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- SUMMARY

In this study, by using the curve of the surface strip invariant magne-
tudes given at R3 in the space of lines system of differential equation which is

determined ruled surface has been set up.

But general solution of the system could not be obtained. However
when the curve of the surface strip could be osculating strip, curvature strip
and geodesic strip, the solution of the system and the relationship between the
ruled surface's invariant magnetudes and the curve of surface strip's invariant

magnetudes have been examined.



II

OZET

Bu galismada, IR® de verilen bir ylzey serit egrisinin invariant
buylkliiklerinden yararlanarak, dogrular uzayinda regle yilizeyi belirleyen dif-
feransiyel denklem sistemi kurulmug fakat sistemin genel ¢6ziimi elde edile-
memistir. Ancak sistemin, ylizey gerit egrisinin oskiilator gerit, egrilik geriti ve
jeodezik gerit olmasi durumiarinda ¢6zimi ve regle yilizeyin invariant
blylklukleri ile ylizey serit egrisinin "invariant blyuklikleri arasindaki

bagintilar incelenmistir.
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Chapter 1
1. INTRODUCTION

I. 1. Surface Strip

A geometric figure, which is formed by a X point and e plane passing
from this point, is called "Surface element." There are two opposite unit vectors
which belong to the £ plane and orthogonal to the surface element. These are
the unit vectors of the normals of the surface element. If we choose one of
these vectors, we will establish the positive direction of the surface element
namely the direction it shows. In this way, it is said to be directed to the surface
element. By giving the point X and normal vector E at this point, the direct-
ed surface element is completely determined. The point belongs to the surface
and a surface element which is formed by a tangent plane passing from this
poiht is equivalent to the every ordinary point of a surface. The plane which
has all the tangents of the curves passing from this point is called the tangent
plane of a point which belongs to a surface. Generally, X and E are given
as a function of the parameter t. In this case, a family of surface elements is ob-
tained. But they are generally the points of a curve which is drawn on a sur-
face and they are not joined to each other regularly as they are in the surface
elements of a stripped surface which is formed by tangent planes belonging to

a surface.

For forming a strip with the surface elements as {5(’ ", );(t)) , the
plane of the surface element must always pass through the tangent of X (t)
curve, namely the tangent vector of X" of the curve must be orthagonal to the

-

£  vector.



Namely, it is;
X.E=0 (1)

Now, choose the parameter t of the strip of {5(' (s), & (s)} asitsowns
string (t = s) of the X (S) curve. In this case, apart from (1) following relations

will be current

2 - - -2
=x.xX=1 and § =1 (2)

x4

Here, we will not examine;

P —y —
4

. X'=0 or xX=0

Because in this case a surface element which passes from constant

points is being discussed. We add the unit vector;

—>

§=§AX’ (3)
to X and &

This vector is orthagonal to the tangent of the X’ curve that is on the X

points, and it is existed in the surface element of the strip. so;

S



—

the orthanormal base (X', 3 ,&) is obtained. Namely, the following rela-

tions are obtained.

-2 2
X' =§ =§'2'=1
X.E=£.0=¢.X=0 ' (4)

_g.A§=X'
;AQ':E (5)

Also other than (3) and (4) we can see

(.G, B =x GAE)=x|EAx)AE

x|E - DE ®)

Now, let us write the derivatives of the orthanormal base vectors again in

the form of themselves.
Let us say X" =X

We can write the derivative formulas like this;

—
4

X =MX1 +A120 + M3

—
’

=MaX1 +A22 0 + A3 § (7)
& =Xa1 X1 +Aaa G + Aaz §
From the equalities (4) we can obtain

Mi=Ap2=A33=0



A2y =-A12, A3t =—A\3, Aza=—Az3
Here, iIf we take;

Ma=cC, M3=-b, Azg2=-a

If we take the derivatives of the equations (7) we obtain the formulas

=t GG-bE
g =—CX; +++at (8)
E‘,=b$('1 —a§'+*

From the equations (8) we obtain these equalities

—

a=_§§'=—(_§’/\5(’1)€’=6"1£€’)=79

= (9)

