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DYNAMIC RESPONSE OF TWO CIRCULAR INCLUSIONS EXCITED BY
SH WAVES IN FULL SPACE

SUMMARY

When an earthquake occurs, it generates several distinct types of energy waves, known
as seismic waves, and each travels uniquely. These waves can be divided into two
primary categories: body and surface waves. Body waves, such as P-waves and S-
waves, travel through the Earth's interior, while surface waves, like Love and Rayleigh
waves, can only move along the Earth’s surface (e.g., ripples on water). Both types of
waves are released during an earthquake and are examples of elastic waves, which also
include sound and ultrasonic waves in liquids and gases.

Elastic waves are disturbances that propagate through solids, liquids, and gases. These
waves are characterized by the ability of the medium to return to its original shape
after the disturbance has passed. In the context of seismology, elastic waves refer to
the waves that are generated when an earthquake occurs in the Earth's crust.
Additionally, elastic waves also include sound and ultrasonic waves in liquids and
gases.

Elastic waves are a form of mechanical waves that transfer energy through the
deformation of an elastic medium without the movement of matter. These waves are
observed in various physical phenomena, including earthquakes, sound waves, and
ultrasonic waves. Harmonic elastic waves can be characterized by their frequency and
amplitude, as well as their phase and group velocities, wavelength, and displacement
and stress distribution along the wavefront. These characteristics are unique to each
wave and determine its behavior. The phase and group velocities of elastic waves are
independent of the shape or amplitude of the wave and can be flat, round, or elongated.

Elastic waves are a result of the restoring force of matter's particles to return to their
equilibrium position. When an excitation causes a particle to deviate from its initial
location, a restoring force, described by Hooke's law, acts on the particle to bring it
back to equilibrium. This force acts in the opposite direction of the initial
displacement. The interconnectedness of particles in a medium allows for the transfer
of energy through the medium as the motion of one particle affects the surrounding
particles. This principle underlies the propagation of elastic waves in solids, liquids,
and gases.

There are two main types of elastic waves: transverse and longitudinal. Transverse
waves have oscillations perpendicular to the direction of wave propagation, while
longitudinal waves have oscillations parallel to the direction of wave propagation.
Both types of elastic waves require a medium for their propagation, such as a solid,
liquid, or gas.

An elastic wave is generated by a disturbance at a specific point in a medium. The
energy from this disturbance is transferred to neighboring particles due to the inertia
of the medium, causing them to move as well. As the wave travels through the medium,
the particles return to their original positions due to the elastic properties of the
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medium. This process of energy transfer and restoration of equilibrium position is what
allows for the propagation of the elastic wave through the medium.

The term "medium" refers to the material that is responsible for transmitting energy or
light from one point to another. In physics, it serves as a carrier for various forms of
energy such as optical, thermal, and acoustic. This medium acts as a bridge for the
transfer of energy or light from one point or surface to another. In the context of elastic
waves, medium refers to the solid, liquid, or gas through which the wave is
propagating.

The term "medium™ refers to any substance that a wave can travel through to
propagate. This can include physical materials such as water for ocean waves, air for
sound waves, and the Earth for seismic waves. It can also include non-physical
materials such as the audience in a stadium wave or the cell membrane for the
transmission of nerve impulses. Additionally, medium can refer to the electric and
magnetic forces that light travels through and the transmission lines used to carry
alternating current and electric power through the air. In general, the medium serves
as the conduit for the wave's movement and transmission of energy.

A medium is considered to be elastic when it is capable of changing its shape in
response to an applied deforming force, but can return to its original shape once the
force is removed. Examples of elastic mediums include air and water, which can be
deformed by external forces such as pressure and temperature changes, but will return
to their original state once the force is removed. This property of elasticity is important
in the study of elastic waves, as it allows for the transfer of energy through the medium
without the movement of matter.

In general, the passage of an elastic wave through a medium or on its surface does not
result in any permanent structural or physical changes to the medium. Elastic waves
include those that travel through water, sound waves that travel through the air, and
energy waves that travel through solid materials such as the Earth. Mathematical
analysis of wave propagation is possible through the use of graphs to depict the height,
length, and timing of an elastic wave as it moves from one location to another. The
movement of elastic waves can also be observed and analyzed using specialized
ultrasonic cameras, particularly when the wave is traveling across a solid surface. The
elastic properties of the medium through which the waves propagate have an impact
on the properties of the waves themselves, including the number of distinct modes that
can be transmitted and their respective speeds.

