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ABSTRACT

CALCULATION OF REIDEMEISTER TORSION OF FLAG MANIFOLDS
OF COMPACT SEMISIMPLE LIE GROUPS

HABIB BASBAYDAR
M.Sc., Department of Mathematics
Supervisor: Prof. Dr. Cenap OZEL
Co-Supervisor: Assist. Prof. Dr. Erol YILMAZ

July 2013, 79 pages

In this thesis we calculate Reidemeister torsion of flag manifold K/7T of compact
semi-simple Lie group K = S U, using Reidemeister torsion formula and Schubert
calculus. Here T is maximal torus of K. The last chapter of this thesis is completely

original and it includes our calculations.

Keywords: Reidemeister torsion of manifolds, Flag Manifolds, Weyl Groups, Schu-

bert Calculus.
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OZET

TIKIZ YARI-BASIT LIE GRUPLARININ TEMEL KATMANLARININ
REIDEMEISTER BURULMASININ HESAPLANMASI

HABIB BASBAYDAR
Yiiksek Lisans, Matematik Bolimi
Tez Yoneticisi: Prof. Dr. Cenap OZEL
Tez Yardimce1 Yoneticisi: Yrd. Dog¢. Dr. Erol YILMAZ

Temmuz 2013, 79 sayfa

Bu tezde, katmanlar icin Reidemeister burulma formiilii ve Schubert kalkuliis kul-
lanilarak, tikiz yar1 basit Lie grubu K = S U, nin temel katmam S U,,,; /7T in Reide-
meister burulmasin1 hesapliyoruz. Burada 7, K’nin maksimal abeliyen alt grubudur.

Tezin son boliimii tamamen orijinal olup hesaplamalarimizi icermektedir.

Anahtar Kelimeler: Katmanlarin Reidemeister Burulmasi, Temel Katmanlar, Weyl

Gruplari, Schubert Kalkuliis.
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CHAPTER 1

INTRODUCTION

Reidemeister torsion is a topological invariant and was introduced by Reidemeister
in 1935. Up to PL equivalence, he classified the lens spaces S*/T", where T is a finite
cyclic group of fixed point free orthogonal transformations [18]. In [8], Franz extended
the Reidemeister torsion and classified the higher dimensional lens spaces S*'*!/T,
where I is a cyclic group acting freely and isometrically on the sphere S?**!,

In 1964, the results of Reidemeister and Franz were extended by de Rham to spaces
of constant curvature +1 [7]. Kirby and Siebenmann proved the topological invariance
of the Reidemeister torsion for manifolds in 1969 [12]. Chapman proved for arbitrary
simplicial complexes [5, 6]. Hence, the classification of lens spaces of Reidemeister
and Franz was actually topological (i.e. up to homeomorphism).

Using the Reidemeister torsion, Milnor disproved Hauptvermutung in 1961. He
constructed two homeomorphic but combinatorially distinct finite simplicial complexes.
He identified in 1962 the Reidemeister torsion with Alexander polynomial which plays
an important role in knot theory and links [14, 16].

In paper [20], Y. Sozen explained the claim mentioned in [30, p. 187] about the
relation between a symplectic chain complex with w—compatible bases and the Reide-
meister torsion of it (Theorem 2.2). Moreover, he applied Theorem 2.2 to the chain-
complex

0 = Co(Zg: Ady) 5 C1(Zg: Ady) "5 Co(Z,: Ady) — 0,

where X, is a compact Riemann surface of genus g > 1, where J is the usual boundary
operator, and where o : m1(X,) — PSL,(R) is a discrete and faithful representation of
the fundamental group 7;(Z,) of X, [20].

In the article [24] , oriented closed connected 2m—manifolds (m > 1) are consid-



ered and he proved the following formula for computing the Reidemeister torsion of

them. Namely,

Theorem 1.1. Let M be an oriented closed connected 2m—manifold (m > 1). For
p=0,...,2m,leth, be a basis of H,(M). Then, the Reidemeister torsion of M satisfies

the following formula:

m—1
IT(M, {h, 1™ = 1—[ |deth,2m_p(M)|(_l)p det H,,,(M)| ",
p=0

where det H, 5,,_,(M) is the determinant of the matrix of the intersection pairing (-, ) pom-p

H,(M) X Hy,—,(M) — R in bases h,,hy,_,.

It is well known that Riemann surfaces and Grasmannians have many applications
in a wide range of mathematics such as topology, differential geometry, algebraic ge-
ometry, symplectic geometry, and theoretical physics (see, e.g, [1]-[4], [9, 10], [20]-
[30], and the references therein). He also applies Theorem 1.1 to Riemann surfaces
and Grasmannians.

In this thesis we calculate Reidemeister torsion of compact flag manifold K/T for
G = A;, where K is compact simply connected semi-simple Lie group and 7" is maximal
torus.

The content of the thesis is as follows. In Chapter 2 , we provide the basic defini-
tions and facts about the Reidemeister torsion of a general chain complex. Moreover,
we explain symplectic chain complex. In Chapter 3, we give all details of cup product
formula in the cohomology ring of flag manifolds which is called Schubert calculus.
In the last chapter, we calculate the Reidemesiter torison of flag manifold S U(n)/T for

n>4.



CHAPTER 2

CALCULATION OF THE REIDEMEISTER
TORSION OF COMPACT MANIFOLDS WITH
APPLICATIONS

In this chapter, we will give the formula for calculation of Reidemeister torsion of
compact manifolds. The general reference for this chapter is [24]. The proofs of the

theorems in this chapter were given in [24].

2.1 Reidemeister torsion of a chain complex

In this section, the required definitions and the basic facts about the Reidemeister
torsion are given. The detailed proofs and more information can be found in [17, 20,
30], and the references therein.

We shall reserve F to denote the field of real R or complex C numbers. Let
(C,,0,) = (C, ﬁ) Co1— > C ﬁ) Co — 0) be a chain complex of finite dimen-
sional vector spaces over F. Let H,(C,) = Z,(C,)/B,(C,) denote the p—th homology
of C,, where B,(C.) =Im{d,. : Cps1 — C,}, and Z,(C,) = ker{d, : C, — C,_1}.

Clearly, we have the following short-exact sequences:
0- Zp(C*) - Cp - Bp—l(C*) -0

and

0 - B,(C.) = Z,(C.) = H,(C.) — 0.

Assume that b, h,, are bases of B,(C.), H,(C.), respectively. Assume also that £, :



H,(C,) — Z,C,), s, : B,.i(C.) — C, are sections of Z,(C,) — H,(C,), C, —

B,_i(C.), respectively. Then, we obtain a new basis of C,,, namely b,®¢,(h,)®s,(b,_).

Definition 2.1. Let C, : C, i Cooy — > C i) Cy — 0 be a chain complex of
finite dimensional vector spaces over F. For p = 0,...,n, letc,, b,, h, be bases of C),
B,(C.), H,(C,), respectively, and let £, : H,(C,) — Z,(C.), s, : B,_1(C.) — C, be

sections of Z,(C,) — H,(C,), C, — B,_i(C,), respectively. The Reidemeister torsion

n

of C, with respect to bases {cp}p:()’

{hl,,}Z:0 is the alternating product

n

T(C.. (e, (1) = | [ [by @ €(hy) @ 5,(b, 1), ¢,

p=0

](_1)([)+1)
where [e,,, f ,,] denotes the determinant of the change-base-matrix from basis f, to e, of

C,.

Remark 2.1. Milnor proved that the Reidemeister torsion does not depend on bases
b,, sections s, €, [15]. Let c;,, h;, be other bases respectively for C,, H,(C.). Then, by

an easy computation we have the following change-base-formula:

n (e, e\
T(C., (¢, )i, 1) = | | ([hf’ h”]) T(C.. (¢, )}, thy}}). 2.1)
p=0 \1TP TP

By the independence of the Reidemeister torsion from b, and sections s, ), for-
mula (2.1) is easily obtained. Note that if, for example, [c),,¢c,] = 1, [h),h,] = -1,

then the torsions are the same for odd n, and torsions have opposite sign for even n.

It follows from Snake Lemma that for short-exact sequence (2.2) of chain com-
plexes

0> A, 5B, 5D, >0, (2.2)

there is also the long-exact sequence of vector spaces C, of length 3n + 2. Namely,

Ip Ty Sp
C.: - > HyA,) - H,(B.,) - H,(D,) > H,_1(A,) > ---, (2.3)



where C3p = Hp(D*)’ C3p+1 = Hp(A*)’ and C3p+2 = Hp(Bx)

Clearly, the bases hg, h;‘, and hff serve as bases for C3,, C3,41, and C3.,, respec-
tively.

The following result of Milnor states that the alternating product of the torsions of

the chain complexes in (2.2) is equal to the torsion of (2.3). More precisely,

Theorem 2.1. ([15]) Let c;}, cllf, and cl’? be bases respectively for A,, B,, and D,,. Let
h;‘, hg, and hg be bases of H,(A.), H,(B,), and H,(D.), respectively. If, moreover, cﬁ,
cB, ¢ are compatible in the sense that [¢2,c? @ 6;7] = =+1, where (cz’) = c[? , then

p’>p p’>p

T(B..{c ). th2))) = T(A..{c)}j. (N IDT(D.. {e)}r_. (h}E)

p=0°

X T(C., {e3p}5"*%,{0)5"2).

For future reference, let us give the following sum-lemma:

Lemma 2.1. (/24]) Let A,, D, be two chain complexes. Let c?, c[? , hz, and h[? be bases

of A,, D,, H,(A,), and H,(D,), respectively. Then,
T(A, ® D., (¢} @ ¢2), (W @ h2J2) = T(A,, (¢}, (WA Y)T(D,, (2}, (h2)).

Independently, it is explained in [1, 20] that a general chain complex can (unnatu-
rally) be splitted as a direct sum of an acyclic and d—zero chain complexes. Moreover,
it is proved independently in [1, Proposition 1.5] and [20, Theorem 2.0.4] that the Rei-
demeister torsion T(C,) of a general complex C, can be interpreted as an element of
®'_o(det(H ,(C.)))""" . For detailed proof and further information, we may refer the
readers to [1, 20].

Definition 2.2. A symplectic chain complex of length g is (C., 0., {w. 4-.}), where C, :
0—-C, i Coot » - > Cyp > -+ > Cy i Cy — 0 is a chain complex with

q = 2(mod 4), and for p = 0,...,9/2, w,4p : C, X C,-, — R is a d—compatible



anti-symmetric non-degenerate bilinear form. To be more precise,
1
wp,q—p(ap+laa b) = (-1)’* Wpt1.g-(p+1)(ds 0q—pb)

and

Wpg-pla,b) = (=1Y"Pw, , (b,a).

Note that by ¢ = 2(mod 4), we easily have w,,_,(a,b) = (-=1)’w,—,,(b,a). It
follows from the d—compatibility of the non-degenerate anti-symmetric bilinear maps

wpq-p - Cp X Cyy, — R that one can easily extend these to homologies [20].

Definition 2.3. Let C, be a symplectic chain complex. We say that bases ¢, of C,
and ¢,_, of C,_, are w—compatible if the matrix of w,,-, in bases ¢,, ¢,, equals to
Ot I

the k X k identity matrix I when p # ¢/2 and when p = ¢/2, where
=i O

k=dimC, =dimC,_, and 2] = dim C,,.

Similarly, considering [w),,-,] : H,(C.) X H,_,(C,) — R, one can also define the

[w]-compatibility of bases h, of H,(C,) and h,_, of H,_,(C.,).

The existence of w—compatible bases enabled us to prove in [20] that a symplectic
chain complex C. can be splitted w—orthogonally as a direct sum of an exact and
0—zero symplectic complexes. Moreover, Y. Sozen proved Theorem 2.2, which is one

of the main results of [20]. Namely,

Theorem 2.2. ([20]) Let C, be a symplectic chain complex. For p = 0,...,q, let ¢,
h, be any bases of C,,, H,(C.), respectively. Then, for the Reidemeister torsion of C,
with respect to {c,}¢, {h,}!, the following formula

(a/2)-1 .

(=1 _1\q/2
T(Cu fe, s ) = [ ] (detlwpg ) (fdetlw,,,, 17"
p=0

holds, where det[w,, ;] is the determinant of the matrix of the non-degenerate pairing

[wpg-pl - H)(C.) X Hy_,(C.) — Riin bases h,, h,_,.



The proof and unexplained subjects can be found in [20]. For further applications

of Theorem 2.2, we refer the reader to [21, 22, 23, 24].

2.2 The Reidemeister torsion of a manifold

Let M be a smooth m—manifold with a cell decomposition K. If ¢, = {c{,...,c} }

is the geometric basis for the p—cells C,(K;Z), p = 0,...,m, then one can associate

to M the following chain complex
0= Cp(K) 23 Cp((K) = -+ — C1(K) B Co(K) = 0,

where Z is the set of integers and d, is the usual boundary operator.

Definition 2.4. Let M be an m—manifold with a cell decomposition K. For p = 0, ..., m,
let ¢, and b, be bases of C,(K;Z) and H,(M; Z), respectively. T(C.(K), {c,}, {h,}])

is called the Reidemeister torsion of M.
Using similar arguments introduced in [20, Lemma 2.0.5], one can prove:
Lemma 2.2. The Reidemeister torsion of M is independent of cell decomposition.

Hence, the Reidemeister torsion T(C.(K), {c,}', {h,}) of M is well-defined. Thus,
we let T(M, {h,}i') denote the Reidemeister torsion of M in the bases h, of H,(M),
p=0,...,m.

By [1, Proposition 1.5] and [20, Theorem 2.0.4], one concludes that the Reidemeis-
ter torsion of M is an element of the dual of 1-dimensional vector space ®’_(det(H ,(M )L,

In this section, we give Theorem 1.1. To alleviate the notation, let us introduce the
following which is used throughout the thesis. Let Y be an oriented closed connected
smooth manifold of dimension d. For p = 0,...,d, let h]’f and hg_p be bases of H,(Y)
and H,_,(Y), respectively. We denote the matrix of the intersection pairing (-, ), 4-p :
H,(Y) x Hy_,(Y) — R in the bases h! and hg_p by H,4-,(Y). As convention, we let
H,, ,(Y)=1when H,(Y) = H;_,(Y) =0.



