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GEODESIC BASED HYBRID SIMILARITY CRITERIA
FOR APPROXIMATE SPECTRAL CLUSTERING
OF LARGE MEDICAL DATASETS

SUMMARY

Clustering is the unsupervised classification to group patterns such as data,
observations or feature vectors. Due to its extraction of clusters in a fast manner
without supervised information, many different methods have been proposed in various
applications. Among them, spectral clustering (SC) has been recently popular and
successfully used in various areas such as image processing, computer vision and
information retrieval, thanks to its ability to find irregularly shaped clusters and its
independence from parametric cluster models.

Spectral clustering is a manifold learning algorithm based on eigendecomposition of
a graph Laplacian matrix constructed from pairwise similarities of the data points.
Although this eigendecomposition produces higher clustering accuracies than the
accuracies obtained by traditional methods, it has high computational cost and memory
requirement which makes direct use of spectral clustering infeasible for clustering
large datasets. To address this challenge, approximate spectral clustering (ASC)
methods, which apply spectral clustering on a reduced set of data points (data
representatives) selected by sampling or quantization, have been proposed. The ASC
not only makes spectral clustering feasible for large datasets but also enables new
information types to be used in similarity definition. In this thesis, data representatives
are obtained by selective sampling and neural gas as sampling and quantization method
respectively because of being the best methods in the literature for sampling and
quantization. In addition, k-means++, a clustering algorithm which solves random
initialization problem of k-means, is first used to obtain data representatives as a
quantization method for ASC.

In order to achieve high clustering accuracies with ASC, an important step is
to determine the criterion to define the pairwise similarities of the selected data
representatives. Traditionally, an Euclidean distance based Gaussian kernel with a
global decay parameter (optimally set by experiments) is used. Alternatively local
decay parameters are also used. However, this approach ignores new information types
such as data topology, local density distribution and data manifold which are provided
by ASC. To utilize all the available information for accurate similarity definition,
geodesic based hybrid similarity criteria are proposed in this study.

The geodesic distance between any two data representatives is their shortest path
distance depending on a neighborhood graph. In addition to commonly used
k-nearest neighbor graph, which requires a user-set parameter k, a weighted Delaunay
triangulation (CONN) is employed to determine the optimal number of neighbors
with respect to local data characteristics without any user-set parameter. CONN also
indicates data topology and detailed local density distribution to be used in similarity
definition. Based on these neighborhood graphs, the proposed geodesic distance based
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similarities are defined using Euclidean distance, local density distribution by CONN,
and their fused approach. Therefore, these proposed similarity criteria represent
better pairwise similarities because they use different combination of all available
information for ASC.

The clustering performance of the proposed criteria is evaluated by an extensive
experimental study. Their advantages are first shown on three artificial datasets
with different clustering challenges. Then, they are shown more successful than the
commonly used Euclidean based similarity, using ten datasets (including medical data
as well) from UCI Machine Learning Repository. Finally the proposed geodesic hybrid
similarity criteria based ASC is applied on four sets of brain MR images obtained
from MICCAI 2012 challenge on multi-modal brain tumor segmentation, achieving
an accuracy of up to 80.06% without any supervised information. This accuracy is
much successful than traditional clustering methods (compared to 66.55% obtained
by k-means and compared to 76.52% obtained by ASC based on similarity using
Euclidean distance) and very close to supervised accuracies existing in the literature.
The extensive experiments show the outperformance of the proposed criteria and favor
them as a successful approach in clustering both large and small/medium datasets.
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BUYUK MEDIKAL VERI SETLERININ
YAKLASIK SPEKTRAL OBEKLENMESI iCIN
JEODEZIK TABANLI BENZERLIK OLCUTLERI

OZET

Obekleme, gozlem, veri, ozellik vektorii gibi oriintiileri simiflara ayirmak icin
kullanilan bir 6greticisiz simiflandirma yontemidir. Karar verme, kestirim gibi
noktalarda etkili ve hizli bir siire¢ olmasindan dolayr medikal alandaki Oriintii
obekleme uygulamalar1 hizla artmaktadir. Oriintiilerin farkli yapilar1 olan, diizenli
sinirlart ve homojen dagilimlar1 olmayan 6bekler icermesi nedeniyle ¢esitli bekleme
yontemleri gelistirilmistir. Bu yontemler arasinda spektral sbekleme (SO) parametrik
model kullanmayan bir yontem olmasindan dolayir hem diizensiz sekilli obekleri
bulabilmekte hem de parametrik modellere uymayan gercek Obekleri bulmada
daha bagarili olmaktadir. ~ Spektral ©bekleme, veri noktalar1 arasindaki ikili
benzerliklerin 6zdeger ayrismasi tabanli bir 6grenme yontemidir. Veri noktalari bu
ikili benzerliklerine gore aymi veya farkli obeklere atanirlar. Bu sekilde obek ici
benzerlik en yiiksek obekler arasi benzerlik ise en diisiik hale getirilmeye calisilir.
Obeklere ayirma islemi verilerin benzerligine gore yapildig1 icin kullanilan benzerlik
Olciitleri biiyiik 6onem tasimaktadir.  Veriler arasi benzerlik ne kadar iyi olursa
obekleme basaris1 o kadar iyi olacaktir. Veri noktalar1 arasindaki ikili benzerliklerin
0z deger ayrisimi spektral obeklemenin basarili bir yontem olmasini saglamasina
ragmen yiiksek hesaplama yiikii ve bellek gereksinimi yiiziinden biiyiik veri setlerine
dogrudan uygulanmasi sorun olusturmaktadir. Bu sorunun ¢6ziimii i¢in gelistirilen
yaklagik spektral 6bekleme (YSO) yontemleri tiim veri setini kullanmak yerine,
azaltilmig veri temsilcileri olarak adlandirilan temsilciler setini kullanir. Bu sekilde
hem spektral obeklemenin biiyiik veri setlerinde kullanimini miimkiin kilar hem de
veri setine ait kullanilmayan ve goz ardi edilen cesitli bilgilerin benzerlik matrisini
olusturmada kullanilmasini saglar.  Yaklasik spektral obekleme iki asamali bir
yontemdir. Ik asamasinda cesitli 6rnekleme veya nicemleme yontemleriyle veri
temsilcileri elde edilirler. Ornekleme yontemleri veri setinde var olan veri noktalarinin
bir kismini1 veri temsilcileri olarak segerken, nicemleme yontemlerinde veri temsilcileri
esasinda veri setinde var olmayan yeni noktalari olusturarak elde edilirler. Bu
tezde, literatiirde en iyi 6rnekleme ve nicemleme yontemleri olarak bilinen secimli
ornekleme ve sinir gazi nicemleme yontemleri kullanilmistir. Bunlara ek olarak,
k-ortalama yonteminin rastgelelikten kaynaklanan ilk merkez atama sorununu ¢ozmek
icin gelistirilen k-ortalama++ yontemi de YSO nicemlemesinde ilk kez kullanilmistir.
Secimli 6rnekleme, ilk olarak veri setini kullanicinin belirledigi sayida alt 6bege
ayirir (alt obek sayis1 genelde var olan Obek sayisinin ii¢ kati olarak segilir). Bu
ayirma islemi icin ilk once alt obek sayisi kadar 6bek merkezi en uzak en yakin
uzaklik algoritmasiyla secilir. Tiim veri noktalari i¢in 6klid uzaklig:1 kullanilarak en
yakin obek bulunur ve veri noktast alt 6bege atanir. Bu sekilde biitiin alt 6bekler
olusturulduktan sonra her 6bekten 6bek biiyiikliigiiyle orantili olarak veri temsilcileri
secili. BoOylece hem veri setindeki biitiin Obeklerden veri temsilcisi secilmesi
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saglanmis hem de veri temsilcilerinin biiyiik 6bekten daha ¢ok kiiciik dbekten daha
az sayida olacak sekilde dengeli se¢ilmesi saglanmig olur. Sinir gazi ise yinelemeli
ve sinir 0grenmesi tabanli bir nicemleme yontemidir. Biitiin veri noktalart icin
en iyi eslesen sinir birimi bulunur ve giincellenerek en uygun hale getirilir. Veri
temsilcileri olarak sinir birimleri kullanilir. Bu ¢alismada kullanilan diger nicemleme
yontemi k-ortalama++ ise k-ortalama 6bekleme algoritmasi gibi caligir, tek fark ilk
merkezlerini bir olasilik yogunluk fonksiyonuna gore se¢mesidir. Veri temsilcisi
seciminde ise su sekilde kullamlmustir. Ik olarak belirlenen veri temsilcisi sayis
kadar 6bek merkezi olasilik yogunluk fonksiyonuna gore secilir. Daha sonra secilen
bu merkezler i¢in k-ortalama algoritmasi uygulanir. En son elde edilen merkezler veri
temsilcileri olur. Yaklasik spektral 6beklemenin ikinci agsamasinda ise veri temsilcileri
tizerinden spektral obekleme yapilir ve veri temsilcileri ile iligkili olarak tiim veri
noktalar i¢in 6bek etiketleri bulunur. Spektral o6bekleme yapilirken ¢esitli benzerlik
Olciitleri kullanilarak veri temsilcilerinin (veri noktalari) ikili benzerliklerini gosteren
benzerlik matrisi elde edilir. Bu matrisin veriler arasi benzerligi en iyi ifade edecek
sekilde elde edilmesi 6bekleme performans: acisindan oldukc¢a 6nemlidir. Bunun icin
cesitli benzerlik olciitleri gelistirilmistir. Geleneksel olarak Oklid tabanli Gauss kernel
benzerlik islevi kullanilir. Bu iglev global bir ayristirma parametresi kullanir ve bu
parametrenin en uygun hali her veri seti i¢in deneysel olarak belirlenir. Alternatif
olarak yerel ayristirma parametresinin kullanilmas1 da miimkiindiir. Bu yaklasimlar
YSO’niin ortaya c¢ikardig1 veri topolojisi, yerel yogunluk dagilimi ve veri manifoldu
gibi veri setine ait yeni bilgilerin kullaniminmi goz ard1 ederler. Bu ¢alismada benzerlik
tanimin1 en dogru sekilde yapabilmek i¢in veriye dair elde edilen biitiin bilgilerin
kullanilmasini miimkiin kilan jeodezik tabanli hibrit benzerlik oOl¢iitleri onerilmistir.
Benzerlik ol¢iitleri kullanilarak benzerlik matrisi olusturulduktan sonra bu matris
iizerinden 6z deger ayrisimi yapilir ve k 6bek sayisi icin en biiyiik k 6z degerle iligkili
0z vektor bulunur ve bu sekilde veri temsilcilerinin k 6z vektorle gosterildigi matris
elde edilir. Bu matris lizerinden basit bir 6bekleme algoritmas: (k-ortalama gibi)
kullanilarak veri temsilcileri k 6bege ayrilir. Veri noktalar1 kendilerini temsil eden veri
temsilcilerinin bulundugu 6bege atanirlar ve bu sekilde tiim veri seti icin obekleme
islemi gerceklestirilmis olur.

