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ABSTRACT

ON THE DYNAMICS OF A SECOND ORDER NONLINEAR DIFFERENCE
EQUATION

Aksoy, Aycan
M.S., Department of Mathematics

Supervisor : Assist. Prof. Dr. Mehmet Turan

June 2014, 43 pages

In this thesis, a certain second order fractionélledence equation containing two ar-
bitrary parameters is handled. The issue equation is iigatst with aspects of some
dynamics structures: the boundedness character and gelaianalysis of positive
solutions are examined; existence of periodic solutiorstuslied; local and global

stability analysis of the fixed point are performed.

This thesis consists of four chapters. In the first chapistotical information about
difference equations, some modelings with them, and some retcelies are given.
In the second chapter, basic concepts and known resultegong the sequences and
difference equations are provided. Main results are presemi@€tapter 3. A short

conclusion is written down in the last chapter.

Keywords: Diference equations, boundedness, stability, oscillatienogicity



0z

IK INCI MERTEBEDEN L INEER OLMAYAN B IR FARK DENKLEM ININ
DINAM IKLER | UZERINE

Aksoy, Aycan
Y uiksek Lisans, Matematik @imi

Tez Yoneticisi : Yrd. Do¢. Dr. Mehmet Turan

Haziran 2014, 43 sayfa

Bu tezde iki keyfi parametre iceren ikinci derece@zel bir rasyonel fark denklemi
ele alinmistir. Bu denklem bazi dinamik yapilari incelestimi pozitif goziimlerin
kararlilik ve yari é@ngl analizleri; periyodik dziimlerin varlgi; denge noktasinin

yerel ve global kararllik analizleri yapiimistir.

Bu tez drt bolimden olusmaktadirllk bolumde fark denklemleri hakkinda tarih-
sel bilgi, bunlarin bazi modellemeleri, ve yakin zamandpilyas bazi ¢alismalar
verilmistir. 1kinci bolimde, diziler ve fark denklemleriyle ilgili bilinen tanian ve
sonuclar gsterilmistir. Asil sonuclar BIum 3'te sunulmustur. Sondtiimde kisa bir

sonug yazilmistir.

Anahtar Kelimeler: Fark denklemleri, sinirlilik, kardidy salinimlik, periyodiklik
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CHAPTER 1

INTRODUCTION

Mathematical computations often are based on equatiomse 8quations make prob-
lems possible for finding a way to separate them into sublgnad which are in the
same form of the original problems. If this process of sefpagas repeated many
times, the last sub-problem is small and easily solved. Alssolutions of the orig-
inal problems are found easier thanks to the solutions o$tieproblems which are

called “difference equation” or “recurrence equation.”

Many real world processes are studied by means fd¢érdince equations. Because
of their wide range of applications in mechanics, econojratectronics, chemistry,
ecology, biology, etc., the theory of discrete dynamicatsms has been under inten-
sive development and many researchers have been payingttegition to the study

of these systems.

In this thesis, a certain second order nonlinedfedence equation containing two

arbitrary parameters shall be considered.
This thesis has been organized as follows:

The present chapter focuses on explaining the emergendferketice equations and
illustrating applications and diversities of these equadi Starting from a short his-
torical background aboutfilerence equations, some primeval types are shown and the
rise of varieties of them is illustrated in the first part. kec8Bon 1.2, some application
areas of dference equations are mentioned, some famous models acateuli and

also some examples are shared to show howffardnce equation is formulated. A

selection of recent studies of some researchers are givtae iast section.



Chapter 2 is divided into two sections; sequences affdrdnce equations, respec-
tively. Basic definitions and some known results are givemasé sections. Second
order autonomous flerence equations are explained as a subsectionflefehce

equations because the given results in that chapter anel irsefiain results.

Chapter 3 consists of six sections. In the first section a seoater diference equa-
tion is defined, then the next section shows some lemmas aalikc@s which results
are necessary for other sections. Section 3.3 is relatgdositive solutions. Period-
icity and semi-cycle analysis are given in Section 3.4. H@uesemi-cycle analysis
is done for the positive solutions of defined equation. Aftes section, stability of
equilibrium point of this equation is analyzed. This chapgdinished with numerical

examples.

Finally, the last chapter is devoted to a conclusion.

1.1 History of Difference Equations

The notions of computing by recursion exists for a long titike, counting. It dates
back to 2000 B.C. when Babylonians aimed to compute the rootsan Igfort to

extract roots, Babylonians put forward the primitive formaotlifference equation.
However, more extensive form of this arose about 450 B.C. inRyibagoreans’
study of figurative numbers, like the triangular numberschtsatisfy the dierence

equation in modern notation

th=t_1+n,
the square numbers satisfying the equation

S = Si1+ P,
and so on.

Also, the system of dierence equations
Xn = Xn-1 + 2Yn-1,

Yn = Xn-1+ Yn-1
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was used by Pythagoreans to generate large solutions & &gllation,
X2 —2y? =1,

and so approximations of2 had been calculated. Around 250 B.C., while trying to

compute the circumference of a circle, Archimedes founceguiations of the form

P2n = 2pn Pn/(pn + Pn), Pon = v Pn PZn

to calculate the perimeteR, and p, of the circumscribed polygon afsides and the

inscribed polygon oh sides, respectively.

At the beginning of the thirteenth century Fibonacci foratatl the following well-
known sequence
1,1,2,35,8,13 ...

which was transformed into aféierence equation, in 1638y Albert Girard
Fn = Fn_l + Fn_z.
The last equation was solved by de Moivre in 1730

In 1572 Bombelli studied the equation

Yn = 2+ 1/yn—1
which is akin to the equation
z,=1+1/z,4

provided by ratios of Fibonacci numbers so as to approximé&eWhile Fibonacci
gave a sketchy definition for the view of continued fractiombich are nearly related

with difference equations, Cataldi discovered a more accurate aefiaround 1613

Chia Hsien &round1050) and Omar Khayyanmafound1100) deciphered the first

known example of a dlierence equation in two indexes that is the equation
bn+1,r = bn,r + bn,r—l
for the binomial coéicients.

In the sixteenth century, the method of recursion was cliygimogressed thanks to
the invention of mathematical induction by Francesco Micwaand with its devel-

opment by Fermat and Pascal in the seventeenth century.
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The mathematical models used in astronomy and physics wetaaous and so the
infinitesimal calculus was constructed as the natural twaiife analysis of some dis-
crete models. However, the models were inadequate edganigrobability theory
that’s why a new type of calculus was needed. Hence, theloalotifinite diferences
were found by Sir Thomas Harriet (1560621), and it was applied to the calculation
of logarithms by Henry Briggs (1556 1630) Leibniz resolved it around 167Zhis
calculus was used to study interpolation theory by Newtaneik Lagrange, Gauss,
and many others. At the beginning of the eighteenth centiveytheory of finite dif-
ferences put forward by Stirling. At the same time, a sigaificcategory of nonlinear
difference equations, which is known as Newton’s method in thegot day, was used
by Newton around 1669 to study solutions®f 2y—5 = 0 and then in computations
for Kepler's equation. In 169Raphson worked out a more organized implementa-
tion of the method. Next crucial member of nonlinedfelience equations consists of
pairs of equations involving arithmetic and geometric nsed&or example, Lagrange

obtained the equations

Xn = (Xn—l + yn—l)/za Yn = VXn-1Yn-1

as an algorithm for the reduction and evaluation of elliptitegrals. Gauss and
Borhardt discovered related algorithms, and Gauss’ reBearied him to the dis-

covery of elliptic functions.