Using sympletic chain complex, Y. S6zen proved in [24] the following formula for
calculation of Reidemeister torsion on compact manifolds (Theorem 1.1 and Theorem

2.7 in [24]).

2.3 Application

In this section, we apply Theorem 1.1 to Riemann surfaces and Grasmannians.

2.3.1 Compact Riemann surfaces

Let X, be a compact oriented Riemann surface of genus g > 1 without boundary.
LetI' ={I'},..., T4, T4, ..., '3} be a canonical basis for H;(X,), i.e. I'; intersects I';,,

once positively and does not intersect others. Then, we have

Theorem 2.3. ([24]) Let hy, h; = {Qi}?g, and hy be bases of Hy(X,), Hi(Z,), and

det H()Yz(zg)
detp(h',I)

T(Zg,{hp}gﬂ = , where h! = {a),-}fg is the

Hy(Z,), respectively. Then,
Poincaré dual basis of H'(X,) corresponding to the basis hy of Hi(Z,), where p(h',T) =
i=1

[ fr w,] is the period matrix of h' with respect to the canonical basis T = (T} of

Hy(Z,).

|det Ho 2 (Z,))|

‘VdCtH],](ZK)

the non-degenerate skew-symmetric 2g X 2g—square matrix H ;(Z,) is [€;;], where

Proof. From Theorem 1.1 it follows that |T(Z,, th,}2)| = .Forh, = {Q;)**

j=r
Q;; = (£;,9Q);,. By Poincaré duality, we also have Q;; = fzg w; A w;. Change-
base-formula results that /det(H ;(Z,)) = 'det [(Q i T, 1]' . If, moreover, we let y; €
Hl(Eg) denote the Poincaré dual of I'; € H;(Z,), then we have (Q;,I';);; = fz wi\Nyj =

le_[ wj.

This completes the proof of Theorem 2.3. O

Before ending this section, we also would like to apply Theorem 1.1 to M X N,
where M = X,, N = X, are compact oriented Riemann surfaces of genus g,g" > 1

without boundary.



Let us start with the following well-known properties of tensor (or Kronecker)
product of square matrices. Recall thatif A = [a;;] isanmXm and B = [b;;] isann Xn
matrix with real entries, then the tensor product of A and B is the mn X mn block matrix
A ® B = [a;;B], where q;;B is the n X n matrix obtained by multiplying the matrix B
with the scalar a;;.

Recall that if A, B,C, D are square matrices such that the products AC and BD
exist, then (A ® B)(C ® D) exists and (A ® B)(C ® D) = (AC) ® (BD) (see, e.g, [19, p.
350]). Let A be an n X n and B be an m X m invertible matrix. Then, we clearly have
(AR B)YA™'® B™Y) = Liyyn ® Lixn, Where I, is the d X d identity matrix. Note also
that for the square matrices A and B, we have (A ® B)! = AT ® B”, where A7 is the
transpose of A. Finally, it is known that det(A ® B) = det(A)" det(B)™; however, for the

sake of completeness, we provide a proof for our case. More precisely,

Lemma 2.3. ([24])Let A = [a;;] be 2g X 2g and B = [b;j] be a 2g’ X 2g" symmetric or

skew-symmetric matrices with real entries. Then, det(A ® B) = det(A)*’ det(B)*.

Proof. By the spectral theorem of normal matrices, symmetric and skew-symmetric
matrices are orthogonally diagonalizable. Thus, there exist orthogonal 2g X 2g real
matrix P and 2g’x2g’ real matrix Q so that PAP~' = D, = diag (/11, e /lzg), OBO™! =
D, = diag (,ul ... ,,ngg/), respectively, where Ay, ..., Ay, and uy, ..., oy are real. Then,
we have A® B = (PDP™")® (QD,0™") = (P® Q)(D1 ® D))(P® Q).

Hence, det(A ® B) = det(D; ® D) = det(D;)*’ det(D,)* = det(A)*’ det(B)*.

This is the end of the proof of Lemma 2.3. O

Corollary 2.1. ([24]) Let M = X, and N = ¥, be closed oriented Riemann surfaces
of genus 8,8 = 1, respectively. For p = 0, 1,2, let h, and W), be bases of H,(M) and
H,(N), respectively. Then,

[T(M X N, (@ j=ph; © W) _o)| = [TM, h, D] [T, (e 2)[ ™

(2.4)

Proof. From Kiinneth the formula it follows that hy ® h{j, h; ® hj @ hg ® h, hy ® h’, ®



h; ®h| ®@h, ®hj, h; ® h}, ® h, ® h{, and h, ® h’, are bases of Hy(M X N), H;(M X N),
H,(M X N), H;(M X N), and Hy(M X N), respectively.

Using Theorem 1.1, we obtain

[T(M X N, {®,;-,h; @ W} _)| (2.5)

= |det Ho (M x N)||det Hy (M x N yf|det Hoo(M x V).

It follows from Lemma 2.3 that

|det Ho (M x N)| = |det Ho»,(M)||det Hoo(N))| (2.6)
|det Hys(M x N)| = |det Ho,(M)| ™™™ |det H, ()| 2.7)
X |det H(),z(N)rﬁm Han |d€t H1’1 (N)|

|det Hao(M x N)| = |det Ho (M)’ |det Hoo(W)[” Idet Hig (M x N)|,  (2.8)

where Higi(M X N) = | (-,-) inh; @ h{|.

By Lemma 2.3, we get
det Hyg (M x N) = (det Hy ,(M))™™ ™ (det H, (V)™ (2.9)

From (2.6)-(2.9) it follows that (2.5) is equal to

’ (N) —x(N)/2
[T(M X N, (@ ;-0 @ WYs_0)| = |det Hoo(M)|"™ |det Hy (M|
(M) —x(M)/2
X |det Hoo (N[ |det Hy 1 (V)| ™
(N) ’ (M)
= [T(M, {h, 2 )" [TV, (b))
This concludes the proof of Corollary 2.3. O

Next, let us compute the Reidemeister torsion of the cartesian product X! X, of

=

10



closed Riemann surfaces X, ,...,X%, of genus g,...,g, > 1, respectively. To do that,
we shall first prove that formula (2.4) is valid for M X N, where M is an oriented closed
connected 2n—manifold with n > 1 and N = X, is a closed oriented Riemann surfaces

of genus g’ > 1. Namely,

Corollary 2.2. ([24]) Let M be an oriented closed connected 2n—manifold with n > 1
and N = X, be a closed oriented Riemann surface of genus g’ > 1. Fori = 0,...,2n,
let h; be a basis of H{(M). Let h;. be a basis of Hi(N), j = 0,1,2. Then,

[T(M % N, (@ j=,h; @ W)2"sD)| = [T(M, (h,}2")

(V) / (M)
p=0 "l Rt @210

Proof. Using the Kiinneth formula, we get hg ® hj, hy, ® h), h; @ h;®hy®h}, hy,_; ®
h®h,,®h/, and for p = 2,...,n+1,h,®h;®h, | ®h|&h, ,®h), hy,_,®h)Ghy, ,.1®
h| @ hy,_,.» ® h{j are bases of Hy(M X N), Hy,.o(M X N), H{(M X N), Hy,.1(M X N),
andforp=2,...,n+1, H,(M X N), Hy,,»_,(M X N), respectively.

It follows from Theorem 1.1 that

[T(M X N, {®.j-ph; @ W12 (2.11)

(_1)[7 )n+l

= [ [1det Hy oo (M x ) \/|det Hyona-p(M X )|

p=0

Using Lemma 2.3, we get

|det Ho oM x N)| = |det Ho o, (MD|"™ ™™ |det Ho o (V)" ™™, 2.12)
|det Hy 5,01 (M x N)| = |det H 5, (M) ™™™ |det Ho (W)™ ™ (2.13)
x |det Ho.p(M)|"™ "™ |det Hy ()"

11



forp=2,...,n,

dim Hy(N)

|det H,,12-p(M X N)| = |det H,, -, (M) (2.14)

dim H{(N) dim Hy(N)

X |det Hyp-1 20-ps1 (M) |det Hpy-2 21 pia(M)

dim H,(M)+dim H,_>(M)

dim Hy_y (M)

x |det Hoa(N)| |det H, (V) ,

dim Hy(N)

Vet o (M % V)| = |det H, i ()] (2.15)

dim H,_, (M) dim H,(N)/2

x |det Ho o (N)| |det H,,,,(M)

dim H,(M)/2

X |det Hy ()]

Using (2.12)-(2.15), (2.11) is equal to

n

[ {|det Hy2u-p(M)

p=2

. (-nr " .
dim Ho(N) dim H,(M)
x JdetHy a0 pa D™} T T {ldet Hoav) ™™
p=2

dim Hy(N) dim H{(N)

|det H,_ 51— ps1 (M)

(2.16)

dime,l(M) dimHl,,z(M)}(_l)p

X |det Hl’l(N)

|det H(),z(N)|

dim Hy(N) dim Ho(M)

X |det Ho (M)

|det Ho»(N)

dim H{(N)

dim Ho(M)

X |detH0,2,,(M)|_ |detH1,1(N)|_

dim Hy(N) dim H{(M)

X |detH1’2n_1(M)|_ |detHO,2(N)|_

dim Hy(N) dim H,_, (M)

|det Ho’z(N)

x{|det Hy1e1 (M)

n+1
dim H;(N)/2 o

X |det H,,,(M)|

|det HU(N)|dimH,Z(M)/2}

12



An easy computation gives us

n

dim H;(N)
]—[ {|det Hyonp(M)| |det Hy1 20 pia (M) 2.17)
p=2
(=n? dim Hy(N)—dim H; (N)
X |det Hy 2o pea (M|} |det Hoan(M)[™ ™ 1
dim Hy(N) (=1)"*! dim Hy(N)

X |det Hy 21 (M| |det Hy1 1 (M)

-1 dim H(N)/2
><|detHn,n(M)|( )" dim H (N)/

n-l B [yt 2 V)
_ [n |det H, 5, ()| )) (|detH,w(M)|((_) / )

p=0
= [T(M, (h, 2 [

Clearly, we have

n

. . . (=1
1—[ {| det Ho N)|d1mH,,(M)+d1me_2(M) | det Hy ,( N)|d1me_1(M)} (2.18)
p=2

dim Ho(M)—dim H; (M) —dim Ho(M)
X |det Ho »(N)| |det H, (V)|

(=)™ dim Hypy (M)/2 (=11 dim H,—; (M)/2
x |det Hoo(N)| |det Ho (V)|

-1yl dim H,(M)/2
x |det Hy (3| T D!

= |det Hoo(N)[™™ [det Hy (W) = [TV, (02"
plp

Combining (2.17) and (2.18), we obtain (2.10).

This finishes the proof of Corollary 2.2. O

In particular, considering cartesian product of closed oriented Riemann surfaces of

genus > 1 and applying Corollary 2.2, we have

Corollary 2.3. ([24]) Let %, , ..., X, be closed oriented Riemann surfaces of genus

8i,-.-,8n = 1, respectively. For p = 0,1,2,and i = 1,...,n, let h,; be a basis of
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H,(X,). Then,

|T(X?:lzgi’ {EB\tIl:th,l - Q® han,n}i’io)|

n e
2 (Zg ) x(Zg)x(Zg,)
= [ [IT@g, thy 2 e e e

i=1

where X!\ X, is the cartesian product of Z,,, ..., %, , where |a| = a; + -+ + «, is the
length of the multi-index a = (a, . .., a,), and wheré in the product

X)) -XTZ;) < x(Z,) is deletion of x(Z,).

2.3.2 Grassmannians and Schubert varieties

We provide the basic definitions and necessary facts about the Grassmannians, La-
grangian Grassmannians, Orthogonal Grassmannians, and Isotropic Grassmannians.
For unexplained subject and further information, we refer the reader to [3, 4], [9, 10],
[25]-[29], and the references therein.

Since the results corresponding to these manifolds are similar, we shall state for

only one of them.

Grassmannian G(d, N)

Let E be CY and let G(d, E) = G(d, N) denote the Grassmannian of d—dimensional
linear subspaces of E. This is a smooth algebraic variety of complex dimension dn,
where n = N —d. It is well known that the Schubert cells stratify G(d, N). The closures
of these cells are called the Schubert varieties. More precisely, let F, : 0 = Fy C F; C
.-+ C Fy = E be a complete flag of subspaces of E with dim F; = i,i =0,...,N. Let
A= 24 > > A; > 0) be a decreasing sequence of non-negative integers with
A1 < n. Then, the Young diagram of the partition A fits inside a d X n rectangle and this
is denoted as A C (n9).

The Schubert variety X,(F,) associated to the complete flag F, and the partition A

14



is defined by
Xa(Fo) ={A € G(d,N) : dim(ANFpyy) =i, i=1,...,d}.

This is a codimension || closed subvariety of G(d, N), where |1| = )} A; is the weight
of A. By Poincaré duality, X,(F.,) is associated to the Schubert class o, = [X(F.)] €
H*Y(G(d, N); Z). From the transitive action of GLy(C) on G(d, N) and on the flags in
E it follows that o, is independent of the flag F, used to define X,.

As an additive group H*(G(d,N);Z) = P A Z - o, is a free abelian group

nd)

generated by the Schubert classes. Odd dimensional cohomologies are all zero and

N
the Euler characteristic y(G(d, N)) = . Recall also by Schubert Duality theo-
d

rem that for any A and p with [A]| + |u| = dn, we have fG(d’N) 020, = 0y,, Where
A= (AN=d-ay» - - - » AN-g—a,) 18 the dual partition of A.

From Theorem 1.1 it follows that

Theorem 2.4. ([24]) Let M = G(d, N) denote the Grassmannian of d-dimensional
linear subspaces of CV. For p = 0,...,2m, let h, be a basis of H,(M), where m =
d(N — d). Then, the following formulas hold:

(i) |[T(M, (15" = [ per, . |det Hpon-p (M) for m odd,
(ii) [T(M, (h,}2")| = Tl peg,_, |det Hp oo p(M)| +f|det Hyppu(MD)| for m even,
where E,,_, is the set of even numbers in {0,...,m — 1}.

