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TORSIONAL BUCKLING ANALYSIS OF COMPOSITE THIN-WALLED
CYLINDRICAL SHELLS BY ANALYTICAL AND FINITE ELEMENT
METHOD

SUMMARY

Nowadays, carbon fiber materials are increasingly important. These materials are used
not only for strength applications but also for low density, which means that low mass
applications.

Carbon fiber materials have some advantages and some disadvantages. The advantages
can be listed as; low mass, high strength, which means that high strength/weight ratio,
high stiffness, good surface finish and so on. The disadvantages can be listed as; high
cost, difficult to manufacture, the dimensional tolerances are dependent to the
manufacturing method.

Buckling strength of a material is different when compared with other kinds of strength
properties such as axial loading, bending and torsion. As known, every material has a
stress strain curve.

For axial loading, bending and torsion strength, the applied force is known and the
problem is to find whether or not the material resist that force. To do that, the yield
strength of the material is known from the stress strain curve of that specific material.
First of all, the stress occurred because of the force exerted on the material, is
calculated from the strength equations. Then, the calculated stress value is compared
with the yield strength of the material to see if the material is strong enough.

The buckling strength of the material is independent from the stress occurred on the
material. The yield strength of the material is compared with the stress occurred on the
material whereas in buckling point of view the critical buckling load is different from
one geometry to the other geometry and it cannot be generalized.

The important thing in buckling is the limit value (the critical buckling load) is
calculated by using the buckling equations but for axial loading, bending and torsion;
the limit value (yield strength) is known and it is a material property.

Another difficult and critical thing for buckling is the buckling failure is seen in the
elastic region of the material’s stress strain curve.

As it is known, for the axial loading, bending and torsional strength problems, the
material fractures after the permanent deformation occurs. For that reason, the material
gives signals for fracture. In the first stage, by increasing the applied force, the material
elongates elastically which means that if the force is reduced, the material saves its
original shape.

After that, again by increasing the force, the material reaches its yield point. Beyond
that point, the original dimensions of the material has changed permanently even if the
applied force is reduced to zero.
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By increasing the force after the yield point, the material deforms more and the necking
situation is seen. This situation gives a brief signal for the fracture region because the
necking situations occurs where the fracture occurs. If the force is increased more the
material fractures from the necking point.

For the compression, bending and torsional strength problems, as it is seen the fracture
region is seen before the fracture.

However; for buckling problems, since the buckling occurs in the elastic region, there
IS no sign when or where the fracture occurs. This makes the buckling problem is very
important.

There are also some types of buckling such as, buckling under compression load,
buckling due to the hydrostatic pressure, buckling due to bending and buckling due to
torsion. This means that buckling not only occurs because of compression but also
occurs because of torsion or bending.

Fracture due to buckling is an immediate fracture that is because it occurs in the elastic
region. This shows the importance of buckling problem.

The other thing that this thesis studies is shell theories. Many structures are made of
shells. Therefore, the strength analysis of shells is important.

The shell theories are much more complex when they are compared to the beam
theories. The differential equations become more complex.

This study is about the buckling of composite shells. The purpose of this study is to
find the optimum fiber angles that carry the maximum buckling load in different
loading conditions for the same geometrical properties by analytically and Finite
Element Method.

The fiber angle orientation plays a very crucial role for strength of the carbon fiber
structures in every loading condition.

If the loading direction and sequence is known, the fiber angle orientation can be
calculated for plies.

For buckling point of view, the loading conditions are important because, the fiber
angle orientation differs from the load direction. This also makes the buckling modes
different. The shape that occurs from buckling deformation differs due to loading
condition and the fiber angle orientation.

Another crucial thing in this study is to see if the part is fractured due to yield or
buckling.

To see that first, the optimum fiber angles that carries the maximum load is calculated
iteratively. Then, Tsai — Hill failure theory is applied to the structure to see if the
structure is yielded or buckled. If the structure is yielded, the maximum load that
makes the structure was not to yield but buckled is found out.

In this study, MATLAB is used for the analytical solution procedure. The buckling
equations for composite shell structures are used for calculating the critical buckling
load.

As mentioned before, the shell theories are harder than other strength equations. In
addition, the composite equations are complex because the carbon fiber material is not
isotropic material.
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A carbon fiber lamina is an orthotropic material, which means that, it must have 9
independent material constants and the stiffness matrix is 6x6. A simplification can be
performed by using plane stress assumption. This reduces the material’s stiffness
matrix from 6x6 to 3x3. This assumption can be performed because the stress
distribution along the layer thickness axis is negligible when compared the
longitudinal and lateral axes. Since a shell type of material is very thin this assumption
does not make a big change.

Moreover, as mentioned before, the crucial thing in this thesis is to make angle
optimization. This is also performed by MATLAB.

To do that, an angle matrix is created randomly depending on the precision of the
program, and the layer amount. The precision of the MATLAB program can be defined
in the MATLAB code. This is the angle increments from 0° to 90° such as, 0-30-60-
90 or 0-15-30-45-..-90 or 0-1-2-3-...-90.

This angle matrix consists of all angle configurations. The column number of this
matrix gives the angle configurations. The stiffness matrix must be computed for all
angle configurations and at the end of the program, the buckling load must be
calculated for all angle configurations. The angle configuration that gives the
maximum buckling load for the specified geometry (diameter, length, and layer
thicknesses) is the optimum angle configuration for that geometry.

In addition, one more thing must be checked. That is the yielding or buckling. To check
that Tsai — Hill failure theory is used. If the structure is yielded before it is buckled,
the load that makes the structure is buckled but not yielded is found.

After all, a finite element analysis is performed to verify the analytical solution. To do
that, ABAQUS CAE is used. The structure is defined as shell and all of the properties
are written from the results of MATLAB analytical solution. At the end, the results are
compared for MATLAB analytical solution and ABAQUS finite element solution.
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INCE CIiDARLI SILINDiRIK KOMPOZIT KABUKLARIN BURULMA
BURKULMASININ ANALITiK VE SONLU ELEMANLAR METODU iLE
INCELENMESI

OZET

Gliniimiizde karbon fiber malzemelerin 6nemi giderek artmaktadir. Bu malzemeler
yiksek mukavemet gerecken veya diisiik yogunluklari sayesinde hafiflik istenilen
uygulamalarda tercih edilmektedirler.

Karbon fiber malzemelerin bazi avantaj ve dezavantajlar1 bulunmaktadir. Hafiflik,
yiikksek mukavemet ve rijitlik, ylizey piiriizliiliigliniin az olmas1 avantajlar1 arasinda
sayilabilir. Dezavantajlari ise yiiksek maliyet, liretim zorlugu ve boyut toleranslarinin
tiretim metoduna bagli olmasidir.

Miihendislik tasarimlarinda burkulma iizerinde dikkatle durulmasi gereken konulardan
biridir. Malzemelerin burkulma mukavemetleri; ¢cekme, basma, egilme veya burulma
gibi diger mukavemetlerinden farklidir. Cekme, basma, egilme ve burulma
mukavemetleri icin malzemenin uygulanan kuvvete dayanip dayanamayacagina
bakilir. Bunun ic¢in malzemenin gerilme sekil degistirme egrisindeki akma
mukavemetinin bilinmesi gerekmektedir. Malzemeye etkiyen kuvvete bagli olarak
mukavemet denklemlerinden olusan gerilme degeri bulunmaktadir. Bu deger akma
mukavemetiyle karsilastirilip malzemenin hasar alip almadig1 bulunur.

Malzemenin burkulma mukavemeti ise iizerinde olusan gerilmeden bagimsizdir.
Kritik burkulma kuvveti, malzeme geometrisine bagli olarak degismektedir. Cekme,
basma, egilme ve burulma mukavemetleri i¢in limit degeri olan akma mukavemeti bir
malzeme 6zelligidir fakat burkulma mukavemeti i¢in limit degeri olan kritik burkulma
yuku, burkulma denklemleriyle hesaplanabilmektedir.

Ayrica burkulma i¢in 6nemli olan bir diger durum ise burkulma hasarinin malzemenin
gerilme sekil degistirme egrisinde belirtilen elastik bolge icerisinde gerceklesmesidir.

Cekme, basma, egilme ve burulma mukavemeti problemlerinde malzeme kirilmasi,
sekil degistirme asamasit tamamlandiktan sonra gergeklesmektedir. Bu nedenle
malzeme kirilma belirtileri gériilebilmektedir. [lk asamada, uygulanan kuvvet arttik¢a
malzeme elastik olarak sekil degistirmektedir, yani uygulanan kuvvetin kaldirilmasi
sonucu malzeme ilk haline donebilmektedir.

Eger uygulanan kuvvet yeteri arttirilmaya devam edilirse, malzeme akma sinirina
ulasacaktir. Bu noktadan sonra malzemenin iizerindeki kuvvet kaldirilsa bile ilk
boyutuna geri ddnemeyecektir.

Akma smirindan sonra kuvvet arttirilmaya devam edilirse malzeme sekil degistirmesi
de artar ve gcekme durumu icin boyun verme durumu gozlenebilir. Bu durum malzeme
kirilmasinin da boyun veren bodlgede olusacagi gostermektedir. Eger uygulanan
kuvvet arttirllmaya devam edilirse malzeme boyun veren bolgeden kirilip hasar
gorecektir.
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Cekme, basma, egilme ve burulma durumlari i¢in kirilma belirtileri goriilebilmesine
ragmen burkulma problemlerinde hasar elastik bolgede olustugu icin bu tarz belirtiler
gorllmemektedir ve kirilma bir anda gerceklesmektedir. Bu ylizden burkulma
problemlerine 6nem gdsterilmesi gereklidir.

Burkulma cesitlerine 6rnek olarak eksenel basma kuvveti, hidrostatik basing, egilme
kuvveti veya burulma momenti altinda burkulma verilebilir. Yani burkulma durumu
sadece basma kuvveti altinda ger¢eklesmemektedir, diger kuvvetler altinda da
gerceklesebilmektedir.

Yapilan bu ¢alisma kompozit silindirik kabuk yapilarin burkulmasiyla ilgilidir. Kabuk
yapilar uygulamada bir¢ok yerde kullanilmaktadirlar. Bu durum kabuk yapilarin
mukavemet analizlerini énemli kilmaktadir. Kabuk yapi teorileri, kiris teorilerine
kiyasla kullanilan diferansiyel denklemler ve c¢oziimleri bakimindan ¢ok daha
karmasiklardir. Ayrica karbon fiber gibi izotropik olmayan kompozit malzemelerin
teorileri de daha karmasik olmaktadir.

Karbon fiber lamina bir ortotropik malzemedir ve 6x6 rijitlik matrisi icerisinde 9 adet
bagimsiz malzeme sabiti bulunmaktadir. Yiizey gerilme yaklagimi yapilarak bu durum
basitlestirilebilir. Boylece malzeme rijitlik matrisi 3x3 boyutuna indirgenmektedir. Bu
yaklagim lamina kalinlig1 ¢ok az ve kalinlik dogrultusundaki gerilme degisimi ihmal
edilebilecek diizeyde oldugu icin uygulanabilmektedir.

Calismanin amact ayni geometrik ve malzeme 6zellikleri i¢gin maksimum burkulma
kuvvetini tasiyabilecek en uygun fiber agilarini analitik ve sonlu eleman yontemleri
yardimiyla bulmaktir.

Fiberlerin a¢1 diizeni, biitiin kuvvet kosullarinda karbon fiber yapilarin mukavemeti
i¢in 6nemli bir rol oynamaktadir. Eger kuvvet dogrultusu ve lamina sayisi biliniyorsa,
fiberlerin ag1 diizeni her lamina i¢in bulunabilmektedir.

Burkulma durumunda, kuvvet kosullar1 6énem kazanmaktadir. Ciinkii fiber acilari
kuvvet dogrultusu ile degismektedirler. Bu durum burkulma modunun ve burkulma
deformasyon seklinin de degismesine yol agmaktadir.

Bu ¢alismada 6nemli bir diger nokta ise yapinin burkulmaya bagli ya da akmaya bagli
olarak hasar aldiginin belirlenebilmesidir.

Bu amacla 6ncelikle maksimum burkulma kuvvetini tasiyabilen fiber a¢1 diizeni
hesaplanmistir. Daha sonra Tsai - Hill hasar teorisi kullanilarak yapinin akma sinirina
bagli hasar alip almadigi arastirilmistir. Bu sekilde yapinin akmaya bagli hasar
almadigi, sadece burkularak hasar aldigi durumlar belirlenmistir.

Analitik ¢ozim sureci igin  MATLAB sayisal hesaplama programindan
yararlanilmistir. Programda kritik burkulma kuvvetinin hesaplanmasi i¢in burkulma
teorisindeki denklemler kullanilmistir.

Fiber a¢1 optimizasyonunu saglamak i¢in lamina sayisina bagl olarak ve programda
tanimlanan bir hassasiyetle rastgele bir ag1 matrisi olugturulmustur. Olusturulan bu ac1
matrisi hassasiyet oranina bagli olarak 0° ile 90° arasinda biitiin a¢g1 kombinasyonlarini
igcermektedir. A¢1 matrisinin kolon sayis1 olusturulan aci1 diizenlerinin sayis1 kadar
olmaktadir. Bu a¢1 diizenlerinin hepsi icin ayri olarak rijitlik matrisi ve burkulma
kuvvetleri program tarafindan hesaplanmistir. Daha 6nce belirlenmis olan malzeme
geometrisi i¢cin maksimum burkulma kuvvetini veren ag1 diizeni belirlenmistir. Bu a¢1
diizeni malzemenin optimum ag1 diizeni olmaktadir.
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Daha sonra malzemenin Tsai — Hill hasar teorisi kullanilarak akmaya bagli olarak
hasar alip almadig1 kontrol edilmistir. Boylece akmaya bagli hasar alan durumlar
elenmis ve optimum ag¢1 diizeni sadece burkulmaya bagli olan durumlar igin
bulunmustur.

Bundan sonra analitik ¢6ziimii kiyaslamak i¢in sonlu elemanlar analizi
gerceklestirilmistir. Bu analiz i¢in ABAQUS sonlu elemanlar analiz programi
kullanilmistir. Malzeme kabuk yapi olarak tanimlanmis ve malzeme ozellikleri
MATLAB programindaki optimizasyon ¢alismasindan ¢ikan duruma gore yazilmaistir.
Daha sonra ABAQUS sonlu eleman ¢6zimi ve MATLAB analitik ¢ozumleri
kiyaslanmistir.

Sonug olarak ince cidarli silindirik kompozit yapilarin tasariminda kullanilabilecek bir
optimizasyon yontemi elde edilmistir.
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1. INTRODUCTION

Thin walled structural materials are commonly used in automotive, marine and
aerospace industries. Especially, for weight reduction purpose, the composite
materials are commonly preferred. The thicknesses of that type of materials are small
in proportion to their length. If a tensional force is applied to a material, it can carry
that load up to its ultimate tensile strength then it cracks. This type of failure is
independent from the part geometry because the limit stress i.e. ultimate tensile
strength is defined for all types of materials. Whereas if a compression force is applied
to a material, the buckling failure can occur. Since the material is thin like a shell, the
torsional loads and hydrostatic pressure can also cause buckling. For that reason, the
structural analysis of that type of shell materials must be performed carefully. The

buckling criteria must be investigated.

The buckling situations can be seen many systems. The columns that are not supported
with side ribs can be fractured due to bucking. The thin walled shells that are strong

due to tension are very weak due to compression because of buckling situations.

As an example, a submarine or a vacuum tank that are exposed to hydrostatic pressure
can fracture due to buckling. Moreover, a drive shaft that is made of a thin-walled
composite material can also fracture due to torsional buckling.

This and similar problems must be emphasized carefully in design problems. For that
reason, the buckling behavior of structural materials is important and must be

investigated carefully.

1.1.  Purpose of Thesis

In this study, the buckling behavior of thin walled composite materials under torsional
loads is investigated. According to the number of layers, layer thicknesses, part length
and part diameter the layer angles are optimized. To do that the shell theories and the
composite structural theories are put into together and the problem is solved by those

theories. For layer angle optimization, MATLAB is used.



In addition, the problem is solved by using finite element analysis by using ABAQUS.
The optimum layer angles are directly imported to the finite element analysis and the

analytic and finite element solutions are compared.

1.2. Literature Review

Bisagiani and Cordisco (2003), researched the buckling and post-buckling behavior of
the carbon fiber composite cylindrical structures under compression and torsional
loads individually and together experimentally. They saw the effect of the layer

stacking and the fiber angles.

Meyer-Piening, et al. (2001), researched buckling behavior of the thin walled
cylindrical carbon fiber composite shells by analytically, finite element methods and

experimentally. For this purpose, they apply axial and torsional loads together.

Bisagiani (2000), researched the buckling and post-buckling behavior of the thin
walled multilayer composite cylinders under axial compression. She used finite
element methods and compared the eigenvalue, nonlinear Riks and dynamic analysis
methods. She also analyzed the effect of geometrical imperfections to the critical

buckling load.

Semerdov (2000), researched the buckling problem and optimization of the multi-layer
thin walled cylinders under axial compression. The formulations were compared for
different layer amount and angles. He also added, for the most situations, the maximum
number of layers should be 4 and the maximum variables in the formulations should

be 2. He said that increasing the values con not provide any benefit.

Semerdov (2000), researched the optimization of the multi-layered thin walled
composite cylinders under external pressure loads. For most situations if the number

of layers is more than 3, this won’t increase the critical buckling load more.

Moon, et al. (2009), researched the thin walled composite cylinders under external
pressure. They compare 3 different specimens with 30-45-60 layer angles by using
finite element and experimental methods. They understood that the angle configuration

has an important effect on critical buckling load.

Lopatin and Morozov (2011), researched the buckling problem of the thin walled

cylindrical structures under uniform outside pressure with one side is fixed. They used



Galerkin’s method and compared their results with finite element methods. They have
resulted that the analytical solution is valid and acceptable when it is compared the

finite element solution and it can be used for the design of the composite structures.

Kim and Kim (2001), researched the buckling strength of the thin walled cylindrical
structures under axial compression loads. The models with both ends are open and
close are investigated individually for prefect and imperfect geometrical conditions.

Gal, et al. (2006), investigated that the finite element model that they were developed.
They resulted that the method that they developed gives good results with the

experiments and the results in the literature.

Chen, et al. (2012), researched the buckling of the thin walled composite cylinders
with variable thicknesses under axial compression. They saw that if the difference

between the thicknesses increased the buckling strength decreased.

Kirkpatrick and Holmes (1989), researched the buckling and post-buckling behavior
of the thin walled cylindrical structures. For the finite element methods, the
geometrical and force distribution imperfections are considered. These results show a

very big effect in buckling and post-buckling behavior.

