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GENERALIZATION OF THE CLASSICAL
POLYNOMIAL INEQUALITIES FOR SEVERAL
INTERVALS CASE

Mehmet Ali AKTURK

Ph.D. Thesis — Mathematics
February 2014

Thesis Supervisor: Prof. Dr. Alexey LUKASHOV

ABSTRACT

In this dissertation we focus on generalization of the classical polynomial in-
equalities and investigation of the derivative of extremal rational functions.

In chapter 1 we give some basic information about Remez-type, Bernstein-type,
Markov-type, Rusak inequalities.

In chapter 2 we obtain new Remez-type inequalities and weighted versions of
Bernstein-type inequalities. Remez-type inequality for trigonometric polynomials
on a part of the period which is proved in thesis is a new step in the story of the
proof of an open hypothesis (Erdélyi’s Conjecture).

In chapter 3 we proved Markov-type inequalities for algebraic polynomials and
rational functions, as well as Rusak-type inequalities for algebraic fractions. Markov-
type inequality for rational functions on several intervals is the first example of a
sharp Markov-type inequality for rational functions on several intervals.

In chapter 4 some auxiliary statements are proved which are important to
obtain sharp Markov-type inequalities for rational functions on several intervals.

Keywords:  Remez Inequality, Bernstein Inequality, Weighted Polynomial In-

equalities, Inequalities for Derivatives of Rational Functions, Markov Inequality
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KLASIK POLINOM ESITSIZLIKLERININ BIRDEN COK
ARALIK ICIN GENELLESTIRILMESI

Mehmet Ali AKTURK
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Subat 2014

Tez Danigmani: Prof. Dr. Alexey LUKASHOV

Y/

Bu doktora tezinde genel olarak klasik polinom egitsizliklerinin genellesgtirilmesi
ve u¢ degerli rasyonel fonksiyonlarin tiirevleri tizerine yogunlastik.

Birinci boliimde Remez-tip, Bernstein-tip, Markov-tip, Rusak esitsizlikleri hakkinda
temel baz bilgiler verdik.

Ikinci boliimde yeni Remez-tip esitsilikler ve Bernstein-tip esitsizliklerin agirhkh
versiyonlarini elde ettik. Tezde boliimiin bir kisminda ispatlanan trigonometrik poli-
nomlar i¢in Remez-tip esitsizlik, agik bir hipotezin (Erdélyi'nin varsayimi) ispatinin
belli boliimiinde gecen yeni bir adimdr.

Uciineii boliimde cebirsel polinomlar ve rasyonel fonksiyonlar icin Markov-
tip esitsizlikler ayrica cebirsel fonksiyonlar i¢in Rusak-tip esitsizlikler de ispatlandi.
Birden ¢ok araliklarda rasyonel fonksiyonlar i¢in Markov-tip esitsizlikleri birden ¢ok
araliklarda rasyonel fonksiyonlar icin net Markov-tip esitsizliginin ilk 6rnegidir.

Dordiincii boliimde bazi yardimer ifadelerle ispati 6nemli olan birden ¢ok araliklarda
rasyonel fonksiyonlar i¢in net Markov-tip esitsizlikleri elde edildi.

Anahtar Kelimeler: Remez Esitsizligi, Bernstein Esitsizligi, Agirlikli Polinom
Esitsizlikleri, Rasyonel Fonksiyonlarin Tirevleri i¢in Esitsizlikler, Markov Esitsizligi
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CHAPTER 1

INTRODUCTION AND BASIC NOTATION

1.1 INTRODUCTION

Inequalities for polynomials have been a classical object of studies for more
than one century. Modern expositions can be found in books and surveys (Borwein
and Erdélyi, 1995), (Dubinin, 2012), (Milovanovié¢ et al., 1994), and (Rahman and
Schmeisser, 2002). Recently weighted analogues of classical polynomial inequalities
were considered (see, for instance, (Andrievskii, 2012), (Erdélyi, 2003), and (Mas-
troianni and Totik, 2000) ). Other ways of generalizations are in replacing the
domain of polynomials by more complicated (disconnected) sets and (or) in consid-
ering polynomials in more general Chebyshev systems. Throughout the thesis, we

use the notations
PO = {p cp(x) = Zakxk, ap € R((C)} : (1.1)
k=0

for the set of algebraic polynomials and

n

a

T© = {t t(x) = 50 + Z(ak cos kx + by sin kx), ag, by € R(C)} : (1.2)

k=1

for the set of trigonometric polynomials with real (complex) coefficients; as a weight

w, we consider an arbitrary continuous positive function on a suitable set, ||| is the
uniform norm on this set.

!
Let E be the set which consists of several intervals £ = J[agi_1, a2, a1 <
i=1

as < ag < ...<ay, [>1 Leta;bean endpoint of E, and let E; be that part of

E that lies closer to a; than to any other endpoint, i.e.

Ei={zel:|lz—aj| <|v—al, i #j}.



It is well known (see, for instance, (Totik, 2001)) that the equilibrium measure

w (00, r, C\E) ,«x C FE'is given by

lﬁl (=)

1
w (00, a, C\FE) = —/ J dz,

21

“ /1@ =)l

j=1
where 7; € [agj, azj+1],7 = 1,...,1 — 1 are uniquely determine by

-1

e (2 —7)

Jj=1

[ =
[Tl = a)

Theorem 1.1.1. (Totik, 2001) With the above notations and with

de =0, k=1,...,1—1.

M,=92=L
! [T la; — ail

]

we have for each 1 < j < 2l

1Pl < (1 + o(1)M;n* [|pallp (1.3)

and this is asymptotically the best possible, for there is a sequence {p,} of polynomials

of corresponding degree at most n = 1,2, ... such that

()] > (1+ o(1)Mn® |[pall s

Corollary 1.1.2. For every e; > 0 there exists ng depending on 1, and E such that

1Pl s, < (1+ 1) Min® [Ipall (1.4)

for every polynomial p,, € P,, n > ny.



Let us set

C(n,A B)= sup sup  [|@l ¢ (a) » (1.5)

BCA, |B|<B Q€Tn,a,B

where A C [0,27] is a given set, T), 4 p is the set of real trigonometric polynomials

Q of order at most n such that

Qs <1 Ifllom = sup |f ()]

and the first supremum in (1.5) is taken over all measurable sets B C A of the
Lebesque measure |B| < . In other words, C' (n, A, 8) is the best constant in the
inequality [|Qnlloay < Cll@ullcapy: 1Bl < B, @n € T, T. Erdélyi (Erdélyi,

1993) gave the following conjecture.

Conjecture 1.1.1. (T. Erdélyi, 1993)

For every € (0,27) and n > 1

C (n,[0,2n], B) = Un,r—5/2 (7)

where

00 (6) =t (9) = cos (mareeos (52 20) ) (1.6)

Erdélyi’s conjecture is still open, inspite of many interesting results in this di-
rection ( (Andrievskii, 2002), (Ganzburg, 2001), (Ganzburg, 2012), (Erdélyi, 1992),
(Erdélyi, 1993), (Erdélyi, 2010), (Nazarov, 1994) and (Nursultanov and Tikhonov,
2013)).

Polynomial (1.6) is a trigonometric polynomial of (half)order n/2 and it firstly
appeared in V.S. Videnskii’s papers in 1960 (for integer order) (Videnskii, 1960) and
1964 (for half-integer order) (Videnskii, 1964). We call it Videnskii polynomial. For
the following we need also a description of trigonometric polynomial deviating least
from zero on a subset of [0, 2] which has the maximal possible number of deviation

points ( (Lukashov, 2004) compare also (Peherstorfer and Steinbauer, 1996)).

Lemma 1.1.3 ( (Lukashov, 2004), (Peherstorfer and Steinbauer, 1996)). : The

following assertions are equivalent.



1.

The trigonometric polynomial Ty deviates least from zero on € = [0y,05] U
U [f91-1,09],01 < O < ... < Oy with respect to the sup-norm among all

trigonometric polynomials of degree N/2 with leading coefficients cosv and

sin, 1i.e.,
Iélgth'N( )| :cjlélfeRrgn&X‘COS¢Cos 260 + sintsin 56
LN/2] N2 0
+ Z c;cos X520 + d; sin K520 (1.7)

Jj=

has the mazimal possible number of extremum points on &.

For every j =1,...,1, the equilibrium measures of the arcs
Fj = {Bw .0 € [ng_l,egj]}
are positive rational numbers. More precisely,

Nw (00, [0;-1, 03], C\Te) = ¢}, g™} €N, j =2, L. (1.8)

There is a real trigonometric polynomial On_L of order N — é such that for a

constant Ax > 0,

Tx (0) = S(0)oy_. (6) = AR, (1.9)
where S (0) is given by (2.22).

If any of those assertions is valid, then

the numbers q(-N)

i are equal to the number of zeros of v (0) on &5 = [0g;_1, 0a5]
=11

the polynomial Ty may also be written in terms of we (z,x) as

Tn () = Anecos | 27 / Nwe (00,()dC | ,0 € & (1.10)

£Nl61,0]

wheree € {—1,1} ,@w (2,2) = 2w (2, TgN{e?:b< p <z},C\I'g); w (2, G, C\I'g)

833

is the harmonic measure of a set G C 'y at a point z € C\I'g relative to the

domain C\I'g,T'g = {e? : p € E} and w; (00) = w (00, T;,C\I'g).



Constant C' (n, A, §) is unknown, while the corresponding constant for alge-

braic polynomials was found by Remez (Remes, 1936).

Theorem 1.1.4. (E.Ya. Remez, 1956) :

The transformed Chebyshev polynomials

p) =21, (5750,

2—3s

and only they are extremal for the problem

sup ||p||c[71,1} J
PEPn,s

where
Pos={peP:{ze[-1,1]:|p(z)| <1} =2 - s}.
Next is the classical Bernstein inequality for algebraic polynomials.

Theorem 1.1.5. The inequality

Ip’ (2)] —l<z<l

n
< N [F2{

holds for every p € PO,

In (Borwein and Erdélyi, 1995) a weighted version of Bernstein inequality was

given:

Theorem 1.1.6. Let w € C'[—1,1] be strictly positive on [—1,1]. For every € > 0

there exists an ng depending on € and w such that

for every p € P,, n > ny.

