r0r4 f (1,3)

2 r23r0r43 + g(3,3)
8 .

g( j,k,l)
9 = r0r4kr1lr0r4 jr1l − r4r0r4kr1lr0r4 jr1,l−1 2 ≤ k ≤ 3, k + 1 ≤ j ≤ 4, 1 ≤ l ≤ j − 2

(g(3,1)
6 , f (1,4)

2 )r0r43r1r01r4 = g(3,1)
6 r4 − r0r43r1r0 f (1,4)

2

= (r0r43r1r0r1 − r4r0r43r1r0)r4 − r0r43r1r0(r1r4 − r4r1)

= r0r43r1r0r4r1 − r4r0r43r1r0r4
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= g(4,3,1)
9 .

(g(4,3,1)
9 , f (1)

3 )r0r43r1r0r4r12r1 = g(4,3,1)
9 r2r1 − r0r43r1r0r4 f (1)

3

= (r0r43r1r0r4r1 − r4r0r43r1r0r4)r2r1

− r0r43r1r0r4(r1r2r1 − r2r1r2)

= r0r43r12r0r4r12 − r4r0r43r12r0r4r12

= g(4,3,2)
9 .

(g(2,1)
6 , f (1,4)

2 )r0r42r1r01r4 = g(2,1)
6 r4 − r0r42r1r0 f (1,4)

2

= (r0r42r1r01 − r4r0r42r1r0)r4 − r0r42r1r0(r1r4 − r4r1)

= r0r42r1r0r4r1 − r4r0r42r1r0r4

= g(4,2,1)
9 .

(g(4,2,1)
9 , f (1)

3 )r0r42r1r0r4r12r1 = g(4,2,1)
9 r2r1 − r0r42r1r0r4 f (1)

3

= (r0r42r1r0r4r1 − r4r0r42r1r0r4)r2r1

− r0r42r1r0r4(r1r2r1 − r2r1r2)

= r0r42r12r0r4r12 − r4r0r42r12r0r4r1

= g(4,2,2)
9 .

(g(4,2,1)
9 , f (1,3)

2 )r0r42r1r0r43r1r3 = g(4,2,1)
9 r3 − r0r42r1r0r43 f (1,3)

2

= (r0r42r1r0r4r1 − r4r0r42r1r0r4)r3

− r0r42r1r0r43(r1r3 − r3r1)

= r0r42r1r0r43r1 − r4r0r42r1r0r43

= g(3,2,1)
9 .

g( j,k,l)
10 = r0r4kr1lr0r4 jr1,l+1 − r4r0r4kr1lr0r4 jr1l 2 ≤ k ≤ 4, k ≤ j ≤ 4, j − 1 ≤ l ≤ 3

(g(4,3)
6 , f (3)

3 )r0r4r13r03r43 = g(4,3)
6 r43 − r0r4r13r02 f (3)

3

= (r0r4r13r03 − r4r0r4r13r02)r43 − r0r4r13r02(r3r4r3 − r4r3r4)

= r0r4r13r0r4r14 − r4r0r4r13r0r4r13
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= g(4,4,3)
10 .

(g(3,3)
6 , f (3)

3 )r0r43r13r04r3 = g(3,3)
6 r43 − r0r43r13r02 f (3)

3

= (r0r43r13r03 − r4r0r43r13r02)r43 − r0r43r13r02(r3r4r3 − r4r3r4)

= r0r43r13r0r4r14 − r4r0r43r13r0r4r13

= g(4,3,3)
10 .

(g(2,3)
6 , f (3)

3 )r0r42r13r04r3 = g(2,3)
6 r43 − r0r42r13r02 f (3)

3

= (r0r42r13r03 − r4r0r42r13r02)r43 − r0r42r13r02(r3r4r3 − r4r3r4)

= r0r42r13r0r4r14 − r4r0r42r13r0r4r13

= g(4,2,3)
10 .

(g(4,3,2)
9 , f (2)

3 )r0r43r12r0r4r13r2 = g(4,3,2)
9 r32 − r0r43r12r0r4r1 f (2)

3

= (r0r43r12r0r4r12 − r4r0r43r12r0r4r12)r3r2

− r0r43r12r0r4r1(r2r3r2 − r3r2r3)

= r0r43r12r0r43r13 − r4r0r43r12r0r43r12

= g(3,3,2)
10 .