A strong disturbance applied to a local area of a medium can quickly spread to other
sections of the medium if the disturbance is strong enough. This phenomenon is
commonly observed in various situations such as the transmission of sound through
the air, the propagation of ripples across the surface of the water, the transmission of
seismic vibrations through the ground, and the transmission of radio waves. It is a
widely recognized concept as it can be observed in everyday life.

The movement of disturbances across various mediums, such as gases, liquids, and
solids, exhibits several common characteristics. These include the interaction of
individual atoms within the medium being the primary factor determining the physical
basis for the spread of the disturbance. Additionally, in both solid and fluid mechanics,
the medium is treated as continuous, and its properties, such as density or elastic
constants, are assumed to be continuous functions representing averages of
microscopic quantities. This holds true regardless of whether the medium is a solid or
a fluid.
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In this study, the dynamic response of two circular cylindrical inclusions excited by
SH waves in full space (infinite media) was analyzed. The wave function was solved
using the expansion of the wave function. The Series Expansion of incident, scattered,
and refracted waves were utilized. The functions describing the waves were expressed
in polar coordinates.

The study used the coordinate transformation method to analyze the dynamic response
of two circular cylindrical inclusions excited by SH waves in full space (infinite
media). The displacement and stress equilibrium were solved to determine the
unknown coefficient expressions in the wave functions. The calculations were
performed by varying the incident wave's angle, frequency, size (diameter), location
relative to other inclusions, material property, and property of infinite media. The
numerical analysis was conducted using Mathematica programming software.

The results of this thesis can be used to understand the dynamic behavior of two
circular cylindrical inclusions in full space, such as during an earthquake. For example,
it can be applied to understand the behavior of inclusions in underground structures,
and on a smaller scale, inclusions that are part of the structural and non-structural
members of a building can influence the other structural components of a building.
This knowledge can be useful for the design and analysis of structures to ensure their
safety and integrity.
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TAM UZAYDA SH DALGALARIYLA UYARILAN iKi DAIRESEL
KAPSAYICININ DINAMIK TEPKISi

OZET

Bir deprem meydana geldiginde, sismik dalgalar olarak bilinen birka¢ farkli tiirde
enerji dalgasi {iretir ve her biri benzersiz bir sekilde hareket eder. Bu dalgalar iki ana
kategoriye ayrilabilir: govde ve yiizey dalgalari. P-dalgalar1 ve S-dalgalar1 gibi cisim
dalgalar1 Diinya'nin i¢ kisimlarinda hareket ederken, Love ve Rayleigh dalgalar1 gibi
ylizey dalgalar1 yalnizca Diinya'nin yiizeyi boyunca hareket edebilir (6rnegin, su
Uzerindeki dalgalanmalar). Her iki dalga tiirii de deprem sirasinda agiga ¢ikar ve sivi
ve gazlardaki ses ve ultrasonik dalgalar1 da igeren elastik dalgalarin 6rnekleridir.
Elastik dalgalar katilar, stvilar ve gazlar boyunca yayilan bozulmalardir. Bu dalgalar,
bozulma gegtikten sonra ortamin orijinal sekline donme yetenegi ile karakterize edilir.
Sismoloji baglaminda elastik dalgalar, yer kabugunda bir deprem meydana geldiginde
olusan dalgalar1 ifade eder. Ayrica, elastik dalgalar siv1 ve gazlardaki ses ve ultrasonik
dalgalari da igerir.

Elastik dalgalar, maddenin hareketi olmaksizin elastik bir ortamin deformasyonu
yoluyla enerji aktaran mekanik dalgalarin bir seklidir. Bu dalgalar depremler, ses
dalgalar1 ve ultrasonik dalgalar da dahil olmak {izere ¢esitli fiziksel olaylarda
gozlemlenir. Harmonik elastik dalgalar, frekans ve genliklerinin yani sira faz ve grup
hizlari, dalga boyu ve dalga cephesi boyunca yer degistirme ve stres dagilimi ile
karakterize edilebilir. Bu ozellikler her bir dalgaya 6zgilidiir ve davranisimi belirler.
Elastik dalgalarin faz ve grup hizlar1 dalganin seklinden veya genliginden bagimsizdir
ve diiz, yuvarlak veya uzun olabilir.