Goldfred, et al. (2005), worked to find an optimum fiber layup for thin walled
composite structures. For this purpose, they changed the thickness and fiber angle of

the structure and found out that this affects the buckling property.

Tafreshi (2004), researched the effect of delamination in the cylindrical composite
shell to the buckling load. The finite element method is used for analyzing the effect
of delamination and it is seen that if the delamination increases the buckling load

decreases critically.

Bert and Kim (1994), investigated the torsional buckling behavior of the thin walled
structures. They also researched the effect of the layer angle, boundary conditions and

the geometrical conditions on the buckling load.

Shokrieh, et al. (2004), researched the torsional buckling behavior of the thin walled
structures that transmits power. The finite element results are compared with the
analytical and experimental results. In addition the effect of fiber angle, layer

arrangement, boundary conditions are investigated.



Lennon and Das (2000), made a finite element model for a cylinder under torsional
deflection and buckling behavior. The effect of ribs are investigated.

Hassani, et al. (1997), investigated the buckling behavior of the composite cylindrical
thin walled structures analytically in different boundary conditions. They determined
that their approach could be used for different boundary conditions by comparing with

the different theoretical solutions and experiments.

Bisagiani and Cordisco (2006), investigated the buckling and post buckling behavior
by experimentally for the thin walled cylindrical composite structures. They also

investigated the crack initiation by using some tests for axial compression and torsion.

Messager, et al. (2002), made an optimization study for thin walled laminated
cylindrical composite structures under hydrostatic pressure for maximizing the
strength. They try their approach for the fiber glass and carbon fiber structures. The

algorithm behind this approach is genetic algorithm.

Tafreshi (2006), investigated the buckling and post bucking behavior of the thin walled
cylindrical composite shells for different material, different layer arrangement, and
delamination size under axial load, lateral pressure. The finite element solution gives

a very important effect on the layer arrangement for buckling load.



2. THEORETICAL BACKGROUND OF COMPOSITE MATERIALS

2.1. Composite Materials

A composite is a structural material that consists of two or more different materials.

Composite materials have the properties of all materials that are reinforced. Thanks to

that property of composite materials, they can carry various combinations of loads.

Such as a Carbon Fiber Reinforced Plastic (CFRP) is a composite material. It contains

the properties of both carbon and epoxy resin, which is a polymer plastic. The carbon

itself is a very high strength material but it is very brittle. Epoxy is an elastic material

itself but it does not have high strength values. However, CFRP is an optimum material

for high strength applications. Since it has reinforced with epoxy, the new material

(CFRP) has a good elastic behavior, and thanks to the carbon in it can carry high

amount of loads.

The following table shows some properties of composite and bulk materials to

compare.

Table 2.1 : Some properties of composite and bulk materials.

Young’s  Ultimate Specific Specific
Material Specific modulus strength modulus strength
Units gravity (GPa) (MPa) (GPa-m¥kg) (MPa-m%kg)

System of Units: SI
Graphite fiber 1.8 230.00 2067 0.1278 1.148
Aramid fiber 1.4 124.00 1379 0.08857 0.9850
Glass fiber 2.5 85.00 1550 0.0340 0.6200
Unidirectional graphite/epoxy 1.6 181.00 1500 0.1131 0.9377
Unidirectional glass/epoxy 1.8 38.60 1062 0.02144 0.5900
Cross-ply graphite/epoxy 1.6 95.98 373.0 0.06000 0.2331
Cross-ply glass/epoxy 1.8 23.58 88.25 0.01310 0.0490
Quasi-isotropic graphite /epoxy 1.6 69.64 276.48 0.04353 0.1728
Quasi-isotropic glass/epoxy 18 18.96 73.08 0.01053 0.0406
Steel 7.8 206.84 648.1 0.02652 0.08309
Aluminum 2.6 68.95 275.8 0.02652 0.1061




2.1.1. Advantages of composite materials

e Special purpose of materials.

e Lightweight design.

e High strength.

e The designer can optimize the material for different loading conditions.
e Suitable for special applications.

e Corrosion resistant

e Vibration isolation property is higher when compared to the metals.

e Fatigue life is higher when compared to the metals.

e The surface finish is good.
2.1.2. Disadvantages of composite materials

e Expensive solution when compared to bulk material.
e Not very applicable for mass production.

e Hard to manufacture when compared to bulk materials.

2.2. Mechanics of Composite Materials
2.2.1. Lamina and laminate

A lamina is a thin layer of a composite material that has a thickness on order of
0.125mm. A laminate is made of multiple laminas on and on with same or different
angle orientations. Mechanical structures can be made of laminates such as car
suspension parts, pipes etc. These kinds of structures can carry various combinations

of loads.

A lamina contains a fiber cross-section and a matrix cross-section. The fiber cross-
section is generally a high strength and brittle material whereas; the matrix cross-

section is an elastic material. In other words, the fiber is reinforced with the matrix.

Since two or more materials are reinforced, the stiffness of the composite material is

related with the fiber material and the matrix material.
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Figure 2.1 : A typical laminate made of three laminas.

The figure blow shows a typical laminate that is made of three laminas with different
fiber angle orientations.
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Figure 2.2 : Deformation of a square element of an isotropic material.



If we take an isotropic material and see the deformations under normal loads. The
deformation on one side is proportional to the Poisson’s Ratio. Moreover, the loading

direction is independent from the deformation amount. See the figure below.

As it is seen from the figure when the loading direction changes the deformation does

not change. In other words;
814 = 623,

52A = 513-

e e
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Figure 2.3 : Deformation of a square element of a composite material.

However, in composite materials the deformation is not independent form the loading
direction. See the figure below.

As it is seen from the figure when the loading direction changes the deformation

changes. The reason is the fiber orientation. In other words;
814 # 628,



2.2.2. Lamina and laminate arrangement in composite materials

In general, the composite materials are not built just one lamina; generally, the
composite materials are stacked as laminates, which are made from laminas. This

situation is shown in the figure 2.4.

Laminate

i =

Figure 2.4 : Lamina and laminate structure.

Laminate structures are made from the laminas that,

e Are made from unidirectional laminas.

Can be stacked as different fiber angle.

Can include different fiber materials.

Can include honeycomb or foam structures in the middle of plies.

Can include cut fibers or metal powders.

In this study, the mechanical properties of laminates can change according to the

stacking of the unidirectional laminas.

To represent the angle arrangement of laminates, the angle of the each lamina with
respect to the x-axis must be known. After that, if the consecutive angle is different
from previous one, the “/” sign is put and the other angles must be written respectively.
If the consecutive angle is same with the previous one the amount of same angles are

written as and indice. Whole expression is written in square brackets. This situation is



shown in the figure 2.5 and the angle designation in this stacking is [30/90,/45/0/
45].

laminate:
30° 90° 90° 45° 0 45°

- [P —
s *‘—L_@/// ,,

900 00 AN\ A e

>
E

90°
30°
designation: [ 30/902/45/0/ 45 ]

Figure 2.5 : Laminate angle designation.

1313

If the lamina has a negative angle, the minus sign is put before the angle. This

situation is shown in the figure 2.6.

30°
—60°
—60° (45/0/ — 605 /30]
0
45°

Figure 2.6 : Negative direction lamina.

If the negative and positive angled, laminas are used consequently the “+” sign is used

to define the angle stacking.

o
30°
—30° [£45/ F30/0]
—45°
45°

Figure 2.7 : Negative and positive direction laminas.
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If there is a symmetric stacking with respect to the middle plane of the laminate, the
angles are written from the first angle to the angle that lays on the middle plane and

the “s” symbol is written after the square brackets.

[90/452/0]s

Figure 2.8 : Symmetric laminate.

If the number of layers is an odd number for a symmetrical laminate, and that lamina
is laying on the middle plane, the “ ™ * sign is put on the angle of the middle plane

lamina.

900

T 45°  [90/45;/0]s
0
5

Figure 2.9 : Symmetric laminate that consists of odd laminas.

If the laminate has a repeated sequence, the amount of repetition is written as an indice

of that angle. This situation is shown in the following figure.

11



45° 45°
90° 90°
0° [(0/45/90)21s 0°
45 o or 45"‘
90° [0/45/90]2s 90° [(30/60)2 (90 /45/0)7]
90° 60°
45° 3()°
0° 60°
90° 30°
45° 60°

0° 30°

Figure 2.10 : The laminate that has a repeated sequence.

2.3. Generalized Hooke’s Law

The stress-strain relationship is defined by Hooke’s Law. For a general material that

is not linearly elastic and isotropic is defined at the equation below which is also called

as Voigt notation.

02 Co1 G2 Gz Coy Cos
OR | 03 (31 C32 (33 (34 (35

gl =[Clle] — =
[o] = [C][e] Ty Cop Cup Cy3 Cyy Cys
Ta1] |Cs1 Csz2 Cs3 Csa Css
T12 Ce1 Cez Coz Cos Ces

Where,

[o]: Vector representation of stress tensor
[€]: Vector representation of strain tensor
[C]: Stiffness matrix.

This matrix equation can also be written with the sum symbol.
6
o; = Z Cijgjﬂ i = 1,2, ,6
i=1

12

(2.1)

(2.2)



If the stiffness matrix and strain vector are known the stress vector can be calculated
the above equation. If the stiffness matrix and stress vector are known the strain vector
can be calculated by taking the inverse of the stiffness matrix. This matrix is called

compliance matrix and shown as [S].

€11 S11 S12 S13 S1a Sis Si167p 017
& Sy1 S22 S23 Saa Sas S| 02
_ OR | & | |S31 S32 S33 S34 S35 Ss36]| 03
[8] - [S] [G] ~ 12108 541 542 543 544 545 546 123 (2' 3)
V31 Ss1 Ssz Ssz3 Ssa Sss Ssel{T31
-V12- Se1 Se2 Sez Sea Ses  Seed'T12-
[CT™* =[S] OR [S]I'=[C] (2.4)

The stiffness and compliance matrices are 6x6 so they have 36 constants. In addition,

these matrices are symmetric matrix so the number of constants reduces to 21.

Sij = S]l and CU = Cji

2.4. Different Types of Materials and Hooke’s Law for these materials

Some materials show different characteristics when loaded in different directions. In
other words, the materials’ properties change from one direction to another direction
at a single point, which means that the material properties are not symmetric. This
property is called anisotropy. This does not mean nonhomogeneous material. Even is
the material is homogeneous, the anisotropy can be seen. The main thing is the material
properties are defined at one single point. This means that the material properties can
change from one point to another point in the material if the material is
nonhomogeneous. This affects directly the material properties. In addition, some
materials show symmetric property at a single point. This reduces the unknowns in the

stiffness and compliance matrices. Material types can be listed as follows.
e Anisotropic material
e Monoclinic material
e Orthotropic material
e Transversely isotropic material

e Isotropic material

13



2.4.1. Anisotropic material

The material that has 21 independent elastic constants at a point is called and
anisotropic material. This is the most generalized case of material. If the stress and
strain relationship wanted to be developed, all of the 21 independent material constants
must be known. The stiffness matrix with 21 unknowns (including matrix symmetry)

can be seen at the following equation.

[C] = (2.5)

2.4.2. Monoclinic material

The materials that show one single plane symmetry is called that monoclinic materials.
The material symmetry means that the properties of the material are identical with
respect to the symmetry plane. In other words, the mirror image with respect to the
symmetry plane is identical with each other. The figure below is an example for a
monoclinic material behavior. As it is seen from the example, the direction 3 is normal

to the plane of material symmetry.

2,2

/'

/ 1,17

v

—t -t

3/

Figure 2.11 : Symmetry plane for the monoclinic material.
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The perpendicular direction to the symmetry plane is called that the principal direction.
The stiffness and compliance matrices have 13 independent constants. The following

matrix shows the stiffness matrix for a monoclinic material.

€11 Ciz Cis 0 0 Ci6
Ciz Gy Gz O 0 (6
[c] = Ciz Cy3 C33 O 0 Cs (2.6)

0 0 0 Cuy Cus O
0 0 0 Cu Css O
1Ci6 C6 (36 O 0 Cee

The compliance matrix is the inverse of the stiffness matrix.

Figure 2.12 : An example of a monoclinic material, orthoclase.

Orthoclase is an example of a monoclinic material. The following figure shows the

orthoclase.

The following cube shows the deformation characteristics of a monoclinic material.
The surfaces BEHA, CFGD are perpendicular to the direction 3 will change to
parallelograms from rectangles whereas, the remaining four surfaces ABCD, BEFC,
GFEH and AHGD will stay as rectangles which means that the material properties are

identical with respect to the symmetry plane.

15



Figure 2.13 : Deformation of a monoclinic system.

2.4.3. Orthotropic material

If a material has three mutually perpendicular planes of material symmetry then the
material is called orthotropic material. An aligned unidirectional fiber matrix
composite is a good example for an orthotropic material. The following figure shows
a unidirectional lamina as an example of orthotropic material. It has the 3 mutually
plane of symmetry. A wooden bar and a rolled steel bar can be examples of an

orthotropic material.

3 2
L s 1

o
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o

o000
(o) ®)
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Figure 2.14 : A unidirectional lamina with fibers aligned in a rectangular array is

an example of an orthotropic material.
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This makes the number of stiffness and compliance matrix elements reduced. The

number of independent constants reduces to 9.

C11 €2 Ciz O 0 0 7

Ciz Cpp C3 0 0 0

|Gz Gz Gz 0O 0 0
€1=10" 0 o ¢, 0 o 2.7)

0 0 0 0 Csx O

(0 0 0 0 0 Cg

The following figure shows the elastic symmetry of an orthotropic material. When a
normal force is applied to a cube segment. The following deformations will occur. All
of the rectangle faces will remain as rectangles. The directions at the cube element 1,2
and 3 are the principle directions which means that the 1-2, 2-3 and 3-1 planes are

three mutually perpendicular planes of symmetry.
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Figure 2.15 : Deformation of an orthotropic material.
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2.4.4. Transversely isotropic material

Consider a plane of material symmetry in one of the planes of an orthotropic body. If
the direction 1 is perpendicular to that plane (2-3) of isotropy, then the material is

called transversely isotropic material.

The stiffness and compliance matrix elements will be reduced. The number of
independent materials constants will be 5 for a transversely isotropic material.

[C11 Ciz Ci 0 0 0
Ci, Cyy Cy3 0 0 0
Ciz Cyz Cypy 0 0 0
Cl= C,, — C 2.8
e —222 20 0 (2.8)
0 0 0 0 Css O
0 0 0 0 0 Css

The following relations can be resulted by transversely isotropic structure

o (3, =0C33
e (1, =0Ci3
o (55 = Cee

A unidirectional lamina with fibers aligned in a rectangular array is an example of an

orthotropic material

Figure 2.16 : A unidirectional lamina with fibers aligned in a rectangular array.
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2.4.5. Isotropic material
If all of the planes of an orthotropic material are identical then the material is called to
be an isotropic material.

The stiffness and compliance matrix elements will be reduced. The number of

independent material constants will be 2 for an isotropic material.

Cy; Ci Cyy 0 0 0
Ciz2 Ci1 Cp 0 0 0
Cr, Cip Ciy 0 0 0
C11_612
=" % % T ° ° (2.9)
Ciy —C
0 0 0 0 % 0
Ciy —C
0 0 0 0 0 %

Moreover, the compliance matrix is the inverse of the stiffness matrix. The compliance

matrix becomes as follows.

S11 S12 Si2 0 0 0
S12 S11 Si3 0 0 0
|52 S su 0 0 0
SI=10 0o o 205,-5wu 0 0 (2.10)
0 0 O 0 2(511 - 512) 0
L 0 0 O 0 0 2(511 - 512)_

The following relations can be resulted by transversely isotropic structure

o (41 =0Cy
o (43 =033

__Cap—Cr3 _ C11—Cqp
* Ces = 2 2

This relationship shows that there is infinite number of principle planes of symmetry.

Many types of materials are isotropic materials such as iron, aluminum etc.

The C11 C12 and (C11-C12)/2 constants can be converted to well-known constants that

are modulus of elasticity (E) and Poisson’s ratio (v).
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E(1—-v)

1T 120 +v) (2.11)
Cip = vE 2.12
27 =211 +v) (2.12)
C11—Cp 1 E(1-v) vE _ _
2 2la-2v(1+v) (1—2v)(1+v)] T2(1+v) G (213)
As a result, by using the above constants the stiffness matrix becomes,
E(1-v) vE vE 0‘
A-2v)A+v) 1-2v)(1+v) (1-2v)(1+v)
vE E(1-v) VvE 0 0
A1-2v)A+v) 1-2v)(1+v) (1-2v)(1+v)
[C] = VE VE E(1-v) 0 0 o (2.14)
AQ-2v)A+v) 1-2v)(1+v) (1-2v)(1+v)
0 0 0 G 0 O
0 0 0 0 G 0
0 0 0 0 0 G

Moreover, the compliance matrix, which is the inverse of the stiffness matrix,

becomes,

r 1 v Y 0 0 0

E E E
v 1 v 0 0 0

E E E
v v 1 0 0 0

o= £ F E (2.15)
0 0 0 — 0 0
G
0 0 0 0 ! 0
G
0 0 0 0 O !
G_

2.4.6. Summary of material types

To sum up, the number of independent variables for different types of materials can

be seen as follows.

e Anisotropic: 21
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e Monoclinic: 13

e Orthotropic: 9

e Transversely isotropic: 5
e |sotropic: 2

This shows that the most complex material types is anisotropic material and the

simplest material is isotropic material.

To solve the stress strain relationship the Hooke’s Law must be solved. For isotropic
material this equation becomes very simple due to stiffness matrix reduces to 2

elements.

However, for anisotropic material solving Hooke’s Law becomes difficult. The 6x6-
matrix equation must be solved. In addition, the stress and strain components are

directionally different from each other.

When compared to isotropic materials, the deformation characteristics will not be
determined very easily. Because, all of the 21 constants must be known of somehow

obtained. It can be theoretically or experimentally.

Our topic is about carbon fiber, which is an orthotropic material. The elastic constants
are directionally independent from each other. These constants generally obtained

experimentally. For carbon fiber, the elastic constants differ from texture to texture.

However, there are relationships about fiber angle and material thickness. Since the
unidirectional lamina constants are known, the angled constants can be determined by

using transformation matrices (This will be introduced in the following chapters).