(g(3,3,2)
10 , f (3)

3 )r0r43r12r0r43r14r3 = g(3,3,2)
10 r43 − r0r43r12r0r43r12 f (3)

3

= (r0r43r12r0r43r13 − r4r0r43r12r0r43r12)r43

− r0r43r12r0r43r12(r3r4r3 − r4r3r4)

= r0r43r12r0r43r1(r2r4 − r4r2)r34

− r4r0r43r12r0r43r1(r2r4 − r4r2)r3

+ r0r43r12r0r43(r1r4 − r4r1)r24

− r4r0r43r12r0r43(r1r4 − r4r1)

+ r0r43r12(r0r43r4 − r3r0r43)r14

− r4r0r43r12(r0r43r4 − r3r0r43)r13

+ r0r43r13r0r43r14 − r4r0r43r13r0r43r13

= r0r43r12r0r43r1 f (2,4)
2 r34 − r4r0r43r12r0r43r1 f (2,4)

2 r3
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+ r0r43r12r0r43 f (1,4)
2 r24 − r4r0r43r12r0r43 f (1,4)

2

+ r0r43r12g(3)
4 r14 − r4r0r43r12g(3)

4 r13 + g(3,3,3)
10 .

(g(4,2,2)
9 , f (2)

3 )r0r42r12r0r4r13r2 = g(4,2,2)
9 r32 − r0r42r12r0r4r1 f (2)

3

= (r0r42r12r0r4r12 − r4r0r42r12r0r4r1)r32

− r0r42r12r0r4r1(r2r3r2 − r3r2r3)

= r0r42r12r0r43r13 − r4r0r42r12r0r43r12

= g(3,2,2)
10 .

(g(3,2,2)
10 , f (3)

3 )r0r42r12r0r43r14r3 = g(3,2,2)
10 r43 − r0r42r12r0r43r12 f (3)

3

= (r0r42r12r0r43r13 − r4r0r42r12r0r43r12)r43

− r0r42r12r0r43r12(r3r4r3 − r4r3r4)

= r0r42r12r0r43r1(r2r4 − r4r2)r34

− r4r0r42r12r0r43r1(r2r4 − r4r2)r3

+ r0r42r12r0r43(r1r4 − r4r1)r24

− r4r0r42r12r0r43(r1r4 − r4r1)r23

+ r0r42r12(r0r43r4 − r3r0r43)r14

− r4r0r42r12(r0r43r4 − r3r0r43)r13

+ r0r42r13r0r4r14 − r4r0r42r13r0r4r13

= r0r42r12r0r43r1 f (2,4)
2 r34 − r4r0r42r12r0r43r1 f (2,4)

2 r3

+ r0r42r12r0r43 f (1,4)
2 r24 − r4r0r42r12r0r43 f (1,4)

2 r23

+ r0r42r12g(3)
4 r14 − r4r0r42r12g(3)

4 r13 + g(3,2,3)
10 .

(g(3,2,1)
9 , f (1)

3 )r0r42r1r0r43r12r1 = g(3,2,1)
9 r2r1 − r0r42r1r0r43 f (1)

3

= (r0r42r1r0r43r1 − r4r0r42r1r0r43)r2r1

− r0r42r1r0r43(r1r2r1 − r2r1r2)

= r0r42r1r0r42r12 − r4r0r42r1r0r42r1

= g(2,2,1)
10 .
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(g(2,2,1)
10 , f (2)

3 )r0r42r1r0r42r13r2 = g(2,2,1)
10 r32 − r0r42r1r0r42r1 f (2)

3

= (r0r42r1r0r42r12 − r4r0r42r1r0r42r1)r32

− r0r42r1r0r42r1(r2r3r2 − r3r2r3)

= r0r42r1r0r42(r1r3 − r3r1)r23 − r4r0r42r1r0r42(r1r3 − r3r1)r2

+ r0r42r1(r0r42r3 − r2r0r42)r13

− r4r0r42r1(r0r42r3 − r2r0r42)r12

+ r0r42r12r0r42r13 − r4r0r42r12r0r42r12

= r0r42r1r0r42 f (1,3)
2 r23 − r4r0r42r1r0r42 f (1,3)

2 r2 + r0r42r1g(2)
4 r13

− r4r0r42r1g(2)
4 r12 + g(2,2,2)

10 .