Elastik dalgalar, maddenin pargaciklarinin denge konumlarina geri donme kuvvetinin
bir sonucudur. Bir uyarim bir par¢acigin ilk konumundan sapmasina neden oldugunda,
Hooke yasasi ile tanimlanan bir geri yiikleme kuvveti pargacig1 dengeye geri getirmek
icin etki eder. Bu kuvvet, baslangictaki yer degistirmenin tersi yonde etki eder. Bir
ortamdaki pargaciklarin birbirine bagli olmasi, bir parcacigin hareketi cevredeki
parcaciklari etkiledigi i¢in ortam boyunca enerji transferine izin verir. Bu prensip kati,
stv1 ve gazlarda elastik dalgalarin yayilmasinin temelini olusturur.

Iki ana elastik dalga tiirii vardir: enine ve boyuna. Enine dalgalar dalga yay1lma yoniine
dik salinimlara sahipken, boyuna dalgalar dalga yayilma yoniine paralel salinimlara
sahiptir. Her iki elastik dalga tiirli de yayilmalar i¢in kati, s1vi veya gaz gibi bir ortam
gerektirir.

Elastik bir dalga, bir ortamdaki belirli bir noktadaki bir bozulma tarafindan tiretilir. Bu
bozulmadan kaynaklanan enerji, ortamin eylemsizligi nedeniyle komsu pargaciklara
aktarilir ve onlarin da hareket etmesine neden olur. Dalga ortam boyunca ilerlerken,
ortamin elastik 6zellikleri nedeniyle pargaciklar orijinal konumlarina geri déner. Bu
enerji transferi ve denge konumunun geri kazanilmasi siireci, elastik dalganin ortam
boyunca yayilmasini saglayan seydir.

"Ortam" terimi, enerji veya 151gin bir noktadan digerine iletilmesinden sorumlu olan
malzemeyi ifade eder. Fizikte, optik, termal ve akustik gibi ¢esitli enerji bigimleri i¢in
bir tasiyic1 gorevi goriir. Bu ortam, enerji veya 1s181n bir noktadan veya yilizeyden
digerine aktarilmasi i¢in bir koprii gorevi goriir. Elastik dalgalar baglaminda ortam,
dalganin i¢inden yayildig1 kat1, siv1 veya gazi ifade eder.
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"Ortam" terimi, bir dalganin yayilmak i¢in i¢inden gecebilecegi herhangi bir maddeyi
ifade eder. Bu, okyanus dalgalar1 i¢in su, ses dalgalar1 i¢in hava ve sismik dalgalar i¢in
Dinya gibi fiziksel malzemeleri igerebilir. Ayrica bir stadyum dalgasindaki izleyiciler
veya sinir uyarilarinin iletimi i¢in hiicre zar1 gibi fiziksel olmayan malzemeleri de
icerebilir. Ayrica ortam, 15181 i¢inden gectigi elektrik ve manyetik kuvvetler ile
alternatif akim ve elektrik giiciinii hava yoluyla tasimak i¢in kullanilan iletim hatlarini
da ifade edebilir. Genel olarak ortam, dalganin hareketi ve enerji iletimi i¢in bir kanal
gorevi gorar.

Bir ortam, uygulanan deforme edici bir kuvvete karsilik olarak seklini
degistirebildiginde elastik olarak kabul edilir, ancak kuvvet kaldirildiginda orijinal
sekline geri donebilir. Elastik ortamlara 6rnek olarak, basing ve sicaklik degisiklikleri
gibi dis kuvvetler tarafindan deforme edilebilen, ancak kuvvet kaldirildiginda orijinal
durumlarina geri donecek olan hava ve su verilebilir. Elastikiyetin bu 6zelligi elastik
dalgalarin incelenmesinde ©Onemlidir, clinkii maddenin hareketi olmadan ortam
boyunca enerji transferine izin verir.

Genel olarak, elastik bir dalganin bir ortamdan veya yiizeyinden gecisi, ortamda
herhangi bir kalic1 yapisal veya fiziksel degisiklikle sonuglanmaz. Elastik dalgalar
arasinda sudan gecenler, havadan gecen ses dalgalar1 ve Diinya gibi katt maddelerden
gecen enerji dalgalart sayilabilir. Dalga yayiliminin matematiksel analizi, elastik bir
dalganin bir konumdan digerine hareket ederken yiiksekligini, uzunlugunu ve
zamanlamasini tasvir etmek icin grafiklerin kullanilmasiyla mimkiindiir. Elastik
dalgalarin hareketi, 6zellikle dalga kati bir ylizey boyunca ilerlerken, 6zel ultrasonik
kameralar kullanilarak da gozlemlenebilir ve analiz edilebilir. Dalgalarin yayildig
ortamin elastik 6zellikleri, iletilebilecek farkli modlarin sayis1 ve ilgili hizlar1 da dahil
olmak iizere dalgalarin kendi 6zellikleri tizerinde bir etkiye sahiptir.