P (x)w () V1 — 22

<n(l+e¢) pr”[—l,l]

[7171]

S.N. Bernstein proved in 1912 (Bernstein, 1958) his famous inequality;

Theorem 1.1.7. The inequality
170 < ™ NIt

holds for every t € T,,.



If ¢, is a trigonometric polynomial degree of n, t, € T,, then
1]l < nlltall g (1.11)

where ||-|| ; denotes the supremum norm on E, E = [0, 27]. Actually, Bernstein had
2n instead of n, but a very simple argument based on his result gives also n in (1.11)
and (1.11) was published in Russian translation of (Bernstein, 1958) in Bernstein’s
collected works (Bernstein, 1912) (firstly it was published by M. Riesz (Riesz, 1914)).
In 1960 V.S. Videnskii (Videnskii, 1960) proved a generalization of (1.11) for an
interval shorter than period (a problem which goes back to I. I. Privalov (Priwaloff,

1925). Namely, Videnskii proved that

, cos? (w/2) 172
ol <n(1- ) ),

for 0 € (—w,w), E = [—w,w],w € (0,7),and this is sharp.

In the following we use several auxiliary results.

Corollary 1.1.8. The inequality of Theorem 1.1.7 remains true for all t € TC.

Proof. Choose a € R such that e**¢™ (¢) attains the value ||t say, at 0 = T.

M
Now t(f) = Re (e"t™ (9)) € T, and Hﬂ|K < ||t|| - On applying Theorem 1.1.7 to

t € T,,, we obtain

[ = et (7) = (1) < o [[F]] o < 0™ [l -

{P

[]

Lemma 1.1.9. (Lukashov, 2004) The following inequality holds for any trigono-

metric polynomial t,, € T,, and 0 € int(E),E is a real compact subset of [0, 27].

0o\ :
(—)) F200) < [l (1.12)

2nmwg (00, 6
Here,
0 o
we (z,2) = F (z,Fg N {e :inf € <0< x} ,C\Fg) , (1.13)

andfg:{eie:QEE}.



A.A. Markov proved in 1889 (Markov, 1889) his famous inequality: if p, is a

real algebraic polynomial of degree n, p, € P, then

D5l =1y < 22 lpallioa g - (1.14)

where ||-||; denotes the supremum norm on E. A weighted version of (1.14) was
given in Theorem 1.1.6: let w € C[—1, 1] be a strictly positive on [—1,1]. For every

e > 0 there exists an ng depending on £ and w such that

lPwll s 4 < n*(L+2) Ipwll 4

for every p € P,,n > ny.



CHAPTER 2

REMEZ-TYPE AND BERNSTEIN-TYPE INEQUALITIES

2.1 REMEZ-TYPE INEQUALITIES

The main goal of this section is to give particular assertions about constants

C(n, A, p) for the case A = [—a,a], a € (0,7/2). To the best of our knowledge

they were not studied in the literature up to now.

Theorem 2.1.1. (Lukashov and Akturk, 2012) If 0 < a < 5, 0 < 8 < 2a and for
n>1

CO (n, [-a, 0], B) = sup sup | Qulle a0
0ner™
B C [~a,q] nl-ewal B
|B| <8

where

T(l[) 1,.B = Qn € Tn,[—a,aLB :

o ||Qn||c’(conv (B)) < ||Q"||C([—a=a]\w"v (B))

then

i. suitable Videnskii polynomials are extremal in the problem CY (n,[~a,a], B).

ii. extremal polynomials for the problem C (n,|—«, ], ) coincide (up to a con-
stant multiplier) with a trigonometric polynomial deviating least from zero on

a subset of [0, 27| which has the maximal possible number of deviation points.

Proof. 1) First of all we note that polynomials

. 20—(B—2a)
Si ———
Vn,l = T2n ( . g ) ) (21)
Sin

4



and

. 20—(2a—p)
Si ————
Vn,2 = T2n ( B é ) (22)

S1n 1

belong to T o5 With B = [—a, —a + f], the other on the interval B = [a — 3, a] .

n,[—a
Let @, € TTEI) different from (2.1) and (2.2) with B C [-«, o, |B| < 5.

[—a,a],B
The set B is evidently composed of a certain number v < 2n of closed intervals
some of which can be one point.

Let
o1 = [a1,b1] , 02 = [azbe] yery Om = [amabm]

be those of them (m < v) of positive length arranged in increasing order. Let & €

[—a, a] be a point such that |@Q,| attains its maximum value on the interval [—«, o] :

oe[—a
We will show that |Qn )] < CWY (n,[~a,a],B), we distinguish between two cases

depending on:
€ |—a,ay),and & € (by,al.
We start by first case. Let
0=—a<by<...<by1=—-a+pf

be the points on the interval [—a, —a + ], where the polynomial (2.1) attains, with
alternating sign, the values +1.

Let, in addition, 61,0, ...,04,.1 be the 2n + 1 points that we take in the set
B satisfying the following conditions: firstly 6; = aq; then for { = 2,3,...,2n+1 let
0; be the first of the points of B (traversing this set of points from left to right) for
which

mes ([51,51} N B) =6, — 0.

Applying the Lagrange interpolation formula, one time with the trigonometric poly-
nomial (2.1) and another time with the trigonometric polynomial @,,, we can write

the following two equalities:

m+1 2n+1 .1
sin s (o — 0,,)
Vn —2 2.3
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B 2n+1 - 2n+1 sin% (S . §m>
Qn (§) = ; Qn (6) mf:[l T (2.4)
m#i

On comparing their right-hand parts term by term, one notes the following relations:

firstly we note that because of definition of gj’s inequalities for j = 1,...,2n+1

0, >0, (2.5)
and

£—0,<¢6—0,<a—0, (2.6)

holds. Next from

mes ([0,9,] A B) = b, — 6,
we get,

10; — 03] < [6: = ;.

Now taking into account [ = o < § we deduce (2.5),(2.6) at two inequalities

sin%(g—ej) > sin%(g—éj), j=1,...,2n+1
o1l 1
smi(ei—ﬁm)

> Isin= (0, — @
> 51112(2 )

, i#m, andi,m=1,...,2n+ 1.

On comparing right-hand side of (2.3) and (2.4) term by term we note also the

relation
sign Vo1 (6;) = (—1)"*,
il
szgnﬂst( ) = (-1) (=)™,
2wl
‘ in — _em = 17
sign 71_[1 sin o (« ) +
and

Moreover, one also sees that the 2n + 1 terms on the last part of (2.3) are all the

same sign (being +), which need not hold in (2.4). Thus one also has

|Qn ()] < Vi ()
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at least that @), is not identical to £V, ;.

When & € [b,, «), the reasoning is totally analogous, on replacing the (2.1)
by (2.2).

ii) Proof follows from the following lemmas (Similar assertions for & = 7w were

given in (Erdélyi, 1992) ). O
Lemma 2.1.2. (Lukashov and Akturk, 2012) P* has simple real zeros only.

Proof. Suppose there is a complex zero z; = x; +¢y;. Then consider the polynomial

s’ (1)

. t—z; . t—2; ’
S1n 5 S1n 5

where tg is such that | P} (¢y)| = ||P;:||C’[

P,t)=1+h)P(t)|1—c¢

0] - Now [P (to)| > | Py (to)] for sufficiently
small h > 0,e > 0, and {t: |P, (t)] <1} D {t:|P:(t)| <1} for sufficiently small
h > 0, what contradicts the extremality of P;.

Next let us suppose that P () has a multiple zero ¢;. Then the polynomial

S1n

L2 ity
P, (t) = (1+h)P"(t) (1_€Tz£2t)
sin TJ

leads to the contradiction as well. O

Lemma 2.1.3. (Lukashov and Akturk, 2012) P* (t) —~ has only real zeros for all

Proof. For v = 0 the assertion follows from Lemma 2.1.2. Suppose there are two
complex zeros, z; = t; +iy; and Z; = t; — iy;. Then among preimages p ([0,7])
there is a curve which connects z1,z; and intersects R at a point t. So P* can not be
locally one-to-one in a neighbourhood of ¢ and hence P*' (%) = 0 what contradicts

Lemma 2.1.2. N

2.2 WEIGHTED BERNSTEIN-TYPE INEQUALITIES

We start with properties of the related equilibrium measure.
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Lemma 2.2.1. (Peherstorfer and Steinbauer, 2000) : The density of the equilibrium
measure from (1.13), € = [01,0:] U ... U [0y_1,09],0; < 0y < ... <0y is given by

1 Q)] o)

we (00,0) = ——=—

2m \/15@)]

!
where @ (0) = [] sin (9_£j) , and & € [095,02541],7 = 1,...,1 are uniquely deter-
j=1

2

mined by
02541
Q(0) :
ac=0,j=1,...,1L 2.8
/ sor .

2
Proof. First proof F.Peherstorfer and R.Steinbauer proved that
1 Sl (ew)

we (007 9) =
where
!
Si(z) = O'H (z —€%).
j=1

If we put z = €%,

Si(e¥) = o H (ew — eigj)

j=1
S =&
o 53 —
= o(2i)e He’2 Hsm 5 ]
j=1 j=1
We know that
=& =&
Lp—g _ e e
sin = y
2 21
N3
eit — et
= T
2ie'T el s

and we have

R (2) = pH (z —€).

RO(ew) _ pH(ew_eiaj)

2 2 o b
_ 92l il i0; : _
p(2i)*e ]1;[1 (e )jl:[lsm 5




13

Then there exists a uniquely determined polynomial S; = S} of degree [, normalized

by 5;(0) = 4/ R%(0), which satisfies

025+1

Sz( )

Lemma 2.2.2. According to given above

Sy (e) lj <(p §]>

C .
RO (%) [2
. (p—ej
S1Nn ——
jl;ll ?