In particular, let us consider the complex projective space CP™. For p even H”(CP™)
is generated by wr, Where wrs is the Fubini-Study metric of CP™ and wfg denotes the

p times wedge product of wgs. Using also the Poincare Duality, we have
Corollary 2.4. ([24]) If for p = 0,...,2m, h? is a basis of H?(CP™), then
(i) [TCP", (0,15 = Vin [T per, , [ 0] [2m-s| for m oda,

(ii) [T(CP™, {h,12")| = Viu T e, , || | om-p| 10l for m even,
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where h, € H,(CP™) is the Poincare dual of h” € H?(CP™) and h? = A, wi for some
A, € R, where wgs is the Fubuni-Study form of CP™, where E,,_, is the set of even

. : P \W(CP™)/2
numbers in {0,...,m— 1}, and where V,, = (EVOI(CP )) .

We would like to conclude this section with the following example.

Example 2.1. Let M = CP? and N = CP°. Using the Kiinneth formula, we get Ho(M x
N) = Hy(M)® Hy(N), His(M x N) = Ho(M)® H\»(N), Hy(M x N) = Hy(M)® Hy(N) &
Hy(M) ® Hy(N), His(M x N) = Ho(M) ® H\o(N) ® Hy(M) ® H\o(N), Hy(M x N) =
Hy(M) ® Hy(N) ® Hy(M) ® Hy(N) ® Hy(M) ® Hy(N), Hi4(M x N) = Hs(M) ® Hg(N) &
Hy(M)® H1o(N) ® Hy(M) ® H»(N), Ho(M x N) = Hy(M) ® Ho(N) & Hy(M) ® Hy(N) &
Hy(M)® Hy(N) ® Ho(M) ® Hy(N), Hi2(M x N) = Ho(M) ® Ho(N) ® Hy(M) ® Hg(N) &
Hy(M)® Hyo(N) & Hy(M) ® H5(N), Hs(M X N) = Hy(M) ® Hy(N) & Hy(M) ® Hg(N) &
Hy(M) ® Hy(N) ® Hy(M) ® Hy(N), and Hyo(M x N) = Ho(M) ® Hy(N) & Hi(M) ®
Hy(N) ® Hy(M) ® Hg(N) ® Ho(M) ® Hyo(N).

From these it follows that

|[Ho1s(M X N)| = |Hys(M)||Ho,12(N)|, (2.19)
|H> 16(M X N)| = [Hos(M)||H> 4(M)||Ho,12(N)I|H2,10(N)I, (2.20)
|Hy14(M X N)| = |Ho 6(M)||Ha 4(M)P|Ho 12(N)||Ha,10(N) || Hy (N, (2.21)

|He12(M X N)| = |Ho 6(M)|*|Hy.s(M)*[Ho 12(N) || Hp10(N)IIHy s (N Hs 6(N),  (2.22)
|Hg 10(M X N)| = |Ho 6(M)|*|Hy,4(M)*|Ha,10(N)||Ha s (N | He 6(N). (2.23)

Combining (2.19)-(2.23), we obtain that [T(M x N)| = [T(M)FF™ [T(N)F™

The Lagrangian Grassmannian LG (n, 2n)

Let E be C*" equipped with a symplectic form < -,- > . A subspace V of E is
isotropic if the restriction of the symplectic form < -,- > to V vanishes. Note that the

maximal possible dimension of an isotropic subspace is n, and in this case V is called
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a Lagrangian subspace of E. The Lagrangian Grassmannian LG(n,2n) is a complex
manifold of complex dimension n(n + 1)/2 parametrizing the Lagrangian subspaces in
E.

A complete isotropic flag F, : 0 = Fy € F; € --- C F, € E of subspaces
of E is a flag of isotropic subspaces of E such that dim F; = i for each i. Thus, a
complete isotropic flag is a Lagrangian subspace F, of E together with a complete flag
of subspaces of F,,. In fact, any isotropic flag F, : 0 = Fy C F; C--- C F, C E can be
completed to a complete flag by setting F,,,; = F ., i=1,...,n.

Let F. be a complete isotropic flag of E and 4 = (4 > A, > --- > A, > 0) with

Ay < n be a strictly decreasing partition. The codimension |4] = }} A; Schubert variety

X,(F.) € LG(n,2n) is defined by
Xa(Fo) ={A € LG(n,2n) : dim(A N Fppy-y) >0, i =1,...,4() },

where €(1) is the length of A, i.e. the number of non-zero terms in A.
Let oy = [X(F.)] € H**(LG(n,2n); Z) be the cohomology class of
X (F,). H(LG(n,2n); Z) is a free abelian group generated by the Schubert classes o,

with strictly decreasing partition A. Recall the Poincare duality fL Ta0u = Oy

G(n,2n)
where A = pn — A is the dual partition of A, and where p, = (n,n—1,...,1). Recall also
that the Euler characteristic of LG(n, 2n) is 2".

Moreover, for LG(n,2n), we have a result similar to Theorem 2.4, where m =

nin+1)/2.

The Orthogonal Grassmannian OG(n + 1,2n + 2)

Let E be C*"*2 equipped with a non-degenerate symmetric form. The even or-
thogonal Grassmannian OG(n + 1, 2n + 2) parametrizes one component of the locus of
maximal isotropic subspaces of E. This is a complex manifold of complex dimension
n(n + 1)/2. There are two families of such subspaces. As convention, given a fixed

isotropic flag F, in E, only those isotropic A in E with A N F,;; even codimension in
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F .1 are considered. Recall that OG(n + 1, 2n + 2) is isomorphic to the odd Orthogonal
Grassmannian OG(n,2n + 1).

Asin LG(n, 2n), the Schubert varieties X,(F,) in OG(n+1, 2n+2) are also parametrized
by strictly decreasing partitions 4 = (4; > A, > --- > A, > 0) with 4; < n and defined

by

X)(F)={A€O0Gn+1,2n+2):dim(ANFp_p) >0, i=1,...,00)}

with respect to a complete isotropic flag F, in E. Let o, be the cohomology class of
X,(F,). The abelian group H*(OG(n+1,2n+2); Z) is generated by the Schubert classes
o, with strictly decreasing partition A. Moreover, y(OG(n + 1,2n + 2)) = 2".

Similar result of Theorem 2.4 also holds for OG(n+1, 2n+2), where m = n(n+1)/2.

The Grassmannian /G(n — k, 2n)

Let us fix a vector space E = C** with a non-degenerate skew-symmetric bilinear
form < -,- >, and letd < n be a fixed non-negative integer. The Isotropic Grassmannian
1G(d, 2n) parametrizes d—dimensional isotropic subspaces of E. This is an algebraic
variety of complex dimension 2d(n — d) + d(d + 1)/2.

Let k be a non-negative integer. The partition A is said to be k—strict, if no part of
A greater than k is repeated, namely 4; > k = A1 < 4.

Now, let k = n — d. The Schubert varieties in /G(d, 2n) are parametrized by the set
P(k, n) of all k—strict partitions contained in a d X (n + k) rectangle.

Recall that an isotropic flagin E'is acomplete flag Fy : 0= Fy C F, C--- C Fy, =
E of subspaces such that F,,,; = F- ., i = 0,...,n. For each A € P(k,n), the Schubert

variety relative to the isotropic flag F, is

Xo(F) ={A € 1G(d,2n) : dm(ANF, ) 2 j, j=1,...,80) },

where p;(D) =n+k+1—-2;+#{i <j: A +A4; <2k+ j—i}, and where £(Q) is the
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length of A.

This is a codimension || variety. Let o-; denote [X;] € H*'(IG(d,2n);Z). The
cohomology ring H*(IG(d, 2n); Z) is a free abelian group generated by these Schubert
classes. Moreover, the k—strict partition A has a unique dual partition 1 € P(k, n),

for which pj(/vl) =2n+1-pga-j(1), j =1,...,d. We also have o0y, =

1G(d.2n)
0,1~ Finally, the Euler characteristic of /G(d, 2n) is the rank of H*(IG(d, 2n);Z)

#P(k, n) = 2¢
k

For 1G(d, 2n), we also obtain a result similar to Theorem 2.4 where m = 2d(n —

d)+dd+1)/2.

The Grassmannian OG(n — k,2n + 1)

Let E = C?"*! be a vector space with a non-degenerate symmetric bilinear form
on E. Ford = n -k < n,let 0G(d,2n + 1) denote the Odd Orthogonal Grassmannian
parametrizing the d—dimensional isotropic subspaces of E. Like I1G(d, 2n), the alge-
braic variety OG(n — k,2n + 1) has also complex dimension 2d(n — d) + d(d + 1)/2.
Furthermore, as in /G(d, 2n), the Schubert varieties are parametrized by the set of
k—strict partitions P(k, n).

Recall that an isotropic flag F, is a complete flag0 = Fy C F; C--- C Fy,,1 = E
such that F,,; = FjH_i, i=1,...,n+1.Let F, be an isotropic flag and let A € P(k, n).

The Schubert variety associated to F, and A is

Xa(F) ={A € 0G(d,2n+ 1) :dim(ANFz) > j, j=1,...., 80 },

.....

""" 0, 4>k
This variety has codimension |4]. Let o, denote the cohomology class of Poincare
dual to the cycle given by X,(F,). The abelian group H*(OG(d, 2n + 1); Z) is generated

by these Schubert classes. We also have fo sty TATu = Oyt where ﬁj(/vl) =2n+2-
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Pa+1-(A). The rank of H*(OG(d, 2n+ 1); Z) is equal to the rank of H*(IG(n—k, 2n); Z),

i.e. fP(k,n) = 2¢
k

Furthermore, for OG(d,2n + 1), there is a result similar to Theorem 2.4, where

m=2dn—-d)+dd+1)/2.

The Grassmannian OG(n + 1 — k,2n + 2)

Let E = C?"*2 be a vector space with a non-degenerate symmetric bilinear form
on E.Ford =n+1-k < n,let 0G(d,2n + 2) be the even Orthogonal Grassmannian
parametrizing the d—dimensional isotropic subspaces of E. This is a variety of complex
dimension 2d(n + 1 —d) + d(d — 1)/2.

The subspaces U, V of E are in the same family if dim(U N V) = (n + 1)(mod 2).
Fix an isotropic subspace W of E with dim W = n + 1. An isotropic flag is a complete

flag F, of subspaces of E such that F,,,,; = F*

1»1=0,...,n,and F,,; and W are in

the same family. Since the orthogonal space F;/F, contains only two isotropic lines,
to each such flag F,, there is an alternate isotropic flag F, such that for i < n F; = F;
but with £, in the opposite family from F,,;.

Let k = n+1—-d > 0. The k—strict partition A is of type O if it has no part
equal to k. Otherwise, A is of type 1 or 2. Type is a multi-valued function. Let P(k, n)
be the set of all k—strict partitions contained in a d X (n + k) rectangle of all three
possible types. For 4 € P(k,n), let us define an index set P’ = Py <--<pj}c
{1,....2n + 2} with pi(D) = n+k—-+8i <j:rA4+4 <2k-1+j-i}+

I, Aj>kordj=k<a;_yandn+ j+type(d)is even

2, otherwise

Let F, be an isotropic flag. For each 4 € P(k, n), the codimension |A| Schubert
variety is X (F.) = {A € 0G(d,2n +2) : dim(A N Fp}(ﬂ)) > j, if p;. #n+2, dim(AN
Fo) > j, if pi =n+2, forall j=1,...,44) }. Let 0, be the cohomology class
in H?Y(OG(d, 2n + 2); Z) Poincare dual to the cycle determined by the Schubert vari-

ety associated to A. The free abelian group H*(OG(d,2n + 2);Z) is generated by the
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n+1
Schubert classes and the rank of H*(OG(d,2n + 2);Z) is 217+ . For each

A € P(k, n), define a dual partition A € P(k, n) by

‘b 2n+3 - pzm_j(/l), if n is odd or p;.(/l) Fn+1l,n+2
Pid) = :
! P, if nis even and p/(A) € (n + 1,n+2)

Moreover, for A, u € i)(k, n), we have foc( donezy TATu = 0,1
For OG(d, 2n + 2), similar result as Theorem 2.4 holds, where m = 2d(n + 1 - d) +

dd-1)/2.
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CHAPTER 3

THE SCHUBERT CALCULUS AND
COHOMOLOGY OF THE FLAG SPACE G/B FOR A
KAC-MOODY GROUP G

3.1 Schubert cells and integral cohomology of K/T for a compact

Lie group K.

The general reference for this section is [31]. Let K be a compact semi-simple
simply-connected Lie group. We fix a maximal torus 77 C K. The complexified Lie
algebras of K and 7" will be denoted by g and h respectively. Let b be the Borel
subalgebra of g. The compact group K can be embedded into a complex Lie group
G with Lie algebra g. We choose a Borel subgroup B containing 7. The analytic
complexification K/T — G/B induces a complex structure on the flag space K/T =
G/B. The flag space K/T will be denoted by X. In this section, the root system will be
denoted by A, and the simple root system will be denoted by Z. A, is the set of positive

roots. From [31],

Theorem 3.1. The finite dimensional flag space X is a non-singular complex projective

variety.

We give at this point two descriptions of the homology of X. The first of these
makes use of the decomposition of X into cells, while the second involves the realiza-
tion of two-dimensional cohomology classes as the Chern classes of one-dimensional

holomorphic bundles.

Definition 3.1. Let W be the Weyl group of G. Then the length of an element w € W
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is the least number of factors in the decomposition relative to the set of the simple

reflections r,, is denoted by £(w).

We know from [32] that N,, = wN-w™' N N is a unipotent subgroup of G of
(complex) dimension £(w), where N is the unipotent radical of B and N~ is the opposite

nilpotent subgroup of G. From [35], we have

Theorem 3.2. Let G be a complex reductive Lie group. Then

G= |_| BwB.

In addition, there is an isomorphism of algebraic varieties
N,, — BwB/B

given by n - nwB/B.