The fundamental theory of linearfteérence equations was expanded in the eighteenth
century by de Moivre, Euler, Lagrange, Laplace. Laplackzetl generating func-
tions as part of his work in probability theory, which wereeddirstly by de Moivre

to solve the Fibonacci equation. Poineastablished the first steps in studying the
asymptotic properties of solutions of lineaffdrence equations in the 1880’s. The
general idea of asymptotic series is formulated by PoicAfso, he illustrated that
the ratio of consecutive values of a solution must conveoga tharacteristic root

in appropriate circumstances. An important developmethisfresult was found by
Perron in 1990

In the course of the 1950’s, simple nonlineaffelience equations, with the inclusion
of logistic equation, were used by somééient ecologists to study modifying popu-

lations from one season to another. They put emphasis omethidity of the iteration.
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However, in the early 1970’s May investigated the varietgahplex behavior exhib-

ited by the logistic equation and pondered the possibldioalship of this behavior

to observed fluctuations in real populations. Additionakcdwveries about the logistic
and related equations were soon made by York, SarkovskgeRbaum, and others,
and the significantly intricate properties of these equatied to their becoming a
focus in the developing area of chaotic dynamical systenhe eixcitement of these
discoveries attracted the attention of researchers wamated to apply the results to

various fields from economics to medicine.

1.2 Some Modelings with Diference Equations

Difference equations have been used to model a wide varietyro$ footh in mathe-
matics itself and in its applications infterent fields such as economics, computing,

electrical circuit analysis, population dynamics, biolognd other fields.

Some famous models have been illustrated in the contexiselimodels can also be
found in [11, 14, 27, 28, 30]

(i) Population growth (Malthusian) model:
Xne1 = AXq
wherea is the growth rate.
(i) Logistic growth model:
X1 = Xa[(1 + @) — bx]
whereb is the competitional date rate.
(i) Prey-predator model:

Xn+1 — Xn = —8% + bX, Yn

Yn+1 — Yn = C¥n — 0% Vi

wherea, b,c,d > 0.



(iv) Competition model:
Xne1 = Xn = @% — bX) ¥
Yne1 = Yn = CX — A%, Yn
wherea, b,c,d > 0.
(v) Contagious disease model:
Xnt1 = Xn = —BX%n Yn
Ynr1 = Yn = BXaYn
whereg > 0.
(vi) The classical Hansen-Samuelson’s accelerator-pligitimodel:
Yn=CY 1+ a(Yn-1— Yno) + Ao

whereA, = Co+1p+Gg is a constant which is represents the sum of the minimum
consumptiony, is the national income in periaa I, = a(Y,.1 — Yn_2) is the

net investment in period, a > 0 is the accelerator, ande (0, 1).
(vii) The equation
R
Inet — (2 + El)ln +1h1=0
2

is used to find the current in thé" loop of an electrical network consisting of
resistors and a voltage source. In this equairandR, are constant resis-

tances andl, denotes the current in thé loop.

In what follows some examples are provided to illustrate libfierence equations

can be formulated. These examples can be found in [14, 22, 31]

Example 1.2.11tis observed that the decrease in the mass of a radioaatibstance
over a fixed time period is proportional to the mass that wasemé at the beginning
of the time period. If the half life of radium 600years, find a formula for its mass

as a function of time.
Denoting the mass of the radium after t years ly)none gets
m(1) — m(0) = —km(0),
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from which nfl) = (1 — Kkm(0) is derived. Similarly,

m(2) = (1 - km(1) = (1 - k)*m(0),
m(3) = (1 - km(2) = (1 - k)’m(0),

Continuing in this way one obtains thef@rence equation
mt) -m(t-1)=-kmt-1) for t=12...
By mathematical induction t) is found as
m(t) = (1 - k)'m(0).
Since afterl600years, half of the initial amount is remaining, one writes
%m(O) = m(1600)= m(0)(1 — k)6
yielding (1 — k) = 2-%/1600 Thys,

m(t) — r.n(o) 2—t/1600'

Example 1.2.2 (The Tower of Hanoi Problem) 14883 Edouard Lucas, a French
mathematician invented a puzzle that he called Tower of Halrtee puzzle consisted
of three pegs, and there weBavooden disks piled in the order of decreasing size on
one peg. The aim in this puzzle was to move all the disks onedjran one peg

to another never placing a larger disk on top of a smaller dwéat is the minimum

number of moves to solve the problem?

Call the pegs A,B, and C. Suppose that all the hdisks are initially on the peg A.
Suppose also that n disks can be moved from one peg to anotemioves. Then to
move all the n+ 1 disks from peg A to another peg, say C, obeying the stated, rules
one can move the top n disks from peg A to peg B. Then the laligksemaining on

the peg A can be transferred from peg A to peg C in one move whieh faowed

by the y, moves required to move the n disks from peg B to peg C solvgrizée.

Therefore, y must satisfy the recurrence relation

Yosr =Yn+1+Yn =2y + 1L

7



The solution satisfying the initial conditiorfl) = 1 can be found to be

yn:2”_1’ n=12,....

Example 1.2.3 (Airy equation) Suppose we wish to solve thgedential equation

y'(X) = X Y(X).

The Airy equation appears in many calculations in appliedhamatics. For exam-
ple, in the study of nearly discontinuous periodic flow ot&le current and in the

description of the motion of particles governed by the 8igcrger equation in quantum
mechanics. One approach is to seek power series solutiohg ébtm

yO) = > a X,
k=0

Substitution of the series into thef@érential equation yields

(o)

Z a k(k — 1)x<2 = i a XL,
o0

k=2

The shift of index in the series on the left side of the eqoagives us
D Ak + Bk +2) X = 3 a X
k=—1 k=0

These series are equal on an interval of x values, where thigy domverge, if and

only if
a3k + 3)(K+2) = a,

which gives us

ay

3= 3K+ 2)

The last equation is a flerence equation that allows us to compute (in principle) all
cogficients g, and hence the solutior(¥) in terms of the cg@cients @ and &.

Example 1.2.4 Euler's method for approximating the solution of the initialue

problem

X =ftx®),  Xt) =X,



is obtained by replacing’#) with the djference quotient==—" for some small

displacement hWe have

X(t + h) — x(t)

= (LX)

or
X(t + h) = x(t) + hf(t, X(1)).

To change this dierence equation to a more conventional form, leExx(ty + nh) for
n=0,12,.... Then

Xni1 = %o + hf(to + nh, X,) n=0,12,...,

where % is given. The approximating valueg @an now be computed recursively;
although, the approximations may be useful only for restdosalues of nThis is an

example of nonlinear gference equation.

Example 1.2.5 (The3x+ 1 problem) Another example of a nonlineaffdrence equa-

tions is

Xn/2 if X, IS even
X =
" (3%, + 1)/2 if X, is odd

for n > 0, where % chosen to be a positive integer so that every element in the
sequence is a positive integer. Although the two-part dpsonr given above is the
simplest one, we can also write thgfdirence equation as a single expression

1 2x,+1
Xn+l—xn+Z_ 4

COS(TXp).

To investigate the behavior of solutions of thgatence equation, let’s try a starting

value of ¥ = 23 The solution sequence is
{X.} ={23,35,5380,40,20,10,5,8,4,2,1,2,1, .. .}.

