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ABSTRACT

This thesis studies the conditions for finding a 2-factorization of a graph G and han-
dles the constructions used when finding the factors in this 2-factorization. Herein, a
2-factorization of a graph G is a partition of the edge set of G into 2-factors that are
2-regular spanning subgraphs of G. One of the important issues in the fields of Combina-
torial Design Theory and Graph Theory is to explore the existence of a 2-factorization of
a given graph. In addition, when introducing directed edges in the graph, 2-factorization
problems become more challenging.

This thesis not only focuses on some 2-factorization problems involving the Oberwolfach
Problem, the Hamilton-Waterloo Problem, and their directed versions but also gives
some examples to make these problems more understandable. It also analyzes the
necessary conditions for their solutions. First, the results from the literature on these
problems are presented in detail. Then, the solutions to the Directed Hamilton-Waterloo
Problem with two cycle sizes are given and the necessary constructions are developed.

The Directed Hamilton-Waterloo Problem asks for directed cycle factorizations of the
complete symmetric digraph K, into two non-isomorphic directed cycle factors. In the
uniform version of the problem, factors consist of either directed m-cycles or n-cycles,
and it is denoted by HWP*(v; m”, n®) where r and s are the number of factors of directed
m-cycles and n-cycles, respectively, such that r + s = v — 1.

In this thesis, after introducing the Directed Hamilton-Waterloo Problem, which is
a 2-factorization problem and our main focus, the necessary conditions for solving
the problem are given. Also, the problem is completely solved for the factors with
(m,n) € {(4,6),(4,8),(4,12), (4,16),(6,12),(8,16)}. Furthermore, the problem
is solved for (m,n) € {(3,5),(3,15), (5,15)} when v is odd with a few possible
exceptions. Solving this problem for certain m- and n-cycles means giving a solution
to the problem for all possible values of  and s that satisfy the necessary conditions.

Finally, it is shown, with a few possible exceptions, that K can be factorized into
some specific non-isomorphic factors, where these factors are uniform factors of K
involving K or directed m-cycles, and directed m-cycles or 2m-cycles for even m.

Keywords: The Directed Hamilton-Waterloo Problem, 2-Factorizations, Direc-
ted Cycle Factorizations, Complete Symmetric Digraph.
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OZET

Bu tez bir G ¢izgesinin bir 2-faktérizasyonunu bulmak icin gerekli sartlari aragtirmakta
ve bu 2-faktdrizasyondaki faktorleri bulurken kullanilan yapilari ele almaktadir. Burada
G’nin bir 2-faktorizasyonu G’nin kenarlar kiimesinin 2-faktorlere parcalanisidir ve bir
G ¢cizgesinin bir 2-faktorii, G'nin 2-diizenli kapsayici bir alt ¢izgesidir. Kombinatoryal
Tasarim Teorisi ve Cizge Teorisi alanlarindaki 6énemli konulardan biri, verilen bir
¢izgenin 2-faktorizasyonun varligini arastirmaktir. Ek olarak, ¢izgenin kenarlariin
yonlii olmasi sart1 eklediginde 2-faktorizasyon problemleri daha zor hale gelir.

Bu tez yanlizca Oberwolfach Problemi, Hamilton-Waterloo Problemi ve bu problemlerin
yonlii versiyonlarini i¢eren bazi 2-faktorizasyon problemlerine odaklanmakla kalmayip,
ayn1 zamanda bu problemleri daha anlagilir hale getirmek i¢in bazi 6rnekler de vermek-
tedir. Ayrica, problemlerin ¢dziimleri icin gerekli sartlar incelenmistir. Once, ilgili
problemler i¢in literatiirdeki sonuclar ayrintili sekilde verilmistir. Sonra, iki dongii
uzunluklu Yonli Hamilton-Waterloo problemininin ¢oziimleri ele alinmis ve bunun
icin gerekli yapilar gelistirilmistir.

Yonli Hamilton-Waterloo problemi, simetrik yonlii tam ¢izge K ’1n iki izomorfik
olmayan yonlii dongii faktorlere ayristmini ister. Problemin tek tip versiyonunda,
faktorler ya yonlii m-dongiilerinden ya da n-dongiilerinden olusur ve o HWP*(v; m”,
n?®) ile gosterilir; burada r ve s sirasiyla r + s = v — 1 olacak sekilde yonlendirilmis
m-~dongiilerinin ve n-dongiilerinin faktor sayisidir.

Bu tezde, bir 2-faktorizasyon problemi ve bizim asil odak noktamiz olan Y 6nlii Hamilton-
Waterloo Problemi tanitildiktan sonra, problemin ¢oziimii igin gerekli sartlar ver-
ilmistir. Ayrica problem, (m,n) € {(4,6),(4,8),(4,12),(4,16),(6,12),(8,16)} du-
rumlart i¢in tamamen ¢oziilmistiir. Dahast v’nin tek oldugu durumda ise (m,n) €
{(3,5), (3,15), (5, 15)} i¢in birkag olas1 istisna diginda ¢6ziilmiistiir. Bu problemi be-
lirli m ve n dongiiler i¢in ¢c6zmek demek, gerekli kosullar1 saglayan olasi biitlin r ve s
degerleri i¢in probleme bir ¢6ziim vermek demektir.

Son olarak, K 1n izomorfik olmayan bazi 6zel faktdrlere ayrisiminin olabilecegi birkag
olasi istisna disinda gosterilmistir: bu 6zel faktorler ¢ift m degerleri i¢in, K 1 K
veya yonlii m-dongiilerini, ve yonlii m-dongiilerini veya 2m-dongiilerini igeren tek tip
faktorleridir.

Anahtar Kelimeler: Yonlii Hamilton-Waterloo Problemi, 2-Faktorizasyon, Yon-
lii Dongii Faktorizasyon, Tam Simetrik Yonlii Cizge.
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1. INTRODUCTION

Combinatorial design theory and graph theory deal with the structural arrangements
and relationships between some objects even if both theories offer different approaches

for the solution. Therefore, they are intertwined areas of mathematics.

Graph theory is a branch of mathematics that deals with the representation of connections
between objects. It studies the points (vertices) available in the graphs and the connection
lines (edges) and their mathematical properties and connections. Moreover, graph theory
not only analyzes these structures but also provides solutions in many practical areas
through simple graphical models that are the schematic representation of complex
problems. For the solution of the complex problems, one of the most popular ones is
the Konigsberg problem which plays a significant role in the bird of graph theory. It
relies on such a question about a tour on the bridges in the Prussia city of Konigsberg.
This city consists of four small islands set apart by the Pregel river. There are totally
seven bridges in this city, each of which connects 4 different islands to each other. The
question is here: Is it possible to set off a walking tour anywhere in the city and return

to the initial point by crossing each bridge only once?

This problem was a starting point for graph theory, thanks to the approach that Euler
developed in the 18th century to analyze it. Euler represented the problem in a graph
theory model via constructing a simple graph where each island is a vertex and bridges
are edges connecting these islands. By analyzing this graph, Euler developed the basic

concepts needed to determine whether it is possible to cross a bridge.

More importantly, the application of graph theory is quite vast and spans a lot of fields
incorporating computer science, engineering, communication, bioinformatics, and social
sciences to name just a few. An example is the examination of social media networks.
Social media are large-scale, diverse networks of relationships amongst numerous
users. These relationships manifest in all ways including friendships, followers, likes
or shared content. Such networks can be mathematically modeled and analyzed using
graph theory. Using the graph formulation, a social media network can be modeled
to study relationships between users on such platform and how they interact with one

another. Graph theory is helpful to solve different types of problems like discovering



key people in a network, identifying groups with similar history and allegiances, tracing
how information spreads, or even detecting spam accounts. Graph theory is also applied
to problems in logistics, optimization and decision-making. Applied examples are
everywhere; For instance, graph theory is being used in optimizing transportation

networks or resource allocation.

Combinatorial design theory is an important area of mathematics. It deals with the
study of combinatorial designs, which are structured arrangements of objects subject to
certain constraints. These designs are widely used in areas as diverse as coding theory,
cryptography, experimental design, and network optimization. A fundamental concept
in combinatorial design theory is that of a block design, which consists of a finite set of
elements (called points) and a collection of subsets of these elements (called blocks)
that satisfy certain properties. Block designs can be represented using mathematical

structures such as matrices, incidence matrices, or graphs.

The connection between combinatorial design theory and graph theory is quite strong.
Combinatorial design theory also deals with organized objects, so many concepts from
graph theory can be found in combinatorial design theory. For example, the relationships
between the edges of a graph can be thought of as an arrangement in combinatorial design
theory. Similarly, various structures in graph theory can also be found in combinatorial
design theory, for example, various combinatorial structures can be modeled by graphs.
Therefore, combinatorial design theory and graph theory are two complementary and

closely related branches of mathematics.

The 2-factorization problem, which essentially studies the existence of a 2-factorization
of'a given graph (generally a complete graph K ), is a problem at the intersection of graph
theory and combinatorial design theory. This thesis presents the necessary conditions
for finding a 2-factorization of a graph and its decomposition into certain special factors.
Several 2-factorization problems and their directed versions are introduced, such as
the Oberwolfach Problem and the Hamilton-Waterloo Problem. Then the necessary
conditions for those are given. In particular, the Directed Hamilton-Waterloo Problem
with detailed examples is presented and specific solutions for the uniform version of the

problem are provided.

This introduction will initially introduce some basic graph terminology and concepts



that will be used throughout this thesis, followed by a brief historical overview of
well-known problems relevant to the findings presented in this thesis. Let us begin with

the initial section where general definitions and notations are provided.

1.1. Basic Definitions and History

This section provides the basic definitions and notations used in this thesis. These are

mostly standard and can be found in [1] and [2].

A graph G can be defined as a pair (V(G), E(G)) consisting of a vertex set V' (G), an
edge set F(G), where each edge in F(G) is associated with two vertices (not necessarily
distinct) called its endpoints. If an edge exists between vertex v and vertex v, this edge
is denoted by {u, v} where u and v are endpoints. If u and v are endpoints of an edge,
u and v are called adjacent vertices or neighbors. The number of neighbours of a vertex
v is called the degree of v and is denoted by d(v). A graph whose vertices are all of

degree k is said to be a k-regular graph.

A graph G is said to have multiple edges if there is more than one edge connecting two
vertices. A simple graph is a graph having no loops or multiple edges where a loop is

an edge whose endpoints are equal.

The complement, G of a simple graph G is the simple graph with vertex set V (G)
defined by {u,v} € F(G) ifand only if {u,v} ¢ E(G). Anindependent set in a graph,

also known as a stable set, refers to a set of pairwise nonadjacent vertices.

A path can be defined as a sequence of vertices such that the elements of the sequence
are ordered, do not repeat, and each vertex in the sequence is adjacent to every other
vertex. A sequence v, v1, . . ., U,—1 1S denoted by P, and called the path graph of length
n — 1. A cycle is a path whose start vertex and end vertex are the same. A cycle graph
of length n is denoted by C,, : vp, v1,...,v,_1,v9 o1 C;, = (vg,v1,...,0,_1) Where

{vo,v1,.. ., vp1} € V(C,) and {vg, v1}, {v1, v2}, . . s {vn1,00} € E(Cy).



Vo

Yo U1 V2 U3 V4
U3 b2 e o o o o
(@) Cs (b) Ps

Figure 1.1: Cycle (5 and Path P;.

Let GG be a graph, then a subgraph H of G is a graph such that V(H) C V(G) and
E(H) C E(G). A subgraph H is called a spanning subgraph of G if V(H) = V(G),
meaning that spanning subgraph contains all the vertices of G. If there is a path between

every pair of vertices in G, this graph is called a connected graph.

A graph G is multipartite if vertex set of G consists of disjoint independent sets called
partite sets of G. If the cardinalities of disjoint independent sets are equal, this graph
is called an equipartite graph. When the number of disjoint independent sets is 2, this

graph is called a bipartite graph.

A complete graph K, is a simple graph in which there is an edge from every vertex of
the graph to every other vertex. Note that /,, has n vertices and no edges. A complete
bipartite graph is a simple bipartite graph such that two vertices are adjacent if and
only if they are in different partite sets. When the sets have sizes r and s, K, ; denote a
complete bipartite graph. We denote by K,.,) a complete equipartite graph having y

parts of size x each.



(a) K7 (b) K23 (©) K(3.2)

Figure 1.2: A complete graph K, a complete bipartite graph K 3, and a complete
equipartite graph K 3.5).

A directed graph (or digraph) D is a pair (V (D), A(D)) consisting of a vertex set V (D),
an arc set A(D), and a function assigning each arc an ordered pair of vertices. The first
vertex of the ordered pair 1s the tail of the arc, and the second is the head; together, they
are the endpoints. Arcs are denoted by parentheses. We also use (u, v)* to denote the

double arc which consists of (u, v) and (v, u).

For a simple graph D, D* is used to denote the symmetric digraph with vertex set
V(D*) = V(D) and arc set A(D*) = U, yepnmi(z.9), (v, 2)}. Hence, K and

K*

(=) Tespectively denote the complete symmetric digraph of order v and the complete

symmetric equipartite digraph with y parts of size x.

Figure 1.3: A complete symmetric digraph K.

—>

Cyn = (vo,v1,...,v,_1) denotes a directed cycle of length m in a digraph D where
{'Uo, Viy.-- ,’Umfl} < V(D) and (Uo, 'Ul), (Ul7 Ug), ceey (Umfl, ’Uo) c A(D) That iS,

there is an arc with tail v; and head v; if and only if v; follows v; in the vertex ordering

5



where i, 5 € Z,.

Example 1.1: The digraph D with vertex set V= {uvg, v1, v, v3} and arc set A(D) =
{(vo,v1), (v1,v2), (v2,v3), (v3,v0), (v3,v1)} is shown in the following figure. Also,
84 = (vo,v1,v9,v3) and 63 = (v1,v9,v3) show a directed 4-cycle and a directed

3-cycle in D, respectively.

Vo U1

Figure 1.4: A Directed Graph Example.

Let B be a finite additive group and let S be a subset of B, where S does not contain
the identity of B. The Directed Cayley graph X (B; S) on B with connection set S is a
digraph with V()?(B; S)) = B and A()_()(B; S)) ={(z,y):z,y € By —x € S}.

Example 1.2: The Directed Cayley graph )_()(Zg; {—2,1}) is drawn in Figure 1.5.

Figure 1.5: The Directed Cayley graph X (Zo; {—2, 1}).

Let G and H be graphs. The wreath product of G and H, denoted by G ! H, is the
graph with vertex set V(G) x V(H) and edge set E(G H) = {{(u1,us), (v1,v2)} :

6



{u1,v1} € E(G), or uy = vy and {ug,v2} € E(H)}. Thatis G ! H obtained by
replacing each vertex x of G with a copy of H, say H,, and replacing each edge {z, y}

of G with the edges joining every vertex of H, to every vertex of H,,.

In the case where D, and D, are both digraphs, then the D ¢ D, is the digraph obtained
by replacing each vertex z of D; with a copy of Dy, say D3, and replacing each arc

(x,y) of Dy by an arc pointing from every vertex of D to every vertex of Di. For

example, K; VK, = K, K, 0 K; 2 oKy and K, VK, = Ky,

For given three graphs G, H, and J, (Gt H)!J = G (H 1 J), that is, the wreath
product is associative (p. 185 of [3]). Although the wreath product is not commutativity
in general, the isomorphism G ! H = H ! G holds if both G and H are complete or
both are completely disconnected. Note that, the above properties of the wreath product

extend to digraphs.

Example 1.3: Figure 1.6 shows the wreath product of two digraphs.

o A

Dy Dy

D1 Dy

Figure 1.6: The wreath product of D; and Ds.

Let G be a graph and G, Gy, ..., G be k vertex disjoint copies of G' with v; €
V (G,;) for each v € V(G). Let G[k] denote the graph with vertex set V(G[k]) =
V(Go)UV (G1)U...UV (Gg_1) and edge set E(G[k]) = {{w;,v,} : {u,v} € E(G)
and 0 < 4,5 < k — 1}. For example, K5[m] is isomorpic to K (;.2).

Note that G K}, = G[k]. In this thesis, the notation G/[k] (which is called the power of
a graph G) will be used frequently.

This definition can be extended to digraphs. Let D be a digraph and Dg, D1, ..., Dy
be k vertex disjoint copies of D with v; € V (D;) for each v € V(D). Then, D[k| has
the vertex set V(D[k]) = V (Do) UV (D1) U--- UV (Dy_1) and arc set A(D[k]) =
{(ui,vj) : (u,v) € A(D)and 0 <i4,5 <k —1}.



Example 1.4: Cs, Co 2], C§ and C{[2] can be drawn as follows:
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Figure 1.7: Power of Graph.

Let D be a digraph and R(D) denote the digraph on the same vertex set as D but the

arcs are taken in opposite directions.

If G; and G4 are two edge (arc)-disjoint graphs (digraphs) with V(G1) = V(Gs),
then G; @ G is used to denote the graph on the same vertex set with £ (G} & G3) =
E(G1)UE (Gy) (A(G @ Gs) = A(G1) U A(Gy)). Also, we will denote the vertex
disjoint union of « copies of G by aG.

(m:x)

Example 1.5: K, . is isomorphic to x K, & K

Proof. Partition the vertices of K, into x sets of size m, represent each part of m
vertices in K, with a single vertex and represent all double arcs between sets of size
m as a single double arc, to get a /7. Now, each vertex of K} gives a K. Since there
are x such vertices, K, is obtained from these vertices. There remain z sets of size m
and double arcs connecting these sets. The graph K (m:z) is obtained from the remaining

arcs. As a result, the following equation can be written.

Kn, = oK, ®Kj,., (1.1)



(a) K§ (b) 2K}

Figure 1.8: K¢ is isomorphic to 2K3 & K3 ,).

If G and G are two vertex-disjoint graphs, then the join of G; and G, denoted G =
G1V Gy is the graph with V(G) = V(G1) U V(G3) and edge set £ (G) = E (G1) U
E(Gy) U{uv:u eV (Gy),v eV (Gs)}. This means that G; V G is obtained by
taking the union of GG; and (G5, and using all possible edges between G| and G,. If Dy
and D are two vertex-disjoint digraphs, D; VV D5 is obtained by taking the union of D,

and Ds, and using all possible arcs from D; to D, and from D5 to D;.

(a) D; and D> (b) D1V D,

Figure 1.9: The join of D; and D;.

An edge decomposition of a graph G is a set H = {H,, Ha, ..., Hy} of subgraphs of
G such that the union of the edge sets of the subgraphs is equal to the edge set of the
graph G and E(H;) N E(H;) = 0 fori # j. So, the edges of H; are partitions the
edges of G. Such a decomposition is called an { H,, Hs, . .., Hy }-decomposition of G.

In the case where each H; is isomorphic to a graph such as H, this decomposition is



called an H-decomposition. If each H; is a cycle or a union of disjoint cycles, then this

decomposition is called a cycle decomposition.

Note that if G has a { Hy, H, . .., H}, }-decomposition, then GV K, hasa { H 1 K ,,, Ho
K., ..., H, ! K,}-decomposition [4].

(a) A graph G (b) A Subgraph H; (c) A Subgraph Hy

Figure 1.10: A {H,, H,}-decomposition of G.

Veblen proved that the necessary and sufficient condition for a graph to decompose into
cycles is that the degree of each vertex of the graph must be even. If we think about a

cycle decomposition, every vertex in a cycle is incident to two edges; so, the degree of

every vertex in the graph has to be even.

Theorem 1.6: [5] A graph can be decomposed into cycles if and only if every vertex has

an even degree.

10



Figure 1.11: A {C7, Cg, Cs, C3 }-decomposition of K.

Graph factorizations constitute an important part of graph decomposition problems,
especially when each factor is of regular degree. A factor in a graph G is a spanning (not
necessarily connected) subgraph of G. A k-factor of a graph G is a k-regular spanning
subgraph of GG. It is easy to see that a 1-factor is a perfect matching in a graph and a
2-factor is either an Hamilton cycle, which is a cycle that visits each vertex exactly,
or union of cycles. If a 2-factor consists only of cycles (directed cycles) of length m,
it is called a C,,,-factor (6m—factor). Furthermore, in the special case where m = 2,
this factor becomes a Ks-factor. In addition, if a 2-factor consists of directed 2-cycles,
that factor is called a C o-factor or a K -factor. In this thesis, we will primarily use the

K -factor notation.

According to Theorem 1.6, if n is even, /,, cannot be decomposed into cycles. In this

case, the decomposition of K, — I is studied, where [ is a 1-factor.

Example 1.7: A {Cs, Cs, Cs}-decomposition of K¢ — I can be drawn as follows:

11
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N '
V.7 .

Figure 1.12: A {Cg, C3, C3}-decomposition of K¢ — 1.

A k-factorization of a graph G is a partition of the edge set of G into k-factors; in other

words, it is a decomposition of the edge set of G into edge-disjoint k-factors.

Example 1.8: There is a 2-factorization of K5 (see Figure 1.13) and a 2-factorization
K¢ — I (see Figure 1.14).



Figure 1.13: A 2-factorization of K.

i

Figure 1.14: A 2-factorization of K¢ — I.

2

Gl

If a graph G can be decomposed into r; factors isomorphic to the factor F; fori € [1,¢],
then G issaidto havean { F|*, 32, ..., F]* }-factorization. When each F; factor consists
of only n;-cycles for i € [1, t], then we will call the F; factor as a C,,,-factor and call this

factorizationas a {CI!, Cr

m Crz ..., Cr}-factorization where each r; is the number of C, -

factors. This type of factorization can also be referred to as a cycle factorization. When

13



all factors consist only of an n-cycle, this factorization is called {C} }-factorization

where r is the number of C,,-factors.

It is easy to see that there is an H [k|-factorization of G[k] if the graph G has an H-

factorization.

Example 1.9: A {F\, F,, Fs}-factorization of K can be graphed as follows where F)
and F3 are Hamilton cycle (Cy-cycle) factors, and the factor F, consists of a Cs-cycle

and a Cy-cycle:

VN

(a) Fy (b) F> (c) F3

Figure 1.15: A {F}, I}, I3 }-factorization of K7.

One of the oldest cycle decomposition problems is the problem of decomposing a
complete graph into 3-cycles, which constitutes a triple system. Before proceeding to
one of the most renowned instances, Kirkman’s Schoolgirl Problem, let us first discuss

the Steiner Triple Systems

A Steiner triple system of order v, denoted by STS(v), consists of a set S with v elements
and a set " of three-element subsets of .S, called triples, such that each distinct pair of

S is contained in exactly one triple of 7.

14



Example 1.10: STS(7) exists for S = {1,2,3,4,5,6,7} and T' = {{1,2,4},{2,3, 5},
{3,4,6Y,{4,5,7},{5,6,1},{6,7,2},{7.1,3} }.
In the language of graph theory, the existence of STS(v) coincides with the decomposi-

tion of K, into C5. Kirkman provided necessary and sufficient conditions for a Steiner

triple system to exist, as follows:

Theorem 1.11: [6] There exists a Steiner triple system of order v > 3 if and only if
v =1 (mod 6) or v =3 (mod 6).