Corollary 3.1.
X = |_| BwB/B.

weWw

The cells C,, = BwB/B are open and closed varieties in the Zariski topology. Let

C,, be the closure of C,, in X respect to the usual topology, we have from [?],

Theorem 3.3. Let Y be a projective variety and let Y° be the interior of Y with respect

to the Zariski topology. Then the closure of Y° in the usual topology is Y.

Since C,, = BwB/B is a Zariski-open set, by Theorem 3.3, the closure of C,, co-
incides with the Zariski closure. [C,] € Hzg(w)(av, Z) 1s the fundamental cycle of the
complex algebraic variety C,. Lets, € Hyp)(X, Z) be the image of [C,,] under the

mapping induced by the embedding C,, — X.
Proposition 3.1. The elements s,, form a basis of the free Z-module H.(X,Z).

Definition 3.2. A group W is a Coxeter group if there is a subset S of W such that W
has the presentation

(s€S8 (s =1)
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where mg, € {2,3,...,00} is the order of ss’,s # s" and my; = 1. The pair (W, S§) is

called a Coxeter system.

Theorem 3.4. [39] The Weyl group W is a Coxeter group.

Definition 3.3. Let w;,w, € W,y € A,. Then we write w, 2 wy, when r,w; = w, and
{(wy) = €(wy) + 1. We put w < w’ if there is a chain

W=W| D Wy = 2> W =W.

This order is called the Bruhat order on the Weyl group W.
Here are some properties of this ordering.

Lemma 3.1. Let w = r,, - - - 1y, be a reduced decomposition of an element w € W. We
put yi = ro, -+ rte._ (a;). Then the roots 7y, ...,y are distinct and the set {yi,...,y}

coincides with AL N wA_.

Lemma 3.2. Let w, w' € W and let @ be a simple root. Assume thatw < w’. Then,

either row < W or r,w < roWw', either w < row’ or row < row'.
The properties in Lemma 3.2 characterize the ordering <. From [31], we have
Proposition 3.2. The Bruhat ordering < on W is a partial order relation.

Proposition 3.3. Letw € W and let w = r,, - - - 1, be the reduced decomposition of w.

If

W = Tay Ty (3.1)

forl1 <iy <ip <---<ip <L thenw <w. Ifw <w, then w can be represented
in the form (3.1) for some indexing set {i;}. If w' — w, then there is a unique index i

satisfying 1 <i <l and such that

,_
W =Te T Tayy " Ty
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Proposition 3.3 yields an alternative definition of the ordering on W in [49]. The
geometrical interpretation of this partial ordering is very interesting and useful in what

follows.

Theorem 3.5. Let V be a finite-dimensional irreducible representation of the Lie al-
gebra g with highest weight A and let n be the nilpotent part of g. Assume that all the
weights wA, w € W, are distinct and select for each w a non-zero f,, € V of weight wA.
Then

ww & fiyelUmf,
where U(n) is the enveloping algebra of Lie algebra n.

We use Theorem 3.5 to describe the mutual disposition of the Schubert cells. From

[49], we have

Theorem 3.6. Ler w € W, C,, C X be a Schubert cell, and C,, be its closure. Then
C,CC, < w<w.

We turn to the other approach to the description of the cohomology of X. For this

purpose, we introduce in h the coroot lattice
0" =Pzh
where £; is the coroot to dual to @; € A. We have the weight lattice
P={yeh®: xy(h;) € Zforall a; € A}

dual to 0V. We set Py = P®;Q. We denote by hg C h the vector space over Q spanned
by the h;. Let R = §(Pg) be the graded algebra of polynomial functions on hg over

rational coefficients where the graduation is given by the degree of polynomials. The
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Weyl group W acts on h* by the rule

ro,(¥) = x —x(hj)a; fora € Xandy €h’.

We can extend the action of the Weyl group W on h* to R by the rule wf(h) = f(w™'h)

for f € R. We denote by R" the subring of W-invariant elements in R and set

RY ={f €R": f(0) =0},

J=R"R.

We want to construct a ring homomorphism g : R — H*(X, Q) in the following way.
First let y € P. Since G is simply-connected, there is a character § € Hom(B, C*) such
that 6(exp b) = exp x(b), for b € b, where exp : b — B is an exponential map which is
a locally diffeomorphism. Since G — X is a principal bundle with structure group B,

this 6 defines a one-dimensional complex holomorphic line bundle

L, =1lg,{]: [gexp(D),expx(D)] = [g,{]forb € b, g € Gand { € C}

on X. We set Y/(y) = c,, where ¢, € H*(X, Z) is the first Chern class of L,. Then ¢ is a
group homomorphism of P into H*(X, Z), which extends naturally to a homomorphism
of graded rings

Yo :R— H'(X,Q).

From [34, 33], we have

Proposition 3.4. The homomorphism o commutes with the action of W on R and
H*(X,Q). keryqg = J and the natural mapping W_Q : R/J — H*(X,Q) is an isomor-

phism.

We now study the rings R and R = R/J. For each w € W, we define an element
P,, € R and a functional D,, on R and investigate their properties. In the next section,

we shall show that the D,, correspond to Schubert cell and that the P,, yield a basis,
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dual to the Schubert cell basis, for the rational cohomology of X. Let y € A. We

specify an operator A, on R by the rule

Ayf:f_—y”f.

A, f lies in R, since f —r,f = 0 on the hyperplane y = 0 in hg. A; will be called the
Bernstein-Gelfand-Gelfand operator and it will be briefly indicated by BGG-operator.

The properties of the A, are described in the following lemma.

Proposition 3.5. Fory € A andw € W, we have

A, =-A,,
A3 =0,
wAyw_1 =A,,,
ryA, = =A,r, = A,,
ry=—yA,+1=Ay—1,
Af=0 < nrf=/f,

A, J CJ.

Proposition 3.6. Let y € hy. Then the commutator of A, with the operator of multi-

plication by x has the form [A,, x] = x(h,)r,.

The following property of the BGG-operator A, is fundamental in what follows.

From [31], we have

Theorem 3.7. Let «,...,a; € X. We putw =1y, -1y, and A, ... o) = A, "+ Aa) If
tw) < I, then Ay, ... o) = 0. If E(w) = I, then A, ... o) depends only on w and not on

the set ay,- -, ;; in this case we put A,, = Ay, a))-

Proposition 3.7. The operators A,, satisfy the following commutator relation:

' A x] = ) wxl)w™ Ay,

;7
w—ow
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where h,, is a coroot.

We put §; = R}, where R; C R is the space of homogeneous polynomials of degree
i and R; is the dual space of R; and § = EB S;. We denote by (, ) the natural pairing

S X R — Q. Then W acts naturally on the lgraded ring S.

Definition 3.4. For any y € h}, we let y* denote the transformation of S adjoint
to the operator of multiplication by y in R. We denote by F, : S — S the linear

transformation adjoint to A, : R — R.
The next lemma gives an explicit description of the F,.

Lemma 3.3. Lety € A. Forany D € S there is a D € S such that)(*(E) = D. Ifﬁ
is any such operator, then D- ryﬁ = F,(D), in particular, the left-hand side of this

equation does not depend on the choice of D.

It is often convenient to interpret S as a ring of differential operators on h with
constant rational coefficients. Then the pairing (, ) is given by the formula (D, f) =
(Df)0),D €S, f € R. Also, it is easy to check that xy*(D) = [D, x], where y € hg and

D € § are regarded as operators on R .

Theorem 3.8. Let ay,...,a; € X. Weputw =1y, -+ 1o,. If O(W) <[, then F,--- F,, =
0. If t(w) = [, then F,, - -- F,, depends only on w and not on «, . ..«a; and in this case

we write F\, = Fy, --- F,,. Also, F,, = A}, and

[X*5 Fww] = Z W/X(hy)Fw’W,
L

where h, is a coroot.

We set D,, = F,(1). As we shall show in the next section, the functionals D,
correspond to the Schubert cells in H.(X, Q) in the sense that (D,,, f) = (s, Yo(f)) for

all f € R. The properties of the D,, are listed in the following theorem.

28



Theorem 3.9. Let w € W, let a be a simple root and x, x1,...,X1 € h(’& and D,, € S ().

Then

0 if t(wr,) < t(w),

F,D, =
D, if t(wry) = £(w).
X'(Dy) = ) wx(h)Dy.
-D, if Cowra) < L(w),
roD,, =

“Dy+ > walh)Dy if lwry) = €w).

W SWry

(D, x1- - x1) = Z)a(hy.) e Xilhy,),

where the summation extends over all chains

71 71 71 1
e > W) D Wy = W =W

Let J* be the subspace of S orthogonal to the ideal J C R. It follows from Lemma
3.6 that J* is invariant with respect to all the F,. It is also clear that 1 € J*. Thus,

D,, € J* for all w € W. From [31], we have
Theorem 3.10. For w € W, the functionals D,, form a basis for J*.

The form ( , ) gives rise to a non-degenerate pairing between Rand J*. Let {P,},ew
be the basis of R dual to {D,,}ew. The following properties of the P,, are immediate

consequences of Theorem 3.9
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Theorem 3.11. Let w € W, let a be a simple root and x € hy,. Then

0 ifliwry) > tw),
AP, =

Pun, if £Ovr) < €OW)
XPW = Z WX(hy)Pw’-

P, if t(wra) > E(w),

ran =

P, - Z wa(h,)P,s  if Ewry) < €(W).
From Theorem 3.11, it is clear that all the P, can be expressed in terms of Pj,
where s € W is the unique element of maximal length, » = £(s). More precisely, let

W =Ty, - Ta, €(w) = 1. Then

To find an explicit form for the P,, it therefore suffices to determine the P, € R. From

[31], we have

Theorem 3.12. P, = |_v1V\ l_[ v (mod J).

yeA,

We now give some results on products of the P,, in R.

Theorem 3.13. Let a be a simple root and let w € W. Then

Pr(yPW = Z X(l(hwfly)Pw”
Y /
where x, € h; is the fundamental weight corresponding to the root a. Let wi,w, € W
and satisfying t{(wy) + €(wp) = r. If w, # wys, and P,, P, s = P, then P,, P,, = 0. Let
we Wand f € R. Then
wa = ZCW’PW’

w'>w

If wi £ wys, then P, P,,, = 0.
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We define the operator P : R — J* of Poincaré duality by the formula

(Pf)(g) = Di(fg), f.g €R, Pf e

Corollary 3.2. PP, = D,,.

We will show that the functionals D,,, w € W introduced in last section correspond
to Schubert cells s,, w € W and give the cap-product formula in the cohomology of
flag variety K/T. Let s,, € H.(X,Q) be a Schubert cell. It gives rise to a linear func-
tional on H*(X, Q), which, by means of the ring homomorphism ¢ : R — H*(X,Q),
can be regarded as a linear functional on R. This functional takes the value 0 on all ho-
mogeneous components P, with k # £(w), and thus determines an element BW € S row)-

From [31], we have
Theorem 3.14. 5W =D,
This theorem is a natural consequence of the next two propositions.

Proposition 3.8. D, =1, and forany x € h;

X'(Dy)= ) wx(h)D,.

w —w

Proposition 3.9. Suppose that for each w € W we are given an element EW € Sty

with D, = 1, for which Proposition 3.8 holds for any x € h,. Then D,, = D,.

For any topological space Y there is a bilinear mapping called the cap-product
N:H'(Y,Q) x Hi(Y,Q) - H;_(¥,Q).

such that

(cNy,z) =(y,c.2)

forally € H(Y,Q),z € H™(Y,Q), ¢ € H(Y,Q). If f : Y| — Y, is a continuous
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mapping, then
f(ffeny)=cnfiy

forall y € H.(Y1,Q), c € H*(Y,,Q). Then, we have for any y € h’, f € R

(Do), £) = Do X ) = {5 W) = (510 N WO, Yo ()

Therefore, Proposition 3.8 is equivalent to the following geometrical fact.

Proposition 3.10. For all y € h;

Sw N lﬁ()() = Z W,X(hy)sw’-

w—w

We restrict the one complex dimensional holomorphic line bundle L, to C,CX

andletc, € H Z(Ew, Q) be the first Chern class of L,. Then, it is sufficient to prove that

Seney= > Wx(hy)sy (3.2)

w —w

in HZ[(W)_z(EW, Q). To prove Equation 3.2, we use the following lemma, which can be

verified by standard arguments involving relative Poincaré duality, see [38].

Lemma 3.4. Let Y be a compact complex analytic space of dimension n, such that the
codimension of the space of singularities of Y is greater than 1. Let E be an analytic
vector bundle on Y, and ¢ € H*(Y, Q) the first Chern class of E. Let u be a non-zero
analytic section of E and Z m;Y; = divu the divisor of u. Then [Y] N ¢ = Z m;[Y;] €

H,,»(Y,Q) where [Y] and [IYL-] are the fundamental classes of Y and Y.
Letw € W, and let C,, C X be the corresponding the Schubert cell. Then,
Proposition 3.11. Let w’ 2 w. Then C,, is non-singular at points x € C,,.

We now give another proposition to prove Proposition 3.10
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Proposition 3.12. There is a section u of the fibering E, over C,, such that

divu = Z W’X(Hy))_(wf.

3.2 Differential operators, Lie algebra cohomology and general-

ized Schubert cocycles.

First, we will give some facts about Kac-Moody Lie algebras and associated groups

which will be used in this section. The general reference is [41] of V. Kac.

Definition 3.5. Let A = {a;;},x, be a complex matrix of rank I. A realization of A
is a triple (h,,7"), where h is a complex vector space of dimension n + corank A,
7 = {a;h<icn Ch* and ¥ = {h;},<i<, C h are free indexed sets satisfying a;(h) = a;;.

\%

Definition 3.6. Two realizations (h, 7, 7) and (hy,my, )

) are called isomorphic if

Vv

, and

there exists a vector space isomorphism ¢ : h — h; such that ¢(z") = =
¢*(my) = m.

From [41], we have

Theorem 3.15. There exists a unique up to isomorphism realization for every n X n

matrix.
Definition 3.7. A generalized Cartan matrix A = {a;;},x, 1S a matrix of integers satis-
fying a; = 2 forall i and a;; < 0if i # j, a;; = 0 implies a; = 0.