Note that once the sequence reaches the VAlutealternates betweefi and 1 from
that point on. The famoux + 1 problem (also called Collatz Problem) asks whether
every starting positive integer eventually results in thiiernating sequence. As of
this writing, it is known that every starting integer betwdesnd5.6 x 10*3 does lead

to alternating sequence, but no one has been able to solyaoléem in general.
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Let us now move on to more recent developments which motivasein preparing

the current thesis.

1.3 Some Studies

In Section 1.1, the ideas of recursion, primitive forms dfetence equations, in-
ventors and developers of some special types fdédince equations are illustrated.
Nowadays, many researchers have been still continuingamie some special dif-
ference equations with aspects of stability, oscillatdwyuindedness character, and
periodicity. In this section, a selection of recent stugitsome researchers are given
with different aspects. For a detailed analysis of the followirffgcence equations,
see[1, 3,4, 12, 19, 20, 25]

In 1994 S.A Kuruklis studied thel(+ 1)th order diference equation, which is homo-
geneous with constant ciheient,

X1 —a% +bX%xk=0 n=0,12,... (1.2)

where the cofficienta andb are real numbers andis a non-negative integer. He

examined the asymptotic stability of theférence equation (1.1).

In 1999 A.M. Amleh, E.A. Grove, and G. Ladas analyzed the global iltgbthe
boundedness character, and the periodic nature of theveosutions of the dier-

ence equation

xn+1:oz+X:(_l, n=0,1,..., (1.2)

n

wherea € [0, ), and the initial conditions<_ ; and X, are arbitrary positive real
numbers. In 2006, A.E. Hamza investigated the global staltihe permanence, and
the oscillation character of the recursive equation (lo2nhbnnegative values of the

parametetr with negative initial conditionx_; andXo.

R.M. Abu-Saris and R. DeVault, in 2008xamined the global stability of the nonlin-
ear diference equation

ye1= A+ n=01,..., (1.3)

Yn-k

10



wherey_, Y ki1, .-, Yo, A € (0,00) andk € {2,3,4,...}.

H.M. EI-Owaidy, A.M. Ahmed, M.S. Mousa (2004) investigatéd asymptotic be-
haviour of the diference equation

mdza+§$, n=0,1,..., (1.4)

wherea € [1,), k € {1,2,...} and the initial conditionscy, ..., X, are arbitrary
positive real numbers.

The equation (1.4) has also been studied by W.-S. He, W.; K.EX. Yan (2004) but
they investigated the global attractivity of (1.4) e 1.

M. Alogeili (2007) considered the fierence equation

XP
n (1.5)
Xn 1

The dynamics of (1.5) witlp € (0, 1) and [Q o) were studied firstly by Alogeili, then

results of this study was generalized to tke-(1)th order diference equation

Xnt1 = @ +

p
Xp= a4 k=23
Xk

11



CHAPTER 2

BASIC CONCEPTS AND PRELIMINARY RESULTS

In this chapter, we present some definitions and state somerkresults which will
be useful in the subsequent chapters. The definitions givehis chapter can be
found in many books [2, 5, 7, 11, 16, 18, 23, 24, 34, 35] and r=f)¢, 19] and the
references therein), and the preliminary results are regiiven in these references or

can be found derived as a simple consequence of the restdised there.

2.1 Sequences

In real analysis, @equencés a function from the set of natural numbers into the set
of real numbers. In other words, a sequence is a fhagN — R. If X, is the real

numberf(n), instead off : N — R, it is usually denoted by, or {X,};—; Or {X,}7 .

Definition 2.1.1 A sequencéx,} is called

bounded from below if there exists K R, called a lower bound, such that

X, > K foralln e N.

bounded from above if there exists KR, called an upper bound, such that

X, < KforallneN.

bounded if it is bounded both from above and from below, thathiere exists
K € R such thatx,| < K foralln € N.

unbounded if it is not bounded. In other words, for aleKR there exists n& N

such thatx,| > K.

12



Definition 2.1.2 The least upper bound or supremum of a sequengceavkich is
bounded from above, is the unique real number S which satisfits of the con-

ditions below:

(i) for each ne Nwe have x< S;

(i) ify < S, then there exists A N such that x > y.

Similarly, the greatest lower bound or infimum of a sequengeavkich is bounded

from below, is the unique real number | which satisfies botroafidions below:

() X, = 1forallneN;

(if) ify > I, then there exists a8 N such that x < y.

Definition 2.1.3 A sequencexs called:

constant, if .1 = x,forn=1,2,...;

non-decreasing(increasing), ifx > x,forn=121,2,...;

non-increasing(decreasing), ifx < x,forn=1,2,...;

strictly increasing, if .1 > x,forn=1,2,...;

strictly decreasing, if X1 < X, forn=1,2,...

Definition 2.1.4 A sequence xis called monotone if it is either non-increasing or
non-decreasing. A sequencgig called strictly monotone if it is either strictly in-
creasing or strictly decreasing.

Definition 2.1.5 A subsequence of a sequence is a sequence obtained by gleletin
some elements of the sequence preserving the relativegnssaf the remaining el-
ements. More formally, ifx,} is a sequence an@ < n; < n, < --- are positive

integers, then the sequenfog, } is a subsequence @X,}.

13



Definition 2.1.6 A number Le R is called the limit of a sequence,xvritten
lim x, =L,

N—oo

if for eache > 0, there is some N N such thatx, — L| < eforalln > N.

The statementx,} converges td. means that the limit ok, is a number_, and is
denoted a$x,} — L asn — co. When a sequence has a limit, it is called convergent.

Otherwise, it is divergent.
Lemma 2.1.7 If a sequence is convergent, then it is bounded.

Proof. Suppose thax, is convergent and ldt = rI]im Xn. Then, fore = 1, there is
someN € N such thatx, — L| < 1 for alln > N. Therefore)x,| — |L| < [x, — L| < 1,
and hencéx,| < |L| + 1. Let

K = max{|x, [Xal, . . ., [Xn-al, [L| + 1} .

It then follows thatx,| < K for all n € N. Thereforex, is bounded. O

Theorem 2.1.8 An increasing sequence is convergent if and only if it is lo@afrom

above. A decreasing sequence is convergent if and onlysibibinded from below.

Proof. Let x, be an increasing sequence which is bounded from above and let
S=SufX, : ne N}.

Becauses is the least upper bound ¢f, : n € N}, for anye > 0, the numbers — € is

not an upper bound, and so there is a numdyein the sequence for which
S—€ < XN.

Sincex, is increasing, we know thafy < X, for all n > N. With s being an upper

bound we can obtain
S—e<Xy <X <s<s+e forall n>N.

This is of course nothing more théx, — § < € for all n > N, which means thaitx,}
converges t®. The converse statement has been proved in Lemma 2.1.7. Gtedse

assersion can be proved in a similar way. So, the proof ofghetis omitted herel]

14



Definition 2.1.9 Let %, be any sequence of real numbers. The limit supremum of
this sequence is the greatest limit of all subsequenceseafjitten sequence. More

rigorously, for each n let

8y = SUPXn, Xns1> Xns2s - - -} (2.1)

Then g is a monotone decreasing sequence (since as n becomes laaye teding

the supremum of smaller set of numbers), so it has a limit.
Limit supremum of xis defined to be

limsupx, = lim a,
N—oo

Nn—oo

The limit supremum may hex.