2.5.  The Stiffness Matrix of an Orthotropic Material with Engineering

Constants
2.5.1. Fundamental definitions

The elasticity modulus in direction 1, Ey, is defined as

(2]
E; =— (2.16)
&1

Similarly, the elasticity moduli in directions 2 and 3 can be written as follows,
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_ 0y 1

E, = =—
& Sy

O3 1
3 =— ==
& S33

Moreover, the Poisson’s ratios, vi2 and vo1 are defined as

&2 €1
Vlz = - and V21 = -
&1 &

Similarly, the other Poisson’s Ratios can be written as,

€3 €1
V13 = - and V31 = —_—
& &3
€3 &2
V23 = - and V32 = —_—
&2 &3

The shear modulus in plane 2-3 is defined as,

Goa = Gory = -2
23 32 Va3

Similarly, the shear moduli in plane 3-1 and 1-2 can be written as follows,

T31
G31 = Gi3 =—
V31
T12
Gi12 = Gy = —
Y12

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

2.5.2. Representation of the stiffness matrix of an orthotropic material with

engineering constants

As mentioned above a unidirectional lamina with fiber laying on a rectangular array

shows orthotropic behavior. Moreover, the stiffness matrix of an isotropic material in

engineering constants was represented in previous sections.

Since our topic about carbon fiber composite, the stiffness matrix had to be written in

engineering constants. Unless the matrix is written in engineering constants, the
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stiffness matrix cannot be used because the engineering constants are known so they

can be used properly.

To do that, first of all, a rectangle orthotropic part is taken apart from a part and exerted

different loading conditions. See following figure for the loading conditions.

|

Figure 2.17 : Loading conditions of an orthotropic material.
As shown in the;

e Figure 2.17a o1 # 0 whereas 62 = 63 = T23 = 131 = 112 = 0.
e Figure 2.17b o2 +# 0 whereas 61 =063=123 =131 =112 = 0.
e Figure 2.17¢c o3# 0 whereas 61 =02=123=131 =112 = 0.
e Figure 2.17d 123 # 0 whereas 61 =62 =063 =131 =112 = 0.
e Figure 2.17e 131 # 0 whereas 61 = 62 =03 =123 =112 = 0.

e Figure 2.17f 112 # 0 whereas 61 = 62 =03 =123 =131 = 0.
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Remark of the generalized Hooke’s Law with compliance matrix for an orthotropic

material as follows;

r€17 [S11 Sz Sz O 0 01701
_ OR £3 _ 513 523 533 0 0 0 0-3
[e1=15101 = |, =10 0 0 s 0 0|l @29
V31 0 0 0 0 555 0 T31
lyizl Lo 0 0 0 0 Sgllme
2.5.2.1. The case in the figure 2.17a
As in the case of Figure 2.17a the strains from the Hooke’s Law will be,
€,=51101
€,=51201
€3=Sl361 (2 26)
Y23 =0
Y31 =0
Y12 =0
From the above relationship the followings can be written,
Sy == 2.27
n=g (2.27)

In the section 2.5.1 the elasticity modulus in direction 1 is defined. As a result, the
following relation can be written.
(] 1 yields 1

L= -
& Si E;

If the following equations are proportioned, we get,

& :S (0} yields 511 81
e T =T (2.29)
€2=01207 512 &y

e.=S..0 yields S &
1T S 2=2 (2.30)
€3=51301 S13 &

From the section 1.5.1 the Poisson ratios are defined as follows and by using the above

relationship we get,
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&y yields 512

Vip=—— —— Vi =—— (2.31)
12 ) 12 Si,
&3 yields 513

Vp=—7—~ —— Vi3 = TS (2.32)
& 11

2.5.2.2. The case in the figure 2.17b

As in the case of Figure 2.17b the strains from the Hooke’s Law will be,

€1=51202
€2=5220,
€3=5230;
Y23 =0
Y31 =0
Y12 =0

From the above relationship the followings can be written,

&2
Syy =—
22 o,
In the previous sections, the elasticity modulus in direction
the following relation can be written.
o)) 1 yields 1

= = — — Sy = —
2 22
& Sy E,

If the following equations are proportioned, we get,

& :S o yields 522 82
2_ 2202 _2
81_51262 512 &
82252262 yields 522 _ 82
€3=52303 Sy &

(2.33)

(2.34)

2 is defined. As a result,

(2.35)

(2.36)

(2.37)

From the previous sections, the Poisson ratios are defined as follows and by using the

above relationship we get,

&1 yields
Vor=—"7" —— V1 =-
&

25
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&3 yields 523
Vas=——~ T V3T T (2.39)
& 22

2.5.2.3. The case in the figure 2.17¢
As in the case of Figure 2.17c the strains from the Hooke’s Law will be,

€1=51303
€,=52303
€3=S83303 (2.40)
Y23 =0
Y31 =10
Y12 =0

From the above relationship the followings can be written,

Saz = 23 (2.41)
33 — o3 '
In the previous sections, the elasticity modulus in direction 3 is defined. As a result,
the following relation can be written.
_ O3 _ 1 yields

1

E., = -
3 & S33 E3

If the following equations are proportioned, we get,

£3=S3303 yields 533 _ 83

S = 2.43
€1=51303 Si13 & ( )
€3=53303 yieldf Sﬁ _& (2.44)
€2=52303 Sz & '

From the previous sections, the Poisson ratios are defined as follows and by using the

above relationship we get,

&1 yields 513

=—-— — = —— 2.45
V31 € V31 Sas ( )
£ ield S
V== T v = (2.46)
&3 S33
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2.5.2.4. The case in the figure 2.17d

As in the case of Figure 2.17d the strains from the Hooke’s Law will be,

& =0

& =0

& =0 (2.47)
Y23 = S44T23

Y31 =10

Y12 =0

From the above relationship the followings can be written,

S, =12 (2.48)

T23

In the previous sections, the shear modulus in plane 2-3 is defined. As a result, the

following relation can be written.

c T3 1 yields 1 (2.49)
= —_—= — _ = - .
2 Y23 Saa i Ga3
2.5.2.5. The case in the figure 2.17e
As in the case of Figure 2.17e the strains from the Hooke’s Law will be,
81 = O
82 = 0
g5 =0 (2.50)
Y23 =0
Y31 = Ss5T31
Y12 =0
From the above relationship the followings can be written,
Seg = 132 (2.51)
T31

In the previous sections, the shear modulus in plane 3-1 is defined. As a result, the

following relation can be written.
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2.5.2.6. The case in the figure 2.17f

As in the case of Figure 2.17f the strains from the Hooke’s Law will be,

&g =0
& =0
& =0
Y23 =0
Y31 =0

Y12 = Se6T12

From the above relationship the followings can be written,

Se6 = —
12

(2.52)

(2.53)

(2.54)

In the previous sections, the shear modulus in plane 1-2 is defined. As a result, the

following relation can be written.

_ T12 _ 1 yields _ 1
GlZ - - S
V12 66

2.5.2.7. Summary of this section

(2.55)

From the sections above the compliance components (Sj) are related with the
engineering constants. Totally, three elasticity moduli E1, E2 and Eg; six Poisson ratios
V12, V13, V21, V23, v31 and vs2; and three shear moduli G23, Gs1 and Giz are related with

the compliance components. To revise that, see the equations below.

1
S11 = E_1 Sy = E_z S33 = E_3 (2.56)
S12 S13 S12
— 12 =1 = = 2.57
V12 Si, V13 Si, V21 Sy ( )
S23 S13 S23
V23 = _5_22 V31 = _5_33 V32 = _g (2 58)
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1 1 1 1
S4q =

Gz Gapz >0 Gzy Gz %7 Gy Gy

(2.59)

As it is seen, the Sii values are clearly obtained. However, the Sjj values are still not

known. From the above relation the vij values and vji values can be related to each other

by using the relationship of the elasticity modulus. This relation is known as reciprocal

Poisson’s ratio. See the following relation.

Let us take the following relations.

_ S12 _ S12
Viz = T g and vy = ——
11

Here we can write the following relationship.

1 1

511 - E_ - == E1 and 522 - E_ -

1 511 2

So we get,

Vip = =S12E;  and vy = =S3E,

Now S12 value can be written both in the two equations.

S V12
12 = .
E1 yields V£ _ V21
S V21 E, E
12 — _E_
2
Similarly,
Vis _ Va1
Ey  Es
V2z V32
E, Es

Now the following compliance components can be concluded.
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(2.62)

(2.63)

(2.64)

(2.65)
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SZ3 -

S e 2.67
Va3 V32

—_— == 2.
L, E, (2.68)

As it is seen Si1o, S13 and Sz3 components, have two reciprocate. That is why vij and vji

components are called reciprocated Poisson’s ratios. Both values give same results but

in the literature, the Poisson’s ratios are obtained as vi2, vi3, v23. SO the following

compliance matrix will be generated by using the vi2, vi3, v23 Poisson’s ratios.

V13

—— 0 0 0

Eq

Va3

—— 0 0 0

E,

. 0 0 0

E

* (2.69)

0 — 0 0

Ga3
0 0 1 0
G13

0 0 0 1

G5

The stiffness matrix C is the inverse of the compliance matrix S. The following matrix

is the stiffness matrix for an orthotropic material. In this following stiffness matrix,

both vij and vji values are used. Simply, by using, the reciprocating Poisson ratio

relationship, the vji values can be calculated easily.

Where

[ 1 —V3V3y Vo FVa3V31 V3 VoVa3 0 0 0
E,E3A E;E3A E;E3A
Va1 +Va3Var 1 —vi3V3 Va3 +VipVsg 0 0 0
E;E;A E,E3A E,E3A
V31 +Va1Vaz Vo3 + V1oV 1 —vipvp 0 0 0 (2.70)
E,E;A E{E;A E{E,A
0 0 0 G, O 0
0 0 0 0 Gi3 O
0 0 0 0 0 Gyl

_ 1 —=v1pvy1 — Va3V3p — Vi3V31 — 2V21V3pV1

E1EyEs

(2.71)
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As it is seen, computing stiffness matrix C is much more difficult than by computing
the compliance matrix S. Firstly, computing the compliance matrix S, then by taking

inverse of it to find the stiffness matrix S, is much easier.

2.6. Hooke’s Law for a Two-Dimensional Unidirectional Lamina
2.6.1. Plane stress assumption

A lamina is a very thin structure. Since it is very thin, the stress distribution along its
thickness axis will be zero. If a plate is very thin, it can be considered, as there are no
out-of-plane loads so it can be treated as under plane stress. Because of this, the 3™
dimensional (thickness related dimension) stress components will be zero. See the
figure below for the plane stress assumption.

0-3 = T23 == T31 = O (272)

Figure 2.18 : Plane stress condition of a thin plate.
2.6.2. The hooke’s law for two dimensions

A unidirectional lamina can be considered as an orthotropic material. Since there is no
out-of-plane stresses occur in a lamina, the plane stress assumption can be applied for

a lamina. As a result of this, that equation was written g; = 73 = 73 = 0, then,
83 = 5130-1 + 5230-2 (2 73)

Y23 =V31 =0 (2.74)
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Here, the strain component &5 is not an independent variable; it is the function of the
stress components of the 1 and 2 axes. As a result of this the stress strain relationship
of an orthotropic material will be changes and the number of independent variables
were reduced. The following equation shows the stress strain relationship of an
orthotropic lamina. As mentioned before this equation is generated for plane stress

assumption.

€1 S11 S12 0701
[52 ] = [512 Sz 0 ] [02] (2.75)
Y12 0 0 SgellT12

As it is seen, the number of independent variables is reduced from 9 to 4.

As known, the stiffness matrix is the inverse of the compliance matrix. Therefore, by
inverting the above equation it gives the following.

01 Qi1 Q1z 0 ][&
[02] = [Q12 Q2 O ] [52 ] (2.76)
T12 0 0  Qgel V12

The Qij components are the reduced stiffness components. These can be related with

the compliance components.

Qi1 = Lz (2.77)
511522 - 512
512
Qu=—""—" (2.78)
S11822 — S12°
511
Qp=—"— (2.79)
S11S22 — S12°
1
Q66 = S_ (2- 80)
66

As mentioned before, the stiffness and compliance constants can be written in terms
of engineering constants. The following expressions are the compliance constants in

terms of engineering constants.
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V12 1
Si1 =% Sy = Si2=——" Se6 =

(2.81)
El EZ El 612

The reduced compliance matrix in terms of engineering constants can be seen blow.

1w
E; E;
s=|-nz Lo (2.82)
E, E
o o —
Gy

The stiffness matrix is the inverse of the compliance matrix. When the inversion

operation complete, the following stiffness components will be obtained.

__ 5 2.83
viz By
=22 2.84
Q= 75— (2.84)
__ 5 2.85
Q22 =75 - (2.85)
Qss = G12 (2.86)
The above expression can be represented in the matrix form as follows.
E; vz E3 0 '|
|1 —Vy1Vi2 1=y, |
Q=] vie E E; 0 (2.87)

1—=vyvi2 1—=vyvy5
0 0 G1y

2.6.3. Hooke’s law for two dimensional angle lamina

As known, the composite materials are made of fibers and matrices. Therefore, the
fibers have better strength on their longitudinal axis and less strength on their
transverse axis. For that reason, the laminas may stack in different angles when
manufacturing laminates with compatible matrix. The following figure shows the

coordinate axes for an angle lamina.
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A

22

Figure 2.19 : Local and global axes for an angle lamina.

In the figure above, the 1 and 2 axes are called local axes or the material axes. The

direction 1 is parallel to the fiber orientation and the direction 2 is perpendicular the

fiber orientation. In some resources the axis that is parallel to the fiber orientation is

represented as L and the axis that is perpendicular to the fiber orientation is represented

as T. The axes x and y are the global axes which means that the axes of the whole part.

The angle 0 is the angle between these two coordinate systems. In the previous

sections, the equations are obtained for the 1 and 2 axes. In this section the

transformations of the coordinate systems from 1-2 to x-y will be performed.

The transformation between the local and global axes for the stresses as follows.

Ux

Txy

Here, [T] is the transformation matrix

01
= Uj-l[OQ]

T12

52 —2sc
c? 2sc
—sc c%?—s?
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c® s 2sc
[T]=]s?> ¢? —2sc (2.90)
—sc sc c?—s?
And,
c = Cos(0) (2.91)
s = Sin(6) (2.92)

The stress — strain equation (equation 2.76) can be rewritten by using the

transformation relationship.

Ox

Ty

&1
= [T]7'[Q] [82 ] (2.93)
V12

In addition, the strains for global and local axes can be written by using the

transformation equations.

31 gx
[sz _ m[ ] 2.9
Y12/2 ny/z
This equation can also be represented as,
81 Sx
[ & | =[R][T][R]? [ &y ] (2.95)
]’12/2 ny/z

Where R is called Reuter matrix and represented as,

100
] (2.96)

[R]=[O 1 0
0 0 2

If the equation 2.95, is written in the equation 2.93 the following equation is obtained.

Ox Ex
9y | = [T]*[QIIRIITI[R]™ gy] (2.97)
Txy Vxy

Here the expression [T]7[Q][R][T][R] " can be written as,
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Q1 Q12 Qg
[TIHQIRITIRI™ = [Q, Q,, Qu (2.98)
Qe @26 Ues

If the equation 2.98 is rewritten,
Oy Q11 Q12 Q16 Ex
[Gy] =102 @ [gy] (2.99)
T = —= Y
e Qs Q26 Qo >

Here the aij matrix is called as transformed reduced stiffness matrix. If the

components of the Q,; matrix written explicitly,

Qy, = Quic* + Qup5* + 2(Quz + 2Qgg)s2c?
Q1, = (Qu1 + Qa2 — 4Qs6)s%c* + Qa(c* + 57)
Qpp = Qu15* + Qu2¢® + 2(Qaz + 2Qe6)s%c? (2.100)
Q16 = (Qu1 = Q12 — 2Q66)c>s — (Q22 — Q12 — 2Qe6)s°¢
Q,6 = (Qu1 — Q12 — 2Qs6)s*c — (Qz2 — Q12 — 2Qg6)C>s

666 = (Q11 + Q22 — Q12 — 2Q66)52C2 + Qes(s* +¢*)

As it is seen, the components of transformed reduced stiffness matrix are a function of

theta by sine and cosine functions from the result of the transformation matrix.

If the inverse of the equation 2.99 is taken, the following result is obtained.

Ex §11 §12 §16 Oy
|:€y ] = 512 522 526 |:To-y] (2 101)
Yol 516 Sa6 Sesl "

Here the §l~j matrix is called the transformed reduced compliance matrix and it can be

shown in explicit form as,

§11 = -5'11C4 + 52254 + (2012 + Qee)szcz
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Si2 = (S11 + S22 — Se6)s%c? + Sya(s* + ¢
Syp = S115% + Sppct + (251, + See)s2c? (2.102)
§16 = (2811 = 2812 — Sg6) s — (25,5 — 2815 — Sge)s>c
§16 = (2511 — 281 — Sg6)s>c — (2825 — 2515 — See)C’s
Se6 = 2(2S11 + 2555 — 4815 — Se6)s2c? + Sge(s* + ¢*)

As it is seen, the components of transformed reduced compliance matrix are a function

of theta by sine and cosine functions from the result of the transformation matrix.

The equation 2.75 and 2.76 are generated for a unidirectional lamina that loaded in the
material axis directions. For this loading condition, there is no coupling between the
normal and shear stresses. That means, if a normal force only applied on a body that

contains an angle lamina results only normal strains or vice versa.

However, for an angle lamina, coupling occurs between normal and shear stresses.
That means, if a normal force only applied on a body that contains an angle lamina

results both normal and shear strains.

The equations 2.99 and 2.101 are written for an angle lamina. In those equations, the
stiffness and compliance components are transformed from local axes (material’s axis)

to the global axes (part’s axis).

2.7.  Introducing the A, B and D Matrices

The matrices A, B and D are related with the loading conditions of a shell and will be
used in classical laminate theory. The matrix A is called as the extensional stiffness
matrix of the composite shell. The matrix B is called as the bending — extension
coupling matrix and the matrix D is called as the flexural or bending stiffness matrix

of a shell. These matrices can be calculated as follows.

N
Ay = ) (@], (e = ) (2.103)

k=1
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NI»—\
Mz

Bij = [Q,], (A% — h&-1) (2.104)

&
1l
ey

[Q,], (hi = hi—1) (2.105)

:b
wl»—\
Mz

&
1l
ey

Where;
[Q_u]k is the reduced stiffness matrix for an angle lamina.
hy, is the thickness related values for a lamina in the laminate.

N is the maximum layer number. (k = 1,2,3,...,N)

Note that, since the reduced stiffness matrix is 3x3, the A, B and D matrices will be

written in the same manner.
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3. FAILURE THEORIES IN ANGLE LAMINA

For the success in designs, the material must be used less and more effective. For that
reason, the failure analysis must be performed carefully. In addition, the effect of stress

resulted because of the load must be investigated for the fracture point of view.