Proof. We know that

0=0,j=1,...,01—1

and

ﬁ z—ezfﬂ )

If we use property, we get

!
Si=58=7v=c][e¥(-1)"
j=1

Let us rearrange all determined

l
iS)(0) = io(—1)' [

and

If we substitute to given

a1
o =+t H et H e i,
j=1 j=1
a1
1)l+1il+1 H eTJ H il
j=1 j=1

Q
Il
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Now we compare to the equations

a0 o
(= 1)1 He%‘)ﬂ Hez‘gj TR0 N P Heigj He—i§j7
=1 = ‘ j

7=1 7=1 7j=1
and
2
(—1) = H@TJ He Zﬁ])
j=1 j=1
with them
!
11 0% it . <¢*£J)
5 () ) 02'ite2 jl;[1€ i j];[lsm 5
VRO (e%) , 2 2 '
(€) \/E(Qi)lel%l p ei% [ sin “0_2%
j=1 j=1
So we have
l =
. sin ( — J)
Si(e®) 6}31 ’
v/ RO (eiv 21
(%) 'H1 sin £2%
]:
thus proof of Lemma 2.2.2 is completed. O]

We want to present here a different partial proof of the lemma which uses the

representations of extremal polynomials in (1.10).

1. Suppose firstly w (00,T;,C\I's) = 2%.,p; € N,j = 1,...,1. Then by Lemma

2.2.1 the function

oy (6) = cos | 7 / INwe (00,0 dC | 0 € € (2.9)

£N[61,0)

is a real trigonometric polynomial of order N. If we take a derivative, we get

2N -1

0 — B;
v (0)=NQ (0 i J 2.1
o ® =30 [T sn =52 (210)
where (3, j =1,...,2N — [, are zeros of ON_L (0) and there is a real trigono-

metric polynomial o,_: of order N — é such that
2

v (0) — S (0) o2 L) =1. (2.11)
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Hence

NI sin <7T | 2Nwg (0,() dC)
oy_L(0)=c H sin b ;Bj = i (2.12)
j=1

2

|15(0)]

Moreover, 7y (#) has a maximal number of deviation points, and inner zeros of
its derivative coincide with zeros of o,_: (), and 7y has one zero §; at each
2

gap (02j,62j+1), j=1,...,1. Hence

sin <7r [ 2Nee (oo,g)dg>
(@) = N £l = Q () (2.13)
~ —sin|n / INwe (00,C) dC | 72Nwg (00, 6),
£N[61.0)
s0 we have
e (00,0) = QO (2.14)

21 /1S ()]

Now equality (2.8) follows from the representation (1.10). Uniqueness of &;’s
follows from the uniqueness of extremal trigonometric polynomials in Lemma

2.2.1.

. Using density of the systems of [ arcs satisfying w (c0,I';,C\I'g) € Q,j =
1,...,l, among all systems of [ arcs (see,for instance, (Khrushchev, 2009),

(Totik, 2011)and references therein), we obtain the lemma.

]

Remark 2.2.1. Lemma 2.2.1 was recently proved by V. Totik (manuscript, for sym-

metric with respect to 0 intervals see (Totik, 2012)).

The main goal of this section is to give simple proofs of weighted analogues

of Bernstein-type inequalities on several intervals. We start with the Bernstein

inequality.

Theorem 2.2.3. (Akturk and Lukashov, 2013) Let E be a set consisting of a finite
l

number | > 2 of disjoint intervals, E = |Ja;,b;] C [0,1],a1 < by <az < ... <1,

7j=1



16

then there exists ng depending on w and E such that

Pu()w(z) H |z —a;) (x = b))|| <nllppwllg, v € E (2.15)

for every polynomial p, € PE,n > ny.

Proof. By the Weierstrass approximation theorem, for any n > 0 there is a ¢, €

Py, k > [ such that

w(z) < @) <(1+nwx), z€E. (2.16)

Hence,

!
[z = a) (& = by)|"?
j=1

Po(@w(@) [T —a) (z = 0)|"*| < |ph(@)an(x)

-1
=1 I |z — 7
j=1

[T (o~ a,) (o~ )|

S (pHQk)/ (.%‘)] 1—1
I
[T (o~ a)) (o~ )|
@)l =
1]z =l

Denote m := min{w(z) : € EF} then we obtain taking into account inequality
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(2.16) and using Theorem 1.1.1

l

1/2
@ [J1@=a) @=b)1"* < (n+E) Ipaaellp + Ipoll g & el s
j=1

-1
< (k) @+ lpawlg|[]le-ml| +
j=1 E
k -1
(Lt ) [l ol || [T e 7]
Jj=1 E
-1
< n@+n)lpawllg [Tz -l +
j=1 E
-1
+k (1 +n) |pow|| g H|x—7j| +
j=1 E
k -1
o () pwel gl | [Te =7
j=1 E
(14mn) k
< n|pawl g {1+?7+T k‘f‘EHwHE

for every p,, € P,, provided n > 0 and ¢ > 0 are sufficiently small, n > ny such that
5 Zn#—(%n) (k+ £ wlly), we get

l

Tl =1

< n(l+e)|]]lz =7l lpawlg

< nllpawls- (2.17)

Theorem 2.2. 4 Let E be a set consisting of a finite number | > 2 of disjoint
intervals, B = U [aj,b;],a1 < by < ay <...<b, then there exists ng depending on
w and E such that

-1

[Tz -7l

j=1

lpnwllp, z € E

Hl(x—aj)(w—bj)! <n(l+e)
’ (2.18)

for every polynomial p, € PS,n > ny.
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Proof. By the Weierstrass approximation theorem, for any n > 0 there is a ¢ €

Py, k > [ such that

w(z) < =2 4(2)

— <(1+nuw), z€ kL. (2.19)
1;[1 |z — 7]

Hence,

[T 1o~ a5) o = )|
ph(@yw(@) [T 1@ = aj) (z = b)["*] < [Pl (x)au(z) ™=

-1
j=1 I1 |z — 7l
j=1

[ Iz — a;) (z — by)|"”

=1
< e ()
[T |z =l
j=1
l 1/2
[T I« ) (@ = 1)
]:
+ |Pn(7) g3, () =
[ |z =7l
j=1
Denote m := min{w(z) : € E} then we obtain taking into account inequality

(2.19) and using Theorem 1.1.1, we get

l
Pu(@w(@) [TI@ —a;) (@ = 0)I"*| < (4 k) paaills + Pl o F llael

j=1
-1
< (n+k) A +n) pawlg [Tz =1 +
Jj=1 E
k -1
(L) Ipwwll g ll g [T T e =7
J=1 E
-1
< n(l+n)|pawlg H lz =7l +
J=1 E
-1
+k (1 +1) lpaw| g H lz — 7| +
j=1 E
k -1
(Ut n) ol ol | T T 1 = 731
Jj=1 E
<

(1+n) k
n||prwl 5 [1+77+T k‘+EHw||E

-1

[Tl -7l

Jj=1

X

E
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for every p, € P,. Now choose n > 0 and ng such that for all n > ng, ¢ > n +
L) (4 B |,) , we get

n

l

A [T - aj) (@ =)

j=1

< n(l+e¢)

[pnw]] £2.20)

E

-1
[Tz -7l
j=1

Next result is a weighted version of the Bernstein-type inequality for trigono-

metric polynomials on several intervals.

Theorem 2.2.5. (Akturk and Lukashov, 2013) Let w be any function which is

continuous and positive on

l
E= U[ng_l,ﬁgj} g [O, 271'] ,81 < 92 < ... < 82[ < 8214_1 = (91 + 27'(', (221)

j=1
and

21

S(0) = Esm (9 _293') . (2.22)

Then there exists ng depending on w and £ such that

£(0)w(0)VIS @)]| < nlltuwls 0 € € (2.23)

for every polynomaial t,, € TS, n > ng. Inequality (2.23) is sharp in the sense that it

is not possible to replace n in (2.23) by n(1 — €) for arbitrary € > 0.

Proof. First consider ¢, € T,. By the Weierstrass approximation theorem, for any

n > 0, there is g € T} such that
qr(0)
sin (9—25]-) ‘

where ¢; are given by (2.8) in Lemma 2.2.1. Hence

w(9) < <1+ w), oe&, (2.24)

!
I
j=1

1/2
< |t,(0)gi(6) 22—

£,(0)w(0) |S(6)[" A
T fsin( 52|

n

< |(tage)' ()82 | 4
I fsin(52)]

1/2
II sm( 5 >‘

j=1
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and, using Lemmas 1.1.9 and 2.2.1, we have

t (OwO) SO < (n+ k) [[tagille + talle & llaelle
l
Hsm(e §]>
2
7j=1
l
HSIH

7j=1

< (n+k) (1 +n)[ltawllg

1
+ (L) [tawlle [[wll

IN

k
altwelle 10+ 5 () +

l

Esin (0_2@)

where m := min {w(f) : § € £}. Now, for every t,, € T,, and € > 0, provided n > 0

X

: (2.26)

&

is sufficiently small, n > ng such that e > n + (1:—") (k+ = Jwllg) , we get

(0w () S| < 0 (1+2) |ltuw]

)

l o
[] sin ( 5
i=1

l
[[sin (
J=1

H , 2a1)
£

and because of

< 1, we obtain, for sufficiently small £ > 0,
£

VIS )| < nlltwwl (2.28)

The case of t,, € TS is proved then similarly to the proof of Corollary 1.1.8. The
theorem is sharp even for the case w = 1. Namely, we cannot replace the multiplier
n by n(l — ¢) with any € > 0 in the right hand side of (2.23).

Take £ = [—a,a],0 < a < . Then we have S () = sin (52) sin (%2) & =7

sin (9 _257') ‘ = |cos (g) ' . (2.29)

Consider

in ¢

tn(0) = cos <2n arccos (s'm 2 >) . (2.30)
sin 2
2

Take 6 = 0,, = 2 arcsin (sm < sin n) , then

and

On
,(0,)] = n—e 2, (2.31)
1S(0,)]
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and

/ (en)\/|5(e,n)|\ — ncos%n >l —e), (2.32)

for sufficiently large n such that

< 2.33
sin 4n 1n2% ( )
m

Now let 0 < a < 7, and let
={e’|6 € [-a,a]} (2.34)

be the circular arc on the unit circle of central angle 2 and with a midpoint at 1.

Theorem 2.2.6. (Nagy and Totik, 2012) If P, is a polynomial of degree at most n,
then

e < 2 (1 290D N yp e (o).
2 Vecos O — cosa “

Next result is a weighted version of the inequality from Theorem 2.2.6.