Likewise, the limit infimum of the given sequence is the leagtdf all subsequences

of the given sequence. In detalil, let

bl’l = mf{xm Xn+1, Xn+29 .. } (22)

Then B is a monotone increasing sequence (since as n becomes largeewiaking
the infimum of a smaller set of numbers), so it has a limit.\Viiae¢he limit infimum
of x, to be

liminf X, = lim by,

n—oo n—oo

which also may be-co.

Proposition 1 If x, is a bounded sequence, thiem inf x, andlim supx, both exist,

nN—oo N—oo

and further

liminf x, < lim supX;.

N—oo0 nN—oo

Proof. By (2.1) and (2.2), we have, < x, < a, and sincex, is bounded there exist
constantK andM such thatk < x, < M for all n. Now, b, < X, < M means that
the sequence, is bounded from above, and bgis increasing, by Theorem 2.1.8,
it converges. Similarlya, converges. That is, lify, and lima, exist and, clearly,

lim b, < lim a,,, which is the required result. O
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Remark 2.1.10

1. {xy} is bounded if and only if its upper and lower limits are finite:

—oo < liminf X, < limsupx, < +oo.

N—oco n—co

2. For all e > 0 all terms of a bounded sequence with the exception of a finitely

many of them are located in the interval:

(liminf x, — €, im supx, + €),

N—oo N—oo

or, equivalently, all the pointgn, x,) with the exception of a finitely many of

them are located between the lines

y=Iliminf x,—e and y=Ilimsupx,+e.

n—oo N—oco

3. For all e > 0, infinitely many terms of xare above the line ¥ liminf x, — €

N—oo

and below the line y lim supx, + €.

Nn—oo

2.2 Difference Equations

Definition 2.2.1 A difference equation is an equation of the form

X1 = (X)), n=01,... (2.3)

where f is a continuous function which maps some set J inide set J is usually

an interval of real numbers, or a union of intervals, it mage\e a discrete set.

If the function f in(2.3)is replaced by a function gN x J — J, then we have

Xne1 =0(N, %), n=0,1,... (2.4)

Equation(2.4)is called nonautonomous, while equati?3)is called autonomous.

The right sides of (2.3) and (2.4) depend only>@nThat is, to find the value at any
stage, we need only the previous value. However, if the \atiaay stage depends not
only on the previous stage but some earlier stages as wetl,we have an equation

of the form
Xn+l = f(th Xn—l,---,xn—k), n= O’ 17"- (2'5)
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in whichk > 0 is an integer. (2.5) is afilerence equation of ordé&r+ 1.

A solution of (2.5) is a sequende,},._, which satisfies (2.5) for ath > 0. If we

prescribe a set df + 1 initial conditions
Xoks Xk+ls---» X0 € J’
then

Xy = f(Xo, Xo1,. .., Xk)

X = F(X1, X0, - -+ s Xoks1)

and so the solutiofix,},._, of (2.5) exists for alh > —k and is uniquely determined

by the initial conditions.

Definition 2.2.2 A solution of (2.5) which is a constant for all n> -k is called

equilibrium solution of(2.5). If

X, =x forall n> -k
is a constant solution 0f2.5), thenx is called an equilibrium point, or a fixed point
of (2.5).

Definition 2.2.3 Let{xy}.._ be a solution of2.5).

e A positive semi-cycle ¢k}, _, consists of a string of terms, X1, .., Xm}, all

greater than or equal t, with | > —k and m< o and such that
eitherl=-k, or |>-k and x;<x

and

eitherm=oc0, or mM<oo and %1 < X.

¢ A negative semi-cycle ¢k.},._, consists of a string of termisq, Xi;1, ..., Xm},

all less thanx, with | > —k and m< co and such that
eitherl=-k, or |>-k and x> X

and

eitherm=co, or M< oo and %u1 > X

17



Definition 2.2.4 A solution{x,};>_, of (2.5) is called non-oscillatory if there exists
N > —k such that either

X, >X forall n>N

or

Xy <X forall n>N.

A solution{x,}._, is called oscillatory if it is not non-oscillatory.
Definition 2.2.5 A solution{x,};_, of (2.5)is said to be periodic with period p (or a
period p solution) if there exists an integer>pl such that

Xnep = %o forall n> -k (2.6)

The solution is said to be periodic with prime p if p is the sestlpositive integer for

which equatior(2.6) holds. In this case, a p-tuple

(Xn+1’ Xn+2’ sy Xn+p)

of any p consecutive values of the solution is called a pecg€lequation2.5). A

solution{xy}.._, of (2.5)is called eventually periodic with period p if there exists an

[ee)

integer N> —k such thafx,}; is periodic with period p; that is,

Xnip = Xy forall n > N.

Definition 2.2.6 A fixed pointx of (2.5)is said to be:

¢ |ocally stable if there exists an intervald (0, «) such that to any > 0 there

corresponds @& = 6(e) > 0 with the property that
Xg....X€land X=X+ ---+[X—X <5 implies |x,—X<e€
foralln > —k;

¢ locally asymptotically stable if it is locally stable andetie existsy > 0 such
that

Xir...oXp€land X=X+ ---+[X—X <y implies lim x,=X;

N—oo
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e global attractor ifr!imo X, = X forany xy,...,% € l;

¢ globally asymptotically stable if it is locally asymptatlty stable and a global

attractor;
e unstable if it is not locally stable.
e source if there exists ¥ 0 such that for every solution of equati¢2.5) with
O<IXik=X+-+xo-X<T,
there exists N> 1 such that|xy — X] > r. Clearly a source is an unstable
equilibrium point of equationf2.5).
In general, the local stability analysis of the fixed pointaohonlinear equation is
carried out by means of linearization about the fixed point.

Suppose the functioh in (2.5) is continuously dierentiable in some open neighbor-
hood of §, ..., X). Let

pi:(?_Ui(Z)?,...,f() for i=0,1,...,k

denote the partial derivative d{uo, us, . .., Ux) with respect tay. Then the equation
Ynit = PoYn+ PrYn1+ -+ PkYnk N=0,1,... (2.7)

is called the “linearized equation” of (2.5) about the eitpiilm point x, and the

equation

A = ped“ = = Pl = pe=0 (2.8)
is called the “characteristic equation” of (2.7).
The following well-known result, called the Linearized Bitdy Theorem, is very

useful in performing the local stability analysis of the gitpium point x of (2.5).

Theorem 2.2.7 (The Linearized Stability Theorem) Suppose fis a contislyalifer-
entiable function defined on some open neighborhood Bhen the following state-

ments are true:
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1. If all the roots of equatior{2.8) have absolute value less than one, then the

equilibrium pointx of (2.7)is locally asymptotically stable.

2. If at least one root of equatiof2.8) has absolute value greater than one, then

the equilibrium poinix of (2.7)is unstable.

3. If all the roots of equatioii2.8) have absolute value greater than one, then the

equilibrium pointx of (2.7)is a source.

Proof. For a detailed proof of this theorem see [11]. O

The equilibrium pointx of equation (2.5) is called “hyperbolic” if no root of equarti
(2.8) has absolute value equal to one. If there exists a rbegoation (2.8) with

absolute value equal to one, thers called “non-hyperbolic”.

The equilibrium pointx of equation (2.5) is called a “sink” if every root of (2.8) has
absolute value less than one. Thus a sink is locally asymptlytstable, but converse

need not be true.

The equilibrium pointx of equation (2.5) is called a “saddle point” equilibrium poi
if itis hyperbolic, and if in addition, there exists a root(@t8) with absolute value less
than one and another root of (2.8) with absolute value grélaée one. In particular,

a saddle point equilibrium point is unstable.