Bir ortamin yerel bir alanina uygulanan gii¢lii bir bozulma, bozulma yeterince
glicliiyse ortamin diger boliimlerine hizla yayilabilir. Bu olgu, sesin havada iletilmesi,
dalgalarin su yiizeyinde yayilmasi, sismik titresimlerin zeminde iletilmesi ve radyo
dalgalarinin iletilmesi gibi ¢esitli durumlarda yaygin olarak goézlemlenir. Giinliik
hayatta gozlemlenebildigi i¢in yaygin olarak taninan bir kavramdir.

Gazlar, sivilar ve katilar gibi ¢esitli ortamlardaki bozulmalarin hareketi birkag ortak
ozellik sergiler. Bunlar arasinda, bozuklugun yayilmasi i¢in fiziksel temeli belirleyen
birincil faktor olan ortam igindeki bireysel atomlarin etkilesimi yer alir. Ayrica, hem
kat1 hem de akiskanlar mekaniginde, ortam siirekli olarak ele alinir ve yogunluk veya
elastik sabitler gibi Ozelliklerinin mikroskobik biiytikliiklerin ortalamalarini temsil
eden siirekli fonksiyonlar oldugu varsayilir. Bu durum, ortamin kat1 ya da akiskan
olmasina bakilmaksizin gegerlidir.

dalga fonksiyonunun genislemesini kullanarak. Gelen, sagilan ve kirilan dalgalarin seri
acilimi kullanilmistir. Dalgalari tanimlayan fonksiyonlar kutupsal koordinatlarda ifade
edilmistir.

Caligsma, tam uzayda (sonsuz ortam) SH dalgalar tarafindan uyarilan iki dairesel
silindirik kapanimin dinamik tepkisini analiz etmek icin koordinat doniigiimii
yontemini kullanmistir. Dalga fonksiyonlarindaki bilinmeyen katsayr ifadelerini
belirlemek i¢in yer degistirme ve gerilme dengesi ¢ozlilmiistiir. Hesaplamalar, gelen
dalganin agisi, frekansi, boyutu (¢ap1), diger kapanimlara gore konumu, malzeme
ozelligi ve sonsuz ortamin 6zelligi degistirilerek gerceklestirilmistir. Sayisal analiz
Mathematica programlama yazilimi1 kullanilarak gerceklestirilmistir.

Bu tezin sonuglari, bir deprem sirasinda oldugu gibi, tam uzayda iki dairesel silindirik
kapanimm dinamik davranisini anlamak i¢in kullamilabilir. Ornegin, yeralti
yapilarindaki kapanimlarin davranigin1 anlamak i¢in uygulanabilir ve daha kii¢iik bir
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Olcekte, bir binanin yapisal ve yapisal olmayan elemanlarinin bir pargasi olan
kapanimlar, bir binanin diger yapisal bilesenlerini etkileyebilir. Bu bilgi, glvenlik ve
biitiinliiklerini saglamak i¢in yapilarin tasarimi ve analizi i¢in yararl olabilir.
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SYMBOLS

al
a2
Am, Bm
am, bm
Cm, Dm
Em, Fm

Jm (%)
HP (x)

k1l
k2

ri
r2
wl(t)
w2(t)
wl(i)

w2(i)
wi(r)
w2(r)
wi(f)

w2(f)
w2(f)

BO

1, P2

: Radius of first cylindrical inclusion with a circular cross-section.

: Radius of second cylindrical inclusion with a circular cross-section.
: Unknown constant coefficients

: Unknown constant coefficients

: Unknown constant coefficients

: Unknown constant coefficients

: Type 1 Bessel function

: Type 2 Hankel function

: Number of waves in the ground

: Wave numbers in the 1st inclusion

: Wave numbers in the 2nd inclusion

: Distance in polar coordinates

: Distance from the 1st inclusion center in polar coordinates

: Distance from the 2nd inclusion center in polar coordinates

: 1st inclusion total displacement at the ground surface

: Total displacement at the ground surface of the 2nd inclusion
: Ground surface displacement oflth inclusion due to incident waves
displacement field

: Displacement area at the ground surface of 2nd inclusion due to
incident waves

: Displacement field at the ground surface of the 1thnclusion 1 due to
scattered waves

