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Director

I certify that this thesis satisfies all the requirements as a thesis for the degree of

Master of Science.

Prof. Dr. Şafak ALPAY
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abstract

SMOOTH and NONSMOOTH NEWTON METHODS for

SOLVING SEMI-INFINITE PROGRAMMING

Tezel, Aysun

M.Sc., Department of Mathematics

Supervisor: Prof. Dr. Bülent Karasözen

December 2004, 59 pages

In the thesis, a new numerical method which is based on non-smooth Newton’s

method to solve semi-infinite programming is studied. A problem of semi-infinite

programming is an optimization problem in which there may be infinitely many

inequality constraints. There are many practical applications of semi-infinite pro-

gramming problems. For the smooth Newton’s method, the results from finitely

constrained programming is extended to semi-infinite programming. It will be

explored that theoretically and numerically whether the non-smooth approach

can lead to a practically efficient solution method for semi-infinite programming.

Keywords: semi-infinite programming, generalized semi-infinite programming,

Karush-Kuhn-Tucker systems, first-order optimality conditions, NCP functions,

Newton’s method, generalized Newton’s method, semismooth functions.
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öz

YARI SONSUZ OPTİMİZASYON PROBLEMLERİNİN

ÇÖZÜMÜ İÇİN DÜZGÜN ve DÜZGÜN OLMAYAN

NEWTON METODLARI

Tezel, Aysun

Yüksek Lisans, Matematik Bölümü

Tez Yöneticisi: Prof. Dr. Bülent Karasözen

Aralık 2004, 59 sayfa

Yarı sonsuz ve genelleştirilmiş yarı sonsuz optimizasyon problemleri son yıllarda

optimizasyon teorisinde oldukça önem kazanmıştır. Yarı sonsuz optimizasyon

problemlerinde sonsuz sayıda eşitsizlikler vardır. Bu problemlerin farklı alanlarda

pek çok uygulamaları vardır. Bu tezde yarı sonsuz optimizasyon problemleri

incelenerek, bu problemleri çözmek için düzgün olmayan Newton metoduna dayalı

yeni bir sayısal yöntem üzerinde çalışılmıştır. Yöntemin yarı sonsuz optimizasyon

problemleri için, teorik ve sayısal olarak pratik ve etkin bir çözüm yöntemi olup

olmadıg̃ı araştırılmaktadır.

Anahtar Kelimeler: Yarı sonsuz optimizasyon problemleri, genelleştirilmiş yarı

sonsuz optimizasyon problemleri, Karush-Kuhn-Tucker sistemleri, birinci derece-

den optimum koşullar, NCP fonksiyonlar, Newton metodu, genelleştirilmiş New-

ton metodu, yarı düzgün fonksiyonlar.

v



To my family

vi



acknowledgments

I would like to express my sincere gratitude to my supervisor, Prof.Dr. Bülent
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chapter 1

INTRODUCTION

This thesis is devoted to the investigation of a numerical method which is based

on nonsmooth Newton method for solving problems of semi-infinite programming.

For this purpose, results from finite programming about smooth and nonsmooth

Newton methods are included. We also introduce and give a first study about

generalized semi-infinite programming, which we can semi-infinite programming

regard as a refined version of these problems.

A problem of semi-infinite programming (SIP) is an optimization problem of the

form

PSIP(f, h, g, u, v)


Minimize f(x) onMSIP [h, g], where

MSPI := {x ∈ <n|hi(x) = 0 (i ∈ I),

g(x, y) ≥ 0 (y ∈ Y )},


where Y ⊆ <m is a (possibly) infinite index set. In other words, SIP is an

optimization problem in finitely many variables x = (x1, . . . , xn)T ∈ <n on a

feasible set described by infinitely many constraints.

We assume that Y ⊆ <m is compact, g(x, y), hi(x) and f(x) are at least two times

continuously differentiable on <n × Y,<n and on <n, respectively.

If, in addition, the index set Y = Y (x) depends on the variable x, the program

is a semi-infinite problem with variable index set or, for short, a problem of

generalized semi-infinite programming (GSIP):
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PGSIP(f, h, g, u, v)


Minimize f(x) onMGSIP [h, g], where

MGSPI := {x ∈ <n|hi(x) = 0 (i ∈ I),

g(x, y) ≥ 0 (y ∈ Y (x))}.


In order to give more structure to this problem for a better analysis and treatment,

we assume thet the sets Y (x) ⊆ <m can be represented as follows:

Y (x) := {y ∈ <q|uk(x, y) = 0 (k ∈ K), vl(x, y) ≥ 0 (l ∈ L)} (x ∈ <n.)

where hi : <n → <, i ∈ I := {1, . . . ,m}, uk : <n × <q → <, k ∈ K := {1, . . . , r}
and vl : <n ×<q → <, l ∈ L := {1, . . . , s}.
For an introduction to semi-infinite programming problems we refer to the exten-

sive survey by Hettich and Kortanek [5]. Only some of a multitude of applica-

tions of semi-infinite programming are Chebychev approximation, robot trajec-

tory planning, the robot maneuverability problem, optimal design problems and

optimal filter design.

In the first part of Chapter 2, a formulation of the problems are given, in the

second part some real world applications of SIP and GSIP from different fields

of science are presented. These applications are, namely, Chebychev and reverse

Chebychev approximations, the former can be regarded as a foundation of semi-

infinite programming, approximation of a thermo-couple characteristic, which is

an application from chemical engineering, optimizing the maneuverability of a

robot and time-optimal control problem.

Chebychev approximation is related with approximating a continuous function by

a family of continuous functions with an additional parameter and may formu-

lated as semi-infinite programming. Reverse Chebychev approximation is mainly

related with enlarging the domain of approximation rather than minimizing the

error in approximation and may be formulated as a generalized semi-infinite pro-

gramming problem.

The approximation of thermo-couple characteristics is formulated by generalized

semi-infinite programming and it is a special case of reverse Chebychev approx-
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imation. The problem of optimizing the maneuverability of a robot is also an

example of generalized semi-infinite programming. In time-minimal control prob-

lem, we deal with heating or cooling a given ball from an initial temperature to

an end temperature, which is finally formulated as a problem from generalized

semi-infinite programming.

In the last part of Chapter 2, a short review of numerical methods to solve

problems of SIP and GSIP are listed. There are, namely, discretization methods,

exchange methods, methods based on local reduction and the Newton’s method.

For solving problems from SIP, one of the most important methods is the dis-

cretization method, in which SIP problem is replaced by a finite programming

problem. In general, discretization methods are considered as computationally

expensive methods. The methods based on local reduction uses mainly, Reduc-

tion Ansatz, a special stability assumption which allows locally to regard the

semi-infinite problem as a finitely constrained one. The Reduction Ansatz, or

Reduction Approach being an important approach in semi-infinite programming,

is given in Chapter 3.3. The algorithms for discretization and exchange meth-

ods are given and some properties of these methods are briefly mentioned. The

method based on local reduction and the Newton’s method can be directly gener-

alized from semi-infinite programming to generalized semi-infinite programming.

In our review of numerical methods, convergence properties of these methods are

not mentioned. Instead, we refer to the survey by Hettich and Kortanek [5] and

the other references given in this chapter for more details about these numerical

methods for solving problems of semi-infinite programming.

In the first part of Chapter 3, to solve a nonlinear system of equations, one of the

most important methods: the Newton’s method, is defined. Only the conditions

for convergence are given but convergence under these conditions is not proved.

Section 3.1 is devoted to Newton’s method, based on the Karush-Kuhn-Tucker

system, for solving problems of finite programming. It is known that Newton’s

method is in general applicable, convergent locally, when applied to problems

from finite programming.

In Section 3.2, the most important constraint qualifications for problems of semi-

infinite programming as well as the first order optimality conditions for semi-
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infinite programming are given. The two most important constraint qualifications

are extended linear independence constraint qualification and extended Mangasar-

ian Fromovitz constraint qualification, the latter one is an essential assumption

for structural stability results in semi-infinite programming. The Fritz-John and

Karush-Kuhn-Tucker conditions, which are the most important first-order neces-

sary optimality conditions in optimization problems are derived for problems of

generalized semi-infinite programming. In Section 3.3, smooth Newton’s method

for problems of semi-infinite programming is presented which is mainly depend

on the Reduction Assumption and Section 3.3.1 is devoted to the convergence of

the method for problems of semi-infinite programming. The Newton’s method

is shown to be quadratically convergent for semi-infinite programming under the

appropriate assumptions.

In Section 4.1, the concept of the generalized Jacobian is given which is needed

for the definition of nonsmooth Newton’s method and the convergence properties

of the method are given. One of the most important basic assumptions for con-

vergence is the semismoothness of the function used in the nonsmooth Newton’s

method. Under semismoothness assumption and nonsingularity of generalized

Jacobian of the system at the solution, the semismooth or nonsmooth Newton’s

method is shown to be locally convergent.

Section 4.2 is devoted to the application of nonsmooth Newton’s method for solv-

ing problems of finitely constrained programming. For this purpose, the Karush-

Kuhn Tucker system for problems of finitely constrained programming is derived

and the nonlinear complementarity problem functions are used to make the sys-

tem a semismooth system of equations. Under appropriate conditions, called,

Robinson condition, local quadratic convergence of the method is proved. In

Section 4.3, the Karush-Kuhn Tucker systems are derived for problems of semi-

infinite programming, which are derived for upper and lower level problems under

the local reduction of the problem. The nonsmooth Newton’s method is defined

for problems of semi-infinite programming. The assumptions for convergence of

the method includes strict complementarity for the upper and lower level prob-

lems, an assumption, which is not generally satisfied for problems of semi-infinite

programming.
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In Chapter 5, some numerical algorithms and applications of these algorithms for

semi-infinite programming in MATLAB with results are presented. Three algo-

rithms are presented, the first one is Newton’s method, using the usual Jacobian,

the second and third one are nonsmooth Newton’s method, using the generalized

Jacobian, the latter one is the hybrid method to obtain global convergence. The

test problems used in this chapter are common problems from literature.

Chapter 6 is the conclusion part for the thesis and includes some possible further

research topics.
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chapter 2

MOTIVATION of SIP and GSIP

2.1 Formulation of SIP and GSIP

An optimization problem of generalized semi-infinite programming is of the fol-

lowing form:

PGSIP(f, h, g, u, v)


Minimize f(x) onMGSIP [h, g], where

MGSPI := {x ∈ <n|hi(x) = 0 (i ∈ I),

g(x, y) ≥ 0 (y ∈ Y (x))},


(2.1)

where

Y (x) := {y ∈ <q|uk(x, y) = 0 (k ∈ K), vl(x, y) ≥ 0 (l ∈ L)} (x ∈ <n). (2.2)

Here, we have the objective function f : <n → < and we let

h := (h1, h2, . . . , hm)T , u := (u1, u2, . . . , ur)
T , v := (v1, v2, . . . , vs)

T

compromise the component functions hi : <n → <, i ∈ I := {1, 2, . . . ,m}, uk :

<n×<q → <, k ∈ K := {1, 2, . . . , r} and vl : <n×<q → <, l ∈ L := {1, 2, . . . , s}.
Hereby, ’T’ denotes transpose. Notice that SIP is a special case of GSIP with

Y (x) ≡ Y , where the infinite index set does not depend on the variable x.