(g(2,2,2)
10 , f (3)

3 )r0r42r12r0r42r14r3 = g(2,2,2)
10 r43 − r0r42r12r0r42r12 f (3)

3

= (r0r42r12r0r42r13 − r4r0r42r12r0r42r12)r43

− r0r42r12r0r42r12(r3r4r3 − r4r3r4)

= r0r42r12r0r42r1(r2r4 − r4r2)r34

− r4r0r42r12r0r42r1(r2r4 − r4r2)r3

+ r0r42r12r0r42(r1r4 − r4r1)r24

− r4r0r42r12r0r42(r1r4 − r4r1)r23

+ r0r42r12r0r43(r2r4 − r4r2)r14

− r4r0r42r12r0r43(r2r4 − r4r2)r13

+ r0r42r13r0r42r14 − r4r0r42r13r0r42r13

= r0r42r12r0r42r1 f (2,4)
2 r34 − r4r0r42r12r0r42r1 f (2,4)

2 r3

+ r0r42r12r0r42 f (1,4)
2 r24 − r4r0r42r12r0r42 f (1,4)

2 r23

+ r0r42r12r0r43 f (2,4)
2 r14 − r4r0r42r12r0r43 f (2,4)

2 r13

+ r0r42r12g(3)
4 r2r14 − r4r0r42r12g(3)

4 r2r13 + g(2,2,3)
10 .
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3.3 Reduced Forms for Ãn

In the previous section, we explicitly presented Gröbner-Shirshov bases for the

affine Weyl group of type Ãn, and now we will classify all reduced forms for the affine

Weyl group of type Ãn in this section.

Definition 3.16. (Reduced Form) Let R′ = R ∪ {g1, g2, . . . , g10}. We want to find the

properties of the elements of the set Red(R′) = {w ∈ S ∗|w , a f b; a, b ∈ S ∗, f ∈ R′}. If

w ∈ Red(R′), then we call that it is a reduced form.

Notice that elements of R′ not containing r0 is in fact a Gröbner-Shirshov basis for

the Coxeter group An. The following lemma is just another way of expressing of the

Lemma 3.2 of [1].

Lemma 3.3. Any reduced form not containing r0 is in the format

s = (rn jn)
αn(rn−1, jn−1)

αn−1 . . . (r2 j2)
α2(r1 j1)

α1

where i ≤ ji ≤ n and αi ∈ {0, 1}.

After investigation of leading words of the elements of R′, we can claim the fol-

lowing results. For convenience, we write r0rn,n+1r1l instead of r0l and r0rnkr10 instead

of r0rnk.

Lemma 3.4. The following words are reduced forms.

(i) w = r0rnkr1l for 2 ≤ k ≤ n + 1, 0 ≤ l ≤ n.

(ii) (r0rnkr1l)(r0rnpr1q) =


(k < p) ∧ (l > q), if q − p < l − k < −1

(k ≤ p) ∧ (l > q), if (q − p < −1) ∧ (l − k ≥ −1)

(k ≤ p) ∧ (l ≥ q), if l − k > q − p ≥ −1

for 2 ≤ k, p ≤ n + 1, 0 ≤ l, q ≤ n.

Lemma 3.5. Let w be a reduced form starting with ri for i = 1, 2, . . . , n and let t be a

reduced form starting with r0. Then wt is also a reduced form.
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Proof. The result follows from the following observation. Any leading word starting

with ri for i = 1, 2, . . . , n in R′ does not contain r0. �

Lemma 3.6. Let wi be reduced forms in the format r0rnkr1l where 2 ≤ k ≤ n + 1,

0 ≤ l ≤ n for i = 1, 2, . . . , j. If w1w2 . . .w j−1 and w j−1w j are reduced, then w1w2 . . .w j

is also reduced.

Proof. We prove by induction. Let w = w1w2w3. The only possible reducible subform

of w is in the format rw2s where r and s are proper subforms of w1 and w3, respectively.

Since w2w3 is a reduced form, w2s is also reduced form starting with r0. Since r is a

proper subform of w1, r is also a reduced form not containing r0. By lemma 3.5, rw2s

is also reduced. Hence w1w2w3 should be a reduced form.

Assume w1w2 . . .w j−1 and w j−1w j are reduced. So w2w3 . . .w j−1 is also reduced. By

inductive assumption w2w3 . . .w j should be reduced. Hence the only possible reducible

subform of w = w1w2 . . .w j is in the format rw2w3 . . .w j where r is a proper subform

of w1. Since w1 is reduced, r is also a reduced form not containing r0. By lemma 3.5,

rw2w3 . . .w j is also reduced. Therefore w should be a reduced form. �

Definition 3.17. In this area, we will give some definitions which are required.