: Displacement field at the ground surface of the 2nd inclusion to
scattered waves

- Displacement field on the shell surface of linclusion due to breaking
waves

: Displacement field on the shell surface of the 2nd inclusion due to
breaking waves

: Displacement field on the surface of the 2nd inclusion due to
breaking waves

: Time
: Shear wave velocity of SH waves on the ground

: Shear wave velocities of SH waves in the 1st and 2nd incursions
: Angle of incidence of SH waves into inclusions
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Ho
Ry, M2

P1,P2
61; 92

x1, X2
yl,y2

€m

m, n

€1, &2
ka
c0

: Dimensionless frequency

- Rigidity of the ground

: 1st and 2nd inclusion rigidity

: Density of the ground

: 1st and 2nd inclusion densities

: Polar coordinate angles of the 1st and 2nd inclusions
: Angular frequency

: Distance between the centers of the inclusions

: Cartesian coordinates of the inclusions

: Cartesian coordinates of the inclusions

: Wavelength

: Number equal to 1 when m=0 and equal to 2 for all other cases
: Natural numbers

: Imaginary unit

: Ratio of 1st and 2nd inclusions to ground rigidity

: Normalized wave number

: Stress used to normalize shear stresses

: Displacement amplitude
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1. INTRODUCTION

The Earth's crust is not a continuous surface, but rather is composed of large sections
known as tectonic plates. Seismic activity, such as earthquakes, can occur at the
boundaries of these plates or at locations of faults, which are breaks within the plates.
This understanding of plate tectonics and plate boundaries is crucial for understanding
the distribution and causes of seismic activity.

The tectonic plates that make up the Earth's crust are in a constant state of motion.
The edges of these plates can interact with each other at fault zones, where friction
can slow down the movement of the plates. This can lead to the accumulation of
pressure over time, which can ultimately result in seismic activity such as
earthquakes.

Seismic waves are generated when built-up pressure beneath the Earth's crust is
released through sudden displacement or breakage of the crust. This is known as a
tectonic earthquake caused by natural processes. The circum-Pacific seismic belt,
located along the rim of the Pacific Ocean, is the site of the majority of the world's
largest earthquakes.

Tectonic earthquakes can occur anywhere on the planet; however, they are more
frequent within the circum-Pacific seismic belt. Additionally, other regions that
experience regular earthquake activity include the Alpide belt, which runs along the
southern margin of Eurasia, including the Himalayan Mountains, Sumatra, and Java,
and the Mid-Atlantic Ridge, which is located on the ocean floor along the Atlantic
Ocean. These regions are also known for their active tectonic plate boundaries and
frequent seismic activity.

Seismic waves generated by an earthquake can be classified into two main categories:
surface waves and body waves. Surface waves, as their name suggests, travel along
the surface of the Earth, while body waves travel through the interior of the Earth. This
distinction is based on the propagation path of the waves and helps to understand the
different types of waves that can be generated during an earthquake, each with distinct
characteristics and behaviors.



Surface waves
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Figure 1.1: The body waves (P and S) and surface waves recorded by a
seismometer.

The two main types of body waves are P waves (also known as primary waves) and

S waves (sometimes known as secondary waves). P waves cause the ground to move

back and forth in the direction of the wave's motion through compression and

expansion. They are referred to as primary waves because they are the first to arrive

at seismic recording stations. P waves can travel through solids, liquids, and gases.

On the other hand, S waves, or secondary waves, cause the ground to move

perpendicular to the direction of motion, and they cannot travel through liquids and

gases.
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Figure 1.2 : P wave propagation.



P waves and S waves cause the Earth to shake in a shearing motion, which is
perpendicular to the direction of wave propagation. P waves are known as primary
waves because they are the first to arrive at seismic recording stations, while S waves,
also known as secondary waves, arrive later. S waves can only travel through solids.
Surface waves, the third type of seismic waves, travel along the surface of the Earth
and can only be transmitted through solid materials. They move slower than body
waves but are larger in amplitude and more destructive. These types of waves are
useful for understanding the different ways in which the earth can shake during an

earthquake and how these waves can affect structures and communities.

[Modified from Bruce A . Bolt, Saetigreades o Aumae W H. Freeman & Company. 19?3.)

Figure 1.3: S wave propagation.