Theorem 2.2.7. (Akturk and Lukashov, 2013) With the above notations and for

any continuous positive function w, there exists ng depending on w and o such that

‘pn 19 20 | \/

for every polynomial p, € P-.n > ny.

- o
sm O‘ sin( ;O‘)‘ < npawl .0 € [—a,a] (2.35)

Proof. By the Weirstrass approximation theorem, for any n > 0 there is a ¢, € P

such that
10
i0) < 4 () <1 0 geK, 2.36
() S T s Vi S W (), fE K (230
Hence,

ro( i ;o i \/m
s () w () Veos —cosa| < |l () a (e 6>¢m+\/§cos<g)
2

VeosO —cosa
Veos — cosa + V2 cos (2)
| Veos —cosa
0\ I 0
P (€7) g (e )\/m+\/§cos(§) '

IN

(Pnar)’ () +

_|_
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Denote m := {w (e“’) 10 e Ka} then we obtain taking into account inequality

(Nagy and Totik, 2012) and (2.36) the estimate

, , 1 n+k k
i () w () eost = cosal?| < | T Il + 5 Il o, |
n+k)
< "D ) i, +
1
+ (L4 0) [lpnwllg, >
0
X |lwl| & H\/cosﬂ—cosa—i-\/icos’
@ 2 Ka
n ik 2
< Blowl, [L++ @+ 2 asnlulg,]

0
\/cosﬁ—cosoz+\/§cosQ‘

for every p, € P,, provided n > 0 is sufficiently small, n > ng such that ¢ >

X
Ko

n+ (L+n) (2 + 2 wll.),

n in o
<5 (L+¢) [pnwllk, H\/E <1 +sin E)’ Ka

P, (€) w (") |cos  — cos 04]%




CHAPTER 3

MARKOV-TYPE INEQUALITIES

3.1 MARKOV-TYPE INEQUALITIES FOR ALGEBRAIC POLYNO-
MIALS

The main goal of this part is to give a weighted version of Totik’s generalization
in Theorem 1.1.1 of (1.14). Let E be the set which consists of several intervals
E = Llj lagi—1,a%], a1 < ay <ag <...<ay, |>1. Leta;, M;be defined as on
page 12:1
Theorem 3.1.1. (Akturk and Lukashov, 2012) With the above notations for every
e>0,we C(E),w(x) >0, for all x € E, there exists an ng depending on £, w and

E such that

Ippwlg, < (1+e)Mn?[lpywl g, =€ B
for every polynomial p, € P,, n > ny.

Proof. By the Weierstrass approximation theorem, for any n > 0 there is a ¢ €

Py, k > [ such that

w(z) < q(r) < (1+n)w(x), z € E. (3.1)
Hence,
P (@)w()] < |p,(2)qu ()]

< | (paagr) ()] + |pa(z)gi(2)] -
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Denote m := min {w(x) : x € E} then we obtain taking into account inequality

(1.4) and (3.1) the estimate

IN

[P (z)w ()| (1+e1) (n+ k) M |pagll  + (1 + €0) Mj [1pall o 4 llaw

1
(L) (T4 m) [lpawlp lwll 5

IN

(1+e1) (1 +n) (n+k)* M;||paw] 5 +

IN

M [[pawl| g [L+e1+n(1+e)+
2

2k k 1
+F<1+51)(1+77) + ﬁ(1+n) (1+51+mMj ||w||E)}

(1+2) Mjn® [[ppwllp

IN

for every p,, € P,, provided n > 0 and £; > 0 are sufficiently small, n > ng such that

() (1461 4+ — ]
7] €1 mM]wE :

2k k
ezetn(lte)+—~(1+e)d+n+ 5

]

Remark 3.1.1. Theorem is asymptotically sharp. It follows from asymptotic sharp-

ness of Totik’s inequality (1.3).

3.2 PROPERTIES OF CHEBYSHEV- MARKOV ALGEBRAIC FRAC-
TIONS

The content of this section is translation of a part of the book (Rusak, 1979)
which is not available in English.

We will consider here the problem on boundaries for derivatives of algebraic

fractions
ro(z) = —pn(x) ,
tgn(flf)
2n
ton() = [[(L+arz), —1<z<1, (3.2)
k=1

where p,(x)- is an algebraic polynomial of degree at most n with complex (real)
coefficients, numbers a;, are either real |agx| < 1, or pairwise complex conjugate. In
particular, if to,(7) = t2(x), algebraic fractions are transformed to rational functions.

Firstly the problem about construction of rational functions with given denom-

inator deviated least from zero on [—1, 1], was solved by Chebyshev. A. A. Markov
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generalized that problem and constructed algebraic fractions of the form (3.2) which
deviate least from 0 on [—1,1]. These authors and also Bernstein discovered deep
analogue of these fractions with Chebyshev polynomials.

We will use systematically algebraic fractions deviated least from 0 on [—1, 1]
in estimating derivatives of the functions of the form (3.2).

To constructed Chebyshev-Markov algebraic fraction it is useful to passed to
(—00,00) and to obtain then as a particular case of Bernstein algebraic fractions.
This fact seems to be note observed before. In any case nowhere in Bernstein
works the connection between the algebraic fraction deviated least from 0 on the
real axis (which were constructed by him) and Chebyshev-Markov algebraic fraction

was mentioned.

Put (3.2), z = 1%, then
- y2 P2n(y)
1 +y2 \/h2n<y>
2n
1+ ag
hon(y) = L
2(:(/) ]};[1|:y +1_ak:|7 o0 y<OO,

where Py, (y)- is an even algebraic polynomial of degree at most 2n. The polynomial
han(y) is positive on the real axis and its zeros are pairwise complex conjugate.

Denote by z; = a;; +if;, j = 1,...,2n, the zeros of hy,(y), with 5; > 0, and let

Dyn(y) = Z arg(a; +if; — ) (3.3)

will introduced Bernstein cosine fraction by

My () = cos B, (y) %{H il | }z Pult) (3

Sz =yl L [E -y han(y)

Numbers {zj}iil are roots of equations y? + }J_F—ZZ =0, k=1,...,2n, and they
obviously symmetric with respect to the imaginary axis. Then the polynomial P, (y)
in (3.4) is an even of algebraic polynomial of degree 2n.

Go back to the variable x in (3.4), and we obtain the algebraic Chebyshev-

Markov cosine fraction for the interval [—1, 1]

my(x) I cos Yan () = cos Doy, (y). (3.5)
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Note that
dy (P +1)° & B;
b(z) = @) (y)— = : , 0<y<oo, (3.6
le) = Bl = U S e 0 (3.

Yon(—1) = Pg,(00) = 2nm,

902n<1) = (I)Qn(()):mr.

The last equality follows from (3.3) since the points {a; +i3;} are pairwise sym-
metric with respect to the imaginary axis.

So, the argument ¢y, (z) is a decreasing function on the interval [—1, 1], the
function m,(z)- is an algebraic fraction of the form (3.2), which has maximum

modules 1 with alternate signs at n + 1 points. In particular,
mp(—1) =1, m,(1)=(-1)". (3.7)

Hence, m,(x) deviates least from 0 among real algebraic fractions of the form (3.2)
with fixed leading coefficient of the polynomial p, (z). It follows (3.6) so that the

zeros {wy}y_, of the cosine fraction m,,(z) are determined by equation

1
pan(T) = {Qn— (k—§>] T k=1,...,n, (3.8)
and situated (—1, 1) in such a way that
—l<r<ap<...<z, <1 (3.9)

together with form will define Chebyshev- Markov sine fraction by

de

Un () —JcSIDSO2n( ) sin @y, (y) =

= {H H_ } (3.10)

|ZJ _y| |ZJ — 9

yPo_(y)
h2n(y)

Here ]52n,2(y) is an even polynomial of degree 2n — 2. Go back to the variable x,

and we obtain

on(z) = V1—x2p,_1(x)
" ton(2)

it is clear that sin g, () has n + 1 distinct zeros on the interval [—1,1]. Denote

them by {y;}._, . so
-1 = o<y <...<y,=1, (3.11)

o (y;) = (2n—j)m,
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the point {y;} and {z;} interlace and
mn (y;) = (=17, j=0,1,...,n; (3.12)
vp(ze) = ()", k=1,2,....n

It is necessary also to find an explicit expression for the function ¢f (z) in terms

of the variable x and numbers a;. Take into account the connections between {ay}

and {z;}, suppose that all square roots have positive real parts and we have

ey WS i
Pnlz) = S Z( . aj_y_w) (3.13)

j—l a; —y +if;
1 1_ e _].
- Z VI~ a Au(2).
2Vl — 2= 1+ apx 1 — a2

Now we will prove 2 lemmas. Which are necessary to obtain Markov-type inequalities

for derivatives of algebraic fractions.

Lemma 3.2.1. If zeros of the polynomial ta,(x) are complex conjugate or a real of
even multiplicity then the inequality

sin Pon (l’)
V1— a2

is valid for —1 < x <1 where \,(x) is defined by formula (3.13). The equality sine

< (), (3.14)

in (8.14) is attained at points v = £1 only.

Proof. Using the substitution z = =%

i +yz, we transformed inequality (3.14) to the
form (see, (3.6) and (3.13) )

0<y< oo

sin @y, <y>‘ - Z 8;

-~ 9 9
Y = (aj—y) +5;

Under supposition Lemma 3.2.1 the argument ®o, (y) can be represented as

q)Qn Z \Ilk

where Wy (y)- is the argument which correspondence to a pair of complex conjugate

of zeros of the polynomial t5,(x) or to a double zero of that polynomial. Corre-
sponding four zeros of the polynomial hs,(y) are symmetric with respect to the

both coordinate axes, and we obtain

1 ,. ,
sinWy (y) = — (el\lfk(y) _ 6—Z\Pk(y))

21
—2Bry
lax —y + iBk| |ow + v + 05k
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it follows,
in ¥ 2
sin Wy (y) ‘ _ : /Bk : (315)
Yy |Oék+lﬁk—y| |ak+zﬁk+y|
Br Br
; 5+ ; ok
lag + B —y|I” o +iBk + y
where the equality is attained at y = 0 and y = oo only.
Let inequality (3.14) be valid with n = p, i.e.
. 2p
d A
Sin 2p (y) ‘ S Z /8]2 - (316)
Y j=1 (aj - y) + 6j
is full feel. We have from (3.15) and (3.16) that
sin ¢ 1, . .
%(y)‘ = ; |sin @qy, (y) cos Vi1 (y) + sin V11 (y) cos Py, (y)]
$ 8; 8 8
< Z J2 - + p+1 : . + p+1 : .
j=1 (aj - y) + Bj |O‘p+1 —y+ ZBp-f—l| |O‘p+1 +y+ Z/Bp—‘rll
2p+2
- Yo
j=1 (aj - y)2 + 6]2
]

Lemma 3.2.2. If zeros of the polynomial ty,(x) are real of the same sign or sym-

metric with respect to the point x = 0, then the inequality

sin o, ()

V1 — 22

is valid for —1 < x < 1. Equality sign in (3.17) is attained at one or at both end

< max { A, (1), A\n(—1)} (3.17)

points of the interval [—1,1].