2.2.1 Second Order Autonomous Oference Equations

A second order autonomoudiddrence equation can be written as

Xne1 = T(Xn X21), N=0,1,.... (2.9)

Let x be an equilibrium point of (2.9). Suppose that the functi¢m, u,) in (2.9) is
continuously diferentiable in some neighborhood of X). SettingA = (f—ljo(z x) and
B = 2*(X; X), one can write the so-called linearized equation of (2.9LaR@s

auy
Vi1 = AVn+ Byh, n=0,1,..., (2.10)
whose characteristic equation is

A2-M-B=0. (2.11)
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Let 2; and 2, denote the roots of (2.11). Then, the followibhearized Stability
Theoremholds [24, Theorem 1.1.1]:

Theorem 2.2.8 (Linearized Stability)
(i) If |11] < 1and|1,| < 1, then the fixed poink of (2.9)is locally asymptotically
stable.
(i) If |A4] > 1or |1, > 1, then the fixed poirnt of (2.9)is unstable.

(iif) A necessary and gficient condition for both roots of2.11)to lie in the open
unit disk|1] < 1is
|Al<1-B<2

(iv) A necessary and gicient condition for at least one root ¢2.11)to lie out of

the open unit disk is
IBl>1 and |A <|1- B

or

A2+4B>0 and |A >|1- B

Proof. (i) and (ii) are special cases of Theorem 2.2.7 (i) and (ihe Bther parts can
be proven by analyzing the roots of (2.11). O
The following theorem, also given in [24], will be useful tbtain the global asymp-

totic stability condition of the fixed point of (2.9).

Theorem 2.2.9[24] Let f : (0, o) x (0, 0) — (0, ) be a continuous function and

consider the dference equatiof2.9) Suppose f satisfies the following conditions:

e There exist positive numbers a and b witk & such that

a< f(xy)<b forall xye[ab];

e f(X,y) is non-increasing in x [a, b] for each ye [a,b], and f(Xx,y) is hon-
decreasing in ¥ [a, b] for each xe [a,b];

e Equation(2.9) has no prime 2-periodic solutions in [a,b].
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Then, there exists exactly one equilibrium poirtaf (2.9) which lies in [a,b]. More-

over, every solution of2.9) which lies in[a, b] converges to.
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CHAPTER 3

MAIN RESULTS

In this chapter, we investigate the boundedness charautieha semi-cycle analysis
of the positive solutions, the periodic nature and the Btaloif a second order nonlin-
ear diference equation. Some examples illustrating the obtagsdts is constructed

as well.

3.1 Introduction

The aim in this chapter is to examine the boundedness andc@tei analysis of
positive solutions, existence of prime 2-periodic solasiolocal and global asymp-
totic stability of the recursive sequence

Xn—
X1 = @+ X1 + ;l, n=0,1,... (3.1)

n

wherea € [0, ), 8 € [0, 1) and initial condition_; andX, are arbitrary positive real

numbers. Equation(3.1) with the special cAse 0 becomes
Xml:(hLX_’ n=0,1,... (3.2)

which has been dealt with by many authors. The recursivessegu3.2) for negative
values ofa has been examined in [19, 32], and that for non-negativeegabfic has

been studied in [4]. This thesis is concerned with (3.1) Whgmore general than
(3.2). The results presented here are true for (3.2) as &ethe of the current results,

upon settingd = 0, are already known for (3.2).

The next section contains some lemmas and a corollary wiremecessary for

boundedness and semi-cycle analysis. Third section istdbeboundedness of pos-
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itive solutions of (3.1). In section four, the prime 2-pelio solutions of (3.1) are
studied and the semi-cycle analysis of positive solutismnsidered as well. Next
section is related to the stability conditions of the fixednpof (3.1). This chapter
concludes with some numeric examples to illustrate theréimal results in the last

section.

3.2 Auxiliary Results

Before starting the main results, some auxiliary resultspaesented here. These

outcomes will pave the way in achieving the final conclusions

[

Lemma 3.2.1 Let {x,};._, be a positive solution of (3.1). Then, the following state-
ments are true for all n.

(1) Xne1 > X1 © Xno1 + aXq + (B = 1)Xq-1X%, > 0.

(i) Xns1 = Xn-1 © Xn-1+ &% + (B — 1)Xp_1%, = 0.

(>iil) Xns1 < Xne1 © Xno1 + @Xn + (B — 1)Xo_1X, < O.

Proof. The conclusions follow immediately from the fact that

Xn—
Xoe1 = Xo1 = @ + B¥n 1 + f — Xn-1

_ % + BXn-1%n + Xni1 — Xn-1Xn
Xn
_ X1 @% + (B 1)Xa-1Xn
v :

(1) If Xpp1 — Xn1 > 0, thenXpr < X1 © Xoo1 + aXy + (B — 1)X1X, > 0 since

(o)

{Xntneoa -

i) If Xpp1 — Xn1 = 0, thenXy iy = X1 © Xoo1 + @Xy + (B — 1)Xp1%, = 0 since

(o)

{Xn}n:_]_ .

@) If Xpp1 — X1 < 0, thenXo, 1 > X1 © X1 + aXy + (B — )X-1%, < 0 since

(o)

{Xn}n:—]_ .
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Corollary 3.2.2 Let{x,};._, be a positive solutio3.1), anda = 1. Then

() fx_g<x,thenx;<xg<xg<---andX <X <Xg<---;
(i) Fx_1=x,then X=X =Xg=---and %=X =X4="---,

(i) FX_1>X,thenXx; > Xy >Xg>---and > X > Xg > -+ .

Proof. Observe that, fon > 0,

Xn-1

Xo-1 + (B - 1)X, (1 + BXn_1 + T)

Xn + Xnp1 + (B — 1)XaXns1 = Xn + 1+ BXno1 + X

n
X
= X+ 1+ B%y 1 + ?1 + BXn + B2 Xn-1% + BXn-1 — Xn — BXn-1%n — Xn_1
Xn + BXn_1%n + Xn_1 + BX2 + X0 1X2 + BXn 1% — BXn 1X2 — Xn_1%n

Xn
_ X+ X+ (B DXoaX + BX(X-1 + Xo + (B~ 1)Xn1%0)

Xn
_ (14 8%) (X1 + X + (B = 1)Xn1%) (3.3)

Xn
and consider Lemma 3.2.1 with= 1. Now,

(1) if X1 < X, then by Lemma 3.2.1 (i) fon = 0O,

X1+X+(B—-1)X 1% >0

Hence by (3.3) witm =0

(1 + BXo)(X-1 + Xo + (B — 1)X_1X0) - 0.

Xo+ X1+ (B — 1)XoXy =
1+ (B - 1)XoXa ”
Therefore, takingn = 1 in Lemma 3.2.1 (i)X2 > Xo

Now, assume that,_; < X1. Then by Lemma 3.2.1 (i) with = k
Xe-1 + Xis1 + (B — D)Xe-1 %1 > 0.

Then by equation (3.3) with = k

(1 +B%)(Xcr + X+ (B~ icaXd) 0
Xk+3 .
Therefore, by Lemma 3.2.1 (R < X2 Withn=k + 1.