Definition 3.8. Given a realization (h,7,7") of a n X n generalized Cartan matrix A,
the Kac-Moody algebra g = g(A) is the Lie algebra over C, generated by h and the
elements ¢; and f; for 1 < i < [ such that this basis elements satisfy the following

relations:

[h,h] =0, [A, e;] = ai()e;, [h, fi] = —ai(h)f;

forhehandall 1 <i</[e;, fil =0;;hjforall 1 <i,j<n;
(ade;))'"“i(e;) = 0 = (ad f)' " (f})
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forall 1 < i # j < n. The elements h;, e;, f; are called Chevalley generators and the

subalgebra h of g(A) is called the Cartan subalgebra.
The Kac¢-Moody algebra g = g(A) has a root space decomposition.

Theorem 3.16. For 0 # a, the root space g, = {x € g : [h, x] = a(h)x,V h € h} is finite

dimensional and there is a root space decomposition

g=hePe=hoPeoPe

aeA aeAt aeA~

where A* (resp. A”) is the positive (resp. negative) root system.

We define fundamental reflections r; € Autec(h), 1 < i < n, by ri(h) = h — a;(h)h;.
They generate the Weyl group W, which is a Coxeter group on {r;}1<;<,-

We define the following Lie algebras.

n:@ga, n‘:@ga.

aeA* €A™

Then, g =h@®n®n~, where b = h @ n is called the Borel algebra. We have a unique
complex linear involution w of g defined by w(f;) = ¢; forall 1 <i <[/and w(h) = —-h
for i € h. The involution w leaves the real points of g stable. w is called the Chevalley
involution. Also, we have a unique conjugate linear involution w, which agrees with w
on the real points of g. We can define a nondegenerate g-invariant, symmetric complex
bilinear form o~ on h* such that o-(«;, @;) = (hq,, ha;) Where (, ) is the standard complex
inner product on g. This form is called the Killing form. This gives a Hermitian form
{,} on g defined by {x, y} = —(x, wo(y)) for x,y € g.

Now, we will mention the highest weight module category of a Kac-Moody algebra

g. The fundamental reference is [41] of V. Kac. Let V be a g-module, 4 € h*. We define
Vi={xeV:h-x=A(h)xfor Yh € h}.
Then, V), is a subspace of V. If V, # 0, A is called a weight of the g-module V, V, the
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weight space corresponding to A, and dim V), the multiplicity of A. If A is a weight of

V, then any non-zero vector of V), is called a weight vector of 1. We denote by
P(V)={1eh”:V, #0},

the set of weights of the g-module V.

Lemma 3.5. For any a € AU {0} and A € h*, we have
g V/l - V/1+a-
We set
D) ={l-a:ac 0.},

where Q. = @ Z,«a;. For any subset F C h*, we define

D(F) = U D).

AeF

We can define a partial ordering > on h* by
Azuy & A-ueQ, < ueD.

We will give the definition of category O of g-modules.
Definition 3.9. The objects of O are g-modules V which satisfy the conditions

1. Vis h-diagonalizable, i.e.,
V-

2. dimV,; < oo for all A € h*,

3. there exists a finite set /' C h* such that P(V) € D(F), and whose morphisms are

g-module homomorphisms.
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By the property 3 of the definition of O, we have
Proposition 3.13. Every non-zero g-module in O has at least one maximal weight.

Definition 3.10. A g-module V is called a highest weight module, if V has a unique

maximal weight A and V is generated by some weight vector v € V.

Theorem 3.17. Let V be a highest weight module with maximal weight A. Then,
V=U(@ va=Um): vy

for any weight vector vy of A; V € O, dimVy = 1 and P(V) € D(A); g, -Va =0
forany a@ € A.; V has a unique maximal submodule, hence a unique quotient simple
module; the homomorphic image of V is also a highest weight module with maximal

weight A.

Since b = h® n*, we can regard V, as a b-module with n™ acting on it trivially.
We define
M(N) = U(8) Quw) Va

where V, is 1-dimensional weight space corresponding to the weight A. The g-module

M(A) is called Verma module corresponding to the weight A.

Theorem 3.18. The Verma module M(A) is a highest weight module with highest
weight A. Any highest weight module with highest weight A is a homomorphic im-
age of the Verma module M(N\). M(A) has a unique maximal submodule with simple
quotient L(A). Any irreducible highest weight module with highest weight A is iso-
morphic to L(\).

Now, we will give the definition of lowest weight module. Let L(A) be an irre-
ducible highest weight module with the highest weight A. Let L(A)* be the g-module

contragredient to L(A). Then

LAy = | L

Aeh*
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The subspace
L'(A) = P L),

Aeh*

is a submodule of the g-module L(A)*. The module L*(A) is irreducible and for v €
L(A)}, we have

n_.-v=0 and h-v=-A(h)vforheh.

The module L*(A) is called an irreducible module with lowest weight —A.

Theorem 3.19. There is a bijection between h* and irreducible lowest weight modules

given by A — L*(—A).

We denote by 7 the action of g on L(A). We give a new action 7, on the space
L(A) by
A8V = mA(w(Q))v,
where w is the Chevalley involution of g. (L(A),n}) is an irreducible g-module with

lowest weight —A. By the uniqueness of irreducible lowest weight modules with the

lowest weight —A, this module can be identified with L*(A).

Definition 3.11. A g-module L is called quasi-simple if it is a highest weight module
with highest weight vector xo such that there exists n € Z, with f;"(xy) = 0 for all

1<i<i.
From [37], we have

Proposition 3.14. The quasi-simple g-modules are indexed by the positive integral

weights.

We will denote by L(A) the quasi-simple module with highest weight 1. We will
denote the derived algebra [g, g] by g’. From [50], we have

Theorem 3.20. g’ is the subalgebra of g generated by the Chevalley generators e; anf

fifor 1 <i <l and we have the decomposition
g =h"enon,
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whereh’ = g’ N h.

Definition 3.12. A g’-module (V,n) is called integrable if n(e) is locally nilpotent

whenever e € g, for any real root.

Let G* be the free product of the additive groups {g,},ca,, With canonical inclusions
i : 8 — G*. For any integrable g’-module (V, ), we define a homomorphism 7* :
G* — Aute(V) by n*(i,(e)) = exp(n(e)) for e € g,. Let N* be the intersection of all
kern* and let ¢ : G* — G*/N* be the canonical homomorphism. We put G = G*/N™.

The next result comes from [44].
Proposition 3.15. G is an algebraic group in the sense of Safarevic.

We call G the group associated to the Kac-Moody Lie algebra g. G may be of
three different types: finite, affine and wild. The finite type Ka¢-Moody groups are
simply-connected semi-simple finite dimensional algebraic groups. The affine type
Kac¢-Moody groups are the circle group extension of the group of polynomial maps
from S' to a group of finite type, or a twisted analogue. There is no concrete realization
of the wild type groups. Now, we will introduce some subgroups of the Ka¢-Moody
group G. For e € g,, we put exp(e) = g(i,(e)) so that U, = exp g, is an additive one
parameter subgroup of G. We denote by U (resp. U~) the subgroup of G generated by

the U, (resp. U_,) for @ € A,. For 1 < i < [, there exists a unique homomorphism

1 z 1 0
@i+ SLy(C) — G, satisfying ¢ = exp(ze;) and ¢ = exp(zf;) forall z € C.
01 z 1
We define
z 0
H ={¢ 1zeC s
0 7!

G; = ¢(S L,(C)). Let N; be the normalizer of H; in G;, H the subgroup of G generated
by all H; and N the subgroup of G generated by all N;. There is an isomorphism
W — N/H. We put B = HU. B is called standard Borel subgroup of G. Also, we
can define the negative Borel subgroup B~ as B~ = HU™. G has Bruhat and Birkhoff

decompositions. Details can be found in [43]. The conjugate linear involution wy of g
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gives to an involution & on G. Let K denote the set of fixed points of this involution.
K is called the standard real form of G. Also, this involution preserves the subgroups
G;,H; and H; we denote by K;,T; and T respectively the corresponding fixed point
subgroups. Then, K; = ¢(S U,) and

T, =19 ul=1

is a maximal torus of K; and T = [] 7; is a maximal torus in K.
Now, we will give some facts about the topology of K. Let D (resp. D°) be the unit

disk (resp. its interior) in C and let S! be the unit circle. Given u € D, let

u (1 ="
z(u) = s eSU,,
—(1 —uP)" 7

and z;(u) = ¢;(z(u)). We also set
Y ={z;(uw) : u e D°} C K,.

Letw = r; ---r; be areduced expression of w € W. We putY,, = Y; ---Y; . We have
a fibration 7 : K — K/T. The topological space K/T is called the flag variety of the
K and G. Now, we will give the topological structure in the infinite dimensional case.

We define C,, = n(Y,,). From [42], we have

Proposition 3.16. The decomposition

K/T = ]_ICW

defines a CW structure on K/T.

The closure of C,, is given by

w'sw
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The closures C,, are called Schubert varieties and they are finite dimensional complex
spaces. The infinite type flag variety K/T is the inductive limit of these spaces and by
Iwasawa decomposition in [43], we have a homeomorphism K/T — G/B. From [42],

we have

Proposition 3.17. The flag variety K/T is an infinite dimensional complex projective

variety.
Proposition 3.18. The elements C,, are a basis form of free Z-module H,(K/T, 7).

Now we will give the construction of the dual Schubert cocycles on the flag variety
by using the relative Lie-algebra cohomology tools. This construction was done by B.
Kostant in [45] for finite type and extended by S. Kumar in [47] for the Ka¢-Moody
case.

First, we will introduce some notations for this section. Reference for the notations
is [40]. By A(V), we denote the exterior algebra on a g-module V. For a Lie-algebra
pair (g, h) and a left g-module M, let A(g,h, M") denote the standard chain complex
with coeflicients in the right module M’, where M’ is the right g-module, whose un-
derlying space is M and on which g acts by the rule m - g = —g - m for all g € g and
m € M, and let C(g, h, M) denote the standard cochain complex with coefficients in M.

Let L, be the quasi-simple g-module with highest weight 4. Then, there is an
invariant positive definite Hermitian form {,} on A(n™) ® L, due to V. Ka¢ and D.
Peterson [43]. Let 9 : Am™)® L, — A(n7) ® L, be the differential of degree —1 of the
chain complex A(n~, L,"). We denote the adjoint of d respect to {, } by 8*. A(n")®L, is a
h-module and 9 is a h-module map, as is *. We define the Laplacian by V = 90" +9*0.
We know from [37] that A(n") ® L, decomposes as a direct sum of finite dimensional

irreducible h-modules. From [47], we have

Theorem 3.21. Let g be the Kac-Moody Lie algebra and let L, be the quasi-simple g-
module with the highest weight A. Then the action of V. on A(n~, L") is as follows. Let

S g be an irreducible h-submodule of A(n™, L") with highest weight 8, then V reduces
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to a scalar operator on S g and the scalar is

1
5[0(/1 +p,A+p)—oB+p,B+p)]

where p is the sum of all simple roots.
From [37], we have

Theorem 3.22. With the notations as in Theorem 3.21, the 2 jth homology space H,;(n", L")

is finite dimensional and it is isomorphic as an h-module to the direct sum

P Moo

w)=j

of non-isomorphic irreducible h-modules.

C(g,h) denotes the standard cochain complex with differential d associated to
the Lie algebra pair (g, h) with trivial coefficients. That is, C(g, h) is defined to be
Z Homjy(A*(g/h), C) such that h acts trivially on C. We define

5>0

c=y¢c

>0

where C* = Hom¢(A*(g/h), C). We put the topology of pointwise convergence on
C', ie., fi = fin C* if and only if f,(x) — f(x) in C with usual topology, for all
x € A(g, h). From [36], we have

Theorem 3.23. C’ is a complete, Hausdorff, topological vector space with respect to

the pointwise topology.

In [47], a continous map d:C — 5“‘1, and a cochain map of b on C are defined.
We define 8, b to be the restrictions of d and b to the subspace C(g,h). We define the
following operators on C(g,h): § = dd + dd and L = b0 + 0b. From [47], we have

Proposition 3.19. kerS @imS = C.
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Theorem 3.24. d and 0 on C(g, h) are disjoint.

Proposition 3.20 (Hodge type decomposition). Let V be any vector space and d, 0 :
V — V be two disjoint operators such that d* = 0> = 0. Further, assume that ker S &
imS =V whereS = do+ dd. Then, kerS — kerd/imdand kerS — Kkerd/imd are

both isomorphisms.
By the Hodge type decomposition and Proposition 3.19, we have

Theorem 3.25. The canonical maps Y5 : kerS — H(C,d) andyss : kerS —

H(C, d) are both isomorphisms.

Now, we describe a basis for ker L. We fix w € W of length s. We define ®@,, =
wA_ N A,. ®, consists of real roots {y,---,y,}. We pick y,, € g_,, of unit norm
with respect to the form {, } and let x,, = —wy(y,,). Let M(,,_,) be the irreducible h-
submodule with highest weight (wp —p). By Proposition 2.5 in [37], the corresponding
highest weight vector is y,, A --- Ay, . There exists a unique element h e [(Myp—p) ®
A’(n)] such that 2% = (2i)°(yy, A -+ Ay, A X, A--- A x,) mod P, ®A’(n), where
P, 1s the orthogonal complement of y,, A--- Ay, in M,,_,. Using the nondegenerate

bilinear form () on g, we have embedding

e: @ A’m@n’) - @[AS(n en)]".

k>0 k>0

Then h,, = e(h_w) € ker L. These elements {A,,},.cw 1s a C-basis of ker L. Then, we can

define 5" = yy5 ' ([h"]) € H(C, §). From [47], [46], we have

Theorem 3.26. Let g be the Kac-Moody Lie algebra and let G be the group associated
to the Kac-Moody algebra g and B be standard Borel subgroup of G. Then

0 ifw#w,

s¥ =
fcwf @ T o™ ifw=w.

vew LANA,
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W

. . . , S .
This gives the expression for the d, d harmonic forms s; = — which are dual to
w

the Schubert cells where d,, = f s”.