Calisma kapsaminda Onerilen jeodezik tabanli hibrit benzerlik Olgiitleri yaklasik
spektral Obekleme algoritmasinin ikinci asamasinda verilerin ikili benzerliklerini
gosteren benzerlik matrisinin elde edilmesi icin gelistirilmigtir. Jeodezik uzaklik,
iki veri temsilcisi arasindaki uzakligi komgsuluk cizgesindeki en kisa mesafe olarak
hesaplar ve bu sebeple komsuluk ¢izgesi kullanimin1 gerektirir. Bunun i¢in genelde
k en yakin komguluk ¢izgesi (k-nn) ve agirliklandirilmig Delaunay iicgeni (CONN)
kullanilir. K-nn ¢izgesi kullanicidan alinan k parametresi ile komsuluk iligkisini
belirler. Burada verilerin komsu olup olmadi§1 karari iki sekilde verilir. Tk yontemde
iki veri noktasindan herhangi birisi digerinin k en yakin komsulugunda ise veriler
baglanir, diger yontemde ise iki veri noktasinin her ikisi de birbirlerinin k en yakin
komsuluklar1 igerisinde olmalari durumunda baglanirlar. K-nn ¢izgesi icin temel
problem k sayisinin kullanici tarafindan belirlenmesidir. Her veri seti i¢in ve hatta
her veri temsilcisi icin en uygun k degeri farklidir ve biitiin veri noktalart i¢in
ayn1 k sayisinda komsu belirlemek komguluk cizgesinin dogru olusturulamamasina
sebep olur. CONN ise herhangi bir kullanici parametresi kullanmadan yerel veri
karakteristikleriyle iligkili olarak en uygun komsu sayisina karar verir. Bu sekilde
her veri noktas1 ve veri seti i¢in farkli sayida komsu belirleyerek komsuluk ¢izgesinin
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daha dogru olugmasini saglar. CONN veri karakteristikleriyle iligkili olarak komsu
sayisim1 belirleyebilmek igin veri topolojisi ve yerel yogunluk dagilimi bilgilerini
benzerlik taniminda kullanir. Onerilen jeodezik uzaklik tabanli benzerlik olgiitlerinde
CONN ve k-nn komsuluk cizgeleri kullanilmistir. Bu cizgeler lizerinden jeodezik
uzaklik hesabi icinse Oklid uzakhig: ve yerel yogunluk dagilimini gosteren CONN
uzakligr kullamlmistir. Onerilen yontemler yaklagik spektral obeklemenin ortaya
cikardig: biitiin bilgileri komsuluk ¢izgesi ve uzaklik hesaplariyla kullanarak daha iyi
bir benzerlik sunumu elde edilmesini saglamigtir.

Onerilen yontemlerin 6bekleme performansi deneysel olarak degerlendirilmistir.
Oncelikle bu yontemin avantajlarin1 gostermek icin farkli 6bekleme problemlerine
sahip ii¢ yapay veriseti (Lsun, Chainlink ve Wingnut) kullanilmig daha sonra UCI
Machine Learning Repository’den alinan ve medikal veri setlerini de iceren on veri
seti iizerinde 6nerilen yontemlerin klasik Oklid tabanl benzerlikten daha iyi oldugu
gosterilmigtir.  Son olarak MICCAI 2012 ¢ok modelli beyin tiimorii boliitleme
yarismasinda kullanilan 4 adet beyin MR goriintiileri seti kullanilmis ve herhangi bir
ogreticili yontem kullanmadan % 80.06 ortalama basar1 elde edilmistir. Bu basari
geleneksel yontemlerle elde edilen basarilardan daha iyidir ( k-ortalama basarisi:
% 66.55 ve Oklid uzakligi kullanan benzerlik tabanli YSO basarisi: % 76.52
). Performans degerlendirmesi sonucunda onerilen jeodezik uzaklik tabanli hibrit
benzerlik oOl¢iitlerinin hem kiigiik/ orta hem de biiyiik veri setlerinde basarili bir
yaklasim oldugu goriilmiistiir.
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1. INTRODUCTION

1.1 Problem and Thesis Contribution

The progress of technology and variety in applications such as Internet, digital imaging
and social media have produced many high-dimensional and high-volume datasets.
The difficulty in analyzing both the high-volume and the variety of these data requires
automatic knowledge extraction methods to summarize the data. There are several
analysis techniques for this process. In pattern recognition, this analysis is based on
predictive modeling which learns the identifications or attitudes of unknown data have
tried to predict with using some training data. This process is called learning. The
learning process is divided into two major types that are (i) supervised (classification)
and (ii) unsupervised (clustering). In classification, per-classified (labeled) data have
been used to learn the description of classes. A new data has been labeled by using
the characteristics of these classes. In case of clustering, there are only unlabeled
data and various measures showing the similarity between these unlabeled data used
for learning process [2]. Thanks to extracting data characteristics with no a priori
information, clustering is an important tool widely used in many areas such as biology,
medicine and remote sensing. The use of clustering methods in medicine considerably
increases due to rapidly growing amount of data. There have been many applications of
these methods in medicine such as clustering of gene expression, diseases risk factor
or medical images. For example, clustering methods seek an answer for important
questions such as which genes the human genome cause cancer diseases or have
in common with other species in bioinformatic research, and they assist medical

practitioners in their decision by analyzing of medical images [3,4] .

The goal of cluster analysis is to partition the objects in a dataset into meaningful
classes such that objects in the same class are more similar to each other than to
those in other classes. There have been many various parametric or non-parametric

methods but parametric methods often suffer from the fact that real datasets often



have non-parametric models. Spectral clustering has overcome this problem due to its
ability to cluster without using a parametric model and so it has recently been a popular
method. Spectral clustering has a manifold learning algorithm based on eigenvalue
decomposition of pairwise similarities of the data points [5-9]. On the one hand its
eigenvalue decomposition process provides effective extraction of irregularly shaped
clusters, on the other hand it causes its high computational cost (O(N?), N : number of
data points) which makes direct use infeasible for clustering large datasets. To handle
this drawback, parallel clustering and approximate spectral clustering (ASC) have been
developed. The ASC applies spectral clustering on the data representatives (reduced
set of all data) either selected by a data sampling or quantization method [10-13], while
the parallel clustering distributes over many computers [14]. The ASC makes not only
spectral clustering feasible for large datasets but also different information types (such
as data density distribution and topological relations of data representatives possible
for similarity definitions between points thanks to data representatives). Although
these information types are usually ignored for similarity criteria, they are quite
important to determine separation among sub-manifolds [15]. As a similarity measure,
Euclidean distance based approach is often used and it may work well for datasets
with well-separated clusters but the datasets which have clusters close to each other or
inhomogeneous data distribution in the clusters have required using data topology or
manifold information [16]. In this study, geodesic based hybrid similarities which use
information types including topology, distance and density is proposed and tested on
8 datasets with different characteristics taken from UCI Machine Learning Repository
[17]. In addition, a user interface has been designed using MATLAB. This interface
allows to use both spectral clustering and approximate spectral clustering as combining

similarity measures and sampling/quantization algorithms used in this thesis.