C=§ '1 = (&'AS(H) X'1 =(§S(.1 X'1)=Pg

Tg» Pg and p, in these equalities are invariant to the surface strip. By gi-
ving these as a function of the arc length s, it is known by the divergence of the
position of the surface strip. In reality, the magnitude of Ty is invariant by a sign
divergence. Because parameter s is established by a sign divergence. Con-
trary to —p,, and p,,, the magnitude Ty is changed its sign with s = —s” relation.
If a direction is choosen for the arc length which is considered to be positive
on the curve of the strip, Tg Can be accepted as an absolute invariant. g and

—p,, are related to the first — degree derivatives of the functions of the strip
X(@),& (t)} which is given according to a parameter and py is related to the

second degree derivatives.



By giving 1,, p, and pgasa function of s only one {3(’ (s), & (s)} strip can

be determined. Suppose a second {5(’* (5), & (s)} strip is determined

“

In this case, the following formulas are current
<L (%1, X1) = (pg G + Pob)¥1 + X1 (pg §* + pn &)
<0, = (pg %1 + 18)G" + T (-pg X1 414 8) (10)

—

L €8 = (pokt ~)E" + & (pn K 45, )

LG % 4G5 +8E) =0 (1)

X1 X1 +gg* +EE =Const=k

The formulas (10) and (11) will be current for every s so it will be current

for s=01t00. And for s = 0 we can coincide trihedrons of the two strips

In this case

So; k=3

Since each one is a unit vector in order to have k = 3 we must have the
following equalities.
% =%.G=5".6=E
From this, we can see

- —x - -
dx _ dx* X=X"+0 oeR
ds ds



Since s = 0 is the common points of the curves (strips), we obtain o = 0

So it shows that the strips are coincided, namely X=%* [1],[3].

1.2 OSCULATING STRIP

- -

Strips given by the equality of pn=x’, .§=0 are called osculating strips.

Let (X1= E, n, B) be the Frenei trihedron of the osculating strip. Since
the following equations

Pn=X1§=piE=pCos8=0
0 =—g— are current

€, the normal of the surface of the strip is orthagonal to the prime normal
of the curve of the strips (At the same time itis & LXy). Hence, £ is orthago-

nal to the osculating plane.

In this way the strips, that are p, = 0, the tangent plane of the strip coin-

cide with the osculating plane of the curve of the strip [1], [3].

1.3. Curvature Strip
The strips that proves the following equality
'tg":(szhg’g’) =0

are called the curvature strips. Along these strips, the distribution param-

eter R
y =X(s) + p&(s)

of the ruled surface, which is formed by the normals, is zero. Because of



g =0, this ruled surface can be a developable surface.

The strips that are Tg = 0 can be characterized by forming a developable

ruled surface of the normals [1], [3].

1.4. Geodesic Strips

-

The strips that satisfy pg = (§,%,X;) =0  are called the geodesic strips.

Since,

(& %1, X)) =€ a%1), X} =G X,
pg . T Cos (—g——6)=0

—

p.MgSin0=0
pSin6=0
6=0

X1 coincide with & and the osculating plane of the curve of the strip

passes from the surface normal.

Result|: lfthe X(s) curve ofthe stripis aline, X1 must be zero. In this

case, since

-

X'y = PgY +png
We obtain
Pg=Pn=0

As a result, if there is a line on the surface, strip surface along this line is

both an osculating strip and a geodesic strip.

Result Il : In osculating strips p, = 0. From this equation, we can find



Pg = g, Tg = —Tg - And this shows that the geodesic curvature and the geodesic
torsion in osculating strip are equal to the ordinary curvature and the ordinary
torsion [1], [3].

Namely,

P=Pg:sTg="1

1.5. Ruled Surface

An oriented straight line in the three - dimensional Euclidean space R’
may be represented by a dual unit vectar in the space R® of the triplets of dual
numbers as A=d+ed @.a=1, d.a= 0) where a is adual unit vector
along the oriented line, a is the moment of a about the origin 0 and ¢ is Clif-
ford's operation with the property e = 0. The set of all oriented lines in R% is in

-

one - toone corrospondance with the set of the dual unit sphere A? =1 inD®
A ruled surface is represented by a curve in the dual unit sphere as
Aq(t) = Ey(t) + (1) (12)
where t is an arbitrary parameter.