Kirkman’s Schoolgirl Problem, it was proposed by Kirkman in 1850 and was solved a

year later. It is stated as follows:

Fifteen girls will walk each day of the week. The girls will walk in five lines of three
girls each. Every two girls must walk in the same line exactly once a week. Kirkman’s

Schoolgirl Problem asks whether this is possible.

A Kirkman triple system of order v consists of a v element set S, a collection 7" of
triples from S, and a partition P of T, satisfying the conditions where each pair of
distinct elements in S belongs to exactly one triple in 7', and each element in S is
contained in exactly one triple in each subset of P, and is denoted by KTS(v). The
existence of KTS(15) means the existence of a solution to Kirkman’s Schoolgirl Problem.
The necessary and sufficient condition for the existence of KTS(v) was given by K.

Ray-Chaudhuri and R.M. Wilson.

Theorem 1.12: [7] A Kirkman triple system of order v exists if and only if v = 3
(mod 6).

1.2. The Oberwolfach Problem

The Oberwolfach Problem is posed by Ringel (see [8]) as a seating arrangement problem
at a meeting in Oberwolfach. Given a conference venue with k; round tables, each of
which has m; seats for i € [1, ], it asks whether each participant of the conference (say
v many for odd v) may sit next to (left or right) each other participant exactly once at

the end of % nights.

In graph theory language, the seating arrangement each night can be thought of as a

cycle factor. Therefore, the number of factors matches the number of nights. Moreover,
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since it is required that at the end of ”T_l nights each participant sits with every other
participant exactly once, the problem becomes a problem of cycle factorization of K,,.
So, it asks whether the complete graph K, decomposes into isomorphic 2-factors where
each 2-factor consists of k; m;-cycles for each i € [1,¢] and 2221 kim; = v. This
problem is denoted by OP(m’fl, m§2, ceey m,’ft). If there is only one type of cycle, say
of length m, in the factor, it can be denoted as OP(mk), and this version of the problem

v—1
is called the uniform Oberwolfach Problem. Its solution gives a {C',? }-factorization

(or in short, a C),,-factorization) of K.

It is known that a necessary and sufficient condition for a graph to have a 2-factorization
is that the graph must be even regular. Therefore, K, does not have a 2-factorization
when v is even. In this case, the existence of a 2-factorization of K, — I is searched
[9], and this version of the problem is referred to as the spouse avoiding version. In

addition, the number of factors is % in this case.

Example 1.13: OP(3,4) has a solution. The existence of a solution to this problem
means that in a conference with 7 participants, in a hall with round tables for 3 and 4

people, after 3 nights everyone can sit with each other absolutely once.

AN

N

Figure 1.16: A solution to OP(3,4).

The uniform version of the Oberwolfach Problem has been mostly solved, see [4, 7, 10,
11]. But the general case of the Oberwolfach Problem is still open. It is known that
OP(3%), OP(3%), OP(4, 5) and OP(3%,5) have no solution. In [12-16], it is shown that
OP(mi*,mk?, ... m¥*) has a solution for all n < 60 with the above exceptions. There

is a solution to the problem when the lengths of the cycles are all even [17, 18].

Liu [19] solved the Oberwalch problem for the complete equipartite graph K.,y with

uniform cycle lengths. We will use this result to obtain a c m-factorization of K (z:9)"
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Theorem 1.14: [19] The complete equipartite graph K., has a C,-factorization for
m > 3 and x > 2 if and only if m|zxy, x(y — 1) is even, m is even if y = 2 and
(x,y,m) # (2,3,3),(6,3,3),(2,6,3),(6,2,6).

The concept of factor and factorization can be applied to digraphs and one can consider

the directed version of the Oberwolfach Problem.

1.2.1. The Directed Oberwolfach Problem

One generalization of Oberwolfach Problem may be to consider sitting on the right and
sitting on the left of a participant as separate entities. To represent such a sitting, one

has to use directed cycles which led us to work on directed graphs.

In the Directed Oberwolfach Problem, which was introduced in [20], the complete
symmetric digraph K is decomposed into factors of directed cycles. Hence, the seating
arrangement is done over v — 1 nights. If the sizes of directed cycles are mq, mo, ..., m,
and the number of each directed cycle m; is k; for i € [1,t] where Z:f:l kim; = v,
the Directed Oberwolfach Problem is denoted by OP*(m!*, ..., m/*). The Directed
Uniform Oberwolfach Problem is denoted by OP* (m*) where each 2-factor is composed

of k directed m-cycles.

As the first result on the Directed Oberwolfach Problem, OP*(3*) is solved with an
exception for v = 6 by Bermond et al. [21]. In [22], Bennett and Zhang solved OP*(4%)

except for v = 12, and Adams and Bryant solved the remaining case OP*(4?) [23].

In [24], Alspach et al. showed that K can be decomposed into an cycles with excep-
tions (v, m) # (4,4), (6, 3), (6,6) if and only if m|v(v — 1). They studied the problem
separately in cases where v and m are both even or have opposite parity.

Burgess and Sajna [20] studied the necessary and sufficient conditions for the Directed
Oberwolfach Problem with cycles of length m. When m is even, they obtained a com-
plete solution and presented a partial solution for odd cycle size. Also, they conjectured
that K, admits a directed m-cycle factorization for odd m if and only if m > 5. In

[25], Burgess et al. proved this conjecture for m < 49.

In [26], Shabani and Sajna proved that K has a {82, 6v_2}-fact0rization forv > 5

and obtained the necessary and sufficient conditions for K} to admit a {C',,, C',_, }-
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factorization for 2 < m < v — 2 and for odd v. Also they showed that if v > 5 and
v=1,3,0or7 (mod 8), then K has a {6’)2, (_3’)2, o 5)2, 63}-factorization.

Suzan Kadri and Mateja Sajna [27] gave a recursive construction to solve the directed
Oberwolfach problem with variable cycle lengths. Using this construction, they showed
that OP* (my, my) has a solution for all 2 < m; < msy except when (mq, my) = (3, 3)

and except possibly when m; € {4,6}, my is even, and m; + my > 14.

Alice Lacaze-Masmonteil proved that K3 can be factorized into 8m where m is odd
[28]. With this result, the Directed Oberwolfach Problem with tables of uniform length

is completely solved.

The following theorem summarizes the previous results on the Directed Oberwolfach

Problem that will be used in this thesis.

Theorem 1.15: [20-23, 25, 28-30] Let m and k be nonnegative integers. Then, OP*(m*)
has a solution if and only if (m, k) ¢ {(3,2), (4,1),(6,1)}.

The directed Oberwolfach problem for complete symmetric equipartite digraphs and
uniform-length cycles was solved by Nevena Franceti¢ and Mateja Sajna in [31] with a

few possible exceptions.

1.3. The Hamilton-Waterloo Problem (HWP)

The Hamilton-Waterloo Problem is a generalization of the Oberwolfach Problem where
there are two conference venues (one in Hamilton and one in Waterloo as one may
guess) with different seating arrangements. In one of these venues, there are r round
tables with m; seats for each table for7 = 1, ..., r. In the other venue, there are s round
tables with n; seats for each table for 7 = 1,...,s. Participants can choose to sit in
one of these rooms on some days and the other on other days. The total number of
participants per night is the sum of the table sizes (}_;_, m; = »_._, n; = v). In this

problem, similar to the Oberwolfach problem, the question is whether each of the v

participants sits next to each other exactly once after %1 nights.

This time each 2-factor can be isomorphic to one of the given two 2-factors, say F}
or F,. The problem revolves around the existence of a { ], F }-factorization of K,

(or K, — I in the spouse avoiding version for even v). If F} consists of only m-cycles
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(each m; = m fori = 1,...,r) and F5 consists of only n-cycles (each n;, = n for
t = 1,...,5), then the corresponding Hamilton-Waterloo Problem is called as the
uniform Hamilton-Waterloo Problem, and it is denoted by HWP(v; m”, n®) where r and
s are the number of C,,-factors and C),-factors where r 4+ s = ”T_l, respectively. Having
a solution to HWP(v; m”, n®) means that K, has a {C” | C% }-factorization. Solving the
problem completely is to have a solution for all possible  and s. Whenr = 0 or s = 0,

this problem reduces to the uniform Oberwolfach Problem.

Example 1.16: A solution to HWP(9; 32, 9?) exists (see Figure 1.17).

e

Figure 1.17: A {C3, C3}-factorization of Kj.

The necessary conditions for the existence of a solution to HWP(v; m”, n®) are given

by Adams et al. [32].

Lemma 1.17: [32] Let v,n, m,r and s be non-negative integers with n,m > 3. If there

exists a solution to HWP(v; m", n®), then
1. ifr>0,o=0 (mod n),

2. ifs>0,v=0 (mod m),

3 r+s= L”;lj.

Initially, small cases such as (m,n) € {(4,6),(4,8),(4,16),(8,16),(3,5), (3, 15),
(5,15)} are studied and solved with a few exceptions by Adams et al. [32], and later

the cases with variable cycle sizes are analyzed.

When m and n are odd, Burgess et al. [33, 34] solved the Hamilton-Waterloo problem
for the cases where v is odd with some possible exceptions and proved the following

theorem.

Theorem 1.18: [34] Let m,n and v be odd integers withn > m > 3, and let r and s be

nonnegative integers. Then, HWP(v; m”, n®) has a solution if and only if m,n|v and
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r4s= ”T_l except possibly when one of the following holds:
1. s=1;
2. s=3andm{n;
3. r=1mtnand mntv;

_ mn
4 v= ()"

In [17], the problem is solved in the case that both m and n are even and v = 0 (mod 4)
except possibly when » = 1 or s = 1. When m and n are both even and v = 2 (mod 4),
this problem is solved by R. Haggkvist in [18] whenever r and s are both even. Also, if
m is even and m|n, the problem is completely solved in [35]. Burgess et al. gave an
almost exact solution for HWP(v; m”, n®) when r and s are odd, with some possible

exceptions [36], and summarized all results on this problem in the following theorem.

Theorem 1.19: [36] Let m and n be integers withn > m > 2, and let r and s be positive

integers.

1. If m|n, then there is a solution to HWP(v; (2m)", (2n)®) if and only if 2n|v and

_ v—2
T4 5= =%

2. If m 1 n, then there is a solution to HWP(v; (2m)", (2n)®) if and only if 2m and
2n are both divisors of v and r + s = % except possibly when at least one of

the following holds:
(@) s=1;
(b) s=3,v=2 (mod 4) and gcd(m,n) = 1;
(c) r =1 and at least one of m or n is even;

(d) r =1, m and n are odd, and either mn t v or v = 2mn;

(e) v= gcg(%"n) = 2 (mod 4), and r and s are odd.

The situation in which m and n have different parities is the most challenging one.
The case when (m,n) = (3,4) is completely solved [37-40]. When the parity of
m and n is different, one of the cycle sizes is usually fixed. For instance, the cases
(m,n) € {(3,v), (3,3x), (4,n)} have been studied, see [40—43]. For more recent results

on this problem, we refer the reader to [44—46].

Also, there exists an asymptotic solution (for sufficiently large v) [47] for the general
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form of the Oberwolfach and the Hamilton-Waterloo Problems. However, this asymp-
totic solution does not provide an explicit lower bound that guarantees the solvability of
the problem. In [48], Traetta constructs solutions to the Oberwolfach Problem whenever

F contains a cycle of length greater than an explicit lower bound.

1.3.1. The Directed Hamilton-Waterloo Problem (DHWP)

In the directed version of the Hamilton-Waterloo Problem, the question is whether v
participants can each sit to the right of each other exactly once at the end of v — 1 nights,
given that the other conditions of the Hamilton-Waterloo Problem remain the same.
Here K, is decomposed into two types of directed 2-factors. If these factors consist of
directed cycles of sizes m and n respectively, the notation HWP*(v; m”, n®) is used to
denote the Directed Uniform Hamilton-Waterloo Problem. Any of its solutions will be

-
referred to as a {7, C'% }-factorization of K.

The necessary and sufficient conditions for the existence of a solution to the Directed

Hamilton-Waterloo Problem can be given as follows:

Lemma 1.20: If HWP*(v; m", n®) has a solution for nonnegative integers r and s, then

the following statements hold:
1. ifr>0,v=0 (mod m),
2. ifs>0,v=0 (mod n),
3 r+s=v—-1
Example 1.21: There is a solution to HWP*(8;4",8°) for r =5 and s = 2.

Proof. Letr = 5and s = 2 be and V(K{) = Zg. Define the directed 4-cycles as

follows:

Y =1(0,1,2,3) C9=(4,5,6,7)
C!=(0,3,2,1) O, =(4,7,6,5)
C?=1(0,6,4,2) C3=(1,7,5,3)
C?=1(0,2,4,6) C3=(1,3,57)

Ct=1(0,7,2,5) Cy=1(4,3,6,1),
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and the directed 8-cycles as,
Cs =(0,5,1,6,2,7,3,4)

Cs = (0,4,1,5,2,6,3,7).

Note that each F; = {CiUCY : i € Zs}isa C,-factors of K and also C5 = Fj
and Cs = Fj are both 88-factors of K§. So, F = {Fy, F1,Fs, Fs, Fy, F5, Fg} is a

2-factorization of K. This 2-factorization gives a solution to HWP*(8; 4% 8%). O
° ° ° °
° ° ° °
(a) Fo (b) £ (c) F (d) Fy (e) Fy
® s (8) Fs

Figure 1.18: A {C3, C2}-factorization of K.
Since K5 can be considered as 82, the problem where one of the directed 2-factors is

the Kj-factor can be included in the HWP*(v; 2", m?®).

Example 1.22: There exists a solution to HWP*(8; 2", 8°) forr € {1,3} withr + s =T.

Proof. Casel (r = 1) : K} can be represented as K V K, where the vertex set of K
is {coy, 002}, and K can be represented as the circulant digraph X (Zg; S) with connec-

tion set S = {+1,42,3}. Let us define the permutation as p = (0, 1,2,3,4,5) (c01)

22



(002).

Define Fy = {(001,009)",(0,3)",(1,4)",(2,5)"} factor of K as K;-factor. Also, we
define the directed 8-cycle as, C = (0,1,3,001,5,4,2,00).

0 0
5 1 5 1
001 2 (oo} 1 02
4 2 4 2
3 3
(a) Factor Fp of K (b) The directed 8-cycle C

Figure 1.19: Desired 2-factors of K.

Note that C is a Cs-factor of Kj. Fori € Zg and j € {1,2}, the arcs (7, 00;) and
(004, 1) have differences of +00; and —oo;, respectively. Also, the difference of the
arcs (001, 009) and (0og, 007 ) remains undefined. So, it contains exactly one arc of each

difference in the set {41, £2, 3, 001, 005 }.

Each element of F; ., = {p*(C) : i € Zg} isa C's-factor of K§. Finally { Fy, F, F3, F3,
Fy, F5, Fg}is a {(K3), 82}—factorization of K}. Therefore, HWP*(8; 2! 8%) have a

solution.

Case 2 (r = 3) : Define

V(Kg) — Z4 U{OO17 02, X3, 004}
and
6 = (07 1, 37 4, 27 3, 17 002)

and

Fo=C, F={p(F):icZ

where p = (0, 1,2, 3) (c01) (002) (003) (004). Each Fj is Cs-factor of Kj.
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001

002

(e eV}

Figure 1.20: The factor Fj of K¢.

Also, we define three Kj-factors: F; = {(o0o1,009)", (003,004)",(0,3)",(1,2)"},
F5 = {(001,003)", (002,004)",(0,1)",(2,3)"}, Fs = {(001,004)", (002,003)", (0,
2)*,(1,3)"}. InFigure 1.21, K;-factors of K} are given. So, { Fy, F1, F», Fs, Fy, F5, Fg}
givesa {(K3)?, 8§}-fact0rization of K. As aresult, there is a solution for HWP*(8; 23,
84). O

0
m 001
009 13 009 1 3 : 1
03
2

001 001
004 m 004
03

Figure 1.21: Desired K;-factors of K3.
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2. PRELIMINARY RESULTS

In this section, both previous and new findings that serve as important results to advance
the main conclusions of this thesis will be explained. Let us first start with the observation
that is useful to reduce the number of cases when v is odd, and move to the preliminary
results then. Given that there are no 2-factorizations of K, for even v, we are unable to

draw a similar conclusion when v is even and m, n > 2.

Observation 2.1: I HWP(v; m”,n®) has a solution for some r and s , and v is odd, then

HWP*(v; m?", n*$) has a solution for the same r and s.

A solution for HWP*(v; m*", n?*) is obtained from a solution of HWP(v; m", n*) by
taking two copies of each 2-factor and replacing each edge {z, y} with the arcs (z, y) and
(y, x) in the two 2-factors. The following corollary is a consequence of this observation

and Theorem 1.18.

Corollary 2.2: Let m,n, and v be odd integers with n > m > 3, and let r and s be
nonnegative integers. Then, HWP*(v; m?", n**) has a solution if and only if m, n|v and

r+ s =wv — 1, except possibly when one of the following holds:
1. s=1;
2. s=3andm{n;
3. r=1mtnand mntv;

— mn
4 v= ()"

Similarly, an H*-factorization of G* is obtained from an H-factorization of G. The
following proposition is useful for transferring the results of undirected graphs to
symmetric digraphs. It states that if there is an [ -factorization of the undirected graph

G, then using this factorization one can get an H *-factorization of G*.

Proposition 2.3: Let G be a graph and H be a subgraph of G. If G has an H-

factorization, then G* has an H*-factorization.

It is known that K5, has a 1-factorization [49]. Therefore, as a natural consequence of

Proposition 2.3, the following proposition can be stated.

Proposition 2.4: The complete symmetric digraph K5, has a K;-factorization for every
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integer v > 1.

The following Lemma 2.5 and Theorem 2.6 play a crucial role in the factorization of

complete symmetric equipartite digraphs K () into directed m-cycles where m|zy.

Lemma 2.5: [20] Let m > 4 be an even integer and x be a positive integer. Then,

N
K FMQ) has a C,,-factorization.
iz

Theorem 2.6: [50] The complete symmetric equipartite digraph K (1) hasa C s-factori-
zation if and only if 3|xy and (x,y) # (1, 6) with possible exceptions (x,y) = (z,6),

where x ¢ {x : x is divisible by a prime less than 17}.

Theorem 1.14 states that K.,y has a C,,-factorization with a few exceptions. We
can use this result to show that /', , has a C »~factorization. However, some of the
exceptions in the undirected version do not exist in the symmetric case. A solution
for these exceptions is provided. As a corollary of Lemma 2.5, Proposition 2.3, and

Theorems 1.14 and 2.6, the following result can be given.

Lemma 2.7: The complete symmetric equipartite digraph K (1) has a C m-factorization

form >3 and x > 2 if m|xy, x(y — 1) is even, m is even when y = 2.

Proof. Let m|zy, x(y — 1) be even, m be even when y = 2, and let (z,y,m) ¢
{(2,3,3),(6,3,3),(2,6,3),(6,2,6)}. By Theorem 1.14, K., has a C,,-factorization
and so, K, has a C -factorization by Proposition 2.3. Since each 7, has a 6m-

— —
factorization, K (* Y) has a C,,,-factorization. Since K ) has a C,,,-factorization for

T (z:
(x,y,m) €{(2,3,3),(6,3,3),(2,6,3),(6,2,6)} by Theorem 2.6 and Lemma 2.5, it is
concluded that K, ) has a C »-factorization for m > 3 and z > 2 if mlzy, x(y — 1) is

even, m is even when y = 2. [

Nevena Franceti¢ and Mateja Sajna [31] provide the necessary and sufficient conditions
—

for the existence of a ',,,-factorization of K Ekx: ) Furthermore, their result states the

existence of a solution to the directed Oberwolfach problem for complete symmetric

equipartite digraphs with uniform-length cycles.

Theorem 2.8: [31] Let x,y, and m be integers greater than 1, and let g = ged(y, m).

Assume one of the following conditions holds:

1. x(y — 1) is even; or
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2. g¢{1,3} or
3. 9g=1andy=0 (mod 4) ory=0 (mod 6), or
4. g =3, and ify = 6, then x is divisible by a prime p < 37.

Then the complete symmetric equipartite digraph K (1) has a C m-factorization if and

only if m|xy and m is even in case y = 2.

The necessary and sufficient condition for the existence of a 1-factorization of a complete

equipartite graph K., is given by Hoffman and Rodger [51].

Theorem 2.9: [51] The complete equipartite graph K ..,y has a 1-factorization if and

only if xy is even.

The following lemma is a straightforward consequence of Proposition 2.3 and Theorem

2.9.

Lemma 2.10: The complete symmetric equipartite digraph K (z:9) has a K;-factorization

if and only if xy is even.

Hiéggkvist used G[2] to build 2-factorizations that include even cycles [18]. Using
Héggkvist Lemma, we assert that C,,,[2] can be decomposed into two C,,,-factors. This

>
decomposition will be used to factorize C,[2] into K factors and C'y,, factors.

Lemma 2.11 (Hdggkvist Lemma): Let G be a path or a cycle with n edges and let H be
a 2-regular graph on 2n vertices with all components even cycle. Then G[2] = G' & G”

where G' = G" = H. Therefore, G[2] has an H-decomposition.

The following two well-known results of Walecki imply that K, (or, K,, — F}, where
F,, 1s a 1-factor of K, defined in Lemma 2.13 and m 1s even) decomposes into Hamilton
cycles. These results and Proposition 2.3 will be used to factorize K, into symmetric

Hamilton cycles in Section 4.
Lemma 2.12: [52] For all odd m > 3, K,,, decomposes into (mT_l) Hamilton cycles.

Lemma 2.13: [52] Let F,,, be a 1-factor of K, with edge set E (F,,) = {{0,m/2},{i,
m—i} 1 <1< (m/2)—1}. Forall even m > 4, K,, — F,, has an Hamilton
cycle decomposition with prescribed cycles {C,o (C), 02(C)... 0" (C)} for o =
(0)(1,2,3...,m—=2,m —1)whereC = (0,1,2,m —1,3,m—2,..., % — 1,2 +2,

7,8+ 1).
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By Lemma 2.12, the decomposition of K, for odd n is as follows:

En®Ci®Cu®Cn®... 00, 2.1)

m—1
2

Using by (2.1) and Proposition 2.3, weget K = Cr e Cr o Crad ... Cr.

By Lemma 2.13, K,,, can decomposed as follows:

K,=CoCaoC®...®COF, (2.2)

The decomposition of K, can be obtained by (2.2) and Proposition 2.3.

K, ~CaCaeCo..0COF, (2.3)

Lemmata 2.14 and 2.15 show the existence of the {C},,, C3,, }-factorization of the C,,[2]
and (C @ F,,)[2] for r + s = 2 and r + s = 3, respectively. They will be used to
find a {(K3)", 8;}-factorization of the C [2] for r € {0,2,4}, r+ s = 4 and a
C'y-factorization of C* 2] & F [2] where C* is the symmetric digraph obtained from
C, defined as in Lemma 2.13. Also, we use I',, and I}, to denote C[2] & F,,[2] and
C*[2] @ F[2], respectively, for the rest of the thesis.

Lemma 2.14: [53] Let m be an integer with m > 3. Then C,,[2]| has a {C},,C5 }-
factorization for nonnegative integers r and s with r + s = 2 except when m is odd and

r = 2, and except possibly when m is even and r = 1.