1.2 Organization
This thesis is outlined as follows:

In Chapter 2, we explain clustering analysis and related work. We briefly review
clustering algorithms, spectral clustering and its use for large datasets. Then we

summarize similarity measures for spectral clustering in previous studies.



In Chapter 3, we describe the ASC algorithm for large datasets. We then discuss the
sampling or vector quantization methods used in the first step of ASC and the existing

similarity measures for ASC in literature.

In Chapter 4, we propose our geodesic based similarity measures for approximate spec-
tral clustering. We explain approximate spectral clustering and sampling/quantization

methods used in our study.

In Chapter 5, we evaluate the performance of our geodesic approach on artificial and

real datasets. We show the outperformance of our method using clustering accuracy

Finally, in Chapter 6, we provide our conclusions about future research.






2. A REVIEW OF CLUSTERING METHODS

2.1 Types of Clustering Methods

Clustering methods aim to extract explicit groups in a dataset, without a priori
information on their characteristic features. These methods in general are divided into

two groups, hierarchical and partitional, as illustrated in Fig. 2.1 [18].

2.1.1 Hierarchical clustering

Hierarchical clustering algorithms generate nested clusters through a series of
partitions.  These clusters are produced by either agglomerative or divisive.
Agglomerative hierarchical clustering firstly assigns each point in the dataset in its
own cluster, for example n clusters for n points in the dataset. Then, it merges the most
similar pair of clusters at each step. This procedure goes on until all the n clusters are
merged in to a single cluster. In contrast, divisive hierarchical clustering starts with
one cluster which includes all points in the dataset and recursively divides into smaller
clusters. The procedure ends when there are n clusters each of which containing only
one data point [19]. Hierarchical clustering produces a dendogram, which presents the
arrangement of the clusters, and it can be split at different levels to obtain a desired

number of clusters. An illustration is shown in Fig. 2.2 and Fig. 2.3.

Single-Link [20] and Complete-Link [21] are the most well-known hierarchical
algorithms. The major difference is that they describe similarity between a pair of

clusters with using different way.

2.1.2 Partitional clustering

Partitional clustering methods divide into clusters according to various rules instead of
forcing a hierarchical structure. These rules optimize an objective function as being
a minimum or maximum depending on the methods. Some methods work iteratively

to improve the quality of partitioning where the cluster label of an object is updated



Hierarchical Partitional

Single Complete Square Graph Mixture Mode
Link Link Error Theoretic| | Resolving Seeking
k-means Expectation

Maximization

Figure 2.1: A taxonomy of clustering approach.

after each iteration until the algorithm finds the optimum partitions with respect to its
objective function. The computation complexity of this algorithm is Nlog(N) for N
data points and this makes it feasible for large datasets. K-means is one of the most
popular partitioning algorithms although it has several drawbacks such as its need of

the number of clusters and depending initial center guess.

Some partitional procedures use the similarity matrix constructed using affinity
measures between data points in dataset instead of the data points themselves. In these
procedures, the spectrum (eigenvalue and the corresponding eigenvectors) of similarity
matrix is used to find a new data representation by a non-linear transformation before
clustering. The methods which use these procedures are called spectral clustering

methods [2].

2.1.2.1 K-means algorithm

The k-means clustering is well known and preferred due to its easy implementation and
accessibility in most clustering packages, and its low computational complexity. This
algorithm uses a membership function which allows each data point to be assigned
to one cluster such that this function minimizes the distance between the mean of a
cluster and the points in that cluster. For a dataset with N samples and K clusters ,
X =A{x;,i=1,...,N}and C = {cy,k=1,...,K} , the distance between L, (the mean

of cluster ¢;) and the points in cluster ¢y is defined by the squared error as

Je) =Y [bi—mel? 2.1)

XiEC
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Figure 2.2: (a) A dataset with seven points (A,B,C,D,E,F and G) (b) its two clusters
and (c) three clusters according to the dendogram obtained by hierarchical
clustering in Fig.2.3.
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Figure 2.3: The dendogram obtained by the hierarchical clustering algorithm. Result
of clustering is shown in Fig.2.2 (b) for k =2 and Fig.2.2 (c) fork =3

and k-means minimizes the sum of the squared error over all K clusters as

K
JO) =Y Y |xi—wl? 2.2)
k=1x;€cy

This algorithm proposed by Forgy [22] is summarized [23] in the following steps:

1. Firstly, k initial centers are selected at random from dataset and each data point is

assigned to its closest center.
2. The new cluster centers are found by calculating the mean of each cluster.
3. A new partition is generated by assigning each data point to its nearest cluster center

4. Step 2 and step 3 are repeated until cluster membership stabilizes or stopping

criterion is satisfied.

Fig.2.4 shows an example of the K-means algorithm.
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The K-Means algorithm uses three user-specified parameters, number of K, cluster
initialization and distance metric. The most important choice is the number of K. There
are various methods for this choice, but in general K-means run for different value of
K and the value which extracts the most meaningful clusters is selected for K. Cluster
initialization is critical for final clustering performance. Unfavorable initialization
results in poor clustering. To overcome this, some initialization algorithms are
developed such as K-means++ [24]. Finally, different distance metrics such as
Euclidean distance, L; distance or Mahalanobis distance are used to calculate the
distance between cluster centers and data points. They are preferred according to
data type, for example K-means with Euclidean distance metric finds spherical or
ball-shaped clusters in data while Mahalanobis distance metric has been used to
detect hyper-ellipsoidal clusters. In general, Euclidean metric is used due to its lower

computational cost.

2.1.2.2 Spectral clustering

Spectral clustering (SC), sometimes called as graph theoretic clustering, uses a graph
weighted by pair-wise similarities of the edges connecting the vertices to separate
datasets into clusters. This method has a manifold learning algorithm based on
eigenvalue decomposition of this graph. Spectral clustering does not make any
assumption on the form of the data clusters and it treats the data clustering as a graph
partitioning problem. It is very simple to implement because it can be solved efficiently
by standard linear algebra methods. It has been popular thanks to its independence
from parametric cluster models and its ability to extract irregularly shaped clusters.
Spectral clustering involves the following stages; constructing the (Laplacian) graph

based on the similarity matrix of the dataset, spectral representation and clustering.

Graph and Similarity Matrix Construction :

A graph which represents data consists of vertices and edges that connect them.
Graph theory has been defined diversely, but in the most common of them is that
a graph "G" includes a set of V of vertices (nodes) together with a set E of edges
(lines) and is shown G = (V,E). Each vertex v; represents a data point x; and edges
represent neighborhood relationships between data points. In a dataset that consists

of X = {x;,...,xy}, similarity s; ; between data points x; and x; are found by using



Figure 2.5: An example of a simple weighted graph with nine nodes (vertices) and ten
edges.
various similarity measures. If the similarity s; ; is larger than a certain threshold two
vertices v; and v; are connected and the edge is weighted by s; ; . So the weighted
adjacency matrix W = (w;j)i,j = 1,...,N of the graph is obtained. Fig. 2.5 shows an
illustration of a weighted-graph of a dataset. Graph may be undirected or directed.
In an undirected graph, edges do not orientation while in a directed graph, they have
orientation such as from x to y for two points x and y in a dataset. An example is given

in Fig.2.6 for an undirected graph and a directed graph.

There are several popular similarity graphs to construct weighted adjacency matrix
(similarity matrix). Similarity graphs, which aim to model the local neighborhood

relationships between the data points, are regularly used in spectral clustering.

The e-neighbourhood graph: All data points whose pairwise distances are smaller
than € are connected. This graph is usually an unweighted graph and has limited
information about the data. It has a drawback such that choosing a useful parameter €
is difficult. If a dataset has points on different scales, the distances between points are

different in different regions of the space.

The k-nearest neighborhood graphs: Vertex v; with vertex v; are connected provided
that v; is among the k nearest neighbors of v;. In this method, the neighborhood
relationship which is not symmetric produces a direct graph. This graph is converted
to an undirected graph by two ways. The first way is that if anyone of v; and v; is
among the k-nearest neighbors of the other they are connected with an undirected

edge. This graph is the k-nearest neighbor graph. The second way is that v; and

10



a) b)
Figure 2.6: An example of a graph with three nodes (vertices) and three edges. (a) An
undirected graph; (b) A directed graph
v; are connected provided that both v; is among the k-nearest neighbors of v; and v;
is among the k-nearest neighbors of v;. This graph is named the mutual k-nearest

neighbor graph.