We assume that f : <n → <, g : <n × <q → <, hi (i ∈ I), uk (k ∈ K) and

vl (l ∈ L) are continuously differentiable (C1−) functions. For each C1-function

f we denote the row- and column- vector of the first order partial derivatives
∂f
∂xk

(x) by Df(x) and DTf(x), respectively. We also use Dxg(x, y), Dyg(x, y) to
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comprise the partial derivatives of g with respect to the coordinates x and y.

2.2 Applications

There are many applications of SIP and GSIP in different fields such as approxi-

mation, robotics, boundary and eigenvalue problems, engineering design, optimal

control, transportation problems, fuzzy sets, cooperative games, robust optimiza-

tion and statistics (see, e.g., [5, 27, 36]).

As some further and special practical examples which can, under appropriate as-

sumptions, be modelled semi-infinitely or generalized semi-infinitely, we mention

the following problems. Namely there are

• Chebychev and reverse Chebychev approximations,

• approximation of a thermo-couple characteristic,

• optimizing the maneuverability of a robot,

• time-optimal control problems.

In the following, these examples from SIP and GSIP are explained in detail.

These examples are taken from [36], to where we refer for more explanations.

Example 2.1.1

Chebsyhev Approximation and Reverse Chebsyhev Approximation

Let h(y) ∈ C(<m,<) and a family of approximating functions H(x, y), where

H ∈ C(<n ×<m,<) and x ∈ <n as the parameter vector.

We want to approximate h by functions H(x, ·) in the max-norm (Chebsyhev

norm). Let ‖h‖∞ = maxy∈Y |h(y)| with respect to a compact set Y ⊆ <m.

To minimize the approximation error ‖h(·)−H(x, ·)‖∞ leads to the problem:

P1
SIP : min

x,ε
ε s.t. g±(x, y) := ±(h(y)−H(x, y)) ≤ ε for all y ∈ Y .

This problem of Chebychev approximationis a semi-infinite optimization prob-

lem. The so-called reverse Chebyshev problem , however, consists of fix-

ing the approximation error ε and making the region Y as large as

7



possible. Suppose that the set Y = Y (d) is parametrized by d ∈ <k and

v(d) denotes the volume of Y (d).

The reverse Chebyshev problem then leads to the GSIP of the following form (ε

fixed):

P1
GSIP : max

x,d
v(d) s.t. g±(x, y) := ±(h(y)−H(x, y)) ≤ ε for all y ∈ Y (d),

where the index set Y (d) depends on the variable d.

Example 2.1.2

Approximation of a Thermo-couple Characteristic

A thermo-couple f is some spline of polynomials with different degrees between 3

and 13. It is defined on an interval [a, b](a < b). From the engineer’s point of view,

the practical use of a thermo-couple characteristic is very sophisticated. There are

several reasons, which call for an approximation of the characteristic by a simpler

function. For instance, the characteristic is not representable in a closed form, the

polynomials’ degree is too large, and often only a small region of temperatures is

of practical interest. Hence, the engineer may look for an approximation by means

of only one polynomial p(y) =
∑no

k=0 xk+1y
k (y ∈ <) of some order no such that

the domain of approximation is as large as possible, where certain interpolation

properties ought to be fulfilled and lower and upper error bounds are not violated.

This optimization problem naturally called a reverse Chebychev approximation

problem. Therein we put n = no + 2, xo = (x1, . . . , xno+1)
T , xT = (xT

o , xn) ∈ <n

and

Ψ(xo, y) :=
no∑

k=0

xk+1y
k, δ(xo, y) := Ψ(xo, y)− f(y) (xo ∈ <n−1, y ∈ <),

referring to some α ∈ [a, b). Then, we may model our problem in <n in the

following way, which can easily be seen to be of generalized semi-infinite character:
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P2
GSIP



Minimize − xn onMGSI , where

MGSI := {x ∈ < : Ψ(xo, y
i)− f i = 0 (i ∈ I(xn))

δ(xo, y)− δI(y) ≥ 0 (y ∈ [α, xn]),

−δ(xo, y)− δI(y) ≥ 0 (y ∈ [α, xn]),

xn − α ≥ 0,

−xn + b ≥ 0

(xT = (xT
o , xn), xo ∈ <n−1 , xn ∈ <)}.



(2.3)

Namely, taking two different numbers c, d ∈ < \ [a, b] we would define Y υ(x) =

[α, xn] (υ ∈ {1, 2}), Y 3(x) ≡ {c, d}, x ∈ <n (qυ = 1, υ ∈ {1, 2, 3}). However,

with the appearance of the x-dependent set I(xn) ⊆ I = {1, 2, . . . ,m}, there

is an additional generalization of discrete character in P2
GSIP . Here, the most

important practical situation is given by I(xn) = {i ∈ I : yi ∈ [α, xn]}. Originally,

the points (yi, f i) can be interpreted as interpolation points.

Example 2.1.3

Optimizing the Maneuverability of a Robot

A robot may be regarded as a structure of connected links, where some geometrical

parameters y1, y2, . . . , yqo ∈ < can be controlled by drive motors. For instance,

these parameters are given by the lenght of the links or angles in the joints. The

equations of motion for a robot have the form

K = A(y1)y3 +H(y1, y2),

whereK ∈ <qo
stands for the vector of forces (torques)Kυ(υ ∈ {1, 2, . . . , qo}), A(y1)

is an inertia matrix, and H(y1, y2) is the vector of friction, gravity, centrifugal

and Coriolis forces. Given vectors of lower and upper bounds of the components
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of K and operating region Ω ⊆ <qo ×<qo
, we may look for the shape of the set

A = {y3 ∈ <qo

: K−υ ≤ (A(y1).y3+H(y1, y2))
υ ≤ K+υ(υ ∈ {1, 2, . . . , qo}, (y1, y2) ∈ Ω)}

of accelerations, which can be realized in every point (y1, y2) ∈ Ω. Here, Ω may

be an implicitly defined set in the sense of finite optimization. Information on A

may be used to evaluate the usefulness of a given robot for certain tasks. Hence,

the engineer may be interested in approximation of A, by means of elementary

geometrical body Bx ⊂ <qo
being as large as possible and contained in A. Hereby,

the defining constraints are supposed to depend in a C1-way on x ∈ <n, being

some parameter vector. The set Bx may for example be a box Bx with xj (j ∈
{1, 2, . . . , n}) being the side lengths, whereby n = qo. In the special case of a

square (cube, regular box) Sx, these numbers xj coincide.

Let V (x) stand for some measure of the size of Bx, for example the volume. We

are interested in the maximization of V , and put q = 3qo, and y = (yT
1 , y

T
2 , y

T
3 )T .

As we might introduce Y υ(x) = Ω × Bx (x ∈ <qo
), υ ∈ Y = {1, 2, . . . , υo}, υo =

2qo, now, we realize that the following minimization problem formulation is of

generalized semi-infinite form:

P3
GSIP



Minimize − V (x) onMGSI , where

MGSI := {x ∈ <n : (A(y1).y3 +H(y1, y2)−K−)υ ≥ 0

(υ ∈ {1, . . . , 2qo}, y ∈ Ω× Bx),

(−A(y1).y3 −H(y1, y2) +K−)υ ≥ 0

(υ ∈ {1, . . . , 2qo}, y ∈ Ω× Bx)}.


(2.4)

Of course, for the evaluation of this problem we may additionally have to require

to certain inequality constraints for the parameters xj (j ∈ {1, 2, . . . , n}), for

instance, nonnegativity conditions.
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Example 2.1.4

Time-Minimal Control in Heating and Cooling Processes

Let us think that a given ball B consists of a homogeneous material. We study

the following problem of heating or cooling B from an initial to a terminal tem-

perature:

P4
GSIP



Min I(T, u) := T such that

there is a bounded functionθ : [0, R] → <,where

θ|(0, R]× (0,∞)is partially differentiable,

u = θ(R, ·)|[0, T ]is continuous, and

θt(r, t) = a∆θ(r, t) = a
r2

∂
∂r

(r2θr(r, t)) ((r, t) ∈ (0, R]× (0,∞)),

θ(r, 0) = θ0 (r ∈ [0, R]),

θ(R, T ) = θE,

T ≥ 0,

|σu(R, t)| ≤ σ∗ (t ∈ [0, T ]).


(2.5)

Here, ∆θ represents the Laplacian of θ and R denotes the radius of B. The

temperature θ(r, t) is a function of the radial variable r, where r measures the

distance from the center point 0 of B, and of the time t. Moreover, we start with

an initial temperature θ0 and finish with an ended target (end) temperature

θE > θ0 (or θE < θ0, respectively). The temperature is essentially governed

by the implied heat equation, where a > 0 stands for the heat conductivity.

Furthermore, σu(r, t) denotes thermal stress tangential to the boundary ∂B of

B (r = R); σ∗ is a given upper bound of the stress.
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2.3 Review of Numerical Methods

In this part,we want to give a brief review of numerical methods from litera-

ture used to solve problems of semi-infinite as well as generalized semi-infinite

programming:

• discretization methods [5, 31, 32, 30, 33],

• exchange methods [5, 32, 33],

• methods based on local reduction [5, 31, 32],

• Newton’s method [5, 31, 33].

Recall that a problem of semi-infinite programming (SIP) is an optimization

problem of the form

SIP: min f(x) such that g(x, y) ≥ 0 for all y ∈ Y (2.6)

The discretization, exchange methods and methods based on local reduction ba-

sically replace SIP by (a sequence of) finitely constrained programming problems,

i.e., problems with only a finite number of constraints. These are solved by apply-

ing appropriate linear or nonlinear programming algorithms, for which we refer

to an extensive literature. The rough classification is made according to the way

how the finite problems are generated. Furthermore, these procedures are exam-

ples of superlinearly convergent methods to compute numerically a solution of

SIP, under the additional smoothness of the constraint, g(x, y), with respect to

x.

The method based on local reduction and Newton’s method can directly be gen-

eralized from SIP to GSIP. But there arise serious difficulties when trying to

generalize the so-called exchange or discretization methods from SIP to GSIP.

These difficulties are discussed and convergence results are derived under fairly

general assumptions on GSIP in [33].

One of the most important methods for solving an SIP problem is the discretiza-

tion method. In a discretization method, the infinite index set Y is approximated
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by a sequence of finite subsets {Yk}k∈ such that Yk becomes denser and denser in

Y as k goes to infinity. Then, the SIP problem is approximated by a sequence of

nonlinear programming problems

SIP(Yk) : min f(x) such that g(x, y) ≥ 0 for all y ∈ Yk (2.7)

such that solution xk of (2.7), as hoped, converges to a solution of (2.6).

