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abstract

CALCULATION OF REIDEMEISTER TORSION OF FLAG MANIFOLDS

OF COMPACT SEMISIMPLE LIE GROUPS

HABİB BAŞBAYDAR

M.Sc., Department of Mathematics

Supervisor: Prof. Dr. Cenap ÖZEL

Co-Supervisor: Assist. Prof. Dr. Erol YILMAZ

July 2013, 79 pages

In this thesis we calculate Reidemeister torsion of flag manifold K/T of compact

semi-simple Lie group K = S Un+1 using Reidemeister torsion formula and Schubert

calculus. Here T is maximal torus of K. The last chapter of this thesis is completely

original and it includes our calculations.

Keywords: Reidemeister torsion of manifolds, Flag Manifolds, Weyl Groups, Schu-

bert Calculus.

iii



özet

TlKIZ YARI-BASİT LIE GRUPLARININ TEMEL KATMANLARININ

REIDEMEISTER BURULMASININ HESAPLANMASI

HABİB BAŞBAYDAR

Yüksek Lisans, Matematik Bölümü

Tez Yöneticisi: Prof. Dr. Cenap ÖZEL

Tez Yardımcı Yöneticisi: Yrd. Doç. Dr. Erol YILMAZ

Temmuz 2013, 79 sayfa

Bu tezde, katmanlar icin Reidemeister burulma formülü ve Schubert kalkulüs kul-

lanılarak, tıkız yarı basit Lie grubu K = S Un+1 nin temel katmanı S Un+1/T ’in Reide-

meister burulmasını hesaplıyoruz. Burada T , K’nın maksimal abeliyen alt grubudur.

Tezin son bölümü tamamen orijinal olup hesaplamalarımızı içermektedir.

Anahtar Kelimeler: Katmanların Reidemeister Burulması, Temel Katmanlar, Weyl

Grupları, Schubert Kalkulüs.
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chapter 1

INTRODUCTION

Reidemeister torsion is a topological invariant and was introduced by Reidemeister

in 1935. Up to PL equivalence, he classified the lens spaces S3/Γ, where Γ is a finite

cyclic group of fixed point free orthogonal transformations [18]. In [8], Franz extended

the Reidemeister torsion and classified the higher dimensional lens spaces S2n+1/Γ,

where Γ is a cyclic group acting freely and isometrically on the sphere S2n+1.

In 1964, the results of Reidemeister and Franz were extended by de Rham to spaces

of constant curvature +1 [7]. Kirby and Siebenmann proved the topological invariance

of the Reidemeister torsion for manifolds in 1969 [12]. Chapman proved for arbitrary

simplicial complexes [5, 6]. Hence, the classification of lens spaces of Reidemeister

and Franz was actually topological (i.e. up to homeomorphism).

Using the Reidemeister torsion, Milnor disproved Hauptvermutung in 1961. He

constructed two homeomorphic but combinatorially distinct finite simplicial complexes.

He identified in 1962 the Reidemeister torsion with Alexander polynomial which plays

an important role in knot theory and links [14, 16].

In paper [20], Y. Sozen explained the claim mentioned in [30, p. 187] about the

relation between a symplectic chain complex with ω−compatible bases and the Reide-

meister torsion of it (Theorem 2.2). Moreover, he applied Theorem 2.2 to the chain-

complex

0→ C2(Σg; Ad%)
∂2⊗id
→ C1(Σg; Ad%)

∂1⊗id
→ C0(Σg; Ad%)→ 0,

where Σg is a compact Riemann surface of genus g > 1, where ∂ is the usual boundary

operator, and where % : π1(Σg) → PSL2(R) is a discrete and faithful representation of

the fundamental group π1(Σg) of Σg [20].

In the article [24] , oriented closed connected 2m−manifolds (m ≥ 1) are consid-
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ered and he proved the following formula for computing the Reidemeister torsion of

them. Namely,

Theorem 1.1. Let M be an oriented closed connected 2m−manifold (m ≥ 1). For

p = 0, . . . , 2m, let hp be a basis of Hp(M). Then, the Reidemeister torsion of M satisfies

the following formula:

∣∣∣T(M, {hp}
2m
0 )

∣∣∣ =

m−1∏
p=0

∣∣∣det Hp,2m−p(M)
∣∣∣(−1)p

√∣∣∣det Hm,m(M)
∣∣∣ (−1)m

,

where det Hp,2m−p(M) is the determinant of the matrix of the intersection pairing (·, ·)p,2m−p :

Hp(M) × H2m−p(M)→ R in bases hp,h2m−p.

It is well known that Riemann surfaces and Grasmannians have many applications

in a wide range of mathematics such as topology, differential geometry, algebraic ge-

ometry, symplectic geometry, and theoretical physics (see, e.g, [1]-[4], [9, 10], [20]-

[30], and the references therein). He also applies Theorem 1.1 to Riemann surfaces

and Grasmannians.

In this thesis we calculate Reidemeister torsion of compact flag manifold K/T for

G = Al, where K is compact simply connected semi-simple Lie group and T is maximal

torus.

The content of the thesis is as follows. In Chapter 2 , we provide the basic defini-

tions and facts about the Reidemeister torsion of a general chain complex. Moreover,

we explain symplectic chain complex. In Chapter 3, we give all details of cup product

formula in the cohomology ring of flag manifolds which is called Schubert calculus.

In the last chapter, we calculate the Reidemesiter torison of flag manifold S U(n)/T for

n ≥ 4.
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chapter 2

CALCULATION OF THE REIDEMEISTER

TORSION OF COMPACT MANIFOLDS WITH

APPLICATIONS

In this chapter, we will give the formula for calculation of Reidemeister torsion of

compact manifolds. The general reference for this chapter is [24]. The proofs of the

theorems in this chapter were given in [24].

2.1 Reidemeister torsion of a chain complex

In this section, the required definitions and the basic facts about the Reidemeister

torsion are given. The detailed proofs and more information can be found in [17, 20,

30], and the references therein.

We shall reserve F to denote the field of real R or complex C numbers. Let

(C∗, ∂∗) = (Cn
∂n
→ Cn−1 → · · · → C1

∂1
→ C0 → 0) be a chain complex of finite dimen-

sional vector spaces over F. Let Hp(C∗) = Zp(C∗)/Bp(C∗) denote the p−th homology

of C∗, where Bp(C∗) = Im{∂p+1 : Cp+1 → Cp}, and Zp(C∗) = ker{∂p : Cp → Cp−1}.

Clearly, we have the following short-exact sequences:

0→ Zp(C∗)→ Cp → Bp−1(C∗)→ 0

and

0→ Bp(C∗)→ Zp(C∗)→ Hp(C∗)→ 0.

Assume that bp, hp are bases of Bp(C∗), Hp(C∗), respectively. Assume also that `p :
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Hp(C∗) → Zp(C∗), sp : Bp−1(C∗) → Cp are sections of Zp(C∗) → Hp(C∗), Cp →

Bp−1(C∗), respectively. Then, we obtain a new basis of Cp, namely bp⊕`p(hp)⊕sp(bp−1).

Definition 2.1. Let C∗ : Cn
∂n
→ Cn−1 → · · · → C1

∂1
→ C0 → 0 be a chain complex of

finite dimensional vector spaces over F. For p = 0, . . . , n, let cp, bp, hp be bases of Cp,

Bp(C∗), Hp(C∗), respectively, and let `p : Hp(C∗) → Zp(C∗), sp : Bp−1(C∗) → Cp be

sections of Zp(C∗) → Hp(C∗), Cp → Bp−1(C∗), respectively. The Reidemeister torsion

of C∗ with respect to bases {cp}
n
p=0, {hp}

n
p=0 is the alternating product

T(C∗, {cp}
n
0, {hp}

n
0) =

n∏
p=0

[
bp ⊕ `p(hp) ⊕ sp(bp−1), cp

](−1)(p+1)

,

where
[
ep, fp

]
denotes the determinant of the change-base-matrix from basis fp to ep of

Cp.

Remark 2.1. Milnor proved that the Reidemeister torsion does not depend on bases

bp, sections sp, `p [15]. Let c′p,h′p be other bases respectively for Cp, Hp(C∗). Then, by

an easy computation we have the following change-base-formula:

T(C∗, {c′p}
n
0, {h

′
p}

n
0) =

n∏
p=0

( [c′p, cp]

[h′p,hp]

)(−1)p

T(C∗, {cp}
n
0, {hp}

n
0). (2.1)

By the independence of the Reidemeister torsion from bp and sections sp, `p, for-

mula (2.1) is easily obtained. Note that if, for example, [c′p, cp] = 1, [h′p,hp] = −1,

then the torsions are the same for odd n, and torsions have opposite sign for even n.

It follows from Snake Lemma that for short-exact sequence (2.2) of chain com-

plexes

0→ A∗
ı
→ B∗

π
→ D∗ → 0, (2.2)

there is also the long-exact sequence of vector spaces C∗ of length 3n + 2. Namely,

C∗ : · · · → Hp(A∗)
ıp
→ Hp(B∗)

πp
→ Hp(D∗)

δp
→ Hp−1(A∗)→ · · · , (2.3)
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where C3p = Hp(D∗), C3p+1 = Hp(A∗), and C3p+2 = Hp(B∗).

Clearly, the bases hD
p , hA

p , and hB
p serve as bases for C3p, C3p+1, and C3p+2, respec-

tively.

The following result of Milnor states that the alternating product of the torsions of

the chain complexes in (2.2) is equal to the torsion of (2.3). More precisely,

Theorem 2.1. ([15]) Let cA
p , cB

p , and cD
p be bases respectively for Ap, Bp, and Dp. Let

hA
p , hB

p , and hD
p be bases of Hp(A∗), Hp(B∗), and Hp(D∗), respectively. If, moreover, cA

p ,

cB
p , cD

p are compatible in the sense that [cB
p , cA

p ⊕ c̃D
p ] = ±1, where π

(
c̃D

p

)
= cD

p , then

T(B∗, {cB
p}

n
0, {h

B
p}

n
0) = T(A∗, {cA

p}
n
0, {h

A
p}

n
0)T(D∗, {cD

p }
n
p=0, {h

D
p }

n
0)

× T(C∗, {c3p}
3n+2
0 , {0}3n+2

0 ).

For future reference, let us give the following sum-lemma:

Lemma 2.1. ([24]) Let A∗, D∗ be two chain complexes. Let cA
p , cD

p , hA
p , and hD

p be bases

of Ap, Dp, Hp(A∗), and Hp(D∗), respectively. Then,

T(A∗ ⊕ D∗, {cA
p ⊕ cD

p }
n
0, {h

A
p ⊕ hD

p }
n
0) = T(A∗, {cA

p}
n
0, {h

A
p}

n
0)T(D∗, {cD

p }
n
0, {h

D
p }

n
0).

Independently, it is explained in [1, 20] that a general chain complex can (unnatu-

rally) be splitted as a direct sum of an acyclic and ∂−zero chain complexes. Moreover,

it is proved independently in [1, Proposition 1.5] and [20, Theorem 2.0.4] that the Rei-

demeister torsion T(C∗) of a general complex C∗ can be interpreted as an element of

⊗n
p=0(det(Hp(C∗)))(−1)p+1

. For detailed proof and further information, we may refer the

readers to [1, 20].

Definition 2.2. A symplectic chain complex of length q is (C∗, ∂∗, {ω∗,q−∗}), where C∗ :

0 → Cq
∂q
→ Cq−1 → · · · → Cq/2 → · · · → C1

∂1
→ C0 → 0 is a chain complex with

q ≡ 2(mod 4), and for p = 0, . . . , q/2, ωp,q−p : Cp × Cq−p → R is a ∂−compatible
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anti-symmetric non-degenerate bilinear form. To be more precise,

ωp,q−p(∂p+1a, b) = (−1)p+1ωp+1,q−(p+1)(a, ∂q−pb)

and

ωp,q−p(a, b) = (−1)p(q−p)ωq−p,p(b, a).

Note that by q ≡ 2(mod 4), we easily have ωp,q−p(a, b) = (−1)pωq−p,p(b, a). It

follows from the ∂−compatibility of the non-degenerate anti-symmetric bilinear maps

ωp,q−p : Cp ×Cq−p → R that one can easily extend these to homologies [20].

Definition 2.3. Let C∗ be a symplectic chain complex. We say that bases cp of Cp

and cq−p of Cq−p are ω−compatible if the matrix of ωp,q−p in bases cp, cq−p equals to

the k × k identity matrix Ik×k when p , q/2 and

 0l×l Il×l

−Il×l 0l×l

 when p = q/2, where

k = dim Cp = dim Cq−p and 2l = dim Cq/2.

Similarly, considering [ωp,q−p] : Hp(C∗) × Hq−p(C∗) → R, one can also define the

[ω]-compatibility of bases hp of Hp(C∗) and hq−p of Hq−p(C∗).

The existence of ω−compatible bases enabled us to prove in [20] that a symplectic

chain complex C∗ can be splitted ω−orthogonally as a direct sum of an exact and

∂−zero symplectic complexes. Moreover, Y. Sozen proved Theorem 2.2, which is one

of the main results of [20]. Namely,

Theorem 2.2. ([20]) Let C∗ be a symplectic chain complex. For p = 0, . . . , q, let cp,

hp be any bases of Cp, Hp(C∗), respectively. Then, for the Reidemeister torsion of C∗

with respect to {cp}
q
0, {hp}

q
0, the following formula

T(C∗, {cp}
q
0, {hp}

q
0) =

(q/2)−1∏
p=0

(
det[ωp,q−p]

)(−1)p √
det[ωq/2,q/2]

(−1)q/2

holds, where det[ωp,q−p] is the determinant of the matrix of the non-degenerate pairing

[ωp,q−p] : Hp(C∗) × Hq−p(C∗)→ R in bases hp, hq−p.

6



The proof and unexplained subjects can be found in [20]. For further applications

of Theorem 2.2, we refer the reader to [21, 22, 23, 24].

2.2 The Reidemeister torsion of a manifold

Let M be a smooth m−manifold with a cell decomposition K. If cp = {cp
1 , . . . , c

p
np}

is the geometric basis for the p−cells Cp(K; Z), p = 0, . . . ,m, then one can associate

to M the following chain complex

0→ Cm(K)
∂m
→ Cm−1(K)→ · · · → C1(K)

∂1
→ C0(K)→ 0,

where Z is the set of integers and ∂p is the usual boundary operator.

Definition 2.4. Let M be an m−manifold with a cell decomposition K. For p = 0, . . . ,m,

let cp and bp be bases of Cp(K; Z) and Hp(M; Z), respectively. T(C∗(K), {cp}
m
0 , {hp}

m
0 )

is called the Reidemeister torsion of M.

Using similar arguments introduced in [20, Lemma 2.0.5], one can prove:

Lemma 2.2. The Reidemeister torsion of M is independent of cell decomposition.

Hence, the Reidemeister torsion T(C∗(K), {cp}
m
0 , {hp}

m
0 ) of M is well-defined. Thus,

we let T(M, {hp}
m
0 ) denote the Reidemeister torsion of M in the bases hp of Hp(M),

p = 0, . . . ,m.

By [1, Proposition 1.5] and [20, Theorem 2.0.4], one concludes that the Reidemeis-

ter torsion of M is an element of the dual of 1−dimensional vector space⊗n
p=0(det(Hp(M))(−1)p

.

In this section, we give Theorem 1.1. To alleviate the notation, let us introduce the

following which is used throughout the thesis. Let Y be an oriented closed connected

smooth manifold of dimension d. For p = 0, . . . , d, let hY
p and hY

d−p be bases of Hp(Y)

and Hd−p(Y), respectively. We denote the matrix of the intersection pairing (·, ·)p,d−p :

Hp(Y) × Hd−p(Y) → R in the bases hY
p and hY

d−p by Hp,d−p(Y). As convention, we let

Hp,d−p(Y) = 1 when Hp(Y) = Hd−p(Y) = 0.

7



Using sympletic chain complex, Y. Sözen proved in [24] the following formula for

calculation of Reidemeister torsion on compact manifolds (Theorem 1.1 and Theorem

2.7 in [24]).

2.3 Application

In this section, we apply Theorem 1.1 to Riemann surfaces and Grasmannians.

2.3.1 Compact Riemann surfaces

Let Σg be a compact oriented Riemann surface of genus g ≥ 1 without boundary.

Let Γ = {Γ1, . . . ,Γg,Γ1+g, . . . ,Γ2g} be a canonical basis for H1(Σg), i.e. Γi intersects Γi+g

once positively and does not intersect others. Then, we have

Theorem 2.3. ([24]) Let h0, h1 = {Ωi}
2g
1 , and h2 be bases of H0(Σg), H1(Σg), and

H2(Σg), respectively. Then,
∣∣∣T(Σg, {hp}

2
0)
∣∣∣ =

∣∣∣∣det H0,2(Σg)
det℘(h1,Γ)

∣∣∣∣ , where h1 = {ωi}
2g
1 is the

Poincaré dual basis of H1(Σg) corresponding to the basis h1 of H1(Σg),where ℘(h1,Γ) =

[
∫

Γi
ω j] is the period matrix of h1 with respect to the canonical basis Γ = {Γi}

2g
i=1 of

H1(Σg).