{Z\1(t), Kg(t), Kg(t)} which belongs to the generator K1(t) is Blaschke tri-
hedron of the ruled surface and the following derivative formulas exist among

Blaschke base vectors.

dAr _pj

dA1 _pa,
dt

R __PA(+QAg (13)
dt

dAs __QA,

dt



In these formulas, P = p + ep and Q = q + £q are the dual invariants the

ruled surface which are defined as
P= l I(__dK1 )2
dt

Also, the dual arc — length of the ruled surface fromt=t, t=tis defined

d ' a2 ' g
dA; )2
dt

( dA, d?A,  dPA, )

(14)

as
t

- t
S=s+e5= lK%A{L)ZI dt=f Pdt (15)
to

o

and the distribution parameter of the ruled surface is

5__a_"_ﬂ___§_
"12 p

% (16)

f =0 (p=0), the ruled surface is called a developable surface

[2], [4].
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Chapter 2

2.1. DIFFERANTIAL —~ GEOMETRICAL CONDITIONS BETWEEN
STRIP CURVES and RULED SURFACES

Let {?1 (s), g(s), E_,(s)} be Darbaux trihedron of the surface curve X =X(s)
at the point X =X(s) if the moments of the Darboux vectors are taken with re-

spect to the origin in the (0, x, y, z) coordinate system, the dual unit vectors are

defined as
Ai(s) =Xy +e (RAXi); X1 =X A%
Pofs)=G+e(®AT); G=XAF (17)
Ag(s)=E+e(RAE); E=RAE
Here 0 Qs
o I
AA = J

1 ,i=]j (i,j=1,2,3)
the vector X =X(s) is written in terms of Darboux vectors of the surface
curve as
X(s) = m(s) %1 + n(s)g + k(s)§ (18)
where m = m(s) , n=n(s), k = k(s). From the formulas (17) and (18) by us-
ing the properties of the cross product we get the following equalities.
Aq(s) = %1 + & (kg — n&)

Rz(s) =0 +¢e (kX1 + mg) (19)

Kg(S) = E + & (n3<'1 - m@
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If we determine the coefficients m = m(s), n = n(s) and k = k(s) in terms of
the invariants of the surface curve X=3X(s) ,then A= Kﬂs) ruled surface

is determined. By taking the derivative of the equation (18) with respect to s

dx; . dg &
ds ' ds ' ds

and from the
we obtain

5= %1 = (M~ pgn — pak) Xy + (1" + Mpg —1gk) T +

(K" + mpy + n'cg)g (20)
From (20) the following system of differantial equation can be written as
m’ —pgn—ppk=1
n"+mpg—tgk=0 (21)
K+mpp+tgn=0
Now, let us solve the (21) system of equations

n= 1 m - Pn k- 1
Pg Pg Pg

n’"=—pq m+1gk
K'=—ppm-—1gn (22)
m' —pgn—ppk=1
m”—pg' n—pgn’—py’K—prk'=0
m” =pg’ N+ pgn’+py’ K+ ppk (23)
From the (22) equations, If we write n, n” and k’ values to their place in

(23) we obtain
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Pg Pg Pg

v P v PoPn Pg ’ 2 PnTg . przﬂ:g Pnlg
m’="2m'-2— K~ —p§m + pgTgk + p'rk—psgm ——=m" + —2 k + —=
Pg Po Pg Pg Pag’c + P~ Py Pg Pg Pg

pgMm”’= p’gM’—p’gpnk— p’g — p§M+ pFrgk+pgp’nk— papgMm—paTym’+ pitg k+ pntg  (24)
PgM”"+(PntTg — P’'))M’+(pd + pg PAIM + P’n — Pn Tg = (P§ Tg + Pg P'n — P'g Pn + PE K
2 ’ ’ 2
A=pg‘tg+Pan ~Pg Pn+Pg g

3 2
C=p, +PpgP,

If the equations in (25) are written in (24) we obtain the following

pgm” + B’ + Cm — B = AK (26)
-%g-m”+%—m’+—g—m——%—=K (27)