Algorithm (Conceptual discretization method)

Step k : Given a discretization Yk ⊂ Y

i. Compute a solution xk of SIP (Yk).

ii. Stop, if xk is feasible within a fixed accuracy α > 0, i.e. g(xk, y) ≥
−α, y ∈ Y . Otherwise, select a finer discretization Yk+1 ⊆ Y.

At each iteration of a discretization method, a nonlinear programming

problem is solved. Therefore, discretization methods especially suit for

solving problems with a solution at which g(x∗, ·) is (almost) constant

on Y .

However, in a general discretization method, the subset Yk ⊂ Y must

be sufficiently dense in Y when k is sufficiently large. This makes the

algorithm computationally very expensive. The time needed to ver-

ify feasibility with respect to (2.7) and to solve this problem increases

dramatically as the cardinality of Yk grows. To reduce the computa-

tional cost of discretization methods, a so-called reduction technique

was introduced which results in reduction based methods. Let the set

Y be specified by

Y = {y ∈ <m : vj(y) ≤ 0, j = 1, 2, . . . , q} (2.8)

where vj : <m → < (j = 1, 2, . . . , q) are twice continuously differentiable.

The process of a typical reduction based method for solving SIP prob-

lem with Y specified by (2.8) is as follows. At iteration k, compute all
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local minimizers of the problem

min −g(xk, y) such that y ∈ Y (2.9)

Denote by Sk the set of all minimizers of (2.9). Solve the problem

min f(x) such that g(x, y) ≤ 0, for all y ∈ Sk (2.10)

to get the next iterate xk+1. Under some regular conditions, it has

been proved that the set Sk is finite and, hence, (2.10) reduces to a

nonlinear finitely constrained programming problem.

Under a compactness assumption on the feasible sets, a general conver-

gence result for discretization method was obtained. Reduction based

and discretization methods have been studied, under certain condi-

tions, these methods possess a global convergence property. However,

finding all local minimizers of (2.7) is very difficult and very expen-

sive in computation. Discussion on difficulties and numerical labor in

finding all local minimizers of (2.7) can be found in [51].

The exchange method is often more efficient than a pure discretiza-

tion method. This method can be seen a compromise between the

discretization method and the continuous reduction approach.

Let xk be a feasible point for SIP. We assume f, g ∈ C2 and that the

infinite index set Y is defined as the solution set of inequalities with

functions vl ∈ C2(<n,<):

Y = {y ∈ <|vl(x) ≥ 0, (l ∈ L)} L := {1, 2, . . . , q}.

Define the following problem, so-called lower level problem

Q(xk) : min
y

g(xk, y) such that vl ≥ 0 (l ∈ L).

Algorithm (Conceptual exchange method)

Step k : Given a discretization Yk ⊂ Y and a fixed, small value α > 0
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i. Compute a solution xk of SIP (Yk).

ii. Compute local solutions yi
k, i = 1, 2, . . . , ik of Q(xk) such that one of

them, say y1
k is a global solution, i.e., g(x, y1

k) = maxy∈Y g(xk, y).

iii. Stop, if g(x, y1
k) ≥ −α, with a solution x ≈ xk. Otherwise, update

Yk+1 = Yk ∪ {yi
k|i = 1, 2, . . . , ik}.

Under appropriate assumptions, we have convergence results for the

exchange method.

Newton’s methods, called sometimes KKT-approach, are directly based

on the system of Karush-Kuhn-Tucker necessary optimality conditions.

In these methods, briefly, the first order necessary optimality con-

ditions, which is a nonlinear equation, are derived and then solved

by Newton’s method. In the following chapter, we will explain the

method, convergence properties and some generic properties of this

method in finite and semi-infinite programming.

Also, in [29], the authors introduced a bi-level solution method for

GSIP, which may also applied to SIP.

Finally, we want to emphasize that the numerical solution of GSIP

might be much more difficult than the solution of SIP. Because of this

reason in [32], the assumptions under which a GSIP can be transformed

into a SIP are considered.

15



chapter 3

SMOOTH NEWTON’s METHOD

Assume we want to solve the nonlinear equation F (x) = 0, where F :

<n → <n is a continuously differentiable function.

Newton’s method , i.e.,

xk+1 = xk − (F ′(xk))−1F (xk) (3.1)

where x0 given, is a classical method for solving the nonlinear equation

F (x) = 0, (3.2)

where F : <n → <n is a continuously differentiable function.

The interpretation of (3.1) is that we model F at the current iterate

xk with a linear function

Mk(x) := F (xk) + F ′(xk)(x− xk)

and let the root of Mk be the next iteration. Here, Mk is called the local

linear model. If F ′(xk) is nonsingular, then Mk(x
k+1) = 0 is equivalent

to (3.1).

It is well-known that if

• the equation (3.2) has a solution x∗,

• F ′ : Ω → <n×n is Lipschitz continuous, and

• F ′(x∗) is nonsingular,

then, if x0 is sufficiently close to x∗, the iteration (3.1) locally converges

q-quadratically to x∗.
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For general nonlinear problems, the classical ordinary Newton’s method

reads

F ′(xk)∆x
k = −F (xk), xk+1 = xk + ∆xk (k = 0, 1, . . .).

For F : D ⊆ <n → <n a Jacobian (n, n)-matrix is required. Sufficiently

accurate Jacobian approximations can be computed by symbolic dif-

ferentiation or by numerical differencing. The above form of the linear

system deliberately reflects the actual sequence of computations: first,

compute the Newton corrections ∆xk, then improve the iterates xk to

obtain xk+1. For more information about Newton’s method we refer to

[53].

3.1 Newton’s method for Finitely Constrained

Programming

Consider a finite program

FP: min
x

f(x) such that gj(x) ≥ 0, for all j ∈ J = {1, 2, . . . ,m}.

Under linear independence constraint qualification at a local minimizer x̄, neces-

sarily the KKT-equations

DxL(x̄, µ̄) = Df(x̄)−
∑

j∈J0(x̄) µ̄jDgj(x̄) = 0

gj(x̄) = 0, j ∈ J0(x̄).
(3.3)

must hold with (unique) multipliers µ̄j ≥ 0, j ∈ J0(x̄), where

L(x, µ) := f(x)−
∑

j∈J0(x̄) µjgj(x) denotes the Lagrange function at x̄. By putting

G := (gj)j∈J0(x̄), the Jacobian of the system (3.3) at a solution (x̄, µ̄) is:

J(x̄, µ̄) =

(
D2

xL(x̄, µ̄) −DTG(x̄)

DG(x̄) 0

)
.

The equation (3.3) represents a system of n+ |J0(x̄)| equations in equally many

unknowns xi, µj. So, we may apply Newton’s method to solve the system
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(
DxL(x̄, µ̄)

gj(x̄)

)
= 0. (3.4)

It is well-known that the Newton’s method (locally) has quadratic convergence if

the Jacobian J(x̄, µ̄) is regular at a solution (x̄, µ̄) (cf., e.g., [12],[13]).

We will see that we can expect that in the ”general” (generic) case this regularity

condition is satisfied. By the following theorem, it is shown that Newton’s method

is genericly applicable.

Let P := C∞(<n,<)1+m denote the set of problem functions P = (f, g1, . . . , gm).

Theorem 3.1. (Jongen, Jonker, Twilt) [4] There is an open and dense subset

P0 ⊆ P such that for all finite programs P ∈ P0, LICQ holds at each feasible

point x and at each solution (x̄, µ̄) of (3.4) the Jacobian J(x̄, µ̄) is regular.

3.2 First Order Optimality Conditions in SIP

3.2.1 Introduction

In this section, first-order necessary optimality conditions are derived for SIP.

The definitions can be found in many references, in particular, we refer to [31].

We assume that the functions are of class C1.

Definition 3.1. A feasible point x̄ ∈ F is called a local minimizer of SIP if

there is some ε > 0 such that

f(x)− f(x̄) ≥ 0 for all x ∈ F with ‖x− x̄‖ < ε.

The minimizer x̄ is said to be global if this relation holds for any ε > 0.

Lemma 3.1. Let x̄ ∈ F be a local minimizer of SIP. Then, there cannot exist a

strictly feasible descent direction d., i.e., a vector d ∈ <n such that

Df(x̄)d < 0, Dxg(x̄, y)d > 0 for all y ∈ Y0(x̄)

18



Here, the set Y0(x̄) is called the set of active indices and given by

Y0(x̄) := {y ∈ Y : g(x̄, y) = 0}.

In the following we will derive the famous Fritz John (FJ) and the Karush-

Kuhn-Tucker (KKT) optimality conditions.

3.2.2 Constraint Qualifications in SIP

For x̄ ∈ F we recall active index set Y0(x̄) = {y ∈ Y : g(x̄, y) = 0}.
(i) The Extended Linear Independence Constraint Qualification (ELICQ) is said

to hold at x̄ ∈ F if the vectors

Dxg(x̄, y), (y ∈ Y0(x̄)), are linearly independent as a family.

(ii) The Extended Mangasarian Fromovitz Constraint Qualification (EMFCQ) is

said to hold at x̄ if there exists a vector d ∈ Rn such that

Dxg(x̄, y)d > 0 for all y ∈ Y0(x̄).

It is well-known that ELICQ implies EMFCQ, i.e., ELICQ is a stronger constraint

qualification. The proof of the following theorem is mainly from [31].

Theorem 3.2. Let x̄ be a local minimizer of SIP. Then, the following holds:

(a) There exists multipliers µ0, µ1, . . . , µk ≥ 0 and active indices y1, y2, . . . , yk ∈
Y0(x̄), 0 ≤ k ≤ n, such that

∑k
j=0 µj = 1 and

µ0Df(x̄)−
k∑

j=1

µjDxg(x̄, yj) = 0 (FJ-condition). (3.5)

(b) If EMFCQ holds at x̄, then there exist multipliers µ1, . . . , µk ≥ 0 and active

indices y1, . . . , yk ∈ Y0(x̄), 0 ≤ k ≤ n, such that

Df(x̄)−
k∑

j=1

µjDxg(x̄, yj) = 0 (KKT-condition). (3.6)
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Proof. Consider us introduce the set S := {Df(x̄)}
⋃
{−Dxg(x̄, y)|y ∈ Y0(x̄)} ⊆

<n. Since x̄ is local minimizer of SIP, there is no strictly feasible descent direction

d at x̄. This means that, there is no d ∈ <n with dT s < 0 for all s ∈ S. By

assumption, Y0(x̄) is compact, therefore, by continuity of Dxg(x̄, y), S is also

compact. We will use the following lemma.

Generalized Gordan Lemma: Let A ⊂ <n be compact set. Then, exactly one of

the following two condition holds

• 0 ∈ convA.

• There exists some d ∈ <n such that dT s < 0 for all s ∈ A.

By Generalized Gordan Lemma, since S is compact and there is no d ∈ <n with

dT s < 0 for all s ∈ S, we have 0 ∈ convS. We need the next lemma.

Caratheodory Lemma: For A ⊂ <n, each a ∈ convA can be represented as a

convex combination of (at most) n+ 1 vectors: a =
∑n+1

j=1 λjaj.