Lemma 2.15: [53] Let m > 4 be an even integer and I, = C[2] © F,,[2] where the
m-cycle C and the 1-factor F,, are the same as those defined in Lemma 2.13. Then T,

has a
1. Cy~factorization,
2. Cy,~factorization when m = 0 (mod 4), and
3. {C?,C3 Y-factorization when m = 2 (mod 4).

Let m be an even integer and the vertex set of K, be Zs,,. Let 15, be a K3-factor of
K3 with A(I; ) ={(i,m+1i)* : 0 < i < m — 1} and define the bijective function
f 2 Loy, — Loy X Loy, with

(0,7) if ¢« <m,

fi) =

(1,i) if i>m.
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Then, A (I3,,) can be restated as a set {((O,i), (L) :0<i<m-— 1} on Zy X Ly
using this bijective function. We will represent C* [2] and C* [2] & I . as the directed
Cayley graphs X (Zs X Zyn, S1) and X (Zy X Zm, S1 U{(1,0)}), respectively, where
Sy = {(0,1),(1,1), (0, —1), (1, —1)}. Similarly, the graphs C,[2] and C,,[2] & I,
are isomorphic to )_()(ZQ X Loy, Sg) and X»(ZQ X Lon, So U {(1,0)}) where S, =
{(0,1),(1,1)}, respectively.

Also, a factor £} is defined as a K;-factor of K\, with A (E)5) = {(0,m/2)*, (i, m—i)* :
1 <i < (m/2)—1}. The arc set of F;, which is denoted by A (F}%), can be expressed as
{((0,0), (0,m/2))", ((0,7), (0,m—1))" : 1 < i < (m/2)—1} using the above bijective
function. Thus, the vertex set and the arc set of I'}, can be represented as V/(I'},) =
Zy % Ly and A(T5,) = Uy { ((G:5), i+ 1), (o), (G 1,5+ 1) UA(F)
for: = 0, 1, respectively.

Example 2.16: C, C[2], C§[2] @ I}, and F§[2] can be drawn as follows. Consider the
graph C§ (2] @ I}, , in this graph the vertical arcs use the differences (0, 1) and (0, —1).
The diagonal arcs use with the differences (1,1) and (1, —1), while the horizontal arcs

employ the difference (1,0).

0,0 , ) ———p (1, ) )
(0,0) | (1 0) (0,0) ‘i\‘\/‘“ (1,0) (0,0) (1,0)
(0,1 i\' | 1,1) (0,1 té@é‘]’\ 1) (0,1) (1,1)
| ) ‘iW‘ IV
’ 0 LTSN | SR A
f etk rikglo el
M 1N AL
o, {‘?‘\ L3 03 ‘ﬁ"f‘ 13 03 1,3
0 (WMo oy ooV Vo
K <
(0,5) /\ (1,5) (0,5) A (1,5) (0,5) (1,5)
(@) Cg (b) G5 2] (0) G52 & L7y (@) Fg 2]

Figure 2.1: Drawing some specific graphs and factors of K7,.

m

Using Lemmata 2.12 and 2.13, K'm and K'm — Fm factorize into (“2)C'm cycles and
(mT_‘L)C’% cycles, respectively. Also, K, is isomorphic to K'm 2] @ I,,,. Hence, using

m
m—6
4

Proposition 2.3, Lemmata 2.12 and 2.13, we will obtaina {(C[2]) 7 ,C%[2] & I}, }-
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m—12

factorization and a {(C*% [2])" 7, Cha 2] & I, [ }-factorization of K, depending on
whether m = 0 or 2 (mod 4), then use these factorizations to obtain a {(K3)", 6;;}-
factorization of K7 .. Thus, C’% [2] ® I}, and F*% must be factorized into K;-factors
and C',,,-factors. Furthermore, a {(K3)", C',, }-factorization of C},[2] will need to be

obtained in order to factorize K, into K;-factors and C',-factors.

Lemma 2.17: Let m > 4 be an integer. Then C,[2] has a {(K3)", 8§m}-j‘actorization
Jorr €{0,2,4} andr + s = 4.

Proof. First, note that C,,[2] has a decomposition into two C,,-factors by Haggkvist
Lemma (Lemma 2.11) and each C,,-factor has a decomposition into two 1-factors,

since 2m is even. C,,[2] = Cy,,, @ Cy,y, and Cy,,, = T @ [ where [ is a 1-factor of Ko,),.

Case 1 (r = 4) : Decompose C,,[2] into four 1-factors by using Cs,,,-factors. Then a

K-factorization of C,[2] is obtained by Proposition 2.3.

Case2 (r = 2) : Decompose C,,[2] into one Cy,,, and two 1-factors. By Proposition 2.3,
a {(K3)?, C3, }-factorization of C7 [2] is derived. Since C3,, has a Cym-factorization

with two Cla-factors, a {(K3)2, C2, }-factorization of C* [2] is obtained.

Case 3 (r = 0) : Obtain a Cj, -factorization of C,[2] by Proposition 2.3. Since Cj,,

— — —
has a Cy,,,-factorization with two C'y,,,-factors, C'% [2] has a C'y,,-factorization. [l

Since /5, and F are two K;-factors of K

2m>

the following result can be derived from

Lemmata 2.15 and 2.17, and Proposition 2.3.

Corollary 2.18: Let m > 4 be an even integer. Then I'Y, has a {(K})", 8§m}factoriza-
tion forr € {0,2,4,6} and r + s = 6.

Proof. F}[2] decomposes into two Kj-factors. Therefore, '} has a {(K3)", 6§m}-
factorization for r € {2,4,6} with r + s = 6 by Lemma 2.17. Also, I'}, has a

c om-factorization by Lemma 2.15 and Proposition 2.3. U

The following lemma is quite useful in solving the Directed Hamilton-Waterloo Problem

for n = 2 and even m, when 7 is even.

Lemma 2.19: Let m > 5 be an integer. Then C} 2] & I3, has a {(K})", 6§m}-
factorization for r € {0,1,3,5} andr + s = 5.
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Proof. The cases r € {1, 3,5} can be directly obtained from Lemma 2.17.
When r = 0, we will study the problem in two cases; m is odd or even.

Case 1 (odd m > 5) : Define five directed 2m-cycles in C?,[2] @ I, as follows:

L) = (vg,v1, . ., Vam_1) Where v; = (| 2], 4),
6&2 = (ug, U1, . . ., Usm_1) Where,
(0, 2) if 0<i<2
Ugi =
(0,2 —1) if 2 <i<m—1,
and
(1,2i+1) if 0<q< 23
U2i+1 =
(1,-2i—2) if 2L <i<m-—1,
Céiz = (2o, X1, ..., Tam—1) Where

0,m—|%]) if i=0,3 (mod 4),
7 = ( l2)) ( for 0 <4 < 2m — 3,

(Lm—[i]) if i=1,2 (mod 4),

2
and Tam_s = (1,1), 23m_1 = (0,1). Also, CS) = (yo., 41, .- -, yam_1) where
yi=u;+(1,2) for 0<i<m-—-3 and m+2<i<2m-—1,

ym—Q - (170)7 ym—l - (07 1)7 ym - (]‘7 1)7 ym+1 - (070>

Finally, 5&2 = (20,21, - - -, Zom—1) Where
zi=x; + (1,0) for 3 <i<2m—4,
20 = (270)7 z1 = (O7m)7 z2 = (070)7 2om—1 = (17 1)7 Z2m—2 = (1’2>7 Zom—3 = (07 1)

Then, {6 0 g a@ @ & (4)} is a C'ap-factorization of Crli2l e I,

2mo ~ 2mo 2mo ' 2mo ' 2m
Case 2 (even m > 6) : Let (_J)SQL be the same as in Case 1 and define the directed
2m-cycles in C}[2] & 15, as follows:
6&% = (o, 1,...,Tom_1) Where xy = (0,0) and

0,m — | &2 if i=1,2 d 4),
T, = (m L2J) . (mod 4) for 1 <7<2m —8,

(I,m— |22 +1) if :=0,3 (mod 4),
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and zo,, 649, = (0,3 —1) for 0 < i < 2and xg,,—7192; = (1,3 —1) for 0 < i < 3. Also,

(72(2 = (ug, U, - . ., Ugm—1) Where ug = (0,0), u; = (1,0), ug = (0,m — 1) and
(0,m — [
(1,m —|

] =1) if i=0,1 (mod 4),

for3<i<2m—09,
1) if 1=2,3 (mod 4),

i—1

U; = 2

! i—1
2

(0,4—1[3]) if j=0,2 (mod 4), .
Um—84j = , for 0 < j < 7,and whenm = 6,
(1,4—13%]) if j=1,3 (mod 4),
us = (1,5) and only the above piecewise function is used. Furthermore, CS}Z =
(Yo, Y15 - - Y2m—1) Where ygi0 = (0,m — i) for 1 < i <m — 4, yg;py = (1,m — i)
for1 <i<m-—3,y = (070)’ Y1 = (171)’ Y2 = (170)3 Yom—a4 = (172)7 Yam—-3 =
(0,3), Yam—2 = (0,2) and yam_1 = (0,1). Finally, CS) = (20,21 ..., zom_1) where
2942i = (O,4—|—Z) for 1 S 1 S m—5, 21042 = (1,4—|—2) for 0 S 1 < m—6,
Z20 — (0,0), zZ1 = (1,m —= 1), Z9 = (1,0), zZ3 = (O,l), Z4 = (1,2), 5 = (1,1),
26 = (0,2), 21 = (1,3), 2 = (0,4), 2 = (0,3). Then { ), L), ), &6, &G0}

is a Clay-factorization of Crl2] e 1, O

(0,0)
(0,1)
(0,2)

(0,3)

(0,4)

(0,m —4) (I,m —4) (0,m —4) (1,m —4) (0,m —4) (L,m —4)
(0,m —3) (I,m—3) (0,m —3) (1,m—3) (0,m —3) m — 3)
(0,m —2) (1,m—2) (0,m —2) (1,m—2) (0,m—2) 1,m—2)
(0,m —1) (I,m—-1) (0,m—1) (I,m—-1) (0,m —1) (I,m—1)
(0 (2 (3
@ s, © C5) @ 5,

Figure 2.2: Four 2m-cycles of C[2] ® I,..

By Lemma 2.14, C},,[2] can be decomposed into two C,,-factors for even m. So, the
following lemma is obtained similar to Lemma 2.17. Also, the following corollaries are

obtained as a result of this lemma.

Lemma 2.20: Let m > 4 be an even integer. Then C,[2] has a {(K3)", 6;971}—factoriza—
tionforr € {0,2,4} andr + s = 4.
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Proof. Notice that C,,[2] can be decomposed into two C,,-factors, as stated in Lemma
2.14. Moreover, each C,-factor has a decomposition into two 1-factors, given that m

is even.

Case 1 (r = 4) : Decompose C,,[2] into four 1-factors by using C,,-factors. Then a

K -factorization of C,[2] is obtained by Proposition 2.3.

Case 2 (r = 2) : Decompose C,,[2] into one C,, and two 1-factors. By using
Proposition 2.3, a {(K3)?, C? }-factorization of C’%,[2] is obtained and also C'*, has a
C',-factorization with two C.,-factors. So, we get a {(K3)?, a)fn}-factorization of
Cr12].

Case 3 (r = 0) : Obtain a C} -factorization of C [2] by Proposition 2.3. Since C,

has a C',,,-factorization with two C,,-factors, C* [2] has a C',,-factorization. O

Because both I3, and F};, are K;-factors, the following corollaries can be derived from

Lemma 2.20.

Corollary 2.21: Let m > 4 be an even integer. Then C 2] ® I, has a {(K3)", E’)fn}-

factorization for r € {1,3,5} andr + s = 5.

Corollary 2.22: Letm > 4 be an even integer. Then '}, hasa {(K3)", c 5 Y-factorization
forr € {2,4,6} andr + s = 6.

In this thesis, mainly recursive constructions are used to solve the Directed Hamilton-
Waterloo Problem. To do this, graphs like K, and K7, are factorized into some special

smaller graphs such as C [2], Cyn[2], C% [2] © I3

. Co [2] @ I, and similar ones, which

are easier to factorize needed factors compared to graphs like /K, and K. Therefore,

Con [2] and Co [2] & I;,, must be decomposed into the desired factors.
Lemma 2.23: For every even integer m > 2, 8m 2] has a 6mfactorization and a

=
Com-factorization.

Proof. Let m > 2 be an integer. Let co = (vo,v1,...,Um_1) be a directed m-
cycle of 6m[2], where v; = (0,4) for 0 < i < m — 1, and it can be checked that

F=C%u (552) + (1,0)) is a directed m-cycle factor of 6m[2] Also, let O =
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(ug, Uy, - .., Up_1) be a directed m-cycle of 6m[2}, where

(0,4) if 4 is even,
U; =

(1,4) if i is odd,

for 0 < i < m — 1. It can also be checked that I, = C') U (6’)7(7? +(1,0)) is a directed
m-~cycle factor of 8m[2] F} and F5 are arc disjoint directed m-cycle factors of c m[2].

Thus {F3, Fh}isa 6m-fact0rization of 6m 2].

Let 8&2 = (vo, V1, ..., Vap—_1) and (_jgr,?b = (wo, wy, . .., Way_1) be directed 2m-cycles
of Cop [2], where

(0,i) if 0<i<m-—1,
Vi =

(L,7) if m<i<2m-—1,
and

v; if 7 is even,
w; =

v; +(1,0) if 7 is odd.

It can be seen that F3 = (72'2 and [y = 63“;1 are arc disjoint directed 2m-cycle factors

of C,p [2]. Thus {F5, F,} isa C'yp-factorization of 8m[2] O

Example 2.24: The following figure gives a c ¢-factorization and a c 19-factorization
ofa(j 2], in turn. {Fy, Fy}-factorization is a 86fact0rizati0n of@} 2] and {F3, Fy}-

factorization is a C yy-factorization of Cy 2].

(@) Cs[2] (b) F (©) F () F3 (e) Fy

Figure 2.3: Directed cycle factorizations of Co 2].
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Lemma 2.25: For every integer m > 2, 6m[2] ® 15, has a {6’),1,” 8§m}-factorization.

Proof- The F} is defined as in Lemma 2.23; in this case, F} is a directed m-cycle
factor of 6m 2] & I;,,. Also, let c éﬁ = (up, U1, . . ., Uzm_1) be a directed 2m-cycle of
Col2l @I

2m

where uy; = (0,14), and ug; 11 = (1,7) for 0 < i < m — 1. Similarly,
it can be checked that F, = 6&2 and I3 = ol g}l + (1,0) are arc disjoint directed
2m-cycle factors of C,,[2] & L. Thus {Fy, Fy, F3} isa {5}},1, (—jgm}-factorization of
Cnl2® I, O

The fourth section of this thesis provides the full solution of HWP* (v; m”, (2m)®) with
a few possible exceptions when m is even. That is, the existence of a {aﬁw 6§m}-

factorization of K3

2max

is studied for even m in that section. For this, first K  1is

2mx

factorized into a K, -factor and (22 — 2) K (m:2)-factors. Then, K3, is factorized into
a I'! -factor, a C[2] & I, -factor and C7, [2]-factors. Consequently, a {5}:,1, 6§m}-
factorization of these graphs is needed. Let us begin by considering a {(_/%W 6§m}-

factorization of C}[2] & [}

om» followed by a sequential examination of the desired

factorizations of other graphs.

Lemma 2.26: Let m > 4 be an even integer. Then C}[2] © I3, has a {5;;“ 6§m}—

factorization forr € {1,3} and r + s = 5.

Proof. Case 1 (r = 1) : Let I}, F» and F3 be equivalent to the F, F, and Fj
factors respectively, as stated in Lemma 2.25. Thus, F} is a directed m-cycle factor
of C* 2] ® I5,,. In addition, F3 and Fj are directed 2m-cycle factors of C* [2] & I

2m>

respectively.

Let 6&2 = (zo, x1,...,Toy,_1) be a directed 2m-cycle of C*[2] ® I;

om»> Where zp =

(0,0), xm = (1,0), 241 = (0,m—1—1) for0 <i <m—2and ;11 = (1,m—1—j)

for0 <j7<m-—2.

Let 65’% = (Yo, Y1, - - -, Y2m—1) be a directed 2m-cycle of C* [2] & I

om» Where y,,, =
(1,0),

(0,m —1i) if i is even,
Y = for0<i<m-—1
(I,m —1i) if i is odd,
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and

(1,2m —14) if i is even,
Yi = for m+1<:<2m—1.

(0,2m —14) if 7 is odd,

The factors Iy = 6’)% and F5 = 8&2 are arc disjoint directed 2m-cycle factors of
Ck2)® I, Then, {Fy, F», F3, Fy, F5} isa {6’:171, C4 Y-factorization of C* [2] & I, .
Case2 (r = 3) : Let Fy, F; and F3 be the same as in Case 1. Using the arcs of Fy | ] F5,
two new C m-factors can be obtained as follows:

The factor F, = R(F})isa C-factor of Crli2l® L5, Let C = (Yo, Y1, - -+, Ym—1) be

a directed m-cycle of C* [2] & I, where

2m>

(0,4) if 7 is even,
Y = for 0 <i<m—1.

(1,i) if i is odd,
It can be checked that |, = R(a) U R(E‘) + (1,0)) is a directed m-cycle factor of
Crnl2l® I,

So, { 1, Fy, Fy, Fy, Fi Y is a {C3,, C'2, }-factorization of C%,[2] & I3, O

Lemma 2.27: Letm > 4 be an even integer. Then C,[2] has a {6’7;1, 8§m}fact0rization

Jorr €{0,2,4} andr + s = 4.

Proof. The cases r € {0,4} are obtained by Lemmata 2.17 and 2.20. Let 6&2 =
(uo, U1, . . ., Ugm—1) be a directed 2m-cycle of C [2], where

(0,4) if 0<i<m—1,
U; =

(1,4) if m<i<2m—1.
=) -

And it can be checked that F; = C,’ isa Co-factor of C*[2]. Let 5&2 = (vo, V1, .-+,

Vom—1) be a directed 2m-cycle of C;, [2], where

u; if 7 is even,
v =
w; + (1,0) if i is odd.
The factor F, = 8&2 isa 62m-factor of C* [2]. Let F, and F; be the same as in Lemma
2.26. Then, { Fy, Fy, F,, F,} is a {C?,, C3, }-factorization of C7,[2]. O
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Example 2.28: The following figure gives a {62, 6%2}-ﬁlctorization of C§[2]. The
factors I and F, are c 12-factors of C§ (2|, and the factors F3 and F are 86—factors
of Cg[2].

(@) F1 (b) > (c) F3 (d) Fy

Figure 2.4: A {C2, C%,}-factorization of C3[2).

Lemma 2.29: Letm > 4 be an even integer. Then 1"\, = C*[2|®F} [2] has a {6:,1, ﬁgm}-
factorization for r € {0,6} and r + s = 6.

Proof. Case 1 (r = 0) : By Lemma 2.15 1. and Proposition 2.3, '} has a Com-

factorization.

Case 2 (r = 6) : By Lemma 2.15 2. and Proposition 2.3, '}, has a 6m-factorization
form =0 (mod 4).

When m = 2 (mod 4), define the following m-cycles. Let C9 be the cycles 6’)52),
as stated in Lemma 2.23, then CY is a directed m-cycle of I';,. We also define the

directed m-cycles of I';, as shown below.

C'(l) (20,21, ... Tpm_1) Where zg = (0,0) and for 1 <i <m — 1

C ) om %) if i=1,2 (mod 4),
Ti=
(1 ,%Jr %) if i=0,3 (mod4).
R (I,m—1—4) if 0<i<™m
c? — (ug, U1, - ., Upm—1) Where u; = 2
(Om—l—z if 2+1<i<m-—1
P = (Yo, Y1, - - - Ym—1) Where yo = (0,0), y1 = 3y = (1,3 +1), 43 =
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1,2 4 (=1)*HL]) if i=0,1 (mod4

Yi= ( 2 ( ) L2J) ( ) for 4<i<m-—1.
0,2+ (-1)"%]) if i=2,3 (mod4)

653{) = (20,21, .- ., Zm—1) Where

Ymei +(1,0) if 1<i<m-—3
Zi=
Ym—i ifm-2<i:<m

Using the above m-cycles, the following m-cycle factors can be obtained. Fy = Oy

(C4(1,0), F, = CYURCY +(1,0)), F, = R(F), Fy = CP&(C? +(1,0)),
F,=CPUu(CP+1,0)and Fs = C U (CY + (1,0)). Then, {Fy, Fy, Fy, Fs,

— —
Fy, F5}isa C,,-factorization of '} . So, I'* hasa C',,-factorization forevenm > 4. [

(0,0) (1,0)
(0,1) (1,1)
0,2) (1,2)
(0.3) (1,3)
(0,4) (1,4)
(0,m—4) (Lm - 4)
(0.m—3) (1m —3)
(0,m —2) (1,m —2)
Om—1) (Lm—1)
(o) I

Figure 2.5: Fy, Fi, F5, and F3 factors of I
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3. DHWP WITH SMALL CYCLE SIZES

This section follow the lead of the first results for the undirected Hamilton-Waterloo Prob-
lem and provides solutions for cases with directed cycle sizes {(4,6), (4, 8), (4,12), (4,
16), (6,12),(8,16),(3,5), (3,15), (5,15)}. Two different constructions depending on
the parity of the cycle sizes are given. For even cycle sizes, using the construction in
Lemma 3.2 and the preliminary lemmata required in the construction, HWP*(v; m", n®)
is solved for (m,n) € {(4,6), (4,8), (4,12), (4, 16), (6,12), (8,16)} withr+s = v —1.
For odd cycle sizes, a new construction is given in the Lemma 3.7 when v is odd.
Using this construction and the results required for this construction, we state that
HWP*(v; m”,n®) has a solution for (m,n) € {(3,5), (3,15), (5,15)} for odd v with a
few possible exceptions. Constructions given in Lemma 3.2 and Lemma 3.7 are general
constructions and they can be used to solve the problem also for the other cycle sizes as

long as the necessary small cases can be found.

3.1. Even Cycle Sizes

This section provides solutions to the Directed Hamilton-Waterloo Problem, with a
special focus on cycles of even length. For this purpose, we introduce a property that

will be used in our proofs before giving the general construction.

Let m be an integer and the vertex set of K5, be Z,,,. Let I, be a 1-factor of K, with
E (Iom) = {{i,m+1} : 0 <i <m—1}. Note that K,,,[2] = Ky, — I5,, where vertex
set of K,,,[2] is Zs,,. According to Proposition 2.3, K [2] is isomorphic to K3 — I3

where [5 is a Kj-factor of K3 and has been defined previously.
The following lemma will be used in the first main construction of this section.

Lemma 3.1: K}[2] has a K;-factorization for every integer x > 2.

Proof. Notice that K*[2] = K;, — I;,. Using Kotzig’s 1-factorization of K5, and

Proposition 2.3, a decomposition of K }[2] into 22 — 2 K}-factors is obtained. ]

The main construction is given in the following lemma, which is used to obtain solutions

for the even cycle size cases.
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Lemma 3.2: Let m > 4 and n > 4 be even and h = lem(m,n). If HWP*(h;m"" | n*")
has a solution for all nonnegative integers r', s' satisfying v’ + s = h — 1, then
there is a solution to HWP*(hx; m”, n®) for all nonnegative integers r, s, and x with

r+s=hr—1
Proof. By (1.1), K}, can be decomposed as follows:
K, = xK, ® K4, (3.1)

Since K., = K;[h], K;[h] is isomorphic to K7 [2] [4] by the associativity of the power
rule. Thus, by Lemma 3.1, K} [h] can be decomposed into factors each isomorphic to

K3[4], and since K;[4] = K*

(.9 WE have a decomposition of K [h] into (2 — 2)
.