Love waves and Rayleigh waves are the two types of surface waves. They were named
after the scientists who first discovered them. Love waves are characterized by a
horizontal motion that causes the surface to move side-to-side, perpendicular to the
direction of wave propagation. They also travel faster than other surface waves. On
the other hand, Rayleigh waves cause the Earth to shake in an elliptical pattern, similar
to ocean waves. This motion is perpendicular to the direction of wave propagation.
Rayleigh waves have the longest duration on seismograph records as they propagate
the farthest and have the greatest degree of spread out. They are also the main ones
responsible for the ground rolling motion observed during an earthquake and can cause
significant damage. They are often the last to arrive at a seismograph station and the
last to leave, making them the most persistent of the seismic waves. Both Love and
Rayleigh waves are important to understand as they can cause significant damage and

are the main responsible for the shaking felt during an earthquake.
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Figure 1.4: Love wave and Rayleigh wave.

Seismic waves are generated by the sudden movement of elements within the Earth,
such as the slip along a fault during an earthquake. They can also be caused by other
natural and man-made events, such as volcanic eruptions, explosions, landslides,
avalanches, and even flowing rivers. Seismometers can detect these waves as they pass
through and around the Earth.

Waves, in general, propagate and transfer energy from one location to another. They
come in different forms, but all have the ability to move energy. Mechanical waves,
such as water and sound waves, require a medium to travel through, and their speed is
determined by the properties of the medium. One example of this type of disturbance
is the one that is caused when a pebble is thrown into a pond or when a swimmer
repeatedly splashes the water's surface. The disturbance generated by sound waves is
caused by a change in air pressure. One example is when the oscillating cone inside a
speaker generates a disturbance in the air pressure. Light, on the other hand, is a non-
mechanical wave and can travel through a vacuum such as the empty regions that make
up outer space. A transmission medium is required for the existence of other types of
waves since they cannot travel through a vacuum. Even radio waves may be

comprehended with the least amount of effort if they are compared to water waves.



Other types of waves, such as radio waves, also require a transmission medium since
they cannot travel through a vacuum.

Visualizing common and easily observable waves, such as water waves, can help
understand other types of waves, particularly those that are not as visible. All waves
share certain properties, such as amplitude, period, frequency, and energy.

In this model, when a wave imparts an impulse on a particle of mass, the impulse is
then passed on to the next mass through the springs that connect them. Although each
particle in the system moves only a small amount, the wave can be transferred to a
distant location in a relatively short time. It is easy to see how the density and rigidity
parameters of the medium affect the speed of wave propagation. As the particle rigidity
increases, the wave propagation speed decreases, and vice versa when the particle mass
decreases. It is important to keep in mind that waves travel in three dimensions, not
just in a straightforward push-pull action along a series of masses and springs.
Waves, when they move across different mediums, come into contact with boundaries,
also known as discontinuities, which cause them to interact with one another. In this
regard, the behavior of waves in solids is substantially unlike how waves behave in
fluids. Pressure, shear, or pressure-shear waves may all be generated from a single
wave in solids, although acoustic and electromagnetic waves can only generate their
types of waves. The static equilibrium of a solid in a restricted medium is brought
about through the propagation and reflection of waves. Each operation of loading
solids is a dynamic process that involves the propagation of waves. In many instances,
the motion of simple-shaped objects, such as rods, beams, and plates, may be properly
described without addressing wave propagation. On the contrary, it is possible to build
strength theories that approximate the precise behavior of solids based on numerous
assumptions. Although these theories are useful, as transient loading grows more
severe, as wave frequencies increase, or as the necessary displacement assumptions
become less clear, the solutions are vulnerable to several restrictions. At this level,
precise elasticity function-based studies are required.

Wave propagation in solids may be roughly classified into three groups. The first type
of wave is elastic, in which the stresses in the material satisfy Hooke's law. Viscoelastic
waves, in which viscous and elastic stresses occur simultaneously, and plastic waves,
in which the material yield stress is surpassed, are the other two major kinds. In this
work, we examine the elasticity of solid media using analysis based on precise

functions. The wave propagation theory is far removed from being a mathematical



field of study. Waves may be measured experimentally, and these measurements can
offer information on many different characteristics of materials. The controlled
excitation of materials by waves is already being widely applied in the form of various

tests that are utilized in the field of industrial technology and the construction industry.