Then, by Caratheodory Lemma, 0 is a convex combination of at most n + 1

elements of S, i.e.,

k∑
j=0

µjsj = 0 sj ∈ S, µj ≥ 0,
k∑

j=0

µj = 1, some k ≤ n.

This implies part (a).

Let us assume d ∈ <n is a strictly feasible direction, i.e., MFCQ holds. For

statement (b) it suffices to show that µ0 6= 0 in the representation (a), as division

by µ0 > 0 yields a representation of desired type. Suppose to the contrary that

µ0 = 0 is true, and multiply

µ0Df(x̄)−
k∑

j=1

µjDxg(x̄, yj) = 0,

by d

µ0Df(x̄)d−
k∑

j=1

µjDxg(x̄, yj)d = 0.
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Then, we obtain the contradiction

0 > −
k∑

j=1

µjDxg(x̄, yj)d = 0Td = 0. 2

3.3 Newton’s method for SIP

3.3.1 Introduction

A common method for solving SIP is to apply Newton’s method to the necessary

optimality conditions. We need some theoretical considerations in order to derive

optimality conditions for SIP and GSIP.

The reduction approach is a common way to obtain optimality conditions and

Newton-type methods for SIP (see, e.g., [5]). The idea here is to locally transform

SIP and GSIP into finite (parametric) optimization problems.

3.3.2 Reduction Ansatz

Reduction Assumption: For any ȳ ∈ Y0(x̄) the following holds:

1. LICQ : Dyvl(x̄, ȳ)(l ∈ L0(x̄, ȳ)), are a linearly independent family.

2. SCS : (strict complementary slackness) There exists a multiplier γ ∈ <|L0(x̄,ȳ)|

such that DyL(x̄, ȳ, γ̄) = 0 and γ̄l > 0 (l ∈ L0(x̄, ȳ)).

3. SOC: (Second order condition) with γ̄ in 2

ηTD2
yL(x̄, ȳ, γ̄)η > 0 for all η ∈ T (x̄, ȳ) \ {0},

with the tangent space T (x̄, ȳ) = {η ∈ <m : Dyvl(x̄, ȳ)η = 0 (l ∈ L0(x̄, ȳ))}.

Theorem 3.3. Let at the feasible point x̄ for GSIP and the reduction assumption

is satisfied. Then, the subsequent statements can be made:
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• The active index set is finite, Y0(x̄) = {ȳ1, ȳ2, . . . , ȳr}, there exist neighbor-

hoods Ux̄ of x̄ and Vȳj
of ȳj and continuous mappings

yj : Ux̄ → Vȳj
, where yj(x̄) = ȳj,

γj : Ux̄ → <|L0(x̄,ȳ)|, where γj(x̄) = γ̄j,

such that for every x ∈ Ux̄ the value yj(x) is the unique local minimizer of

Q(x) in Vȳj
with corresponding Lagrange multiplier vector γj(x).

• With the functions in (a) the following finite reduction holds: x̄ is a solution

of GSIP, locally in a relative neighbourhood Ux̄ ∩ F , if and only if x̄ is a

local solution of the so-called reduced problem

GSIPred : min
x∈Ux̄

f(x) s.t. gj := g(x, yj(x)) ≥ 0, for all j = 1, ...., n.

For the proof of Theorem (3.3) we refer to [5] and [31].

By this theorem, locally near x̄, the problem GSIP is equivalent to GSIPred(x̄),

which is a common finitely constrained optimization problem. Thus, standard

optimality conditions of finitely constrained optimization can be applied to obtain

optimality conditions for GSIP.

Let x̄ be a local minimum of a GSIP. Under LICQ and reduction assumption

the minimum x̄ necessarily satisfies the following complete system of optimality

conditions with active index set Y0(x̄) = {ȳ1, ȳ2, . . . , ȳr}:

Df(x)−
r∑

j=1

µjDx

g(x, yj)−
∑

l∈L0(x̄,ȳj)

γl
jvl(x, yj)

 = 0, g(x, yj) = 0 (j = 1, 2, . . . , r).

(3.7)

and for j = 1, 2, . . . , r

Dyg(x, yj)−
∑

l∈L0(x̄,ȳj)

γl
jvl(x, yj) = 0, vl(x, yj) = 0 (l ∈ L0(x, yj)). (3.8)

The system has as many equations as unknowns x, µj, yj and γj. So, again

Newton-type methods may be applied to solve SIP and GSIP numerically.
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For SIP problems, since vl does not depend on x, in the first equation, the sum

over γl
jDxvl(x, yj) vanishes.

For common SIP we have the following genericity result which gives the theoretical

basis for Kuhn-Tucker methods on solving SIP.

Theorem 3.4. (Jongen/Zwier) The set P of all SIP problems of class C∞

defined by functions f, g, vl, (l ∈ L) contains an open and dense subset P0 ⊆ P
such that for all programs P ∈ P0 the regularity condition RC is satisfied.

This result cannot be generalized to GSIP. For a counterexample we refer to [31].

3.3.3 Convergence of Newton’s method for SIP

For the following SIP, we will show that Newton’s method is convergent

SIP : min f(x) s.t. x ∈ F ,

where F = {x ∈ <n|g(x, y) ≥ 0, y ∈ Y } with Y = {y ∈ <r|vl(y) ≥ 0, l ∈ L},
where L = {1, 2, . . . , q}.
For x̄ ∈ F we define the set of active points

Y0(x̄) = {ȳ ∈ Y : g(x̄, ȳ) = 0}.

Obviously, for feasible x̄ ∈ F , any point ȳ ∈ Y0(x̄) is a (global) minimum of the

following parametric optimization problem, so-called lower level problem

Q(x̄) : min
y

g(x̄, y) s.t. y ∈ Y

Given x̄ ∈ F , ȳ ∈ Y , we define active index set L0(ȳ) with respect to Q(x̄),

L0(ȳ) = {l ∈ L : vl(ȳ) = 0}.
We say that at ȳ ∈ Y the extended linear independence constraint qualification

(ELICQ) is satisfied for Q(x̄) if the vectors

Dyvl(ȳ), (l ∈ L0(ȳ))are linearly dependent as a family. (3.9)
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The weaker extended Mangasarian Fromovitz constraint qualification (EMFCQ)

is said to hold at ȳ ∈ Y if

there exists a vector µ such that Dyvl(ȳ)µ > 0, (l ∈ L0(ȳ)).

Let a local minimum be given x̄ ∈ F , ȳ ∈ Y0(x̄). If at ȳ the EMFCQ is satisfied

then, necessarily the following Kuhn-Tucker condition is fulfilled: There exists a

multiplier vector γ̄ ∈ <|L0(ȳ)| such that

DyL(x̄, ȳ, γ̄) = 0, γ̄ ≥ 0 with L(x, y, γ) := g(x, y)−
∑

l∈L0(ȳ)

γlvl(y) (3.10)

the Lagrange function. The following Fritz John type optimality condition holds

for SIP.

Theorem 3.5. Let be given x̄ ∈ F . Suppose, at any point ȳ ∈ Y0(x̄) the EMFCQ

is satisfied for Q(x̄). Then, there exist ȳj ∈ Y0(x̄), γ̄
j ∈ <|L0(ȳ)|, γ̄j ≥ 0, j =

1, . . . , p, and multipliers µ̄0, µ̄1, . . . , µ̄p ≥ 0, not all zero, such that

µ̄0Df(x̄)−
p∑

j=1

µ̄jDxg(x̄, ȳ
j) = 0. (3.11)

If Y0(x̄) = {ȳ1, ȳ2, . . . , ȳp} and ELICQ is satisfied at x̄ for SIP,

Dxg(x̄, ȳ
j)(j = 1, 2, . . . , p) are linearly independent (3.12)

then, we can assume µ̄0 = 1 (Kuhn-Tucker condition) and the multipliers µ̄1, µ2, . . . , µ̄p

are uniquely determined.

For later purposes, we summarize second order optimality conditions for SIP.

Under reduction assumption, i.e., at any active point ȳj ∈ Y0(x̄) condition (3.9)

and (3.10) with γ̄j > 0 (strict complementary slackness) hold as well as the second

order condition,

µTD2
yL(x̄, ȳj, γ̄j)µ > 0 for all µ ∈ T (x̄, ȳj) \ {0}, (3.13)
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where T (x̄, ȳj) = {µ ∈ <r|Dyvl(ȳ
j)µ = 0(l ∈ L0(ȳ

j))}. In the following we put

vj := [vl, l ∈ L0(ȳ
j)]T (a matrix with rows vl). The implicit function theorem

applied to the system

DyL(x, yj, γj) = 0, vj(yj) = 0 (3.14)

implies existence of C1-functions yj(x), γj(x) defined on a neighbourhood U(x̄)

of x̄ such that on U(x̄) the value yj(x) is a local solution of Q(x) with corre-

sponding multiplier vector γj(x) satisfying yj(x̄) = ȳj, γj(x̄) = γ̄j. By implicitly

differentiating (3.14) with respect to x we find the following formula for Dyj, Dγj,

−Dxyg(x̄, ȳ
j) = D2

yL(x̄, ȳj, γ̄j)Dyj(x̄)−DT
y v

j(ȳj)Dγj(x̄) (3.15)

0 = Dyv
j(ȳj)Dyj(x̄). (3.16)

The assumptions (3.9) and (3.13) imply that the following matrices being the

Jacobian of (3.14) with respect to y, γ

M̄ j :=

(
D2

yL(x̄, ȳj γ̄j) −DT
y v

j(ȳj)

Dyv
j(ȳj) 0

)
(3.17)

are regular. Moreover, these conditions imply that the set Y0(x̄) is finite, Y0(x̄) =

{ȳ1, ȳ2, . . . , ȳp}. Under these strong assumptions, the problem SIP can locally, in

a neighbourhood U(x̄) of x̄, be transformed into the following equivalent finite

optimization problem (reduced problem):

SIPloc(x̄) : min f(x) such that gj := g(x, yj(x)) ≥ 0 (j = 1, 2, . . . , p).

Here, the functions yj(x) are the local solutions of Q(x) constructed above. By

applying optimality conditions of finite optimization to the problem SIPloc(x̄)

we obtain the following sufficient optimality conditions for SIP: Let at all points

in Y0(x̄) = {ȳ1, ȳ2, . . . , ȳp} the above standard assumptions be satisfied. Assume

that at x̄ ∈ F the ELICQ (3.12) is fulfilled, as well as the Kuhn-Tucker condition

(3.11) holds with µ̄0 = 1 and the second order condition,

25



ξTM̄0ξ > 0 for all ξ ∈ T \ {0}, (3.18)

with the tangent space T := {ξ ∈ <n|Dxg(x̄, ȳ
j)ξ = 0, j = 1, 2, . . . , p} and

M̄0 := µ0D
2f(x̄)−

p∑
j=1

µ̄jD
2
xg(x̄, ȳ

j) +

p∑
j=1

µ̄jD
Tyj(x̄)D2

yL(x̄, ȳj, γ̄j)Dyj(x̄).