(i) Let bi = a(pi,qi) = r0rn,n−pi+2r1,qi where 0 ≤ pi, qi ≤ n and pi + qi = i for i =

1, 2, . . . , 2n.

(ii) Define

u = (b2n)m2n(b2n−1)m2n−1 . . . (bn+1)mn+1

where pi−1 = pi or pi−1 = pi + 1 for i = n + 2, n + 3, . . . , 2n. Furthermore, mi = 1

when pi+1 = pi > pi−1 for i = n + 2, n + 3, . . . , 2n − 1. In particular mn+1 = 1

when pn+2 = pn+1. Otherwise, mi ∈ {0, 1}. Each bi is called a component of the

word u. If mi can take only the value 1, then bi is called a marked component of

u. The other components are called unmarked components of u.

(iii) Let (t j) ⊆ {0, 1, 2, . . . , n} be a decreasing subsequence such that t j − t j−1 > 1.
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Define

v = bt1bt2 · · · bts

where (pti , qti) , (0, n), pti > pti−1 and qti > qti−1 for i = 2, 3, . . . , s.

(iv) Assume that u and v are the words defined as above except the value of mn+1.

Let w = uv where pn+1 ≥ pt1 and qn+1 > qt1 . Furthermore, mn+1 = 1 when

pn+2 = pn+1 > pt1 . Otherwise, mn+1 ∈ {0, 1}.

After this point u, v and w will represent the words given by above definition.

Proposition 3.1. The words u, v and w given by definition 3.17 are reduced.

Proof. Let n + 1 ≤ j < i ≤ 2n and

bi = a(piqi) = r0rn,n−pi+2r1,qi

and

b j = a(p jq j) = r0rn,n−p j+2r1,q j .

q j − (n− p j + 2) = q j + p j − (n + 2) = j− (n + 2) ≥ −1. Similarly, qi − (n− pi + 2) > −1.

By definition of the word u, p j ≤ pi and then n − pi + 2 ≤ n − p j + 2. By lemma 3.4,

bib j is a reduced form. Hence u is a reduced form. �

The figure 3.1 shows every possible reduced forms u, v and w for n = 3 and

n = 4, respectively. Before we count these forms, let us explain the reason to in-

troduce marked components. We can produce several words from a word u by taking

exponents of unmarked components zero or one. The marked components are intro-

duced to prevent a word being produced by two different u’s or w’s. The next example

will explain that why we introduce the concept of marked component.

Example 3.10. Let

w1 = (r0r42r14)m1(r0r42r13)m2(r0r43r13)m3(r0r4r13)m4r01
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Figure 3.1: Graphics of Ã3 and Ã4, respectively.
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and

w2 = (r0r42r14)m1(r0r43r14)m2(r0r4r14)m3(r0r4r13)m4r01.

If we take m2 = m3 = 0 and m1 = m4 = 1, then the word (r0r42r14)(r0r4r13)r01 can

be produced by using both w1 and w2. However, r0r42r13 is a marked component in

the word w1. Hence m2 = 1 in w1. Therefore, the word (r0r42r14)(r0r4r13)r01 can be

produced by using only w2.

Theorem 3.1. (i) Let

u1 = (b2n)m2n(b2n−1)m2n−1 . . . (bn+1)mn+1

and

u2 = (b2n)m2n(b2n−1)m2n−1 . . . (bn+1)mn+1

two different reduced forms given by definition 3.17. One of u1 and u2 has a

marked component which is not a component of the other.

(ii) Let v be a word given by definition 3.17. The above argument also valid for the

words w1 = u1v and w2 = u2v.

Proof. (i) Since the only possibility for the b2n = b2n = a(n,n), the first components

of u1 and u2 are same. Let j be the largest integer such that b j , b j. Assume

that b j+1 = b j+1 = a(p,q), b j = a(p,q−1) and b j = a(p−1,q). There are two cases to

consider. In the first case, there exists an index j − k < n + 1 such that b j−1 =

a(p,q−2), b j−2 = a(p,q−3), . . . , b j−k = a(p,q−k−1), b j−k−1 = a(p−1,q−k−1). Hence b j−k is a

marked component of u1. Since b j = ap−1,q, b j−k , b j−k. In the second case,

b j−1 = a(p,q−2), b j−2 = a(p,q−3), . . . , bn+2 = a(p,q+n− j+1), bn+1 = a(p,q+n− j). Hence bn+1

is a marked component of u1. Since b j = ap−1,q, bn+1 , bn+1.