1.1 Purpose of Thesis

In earthquake engineering, an earthquake is an unavoidable event that cannot be
stopped by nature. Therefore, the engineer uses his knowledge, experience, intuition,
and skills to design structures that stay within acceptable damage limits regardless of
how the earthquake interacts with them. It is important to keep in mind that the
construction of a structure that is entirely undamaged is not feasible, either from an
economic or a design point of view. It is important to be able to predict the problems
that are likely to come up during and after the application. If possible, these problems
should be avoided entirely, but if that is not possible, the project should be designed
to work with these problems. The engineers' objective is to design the damage
limitations stipulated in the rules in a manner that is both practicable and as cost-
effective as possible. When putting this design into reality, it is essential to have an
understanding of the earthquake-structure interactions that could take place. Even if
an estimate of this information may be derived from engineering experience, it is
essential to design based on the numerical findings obtained through numerical
modeling. Because of these numerical findings, it is possible to establish the most
acceptable material qualities to utilize as well as the ideal cross-sectional dimensions,
which is where the art of engineering comes into play.

During this research, the dynamic response of two embedded inclusions with a circular
cylindrical shape in an infinite space under the effect of incoming SH seismic waves
was explored, and conclusions were drawn from the results. The elastic SH wave was
dealt with in the areas where the materials of the inclusions and the infinite space
showed homogenous, isotropic, and elastic characteristics. The computation of the

displacements was done using the wave function expansion approach.



1.2 Literature Review

Galileo's contributions to the science of statics in the sixth century A.D. led to the
development of the study of vibrations and waves in solids. This invention increased
interest and sped up theoretical and experimental research on wave propagation and
its properties in media. Chladni [1] conducted experimental studies into the
longitudinal and torsional vibrations of rods as well as the vibrations of beams. Navier
[2] investigated the general equilibrium functions of vibrations on elastic solids, which
is regarded as one of the most important discoveries in mechanics. Cauchy [3] made a
significant contribution to the theory of elasticity as a whole. The dynamic function of
motion in solids are included in these studies. Poisson [4] investigated how waves
move through elastic objects and used the radial vibration issue for spheres to
demonstrate the existence of transverse and longitudinal waves. On rod vibrations, he
also made a few rough observations. The theory of free vibrations of stiff bodies was
developed by Clebsch[5]. Pochhammer[6] derived the frequency functions for wave
propagation in bars and Plates. Rayleigh [7], who has a named wave type, looked into
how surface waves propagated through solids. Lamb [8] demonstrated the wave
functions for plates using the elasticity theory. Lamb [9] was also the first to study
impact propagation on a solid with a semi-infinite solid. Hopkinson [10] used
experiments to explain how wave vibrations propagate along rods. Tymoshenko[11]
developed a theory explaining shear deformation in beams. On rod vibrations, Davies
[12] has done a significant amount of both theoretical and experimental study. Mindlin
[13] presented an approximate theory that contributed to the development of plate and
bar theories. Perkeris[14] presented a solution to Lamb's vibration propagation
problem for a semi-infinite solid. Thiruvenkathachar and Viswanathan [15] solved the
dynamic behavior of an elastic homogeneous medium having a circular cavity by
employing the Hankel and Bessel series and successive approximation methods. Using
the expansion approach to solve wave functions for circular cavities in half-space was
studied by Gregory, R. D. [16-17]. Pao and Mow [18] demonstrated the angular
distribution of the dispersed wave amplitudes as well as the dynamic stress
concentrations around a cavity at various frequencies. Achenbach [19] studied wave
propagation in elastic solids containing voids in infinite  media.
Cakiroglu[20]investigated the scattering of SH waves from a cylindrical cavity close