(3.19)

Then, x̄ is a local minimizer of SIP. Consider x̄ ∈ F such that at any point ȳj ∈
Y0(x̄), j = 1, 2, . . . , p, the conditions (3.9), (3.13) are satisfied. Let moreover (3.12)

and (3.18) be fulfilled. Then, necessarily x̄, µ̄, ȳj, γ̄j, (j = 1, 2, . . . , p), will solve the

following system of Karush-Kuhn-Tucker equations of SIP and the corresponding

lower level problem Q(x̄):

Df(x)−
∑p

j=1 µjDxg(x, y
j) = 0,

g(x, yj)−
∑

L0(ȳj) γ
j
l vl(y

j) = 0 (j = 1, 2, . . . , p).

(3.20)

and for j = 1, 2, . . . , p

Dyg(x, y
j)−

∑
l∈L0(ȳj)

γj
lDyvl(y

j) = 0, vl(y
j) = 0 (l ∈ L0(y

j)). (3.21)

This system consists of K := n + p +
∑p

j=1(r + |L0(ȳ
j)|) equations for the K

unknowns x ∈ <n, µj ∈ <, yj ∈ <r, γj ∈ <|L0(ȳj)|, j = 1, 2, . . . , p. The following

Lemma shows that under our assumptions the Jacobian of the system (3.20) and

(3.21) is regular at the solution. This in particular implies that the Newton’s

method applied to (3.20) and (3.21) will locally converge quadratically.

The proof of the following lemma is the modification of the proof of Lemma 1 in

[33], which will be stated in the next section, to the SIP.

Lemma 3.2. Let x̄ ∈ F be given such that at any point ȳj ∈ Y0(x̄), j = 1, 2, . . . , p

the conditions (3.9), (3.13) are satisfied and let (3.12) and (3.18) be fulfilled.

Then, the Jacobian of (3.20) and (3.21) at x̄, µ̄, ȳj, γ̄j, j = 1, 2, . . . , p, is regular.

Proof. The Jacobian of the system (3.20) and (3.21) exhibits all functions
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evaluated at x̄, µ̄, ȳj, γ̄j:



D2f −
∑p

j=1 µ̄jD
2
xḡ

j −BT −µ̄1Dyxḡ
1 0 . . . −µ̄pDyxḡ

p 0

B 0 0 0 . . . 0 0

Dxyḡ
1 0 D2

yL
ȳ1 −DT

y v
1 . . . 0 0

0 0 Dyv
1 0 . . . 0 0

...
...

...
...

. . .
...

...

Dxyḡ
p 0 0 0

... D2
yL

ȳp −DT
y v

p

0 0 0 0
... Dyv

p 0


(3.22)

where ḡj, j = 1, 2, . . . , p denotes g(x̄, ȳj), andBT := [DT
x g(x̄, ȳ

1), DT
x g(x̄, ȳ

2), . . . , DT
x g(x̄, ȳ

p)]

and in the rows n+ 1, n+ 2, . . . , n+ p we have used the relations DyL
ȳj
, vj = 0.

Now, for j = 1, 2, . . . , p, we add to the first n columns of (3.22) a combination Dyj

of the columns corresponding to the variable yj and a combination Dγj of the

columns corresponding to the variable γj. Then, by using (3.15),(3.16) and (3.17)

the matrix (3.22) is transformed into the following matrix without changing the

determinant:

M0 −BT −µ̄1Dyxg(x̄, ȳ
1) 0 . . . −µ̄pDyxL

ȳp
0

B 0 0 . . . 0

0 0 M1 . . . 0
...

...
. . .

...

0 0 0 . . . Mp


(3.23)

Here, the (n× n) submatrix M0 has the form

M0 := D2f −
p∑

j=1

µ̄jD
2
xg(x̄, ȳ

j) +

p∑
j=1

−µ̄jDyxg(x̄, ȳ
j)Dyj. (3.24)

In view of (3.15) and (3.16) it follows that

−Dyxg(x̄, ȳ
j)Dyj = DTyjD2

yL
ȳj

Dyj −DTγjDyv
jDyj = DTyjD2

yL
ȳj

Dyj.
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By substituting this relation into (3.24) we find that M0 equals the matrix M̄0 in

(3.19) with µ̄0 = 1. In view of our assumptions (3.12) and (3.18), the matrix(
M0 −BT

B 0

)

is regular. Hence, by using (3.17), the matrix (3.23) and, therefore, also the

matrix (3.22) are regular. 2

In practice, to obtain a globally convergent Newton-type method, one has to

apply a globally convergent method for finitely constrained problems to the lo-

cally reduced problems SIPloc(x). For SIP such an algorithm is described in [5],

Algorithm 7.4. The result for the problems of GSIP can be found in [33].
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chapter 4

NON-SMOOTH NEWTON’s

METHOD

In this chapter Newton’s method is generalized to solve non-smooth equations, es-

pecially, semismooth equations. Applications, convergence results and properties

of generalized Newton’s method for finite programming as well as semi-infinite

programming are presented.

4.1 A Nonsmooth Version of Newton’s Method

In this section, Newton’s method for solving a nonlinear equation of several vari-

ables is extended to a nonsmooth case by using generalized Jacobian instead of

the derivative.

Let us recall the classical Newton’s method

xk+1 = xk − (F ′(xk))−1F (xk), (4.1)

where x0 given, is a classical method for solving the nonlinear equation

F (x) = 0, (4.2)

where F : <n → <n is a continuously differentiable (i.e., a smooth) function.

Suppose now that F is not a smooth, but a locally Lipschitzian function. Let

∂F (xk) be the generalized Jacobian of F at xk defined by Clarke (e.g., [1]). In

this case, instead of (4.1), one may use the following procedure to solve (4.2):

xk+1 = xk − V −1
k F (xk) (4.3)
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with some Vk ∈ ∂F (xk).

For vector-valued functions F : <n → <m, written in terms of component func-

tions as F (x) = (f 1(x), f2(x), . . . , fm(x))T . We assume that each f i (and, hence,

F ) is Lipshitz near a given point x of interest. Rademacher’s Theorem asserts

that F is differentiable (i.e., each f i is differentiable) almost everywhere on any

neighbourhood of x in which F is Lipschitz. Let us denote the set of points in <n

at which F fails to be differentiable by ΩF . We shall write JF (y) for the usual

(m×n) Jacobian matrix of partial derivatives whenever y is a point at which the

necessary partial derivatives exist.

Definition 4.1. The generalized Jacobian of F at x, denoted by ∂F (x), is

the convex hull of all (m × n) matrices Z obtained as the limit of a sequence of

the form JF (xi), where xi → x and xi /∈ ΩF .

Symbolically, then, one has

∂F (x) := co{ lim
i→∞

JF (xi)|xi → x, (i→∞), xi /∈ ΩF}. (4.4)

In order to show local and global convergence results hold for (4.3) we need to

give definition semismoothness of a function F .

Semismooth functions of several variables

Definition 4.2. A locally Lipschitzian function F : <n → <m is called semis-

mooth at x ∈ <n if F is directionally differentiable at x and for all V ∈ ∂F (x+d)

and d→ 0

F ′(x; d) = V d+ o(‖d‖).

In some sense, semismoothness is equivalent to the uniform convergence of di-

rectional derivatives in all directions. Semismoothness was introduced by Mifflin

[18] for functionals.

Convex functions, piecewise linear functions and smooth functions are examples

of semismooth functions. In [24], the definition of semismooth functions was

extended to F : <n → <m. It was proved that F is semismooth at x if and only

if all its component functions are semismooth.
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Definition 4.3. A function, F is called strongly semismooth at x if F is

semismooth at x and for all V ∈ ∂F (x+ d) and d→ 0

V d− F ′(x; d) = O(‖d‖2).

For other definitions and properties of semismoothness see, e.g., [24].

To prove that the nonsmooth Newton’s method locally converges, we need the

following lemma.

Lemma 4.1. If F : <n → <m a locally Lipschitzian function which is also semis-

mooth at x, then for any V ∈ ∂F (x+ h), h→ 0,

V h− F ′(x;h) = o(‖h‖) (4.5)

and for any h→ 0,

F (x+ h)− F (x)− F ′(x;h) = o(‖h‖). (4.6)

For a proof of two properties we refer to [24]. We need the following proposition

to prove convergence of the method.

Proposition 4.1. If all V ∈ ∂F (x) are nonsingular, then there is a neighbour-

hood N(x) of x and a constant C such that for any y ∈ N(x) and any V ∈ ∂F (y),

V is nonsingular and ∥∥V −1
∥∥ ≤ C.

Proof. If the conclusion is not true, then there is a sequence yk → x, (k →
∞)Vk ∈ ∂F (yk) such that either all Vk are nonsingular or

∥∥V −1
k

∥∥→∞, (k →∞).

Since F is locally Lipschitzian, ∂F is bounded in a neighbourhood of x. By

passing to a subsequence, we may assume that Vk → V, (k →∞). Then V must

be singular, a contradiction to the assumption of nonsingularity of V ∈ ∂F (x).

This completes the proof. 2
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Theorem 4.1. Suppose that x∗ is a solution of (4.2). Let a locally Lipschitzian

function F : <n → <n be given which is semismooth at x∗, and all V ∈ ∂F (x∗)

be nonsingular. Then, the iteration method (4.3) is well-defined and convergent

to x∗, locally, in a neighbourhood of x∗.

Proof. By Propositions 4.1, 4.3 is well-defined in a neighbourhood of x∗ for the

first step k = 0. Now∥∥xk+1 − x∗
∥∥ =

∥∥xk − V −1
k F (xk)− x∗

∥∥
=

∥∥xk − x∗ − V −1
k F (xk)

∥∥
≤

∥∥V −1
k [F (xk)− F (x∗)− F ′(x∗;xk − x∗)]

∥∥
+

∥∥V −1
k [Vk(x

k − x∗)− F ′(x∗;xk − x∗)]
∥∥

= o(
∥∥xk − x∗

∥∥).
(4.7)

The last equality is due to Propositions 4.1, 4.5, and 4.6. 2

Theorem 4.1 states the local convergence of generalized Newton’s method, semis-

moothness and nonsingularity of generalized Jacobians at the solution are neces-

sary conditions for convergence. Proposition 4.1 and Theorem 4.1 can be found

in [24].

4.2 Semismooth Newton’s method for Finitely

Constrained Programming

In this section, nonsmooth Newton’s method will be applied to problem of finitely

constrained programming, and also convergence poperties are investigated. This

section is mainly taken from [21], with small changes in the definition of prob-

lem of finite programming and differentiability assumptions. In the definition of

finite programming, the equality constraint is not considered, namely we define

a problem of finite programming without equality constraints.

Consider, a problem of the type nonlinear programming with constraints

min f(x) such that g(x) ≤ 0, (4.8)
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where f and g are continuously differentiable functions from <n to < and <p

respectively. Let N = n + p. The Karush-Kuhn-Tucker (KKT) system for this

problem is:

(KKT )



Df(x) +
∑p

j=1 µjDgj(x) = 0

µ ≥ 0, g(x) ≤ 0,

µTg(x) = 0.