K (2:2) -factors.

2x—2

)-factors of Kj . As

aresult, K;_ hasa {Fy, Fi, Fs, ..., Fy, o}-factorization. Since HWP*(h; m" ns/) is

Now, let F{y be the K -factor and F}, F5, . .., Fy,_o be the K*h.2
h,

assumed to have a solution for all nonnegative integers 7" and s'; F{y hasa {C", C*'}-
factorization for all nonnegative integers r’ and s’ where ' + s = h — 1. Also,

by Lemma 2.5 K(*EQ) has a 6m- and a 6n-factorizati0n for m,n > 4, so each F;
¥

=h b . . .
has a {C, 7, C'7™ }-factorization for j € {1,2,...,2x — 2}, where rj,s; € {0,1}

with r; + s; = 1. Those factorizations give us a {C] , C'5 }-factorization of K, where

2x—2

_ o h 222 o L h N 222 ol J L h
r=r'+53> 5l rjands=s"+35 3 0 " s;withr+s=1"+5"+35 > )

h—1+5%02z—2)=hx—1.

(rj+s;) =

Since any nonnegative integer 0 < r < hax — 1 can be writtenas r = ' + %a for integers
0<7r"<h—-1,0<a<2x—2andeven h, a solution to HWP* (hx; m", n®) exists for

each r > 0 and s > 0 satisfying r + s = hx — 1. O

The following lemmata give the base blocks of our main construction in this section.
The cases when r = 0 and s = 0 of the lemmata are obtained by Theorem 1.15 and the

remaining factorizations for Lemma 3.3 and 3.4 are given in the Appendix.

Lemma 3.3: For nonnegative integers r and s, HWP*(8; 4" 8°) has a solution if and

onlyifr+s=T1.
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Lemma 3.4: For nonnegative integers r and s, HWP*(12; m",n®) has a solution for

(m,n) € {(4,6),(4,12), (6,12)} ifand only if r + s = 11.

It is known that K, is isomorphic to K}, [2] & I3, and also that K, — F},, factorize
into C,,,. Therefore, we can provide the following theorem for (m,n) = (8, 16), while

the case of (m,n) = (4, 16) is given in the Appendix.

Lemma 3.5: For nonnegative integers r and s, HWP*(16; m", n®) has a solution for

(m,n) € {(4,16), (8,16)} if and only if r + s = 15.

Proof. By Theorem 1.15, the cases when r = 0 and s = 0 are obtained.

Case 1 : For (m,n) = (8,16), first assume that r is odd. One can see that K;; =
K§[2] @ I}, and K} have a 88-factorizati0n by Lemma 3.3. Then, one can factorize
K into six Cs [2] and a single c s[2] @ I;4 factor. Also, each gt 2] can be decomposed
into two 68 or two C' 16-factors by Lemma 2.23. By Lemma 2.25, C s[2] @ Ij; has a
{6 o c 7 }-factorization. Now, let 79 and sy be nonnegative integers with ry + sy = 6.
Decomposing 7 C g[2]’s into C g-factors and remaining s C g[2]’s into c 16-factors, as

well as I'g into a {C'}, C%; }-factor gives us a {C20t! C'25072) factorization of K.

Since any odd integer r can be written as » = 2ry + 1 for a nonnegative integer
ro, HWP*(16; 8", 16°) has a solution for odd r with r + s = 2rg + 1 4 259 + 2 =
2(rog + so) +3 = 15.

The solutions to the remaining even cases are listed in the Appendix.

Case 2 : For (m,n) = (4, 16), solutions to all cases are given in the Appendix except

forr =0and s = 0. O]

The previous lemmata establish the existence of solutions for the cases where v takes
values 8, 12, and 16, and (m, n) belongs to the set {(4, 8), (4,6), (4,12), (6,12), (4, 16),
(8,16)}. Now, using the main construction outlined in the Lemma 3.2, this result can

be proved for v = 8z, 12z, and 16z, where x = lem(m, n).

Theorem 3.6 For nonnegative integers r and s, HWP*(v; m", n®) has a solution for
(m,n) € {(4,6),(4,8), (4,12), (4,16), (6,12), (8,16)} ifand only if r +s = v —1 and

lem(m, n)|v.

Proof. If a solution to HWP*(v; m", n®) exists for (m,n) € {(4,6),(4,8), (4,12),
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(4,16),(6,12),(8,16)}, then by Lemma 1.20, r + s = v — 1 must hold. Furthermore,

since m and n divide v, it follows that A = lem(m, n) divides v.

For the sufficiency part, assume h|v and 7+s = ha —1 = v—1 where x is a nonnegative

integer.

For (m,n) = (4,8), HWP*(8; 4™, 8%) has a solution for all nonegative ry and s, with
ro + S0 = 7 by Lemma 3.3. Then, HWP*(v; 4", 8°) has a solution forr + s = 8z — 1 =
v — 1 by Lemma 3.2.

For (m,n) € {(4,6),(4,12),(6,12)}, HWP*(12; m™, n*!) has a solution for all noneg-
ative r and sy with r; + s; = 11 by Lemma 3.4. Then, HWP*(v; m”, n®) has a solution

by Lemma 3.2 for (m,n) € {(4,6),(4,12), (6,12)} withr +s =120 — 1 =v — 1.

For (m,n) € {(4,16), (8,16)}, HWP*(16;m",n®) has a solution for all nonegative
ro and so with 75 + s, = 15 by Lemma 3.5. Then, by Lemma 3.2, HWP*(v; m", n®)
has a solution for (m,n) € {(4,16), (8,16)} withr + s =16z — 1 =v — 1. O

3.2. Odd Cycle Sizes

First, the following main construction for odd cycle sizes is given here, and using this
construction it is shown that for (m,n) € {(3,5), (3, 15), (5,15)}, HWP*(v; m", n*)
has a solution for all nonnegative integers r and s satisfying » + s = v — 1 with a few

possible exceptions, where v is odd.

Lemma 3.7: Letm > 3andn > 3 be both odd, h = lem(m,n) and 3|h. FHWP* (h; m",
n®) has a solution for all v', s' satisfying v’ + s' = h — 1, then there is a solution to

HWP*(hz;m", n®) for all nonnegative r, s and odd x satisfying r + s = hx — 1.

Proof. By (1.1), a decomposition of K, into a K; and a K (*hw)—factor is obtained.
Since K7, ) = K;[h], it is seen that K7 [h] = K [3][4].

It is clear that K}[3] is isomorphic to K3, — x K. Since a Kirkman triple system
of order 3x exists by Theorem 1.12, we have a Cjs-factorization of Kj3,. Then, a
C5 = Kj-factorization of K}, — x K is obtained by Proposition 2.3. So, K[3] has a

decomposition into % Kj-factors. In K[h], these Kj-factors form K (*ﬁ, 3)-factors
h,
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since K3[2] = KEk%B)'

®...0zK},

i) (3.3)

(4:3) R ()

3z—3
2

Ky, = 2K; @K}, ., ©xK/

Let Iy be the Kj-factor and F}, F5, . ..  Faes be the K(*ﬁlg)—factors of K, . Since
k.

HWP*(h;m" ,n*") is assumed to have a solution for all nonnegative integers ' and s’
where 1’ + s = h — 1, Fy hasa {C", C'3 }-factorization for all nonnegative integers 7’

and s’ withr’' +s" = h — 1. Also, K E“ﬁ 3) has a C,,,-factorization and a C',,-factorization
B

—>2h, . —2h . . . .
by Lemma 2.7, so each F} hasa {C'} 7, C'? */ }-factorization for j € {1,2,..., 322},

- =
where 7;,s; € {0,1} with r; + s; = 1. These factorizations give us a {C" , C'%}-
factorization of K}, wherer =1+ >, % Zr;ands =5+, 3 Zs; withr +s =

3z=3
'+ +33 2(ri+s)=h—1+hx—h=hs—1.

Since any nonnegative integer 0 < r < hx — 1 can be written as r = r’ + %a for

integers 0 <7/ < h —1and 0 < a < 322, a solution to HWP*(hx; m”, n®) exists for

eachr > 0 and s > 0 satisfying r + s = hx — 1. [

Lemma 3.8: For nonnegative integers r and s, HWP*(15;m",n®) has a solution for
(m,n) € {(3,5),(3,15), (5,15)} if and only if r + s = 14 except possibly for r €
{11,12,13} when (m,n) = (3,5) and for r = 13 when (m,n) = (3, 15).

Proof. The cases when » = 0 and s = 0 can be obtained by Theorem 1.15. A so-
lution to HWP(15; m™, n®) for (m,n) € {(3,5), (3,15), (5, 15)} with the exception
(m,n, 1o, S0) = (3,5,6,1) is given by Corollary 2.2. Thus, by Observation 2.1, we have
a solution to HWP*(15; m”, n®) for (m,n) € {(3,5), (3,15), (5,15)} with r and s are
positive even integers except possibly when (m, n,r, s) = (3, 5,12, 2). The solutions

for the odd cases are listed in the Appendix. ]

Using Lemma 3.7 and Lemma 3.8, a solution to HWP*(v; m", n®) can be given for
all nonnegative integers r and s when (m,n) € {(3,5),(3,15), (5,15)} satisfying

r+s=wv — 1and odd v > 15 with a few possible exceptions.

Theorem 3.9: For all nonnegative integers r, s and odd v > 15, HWP*(v; m", n®) has
a solution for (m,n) € {(3,5),(3,15), (5,15)} if and only if r + s = v — 1 and 15|v
except possibly s € {1,2,3} when (m,n) = (3,5) and s = 1 when (m,n) = (3, 15).
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Proof. 1f a solution to HWP*(v; m”, n®) exists for (m,n) € {(3,5), (3,15), (5,15)},
r+s=wv— 1and lem(m,n) = 15|v by Lemma 1.20.

For the sufficiency part, assume v = 15z and r + s = 152 — 1 where x > 1 is an odd

integer.

For (m,n) = (5,15), HWP*(15;5™,15%) has a solution for all nonegative r, and
sp with rg + sp = 14 by Lemma 3.8. Then, HWP*(v; 5", 15°) has a solution for all
nonegative r and s withr + s = 152 — 1 = v — 1 by Lemma 3.7.

*

By (1.1), a decomposition of K75, into a K7;-factor and % K 5.5 -factors is achieved.
By Lemma 3.8, K75 has a {6’;’1, a‘i’}—factorization for (m,n) € {(3,5), (3,15)} with
r’ 4+ s = 14 except possibly 7’ € {11, 12,13} when (m,n) = (3,5) and v’ = 13 when

(m,n) = (3,15). Also, by Lemma 2.7, each K[, has a (G203 0%} factorization

for j € {1,2,...,%3} wherer;,s; € {0,1} withr; + s; = 1.

Placing a C',,,-factorization on "a" of the K; ., -factors, a C',,-factorization on "b" of

(5:3)

the K 4 -factors for 0 < a,b < 3223 with a + b = 222, and taking a {6%, 53’}—

factorization of K7, give a {62;“0“, 62’ +1001 _factorization of K7, for (m,n) €
{(3,5),(3,15)}. Letr = 1’ 4+ 10a and s = s’ + 10b, then we have r + s = ' +
s'+10(a+b) =14+5Bx—3) =10z —1=v—1with0 <r,s < 15z — 1.

For (m,n) = (3, 5), the requested integer r € [0, 152z — 5] U {152 — 1} can be obtained
from the sum of v’ and 10a for v’ € [0, 14]\{11,12,13} and 0 < a < 22-2. Therefore,
HWP*(15x; 3", 5%) has a solution for all integers 0 < r,s < 15z — 1 with r + s =
152 — 1 = v — 1 except possibly when s € {1,2,3}. Similarly, for (m,n) = (3, 15),
since any nonnegative integer r € [0, 152 — 1)\ {152 — 2} can be written as » = r’+ 10a

for 7 € [0,14]\{13} and 0 < a < 223, a solution to HWP*(15z; 3", 15*) exists for

all integers 0 < r,s < 15x — 1 withr 4+ s = 152z — 1 = v — 1 except possibly when
s=1. ]
Now our results can be combined in the following main theorem.
Theorem 3.10: For nonnegative integers r and s, HWP*(v; m",n®) has a solution for
1. (m,n) € {(4,6),(4,8),(4,12),(4,16), (6,12), (8,16)} when v is even,
2. (m,n) €{(3,5),(3,15), (5,15)} when v is odd

if and only if r + s = v — 1 and lem(m, n)|v except possibly s € {1,2,3} when
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(m,n) = (3,5), and s = 1 when (m,n) = (3,15).
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4. DHWP INVOLVING EVEN CYCLE SIZES

In this section, the problem of decomposing K into two nonisomorphic factors, where
these factors are uniform factors of K7 involving K75 or directed m-cycles, and directed
m-cycles or 2m-cycles for even m, will be studied. Section 4.1 is devoted to finding
solutions to HWP* (v; 2", m®) for even m with r +s = v — 1. Also a solution is denoted
asa {(K3)", c s }-factorization of K. In Section 4.2, we will concentrate on solving
HWP*(v; m”, (2m)?®) for even m with r + s = v — 1, which indicates the existence of
a {8Tm, 6§m}—factorization of K; for the same values of r and s. Here are our main

results:

Theorem4.1: Letr, s be nonnegative integers, and let m > 4 be even. Then, HWP*(v; 2",
m®) has a solution if mlv, r + s =v—1,s # 1, (r,v) # (0,6), (m,r,v) # (4,0,4),
and one of the following conditions holds,

1. m>4,s#3andm=0 (mod 4),

2. m >4, Lisevenand m =2 (mod 4),

3. m >4, Yisodd, s # 3 and m =2 (mod 4),
4. m=4andv=0,8,16 (mod 24),
5. m=4,v=12 (mod 24) and s ¢ {3,5},

6. m=4,v=4,20 (mod 24) and r is odd.

T

Theorem 4.2: Let r, s be nonnegative integers, and letm > 4 be even. Then, HWP* (v; m

v, 7+s =v—1and v > 4 except for

,(2m)®) has a solution if and only if m
(s,v,m) € {(0,4,4),(0,6,3),(0,6,6)}, and except possibly when s € {1, 3}.

Recall that I}, is C*[2] @ F};[2]. In order to solve HWP*(v; 2", m®) for even m, a
decomposition of K7, into K;-factors and C,-factors is required. To do this, we
decompose K, into C* [2], C* [2] @ I, and T' -factors. The desired factorizations of
these graphs are obtained in Section 2. The following lemma, which will be employed
when studying the {(K})", afn}-factorization of K,,, in the case where x is even,

provide the {(K3)", 6;*’”}-fact0rization of ', form = 2 (mod 4).

Lemma 4.3: T, has a {(K3})", 8;}factorizati0nfor m =2 (mod 4) andr € {1,2,3,
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4,6} withr + s = 6.

Proof. The cases r € {2, 4,6} are obtained by Corollary 2.22.

Forr =1, let c “ and c S cycles be equivalent to the 5)52) and (75,? cycles respectively,
as stated in Lemma 2.23 and Lemma 2.29. Also, the following m-cycles are defined.

(0,7) if i iseven,

a)g) = (U07U17 I ,um71> Where U; =
(1,7) if ¢ is odd.
CD = (29,21, .., 2m_1) Where 2, = (1,m — 1), 2y = (0, 0) and

(0,[4]+1) if i=0 (mod 4)
(1,[41+1) if i=1 (mod 4)
—i) if i=2 (mod 4)
—i) if i=3 (mod 4)

Zi= for 0 <i <

m
2

Let’s choose the factor [} as isomorphic to F); @& (F); + (1,0)), then F; becomes
a Kj-factor. Using the above m-cycles, we obtain the following m-cycle factors:
F =Y U(CY +(1,0), i, = R(F), F, = C UR(CY + (1,0), Fy =

CPURCY +(1,0) and Fs = CDU(CY + (1,0)). Then, {Fy, F1, Fy, Fy, Fy, F5}

is a {(K2)!, C? }-factorization of T'%,.

Forr = 3, Fy @ F; is a C} -factor of I}, and has a factorization into two K -factors
of I';, say F and Fy. Then {Fy, F|, Fy, Fy, Fy, F5 } is a {(K3)?, 3 }-factorization of
ry. O]

4.1. Solutions to HWP* (v; 2", m?)

Now, solutions to the Directed Hamilton-Waterloo Problem can be given for K and

N
C',, when m is even.

Theorem 4.4: Let r, s be nonnegative integers, and letm > 6 be even. Then, HWP*(v; 2"

m®) has a solution if and only if m

v, r+s=v—1landv > 6 except for s = 1 or

(r,v) = (0,6), and except possibly when at least one of the following conditions holds;
1. s=3andm =0 (mod 4),

2. s=3,m=2 (mod 4) and = is odd.
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Proof. Take (v—2) disjoint K;-factors of Kf,say Hy, H;, ..., H}_,. Itis obvious that
K:—(Hf @ Hf @& H*_,)is a K;-factor in K*. Thus, there is no {(K3)"~2, CL }-

factorization of K¥. Therefore, it can be assumed that s # 1.

Since HWP*(v; n", m®) has a solution for r = 0 except for (v, m) = (6, 6) by Theorem

1.15, one may assume that r > 1.

Let v = mu for a positive integer x. Partition the vertices of K7, into 2z sets of size 7,
represent each part of % vertices in K7, with a single vertex and represent all double
arcs between sets of size 7 as a single double arc, to get a K3,. By Proposition 2.4, K,
has a decomposition into (2z — 1) Kj-factors. Then, construct a K -factor of K}, from
one of the K;-factors, and a K (*%:2)-fact0r of K . from each of the remaining (22 — 2)

Kj-factors. Then, K7, can be factorized into a K, -factor and (22 — 2) K E‘%:Q)-factors.

K, . =zK, @ xK(*%:Q) &) a:K(*%ZQ) B...0 ZL"K(*%ZQ) 4.1

-~

2x—2

By Lemmata 2.10 and 2.5, K (*mg) decomposes into 7 K3-factors or % 8m—factors,
i

respectively. As a result, we must decompose K, into K5 -factors and c m-factors.
Case 1 (odd r) : By Lemma 2.13, factorize K, into a F;,,-factor and (mT_2) C,,-factors.

So, K7, can be factorized into a F),-factor and (%52) C7; -factors by Proposition 2.3.

—>
Since C7, can be decomposed into two K;-factors or two C,-factors for even m, K,

N
has a {(K3)*'*, C'%1}-factorization where ry + s; = 72

Since K, hasa {K} (K (*m,z))(zx_z)}—factorization, placing a K;-factorization on g
i
of the K (*m,2) factors for rg evenand 0 < rq < 2z — 2, a 8m-fact0rization on sq of the
i
Kz

givea {(K3)", 6’)21}-factorization of K, where r = 7o+ 2r; +1and s = %50 + 251

where 1o + sy = 2z — 2, and taking a {(K3)2"1+!, 21 }-factorization of K7,

withr + 5 = F(rg +89) +2(r1 +51) +1l=mr —1=v— L.
Since any nonnegative odd integer 1 < 7 < mx — 1 can be written as r = Fro+2r; +1
forintegers 0 < ryp <2z —2and 0 <r; < mT_Q, a solution to HWP*(v; 2", m?®) exists

foreach odd » > 1 and s > 1 satistyingr + s=mz — 1 =v — 1.
Case 2 (even 1) :

(a) Assume m = 0 (mod 4). Therefore, 3 is even. Each K (*%:2) decompose into

— —
K3 -factors or % C',,-factors. For this reason we need a {(K;)", C'3, }-factorization of
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K} forevenr.

m—4
Also, K m can be factorized as €0, Y, C; @ Fr where each C; is isomorphic to C%..

2

m—4
Then, K 2] = P, Cr2le Fi 2]. Also, K}, is isomorphic to K 2] @ I}, So,

K can be factorized as follows:
K = K*%[2] @1, = O*%[Z] S C%[ﬂ ® C*%[Q] ©...0Cn[2 @F*%[Q] @I, (4.2)

2

J/

-~
m=2

4

I

m—12

Therefore, K, hasa {(Ch[2]) 7 ,Chw @I}, I }-factorization. By Lemma 2.17, each

of 212 ' [2]-factors has a { (K3)", C's0)-factorization for ro € {0, 2,4} and ro-+so =

4. By Lemma 2.19, C% [2] @ I}, has a {(K3)™, 52;}-factorization forr € {0,1,3,5}
and 71 + s; = 5. By Corollary 2.18, I'%, has a {(K3)"?, 8;9,3}-factorization for even

2

m and r, € {0,2,4,6} with r, + s, = 6. Those factorizations give a {(K3)", 8;"’,;}-

factorization of K7, where 1’ = (252)rg + 11 + rp and &' = (252)sg + s1 + 52
satisfying /' + s’ = ("2)4 4+ 5+ 6 = m — 1 with 0 < 7/, s < m — 1. Choosing
r1 = 0 yields a {(K3)", c s'1-factorization of K*, for even 7/. Since we cannot get
ro = 1,71 = 2 or ro = 3 from the above factorizations, it can be seen that 7’ = m — 4

cannot be obtained.

Placing a Kj-factorization on r” of the K (* )-factors for0 < r”" <2z —2,a an-

.2
2
A=A
factorization on s” of the K(*%:Q) for " 4+ §” = 2x — 2, and taking a {(K3)", C% }-
mosr 0 2ol gl . .
factorization of K* givea {(K3)z""t" C2" e }-factorization of K, where Zr" 41’
is even.

Any even integer 1 < 7 < ma — 1 can be written as r = Z7" 4 ' for integers

r" € [0,m—1]and 0 < r” < 2x — 2. Since 1’ # m — 4, a solution to HWP*(v; 2", m®)
exists for each even r > 2 except possibly r = mz — 4 = v — 4 and s > 1 satisfying

r+s=v-—1

(b) Assume m = 2 (mod 4). By Lemma 2.12, factorize K, into (*5*) C,,-factors for

odd n, and get a C;-factorization of K by Proposition 2.3. Also, K, can be factorized

m

as K 2] @ I;,. Since F is odd, K, has a {(C*% [2))"T", I*, }-factorization.

K2 Ku2lol, 2CuoCallloCule.. oChl2 ol (4.3)

J/

2
~~
m—2

4

By Lemma 2.17, each of C*% [2]-factors has a {(K3)™, 6;32}-fact0rization for rq €
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{0,2,4} and ¢+ s9 = 4. By Lemma 2.19, Ch [2] @ I}, has {(K3)™, (_Z’)fé }-factorization

forr; € {0,1,3,5} and r; + s = 5.

Those factorizations give a { (K)", C s2}-factorization of K7, forry = ™=%rq +ry and
m—6

Sy = 780 + s1 with ry + s = m — 1. Since we cannot get 7o = 1 or r; = 2 from

the above factorizations, it can be seen that r = m — 4 cannot be obtained.