If we take the derivative of the (26)
pgM” + pgm’” + B'm’+ Bm” + C'm + Cm’ — B’ = A’K + AK’
pgMm” + (pg’ + By m” + (B"+ C) m" + C'm - B"= A’K + A (-pym —14 1)

Pom"+(p'g+B)M”+(B'+C)+Cm-B'=A'K-pA m ~gA (Lt ~ B2 - 1) - (28)
g 9 9

pEM”’+(pgp’g+pgB)M” +(pgB’+pgC)M’+pgC/m—pgB’=pgA’K~pgpnA M—TgAm’+prtgAK+1A

pgm”’+(pgp’g+pr)m”+(pr'+ng+tgA)m’+(ng'+pgpnA)m — pgB—TgA = (pgA"+pnTgA)K
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If the value of k in (27) is written in (28)

p§m”’+(pgp'g+pr)m"+(pr’+ng+1:gA)m’+(ng'+pgpnA)m — pgB—1A =

(PgA’+pnTgA) (‘;‘—gm" + —lB\——m’ + —%—m - %) (29)

P3A M”+(pgp’gA + pgAB—pFA’—pgpnTgA)M”+(pgAB’ +pgAC+1gA%—pgA’B—pntoAB) M+

+ (pgAC'+pgpnAz—pgA’C~pn1:gAC)m - pgAB'—'ch2+pgA’B+pntgAB=0

2
P4=pgA
’ A 2 I_
Pa_pgpgA+pgAB pgA pgpn'ch
= ’ 2 _ B —
Pz_pgAB +pgAC+1:gA pgAB pn'chB
P,=pgAC’+pgpnA2—pgA’C—pn1;gAC (30)

= 4~ 2_ ’
Po_pn*chB+pgAB 'tgA pgAB

And if the value of (30) is written in (29) we obtain
3 2
Pa(t) &0 + Py(t) S0+ Py(t) AT 4 Py(t) m + Po = 0 (31)
dt® dt? dt
So, we can get a third - degree differential equation with an arbitrary co-

efficient. The solution of this equation was not found but in special pasitions

we can find the solution of the differential equation systems (20).

2.2,  First we can examine the pozition of @ = Ty= f = cst in the equation

of (20). Then let us solve it by using the operation method.
m —pgn—ppk=1
n'+pgm—%gk=6

K+pym+tgn=0
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In the equation system

F(D) = > —Bg—p" =D% + (p3 + p2 D, and p? + 13 + pd = d?
D) =] pg g |= "‘(Pg*'Pn'”%) , ana pg + Tg + pr =
P Tg
=D (D?+d?) #0
we obtain
1 —pg —Pn
0 7w D
D 1 —Pn
An)=| pg O —Tg|=—PnTg
pn 0 D
D —pn 1
Ak()=] pg D 0 }=pgTq
Pn Tg O
and then
F(D)m=Am(t)
F(D)n = An(t)
F(D)k = Ak(t)
(D% + D) =13 (32)

(D3 + D) = —pptg

3 =
(D? + D)k = pg T
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When we use the solutions of the (32) we can obtain the following sys-

tem
m=A, cosdt+Azsindt+A3+t§t
n =B, cosdt+B,sindt + By —p, 14t (33)
k=C, . cosdt + C, sindt + Cg + pg 74 t
Here A;, B; andC; (i=1, 2, 3) are constants and
m —pgn—pyk=1 (34)
If we substitute the equation (33) in (34) we can get a new system as
follows

~d A, sindt + dA, cosdt + 3 — py By cosdt — pg B, + sindt — py By
+Pg P Tyt - pnCy cosdt —p,, C, sindt —p, Cq — PgPnTgt=0
—dA;=pgBr—pnCa=0

2

It (33) is written, in its own place at the equation
n'+pgm—tgk=0
we obtain

~d B, sindt + d B, cosdt — p, 7, + pg A¢ cosdt + p,, A, sindt + py Ag

+pgtSt—th1 cosdt—tgCzsindt—th3—pgtgat=0
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and therefore
~d By +pgA;—13Cp=0
dB, + Pg A1~ Tg Cy=0 (36)