Proof. As in the proof of Lemma 3.2.1 we searched a majorant for the function

sin @, (y )Hy 0 <y < oo. At this time we have

1 (Br + Bosr) (1 + )

2 Vﬂk+y\/ﬁ121+k+y

and equality is attained at points y =0 and y = oo

sin CI>2n(y)' (3.18)

Taking for definedness [, = }f—g: > 1, k=1,...2n, it is not difficult to find

that the maximum of the majorant in (3.18) is equal to
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In the case of symmetric Syf,x = 1, Br > 1 and the maximum of majorant of

(3.18) is equal to

> (et

k=1

) = (1) = An(—1).

6n+k
Note that as a particular case it follows from (3.17) the inequality

sin n arccos x

<n, —-1<z<1.
Ve | S =TS
[
Theorem 3.2.3. If a real algebraic fraction of the form (3.2) satisfies inequality
Irn(x)] <1, —1<z<1, (3.19)

then the estimate

I’ ()] < /1— r%(w)\j\f—(_i)xz, —-l<z<1 (3.20)

is wvalid for its derivatives. Equality in (3.20) is valid only at the points where

|rn(x)| = 1, and for the function rp(x) = € cos pan(x), € = 1, at all points.

Proof. After substitute © = ;zz, which transforms —oo < y < oo into double

traversed interval (—1,1), the function r,(z) will be certain real function of the

form
I e T W 1 €)
Ron(y) = ”(1+y2)_ han(y)

2n

hon(y) = H (o, —y)* + 57 -

k=1

It follows from (3.19) that, |Ra,(y)| <1, —oo <y < oco. Hence the estimate

Ry, (y)| < /1 — R3,(y)P%,(v) (3.21)

is valid for its derivative (see, for instance, (Rusak, 1973) and references therein),
where equality sign is attained at those points only where |Rs,(y)| = 1, and for
Bernstein cosine fractions Ma, ,(y) = cos[Pa,(y) + ¢] everywhere. Now observe

that

(1+ 92)2'

4 (3.22)

() = R, (y)
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It follows from relations from (3.21) and (3.22) (see also (3.6), (3.13))

|T‘;L(x)| = R;n(y)%
s yi- R%n(Q)@éﬂ(g)%
= ‘ 1— r,%(x)gogn(x)‘ = /1—12(2) An ()

VI—a?

where equality sign is attained only for those algebraic fractions r,(z) = Ra,(y),
which realized equality sign in estimate (3.21). It is necessary to distinguish only
two cosine fractions: Moy, o(y) and M, »(y) from the set of Bernstein cosine fractions
Moy, (y) which are extremal in inequality (3.21), i.e. the extremal in estimate (3.20)

are the functions

() = Rop(y) = £ cos Poy, (y) = £ cos pa, ().

The reason is that for other values of the parameter ¢, Bernstein cosine fractions
after transformed to variable z are not algebraic fractions of the form (3.2) as it is

clear from (3.4) and (3.10). O

Remark 3.2.1. Under suppositions of Theorem 3.2.3 the estimate

An()

is valid obviously. Chebyshev-Markov cosine fractions = cos o, () is still extremal

Ir! (z)| < —l<z<l1 (3.23)

in (3.23) but the equality sign is attained now only at those points where cos o, () =
0. Unlike (3.20) inequality (3.23) is valid also for algebraic fractions of the form (3.2),
which have a polynomial with complex coefficients as a numerator p,(x). Extremal

algebraic fractions are the functions
Tn(x) = £C08 90271(11)7 |€| =1

only. It can be deduces directly from the validity of (3.23) for real algebraic fractions
by known methods. Since we will refer to this method in the following we presented
here.

Let r,(z)- be complex algebraic fraction of the form (3.2), |r,(x)| <1 Then it

can be represented

ro(x) = up(x) + v, (),
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where u,(z) and v, (x)- are real algebraic fractions of the form (3.2). It follows from

inequality |r,(z)] <1, —1 <z <1 that for arbitrary real «
|un(z) cosa — vy (x)sina] <1, —1 <z <1,

and because of validity of the estimate (3.23) for real algebraic fraction we have
An ()

/ / .
luy,(x) cos o« — v, () sinar| < A l<zr<l (3.24)
since « is arbitrary it follows from (3.24) that
An
(z)| = Vu2(z) + v2(z) < (z) -l<z<l1

V1—a?

i.e. inequality (3.23) is proved for complex valued algebraic fractions. If the equality
sign is realized in the last inequality then it is realized for a certain o in (3.24).

Then we have
un () cos ag — v, () sin g = =+ cos o, (), (3.25)
or what is the same
Re {r,(x)e ™} = & cos o ()
from the other side,
Im {r,(z)e"*} = u,(x) cos ag — v,(z) sin ag
and from inequality |r,(z)e’°| < 1 it follows that
[un () cos ag + v, () sin | < [sin o, ()] -

In particular, wu,(x) cos ag + v, (z) sin ap vanishes at n + 1 zeros of the sign fraction

sin o, (x). It follows from here

un(x) cos o + vy () sin o = 0. (3.26)
It is clear from (3.25) and (3.26) that

un () = £ cos g cos po,(x), v,(x) = £ sin ag cos @, (2)
and, hence the function r,(z), which realized inequality (3.23) has necessarily the
form

ro(x) = = cosagcos pa, () £ sin ag cos pa, ()

= =408 Yo, () (cos apg — isinayp)

= ccospu(@), |l = 1.
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Theorem 3.2.4. Let complex valued algebraic fraction r,(x) satisfies condition

(3.19) and v(x)- is a differentiable function on [—1,1]. Then the estimate

|0A@%@YHEVW%@W7%@+7W@7 —l<r<l (3.27)

is valid. If the point x is not a multiple root of the function ~(x), then the equality
sign in (3.27) is valid only for algebraic fractions

rn(x) = o8 @Qn(x)v |€| =1
at those points where (y(z) sin @q, (7)) = 0.

Proof. 1t is sufficient to prove (3.27) only for the case when numerator p,(z) has
real coefficients. The validity of the estimate for complex valued algebraic fractions
is proved in the same way as in Remark 3.2.1.

Put r,(z) = cosw = cos [arccos r, ()], and we obtain

sinwr! (z)y(x)
1 —r3(x)

|(ra(@)y(@))| =

+ coswy'(z)

=

< \/sin2 w + cos?w

(2" (@) | (x)]

1 —1r2(z)

n

< leh (@) 72(@) +2(2),

Equality sign in the last inequality because of Remark 3.2.1 and Cauchy- Schwart
(Z (apbe) < (>0 a%)% > bi)%> inequality is valid only for the function at those
points where

—sin o, (z)  cos o ()
Pon (€)Y () 7'(x)
The last equality is equivalent to (y(z)sin @y, (x)) = 0. O

Theorem 3.2.5 (Bocher- Walsch). If disks |z| < ry and |z| > ro(> r1) contain
respectively all zeros and poles of rational function f(z) of order n, then those regions
contain all zeros of the derivative f'(z), and the first region contains precisely n — 1

zeros of derivative.

Theorem 3.2.6. If algebraic fraction of the from (3.2) satisfies condition (3.19)

and |ag| <1, k=1,...,2n, then the estimate
An ()
e T S S
()| < Vs (3.28)

m, (z)], —-1<z<ux, x,<z<1,
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is valid. Where {xy}, —1 < 21 < ... < x, < 1- are zeros of the cosine fraction
mn(x). Equality sign in (3.28) is attained only for functions r,(x) = emy(x), |e| =

1.

Proof. Obviously, estimate (3.28) is necessarily to prove only for intervals [—1, 2]
and [z,,1]. Since inequality (3.28) coincides with the estimate (3.23) which was
proved before on the interval [z, x,]. Furthermore it is sufficient to prove it only
for the interval [—1,z4]; for the interval [z, 1] it will follow from the symmetricity
of the problem under consideration. Finally taking into account Remark 3.2.1 we
will consider only the case of real algebraic fractions.

Let {y;}._s- be zeros of the sine Chebyshev- Markov fraction v, (z) (see (3.11)).
If rp(x) 2 £mp(x) for 0 < A < 1 because of (3.12) the difference m,,(x) — Ary,(z)
takes opposite signs at points {y; }?:0 . Hence it has simple zeros on interval (—1,1)

and can be written as

ma(z) — Ara(z) = C ] M, 2] < 1.

po1 V tan ()
Next, the derivative of this difference has form

n

! —an L1 (329

_ _ 1
T 2k —1 Xz ar

m! (r) — Ml (z) = %(mn(:z:) — Arp(z)) x |2

Zeros of the difference m/ (x) — A/ (x) coincide with zeros of square brackets in

(3.29), and they are zeros of the logarithmic derivative of the rational function

Ron(z) = ]] (:;—”Eg It follows from condition |ax| < 1, k = 1,...,2n, that poles

of the rational functions Ry, (z) are contained in region |z| > r > 1, zeros of that

function {z} lie on the interval (—1,1). It follows from Boher- Walsch theorem that

hn(2) has 2n — 1 zeros in |z| < 1 and other zeros are in |z| > r > 1. Among the
zeros of the function RY,(z) which lie in |z| < 1, there are obviously points {z},_, ,
and if we will exclude them then the logarithmic derivative of the function R, (z)
has precisely n — 1 zeros in |z| < 1 and other zeros are in |z| > r > 1. In the same
way because of (3.29) the zeros of the difference m/,(x) — Ar/ (z) are located. What
is more important for us is that inside the disk |z| < 1 and in particular on the

interval [—1,1], the function m/ (x) — Ar/(z), 0 < A < 1 has no more than n — 1

Zeros.
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In this consideration the multiply A\ was introduced for the convenient . Es-
sentially the same consideration can be given also for the difference m,,(z) — r,(z)
but the zeros {z;} can be of different multiplicity. As a result we will obtain the
function m! (x) — r} (z) has at most n — 1 zeros on the interval [—1,1].