Proof. From Theorem 1.1 it follows that
∣∣∣T(Σg, {hp}

2
0)
∣∣∣ =
|det H0,2(Σg)|
√

det H1,1(Σg)
. For h1 = {Ω j}

2g
j=1,

the non-degenerate skew-symmetric 2g × 2g−square matrix H1,1(Σg) is [Ωi j], where

Ωi j = (Ωi,Ω j)1,1. By Poincaré duality, we also have Ωi j =
∫

Σg
ωi ∧ ω j. Change-

base-formula results that
√

det(H1,1(Σg)) =
∣∣∣∣det

[
(Ω j,Γi)1,1

]∣∣∣∣ . If, moreover, we let γi ∈

H1(Σg) denote the Poincaré dual of Γi ∈ H1(Σg), then we have (Ωi,Γ j)1,1 =
∫

Σg
ωi∧γ j =∫

Γi
ω j.

This completes the proof of Theorem 2.3. �

Before ending this section, we also would like to apply Theorem 1.1 to M × N,

where M = Σg, N = Σg′ are compact oriented Riemann surfaces of genus g, g′ ≥ 1

without boundary.
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Let us start with the following well-known properties of tensor (or Kronecker)

product of square matrices. Recall that if A = [ai j] is an m×m and B = [bi j] is an n× n

matrix with real entries, then the tensor product of A and B is the mn×mn block matrix

A ⊗ B = [ai jB], where ai jB is the n × n matrix obtained by multiplying the matrix B

with the scalar ai j.

Recall that if A, B,C,D are square matrices such that the products AC and BD

exist, then (A ⊗ B)(C ⊗ D) exists and (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD) (see, e.g, [19, p.

350]). Let A be an n × n and B be an m × m invertible matrix. Then, we clearly have

(A ⊗ B)(A−1 ⊗ B−1) = Im×m ⊗ In×n, where Id×d is the d × d identity matrix. Note also

that for the square matrices A and B, we have (A ⊗ B)T = AT ⊗ BT , where AT is the

transpose of A. Finally, it is known that det(A ⊗ B) = det(A)n det(B)m; however, for the

sake of completeness, we provide a proof for our case. More precisely,

Lemma 2.3. ([24])Let A = [ai j] be 2g × 2g and B = [bi j] be a 2g′ × 2g′ symmetric or

skew-symmetric matrices with real entries. Then, det(A ⊗ B) = det(A)2g′ det(B)2g.

Proof. By the spectral theorem of normal matrices, symmetric and skew-symmetric

matrices are orthogonally diagonalizable. Thus, there exist orthogonal 2g × 2g real

matrix P and 2g′×2g′ real matrix Q so that PAP−1 = D1 = diag
(
λ1, . . . , λ2g

)
, QBQ−1 =

D2 = diag
(
µ1 . . . , µ2g′

)
, respectively, where λ1, . . . , λ2g and µ1, . . . , µ2g′ are real. Then,

we have A ⊗ B = (PD1P−1) ⊗ (QD2Q−1) = (P ⊗ Q)(D1 ⊗ D2)(P ⊗ Q)−1.

Hence, det(A ⊗ B) = det(D1 ⊗ D2) = det(D1)2g′ det(D2)2g = det(A)2g′ det(B)2g.

This is the end of the proof of Lemma 2.3. �

Corollary 2.1. ([24]) Let M = Σg and N = Σg′ be closed oriented Riemann surfaces

of genus g, g′ ≥ 1, respectively. For p = 0, 1, 2, let hp and h′p be bases of Hp(M) and

Hp(N), respectively. Then,

∣∣∣T(M × N, {⊕i+ j=phi ⊗ h′j}
4
p=0)

∣∣∣ =
∣∣∣T(M, {hp}

2
0)
∣∣∣χ(N) ∣∣∣T(N, {h′p}

2
0)
∣∣∣χ(M)

. (2.4)

Proof. From Künneth the formula it follows that h0 ⊗ h′0, h1 ⊗ h′0 ⊕ h0 ⊗ h′1, h0 ⊗ h′2 ⊕
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h1 ⊗ h′1 ⊕ h2 ⊗ h′0, h1 ⊗ h′2 ⊕ h2 ⊗ h′1, and h2 ⊗ h′2 are bases of H0(M × N), H1(M × N),

H2(M × N), H3(M × N), and H4(M × N), respectively.

Using Theorem 1.1, we obtain

∣∣∣T(M × N, {⊕i+ j=phi ⊗ h′j}
4
p=0)

∣∣∣ (2.5)

=
∣∣∣det H0,4(M × N)

∣∣∣ ∣∣∣det H1,3(M × N)
∣∣∣−1

√∣∣∣det H2,2(M × N)
∣∣∣.

It follows from Lemma 2.3 that

∣∣∣det H0,4(M × N)
∣∣∣ =

∣∣∣det H0,2(M)
∣∣∣ ∣∣∣det H0,2(N)

∣∣∣ (2.6)

∣∣∣det H1,3(M × N)
∣∣∣ =

∣∣∣det H0,2(M)
∣∣∣dim H1(N) ∣∣∣det H1,1(M)

∣∣∣ (2.7)

×
∣∣∣det H0,2(N)

∣∣∣dim H1(M) ∣∣∣det H1,1(N)
∣∣∣

∣∣∣det H2,2(M × N)
∣∣∣ =

∣∣∣det H0,2(M)
∣∣∣2 ∣∣∣det H0,2(N)

∣∣∣2 |det H1⊗1(M × N)| , (2.8)

where H1⊗1(M × N) =
[

(·, ·) in h1 ⊗ h′1
]
.

By Lemma 2.3, we get

det H1⊗1(M × N) =
(
det H1,1(M)

)dim H1(N) (det H1,1(N)
)dim H1(M) . (2.9)

From (2.6)-(2.9) it follows that (2.5) is equal to

∣∣∣T(M × N, {⊕i+ j=phi ⊗ h′j}
4
p=0)

∣∣∣ =
∣∣∣det H0,2(M)

∣∣∣χ(N) ∣∣∣det H1,1(M)
∣∣∣−χ(N)/2

×
∣∣∣det H0,2(N)

∣∣∣χ(M) ∣∣∣det H1,1(N)
∣∣∣−χ(M)/2

=
∣∣∣T(M, {hp}

2
p=0)

∣∣∣χ(N) ∣∣∣T(N, {h′p}
2
p=0)

∣∣∣χ(M)

This concludes the proof of Corollary 2.3. �

Next, let us compute the Reidemeister torsion of the cartesian product ×n
i=1Σgi of
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closed Riemann surfaces Σg1 , . . . ,Σgn of genus g1, . . . , gn ≥ 1, respectively. To do that,

we shall first prove that formula (2.4) is valid for M×N, where M is an oriented closed

connected 2n−manifold with n ≥ 1 and N = Σg′ is a closed oriented Riemann surfaces

of genus g′ ≥ 1. Namely,

Corollary 2.2. ([24]) Let M be an oriented closed connected 2n−manifold with n ≥ 1

and N = Σg′ be a closed oriented Riemann surface of genus g′ ≥ 1. For i = 0, . . . , 2n,

let hi be a basis of Hi(M). Let h′j be a basis of H j(N), j = 0, 1, 2. Then,

∣∣∣T(M × N, {⊕i+ j=phi ⊗ h′j}
2n+2
p=0 )

∣∣∣ =
∣∣∣T(M, {hp}

2n
0 )

∣∣∣χ(N) ∣∣∣T(N, {h′p}
2
0)
∣∣∣χ(M)

. (2.10)

Proof. Using the Künneth formula, we get h0 ⊗ h′0, h2n ⊗ h′2, h1 ⊗ h′0 ⊕ h0 ⊗ h′1, h2n−1 ⊗

h′2⊕h2n⊗h′1, and for p = 2, . . . , n+1, hp⊗h′0⊕hp−1⊗h′1⊕hp−2⊗h′2, h2n−p⊗h′2⊕h2n−p+1⊗

h′1 ⊕ h2n−p+2 ⊗ h′0 are bases of H0(M × N), H2n+2(M × N), H1(M × N), H2n+1(M × N),

and for p = 2, . . . , n + 1, Hp(M × N), H2n+2−p(M × N), respectively.

It follows from Theorem 1.1 that

∣∣∣T(M × N, {⊕i+ j=phi ⊗ h′j}
2n+2
p=0 )

∣∣∣ (2.11)

=

n∏
p=0

∣∣∣det Hp,2n+2−p(M × N)
∣∣∣(−1)p

√∣∣∣det Hp,2n+2−p(M × N)
∣∣∣(−1)n+1

.

Using Lemma 2.3, we get

∣∣∣det H0,2n+2(M × N)
∣∣∣ =

∣∣∣det H0,2n(M)
∣∣∣dim H0(N) ∣∣∣det H0,2(N)

∣∣∣dim H0(M)
, (2.12)

∣∣∣det H1,2n+1(M × N)
∣∣∣ =

∣∣∣det H1,2n−1(M)
∣∣∣dim H0(N) ∣∣∣det H0,2(N)

∣∣∣dim H1(M)
(2.13)

×
∣∣∣det H0,2n(M)

∣∣∣dim H1(N) ∣∣∣det H1,1(N)
∣∣∣dim H0(M)
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for p = 2, . . . , n,

∣∣∣det Hp,2n+2−p(M × N)
∣∣∣ =

∣∣∣det Hp,2n−p(M)
∣∣∣dim H0(N)

(2.14)

×
∣∣∣det Hp−1,2n−p+1(M)

∣∣∣dim H1(N) ∣∣∣det Hp−2,2n−p+2(M)
∣∣∣dim H0(N)

×
∣∣∣det H0,2(N)

∣∣∣dim Hp(M)+dim Hp−2(M) ∣∣∣det H1,1(N)
∣∣∣dim Hp−1(M)

,

√∣∣∣det Hn+1,n+1(M × N)
∣∣∣ =

∣∣∣det Hn−1,n+1(M)
∣∣∣dim H0(N)

(2.15)

×
∣∣∣det H0,2(N)

∣∣∣dim Hn−1(M) ∣∣∣det Hn,n(M)
∣∣∣dim H1(N)/2

×
∣∣∣det H1,1(N)

∣∣∣dim Hn(M)/2
.

Using (2.12)-(2.15), (2.11) is equal to

n∏
p=2

{∣∣∣det Hp,2n−p(M)
∣∣∣dim H0(N) ∣∣∣det Hp−1,2n−p+1(M)

∣∣∣dim H1(N)
(2.16)

×
∣∣∣det Hp−2,2n−p+2(M)

∣∣∣dim H0(N)
}(−1)p n∏

p=2

{∣∣∣det H0,2(N)
∣∣∣dim Hp(M)

×
∣∣∣det H1,1(N)

∣∣∣dim Hp−1(M) ∣∣∣det H0,2(N)
∣∣∣dim Hp−2(M)

}(−1)p

×
∣∣∣det H0,2n(M)

∣∣∣dim H0(N) ∣∣∣det H0,2(N)
∣∣∣dim H0(M)

×
∣∣∣det H0,2n(M)

∣∣∣− dim H1(N) ∣∣∣det H1,1(N)
∣∣∣− dim H0(M)

×
∣∣∣det H1,2n−1(M)

∣∣∣− dim H0(N) ∣∣∣det H0,2(N)
∣∣∣− dim H1(M)

×

{∣∣∣det Hn−1,n+1(M)
∣∣∣dim H0(N) ∣∣∣det H0,2(N)

∣∣∣dim Hn−1(M)

×
∣∣∣det Hn,n(M)

∣∣∣dim H1(N)/2 ∣∣∣det H1,1(N)
∣∣∣dim Hn(M)/2

}(−1)n+1

.
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An easy computation gives us

n∏
p=2

{∣∣∣det Hp,2n−p(M)
∣∣∣ ∣∣∣det Hp−1,2n−p+1(M)

∣∣∣dim H1(N)
(2.17)

×
∣∣∣det Hp−2,2n−p+2(M)

∣∣∣}(−1)p ∣∣∣det H0,2n(M)
∣∣∣dim H0(N)−dim H1(N)

×
∣∣∣det H1,2n−1(M)

∣∣∣− dim H0(N) ∣∣∣det Hn−1,n+1(M)
∣∣∣(−1)n+1 dim H0(N)

×
∣∣∣det Hn,n(M)

∣∣∣(−1)n+1 dim H1(N)/2

=

 n−1∏
p=0

∣∣∣det Hp,2n−p(M)
∣∣∣(−1)p


χ(N) (∣∣∣det Hn,n(M)

∣∣∣((−1)n+1)/2
)χ(N)

=
∣∣∣T(M, {hp}

2n
p=0)

∣∣∣χ(N)
.

Clearly, we have

n∏
p=2

{∣∣∣det H0,2(N)
∣∣∣dim Hp(M)+dim Hp−2(M) ∣∣∣det H1,1(N)

∣∣∣dim Hp−1(M)
}(−1)p

(2.18)

×
∣∣∣det H0,2(N)

∣∣∣dim H0(M)−dim H1(M) ∣∣∣det H1,1(N)
∣∣∣− dim H0(M)

×
∣∣∣det H0,2(N)

∣∣∣(−1)n+1 dim Hn+1(M)/2 ∣∣∣det H0,2(N)
∣∣∣(−1)n+1 dim Hn−1(M)/2

×
∣∣∣det H1,1(N)

∣∣∣(−1)n+1 dim Hn(M)/2

=
∣∣∣det H0,2(N)

∣∣∣χ(M) ∣∣∣det H1,1(N)
∣∣∣−χ(M)/2

=
∣∣∣T(N, {h′p}

2
p=0)

∣∣∣χ(M)

Combining (2.17) and (2.18), we obtain (2.10).

This finishes the proof of Corollary 2.2. �

In particular, considering cartesian product of closed oriented Riemann surfaces of

genus ≥ 1 and applying Corollary 2.2, we have

Corollary 2.3. ([24]) Let Σg1 , . . . ,Σgn be closed oriented Riemann surfaces of genus

g1, . . . , gn ≥ 1, respectively. For p = 0, 1, 2, and i = 1, . . . , n, let hp,i be a basis of
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Hp(Σgi). Then,

∣∣∣T(×n
i=1Σgi , {⊕|α|=phα1,1 ⊗ · · · ⊗ hαn,n}

2n
p=0)

∣∣∣
=

n∏
i=1

∣∣∣T(Σgi , {hp,i}
2
p=0)

∣∣∣χ(Σg1 )···χ̂(Σgi )···χ(Σgn )
,

where ×n
i=1Σgi is the cartesian product of Σg1 , . . . ,Σgn , where |α| = α1 + · · · + αn is the

length of the multi-index α = (α1, . . . , αn), and wherê in the product

χ(Σg1) · · · χ̂(Σgi) · · · χ(Σgn) is deletion of χ(Σgi).

2.3.2 Grassmannians and Schubert varieties

We provide the basic definitions and necessary facts about the Grassmannians, La-

grangian Grassmannians, Orthogonal Grassmannians, and Isotropic Grassmannians.

For unexplained subject and further information, we refer the reader to [3, 4], [9, 10],

[25]-[29], and the references therein.

Since the results corresponding to these manifolds are similar, we shall state for

only one of them.

Grassmannian G(d,N)

Let E be CN and let G(d, E) = G(d,N) denote the Grassmannian of d−dimensional

linear subspaces of E. This is a smooth algebraic variety of complex dimension dn,

where n = N −d. It is well known that the Schubert cells stratify G(d,N). The closures

of these cells are called the Schubert varieties. More precisely, let F• : 0 = F0 ⊆ F1 ⊆

· · · ⊆ FN = E be a complete flag of subspaces of E with dim Fi = i, i = 0, . . . ,N. Let

λ = (λ1 ≥ λ2 ≥ · · · ≥ λd ≥ 0) be a decreasing sequence of non-negative integers with

λ1 ≤ n. Then, the Young diagram of the partition λ fits inside a d × n rectangle and this

is denoted as λ ⊆ (nd).

The Schubert variety Xλ(F•) associated to the complete flag F• and the partition λ
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is defined by

Xλ(F•) = {Λ ∈ G(d,N) : dim(Λ ∩ Fn+i−λi) ≥ i, i = 1, . . . , d}.

This is a codimension |λ| closed subvariety of G(d,N), where |λ| =
∑
λi is the weight

of λ. By Poincaré duality, Xλ(F•) is associated to the Schubert class σλ = [Xλ(F•)] ∈

H2|λ|(G(d,N); Z). From the transitive action of GLN(C) on G(d,N) and on the flags in

E it follows that σλ is independent of the flag F• used to define Xλ.

As an additive group H∗(G(d,N); Z) =
⊕

λ⊆(nd) Z · σλ is a free abelian group

generated by the Schubert classes. Odd dimensional cohomologies are all zero and

the Euler characteristic χ(G(d,N)) =

 N

d

 . Recall also by Schubert Duality theo-

rem that for any λ and µ with |λ| + |µ| = dn, we have
∫

G(d,N)
σλσµ = δλ̂,µ, where

λ̂ = (λN−d−λd , . . . , λN−d−λ1) is the dual partition of λ.