(4.9)

We denote zT := (xT , µT ). The KKT system plays a central role in the theory

and algorithms for problems of nonlinear programming. A local optimal solution

of (4.8) is a solution of the KKT system (4.9) if some constraint qualifications

such as well-known Mangasarian-Fromovitz condition is satisfied. In this section,

we assume f and g are twice continuously differentiable and D2f,D2g are locally

Lipschitzian.

Many iterative methods have been developed to solve KKT systems. We refer to

[3] for a comphrehensive treatment of these methods. Since the 1970s, different

methods have been developed to formulate the KKT system as a system of non-

smooth equations. But it is a recent approach to construct generalized Newton’s

method for solving these nonsmooth KKT equations.

We will reformulate our above system of relations by using nonsmooth functions,

namely, nonlinear complementarity problem functions, in short, NCP-functions :

Definition 4.4. A function φ : <2 → R is called an NCP-function if

φ(a, b) = 0 if and only if a ≥ 0, b ≥ 0 and ab = 0.

We will give two important examples of NCP-functions:

Example 1. φmin(a, b) := min{a, b} , minimum function,

Example 2. φFB(a, b) :=
√
a2 + b2 − a− b, Fischer-Burmeister function.

They are used in order to formulate nonlinear complementarity problems (NCP’s),

as an equation. Consider NCP’s of the form: Find an x ∈ <n such that

x ≥ 0, F (x) ≥ 0, xTF (x) = 0,
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where F : <n → <n. The NCP has received a lot of attention due to its various

applications in operations research, economic equilibrium, and engineering design.

A popular way to solve the NCP is via an NCP function to reformulate the NCP

as (nonsmooth) equations.

By using NCP-functions, the system becomes

H(z) =


Df(x) +

∑p
j=1 µjDgj(x) = 0

φ(µ,−g(x))

 = 0 (4.10)

Definition 4.5. Suppose F : <n → <m with n = m. We say that F is CD-

regular at a point if all V ∈ ∂F (x) are nonsingular.

Let us consider, two typical versions of KKT equations, by using the NCP-

functions min function and Fisher-Burmeister function, which are equivalent to

(4.9). These two typical versions of KKT equations are semismooth. We denote

the Lagrangian of (4.8) by

L(x, µ) := f(x) + µTg(x)

and denote its gradient with respect to x by

Fµ(x) := DxL(x, µ)

By using min NCP-function, the KKT system becomes

H1(z) =


Df(x) +

∑p
j=1 µjDgj(x) = 0

min{µ,−g(x)}

 = 0. (4.11)
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By using Fischer-Burmeister NCP-function, the KKT system becomes

H2(z) =



Df(x) +
∑p

j=1 µjDgj(x) = 0

√
µ2

1 + (g1(x))2 + g1(x)− µ1

...√
µ2

p + (gp(x))2 + gp(x)− µp


= 0. (4.12)

The first n rows of H1(z) and H2(z) are Fµ(x). Clearly a smooth function whose

derivative is locally Lipschitzian is strongly semismooth everywhere. By defini-

tion, a vector-valued function is strongly semismooth if and only if component

functions are strongly semismooth. Obviously, the sum and the minimum of two

smooth functions with locally Lipschitzian derivatives are strongly semismooth.

Hence, H1 is a strongly semismooth function. We will show that H2 is also

strongly semismooth.

Lemma 4.2. Let z = (xT , α)T , x ∈ <n, α ∈ <. Suppose that ψ : <n → < is

a twice continuosly differentiable function for which D2ψ is locally Lipschitzian.

Let φ : <n+1 → < be defined by

φ(z) :=
√

(ψ(x))2 + α2 + ψ(x)− α.

Then, φ is strongly semismooth.

For the proof of Lemma 4.2, we refer to [21].

Theorem 4.2. Both H1 and H2 defined by (4.11) and (4.12) are strongly semis-

mooth.

Proof. We only need to prove the results for H2. By Lemma (4.2), φj(z) =√
µ2

j + (gj(x))2 + gj(x)− µj is a strongly semismooth function. Since the sum of

two LC1 functions is strongly semismooth and the product of an LC1 function

and a strongly semismooth function is strongly semismooth, where by an LC1
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function, we mean a smooth function with locally Lipschitzian derivative, H2 is

a strongly semismooth function. This completes the proof. 2

We will investigate convergence of the following nonsmooth version of Newton’s

method to solve the equations H1(z) = 0 and H2(z) = 0:

zk+1 = zk −W−1
k H(zk), Wk ∈ ∂H(zk). (4.13)

By Theorem 4.2 above we see that H2 is a strongly semismooth function.

Hence, the key thing is to identify the conditions such that both all elements in

the generalized Jacobians at the solution point z∗ of H1 and H2 are nonsingular.

This is equivalent to say that both H1 and H2 are CD-regular at a KKT-point

z∗.

The Robinson condition.

Definition 4.6. Suppose that zT = (xT , µT ) ∈ <N . Let P = {1, 2, . . . , p},

I(z) := {j|j ∈ P, gj(x) = 0},

I0(z) := {j ∈ I(z)|µj = 0},

I1(z) := {j ∈ I(z)|µj > 0},

and

G(z) := {d ∈ <n|g′

j(x; d) = 0 (j ∈ I1(z))}.

A point z ∈ <N is said to satisfy the strong second-order sufficiency condition for

(4.8) if it satisfies the first-order KKT condition (4.9) and if dTV d ≥ 0 for all

d ∈ G(z) \ {0} and all V ∈ ∂Fµ(x). We say that a KKT point z of (4.8) satisfies

the linear independence condition if Dgj(x) (j ∈ I(z)) are linearly independent.

A point z ∈ <N is said to satisfy the Robinson condition if it satisfies both the

linear indepence condition and the strong second-order sufficiency condition.

Theorem 4.3. Suppose that z∗ ∈ <N is a KKT point of (4.8) and satisfies the

Robinson condition. Then, both H1 and H2 are CD-regular at z∗.
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Proof. Let W ∈ ∂H1(z
∗). Then,

W =


V DgI1(x

∗)T DgI0(x
∗)T DgJ(x∗)T

−DgI1(x
∗) 0 0 0

−Λ0DgI0(x
∗) 0 Γ0 0

0 0 0 EJ

 , (4.14)

where V ∈ ∂Fµ∗(x∗), I1(z
∗) ⊆ I1 ⊆ I(z∗), I0 ⊆ (I0(z

∗) \ I1), J = P \ (I1 ∪ I0), EJ

is the identity matrix of dimension |J | ,Λ0 and Γ0 are positive definite diagonal

matrices of dimension |I0| and diagonal elements λj ∈ [0, 1] and γj = 1 − λj,

respectively, for j ∈ I0, the order of j ∈ P is reordered to separate I1 and I0 and

J . Suppose that

W


d1

d2

d3

d4

 = 0, (4.15)

where d1 ∈ <n, d2 ∈ <|I1|, d3 ∈ <|I0|, d4 ∈ <|J |. Note that the jth element of d3 is

equal to 0 by (4.15) if λj = 0. Without loss of generality, we may assume that

λj ∈ (0, 1]. Then (4.15) implies d4 = 0,

V d1 +DgI1(x
∗)Td2 +DgI0(x

∗)Td3 = 0, (4.16)

DgI1(x
∗)d1 = 0, (4.17)

and

DgI0(x
∗)d1 = Λ−1

0 Γ0d3. (4.18)

Suppose that d1 satisfies (4.17). Then d1 ∈ G(z∗). Multiplying (4.16) with dT
1 ,

by (4.17) and (4.18), we have

dT
1 V d1 + dT

3 Γ0Λ
−1
0 d3 = 0.

By the strong second-order sufficiency condition and positive definiteness of Γ0Λ
−1
0 , d1 =
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0 and d3 = 0. Now, (4.16) yields

DgI1(x
∗)Td2 = 0.

By the linear independence condition, d2 = 0. Hence, d = 0. This shows that W

is nonsingular. Therefore, H1 is CD-regular at z∗.

For any z ∈ RN , H2 is differentiable at z if and only if DFµ(x) exists and µ2 +

(gj(x))
2 > 0 for all p ∈ P . For these points z,

DH2(z) =

(
DFµ(x) Dg(x)T

ΛDg(x) Γ

)
, (4.19)

where Λ := diag{λ1, λ2, . . . , λp},Γ = {γ1, γ2, . . . , γp},

λj =
gj(x)√

µ2
j + (gj(x))2

+ 1 (4.20)

and

γj =
gj(x)√

µ2
j + (gj(x))2

− 1 (4.21)

for j ∈ P . By (4.20) and (4.21), we have

(λj − 1)2 + (γj + 1)2 = 1. (4.22)

By (4.19),(4.22) and the definition of the generalized Jacobian of H2, if W ∈
∂H2(z

∗), we have,

W =

(
V Dg(x∗)T

ΛDg(x∗) Γ

)
. (4.23)

where V ∈ ∂Fµ∗(x∗) and again Λ = diag{λ1, λ2, . . . , λp},Γ = {γ1, γ2, . . . , γp}, and

(λj − 1)2 + (γj + 1)2 ≤ 1. (4.24)

Suppose that
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W

(
d1

d2

)
= 0, (4.25)

where d1 ∈ <n, d2 ∈ <p. Use d2j
to denote the components of d2. Then, (4.25)

implies

V d1 +Dg(x∗)Td2 = 0, (4.26)

and, for j ∈ P
λjDgj(x

∗)d1 + γjd2j
= 0, (4.27)

Let P1 := {j ∈ P, λj > 0, γj < 0}, P2 := {j ∈ P, λj = 0} and P3 := {j ∈ P, γj =

0}. Then I1(z
∗) ⊆ P3. By (4.27) and (4.24), d2j

= 0 if j ∈ P2,

Dgj(x
∗)d1 = 0 (4.28)

if j ∈ P3, and

Dgj(x
∗)d1 = υjd2j

, (4.29)

where υj = −γj/λj > 0 if j ∈ P1. Multiplying (4.26) with dT
1 , by (4.28) and

(4.29),

dT
1 V d1 +

∑
j∈P1

υjd
2
2j

= 0.

Since I1(z
∗) ⊆ P3, by (4.28), d1 ∈ G(z∗). Since υj > 0 for j ∈ P1, by the strong

second-order sufficiency condition, d1 = 0 and d2j
= 0 for j ∈ P1. Now, (4.26)

yields ∑
j∈P3

Dgj(x
∗)Td2j

= 0.

Notice P3 ⊆ I(z∗). By linear independence condition, d2j
= 0 for j ∈ P3. Hence,

d = 0. This shows that W is nonsingular. Therefore, H2 is CD-regular at z∗.