Cw

Theorem 3.27. (see [48])

H(f) : H(g,h) - H'(G/B,C)

is a graded algebra isomorphism.

Let £¥ denote the image of s, by the integral map in last theorem. These coho-

mology classes are dual to the closure of the Schubert cells, hence we have
Theorem 3.28. The elements ", w € W, form a basis of the Z-module H* (G /B, Z).

For a finite type flag variety G/B, &" denotes P,-1 in the notation of Section 1.
Now, we give a cup product formula in the cohomology of any type flag variety G/B.

From [46],

Theorem 3.29. Let y; be the fundamental weight of G for 1 < i < L. For any simple

reflection r; and any element w € W, and a coroot ",
ri wo_ vy W
e S e
wl>w’

As an analogy of cohomology theory of the finite type flag space G/B, the coho-
mology of affine type flag space G/B and some operators will be introduced in this
section. The fundamental reference is [42] of V. Kac.

Let QY = EB Zh;, where h; is coroot, be the coroot lattice and let
P={1eh™ : A(h) € Z}

be the weight lattice dual to QY. Let S(P) = EB S’(P) be the integral symmetric
20
algebra over the lattice P, and S (P)* = @ S/(P) the augmentation ideal. Given a
j>0
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commutative ring F with unit, we denote S (P)r = S(P)r ®z F. We define the char-

acteristic homomorphism  : S(P) — H*(G/B,Z) as follows: given 1 € P, we have

the corresponding character of B and the associated line bundle L, on G/B. We put

() € H*(G/B,Z) equal to the Chern class of L, and we extend this multiplicativity

to the whole S (P). We denote by ¢ the extension of i by linearity to S (P)g. In order

to describe the properties of ¥z, we define BGG-operator A; for 1 <i </on S(P) by
Al = LD

1

and we extend this by linearity to S (P)z. We define

L={feSP):: A, A (f) € S(P)V sequence (i1, .iy)}.

Theorem 3.30. We have ker Yz = Iz and H* (G /B, F) is a free module over im .

We will introduce certain operators on cohomology of the flag space G/B which
are basic tools in the study of this theory. These operators are extension of action of the
BGG-operators A; from the image of ¢ to the whole cohomology operators. We know
that the Weyl group W acts by right multiplication on K/T and this action induces an
action of W on homology and cohomology of flag space. On the other hand, we have
a fibration p; : K/T — K/K;T with fibre K;/T;. Since the odd degree cohomologies
of K;/T; and K/K;T are trivial, then the Leray-Serre spectral sequence of the fibration
degenerates after the second term. So, H*(K/T,Z) is generated by im p;*, which is r;
invariant and the element (y;) where y; is fundamental weight. We define a Z-linear
operator A’ on H*(K/T, Z) lowering the degree by 2 such that r; leaves the image of A’
invariant and

x = ri(x) = A'(x) U ()

for x € H*(K/T,2Z). Similarly, we can define homology operators A; on H.(K/T,Z)
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raising the degree by 2 such that r;(4;(v)) = —A;(v) and
v+ ri(v) = Ai(v) N g(ay)

for v € H,(K/T,Z). The properties of the actions of the operators A’ (resp. A;) on the
cup product (resp. cap product) in the cohomology (resp. homology) can be found in
[42]. Now, we will give the geometric interpretation of A;. Given w € W, we choose
a reduced expression w = r; ---r; and and define a map 7,, : D — K/T given by
T(Uy, -+ ,ug) = z;, - --z;, T where D is the unit disk in the complex space C* and z; has
been defined in the previous section. By Proposition 3.16, the relative homology map
T, glves us an element s,, € Hyy,, (K/T,Z). By Proposition 3.18, these elements are a

basis of H.(K/T,Z); let £ be the dual basis of H*(K/T, Z).
Proposition 3.21.

g if towr;) > €(w),

ri(e") = :
g¥ - Z (a;,v)e¥  otherwise.
Y

wri—w’

Similarly, we can give the reflection action on Schubert cycles s,,.

Proposition 3.22.
. g if t(wry) < f(w),
Al(e") =
0 otherwise.
swr,- lff(W}’l) > f(W),
Ai(sw) =
0 otherwise.
Proposition 3.23.

ca(Lyns, = Z (A, ) Sw
w/l)w
The set of all functions from the Weyl group W to C will be denoted by C{W}.

C{W} is an algebra under pointwise addition and multiplication. Now, we will give the
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relation between C{W} and End, H*(n~, C). From [46], we have

Theorem 3.31. Let (A,d) be a differential graded algebra over C and let & be the
derivation in End(A, d) induced by d such that

8¢ = dé — (=1)'éd for € € End'(A).

Then ¢ : HEnd(A,d),6) — End H(A, d) is an isomorphism graded algebras.

Theorem 3.32. The standard cochain complexes C(g,h) and C(n™) with the topology

of pointwise convergence are both differential graded algebras over C.

Also, we can put the topology of pointwise convergence on End C(g, h) and End C(n").

Then, the derivation map ¢ : End C(n~) — End C(n") is continuous under this topology
and it commutes with the action of h on End C(n™). We denote by ¢, the restriction of

0 to End,, C(n™). From [46], we have

Proposition 3.24. There exists a unique injective continuous map n : C(g,h) —

End,, C(n").
Lemma 3.6. We have n(ker S') C ker dy.

The map 1 induces a map 77 : ker S — H(Endy, C(n"), 6y) Also, ¢ induces a map ¢ :
H(Endy, C(n"), 6y) — Endy, H*(n",C). By Theorem 3.22, as an h-module, H*/(n~, C)

is isomorphic to the direct sum

@ M, (wp—p)

tw)=j
of non-isomorphic irreducible h-submodules. By a property of the Hom functor, we

have

Endy H'(n",C) = | [ Endy B, C) = [ | | | Endy Mipp)-

20 20 £(w)=i
Since M, is irreducible, Endy, M, is 1-dimensional with a canonical generator

1,, which is the identity map of M,,,_,). This identifies Endp, H*(n", C) with [ ],y C1,,.
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The space [],.ew C1,, is the vector space C{W} of all functions from W to C. Let 1 be

the composite map
kerS - H(Endy, C(n"), o) > Endy, H*(n™, C) = C{W}.

Now, we will give filtrations of C(g,h) and C{W}. We define a decrasing filtration
G = (Gplpez- bY G, = Z C**(g,h) where C?*(g,h) = Homy(A%(n) ® Af(n")).
This gives rise to a ﬁltrati(z)zllrrﬁf‘]'E p: (¥)pez- of Endy C(m) by defining 7, = n(G,). By t,
we have filtration H = (H),)pez+ of C{W}. Gr C{W} will denote the associated graded

algebra with respect to the filtration of C{W}. That is, Gr C{W} = Z Gr”, where
p=0
Gr” = H,/H,,,. From [46], we have

Theorem 3.33. Let g be a symmetrizable Kac-Moody Lie algebra. Let h be the Cartan
subalgebra. Then, H*(g,h) — Gr C{W} is a graded algebra isomorphism.

By Theorem 3.27, we can give the following corollary.
Corollary 3.3. H*(G/B,C) — GrC{W} is a graded algebra isomorphism.

Let g be an arbitrary Kac-Moody algebra associated to a generalized Cartan matrix
A, with its Cartan subalgebra h and Weyl group W. Let Q = Q(h*) be the field of the
rational functions on h. The Weyl group W acts as a group of automorphisms on the
field Q. Let Oy be the smash product of Q with the group algebra C[W], i.e., Qw is a

right Q-module with a basis {d,,},,ew and the multiplication is given by

(6qu) : (6WQW) = 6vw(W_IQV)CIW

for v,w € W and ¢,, g,, € Q. The module Qy admits an involutary anti-automorphism

t, defined by (6,,9)" = 6,,-1(wq) forw € W and g € Q. We define
1 1
Xi = _(6r,~ +0,)— = _(5r,~ —9.) € Qw
a;

where r; € W is a simple reflection and ¢; is the simple root.
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Proposition 3.25. Let w € W and let w = r;, - - - r;, be a reduced expression. Then the

element x;, - -- x;, € Qw does not depend upon the choice of reduced expression of w.
The element x;, - - - x;, € Qw will be denoted by x,, and (x,,-1)" denoted by X,

Proposition 3.26.
Xow  If EOvw) = () + L(w),

Xyt Xy =
0 otherwise.

We know that Qy is a right Q-module. Also, Q has a left Qy-module structure

defined by (6,,q)q" = w(qq’) for w € W and ¢, ¢’. We define subring R C Qy given by
R={xeQy:x-S CS§}
where S = S (h*) is the polynomial algebra on h. Let Sy be the smash product of §

with the group algebra C[W]. Obviously Sy € R since S has left S y-module structure.

Theorem 3.34. R is a free right S -module with basis {x,,},,.ew In particular, any x € R

can be uniquely written as x = Z XDy Some p,, € S.
wew

R will be referred as a nil-Hecke ring. Now, we will give the coproduct structure
on Qw. Let Qw ®p Ow be the tensor product, considering both the copies of Qy as

right Q-modules. We define the diagonal map A : Qw — Qw ®o Ow by
A(6WQ) = 6wq ® 0, =0, ® 6wq

forw e Wand g € Q. A is right Q-linear.
Theorem 3.35. For any w € W, we have
AGE) = ) X ®%p),
u,ysw
Jfor some homogeneous polynomials p);, € S of degree {(u) + £(v) — {(w). In particular,

Py = O unless {(u) + £(v) > £(w).
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Now, we will introduce some dual objects. Let 2 = Homy(Qw, Q). Since any € € =
is determined by its restriction to the Q-basis {J,,},,cw, we can regard = as the Q-module
of all the functions W — Q with pointwise addition and scalar multiplication defined
by the structure (g&)w = g - é&(w) for g € Q, ¢ € Eand w € W. E has a commutative
Q-algebra structure with the product as pointwise multiplication of functions on W.
Also, E has a left Qy module structure defined by (x - &)y = &(x' - y) for x,y € Qw and
¢ € E. We have the Weyl group action as well as the Hecke-type operators A,, on =
defined by wé =6, - £ and A€ = x,, - & for w € W and & € E. We define the important

subring A C = as follows:

A={£eZ: &R CS andé(x,) = 0for all but a finite number of w € W}
Proposition 3.27. Ais a S -subalgebra of E. {£"},,ew is a S -basis of A where £ is dual
to x,, forw e W.

Proposition 3.28. A" = & if riw <w, 0 otherwise.

Proposition 3.29. £(w) = y; — w™'y; where y; is the fundamental weight dual to the

coroot h; corresponding to simple root «;.

Now, we will give the important formula equivalent to the cup product formula in

the cohomology of G/B where G is a Kac-Moody group.

Proposition 3.30.
fu . é‘_‘V — Z pzxvé':w,

Uu,ysw

where py is a homogeneous polynomial of degree {(u) + €(v) — £(w).

Proposition 3.31.

& ifriw>w,

rif = —(W_la’i)friw +§W_ Z ai(fyv)fwl otherwise.

Y
riw—w’
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Theorem 3.36. Let u,v € W. We write w™' = r; -+ r; as a reduced expression.

plv:’v = Z Ai1 O.-- OAijl O--- OAij,71 o--- OAi,l(é:M)(e),

where m = £(v) and the notation A; means that the operator A; is replaced by the Weyl

group action r;.

Let Cy = S/S™ be the S-module where S* is the augmentation ideal of S. It is
1-dimensional as C-vector space. Since A is a S-module, we can define Cy ® A. It
is an algebra and the action of R on A gives an action of R on Cy ®s A. The elements

" =18&" € Cy®s A is a C-basis form of Cy ®g A.

Proposition 3.32. Cy ®s A is a graded algebra associated with the filtration of length

of the element of the Weyl group W.

Proposition 3.33. The complex linear map f : Co®s A — Gr C{W} is a graded algebra

homomorphism.

Theorem 3.37. Let K be the standard real form of the group G associated to a sym-
metrizable Kac-Moody Lie algebra g and let T denote the maximal torus of K. Then
the map

6 : H*(K/T,C) - CO &g A

defined by 6(e") = o for any w € W is a graded algebra isomorphism. Moreover, the
action of w € W and A” on H*(K/T, C) corresponds respectively to that 6,, and x,, € R

on C() ®g A.
Corollary 3.4. The operators A' on H*(K/T, C) generate the nil-Hecke algebra.

Corollary 3.5. We can use Proposition 3.30 and Theorem 3.36 to determine the cup

product """ in terms of the Schubert basis {€"},,ew of H*(K/T, Z).
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CHAPTER 4

THE REIDEMEISTER TORSION OF COMPACT
FLAG MANIFOLDS K/T FOR K = A;

This chapter is completely original and it includes our calculations about Reide-

meister torsion of flag manifolds using Theorem 1.1 and Proposition 3.30.

We know that the Weyl group W of K acts on the Lie algebra of the maximal torus
T. 1t is a finite group of isometries of the Lie algebra t of the maximal torus 7". It
preserves the coweight lattice 7. For each simple root a, the Weyl group W contains
an element r,, of order two represented by e*/2(¢+¢-2)) in N(T). Since the roots « can
be considered as the linear functionals on the Lie algebra t of the maximal torus 7, the

action of r, on t is given by

ro(§) =& —a(©h, for et

where A, is the coroot in t corresponding to simple root . Also, we can give the action

of r, on the roots by

roB) =B —alhgp)a for a,Bet,

where t* is the dual vector space of t. The element r, is the reflection in the hyperplane
H, of t whose equation is a(¢) = 0. These reflections r,, generate the Weyl group W.
Set a1, @y, . ..,a, be roots of Weyl Group of SU,,;. Since the Cartan Matrix of

Weyl Group of S U, is
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2 i=j
Mj=1 -1 |i-jl=1,
0 otherwise
—aj, i=]
re@) =9 ai+a;, li—jl=1
a; otherwise.