From Theorem 1.1 it follows that

Theorem 2.4. ([24]) Let M = G(d,N) denote the Grassmannian of d-dimensional

linear subspaces of CN . For p = 0, . . . , 2m, let hp be a basis of Hp(M), where m =

d(N − d). Then, the following formulas hold:

(i)
∣∣∣T(M, {hp}

2m
0 )

∣∣∣ =
∏

p∈Em−1

∣∣∣det Hp,2m−p(M)
∣∣∣ for m odd,

(ii)
∣∣∣T(M, {hp}

2m
0 )

∣∣∣ =
∏

p∈Em−1

∣∣∣det Hp,2m−p(M)
∣∣∣ √∣∣∣det Hm,m(M)

∣∣∣ for m even,

where Em−1 is the set of even numbers in {0, . . . ,m − 1}.

In particular, let us consider the complex projective space CPm. For p even Hp(CPm)

is generated by ωp
FS, where ωFS is the Fubini-Study metric of CPm and ωp

FS denotes the

p times wedge product of ωFS. Using also the Poincare Duality, we have

Corollary 2.4. ([24]) If for p = 0, . . . , 2m, hp is a basis of Hp(CPm), then

(i)
∣∣∣T(CPm, {hp}

2m
0 )

∣∣∣ = Vm
∏

p∈Em−1

∣∣∣λp

∣∣∣ ∣∣∣λ2m−p

∣∣∣ for m odd,

(ii)
∣∣∣T(CPm, {hp}

2m
0 )

∣∣∣ = Vm
∏

p∈Em−1

∣∣∣λp

∣∣∣ ∣∣∣λ2m−p

∣∣∣ |λm| for m even,
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where hp ∈ Hp(CPm) is the Poincare dual of hp ∈ Hp(CPm) and hp = λp ω
p
FS for some

λp ∈ R, where ωFS is the Fubuni-Study form of CPm, where Em−1 is the set of even

numbers in {0, . . . ,m − 1}, and where Vm =
(

1
m!Vol(CPm)

)χ(CPm)/2
.

We would like to conclude this section with the following example.

Example 2.1. Let M = CP3 and N = CP6.Using the Künneth formula, we get H0(M×

N) = H0(M)⊗H0(N), H18(M×N) = H6(M)⊗H12(N), H2(M×N) = H0(M)⊗H2(N)⊕

H2(M) ⊗ H0(N), H16(M × N) = H6(M) ⊗ H10(N) ⊕ H4(M) ⊗ H12(N), H4(M × N) =

H0(M)⊗H4(N)⊕H2(M)⊗H2(N)⊕H4(M)⊗H0(N), H14(M × N) = H6(M)⊗H8(N)⊕

H4(M)⊗H10(N)⊕H2(M)⊗H12(N), H6(M ×N) = H0(M)⊗H6(N)⊕H2(M)⊗H4(N)⊕

H4(M)⊗H2(N)⊕H6(M)⊗H0(N), H12(M × N) = H6(M)⊗H6(N)⊕H4(M)⊗H8(N)⊕

H2(M)⊗H10(N)⊕H0(M)⊗H12(N), H8(M ×N) = H0(M)⊗H8(N)⊕H2(M)⊗H6(N)⊕

H4(M) ⊗ H4(N) ⊕ H6(M) ⊗ H2(N), and H10(M × N) = H6(M) ⊗ H4(N) ⊕ H4(M) ⊗

H6(N) ⊕ H2(M) ⊗ H8(N) ⊕ H0(M) ⊗ H10(N).

From these it follows that

|H0,18(M × N)| = |H0,6(M)||H0,12(N)|, (2.19)

|H2,16(M × N)| = |H0,6(M)||H2,4(M)||H0,12(N)||H2,10(N)|, (2.20)

|H4,14(M × N)| = |H0,6(M)||H2,4(M)|2|H0,12(N)||H2,10(N)||H4,8(N)|, (2.21)

|H6,12(M × N)| = |H0,6(M)|2|H2,4(M)|2|H0,12(N)||H2,10(N)||H4,8(N)||H6,6(N)|, (2.22)

|H8,10(M × N)| = |H0,6(M)|2|H2,4(M)|2|H2,10(N)||H4,8(N)|2|H6,6(N)|. (2.23)

Combining (2.19)-(2.23), we obtain that |T(M × N)| = |T(M)|χ(N)
|T(N)|χ(M) .

The Lagrangian Grassmannian LG(n, 2n)

Let E be C2n equipped with a symplectic form < ·, · > . A subspace V of E is

isotropic if the restriction of the symplectic form < ·, · > to V vanishes. Note that the

maximal possible dimension of an isotropic subspace is n, and in this case V is called
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a Lagrangian subspace of E. The Lagrangian Grassmannian LG(n, 2n) is a complex

manifold of complex dimension n(n + 1)/2 parametrizing the Lagrangian subspaces in

E.

A complete isotropic flag F• : 0 = F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ E of subspaces

of E is a flag of isotropic subspaces of E such that dim Fi = i for each i. Thus, a

complete isotropic flag is a Lagrangian subspace Fn of E together with a complete flag

of subspaces of Fn. In fact, any isotropic flag F• : 0 = F0 ⊆ F1 ⊆ · · · ⊆ Fn ⊆ E can be

completed to a complete flag by setting Fn+i = F⊥n−i, i = 1, . . . , n.

Let F• be a complete isotropic flag of E and λ = (λ1 > λ2 > · · · > λ` > 0) with

λ1 ≤ n be a strictly decreasing partition. The codimension |λ| =
∑
λi Schubert variety

Xλ(F•) ⊆ LG(n, 2n) is defined by

Xλ(F•) = {Λ ∈ LG(n, 2n) : dim(Λ ∩ Fn+1−λi) ≥ i, i = 1, . . . , `(λ) },

where `(λ) is the length of λ, i.e. the number of non-zero terms in λ.

Let σλ = [Xλ(F•)] ∈ H2|λ|(LG(n, 2n); Z) be the cohomology class of

Xλ(F•). H∗(LG(n, 2n); Z) is a free abelian group generated by the Schubert classes σλ

with strictly decreasing partition λ. Recall the Poincare duality
∫

LG(n,2n)
σλσµ = δλ̌,µ,

where λ̌ = ρn −λ is the dual partition of λ, and where ρn = (n, n− 1, . . . , 1). Recall also

that the Euler characteristic of LG(n, 2n) is 2n.

Moreover, for LG(n, 2n), we have a result similar to Theorem 2.4, where m =

n(n + 1)/2.

The Orthogonal Grassmannian OG(n + 1, 2n + 2)

Let E be C2n+2 equipped with a non-degenerate symmetric form. The even or-

thogonal Grassmannian OG(n + 1, 2n + 2) parametrizes one component of the locus of

maximal isotropic subspaces of E. This is a complex manifold of complex dimension

n(n + 1)/2. There are two families of such subspaces. As convention, given a fixed

isotropic flag F• in E, only those isotropic Λ in E with Λ ∩ Fn+1 even codimension in
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Fn+1 are considered. Recall that OG(n + 1, 2n + 2) is isomorphic to the odd Orthogonal

Grassmannian OG(n, 2n + 1).

As in LG(n, 2n), the Schubert varieties Xλ(F•) in OG(n+1, 2n+2) are also parametrized

by strictly decreasing partitions λ = (λ1 > λ2 > · · · > λ` > 0) with λ1 ≤ n and defined

by

Xλ(F•) = {Λ ∈ OG(n + 1, 2n + 2) : dim(Λ ∩ Fn+1−λi) ≥ i, i = 1, . . . , `(λ) }

with respect to a complete isotropic flag F• in E. Let σλ be the cohomology class of

Xλ(F•). The abelian group H∗(OG(n+1, 2n+2); Z) is generated by the Schubert classes

σλ with strictly decreasing partition λ. Moreover, χ(OG(n + 1, 2n + 2)) = 2n.

Similar result of Theorem 2.4 also holds for OG(n+1, 2n+2),where m = n(n+1)/2.

The Grassmannian IG(n − k, 2n)

Let us fix a vector space E � C2n with a non-degenerate skew-symmetric bilinear

form < ·, · >, and let d ≤ n be a fixed non-negative integer. The Isotropic Grassmannian

IG(d, 2n) parametrizes d−dimensional isotropic subspaces of E. This is an algebraic

variety of complex dimension 2d(n − d) + d(d + 1)/2.

Let k be a non-negative integer. The partition λ is said to be k−strict, if no part of

λ greater than k is repeated, namely λi > k ⇒ λi+1 < λi.

Now, let k = n − d. The Schubert varieties in IG(d, 2n) are parametrized by the set

P(k, n) of all k−strict partitions contained in a d × (n + k) rectangle.

Recall that an isotropic flag in E is a complete flag F• : 0 = F0 ⊆ F1 ⊆ · · · ⊆ F2n =

E of subspaces such that Fn+i = F⊥n−i, i = 0, . . . , n. For each λ ∈ P(k, n), the Schubert

variety relative to the isotropic flag F• is

Xλ(F•) = {Λ ∈ IG(d, 2n) : dim(Λ ∩ Fp j(λ)) ≥ j, j = 1, . . . , `(λ) },

where p j(λ) = n + k + 1 − λ j + ]{i < j : λi + λ j ≤ 2k + j − i}, and where `(λ) is the
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length of λ.

This is a codimension |λ| variety. Let σλ denote [Xλ] ∈ H2|λ|(IG(d, 2n); Z). The

cohomology ring H∗(IG(d, 2n); Z) is a free abelian group generated by these Schubert

classes. Moreover, the k−strict partition λ has a unique dual partition λ̌ ∈ P(k, n),

for which p j(λ̌) = 2n + 1 − pd+1− j(λ), j = 1, . . . , d. We also have
∫

IG(d,2n)
σλσµ =

δµ,λ̌. Finally, the Euler characteristic of IG(d, 2n) is the rank of H∗(IG(d, 2n); Z) =

]P(k, n) = 2d

 n

k

 .
For IG(d, 2n), we also obtain a result similar to Theorem 2.4 where m = 2d(n −

d) + d(d + 1)/2.

The Grassmannian OG(n − k, 2n + 1)

Let E � C2n+1 be a vector space with a non-degenerate symmetric bilinear form

on E. For d = n − k < n, let OG(d, 2n + 1) denote the Odd Orthogonal Grassmannian

parametrizing the d−dimensional isotropic subspaces of E. Like IG(d, 2n), the alge-

braic variety OG(n − k, 2n + 1) has also complex dimension 2d(n − d) + d(d + 1)/2.

Furthermore, as in IG(d, 2n), the Schubert varieties are parametrized by the set of

k−strict partitions P(k, n).

Recall that an isotropic flag F• is a complete flag 0 = F0 ⊆ F1 ⊆ · · · ⊆ F2n+1 = E

such that Fn+i = F⊥n+1−i, i = 1, . . . , n + 1. Let F• be an isotropic flag and let λ ∈ P(k, n).

The Schubert variety associated to F• and λ is

Xλ(F•) = {Λ ∈ OG(d, 2n + 1) : dim(Λ ∩ Fp j(λ)) ≥ j, j = 1, . . . , `(λ) },

where p j(λ) = p j(λ)+1{0,...,k}(λ j),where p j(λ) = n+k+1−λ j+]{i < j : λi+λ j ≤ 2k+ j−i},

and where 1{0,...,k}(λ j) =


1, λ j ≤ k

0, λ j > k
.

This variety has codimension |λ|. Let σλ denote the cohomology class of Poincare

dual to the cycle given by Xλ(F•). The abelian group H∗(OG(d, 2n + 1); Z) is generated

by these Schubert classes. We also have
∫

OG(d,2n+1)
σλσµ = δµ,λ̌, where p j(λ̌) = 2n + 2−
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pd+1− j(λ). The rank of H∗(OG(d, 2n+1); Z) is equal to the rank of H∗(IG(n−k, 2n); Z),

i.e. ]P(k, n) = 2d

 n

k

 .
Furthermore, for OG(d, 2n + 1), there is a result similar to Theorem 2.4, where

m = 2d(n − d) + d(d + 1)/2.

The Grassmannian OG(n + 1 − k, 2n + 2)

Let E � C2n+2 be a vector space with a non-degenerate symmetric bilinear form

on E. For d = n + 1 − k < n, let OG(d, 2n + 2) be the even Orthogonal Grassmannian

parametrizing the d−dimensional isotropic subspaces of E. This is a variety of complex

dimension 2d(n + 1 − d) + d(d − 1)/2.

The subspaces U,V of E are in the same family if dim(U ∩ V) ≡ (n + 1)(mod 2).

Fix an isotropic subspace W of E with dim W = n + 1. An isotropic flag is a complete

flag F• of subspaces of E such that Fn+1+i = F⊥n+1−i, i = 0, . . . , n, and Fn+1 and W are in

the same family. Since the orthogonal space F⊥n /Fn contains only two isotropic lines,

to each such flag F•, there is an alternate isotropic flag F̃• such that for i ≤ n F̃i = Fi

but with F̃n+1 in the opposite family from Fn+1.

Let k = n + 1 − d > 0. The k−strict partition λ is of type 0 if it has no part

equal to k. Otherwise, λ is of type 1 or 2. Type is a multi-valued function. Let P̃(k, n)

be the set of all k−strict partitions contained in a d × (n + k) rectangle of all three

possible types. For λ ∈ P̃(k, n), let us define an index set P′ = {p′1 < · · · < p′d} ⊆

{1, . . . , 2n + 2} with p′j(λ) = n + k − λ j + ]{i < j : λi + λ j ≤ 2k − 1 + j − i} +
1, λ j > k or λ j = k < λ j−1 and n + j + type(λ) is even

2, otherwise
.

Let F• be an isotropic flag. For each λ ∈ P̃(k, n), the codimension |λ| Schubert

variety is Xλ(F•) = {Λ ∈ OG(d, 2n + 2) : dim(Λ ∩ Fp′j(λ)) ≥ j, if p′j , n + 2, dim(Λ ∩

F̃n+1) ≥ j, if p′j = n + 2, for all j = 1, . . . , `(λ) }. Let σλ be the cohomology class

in H2|λ|(OG(d, 2n + 2); Z) Poincare dual to the cycle determined by the Schubert vari-

ety associated to λ. The free abelian group H∗(OG(d, 2n + 2); Z) is generated by the
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Schubert classes and the rank of H∗(OG(d, 2n + 2); Z) is 2n+1−k

 n + 1

k

 . For each

λ ∈ P̃(k, n), define a dual partition λ̌ ∈ P̃(k, n) by

p′j(λ̌) =


2n + 3 − p′d+1− j(λ), if n is odd or p′j(λ) , n + 1, n + 2

p′j(λ), if n is even and p′j(λ) ∈ {n + 1, n + 2}
.

Moreover, for λ, µ ∈ P̃(k, n), we have
∫

OG(d,2n+2)
σλσµ = δµ,λ̌.

For OG(d, 2n + 2), similar result as Theorem 2.4 holds, where m = 2d(n + 1− d) +

d(d − 1)/2.
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chapter 3

THE SCHUBERT CALCULUS AND

COHOMOLOGY OF THE FLAG SPACE G/B FOR A

KAC̆-MOODY GROUP G

3.1 Schubert cells and integral cohomology of K/T for a compact

Lie group K.

The general reference for this section is [31]. Let K be a compact semi-simple

simply-connected Lie group. We fix a maximal torus T ⊆ K. The complexified Lie

algebras of K and T will be denoted by g and h respectively. Let b be the Borel

subalgebra of g. The compact group K can be embedded into a complex Lie group

G with Lie algebra g. We choose a Borel subgroup B containing T . The analytic

complexification K/T → G/B induces a complex structure on the flag space K/T �

G/B. The flag space K/T will be denoted by X. In this section, the root system will be

denoted by ∆, and the simple root system will be denoted by Σ. ∆+ is the set of positive

roots. From [31],

Theorem 3.1. The finite dimensional flag space X is a non-singular complex projective

variety.

We give at this point two descriptions of the homology of X. The first of these

makes use of the decomposition of X into cells, while the second involves the realiza-

tion of two-dimensional cohomology classes as the Chern classes of one-dimensional

holomorphic bundles.

Definition 3.1. Let W be the Weyl group of G. Then the length of an element w ∈ W
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is the least number of factors in the decomposition relative to the set of the simple

reflections rα, is denoted by `(w).

We know from [32] that Nw = wN−w−1 ∩ N is a unipotent subgroup of G of

(complex) dimension `(w), where N is the unipotent radical of B and N− is the opposite

nilpotent subgroup of G. From [35], we have

Theorem 3.2. Let G be a complex reductive Lie group. Then

G =
⊔
w∈W

BwB.

In addition, there is an isomorphism of algebraic varieties

Nw → BwB/B

given by n→ nwB/B.

Corollary 3.1.

X =
⊔
w∈W

BwB/B.