Placing a Kj-factorization on 7’ of the K (*m,Q) factors for 0 < ' < 22 — 2 where we
m,
—_>
choose 1’ is even, a (',,,-factorization on s’ of the K Ekm%) with 7’ + s’ = 22 — 2, and
n,

Ls/+59

taking a { (K5)", c s21_factorization of K(*, givea {(K3)2"*"2, Ca }-factorization
of K, where r = 37" + 1y and s = §s' + sy. Also, the requested even integer
r € [1,mx — 1] is obtained from the sum of %r’ and r, for integers 0 < 1’ < 2z — 2
and ro € [0,m — 1]. Since ry # m — 4, a solution to HWP*(v; 2", m?®) exists for even
r > 2 except possibly r = mx — 4 = v — 4 and odd s > 1 satisfyingr + s =v — 1.

If z is even, say « = 2t, factorize K7, into a K3, -factor and (2¢ — 2) K(,,
KEkm:Q)

2)-factors.
has a Kj-factorization with m Kj-factors and a 6m-factorization with m 87”-
factors by Lemmata 2.10 and 2.5, respectively. So, K  must be decomposed into
K -factors and C m-factors. As before, K, can be factorized as K, [2] ® I5,.. So, K3,

m—4

has a {(C%[2]) "= , 3, % }-factorization. By Lemma 2.20, each of C” [2]-factors
has a {(K3)", 6?3}-factorization for o € {0,2,4} and ry + so = 4. By Corollary
221,Cr 2] @ I, has a {(K})™, 6%}—factorization forr € {1,3,5} and | + 51 = 5.
By Lemma 4.3, T}, has a {(K3)"?, 8;33}-factorization form = 2 (mod 4) and ry €
{1,2,3,4,6} with ry + so = 6. Using these factorizations, a solution to the problem is

obtained for r = 2mt — 4 = ma — 4 when m = 2 (mod 4) and even x. As a result,

HWP*(v; 2", m*) has a solution for r = v — 4 and even > whenm =2 (mod 4). [

In Theorem 4.4, the necessary and sufficient conditions for the existence of a solution
for HWP*(v; 2", m?) are given for even m > 6. The construction in Theorem 4.4 is
not valid when m = 4. Therefore, we also study the case of m = 4. To achieve
this, it is imperative to factorize K, into K-factors and 64-fact0rs. To achieve this,
K is initially factored into Cj[2]-factors and a C'{[2] & I-factor or a K,-factor and
K (*4:3)-factors. Subsequently, we will decompose all the graphs in these factors into
the desired factors. Now, let us commence with a {(K3)", _)j}-factorization of the

Ci[2] @ I forr + s = 5.
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Lemma 4.5: C{[2] & 13 has a {(K3)", 8j}fact0rizati0nf0r r € {0,1,2,3,5} with
r4+s=>5.

Proof. C}[2]@® I} is represented as the directed Cayley graph X (Zs, S) with connection
set S = {£1,£3,4}.

For r = 0, let a C4~factorization of C5[2] @ I3 be defined as follows:
Fr={[(0,1,2,3),(4,5,6,7)],[(0,3,2,1), (4,7,6,5)], [(0,5,1,4), (2.7,3,6)], [(0,4,3,7), (1,5,2,
6)],[(0,7,2,5), (1,6,3,4)] }

Forr = 2, leta {(K3)?, C3}-factorization of C;[2] & I¢ be defined as follows:
Fo = {[(0,4)*7 (1,5)*,(2,6)*,(3,7)*], [(0,7)*, (1,6)*,(2,5)*, (3,4)*], [(0,1,2,3), (4,5,6,7))],

[(0,3,6,5), (1,4,7,2)], [(0,5,4,1), (2,7,6,3)] }

The remaining cases are obtained from Corollary 2.21 for m = 4. [

Lemma 4.6: K, has a {(K3)", 6’)3}-ﬁzct0rizationfor r€40,1,2,3,4,5,7,9,11} with
r+s=11

Proof. The cases r = 0 and r = 11 are obtained by Theorem 3.10 and Proposition
2.4, respectively. Since, K15 — I has a C,-factorization where [ is a 1-factor of Ko,
by Proposition 2.3, K7}, can be factorized into five C-factors and one I*-factor which
is a K;-factor of K7,. Also, Cj has a C,-factorization and K;-factorization. So, a

{(K3)", 62}-factorization of K7, is obtained for r € {1,3,5,7,9} withr + s = 11.

K7, is represented as the directed Cayley graph X (le, S) with connection set S =
{£1,42,£3,+4, £5,6}, and define the following factorizations of K}, forr = 2,4,
respectively.

F1 = {[(O7 6)*,(1,7)*,(2,8)*,(3,9), (4,10)*, (5,11)*],[(0,10)*, (4,6)*, (1,5)*, (7,11)*,(2,9)*,
(3,8)*],1(0,1,2,3),(4,5,6,7),(8,9,10,11)],[(0,2, 1, 4), (3,5,7,6), (8,11, 10,9)], [(0, 3,1, 8),
(2,4,11,6), (5,9,7,10)],[(0,4,2,11),(1,6,8,10),(3,7,9,5)],[(0,5,8,7), (1,3,4,9), (2,10,6,11)],
[(0,7,5,2),(1,10,8,4),(3,6,9,11)],[(0,8,6,1),(2,5,10,7),(3,11,9,4)],[(0,9,6,5), (1,11,4, 8),
(2,7,3,10)],[(0,11,1,9),(2,6,10,3), (4,7,8,5)] },

Fo = {[(O7 6)*,(1,7)%,(2,8),(3,9)*, (4,10)*, (5,11)*],[(0,10)*, (4,6)*, (1,5)*, (7, 11)*,(2,9)*,
(3,8)7],1(0,8)%,(2,6)",(1,10)", (4,7)", (3,11)", (5,9)"], [(0,1)", (2,3)", (4,5)", (6, 7)", (8,9)",
(10,11)*],[(0,2,1,3),(4,8,11,9), (5,7, 10,6)],[(0, 3,10,5), (1, 8,6,11),(2,4,9,7)], (0,4, 11, 2),

(1,6,10,9),(3,5,8,7)],1[(0,5,6,9),(1,2,11,4),(3,7,8,10)], [(0,7,9,11), (1,4, 3,6), (2,10, 8,5)],
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[(0,9,10,7),(1,11,6,8),(2,5,3,4)],[(0,11,8,4),(1,9,6,3),(2,7,5, 10)]}.

Therefore, K, has a {(K3})", 8;1}-factorization forr € {0,1,2,3,4,5,7,9,11} with
r+s=11. [

Lemma4.7: K{, 5 has a {(K3)", 6j}factorizationforr €{0,1,2,4,6,8} withr+s =
8.

Proof. The cases r = 0 and r = 8 are obtained by Lemmata 2.7 and 2.10, respectively.
K, 3, has a Cj-factorization by Lemma 2.7. Since C has a /(3-factorization and a 84-
factorization, K (4.3) can be factorized into two /;-factors and six arfactors. Similarly,
a{(K3), _)j}-factorization of K43 is obtained for r € {4,6} withr + s = 8.
Finally, let V(K(,.3)) = Ufzo{élz', 4i+1,4i+2, 4i+ 3} with the obvious vertex partition,
and define the following factorization of K (1:3) forr = 1:

Fi1 = {[(O, 4,2,5),(1,8,3,11),(6,9,7,10)],[(0,5,1,7), (2,9, 4,11), (3,8, 6, 10)],[(0,7,1,9),
(2,4,3,10), (5,11,6,8)],[(0,8,1,10), (2,7, 3,5), (4,9,6,11)],[(0,9,2,11), (1,5, 3,6),
(4,10,7,8)],1(0,10,4,38),(1,11,5,9), (2,6, 3,7)],[(0,11, 3,4), (1,6, 2,10), (5,8,7,9)], [(0, 6)*,

(1,4)*, (2,8)*, (3,9)", (5, 10)*,(7711)*]}. O
Now we are going to analyze the solution of HWP*(v; 2", m*) for m = 4 in the following
theorem.

Theorem 4.8: Let r, s be nonnegative integers. Then, HWP*(v; 2", 4%) has a solution if
and only if r + s = v — 1 except for s = 1 or (r,v) = (0, 4), and except possibly when
at least one of the following conditions holds,

1. r>2evenandv =4,20 (mod 24),
2. s€{3,5} and v =12 (mod 24).
Proof. 1f you remove (v — 2) disjoint Kj-factors from K7, then the remaining factor

must be a K-factor in K*. Thus, there is no {(K3)"~2, C'} }-factorization of K. So, it

can be assumed that s £ 1.

Since HWP*(v; n", m®) has a solution for r = 0 except for (v, m) = (4, 4) by Theorem

1.15, HWP*(4; 2", 4°) has no solution for = 0. So, one may assume that r > 1.

Case 1 (v = 0 (mod 8)) : Let v = 8k for a positive integer k. Note that, K}, can

be factorized as K}, [2] @ I3,.. Also, K},[2] can be factorized into Cj[2]-factors and a
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K3[2]-factor.

= kCI2] @ kCi2 @ kCE[2] ® ... @ kCY[2) @ K5[2] ® I, (4.4)

The graph £C}[2] & I, can be considered as (C[2] & I3)-factor in K3, . Therefore,
K, has a {(C;[2])?71, I}, K;[2]}-factorization. Also, C}[2] has a {(K})™, Csol
factorization for ry € {0, 2,4} where 9 + sop = 4 by Lemma 2.20. Since K;[2] = Cf,
Kj[2] hasa {(K3)™, 8;? }-factorization for r; € {0,2} andr; +s; = 2. By Lemma 4.5,
C;12] @ I has a {(K3)™, 622}-factorization forry € {0,1,2,3,5} where 5 + s = 5.
These factorizations give a {(Kg)T , 63}-factorization of K, for r # 8k — 2 with

r+s=38k—1.
Then, HWP*(v; 2", 4°) has a solution forr +s=v — 1, s # 1l and v = 0 (mod 8).
Case 2 (v = 4 (mod 8)): Let v = 8k + 4 for a nonnegative integer k.

(a) Assume r is odd. Partition the vertices of K,  , into 4k + 2 sets of size 2, represent
each set of size 2 vertices in K, , with a single vertex and represent all double arcs
between sets of size 2 as a single double arc, to get a K7, ,. By Proposition 2.4, K73,
has a decomposition into 4k + 1 K3 -factors. Construct a /&j-factor from one of the K-
factors and a K, , -factor from each of the remaining 4k /3-factors. Then, factorize

K314 Into a K{-factor and (4k) K, 5 -factors.

Kgn = (2k+1)K] EBS2k + 1)K(*2:2) ..o (2k+ 1)K(*2:2)1 (4.5)

4k

K has a decomposition into one K and two Cs~factors or three K >-factors, and Ky ,,
hasa {(K3)"™, 620}-factorization for ry € {0, 2} satisfying r + s = 2. So, K, has
a{(K3)", 62}—factorization for odd r. Therefore, HWP*(v; 2", 4°) has a solution for
odd r and v = 4 (mod 8).

(b) Starting with the assumption of r is even and £k = 1 (mod 3), it follows that

v = 241 + 12 for some nonnegative integer /.

Representing each part of 4 vertices in K3, ,, with a single vertex and all double arcs
between parts of size 4 as a single double arc, a K 5 is derived. Since a Kirkman triple
system exists for orders 6/ 4+ 3 by Theorem 1.12, we have a Cs-factorization of K, 3.

Then, a C'3-factorization of K 4 is obtained by Proposition 2.3.
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Construct a K7,-factor from one of the Cj-factors and K (1.3)-factor from each of the

remaining 3/ C3-factors. Then, get a {K7,, (K5

)3 }-factorization of K3, .
Kinne = QI+ DKL® Q14 DKy & .08 Q1+ Dy @6)

-~

3l

By Lemma 4.6, K7, hasa {(K3)", 6%}-factorization forrg € {0,1,2,3,4,5,7,9,11}
withrg+sg = 11. Also, K7, 5 hasa {(K3)" 621 }-factorization by Lemma 4.7 for r; €
{0,1,2,4, 6,8} withr;+s; = 8. Those factorizations givea {(K3)", 6‘:5,”}-factorization
of K34, Where r =1 + ar; and s = sg + bsy satisfyingr +s =241 +11 =v — 1
with 1 <7, s <wv—1anda+ b = 3. The requested even r € [0,v — 1] is derived
except for r = v — 6 and r = v — 4, from the sum of 7y and ar;. Then, HWP*(v; 2", 4°)

has a solution forr + s =v — 1, s ¢ {3,5} and v = 12 (mod 24). O

Proving Theorem 4.1 was accomplished by proving Theorems 4.4 and 4.8.

4.2. Solutions to HWP* (v; m”, (2m)*)

In this section, for even m, a solution to HWP* (v; m”, (2m)*) is provided for r+s = v—1
and except possibly when s € {1, 3}.

*

Firstly, factorize K, y-factors. K, has

2max

into a K3, -factor and (22 — 2) K{,,

a {5’):,1, 6§m}-factorization for r € {0,m} and r + s = m. Using Lemma 2.13

m—4

and Proposition 2.3, a {(C%[2]) "z , I;

2m>

I'* }-factorization of K3 is also obtained.

Therefore, in order to factorize K% __ into c n-factors and c om-factors, I'' . C* [2]® 15

2max
and C [2] must be factorized into an-factors and 52m-factors. The Lemmata 2.26,
2.27 and 2.29 explore the existence of a {6 [ c 5m }-factorization of these graphs for

r+ s € {4,5,6}. Using these lemmata, the following theorem can be given.

Theorem 4.2: Let r, s be nonnegative integers, and let m > 4 be even. Then,
HWP*(v;m", (2m)®) has a solution if and only if m|v, r + s = v — 1 and v > 4 except
for (s,v,m) € {(0,4,4),(0,6,3),(0,6,6)}, and except possibly when s € {1,3}.

Proof. By Theorem 3.6, HWP*(v; 4", 8°) has a solution for +s = v — 1, so we may as-
sume that m > 6. Furthermore, by Theorem 1.15, a solution to the HWP*(v; m", (2m)*)

exists for » = s = 0 and except for (s,v,m) € {(0,4,4), (0,6,3),(0,6,6)}.
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Factorize K2

2ma

into a K3, -factor and (2z — 2) K, , -factors. By Lemma 2.7, K, .,
decomposes into m 6m-factors or m 62m-factors. So, K, must be decomposed
into 8m—factors and 62m—factors. As before, K, can be factorized as K,[2] ® I;,,.

m—4

Consequently, K5, hasa {(C}[2]) =z , I},
of C [2]-factors has a {6;&3, a)gﬂn}-factorization forrg € {0,2,4} and ry + so = 4. By
Lemmata 2.26 and 2.19, C? [2] @ I, has a {6’);;, ag;n}-factorization forr € {0,1,3}

and r; + s; = 5. By Lemma 2.29, '} has a {8%, a’éin}-factorization forry € {0,6}

['* }-factorization. By Lemma 2.27, each

— — X
with 75 + so = 6. Those factorizations give a {C7 | C'5  }-factorization of K, where

r= (") rg+r +roand s = (50)s0 4 51 + s, satisfying r + s = (252)4+546 =

2m — 1with0 < r,s <2m —land s ¢ {1,3}.

Placing a 6m-factorization on r’ of the K 2)-factors for0 < ¢’ <2x —2,aCy,-

(m:
factorization on s’ of the K, ., for r’ + s’ = 2z — 2, and taking a {5’)’;,1, 6§m}—

== i . .
factorization of K3, givea {C™ 7 C7'**+%} _factorization of K3, . Then, HWP* (v; m"

m 2mx*

,2m®) has a solution except possibly when s € {1, 3}. O
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S. CONCLUSION

In this thesis, the Directed Hamilton-Waterloo Problem with two cycle sizes is studied.
Although there are many results on the Hamilton-Waterloo Problem, to the best of
our knowledge, our results are among the first findings for a directed version of the

Hamilton-Waterloo Problem.

In Section 3, the cases (m,n) € {(4,6), (4,8), (4,16), (8,16), (3,5), (3,15), (5,15)}
are analyzed, as was done in the first paper on the undirected Hamilton-Waterloo
Problem by Adams et al. [32]. The problem has also been solved for the cases (m,n) €
{(4,12),(6,12)}. It has also been observed that if HWP(v; m”, n®) has a solution
for odd v, then HWP*(v; m*", n?®) has a solution for the same r and s as well. The
constructions in Lemma 3.2 and Lemma 3.7 are actually general constructions, and they
can also be used to solve the problem for the other cycle sizes as long as the necessary

small cases can be found.

Also in the third section, by combining the results of Theorems 3.6 and 3.9, the following

theorem is derived.

Theorem 3.10: For nonnegative integers r and s, HWP*(v; m", n®) has a solution for
1. (m,n) € {(4,6),(4,8),(4,12),(4,16), (6,12), (8,16)} when v is even,
2. (m,n) € {(3,5),(3,15), (5,15)} when v is odd
if and only if r + s = v — 1 and lem(m,n)|v except possibly s € {1,2,3} when
(m,n) = (3,5) and s = 1 when (m,n) = (3, 15).
If the exceptions in the cases r € {11,12,13} when (m,n) = (3,5) and for r = 13
when (m,n) = (3,15) in Lemma 3.8 are solved for v = 15, the possible exception
s € {1,2,3} when (m,n) = (3,5), and s = 1 when (m,n) = (3, 15) will be solved
for v = 15x.
In Section 4, the focus was on establishing the existence and exploring all potential
solutions for K -factors and directed m-cycles factors of K. In short, our research
focused on finding the solutions to HWP*(v; 2", m?®) for even m withr + s = v — 1.

This problem was addressed for values of m greater than 4 in Theorem 4.4 and it has

been solved with a few possible exceptions. Furthermore, in Theorem 4.8 solutions for
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HWP*(v; 2", 4%) are presented except for r € {0,2} when v = 4 and except possibly

when at least one of the following conditions holds;
l. 7 >2evenand v = 4,20 (mod 24),
2. s€{3,5} andv = 12 (mod 24).
The following theorem can be stated as a consequence of Theorem 4.4 and 4.8.

Theorem 4.1: Let r, s be nonnegative integers, and let m > 4 be even. Then,
HWP*(v; 2", m®) has a solution if mlv, r +s = v —1, s # 1, (r,u) # (0,6),
(m,r,v) # (4,0,4), and one of the following conditions holds,

1. m>4,s#3andm =0 (mod 4),

2. m >4, > isevenand m =2 (mod 4),

3. m >4, “isodd, s # 3 and m =2 (mod 4),
4. m=4andv =0,8,16 (mod 24),

5. m=4,0v=12 (mod 24) and s ¢ {3,5},

6. m=4,v=4,20 (mod 24) and r is odd.

Finally, we turned our attention to solving HWP*(v; m”, (2m)®) for even values of m
under the condition  + s = v — 1, successfully solving HWP*(v; m”, (2m)*) except

possibly for the case of s € {1, 3}, as indicated in the following Theorem.

Theorem 4.2: Let r, s be nonnegative integers, and let m > 4 be even. Then,
HWP*(v;m”, (2m)*®) has a solution if and only if m|v, r + s = v — 1 and v > 4 except
for (s,v,m) € {(0,4,4), (0,6, 3),(0,6,6)}, and except possibly when s € {1,3}.

To solve the above problem, we examined the {6’)7;,“ 8§m}—factorization of the graphs

Crl2], Crl2lels

m?>

I, and K, ) for evenm. If one of these graphs has a {6 s 8§m}-
factorization for s = 1, the possible exceptions here are obtained. As future work, we
can investigate the {6’)7,;1, 6§m}—factorization of these graphs for odd m as well, thus
finding a solution to the he Directed Hamilton-Waterloo Problem with cycle lengths of

different parities.

In this thesis, the Directed Hamilton-Waterloo Problem for small cycle lengths is studied
first, following similar cases of the undirected Hamilton-Waterloo Problem. Here, the

analyzed cases had cycle lengths that were either both odd or both even. In addition,

57



the problem for the cycle lengths m and 2m is solved, where m is even.

Note that, if the directions of the arcs in the factors in the solution of HWP*(v; m”, n®)
are removed, then solving HWP* (v; m”", n®) corresponds to factorizing the 2-fold K,
into r C,,-factors and s C),-factors. So, a solution to HWP*(v; m", n®) gives rise to a
{Cr  C#}-factorization of 2-fold K,. But the converse is not necessarily true. So, our

constructions have consequences on undirected factorizations as well.

As future research, one could explore situations where one of the cycle lengths remains
constant, or more generally, cases where the parameters m and n can be arbitrary even
or odd numbers. It may also be interesting to study the Directed Hamilton-Waterloo

Problem in the case where a cycle is a Hamiltonian cycle.

Subsequently, it may be beneficial to study the cases with cycle lengths of different
parities. Also, for the general cases we need to factorize K, into C-factors and

C,-factors where { = lem(m, n). We can factorize K, as follows:

. . . =a =
If one can factorize K and K (*M) into the desired C',,-factors and C',,-factors, the

problem can be solved.
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APPENDIX

Let V(Kg) = ZS, V(Kfz) = Zlg, V(KTG) = Z16 and V(Ki%) = Z15,

1.