Since the derivative of the cosine fraction m/ (x) = —sin g, (x)¢), (z) has
alternate signs at points {z}:~, (see (3.12)) and |r (x1)| < |ml,(x1)| because of
(3.23), we have sign {m/, (x},) — 7. (z3)} = (=1)*, k =1,...,n. Hence n — 1 zeros of

the difference m/,(x) —r! (x) are on the interval (xy, z,) and this difference preserves

sign on intervals [—1, ;] and [z, 1] . In particular it follows from m/, (x;)—r] (z1) <0
that m) (z) — 7/ (x) < 0 for —1 < = < z;. Analogues consideration is valid for
the algebraic fraction- r,(z). Hence we obtain inequality m! (z) + 7/, (x) < 0 for
—1 < x < 4, and it gives the estimate |7 (x)| < |m, (z)|, —1<x < 2.

In the case r,(z) = em,(x), |e| = 1, the equality sign in (3.28) is attained
obviously. n

Theorem 3.2.7. If the conditions of Theorem 3.2.6 are satisfied and polynomial
ton(x) has no real zeros of odd multiplicity then the inequality

An ()

; T1 ST < Ty,
r(r) < izt (3.30)
M(z), —1<z<z, z,<z<],

is valid. Equality sign in (3.30) is attained at points {xy} only and x = £1 for the

function r,(z) = emy(x), le| = 1.

Proof. Estimate (3.30) follows easily from (3.28) it is sufficient to note that (see
(3.13))

m! (z) = (cos pon () = ———="\, (),
and to use Lemma 3.2.1. O
Theorem 3.2.8. If the conditions of theorem 3.2.6 are satisfied zeros of polynomial

ton(x) are real and of the same sign or symmetric with respect to point x = 0, then

the inequality
rl(2)] < max {A\2(1),A\2(-1)} (3.31)

is valid. Equality sign in (3.31) is attained at one or at both end points of the interval

[—1,1] for the functions only rp(x) = em,(x), |e| = 1.
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Proof. For the definiteness let max l)\n(a:) = A\u(1). Proceed in the same way as in
the proof of the Theorem 3.2.7, but applying Lemma 3.2.2 instead of Lemma 3.2.1

to obtain inequality

n(x)
s 1 < x < xy,
[rr ()] < V=t (3.32)
A1), —-1<z<z,z,<z<1

Now let us estimates lengths of intervals [—1,z1] and [z1,1]. Supposition =z =

cos, zy = cos b, we will obtain because of (3.8) and (3.11)
T T
Yan(cosT) — @ap(cosby) = BL (6, — 0) Ap(cos8”) = 7

Apply in those equalities mean value theorem with respect to the variable 6 we

obtain
(1 — 61) M(cos @) = g (6, — 0) An(cos8”) = g

has it follows

v v
o> g >
m—b > (1) T 2 (1)

then for 1 < x < z,, the inequality

1 ! < L L < (1)
= max q —— n
V1—22 sinf — sinfy sinf, | ~

is valid. Estimate (3.31) follows from (3.32), equality case in it can be deduce from

the extremality from the (3.28) and Lemma 3.2.2. O

3.3 RUSAK-TYPE INEQUALITY FOR ALGEBRAIC FRACTIONS

We use the following theorems:

Theorem 3.3.1. (Lukashov, 2004) Let p, () be a real algebraic polynomial of degree
I
v which is positive on a system E = | [agj_1,a2;] C R of disjoint intervals. Write
j=1

v*

po (@) =[[@@—x)”, 1>2 (3.33)

j=1

Then the following assertions are equivalent.
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1. The rational function with denominator /p, (x) and least deviation from zero

among all such functions has the maximal number of deviation points on E,

that s
P, " o+,
max (z) — minmayx | F O M, >0 (3.34)
zelR py (ﬂj) cGER z€FR py (.’I;)
and
P, P,
" (ay) = — (agjs1), j=1,...,0—1, 2n>w. (3.35)
\/m J \/E 7+
2. For every j = 1,...,l, the sum of the harmonic measures of the interval

[agj_1, az;j] with respect to zeros of p, is a positive integer. More precisely,

v 1 v .

3. There is a real algebraic polynomial Q,—; of degree n — | such that

Py (z) — H () @y (2) = M;p, (2) (3.36)

n n—I

for some constant M, > 0, and branch of the root may be chosen in such a

way that

P, (z3) = (\/EQM> (@), k=1,... 0" (3.37)

21

and H (z) = [] (z —q ).

j=1
In this case, the fraction

can be written in terms of the densities @, (z,2) = 2w (2, EU [ay,2],C \E)
of the harmonic measure as

T

P, (I)> — eM, cos 7T/ ((n — g) w, (00, x) + %gija (:I:'j,:c)> dx |3.38)

al

where € € {—1,1}.
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Theorem 3.3.2. (Lukashov, 2004) Consider any algebraic fraction r(z) = p"—(m(),
Pv (T

=

v*

where py,(x) is algebraic polynomial and p,(x) = [ (x — x;)" is a real polynomial of

j=1
degree v which is positive on E = [ay,as)U...Ulay_1,a9] CR, a1 < as < ... < ay.
Then
2
r'(x
@ () < s (3.39)
z <(2n —v), w(oo,x) + > vjw (:q,x))
=1

here @ (z,x) = & (w (2, a1, 2] N E,C\E)) is the harmonic measure.

Theorem 3.3.3. (Akturk and Lukashov, 2013) Let complex valued algebraic fraction

Pn(T)

ro(x) = /e be satisfying condition

ra()| <1, z€E, (3.40)

and y(x)- is a differentiable function on E. Then the estimate

lranY |l < V(@ @) 22(@) +12(@), v eint B

is valid. Where
T 12
Qpn(x) = § <(2n - V) + wE(OOa {L‘) + Z ijE(ZE;-,ZE)> :
j=1
Here, wg(z,x) = 4 (w(z, [inf (E) ,2] N E, E)), and «; are those x; which are poles
of the function r2. Then the equality sign in (3.40) is valid only for algebraic fractions

rali) = ccospa(e),  le] =1
in the case when, ) vjwy(x;) = %,
j=1
Proof. 1t is sufficient to prove (3.40) only for the case when numerator p,(z) has
real coefficients. The validity of the estimate for complex valued algebraic fractions

is proved in the same way

Put r,(z) = cosw = cos(arccosr,(z)), and we obtain

|(ru(@)y(@))'] =

[NIE

(rn(2))* 7*(2)
1—r2(x)

V(@) 12(2) + v2(2).

< \/sin2 w + cosZw

+ 7’2(1’)]

IN
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3.4 MARKOV-TYPE INEQUALITIES FOR RATIONAL FUNCTIONS
ON SEVERAL INTERVALS

V.N. Rusak (Rusak, 1979) proved if a real algebraic fraction of the form (3.2)

satisfies inequality (3.19) then the estimate (3.20) is valid for its derivatives where

Z lakl <1, k=1,...,2n.

Equality in (3.20) is valid only at the points where |r,(z)| = 1, and for the function

mp(x) = € cos pan (),

n d,c“::j:]_,

at all points.

2n
Theorem 3.4.1. Suppose that Y wi(§;) = 2qk, qx € N, k=1,...,l and r, is a
j=1
rational function
bol’n -+ blx”_l + ..+ bn
ro(x) =

pu(T) ’

2n
where |rp(z)| <1, bo,...,b, € C and p,(x) = [] (x — &) is a real polynomial of
j=1

l

degree v which is positive on E = | [agj—1,a25], —1=a1 < ay < ... < ay =
j=1
L, [ >1, j=1,...,2n. Then
(@) < My, (21,0, 205 E) (3.41)

where

M, (z1,...,20; E) = max( max

ZEGEn

ZWE T fj

z€E\E,

, max |mj, (JJ)\,)
and

En - [‘rl? qu U [xq17xq1+Q2] u...u [xth—l-..‘—i-qula xn] )

T on

my(x) = cos g/z;wE(x,fj)da: ,

2n
Phale) = 5D @ (@,6).
j=1
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where {xy} are zeros of the cosine fraction m,(z). Here

wg (2,2) = %w (2, EUay,z],C\E); w(z,G,C\E)

is the harmonic measure of a set G C E at a point z € C\E.

The equality sign (3.41) is attained r,(x) = emy(x), le| = 1.

Proof. (3.41) is necessarily to prove only for intervals [a1,z1], ..., [z,, ay] since the

first inequality in (3.41) coincides with the estimate (3.39).
—H(z)vp—1(z)

V pv(x) ’

Let {yj};:é— be zeros of the sine Chebyshev-Markov fraction

where v,,_1(x) is determined from

and H(x) = [] (z — a;) (see (Lukashov, 2004)).
j=1
j—1
mn<yk) - (_1)k+]+17 k= Z qi-‘rj—l; ] = 17 s 7l7 (342)
i=1

ma(z;) = (=17, j=1,...,n,
if r,(z) # my,(z) then for 0 < A < 1 the difference m,(xz) — X r,(x) takes the same
signs as m,, at points {yj}?ié Hence it has simple zeros on the set £ and can be
written as

m(z) — Ara(2) = O] It VT

k=1 ?21 (x —¢&)

Next, the derivative of this difference has form

n 2n

x_lz - ! (3.43)

P

C

mi (@) = Ary (@) = o (ma(z) = Ara(2)) [2

k=1
Zeros of the difference m/ (x) — Ar! (z) coincide with zeros of square brackets in

(3.43), and they are zeros of the logarithmic derivative of the rational function

kl:ll(m—zk)2
Ron(7) = =
It follows from condition [§;| > 1, j = 1,...,2n that poles of the rational

function Ry, (z) are contained in region |z| > r > 1, zeros of that function {z;} lie
in the interval (—1,1).
It follows Bocher-Walsch Theorem 3.2.5 that RS, (z) has n — 1 zeros in |2| <1

and other zeros are in |z| > r > 1. In the same way because of (3.43) the zeros of the
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difference m/ (z) — Ar} () are located. So the function m/ () — Arl(z), 0 < A < 1
has no more than n — 1 zeros in (—1, 1) and other zeros are in |z| > r > 1.