A

Proposition 4.1. The Weyl group W of S U, is isomorphic to Coxeter Group A, given

by generators sy, s, . .
@) sl.2 =1

() $;8i018i = Siv18iSit1

i=12,...

., S, and relations

,n

i=12,...,n-1

(iii) SiS; = 8;S;

l<i<j-l<n

Proof. (i)

Fa; © ra,-(ﬁ) ra[(ﬁ_ < a’inB > ai)

ﬁ— < a/i,,B> a;— <ﬂ— < a/,~,5> o, q; > Q;

B—<a,B>a—-<pB,a;>q+<aq,B><a;,q; > q;

B—<a,B>a—<aq,B>a;+2<a,B>aq;

B
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(i)

Ta; © Yy © To,(B) Yo, © T, (B— < @i, B > ;)
= ro(B-<a;,B>a— <ai,B-<a,B>a; > ai)
= rg(B— < a,B>ai— <ai,B > iy
+ <, < a,B>a; > i)
= 1y, (B— < ;B > ai— < @1, > Qisi
+ <@, B >< v, @ > @iy1)
= r(B— < a;,B > ai— < a1, > A1~ < @, > Qjyy)
= f-<a,f>a— <ay,B>ai— <a,B>ap
- <a;,f-<a,f>a— < a1, > i
- <a;,B>a, > aq;
= B-<a,f>a— <aiy,B> d— <@, > iy
—-<a,B>a+ <a,B><aq,q; > q;
+ < @iy, B >< @iy1, @ > @i+ < @, >< Qjy1, @ > @
= B-<a,B>ai— <ay,B> ai— <, > @
-<a,f>a;+2<a,>a—-<a,,B>q
-<a,B>aq
= B-<a,f>a— <y, >a— <y, > Ay
- <a,B > ai

= B-(<a;,B >+ <apy,B >)a; + ai).
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Taini © Ta; © Yoy (B) Fa © To,(B— < @is1, B > @iy1)
= Ta (B < @iv1, B> @i — < @, B~ < @1, > Qg > @)
= Ie, (B <ap,B>ai—<a,p>q;
+ < @1, B >< @i, iy > @;)
= Io, (B— < @i, B> aipi— <, > ai— < @iy, > ;)
= B—<ap1,B> - <@, B> a— < ay,B > q;
- <@u1,B- <ayL,B>an—<a,B>q;
= <1, >a; > @iy
= B-<ai1,B>ain— <ai,B>a— <a,f>q
= < @1, B> i1+ < @, >< A, @ > Qg
+ < @iy, B >< iy, @ > @iy
+ < @iy1,8 >< Qig1, Uiy > Ay
= - <aiy1,B>a— <a,B>a— <ay,B>q;
— < auLB> i +2 <L > ai— < @, > @i
- < @i1,B > @iy
= B—<ai1,B> a1~ <a,B>a— <ay,B>aq;
- <a,B> i

= ﬂ - (< a’i+laﬁ >+ < ai’ﬁ >)(ai+1 + a/i)~

Hence r,,,, © 14, © 7oy, (B) = Fay,y © Fo, © Tay, (B)
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(iii)

Fo; OTa;(B) = ro 0 (B—<a;,B>a))
= f-<a,f>a-<aq,p-<a;,B>a;>aq;
= ,8—<a/j,,8>aj—<a/l~,,8>a/,-+<aj,ﬁ><a/l-,aj>ai

= ﬁ— <aj,,8>aj— < ai,,B>ai.

Yo; OTa,(B) = 1o, 0 (B—<ai,B> )
= ,8—<a,~,,8>a,~—<aj,,8—<a,~,,8>a,~>aj
= p-<a,f>a-<a;,f>aj+<a,B><aj,a; >q;

= ﬂ— <Cli,ﬂ> a;— <a/j,,8>aj.

Hence ry, © 74,(B) = Ta; © Fo,(B)-

After this point s; will represent 7.

Let us define the word

SiSiy1 008 1< ]
Sij = Si 1=
1 i>]

Theorem 4.1. (Theorem 3.1 of [52])The reduced Grobner-Shirshov basis of the Cox-

eter group A, consist of relation

8ijSi = Si+jSij 1<i< ] <n

together with defining relations of A,,.
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The following lemma is equivalent of Lemma 3.2 in [52]. The only difference is

that order of generators s; > s, > ... > s, in our setting.

Lemma 4.1. Using elimination of leading words of relations, the reduced elements of
A, are in the form
Snt1, juir Sn,jnSn—1,ju-1 " Siyji © TS, 1<i< ji +1<n+1.

Notice that j,.1 +1=n+1= j,.1 =nand s,,1, = 1.

Algorithm 4.1. (Finding Inverse) Let w = s, j,Sy-1,j,, - S1,;,- The inverse of w can
be found using following algorithm.
Invw = {};
Conw = Reverse(w);
Fork=1tok=n
Find maximum sequence in Conw;
list = {Sk, Skr1s Ska2s -+ Skj}s
Invw = list U Invw;

End For.

Example 4.1. Let 8546535525513 The inverse of its 53S2S1S5 545382558453 8565554
Invw = 514
S3S255S4S355S4S()S5
Invw = 575814
S3S5S4S5S6
Invw = $35505814

$556

Invw = $56535525514

Lemma 4.2. Let w = (8,,,)(Sn-1,j,_,) " ** (Six1, juo )(Siji) -+ - (S1,5,) and

Siw = (Srz,;)(sn—l, J’T_l) e (sm’m)(si’ﬁ) e (51,71) where
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Jiwi =Gt Ji= g if Ji<jin

SW =9 i1 = Jn Ji=Jm—1 if i jim
Je = Ji if k#ii+1

Here if i = n, then we assume j,,1 = n.

Corollary 4.1. Letw = (sn,jn)(sn—l,jnfl) s (Si+1aji+l)(si,ji) .

Si—1(Siw) = (8,7 )(S8,_y 77) -+ (S 7708, 7) -+ (51.7)

where
et =it L i = e+ L jid = i
Jit =i+ L i = jiers Jior = Jan = 1
Sic1 (W) =3 et = Jis i = it + 1 it = i — 1
Jiet = Jis Ji = Jicts Jiot = Jir1 =2
Ji = i

Proof. Letw = s;w = (sn,jj)(sn—l,ﬁfl) . (Si+1,m)(si,ﬁ) e

/]?=E+1, Jioi =i if  jia <Jji
SiciW) =2 =it jia=gi—1 if Joi=

i = e if k#i—-1,i

.. (SLJI) and

if i <Jists Jio1 < Jixl

if  Ji < Jirts Jio1 2 Jinl

if iz Jirts Jio1 < Jir1 — 1
if i 2 Jists Jio1 2 Jis1 — 1
if ki1, 0 i+1

(Sljl)- Therefore

J—

() ji < ji1 = i = ji+t 1, ji=ji1r SO Jjii < Jji= jiot < jists Jin1 = Jinn = Ji+ 1

—_—

, E:E"‘l:]‘i—l"'la JH:Z:jm
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—_—

(i) ji < jir1 = Jin = it 1, Ji=ji1 SO Ji 2 Ji= jii1 2 jir1s Jin1 = Jin1 = jit+1

B }?:E:,ji—l’ ji—lzz_lzjt?l_l

Ju——

(i) Ji > jis1 = Jiv1 = Jis Ji = Jini=1 SO Jiot < Ji = jict < jis1s Jin1 = Jinn = Jit]

s ji:E:ji—la ji—lzﬁ_lzjiﬂ_l

(V) Ji > ji1 = Jin1 = Ji» Ji = Jin—=1 S0 Jji1 2 ji= jio1 = jii—1, i1 = jin = Ji

B Z:E:‘ji—l’ E—\lzz_lzjt?l_z

Corollary 4.2, Letw = (Sn,jn)(sn—l,jn,l) s (si+1,j,.+l)(si’jl.) s (Sl’jl) and

Sis1 (SiW) = (8,7 )08,y 77) -+ (S 7708, 7) -+ - (81 7)-

Then
Jiv2 = Ji+ 2, jix1 = Jis2s }: = Jirl if  Ji < Jirt> Jir1 < Jix2
j/i;:]'i'i'l,zzzjnz—l,;:jm if  Ji<lJjir, Jit12jira
Sic1(SW) =3 Jia = ji+ L, Jior = Jisas Ji = Jini =1 if  Ji 2 Jirs Ji < Jiea

E:J}, ﬁ::]’nz— I, }';:]'m =1 if Ji=jisr, Ji 2 Jir2

Jk = Jk if k#i i+1,i+2

Proof. Letw = sw = (8,7)(8,1 577) - (841 57)(8;3) - - - (51 77). Therefore

J—

ji+2 = ji+1 +1, ji+1 = E if E < .]l:

SietOW) =9 Jisa = Jirts Jin1 = Jua = 1 if i1 2 Jin
Ji = Jk if k#i+l,i+2
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W) ji < jir = Jin = Ji+ 1, ji = ju1 SO Jju1 < jua = jit+ 1 < jiua,

ji+2:jij+1:ji+2, Jiv1 = Jix2 = Jis2s J'i:z:jm

() ji < jis = Ji1 = Ji+ 1, Ji=jin SO ji1 2 ju2= i+l > jia,

Jir=Jim =i+, Juwi=Jua—1=jia—1, ji=ji=jin

(i) ji > ji1 = jin = Jis ji= jiu—1 So K<E:>ji<ji+2,;;:

K+1=ji+1, ji+1:ji::ji+2’ }?:Z—l:]‘m—l

P

(V) i > ji1 = Ji1 = Ji» Ji=Jii=1 SO Ji1 2 ju2 = Ji 2 jias Ji2 = Jir1 = Ji

—

 Jmt =g =1 = =1, Ji=ji=ji—1

O

Using Lemma 4.1 and definitions of A’ and r; operators, we can obtain the follow-

ings.

Lemma 4.3. Letw = (sn,jn)(sn—l,jnq) s (Si+1’ ji+l)(siaji) te (Sl,Jl) .Then

: e if  Ji 2 Jin
Al(gn/) — +

0 if Jji<jm

where w; = (Sn,ﬁ)(sn_l,ﬁ) T (s,'+1,jl?)(si,ﬁ) T (51,71) with ]zT = Ji ; = Jjiri—1
and ji=ji if k#ii+1l
ghi-l — g% _ glixl if i= ]
Lemma 4.4. (%) =
g if i#]

The integral cohomolgy of S U, /T is generated by Schubert classes indexed

W:snjns,,_l,jn_l...sljl . jiZO or iSj,'SI’l.

59



Let x; = &% € H*(SU,,1/T,R). We would like to define an order between generators

S‘l'ji...S

of the integral cohomology of SU,,;/T. Since each element &*n*1n-1- i1 can be

represented by an n—tuple

(Jp—n+1,j,—m=-D+1,...,5;—i+1,....,5i—1+1),

we instead define an order between n—tuples.

Definition 4.1. (Graded Inverse Lexicographic Order)

Let @ = (a1, @2,...,a,) and B = (B1,B2,....0,) € ZL,. We say a > B if
la| = a1 +ar+...+a, > |B| =B1+B2+...+6, or |a| = |B]and in the vector difference
a — B € Z", the rightest nonzero entry is positive. We will write g%n-lin-1-5ii-5tir >
ghhnSn-tijey S-St if (j, —m+ 1, jyoy —(m =1+ 1,..., i —i—=1,...,h —1+1) >

ky—n+ 1k, —(m-D+1,...,kk—i—1,....k;=1+1).
Example 4.2. £°3593%14 > 5552455 gince (3, 2,4) > (3, 3, 3) in graded inverse lex order.

We will try to find an quotient ring Z[xy, x,. .., X,]/I which is isomorphic to

H*(SU,4+1/T,R). We also define an order between monomials as follows:

Definition 4.2. We say x¥' x> ... x3" > A8 iflol = +an +... + @, > Bl =
Bi1+62+...+ B, or |a| = |B] and in the vector difference a — 8 € Z" the leftest non-zero
entry is negative.

Example 4.3. x?xgxg > x‘l‘xgxg,since (3,3,3)-(4,2,3) = (-1,1,0).

Lemma 4.5. x{' x> ... x," = glon®ntawSiai=Sler 4 Jower terms

Proof. We use induction an degree of the monomial. By definition x; = £%. Let us
compute x;x; = g%, Here, we may assume that i < j. If j —i > 1, the inverse of s;s;
is s;5;. Hence,

Pl =riA€) =r () =1

in cup product. If j =i + 1, the inverse of s;,1s; s s;5;:1. In this case

= Ay () = Al(e") =& = 1

SisSi+1
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If i = j, then we have to consider the word s; ;1. Its inverse s;,s;
Pt = ri Al = ria(1) = 1

Now, we have to show that P! = 0 if & > g%*%. By definition of cup product
the coeflicient of £%* is not zero only if 5; — sis; and s; — sis;. However , this is
possible only if si.s; = 5;5; or s¢8; = 53;41 when j = i+ 1. Clearly &***! < g%+!% Hence,
glighitl = ghtsitlower terms and g%ig’l = g%g% if j—i > 1. In the case i = j, we have

to look elements s;s; and s;s;. The inverse of sis; = sis;, if kK — i > 1, and thus
P = Afri(e) = ANe' — & + &) = 0

since k —i > 1. Clearly &t < g**+! if k < i. Hence, &' &* = £%**'+lower terms.

Assume

an

X' a5 xy" = gl tennySieSlar 4 Jower terms.

@) @2 a;+1 @,

We have to show x|'x,*...x;" ... x," = ghaninlep-Siesl-Slor + Jower terms by
Proposition 3.3.
Sna, S S; Sty = Wonly ifw = s,z8._17—...5z...5a, Where
napOn—1l,a,_y « + « Qig;+1 + -« Dl y na,dn—1,a,-1 « + « Qia; - - dlay»

there exists an index j for which @ = a; + 1 and ay = ay if k # j.

By given ordering

/ —
W = Sug, Sn—1amg « -+ Sia; -+ - Slay > Sna,Sn—Lay_; -+« Siaj+1 + + + Slay

If j > i, then by Algorithm 4.1 in w'~!

we will not have a subsequence s;_1, -5 ... s;
after the elements s;. Therefore, in cup product before applying A/ we will not have

the term &% .That means

’

Py, =0.