To investigate the failure analysis of a laminate, the first thing to do is to investigate
the failure analysis of a single lamina. From the strength of a single lamina, the strength
of the laminate can be calculated. As mentioned before, the laminas strength analysis
is performed at its own coordinate system that are, fiber direction and the direction that

perpendicular to the fibers.

The mechanical properties of a unidirectional lamina are known. If the stresses with
respect to the fiber axis and the axis perpendicular to the fibers, are calculated the

failure analysis can be performed.
To do that the following steps can be applied.
e The critical buckling torque must be calculated. (See the section 5)

e By using this value, the stresses in each layer with respect to the part’s

coordinate system must be calculated. (See the section 5)

e After that by using transformation matrices, the calculated stress values must
be converted to the lamina coordinate system. (Conversion from the global
axes to the local axes)

e By using that stress values and the material properties the failure analysis can
be performed.

For composite materials, the following failure theories can be applicable.
e Maximum stress failure theory
e Maximum strain failure theory
e Tsai — Hill failure theory

e Tsai — Wau failure theory
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3.1. Maximum Stress Failure Theory

This theory is referenced from the Tresca (maximum shear stress) and Rankine
(maximum normal stress) failure theory for isotropic materials and the solution
principle is very similar to it. The stresses acting on a lamina are resolved into the

normal and shear stresses in the local axes.

This theory says that, the lamina is failed if any of the normal and shear stresses in the
local axes of a lamina is equal to or larger than the corresponding ultimate strengths

of the unidirectional lamina.

As mentioned before, after the global stresses (the stresses occurred on the part’s
coordinate axes) are calculated, those stresses should be converted to the local stresses

by using transformation matrices.

The lamina is considered to be failed if the following situation occurred.
_(O-lc)ult <0 < (O-lT)ult

_(Uzc)ult <o < (O'zT)ult
(3.1)
—(T12)ur < T12 < (T12)we

Where,

(o) - Ultimate longitudinal compressive strength. (Fiber axis)

(1) » Ultimate longitudinal tensile strength. (Fiber axis)

(65)ue : Ultimate transverse compressive strength. (Perpendicular to the fiber axis)
(61 : Ultimate transverse tensile strength. (Perpendicular to the fiber axis)
(T12)u1e » Ultimate in — plane shear strength.

o, . Stress occurred on longitudinal direction. (Fiber axis)

o, . Stress occurred on longitudinal direction. (Fiber axis)

T4, - In —plane shear stress.
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3.2.  Maximum Strain Theory

This theory is referenced from the Tresca (maximum shear stress) and St. Venant
(maximum normal strain) failure theory for isotropic materials and the solution
principle is very similar to it. The strains acting on a lamina are resolved into the strains

in the local axes.

This theory says that, the lamina is failed if any of the normal and shear strains in the
local axes of a lamina is equal to or larger than the corresponding ultimate strengths

of the unidirectional lamina.

As mentioned before, after the global stresses (the stresses occurred on the part’s
coordinate axes) are calculated, those stresses should be converted to the local stresses

by using transformation equations.

The lamina is considered to be failed if the following situation occurred.
_(Elc)ult <& < (EI)ult
_(gzc)ult <& < (Eg)ult (3.2)

— (V12w < V12 < V12w

Where,

(e9) e - Ultimate longitudinal compressive strain. (Fiber axis)

(eI, : Ultimate longitudinal tensile strain. (Fiber axis)

(e5) ¢ : Ultimate transverse compressive strain. (Perpendicular to the fiber axis)
(el : Ultimate transverse tensile strain. (Perpendicular to the fiber axis)
(Y12)wie : Ultimate in — plane shear strain.

&; : Strain occurred on longitudinal direction. (Fiber axis)

&, . Strain occurred on longitudinal direction. (Fiber axis)

¥12 . In — plane shear strain.
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3.3.  Tsai— Hill Failure Theory

This theory is similar to the Von — Mises’s distortional energy yield criterion for
isotropic materials. This theory is rearranged anisotropic materials. Distortion energy

is a part of the total strain energy in a body.

The strain energy in a body consists of two parts; one is the dilation energy, which is
caused by change in the volume, and the other is called the distortion energy, which is

caused by the change in shape of the body.

This theory says that; the distortion energy caused by the stress occurred in the

material, is greater than the failure distortion energy of the material.

Hill adopted the Von — Mises’s distortion energy failure theory to the anisotropic

materials then, Tsai rearranged it for unidirectional lamina.

The lamina has failed if the following inequality satisfies.

(Gz + 63)0-12 + (Gl + G3)O-22 + (Gl + 62)0-32 - 2630-10-2 - 2G20-10-3 - 2610-20-3
+ 26,725 + 26513 + 26472, < 1 (3.3)

Where, G1, G2, G3, G4, Gs and Ge, are related with the failure strengths of the material

and they can be calculated as follows.

e Apply g, = (6]),; to a unidirectional lamina then the lamina will be failed.
Therefore, the equation 3.3 reduces to the following.
(G, + G3) (o )pye =1 (34)
e Apply g, = (1), to a unidirectional lamina then the lamina will be failed.
Therefore, the equation 3.3 reduces to the following.
(G1+G3) (03 )i =1 (3.5)
e Apply o3 = (61)¢ o a unidirectional lamina and assuming that the normal
tensile failure strength is same in direction (2) and direction (3) then the lamina
will be failed. Therefore, the equation 3.3 reduces to the following.
(G, + Gz)(ng)zzut =1 (3.6)
o Apply 71, = (712)wu¢ to a unidirectional lamina then the lamina will be failed.
Therefore, the equation 3.3 reduces to the following.

266(T12)12dt =1 (3.7)

42



Therefore, by using the equations from 3.4 to 3.7 the G1, G2, G3, Gs4, Gs and Ge
constants can be calculated by the following.

6 =3 o)
P 2\[6D el [0 ue]?
=3
2 2\[(6D)wel?

) _1< ) ) (3.8)
VAT O WAL

G = %([(T12§ult]2)

Since the unidirectional lamina shows plane — stress assumption (no stress distribution
in the thickness axis) so, g; = 13, = T,3 = 0, then the equation 3.3 reduces to the

following.

2 2 2
01 0102 02 T12 ]
— + + <1 (3.8)
(O-lT)ultl (of futl I(UzT)uztl (T12)ure

From the global stresses the local stresses can be found, then by using the equation
3.8, it can be found out if the material is failed or not. If the equation 3.8 satisfies, the

material is said to be not failed.
3.3.1. Modified Tsai — Hill failure theory

Generally, the transverse tensile strength of a unidirectional lamina is much less than
the transverse compressive strength. In the equation 3.8 as it is seen the ultimate
compressive strengths are nor written. Therefore, the effects of the compressive

strengths are not taken into account.

The modified Tsai — Hill failure theory includes the compressive effects into the
equation. In the following equation, both the ultimate tensile strength values and the

ultimate compressive strength values are taken into account.

- (G N+ + [ < 39)
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Where,

(01wt if 01 >0

X1 ==
(0w if 0, <0
(0w if 0,>0
X, =
(0 ) e if 0, <0 (3.10)
(O_ZT)ult if a,>0
Y =

(Uzc)ult if 0,<0

S = (T12)ult

As it is seen the X1, X2, Y and S values are chosen from the equation 3.10. If the
calculated stress is negative, it means that it is a compressive stress. According to the
result of the equation 3.10, the equation 3.9 can be rewritten.

For solving the failure part of the thesis topic, the modified Tsai — Hill failure theory

will be used. This theory is much more realistic but less conservative.

3.4.  Tsai—Wu Failure Theory

This failure theory is similar to the total strain energy failure theory of Beltrami. The
total strain energy failure theory of Beltrami is valid for isotropic materials. Tsai — Wu

applied this failure theory to a lamina in plane stress state.
A lamina is considered to be failed if the following situation occurs.
H10'1 + H20'2 + H6T12 + H110-12 + H220-22 + H66T%2 + 2H120-10-2 < 1 (311)

The constants H;, H,, Hg, Hi1, Hy, and Hgg can be found by using 5 strength
components, which are (6{)wie, (07 )ues (00w (05 )ue and (T12)we OF @

unidirectional lamina.
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4. BUCKLING OF COMPOSITE SHELL STRUCTURES

4.1. Introduction to Shell Structures

A body is called a shell if thickness dimension is very small when compared to the
other dimensions. A shell body is a thin walled body whose middle bod is curved in at
least one direction. A cylindrical shell has only one direction in which the middle
surface is curved whereas a spherical shell the curvature exists in both directions. The
shell theory is more complicated when compared to the beam and plate theory. The

reason is the curvature.

4.2.  Analysis of Composite Material Circular Cylindrical Shell
4.2.1. General equations

The Figure 4.1 shows the simplest shell geometry, which is a circular cylindrical shell.
The u, v and w shows the positive directions and positive directions of coordinates x

and &. The remaining coordinate 0 is the circumferential coordinate.

Figure 4.1 : A circular cylindrical shell geometry.
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The assumptions that are made in the classical plate theory is also valid in the classical
shell theory which is discussed here. Therefore, the following equations are valid.

Op = & = &xg = €95 =0
u(x,0,8) = uy(x,0) + £B,(x,0) (4.1)

U(x, 6) E) = vO(x) 6) + Eﬁ@ (x, 9)

Figure 4.2 : Positive directions of an infinitesimal shell portion.

Since the shell structures are very thin structures, the thickness dimension is negligible
when compared to the other dimensions. This assumption also makes composite

equations less complicated.

h<<1 4.2
. (42)

Where,
h: The thickness of the cylindrical shell
R: The mean radius of the cylindrical shell

The equation 4.2 tells that, a body is considered as a shell if the h/R ratio is much less
than 1.

For an accurate shell composite analysis, it is true that the transverse shear deformation

must be included because of the fact that the elasticity modulus in the fiber directions
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is a fiber dependent property whereas the transverse shear modulus is a matrix-

dominated property.

This results a simplification | the governing equations. Elasticity equations in a
curvilinear coordinate system must be introduced firstly for deriving the governing
differential equations for cylindrical shells. The equilibrium equations for cylindrical

shells can be seen below.

ONy | 10Ny
dx R 00

+g,=0 (4.3)

ON,g 10N, Qg

ox TR TR W= o
"’;Zx 22— m) = 0 (4.6)
615;4;9 %a(;\gg —(Qg—mg) =0 (4.7)

Where,
qx = fo(h/z) - O'Ex(_h/z) =Tix — Tox

qo = 0z9(h/2) — 0z9(=h/2) = 119 — T3

NIS‘

h
=5 [05(1/2) + 052 (=h/2)] = 5 [T1x + T24]

h
= — [a&, (h/2) + ogg(—h/2)] = > [T10 + 720]

These equilibrium equations are independent of the material system. The
circumferential terms can also be written in terms of ds, the arc distance where ds =
Rd68. The quantities q,, qg, m, and my are functions of the surface shear stresses on
the outer and inner surfaces of the composite shell wall, and p(x, 8) is the laterally

distributed load per unit area, positive in the positive & direction.
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For the case where the transverse shear deformation is ignored (classical theory) the

relations between the rotations S, and B, and the displacements are given by the

following.
ow
—= 4.8
N low v, 0 49
Potrog "R ™ (4.9)

The material properties enter through the constitutive equations. For simplicity, it is
assumed that the lamination stacking sequence is mid-plane symmetric such that there
is no bending - stretching coupling, i.e. [B] = 0, and that there are no other coupling

terms, i.e. ()16 = ()26 =0.

In addition, for the following derivation, the simplest case will be studied — that of a
shell of one lamina only. Subsequently, generalizations are made to the configurations.
In the current case, the stress-strain relations and the strain-displacement relations,
utilizing the displacement assumptions of equation (4.1) are; for the case of one ply

the derivations as follows.

1 Aug 9B,
_ A _ %o o (2Px 4.10
Ex Ex [O-x UxOUO] dx + f ( Ox ) ( )
1 1 [8v, £ /0B
&g = E_x [0'9 - ngO'x] = — % + W] E(%) (411)
1
Exo = m%e (4.12)

The in-plane stiffnesses and the flexural stiffnesses are given as follows.

o B o ol
T (1= vggver) 0 (1 — vegUgy)
(4.13)
E.h3 Egh3

D, = , Dg =
T 12(1 = vgevge) | 0 12(1 — vegvey)

Remember that if the fibers are in the axial direction then K, = A1, Kg = A5, D, =

Dy, and Dg = D,,. If the fibers are in the circumferential direction then the subscripts
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are reversed. The orthotropic relationship holds here. This relationship can be seen
below.

4.2.2. Axial symmetry

It can be assumed that the loads are axially symmetric for simplicity, which means that

w _ . .
o= =0in all equations.

If the equations 4.10 and 4.11 are multiplied by d and integrated from —h/2 to h/2,
where the h is the shell thickness, the following result is obtained.

du,
Ny — vxgNg = Exhg

w
Ng — vgxNy = Eé)hﬁ

If the equations are rearranged for Nx and Ny the following expressions are found.

du, w

Ny = K [W + Vox ﬁ] (4.15)
du, w

Ng = Kq [Vxe o E] (4.16)

Likewise, if the equations 4.10 and 4.11 are multiplied by £d& and integrated from
—h/2 to h/2 the following result is obtained.

E.h39%w
12 0x?

My — vygMg = —

Mg — vgx My =0

If the equations are rearranged for My and My the following expressions are found.

0w
Mx = _Dxﬁ (417)
Mg = vaMx (418)
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For simplification, and further derivation, there are no surface shear stresses.

Therefore, g, = q9 = m,, = my = 0 can be written.

As a result, the above shell equations are simplified to the following.

dN,
dx =0
de NG
dM,
dx _Qx O
dw
ﬁx+d—=0
P =0
du v
Ny = Ky [&x, + voxea]| = K[ 0 % ]

d*w

M, = X 2
Mg = vg M,

d3w

Qx = _Dxﬁ

From the equations 4.19 and 4.24,

d?u, vg, dw

dx? +?dx =0

From the equations 4.20, 4.25 and 4.28, it can be obtained.

d4W Kg d

From equations, 4.29 and 4.30 the following governing equation is obtained.
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(4.24)

(4.25)

(4.26)
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(4.28)

(4.29)
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d4W n KQ

1 N
dx* ' D.R2? (1- Vxevex)W = D p(x) — Vox Rx] (4.31)
x x

Now it can be defined that,

4 _ 3(1 = vxgVsx) D

¢ hZRZ D,

(4.32)
the governing differential equation for the lateral deflection w, and in-plane
displacements uo becomes the following.

d*w

1 Vox
- 4y = — D
It + 4e*w D, [p(x) R Nx] (4.33)

d?u, | Vex dw
dx? R dx

0 (4.34)

The form of (4.33) is desirable since it is uncoupled from the other governing equation
(4.34). From (4.19), Ny is seen to be a constant as determined by the applied load, P,
in the axial direction, which is N,, = P/2nR. In fact, it is seen from (4.33) that the
presence of an axial in-plane force is that of an equivalent lateral pressure as far as the

lateral displacement w is concerned.

Upon determining w and uo from Equations (4.33) and (4.34), the stress resultants and
stress couples can be obtained from Equations (4.24) through (4.28). Stresses can then

be determined from the following equations for a composite shell of one ply only.

_ Nx fo
V) (*-35)
_ Nog  MgS
% =% 12 (4.36)
_3Q, £\’
T [1 - (h_/2> l (4.37)

The differential equation 4.33 is in the form of the differential equation of a beam lays
on an elastic foundation. It can be replaced that Dy, with the flexural stiffness of a
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beam, EI, and replacing 4s*w by k, the beam foundation modulus. Thus, the physical

intuition of all of the solutions for beams on an elastic foundation can be utilized.

The roots of the 4™ degree differential equation 4.33 can be found by standard methods

as, +e(1 ¥ i). Here i = v—1. And the general solution of the differential equation

will be as follows.

w(x) = Ae ™ * cos ex + Be ¥ sinex + Ce®* cos ex

+ Ee®* sinex + wy, (x) (4.38)

At the equation 4.38 the A, B, C and E are the integration constants and w;, (x) is the
particular integral.
The in-plane displacement u,(x) can be found by integrating the equation 4.24 and

the result will be as follows.

N,x
Ky

v
Uy(x) = — %f wdx + F (4.39)

Where, Ny is constant and F is the integration constant.

It is seen, that for circular cylindrical shells subjected to axially symmetric loads there
are six boundary conditions, three at each end. The natural boundary conditions are

thus given by,

e Either u, is known or N, = 0.
o Eitheri—';’ is knownor M, = 0.

e Either w is knownor Q, = 0.

The above situations describe the simply supported, clamped and free edge BCs.

4.3. Edge Load and Particular Solution

4.3.1. Circular cylindrical shell, semi — infinite in length subjected to a moment

couple Mo at x=0

Figure 4.3 shows that a circular cylindrical shell that is subjected to an edge moment

and p(x) =0for0 < x < .
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g

ey

M, (

Figure 4.3 : A circular cylindrical shell subjected to an edge moment.

It can be seen that C=E=0 from the solution of the homogeneous part of the equation

4.38. The constants A and B can be found by using the equations 4.26 and 4.28.

d’w(0)
My(0) = Mo = —Dx—— (4.40)
d3w(0)
0x(0)=0=-Dy— (4.41)

By rearranging the equation 4.38 with the above relations, the following expression

can be found.

M,
2e2D,

w(x) = e ¥ (sin ex — cos €x) (4.42)

It can be seen from final deflection expression that the amount of deflection decreases

exponentially with the edge moment multiplier when getting away from the shell edge.

4.3.2. Circular cylindrical shell, semi — infinite in length subjected to transverse

shear force Qo at x=0

The following figure 4.4 shows that a circular cylindrical shell that is subjected to an

transverse shear force and again p(x) = 0 for 0 < x < oo. Also the constants C=E=0.
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QoT —

Figure 4.4 : A circular cylindrical shell subjected to transverse shear.

The constants A and B can be found by using the equations 4.26 and 4.28.

M(O):O:_DM (4.43)
X X dxz "

Qx(0) = Qo =-D 4'w(0) (4.44)
x 0 X dx3 '

By rearranging the equation 4.38 with the above relations, the following expression

can be found.

w(x) = e ¥ (cos x) (4.45)

0
2e3D,
It can be seen from final deflection expression that the amount of deflection decreases
exponentially with the transverse shear force multiplier when getting away from the

shell edge.