—pn’cg+pgA3—qu3=0

If (33) is written in its own place at the equation
K+pym+1tyn=0
we obtain

—C, dsin dt +d C, cosdt + pg T4 + pp Aq COSTL + ppy Ay sindt +

+PpAg+ Py Ta t+ 74 B cosdt + 1y By sindt + 14 By —pp 3 t=0

and so,
—dCy +pp Az + By =0
dCz+pnA1+th1=0 (37)

PgTg+PnAg+TgBy=0

From the (35), (36) and (37) equations, we can obtain
dA1 +prz+pnCZ=0

dB1+pgA2"'TgCZ=0
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de+pgA1—th1=O (38)
—dC1+pgA2—TgBa=0

dCs+ppAy +14B,=0

15 —PgBs—ppC3=0

—pntg+pgA3—¢gC3=0

PgTg+PnAz+TgB3=0

From the (38)g we can obtain

C3 =—pPp + ——% A3 (39)

From the (38)g we can obtain

Ba=—pg— —%"— A3 (40)

The values of (39) and (40) are written in (38);

G222y 800 50

We obtain
pg2 + 'cg +p2=0
Tq: Pg» Pn are not constants at the same time. p3 + p2 + 3 = 0 Is possi-
ble inthe case of p,=0, Tg=0 and py=0.Under this condition

The Darboux trihedron {’k’,(s), d(s), &(s)} of the vector X(s) determines

a constant point
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23. Letthe curve be a geodesic curve (pg = 0) The System (18) takes the

following form
m —pp k=1
n— 1ty k=0 (41)
K+pp m+ Tgn=0

Now we solve the seystem of differential equation (41) for the following

special cases.

2.3.1. If m = 0 from the system (41) we have
—pp k=1
1 =

Klenty =0 (42)

From the equations (42), and (42), we get the following differential equa-
tion

n"——:—’gﬁn’+t§.n=0 (43)

t
If we use t=f Tg ds in  (43) we obtain
to

90 4 neo (44)
Then, dt

s

S
n=C,y cos Itg ds + Ca sinf'cgds
0

0
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where C4 and C, are constants. From (42)4 it is clear that

K=——1_
Pn

In this case with the aid of the equation (18)

X =X (s) can be written as

s

X = (Cy cos] ngS+CQSinf tgdsg’—-l—g (45)
Pn
0 0
Blaschke vectors of the ruled surfaces Aq (s) are now
Aq =% +e{-—§(C1 cosj Tg ds + C sinj Tg ds)—-—p1—§}
n
[} 0
K2=§+E(—L§1) (46)
Pn
K3=§+e‘C1 cosj Tgds + C sinf g ds; Xy
. o
lf C;=Cy=0, thenn=0 Ke—1_
Pn
K =§ + £~ 1 —‘)
1 1 on g
Ao=g+e| 1%
2=9* o, ‘) (47)
Ag=E

Differentiating the equations (47), and (47), with respect to s and using

(1) and (3), the real and dual parts of P and Q are obtained as
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= p=—10
P="pPn ’ P Pn

q=vpd+t , G=0

(48)

23.2. If n =0, from the system of equation (41), we have
m’ —ppk=1
—1gk=0 (49)
K+mpy=0
Using (49), we get k= 0. From (49), and (49),, the following differential
equation is obtained.

m -2 (1) + mpZ =0 (50)
Pn

With the aid of the parameter change t= I pnds in (50)

0
we get the differential equation
&’m_, m - Pn (51)
dt? PR
with constant coeffiecients.