This completes the proof. 2

By Theorems 4.1, 4.2 and 4.3, we have the following theorem

Theorem 4.4. Let H = Hi for (i = 1, 2) in Newton’s method (4.13). Suppose
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that z∗ is a solution of (4.9) and satisfies Robinson condition. Then the iter-

ative method (4.13) is well-defined and {zk}, the sequence generated by (4.13),

converges to z∗ q-quadratic in a neighbourhood of z∗.

Theorem 4.4 can be found in [21].

4.3 Semismooth Newton’s method for SIP

Consider a problem of semi-infinite programming of the form

SIP: min
x

f(x) such that g(x, y) ≤ 0 for all y ∈ Y, (4.30)

where Y = {y ∈ <m : c(y) ≤ 0}, f : <n → <, g : <n ×<m → < and c : <m → <q

are twice continuously differentiable functions. Let,

Y0(x̄) = {y ∈ Y : g(x̄, y) = 0}.

If x̄ is a local minimum of the SIP problem (4.30) and extended Mangasarian-

Fromovitz constraint qualification (EMFCQ) holds at x̄, i.e., there is a vector

h ∈ <n such that

Dxg(x̄, y)h < 0

for all y ∈ Y0(x̄), then there are p positive numbers ūi and p vectors ȳi ∈ Y0(x̄)

such that

DxL(x̄, ū, ȳ) = 0 (4.31)

with p ≤ n. Consider, lower level problem,

min −g(x̄, y) such that c(y) ≤ 0 (4.32)

If a constraint qualification for (4.32) holds, then there are q Lagrange multipliers

w̄j ∈ <p for j = 1, 2, . . . , q such that for i = 1, 2, . . . , p,

DyL(x̄, ūi, ȳ
i, w̄i) = 0,
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w̄i
j ≥ 0, cj(ȳ

i) ≤ 0, (4.33)

w̄i
jcj(ȳ

i) = 0 (i = 1, 2, . . . , p; j = 1, 2, . . . , q);

where upper level Lagrangian is defined as

L(x, u, y) := f(x) +

p∑
i=1

uig(x, y
i),

and lower level Lagrangian (modified) look as follows:

L(x̄, u, y, w) := ug(x̄, y) +

q∑
j=1

wjcj(y).

The constraint qualification may be one of the following: linear indepedence

constraint qualification, Mangasarian-Fromovitz constraint qualification or Slater

constraint qualification.

By, (4.31) and (4.33), we have the following equalities and inequalities,

Df(x̄) +

p∑
i=1

ūiDxg(x̄, ȳ
i) = 0,

ūi ≥ 0, g(x̄, ȳi) = 0, for i = 1, 2, . . . , p,

ūiDyg(x̄, ȳ
i) +

q∑
j=1

w̄i
jDcj(ȳ

i) = 0, for i = 1, 2, . . . , p, (4.34)

w̄i
j ≥ 0, cj(ȳ

i) ≤ 0, for i = 1, 2, . . . , p, j = 1, 2, . . . , q,

w̄i
jcj(ȳ

i) = 0, for i = 1, 2, . . . , pand j = 1, 2, . . . , q.

Let φ be a semismooth NCP function. Then we may reformulate (4.34) as a

system of semismooth equations, by using an NCP function φ:

Df(x̄) +

p∑
i=1

ūiDxg(x̄, ȳ
i) = 0,

φ(ūi,−g(x̄, ȳi)) = 0, for i = 1, 2, . . . , p,
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(4.35)

ūiDyg(x̄, ȳ
i) +

q∑
j=1

w̄i
jDcj(ȳ

i) = 0, (i = 1, 2, . . . , p),

φ(w̄i
j,−cj(ȳi)) = 0, (i = 1, 2, . . . , p, j = 1, 2, . . . , q).

For the ease of presentation, in the following, we used x, ui, y
i, wi

j instead of x̄,

ūi, ȳ
i and w̄i

j, respectively.

Let us define H by

H(z) :=



Df(x) +
∑p

i=1 uiDxg(x, y
i)

φ(u1,−g(x, y1))
...

φ(up,−g(x, yp))

u1Dyg(x, y
1) +

∑q
j=1w

1
jDcj(y

1)
...

upDyg(x, y
p) +

∑q
j=1w

p
jDcj(y

p)

φ(w1
1,−c1(y1))

...

φ(w1
q ,−cq(y1))

...

φ(wp
1,−c1(yp))

...

φ(wp
q ,−cq(yp))



= 0, (4.36)

where z = (x, u, y, w) ∈ <n+(m+q+1)p, u ∈ <p, y = (y1, y2, . . . , yp) ∈ <mp and

w = (w1, w2, . . . , wp) ∈ <qp. Let H = H2 if φ = φFB where φFB denotes Fischer-

Burmeister NCP function given by

φFB(a, b) :=
√
a2 + b2 − a− b.

In appearance, the system of equations (4.35) is not ”totally” equivalent to (4.34).

Our system (4.35) allows the case that µi = 0, g(x, yi) < 0. But, if there is a
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vector satisfying (4.35), dropping the part indexed by i where µi = 0. Thus, we

get a solution of (4.34). On the other hand, a solution of (4.34) obviously satisfies

(4.35). In this sense, (4.34) is equivalent (4.35).

A semismooth Newton’s method for solving H(z) = 0 looks as follows: Having

the vector zk, compute zk+1 by:

zk+1 = zk −W−1
k H(zk), Wk ∈ ∂H(zk). (4.37)

For various examples of semismooth KKT equations, using different NCP func-

tions, we refer to [21].

In [25], the authors proved that under some regularity assumptions including

strict complementarity slackness, all W ∈ ∂H(z) are nonsingular at the solution

z of the system, for φmin and φFB. Then, by Theorem 4.1, Newton’s method

converges to the solution. In fact, in this case it converges q-superlinearly (cf.,

e.g., [25]). If, in addition, f , g and v are three times continuously differentiable,

then the convergence is even q-quadratic.

Let P = {1, 2, . . . , p} and Q = {1, 2, . . . , q}. In fact, in [25] the assumptions are:

(A1) For all i ∈ P , µi > 0,

(A2) The vectors Dxg(x, y
i), i ∈ P linearly independent,

We define F (x, µ, y) := Df(x) +
∑p

i=1 µiDxg(x, y
i)

For i ∈ P , we define

I(yi) = {j : j ∈ Q, vj(y
i) = 0}

J(yi) = Q \ I(yi)

and

L(x, µi, y
i, γi) := g(x, yi)−

∑q
j=1 γ

i
jvj(y

i)

Let G(x, y) be the set of all (d, ξ1, ....., ξp) satisfying

dTDxg(x, y
i) + ξT

i Dyg(x, y
i) = 0 for i ∈ P and

ξT
i Dvj(y

i) = 0 for i ∈ P , j ∈ I(yi).

Further, they suppose that the following assumptions hold:

(A3) For each i ∈ P , the vectors Dvj(y
i), j ∈ I(yi) are linearly independent.

(A4) γi
j − vj(y

i) 6= 0 (i ∈ P and j ∈ Q)

(A5) For all (d, ξ1, ...., ξp) ∈ G(x, y) \ {0}
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dTDxF (x, µ, y)d+ 2

p∑
i=1

µid
TD2

xvg(x, y
i)ξi +

p∑
i=1

ξT
i D

2
yyL(x, µi, y

i, γi)ξi > 0

Let H = H1 for φmin and H = H2 for φFB.

Then, we have the following theorem in [25].

Theorem 4.5. Let H := Hi(i = 1, 2). Suppose that z∗ = (x∗, µ∗, y∗, γ∗) is

a solution of H(z) = 0 and satisfies (A1)-(A5). Then, the iteration method

(4.37) is well-defined and the sequence zk generated by (4.37) converges to z∗ q-

superlinearly in a neighbourhood of z∗. If, in addition, f, g and v are three times

continuously differentiable, then convergence is q-quadratic.

For the proof of theorem, we refer to [25]. Finally, we want to mention that other

versions of Newton’s method may also be used to solve nonsmooth equations.

For example, in [35] the authors used a quasi-Newton’s method for a class of

nonsmooth equations. Furthermore, in [25] the authors proposed damped New-

ton and Gauss-Newton’s methods to solve SIP numerically and the algorithm of

generalized damped Newton’s method was implemented with a small number of

examples in MATLAB, numerical results were also given. In the next section,

one of the algorithms from [25] and the test problems in [25] are used to find

numerical results.
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chapter 5

NUMERICAL RESULTS and

ALGORITHMS

5.1 Introduction

In this section, three algorithms for solving

H2(z) = 0, (5.1)

is given, where H : <N → <N is defined in Chapter 4.3, and N := n+(m+q+1)p.

ALGORITHM 1.

Step 1. Let z0 ∈ <N and let k = 0.

Step 2. If H2(z
k) = 0, stop. Otherwise, let dk be a solution of

H2(z
k) + Jkd = 0,

where Jk := JH2(z
k) and JH2(z

k) is the usual Jacobian of H2(z) (if it exists) at

zk.

Step 3. Set zk+1 := zk + dk and k := k + 1. Go to Step 2.

This algorithm is just the usual Newton’s method. In order to test Newton’s

method applied on those problems of this chapter where strict complementary

slackness holds for both upper and lower level problems, we use this algorithm.

Let

θ(z) =
1

2
H2(z)

TH2(z),
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Then θ is continuously differentiable with the gradient given by

∇θ(z) = W TH2(z),

where, W ∈ ∂H2(z) and where ∂H2(z) denotes the generalized Jacobian of H2 at

z.

ALGORITHM 2.

Step 1. Let z0 ∈ <N , σ, ρ ∈ (0, 1), η > 0, a > 2 and k = 0.

Step 2. If H2(z
k) = 0, stop. Otherwise, let dk be a solution of

H2(z
k) +W kd = 0, (5.2)

where W k ∈ ∂H(zk).

If (5.2) is not solvable, or if

∇θ(zk)Tdk > −η
∥∥dk
∥∥a
,

set dk = −∇θ(zk)

Step 3. Let zk+1 := zk + dk and k := k + 1. Go to Step 2.

This algorithm is taken from [25] with step size constant over all iterates. We have

only local convergence guaranteed for it. In order to obtain a global convergence

algorithm, a globalization strategy from unconstrained optimization will be used.

Solving (5.1) is equivalent to finding stationary points of the unconstrained opti-

mization problem

min
z∈<N

θ(z), (5.3)

whenever (5.1) is solvable. We note that θ is continuously differentiable on the

whole space <N . It is possible to invoke any global convergence algorithm for

solving (5.3). We know that the steepest descent method can guarantee the

global convergence of (5.3). But one of the disadvantages of this method is that

it usually performs poorly, in particularly when the solution point is close. We

propose a hybrid method which combines the steepest descent method for solving

(5.3) and the generalized Newton’s method for solving (5.1). We first check if the
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Newton step gives a sufficient decrease to θ. If it does, another point is obtained.

Otherwise, the steepest descent method is applied to the minimization problem

(5.3) providing a new iteration point. Moreover, when the iterated point is close

enough to the solution point of (5.1), the algorithm never requires any steepest

descent step.

ALGORITHM 3.