The cells Cw = BwB/B are open and closed varieties in the Zariski topology. Let

Cw be the closure of Cw in X respect to the usual topology, we have from [?],

Theorem 3.3. Let Y be a projective variety and let Y◦ be the interior of Y with respect

to the Zariski topology. Then the closure of Y◦ in the usual topology is Y.

Since Cw = BwB/B is a Zariski-open set, by Theorem 3.3, the closure of Cw co-

incides with the Zariski closure. [Cw] ∈ H2`(w)(Cw,Z) is the fundamental cycle of the

complex algebraic variety Cw. Let sw ∈ H2`(w)(X,Z) be the image of [Cw] under the

mapping induced by the embedding Cw ↪→ X.

Proposition 3.1. The elements sw form a basis of the free Z-module H∗(X,Z).

Definition 3.2. A group W is a Coxeter group if there is a subset S of W such that W

has the presentation

〈s ∈ S : (ss′)mss′ = 1〉
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where mss′ ∈ {2, 3, . . . ,∞} is the order of ss′, s , s′ and mss = 1. The pair (W, S ) is

called a Coxeter system.

Theorem 3.4. [39] The Weyl group W is a Coxeter group.

Definition 3.3. Let w1,w2 ∈ W, γ ∈ ∆+. Then we write w1
γ
→ w2 when rγw1 = w2 and

`(w2) = `(w1) + 1. We put w < w′ if there is a chain

w = w1 → w2 → · · · → wk = w′.

This order is called the Bruhat order on the Weyl group W.

Here are some properties of this ordering.

Lemma 3.1. Let w = rα1 · · · rαl be a reduced decomposition of an element w ∈ W. We

put γi = rα1 · · · rαi−1(αi). Then the roots γ1, . . . , γl are distinct and the set {γ1, . . . , γl}

coincides with ∆+ ∩ w∆−.

Lemma 3.2. Let w, w′ ∈ W and let α be a simple root. Assume that w < w′. Then,

either rαw 6 w′ or rαw < rαw′, either w 6 rαw′ or rαw < rαw′.

The properties in Lemma 3.2 characterize the ordering <. From [31], we have

Proposition 3.2. The Bruhat ordering < on W is a partial order relation.

Proposition 3.3. Let w ∈ W and let w = rα1 · · · rαl be the reduced decomposition of w.

If

w′ = rαi1
. . . rαik

(3.1)

for 1 ≤ i1 < i2 < · · · < ik ≤ l, then w′ 6 w. If w′ < w, then w′ can be represented

in the form (3.1) for some indexing set {i j}. If w′ → w, then there is a unique index i

satisfying 1 ≤ i ≤ l and such that

w′ = rα1 · · · rαi−1rαi+1 · · · rαl .

24



Proposition 3.3 yields an alternative definition of the ordering on W in [49]. The

geometrical interpretation of this partial ordering is very interesting and useful in what

follows.

Theorem 3.5. Let V be a finite-dimensional irreducible representation of the Lie al-

gebra g with highest weight λ and let n be the nilpotent part of g. Assume that all the

weights wλ, w ∈ W, are distinct and select for each w a non-zero fw ∈ V of weight wλ.

Then

w′ 6 w ⇐⇒ fw′ ∈ U(n) fw

where U(n) is the enveloping algebra of Lie algebra n.

We use Theorem 3.5 to describe the mutual disposition of the Schubert cells. From

[49], we have

Theorem 3.6. Let w ∈ W, Cw ⊆ X be a Schubert cell, and Cw be its closure. Then

Cw′ ⊆ Cw ⇐⇒ w′ 6 w.

We turn to the other approach to the description of the cohomology of X. For this

purpose, we introduce in h the coroot lattice

Q∨ =
⊕

i

Zhi

where hi is the coroot to dual to αi ∈ ∆. We have the weight lattice

P = {χ ∈ h∗ : χ(hi) ∈ Z for all αi ∈ ∆}

dual to Q∨. We set PQ = P⊗ZQ.We denote by hQ ⊆ h the vector space overQ spanned

by the hi. Let R = S (PQ) be the graded algebra of polynomial functions on hQ over

rational coefficients where the graduation is given by the degree of polynomials. The

25



Weyl group W acts on h∗ by the rule

rαi(χ) = χ − χ(hi)αi for α ∈ Σ and χ ∈ h∗.

We can extend the action of the Weyl group W on h∗ to R by the rule w f (h) = f (w−1h)

for f ∈ R. We denote by RW the subring of W-invariant elements in R and set

RW
+ = { f ∈ RW : f (0) = 0},

J = RW
+ R.

We want to construct a ring homomorphism ψQ : R −→ H∗(X,Q) in the following way.

First let χ ∈ P. Since G is simply-connected, there is a character θ ∈ Hom(B,C∗) such

that θ(exp b) = exp χ(b), for b ∈ b, where exp : b→ B is an exponential map which is

a locally diffeomorphism. Since G → X is a principal bundle with structure group B,

this θ defines a one-dimensional complex holomorphic line bundle

Lχ = {[g, ζ] : [g exp(b), exp χ(b)ζ] = [g, ζ] for b ∈ b, g ∈ G and ζ ∈ C}

on X. We set ψ(χ) = cχ, where cχ ∈ H2(X,Z) is the first Chern class of Lχ. Then ψ is a

group homomorphism of P into H2(X,Z), which extends naturally to a homomorphism

of graded rings

ψQ : R→ H∗(X,Q).

From [34, 33], we have

Proposition 3.4. The homomorphism ψQ commutes with the action of W on R and

H∗(X,Q). kerψQ = J and the natural mapping ψQ : R/J → H∗(X,Q) is an isomor-

phism.

We now study the rings R and R = R/J. For each w ∈ W, we define an element

Pw ∈ R and a functional Dw on R and investigate their properties. In the next section,

we shall show that the Dw correspond to Schubert cell and that the Pw yield a basis,
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dual to the Schubert cell basis, for the rational cohomology of X. Let γ ∈ ∆. We

specify an operator Aγ on R by the rule

Aγ f =
f − rγ f
γ

.

Aγ f lies in R, since f − rγ f = 0 on the hyperplane γ = 0 in hQ. Ai will be called the

Bernstein-Gelfand-Gelfand operator and it will be briefly indicated by BGG-operator.

The properties of the Aγ are described in the following lemma.

Proposition 3.5. For γ ∈ ∆ and w ∈ W, we have

A−γ = −Aγ,

A2
γ = 0,

wAγw−1 = Awγ,

rγAγ = −Aγrγ = Aγ,

rγ = −γAγ + 1 = Aγγ − 1,

Aγ f = 0 ⇐⇒ rγ f = f ,

AγJ ⊆ J.

Proposition 3.6. Let χ ∈ h∗Q. Then the commutator of Aγ with the operator of multi-

plication by χ has the form [Aγ, χ] = χ(hγ)rγ.

The following property of the BGG-operator Aγ is fundamental in what follows.

From [31], we have

Theorem 3.7. Let α1, . . . , αl ∈ Σ. We put w = rα1 · · · rαl and A(α1,··· ,αl) = Aα1 · · · Aαl . If

`(w) < l, then A(α1,··· ,αl) = 0 . If `(w) = l, then A(α1,··· ,αl) depends only on w and not on

the set α1, · · · , αl; in this case we put Aw = A(α1,··· ,αl).

Proposition 3.7. The operators Aw satisfy the following commutator relation:

[w−1Aw, χ] =
∑

w′
γ
→w

w′χ(hγ)w−1Aw′ ,
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where hγ is a coroot.

We put S i = R∗i , where Ri ⊆ R is the space of homogeneous polynomials of degree

i and R∗i is the dual space of Ri and S =
⊕

i

S i. We denote by ( , ) the natural pairing

S × R→ Q. Then W acts naturally on the graded ring S .

Definition 3.4. For any χ ∈ h∗Q, we let χ∗ denote the transformation of S adjoint

to the operator of multiplication by χ in R. We denote by Fγ : S → S the linear

transformation adjoint to Aγ : R→ R.

The next lemma gives an explicit description of the Fγ.

Lemma 3.3. Let γ ∈ ∆. For any D ∈ S there is a D̃ ∈ S such that χ∗(D̃) = D. If D̃

is any such operator, then D̃ − rγD̃ = Fγ(D), in particular, the left-hand side of this

equation does not depend on the choice of D̃.

It is often convenient to interpret S as a ring of differential operators on h with

constant rational coefficients. Then the pairing ( , ) is given by the formula (D, f ) =

(D f )(0), D ∈ S , f ∈ R. Also, it is easy to check that χ∗(D) = [D, χ], where χ ∈ hQ and

D ∈ S are regarded as operators on R .

Theorem 3.8. Let α1, . . . , αl ∈ Σ. We put w = rα1 · · · rαl . If `(w) < l, then Fαl · · · Fα1 =

0. If `(w) = l, then Fαl · · · Fα1 depends only on w and not on α1 . . . αl and in this case

we write Fw = Fαl · · · Fα1 . Also, Fw = A∗w and

[χ∗, Fww] =
∑

w′
γ
→w

w′χ(hγ)Fw′w,

where hγ is a coroot.

We set Dw = Fw(1). As we shall show in the next section, the functionals Dw

correspond to the Schubert cells in H∗(X,Q) in the sense that (Dw, f ) = 〈sw, ψQ( f )〉 for

all f ∈ R. The properties of the Dw are listed in the following theorem.
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Theorem 3.9. Let w ∈ W, let α be a simple root and χ, χ1, . . . , χl ∈ h∗Q and Dw ∈ S `(w).

Then

FαDw =


0 if `(wrα) < `(w),

Dwrα if `(wrα) ≥ `(w).

χ∗(Dw) =
∑

w′
γ
→w

w′χ(hγ)Dw′ .

rαDw =


−Dw if `(wrα) < `(w),

−Dw +
∑

w′
γ
→wrα

w′α(hγ)Dw′ if `(wrα) ≥ `(w).

(Dw, χ1 · · · χl) =
∑

χ1(hγ1) · · · χl(hγl),

where the summation extends over all chains

e
γ1
→ w1

γ1
→ w2 → · · ·

γ1
→ wl = w−1.

Let J⊥ be the subspace of S orthogonal to the ideal J ⊆ R. It follows from Lemma

3.6 that J⊥ is invariant with respect to all the Fγ. It is also clear that 1 ∈ J⊥. Thus,

Dw ∈ J⊥ for all w ∈ W. From [31], we have

Theorem 3.10. For w ∈ W, the functionals Dw form a basis for J⊥.

The form ( , ) gives rise to a non-degenerate pairing between R and J⊥. Let {Pw}w∈W

be the basis of R dual to {Dw}w∈W . The following properties of the Pw are immediate

consequences of Theorem 3.9
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Theorem 3.11. Let w ∈ W, let α be a simple root and χ ∈ h∗Q. Then

AαPw =


0 if `(wrα) > `(w),

Pwrα if `(wrα) 6 `(w).

χPw =
∑

w
γ
→w′

wχ(hγ)Pw′ .

rαPw =


Pw if `(wrα) > `(w),

Pw −
∑

wrα
γ
→w′

wα(hγ)Pw′ if `(wrα) 6 `(w).

From Theorem 3.11, it is clear that all the Pw can be expressed in terms of Ps,

where s ∈ W is the unique element of maximal length, r = `(s). More precisely, let

w = rα1 · · · rαl , `(w) = l. Then

Pw = Aαl . . . Aα1 Ps.

To find an explicit form for the Pw it therefore suffices to determine the Ps ∈ R. From

[31], we have

Theorem 3.12. Ps = 1
|W |

∏
γ∈∆+

γ (mod J).

We now give some results on products of the Pw in R.

Theorem 3.13. Let α be a simple root and let w ∈ W. Then

PrαPw =
∑

w
γ
→w′

χα(hw−1γ)Pw′ ,

where χα ∈ h∗Z is the fundamental weight corresponding to the root α. Let w1,w2 ∈ W

and satisfying `(w1) + `(w2) = r. If w2 , w1s, and Pw1 Pw1 s = Ps, then Pw1 Pw2 = 0. Let

w ∈ W and f ∈ R. Then

f Pw =
∑
w′≥w

cw′Pw′

If w1 
 w2s, then Pw1 Pw2 = 0.
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We define the operator P : R→ J⊥ of Poincaré duality by the formula

(P f )(g) = Ds( f g), f , g ∈ R, P f ∈ J⊥.

Corollary 3.2. PPw = Dw.

We will show that the functionals Dw,w ∈ W introduced in last section correspond

to Schubert cells sw,w ∈ W and give the cap-product formula in the cohomology of

flag variety K/T. Let sw ∈ H∗(X,Q) be a Schubert cell. It gives rise to a linear func-

tional on H∗(X,Q), which, by means of the ring homomorphism ψQ : R → H∗(X,Q),

can be regarded as a linear functional on R. This functional takes the value 0 on all ho-

mogeneous components Pk with k , `(w), and thus determines an element D̂w ∈ S `(w).

From [31], we have

Theorem 3.14. D̂w = Dw

This theorem is a natural consequence of the next two propositions.

Proposition 3.8. D̂e = 1, and for any χ ∈ h∗Z

χ∗(D̂w) =
∑

w′
γ
→w

w′χ(hγ)D̂w.

Proposition 3.9. Suppose that for each w ∈ W we are given an element D̂w ∈ S `(w),

with D̂e = 1, for which Proposition 3.8 holds for any χ ∈ h∗Z. Then D̂w = Dw.

For any topological space Y there is a bilinear mapping called the cap-product

∩ : Hi(Y,Q) × H j(Y,Q)→ H j−i(Y,Q).

such that

〈c ∩ y, z〉 = 〈y, c.z〉

for all y ∈ H j(Y,Q), z ∈ H j−i(Y,Q), c ∈ Hi(Y,Q). If f : Y1 → Y2 is a continuous
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mapping, then

f∗( f ∗c ∩ y) = c ∩ f∗y

for all y ∈ H∗(Y1,Q), c ∈ H∗(Y2,Q). Then, we have for any χ ∈ h∗Z, f ∈ R

(χ∗(D̂w), f ) = (D̂w, χ f ) = 〈sw, ψ(χ)ψQ( f )〉 = 〈sw ∩ ψ(χ), ψQ( f )〉.

Therefore, Proposition 3.8 is equivalent to the following geometrical fact.

Proposition 3.10. For all χ ∈ h∗Z

sw ∩ ψ(χ) =
∑

w′
γ
→w

w′χ(hγ)sw′ .

We restrict the one complex dimensional holomorphic line bundle Lχ to Cw ⊆ X

and let cχ ∈ H2(Cw,Q) be the first Chern class of Lχ. Then, it is sufficient to prove that

sw ∩ cχ =
∑

w′
γ
→w

w′χ(hγ)sw′ (3.2)

in H2`(w)−2(Cw,Q). To prove Equation 3.2, we use the following lemma, which can be

verified by standard arguments involving relative Poincaré duality, see [38].

Lemma 3.4. Let Y be a compact complex analytic space of dimension n, such that the

codimension of the space of singularities of Y is greater than 1. Let E be an analytic

vector bundle on Y, and c ∈ H2(Y,Q) the first Chern class of E. Let µ be a non-zero

analytic section of E and
∑

i

miYi = divµ the divisor of µ. Then [Y] ∩ c =
∑

i

mi[Yi] ∈

H2n−2(Y,Q) where [Y] and [Yi] are the fundamental classes of Y and Yi.

Let w ∈ W, and let Cw ⊆ X be the corresponding the Schubert cell. Then,

Proposition 3.11. Let w′
γ
→ w. Then Cw is non-singular at points x ∈ Cw′ .

We now give another proposition to prove Proposition 3.10
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Proposition 3.12. There is a section µ of the fibering Eχ over Cw such that

divµ =
∑

w′
γ
→w

w′χ(Hγ)Xw′ .

3.2 Differential operators, Lie algebra cohomology and general-

ized Schubert cocycles.

First, we will give some facts about Kac̆-Moody Lie algebras and associated groups

which will be used in this section. The general reference is [41] of V. Kac̆.

Definition 3.5. Let A = {ai j}n×n be a complex matrix of rank l. A realization of A

is a triple (h, π, πV), where h is a complex vector space of dimension n + corank A,

π = {αi}1≤i≤n ⊆ h∗ and πV = {hi}1≤i≤n ⊆ h are free indexed sets satisfying α j(hi) = ai j.

Definition 3.6. Two realizations (h, π, πV) and (h1, π1, π
V
1 ) are called isomorphic if

there exists a vector space isomorphism φ : h → h1 such that φ(πV) = πV
1 and

φ∗(π1) = π.

From [41], we have

Theorem 3.15. There exists a unique up to isomorphism realization for every n × n

matrix.

Definition 3.7. A generalized Cartan matrix A = {ai j}n×n is a matrix of integers satis-

fying aii = 2 for all i and ai j 6 0 if i , j, ai j = 0 implies a ji = 0.