Si,W

if j = i, then again by Algorithm 4.1 in w'~! we will not have a subsequence s;_1, 5,2 ... s;

after the elements s;. Hence, in cup product before applying A’ we will not have the
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term &% .That means

Py =1.

If and only if j > i. O
[ denotes the length of w.

Example 4.4. Let [ = 3;
X1XpXx3 = %3251+ Jlower terms
XiXaX3 = 925124 Jower terms.
85352351 > 85352512 > 8523512 > 853513 > 852513
The inverse of 535,357 1S s3513 and the inverse of s3s5,5; 1S $13.
A3I"11"21’3(8S1) = A3I’1(8Sl) = A3(—8S1 + SSZ) =0.
and
The inverse of s35,512 1S 53513

Ay () = Ao (&™) = Ay(—&™ + £2) = 1.

Before finding the quotient ring Z[xy, ..., x,]/I, we give some information about
ring k[xy,...,x,]/1, kis a field.

Fix a monomial ordering on k[x;,...,x,]. Let f € k[x,...,x,]. The leading
monomial of f, denoted by LM(f), is the highest degree monomial of f. The coeffi-
cient of LM(f) is called leading coeflicient of and denoted by LC(f). The leading term
of f, LT(f) = LC(f)LM(f) .

Let I C k[xy,...,x,] be an ideal. Define

LT(I)={LT(f): f €I}. Let < LT(I) > be an ideal generated by LT (1).
Proposition 4.2. (Proposition 1 and 4 of 5.3 in [51])

(i) Every f € k[xy,...,x,] is congruent modulo I to a unique polynomial r which is a

k-linear combination of the monomials in the complement of < LT (I) >.

(ii) The elements of {x* : x* ¢< LT(I) >} are linearly independent modulo 1.
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(iii) k[x,...,x,]/1I is isomorphic as a k — vector space to

S = Span{x” : x* ¢< LT(I) >}

Theorem 4.2. (Theorem 6 of 5.3 in [51]) Let I C k[x,..., x,] be an ideal
(i) The k-vector space k[x, ..., x,]/1 is finite dimensional.

(i) Foreachi, 1 <i< n, there is a polynomial f; € I such that LM(f;) = x" for some

positive integer m.

Theorem 4.3. H*(SU,./T, R) isomorphic to Z|xy, X2, ..., X,1/ < fi, fos ..., fu > where

LT(f;) = x}~*2 with respect to monomial order given by Definition 4.2.

Proof. Let I be the ideal such that H*(S ,/T,R) = Z|a;, a», ..., a,]/I. Since we found
one-to-one correspondence between length [ elements of H*(S U,;/T, R) and mono-
@) @

mials x{'x*--- x,", where @) + a, +-- -, = land foreach i, 1 <i<n,a; <n—i+]1,

there should be a polynomial f; € I such that LT(f;) = xf"”z. |

Example 4.5. Let n = 3.
ai<n—i+1,i=1,2,3
a1 <3, ;» <2, a5 <1
[ = 1; X1, X2, X3
[=2; x%, X1X2, X1X3, x%, X2 X3
We must have a polynomial f; with LT(f3) = x3.
[ =73; x?, x%xz, x%x3, X1X2X3, xlxg, x§x3,
We must have a polynomial f, with LT (f,) = xg.
[=4; Xjxy, X1x3, X[X2X3, X]X5, X|X5X3,

We must have a polynomial f; with LT(f;) = x‘l‘.

n(n+1)
f 2

Since the unique highest element has length o , we now give the result about

the multiplication of elements of length k and of length @ — k.
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Theorem 4.4. Let A = g%n®Lin171i1 be an element of length k and B = £°vn*=1ra-175101
be an element of length @—k. The corresponding polynomials in Z[xy, X2, . . ., X,]/ <

Ji—1+1 _jp—2+1 . _xj,-—i+1 . xj,,—n+1

Jis fas oo, fu > has leading monomials x, X, ; A and

pi—1+1_ pi-2+1 —n+1

p .
X X, ~x;" ", respectively.Then

Ssn,nﬁ'n—l,n ----- SinseeesS ln’ lf ji + pi + 1 =n+ i;
A-B=

0, ifji+pi+1¢l’l+i.

Proof. The unique highest degree monomial in Z[x, x2,...,X,]1/ < fi, fos-eosfu >
is xfxy~t -7y, The multiplication of leading monomials of corresponding
monomials of A and B produce the monomial

Jurpr a2 i pim 22 xi;n+p,,—2n+2.

X 2 i

Ifj+pi—-2i+2=n—-i+1—- ji+p;+1 =n+iforeachi,i <1 < n, then the
multiplication gives the x7x2~'...x,. Since this monomial corresponds the element
ghrnSn-taSinSin A B o= gSasn-taSin o4+ p+ 1 # n 4+ i, then the leading monomial
so the monomials of lower degree must reduce to zero modulo < fi, f5,...,f, > in

k[x;, x2, ..., x,] when we apply the division algorithm. Hence, A - B = 0.
Now, we give whole computation of the quotient ring Z[xy, x,, x31/ < fi, f2, f3 >.

Example 4.6. x; =& , x, = &%, x3 = &%

Let! = 2;
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2

X3

X2X3

X1X3

X1X2

X

S o o O

o O O

S35
For 382
528
E 3

538
831

528
82I

515
812

o o O

X2 X3

X1X3

X1X2

and

M—l

S35
832 —

5253

X

P =

5351

&£ =

5251

& =

S8
g2 =

= 5% 4 gh%

= g% 4 Nl

5381

= ¢
L gy gim
P

59

£

g™ | =M
£

&1

I -1 0 1
01 0 -1
0 0 1 O
0 0 0 1
0 0 0 O

X2 X3

X1X3

X1X2

X

X2X3 — x% + X1X — X%

2 2
X5 — X1X2 + X5
X1X3
X1Xp — x%

)
X

We must have a relation involving x7.

= &% = xyx3 — x% + X)X — X

2
1

65
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Letl = 3;

X%)Cj,

X1X2X3

X1 X%

X%X3

X%XQ

x|

X553 £5352%
X1X2X3 ghns
x1x§ oy g52%3%1
X723 B ghs1%2
x%xz 525192
X*; Ssl 5253

111000

01110

00101
M =

000T1@PO0

0 00O0°1

0 00O00O

gx3sQS3 + 8S3S2S1 +8S2S331
8535251 +8525351 +8533152 +85152S3
8525351 +8525152 +8515253

8533132 +85I5253

8§281 S S18528
8212+8123

g5192%
£53253 X553
g8 X1X2X3
and e =M! 1%
58192 X723
g x%xz
515283 2
1 -1 0 1 0 O
o1 -1 -1 1 O
P I S
O 0o 0 1 0 -1
0O 0o 0 0 1 -1
O 0 0 0o 0 1
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where



§35253
& 2

535251
£

§2538
E 331

$351852
E 1

$2518:
8212

51525
8123

We must have a relation involving x;

= X§X3 — X1XoX3 + X%Xg

= X1X2X3 — xlxg - X%X3 + X%Xz

= )Cl.x% — X%XZ

2

_ 3

2

_ 3

_ 3
= X

3 _ $2838] — 2 2
X, = 2750 = 2(x1x; — x7X2).

Let! = 4;

X1X§X3 =

X%Xng =

Xy =

3 _

X1X3 =

3 —

X1 X2 =

2 53525351
X1X5X3 &

2 53525152
X1X2X3 &

x%x% = M| g

3 $3515253
X1X3 &

x3x 528515253
12 €

$3852538 §385251 S $2838] S S$3851828
8323l+83212+282312+283123

$38525] S §2838] S S3851828 §285182
83212+82 12+8 123+82123

52835152 52515253
E + &

§351528
83123

5251828
82123

and

535283
83231
53852818
83212
52535152

&

5351828
83123

52518528
82123

X1X§X3

XTX3
2.2
XX,

3
X1X3

X1X2

where



o o o O
o O O
]
—
]

$3525351

& =

5352518
832]2 —

525351 §
82312 —

53515253

&E =

52515253

E =

1 -1 -1 -1 2
01 -1 -1 0
M'=lo 0o 1 0 -1
00 0 1 0
00 0 0 1

X1 X5X3 — X1XoX3 — X145 — X1 X3 + 2X1X)

2 2.2 3

2.2 3

X?Xg

X?Xz

We must have a relation involving x{ which is

x10 = g%.6519% = (

Let/=75;
X? x% X3 = 352535152 4 oS382515283 4 9283515253
X?sz_g — 8533231S2S3 +8S2S3$15253
2 _ 5253515253
X1X, = €&
2.2 5352535152 5352853851852 2.2
X] X2X3 & E )CIXQ)C3
x:lixzng = M 85352S1S253 and 8s3525|52s3 — -1 x:],‘xzx3
X?X% £5253515283 £5253515253 x?x%
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M=[0 11 M'=l0 1 -1
00 1 0

8s3 52538182 — x% x% X3 — x? XoX3
ghnins = X?X2X3 - xfx%
85253s1 5283 _ X?Xg

We don’t have any relation.

Let [ = 6;

x?)%XS = 935253515253
535283818283 — 1.3 +4-2
& = X[ X5X3
Now let us multiply length of k and 6 — k element,

My=1and and |det(My)| =1.

Degree 1% Degree 5

Elements | Leading Monomial in Polynomial Ring
o X1
o X
o X3
53523512 X%X%X_o,
£352513 X7 X3
£523513 X? x%
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g% kgl | iy | 0

g5 * g8352513 x?x2x§ 0

g9 F e | pixixg | 1

g%k g | xdxs | 0

52 %k 53852513 3.2
g2 *g xjx5x3 | 1

52 * gsnsi3 x'f’ X; 0

g1 % 53523512 xfx§x3 1
51k g8352513 x‘l¥x2x3 0

51 % 823513 x‘l‘xg 0

Now we will calculate Reidemeister torsion of S U,/T using above multiplication.

From multiplication of second cohomology then we have

0 01
Moa=101 0 and |det(M,)| = 1.

1 00

Degree 2 % Degree 4

Elements | Leading Monomial in Polynomial Ring
&% X X3
e x
gh9 X1 X3
e X1 X
g X7

g5 X153

ghisni X%XZX:,'
53512 X% X%
g3 X3
g% x? X
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£9352 % 8352381 xlxgxg 0
£5352 % g8352812 x% X% x% 0
8S3S2 sk 8S23S12 X% X% X3 0
g% * g9 | Pxxg | 0
£5352 % gsas13 x?x%)% 1
5B * g8 x1x3X3 0
£923 % 8352512 X%x;)@ 0
53 * gs3si2 x%xg 0
53 * 5813 x?x§x3 1
53 * gs2s13 X% x; 0
£9351 % 8352381 x%x%x% 0
£5351 % g8352812 x§x2x§ 0
8S3s1 %k 8s23s12 X?X%XB 1
£5351 * 53513 X?Xg 0
£5351 % %2513 x‘ltx2x3 0
5251 % o838 X?X;)Q 0
£9251 % 8382512 xivx%)% 1
£5251 % g823512 x?x; 0
5251 * g83513 x‘l‘x2x3 0
£5251 % 82513 x‘ll X% 0
512 * g8382381 X?X§X3 1
g512 % g8352812 x‘1¥x2x3 0
s k gs3si2 X‘fx% 0
512 * 83513 X?X3 0
g512 * gsas13 X?XQ 0
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Now we will calculate Reidemeister torsion of S U,/T using above multiplication.

From multiplication of fourth cohomology then we have

00 O0O0°1
00010
My=10 0 1 0 0| and [|der(My)=1.
01000
1 0000

Degree 3% Degree 3

Elements | Leading Monomial in Polynomial Ring
53523 x5X3
g2 x§x3
ginsl xlxg
ghsn xTx3
ghn x%xz

g’n x?
g%5s x§x3
g¥352%1 X1X2X3
g X145
ghn xfx3
ngSlz X%Xz

g x

£53523 % g83523 x;‘ x%

5353 * g8t | x| X; x%
93k gt |y x‘21 X3

53823 %k 53512 2.,2.2
E E x1x2x3

o o o o o

53823 % 52512 2.3
& & X1 X5X3

g9 # g | x| 1
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£535251 % 83823 xuéx% 0
£535251 % 838281 X%X%X% 0
8‘v3szs1 sk 8s23s1 x% X; X3 0
£535251 & oS3512 X?Xz.x% 0
£535251 % 82512 x?x§x3 1
£535251 * o513 X?X2X3 0
5351 * g8 |y, xg x| 0
£5351 k g5382381 x%xg)% 0
SSB51 ® 82381 x%xé 0
£52351 % g83512 xix%)% 1
£52351 % o251 x?x; 0
£52351 % o513 x‘l‘xg 0
8S3s12 sk gS3sz3 X% X% xg 0
£53512 % 835281 x‘;’)@x% 0
£53512 % o523 x?x%)% 1
£5%12 % o382 xéllxg 0
£93512 % o281 X?XZX3 0

£53512% o513 x?)@ 0
£52512 % 83823 X%X§X3 0
£%2512 % 838281 X§X§X3 1
£52512 % o523 x?x; 0
£52512 % g83s12 x‘l‘x2x3 0
£52512 % %2512 x‘llx% 0
£%2512 % 513 X?Xz 0
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85|3 *k 853523
£513 * 838251
8S13 k 85'23S1
8S|3 k 8S3512

8513 % 8S2S12

8S13 * 8S13

3.2
X X5X3

X1 X2X3

1

0
0
0
0
0

Now we will calculate Reidemeister torsion of S U,/T using above multiplication.

From multiplication of sixth cohomology then we have

M6:

o o o O

0
0
0
0
0

1 0

00O
0 01
01

o O o O

0
00
0

1

0
0
0
0
0

and |det(Ms)| = 1.

Hence, the Reidemeister torsion of SU, /T is 1 by the Reidemeister torsion for-

mula.

Conjecture. The Reidemeister torsion of S U,,,1/T is always 1 for any n € Z*.
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