The fully connected graph: In this method, all data points have positive similarity
with each other are connected. Note that, a local neighborhood based similarity
function should be chosen to use this method because the similarity graph should
give an opinion about the local neighborhood relationships of data points. One of
the similarity function commonly preferred is the distance based Gaussian similarity

function in Eq. 2.3. The parameter o controls the width of neighborhood.

[l — x|

2 ) 2.3)

s(xi,x7) = exp(~

Spectral Representation and Clustering :

Clustering aims to separate data points in different groups using similarity graph. For
this it looks for a partition of the graph such that the edges within a group have high
weight (which means that points within the same cluster are similar to each other) and
the edges between different groups have a very low weight (which means that points in
different clusters are dissimilar from each other). This is a graph partitioning problem
and various approaches exist to solve this problem. The minimum cut algorithm solves
this problem for a given number of k subsets as choosing a partition A,As,...,Ax

which minimizes

1& -
Cut(Al,Az,...,Ak) = EZW(Ai’Ai) 2.4)

11



Here W is an adjacency matrix, A; is the complement of A and W(A;A;) =
Yica,jciWi,j- The minimum cut algorithm often results in clusters of imbalanced
sizes. It may divide one individual vertex from the rest of graph but clusters should
be reasonably large groups of data points. The two algorithms is common to solve
this "reasonably large" problem are RatioCut proposed by Hagen and Hahng and the
normalized cut Ncut proposed by Shi and Malik. The RatioCut uses the number of

vertices |A| to measure the size of a subset A and it is defined,;

1 & WALA) & cut(ALA)

LAl & Al

i=1 i=1

RatioCut(Ay,As, ..., Ay) = 2.5)

The other function Ncut uses the weights of edges vol(A) to measure the size of a

subset A and it is defined;

k .
vol(A;) - Z (2.6)

1
Ncul(Al,Az, e ,Ak) = 5 Z
i=1

Both algorithms achieve clusters of balanced sizes but they make the simple mincut
problem become NP hard. Constructing a graph Laplacian is used to relax this
problem. The unnormalized spectral clustering (which uses the unnormalized graph
Laplacian) represents relaxing RatioCut and the normalized spectral clustering (which

uses the normalized graph Laplacians) represents relaxing Ncut.

The main step for spectral clustering is to construct a graph Laplacian matrix, L. There
have been different methods to obtain L and these methods are divided into two groups,
unnormalized graph Laplacian and the normalized graph Laplacians. Similarity matrix
(weighted adjacency matrix) S and diagonal degree matrix D are used to construct these
Laplacians. The degree matrix D is a diagonal matrix with the degrees dj, ...,dy on the
diagonal. The degree of the vertice i is the total similarities of it and is defined as

follows

N
di —= Z sij (2'7)
j=1

The unnormalized graph Laplacian matrix is defined as

L=D-W (2.8)
12



L is symmetric because of the symmetry of W and D. Its the smallest eigenvalue is O,

the corresponding eigenvector is the constant one vector 1.

There two types of normalized graph Laplacians in the literature, Ly, and L, and

they are defined as

Lym=D"'?wD1/2 (2.9)

Ly =D"'W (2.10)

The first matrix Ly, is a symmetric matrix and the other matrix L, is closely related
to at random walk. Both of them are positive semi-definite and have non-negative
real-valued eigenvalues. Their properties are detailed in [8]. Several studies [8, 25]
show that there is no clear advantage among different spectral methods as long as
a normalized graph Laplacian is considered. Therefore, the normalized Laplacian
matrix Ly, proposed by Ng et al. [6] can be used. The process from constructing
the normalized graph Laplacian to obtain k clusters will be explained according to the

algorithm proposed by Ng et al. [6].

After producing the normalized Laplacian matrix Lporm (Lgyn), the k largest
eigenvectors E = {ey,ez,...,ex} of Lyomm, associated with the k greatest eigenvalues
(A1, 22,...,A). are found. E € R¥** is the matrix containing the vectors ey, es, ..., ex
as columns, where N is the number of data point and k is the number of cluster. The
matrix U € RV** is obtained from the matrix E by normalizing the rows to norm 1 as

follows

uij = — @.11)

\/ Yie i2k
Finally the N rows of U are clustered with the k-means algorithm into k clusters.
In graph Laplacian approach, the main trick is to change the representation of
the data points x; to points u; and U € R because this change of representation
provides enhancement of the cluster-properties in the data. Therefore simple clustering
algorithms such as k-means have no difficulties to detect the clusters in this new

representation.

13



2.2 Spectral Clustering For Large Datasets

Although spectral clustering is an efficient and simple way for extracting irregularly
shaped clusters, it has a drawback of high computational cost (O(N3), N :number of
data points) because of eigendecomposition of the graph Laplacian matrix, L. It needs
to construct a similarity matrix (N x N) for eigendecomposition. Similarity matrix
compares all possible pairs of data points and this process is computationally expensive
for a large data set. This makes direct use of spectral clustering infeasible for clustering
large datasets. In order to utilize its advantages in large datasets various methods are

developed.

One approach is the use of parallel clustering. This method parallelizes both memory
use and computation on distributed computers. First n data instances are allotted onto
p distributed machine nodes. The similarities between local data are computed on
each node and all are set in a way that uses minimal disk I/O. These two steps are
applied on all steps of spectral clustering as parallel eigendecomposition and parallel
k-means [14]. Although it speeds up clustering time significantly, it has a drawback
of requiring additional resources that should be scaled according to the size of the

dataset [26].

Another approach is approximate spectral clustering (ASC). This method applies
spectral clustering on the data representatives, either selected by a sampling approach
or data quantization from dataset, instead of all data points. In this process, the
most critical point is to find a suitable sampling or quantization method to obtain
data representatives with similarity measures. Sampling methods select real data
among all data points in dataset for data representation while quantization methods
use representatives of real data points. Fowlkes et al. [10] use random sampling
based on Nystrom method while Bezdek et al. [11] propose a progressive sampling
which has a drawback of tendency to oversample. Wang et al. [13] propose selective
sampling and point out that it is the best sampling method and has a similar success
with k-means quantization. Yan et al. [27] use k-means and random projection trees
as quantization methods. They show experimentally that in approximate spectral
clustering, the best way is vector quantization with minimum distortion in order to
obtain data representatives. Besides these experimental results, theoretical justification

for using quantization with minimum distortion exist [28]. Tasdemir [26] researches

14



alternative quantization methods (neural networks: self-organizing maps (SOM) and
neural gas [29]) and compares with k-means. This research shows that neural gas
quantization outperforms in approximate spectral clustering. Alternatively, Yal¢in and
Tasdemir [30] show that k-means ++ [24], a successful variant of k- means with a novel

probabilistic approach for initialization, is a good alternative for quantization in ASC.

15
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3. APPROXIMATE SPECTRAL CLUSTERING (ASC)

Approximate spectral clustering (ASC) is one of the methods to provide using spectral
clustering for large datasets as mention in section 2.2. It uses data representatives as
input data for spectral clustering and applies all steps of spectral clustering on these
reducing data points. Thanks to using data representatives instead of all data points
the ASC provides an efficient and simple solution. The ASC has three main steps;
generating of data representatives by quantization or sampling, spectral clustering of
data representatives, assign the labels of the data representatives to their corresponding

data points

An ASC algorithm (Fig. 3.1) to find k clusters can be summarized as follows :

1. Produce n data representatives either by vector quantization or sampling for a

dataset with N data points,

2. Construct a similarity matrix S based on a user-set similarity criterion and calculate
the degree matrix D Eq. (2.7) using the similarity matrix . Similarity matrix shows

the pairwise similarities of these n data representatives as section ??

3. Construct L, matrix Eq. (2.9) using the similarity matrix S and the degree matrix
D and find the k eigenvectors (eg,es,...,ex) of Lyorm, associated with the k greatest

eigenvalues {A1,z,..., A4 }.

4. Construct the n X k matrix E = [e,e,...,e;] and obtain n x k matrix U by

normalizing the rows of E to have norm 1, i.e. section 2.11

5. Cluster the n rows of U with any simple clustering method such as the k-means
algorithm into k clusters. Finally, assign the labels of the n representatives to their

corresponding data points.

First and last steps of the ASC algorithm are the different with the SC, while steps 2—-6

of ASC algorithm are the same with the traditional spectral clustering defined in [6].