(ii) If w1 = u1v and w2 = uv2, then the only case we have to consider b j−1 = a(p,q−2),

b j−2 = a(p,q−3),. . ., bn+2 = ap,q+n− j+1, bn+1 = ap,q+n− j and bn+1 is not a marked

component of w1. This is true provided that pt1 = p. Let bn+1 = apn+1,qn+1
.

Since b j = ap−1,q, pn+1 < p = pt1 which is impossible. Hence bn+1 is a marked
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component and bn+1 , bn+1.

�

Corollary 3.1. Let s be a word which is produced by a word u or w = uv by taking

certain exponents of unmarked components equal to one. Then this word u or w = uv

is unique.

Proof. Assume that the word s produced by two different u1 and u2 ( or w1 = u1v

and w2 = u2v). Then s should contain every marked components of both u1 and u2.

However, this is impossible. Because one of the u1 and u2 has a marked component

which is not component of the other. �

Example 3.11. We show the forms that may occur for n = 4.

(r0r42r14)n1(r0r43r14)n2(r0r4r14)n3(r04)n4 1,

r0,

r01,

r02,

r03.

(r0r42r14)n1(r0r43r14)n2(r0r4r14)n3(r0r4r13)n4 1, n4 = 1;

r0, n4 = 1;

r01, n4 = 1;

r0r4,

r02, n4 = 1;

r0r4r1,

r0r4r12,

r0r4r1r0,

r0r4r12r0,

r0r4r12r01.
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(r0r42r14)n1(r0r43r14)n2(r0r43r13)n3(r0r4r13)n4 1, n3 = 1;

r0, n3 = 1;

r01, n3 = 1;

r0r4, n3 = 1;

r02, n3 = 1;

r0r4r1, n3 = 1;

r0r4r12, n3 = 1;

r0r4r1r0, n3 = 1;

r0r4r12r0, n3 = 1;

r0r4r12r01, n3 = 1.

(r0r42r14)n1(r0r43r14)n2(r0r43r13)n3(r0r43r12)n4 1, n4 = 1;

r0, n4 = 1;

r01, n4 = 1;

r0r4, n4 = 1;

r0r4r1, n4 = 1;

r0r43,

r0r43r1,

r0r4r1r0, n4 = 1;

r0r43r1r0,

r0r43r1r0r4.

(r0r42r14)n1(r0r42r13)n2(r0r43r13)n3(r0r4r13)n4 1, n2 = 1;

r0, n2 = 1;

r01, n2 = 1;

r0r4, n2 = 1;

r02, n2 = 1;

r0r4r1, n2 = 1;

r0r4r12, n2 = 1;

r0r4r1r0, n2 = 1;

r0r4r12r0, n2 = 1;

r0r43r12r01, n2 = 1.
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(r0r42r14)n1(r0r42r13)n2(r0r43r13)n3(r0r43r12)n4 1, n2 = n4 = 1;

r0, n2 = n4 = 1;

r01, n2 = n4 = 1;

r0r4, n2 = n4 = 1;

r0r4r1, n2 = n4 = 1;

r0r43, n2 = n4 = 1;

r0r43r1, n2 = n4 = 1;

r0r4r1r0, n2 = n4 = 1;

r0r43r1r0, n2 = n4 = 1;

r0r43r1r0r4, n2 = n4 = 1.

(r0r42r14)n1(r0r42r13)n2(r0r42r12)n3(r0r43r12)n4 1, n3 = 1;

r0, n3 = 1;

r01, n3 = 1;

r0r4, n3 = 1;

r0r4r1, n3 = 1;

r0r43, n3 = 1;

r0r43r1, n3 = 1;

r0r4r1r0, n3 = 1;

r0r43r1r0, n3 = 1;

r0r43r1r0r4, n3 = 1.

(r0r42r14)n1(r0r42r13)n2(r0r42r12)n3(r0r42r1)n4 1, n4 = 1;

r0, n4 = 1;

r0r4, n4 = 1;

r0r43, n4 = 1;

r0r42.
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3.4 Counting Reduced Forms

Theorem 3.2. In a word w = uv, the indexes of the marked components of u together

with indexes of v form a decreasing sequence (si) of the integers between 1 and 2n − 1

such that si − si−1 > 1, qsi , n, psi > psi−1 and qsi > qsi−1 .

Conversely, if (si) is a decreasing sequence satisfying these conditions, then a word

w = uv where the indexes of the marked components of u together with indexes of v is

equal to sequence (si) can be constructed.