By the continuity as A tends to 1 we obtain the function m/,(z) — r} (z) has at
most n — 1 zeros on (—1,1).

Since the derivative of cosine fraction

my,(r) = —singa,(z).¢5,(7)
90271(_1) = 0,
won(1) = nm,

has alternate sign at points {z},_, and from the identity
/ 2
("f"“”) +m?(z) = 1,
90271('1.)
and the inequality (with <sign it was given in (Lukashov, 2004), for m,, # +r,, strict

inequality was obtained in (Kalmykov, 2009))

(@),
() @ <1

we get

| ()| < g, ().

Hence sign {m/,(x) — r/(zx)} = (=1)*, k =1,...,n. On the interval (21, z,,) there
are ¢ — 1 zeros y;’s (j =1,...,q1 — 1), on (g, 4+1, Tgy4+4,) there are g — 1 zeros y;’s
(J=q+2,....,1+ ¢ — 1), and so on (xq1+...+qlfl, xn) there are n — ¢ — ... — q_1

zeros y;’s (j =q +...+q-1—1,...,n+ 1), hence n — [ + 1 zeros of difference

/

m!,(z) — 7' (z) are on the set E, and because of

sign {my,(ask) — 1, (azk)} = sign {m,(azer1) — (@)}, k=1,....01—1

that difference preserves sign on intervals from E\En
In particular it follows from m/ (a;) — ] (a1) < 0 that m/] (z) — 7/, (z) < 0 for
a; < z < z1. Analogous consideration is valid for the algebraic fraction —r,(x).
Therefore we obtain inequality m/,(z) + ! (z) < 0 for a; < x < xq, and it gives the
estimate |} (z)| < |m! (x)|, a1 <z < x;. Analogously other intervals are considered.
In the case r,(z) = em,(x), |e| = 1, the equality sign in (3.41) is attained
obviously. O



CHAPTER 4

INVESTIGATION OF THE DERIVATIVE OF
EXTREMAL RATIONAL FUNCTIONS

Theorem 3.4.1 shows that it is necessary to investigate m,, (z) in the case of

several intervals.

4.1 INVESTIGATION OF THE DERIVATIVE OF EXTREMAL RA-
TIONAL FUNCTIONS ON SEVERAL INTERVALS AT THE END
POINTS

Lemma 4.1.1. Under suppositions of Theorem 3.3.1 i.e.
2 2 2
m2 (x) = H (1) 02, (z) = o2 () (4.1)
where m,, is the cosine fraction

my () = cos ( j (; VW (§r7$)) dx) :

*

and p,(x) = 1 (x — &)™ is a polynomial of degree v, &; € R\ [ay1, ay], the following

AN

formula holds
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20
where H(x) = [] |x —aj|, ¢ € (ag,aok41), k= 1,...,1 — 1 are uniquely deter-
j=1
mined by
a2k+1

wg (00, z)dz =0,

gk
and ci; € (agk, G2kt1), k=1,...,1 —1 are uniquely determined by
-1
e T (¢ )
A=l dz = 0. (4.2)
J v

Proof. Recall that (see (Widom, 1969))

;1;[11 | — ¢kl
wg (00, x) = W, (4.3)
and
T I — x| VI
wp (&, 1) = —E= (4.4)

- -1 )
|z — & VI H ()] kl;ll &5 — cryl

On differentiating m,, (x), we get
m! (z) = —sin / <Z V,WE (&,x)) dx ZVTWE (&, 1)
o] r=1 r=1

so setting x = a,, we obtain

sm<f (fwmsr,x)) dx) T (= ) VEE)

. —1 r=1 k=1
iy (am) = = lim ~H(x) Pz =




43

sin(f <Vz_: l/er(g,»,a:)> dz)
Let [ = lim —tAre

T—sam @) . By L’Hospital rule,
oS (f (Z VrWE (Sr,:p)) d:p) S vwg (&, 7)
I = lim —1 \r=l - r=1
T—rAm 17/
- 2 —H(:c) ( H (x))
z [ v U+ ll:ll (m—Ck,T) H(&r)
cos (f <Z vywp (&, x)) dx) PPy —— hd
~1 \r=1 r=1 (=& )\/—H(@) 1 (é—ck,r)
= lim L]
o 2 jH(:c) (—H'(x))

2w{f(iww@wwdQLﬂ T (o — ) VI

) 1
= lim

T—Am (—H,(J/’)) ZVV - =1

T (=) T (6 — )

k=1

If we take this at (4.5) and making use of the fact that m,, (a,,) = £1 we obtain

9 v* ) (am - Ck,r) H(ﬁr) v* ) (am - Ck,r) H(fr)
o) = g =
r=1 (am - 57“) kl;ll (57" — Cg r) r=1 (am - 57‘) kl;ll (67" - Ck,r)

Next result concerns the investigation of m,, for the case of two symmetric
intervals £ = [—1, —a] U [a, 1], n is even, and denominator is an even polynomial.

In this case the cosine fraction maybe written as

-1 Jj=1

i T 2 =z x
my(x) = cos 7r/ (Qk_y)T(x)—i_;Zyj H(éj)((x2§2> H(x)) dx



44

Lemma 4.1.2. Under supposition from above

and

/ _ 2 % H(é])
MOl = 7 ((% —v)T+ Y v = 5]2))
Proof. On differentiating my, (x), we get

T

my(z) = —sin 7r/ (2k —v)wg (oo, ) +
-1 J

vj (we (&,2) +we (=&, 2)) | dr | x

: N
MN‘*

1

v_
2

xw | (2k — v)wg (00,2) + > vj (we (§,2) + we (=&, z))
j=1

setting r = a

i: i (we (5]7 x) + wg (f],ib))) dx)

-1 j

sin (77 f ((Qk —v)wg (00, x) +

mi(a) = lim
k( ) T—a —H(.T)

v

°\ 2a+/H(E)
) Ta + ]Zl V" < €2> (4.6)

sin( j ((Zk V)wg (c0,x)+ ij vj(wg(&,x )+WE(—Ej,x)))da:)
Let I = lim

T—a VH@) . By the L’Hospital
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Rule
<w I ((% —v)wp (00,7) + z vy (@ (§,2) +wp <fj,x>>> d:c)
T A= @) -
. (ek S z = 22!)%}[@)
2 cos (w J ((% — ) wp (00, 2) + vy (wi (&, 7) + wp (—, x>>) dx)
- () ’

(Qky 7mc+i 220 H(E )

= 2my(a) ((Zk,’y 7m+§ 200 H<£J>) :

(—H'(a)) GRS

If we take this at (4.6) and making use of the fact that my(a) we get

Imi(a)] = 2z ((2ku)wa+iuj2a; Hé?;) X

|—H'(a)l

((2k —v)ma+ 22: 2(a Hég)))
&)

v_

T TN RN Wi 3
" ) (@k 2 J(a?f?)) |

Jj=1

and similar to the above method, setting x =1

/ 2 5]
mk<1>H—,<1)( W+Z ( )
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4.2 MONOTONICITY PROPERTIES OF HARMONIC MEASURES

This section is devoted to monotonicity properties of densities harmonic mea-

sures from (4.3), (4.4).

Lemma 4.2.1. There exist R > 1 and § > 0 such that for all §; € R, |§;| > R > 1,

any of wg (&, x), j=1,...,v* is monotonic on each interval
[a2k+1,a2k+1 + 5] ) [azk — 0, azkz] k=1L
Proof. ¢ ; continuously depend on &; and ¢ ; € (agk, G2t1)

lim ¢ ; = c.
£j—)00 J

Namely,
-1
H (x —cky) = 2+ 71_2,j$l_2 + oo NT Y0,

V-1, = (—1>k_1 Sk—1 (CLj, . ;Cl—l,j) , k= 1, e ,l -1

where s;_; is the £ — 1 th symmetric polynomial in [ — 1 variables.
If we write in (4.2) we get

a2k+1

-1 12 A
/“’ P2 T WG g k=1, 1
(x — &) VH(x)
a2k
We can rewrite
a2k+1
/ Tm® de = 0, k=1,...0—1, m=0,....01—2

<$ - 53) VH(z)
S

2 (e-g) VA®@

azj

dr = 0.

-2
Here (:c —5;)  H(z) sign is constant on [agg, aog11] and let %(x) = > yna™.
m=0
There exists a zero of %(:c) on [agy, agki1], k=1,...,1—1.
Consider Uy, = {|z — ¢x| < €} is an open subset with smooth boundary oUy,
L P
Ny (P) = — [ 224
u(F) 2mi / P:(2) =

ou,
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where Py(x) = o'~ 4y,_, 527+ .. .4y, 5. When it is defined, Ny, (P5) is the number

of zeros Ps in Uy, counted with multiplicity. Also here

P§<Z> (l — 1)Zl_2 + 7[_23(1 - 2)Zl_3 tot 723

Piz) ATl A A mgr g

1 P! (2)
Ny (P;) — — - ~dz = 1.
v (F)) 27 / P (2) :
Uy

It means that P; has precise one zero at each of Uj, for and we have sufficiently large

&’s. So

lim ¢ ; = ¢

fj%OO
Hence
-1
IT [z — el VIH(E)]
. . k=1
lim wg (§,z) = lim
fjA)OO &j%oo -1
|z — & /[H ()] kll &5 — Cryl
-1 )
[ |z —cryl gH(fj)
= lim —*=
£, -1 Chi
z - 1] \/]H(m)|k]:[1 1- %4
-1
[T |z — ol
_ k=l
|H ()]
= wg (00, ).