Xic + Xir1 + (B — D)XeXip1 =
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The other parts can be proved in a similar way. O

Theorem 2 of [33] states that i, is a two-periodic sequencd, andg are non-
decreasing continuous functions which map the intervab{dnto itself, and{x,} is

a positive solution of

f(Xn-2)

9(Xn-1)’

then the sequencés,,} and{x.,,1} are eventually monotone.

Xp = ap + (3.4)

Takinga, = a, f(X) = xandg(x) = x/(Bx + 1), in Theorem 2 of [33], the following

result can be deduced.

Lemma 3.2.3 Leta > < B < 1, and{x,};._, be a positive solution of3.1).

Then, {0}, and{x2n_1}n:0 are eventually monotone.

Proof. From (3.1), one can write

Xon-1 Xon-3

Xon+1 — Xon-1 = B(Xon-1 — Xon-3) + n=1, (3.5)

b
Xon Xon-2

and

Xon Xon-2

b
on+1 Xon-1

Xon+2 — Xon = B(Xan — Xon-2) + n>1 (3.6)

Now, there are four cases to consider:

Case L:f x; < X andxg > Xp, then, from (3.5), one gets
X1 X1 X1 X1 X1 — X1
X=X =B —-X))+———>——— > >0,
3— X1 = B(X 1) % %

that is,x; < x3. Moreover, from (3.6), one gets

Xo Xo X2 — Xo
Xg — %o = B(X2 — +———<———<
> = B(X2 — Xo) % S X %

N
o

that is,x, > X4. By induction, one sees that

Xg <X <Xg< - <X <o-and X=X > Xg == Xon =00

Case 2:The casex_; > X; andxg < X, then from (3.5)

X1 X X1 X Xy — X1
X3—X1—,B(X1—X_1)+——— <—-—-——XK
X2 Xo X2 Xo X2

<0,
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that isxs < X;. Moreover from (3.6)

X2 Xo X2 X0>X2—Xo>0
X = 9

—Xo=PB(Xo— X))+ —— — > = - —
X4 2 ﬁ(Z XO) 5 Xl/X3 Xl/ X1

that isx, > X,. By induction, one sees that
X1Z X Z>Xg=> = Xper =0 and Xp <X <X <o KXo <o

Case 3:Assume thak_; < X, andXy < X. If X3 > X3, then similar to Case 1 we can

obtain
Xo < X <X <K Xon<eo-and Xg 2> Xg=>Xg >0 2> Xong, = 0

That is why, we may assume that; < x; < X3 andxg < X. If X > X4, then

similarly we can obtain
XISX <X < S Xnu <o and Xe>2X =X > > Xn >0
So we may assume that; < X; < Xz andxg < X < Xa.
Continuing in this way we have that, therekis N such that
X< X< X< K Xet, XS XX < <X Xk < X1 (37)
or
X1 <X <X < Xael, Xo S X <X < KXo, Xoke2 < Xk (3.8)
or there is no suck, that is,
X< X< <1<y NE RIS <<, (3.9)
which means thdtx,,} and{x.,,1} are monotone.
If (3.7) holds, then similar to Case 2 we have
Xo <X <KX <oee KXo K- and Xokot 2 Xoke1 = 00 2= Xo(uky-1 = = -
On the other hand, if (3.8) holds, then similar to Case 1 we have
X <X <X <o SXoney <oveand s Xow 2> Xorez = 000 2> Xoek) = 00 -
This gives us the required result in this case.
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Case 4:Assume thak_; > x; andXy > . If X3 < X3, then similar to Case 2 we can

obtain
Xo = Xp = Xg = - 2Xop =+ and X <X <X <o <Ko Xonpg <o e e

That is why, we may assume that; > x; > x3andXg > X. If X, < X4, then

similarly we can obtain
X1 Z2Xe2Xs 22X 2 and X <X <X < < Xon <o
So we may assume that; > x; > Xz andXy > X > Xq.
Continuing in this way we have that, therekis N such that
X122 X1 2> Xg 2> 2> Xokel, Xo = Xo = Xg =00 2> Xok, Xokel = X1 (3.10)
or
X122 X1 2> Xg = 2> Koo, Xo = Xo = Xg =00 2= Xok Xoeo = X (3.11)
or there is no suck, that is,
X1ZXZ2XeZ2 - ZXom1 =, X=2X=Xg= - ZXn>-, (3.12)
which means th&tx,,} and{x,n.1} are monotone.
If (3.10) holds, then similar to Case 1 we have
Xo = Xp = Xg =02 Xon =+ and Xoeq < Xoper < oo < Xoeky-1 <0 e
On the other hand, if (3.11) holds, then similar to Case 2 we hav
X=Xy = Xg > o> Xoper = -+ and Yo < oo <0 KXok vt

This gives us the required result in this case. O

Lemma 3.2.4 Let{x,}._, be a solution 0{3.1), and let L> ﬁ. Then,

- . 1 i i L

0] AET; Xon = L if and only |fr|]m Xon+1 = m
e . H i i L
(i) Jim en. = L if and only iffim g = 7—2r——-
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Proof. From (3.1), one has

Xon
Xoni2 = @ + BXon + (3.13)
Xon+1
and
Xon-1
X2n+1 = a’ +ﬁX2n_1 + X (3.14)
2N

If lim X, = L, then taking limit of (3.13) as& — oo one obtains,

N—oo

L= L+ —
a+18 i lim Xon+1
N—oo
which gives
lim Xony1 = L
00 2n+1 — (1—,3)L o

Conversely, assume that lim,,.; = L/[(1 — B)L — «], then taking limit of (3.13) as
N—oo
n — oo one obtains,
lim X,

n—oo

L/[(A - B)L - a]

lim Xoni2 =@+ lim Xon +
n—oo n—oo
which gives us

Iim X2n = L.

nN—oo

If lim xny1 = L, then taking limit of (3.14) as — oo one obtains,
N—oo

L=a+pL+ —
a+p lim Xo

N0
which gives
lim Xon, = L
n—co Q-pL-«
Conversely, assume thgﬁo!iwgn = L/[(1 - B)L — ], then taking limit of (3.14) as
n — oo one obtains,
lim Xon_1

N—oo

L/[(1 - B)L - a]

lim Xonyl = @ +ﬁ lim Xon-1 +
n—oo n—oo
which gives us

Iim X2n+1 = L.
N—oo
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3.3 Boundedness

In this part, the boundedness of positive solutions of (&1addressed. For this
purpose, firstly the following lemma which will be importatiot prove the existence

of an unbounded solution has been provided.

Lemma3.3.1Leta > 0,0 < B < 1, and {X,};._; be a positive solution of3.1).

Then, at least one of the subsequeriogg,. , and{xz,-1},., iS bounded. Moreover,

_¢
1-8
_¢

1-8

(i) lim Xz, = co if and only iflim Xpn1 =
n—oo N— o0
(i) lim Xgn-1 = oo if and only if lim Xp, =
N—0co n—co
Proof. Suppose thaiix,}* _, is a positive solution of (3.1) such that b}, and

{Xan-1};2., @re unbounded. Using Lemma 3.2.3, it is easy to see thatlimky, = co

and limy_e Xon_1 = o0. Then,

. Xont+1 1
lim === = lim +B+—| =5
n—eo Xon-1 M=o\ Xon-1 Xon

Now, fore = (1 - B)/2, there existdN € N such that

Xon+1

1-
—ﬁ‘<7’8 forall n> N,

Xon-1
which gives usn,; < 1% xon_1 for all n > N. Using this inequality repeatedly, one
obtains

1 n—-N
Xons1 < (%ﬁ) Xong1 forall n> N.