17
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3.1 Generating Data Representatives for ASC

For the first step, there have been various algorithms as mentioned in section2.2 but
in this thesis three different approaches selective sampling, neural gas and k-means++
have been used because selective sampling is the best sampling method [13], neural
gas is the best way for vector quantization [26] and k-means++ is a good alternative

for quantization [30].

3.1.1 Neural gas

The neural gas [31] is an iterative algorithm based on neural learning and it produces
data representatives as preserving data topology by quantization of the data points. It
has an adaptive learning process which consists steps of random selection of v, finding
the best maching unit (BMU) for v , and update. Firstly, a data points v randomly
is selected from the dataset M and then the BMU for v is found by the minimum

Euclidean distance in Eq.3.1.

[y —wil| < [[v—wj] 3.1

The neighborhood function A:(w;) in Eq.3.2 is used to determine neighbor data

representatives w; of w;.

e () = exp(—pu, /7) (3.2)

Pw; 1s the ranks of the distances of neural unit w; to data sample v and the neighborhood
is defined in the data space according to this value. py,; is O for the BMU w;. Finally,
the BMU w; and its neighbor prototypes w; are adapted by an iterative learning process

as in Eq.3.3.

wilt +1) = w;(t) + a(t)he(w;) (v —w;(1)) 3.3)

In here, o(?) is learning parameter decaying by time and o(t) € [0, 1]. The adaptive

learning is repeated until a predefined stop criterion is achieved. In each iteration, py;

19



is recalculated for each randomly selected v. After learning, the neural units become

the data representatives.

3.1.2 K-means ++

K-means is fast and simple clustering algorithm and its goal is to minimize the average
squared distance between points in the same cluster. For this, firstly, it chooses initial
k cluster centers uniformly at random from dataset and finds the closest center for
each data in the dataset. Then centers are updated by minimizing the total squared
distance between each point and its closest center. It may stuck in local minimum
when random initialization of the centers are adverse and produces a poor clustering.
K-means++ [24] is proposed to address the initialization problem in k-means. It uses
a probabilistic approach for initial cluster centers instead of randomness. Firstly, a
center ¢ is selected uniformly at random from the dataset M. Then, other centers c;,

(i=2,...,k) are randomly selected from a probability distribution function Eq. (3.4).

d? (v,cy) )
pl\W\e) 3.4
(zveMcﬂ(v, &) G4

In here, d(v,c,) shows distance of the nearest cluster center ¢, to a data point v. After
choosing of k initial centers, standard k-means algorithm is executed. In this thesis
k-means ++ is used to obtain data representatives because of the outperformance of

k-means++ over k-means [24].

3.1.3 Selective sampling

Various sampling methods have been employed for clustering of large datasets to
make spectral clustering feasible [10, 27]. Among them, random sampling (RS) is
preferred because of being the fastest sampling algorithm despite of its highly error
rates. Progressive sampling [32] controlled by statistical divergence test has been
more effective than random sampling. Bezdek et al. [11] have been developed eNERF
(extended Non-Euclidean Releational Fuzzy c-means) method by using progressive
sampling, but Wang et al. [12] show that e-NERF is not useful for large datasets
in practice because of samples size required by the divergence test. Therefore, they
propose a new method called selective sampling (SS) by combining approaches from

[11], [33] with simple random sampling. Besides this Wang et al. [13] show that the
20



selective sampling outperforms all sampling algorithms for ASC and it has a similar

performance with k-means quantization.

The SS algorithm consists of three steps. Firstly, the dissimilarity matrix (Dyy) (V is
size of dataset) of dataset and the h distinguished objects p1, p2,---, ps are selected
from this matrix. The choice of distinguished objects is determined by distinguished
features (DF) algorithm in [11]. The first index p; is randomly selected from the index

set 1,2,...,N. Then, the search array S is generated by Eq. 3.5. For p; = 1:

A= (ai,az, - ,an) = (d11,d12, - ,din) (3.5)

Other distinguished objects (p; with i € [2,h]) are iteratively selected and the search
array A is updated as follows

pi = argmaxa; 3.6)
J

S = (min(sy,dp, | n), - ,min(sy,dp, | n)) 3.7

so that all distinguished & objects are obtained by using max —"min farthest point
strategy fori =2, --- , h. In the second step, each vector v; in the dataset {vy,vp, -+, vy}

is assigned to the nearest distinguished object g using
q = argmin(d,, ) (3.8)
i .

and the receptive fields (index sets) of the h objects are obtained by adding the
corresponding data vector to R, = R, U {i}. In the third step, n = )., g samples are
randomly selected from these subsets R,s, proportional to the number of samples in
[Ry|:

ng =nx|Ry|/N 3.9

3.2 Similarity Measures for ASC

One of the most important steps is to decide similarity criterion to construct similarity
matrix and a common approach is using a Gaussian kernel based on the (Euclidean)

distances in Eq. 3.10.
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dEuc(xhxj))

o (3.10)

SEuc(i, j) = exp(—

In here dEuC(xi,xj) is the Euclidean distance of data points x; and x; and o is a
decaying parameter to be set optimally by experiments [6]. Another similarity criterion
common-near-neighbor (CNN) has been defined by Zhang et al. [34] and it considers

the number of data points in the intersection of €-neighborhoods of x; and x; as follows

dEuc(xhxj)
2(72(CNN(i,j) -+ 1)

scwn (i, J) = exp(— ) (3.11)

The CNN similarity criterion has high computational cost for large datasets although

it can perform high accuracies.

Actually, the ASC method has a very important advantage by reveal new
information types such as local density and data topology thanks to using data
representatives(prototypes) instead of all data points as well as by making the SC
feasible for large datasets. Tasdemir and Merényi [35] proposes an alternative
similarity criterion the connectivity matrix (CONN) which uses these new information
types. This criterion represents the neighborhood relationships of two prototypes w;
and w; in a set of prototypes W = {wy,wod...w, } and it is based on Voronoi polygons
of prototypes which separate the data space into groups. These groups are called
Voronoi polygons and each prototype is center of group. For five of prototypes in

Fig. 3.2 their Voronoi polygons are showed in Fig. 3.3

In the CONN similarity criteria, firstly the best matching (the closest) and the
second-best-matching(the second closest ) prototypes are found for each data point
v in a dataset M respectively by Eq. 3.12 and Eq. 3.13. Each prototype is the closest

prototype of data points into its own Voronoi polygon.

Vi={veM:|lv—wi| <lv—wj} (3.12)

Vi = {v € Vi llv—will < lv—will %k # 1} (3.13)

In here, V; is the set of data points v for which w; is the closest prototype and called the

Voronoi polyhedron of w;. V;; is the set of data points v in the V; for which w; is the
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Figure 3.2: The obtained data representatives for a 2D 3-cluster dataset (Fig. 3.1) (a)
data points and (b) prototypes (its red stars)
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Figure 3.3: Separation of a dataset into its Voronoi polygons a) Five of prototypes in
Fig.3.2 b) The Voronoi polygons with the data points mapped to them of
these five prototypes. Prototypes are shown by stars and their data points
are shown by the circles. (Each color represents a different prototype and
its corresponding data points).

23



55K E 551+ -

45} . e 1 ash . e 1

.
# o
@
. ®
4 @,ailt- ® 4 oK B
.
. o
o
o
. .. .
351 . . 1 35p . 4
3 L 1 1 1 Il 1 1 1
0 05 1 15 2 0 05 1 1.5 2
a) b)

Figure 3.4: An example of sub-Voronoi polyhedra of a prototype. a) Vi, and V5
sub-Voronoi polyhedra for wy, wy prototypes b) V; 3 and V3 1 sub-Voronoi
polyhedra for wy, w3 prototypes.

second closest prototype and called sub-Voronoi polyhedron of w; . The connectivity

matrix CONN is the number of data points in the sub-Voronoi polyhedra V;; UV; as in

Eq.3.14. An example of sub-Voronoi polyhedra of a prototype is given in Fig. 3.4.

CONN(i, j) = |Vi; UV (3.14)

In Fig. 3.4, red, blue and yellow stars represent respectively wy, wp and w3 prototypes
and the best matching (the closest) prototype for red points(its Voronoi polyhedron) is
w represented by red star. In left column (a) Vi, consists of five red points in blue
circles (the closest prototype is w; and the second closest prototype is wp) and V3
consists of eight blue points in red circles (the closest prototype is w, and the second
closest prototype is wy). In this situation CONN(1,2) = CONN(2,1) =5+ 8 =13. In
right column (b) V;3 consists of three red points in yellow circles and V3; consists of
three yellow points in red circles. In this situation CONN(1,3) = CONN(3,1)=3+3 =
6.