The solution of (51) is

s
8

m = Cy COSI pn ds + Co .sin pnds+___1._(ZED_)
o

B%+1 \pa (52)

Here C, and C, are constants and,

Pn = %‘_ D= -gt— denotes the derivative operator. If we substitute
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(52), k=0, n=0 inthe equation (18), the surface curve X = X(s)

obtained as

A D?2+1 \ pa

\

Blaschke vectors of the ruled surface A, (s) now take the form

S S
52=§+e{01 cosj pnds+Cgsinf Pn ds}&.
0 0

S S \
ppds —Co sinj Pn dslﬁ

4]

Z\3=E+e{—c, cosj

(4]
The invariants of the ruled surface 2‘:1(8) are
P=p, 5 =0

S
S

q=Vp3+15 a:—-ML Cq sin pnds-Cgcos] pnds/,

Vpg +15

0
0

2.3.3. i k =0, from the system of equation (41) we have

m =1

S S
3(':’01 cosf pnds+Cgsin] pn ds + —1 (—p" )}3(’1
0

is
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n=0
pyM+1gn=0 (53)
From (53) we obtain

m=s+Cqy, Nn=0Cy

Inthiscase X=X(s) can be written as,

3('=(S+C1)5('1 +C2§

In this case blaschke vectors of the ruled surface 7\1(8) become
Aq =%y +8(— Ca §)
K2=§+£(S + C1)§

-
-

As=E +e[-(s+Cq) g +CaXy]

The invariants of the ruled surface K1(s) are found as

P=Pn> p=0

5% T
_a=vpi+1, ===  [5I.
’ v p? + 13

2.4, Let the curve be a normal curve (p,=0), The system (18) takes the

fallowing form.



23
n + PgMm — gk =0 (54)
K'+1tgn=0

Now we solve the system of differantial equation (54) for the fallowing spe-

cial cases.

24.1. Ifm=0 fromthe system (54) we have

~pgh = 1
N =Tk =0 (55)
k' + Tgn = 0

~ From the equation (55), and (55); we get the fallowing differential equa-
tion
1
1_ g1 =
k % k' + k=0 (56)

t

If we use t= j Tgds In (56) we obtain

fo

2)
i—gm:o (57)

S
k=Cq cosf 'cgds+Cgsinf Tgds
0

0
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where C, and C, are constants. From (55), it is clear that

S S
n=—- and L-=-Cysin| tgds+Cycos | 1,ds
Pg Pg A A

In this case with the aid of Eq (18) X =X(s) can be written as

. s .8
S<'=——p1—§+(01 cosf ‘ngS+CQSinf tgds)§
g 0

0

Blaschke vectors of the ruled surfaces A}(s) are now

s s \ r
Cy cosf ngS+CQSinf Tg ds §’+—p1—2';}
0 0 9

S S \
As =g +e||-Cy cosj ’ngS—CQSinf Tgds 5('1]
0

o

Z\3=<“,+t-3——1—5<’1)
lf C;=C,=0, then k=0 ne—_1_

Pg
o

—X1+8

A’;n_Lz)
a=¢§ ( Ps 1

(58)

(59)

(60)
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If the equations (60), and (60)5 are diferentialed with respect to s and

using (1) and (3), the real and dual parts of P and Q are obtained as

Pg

©
n

ol
1

Pg

24.2. It n=0, fromthe system of equation (54) we have

m' =1
pgm—tgk=0
k=0

From (61) we obtain
ms= S + C1

k=02

pg . Co
Tg S+C1

In this case, from the (61), we obtain and X=X(s)
can be written as
X=(S +Cq1)X1 +C2&

In this case, blaschke vectors of the ruled surface K1 (s) become

7\1 =§1 +8(C2§)

(61)
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K2=§+a[-—025€1 +(S+ 01)5]

Z\3=~<€+8[--(.S+ C1)d]

The invariants of the ruled surface K1 (s) are

p=pg p=0

243. If k=0, from the system of equation (54) we have

’

n + pgm =0 (62)

’an=0

Using (62); we getn=0. From (62), and (62),, the fallowing differential

equation is obtained

m”—pgn—pgn’=0

, (63)

m -L9 (m-1)+ pgm =0

Pg
S
With the aid of the parameter change t= J pgds in (63)
o

we get the ditferential equation with constant coefficients.

d’m , ;o "Pe (64)

dt? p§
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The solution of (64) is

S

ds + —1 .-‘59)
Po o 2 .1 (2 (65)

S
m = C;4 cosf pgds+Cgsinf
] Pg

0

Here C; and C, are constants and

» _ dpg d ivati
=—= D=- denotes the derivative operator.
Po="4t ot P

If we substitute (65), n=0, k=0 inthe equation (18)