HWP*(8; 4!, 89),

[(0,1,2,3),(4,5,6,7)],1(0,3,2,4,6,5,7,1)], [(0,2,1,3,5,4,7,6)], [(0,7,5,3,6,1,4,2)], [(0,6,
4,3,1,7,2,5)],1(0,5,1,6,2,7,3,4)],(0,4,1,5,2,6,3,7)]

HWP*(8; 4%, 8%),

[(0,2,7,6),(1,4,5,3)],[(0,5,6,7),(1,3,2,4)], [(0,1,7,2,6,3,5,4)], [(0,3,7,4,6,5,1,2)],] (0,
4,2,5,7,3,6,1)],(0,6,2,3,4,7,1,5)],(0,7,5,2,1,6,4,3)]

. HWP*(8; 43 8%),

[(0,1,2,3),(4,5,6,7)],[(0,2,4,6),(1,3,5,7)], [(0,3,2,1),(4,7,6,5)], [(0,4,1,5,2,6,3,7)],
[(0,5,1,6,2,7,3,4)],[(0,6,4,3,1,7,2,5)], [(0,7,5,3,6,1,4,2)]

HWP*(8; 4%, 8%),

[(0,3,7,4),(1,2,6,5)],1[(0,1,7,2),(3,5,4,6)], [(0,2,7,6),(1,4,5,3)], [(0,5,6,7),(1,3,2,4)],
[(0,4,2,5,7,3,6,1)],[(0,6,2,3,4,7,1,5)], [(0,7,5,2,1,6,4,3)]

. HWP*(8; 45, 8),

[(0,1,2,3),(4,5,6,7)],[(0,2,4,6),(1,3,5,7)], [(0,3,2,1),(4,7,6,5)], [(0,6,4,2),(1,7,5,3)],
[(0,7,2,5),(4,3,6,1)],[(0,4,1,5,2,6,3,7)],[(0,5,1,6,2,7,3,4)]

. HWP*(8; 46, 81),

[(0,2,1,3),(4,7,6,5)], [(0,3,7,4),(1,5,2,6)], [(0,4,1,6),(2,7,5,3)], [(0,5,7,1),(2,4,3,6)],
[(0,6,4,2),(1,7,3,5)], [(0,7,2,5),(1,4,6,3)], [(0,1,2,3,4,5,6,7)]

HWP*(12; 41, 61°),

[(0,2,1,3,4,6),(5,7,8,10,9,11)], [(0,3,1,4,2.,5),(6,8,11,9,7,10)], [(0,4,1,5,2,7),(3,9,6,
11,10,8)], [(0,5,1,6,2,8),(3,10,4,11,7,9)][(0,6,1,7,2,9),(3,8,4,10,5,11)], [(0,7,1.8,2,
10),(3,11,6,5,9,4)],[(0,8,6,3,2,4),(1,9,5,10,7,11)], [(0,9,1,10,2,11),(3,7,6,4,8,5)],
[(0,10,3,6,9,2), (1,11,4,7,5,8)], [(0,11,2,6,10,1),(3,5,4,9,8,7)], [(0,1,2,3),(4,5,6,7),
(8,9,10,11)]

. HWP*(12;42,6°),

[(0,3,1,5,2,6),(4,7,10,8,11,9)],[(0,4,1,3,2,5),(6,8,10,9,7,11)],[0,5,1,6,2,8),(3,10,4,
11,7,9)],(0,6,1,7,2,9),(3,8,4,10,5,11)],[(0,7,1,9,6,10),(2,4,3,11,5,8)], [(0,8,1,11,2,
7).(3,6,4,9,5,10)],[(0,9,1,10,2,11),(3,4,8,7,6,5)], [(0,10,7,3,9,2),(1,8,5,4,6,11)], [(0
11,4,2,10,1),(3,7,5,9,8,6)], [(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,1,4),(3,5,7,8),(6,
9,11,10)]

HWP*(12; 43, 6%),

[(0,3,1,6,2,7),(4,8,10,5,11,9)],[(0,5,1,3,2,8),(4,6,10,9,7,11)], [(0,11,1,10,8,2),(3,4,
7.6,5,9)],1(0,6,1,7,2,9),(3,8,4,11,5,10)], [(0,7,1,11,2,10),(3,9,6,8,5,4)], [(0,8,7,3,11
6),(1,9,5,2,4,10)],(0,9,1,8,6,11),(2,5,3,7,10,4)], [(0,10,7,5,8,1),(2,11,3,6,4,9)],
[(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,1,4),(3,5,7,8),(6,9,11,10)], [(0,4,1,5),(2,6,3,
10),(7,9,8,11)]

10. HWP*(12;44,67),

[(0,3,1,7,2,8),(4,6,10,5,11,9)],[(0,6,1,3,2,9),(4,11,5,8,7,10)], [(0,7,1,8,4,10),(2,11,
6,5,3,9)1,[(0,8,6,4,3,11),(1,9,7,5,2,10)1,[(0,9,5,10,8,1),(2,7,6,11,3,4)],[(0,10,7,3,6,2),
(191134389579)]9 [(071171a107377)a(275a4797678)]7 [(Oa17273)7(4757677)7(879710711)]7 [(07
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2,1,4),(3,5,7,8),(6,9,11,10)], [(0,4,1,5),(2,6,3,10),(7,9,8,11)], [(0,5,1,6),(2,4,7,11),
(3,8,10,9)]

11. HWP*(12; 4%, 65),
[(0,3,1,8,4,2),(5,11,9,6,10,7)],[(0,7,1,9,2,8),(3,6,11,5,10,4)], [(0,8,5,9,1,10),(2,7,6
4,11,3)],[(0,9,7,10,1,11),(2,5,3,4,8,6)], [(0,10,5,2,11,1),(3,9,4,6,8,7)], [(0,11,6,5,4
9),(1,3,7,2,10,8)],[(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,1,4),(3,5,7,8),(6,9,11,10)
1,1(0,4,1,5),(2,6,3,10),(7,9,8,11)], [(0,5,1,6),(2,4,7,11),(3,8,10,9)], [(0,6,1,7),(2.9,
5.8),(3,11,4,10)]

12. HWP*(12;45,65),
[(0,3,1,9,6,8),(2,7,10,4,11,5)], [(0,8,7,6,11,9),(1,3,4,2,5,10)], [(0,9,7,5,11,1),(2,10,
8,6,4,3)],(0,10,7,3,9,2),(1,11,6,5,4,8)], [(0,11,3,7,1,10),(2,8,5,9,4,6)], [(0,1,2,3),
(4,5,6,7),(8,9,10,11)], [(0,2,1,4),(3,5,7,8),(6,9,11,10)], [(0,4,1,5),(2,6,3,10),(7,9,83,
11)], [(0,5,1,6),(2,4,7,11),(3,8,10,9)], [(0,6,1,7),(2,9,5,8),(3,11,4,10)], [(0,7,2,11),
(1,8,4,9),(3,6,10,5)]

13. HWP*(12: 47, 6%),
[(0,3,9,2,7,1),(4,11,5,10,8,6)], [(0,9,4,3,2,8),(1,10,7,6,5,11)], [(0,10,4,2,5,9),(1,11,
6,8,7,3)], [(0,11,9,6,2,10),(1,3,7,5,4,8)], [(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,1,4)
(3.5,7.8),(6.9,11,10)], [(0,4,1.5),(2.6.3,10),(7.9.8.11)]. [(0.,5,1,6),(2,4,7.11).(3.8,
10.9)], [(0.6.1,7),(2,9,5,8).(3,11.4.10)], [(0.7,2,11),(1,8.4,9).(3,6,10,5)], [0.8,5.,2).
(1,9,7,10),(3,4,6,11)]

14. HWP*(12;48,63),
[(0,3,9,2,7,1),(4,11,5,10,8,6)], [(0,9,4,3,2,8),(1,10,7,6,5,11)], [(0,10,4,2,5,9),(1,11,
6,8,7,3)],1(0,1,2,3),(4,5,6,7),(8,9,10,11)],[(0,2,1,4),(3,5,7,8),(6,11,10,9)], [(0,4,1,
6),(2,11,9,7),(3,8,10,5)], [(0,5,1,7),(2,6,9,8),(3,11,4,10)], [(0,6,2,10),(1,9,5,8),(3,4
7,11)],1(0,7,9,11),(1,3,6,10),(2,4,8,5)], [(0,8,11,2),(1,5,4,9),(3,7,10,6)], [(0,11,7,5
),(1,8,4,6),(2,9,3,10)]

15. HWP*(12;4°, 62),
[(0,3,9,2,7,1),(4,11,5,10,8,6)], [(0,9,4,3,2,8),(1,10,7,6,5,11)], [(0,1,2,3),(4,5,6,7),
(8,9,10,11)],[(0,2,1,4),(3,5,7,8),(6,9,11,10)], [(0,4,1,5),(2,6,3,10),(7,9,8,11)], [(0,
5,1,7),(2,10,4,8),(3,6,11,9)],[(0,6,2,11),(1,9,7,3),(4,10,5,8)], [(0,7,11,2),(1,8,5,9),
(3,4,6,10)], [(0,8,7,10),(1,3,11,6),(2,9,5,4)], [(0,10,9,6),(1,11,3,8),(2,4,7,5)], [(0,11
4,9),(1,6,8,10),(2,5,3,7)]

16. HWP*(12; 41, 61),
[(0,3,9,2,7,1),(4,11,5,10,8 6)], (0,1,2,3),(4,5,6,7),(8,9,10,11)],[(0,2,1,4),(3,5,7,6),
(8,11,10,9)], [(0,4,1,5),(2,6,8,10),(3,7,9,11)], [(0,5,1,6),(2,8,3,11),(4,9,7,10)], [(0,6
5,2),(1,9,3,10),(4,8,7 11)} (0,7,2,10),(1,8,5,3),(4,6,11,9)], [(0,8,1,11),(2,5.,9,6),
(3,4,10,7)],[(0,9,1,7),(2,4,3,8),(5,11,6,10)], [(0,10,6,9),(1,3,2,11),(4,7,5,8)], [(0,11
7.8),(1,10,3,6),(2,9,5,4)]

17. HWP*(12;4!,1219),
[(0,1,2,3),(4,5,6,7),(8,9,10,11)],[(0,2,1,3,4,6,5,7,8,10,9,11)], [(0,3,1,4,2,5,8,6,9,7,
11,10)],[(0,4,1,5,2,6,3,7,10,8,11,9)], [(0,5,1,6,2,4,10,3,11,7,9,8)], [(0,6,1,8,2,9.3,
10,5,11,4,7)],[(0,7,1,9,2,8,3,5,10,4,11,6)], [(0,8,1,7,3,9,6,10,2,11,5,4)], [(0,9,4,3,5,
3,6,11,1,10,7,2)],[(0,10,1,11,3,2,7,6,8,4,9,5)], [(0,11,2,10,6,4,3,8,7,5,9,1)]

18. HWP*(12;42,12%),
[(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2.,4,6),(8,10,1,3),(5,7,9,11)], [(0,3,1,4,2,5,8,6,
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9,7,11,10)],1(0,4,1,5,2,6,3,7,10,8,11,9)], [(0,5,1,6,2,7,3,10,9,8,4,11)], [(0,6,1,7,2,
9,5,10,3,11,4,8)],1(0,7,1,8,2,10,4,9,6,11,3,5)], [(0,8,1,9,2,11,6,5,3,4,10,7)], [(0,9,1
11,7,8,5,4,3,6,10,2)], [(0,10,6,8,3,9,4,7,5,11,2,1)], [(0,11,1,10,5,9,3,2,8,7,6,4)]

19. HWP*(12;43,128),
[(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,4,6),(8,10,1,3),(5,7,9,11)], [(0,3,6,1),(7,10,2
8),(4,9,5,11)],[(0,4,1,5,2,6,3,7,8,11,10,9)], [(0,5,1,4,2,7,3,10,6,11,9.8)], [(0,6,2,1,
7,5,9,4,10,8,3,11)],[(0,7,1,6,5,8,4,11,3,9,2,10)], [(0,8,1,9,3,2,5,10,7,11,6,4)], [(0,9,
1,8,2,11,7,6,10,4,3,5)], [(0,10,3,1,11,2,9,6,8,5,4,7)], [(0,11,1,10,5,3,4,8,6,9,7,2)]

20. HWP*(12;4%,127),
[(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,4,6),(8,10,1,3),(5,7,9,11)], [(0,3,6,1),(7,10,2
8),(4,9,5,11)], [(0,4,1,10),(2,5,3,9),(11,7,6,8)], [(0,5,1,4,2,6,3,7,11,10,9,8)], [(0,6,
2.1,5,4,10,7,8,3,11,9)],1(0,7,1,6,4,11,2,9,3,10,8,5)], [(0,8,1,7,2,10,4,3,5,9,6,11)],
[(0,9,1,11,6,10,5,8,4,7,3,2)], [(0,10,3,4,8,6,5,2,11,1,9,7)], [(0,11,3,1,8,2,7,5,10,6,9,
4)]

21. HWP*(12;4°,125),
[(0,1,2,3),(4,5,6,7),(8,9,10,11)], [(0,2,4,6),(8,10,1,3),(5,7,9,11)], [(0,3,6,1),(7,10,2
8),(4,9,5,11)], [(0,4,1,10),(2,5,3,9),(11,7,6,8)], [(0,8,3,7),(9,6,11,2),(1,4,10,5)], [(
0,5,2,1,6,3,4,7,11,10,9,8)],[(0,6,2,7,1,5,9,3,10,8,4,11)], [(0,7,2,6,4,8,5,10,3,11,1,9)
1,1(0,9.1,7,8,6,10,4,2,11,3,5)], [(0,10.7,5,8,1.11,6,9.4.3.2)], [(0,11,0.7,3.1,8,2,10.6,
5,4)]

22. HWP*(12;46,125),
[(0,1,2,3),(4,5,6,7),(8,9,10 11)] [(0,2,4,6),(8,10,1,3),(5,7,9,11)], [(0,3,6,1),(7,10,2
8),(4,9,5,11)], [(0,4,1,10),(2,5,3,9),(11,7,6,8)], [(0,8,3,7),(9,6,11,2),(1,4,10,5)],
[0.9,3,2).(1.5.10.8).(11,6.4,7)], [(0,5.2,1,6.3.4.11,10.9,7,8)]. [(0,6,2.7,1,11,3,10.4,
8,5,9)],1(0,7,2,10,3,11,1,9,8,6,5,4)], [(0,10,6,9,1,7,3,5,8,4,2,11)], [(0,11,9,4,3,1,8,
2,6,10,7,5)]

23. HWP*(12;47,124),
[(0,3,2,1),(4,7,6,9),(5,10,8,11)], [(0,4,8,3),(1,7,9,6),(2,5,11,10)], [(0,5,8,7),(1,9,2,
11),(3,6,4,10)],[(0,6,2,10),(1,11,8,5),(3,9,7,4)], [(0,7,5,4),(1,8,2,9),(3,10,6,11)]
[(0,9,5,2),(1,6,3.8),(4,11,7,10)], [(0,10,9,8,),(1,4,2,7),(3,11,6,5)], [(0,11,4,1,10,5,
9,3,7,2,8.,6)], [(0,8,4,9,11,2,6,10,7,3,1,5)],[(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,4,6,8,
10,1,3,5,7,11,9)]

24, HWP*(12;48,128),
[(0,3,2,1),(4,7,5,9),(6,11,10,8)], [(0,4,1,6),(2,5,3,10),(7,9,8,11)], [(0,5,2,7),(1,10,4
8),(3,11,6,9)], [(0,6,4,2),(1,11,8,7),(3,9,5,10)], [(0,7,4,3),(1,8,5,11),(2,10,9,6)], [(
0,9,2,8),(1,4,11,5),(3,7,10,6)], [(0,10,5,4),(1,9,7,6),(2,11,3,8)], [(0,11,4,10),(1,7,2,
9),(3,6,5.8)], [(0,8,4,9,11,2,6,10,7,3,1,5)],[(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,4,6,8,
10,1,3,5,7,11,9)]

25. HWP*(12;4°,122),
[(0,3,1,4),(2,5,8,6),(7,9,11,10)], [(0,4,1,5),(2,6,3,9),(7,10,8,11)], [(0,5,1,6),(2,7,3,
11),(4,10,9,8)],1(0,6,1,8),(2,10,3,7),(4,9,5,11)], [(0,7,5,10),(1,11.8,2),(3,6,9,4)],
[(0,8,3,2),(1,7,4,11),(5,9,6,10)], [(0,9,7,1),(2,8,5,4),(3,10,6,11)], [(0,10,4,7),(1,9,
3.8),(2,11,6,5)],(0,11,5,3),(1,10,2,9),(4,8,7,6)], [(0,1,2,3,4,5,6,7,8,9,10,11)], (0,
2.4,6,8,10,1,3,5,7,11,9)]

26. HWP*(12;410,121),
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[(0,2,1,3),(4,6,5,7),(8,10,9,11)], [(0,3,1,4),(2,5,8,11),(6,9,7,10)], [(0,4,1,5),(2,6,3,
9),(7,11,10,8)], [(0,5,1,6),(2,4,10,7),(3,11,9,8)], [(0,6,2,7),(1,9,4,11),(3,8,5,10)],
[(0,7,1,8),(2,11,6,10),(3,5,4,9)], [(0,8,1,10),(2,9,5,3),(4,7,6,11)], [(0,9,6,1),(2,10,
48),(3,7,5,11)],[(0,10,5,2),(1,11,7,9),(3,6,8,4)], [(0,11,5,9),(1,7,3,10),(2,8,6,4)],
[(0,1,2,3,4,5,6,7,8,9,10,11)]

27. HWP*(12; 6!, 1219),
[(0,3,9,4,11,1),(2,5,10,8,7,6)], [(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,1,3,5,4,6,8,10.7,
11,9)],[(0,4,1,5,2,6,3,7,9,8,11,10)], [(0,5,1,4,2,7,3,6,10,9,11,8)], [(0,6,1,7,10,2,8,3,
11,4,9.,5)], [(0,7,1,6,9,2,10,4,8,5,11,3)],[(0,8,1,9,3,2,4,10,6,11,5,7)], [(0,9,7,2,11,6,
5,3,10,1,8,4)], [(0,10,3,8,6,4,7,5,9,1,11,2)],(0,11,7,4,3,1,10,5,8,2,9,6)]

28. HWP*(12; 62, 12°),
[(0,3,9,4,11,1),(2,5,10,8,7,6)],[(0,4,7,1,9,2),(3,10,6,11,8,5)], [(0,1,2,3,4,5,6,7,8.9,
10,11)],1(0,2,1,3,5,4,6,8,10,7,11,9)], [(0,5,1,4,2,6,3,7,9,8,11,10)], [(0,6,1,5,2,4,9,11
7.10,3,8)],1(0,7,2,8,1,6,4,10,9,3,11,5)], [(0,8,2,7,3,6,9,1,10,5,11,4)], [(0,9,5,7.4,1,
8,6,10,2,11,3)],[(0,10,1,11,6,5,8,4,3,2,9,7)],[(0,11,2,10,4,8,3,1,7,5,9,6)]

29. HWP*(12; 6, 128),
[(0,3,9,4,11,1),(2,5,10,8,7,6)], [(0,4,7,1,9,2),(3,10,6,11,8,5)], [(0,6,1,11,3,8),(2.7,
10,9,5,4)],[(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,1,3,5,7,4,6,9,8,11,10)], [(0,5,1,4,3,2,6
8,10,7,11,9)],1(0,7,2,4,8,1,5,9,11,6,10,3)], [(0,8,2,9,3,6,5,11,4,10,1,7)], [(0,9,1,8,6
3,11,7,5,2,10,4)],(0,10,2,11,5,8,4,9,7,3,1,6)], [(0,11,2,8,3,7,9,6,4,1,10,5)]

30. HWP*(12;64,127),
[(0,3,9,4,11,1),(2,5,10,8,7,6)], [(0,4,7,1,9,2),(3,10,6,11,8,5)], [(0,6,1,11,3.8),(2.7,
10,9,5,4)], [(0,9,1,8,2,10),(3,6,5,11,7,4)], [(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,1,3,5,
7,9.6,8,11,10,4)],1(0,5,1,4,6,3,2,8,10,7,11,9)], [(0,7,2,4,1,10,5,9,8,3,11,6)], [(0,8,4,
9,11,2,6,10,3,1,7,5)], [(0,10,1,5,2,11,4,8,6,9,3,7)], [(0,11,5,8,1,6,4,10,2,9.7,3)]
31. HWP*(12;6°,126),
[(0,3,6,1,9,2),(4,11,7,10,8,5)], [(0,4,2,5,10,3),(1,11,8,7,6,9)], [(0,6,11,1,4,10),
5.3,9,8)],[(0,7,4,3,8,1),(2,10,9,5,11,6)], [(0,9,4,7,1,8),(2,11,3,10,6,5)],[(0,1,2,3.4,
5,6,7.8,9,10,11)],[(0,2,4,6,8,10,1,3,5,7,11,9)], [(0,5,8,3,11,10,2,1,7,9,6,4)], [(0,8.4,
9,11,2,6,10,7,3,1,5)], [(0,10,4,8,11,5,1,6,3,2,9,7)], [(0,11,4,1,10,5,9,3,7,2.8,6)]

32. HWP*(12;65,12°),
[(0,3,2,5,1,8),(4,11,6,9,7,10)], [(0,4,2,7,5,10),(1,6,11,3,9.8)], [(0,6,1,9,5,2),(3,8,11
7.4,10)],1(0,7,6,5,11,1),(2,9,4,3,10,8)],[(0,9,2,10,6,3),(1,11,5,4,8,7)], [(0,10,9,1,4
7),(2,11,8,5,3,6)][(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,4,6,8,10,1,3,5,7,11,9)], [(0,5,8
3,11,10,2,1,7,9,6,4)], [(0,8,4,9,11,2,6,10,7,3,1,5)], [(0,11,4,1,10,5,9,3,7,2,8,6)]

33. HWP*(12;67,12%),
[(0,3,2,5,1,6),(4,7,10,9,8,11)],[(0,4,1,8,2,7),(3,9,5,10,6,11)], [(0,6,1,9,3,10),(2,83,
5,4,11,7)],1(0,7,5,11,8,1),(2,9,4,10,3,6)], [(0,9,2,10,4,8),(1,11,6,5,3,7)], [(0,10,8,7,
6,3),(1,4,2,11,5,9)], [(0,11,1,10,5,2),(3,8,6,9,7,4)], [(0,1,2,3,4,5,6,7,8,9,10,11)], [(0
2,4,6,8,10,1,3,5,7,11,9)],[(0,5,8,3,11,10,2,1,7,9,6,4)], [(0,8,4,9,11,2,6,10,7,3,1,5)]

34, HWP*(12; 68, 128),
[(0,3,1,4,2,5),(6,9,7,10,8,11)], [(0,4,1,5,2,6),(3,10,9,11,8,7)], [(0,6,1,8,2,7),(3,9.4,
10,5,11)],[(0,7,1,6,10,3),(2,11,4,8,5,9)], [(0,8,4,7,2,10),(1,9,5,3,6,11)], [(0,9,3.8,
6,2),(1,10,7,4,11,5)],[(0,10,6,3,2,8),(1,11,7,5.4,9)], [(0,11,2,9.8,1),(3,7,6,5,10,4)]
,[(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,4,6,8,10,1,3,5,7,11,9)], [(0,5,8,3,11,10,2,1,7,
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9,6,4)]
35. HWP*(12;6°,122),
[(0,3,1,4,2,5),(6,9,7,10,8,11)], [(0,4,1,5,2,6),(3,8,7,9,11,10)], [(0,5,1,6,2,7),(3,10,
0,4,11,8)],1(0,6,1,7,2,8),(3,11,4,10,5,9)], [(0,7,1,9,6,3),(2,11,5,10,4,8)], [(0,8,5,3,
6,10,(1,11,7,4,9,2)1,[(0,9,8,6,11,1),(2,10,7,5.4,3)], [(0,10,6,5,11,2),(1,8,4,7,3,9)],
[(0,11,3,7,6,4),(1,10,2,9,5,8)], [(0,1,2,3,4,5,6,7,8,9,10,11)], [(0,2,4,6,8,10,1,3,5.7,
11,9)]
36. HWP*(12;610, 121),
[(0,2,1,3,5,4),(6,8,7,9,11,10)], [(0,3,1,4,2,5),(6,9,7,10,8,11)], [(0,4,1,5,2,6),(3,7,
11,8,10,9)],[(0,5,1,6,2,7),(3,10,4,11,9,8)], [(0,6,1,7,2.8),(3,9,4,10,5,11)], [(0,7,1,9,
5,10),(2,11,4,8,6,3)], [(0,8,1,10,2,9),(3,11,7,4,6,5)], [(0,9,6,4,7,3),(1,11,5,8,2,10)],
[(0,10,7,5,9,2),(1,8,4,3,6,11)],(0,11,2,4,9,1),(3,8,5,7,6,10)], [(0,1,2,3,4,5,6,7,8.9,
10,11)]
37. HWP*(16; 82, 16'%),
[(0,1,2,3,4,5,6,7),(8,9,10,11,12,13,14,15)], [(0,2,4,6,8,10,12,14),(1,3,5,7,9,11,15,
13),[(0,3,8,6,15,10,1,14,5,4,9,7,13,2,12,11)], [(0,4,1,6,2,5,8,3,7,10,9,12,15,11,14,
13)],[(0,5,1,7,3,2,6,4,8,11,9,14,10,13,15,12)], [(0,6,1,9,3,10,2,7,4,11,13,8,14,12,5,
15)],[(0,7,1,10,3,6,5,2,15,14,8,13,11,4,12,9)], [(0,8,2,1,11,5,10,14,3,12,7,15,9,6,13
4)1,[(0,9.4,2,8,12,3,13,6,14,1,15,7,11,10,5)], [(0,10,15,6,12,1,4,3,14,11,8,5,9,13,7,
2)],[(0,11,3,15,2,13,5,12,4,14,9,1,8,7,6,10)], [(0,12,2,14,7,5,13,10,6,9,8,4,15,3, 11,
1)],[(0,13,3,1,12,6,11,2,9,15.5,14,4,10,7,8)], [(0,14,2,10,4,7,12,8,15,1,13,9,5,11,6,
3)],1(0,15,4,13,12,10,8,1,5,3,9,2,11,7,14,6)]