Proof. The first part of the theorem is easily follows from Definition 3.17. For the

second part the word w = uv can be constructed as follows:

The components of u between b2n and bs1 are

a(n,n), a(n−1,n), . . . , a(ps1 ,n), a(ps1 ,n−1), . . . , a(ps1 ,qs1 ).

The components of u between bsk−1 and bsk where sk ≥ n + 1 are

a(psk−1 ,qsk−1 ), a(psk−1−1,qsk−1 ), . . . , a(psk ,qsk−1 ), a(psk ,qsk−1−1), . . . , a(psk ,qsk ).

If sk , n + 1, then the components of u between bsk and bn+1 are

a(psk ,qsk )a(psk−1,qsk ) . . . a(pl,qsk )

where pl +qsk = n+1. If sk is the last term of the sequence (si), then w = u. Otherwise,

v = bsk+1 · · · bst where st is the last term of the sequence (si) and w = uv. �

Let w = uv and w̃ = ũv where ũ is the marked components of u. We will find a

correspondence between the words w̃ and some special partitions of integers.
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3.5 Integer Partitions

Definition 3.18. (Partition)If m is a positive integer, then a partition of m is a non-

increasing sequence of positive integers p1, p2, . . . , pk whose sum is m. Each pi is

called a part of the partition of m.

We let a function p(n) denotes the number of partitions of the integer n.

Example 3.12. p(7) = 15 and partitions of 7 are

=7 =4+2+1 =3+1+1+1+1

=6+1 =4+1+1+1 =2+2+2+1

=5+2 =3+3+1 =2+2+1+1+1

=5+1+1 =3+2+2 =2+1+1+1+1+1

=4+3 =3+2+1+1 =1+1+1+1+1+1+1

We take p(n) = 0 for all negative values of n and p(0) = 1.

Integer partitions were first studied by Euler. For many years one of the most in-

triguing and difficult questions about them was determining the asymptotic properties

of p(n) as n got large. This question was finally answered quite completely by Hardy,

Ramanujan, and Rademacher [[20],[21]]. An example of a problem in the theory of

integer partitions that remains unsolved, despite a good deal of effort having been ex-

pended on it, is to find a simple criterion for deciding whether p(n) is even or odd.

Though values of p(n) have been computed for n into the billions, no pattern has been

discovered to date. Many other interesting problems in the theory of partitions remain

unsolved today.

Theorem 3.3. [22] The number of partitions of the integer n whose largest part is k is

equal to the number of partitions of n with k parts.

We define a function p(n, k) to be the number of partitions of n whose largest part

is k (or equivalently, the number of partitions of n with k parts.)
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We will now derive Euler’s generating function for the sequence {p(n)}∞n=0. In other

words, we are looking for some nice form for the function which gives us
∑∞

n=0 p(n)xn.

Consider

(1 + x + x2 + x3 + . . .)(1 + x2 + x4 + x6 + . . .)(1 + x3 + x6 + x9 + . . .) . . . (∗)

We claim that by expanding this product, we obtain the desired result, namely∑∞
n=0 p(n)xn. It is important to understand why this is true because when we look at

several variations, they will be derived in a similar manner. To illustrate, consider the

coefficient of x3. By choosing x from the first parenthesis, x2 from the second, and

1 from the remaining parentheses, we obtain a contribution of 1 to the coefficient of

x3. Similarly, if we choose x3 from the third parenthesis, and 1 from all others, we

will obtain another contribution of 1 to the coefficient of x3. So how does this relate to

integer partitions?

Let the monomial chosen from the i − th parenthesis 1 + xi + x2i + x3i + . . . in

(∗) represent the number of times the part i appears in the partition. In particular, if

we choose the monomial xcii from the i − th parenthesis, then the value i will appear

ci times in the partition. Each selection of monomials makes one contribution to the

coefficient of xn and in general, each contribution must be of the form x1c1 x2c2 x3c3 . . . =

xc1+2c2+3c3+.... Thus the coefficient of xn is the number of ways of writing n = c1 + 2c2 +

3c3 + . . . where each ci ≥ 0. Notice that this is just another way to represent an integer

partition. For example, the partition 25 = 6 + 4 + 4 + 3 + 2 + 2 + 2 + 1 + 1 could

be represented by 25 = 1(2) + 2(3) + 3(1) + 4(2) + 5(0) + 6(1). Thus, there is an one

to one correspondence between choosing monomials whose product is xn out of the

parentheses in (∗) and the partitions of the integer n.