In case CONN (i,j) is used as weighted adjacency matrix, it shows data points
distribution within the Voronoi polyhedra of prototypes with respect to the prototypes

neighbor according to data manifold. If CONN (i,j) is greater than zero w; and
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w; are neighbors and CONN (i,j) shows bond strength (similarity degree) of these
prototypes. If CONN (i,j) = 0, w; and w; are not neighbors and dissimilar each other.
It is shown that CONN outperforms distance based approaches [26,35]. Besides this,
Tagdemir [36] proposes a hybrid similarity criterion Sy, in Eq. 3.15 which uses both

distance and density information in similarity definition for ASC.

CONN(i, j) ) 3.15)

$yp (1 J) = Seuc(is ) X exp <max,~7 SCONN(i, j)
Shyp scales the distance based similarity S in Eq. 3.10 by [I,e]| according to an
exponential based on the local density and topology measure CONN. This exponential
merging limits the big variation of CONN(i, ), enhancing the distance-based

similarity for neighbor prototypes.
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4. PROPOSED GEODESIC BASED HYBRID SIMILARITY MEASURES
FOR ASC

One of the most important advantages of spectral partitioning is its figuration of data
points in another space such that it transforms data points from their own space
(data space) to Laplace space (cluster space) using eigendecomposition of a graph
Laplacian matrix, L. Thanks to this new figuration makes compact and nested datasets
more separated, any simple clustering algorithm such as k-means can achieve a good
clustering. The better definition pairwise similarities, the more separated data points
according to their clusters in new space. Therefore one of the most critical steps for
SC/ASC is that how to define pairwise similarities and construct similarity matrix.
In clustering, the similarity is defined on the space spanned by the datasets rather
than the manifold itself and the Euclidean distance based Gaussian kernel approach
is commonly used as being similarity measure. This approach may work well for
datasets which have well-separated clusters, but it has poorly clustering accuracy in
case that datasets have clusters close to each other or with inhomogeneous distribution
of data points with in the clusters. Accordingly, the use of data topology or manifold
information is necessary to effectively extract boundaries of the underlying structures
(clusters) in the data for this kind of datasets [16]. The geodesic approach originated
from geodesy (the science of measuring the size and shape of the Earth) is a traditional
way of calculating topological distances. The geodesic distance indicates the shortest
path distance between the two points on the Earth as in Fig. 4.1. This term is
generalized for other applications to represent manifold based distances for clustering.
To construct the similarity matrix by distance based Gaussian kernel, the use of
geodesic based distance approach thanks to its use of data topology information is
more successful to show pairwise similarities than the use of euclidean based distance
approach for distance information in the distance based Gaussian kernel. The similarity
matrix obtained by using these two distance approaches for same set of prototypes
of the dataset in Fig. 3.1 have been compared in Fig. 4.2. The three clusters

in the similarity matrix obtained using geodesic approach are clearly visible while
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Geodesic

distance

Euclidean
distance

P1

Figure 4.1: A demonstration of difference between geodesic distance and Euclidean
distance. The Euclidean approach calculates pairwise (P1 and P2) distance
with respect to the data space while geodesic approach calculates this
distance through P3 and P4 considering the data manifold.

some within-cluster distances are higher than between-clusters distances although the

separation can also seen to a great extent using Euclidean distance.

The constructing neighborhood graph is necessary part in calculating the geodesic
distance since two prototypes (or data points) are connected through their neighbors
according to geodesic approach and a neighbor graph show the connections between
prototypes (or data points). A traditionally way to construct this graph is k nearest
neighbor (k-nn) approach mentioned in section ??. According to this method if any
pair of prototype w; and w; are in the k-nn set of each other, they are neighbors. In
this thesis, the mutual k-nn approach is used and an undirected graph is obtained. The
geodesic distance between any two prototypes w; and w; is sum of Euclidean distances

of their shortest path on this neighbor graph :

dgeoknn (W,‘,Wj) = Z dEuc(lym) 4.1)

1,mES P (wisw )
SPinn(wi,w;) is the set of edges in the shortest path between w; and w;. If w; and w;
are first neighbors, the geodesic distance is the Euclidean distance, whereas if they are
not in the k-nearest neighbor of each other and there is not any path between w; and

w;, the geodesic distance is infinite. There are two drawbacks of this approach;

1. It is required that optimum number of nearest neighbors k is decided by user for

each dataset

2. The optimal k is different for each data representative in the same dataset.
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Figure 4.2: (a) (Normalized) Euclidean and (b) geodesic distances between the
prototypes of the Lsun dataset shown in Fig. 3.1. Some of the distances
between clusters are smaller than some within-cluster distances according
to the Euclidean distances, whereas three clusters are clearly separated
with respect to geodesic approach.

On the one hand the user-set parameter k causes a useless algorithm, on the other hand

inconvenient value of k may result connection between clusters as in Fig.4.3.

To address drawbacks of k-nn neighbor graph, we propose the connectivity graph
(CONN) [26] as being an alternative method for neighborhood graph in this thesis.
When data topology based CONN graph is used as being a weighted adjacency graph,
w; and w; prototypes are neighbor if CONN(i, j) > 0. Therefore the neighborhood
of prototypes are defined with using local data characteristics without any user-set
parameter and each prototype has a specific number of neighbors. Thus, the optimal k
problem of k-nn approach is solved. The examples of neighborhood graphs obtained
by k-nn graph with different values of k and by the CONN graph are showed in
Fig. 4.3. k-nn graphs for the same set of data representatives of the dataset in Fig.
3.1 are different from each other for different k values. For k = 3, there is not any
connection between clusters, but this results in loose connections within the clusters
for data representatives. When k is increased to 5, the number of connections within
clusters, but the same time two prototypes belonged to different clusters are connected.
When k =7, the prototypes have tight connections with others in the same cluster, but
connection between clusters also increase and so two clusters are tightly connected.

Contrary to k-nn graphs, CONN graph more tightly connects data representatives in the
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Figure 4.3: Neighborhood graphs obtained by k-nn graph with different values of
k and by the CONN graph for data representatives of the dataset in
Fig.3.1. The first three graphs are obtained by (mutual) k-nearest neighbor
approach: (a) k=7, (b) k=5, (c¢) k=3, and (d) the last one is obtained
by CONN graph. Note that an optimum k should be set to correctly
identify submanifolds, where CONN enables varying number of neighbors
with respect to the data manifold, resulting a clear separation without any

user-set parameter.
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same cluster without the use any parameter, while it does not produce any connection
between-cluster. This is a result of its construction of the neighborhood relations using

the data characteristics.

The geodesic distance dgepqqj 18 calculated with using the CONN graph and Euclidean

distances dg,. as follows

dgeoadj("‘/ia Wj) = Z dEuc<l7m) 4.2)

L,meSP,q;(wi,w;)

Here, SF,,; shows the set of edges in the shortest path between w; and w; and it is found
by Euclidean distance and CONN graph. Thanks to the use of CONN graph the correct
representation of the data topology on the prototypes, but the local density distribution
information is omitted because of the Euclidean based distance. This is one of the most
important information revealed by quantization based ASC. The distance between any
two prototypes w; and w; can be defined by using the local data distribution CONN(,))

as

CONN(i, j) ) 43

d LWj) = -
CONN(W WJ) exP( maXngONN(yaZ)

This CONN based distance and CONN graph are used to calculate geodesic distance

dgeoconn(Wi,w}) as in Eq.4.4.

dgeoconn (Wi7 Wj) - Z dCONN<l> m) (4-4)

1,meSPconn (Wi,wj)

In here, SPconn(wi,w j) is the set of edges in the shortest path between w; and w;. It
is found by CONN distance and CONN graph. Although dgcoconn(wi, W) uses both
the data distribution and data topology, the omitting distances between prototypes is a

disadvantage.

To utilize all available information for ASC on the prototype level, all of distance,
density and topology should be used. Accordingly, we propose dgeonys (Wi, w;) Which
uses CONN neighborhood graph and a hybrid distance approach merging dcony and

druc. This geodesic distance is calculated as
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dgeonyb(WisWj) = Z dguc(l,m)dconn (1, m) 4.5)

L,meSP,q;(wi,w;)

Here, SP,;,(wi,w;) is the set of edges in the shortest path between w; and w;. It is

found by hybrid distance(dg (I, m)dconn(I,m)) and CONN graph.

All the proposed geodesic distances are used instead of the Euclidean distance in
Gaussian kernel based on the distance Eq. (3.10) and geodesic distance based

similarity matrices are obtained to construct Laplacian matrix.
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5. EXPERIMENTS AND RESULTS

This section shows the clustering results using Geodesic Based Hybrid Similarity
Criterion (GeoHSC) on three set of datasets, one well known pattern recognition
benchmark in section 5.1.1, one medical datasets in section 5.1.2 and one gray level
brain MR images in section 5.1.3. These datasets will be used to compare traditional

Euclidean based ASC and proposed GeoHSC based ASC.