4.3.3. Circular cylindrical shell, semi — infinite in length subjected to an edge

moment and a transverse shear force at x=L

The following figure 4.5 shows the loading conditions on a circular cylindrical shell

for p(x) = 0 for —oo < x < L. The solution of the equation 4.38 shows that C=E=0.

AT |
Mg“' ———————————————————— 1)51{
Q0
x¥ — .
Q37

M}

Qf

Figure 4.5 : Positive direction for edge loads on a cylindrical shell.
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From the equations, 4.26 and 4.28 the following two expressions were obtained.

d?w(L)
M,(L) = —D, 7 =M (4.46)
d3w(L)
Q,(L) = D, e 0 (4.47)
By using these results, the equation 4.38 can be rewritten as the following.
w(x) = M, e~ €L=%) (sing(L — x) — cose(L — x)) (4.48)
2e2D, '

It can be seen from final deflection expression that the amount of deflection decreases

exponentially with the edge moment multiplier when getting away from the shell edge.

At the shell edge (x = L) if the shell edge load is taken into consideration the

following results are obtained

d?w(L)
M, (L) = =D, -z =0 (4.49)
d3w(L)
QL) =-Di— =5 =0, (4.50)
By using the above expressions the deflection equation can be written as,
w(x) = % e €% (cose(L — x)) (4.51)
2e3D,

Similarly, it can be seen from final deflection expression that the amount of deflection
decreases exponentially with the transverse shear force multiplier when getting away

from the shell edge.
4.3.4. Generalization

By looking the equation 4.38, it can be seen that the constants A and B decreases when
the value of x increases, whereas the constants C and E increases when the value of x
increases for a circular cylindrical shell subjected to axially symmetric in-plane and

lateral loads. This can cause a big problem computationally and even at the best, in
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solving for boundary value constants A, B, C and E will involve terms involving

e~&xve—e(l=x) jlg gtex vet+e(l—X) where the exponent can be quite large.

To solve this situation, the solutions 4.42, 4.45, 4.48 and 4.51 is imported to the general

solution 4.38. Thus, the equation 4.54 will be more convenient to use.
4.3.5. Particular solution

As it is seen from the equation 4.33, if the derivative of the load is equal to zero the

particular solution as follows.

1
4¢4D,

vé)xNx]

|00 - (4.52)

Wy (x) =

This equation is a particular solution that can be used for the axially symmetrical

loaded shells. The following expression can be used for laminated structures by writing

Vox = A12/A11.

[P - 2 (4.53)

4.3.6. Best form of solution utilizing the bending boundary layer

M
w(x) = 2823))( e ¥ (sinex — cos ex) — 223D, e ¥ cos ex
+ M, e~ (sing(L — x) — cose(L — x))
2e2D,
+ £e‘g(’“‘x)(coss(L —x)) + w,(x) (4.54)
2e3D, P

At the equation above instead of using the integration constants A, B, C and E the M,,

M, Q, ve Q, constants are used.

The main advantage of that equation is that it can be seen at the homogenous part of
the solution the trigonometric functions are used which means that the trigonometric
function oscillate between +1 and -1, multiplied by an exponential term with negative
exponent, hence an exponential decay. It can be assumed that any term is negligible

when e™#* < 0.006 or e~ ¢~ < (0.006 that condition occurs whenever sx or
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e(L — x) is greater then 5.15. If vy, v, is taken as 0.09 then, that condition is met

exactly whenever the following expression yields.

x > 4y/Rh(D,/Dg)1/?

L — x > 4\ Rh(D, /Dy)/? (4.55)

This is important because at a distance greater than 4\/Rh(Dx/D9)1/2 away from
either end of the shell, the entire homogeneous solution of equation 4.54 essentially
goes to zero, and can be neglected. In the case of continuous loads p(x), the particular

solution is one leading to membrane stresses and displacements. Because of this the

region 0 < x < 4/Rh(D,/D)Y/2 and 0 < L — x < 4,/Rh(D,/Dg)/? is called the
“bending boundary layer.” It is seen that the length of the bending boundary layer is a
function of the flexural stiffnesses D, and Dy.

Computationally, equation 4.54 is very useful. For a shell longer than the bending

boundary layer, that is,L > 4/Rh(D,/Dg)¥/? in the region 0<x<

4,/Rh(D,/Dg)1/2, the terms involving M; and Q, are neglected; in the region 0 < L —

x < 4JRh(Dx/D9)1/2 the terms involving M, and Q, can be ignored; in the region

4y/Rh(D,/Dg)Y/2 < x < L — 4,/Rh(D,/Dg)/2, the terms involving M, Q,, M, and
Qocan be ignored. In addition, when the shell is longer than the bending boundary layer
and when d?p(x)/dx? = d3p(x)/dx3 = 0 then, the following expressions can be

written.
My = M,(0) M, = M,(L)
QO = Qx(o) QL = Qx(L)

Although this situation is valid for one lamina, if all couplings are zero this can be

applied for laminated structures.

4.2. General Solution for Cylindrical Shells under Axially Symmetrical Loads

The deflection expression for an axially symmetrical loaded and symmetrical in the

middle surface, orthotropic shells is defined in the following equation.
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My

w(x) = 262D, e ¥ (sinex — cos gx) — 263D e ¥ cosex
M, .
+ ——— e ¢L=X)(sine(L — x) — cose(L — x))
22Dy
+ Le_S(L_x)(coss(L —x))
23Dy,
1 Ai; N,
- 4.56
* 2D, [p(x) 4., R (4.56)
Where,
3(1 — vyeVgy) Dy
4 X X
= —— 4.57
¢ h2RZ Dy, (4-57)
d_W = My e * cosex + % e ¥*(sin&x + cos €x)
dx €Dy, 2e%Dq,
M
— L e=#=%) cose(L — x)
eDqq
+ % e~¢L=%) (sin (L — x) cose(L — x))
2e2Dq4
1 dp(x)
—_— 4.58
4e*D;, dx ( )
d*w
M, = =Dy, )
ey Qo _. .
= Mye ¥*(sin ex + cos ex) — ?e sin ex
+ M, e~ f=0(sing(L — x) + cose(L — x))
QL e(L—x) 1 dzp(x)
“Le-elging(L — x) — — 4.
+ =€ sine(L — x) 1et g2 (4.59)
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d3w
Qx = —Dy; W

= —2Myce ¥ sin ex + Qye "% (cos ex — sin €x)
+ 2M,ge 2L sin g(L — x)
+ Qe [~ cose(L — x) + sine(L — x)]

1 d°p(x)
T Ae4 Jy3 4.
4s%  dx3 (4.60)
N, = Constant (4.61)
The stress values for every lamina for axially symmetrical loads.
Ox Q11 Q12] & Q11 Q12] Ky
= + 4.62
{GH}k Q12 Q221 eg Q12 @221, { 0 }E ( )
Where,
du w 0w
g)(C) = EF 88 = E and K.X = ﬁ

d?p(x)

——— = Oall interlaminar shear stresses also,

In a laminated cylindrical shell wherein

go to zero outside of the bending boundary layer.

4.3. Mid-Plane Asymmetric Circular Cylindrical Shells

The composite shells that are asymmetric in mid-plane are commonly used in many
applications. The exterior environment may differ markedly from the interior
environment to which the shell is exposed the outer environment may have extremes
of temperature and humidity, blast damage, etc. while the inner environment may have
chemical, abrasive, esthetic or other considerations. In addition, stealth considerations

may play a role in some shell structures.
4.3.1. Obtaining the differential equations

The equilibrium and the strain displacement equations of the shell with mid-plane
asymmetry under axially symmetric loads are the same from the equation 4.19 to 4.28.
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However, the constitutive equations for the mid-plane asymmetric composite, which
is specially orthotropic so that the material axes 1-2-3 coincide with the x — 6 — ¢ axes

are found from Equation (2.66) to be the following.

Ny = Aq18x, + A12€g, + Bi1kx + Bi2Kg (4.63)
Ng = Aq28x, + Axz€9, + B1oKy + Bykg (4.64)
M, = By11&x, + B12€g, + D11kx + Dy2kg (4.65)
Mg = Bi3€x, + Byz€g, + Dizkx + Dyykg (4.66)

By using the above equations with the equilibrium and strain — displacement equation

the equation 4.34 will be the following.

d?uy, A, dw d3w

Anga TR oax Buge =0 (4.67)

With the same manner the equation 4.33 will be the following.

Ay1Dyy — B\ d*w 2 (AIZBll )de n 1 (A Ay — 45,
AL dx* " R\ 4, 2)axz T R? ALl W
A12 Nx
= e X 4.68
=P - =% (4.68)
Defining a reduced or effective flexural stiffness as:
A{,D;, — B?
De — 11711 11 (4. 69)
A11
In addition, the following expression can be defined.
1 A11A22 - A%Z
4% = 4.70
¢ DeR2< A (4.70)
As a result, the equation 4.68 will be the following.
d4W+ - (A“B“ B )dz + detw = [() 12N e
dx* T D,R\ A, ") dx? etw =5 |p(x .kl 7D
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Here, except the D, flexural stiffness, this equation is similar to the equation 4.33 that
is the equation for cylindrical shell subjected to the axially symmetric load in the

middle axis.

Remark of the mid plane asymmetry parameter as follows.

_ B11
0= —— (4.72)
\/A11D11
By using the mid plane asymmetry expression the equation 4.71 rewritten.
AW oLy g —1[() A1z N 4.73
dx* dx? EW_Depx A R (4.73)
Where,
2 |Dy; (A1,B1; —A4B
C = i( 12P11 11 12) (474)
DcR | A14 By

Thus, equations 4.67 and 4.73 are the two governing differential equations to solve for
the circular cylindrical shell of a mid-plane asymmetric composite subjected to axially

symmetric lateral and axial loads.
4.3.2. Perturbation solution

Since |@| < +1 is valid, the lateral deflection expression at the equation 4.73 can be

written as a perturbation series as follows.
w(x) = Z wy (x)@" (4.75)
n=0

If this expression is written to the equation 4.73, the following equation is obtained.
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d4W0(x)+ d*w; (x) d*w, (x)

n
dx* dx* +0 dx*
d?wq(x) d?wy (x) L dPwp (x)
+C®[ dxz +Q) dxz "'+® W
+ 4etwy(x) + 4e* 0w, (x) + -+ + 40" w, (%)
1 A N,
= D, [p(x) A R (4.76)

This can now be separated into a series of differential equations by collecting on

powers @ of where @° = 1.

d4W0 (x)
dx*

Az Ny

1
+ 4t wo(n) = o [pG) - T2

=0>
n A, R

d*w, (x) ol +C d*wo(x)

=1=
n dx* dx?

0! + 4w ()0 =0

n=n= %@”+CW@"+4£4WM@®" =0 (4.77)
If the problems are solved successively from n = 0, it is first seen that the differential
equation for n = 0 is the customary axially- and mid-plane symmetric cylindrical shell
equation. There are many solutions available for this problem. For n>1 it is seen that
the term involving the second derivative is actually known as it involves the w-solution
for n-1. Thus, these terms can be moved to the right-hand side and the equations 4.77

can be written as the following.

d*wq(x) 1 Ai, N,
=0 — 22 4 4¢t = —[ _2x
n > It + 4ewy(x) D, p(x) AR
n=1o M@ g gt = ¢ LW gy (4.78)
B dx* 1 B dx? '
d4Wn(x) dZWn—l(x)
n>1= T@n + 4€4Wn(x)¢n = —CTQ)n

The forcing function of the n=0 is the actual applied load to the shell. For n > 1, the
forcing function involves derivatives of the (n-1) equation solution and is therefore a

known quantity.
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By using this solution technique, the equation 4.71 can be rearranged for the axially
symmetrical and mid-plane symmetrical cylindrical shells.

4.3.3. Edge load solutions and the bending boundary layer for a mid — plane

asymmetric shell

It has been shown that for the mid-plane asymmetric shell the boundary layer exists
and has the same length as it is for the usual mid-plane symmetric shell as given by

equation 4.55.

As in the case of beams and plates, when loads applied to circular cylindrical shells
are compressive, are in beam type bending, involve an external pressure or are
torsional about the longitudinal axis, buckling can occur. Such buckling can result in
shell failure, and if the buckling stress is lower than the allowable stress from a strength
point of view, then that value is the limit to the useful load carrying capability of the
shell.

4.4. Buckling of Shell Structures

The analytical solution of buckling of columns and plates are easier when compared
with the shells. In addition, the experimental studies are close to the analytical solution
for columns and plates. However, making a good convergence between analytical
solution and experimental analysis is difficult for shells.

The shell structures are sensitive the initial imperfections. The wall thickness
differences in the whole geometry or the ovality of the shell affects the buckling load
very much. Since the theory evaluates the shell completely perfect, the theoretical
solution gives much higher value of load when compared the experimental analysis.
As a stability theory, the imperfections in the material or the load axis may cause a 0.1
times of the theoretical solution. Also the theoretical solution makes some assumptions
for that reason, if one want to converge the experimental analysis, some empirical

equations may be used and some coefficients can be found.

If this situation is considered, to compensate this difference, the analytical solution has
to be multiplied with a coefficient called a failure coefficient to converge the real,
experimental analysis. That practical analytical solution is firstly introduced by
NASA.
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4.5. Buckling of Cylindrical Composite Shells

Buckling can occur in various loading conditions. They can be axial compression,
hydrostatic pressure, lateral pressure, torsion or bending. The general loading

condition of the cylindrical composite shell is shown in the figure below.

Figure 4.6 : A circular cylindrical shell subjected to several of loads.
In this thesis the buckling situation of cylindrical composite shells are investigated
under torsional loads.

In this chapter, the shell equations and the composite equations are combined. In
addition, the stress and strain values will be calculated. After that a failure analysis

will be run to see whether or not the shell is buckled or yielded.

4.6. Buckling of Circular Cylindrical Shells under Torsional Loads

—

\
- —_ - - ]
/. \_// 4'
L.
I

Figure 4.7 : A circular cylindrical shell subjected to a torsional load.

As it is seen in the Figure 4.5 the composite cylindrical shell is subjected to a torsional

load.

The shell has a length L, mean radius R, total thickness of h and the shell is subjected
to a torque of T.
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The equations solve the critical buckling torque that causes buckling directly.

Furthermore, that torque must be converted to a value of N,;4.

TC T

Nxo = 2mR?

(4.79)

To solve the buckling problem firstly some assumptions must be made to simplify the

solution. These assumptions are listed as follows.

e Special anisotropy [that is ( )16 = ( )26l
e Prebuckled deformations are not taken into account
e Ends of the cylindrical shell are supported by rings rigid in their planes, but

offer no resistance to rotation or bending out of their plane.

The critical buckling torque can be calculated from the following equation.

3/8
A1145; —A%2> R3/* (4.80)

— 5/8
Ter = 21.75(D2;)% < Ary 11/2

There is a restriction for that equation. It can be seen in the following equation.

D\ (Ay1 Ay — A2\ 2 12
(ﬁ) <M) — > 500 (4.81)
Dq4 12 A,, Dyq R

Where,
A;; is the extensional stiffness matrix (see the equation 4.82)
B;j is the bending — extension coupling matrix (see the equation 4.83)

D;j is the flexural or bending stiffness (see the equation 4.84), The details are

introduces in the section 2.7.
L is the cylinder length

R is the cylinder mean radius

Ay = ) [05], e = hie-) (4.82)

k=1
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Bij [Ql]] (hk hlzc—l) (4'- 83)

&
1l
[y

:D
wl»—\
Mz

[Ql]] (hi — hi-1) (4.84)

&
1l
[y

Where;

[Q_u]k is the reduced stiffness matrix for an angle lamina.

hy, is the thickness related values for a lamina in the laminate.
N is the maximum layer number. (k = 1,2,3,...,N)

By using the equation 4.80 the critical torque can be calculated. Since the critical
torque and the N,4 value known, the strains can be calculated by using the following

matrix equation.

N, Air Az Age Bi1 Biz Bis £9
Ny A1; Az Az Biz Bz Bag ey
Nyo Are Aze Ass Bis Bzs Bee 260
— “x6 (4.85)
M, Byy Biz Bis Dy Diz Dyg Ky
My Bz By Bys i Diz Dy Dyg Ko
-Mxo 1 LBis Bys B Dig Dys Degg Il 2Kxg |

Here, the N, is related with the compressional loads, Ny is related with the hydrostatic
pressure and N, is related with the torque and lateral forces. The M values are moment

values.

In this condition the only force is the torque so the only N, is defferent than zero the

other values are equal to zero.
Ny =Ng =My =Mg =My =0 Nyg = Nyq,, (4.86)

After the strains are calculated the stresses can now be calculated by using the

following equation.

[?’;L: [e], i’é +2[Q], [Kx ] (4.87)

2Kx9
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Here, the Q matrix is the reduced stiffness matrix of an angle lamina. z is the shell
thickness. k is the layer number. Since the strains are calculated, the stresses for each
layer with respect to the part coordinate axis can be calculated from the above

expression.
To use the mechanical properties of the material, the coordinate transformation must

be performed. The following transformation matrices can be used.

(cos 6)? (sin0)? 2sinf cos @
[T] =] (sinB)? (cos 6)? —2sin@ cos 8 (4.88)
sinfcosf® —sinBcosh (cosh)?— (sinH)?

As a result, the following relation can be written,
01 Oy
[Gz] = [T][Ge)] (4.89)
k

4.6.1. Summary of this section

In this section, the formulation to calculate the buckling force is introduced. Now, the

solution procedure will be listed to be understood well.

e First of all, the material properties must be known to be insert directly to the
equations 4.82 to 4.84.

e The A, B and D values are known now.

e By using those values, the buckling torque can be calculated by using the

equation 4.80.

e However, there is a restriction for the equation 4.80 so that restriction must be

controlled by using the equation 4.81.
o If the equation 4.81 yields, the calculated buckling torque will be true.

e After that, the strains can be calculated by using the equation 4.85. In this
equation, the N, will be different than zero and the other values will be zero
if the only load is torque on the cylindrical shell. N,.4 can be calculated by using

the equation 4.79

e Then, the stresses can be calculated by using the equation 4.87.
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e These calculated stress values are respect to the part coordinate system. To
compare if the shell is yielded or not those stress values must be converted to

the lamina coordinate system.

e This conversion operation can be performed by using the transformation

matrix, equation 4.88.

e The new lamina coordinate system stresses can be calculated by the equation
4.89.