38. HWP*(16; 8%, 161),
[(0,6,12,15,5,14,7.1,),(2,9,4,3,13,10,8,11)], [(0,9,15,12,6,11,4,7),(1,10,2,5,13,8,
14,3)],(0,12,3,2,7,14,8,4),(1,11,10,5,15,6,13,9)], [(0,13,11,1,15,9,12,5),(2,14,6,
10,3,7,4,8)],[(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)], [(0,2,4,6,8,10,12,14,1,3,5.7,
9,11,15,13)],[(0,3,8,6,15,10,1,14,5,4,9,7,13,2,12,11)], [(0,4,2,1,8,3,6,5,11,9, 14,
10,13,15,7,12)],[(0,5,2,6,1,9,3,10,7,11,13,4,15,14,12,8)], [(0,7,5,1,4,10,14,13,3,12,
2.8,15,11,6,9)],[(0,8,1,7,15,3,11,14,4,13,5,12,9,6,2,10)], [(0,10,15,4,12,1,6,3,14,11
8,5,9,13,7,2)],[(0,11,3,15,2,13,1,12,4,14,9,5,8,7,10,6)], [(0,14,2,15,1,13,6,4,11,5,
10,9,8,12,7,3),[(0,15,8,13,12,10,4,1,5,3,9,2,11,7,6,14)]

39. HWP*(16;8%,16°),
[(0,4,2,1,8,3,6,5),(7,11,10,13,9,12,15,14)], [(0,5,2,6,1,9,15,12),(3,10,7,14,8,11,13,
4)),[(0,6,11,1,10,8,4,7),(2,14,12,5,13,15,9,3)], [(0,9,14,10,3,1,11,4),(2,5,15,7,12,6,
13,8)],[(0,12,3,13,11,9,4,8),(1,15,5,14,6,10,2,7)], [(0,13,10,5,11,2,9,1),(3,7,4,15.6,
12,8,14)],[(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)], [(0,2,4,6,8,10,12,14,1,3,5,7.9,
11,15,13)],[(0,3,8,6,15,10,1,14,5,4,9,7,13,2,12,11)], [(0,7,5,1,4,10,14,13,3,12,2,8,
15,11,6,9)],[(0,8,1,7,15,3,11,14,4,13,5,12,9,6,2,10)], [(0,10,15,4,12,1,6,3,14,11,8,5
9,13,7.2)1,[(0,11,3,15,2,13,1,12,4,14,9,5.8,7,10,6)], [(0,14,2,15,1,13,6,4,11,5,10,9
8,12,7,3)],(0,15,8,13,12,10,4,1,5,3,9,2,11,7,6,14)]

40. HWP*(16; 8%, 167),
[(0,4,2,1,7,3,6,5),(8,11,9,12,15,14,10,13)], [(0,5,2,6,1,8,3,10),(4,7,11,13,15,12,9,
14)],[(0,6,2,5,10,3,7,12),(1,11,14,8,4,13,9,15)], [(0,8,1,9,3,2,10,7),(4,15,5,14,12,6,
13,11)],[(0,9,8,12,7,14,6,4),(1,10,2,15,3,13,5,11)], [(0,12,8,14,2,9,4,3),(1,13,6, 11,
10,5,15,7)],[(0,13,4,11,5,12,3,1),(2,14,7,15,9,6,10,8)], [(0,14,3,11,2,7,4,8),(1,15,
6,12,5,13,10,9)],[(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)], [(0,2,4,6,8,10,12,14, 1,

68



3,5,7,9,11,15,13)],[(0,3,8,6,15,10,1,14,5.4,9,7,13,2,12,11)], [(0,7,5,1,4,10,14,13,3,
12,2,8,15,11,6,9)],[(0,10,15,4,12,1,6,3,14,11,8,5,9,13,7,2)], [(0,11,3,15,2,13,1,12,
4,14,9,5,8,7,10,6)],[(0,15,8,13,12,10,4,1,5,3,9,2,11,7,6,14)]

41. HWP*(16; 810, 16°),

[(0,4,2,1,6,3,7,5),(8,11,9,12,15,14,10,13)], [(0,5,1,4,3,2,6,9),(7,11,8,14,13,10,15,
12)],[(0,6,1,7,2,5,9,3),(4,10,14,12,8,15,11,13)], [(0,7,1,8,2,9,4,12),(3,6,13,15,5,14,
11,10)],[(0,8,1,9,6,2,10,7),(3,12,5,13,11,14,4,15)], [(0,9,1,10,2,7,14,8),(3,11,5,15,
4,13,6,12)],[(0,10,8,3,13,9,15,1),(2,14,7,4,11,6,5,12)], [(0,12,1,15,9,13,5,10),(2,8,
4,7.3,14,6,11)],[(0,13,7,15,6,10,5,2),(1,11,4,8,12,9,14,3)], [(0,14,2,15,7,12,6,4),(1,
13,3,10,9,8,5,11)],[(0,11,3,15,2,13,1,12,4,14,9,5,8,7,10,6)], [(0,15,8,13,12,10,4,1,5
13,9,2,11,7,6,14)],[(0,3,8,6,15,10,1,14,5,4,9,7,13,2,12,11)], [(0,2,4,6,8,10,12,14,1,
3,5,7,9,11,15,13)],[(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)]

42. HWP*(16;812,16%),

[(0,4,1,5,2,6,3,7),(8,11,9,12,10,13,15,14)], [(0,5,1,4,2,7,3,6),(8,12,9,13,11,14, 10,
15)],[(0,6,1,7,2,5,3,9),(4,8,13,10,14,12,15,11)], [(0,7,1,6,2,8,3,10),(4,11,5,14,13,9,
15,12)],[(0,8,1,9,2,10,3,12),(4,7,5,15,6,14,11,13)], [(0,9,1,8,2,11,3,14),(4,10,5,12,
6,13,7,15)],[(0,10,2,1,11,6,4,3),(5,13,8,15,9,14,7,12)], [(0,11,1,10,4,13,12,2),(3,15
7.6,5,9,8,14)],[(0,12,8,4,14,2,15,1),(3,13,5,11,7,10,6,9)], [(0,13,6,10,7,11,8,5), (1,
15,2,14,9,4,12,3)],[(0,14,6,11,10,9,5,8),(1,12,7.4,15,3,2,13)], [(0,15,5,10,8,7,14,4)
,(1,13,3,11,2,9,6,12)],[(0,3,8,6,15,10,1,14,5,4,9,7,13,2,12,11)], [(0,2,4,6,8,10,12,
14,1,3,5,7,9,11,15,13)],[(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)]

43. HWP*(16;8',16),
[(0,2,1,3,5,4,6,8),(7,9,11,10,12,14,13,15)], [(0,3,1,4,2,5,7,6),(8,10,9,12,15,13,11,
14)],[(0,4,1,5,2,6,3,7),(8,11,9,13,10,15,14,12)], [(0,5,1,6,2,4,3,9),(7,10,13,8,14,11,
15,12)],[(0,6,1,7,2,8,3,10),(4,9,14,5,15,11,13,12)], [(0,7,1,8,2,9,3,11),(4,12,5,13.6,
15,10,14)],[(0,8,1,9,2,7,3,13),(4,15,5,12,11,6,14,10)], [(0,9,1,10,2,11,3,12),(4,7,14
6,13,5,8,15)],[(0,10,1,11,2,12,3,14),(4,8,13,7,5,9,15,6)], [(0,11,1,12,2,13,9,5),(3,
15,8,6,10,7,4,14)],[(0,12,9,6,11,7,13,1),(2,15,3,8,4,10,5,14)], [(0,13,3,2,14,7,11,4)
,(1,15,9,8,5,10,6,12)],[(0,14,1,13,4,11,5,3),(2,10,8,12,6,9,7,15)], [(0,15,1,14,9.4,
13,2),(3,6,5,11,8,7,12,10)],[(0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)]

44, HWP*(16; 4, 16'),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,3,7,1,8,5,9,6,10,12,15,14,
11,13)],[(0,3,9,12,1,5,13,8,2,6,14,7,11,15,10,4)], [(0,4,12,2,1,11,7,5,8,14,9,13,10,
3,6,15)],[(0,5,12,4,1,15,3,11,2,14,6,8,7,10,13,9)], [(0,6,11,5,10,7,12,9,2,15,4,8,3,
13,1,14)],[(0,7,2,8,1,4,6,3,10,5,15,9,14,13,11,12)], [(0,8,4,15,13,2,12,14,1,3,5,7,9,
11,10,6)],[(0,9,15,8,11,14,12,10,2,5,3,1,6,13,4,7)], [(0,10,1,7,3,2,9,4,13,5,14,8,15,
6,12,11)],[(0,11,1,9,3,4,2,13,15,7,14,10,8,12,6,5)], [(0,12,3,8,6,1,13,7,15,11,9,5.4,
14,2,10)],(0,13,3,14,5,11,4,9,8,10,15,1,12,7,6,2)],[(0,14,3,15,2,11,6,4,10,9,7,8,

13,12,5,1)],((0,15,5,2,7,13,6,9,1,10,14,4,11,3,12,8)]

45. HWP*(16; 42, 16'3),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)],[(0,3,9,12,1,5,13,8,2,6,14,7,11,15,10,4)], [(0,4,12,2,1,11,7,5,8,14,9,
13,10,3,6,15)], [(0,5,12,4,1,15,3,11,2,14,6,8,7,10,13,9)], [(0,6,11,5,10,7,12,9,2,15,
4,8,3,13,1,14)],[(0,7,2,8,1,4,3,10,5,9,6,12,15,14,13,11)], [(0,8,4,2,7,3,12,5,1,9,14,
11,6,10,15,13)], [(0,9,15,8,11,14,12,10,2,5,3,1,6,13,4,7)], [(0,10,1,7,6,2,9,3,8,13,5,
14,4,15,11,12)], [(0,11,1,8,5,2,12,3,15,6,9,4,13,7,14,10)], [(0,12,6,1,10,8,15,2,11,
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4,9,7,13,3,14,5)],1(0,13,2,10,6,3,4,14,1,12,11,9,5,15,7.8)], [(0,14,3,2,13,6,5,4,11,
10,9,8,12,7,15,1)], [(0,15,5,11,3,7,9,1,13,12,8,6,4,10,14,2)]

46. HWP*(16: 43,16'2),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)],[(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,12,2,1,11,7,5.8,
14,9,13,10,3,6,15)], [(0,5,12,4,1,15,3,11,2,14,6,8,7,10,13,9)], [(0,6,11,5,10,7,12.9,
2,15,4,8,3,13,1,14)],[(0,7,3,2,8,4,9,1,10,5,11,6,12,15,14,13)], [(0,8,2,7,6,1,4,3,10,
9,14,5,15,13,12,11)],[(0,9,15,8,11,14,12,10,2,5,3,1,6,13,4,7)], [(0,10,1,7,8,5,14,2,
13,11,12,3,15,6,9,4)],[(0,11,1,8,6,2,9,3,12,7,15,10,14,4,13,5)], [(0,12,1,9,5,2,10,4,
14,11,15,7,13,6,3,8)], [(0,13,3,4,11,9,7,14,10,6,5,1,12,8,15,2)], [(0,14,3,7,11,10,8,
13,2,12 5,9,6,4,15,1)],[(0,15,5,4,2,11,3,14,1,13,7,9,8,12,6,10)]

)s

47. HWP*(16; 44, 1611

[(0,1,2,3),(4,5,6,7) (8,9,10,11),(12,13,14,15)],[(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)], [(0,3,9,12) (1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,15,2),(1,11,7,5)
,(3,14,9,13),(10,8,12,6)], [(0,5,12,4,1,15,3,11,2,14,6,8,7,10,13,9)], [(0,6,11,5,10,7,
12,9,2,15,4,8,3,13,1,14)],[(0,7,3,2,1,4,9,5,8,6,12,11,15,10,14,13)], [(0,8,2,7,6,1,9,
3,4,11,12,15,13,5,14,10)], [(0,9,15,8,11,14,12,10,2,5,3,1,6,13,4,7)], [(0,10,1,7,8 4,
2,13,6,9,14,11,3,12,5,15)], [(0,11,1,8,5,2,9,7,13,12,3,10,6,15,14,4)], [(0,12,1,10,3,
6,2,8,15,7,14,5,9,4,13,11)], [(0,13,7,9,8,14,1,12,2,11,10,4,3,15 6,5)],[(0,14,3,7,15,
1,13,2,10,5,11,9,6,4,12.8)], [(0,15,5,4,14,2,12,7,11,6,3,8,13,10,9,1)]

48. HWP*(16;45,1610),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)1,[(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,15,2),(1,11,7,5),
(3,14,9,13),(10,8,12,6)], [(0,5,12,4),(1,15,3,11),(8,14,6,2),(7,10,13,9)], [(0,6,11,5,
10,7,12,9,2,15,4,8,3,13,1,14)],[(0,7,3,1,4,2,5.8,6,9,14,11,12,15,13,10)], [(0,8,2,1,
6,3,4,7,9,5,15,10,14,13,12,11)], [(0,9,1,7,6,4,3,2,10,5,11,15,14,12,8,13)], [(0,10,1,
8,4,9,3,6,13,11,14,2,12,7,15,5)], [(0,11,2,7,8,5,3,12,1,13,4,14, 10,9,6,15)], (0,12,2,
9.4,11,3,10,6,8,15,7,13,5,14,1)], [(0,13,2,11,6,1,10,3,15,8,7,14,4,12,5,9)], [(0,14,5,
4,1,9,15,6,12,3,8,11,10,2,13,7)], [(0,15,1,12,10,4,13,6,5,2,14,3,7,11,9 8)]

49. HWP*(16;45,16°),

[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)],[(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11, 4)] [(0 4,15,2),(1,11,7,5)
,(3,14,9,13),(10,8,12,6)], [(0,5,12,4),(1,15,3,11),(8,14,6,2),(7,10,13,9)], [(0,6,11,
5), (1,7,12,9),(2,15,4,8),(3,13,10,14)], ((0,7,3,1,4,2,5,8,6,9,14,11,15,13,12,10)],
[(0,8,3,2,1,6,4,7,11,12,5,10,9,15,14,13)], [(0,9,2,7,6,1,8,4,13,5,11,14,10,3,12,15)],
[(0,10,1,9,3,4,11,2,12,7,8,13,6,15,5,14)], [(0,11,3,6,5,2,9,4,14,12.8,15,10,7,13,1)],
[(0,12,1,10,2,11,6,13,4,3,15,7,14,5,9,8)], [(0,13,2,14,4,1,12,11,9,6,3,10,5,15,8,7)],
[(0,14,1,13,7,15,6,12,2,10,4,9,5,3,8,11)], [(0,15,1,14,2,13,11,10,6,8,5,4,12,3,7,9)]

50. HWP*(16;47, 16%),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)],[(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,15,2),(1,11,7,5)
,(3,14,9,13),(10,8,12,6)], [(0,5,12,4),(1,15,3,11),(8,14,6,2),(7,10,13,9)], [(0,6,11,5
),(1,7,12,9),(2,15,4,8),(3,13,10,14)], [(0,7,15,10),(1,12,2,14),(3,6,13,11),(4,9,8,5)
1,[(0,8,3,1,4,2,5,9,6,12,10,7,11,15,14,13)],[(0,9,2,1,6,3,4,7,8,13,12,11,14,10,5,15)
1,[(0,11,2,9,3,7,13,1,10,4,12,8,6,15,5,14)], [(0,12,1,9,4,11,10,2,13,7,14,5,3,15,6,8)
1,[(0,10,1,8,4,3,2,7,6,9,14,12,15,13,5,11)], [(0,13,4,14,2,11,9,15,8,7,3,12,5,10,6,1)
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1,[(0,14,11,6,4,1,13,2,12,3,10,9,5,8,15,7)], [(0,15,1,14,4,13,6,5,2,10,3,8,11,12,7,9)]

51. HWP*(16;4%,167),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)],[(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,15,2) (1,11,7,5),
(3,14,9,13),(10,8,12,6)], [(0,5,12,4),(1,15,3,11),(8,14,6,2),(7,10,13,9)], [(0,6,11,5)
(1,7,12,9),(2,15,4,8),(3,13,10,14)], [(0,7,15,10),(1,12,2,14),(3,6,13,11),(4,9,8,5)],

?

[(0,8,15,7),(1,9,2,13),(3,10,4,12),(14,11,6,5)], |
14,13)],1(0,10,1,6,3,2,7,8,4,11,12,15,13,5,9,14)
6,9,15)],((0,12,1,10,2,9,4,14,5,3,7,13,6,15,8,11)
5,11,9)],1(0,14,2,11,10,9,5,15,1,13,4,3,12,7,6,8)
7,9,6,1)]

52. HWP*(16; 4%, 165),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),(9,
11,13,15)],[(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,15,2),(1,11,7,5),
(3,14,9,13),(10,8,12,6)], [(0,5,12,4),(1,15,3,11),(8,14,6,2),(7,10,13,9)], [(0,6,11,5),
(1,7,12,9),(2,15,4,8),(3,13,10,14)], [(0,7,15,10),(1,12,2,14),(3,6,13,11),(4,9,8,5)],
[(0,8,15,7),(1,9,2,13),(3,10,4,12),(14,11,6,5)], [(0,9,15,8),(1,6,12,10),(2,5,11,14),
(7,13,4,3)],[(0,10,2,1,4,7,3,8,6,9,5,15,14,13,12,11)],[(0,11,2,7,6,1,8,3,4,13,5,10,
9,14,12,15)],[(0,12,1,10,3,2,9,6,4,14,5,8,7,11,15,13)],[(0,13,6,3,15,1,14,10,7,8,
4,2,11,12,5,9)], [(0,14,4,11,10,6,15,5,2,12,8,13,7,9,3,1)],[(0,15,6,8,11,9,4,1,13,
2,10,5,3,12,7,14)]

53. HWP*(16; 410, 16°),

[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,4,6),(8,10,12,14),(1,3,5,7),
(9,11,13,15)], [(0,3,9,12),(1,5,13,8),(2,6,14,7),(10,15,11,4)], [(0,4,15,2),(1,11,7,5

(3,14,9,13),(10,8,12,6)], [(0,5,12,4),(1,15,3,11),(8,14,6,2),(7,10,13,9)], [(0,6,11,5

(

[

(0,9,3,1,4,2,5,8,6,12,10,7,11,15,

1,[(0,11,2,1,8,3,4,13,7,14,12,5,10,
1,[(0,13,2,12,8,7,3,15,6,4,1,14,10,
1,[(0,15,5,2,10,3,8,13,12,11,14 4,

),
),
1,7,12,9),(2,15,4,8),(3,13,10,14)], [(0,7,15,10),(1,12,2,14),(3,6,13,11),(4,9,8,5)],
(0,8,15,7),(1,9,2,13),(3,10,4,12),(14,11,6,5)], [(0,9,15,8),(1,6,12,10),(2,5,11,14),

(7,13,4,3)],1(0,10,5,9),(2,12,7,11),(3,15,1,8),(4,14,13,6)],[(0,11,9,3,1,4,2,7,8,13,
12,5,10,6,15,14)],(0,12,1,10,2,9,6,3,4,7,14,5,8,11,15,13)],[(0,13,2,11,10,7,6,9, 14,
12,15,5,3,8,4,1)], [(0,14,4,11,12,8,6,1,13,7,3,2,10,9,5,15)],[(0,15,6,8,7,9,4,13,5,2,
1,14,10,3,12,11)]

54. HWP*(16;4,16%),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,1,5),(3,6,4,8),(7,9,12,11),(10,
14,13,15)],1(0,3,5,2),(1,6,8,7),(4,12,9,13),(10,15,11,14)], [(0,4,3,7),(1,8,2,15),(5,
9,11,13),(6,10,12,14)], [(0,5,4,9),(1,12,2,8),(3,10,13,11),(6,14,7,15)], [(0,6,12,10),
(1,3,11,5),(2,14,9,7),(4,13,8,15)], [(0,7,12,4),(1,15,3,9),(2,13,6,11),(5,14,8,10)],
[(0,8,14,11),(1,9,4,10),(2,5,12,6),(3,15,7,13)], [(0,9,15,8),(1,7,5,11),(2,12,3,14),
(4,6,13,10)], [(0,10,8,12),(1,14,3,13),(2,4,15,9),(5,7,11,6)],[(0,15,2,6),(1,11,4,14),
(3,12,7,10),(5,13,9,8)], [(0,11,9,3,1,4,2,7,8,13,12,5,10,6,15,14)],[(0,12,1,10,2,9,
6,3,4,7,14,5,8,11,15,13)], [(0,13,2,11,10,7,6,9,14,12,15,5,3,8,4,1)],[(0,14,4,11,12,
8,6,1,13,7,3,2,10,9,5,15)]

55. HWP*(16; 4'2,163),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,1,5),(3,6,4,8),(7,9,11,12),
(10,14,13,15)], [(0,3,2,4),(1,6,5,7),(8,10,12,14),(9,15,11,13)], [(0,4,3,7),(1,8,2,5),
(6,12,10,15),(9,13,11,14)], [(0,5,2,6,),(1,3,10,13),(4,9,12,11),(7,15,8,14)], [(0,6,
1,9),(2,10,5,11),(3,13,4,14),(7,12,8,15)], [(0,7,2,12),(1,11,6,10),(3,14,4,13) (5,
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15,9.8)], [(0,8,6,2),(1,13,10,9),(3,12,4,15),(5,14,11,7)], [(0,9,2,8),(1,12,3,15),
(4,6,14,10),(5,13,7,11)], [(0,10,3,11),(1,15,2,14),(4,12,9,5),(6,8,7,13)],[(0,14,2,
15),(1,7,10,8),(3,9,4,11),(5,12,6,13)], [(0,15,4,10),(1,14,6,11),(2,13,8,12),(3,5,9,
7)1,[(0,11,9,3,1,4,2,7,8,13,12,5,10,6,15,14)], [(0,12,1,10,2,9,6,3,4,7,14,5,8,11,15,
13)],[(0,13,2,11,10,7,6,9,14,12,15,5,3,8,4,1)]