Definition 3.8. Given a realization (h, π, πV) of a n × n generalized Cartan matrix A,

the Kac̆-Moody algebra g = g(A) is the Lie algebra over C, generated by h and the

elements ei and fi for 1 ≤ i ≤ l such that this basis elements satisfy the following

relations:

[h,h] = 0, [h, ei] = αi(h)ei, [h, fi] = −αi(h) fi

for h ∈ h and all 1 ≤ i ≤ l; [ei, fi] = δi jh j for all 1 ≤ i, j ≤ n;

(ad ei)1−ai j(e j) = 0 = (ad fi)1−ai j( f j)
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for all 1 ≤ i , j ≤ n. The elements hi, ei, fi are called Chevalley generators and the

subalgebra h of g(A) is called the Cartan subalgebra.

The Kac̆-Moody algebra g = g(A) has a root space decomposition.

Theorem 3.16. For 0 , α, the root space gα = {x ∈ g : [h, x] = α(h)x,∀ h ∈ h} is finite

dimensional and there is a root space decomposition

g = h ⊕
⊕
α∈∆

gα = h ⊕
⊕
α∈∆+

gα ⊕
⊕
α∈∆−

gα

where ∆+ (resp. ∆−) is the positive (resp. negative) root system.

We define fundamental reflections ri ∈ AutC(h), 1 ≤ i ≤ n, by ri(h) = h − αi(h)hi.

They generate the Weyl group W, which is a Coxeter group on {ri}1≤i≤n.

We define the following Lie algebras.

n =
⊕
α∈∆+

gα, n− =
⊕
α∈∆−

gα.

Then, g = h ⊕ n ⊕ n−, where b = h ⊕ n is called the Borel algebra. We have a unique

complex linear involution ω of g defined by ω( fi) = ei for all 1 ≤ i ≤ l and ω(h) = −h

for h ∈ h. The involution ω leaves the real points of g stable. ω is called the Chevalley

involution. Also, we have a unique conjugate linear involution ω0 which agrees with ω

on the real points of g. We can define a nondegenerate g-invariant, symmetric complex

bilinear form σ on h∗ such that σ(αi, α j) = 〈hαi , hα j〉 where 〈 , 〉 is the standard complex

inner product on g. This form is called the Killing form. This gives a Hermitian form

{ , } on g defined by {x, y} = −〈x, ω0(y)〉 for x, y ∈ g.

Now, we will mention the highest weight module category of a Kac̆-Moody algebra

g. The fundamental reference is [41] of V. Kac̆. Let V be a g-module, λ ∈ h∗. We define

Vλ = {x ∈ V : h · x = λ(h)x for ∀h ∈ h}.

Then, Vλ is a subspace of V . If Vλ , 0, λ is called a weight of the g-module V , Vλ the
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weight space corresponding to λ, and dim Vλ the multiplicity of λ. If λ is a weight of

V , then any non-zero vector of Vλ is called a weight vector of λ. We denote by

P(V) = {λ ∈ h∗ : Vλ , 0},

the set of weights of the g-module V .

Lemma 3.5. For any α ∈ ∆ ∪ {0} and λ ∈ h∗, we have

gα · Vλ ⊆ Vλ+α.

We set

D(λ) = {λ − α : α ∈ Q+},

where Q+ =
⊕

i

Z+αi. For any subset F ⊆ h∗, we define

D(F) =
⋃
λ∈F

D(λ).

We can define a partial ordering > on h∗ by

λ > µ ⇐⇒ λ − µ ∈ Q+ ⇐⇒ µ ∈ D(λ).

We will give the definition of category O of g-modules.

Definition 3.9. The objects of O are g-modules V which satisfy the conditions

1. V is h-diagonalizable, i.e.,

V =
⊕
λ∈h∗

Vλ,

2. dim Vλ < ∞ for all λ ∈ h∗,

3. there exists a finite set F ⊆ h∗ such that P(V) ⊆ D(F), and whose morphisms are

g-module homomorphisms.
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By the property 3 of the definition of O, we have

Proposition 3.13. Every non-zero g-module in O has at least one maximal weight.

Definition 3.10. A g-module V is called a highest weight module, if V has a unique

maximal weight Λ and V is generated by some weight vector vΛ ∈ VΛ.

Theorem 3.17. Let V be a highest weight module with maximal weight Λ. Then,

V = U(g) · vΛ = U(n−) · vΛ

for any weight vector vΛ of Λ; V ∈ O, dim VΛ = 1 and P(V) ⊆ D(Λ); gα · VΛ = 0

for any α ∈ ∆+; V has a unique maximal submodule, hence a unique quotient simple

module; the homomorphic image of V is also a highest weight module with maximal

weight Λ.

Since b = h ⊕ n+, we can regard VΛ as a b-module with n+ acting on it trivially.

We define

M(Λ) = U(g) ⊗U(b) VΛ

where VΛ is 1-dimensional weight space corresponding to the weight Λ. The g-module

M(Λ) is called Verma module corresponding to the weight Λ.

Theorem 3.18. The Verma module M(Λ) is a highest weight module with highest

weight Λ. Any highest weight module with highest weight Λ is a homomorphic im-

age of the Verma module M(Λ). M(Λ) has a unique maximal submodule with simple

quotient L(Λ). Any irreducible highest weight module with highest weight Λ is iso-

morphic to L(Λ).

Now, we will give the definition of lowest weight module. Let L(Λ) be an irre-

ducible highest weight module with the highest weight Λ. Let L(Λ)∗ be the g-module

contragredient to L(Λ). Then

L(Λ)∗ =
∏
λ∈h∗

L(Λ)∗λ.
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The subspace

L∗(Λ) =
⊕
λ∈h∗

L(Λ)∗λ

is a submodule of the g-module L(Λ)∗. The module L∗(Λ) is irreducible and for v ∈

L(Λ)∗λ, we have

n− · v = 0 and h · v = −Λ(h)v for h ∈ h.

The module L∗(Λ) is called an irreducible module with lowest weight −Λ.

Theorem 3.19. There is a bijection between h∗ and irreducible lowest weight modules

given by Λ→ L∗(−Λ).

We denote by πΛ the action of g on L(Λ). We give a new action π∗
Λ

on the space

L(Λ) by

π∗Λ(g)v = πΛ(ω(g))v,

where ω is the Chevalley involution of g. (L(Λ), π∗
Λ

) is an irreducible g-module with

lowest weight −Λ. By the uniqueness of irreducible lowest weight modules with the

lowest weight −Λ, this module can be identified with L∗(Λ).

Definition 3.11. A g-module L is called quasi-simple if it is a highest weight module

with highest weight vector x0 such that there exists n ∈ Z+ with fi
n(x0) = 0 for all

1 ≤ i ≤ i.

From [37], we have

Proposition 3.14. The quasi-simple g-modules are indexed by the positive integral

weights.

We will denote by L(λ) the quasi-simple module with highest weight λ. We will

denote the derived algebra [g, g] by g′. From [50], we have

Theorem 3.20. g′ is the subalgebra of g generated by the Chevalley generators ei anf

fi for 1 ≤ i ≤ l and we have the decomposition

g′ = h′ ⊕ n ⊕ n−,
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where h′ = g′ ∩ h.

Definition 3.12. A g′-module (V, π) is called integrable if π(e) is locally nilpotent

whenever e ∈ gα for any real root.

Let G∗ be the free product of the additive groups {gα}α∈∆re with canonical inclusions

iα : gα → G∗. For any integrable g′-module (V, π), we define a homomorphism π∗ :

G∗ → AutC(V) by π∗(iα(e)) = exp(π(e)) for e ∈ gα. Let N∗ be the intersection of all

ker π∗ and let q : G∗ → G∗/N∗ be the canonical homomorphism. We put G = G∗/N∗.

The next result comes from [44].

Proposition 3.15. G is an algebraic group in the sense of Safarevic̆.

We call G the group associated to the Kac̆-Moody Lie algebra g. G may be of

three different types: finite, affine and wild. The finite type Kac̆-Moody groups are

simply-connected semi-simple finite dimensional algebraic groups. The affine type

Kac̆-Moody groups are the circle group extension of the group of polynomial maps

from S1 to a group of finite type, or a twisted analogue. There is no concrete realization

of the wild type groups. Now, we will introduce some subgroups of the Kac̆-Moody

group G. For e ∈ gα, we put exp(e) = q(iα(e)) so that Uα = exp gα is an additive one

parameter subgroup of G. We denote by U (resp. U−) the subgroup of G generated by

the Uα (resp. U−α) for α ∈ ∆+. For 1 ≤ i ≤ l, there exists a unique homomorphism

ϕi : S L2(C) → G, satisfying ϕ

1 z

0 1

 = exp(zei) and ϕ

1 0

z 1

 = exp(z fi) for all z ∈ C.

We define

Hi =

ϕ
z 0

0 z−1

 : z ∈ C∗

 ;

Gi = ϕ(S L2(C)). Let Ni be the normalizer of Hi in Gi, H the subgroup of G generated

by all Hi and N the subgroup of G generated by all Ni. There is an isomorphism

W → N/H. We put B = HU. B is called standard Borel subgroup of G. Also, we

can define the negative Borel subgroup B− as B− = HU−. G has Bruhat and Birkhoff

decompositions. Details can be found in [43]. The conjugate linear involution ω0 of g
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gives to an involution ω̃0 on G. Let K denote the set of fixed points of this involution.

K is called the standard real form of G. Also, this involution preserves the subgroups

Gi,Hi and H; we denote by Ki,Ti and T respectively the corresponding fixed point

subgroups. Then, Ki = ϕ(S U2) and

Ti =

ϕ
u 0

0 u−1

 : |u| = 1


is a maximal torus of Ki and T =

∏
Ti is a maximal torus in K.

Now, we will give some facts about the topology of K. Let D (resp. D◦) be the unit

disk (resp. its interior) in C and let S1 be the unit circle. Given u ∈ D, let

z(u) =

 u (1 − |u|2)1/2

−(1 − |u|2)1/2 u

 ∈ S U2,

and zi(u) = ϕi(z(u)). We also set

Yi = {zi(u) : u ∈ D◦} ⊆ Ki.

Let w = ri1 · · · rin be a reduced expression of w ∈ W. We put Yw = Yi1 · · · Yin . We have

a fibration π : K → K/T . The topological space K/T is called the flag variety of the

K and G. Now, we will give the topological structure in the infinite dimensional case.

We define Cw = π(Yw). From [42], we have

Proposition 3.16. The decomposition

K/T =
∐
w∈W

Cw

defines a CW structure on K/T.

The closure of Cw is given by

Cw =
∐
w′6w

Cw′
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The closures Cw are called Schubert varieties and they are finite dimensional complex

spaces. The infinite type flag variety K/T is the inductive limit of these spaces and by

Iwasawa decomposition in [43], we have a homeomorphism K/T → G/B. From [42],

we have

Proposition 3.17. The flag variety K/T is an infinite dimensional complex projective

variety.

Proposition 3.18. The elements Cw are a basis form of free Z-module H∗(K/T,Z).

Now we will give the construction of the dual Schubert cocycles on the flag variety

by using the relative Lie-algebra cohomology tools. This construction was done by B.

Kostant in [45] for finite type and extended by S. Kumar in [47] for the Kac̆-Moody

case.

First, we will introduce some notations for this section. Reference for the notations

is [40]. By Λ(V), we denote the exterior algebra on a g-module V . For a Lie-algebra

pair (g,h) and a left g-module M, let Λ(g,h,Mt) denote the standard chain complex

with coefficients in the right module Mt, where Mt is the right g-module, whose un-

derlying space is M and on which g acts by the rule m · g = −g · m for all g ∈ g and

m ∈ M, and let C(g,h,M) denote the standard cochain complex with coefficients in M.

Let Lλ be the quasi-simple g-module with highest weight λ. Then, there is an

invariant positive definite Hermitian form {, } on Λ(n−) ⊗ Lλ due to V. Kac̆ and D.

Peterson [43]. Let ∂ : Λ(n−) ⊗ Lλ → Λ(n−) ⊗ Lλ be the differential of degree −1 of the

chain complex Λ(n−, Lλt). We denote the adjoint of ∂ respect to {, } by ∂∗.Λ(n−)⊗Lλ is a

h-module and ∂ is a h-module map, as is ∂∗. We define the Laplacian by ∇ = ∂∂∗+∂∗∂.

We know from [37] that Λ(n−) ⊗ Lλ decomposes as a direct sum of finite dimensional

irreducible h-modules. From [47], we have

Theorem 3.21. Let g be the Kac̆-Moody Lie algebra and let Lλ be the quasi-simple g-

module with the highest weight λ. Then the action of ∇ on Λ(n−, Lλt) is as follows. Let

S β be an irreducible h-submodule of Λ(n−, Lλt) with highest weight β, then ∇ reduces
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to a scalar operator on S β and the scalar is

1
2

[σ(λ + ρ, λ + ρ) − σ(β + ρ, β + ρ)]

where ρ is the sum of all simple roots.

From [37], we have

Theorem 3.22. With the notations as in Theorem 3.21, the 2 jth homology space H2 j(n−, Lλt)

is finite dimensional and it is isomorphic as an h-module to the direct sum

⊕
`(w)= j

M(w(λ+ρ)−ρ)

of non-isomorphic irreducible h-modules.

C(g,h) denotes the standard cochain complex with differential d associated to

the Lie algebra pair (g,h) with trivial coefficients. That is, C(g,h) is defined to be∑
s≥0

Homh(Λs(g/h),C) such that h acts trivially on C. We define

C̃ =
∑
s≥0

C̃s

where C̃s = HomC(Λs(g/h),C). We put the topology of pointwise convergence on

C̃s, i.e., fn → f in C̃s if and only if fn(x) → f (x) in C with usual topology, for all

x ∈ Λ(g,h). From [36], we have

Theorem 3.23. C̃s is a complete, Hausdorff, topological vector space with respect to

the pointwise topology.

In [47], a continous map ∂̃ : C̃s → C̃s−1, and a cochain map of b̃ on C̃ are defined.

We define ∂, b to be the restrictions of ∂̃ and b̃ to the subspace C(g,h). We define the

following operators on C(g,h): S = d∂ + ∂d and L = b∂ + ∂b. From [47], we have

Proposition 3.19. ker S ⊕ im S = C.
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Theorem 3.24. d and ∂ on C(g,h) are disjoint.

Proposition 3.20 (Hodge type decomposition). Let V be any vector space and d, ∂ :

V → V be two disjoint operators such that d2 = ∂2 = 0. Further, assume that ker S ⊕

im S = V where S = d∂ + ∂d. Then, ker S → ker d/ im d and ker S → ker ∂/ im ∂ are

both isomorphisms.

By the Hodge type decomposition and Proposition 3.19, we have

Theorem 3.25. The canonical maps ψd,S : ker S → H(C, d) andψ∂,S : ker S →

H(C, ∂) are both isomorphisms.

Now, we describe a basis for ker L. We fix w ∈ W of length s. We define Φw =

w∆− ∩ ∆+. Φw consists of real roots {γ1, · · · , γs}. We pick yγi ∈ g−γi of unit norm

with respect to the form {, } and let xγi = −ω0(yγi). Let M(wρ−ρ) be the irreducible h-

submodule with highest weight (wρ−ρ). By Proposition 2.5 in [37], the corresponding

highest weight vector is yγ1 ∧ · · · ∧ yγs . There exists a unique element hw ∈ [M(wρ−ρ) ⊗

Λs(n)] such that hw = (2i)s(yγ1 ∧ · · · ∧ yγs ∧ xγ1 ∧ · · · ∧ xγs) mod Pw ⊗ Λs(n), where

Pw is the orthogonal complement of yγ1 ∧ · · · ∧ yγs in M(wρ−ρ). Using the nondegenerate

bilinear form 〈 〉 on g, we have embedding

e :
⊕
k≥0

Λs(n ⊕ n−)→
⊕
k≥0

[Λs(n ⊕ n−)]∗.

Then hw = e(hw) ∈ ker L. These elements {hw}w∈W is a C-basis of ker L. Then, we can

define sw = ψ∂,S
−1([hw]) ∈ H(C, ∂). From [47], [46], we have

Theorem 3.26. Let g be the Kac̆-Moody Lie algebra and let G be the group associated

to the Kac̆-Moody algebra g and B be standard Borel subgroup of G. Then

∫
Cw′

sw =


0 if w , w′,

(4π)2`(w)
∏

ν∈w−1∆∩∆+

σ(ρ, ν)−1 if w = w′.
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This gives the expression for the d, ∂ harmonic forms sw
0 =

sw

dw
which are dual to

the Schubert cells where dw =

∫
Cw

sw.

Theorem 3.27. (see [48])

H(
∫

) : H∗(g,h)→ H∗(G/B,C)

is a graded algebra isomorphism.

Let εw denote the image of s0
w by the integral map in last theorem. These coho-

mology classes are dual to the closure of the Schubert cells, hence we have

Theorem 3.28. The elements εw, w ∈ W, form a basis of the Z-module H∗(G/B,Z).

For a finite type flag variety G/B, εw denotes Pw−1 in the notation of Section 1.

Now, we give a cup product formula in the cohomology of any type flag variety G/B.