As, a result the critical buckling torque T, the Nyg_, value, strains, stresses with

respect to the cylindrical shell coordinate system, stresses with respect to the lamina
coordinate system are calculated. Now a failure analysis can be performed to see

whether the shell is yielded or not. For the failure analysis, see the section 3.3.
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5. THE ANALYTICAL SOLUTION AND ANGLE OPTIMIZATION

The layer angle optimization is a very crucial method for this problem. The
optimization method chooses the best layer angle configuration in the all possible
solutions. For this purpose, the mathematical modelling of this physical problem is

performed and the best value is calculated by using computer programming tools.

There are many factors that affect the strength of the composites. The individual layer
thicknesses, fiber and matrix material, fiber angles, length of the shell, mean radius of
the shell can be a good example for those factors. The layer angle change affects the

strength of the composite shell very much.

In this study, the effect of fiber angle change, to the cylindrical composite shells are
investigated. The material buckling strength properties with different conditions were

calculated by using a code that complied in the MATLAB.

Those material properties, are used in the buckling formulation in the literature and the
buckling problem is solved. Also the failure analysis is performed to see the shell is
yielded or buckled. For the buckling point of view, the shell must not yield so the
buckling strength becomes much more important strength parameter. In the end, the

best shell is calculated from the buckling point of view.

5.1. Matlab

MATLAB is a programming language and a numerical calculation software. It has
been developed by Mathworks and commonly used by control engineering, linear
algebra, numerical analysis, speech recognition, image processing and matrix
calculations. In MATLAB, one can write subroutines in matrix form with control loops

or logical tests.

In addition, MATLAB can be used as a graphic tool. Also it can be used for control

simulations.
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5.2.

The Analytical Solution Procedure by Using MATLAB

All of the equations are known now, so now for the solution of the matrix equations

MATLAB can be used. Solution procedure can be seen as follows. The other part of

the solution is layer angle optimization, so the layer angles are changeable. The best

angle configuration will be obtained by maximizing the buckling load.

The MATLAB code can be found in the appendix A and B.

The program initiations, definitions. (# of layers, precision of the program, etc.)
Material properties (Can be user input or it can be written in the program)

Compliance matrix is written in terms of material properties (engineering

constants).
Stiffness matrix is calculated, by taking the inverse of the compliance matrix.
The angle matrix is generated by evaluating the user inputs.

The stiffness and the compliance matrices are modified with respect to the fiber

angles.

The plane stress assumption is used by deleting the 3™ 4" and 5 rows and

columns.
The layer thickness related values are calculated. (the h values.)

The A, B and D matrices are calculated by using the modified stiffness matrices

and the thickness related values.

The dimensional properties are requested as a user input (the part length and

the mean radius).
For further calculations, the mass of the part is calculated.

The critical torsional buckling load related value is calculated. Nyq_

The critical torsional buckling load (buckling torque) is calculated by

multiplying the circumference. (Ter)

The strains are calculated by using the N, = Nyg_. equality.

The stresses are calculated due to calculated strains.
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e The Tsai — Hill failure theory is applied to see if the part is yield or not under

the calculated buckling loads.

e The angle configuration that makes the buckling load maximum is obtained to

see the best angle configuration.
e The critical torque, best angle configuration, stresses and the failure
coefficients are printed on the screen.
5.2.1. Explanation of 4-D arrays and angle configurations
The key point to solve the problem in MATLAB is to use multiple dimensional arrays
because the number of variables is 4. For that reason, at least 4-D arrays must be used.
The stiffness matrix for a layer with specified angle is 2-D.

Since all of the stiffness matrices are related with the layer number and the angle

configuration, the dimension of the stiffness matrices will be 4-D.
The following illustration shows that situation.

Let’s have 2 angle configurations and 2 layers;

Q1111 Q1211 0 7 Q1112 Q1212 0
Q1211 Q2211 0 Q1212 Q2212 0
| 0 0 Q6611- L 0 0 Q6612-
= 5.1
o] Q1121 Q1221 0 7 Q1122 Q1222 0 7 (5.1)
Q1221 Q2221 0 Q1222 Q2222 0
0 0 Qee21d L O 0 Qs6221]

The sub matrices are the stiffness matrix of specified layer with specified angle
configuration. The row number of the big matrix is the layer number and the column

number of the big matrix is angle configurations.

The array manipulation of the program is written above. All of the inverse calculations

and the matrix calculations and loops are performed in 4-D arrays.

The values must be stored in an array because at the end of the program the maximum
angle configuration must be found. For that reason, all of probabilities must be stored

for further maximization calculations.
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5.2.2. A Matlab solution example

The following example shows how the MATLAB program runs. This is the results

that directly taken from the MATLAB command window.

First, the program requests the user inputs such as the #of layers, the layer thicknesses

the length of the cylinder and the diameter of the cylinder.

Then it will calculate the buckling load, optimum angles, stresses and the failure

coefficient.

Command Window

Enter the
3

Write the
1

Write the
1

Write the
1

Enter the
1100
Enter the
1100

number of

thickness

thickness

thickness

Length of

Diameter of the cylinder in milimeters

layers

of laver number 1 in milimeters

of layer number 2 in milimeters

of layer number 3 in milimeters

the cylinder in milimeters [mm]

Figure 5.1 : The MATLAB command window inputs.

[mrm ]

[mrm ]

[rm ]

[mm ]

From those user inputs, the results are generated as follows. MATLAB computes the

followings,

e Calculates the critical buckling torque.

e Calculates optimum angles.

e Calculates stress values with respect to the part coordinate system.

o Calculates stresses with respect to the lamina coordinate system.

e Calculates failure coefficients.

e Calculates the h/R and R/D ratios.

e Plots the buckling load vs angle graph for each layer.

e Plots also layer angle convergence graph.
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Command Window

EESULTS

Maximum buckling torgue is 4.215987e+05

Nxtheta cr = 2.220271e+05
Optimum angles are;
50.000000

0.000000

50.000000

The stress values with respect to the part and ply axes that occur

under the maximum buckling load as follows;

Stress walues with

sigma_x = -0.000000
sigma_theta = -0.000000
sigma_x theta = 37.004509

Stress wvalues

sigma x = 0.000000
sigma theta = -0.000000
sigma x theta = 37.004509
Stress wvalues with

sigma x = —-0.000000
sigma theta = —-0.000000
sigma x theta = 37.004509

respect to the part axes at the

with respect to the part axes at the

respect to the part axes at the

layer number 1 are

layer number 2 are

layer number 3 are

Figure 5.2 : The MATLAB command window outputs

Stress values with respect to the

sigma 1 = -0.000000
sigma 2 = -0.000000
sigma_3 = -37.004509

Stress values with respect to the

sigma 1 = 0.000000
sigma 2 = -0.000000
sigma 3 = 37.00450%

Stress values with respect to the

sigma 1 = -0.000000
sigma_2 = -0.000000
sigma 3 = -37.004509%

Failure coefficient in each layer
f1 0.29%6136
£2 0.296136
£3 0.25%6136

0.005455
0.500000

h/R ratio =
E/L ratio =

Jfx >>

ply axes at the layer number 1 are

ply axes at the layer number 2 are

prly axes at the layer number 3 are

as follows

Figure 5.3 : The MATLAB command window outputs continuation
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As it is seen, the example part is shell with very lower h/R ratio and the fracture occurs
because of buckling not because of yield.

The critical buckling load T is displayed. The Nxocr value is used for stress analysis

inside the program.
The optimum fiber angles are also displayed which gives the maximum buckling load.

The following figure is directly taken from MATLAB result. That graph shows the
layer angle change in one layer by taking the other layer angles constant. In addition,
it shows the most important layer angle. As it is seen, the change in the layer 2 affects

the buckling load more than the change in layer 1 and 3 when compared.

In addition, the blue line which is the graph of first layer angle is not seen. The reason
is the characteristics of layer 3 and 1 are the same. Since all of the layer thicknesses

are the same, the layer 1 and 3 graphs are overlapping.

T The graph of the buckling load vs. layer angle
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Figure 5.4 : The graph of buckling load vs. layer angle.
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10" The graph of the buckling load vs. layer angle
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Figure 5.5 : The graph of buckling load vs. layer angle with different

thicknesses.

The graph above shows again the layer angle change individually versus the critical
buckling load, but this time the 3 layer thickness is different than the 1%t layer
thickness.

As a result, if the layer angle increases, the change in buckling load decreases for 1%

and 3" layers.

For the angles, around 45° the change in load for 1% layer and the 3™ layer increases
which means that when using the layer angles in these regions, the buckling load

becomes much more sensitive.

5.3. Optimization

The fiber angles are optimized for the maximum buckling load for the defined
geometrical values. As mentioned at the section 5.2.2, according to the user inputs the
program calculated the optimum fiber angles that gives the maximum buckling load
for the defined geometrical properties. The further calculations is for optimizing the

layer angles.
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The optimization procedure as follows.
e The user enters the number of layers.

e The precision of the program can be written in the code. The default precision
value is 1°. This means that the program generates the angle matrix with 1°
angle increments from 0° to 90°.

e According to the layer number and precision of the program, the code generates

an angle matrix that contains all angle configurations.

e After that, the program solves the critical buckling value for all angle

configurations.

e At the end of the solution, the program gives the maximum buckling load and

the angle configuration that gives the maximum buckling load.

e Asaresult, the optimum fiber angles will be the angle configuration that gives

the maximum buckling load.

Let’s take 2 layers with 45° precision as an example.

_J[0 0 0 45 45 45 90 90 90

9_045900459004590

The row number gives the layer number and the column number gives all possible
angle configurations. Main important thing here is [900] and [90()] are different from

each other because the layer thicknesses can be different which makes the reduced and

modified stiffness matrix differ from each other.

The all of the possible angle configurations can be seen from the expression below.

Column number of the 8 matrix = Possible angle configurations

3 (90 + p)”
p

Where;

p: is the precision of the program. The angle increment. This value must be divisible
with 90° without remainder such as 1°, 2°, 3°, 5°, 15°, 30°, 60° etc.

n: is the number of layers.
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6. NUMERICAL STUDY

Finite element methods are used for solving the engineering problems that is to be
solved analytically harder or impossible. Finite element methods does not solve the
problem directly. They give a good approximation if all the data written correctly.
Firstly the physical problem is modelled in the finite element program and the
geometry is divided into many parts called meshes which has node points at the

boundary layers.

The finite element methods can be used many eras such as, solid mechanics, fluid
mechanics, acoustics, heat transfer, and electromagnetism. This method is widely used
to compare the experimental results with the model environment for the problems that
are hard to solve analytically. In addition, imperfections can be defined in those

programs to simulate the real environment better.

In this study, the cylindrical composite shell structure that is obtained from the
optimization study is used to compare the analytical solution and the numerical

solution. The numerical study is performed in the ABAQUS program.

6.1. ABAQUS Finite Element Analysis Program

ABAQUS finite element analysis program is used in automotive and aerospace
industries. In addition, the program has a large modelling capacity. Thanks to that, this
program can be used for academic studies. The program can solve linear and nonlinear
problems. The program can also be used in multi-physical studies suck as, structural

analysis, acoustics or piezoelectric.

6.2. Definition of the Problem

In this study, the finite element model will be created for the layer angles that has been
calculated from the optimization study. In the end, a torsional load is applied to the
model and the buckling load is obtained. Finally, the finite element results and the

analytical solution results are compared.
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6.3.  Finite Element Method Steps
6.3.1. Modelling of the thin walled cylindrical structure

As an example for the analysis, the diameter of the cylinder was chosen as 1100mm

and the length was chosen as 1100mm.

Modelling of the 3D thin walled cylindrical shell structure was shown in the following

figures.

= Create Part n

Name: | Part-1
Modeling Space

® 3D () 2D Planar () Axisymmetric

Type Options

(®) Deformable

() Discrete rigid

= . None available
() Analytical rigid

() Eulerian

Base Feature

Shape Type
) Solid Planar
@ Shell

Bl Revolution
() Wire

; Sweep
) Point

Approximate size: | 200

| Continge.. | Cancel

Figure 6.1 : Abaqus part modelling interface.

Figure 6.2 : Abaqus sketch environment.
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Figure 6.3 : 3D modelled cylindrical shell in Abaqus.

6.3.2. Modelling of the CFRP material

In this step, the material properties are written to the part. The material was chosen as

CFRP. The following table shows the material properties.

Table 6.1 : Properties of the CFRP material.

El(GPa) Ez(GPa) V12 Glz(GPa) Glg(GPa) 623(GF’8_)

136.9 986 | 0.293 | 5.654 5.654 2.689

The material properties are written to the Abaqus program by using the composite

layup interface.

The number of composite layers are 3 and the thicknesses of each layer is defined as
1mm. The layer angles are taken from the optimization study as 90° — 0° — 90°. The

following figure shows the Abaqus material property interface.

As mentioned before, the CFRP material is an orthotropic material which has 9
independent material coefficients but a lamina doesn’t show a stress change on its

thickness directions so the number of independent variables reduces to 5 (Gi12 = G13).
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Mame: CFRP

Description:

Material Behaviors

General Mechanical Thermal Other

Elastic

Moduli time scale (for viscoelasticity):  Long-term E|

[ Ne cem pression

[ ] Mo tension
Data
E1 E2 Nul2 G12 G13 G23
1 136900000000 9860000000 0.293 5634000000 5654000000 2629000000

G

Figure 6.4 : Material properties of the CFRP material.

Name: Compositelayup-1

Element type: Conventional Shell Description: |I

Layup Orientation

Definition: | Discrete &
Mormal axis: Surface -- (Picked)
Primary axis: Edge -- (Picked)
Mormal direction: () Axis 1 () Axis 2 (@) Axis 3

Additional rotation: (@ Mone () Angle: EI () Distribution: l:l &

Section integration: (®) During analysis () Before analysis
Thickness integration rule: (O] Simpson () Gauss

Plies | Offset | Shell Parameters | Display ‘

[] Make calculated sections symmetric E_E EEI‘] | -%é Eﬁ_ | [‘:!é EE] | _ﬁ' ED ‘ B
Ply Name Region Material Thickness csys ""m“’t“ '“‘lf“;'i:’:s"’“

14 Ply-1 (Picked) CFRP 0.001 <Layup> 90 3

2 v Ply-2 (Picked) CFRP 0.001 <Layup= 0 3

3 v Ply-3 (Picked) CFRP 0.001 <Layup> 90 3

Figure 6.5 : Number of layers, layer angles and layer thicknesses.
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6.3.3. Defining the boundary conditions and loads

In this step, the boundary conditions and the loading conditions are given to the
cylindrical shell. The following figures shows the loading and boundary conditions of

the cylinder.

For the torsional buckling state, a torsional moment is applied in the —z direction to
the cylinder. The top of the cylinder is coupled with the edge of the cylinder to move
together.

The other edge of the cylinder is considered to be fixed (encastre).

Mame: torque

Type:  Moment

Step: buckling (Buckle)
Region: (Picked) k

CS¥S: (Global) [3 L

Distribution: | Uniform | fix)
CM1: ]
CM2: 0
CM3: -1

Note: Moment will be applied per node.

QK Cancel

Figure 6.6 : Loading conditions of the shell.

MName:  fix

Type:  Symmetry/Antisyrmmetry/Encastre
Step:  buckling (Buckle)

Region: (Picked) k

Use BC for

(®) Stress perturbation and buckling mode calculation
() Stress perturbation only
() Buckling mode calculation only

CSYS: (Global) [3 L
() XSYMM (U1 = UR2 = UR3 = 0)
() ¥SYMM (U2 = UR1 = UR3 = 0)
() ZSYMM (U3 = UR1 = UR2 = 0)
() XASYMM (U2 = U3 = UR1 = 0; Abaqus/Standard only)
() YASYMM (U1 = U3 = UR2 = 0; Abaqus/Standard only)
() ZASYMM (U1 = U2 = UR3 = 0; Abaqus/Standard only)
() PINNED (U1 = U2=U3=0)
(®) ENCASTRE (U1 = U2=U3 = UR1 = UR2= UR3 = 0)

QK Cancel

Figure 6.7 : Boundary conditions of the shell.
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Figure 6.8 : Loading and boundary conditions are shown on the model.
6.3.4. Generating the meshed model

In this step, the cylindrical composite shell is meshed for small finite elements.

The rectangular (Quad) mesh type is used for the finite element analysis. The element
size was chosen as 0.01.

The meshing step is shown in the following figure.

In addition, the meshed geometry is also shown in the following figure.

Sizing Controls

Approximate global size:

Curvature control

Maximum deviation factor (0.0 < h/L < 1.00: [ 0.1
(Approximate number of elements per circle: 8)

Minimum size control

" By fraction of global size (0.0 < min < 1.0} | 0.1

] By absclute value (0.0 < min < global size) | 0,001

Ok Apply Defaults Cancel

Figure 6.9 : Mesh size.
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Figure 6.10 : Meshed model.

6.3.5. Finite element results

In the finite element result, the first eigenvalue was obtained as 2 = 2.37813x10°.
Since this is an eigenvalue problem, the crtical load will be obtained by the following

equation.
ngcr =Ax ngo (6 1)

Sine the initial load (N,g,) is 1, the calculated eigenvalue gives directly the critical

load parameter.

In the finite element program, 5 eigenvalues are calculated. Those eigenvalues are

shown in the following table. The minus sign show the negative direction.

Table 6.2 : Calculated eigenvalues.

/11 AZ /13 14- 15

2.37813x10° | —2.37813x10° | 2.37813x10° | —2.37813x10° | 2.40499x10°
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The following figure shows the results from the first eigenvalue.

ODB: 1100_1100_101010_900090.0db  Abagqus/Standsrd 6.11-1  Tue Dec 09 14:58:31 Turkey Standard Time 2014

\37813E+05

Figure 6.11 : The deformed representation of the first eigenvalue.
6.3.6. The effect of the mesh size to the solution

The mesh size is a very important parameter for FEM analysis. When the element size
gets smaller, the results converges to the actual result. For this analysis, the mesh size

effect was investigated by comparing the error from the analytical solution.
For the first eigenvalue, the mesh size effect was shown in the following table.

In the MATLAB analytical solution the load parameter was calculated as
2.220271x10°.

When the mesh size getting smaller the finite element solution converges to the
MATLAB analytical solution.

For the analysis, the geometrical values were kept constant, only the mesh size was

changed.

In addition, another graph was drawn. The mesh density vs. error graph shows the

error convergences to zero by decreasing the mesh size.

It has been seen that, after reaching 0.015 the result does not change very much.
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Table 6.3 : Effect of the mesh size to the result.