Thus
wg (&, ) — wg (00, ), as & — 00

uniformly with respect to x on compacts the interior of F.

Monotonicity properties of wg (00, z) and of w% (0o, z) coincide. Put R(z) =

-1

[T (z—cx)?
= Then because of |R(z)| = w% (0o0,x), © € E monotonicity properties

of w% (00, z) and R(x) coincide up to the sense. Hence there exists a § > 0 such
that wg (0o, ) is monotonic on each interval [asgy1, Gogr1 + 0], [aox — 0, a2;], k =

1.1
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Consider (w% (¢, 7)) . Tt equals to

(@3 (60)) = HE) |~ ¥
r=&f CH@P T 6 - a @)

Now (—H (2))* (w% (&, 2)) tends to (—H (z))* (w? (00, z)) uniformly on E as &; —

00. Since (w (00, )" has no zeros on [agys 1, agpr1 + 0], [agk — 6, age] then (w2 (&, 7))

has no zeros on [agg+1, 2k+1 + 9], [ag — 9, agy] as well for §; > R.

Corollary 4.2.2. ¢/ (x) is monotonic on [ay,x,| where 1,62 are given

b = i, (V78

1<j<”
0 = ma (max* (\/tgj,\/_)>
1<j<X

and

e (R I U G
(- o)
on () = / (gww}s(&,x)> da

Lemma 4.2.3. If n is sufficiently large and |;| > R > 1, then

to; =

|Ip — a2k+1| < 0.

where x, s one of zeros of the cosine fraction from Theorem 3.4.1.
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Proof. Suppose agj+1 = Ym, then ¢, (agkt+1) = 7 (m — 1), and let z,, be the closest
to ¥, on E then

eulr,) = m(m—1)+ 7.
Pn (%) — @n (2p41) = g
= ¢, (6) (zp — ags1)
T T
e G AT

2 wg (&, zp)
T/ H (%})

22 P (7, &)

Here

T 2 — e (&) /THE)]
Py €)= =

-1 )
2y — &1 T 165 — ek (&5)]
k=1

and we have

-1
gh_{n P(xy,&) = H |2y — cx| = P (2, 00)
e k=1
-1 -1
lim 1T @ —c(&)) [ —c)
I S k=1

uniformly on E. Hence for every € and every x € E if [{;| > R > 1, then
|P(z,§;) — P (z,00)| <¢,

and

|z — agpia1]| < v H ()
P = 2(nP (zp,00) = > vie)
T/ H (zp)
2n (P (z,,00) — €)'

If we let € = minw
el

wIHT: |t ),
n 7

, we get

|z, — aggs1| <

A\ H 1
and d >0, n>n (4, F) = | HE|5|P("°°) L such that

|Ip — a2k+1| < 0.
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Next we note that the densities of the harmonic measures of the domain C\ £,
E =la1,as)Ulas,aq),—1 = a1 < ay = —a < ag = a < ay = 1, with respect to poles

¢ € R\[ay, a4], are given by

wp(00, 1) = ——o 47
(00) = < (47)
1 - JHE)
&0) = e V—h® G —c)

wr(z) = /wE(z,x)d:U, k=12,

where H(z) = [[(z — a;), ¢; € (az,a3) are uniquely determined by
j=1

as

/ (z — ) dr = 0.
(x — &) v—H(z)

az

Lemma 4.2.4. For all §; > 1, any of (wg (§,x) +wp (—&;,x)), 7 =1,...,v" is

monotonic on each interval

L] [y —a]. o/ [y 1)

Here
3 2 _ 3 2
t (2a2+£2+2 (\/ /@) + RE + \/R V@ +R>
25 =
—i (\/R +41/ Q3+ R? — \/R —,/Q3+R2>
where
(2@2—1-5]2-—1—2)2—9@2
Q] = 34 P
1
R; = == (—16a° — 24a"¢} + 6a* — 12a°¢; + 2220°¢] + 6a° — 26) — 12¢; — 24&7 — 16) .

2.36
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Proof. First, we have function

e (1 VAR
( E(gjv )‘l‘ E( SJ’ )) (W(ﬁj—cj) —H(aj)x (4.8)
(z—c)@+§) —(24+¢)(z-§)
X( ey ))
_ 2VH(E) x
T (22=§)v-H(z)
Here
wp (§.1) = — S HE)
" T (v —&)/—H(x) (& —¢)
o (=&, 1) = 1 z+cj H (&)

™ (x+&)/—H(z) (& —¢)

We want to show monotonicity of (4.8). The following figure illustrates Figure 4.1.

Consider ((wg (&, %) +wg (=&, x))Z)I.

_ 4H(£J) ZL‘2

(e (&) (6.0)) = = Ty
Put

t
(t—&)*(t - 1)(t — a?)

The graph of function f; (¢) is shown below in Figure 4.2.

fi () =

If we take the derivative of f; (¢)

r - (t=)’E-Dt—a)—2(t-&)(t-Dt—a)—t(t-&) (t—da®)
J (t-)' (t-12(t - )
tr-€) (-1
(t—€)" (t —1)2(t — a2)?

Let us determine all zeros of function

=) (=) t-1Dt—a®) =2t -1t —a®) =t (t—&)(t—a®) —t(t—&) (t—1)) =0.
If we arrange

=3t + (2> + & +2) * —d’t —d?’¢ = 0,
PN ) PO
3 3 3
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This form is general cubic equation which is at® + bt2 + ct +d = 0, «,b,c,d € R.

Substituting
b (20> + & +2)
t=y— — = J
Y73 YT 9 !
we get

a2—(2a%+¢2+2)”
P+ (M) y+ 35 (—16a° — 24a*¢? + 6a* — 120°¢; + 2220+

+ 6a® — 265 — 1267 — 24€2 —16) = 0.
Now, we have the equation
v +py+q=0 (4.9)

where

9a% - (2a® + €2 +2)°
B 27

p = —3Q;

and

1
2Rj = q = (—16a® — 24a'¢; + 6a" — 12a°¢} + 222a°7 + 6a° — 265 — 1267 — 24¢7 — 16) .

We introduce two variables u and v linked by the condition
u+v =y, where uv = —Q;

and substitute this in the depressed cubic (4.9), giving

(u+0)" +3Q; (utv) —2R; = 0,
u’ + 3uv + 3w + 0° +3Q; (u+v) —2R; = 0,

w? 4+ 03 —2R; = 0asuv=—Qj,
i

u3——3—
u

2Rj - O,
and we get
(u3)2 — 2Rju3 — Q;’ = 0.

This is quadratic in u? :

\ 2R; +,/4Q% + 4R?

u == 9

= R;j£./Q3+ R
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3
3 Q;

We have from above uv = —@Q; and hence v° = ——3. Let us take the principal
branch of the root which is u* = R; +,/Q? + R}. Then
3
. @

(- @)

R~ (@ )

= R; —/Q}+ R
Let S; = i/Rj + QI+ R, T = i’/Rj — 1/ Q3% + R?, where principal branch of

cubic roots is considered. Then , we have the three cube roots of u? and v? :

and

Next, we must find the cube roots of these equations to solve for v and v

*if @3 4+ R? < 0, the roots will be real numbers,

*if Q? + RJZ > 0, then one root is real and two are complex conjugates,

*is Q¥ + R; =0, ty; = ts, and t, ; are real numbers.

Obviously (compare picture) Q3 + R < 0. Then /Q3 + R? =i Q3+ R2| =
iF;, where E; > 0. Thus 5]3 = R; +1Fj, Tf’ = R; —iE;.

Let ¢/R; +iE; = m +in, and so W =m — in. Hence

S;+T; =2m, S; —T; = 2in.

So
S+ T 3
S+ T 3
Yo, = ——( ];— J)—i—\é_(sj—zy):—erﬂn,

y37j = Sj +Tj = 2m.



54

If we put these root in t =y — i then we get

tl,j = —m — \/_n—£

_ —<S'+T) ﬁ(S —Ty)+ (2a2+€2+2)

W RN TR \/R—\/ﬂ)
ﬂ_w +m ¢R_\/ﬂ> @+

b
taj = —m—l—\/gn——

— M \/_(S T)+(2a2+§2+2)

(e o)
_Z_<\/ +\/m \/R_\/m> (2a? +52+2)’

b

tg,j = 2m—3—a
2a% + &2 + 2
= S+T+( 5 )

2
=\/ Rj+4/Q7 + R: + \/R—«/Q3+R2 (22 +€ +2>

Here
t3; > 1
A (22 + & +2) (Rj+\/m>é+<3j—\/c2?+3?>é+
Lji = 9 - 9
+i§ ((Rj+,/Q§+R§)é - (Rj_ \/Q§?+R§->é) <0,
and
L (e m) e (n - o)
25 — = B

2

_i? ((Rj + ,/Q§?+R§.>;’ - <Rj - ,/Q§+R§>;’)

< tg,j.
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Thus argument of R + iE belongs to [0, 7], hence arg (m + in) € [0, ﬁ]
A RVE]
m

if we edit

Van < 3m,

—m++V3n < 2m
it is obviously
trj <ta; <t

to; is unique point of f;(¢) on [—1,—a] U [a,1]. In this expression, shape we can

show in Figure 4.3. O]

Corollary 4.2.5. ¢! (x) is monotonic on [a, o, [d2,1],

T

gon(:c):W/ (2k — v) wg (00, )

-1

(we (&, 2) +we (=&, 7)) | d.

I Mm\‘

Proof. Firstly, we have

ZL’2

Wt (00, 2) = W

If we take the derivative of this function

2v (—H(x)) + 2*H'(x)

(w%(oo,x))/ = 72 H2(z)
_ 2 (22 = 1) (2® — a®) + 22 (22 (2* — a®) + 22 (z* — 1))
T2 H?(x)
2z 2002 0 a? (22— 1) — (22 — 22— 2
Z@(ﬂi (07 —a®) + 27 (2% = 1) = (2" = 1) ( )

Let us determine all zeros of function
2z (1’4 — a2) = 0.

Then we get
T12 = £Va, 134 = tiva.

Hence using Lemma 4.2.4 we finish the proof.



a1 = Yo

ay =yn

Figure 4.1
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