Since (1+ B)/2 < 1, the above estimate leads to Jim, Xon:1 = O, which is a con-
tradiction. Additionally, one can show that if one of the seguence$x,,}>>, and

{Xon-1}pr IS UNbounded, then the other one converges/{a - ). O

In the next theorem, it is shown that there exist positiveitsahs of (3.1) which are

unbounded.

Theorem 3.3.2Let0 < @ < 1,0 < B < 1, and{x,},._, be a solution of (3.1) such

that0 < x_; < ﬁg and % > Then,

1
(1-a)(1-8)"
a

1-8

Im X, =00 and limxpnq =
n—oo

nN—oo

(3.15)
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Proof. Since O< a < 1, itis clear thatﬁ > a + 1, hencexy > X. Moreover,

X BX 4+ 2L
1=a+BX 1+ —<
Xo

1-B

and
X1
X1:a+,8x_1+z>a.

Thatis,o < x; < rlﬁ. On the other hand,

1
X2=a+ﬁxo+&:a'+(ﬁ+—)xo>0/+xo,
X1 X1

X3 = +ﬁx+xl< +,6’x+X1< !
3T T ¢ X 1-p
By mathematical induction, one can show that
1
Xon >N+ Xg and Xon_1 € (a, m) forall n> 1. (3.16)

Therefore, ifa # 0, then lim_. X, = o and, hence, by Lemma 3.3.1, one obtains
M0 Xone1 = /(1 — B) as claimed.

On the other hand, far = 0, one has

Xons1

1
X2n+2—X2n=(,3—1+ )X2n>0

and

1
Xons1 — Xon-1 = (,3 -1+ —|Xn1<0
Xon

which mean thatx,,} is strictly increasing anix,,,1} is strictly decreasing. There-
fore, if limp_. Xn = L < oo, then by Lemma 3.2.4 one obtains Jin, Xon,1 =
1/(1 - B). Taking the limit asn — o on both sides oky,,1 = (8 + X—in)XZn_l yields
L = 1/(1 - B), which is not possible since,} is increasing and, > X. Therefore,

limy_. Xon = o0 @and, by Lemma 3.3.1, lim,., Xons1 = 0 @s required. O

3.4 Periodicity and Semi-cycle Analysis

In this part, the case where the solutions of (3.1) are prirperibdic is considered.
Also, the semi-cycle analysis of positive solutions is déwemeans of which the
convergence of any positive solution to the fixed point orpaiae 2-periodic solution

of (3.1) is dealt with alongside.

31



Lemma 3.4.1 Equation (3.1) has prime 2-periodic solutions if and onlyrif= 1.

Moreover, whemny = 1, {Xn},_; is prime 2-periodic if and only if x # ﬁ, X1 # ﬁ;

and % =

X1
x1(1-p)-1"

Proof. Suppose that () has a 2-periodic solution

X YXY,
wherex # y. Then,
X
X=a+BX+ 3—/ (3.17a)
y=a+py+ % (3.17b)

Subtraction of the latter equation from the former one eld= x/[x(1 - B) — 1].
Plugging this into (3.17a) gives= 1. Notice thatx = 2/(1-) results iny = 2/(1-),

which contradicts the assumption thag y.

Conversely, assume that= 1. Letx_; # rzﬁ, X1 # ﬁ andxp =

From (3.1), the following can be deduced:

X1
x-1(1-p)-1"

X1
X1:1+ﬁx_1+%:X_1

Xo Xo
X_1+8XC+—_1+BXC+—_Xc.
? X1 X1

By induction, it is now easy to see thiad,}, _, is a prime 2-periodic solution. [
Lemma 3.4.2 Let {x,},.._, be a positive solution of (3.1) which consists of a single
semi-cycle. Therix,}.._, converges txX = %ﬁ’.

Proof. Suppose thafx,}>._, is a positive solution of (3.1) which is a negative semi-

cycle. Then, using £ 8 = (1 + a)/xand 0< x, < X, one derives

Xone2 — Xon = @ + B Xon +

=a+|f-1+ Xon
Xon+1

>+ _1_a+1' X
)? )? 2N

a
=a— ;_XZn
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and

Xon-1
— Xon-1
n n

Xone1 — Xon-1 = @ + BXon_1 + "
2

1
a+(,6—1+ X—)XZn_l

2N

(—1—a/ 1)
>a+ +;(_ Xon—1

X

a
=a- ;—XZn—l
Xon—

implying that the subsequenc@sn.1}. , and{Xx}>, are both strictly increasing.
Therefore, the limits limL« Xons1 = Ly and limy_. Xon = L, exist. Moreoverly, L, €
(0, x]. SincelL; = a + BL1 + L1/L,, one has

a 1
L—1+L—2—l—ﬁ. (318)

Now, if Ly < xorL, < X, thena/L; + 1/L, > (o + 1)/x = 1 — B, which contradicts

(3.18). Thereforel; = L, = X and, hence{x,}> _, converges tx, as claimed.

Now, assume thdk,} >, is a positive solution of (3.1) which is a positive semi-@&ycl

Then, using + B = (1 + a)/Xandx, > X, one derives

Xon
Xone2 — Xon = @ + B Xon + — Xon
Xon+1
1
=a+|(f-1+ Xon
Xont1
- -1-a 1 «
a + — + =
X X X 2N
a
=a-— ;—XZn
X2
= a(l — —_n) < 0
X
and
Xon-1
— Xon-1

Xone1 — Xon-1 = @ + BXon_1 + on
2

1
:a+(,8—1+ X—)XZn_l

2N
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implying that the subsequencesn.1}._; and{xx},., are both decreasing. There-
fore, the limits lim_e Xone1 = L1 and limyLe Xon = L, exist. Moreover,Lq, Ly €
[X, ). SinceL; = a + BL; + L;1/L,, one has

a 1
L—1+L—2—l—ﬁ. (319)

Now, if Ly > xorL, > X, thena/L; + 1/L, < (o + 1)/x = 1 — B, which contradicts

(3.19). Thereforel; = L, = X and, hence{x,}>_, converges tx, as claimed. [

Lemma 3.4.3 Let{x,},._; be a positive solution of (3.1) which consists of at least two
semi-cycles. Thefix,},._, is oscillatory. Moreover, with the possible exception of the
first semi-cycle, every semi-cycle has length 1. Aside frat for anye > 0, except

(o8]

possibly for finitely many terms, every term{xf};’_; is strictly greater thanfﬁ —&.

Proof. Suppose th&ix,};._; is a positive solution which consists of at least two semi-
cycles. Then, there exista > —1 such that, < X < Xm.1 OF Xme1 < X < X Only

the former case will be considered since the latter can béetesimilarly. Now,

Xm

Xmi2 = @ + BXm + v

<a+pBx+1l=X

and

xm+3:a+ﬁxwl+@>a+,3>?+1:x.
Xm+2

It can be shown by induction that

@ < Xmiok < X < Xmpake1  for k> 0. (3.20)

That is, every semi-cycle, except possibly for the first oseey {X_1,..., Xn}, has
length 1, and the solutiofx,}>. , is oscillatory.