5.1 Datasets

5.1.1 PR datasets

In this thesis, we use eight datasets well know pattern recognition benchmark which
have different size and are frequently used to compare data analysis techniques. We
call PR datasets for them in the remain of thesis. Three of them are artificially
generated to have basic clustering challenges [1, 36] and five of them are obtained
from UCI Machine Learning Repository [37]. Their properties are listed in Table 5.1
The Lsun dataset is one of the artificial datasets and has three separated clusters with
two rectangular (as an L-shape) and one spherical (as a sun inside L-shape) shape, the
another artificial dataset Chainlink has two 2D rings entangled in 3D space and the last
artificial dataset Wingnut has two clusters very close to each other with heterogeneous
within-cluster data distributions. These datasets have basic clustering difficulties. The
remained datasets are from UCI Machine Learning Repository and used frequently to
demonstrate performance of clustering algorithms. These eight datasets are used as a

first step verification for the proposed hybrid similarity criteria.

5.1.2 Medical datasets

The performance of the proposed GeoHSC for ASC of medical datasets are evaluated

five medical datasets from UCI Machine Learning Repository. Properties of them are

listed in Table 5.2.
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Table 5.1: Properties of datasets.

Dataset Num. of instances Num. of atributes Num. of classes
Iris 150 4 3
Lsun 400 2 3
BCWS 699 9 2
Chainlink 1000 3 2
Wingnut 1016 3 2
Yeast 1484 8 10
Statlog 6435 4 6
Pen Digit 10992 16 10

Table 5.2: Properties of medical datasets.

Dataset Num. of instances Num. of atributes Num. of classes
BCWSP 194 33 2
Vertebral 310 6 2

Dermatology 398 34 6
ILP 579 10 2
Biodegration 1055 41 2

5.1.3 Large medical datasets

To show the clustering accuracies of the proposed GeoHSC for ASC of large
datasets, four MR images sets from The Multimodal Brain Tumor Image Segmentation
Benchmark (BRATS) [38] are used. Three of these images sets are simulated as
consider [39] and one of them is from glioma patient. All images sets consists of T1,
post-Gadolinium T1, and T2 MR images. In addition each simulated images set has
two ground truth segmentations, one of which has six clusters and the other has three
clusters (1 edemma, 2 active tumor and 3 for everything else) while real images set has
only three cluster (1 edemma, 2 active tumor and 3 for everything else) by the manual
Table 5.3: Properties of MR datasets. The datasets with four attributes consist of

Flair, T1, post-Gadolinium T1 and T2; the dataset with three attributes is
combination of Flair, T1 and T2; the one with two attributes consists of

Flair and T2.

Dataset Num. of instances Num. of atributes Num. of classes
SMHGO0012 65536 (256x256) 3 2
SMHGO0012 65536 (256x256) 3 5
SMLGO0013 65536 (256x256) 3 6
SMHGO0019 65536 (256x256) 3 6
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segmentation. For each set, images are combined with using different attributes (T1,
T2, and post-Gadolinium T1). Two of simulated images sets are for low grade (LG)
glioma and the other is for high grade glioma, while real images set is obtained from a

high grade glioma patient. Properties of all images sets are given in Table 5.3.

5.2 Performance Evaluation

In this section, the results of the proposed four GeoHSC for ASC on datasets given
in section 5.1 are shown and these results are evaluated by using various performance
measurements. Firstly, the proposed GeoHSC are tested on small and medium-size
datasets given section 5.1.1 and 5.1.2 in order to see if their theories are practically
supported or not. For the first step of ASC, data representatives of the mentioned
datasets are produced by using neural gas and k-means ++ quantization methods and
selective sampling method. This step (generating of data representatives) is repeated
ten times for each dataset with the aim of elimination of randomness effect since
all of three algorithm include steps that randomness is used in. After constructing
similarity and Laplacian matrices for each set of data representatives, k-means
clustering algorithm is run 20 times because of its randomness. As a result total
200 cluster labels are obtained by a similarity criterion for each data representatives.
To compare with proposed similarity criteria traditionally Euclidean distance based
similarity (sguc), CONN similarity and hybrid Euclidean-CONN similarity (s;y;,) are
used. The accuracies of clustering results are calculated by the percentage of the ratio
of data points which have correct cluster label to all data points. The ASC results of

all datasets are shown follow sections.

5.2.1 ASC results and assessment for PR datasets

The proposed method is firstly tested on artificial PR datasets Lsun, Chainlink and
Wingnut which have basic clustering challenges. Their data representatives in Fig.
5.1 are obtained by selective sampling with ratio 0.1. Then both Euclidean based
ASC and proposed GeoHSC ASC are applied on these data representatives and their
Laplacian matrices are obtained. The effects of similarity criterion is shown in Fig.
5.2, Fig. 5.3, Fig. 5.4. It is seen that Laplacian matrices and cluster labels obtained

by Euclidean based ASC matrices could not be separated into their real clusters while
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Figure 5.1: Data representatives of artificial datasets obtained by selective sampling
with 0.1 sampling ratio, (a) Lsun (b) Chainlink and (c¢) Wingnut.
Laplacian matrices and cluster labels obtained by the proposed GeoHSC based ASC
matrices achieve separation of clusters. The accuracies of Euclidean based ASC for
Lsun, Chainlink and Wingnut are %75.50, %68.30 and %91.83 respectively whereas
the accuracies of GeoHSC based ASC for Lsun, Chainlink and Wingnut are %100,
%100 and %94.38 respectively. Therefore it is concluded that proposed geodesic based
similarity criteria represent similarity within clusters and dissimilarity among clusters

better than Euclidean distance based Gaussian similarity criteria.
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Figure 5.2: Tap: Eigen space representation of the data representatives in Fig. 5.1
(Lsun) and their cluster labels obtained by Euclidean based similarity a)
ground truth, b) ASC results. Middle: Eigen space representation of the
data representatives and their cluster labels obtained by proposed hybrid
criteria ¢) ground truth, d) ASC results. Bottom: A different view of the
figures in the middle e) ground truth, f) ASC results.
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The ASC results of datasets in Table 5.1 are shown in Table 5.4. Bold values show
SOVQ method and similarity criteria combination which has the best accuracies for
each dataset as considering all while italic values show similarity criteria which have
the best accuracies for other SOVQ methods. In Table 5.4, it is seen that almost
all methods except sguc have %100 accuracy for Chainlink dataset, so this dataset
is ignored for assessment. For the remain seven datasets, the results are evaluated
separately in terms of the best both SOVQ and similarity criteria and summarized in

below.

For only SOVQ methods:

Neural gas (NG) has the best accuracy for four datasets (Iris: %89.47, Lsun: %99.94,
Breast Cancer WS: %96.62, and Yeast: %43.68).K-means++ (k++) outperforms for
two artificial datasets (Lsun: %99.94 and Wingnut: %100) and finally selective

sampling(SS) achieves the best accuraciy for one dataset(Pen Digits: %73.05).

For only similairty criteria:

The proposed geodesic based similarities totally have the best accuracies for five times
(iris, Isun, chainlink, yeast, statlog). CONN similarity outperforms for three artificial
datasets (Isun, chainlink, wingnut). Euclidean based similarity has no the best accuracy
for any dataset. When the geodesic approaches are evaluated among themselves,

Sgeoad j has the best accuracies for three datasets and outperform the others.

For SOVQ and similarity criteria:

sguc produces the best accuracies for three each datasets with the NG (Lsun, Yeast,
Chainlink), the k++ (Iris, Wingnut, Statlog) and two datasets with SS (BCWS and Pen
Digits). CONN obtains the best accuracies for four dataset by NG, for three datasets by
k++ and for one dataset by SS. For s, which being combination of sg,. and CONN
(3.15), NG has the best accuracies four times, SS has the best accuracies three times
and the k++ has the best accuracy once. The sgeornn produces the best accuracies
for six datasets by NG, two datasets by SS and one dataset by k++. The s4¢044, the
Sgeoconn and the sg.opy, have the same number of the best value. They produce the best

accuracies for five times by NG, for four times by k++ and for once by SS.

As a result in total, the best SOVQ method is the neural gas which has the greatest

accuracies 32 times, the second one is the k-means++ with 20 greatest accuracies
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and finally the third is the selective sampling with 11 greatest accuracies. When the
computational times of SOVQ methods are considered, it is seen that neural gas is the
slowest method to obtain data representatives because of its iterative algorithm while

selective sampling is the fastest method thanks to its sampling based algorithm.