56. HWP*(16;4'3,162),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,1,5),(3,6,4,8),(7,9,11,12),
(10,14,13,15)], [(0,3,2,4),(1,6,5,7),(8,10,9,13),(11,14,12,15)], [(0,4,1,7),(2,5,3,8),
(6,12,10,15),(9,14,11,13)],1(0,5,1,8),(2,6,9,12),(3,10,13,11),(4,14,7,15)], [(0,6,1,
9),(2,8,4,11),(3,12,14,10),(5,15,7,13)],[(0,7,2,10),(1,12,9,8),(3,15,5,14),(4,13,6,
11)],1(0,8,6,2),(1,14,9,15),(3,5,13,7),(4,12,11,10)], [(0,9,4,15),(1,13,2,14),(3,7,10
12),(5,11,6,8)],[(0,10,5,12),(1,15,3,11),(2,13,4,9),(6,14,8,7)],[(0,13,1,11),(2,15,
8,14),(3,9,5,4),(6,10,7,12)], [(0,14,4,6),(1,3,13,10),(2,12,8,15),(5,9,7,11)], [(0, 15,
9,1),(2,11,7,5),(3,14,6,13),(4,10,8,12)], [(0,11,9,3,1,4,2,7,8,13,12,5,10,6,15,14)],
[(0,12,1,10,2,9,6,3,4,7,14,5,8,11,15,13)]

57. HWP*(16; 44, 161),
[(0,1,2,3),(4,5,6,7),(8,9,10,11),(12,13,14,15)], [(0,2,1,5),(3,4,6,8),(7,9,11,12),
(10,14,13,15)], [(0,3,2,4),(1,6,5,7),(8,10,9,13),(11,14,12,15)], [(0,4,1,7),(2,5,3.6),
(8,12,9,14),(10,15,13,11)], [(0,5,1,8),(2,6,3,7),(4,14,9,15),(10,12,11,13)], [(0,6,1,
9),(2,8,4,10),(3,12,14,11),(5,13,7,15)], [(0,7,3,10),(1,11,2,9),(4,12,6,13) (5,158,
14)],[(0,8,1,12),(2,10,5,14),(3,9,7,13),(4,11,15,6)], [(0,9,12,2),(1,3,8,15),(4,13,5,
11),(6,14,10,7)],[(0,10,13,1),(2,15,9,8),(3,14,6,12),(4,7,11,5)],[(0,12,8,6),(1,10,
3,11),(2,13,9,5),(4,15,7,14)],[(0,13,6,11),(1,15,2,14),(3,5,9,4),(7,12,10,8)], [(0,14,
3,15),(1,13,2,12),(4,9,6,10),(5,8,11,7)], [(0,15,3,13),(1,14,7,10),(2,11,6,9),(4,8,5,
12)],1(0,11,9,3,1,4,2,7,8,13,12,5,10,6,15,14)]

58. HWP*(15; 3%, 1513),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4,8,10,6,12,14,1,3,5,7,9,11,
13)],[(0,3,9,1,8,4,6,14,7,5,10,13,2,12,11)], [(0,4,7,1,9,3,2,14,13,6,5,8,11,12,10)],
[(0,5,13,1,4,10,2,9,14,3,6,11,7,12.,8)], [(0,6,1,5,2,3,7,4,9,8,13,11,14,10,12)],
[(0,7,2,1,6,3,8,5,9,13,12,4,11,10,14)], [(0,8,1,7,3,10,4,2,13,9,12,5,14,11,6)],
[(0,9,2,5,1,10,3,11,4,14,6,13,8,12,7)], [(0,10,1,11,2,6,4,3,14,8,7,13,5,12,9)],
[(0,11,1,12,2,7,6,10,8,14,9,5,4,13,3)], [(0,12,1,14,2,10,5,6,9,7,11,8,3,13,4)]
[(0,13,10,7,14,5,11,3,12,6,2,8,9,4,1)], [(0,14,4,12,3,1,13,7,10,9,6,8,2,11,5)]

59. HWP*(15; 33, 1511),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(12,14,1),(3,5,7),
(9,11,13)], [(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,7,1,9,3,2,14,13.6,
5.8,11,12,10)],[(0,5,13,1,4,10,2,9,14,3,6,11,7,12,8)], [(0,6,1,3,7,2,5,4,8,9,13,11,
14,10,12)], [(0,7,5,1,6,2,3,8,12,9,4,13,10,14,11)], [(0,8,1,5,2,6,3,13,4,11,10,9,12,
7.14)],1(0,9,1,7,6,4,12,2,10,3,11,5,14,8,13)], [(0,10,1,11,2,7,9,5,12,6,13,8,14,4,
3)],[(0,11,1,10,4,2,8,3,14,6,9,7,13,12,5)], [(0,12,4,9,6,14,2,13,7,10,8,5,11,3,1)],
[(0,13,3,12,1,14,5,9,2,11,8,4,6,10,7)], [(0,14,9,8,7,11,4,1,13,2,12,3,10,5,6)]

60. HWP*(15; 3%, 159),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(12,14,1),(3,5,7),
(9,11,13)],[(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,7),(1,9,3),(2,14,
13),(5,11,8),(10,12,6)], [(0,5,13),(1,4,10),(2,9,14),(3,6,11),(7,12,8)], [(0,6,1,3,2,
5.4,8,9,7,13,10,14,11,12)],[(0,7,1,5,2,3,8,4,6,13,11,14,9,12,10)], [(0,8,1,6,2,7,5,

?
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9,13,12,3,14,10,4,11)], [(0,9,1,7,2,6,3,11,10,5,12,4,13,8,14)], [(0,10,2,8,3,7,11,1,
13,4,12,9,5,14,6)], [(0,11,2,10,3,12,1,14,4,9,8,13,7,6,5)], [(0,12,2,11,4,3,13,1,10,
7.9,6,14,5,8)],1(0,13,6,9,4,2,12,7,14,3,10,8,11,5,1)], [(0,14,8,12,5,6,4,1,11,7,10,9,
2,13,3)]

61. HWP*(15;37,157),

[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(12,14,1),(3,5,7),
(9,11,13)], [(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,7),(1,9,3),(2,14,13),
(5,11,8),(10,12,6)], [(0,5,13),(1,4,10),(2,9,14),(3,6,11),(7,12,8)], [(0,6,1),(2,13,10)
(3,8,14),(4,11,5),(7,9,12)],[(0,7,11),(2,6,5),(1,14,9),(4,12,10),(3,13,8)], [(0,8,1,3,
2,5,6,4,9,13,7,10,14,11,12)],[(0,9,2,3,7,1,5,8,12,4,6,13,11,14,10)], [(0,10,3,11,1,6,
2,7,5,14,4,13,12,9,8)],[(0,11,2,8,4,1,10,7,13,3,12,5,9,6,14)], [(0,12,2,11,4,3,10,8,9,
7.14,5,1,13,6)],[(0,13,1,7,2,12,3,14,6,9,4,8,11,10,5)], [(0,14,8,13,4,2,10,9,5,12,1,
11,7,6,3)]

62. HWP*(15; 3%, 15°),

[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(12,14,1),(3,5,7),
(9,11,13)], [(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,7),(1,9 3),(2 14,13),
(5,11,8),(10,12,6)], [(0,5,13),(1,4,10),(2,9,14),(3,6,11),(7,12,8)], [(0,6,1),(2,13,10)
[(3,8,14),(4,11,5),(7,9,12)], [(0,7,11),(2,6,5),(1,14,9),(4,12,10),(3,13,8)], [(0,8,12)
,(1,13,4),(2,10,3),(7,14,11),(5,6,9)], [(0,9,8),(2,5,12),(11,4,13),(3,14,6),(1,10,7)],
[(0,10,5,1,3,7,2,8,11,12,4,9,13,6,14)], [(0,11,1,5,8,9,2,7,10,14,4,6,13,12,3)], [(0,12,
1.7.13.3,10.84,2,11,14,5.9.6)], [(0,13.7.5.14,8.1,6,2,12,0.4.3,11,10)], [(0,14,10,9,7
6,4,8,13,1,11,2,3,12,5)]

63. HWP*(15; 3, 153),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(
(9,11,13)],1(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4, 7),(1 9 3),(2 14,13),
(5,11,8),(10,12,6)],[(0,5,13),(1,4,10),(2,9,14),(3,6,11),(7,12,8)], [(0,6,1),(2,13,10)
,(3,8,14),(4,11,5),(7,9,12)], [(0,7,11),(2,6,5),(1,14,9),(4,12,10),(3,13,8)], [(0,8,12)
(1,13,4),(2,10,3),(7,14,11),(5,6,9)], [(0,9,8),(2,5,12),(11,4,13),(3,14,6),(1,10,7)],

),(2,12,9),(

12,14,1),(3,5,7),

[(0,10,14),(12,4,3),(2,8,11),(7,5,9),(1,6,13)], [(0,11,10),(1,5,8),(2,12,9),(3,7,13),
(4,6,14)],1(0,12,1,3,10,9,6,4,8,13,7,2,11,14,5)], [(0,13,12,5,14,10,8,9,4,2,3,11,1,
7.6)],1(0,14,8,4,9,13,6,2,7,10,5,1,11,12,3)]

64. HWP*(15; 5%, 15'3),

[(0,1,2,3,4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,4,10,14,12,1,3,5,7,9,11,13)],
[(0,3,9,1,8,2,4,14,7,5.10,13,6,12,11)], [(0,4,7,1,9,3,2,14,13,5,11,8,10,12,6)],
[(0,5,13,1,4,2,10,9,14,3,6,11,7,12,8)], [(0,6,1,5,2,7,3,8,4,9,13,12,14,11,10)],
[(0,7,2,1,6,3,10,4,5,8,13,11,14,9,12)], [(0,8,1,7,4,3,11,2,12,9,6,13,10,5,14)

[(0,9,2,5,1,10,3,13,4,11,6,14,8,12,7)], [(0,10,1,11,3,7,6,2,13,8,14,4,12,5,9)]
[(0,11,1,12,2,6,9,4,13,7,10,8,3,14,5)], [(0,12,10,6,5,4,8,11,9,7,13,3,1,14,2)],
[(0,13,9,8,7,14,6,10,2,11,5,3,12,4,1)],[(0,14,1,13,2,9,10,7,11,4,6,8,5,12,3)

65. HWP*(15;53, 15'1),
[(0,1,2,3,4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,5),(10,14,12,1,3),(7,4,9,11,
13)],[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)], [(0,4,7,1,9,3,2,14,13,5,11 8,10,
12,6)],[(0,5,13,1,4,2,10,9,14,3,6,11,7,12,8)], [(0,6,1,5,3,7,2,9,4,10,8,13,12,14,
11)],[(0,7,3,1,6,2,5,4,11,14,9,13,8,12,10)], [(0,8,1,10,2,6,3,5,7,14,4,13,11,9,12)]
[(0,9,2,1,8,3,11,4,5,12,7,13,10,6,14)], [(0,10,1,11,2,7,5,8,4,12,3,14,6,13,9)],
[(0,11,1,12,2,13,4,8,14,5,9,7,6,10,3)], [(0,12,5,10,4,1,14,7,9,6,8,11,3,13,2)]

)
]
)
]
]
]
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[(0,13,3,8,2,12,4,6,9,10,7,11,5,14,1)], [(0,14,2,11,6,4,3,12,9,8,7,10,5,1,13)]

66. HWP*(15;5°, 159),
[(0,1,2,3.4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,5),(10,14,12,1,3),(7,4,9,11,
13)],[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)], [(0,4,7,1,9),(3,2,14,13,5) (11,8,
10,12,6)],[(0,5,13,2,1),(4,10,9,14,6),(3,11,7,12,8)], [(0,6,1,4,2,5,7,3,8,11,14,9,
13,12,10)],[(0,7,2,6,3,1,5,4,12,14,11,9,10,8,13)], [(0,8,1,6,2,7,9,12,3,13,10,4,11,
5,14)],[(0,9,2,10,1,8,4,3,6,14,5,12,7,13,11)],[(0,10,2,9,3,5,1,12,4,13,8,14,7,11,6)],
[(0,11,1,10,3,14,2,12,5,9,7,6,13,4,8)], [(0,12,9,4,5,10,6,8,7,14,1,11,2,13,3)],
[(0,13,1,14,3,7,10,5,11,4,6,9,8,12,2)], [(0,14,4,1,13,9,6,10,7,5,8,2,11,3,12)]

67. HWP*(15;57,157),

(0,1,2,3,4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,5),(10,14,12,1,3),(7,4,9,11,13)]
[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)],[(0,4,7,1,9),(3,2,14,13,5),(11,8,10,12,6)
[(0,5,13,2,1),(4,10,9,14,6),(3,11,7,12,8)],[(0,6,13,11,2),(1,10,3,7,14),(4,8,12,5,9
1,[(0,7,6,2,11),(1,14,3,8,4),(13,10,5,12,9)], [(0,8,1,4,2,5,7,3,13,9,12,14,11,6,10)],
(0,9,2,6,1,5,4,3,12,10,7,13,8,11,14)], [(0,10,1,6,3,5,8,14,2,9,7,11,4,13,12)],
(0,11,1,8,7,5,10,2,13,4,12,3,14,9,6)], [(0,12,2,7,10,8,13,1,11,5,14,4,6,9,3)],
(0,13,3,6,14,5,1,12,7,2,10,4,11,9,8)], [(0,14,7,9,10,6,8,2,12,4,5,11,3,1,13)],

68. HWP*(15;5%,15%),

[(0,1,2,3,4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,5),(10,14,12,1,3),(7,4,9,11,13)]

[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)],[(0,4,7,1,9),(3,2,14,13,5),(11,8,10,12,6)

1,[(0,5,13,2,1),(4,10,9,14,6),(3,11,7,12,8)],[(0,6,13,11,2),(1,10,3,7,14),(4,8,12,5,9

)1,1(0,7,6,2,11),(1,14,3,8,4),(13,10,5,12,9)],[(0,8,13,3,12),(1,11,4,6,10),(2,5,14,7,
)1,1(0,9,10,6,8),(1,13,12,3,5),(2,7,11,14,4)],[(0,10,2,6,1,4,3,13,8,7,5,11,9,12,14)]

[(0,11,1,5,4,12,7,10,8,14,2,13,9,3,6)],[(0,12,4,13,1,8,2,9,6,14,11,5,10,7,3)],

[(0,13,4,11,3,14,5,8,1,6,9,7,2,12,10)], [(0,14,9,8,11,6,3,1,12,2,10,4,5,7,13)]

69. HWP*(15; 5 153),

[(0,1,2,3,4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,5),(10,14,12,1,3),(7,4,9,11,13)]
[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)],[(0,4,7,1,9),(3,2,14,13,5),(11,8,10,12,6)
1,[(0,5,13,2,1),(4,10,9,14,6),(3,11,7,12,8)],[(0,6,2,7,3),(1,12,4,5,10),(8,13,11,14,9
1,1(0,7,9,4,13),(1,8,12,3,5),(2,10,6,14,11)], [(0,8,4,2,11),(1,14,7,6,3),(5,12,9,13,
10)],(0,9,6,13,12),(1,10,7,11,4),(2,5,14,3,8], [(0,12,5,9,2),(1,13,3,7,14),(4,8,11,6
,10)],[(0,14,4,6,8),(1,11,5,7,13),(2,9,10,3,12)],[(0,10,2,6,1,4,3,13,8,7,5,11,9,12,
14)],[(0,11,1,5,4,12,7,10,8,14,2,13,9,3,6)], [(0,13,4,11,3,14,5,8,1,6,9,7,2,12,10)]

70. HWP*(15;5' 151),
[(0,1,2,3,4),(5,6,7,8,9),(10,11,12,13,14)], [(0,2,8,6,5),(10,14,12,1,3),(7,4,9,11,13)]
[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)],[(0,4,7,1,9),(3,2,14,13,5),(11,8,10,12,6)
1,[(0,5,13,2,1),(4,10,9,14,6),(3,11,7,12,8)],[(0,6,13,11,2),(1,10,3,7,14),(4,8,12,5,9
)1,1(0,7,2,11,14),(1,6,9,12,3),(4,13,10,5,8)], [(0,8,13,3,12),(1,11,4,6,10),(2,5,14,7,
9)],1(0,9,6,2,10),(1,8,7,11,5),(3,13,12,14,4)],[(0,10,4,11,3),(1,14,5,7,6),(2,12,9,13
3)1,1(0,12,4,1,13),(2,9,7,5,10),(3,8,11,6,14)], [(0,13,4,5,11),(1,12,2,6,8),(3,14,9,
10,7)],[(0,14,11,9,8),(1,4,2,7,13),(3,5,12,10,6)], [(0,11,1,5,4,12,7,10,8,14,2,13,9,3,
6)]

71. HWP*(15; 3%, 513),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,1,4,7),(3,14,5,9,8),(6,12,11,13,
10)],(0,3,9,1,8),(2,11,5,6,13),(4,12,14,7,10)], [(0,4,2,9,14),(1,6,10,7,12),(3,13,8,
5,11)],[(0,5,14,13,1),(2,6,4,10,12),(3,7,11,8,9)], [(0,6,1,13,11),(2,10,3,12,7),(4.,8,

[
}
)
[
[
[
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14,9,5)],[(0,7,1,14,10),(2,5,8,13,6),(3,11,4,9,12)], [(0,8,1,5,12),(2,3,10,14,11)(4,
6,9,7,13)],[(0,9,13,12,5),(1,11,10,8,4),(2,7,14,6,3)], [(0,10,5,1,3),(9,2,8,11,12),(4,
13,7,6,14)],[(0,11,14,2,13),(1,12,6,8,10),(3,5,7 9,4)],1(0,12,8,7,4),(1,10,2,14,3),
(5,13,9,11,6)],[(0,13,5,10,9),(1,7,3,6,11),(2,12,4,14,8)], [(0,14,1,9,6),(2,4,11,7,5),
(3,8,12,10,13)]
72. HWP*(15; 3%, 51),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(12,14,1),(3,5,7),
(9,11,13)],[(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,2,9,14),(1,6,10,7,
12),(3,13,8,5,11)], [(0,5,14,13,1),(2,6,4,10,12),(3,7,11,8,9)], [(0,6,1,13,11),(2,10,
3,12,7),(4,8,14,9,5)],[(0,7,1,14,10),(2,5,8,13,6),(3,11,4,9,12)], [(0,8,1,5,12),(2,3,
10,14,11),(4,6,9,7,13)], (0,9,13,12,5),(1,11,10,8,4),(2,7,14,6,3)], [(0,10,5,1,3),(9,
2,8,11,12),(4,13,7,6,14)],[(0,11,14,2,13),(1,7,10,4,3),(5,9,8,12,6)], [(0,12,8,3,6),
(1,4,11,7,9),(2,14,5,13,10)], [(0,13,3,14,8),(1,10,9,6,11),(2,12,4,7,5)], [(0,14,3,8,
7),(1,9,4,12,10),(2,11,5,6,13)]
73. HWP*(15; 3% 5%),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8,10),(12,14,1),(3,5,7),
(9,11,13)],(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,7),(1,9,3),(2,14,13),
(5,11,8),(10,12,6)], [(0,5,13),(1,4,10),(2,9,14),(3,6,11),(7,12,8)], [(0,6,1,13,11),
(2,10,3,12,7),(4,8,14,9,5)], [(0,7,1,14,10),(2,5,8,13,6),(3,11,4,9,12)], [(0,8,1,5,12),
(2,3,10,14,11),(4,6,9,7,13)][(0,9,13,12,5),(1,11,10,8,4),(2,7,14,6,3)], [(0,10,5,1,3),
(9,2,8,11,12),(4,13,7,6,14)], [(0,11,7,5,14),(1,10,4,2,12),(3,8,9,6,13)], [(0,12,2,13,
1),(3,7,10,9,8),(4,11,14,5,6)],(0,13,10,2,6),(1,7,11,5,9),(3,14,8,12,4)], [(0,14,3,
13,8),(1,6,5,2,11),(4,12 10,7,9)]
74. HWP*(15;37,57),
[(0,1,2),(3,4,5),(6,7,8),(9,10,11),(12,13,14)], [(0,2,4),(6,8 10) (12,14,1),(3,5,7),
(9,11,13)],1(0,3,9),(1,8,2),(4,14,7),(5,10,13),(6,12,11)], [(0,4,7),(1,9,3),(2,14,13),
(5,11,8),(10,12,6)],[(0,5,13),(1,4,10),(2,9,14),(3,6,11),(7,12 8)], [(0,6,1),(2,13,10)
,(3,8,14),(4,11,5),(7,9,12)], [(0,7,11),(2,6,5),(1,14,9),(4,12,10),(3,13,8)], [(0,8,1,5
12),(2,3,10,14,11),(4,6,9,7,13)],[(0,9,13,12,5),(1,11,10,8,4),(2,7,14,6,3)], [(0,10,5
.1,3),(9,2,8,11,12),(4,13,7,6,14)], [(0,11,1,13,6),(2,5,14,8,12),(3,7,10,9,4)], [(0,12,
3,14,10),(1,7,5,8,13),(2,11,4,9,6)], [(0,13,3,11,14),(1,10,7,2,12),(4,8,9,5,6)], [(0,14
5,9,8),(1,6,13,11,7),(2,10,3,12,4)]
75. HWP*(15;3%,5°),
[(0,1,3),(2,6,7),(4,5,8),(9,13,12),(10,11,14)], [(0,2,10),(1,6,8),(3,13,7),(4,12,14),
(5,11,9)],[(0,7,13),(1,8,6),(2,9,12),(3,10,14),(4,11,5)], [(0,9,8),(1,2,11),(3,14,12),
(4,13,10),(5,7,6)], [(0,10,5),(1,4,3),(2,13,8),(6,14,9),(7,11,12)],[(0,11,6),(1,12,13)
,(2,8,14),(3,4,9),(5,10,7)], [(0,12,4),(1,14,5),(2,3,6),(7,10,8),(9,11,13)], [(0,13,14)
(1,5,12),(2,7,4),(3,8,11),(6,9,10)], [(0,14,11),(1,13,4),(2,12,10),(3,5,6),(7,8,9)],
[(0,3,9,1,7),(2,4,14,8,5),(10,13,6,12,11)], [(0,4,7,1,9),(3,2,14,13,5),(11,8,10,12,6)]
,1(0,5,13,2,1),(4,10,9,14,6),(3,11,7,12,8)], [(0,6,13,11,2),(1,10,3,7,14),(4,8,12,5,9)
],1(0,8,13,3,12),(1,11,4,6,10),(2,5,14,7,9)]

75



	ABSTRACT
	ÖZET
	ACKNOWLEDGEMENT
	TABLE OF CONTENTS
	LIST OF ABBREVIATIONS AND ACRONYMS
	LIST OF FIGURES
	INTRODUCTION
	Basic Definitions and History
	The Oberwolfach Problem
	The Directed Oberwolfach Problem

	The Hamilton-Waterloo Problem (HWP)
	The Directed Hamilton-Waterloo Problem (DHWP)


	PRELIMINARY RESULTS
	DHWP WITH SMALL CYCLE SIZES
	Even Cycle Sizes
	Odd Cycle Sizes

	DHWP INVOLVING EVEN CYCLE SIZES
	Solutions to HWP*(v;2r, ms) 
	Solutions to HWP*(v;mr, (2m)s)

	CONCLUSION
	REFERENCES
	BIOGRAPHY
	PUBLICATIONS AND PRESENTATIONS FROM THE THESIS
	APPENDIX