From [46],

Theorem 3.29. Let χi be the fundamental weight of G for 1 ≤ i ≤ l. For any simple

reflection ri and any element w ∈ W, and a coroot γ∨,

εri · εw =
∑

w
γ

−→w′

χi(γ∨)εw′ .

As an analogy of cohomology theory of the finite type flag space G/B, the coho-

mology of affine type flag space G/B and some operators will be introduced in this

section. The fundamental reference is [42] of V. Kac̆.

Let Q∨ =
⊕

i

Zhi, where hi is coroot, be the coroot lattice and let

P = {λ ∈ h′∗ : λ(hi) ∈ Z}

be the weight lattice dual to Q∨. Let S (P) =
⊕

j≥0

S j(P) be the integral symmetric

algebra over the lattice P, and S (P)+ =
⊕

j>0

S j(P) the augmentation ideal. Given a
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commutative ring F with unit, we denote S (P)F = S (P)F ⊗Z F. We define the char-

acteristic homomorphism ψ : S (P) → H∗(G/B,Z) as follows: given λ ∈ P, we have

the corresponding character of B and the associated line bundle Lλ on G/B. We put

ψ(λ) ∈ H2(G/B,Z) equal to the Chern class of Lλ and we extend this multiplicativity

to the whole S (P). We denote by ψF the extension of ψ by linearity to S (P)F. In order

to describe the properties of ψF, we define BGG-operator ∆i for 1 ≤ i ≤ l on S (P) by

∆i( f ) =
f − ri( f )
αi

and we extend this by linearity to S (P)F. We define

IF = { f ∈ S (P)+
F : ∆i1 · · ·∆in( f ) ∈ S (P)+

F ∀ sequence (i1, · · · .in)}.

Theorem 3.30. We have kerψF = IF and H∗(G/B,F) is a free module over imψF.

We will introduce certain operators on cohomology of the flag space G/B which

are basic tools in the study of this theory. These operators are extension of action of the

BGG-operators ∆i from the image of ψ to the whole cohomology operators. We know

that the Weyl group W acts by right multiplication on K/T and this action induces an

action of W on homology and cohomology of flag space. On the other hand, we have

a fibration pi : K/T → K/KiT with fibre Ki/Ti. Since the odd degree cohomologies

of Ki/Ti and K/KiT are trivial, then the Leray-Serre spectral sequence of the fibration

degenerates after the second term. So, H∗(K/T,Z) is generated by im pi
∗, which is ri

invariant and the element ψ(χi) where χi is fundamental weight. We define a Z-linear

operator Ai on H∗(K/T,Z) lowering the degree by 2 such that ri leaves the image of Ai

invariant and

x − ri(x) = Ai(x) ∪ ψ(αi)

for x ∈ H∗(K/T,Z). Similarly, we can define homology operators Ai on H∗(K/T,Z)
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raising the degree by 2 such that ri(Ai(v)) = −Ai(v) and

v + ri(v) = Ai(v) ∩ ψ(αi)

for v ∈ H∗(K/T,Z). The properties of the actions of the operators Ai (resp. Ai) on the

cup product (resp. cap product) in the cohomology (resp. homology) can be found in

[42]. Now, we will give the geometric interpretation of Ai. Given w ∈ W, we choose

a reduced expression w = ri1 · · · ris and and define a map τw : D → K/T given by

τw(u1, · · · , us) = zi1 · · · zisT where D is the unit disk in the complex space Cs and zi has

been defined in the previous section. By Proposition 3.16, the relative homology map

τw∗ gives us an element sw ∈ H2`(w)(K/T,Z). By Proposition 3.18, these elements are a

basis of H∗(K/T,Z); let εw be the dual basis of H∗(K/T,Z).

Proposition 3.21.

ri(εw) =


εw if `(wri) > `(w),

εw −
∑

wri

γ

−→w′

〈αi, γ〉ε
w′ otherwise.

Similarly, we can give the reflection action on Schubert cycles sw.

Proposition 3.22.

Ai(εw) =


εwri if `(wri) < `(w),

0 otherwise.

Ai(sw) =


swri if `(wri) > `(w),

0 otherwise.

Proposition 3.23.

c1(Lλ) ∩ sw =
∑

w′
γ

−→w

〈λ, γ〉sw′

The set of all functions from the Weyl group W to C will be denoted by C{W}.

C{W} is an algebra under pointwise addition and multiplication. Now, we will give the
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relation between C{W} and Endh H∗(n−,C). From [46], we have

Theorem 3.31. Let (A, d) be a differential graded algebra over C and let δ be the

derivation in End(A, d) induced by d such that

δξ = dξ − (−1)iξd for ξ ∈ Endi(A).

Then ι : H(End(A, d), δ)→ End H(A, d) is an isomorphism graded algebras.

Theorem 3.32. The standard cochain complexes C(g,h) and C(n−) with the topology

of pointwise convergence are both differential graded algebras over C.

Also, we can put the topology of pointwise convergence on EndC(g,h) and EndC(n−).

Then, the derivation map δ : EndC(n−)→ EndC(n−) is continuous under this topology

and it commutes with the action of h on EndC(n−). We denote by δ0, the restriction of

δ to Endh C(n−). From [46], we have

Proposition 3.24. There exists a unique injective continuous map η : C(g,h) →

Endh C(n−).

Lemma 3.6. We have η(ker S ) ⊆ ker δ0.

The map η induces a map η̃ : ker S → H(Endh C(n−), δ0) Also, ι induces a map ι0 :

H(Endh C(n−), δ0) → Endh H∗(n−,C). By Theorem 3.22, as an h-module, H2 j(n−,C)

is isomorphic to the direct sum ⊕
`(w)= j

M(wρ−ρ)

of non-isomorphic irreducible h-submodules. By a property of the Hom functor, we

have

Endh H∗(n−,C) �
∏
i≥0

Endh Hi(n−,C) �
∏
i≥0

∏
`(w)=i

Endh M(wρ−ρ).

Since M(wρ−ρ) is irreducible, Endh M(wρ−ρ) is 1-dimensional with a canonical generator

1w which is the identity map of M(wρ−ρ). This identifies Endh H∗(n−,C) with
∏

w∈W C1w.
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The space
∏

w∈W C1w is the vector space C{W} of all functions from W to C. Let η be

the composite map

ker S
η̃
−→ H(Endh C(n−), δ0)

ι0
−→ Endh H∗(n−,C) � C{W}.

Now, we will give filtrations of C(g,h) and C{W}. We define a decrasing filtration

G = (Gp)p∈Z− by Gp =
∑

0≥k+q≥p

Cq,k(g,h) where Cq,k(g,h) = Homh(Λq(n) ⊗ Λk(n−)).

This gives rise to a filtration F = (Fp)p∈Z− of Endh C(n) by defining Fp = η(Gp). By ι0,

we have filtration H = (Hp)p∈Z+ of C{W}. GrC{W} will denote the associated graded

algebra with respect to the filtration of C{W}. That is, GrC{W} =
∑
p≥0

Grp, where

Grp = Hp/Hp+1. From [46], we have

Theorem 3.33. Let g be a symmetrizable Kac̆-Moody Lie algebra. Let h be the Cartan

subalgebra. Then, H∗(g,h)→ GrC{W} is a graded algebra isomorphism.

By Theorem 3.27, we can give the following corollary.

Corollary 3.3. H∗(G/B,C)→ GrC{W} is a graded algebra isomorphism.

Let g be an arbitrary Kac̆-Moody algebra associated to a generalized Cartan matrix

A, with its Cartan subalgebra h and Weyl group W. Let Q = Q(h∗) be the field of the

rational functions on h. The Weyl group W acts as a group of automorphisms on the

field Q. Let QW be the smash product of Q with the group algebra C[W], i.e., QW is a

right Q-module with a basis {δw}w∈W and the multiplication is given by

(δvqv) · (δwqw) = δvw(w−1qv)qw

for v,w ∈ W and qv, qw ∈ Q. The module QW admits an involutary anti-automorphism

t, defined by (δwq)t = δw−1(wq) for w ∈ W and q ∈ Q. We define

xi = −(δri + δe)
1
αi

=
1
αi

(δri − δe) ∈ QW

where ri ∈ W is a simple reflection and αi is the simple root.
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Proposition 3.25. Let w ∈ W and let w = ri1 · · · rin be a reduced expression. Then the

element xi1 · · · xin ∈ QW does not depend upon the choice of reduced expression of w.

The element xi1 · · · xin ∈ QW will be denoted by xw and (xw−1)t denoted by xw.

Proposition 3.26.

xv · xw =


xvw if `(vw) = `(v) + `(w),

0 otherwise.

We know that QW is a right Q-module. Also, Q has a left QW-module structure

defined by (δwq)q′ = w(qq′) for w ∈ W and q, q′. We define subring R ⊆ QW given by

R = {x ∈ QW : x · S ⊆ S }

where S = S (h∗) is the polynomial algebra on h. Let S W be the smash product of S

with the group algebra C[W]. Obviously S W ⊆ R since S has left S W-module structure.

Theorem 3.34. R is a free right S -module with basis {xw}w∈W In particular, any x ∈ R

can be uniquely written as x =
∑
w∈W

xw pw some pw ∈ S .

R will be referred as a nil-Hecke ring. Now, we will give the coproduct structure

on QW . Let QW ⊗Q QW be the tensor product, considering both the copies of QW as

right Q-modules. We define the diagonal map ∆ : QW → QW ⊗Q QW by

∆(δwq) = δwq ⊗ δw = δw ⊗ δwq

for w ∈ W and q ∈ Q. ∆ is right Q-linear.

Theorem 3.35. For any w ∈ W, we have

∆(xw) =
∑

u,v6w

xu ⊗ xv pw
u,v

for some homogeneous polynomials pw
u,v ∈ S of degree `(u) + `(v)− `(w). In particular,

pw
u,v = 0 unless `(u) + `(v) ≥ `(w).
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Now, we will introduce some dual objects. Let Ξ = HomQ(QW ,Q). Since any ξ ∈ Ξ

is determined by its restriction to the Q-basis {δw}w∈W , we can regard Ξ as the Q-module

of all the functions W → Q with pointwise addition and scalar multiplication defined

by the structure (qξ)w = q · ξ(w) for q ∈ Q, ξ ∈ Ξ and w ∈ W. Ξ has a commutative

Q-algebra structure with the product as pointwise multiplication of functions on W.

Also, Ξ has a left QW module structure defined by (x · ξ)y = ξ(xt · y) for x, y ∈ QW and

ξ ∈ Ξ. We have the Weyl group action as well as the Hecke-type operators Aw on Ξ

defined by wξ = δw · ξ and Awξ = xw · ξ for w ∈ W and ξ ∈ Ξ. We define the important

subring Λ ⊆ Ξ as follows:

Λ = {ξ ∈ Ξ : ξ(Rt) ⊆ S and ξ(xw) = 0 for all but a finite number of w ∈ W}

Proposition 3.27. λ is a S -subalgebra of Ξ. {ξw}w∈W is a S -basis of Λ where ξw is dual

to xw for w ∈ W.

Proposition 3.28. Aiξ
w = ξriw if riw < w, 0 otherwise.

Proposition 3.29. ξri(w) = χi − w−1χi where χi is the fundamental weight dual to the

coroot hi corresponding to simple root αi.

Now, we will give the important formula equivalent to the cup product formula in

the cohomology of G/B where G is a Kac̆-Moody group.

Proposition 3.30.

ξu · ξv =
∑

u,v6w

pw
u,vξ

w,

where pw
u,v is a homogeneous polynomial of degree `(u) + `(v) − `(w).

Proposition 3.31.

riξ
w =


ξw if riw > w,

−(w−1αi)ξriw + ξw −
∑

riw
γ

−→w′

αi(γ∨)ξw′ otherwise.
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Theorem 3.36. Let u, v ∈ W. We write w−1 = ri1 · · · rin as a reduced expression.

pw
u,v =

∑
j1<···< jm

r j1 ···r jm =v−1

Ai1 ◦ · · · ◦ Âi j1
◦ · · · ◦ Âi jm

◦ · · · ◦ Ain(ξ
u)(e),

where m = `(v) and the notation Âi means that the operator Ai is replaced by the Weyl

group action ri.

Let C0 = S/S + be the S -module where S + is the augmentation ideal of S . It is

1-dimensional as C-vector space. Since Λ is a S -module, we can define C0 ⊗S Λ. It

is an algebra and the action of R on Λ gives an action of R on C0 ⊗S Λ. The elements

σw = 1 ⊗ ξw ∈ C0 ⊗S Λ is a C-basis form of C0 ⊗S Λ.

Proposition 3.32. C0 ⊗S Λ is a graded algebra associated with the filtration of length

of the element of the Weyl group W.

Proposition 3.33. The complex linear map f : C0⊗S Λ→ GrC{W} is a graded algebra

homomorphism.

Theorem 3.37. Let K be the standard real form of the group G associated to a sym-

metrizable Kac̆-Moody Lie algebra g and let T denote the maximal torus of K. Then

the map

θ : H∗(K/T,C)→ C0 ⊗S Λ

defined by θ(εw) = σw for any w ∈ W is a graded algebra isomorphism. Moreover, the

action of w ∈ W and Aw on H∗(K/T,C) corresponds respectively to that δw and xw ∈ R

on C0 ⊗S Λ.

Corollary 3.4. The operators Ai on H∗(K/T,C) generate the nil-Hecke algebra.

Corollary 3.5. We can use Proposition 3.30 and Theorem 3.36 to determine the cup

product εuεv in terms of the Schubert basis {εw}w∈W of H∗(K/T,Z).
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chapter 4

THE REIDEMEISTER TORSION OF COMPACT

FLAG MANIFOLDS K/T FOR K = Al

This chapter is completely original and it includes our calculations about Reide-

meister torsion of flag manifolds using Theorem 1.1 and Proposition 3.30.

We know that the Weyl group W of K acts on the Lie algebra of the maximal torus

T . lt is a finite group of isometries of the Lie algebra t of the maximal torus T . lt

preserves the coweight lattice T v. For each simple root α, the Weyl group W contains

an element rα of order two represented by e((π/2)(eα+e−α)) in N(T ). Since the roots α can

be considered as the linear functionals on the Lie algebra t of the maximal torus T , the

action of rα on t is given by

rα(ξ) = ξ − α(ξ)hα for ξ ∈ t,

where hα is the coroot in t corresponding to simple root α. Also, we can give the action

of rα on the roots by

rα(β) = β − α(hβ)α for α, β ∈ t∗,

where t∗ is the dual vector space of t. The element rα is the reflection in the hyperplane

Hα of t whose equation is α(ξ) = 0. These reflections rα generate the Weyl group W.

Set α1, α2, . . . , αn be roots of Weyl Group of S Un+1. Since the Cartan Matrix of

Weyl Group of S Un+1 is
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Mi j =


2 i = j

−1 |i − j| = 1

0 otherwise

,

rαi(α j) =


−αi, i = j

αi + α j, |i − j| = 1

α j, otherwise.

Proposition 4.1. The Weyl group W of S Un+1 is isomorphic to Coxeter Group An given

by generators s1, s2, . . . , sn and relations

(i) s2
i = 1 i = 1, 2, . . . , n

(ii) sisi+1si = si+1sisi+1 i = 1, 2, . . . , n − 1

(iii) sis j = s jsi 1 ≤ i < j − 1 < n

Proof. (i)

rαi ◦ rαi(β) = rαi(β− < αi, β > αi)

= β− < αi, β > αi− < β− < αi, β > αi, αi > αi

= β− < αi, β > αi− < β, αi > αi+ < αi, β >< αi, αi > αi

= β− < αi, β > αi− < αi, β > αi + 2 < αi, β > αi

= β
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(ii)

rαi ◦ rαi+1 ◦ rαi(β) = rαi ◦ rαi+1(β− < αi, β > αi)

= rαi(β− < αi, β > αi− < αi+1, β− < αi, β > αi > αi+1)

= rαi(β− < αi, β > αi− < αi+1, β > αi+1

+ < αi+1, < αi, β > αi > αi+1)

= rαi(β− < αi, β > αi− < αi+1, β > αi+1

+ < αi, β >< αi+1, αi > αi+1)

= rαi(β− < αi, β > αi− < αi+1, β > αi+1− < αi, β > αi+1)

= β− < αi, β > αi− < αi+1, β > αi+1− < αi, β > αi+1

− < αi, β− < αi, β > αi− < αi+1, β > αi+1

− < αi, β > αi+1 > αi

= β− < αi, β > αi− < αi+1, β > αi+1− < αi, β > αi+1

− < αi, β > αi+ < αi, β >< αi, αi > αi

+ < αi+1, β >< αi+1, αi > αi+ < αi, β >< αi+1, αi > αi

= β− < αi, β > αi− < αi+1, β > αi+1− < αi, β > αi+1

− < αi, β > αi + 2 < αi, β > αi− < αi+1, β > αi

− < αi, β > αi

= β− < αi, β > αi− < αi+1, β > αi− < αi+1, β > αi+1

− < αi, β > αi+1

= β − (< αi, β > + < αi+1, β >)(αi + αi+1).
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rαi+1 ◦ rαi ◦ rαi+1(β) = rαi+1 ◦ rαi(β− < αi+1, β > αi+1)

= rαi+1(β− < αi+1, β > αi+1− < αi, β− < αi+1, β > αi+1 > αi)

= rαi+1(β− < αi+1, β > αi+1− < αi, β > αi

+ < αi+1, β >< αi, αi+1 > αi)

= rαi+1(β− < αi+1, β > αi+1− < αi, β > αi− < αi+1, β > αi)

= β− < αi+1, β > αi+1− < αi, β > αi− < αi+1, β > αi

− < αi+1, β− < αi+1, β > αi+1− < αi, β > αi

− < αi+1, β > αi > αi+1

= β− < αi+1, β > αi+1− < αi+1, β > αi− < αi, β > αi

− < αi+1, β > αi+1+ < αi, β >< αi+1, αi > αi+1

+ < αi+1, β >< αi+1, αi > αi+1

+ < αi+1, β >< αi+1, αi+1 > αi+1

= β− < αi+1, β > αi+1− < αi, β > αi− < αi+1, β > αi

− < αi+1, β > αi+1 + 2 < αi+1, β > αi+1− < αi, β > αi+1

− < αi+1, β > αi+1

= β− < αi+1, β > αi+1− < αi, β > αi− < αi+1, β > αi

− < αi, β > αi+1

= β − (< αi+1, β > + < αi, β >)(αi+1 + αi).