Step 1. Let z0 ∈ <N , σ ∈ (0, 1/2), ρ, β ∈ (0, 1) and k = 0.

Step 2. If H2(z
k) = 0, stop. Otherwise, let dk be a solution of

H2(z
k) +W kd = 0, (5.4)

where W k ∈ ∂H(zk).

Step 3. If (5.4) is solvable and θ(zk + dk) ≤ βθ(zk), go to Step 5. Otherwise, go

to Step 4.

Step 4. Let d̄k = −∇θ(zk). Find a minimum nonnegative integer, say, m, such

that

θ(zk + ρmd̄k) ≤ θ(zk) + σρm∇θ(zk)T d̄k,

Let dk = ρmd̄k, and go to Step 5.

Step 5. Let zk+1 := zk + dk and k := k + 1. Go to Step 2.

This algorithm is taken from [7]. There, global convergence of Algorithm 3 is

proved under nonsingularity of W ∈ ∂H2(z) at the solution z∗.

5.2 Numerical Results

In this part, we present some numerical experiments for three algorithms., i.e.,

usual Newton’s method (Algorithm 1 ), the generalized Newton’s method having

local convergence (Algorithm 2 ), and the generalized Newton’s method having

global convergence (Algorithm 3 ). All computational results were undertaken by
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MATLAB.

Throughout the computational experiments, the parameters used in Algorithm

2 were ρ = 0.5, a = 2.1, η = 10−8 and σ = 10−4 and for Algorithm 3, the

parameters σ = 10−4, ρ = 0.5 and β = 0.95 were used. In all of the experiments,

the termination criteria was taken as
∥∥H2(z

k)
∥∥ < 10−6.

The numerical results are summarized in Tables 5.1 through Table 5.7, where with

starting points given in the first columns and the numbers in the other columns

are the number of iterations corresponding to given algorithms in the first row of

each column.

Problems 1-4 are from [25], Problem 5 is from [10], Problem 6 is from [31] with

a small change on the constraint function, and Problem 7 is from [5]. In the

following, by a limit point z, we mean a point that ‖H2(z)‖ ≤ 10−6 and obtained

from an algorithm given above, by the exact solution, we mean a point that for

which H2(z) = 0.

Problem 1.

f(x) = 1.21ex1 + ex2 , g(x, y) = y − ex1+x2 ,

Y = [0, 1], p = 1.

This example has one nondegenerate limit point, (-0.09531,0.09531,1.1,1,1.1) and

infinitely many degenerate limit points, (λ, λ,0,0,0) with λ < −15 and exact

solution occurs when λ ≤ −750.

Starting point Algorithm 1 Algorithm 2 Algorithm 3
(0.07,0.07,0.9,0.8,0.9) 5 5 23
(-0.06,0.06,0.8,0.7,0.8) 6 4 30
(-0.05,0.05,0.7,0.6,0.7) 7 7 30
(1,1,1,1,1) 27* - 31
(1,1,2,2,2) 20* - 30*

Table 5.1: Number of iterations for Problem 1.

In Table 5.1, the asterisk (*) indicate that the limit point generated by the algo-

rithms is the degenerate limit point, otherwise it is the nondegenerate limit point

and the bar (-) denotes that the method did not stop (or may be not convergent).

48



Since Algorithm 3 is very slowly converging when the initial point is close to the

limit point or exact solution, we will not run this algorithm for points sufficiently

close to the solution and give only results of Algorithm 3 for points far away from

the solution.

Problem 2.

f(x) = x2
1 + x2

2 + x2
3, g(x, y) = x1 + x2e

x3y + e2y − 2sin(4y),

Y = [0, 1], p = 1.

This example has three nondegenerate limit points, (-0.213,-1.36,1.85,0.43,1,1.7),(-

0.5,-0.5,0,1,0,6) and (0,0,0,0,0.33,0), with the latter two ones being are exact so-

lutions of the problem. In fact, we observed that for any γ for which 0.23 ≤ γ ≤
0.33, the points (0,0,0,0,γ,0) become exact solutions.

Starting point Algorithm 1 Algorithm 2
(-0.2,-1.3,1.8,0.4,1,1.7) 4 4
(-0.15,1.2,1.7,0.35,1.1,1.6) 4 4
(-0.1,-1.1,1.6,0.3,1.2,1.5) 5 5
(-0.1,-1,1.5,0.2,1.1,1.4) 5 5
(1,1,1,1,1,1) 8* 9*

Table 5.2: Number of iterations for Problem 2.

In Table 5.2, the asterisk (*) indicate that the limit point generated by the al-

gorithms is the degenerate limit point, otherwise it is the nondegenerate limit

point.

Problem 3.

f(x) = (x1 − 2x2 + 5x2
2 − x3

2 − 13)2 + (x1 − 14x2 + x2
2 + x3

2 − 29)2,

g(x, y) = x2
1 + 2x2y

2 + ex1+x2 − ey,

Y = [0, 1], p = 1.

This example has one nondegenerate limit point, namely, (0.72,-1.45,4.92,0,4.92).
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Starting point Algorithm 1 Algorithm 2
(0.7,-1.4,4.8,0.1,4.8) 3 4
(0.6,-1.3,4.7,0.2,4.7) 4 4
(0.5,-1.2,4.6,0.1,4.6) 4 4
(0.4,-1.1,4.5,0,4.5) 6 7

Table 5.3: Number of iterations for Problem 3.

The problem may have other limit points and also exact solution(s) different from

given the limit point.

Problem 4.

f(x) = 1
3
x2

1 + 1
2
x1 + x2

2, g(x, y) = (1− x2
1y

2)2 − x1y
2 − x2

2 + x2,

Y = [0, 1], p = 2.

This example has one degenerate limit point (-0.75,-0.62,0,0.55,1,0,0,0). The

problem may have other limit points and also exact solution(s) different from

given limit point.

Starting point Algorithm 1 Algorithm 2
(-0.7,-0.6,0.1,0.5,0.9,0.1,0.1,0.1) 13* 14*
(-0.6,-0.5,0.2,0.4,1,0.1,0.1,0.1) 9 9
(-0.5,-0.4,0.3,0.5,1,0.2,0.2,0.2) 10 9

Table 5.4: Number of iterations for Problem 4.

Problem 5.

f(x) = x2
1 + 3x2

2 + x3

g(x, y) = 1
2
(y1 − x1 − x2)

2 + (y2 − x2)
2 + x3,

Y = {y ∈ <2 : c(y) ≤ 0}, with c(y) = (c1(y), c2(y), c3(y)), where

c1(y) = −y1 − y2,

c2(y) = −y2

c3(y) = y2
1 + y2

2 − 1, p = 1.

This example has one degenerate exact solution, namely, (0,0,0,1,0,0,0,0,0).

In Table 5.5, Nan denotes all outputs of the functions (i.e, the final x and y

coordinates, norm of H2 at the final point z, and the value of objective function f
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Starting point Algorithm 1 Algorithm 2
(0.1,0.1,0.1,0.9,0,0,0,0,0) Nan 5
(0.1,0.1,0.1,0.9,0.1,0.1,0.1,0.1,0.1) 3 3
(0.1,0.1,0.1,0.9,0.1,0,0,0,0) Nan 3
(0.5,0.5,0.5,0.4,0.5,0,0,0,0) Nan 5
(0.5,0.5,0.5,0.4,0.5,0.5,0.5,0.5,0.5) 5 6

Table 5.5: Number of iterations for Problem 5.

at the final point x.) are Nan at the 2nd iteration due to strict complementarity

slackness violated at the initial point, implying that we cannot use the usual

Newton’s method, where strict complementary slackness violated, which is a fact

known in advanced, since the usual Jacobian of reformulated H2(z) by NCP

function, does not exist for that type of points.

Problem 6.

f(x) = x1, g(x, y) = −x1(cosy + 2)− x2siny + 1,

Y = [π, 3π
2

], p = 1.

This example has one degenerate limit point given by (1,0,1,π,0).

Starting point Algorithm 1 Algorithm 2
(1.1,0.1,1.1,3,0.1) 3 3
(1.2,0.2,1.2,2.9,0.2) 3 4
(1.3,0.3,1.3,2.8,0.3) 4 4
(1.5,0.5,1.5,2.5,0.5) 5 5
(1.7,0.8,1.7,2.3,0.8) 7 7

Table 5.6: Number of iterations for Problem 6.

Problem 7.

f(x) = −x2
1 − (x2 + 5)2, g(x, y) = 2yx1 + x2 − y2,

Y = [−1, 1], p = 1.

This example has one degenerate exact solution given by (0,0,10,0,0).
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Starting point Algorithm 1 Algorithm 2
(0.2,0.2,9.8,0.2,0.2) 3 3
(0.3,0.3,9.7,0.3,0.3) 3 4
(0.4,0.4,9.6,0.4,0.4) 4 4
(0.8,0.8,9.2,0.8,0.8) 6 7

Table 5.7: Number of iterations for Problem 7.
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chapter 6

CONCLUSION

In this thesis, we deal with a numerical method to solve problems of semi-infinite

programming. The numerical applications of smooth and non-smooth Newton’s

methods for problems of semi-infinite programming are included. The results

of these methods for problems of finitely constrained programming are given

in detail, since we may think that this kind of optimization forms a basis for

problems of semi-infinite programming.

Real-world applications of SIP and GSIP from different fields of sciences and

the convergence properties of smooth Newton’s method for SIP are given. The

Reduction Ansatz which is essential for deriving first-order optimality conditions

for problems of SIP as well as problems of GSIP is presented.

Compared with the other methods for solving SIP, the advantage of Newton’s

methods proposed in this thesis is that only a system of linear equations needs to

be solved at each iteration. We give convergence of nonsmooth Newton’s method

for finitely constrained programming in which the so-called Robinson condition

plays a central role.

Further studies should be carried out for the convergence of non-smooth New-

ton’s method for problems of semi-infinite programming. In Chapter 4, some

results related with nonsmooth Newton’s method from SIP are presented. The

assumptions for convergence of the nonsmooth Newton’s method includes strict

complementarity slackness for both upper level and lower level problems. This

result should be generalized to the case where strict complementarity slackness

does not hold in upper and/or lower level problems.
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The numerical results in Chapter 5 lead to the conclusion that Newton’s meth-

ods are efficient for the test problems presented here. The number of iterations

for convergence given in the tables for each test problem can be considered as

quite low. But, the problems considered are preliminary and the number of un-

knowns are not very large. Further tests are needed with more complex real-world

problems.

In the future, the number of active indices at the solution should also be investi-

gated. Since, this number is not known in advance, by using another numerical

technique, we should determine or approximate this number. Also, the other

types of Newton’s methods or combinations with other numerical methods from

finitely constrained programming should be used to solve the nonlinear system of

equations, which may give more accurate results and a better algorithm.

The next step is to generalize the results from semi-infinite programming to the

generalized semi-infinite programming and to investigate whether both smooth

and nonsmooth Newton’s methods are numerically efficient and practical algo-

rithms for problems of GSIP.
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