Number Length | Diameter Thickness of Layer Mesh Node Density Abaqus Matlab Error

of [m] [m] Each Layer Angles Size [m] . on the Result Result [%]

Layers [m] [l Circumference

3 1.1 1.1 0.001 900090 | 0.500 6.91 6.80E+07 | 2.22E+05 | 99.67

3 1.1 1.1 0.001 900090 | 0.300 11.52 2.85E+06 | 2.22E+05 | 92.20

3 1.1 1.1 0.001 900090 | 0.200 17.28 9.17E+05 | 2.22E+05 | 75.80

3 1.1 1.1 0.001 900090 | 0.100 34.56 3.76E+05 | 2.22E+05 | 40.89

3 1.1 1.1 0.001 900090 | 0.070 49.37 2.97E+05 | 2.22E+05 | 25.36

3 1.1 1.1 0.001 900090 | 0.050 69.12 2.68E+05 | 2.22E+05 | 17.08

3 1.1 1.1 0.001 900090 | 0.030 115.19 2.47E+05 | 2.22E+05 | 10.24

3 1.1 1.1 0.001 900090 | 0.015 230.38 2.39E+05 | 2.22E+05 | 7.22

3 1.1 1.1 0.001 900090 | 0.010 345.58 2.38E+05 | 2.22E+05 | 6.64

3 1.1 1.1 0.001 900090 | 0.005 691.15 2.37E+05 | 2.22E+05 | 6.29
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Figure 6.12 : The deformed representation of the first eigenvalue.
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Figure 6.13 : The deformed representation of the first eigenvalue.
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7. RESULTS

In this section, the analytical solution (MATLAB solution) and numerical solution
(ABAQUS solution) will be evaluated.

First of all, the analytical solutions will be evaluated for different conditions such as,

length change and thickness change.

After that, the numerical solution will be evaluated for different conditions such as,

length change and thickness change.

In the end the analytical solution and the numerical solution will be shown in the same

graph to see the convergence to each other.

In addition, the shell boundary will be shown. As mentioned before, the shell structures
are thin walled structures and the thickness to radius ratio must be very small. This
transition region will be shown. In some conditions, the analytical solution may act

different in the shell transition region.

Finally, the buckling analysis will be run for different materials to prove that CFRP is

much stronger than other types of commercial materials.

The materials that will be compared with the CFRP are a type of steel and GFRP. As
known the GFRP material is also a composite material like CFRP but the GFRP
material is less stiff and less strong when it is compared with the CFRP material. In

the next sections, the comparison will be performed for shell point of view.

As mentioned the CFRP material will be compared with a type of steel. This
comparison will be performed for two points of view. First is the same geometrical

properties and the second is same mass.

As known the steel material is a ductile material. As a result steel is tough when it is
compared with the CFRP material. However this thesis is about buckling and since the
buckling occurs in elastic region, the ductility property is not important. Mass is
another very important thing for designs so the steel vs CFRP comparison is performed

also for the same mass.
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7.1.  Results from the Analytical Solution
7.1.1. The effect of cylinder length to the buckling load parameter

In this section, the effect of cylinder length, between 100mm — 1500mm, to the load
parameter will be investigated for same diameter, layer thickness and number of layers.
The results that are obtained from the analytical solution. As a result, of this
investigation, when the length increases the load parameter decreases. In addition, the
selected geometry does not show shell characteristic below 400mm length. After that

by using excel, an interpolation is performed. The function can be seen on the graph.

Table 7.1 : Effect of the length to the analytical solution.

Nur:fber Length | Diameter | Thickness of Layer Niocr
Layers [m] [m] Each Layer [m] | Angles [°] [N/m]
3 0.1 1.1 0.001 90090 7.36E+05
3 0.3 1.1 0.001 90090 4.25E+05
3 0.5 1.1 0.001 90090 3.29E+05
3 0.7 1.1 0.001 90090 2.78E+05
3 0.9 1.1 0.001 90090 2.45E+05
3 1.1 1.1 0.001 90090 2.22E+05
3 1.3 1.1 0.001 90090 2.04E+05
3 1.5 1.1 0.001 90090 1.90E+05
Effect of Length Change on N4,
8.00E+05
7.00E+05
6.00E+05 —a— Length
E 5.00E+05
= —@— Length
= 4.00E+05 (Shell)
Z 3.00E+05
y - 232864X05 ........ Power
2.00E+05 (Length
(Shell))
1.00E+05
0.00E+00
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Length [m]

Figure 7.1 : Effect of the length to the analytical solution.
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7.1.2. The effect of layer thickness to the buckling load parameter

In this section, the effect of layer thickness, between 0.1mm — 5mm, to the load
parameter will be investigated for same diameter, length and number of layers. The
result that is obtained from the analytical solution can be seen in the following table

and following figure.

As a result, when the thickness increases the load parameter increases radically. In
addition, the selected geometry moves away from the shell characteristics after 4mm
thickness of each layer. After that by using excel, an interpolation is performed to find

the function of the thickness parameter. The function can be seen on the graph.

Table 7.2 : Effect of the layer thickness to the analytical solution.

Nur:fber Length | Diameter | Thickness of Layer Nxocr
Layers [m] [m] Each Layer [m] | Angles [°] [N/m]
3 1.1 1.1 0.0001 90090 1.25E+03
3 1.1 1.1 0.0005 90090 4.67E+04
3 1.1 1.1 0.0010 90090 2.22E+05
3 1.1 1.1 0.0015 90090 5.53E+05
3 1.1 1.1 0.0020 90090 1.06E+06
3 1.1 1.1 0.0030 90090 2.63E+06
3 1.1 1.1 0.0040 90090 5.02E+06
3 1.1 1.1 0.0050 90090 8.30E+06
Effect of Thickness Change on N4,
9.00E+06
8.00E+06
7.00E+06
T 6.00E+06 y-=1E+13x3 + 3E+11x% - 9E+07x + 12892 —@— Thickness
= 5.00E+06
& 4.00E+06
z 300406 S T F‘I?ri\i/c.kness)
2.00E+06
1.00E+06
0.00E+00

0.0000 0.0010 0.0020 0.0030 0.0040 0.0050 0.0060

Thickness [m]

Figure 7.2 : Effect of the layer thickness to the analytical solution.
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7.2.  Results from the Numerical Solution
7.2.1. The effect of cylinder length to the buckling load parameter

In this section, the effect of cylinder length, between 100mm — 1500mm, to the load
parameter will be investigated for same diameter, thickness, and number of layers. The
results that are obtained from the numerical solution can be seen in the following table
and following figure.

As a result, of this investigation, when the length increases the load parameter
decreases. In addition, the selected geometry does not show shell characteristic below
400mm length. After that by using excel, an interpolation is performed to find the
function of the length parameter. The function can be seen on the graph.

Table 7.3 : Effect of the length to the numerical solution.

Nur:fber Length | Diameter | Thickness of Layer Nxo
Layers [m] [m] Each Layer [m] | Angles [°] [N/m]
3 0.1 1.1 0.001 90090 1.06E+06
3 0.3 1.1 0.001 90090 3.36E+05
3 0.5 1.1 0.001 90090 2.82E+05
3 0.7 1.1 0.001 90090 2.62E+05
3 0.9 1.1 0.001 90090 2.49E+05
3 1.1 1.1 0.001 90090 2.29E+05
3 1.3 1.1 0.001 90090 2.32E+05
3 1.5 1.1 0.001 90090 2.25E+05
Effect of Length Change on N
1.20E+06 & & xBer
—a— Length
1.00E+06
— 8.00E+05
é —@— Length
Z. 6.00E+05 (Shell)
Z 4.00E+05
V= 242026x0247 e Power
(Length
2.00E+05 (shell)
0.00E+00
0 0.5 1 1.5 2

Length [m]

Figure 7.3 : Effect of the length to the numerical solution.
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7.2.2. The effect of layer thickness to the buckling load parameter

In this section, the effect of layer thickness, between 0.1mm — 5mm, to the load
parameter will be investigated for same diameter, length, and number of layers. The
results that are obtained from the numerical solution can be seen in the following table

and following figure.

As a result, when the thickness increases the load parameter increases radically. In
addition, the selected geometry moves away from the shell characteristics after 4mm
thickness of each layer. After that by using excel, an interpolation is performed to find

the function of the thickness parameter. The function can be seen on the graph.

Table 7.4 : Effect of the layer thickness to the numerical solution.

Nur:fber Length | Diameter | Thickness of Layer Nxocr
Layers [m] [m] Each Layer [m] | Angles [°] [N/m]
3 1.1 1.1 0.0001 90090 1.91E+03
3 1.1 1.1 0.0005 90090 5.66E+04
3 1.1 1.1 0.0010 90090 2.39E+05
3 1.1 1.1 0.0015 90090 5.54E+05
3 1.1 1.1 0.0020 90090 1.01E+06
3 1.1 1.1 0.0030 90090 2.33E+06
3 1.1 1.1 0.0040 90090 4.19E+06
3 1.1 1.1 0.0050 90090 6.65E+06
Effect of Thickness Change on N 4.,
7.00E+06
6.00E+06
5.00E+06
§ 4.00E+06 | y=3E+12x3 + 3E+11x2 - 1E+07x - 609.57
E 3.00E+06 —@— Thickness
= 200E406 | A e Poly. (Thickness)
1.00E+06
0.00E+00

0.0000 0.0010 0.0020 0.0030 0.0040 0.0050 0.0060

Thickness [m]

Figure 7.4 : Effect of the layer thickness to the numerical solution.
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7.3.  Comparison of the Numerical and Analytical Solutions
7.3.1. The comparison of cylinder length change

The solutions for length change both analytically and numerically were introduced in
the previous sections. In this section, both analytical and numerical graphs were put

on together and see the difference between analytical and numerical solutions.

The following figure shows both MATLAB analytical solution and ABAQUS

numerical solution.

Effect of Length Change on N

xOcr
1.20E+06

1.00E+06
8.00E+05

—&— MATLAB
6.00E+05

Nxecr [N/m]

—@— ABAQUS
4.00E+05

2.00E+05

0.00E+00
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Length [m]

Figure 7.5 : Effect of the cylinder length to the analytical and numerical

solutions.

As it is seen from the graph, both analytical solution and numerical solution converge

each other in the shell region.

As mentioned before, the selected geometry does not show shell characteristics below
400mm length. In addition, it can be seen that MATLAB analytical solution and
ABAQUS finite element analysis acts differently out of the shell region, but in the

shell region, the solutions converge to each other.

Out of the shell region, the numerical solution is much higher than the analytical
solution. Since the shell theory is not valid in that section so that result cannot be

evaluated.
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7.3.2. The comparison of layer thickness change

The solutions for layer thickness change both analytically and numerically were
introduced in the previous sections. In this section, both analytical and numerical
graphs were put on together and see the difference between analytical and numerical

solutions.

The following figure shows both MATLAB analytical solution and ABAQUS

numerical solution.

Effect of Thickness Change on N

x0cr
9.00E+06
8.00E+06
7.00E+06
6.00E+06
5.00E+06

[N/m]

5 4.00E+06 —&— MIATLAB

< 3.00E+06 —— ABAQUS

2.00E+06
1.00E+06

0.00E+00
0.0000 0.0010 0.0020 0.0030 0.0040 0.0050 0.0060

Thickness [m]

Figure 7.6 : Effect of the layer thickness to the analytical and numerical

solutions.

As it is seen from the graph, both analytical solution and numerical solution diverge
from each other out of the shell region.

As mentioned before, the selected geometry does not show shell characteristics after

4mm layer thickness.

In addition, it can be seen that MATLAB analytical solution and ABAQUS finite
element analysis acts differently out of the shell region, but in the shell region, the

solutions converge to each other.

Out of the shell region, the analytical solution is much higher than the numerical
solution. Since the shell theory is not valid in that section so that result cannot be

evaluated.
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7.4.  The Effect of Layer Angle Change

As mentioned before, the crucial thing in this thesis is the layer angle optimization. It
has been said that the calculated layer angles in MATLAB are the optimum layer

angles that resists the maximum buckling torque in the same geometrical properties.

To prove that, the following layer angle convergence plot was drawn. Moreover, in the
section 5, analytical solution and optimization, the layer angle change for each layer

individually is described.

%10 The graph of layer angle convergence
‘1‘.5 T T T T T T T

The buckling tarque [Nm]

’ i i i i i i i

0 1 2 3 4 5 6 7 8
Amount of angle configuration

Figure 7.7 : Layer angle convergence

The graph shows that the layer angle convergence to the maximum buckling torque.
The x-axis is the amount of layer angle configurations that is solved in the MATLAB
program. The y-axis is the buckling torque. As x goes right the angle of the 1% and 3™
layers are goes to 90° and the 2" layer angle goes to 0°. This is also be seen in the

figure 5.1 and 5.2 in the section 5, analytical solution and optimization.

Moreover, by using finite element method the different layer angles are also be solved

to see that the calculated layers are optimum or not.
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The following table shows the randomly chosen angles that are solved in ABAQUS.

Table 7.5 : Effect of the layer angle.

4 Nur:fber Length | Diameter Thickness of Layer Nxocr
Layers [m] [m] Each Layer [m] | Angles [°] [N/m]
1 3 1.1 1.1 0.001 000 8.24E+04
2 3 1.1 1.1 0.001 0450 9.47E+04
3 3 1.1 1.1 0.001 0900 9.57E+04
4 3 1.1 1.1 0.001 45 45 45 1.13E+05
5 3 1.1 1.1 0.001 306090 1.14E+05
6 3 1.1 1.1 0.001 909090 1.88E+05
7 3 1.1 1.1 0.001 90090 2.39E+05
Effect of Layer Angle Change on N,q,
3.00E+05
2.50E+05
—. 2.00E+05
€
~
£. 1.50E+05
< 1.00E+05
5.00E+04
0.00E+00
0 1 2 3 4 5 6 7 8

Row number of the table

Figure 7.8 : Effect of layer angle

As it is seen from the numerical analysis that are performed in ABAQUS, the best
angle configuration is 90° — 0° — 90°. Moreover, it can be seen that when the layer
angle decreases the buckling load parameter also decreases. It has been also proven
that the most critical layers are 1 and 3" because when the angle of that layers change,
the buckling load parameter increase which means that the selected geometry is much

stronger when compared with the other configurations.
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7.5.  Comparison of CFRP with Different Materials

In this section, the strength and weight advantage of carbon fiber reinforced plastic
(CFRP) will be shown. As known, CFRP materials are stronger when compared with

other materials and has a great weight advantage.
7.5.1. Comparison of CFRP with GFRP

In this section, the CFRP material is compared with the glass fiber reinforced plastic
(GFRP). The comparison procedure is performed with same length, diameter, layer
thickness and number of layers. The following table shows the material properties of
the GFRP and CFRP material.

Table 7.6 : Properties of the CFRP and GFRP material.

EI(GPa) Ez(GPa.) V12 Glz(GPa) 613(GPa) 623(GPa)

CFRP = 136.9 986 | 0.293 5.654 5.654 2.689

GFRP 45 12 0.2 5.5 5.5 5.5

As it can be seen from the following table, the GFRP material is weaker when it is
compared with the CFRP material. GFRP is also heavier than CFRP.

Table 7.7 : Buckling load parameter comparison of CFRP and GFRP.

NxOcr
] Thickness Layer
) Number | Length | Diameter Abaqus
Material of Each Angles )
of Layers [m] [m] Solution
Layer [m] [°]

[N/m]
CFRP 3 1.1 11 0.001 90090 2.39E+05
GFRP 3 11 11 0.001 90090 1.21E+04
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7.5.2. Comparison of CFRP with a type of steel

When comparing CFRP with steel the weight parameter will be a very important
parameter. In this section, the investigation will be performed with same geometrical
properties, which means that different weight. Moreover, the investigation will be

performed with same weight, which means that different total thickness.

The following table shows the mechanical properties of CFRP and a kind of steel. The
steel type is not very important because the young modulus does not much change

from one kind to other kinds.

Table 7.8 : Properties of the CFRP and steel.

E; E; Vi G2 G G2
[Gpa] | [Gpa] [Gpa] [Gpa] [Gpa]
CFRP | 136.900 | 9.860 | 0.293 | 5.654 5.654 2.689
E [Gpa] v G [Gpa]
Steel 210.000 0.300 75.000

The following table shows the buckling load parameter of the CFRP material and steel
material with the same dimensional properties. As it is seen, the steel material is
stronger than CFRP material, but in weight point of view, the steel material is 5 times
heavier than CFRP material. However when the material masses are same the CFRP

material is much stronger when compared with steel.

Table 7.9 : Buckling load comparison of the CFRP and steel with same dimensions.

. Total . Nxecr
Material Le['::]t h Dlalr::;ter Thickness Si“zn eef:\] ;)ke'}:‘t?}; I\[llkas]s Abaqus
[mm] g g Solution [N/m]
CFRP 1.1 1.1 3.000 0.015 1590 18.132 2.39E+05
Steel 1.1 1.1 3.000 0.015 7800 88.951 1.01E+06

Table 7.10 : Buckling load comparison of the CFRP and steel with same mass.

. TOtal . Nxecr
Material Le[r::]t h Dla[rrr:ﬁter Thickness Sil\z/l eefr:] ﬁf’/‘:‘?; l\[llkas.]s Abaqus
[mm] & & Solution [N/m]
CFRP 1.1 1.1 3.000 0.015 1590 18.132 2.39E+05
Steel 1.1 1.1 0.611 0.015 7800 88.951 2.89E+04
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8. CONCLUSION AND SUGGESTIONS

In conclusion, the study makes sense on the torsional buckling behavior of the

composite shells.

In literature, many researchers focused on buckling in experimental point of view, such
as, Bisagiani and Cordisco (2003), researched the buckling and post-buckling behavior
of the carbon fiber composite cylindrical structures under compression and torsional
loads individually and together experimentally. They saw the effect of the layer

stacking and the fiber angles.

Some other researchers focused on torsional buckling behavior of composite shells in
finite element method such as, Gal, Levy, Abramovich and Pavsner (2006),
investigated that the finite element model that they were developed. They resulted that
the method that they developed gives good results with the experiments and the results

in the literature.

However, nobody has focused on the torsional buckling behavior of shells both
analytically and finite element method with optimizing the layer angles by using

computer programming.

This optimization algorithm is crucial because of the MATLAB code solves the
buckling problem for all angle configurations. For that reason, there is a big
programming load because of using 4D arrays. In the end, the MATLAB program
gives the best layer angle configuration depending the number of layers, diameter of
shell, length of shell and each layer thickness. It can also give the optimum layer angles
for different layer thicknesses. In addition, the program checks whether the shell was

yielded or buckled by using failure theories and also gives the critical buckling torque.