Hence rαi+1 ◦ rαi ◦ rαi+1(β) = rαi+1 ◦ rαi ◦ rαi+1(β).
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(iii)

rαi ◦ rα j(β) = rαi ◦ (β− < α j, β > α j)

= β− < α j, β > α j− < αi, β− < α j, β > α j > αi

= β− < α j, β > α j− < αi, β > αi+ < α j, β >< αi, α j > αi

= β− < α j, β > α j− < αi, β > αi.

rα j ◦ rαi(β) = rα j ◦ (β− < αi, β > αi)

= β− < αi, β > αi− < α j, β− < αi, β > αi > α j

= β− < αi, β > αi− < α j, β > α j+ < αi, β >< α j, αi > α j

= β− < αi, β > αi− < α j, β > α j.

Hence rαi ◦ rα j(β) = rα j ◦ rαi(β).

�

After this point si will represent rαi .

Let us define the word

si j =


sisi+1 · · · s j i < j

si i = j

1 i > j

Theorem 4.1. (Theorem 3.1 of [52])The reduced Gröbner-Shirshov basis of the Cox-

eter group An consist of relation

si jsi = si+ jsi j 1 ≤ i < j ≤ n

together with defining relations of An.
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The following lemma is equivalent of Lemma 3.2 in [52]. The only difference is

that order of generators s1 > s2 > . . . > sn in our setting.

Lemma 4.1. Using elimination of leading words of relations, the reduced elements of

An are in the form

sn+1, jn+1 sn, jn sn−1, jn−1 · · · si, ji · · · s1, j1 1 ≤ i ≤ ji + 1 ≤ n + 1.

Notice that jn+1 + 1 = n + 1 =⇒ jn+1 = n and sn+1,n = 1.

Algorithm 4.1. (Finding Inverse) Let w = sn, jn sn−1, jn−1 · · · s1, j1 . The inverse of w can

be found using following algorithm.

Invw = {};

Conw = Reverse(w);

For k = 1 to k = n

Find maximum sequence in Conw;

list = {sk, sk+1, sk+2, . . . , sk j};

Invw = list ∪ Invw;

End For.

Example 4.1. Let s46s35s25s13. The inverse of its S 3s2s1s5s4s3s2s5s4s3s6s5s4

Invw = s14

S 3s2s5s4s3s5s4s6s5

Invw = s25s14

S 3s5s4s5s6

Invw = s35s25s14

s5s6

Invw = s56s35s25s14

Lemma 4.2. Let w = (sn, jn)(sn−1, jn−1) · · · (si+1, ji+1)(si, ji) · · · (s1,J1) and

siw = (sn, jn)(sn−1, jn−1
) · · · (si+1, ji+1

)(si, ji) · · · (s1, j1) where
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siw =


ji+1 = ji + 1, ji = ji+1 i f ji < ji+1

ji+1 = ji, ji = ji+1 − 1 i f ji ≥ ji+1

jk = jk i f k , i, i + 1

Here if i = n, then we assume jn+1 = n.

Corollary 4.1. Let w = (sn, jn)(sn−1, jn−1) · · · (si+1, ji+1)(si, ji) · · · (s1,J1) and

si−1(siw) = (sn, ĵn)(sn−1, ĵn−1
) · · · (si+1, ĵi+1

)(si, ĵi) · · · (s1,Ĵ1
)

where

si−1(siw) =



ĵi+1 = ji + 1, ĵi = ji−1 + 1, ĵi−1 = ji+1 i f ji < ji+1, ji−1 < ji+1

ĵi+1 = ji + 1, ĵi = ji−1, ĵi−1 = ji+1 − 1 i f ji < ji+1, ji−1 ≥ ji+1

ĵi+1 = ji, ĵi = ji−1 + 1, ĵi−1 = ji+1 − 1 i f ji ≥ ji+1, ji−1 < ji+1 − 1

ĵi+1 = ji, ĵi = ji−1, ĵi−1 = ji+1 − 2 i f ji ≥ ji+1, ji−1 ≥ ji+1 − 1

ĵk = jk i f k , i − 1, i, i + 1

Proof. Let w = siw = (sn, jn)(sn−1, jn−1
) · · · (si+1, ji+1

)(si, ji) · · · (s1, j1). Therefore

si−1(w) =


ĵi = ji−1 + 1, ĵi−1 = ji i f ji−1 < ji

ĵi = ji−1, ĵi−1 = ji − 1 i f ji−1 ≥ ji

ĵk = jk i f k , i − 1, i

(i) ji < ji+1⇒ ji+1 = ji + 1 , ji = ji+1 So ji−1 < ji⇒ ji−1 < ji+1, ĵi+1 = ji+1 = ji + 1

, ĵi = ji−1 + 1 = ji−1 + 1, ĵi−1 = ji = ji+1
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(ii) ji < ji+1⇒ ji+1 = ji +1 , ji = ji+1 So ji−1 ≥ ji⇒ ji−1 ≥ ji+1 , ĵi+1 = ji+1 = ji +1

, ĵi = ji−1 = ji−1, ĵi−1 = ji − 1 = ji+1 − 1

(iii) ji ≥ ji+1⇒ ji+1 = ji , ji = ji+1−1 So ji−1 < ji⇒ ji−1 < ji+1 , ĵi+1 = ji+1 = ji+1

, ĵi = ji−1 = ji−1, ĵi−1 = ji − 1 = ji+1 − 1

(iv) ji ≥ ji+1⇒ ji+1 = ji , ji = ji+1−1 So ji−1 ≥ ji⇒ ji−1 ≥ ji+1−1 , ĵi+1 = ji+1 = ji

, ĵi = ji−1 = ji−1, ĵi−1 = ji − 1 = ji+1 − 2

�

Corollary 4.2. Let w = (sn, jn)(sn−1, jn−1) · · · (si+1, ji+1)(si, ji) · · · (s1,J1) and

si+1(siw) = (sn, ĵn)(sn−1, ĵn−1
) · · · (si+1, ĵi+1

)(si, ĵi) · · · (s1, ĵ1).

Then

si+1(siw) =



ĵi+2 = ji + 2, ĵi+1 = ji+2, ĵi = ji+1 i f ji < ji+1, ji+1 < ji+2

ĵi+2 = ji + 1, ĵi+1 = ji+2 − 1, ĵi = ji+1 i f ji < ji+1, ji + 1 ≥ ji+2

ĵi+2 = ji + 1, ĵi+1 = ji+2, ĵi = ji+1 − 1 i f ji ≥ ji+1, ji < ji+2

ĵi+2 = ji, ĵi+1 = ji+2 − 1, ĵi = ji+1 − 1 i f ji ≥ ji+1, ji ≥ ji+2

ĵk = jk i f k , i, i + 1, i + 2

Proof. Let w = siw = (sn, jn)(sn−1, jn−1
) · · · (si+1, ji+1

)(si, ji) · · · (s1, j1). Therefore

si+1(w) =


ĵi+2 = ji+1 + 1, ĵi+1 = ji+2 i f ji+1 < ji+2

ĵi+2 = ji+1, ĵi+1 = ji+2 − 1 i f ji+1 ≥ ji+2

ĵk = jk i f k , i + 1, i + 2
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(i) ji < ji+1 ⇒ ji+1 = ji + 1 , ji = ji+1 So ji+1 < ji+2 ⇒ ji + 1 < ji+2,

ĵi+2 = ji+1 + 1 = ji + 2 , ĵi+1 = ji+2 = ji+2, ĵi = ji = ji+1

(ii) ji < ji+1 ⇒ ji+1 = ji + 1 , ji = ji+1 So ji+1 ≥ ji+2 ⇒ ji + 1 ≥ ji+2 ,

ĵi+2 = ji+1 = ji + 1 , ĵi+1 = ji+2 − 1 = ji+2 − 1, ĵi = ji = ji+1

(iii) ji ≥ ji+1 ⇒ ji+1 = ji , ji = ji+1 − 1 So ji+1 < ji+2 ⇒ ji < ji+2 , ĵi+2 =

ji+1 + 1 = ji + 1 , ĵi+1 = ji+2 = ji+2, ĵi = ji − 1 = ji+1 − 1

(iv) ji ≥ ji+1⇒ ji+1 = ji , ji = ji+1−1 So ji+1 ≥ ji+2⇒ ji ≥ ji+2 , ĵi+2 = ji+1 = ji

, ĵi+1 = ji+2 − 1 = ji+2 − 1, ĵi = ji = ji+1 − 1

�

Using Lemma 4.1 and definitions of Ai and ri operators, we can obtain the follow-

ings.

Lemma 4.3. Let w = (sn, jn)(sn−1, jn−1) · · · (si+1, ji+1)(si, ji) · · · (s1,J1) .Then

Ai(εw) =


εwi i f ji ≥ ji+1

0 i f ji < ji+1

where wi = (sn, jn)(sn−1, jn−1
) · · · (si+1, ji+1

)(si, ji) · · · (s1, j1) with ji+1 = ji, ji = ji+1−1

and jk = jk if k , i, i + 1.

Lemma 4.4. ri(εs j) =


εsi−1 − εsi − εsi+1 i f i = j

εs j i f i , j

The integral cohomolgy of S Un+1/T is generated by Schubert classes indexed

W = sn jn sn−1, jn−1 . . . s1 j1 : ji = 0 or i ≤ ji ≤ n.
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Let xi = εsi ∈ H2(S Un+1/T,R). We would like to define an order between generators

of the integral cohomology of S Un+1/T . Since each element εsn jn sn−1, jn−1 ...si ji ...s1 j1 can be

represented by an n−tuple

( jn − n + 1, jn−1 − (n − 1) + 1, . . . , ji − i + 1, . . . , j1 − 1 + 1),

we instead define an order between n−tuples.

Definition 4.1. (Graded Inverse Lexicographic Order)

Let α = (α1, α2, . . . , αn) and β = (β1, β2, . . . , βn) ∈ Zn
≥0. We say α > β if

|α| = α1 +α2 + . . .+αn > |β| = β1 +β2 + . . .+βn or |α| = |β| and in the vector difference

α − β ∈ Zn, the rightest nonzero entry is positive. We will write εsn jn sn−1, jn−1 ...si ji ...s1 j1 >

εsnkn sn−1, jk−1 ...siki ...s1 j1 if ( jn − n + 1, jn−1 − (n − 1) + 1, . . . , ji − i − 1, . . . , j1 − 1 + 1) >

(kn − n + 1, kn−1 − (n − 1) + 1, . . . , ki − i − 1, . . . , k1 − 1 + 1).

Example 4.2. εs35 s23 s14 > εs35 s24 s13 since (3, 2, 4) > (3, 3, 3) in graded inverse lex order.

We will try to find an quotient ring Z[x1, x2, . . . , xn]/I which is isomorphic to

H∗(S Un+1/T,R). We also define an order between monomials as follows:

Definition 4.2. We say xα1
1 xα2

2 . . . xαn
n > xβ1

1 xβ2
2 . . . xβn

n if |α| = α1 + α2 + . . . + αn > |β| =

β1 + β2 + . . .+ βn or |α| = |β| and in the vector difference α− β ∈ Zn the leftest non-zero

entry is negative.

Example 4.3. x3
1x3

2x3
3 > x4

1x2
2x3

3,since (3, 3, 3) − (4, 2, 3) = (−1, 1, 0).

Lemma 4.5. xα1
1 xα2

2 . . . xαn
n = εsnαn sn−1,αn−1 ...siαi ...s1α1 + lower terms

Proof. We use induction an degree of the monomial. By definition xi = εsi . Let us

compute xix j = εsiεs j . Here, we may assume that i ≤ j. If j − i > 1, the inverse of sis j

is sis j. Hence,

Ps j si
si s j = r jAi(εsi) = r j(1) = 1

in cup product. If j = i + 1, the inverse of si+1si is sisi+1. In this case

Psi,si+1 = Airi+1(εsi) = Ai(εsi) = ε{} = 1
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.

If i = j, then we have to consider the word si,i+1. Its inverse si+1si

Psi,i+1
si si = ri+1Ai(εsi) = ri+1(1) = 1

Now, we have to show that Psk sl
si s j = 0 if εsk sl > εs j si . By definition of cup product

the coefficient of εsk sl is not zero only if si → sksl and s j → sksl. However , this is

possible only if sksl = s jsi or sksl = si,i+1 when j = i+1. Clearly εsi si+1 < εsi+1 si . Hence,

εsiεsi+1 = εsi+1 si+lower terms and εsiεs j = εs jεsi if j − i > 1. In the case i = j, we have

to look elements sisk and sksi. The inverse of sksi = sksi, if k − i > 1, and thus

Psk si
si s j

= Akri(εsi) = Ak(εsi−1 − εsi + εsi+1) = 0

since k − i > 1. Clearly εsi sk < εsi si+1 if k < i. Hence, εsiεsi = εsi si+1+lower terms.

Assume

xα1
1 xα2

2 . . . xαn
n = εsnαn sn−1,αn−1 ...siαi ...s1α1 + lower terms.

We have to show xα1
1 xα2

2 . . . xαi+1
i . . . xαn

n = εsnαn sn−1,αn−1 ...siαi+1...s1α1 + lower terms by

Proposition 3.3.

snαn sn−1,αn−1 . . . siαi+1 . . . s1α1 → w′ only if w′ = snαn sn−1,αn−1 . . . siαi . . . s1α1 , where

there exists an index j for which α j = α j + 1 and αk = αk if k , j.

By given ordering

w′ = snαn sn−1,αn−1 . . . siαi . . . s1α1 > snαn sn−1,αn−1 . . . siαi+1 . . . s1α1

If j > i, then by Algorithm 4.1 in w′−1 we will not have a subsequence s j−1, s j−2 . . . si

after the elements s j. Therefore, in cup product before applying A j we will not have

the term εs j .That means

Pw′
si,w = 0.

if j = i, then again by Algorithm 4.1 in w′−1 we will not have a subsequence s j−1, s j−2 . . . si

after the elements s j. Hence, in cup product before applying A j we will not have the
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term εs j .That means

Pw′
si,w = 1.

If and only if j > i. �

l denotes the length of w.

Example 4.4. Let l = 3;

x1x2x3 = εs3 s2 s1+ lower terms

x2
1x2x3 = εs3 s2 s12+ lower terms.

εs3 s23 s1 > εs3 s2 s12 > εs23 s12 > εs3 s13 > εs2 s13

The inverse of s3s23s1 is s3s13 and the inverse of s3s2s1 is s13.

A3r1r2r3(εs1) = A3r1(εs1) = A3(−εs1 + εs2) = 0.

and

The inverse of s3s2s12 is s2s13.

A2r1r2r3(εs1) = A2r1(εs1) = A2(−εs1 + εs2) = 1.

Before finding the quotient ring Z[x1, . . . , xn]/I, we give some information about

ring k[x1, . . . , xn]/I, k is a field.

Fix a monomial ordering on k[x1, . . . , xn]. Let f ∈ k[x1, . . . , xn]. The leading

monomial of f , denoted by LM( f ), is the highest degree monomial of f . The coeffi-

cient of LM( f ) is called leading coefficient of and denoted by LC( f ). The leading term

of f , LT ( f ) = LC( f )LM( f ) .

Let I ⊆ k[x1, . . . , xn] be an ideal. Define

LT (I) = {LT ( f ) : f ∈ I}. Let < LT (I) > be an ideal generated by LT (I).

Proposition 4.2. (Proposition 1 and 4 of 5.3 in [51])

(i) Every f ∈ k[x1, . . . , xn] is congruent modulo I to a unique polynomial r which is a

k-linear combination of the monomials in the complement of < LT (I) >.

(ii) The elements of {xα : xα << LT (I) >} are linearly independent modulo I.
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(iii) k[x1, . . . , xn]/I is isomorphic as a k − vector space to

S = S pan{xα : xα << LT (I) >}

.