Now we turn back to the original product in (∗) and recognize that each term is a

geometric series. The product can be written as:

1
1 − x

·
1

1 − x2 ·
1

1 − x3 · · ·
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Theorem 3.4. [22](EULER)

ε(x) =

∞∏
n=1

1
1 − xn =

∞∑
n=0

p(n)xn.

Let n be a positive integer. Here we identify any partition of m = d1 + d2 + . . . + dk

by the n−tuple (d1, d2, . . . , dk, 0, 0, . . . , 0) when k ≤ n. The map forms bi = a(pi,qi) and

some specific partitions defined below.

Definition 3.19. (Basic Partition) Let n ∈ Z+. The n-tuples (k, 1 . . . , 1, 0, . . . , 0) where

number of 1’s is l for 1 ≤ k ≤ n, 1 ≤ l ≤ n − 1 are called basic partitions.

The basic partition (k1, 1, . . . , 1, 0 . . . , 0) is said to be connected to the basic parti-

tion (k2, 1, . . . , 1, 0, . . . , 0) if k1 > k2 and the number of 1’s in the first one is greater

than the number of 1’s in the second one.

According to theorem 3.2, two basic partitions being connected means correspond-

ing words are successive components of w̃.

Theorem 3.5. There is one to one correspondence between words w̃ and the partitions

in which there are at most n parts and in which no parts is larger than n.

Proof. Since we identify each word ŵ with a sequence of connected basic partitions,

we must find a correspondence between sequences of connected partitions and the

partitions fit into a box of size n × n. Let a1, a2, . . . , am be a sequence of connected

partitions where ai = (ki,
li

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0). Hence ki > k j and li > l j for 1 ≤ i < j ≤ m.

Define
m⊕

i=1

ai =

m∑
i=1

σi−1
1 (ai)

where σ(p1, p2, . . . , pn−1, pn) = (pn, p1, p2, . . . , pn−1). Then

m⊕
i=1

ai = (k1, k2 + 1, . . . , km + m − 1,
lm

m, . . . ,m︸    ︷︷    ︸,
lm−1−(lm+1)

m − 1, . . . ,m − 1︸               ︷︷               ︸, . . . ,
l1−(l2+1)

1, . . . , 1︸  ︷︷  ︸, 0 . . . , 0)

We prove the last equation by induction on m.

Let m = 2, Since l1 − 1 ≥ l2,
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a1 ⊕ a2 = (k1,
l1

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0) + (0, k2,
l2

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0)

= (k1, k2 + 1,
l2

2, . . . , 2︸  ︷︷  ︸,
l1−(l2+1)

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0)

Let us assume that

m−1⊕
i=1

ai = (k1, k2 + 1, . . . , km−1 + m − 2,
lm−1

m − 1, . . . ,m − 1︸               ︷︷               ︸, . . . ,
l1−(l2+1)

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0).

Then we have

m⊕
i=1

ai =

m∑
i=1

σi−1(ai)

=

m−1∑
i=1

σi−1(ai) + σm−1(am)

=

m−1⊕
i=1

ai + σm−1(am)

= (k1, k2 + 1, . . . , km−1 + m − 2,
lm−1

m − 1, . . . ,m − 1︸               ︷︷               ︸, . . . ,
l1

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0)

+ (
m−1

0, 0, . . . , 0︸      ︷︷      ︸, km,
lm

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0)

= (k1, k2 + 1, . . . , km + m − 1,
lm

m, . . . ,m︸    ︷︷    ︸, . . . ,
l1−(l2+1)

1, . . . , 1︸  ︷︷  ︸, 0, . . . , 0).

The last equality easily follows from the fact lm−1 − 1 ≥ lm. Since n ≥ k1 ≥ k2 + 1 ≥

· · · > km + (m − 1) ≥ m, the last line corresponds to a partition of 2n fits into a n by n

box.

Conversely let m = (m1,m2, . . . ,mn) be a partition where n ≥ m1 ≥ m2 ≥ · · · ≥

mn ≥ 0. If i1 is the last index such that mi1 , 0, then let a1 = (m1, 1, . . . , 1, 0, . . . 0)

where the last 1 in i1-th position. Then let

x = σ−1(m − a1) = (m2 − 1, . . . ,mi1 − 1, 0, . . . , 0)

and a2 = (m2 − 1, . . . , 1, 0, . . . , 0) where the position of the last nonzero element in x

and the position of last 1 in a2 are same. Clearly, a1 and a2 are basic partitions and a1
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Figure 3.2: Partitions of Ã4

is connected to a2. Continuing the process until reaching the (0, . . . , 0), one can obtain

a sequence of connected basic partitions. �

Example 3.13. If we apply the partition for n = 4, then the graph is at figure 3.2,

(4, 1, 1, 1) ⊕ (3, 1, 1, 0) ⊕ (1, 1, 0, 0) = σ0((4, 1, 1, 1)) + σ1((3, 1, 1, 0)) + σ2((1, 1, 0, 0))

= (4, 1, 1, 1) + (0, 3, 1, 1) + (0, 0, 1, 1)

= (4, 4, 3, 3).