According to the average rank of all methods, the combination of k++ and sgc.4y, has
the best result with average rank of 2.12. Although the expected for the best of SOVQ
methods is NG, it is surprising that the best of sg.ony, because sgepqq; 1 the most
frequent winner. The reason of unexpected result is that se..ny, achieves accuracies
very close to the winner accuracy. K-means ++ is located between neural gas and
selective sampling in terms of both computational cost and accuracy performance
such that it is better than NG and SS considering time and accuracy performance
respectively. Therefore it may be preferred to obtain data representatives in terms

of balance of accuracy and time.
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In addition to accuracy analysis, the Adjusted Rand Index (ARI) is used to evaluate
clustering performance. This index is a validation measure of agreement between
labels obtained by clustering and ground truth labels for the same data [40]. A greater
ARI value indicates a better clustering performance and its maximum value is 1. For
multi-class problems, ARI is especially preferred because it observes both the correct
separation of data points into different clusters and connection of the same cluster. In
this study, the ARI values are calculated for 200 clustering results (combination of
a set of data representatives and a similarity criterion) of the PR datasets and their
average and standard deviations in Table 5.5. According to these results, the GeoHSC
based ASC frequently produce a better clustering than those produced by the others
similarities based ASC. The proposed sgeonyp Similarity criterion has the greatest ARI
values for three (Iris, Chainlink and Yeast) and produces ARI values very close to
the greatest in other datasets. When the accuracy assessment with the ARI evaluation
is compared, both accuracy and ARI favor the same performing metric for 21 cases
among 24 cases (3 sampling/quantization methods for 8 PR datasets). A geodesic
approach is the winner for four datasets (Iris, Chainlink, Yeast, Statlog) according
to both ARI values and accuracies, besides both of them indicate the same proposed

geodesic based similarity criteria sgeony, as the best one.
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5.2.2 ASC results and assessment for small/medium medical datasets

The ASC results of datasets in Table 5.2 are shown in Table 5.6. Bold values show
SOVQ method and similarity criteria combination which has the best accuracies for
each dataset as considering all while italic values show similarity criteria which have
the best accuracies for other SOVQ methods. The results are evaluated separately in
terms of the best both SOVQ and similarity criteria. When considering only SOVQ
methods, k-means++ (k++) has the best accuracy for three datasets (BCWSP: %72.80,
Dermatology: %45.1, ILP: %71.15), neural gas (NG) outperforms for one datasets
(Biodegration: %66.05 ) and finally selective sampling(SS) achieves the best accuracy
for one dataset(Vertebral: %72.74). When considering only similarity criteria, the
proposed geodesic based similarities totally have the best accuracies for four times
(BCWSP, Vertebral, Dermatology and ILP) and CONN similarity outperforms for one
datasets (Biodegration). Euclidean based similarity has no the best accuracy for any
dataset. When the geodesic approaches are evaluated among themselves, sgeony, has
the best accuracies for three datasets and outperform the others. As a result in total,

the best SOVQ method is the k-means++ and the best similarity criteria is the Sgeonyp
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5.2.3 ASC results and assessment for large medical datasets

In this part, the ASC results of four datasets in Table 5.3 are shown in Table 5.7. Bold
values show similarity criteria which has the best accuracies for each dataset. The same
test parameters in section 5.2.1 and 5.2.2 are valid except that data representatives are
obtained by the only use of k-means++ because of being optimum SOVQ method
according to results in Table 5.4 and Table 5.6 and unlike experiments for other
datasets k-means clustering algorithm is also tested on large medical datasets to
compare both traditional ASC and proposed GeoHSC based ASC. The ASC results of
similarity criteria are evaluated and one of the proposed GeoHSC sg4.1y, has the best
accuracies for three datasets and the other of the proposed GeoHSC sg.ok,, has the best
accuracies for one dataset. Compared k-means clustering and ASC, they have close
clustering success for SMHGO0012 datasets with both two classes (healthy, edematous)
and five classes (edematous and 4 healthy regions) but s¢.opy, Outperform k-means. It
has the lowest accuracy for other two datasets. So we can say that sg.,py, Outperform

both traditional ASC methods and k-means clustering.

T1 (a), post-Gadolinium T1 (b) and T2 (c) simulated images for high-grade glioma
subject are shown in Fig.5.5. SMHGO0012 dataset given in Table 5.1.3 is obtained by
combination of these three features. (d) is ground truth image of SMHGO0012 and
has six clusters. The cyan color shows brain edema while the other four colors show
healthy brain regions. (e) and (f) show the result of ASC based on euclidean distance
and the proposed geodesic based hybrid similarity criteria respectively. Euclidean
distance based ASC assigns both edema cluster into three clusters(cyan,blue and white)
and some of healthy brain regions into edema cluster. The proposed GeoHSC based
ASC separates edema into two clusters (cyan and blue), one of them much bigger than

the other and decide to be edema for a small healthy region (a few pixel).

In Fig.5.5, for SMHGOO012 dataset, the accuracy of Euclidean distance based ASC
is %83.76 while the accuracy of ASC based on proposed geodesic based similarity

criteria is %90.40. The proposed similarity criteria outperforms with %6.64 difference.
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d € f
g h i
Figure 5.5: Simulated brain MR images and their clustering results. (a) T1, (b)
post-Gadolinium T1, (c) T2 and (d) ground truth show three features
and ground truth for SMHGO0012 dataset, (e) Euclidean distance based
Gaussian kernel based ASC (%83.76), (f) the proposed GeoHSC based
ASC (%90.40), (g) ground truth zoom, (h) Euclidean zoom and (i)
GeoHSC zoom
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6. CONCLUSIONS

In this thesis we have presented novel Geodesic Based Hybrid Similarity Criteria,
similarity measures which allow the use of information of data topology, local density

distribution and distance for approximate spectral clustering (ASC).

ASC is a clustering procedure which enables applying of spectral clustering methods
on large datasets. It uses data representatives generated from dataset by a SOVQ
method instead of all data points in the dataset. Then cluster labels are obtained
by using eigenvalue decomposition of similarity matrix of data representatives.
Constructing similarity matrix is one of the most important steps for ASC since it
represents similarity within cluster and between clusters. The euclidean distance based
Gaussian kernel is a common approach to construct the this matrix. This euclidean
distance based method may be insufficient to show relation between data points and
cause poorly clustering results because of euclidean distance. ASC enables to reveal
new information such as data topology and local density distribution thanks to the
use of data representatives. The geodesic based distance takes advantages of these

information while the euclidean distance based ignores them.

We proposed geodesic based hybrid similarity measures for ASC with the use of
geodesic based distances for distance based Gaussian kernel. Our proposed similarity
measures both utilize data topology and combine variety of information available in
ASC. Thus it correctly represents similarity matrix for ASC. We used a wide range of
datasets which have different size (small, medium and large) and cluster challenges
to test our proposed similarity measures. Both sampling (SS) and quantization
methods (NG, k++) were used to obtain data representatives for datasets which have
small/medium-size while only quantization method (k++) was used for large medical
datasets. We concluded that quantization methods have better clustering performance
than sampling method because of the construction of these similarities based on data
topology and local density distribution while they have slower procedure than sampling

method because of being their iterative algorithms.
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We used there similarity measures, the euclidean distance based Gaussian kernel
(SEuc), CONN similarity (scoyy) and a CONN based hybrid similarity criterion
(Spyp) to compare our proposed geodesic based hybrid similarity measures. We had
result that our proposed geodesic based similarity criteria outperform the others for
both small/medium and large size datasets. It is a difficult problem to determine
which similarity criterion will produce the most satisfactory clustering result before
clustering, but the proposed geodesic hybrid similarity criterion sgeon,, may be
preferred when a graph-based measure is used because it the most frequent has the
best accuracy even though it is not the best for all datasets. Furthermore sg¢05y, can be
a successful tool for brain segmentation thanks to its high accuracies in experiments

on large datasets using medical images simulated MR.

6.1 Future Work

The results of this thesis show that ASC methods have some problems on SOVQ
methods and similarity matrices and we try to develop new algorithms which can solve

these problems.

Firstly, ASC approaches need an optimum SOVQ algorithm which both run as fast
as sampling algorithms and have performance as high as quantization algorithms.
Therefore a new approach that combines advantages of both may be a effective solution

for ASC.

The other problem is that a wide variety of SOVQ algorithms and similarity measures
exist in literature. This makes both selection of SOVQ algorithm /similarity measure
and decision of two algorithm used with together difficult. When the results of this
thesis are analyzed, it is seen that at each change of the combination of SOVQ method
and similarity measure used for ASC different clustering performance are obtained for
same dataset. Any combination which has good clustering performance for a dataset
may have poorly clustering performance for another dataset. To address this problem,
a coefficient may be proposed such that it shows which combination will have the best

performance before clustering.

Finally, we have so many cluster labels for each dataset because we use three SOVQ

methods and seven similarity measures to cluster each of them. Moreover we run
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SOVQ step ten times and clustering step twenty times to get rid of randomness of these
algorithms. We use only the best one of all results as cluster label for each dataset and
ignore the others. We believe that if a new approach which combines all ASC results
by using ensemble methods is proposed, more satisfactory clustering performances

may be achieved.
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