Theorem 4.2. (Theorem 6 of 5.3 in [51]) Let I ⊆ k[x1, . . . , xn] be an ideal

(i) The k-vector space k[x1, . . . , xn]/I is finite dimensional.

(ii) For each i, 1 ≤ i ≤ n, there is a polynomial fi ∈ I such that LM( fi) = xmi
i for some

positive integer mi.

Theorem 4.3. H∗(S Un+1/T,R) isomorphic to Z[x1, x2, . . . , xn]/ < f1, f2, . . . , fn >where

LT ( fi) = xn−i+2
i with respect to monomial order given by Definition 4.2.

Proof. Let I be the ideal such that H∗(S n/T,R) � Z[α1, α2, . . . , αn]/I. Since we found

one-to-one correspondence between length l elements of H∗(S Un+1/T,R) and mono-

mials xα1
1 xα2

2 · · · x
αn
n , where α1 + α2 + · · ·αn = l and for each i, 1 ≤ i ≤ n, αi ≤ n − i + 1,

there should be a polynomial fi ∈ I such that LT ( fi) = xn−i+2
i . �

Example 4.5. Let n = 3.

αi ≤ n − i + 1, i = 1, 2, 3

α1 ≤ 3, α2 ≤ 2, α3 ≤ 1

l = 1; x1, x2, x3

l = 2; x2
1, x1x2, x1x3, x2

2, x2x3

We must have a polynomial f3 with LT ( f3) = x2
3.

l = 3; x3
1, x2

1x2, x2
1x3, x1x2x3, x1x2

2, x2
2x3,

We must have a polynomial f2 with LT ( f2) = x3
2.

l = 4; x3
1x2, x3

1x3, x2
1x2x3, x2

1x2
2, x1x2

2x3,

We must have a polynomial f1 with LT ( f1) = x4
1.

Since the unique highest element has length of n(n+1)
2 , we now give the result about

the multiplication of elements of length k and of length n(n+1)
2 − k.
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Theorem 4.4. Let A = εsn jn sn−1, jn−1 ···s1 j1 be an element of length k and B = εsnpn sn−1,pn−1 ···s1p1

be an element of length n(n+1)
2 −k. The corresponding polynomials in Z[x1, x2, . . . , xn]/ <

f1, f2, . . . , fn > has leading monomials x j1−1+1
1 x j2−2+1

2 · · · x ji−i+1
i · · · x jn−n+1

1 and

xp1−1+1
1 xp1−2+1

2 · · · xpn−n+1
1 , respectively.Then

A · B =


εsn,n sn−1,n,...,sin,...,s1n , i f ji + pi + 1 = n + i;

0, i f ji + pi + 1 , n + i.

Proof. The unique highest degree monomial in Z[x1, x2, . . . , xn]/ < f1, f2, . . . , fn >

is xn
1xn−1

2 · · · xn−i+1
i · · · xn. The multiplication of leading monomials of corresponding

monomials of A and B produce the monomial

x j1+p1
1 x j2+p2−2

2 · · · x ji+pi−2i+2
i · · · x jn+pn−2n+2

n .

If ji + pi − 2i + 2 = n − i + 1 → ji + pi + 1 = n + i for each i, i ≤ 1 ≤ n, then the

multiplication gives the xn
1xn−1

2 . . . xn. Since this monomial corresponds the element

εsn,n sn−1,n···sin···s1n , A · B = εsn,n sn−1,n···s1n . If ji + pi + 1 , n + i, then the leading monomial

so the monomials of lower degree must reduce to zero modulo < f1, f2, . . . , fn > in

k[x1, x2, . . . , xn] when we apply the division algorithm. Hence, A · B = 0.

�

Now, we give whole computation of the quotient ring Z[x1, x2, x3]/ < f1, f2, f3 >.

Example 4.6. x1 = εs1 , x2 = εs2 , x3 = εs3

Let l = 2;
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x2x3 = εs3 s2 + εs2 s3

x2
2 = εs2 s3 + εs2 s1

x1x3 = εs3 s1

x1x2 = εs2 s1 + εs1 s2

x2
1 = εs1 s2



x2x3

x2
2

x1x3

x1x2

x2
1


= M



εs3 s2

εs2 s3

εs3 s1

εs2 s1

εs1 s2


and



εs3 s2

εs2 s3

εs3 s1

εs2 s1

εs1 s2


= M−1



x2x3

x2
2

x1x3

x1x2

x2
1


where

M =



1 1 0 0 0

0 1 0 1 0

0 0 1 0 0

0 0 0 1 1

0 0 0 0 1


M−1 =



1 −1 0 1 −1

0 1 0 −1 1

0 0 1 0 0

0 0 0 1 −1

0 0 0 0 1



εs3 s2 = x2x3 − x2
2 + x1x2 − x2

1

εs2 s3 = x2
2 − x1x2 + x2

2

εs3 s1 = x1x3

εs2 s1 = x1x2 − x2
1

εs1 s2 = x2
1

We must have a relation involving x2
3.

x2
3 = εs3 s2 = x2x3 − x2

2 + x1x2 − x2
1
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Let l = 3;

x2
2x3 = εs3 s2 s3 + εs3 s2 s1 + εs2 s3 s1

x1x2x3 = εs3 s2 s1 + εs2 s3 s1 + εs3 s1 s2 + εs1 s2 s3

x1x2
2 = εs2 s3 s1 + εs2 s1 s2 + εs1 s2 s3

x2
1x3 = εs3 s1 s2 + εs1 s2 s3

x2
1x2 = εs2 s1 s2 + εs1 s2 s3

x3
1 = εs1 s2 s3



x2
2x3

x1x2x3

x1x2
2

x2
1x3

x2
1x2

x3
1


= M



εs3 s2 s3

εs3 s2 s1

εs2 s3 s1

εs3 s1 s2

εs2 s1 s2

εs1 s2 s3


and



εs3 s2 s3

εs3 s2 s1

εs2 s3 s1

εs3 s1 s2

εs2 s1 s2

εs1 s2 s3


= M−1



x2
2x3

x1x2x3

x1x2
2

x2
1x3

x2
1x2

x3
1


where

M =



1 1 1 0 0 0

0 1 1 1 0 1

0 0 1 0 1 1

0 0 0 1 0 1

0 0 0 0 1 1

0 0 0 0 0 1


M−1 =



1 −1 0 1 0 0

0 1 −1 −1 1 0

0 0 1 0 −1 0

0 0 0 1 0 −1

0 0 0 0 1 −1

0 0 0 0 0 1


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εs3 s2 s3 = x2
2x3 − x1x2x3 + x2

1x3

εs3 s2 s1 = x1x2x3 − x1x2
2 − x2

1x3 + x2
1x2

εs2 s3 s1 = x1x2
2 − x2

1x2

εs3 s1 s2 = x2
1x3 − x3

1

εs2 s1 s2 = x2
1x2 − x3

1

εs1 s2 s3 = x3
1

We must have a relation involving x3
2

x3
2 = 2εs2 s3 s1 = 2(x1x2

2 − x2
1x2).

Let l = 4;

x1x2
2x3 = εs3 s2 s3 s1 + εs3 s2 s1 s2 + 2εs2 s3 s1 s2 + 2εs3 s1 s2 s3

x2
1x2x3 = εs3 s2 s1 s2 + εs2 s3 s1 s2 + εs3 s1 s2 s3 + εs2 s1 s2 s3

x2
1x2

2 = εs2 s3 s1 s2 + εs2 s1 s2 s3

x3
1x3 = εs3 s1 s2 s3

x3
1x2 = εs2 s1 s2 s3



x1x2
2x3

x2
1x2x3

x2
1x2

2

x3
1x3

x3
1x2


= M



εs3 s2 s3 s1

εs3 s2 s1 s2

εs2 s3 s1 s2

εs3 s1 s2 s3

εs2 s1 s2 s3


and



εs3 s2 s3 s1

εs3 s2 s1 s2

εs2 s3 s1 s2

εs3 s1 s2 s3

εs2 s1 s2 s3


= M−1



x1x2
2x3

x2
1x2x3

x2
1x2

2

x3
1x3

x3
1x2


where
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M =



1 1 2 2 0

0 1 1 1 1

0 0 1 0 1

0 0 0 1 0

0 0 0 0 1


M−1 =



1 −1 −1 −1 2

0 1 −1 −1 0

0 0 1 0 −1

0 0 0 1 0

0 0 0 0 1



εs3 s2 s3 s1 = x1x2
2x3 − x2

1x2x3 − x2
1x2

2 − x3
1x3 + 2x3

1x2

εs3 s2 s1 s2 = x2
1x2x3 − x2

1x2
2 − x3

1x3

εs2 s3 s1 s2 = x2
1x2

2 − x3
1x2

εs3 s1 s2 s3 = x3
1x3

εs2 s1 s2 s3 = x3
1x2

We must have a relation involving x4
1 which is

x1x3
1 = εs1 .εs1 s2 s3 = 0

Let l = 5;

x2
1x2

2x3 = εs3 s2 s3 s1 s2 + εs3 s2 s1 s2 s3 + εs2 s3 s1 s2 s3

x3
1x2x3 = εs3 s2 s1 s2 s3 + εs2 s3 s1 s2 s3

x3
1x2

2 = εs2 s3 s1 s2 s3


x2

1x2
2x3

x3
1x2x3

x3
1x2

2

 = M


εs3 s2 s3 s1 s2

εs3 s2 s1 s2 s3

εs2 s3 s1 s2 s3

 and


εs3 s2 s3 s1 s2

εs3 s2 s1 s2 s3

εs2 s3 s1 s2 s3

 = M−1


x2

1x2
2x3

x3
1x2x3

x3
1x2

2

 where
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M =


1 1 1

0 1 1

0 0 1

 M−1 =


1 −1 0

0 1 −1

0 0 1



εs3 s2 s3 s1 s2 = x2
1x2

2x3 − x3
1x2x3

εs3 s2 s1 s2 s3 = x3
1x2x3 − x3

1x2
2

εs2 s3 s1 s2 s3 = x3
1x2

2

We don’t have any relation.

Let l = 6;

x3
1x2

2x3 = εs3 s2 s3 s1 s2 s3

εs3 s2 s3 s1 s2 s3 = x3
1x2

2x3

Now let us multiply length of k and 6 − k element,

M0 = 1 and and |det(M0)| = 1.

Degree 1 ∗ Degree 5

Elements Leading Monomial in Polynomial Ring

εs1 x1

εs2 x2

εs3 x3

εs3 s23 s12 x2
1x2

2x3

εs3 s2 s13 x3
1x2x3

εs23 s13 x3
1x2

2
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εs3 * εs3 s23 s12 x2
1x2

2x2
3 0

εs3 * εs3 s2 s13 x3
1x2x2

3 0

εs3 * εs23 s13 x3
1x2

2x3 1

εs2 * εs3 s23 s12 x2
1x3

2x3 0

εs2 * εs3 s2 s13 x3
1x2

2x3 1

εs2 * εs23 s13 x3
1x3

2 0

εs1 * εs3 s23 s12 x3
1x2

2x3 1

εs1 * εs3 s2 s13 x4
1x2x3 0

εs1 * εs23 s13 x4
1x2

2 0

Now we will calculate Reidemeister torsion of S U4/T using above multiplication.

From multiplication of second cohomology then we have

M2 =


0 0 1

0 1 0

1 0 0

 and |det(M2)| = 1.

Degree 2 ∗ Degree 4

Elements Leading Monomial in Polynomial Ring

εs3 s2 x2x3

εs23 x2
2

εs3 s1 x1x3

εs2 s1 x1x2

εs12 x2
1

εs3 s23 s1 x1x2
2x3

εs3 s2 s12 x2
1x2x3

εs23 s12 x2
1x2

2

εs3 s13 x3
1x3

εs2 s13 x3
1x2
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εs3 s2 * εs3 s23 s1 x1x3
2x2

3 0

εs3 s2 * εs3 s2 s12 x2
1x2

2x2
3 0

εs3 s2 * εs23 s12 x2
1x3

2x3 0

εs3 s2 * εs3 s13 x3
1x2x2

3 0

εs3 s2 * εs2 s13 x3
1x2

2x3 1

εs23 * εs3 s23 s1 x1x4
2x3 0

εs23 * εs3 s2 s12 x2
1x3

2x3 0

εs23 * εs23 s12 x2
1x4

2 0

εs23 * εs3 s13 x3
1x2

2x3 1

εs23 * εs2 s13 x3
1x3

2 0

εs3 s1 * εs3 s23 s1 x2
1x2

2x2
3 0

εs3 s1 * εs3 s2 s12 x3
1x2x2

3 0

εs3 s1 * εs23 s12 x3
1x2

2x3 1

εs3 s1 * εs3 s13 x4
1x2

3 0

εs3 s1 * εs2 s13 x4
1x2x3 0

εs2 s1 * εs3 s23 s1 x2
1x3

2x3 0

εs2 s1 * εs3 s2 s12 x3
1x2

2x3 1

εs2 s1 * εs23 s12 x3
1x3

2 0

εs2 s1 * εs3 s13 x4
1x2x3 0

εs2 s1 * εs2 s13 x4
1x2

2 0

εs12 * εs3 s23 s1 x3
1x2

2x3 1

εs12 * εs3 s2 s12 x4
1x2x3 0

εs12 * εs23 s12 x4
1x2

2 0

εs12 * εs3 s13 x5
1x3 0

εs12 * εs2 s13 x5
1x2 0
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Now we will calculate Reidemeister torsion of S U4/T using above multiplication.

From multiplication of fourth cohomology then we have

M4 =



0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0


and |det(M4)| = 1.

Degree 3 ∗ Degree 3

Elements Leading Monomial in Polynomial Ring

εs3 s23 x2
2x3

εs3 s2 s1 x2
2x3

εs23 s1 x1x2
2

εs3 s12 x2
1x3

εs2 s12 x2
1x2

εs13 x3
1

εs3 s23 x2
2x3

εs3 s2 s1 x1x2x3

εs23 s1 x1x2
2

εs3 s12 x2
1x3

εs2 s12 x2
1x2

εs13 x3
1

εs3 s23 * εs3 s23 x4
2x2

3 0

εs3 s23 * εs3 s2 s1 x1x3
2x2

3 0

εs3 s23 * εs23 s1 x1x4
2x3 0

εs3 s23 * εs3 s12 x2
1x2

2x2
3 0

εs3 s23 * εs2 s12 x2
1x3

2x3 0

εs3 s23 * εs13 x3
1x2

2x3 1
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εs3 s2 s1 * εs3 s23 x1x3
2x2

3 0

εs3 s2 s1 * εs3 s2 s1 x2
1x2

2x2
3 0

εs3 s2 s1 * εs23 s1 x2
1x3

2x3 0

εs3 s2 s1 * εs3 s12 x3
1x2x2

3 0

εs3 s2 s1 * εs2 s12 x3
1x2

2x3 1

εs3 s2 s1 * εs13 x4
1x2x3 0

εs23 s1 * εs3 s23 x1x4
2x3 0

εs23 s1 * εs3 s2 s1 x2
1x3

2x3 0

εs23 s1 * εs23 s1 x2
1x4

2 0

εs23 s1 * εs3 s12 x3
1x2

2x3 1

εs23 s1 * εs2 s12 x3
1x3

2 0

εs23 s1 * εs13 x4
1x2

2 0

εs3 s12 * εs3 s23 x2
1x2

2x2
3 0

εs3 s12 * εs3 s2 s1 x3
1x2x2

3 0

εs3 s12 * εs23 s1 x3
1x2

2x3 1

εs3 s12 * εs3 s12 x4
1x2

3 0

εs3 s12 * εs2 s12 x4
1x2x3 0

εs3 s12* εs13 x5
1x3 0

εs2 s12 * εs3 s23 x2
1x3

2x3 0

εs2 s12 * εs3 s2 s1 x3
1x2

2x3 1

εs2 s12 * εs23 s1 x3
1x3

2 0

εs2 s12 * εs3 s12 x4
1x2x3 0

εs2 s12 * εs2 s12 x4
1x2

2 0

εs2 s12 * εs13 x5
1x2 0
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εs13 * εs3 s23 x3
1x2

2x3 1

εs13 * εs3 s2 s1 x4
1x2x3 0

εs13 * εs23 s1 x4
1x2

2 0

εs13 * εs3 s12 x5
1x3 0

εs13 * εs2 s12 x5
1x2 0

εs13 * εs13 x6
1 0

Now we will calculate Reidemeister torsion of S U4/T using above multiplication.

From multiplication of sixth cohomology then we have

M6 =



0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0


and |det(M6)| = 1.

Hence, the Reidemeister torsion of S Un/T is 1 by the Reidemeister torsion for-

mula.

Conjecture. The Reidemeister torsion of S Un+1/T is always 1 for any n ∈ Z+.
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pp. 311-338, (2005).

[26] H. Tamvakis, Gromov-Witten invariants and quantum cohomology of Grass-

mannians, Topics in Cohomological Studies of Algebraic Varieties, Trends in
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