(3, 1, 1, 1) ⊕ (2, 1, 0, 0) ⊕ (1, 0, 0, 0) = σ0((3, 1, 1, 1)) + σ1((2, 1, 0, 0)) + σ2((1, 0, 0, 0))

= (3, 1, 1, 1) + (0, 2, 1, 0) + (0, 0, 1, 0)

= (3, 3, 3, 1).

(4, 1, 1, 1) ⊕ (1, 0, 0, 0) = σ0((4, 1, 1, 1)) + σ1((1, 0, 0, 0))

= (4, 1, 1, 1) + (0, 1, 0, 0)

= (4, 2, 1, 1).
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3.6 Main Result

Definition 3.20. (q-Binomials) Let m and r be positive integers. The q-binomial is

defined by  m

r


q

=
(1 − qm)(1 − qm−1) · · · (1 − qm−r+1)

(1 − q)(1 − q2) · · · (1 − qr)
.

Although the formula in the first clause appears to involve a rational function, it

actually designates a polynomial, because the division is exact in Z[q]. A standard

combinatorial interpretation for q-binomial is that it counts the number of partitions

that will fit into a box of size r × (m − r), weighted by the size of the partition. In

particular the q-binomial

p(x) =

 2n

n


x

=
(1 − x2n)(1 − x2n−1) · · · (1 − xn+1)

(1 − x)(1 − x2) · · · (1 − xn)

counts the number of partitions in which there are at most n parts and in which no

parts is larger than n. Hence the coefficient of the term xα in p(x) is equal to number

of words w̃ whose length is α.

Theorem 3.6. Let

u = (b2n)m2n(b2n−1)m2n−1 · · · (bn+1)mn+1 .

Define

u = (b2n)α2n(b2n−1)α2n−1 · · · (bn+1)αn+1

where αi ≥ 1 if bi is a marked component of u and otherwise αi ≥ 0. Let w = uv for a

fixed word v. Define w = uv. Then the words u and w are reduced forms.

The proof is similar to the proof of Proposition 3.1. Now, we can prove the main

result of this paper.

Theorem 3.7. The reduced Gröbner-Shirshov basis of the affine Weyl group Ãn is the

set R′. Moreover all the reduced forms are the form sw or su where s is a reduced form

not including r0 and u,w are words given by above theorem.
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Proof. Let ũ be the marked components of u and w̃ = ũv. The reduced forms not

including r0 is given in Lemma 3.3. It is easy to see that the number of such words

given by the generating function (1 + x)(1 + x + x2) . . . (1 + x + . . . + xn). Let

F(x) =
xα

(1 − x2n)(1 − x2n−1 . . . (1 − xn+1)

where α is the length of the word w̃ ( or ũ in case w = u). Then the coefficient of xk in

F(x) gives the number of words in w (or u in case w = u)with length k. Considering

every possible w̃ and ũ, the number of words of the form w or u given by the following

generating function.

 2n

n


x

(1 − x2n)(1 − x2n−1) · · · (1 − xn+1)
=

(1−x2n)(1−x2n−1)···(1−xn+1)
(1−x)(1−x2)···(1−xn)

(1 − x2n)(1 − x2n−1) · · · (1 − xn+1)

=
1

(1 − x)(1 − x2) · · · (1 − xn)
.

Hence the number of reduced forms of the form sw or su is given by the generating

function
(1 + x)(1 + x + x2) · · · (1 + x + · · · + xn)

(1 − x)(1 − x2) · · · (1 − xn)

which is well known Poincaré polynomial of the affine Weyl group Ãn. (see [19]).

Therefore these are all reduced forms of Ãn. Hence by Composition-Diamond Lemma,

R′ is a Gröbner-Shirshov basis of Ãn. In fact, R′ is a reduced Gröbner-Shirshov basis.

�
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[9] Y.Chen and C. Liu, Gröbner-Shirshov Bases for Coxeter groups I,

arXiv:0910.0096v1, (2009).

50
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