Additionally, by Lemma 3.2.3, itis clear th@tm,a} .o aNd{Xm 241}y @re eventually

monotone. Being bounded and monotoxgox — Ly ask — oo, wherea < L; < X.
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In the case whefiXm a1}, IS NOt bounded from above, one hag.o1 — o as

k — oo which, by Lemma 3.3.1, implies thét = a/(1 — B). On the other hand, if
{Xme2k+ 1} IS bounded from above, then it has a finite limit, 43y It goes without
saying that

a+1_l ﬁ_1+a
L, L, L Ly

Clearly,L; > a/(1 - B) since, otherwise,

a 1 1
+—21-B+—

1-g=—
P00 L,

implies thatL, < O, which is a contradiction. Thus, in any cade, > a/(1 - ).
Using this together with (3.20), one obtains the final restiltemma 3.4.3. O

Theorem 3.44Leta = 1,0 < B < 1, and {x,},._, be a positive solution of (3.1).

Then, the following statements hold:

(i) If {xn}._; consists of a single semi-cycle, thieq},._, converges tx = ﬁ;

(i) If {x,};._, consists of at least two semi-cycles, then; _, converges to a prime

2-periodic solution of (3.1).

Proof. It is known by Lemma 3.4.2 that x,};._, consists of a single semi-cycle,

then{x,}._, converges tx. Otherwise, by Lemma 3.4.8x,}._, is oscillatory and,
except possibly for the first semi-cycle, every semi-cyels kength 1. Now, the proof

of the second part follows from Corollary 3.2.2 and Lemma43.2. O

3.5 Stability Analysis

This part of the thesis devoted to the stability analysisiefaquilibrium poinix = %};
of (3.1).

Lemma 3.5.1 The equilibrium poinik = %; of (3.1) is

(i) locally asymptotically stable i > 1;
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(ii) unstableif0 < a < 1

Proof. The linearized equation of (3.1) abauis
Yni1 = AVn + Byn 1,
whereA=—-(1-8)/(1+a)andB= (1+aB)/(1+ a). Let0O< B < 1.

@) If @ > 1, then

E=aB2F) o gng 1-8= 2L

A+B-1=
A+ 1+« 1+«

and hence, by Theorem 2.2.8 (iijs locally asymptotically stable.

(i) If0 < @ < 1, then
A-a)A-p5)

A’+4B>0 and |A-|1-B|=
l1+a

and hence, by Theorem 2.2.8 (iX)is unstable. O]

Lemma 3.5.2 Leta > 1, and let{x,};._, be a positive solution of (3.1). Then,

@271 iminf x, < limsupx <« T
1_ﬁ o = hoe n= n—oo n\(a/_l)(l_ﬁ).

Proof. Because of Lemmas 3.4.2 and 3.4.3, it may be assumed thatsamancycle
of {XJn._, has length 1, thaj®; < x, for alln > -1, and that?; < xo < 1“’ < Xg.
Note that fom > 0,

21 a+(/3+ 1_ﬁ)X2n_1.
a

X
Xons1 = @ + BXon-1 +
2N
Thus,
2
Xons1 < @ + a(ﬁ + —'8) ( + —'8) Xon-3.
a

Successive application of the previous inequality yields

a? 1-8
)%”<(a—na—ﬁil_@+_3*)

Sinces + £ < 1, it follows from (3.20) withm = 0 and (3.21) that

(/3 + —B) N (3.21)

I. 0/2
imsupx, < ———.
nouP S G Da-p)
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That is, for anye > 0, there existdN > 0 such that

@ +e
X ——— forall n>N.
M= a-D(A-p)
Thus, for anyn > N,
Xon_2 (@-1)(1-p)\ « a  ale-1)
Xopn = Xon_ = .
A A Ch S b iy Sl gy e Jrps

Sincee is arbitrary, it follows that

iminf x. > % + 2= 1
n—oo Xn/l—ﬁ (04

Theorem 3.5.3Leta > 1. Thenx = }i—g is a globally asymptotically stable equilib-

rium point of (3.1).

Proof. It is known by Lemma 3.5.1 that = %}; is a locally asymptotically stable

equilibrium point of (3.1). Lef{xy},,._, be a positive solution of (3.1). It flices to

show that
im _l+a
n—>ooxn_1—ﬁ
Forx,y € (0, =), set
y @ a?
f(x,y)=a+By+=, a=—— and b= ————.
X 1-p (@-1)(1-p)
Then, , ,
Ba a a
f(a,b) = a + + = =b
@b =t D a1 @-DA-p)
and
3 of  a-1  « a—-1
f(b,a)—a+1_ﬁ+ " _1—ﬁ+ " > a
Hence,

a< f(xy) <b forall xyelahb].

By Lemma 3.4.1, there is no prime 2-periodic solution of (&g, by Theorem 2.2.9,

im l+a
naooxn_ 1—[8
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3.6 Numerical Examples

In the last part of the present chapter some numerical testsravided to illustrate
the theoretical results obtained in this thesis.

Example 3.6.1 Consider the initial value problem (IVP)

xn+1:0.2+0.5xn_1+%, n=01....

(3.22)
X1=1 X = 3.

Clearly, the conditions of Theorem 3.3.2 are satisfied and,r@sult,limp_,., Xon = o

andlim,_,. Xon:1 = @/(1—B) = 0.4 as seen in Figure 3.1.

Example 3.6.2 Consider the IVP

X
Xne1 = 1+ 0.5%, 1 + ;nl, n=0,1,...,

(3.23)
Xx1=1 Xy =5

Obviously, the solutiofix,}>_; of (3.23)consists of at least two semi-cycles. Then,
by Theorem 3.4.4, this solution converges to a prime 2-périsolution as per Figure
3.2.

Example 3.6.3 Consider the IVP

X
Xpe1 = 2+ 0.5%,_ 1 + )”(nl, n=0,1...,

(3.24)
x1=1 X =3

Since, in this exampley = 2 > 1, by Theorem 3.5.3, the equilibrium poixt= 6 of
(3.24)is globally asymptotically stable. As it can be seen in FegB13, the solution
{X.} of (3.24)converges to the fixed poirt= 6.

38



X2n
N

(a) Evenindex terms

11

09r b

0.8 . 4

X2n+1
o
~

0.6 b

051 b

03 I I I I I I
0

(b) Odd index terms

Figure 3.1: The solution of (3.22).
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Figure 3.2: The solution of (3.23).

Figure 3.3: The solution of (3.24).
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CHAPTER 4

CONCLUSION

In this thesis some dynamics properties of a second orddinean diference equa-
tion with two real parameters andg has been studied. The special c@gse 0

has been investigated by many researches during the lasldeades. The results
obtained in this thesis are more general than those obtdiefxe and if one sets

B = 0in the present outcomes, then the pioneering results eogereed.

Main results can be categorized in three major classes:dsalness, periodicity and

semi-cycle analysis, and stability analysis.

Necessary and flicient conditions for a positive solution to be bounded orauriz-
ed are derived. It has been shown that a periodic solutiorexishonly for a special
value ofa. In this case, the structure of a periodic solution in termthefinitial con-
ditions is given. In addition, semi-cycle analysis of a pigsisolution is performed.
One of the main results about the semi-cycles is that a pessblution consisting
of a single semi-cycle must converge to the fixed point, wthkg consisting of at
least two semi-cycles oscillates. Also, in the case whermg@iersolutions exist, the
positive solutions with more than one semi-cycle shouldrecge to prime 2-periodic
solution. Moreover, local and global stability analysistioé fixed point are done.
The conditions for the equilibrium solution are stated ilatien to the parameters in-
volved in the equation. Finally, the obtained results dustitated by some numerical

examples.
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