~ the surface curve X=X(s) is obtained as

S

S .
- ’ . _pg -
x=1Cicos | pgds+Cosin}] pgds+ 1 ( )}x1
\ f ’ f " D241 9}

Blaschke vectors of the ruled surface 73:1 (s) now take the form

S S
Az =g+€ {01 cosf pgds + Cz sin f Pg ds} 13
0

[

S ]
Az = g +e{—Cj cosf pgds — Ca sin j Pg ds} [°]
0 0

The invariants of the ruled surface A,(s) are

p=pg §=0

s

q=vpZ+3, q-=___"9_pg_

5 Pg ds}
P + 13

S
Cq sinj Pg ds—CgcosI
0 0
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2.5. Let the curve be a geodesic torsion (‘tg = 0) The system (18) takes

the following form.

m’—pgn — pgk = 1°
N +pgm=0 (66)
kK'+pym=0

Now we solve the system of differential equation (66) for the following spe-

“cial cases.
25.1. If m=0 from the system (43) we have
—Pgh — pgk =
n=0 (67)
k=0

from the equations (67) we obtain
n=C,
k=C,
In this case blaschke vectors of the ruled surface Z\1 (s) become

Aj = %4 +8(Cz g -Cq a

/_3:2 =g +¢e(-Ca %) (68)

Az=E +€(Cq %)
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The invariants of the ruled surface Ay (s) are

P='\/p§+pﬁ p=0

2.52. If k=0 from the system (66) we have

m - Pgh = 1
n" +pgm=0 (69)
ppMm = 0

Using (69); we get m=0. From (69);, and (69),, the following diffe-
rential equation is obtained

m"——?—(m’—1)+mp§=0 (70)
9

S

With the aid of the parameter change t= f pg ds in (70)

0

we get the differential equation with constant coefficients,

@2m . mo"P
o2 +m= 03 (71)

The solution of (71) is
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S S .

: —Pg 72

m=Cqcos | pgds+Cosin]| pgds+—» ( ) (72)
[o ’ [, ’ D? +1 ps

Here C4 and C, are constants and,
—=, D= _ddt— denotes the derivative operator.

If we substitute (72), k=0, n=0 inthe equation (18), the surface curve

X=X(s) is obtained as

s s .
"—l ' 1 —Pg 13
x_\C1cosj pgds+CgsmI pg ds + 071 ( . )}x1
0 0

Blaschke vectors of the ruled surface A’1 (s) now take the form

S

Kz =§+8

S
Cq cosf pg ds + C2 sin] Pg ds)F,
0

[¢]

—

S S
7\3 =& +€|-Cj cosj pg'ds— Ca sin I Py ds) g
0 0

The invariants of the ruled surface A (s) are

p=pg 5=0
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2.5.3. If n=0 fromthe system (66) we have
pgMm = 0 (73)

Using (73), we get m =0. From (73); and (73)5, the following differen-

tial equation is obtained

K -_‘;—9 K = p3k + pg =0 (74)
g

S
With the aid of the parameter change t=f pgds in (74)
[}

we get the differential equation with constant coefficients.

d’k , - Pa (75)
at? p§

The solution of (75) is
S

S .
k=Cycos | pgds+Casin| pgds+ 1 ( ~Pg ) (76)
A S DZ+1 \ p§

Here C; ve C, are constants and,

" Pg= -%pt_g_ , D= _ddt— donetes the derivative oparator.
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If we substitute (76), m=0 , n=0 inthe equation (18) the surface

curve X=X(s) isobtained as

s s .
X = {C1 cos | pgds+Cysin | pgds+ 1 (—pg )} X1
0 0 D?+1 \ p§

Blaschke vektors of the ruled surface ~ Aq (s) now take the form

L] S . -
K1=S<’1+e Cq cosf pgds+Cgsinf pg ds + 21 ("'Pag) g
0 0 D+1 \ p§ /]
S s .
Az =0 +¢e|-Cy cosj pgds—Cgsinf pg ds + 21 (_ Pg };(»1
0 0 D +1 pg
As=E

The invariant of the ruled surface A (s) are

p=pg p=0
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