Finally, by using the optimum layer angles, a finite element model has been generated
in ABAQUS to prove the analytical solution. To do that the geometrical properties
were specified from the analytical solution. For the finite element model, the best mesh
dimension was specified and a 6.29% error was obtained between the MATLAB and
ABAQUS solution.
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More after the effect length, diameter and the layer thickness was investigated both
analytically and numerically. The behavior of both analytical solution and numerical
solution in the shell transition region was also investigated. In the perfectly shell
region, it has been seen that, the both analytical and numerical solutions are not much

far away from each other.

In the end, the analytical solution and the numerical solution was compared for varying

thickness, length and diameter.

As a result, the written subroutine can be used for optimizing the layer angles for the

defined geometrical properties.

In addition, an article was written about this thesis and it was approved and published
by WASET (World Academy of Science Engineering and Technology) in the Vol:8
No:11 2014. Also, that paper was presented in the conference that was organized by
WASET in Istanbul in November, 29" 2014.

As suggestions, the experimental study can be performed to that study to move that
study one step forward. By using experimental study, the parameters from real life can
be seen and the effect of imperfections due to real life can be seen and evaluated. By
using those imperfections, the finite element model can be re generated and the real
solutions can be estimated.
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APPENDICES

APPENDIX A: Main MATLAB code
APPENDIX B: Angle Generation Function
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APPENDIX A

clear all
clc

%% Definitions

layer=input ('Enter the number of layers\n');
angle increment=1; % The value of angle increment ex; for the angle
of 30 degrees increment, the angles will be 0 30 60 90.

% This determines the resolution of the theta
matrix
angle=(90+angle increment)/angle increment;
row=layer; % Determines the number of rows of theta matrix
col=angle”layer; % Determines the number of columns of the theta
matrix
% All of the variables defined as "col" in the
zeros function or loops for matrices, are related with the number of

columns of the theta matrix.

o\

% Material properties
Uncomment what you need

o°

o°

El=input ('"Enter E1\n'");
E2=input ('"Enter E2\n'");
E3=input ('"Enter E3\n'");
nul2=input ('Enter nul2\n');
nul3=input ('Enter nul3\n');
nu23=input ('Enter nu23\n'");
G23=input ('Enter G23\n');
G1l3=input ('Enter G13\n');
Gl2=input ('Enter G12\n');

o® o® A° o® o° o o

o

$Properties of CF from the journal (experimental)
E1=136.9e9; 5[Pa]
E2=9.86e9; S[Pa]
E3=9.86e9; %[Pa]

nul2=0.293;
nul3=0.293;
nu2l=(E2*nul2) /E1;
nu23=0.45;
G12=5.654e9; %[Pa]
G13=5.654e9; %[Pa]

G23=2.689%e9; % [Pa]

% %$Mechanical properties CFRP
sig 1 T ult=1500e6; %[Pa

]
sig 1 C ult=1500e6; %[Pa]
sig 2 T ult=40e6; % [Pa]
sig 2 C ult=246e6; 3[Pa]
tau 1 2 ult=68e6; % [Pa]

%% Compliance matrix (S) with the engineering constants

C=zeros (6,6, layer,col);
S=zeros (6, 6, layer,col);
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%% Angle arrangement

zeros (row, col) ;

theta

See angle generation function

o
°

=l:row

for i

angle generation(layer,angle,i);

)

theta (i+1,
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end

cl=0;
dummy angle=zeros(1l,col);
for i=1l:col
dummy angle (i)=cl;
cl=cl+1;
cl=mod (cl,angle);
end
theta (1, :)=dummy angle;
theta (row+l, :)=[1;

theta=theta.*angle increment;

% Degrees to radians conversion
for p=l:layer

theta(p, :)=(pi*theta(p,:))/180;
end

%% Calculation of transformation matrices and stiffness and
compliance matrices with respect to fiber angles

sz_theta=size (theta);

T sig=zeros(6,6,sz_theta(l,1l), sz _theta(l,?2)
T eps=zeros(6,6,sz _theta(l,1), sz theta(l )
S _prime=zeros(6,6,sz_theta(l,1l), sz theta
C prime=zeros(6,6,sz theta(l,1), sz theta

[\)[\)vv

)

for p=l:layer
for angle=l:sz theta(l,2)
$Transformation matrix for sigma (Berthelot page:103)
T sig(:,:,p,angle)=[ (cos (theta (p,angle))) "2
(sin(theta(p,angle)))”2 0 0 O
2*sin (theta (p,angle)) *cos (theta (p,angle)); (sin(theta (p,angle)))”2
(cos(theta(p,angle)))”2 0 0 0 -
2*sin (theta (p,angle)) *cos (theta(p,angle)); 0 0 1 0 0 0; 0 0 O
cos (theta (p,angle)) -sin(theta(p,angle)) 0; 0 0 O
sin (theta (p,angle)) cos(theta(p,angle)) 0;
sin (theta (p,angle) ) *cos (theta (p,angle))
sin (theta (p,angle) ) *cos (theta(p,angle)) 0 0 O
((cos(theta(p,angle)))”2)-((sin(theta(p,angle)))*2)]1;

$Transformation matrix for epsilon (Berthelot page:117)
T eps(:,:,p,angle)=[ (cos (theta (p,angle))) "2
(sin(theta(p,angle)))”2 0 0 O
sin(theta (p,angle)) *cos (theta(p,angle)); (sin(theta(p,angle)))"2
(cos (theta(p,angle)))”2 0 0 0 -
sin (theta (p,angle)) *cos (theta(p,angle)); 0 0 1 0 0 0; 0 0 O
cos (theta(p,angle)) -sin(theta(p,angle)) 0; 0 0 O
sin(theta(p,angle)) cos(theta(p,angle)) 0; -
2*sin (theta (p,angle)) *cos (theta (p,angle))
2*sin (theta (p,angle)) *cos (theta(p,angle)) 0 0 O
((cos(theta(p,angle)))”2)-((sin(theta (p,angle)))"2)]1;

S prime(:,:,p,angle)=(T _eps(:,:,p,angle)\S(:,:,p,angle))*T sig(:,:,p
rangle);
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C prime(:,:,p,angle)=(T_sig(:,:,p,angle)\C(:,:,p,angle))*T eps(:,:,pP
rangle) ;

end
end

%% Deleting the first three rows and columns for plane stress
assumption

S prime(3l:l'l y="[1:
S prime(3,:,:,:)=[1;
S prime(3,:,:,:)=[1;
S_prime(:,3,:,:)=[1;
S_prime( r3r:,0)=101;
S prime(:,3,:,:)=[];
C prime(3,:,:,:)=[1;
C prime(3,:,:,:)=I[1;
C prime(3,:,:,:)=[1;
Cprime(:r31-r ):[]r
Cprime( 131:1 ):[]r
C prime(:,3,:,:)=I[1;
Q prime=C prime;

S _prime;

%% Calculation of h values (related with layer thicknesses)

t=zeros (1, layer);
for i=l:layer
t(i)=input ([ 'Write the thickness of layer number ' num2str (i) '
in milimeters [mm]\n']);
end
% mm to m conversion
for i=l:layer
t(i)=t(i)/1000;
end

T=sum(t) ;

dummy t=cumsum(t) ;
sz_t=size(t);

dummy t(sz_t(1,2)+1)=0;
sz_dummy t=size (dummy t);

counter=sz_dummy t(1,2);

for i=l:sz t(1,2)
dummy t (counter)=dummy t (counter-1);
counter=counter-1;

end

dummy t (1)=0;

h=zeros(l,sz_dummy t(1,2));

for i=l:sz dummy t(1,2)
h(i)=-((T/2)-(dummy t(i)));

end

%% Calculating the A, B and D matrices
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sz_Q prime=size(Q prime);

A=zeros(sz Q prime(l,1),sz Q prime(l,2),sz Q prime(1l,4));
A sum=zeros(sz Q prime(l,1),sz Q prime(l,2),sz Q prime(l,3),sz Q pri
me (1,4));
for p=1l:layer
A sum(:,:,p,:)=Q prime(:,:,p,:)* (h(p+l)-h(p));
A=sum (A sum, 3) ;
end
A=reshape (A, 3,3,col);
A;

B=zeros(sz Q prime(l,1),sz Q prime(l,2),sz Q prime(l,4));
B _sum=zeros(sz Q prime(l,1),sz Q prime(l,2),sz Q prime(l,3),sz Q pri
me (1,4));
for p=l:layer
B sum(:,:,p,:)=Q prime(:,:,p, :)*(((h(p+l))"2)-(h(p)"2));
B=sum (B_sum, 3) ;
end
B=reshape (B, 3,3,col);
B=B/2;

D=zeros(sz Q prime(l,1),sz Q prime(l,2),sz Q prime(1l,4));
D sum=zeros(sz_ Q prime(l,1),sz Q prime(l,2),sz Q prime(l,3),sz Q pri
me (1,4));
for p=l:layer
D sum(:,:,p,:)=Q prime(:,:,p,:)*(((h(p+l))"3)-(h(p)"3));
D=sum (D_sum, 3) ;
end
D=reshape (D, 3,3,col);
D=D/3;

%% Defining the dimensional and buckling mode parameters (L,
Diameter, m, n)

L=input ('Enter the Length of the cylinder in milimeters [mm]\n');
L=L/1000;

Diameter=input ('Enter the Diameter of the cylinder in milimeters
[mm]\n"');

R=Diameter/2;

R=R/1000;

%% mass calculation

rho _carbon=1800; %[kg/m3]

rho _epoxy=1200; %[kg/m3]

carbon percent=0.65;

epoxy percent=l-carbon percent;

rho=rho carbon*carbon percent+rho epoxy*epoxy percent; %[kg/m3]

volume=2*pi*R*T*L;
mass=volume*rho;

%% Calculation of critical buckling load under torsion

$control due to torsion page 250 at shell book eqg 5.124
control=zeros (1, col);
for i=l:col
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control( )=((D
(A(1,2,1) Y/ (L2*A( 2,2,1)*D(1,1,1) 1/2 *((L™2)/R);
end

Tcr=zeros (1l,col);
Nxtheta cr=zeros(1l,col);
for i=1l:col

if control (i) >=500

TCI(') =21.75* (D (2 2, i)A(5/8))*(((A(lflfi)*A(2,2zi)—
(A(1,2,1) )/A(2,2,1)) 3/8 *((RM(5/4))/(L"~(1/2)))
Nxtheta_cr( 1)=(Tcr( / 2*pi*(RA2));
else
Tcr(i)=-1;
Nxtheta cr(i)=-1;
end

end

%% h/R ratio calculation (thickness/radius)
h R ratio=T/R;

%% R/L ratio calculation
R L ratio=R/L;

%% Stresses and Strains

stiff=[A,B;B,D];
Nx=zeros (1, col);
Ntheta=zeros (1l,col);
Nxtheta=Nxtheta cr;
Mx=zeros (1,col);
Mtheta=zeros (1l,col);
Mxtheta=zeros (1, col);

eps=zeros (6,col) ;
Force vector=[Nx;Ntheta;Nxtheta;Mx;Mtheta;Mxtheta];
for i=l:col
eps (:,i)=stiff(:,:,1i)\Force vector(:,1);
end

ex=eps (1, :);
etheta=eps (2, :);
extheta=eps (3,:)/2;
kx=eps (4, :);
ktheta=eps (5, :);
kxtheta=eps (6, :)/2;

eps_O=[ex;etheta;exthetal;
eps_k=[kx;ktheta;kxtheta];

sig=zeros (3, layer,col);
for i=l:layer
for j=l:col

sig(:,1,3)=Q prime(:,:,1i,]j)*eps 0(:,J)+T*Q prime(:,:,1,]J)*eps_k(:

end
end
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Transform=zeros (3,3, layer,col) ;
for i=l:layer
for j=l:col

Transform(:,:,1i,j)=[(cos(theta(i,j)))"2 (sin(theta(i,j)))"2
2*sin (theta (i, j)) *cos(theta(i,j)); (sin(theta(i,j)))"2
(cos(theta(i,j))) "2 -2*sin(theta (i, j)) *cos (theta(i,J)); -
sin(theta(i,j)) *cos(theta(i,j)) sin(theta(i,j))*cos(theta(i,]j))
(cos(theta(i,j)))"2-(sin(theta(i,3)))"2];

end
end

sig transform=zeros (3, layer,col);
for i=l:layer
for j=l:col
sig transform(:,1i,Jj)=Transform(:,:,1i,3)*sig(:,1i,]);
end
end

sig MPa=sig*107-6; %in MPa
sig transform MPa=sig transform*107-6;

%% Failure theories

’

Xl=zeros (layer,col);
X2=zeros (layer,col)
Y=zeros (layer,col);
S=zeros (layer,col);

for i=l:layer
for j=l:col
if sig transform(l,i,3j) > O
X1(i,3)=sig 1 T ult;
elseif sig transform(l,i,3j) < 0
X1(i,3j)=sig 1 C ult;
end

if sig _transform(2,i,j) > O
X2(i,3j)=sig 1 T ult;

elseif sig transform(2,1i,3j) < 0
X2(i,3)=sig 1 C ult;

end

if sig transform(2,i,3j) > O
Y(i,3j)=sig 2 T ult;

elseif sig transform(2,i,3j) < O
Y(i,j)=sig 2 C ult;

end

S(i,j)=tau 1 2 ult;
end
end

failure=zeros (layer,col);
for i=l:layer
for j=l:col
failure(i,j)=((sigitransform(l,i,j)/xl(i,j))A2) -
((sigitransform(l,i,j)*sigitransform(2,i,j))/(X2(i,j)*X2(i,j))) +
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((sig_transform(2,1i,3)/Y(i,3))"2) +

((sig_transform(3,1i,3)/sS(i,3))"2);
end

end

[}

%% Assigning the nonzero Nxcr and P values
Nxtheta cr non zero=Nxtheta cr;
Tcr non zero=Tcr;

%% Finding failed components and making the loads O
[f row,f column]=find(failure>=1);

for i=l:length(f column)
Nxtheta cr(f column(i))=0;
end

for i=l:length(f column)
Tcr (f column(i))=0;
end
%% Calculating the maximum load

max_torque=max (Tcr) ;
indice=find(Tcr==max_torque);

%% Degrees to radians conversion
% Just for theta matrix control
for p=l:layer

theta(p, :)=(180*theta(p,:)) /pi;
end
% rounding the theta matrix because of unit conversion errors
theta=round(theta);

%% Calculating the optimum angle configuration
optimum angles=theta(:,indice);

%% Printing thevalues (Maximum buckling load, most suitable angles,
h/R ratio and R/L ratio)

fprintf ("\n\n\t\t\tRESULTS")

fprintf ('\n\nMaximum buckling load is %e\n',max torque)
fprintf ('\nOptimum angles are;\n')

fprintf ('$f\n',optimum angles)

fprintf ('\nThe stress values with respect to the part and ply axes
that occur under the maximum buckling load as follows;\n')
for i=l:layer

fprintf (['\nStress values with respect to the part axes at the
layer number ' num2str(i) ' are\n'])

fprintf ('sigma x = %f\n',sig MPa(l,1i,indice))

fprintf ('sigma theta = %f\n',sig MPa(2,1i,indice))

fprintf ('sigma x theta = %f\n',sig MPa(3,1i,indice))
end
fprintf ("\n\n")
for i=l:layer
fprintf (['\nStress values with respect to the ply axes at the
layer number ' num2str(i) ' are\n'])
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fprintf('sigma 1 = %f\n',sig transform MPa(l,i,indice))

fprintf ('sigma 2 $f\n',sig transform MPa(2,i,indice))

fprintf ('sigma 3 $f\n',sig transform MPa(3,i,indice))
end

fprintf ('\nFailure coefficient in each layer as follows\n')
for i=l:layer

fporintf (['f' num2str (i) ' = %f\n'],failure (i, indice))
end

fprintf ('\n\nh/R ratio = %f\n',h R ratio)
fprintf ('R/L ratio = %f\n',R L ratio)

%% Graphs

max load non_ zero=max (Tcr non_zero);
indice non_ zero=find(Tcr non zero==max load non_zero);
optimum angles non zero=theta(:,indice non_ zero);

o)

% plot of the only one angle (interploated)
plot angle indicesl=find(theta(layer, :)==optimum angles non_ zero (lay
er,1l) & theta(layer-1,:)==optimum angles non zero(layer-1,1));
plot anglesl=theta(l,plot angle indicesl);
Tcr non_zero graphl=zeros(l,length(plot angle indicesl));
for i=l:length(plot _angle indicesl)
Tcr non_zero graphl (i)=Tcr non zero(plot angle indicesl(i));
end
% plot (plot angles,Tcr non zero graph)

% plot of the only one angle (interploated)
plot angle indices2=find(theta(layer, :)==optimum angles non_ zero (lay
er,1l) & theta(layer-2,:)==optimum angles non zero(layer-2,1));
plot angles2=theta(2,plot angle indices2);
Tcr non_zero graph2=zeros(l,length(plot angle indices2));
for i=l:length(plot angle indices2)
Tcr non_zero graph2(i)=Tcr non zero(plot angle indices2(i));
end
% plot (plot_angles,Tcr non_ zero graph)

% plot of the only one angle (interploated)
plot angle indices3=find(theta (layer-
1,:)==optimum angles non zero(layer-1,1) & theta(layer-
2, :)==optimum_angles non zero(layer-2,1));
plot angles3=theta(3,plot angle indices3);
Tcr non_zero graph3=zeros(l,length(plot angle indices3));
for i=l:length(plot angle indices3)
Tcr non_ zero graph3(i)=Tcr non zero(plot angle indices3(i));
end
% plot (plot angles,Tcr non zero graph)

figure

plot (plot anglesl,Tcr non zero graphl, 'b:','LineWidth',2")
hold on

plot (plot angles2,Tcr non zero graph2,'r--','LineWidth',2")
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hold on

plot (plot angles3,Tcr non zero graph3, 'g-', 'LineWidth',2")

hold on

legend ([ 'Graph of 1st layer when 2nd layer='

num2str (optimum angles non zero(2)) ' 3rd layer='

num2str (optimum angles non zero(3))] , ['Graph of 2nd layer when 1st
layer=" num2str (optimum angles non zero(l)) ' 3rd layer='

num2str (optimum angles non zero(3))] , ['Graph of 3rd layer when 1lst
layer=" num2str (optimum_angles non zero(l)) ' 2nd layer='

num2str (optimum angles non zero(2))])

hold on

xlabel ('The layer angles')
ylabel ('The buckling load [N]')

title ('The graph of the buckling load vs. layer angle')

grid
hold on
%grid minor

APPENDIX B

function A=angle generation (layer,angle, req)

col=angle”layer;
cl=0;

A=zeros (1,col);
for i=1l:col
A(i)=cl;
p=i;
p=mod (p,angle”req) ;
if p==
cl=cl+1;
end
cl=mod(cl,angle);
end
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