to a circle. Infinite media wave propagation in elastic solids with cavities was



investigated by Eringen and Shuhubi [21] Lee, V. W [22] investigated Deformations
Near Circular Underground Cavity Subjected to Incident Plane SH Waves. Datta [23]
also solved the circular cavity problem in a semi-infinite medium by the comparative
asymptotic expansion method. Lee and Trifunac[24] explored the displacement and
stress amplitudes at the ground and shell surfaces of a cylinder shell tunnel with a
circular cross-section in elastic infinite space subjected to SH plane waves. EI-Akily
and Datta [25] used the successive reflections approach to evaluate the seismic wave
movements on the surfaces of a cylindrical pipe with a circular cross-section placed in
a semi-infinite medium. Manolis [26] studied the vibration motions of underground
structures. Dravinski[27]developed the method of boundary integral approximation
utilizing Green's functions for complicated shapes and various materials. Datta, Shah,
and Wong [28] studied the dynamic behavior of a cylindrical pipe with a circular cross-
section in a semi-infinite medium surrounded by a material with a stiffness different
from the medium. Moreover, utilizing the eigenfunction expansion approach, these
researchers investigated wave propagation on a non-circular cylindrical pipe in a semi-
infinite medium. Using the eigenfunction expansion approach, Balendra, Koh, and Ho
[29] examined the impact of stresses on the surfaces of circular tunnels in semi-infinite
media on superstructures on the free surface. Lee and Karl [30] studied the scattering
and refraction behavior of plane waves propagating in circular cavities situated at
various depths in a semi-infinite material. The dynamic behavior of the shell was
researched by Luco and Barros [31], who analyzed the propagation of plane waves in
a circular shell in a layered viscoelastic semi-infinite medium. Using Hankel and
Bessel series, Guan and Moore [32] investigated the dynamic behavior of tunnels in
an elastic medium. Analytical and computational approaches were used by Bayiroglu
[33] to study the seismic vibration movements of a circular shell subjected to dynamic
internal pressure in an elastic semi-infinite medium. The dynamic study of subsurface
structures in three dimensions was carried out by Stamos and Beskos [34-35]. Hayir
and Bakirtas [36] investigated the dynamic behavior of an elastic plate containing a
cylindrical cavity subjected to SH waves. Yang, Hung, and Hsu [37] used the finite
element approach to analyze the vibration of an elastic homogeneous semi-infinite
medium with a cylindrical tunnel of circular cross-section. They assumed an infinite-
length linear harmonic load on the tunnel. Kara [38] investigated the scattering of SH
plane waves in a cylindrical elastic tunnel in quarter-infinite space. Cankaya [39]

studied the valley-ground interaction problem in elastic semi-infinite space and



investigated the surface displacement amplitudes in the alluvial valley under SH wave.
Duzarat [40] studied two circular tunnels under the SH wave in infinite media and
investigated the dynamic response of tunnels. Maral [41] investigated the behavior of

a two-layer tunnel exposed to SH waves in full space.






2. DESCRIPTION AND MODELING OF THE PROBLEM

This study aims to investigate the dynamic response of two circular inclusions excited
by SH waves in an infinite medium. As seen in the model in Figure two, infinitely long
cylindrical inclusions with a circular cross-section and radii of al and a2 in the elastic
full space are subjected to plane SH waves with incidence angle y. It is presumed that

the media is elastic, homogeneous, and isotropic.

Incident

S m e R T e R m s me

Figure 2.1: Inclusions in media.

v is the angle made by the incident wave with the y-axes. The material properties are
rigidity (u0) and shear wave velocity (B0) for infinite medium and (ul) and (B1) for

11



the first inclusion and (u2) and (B2) for the second inclusion. Vibrations in the z
direction are caused by plane SH waves traveling through inclusions.

Two different wave types of effects will be activated when the waves traveling through
elastic infinite space contact the discontinuity surfaces. These are waves refracted and
waves scattered from the inclusion. When incident waves encounter a new medium,
they bend, or "refract,” creating what is known as "refracted waves." The circular
inclusion operates as a point source and propagates the SH waves outward from the
shell surfaces, transforming the plane SH waves into circular waves as soon as they

reach the inclusion surfaces. Scattered waves are the name given to this category.
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3. MATHEMATICAL FRAMEWORK AND PROBLEM RESOLUTION

There are three different types of wave functions in this issue, including incident,
scattering, and refracting waves, for each inclusion in polar coordinates. Therefore, we
put six wave functions into practice. Because these six functions are available in two
distinct polar coordinates, we have performed some coordinate transformations and
are now providing them in a single unified polar coordinate. In the first instance, we
give them to the center of the first inclusion, and in the second instance, we change

them to the center of the second inclusion.

12

Figure 3.1: Model cross-section.

Taking into account the displacement and stress conditions that existed at the
discontinuity boundaries and then satisfying those boundary conditions allowed for the
successful solution of the proble3.1 Function of Waves

13



3.1.1 Function of waves for first inclusion

3.1.1.1 Incident wave

o

wl(i) (1, 0,) = z Em (=)™, (k1) (cos my cos mB; + sinmy sinmé,)

m=0

Em=1 if m=0 and ¢,=2 if m=#0

3.1.1.2 Refracted wave

Wl(r) (ry,6,) = Z Jm (k1) (C,,, cosmB; + D,,, sinm8;)

m=0

3.1.1.3 Scattered wave

(o]

Wl(s)(r1,91) = z H,(nz)(krl)(amcos m6; + b,,sin m6,)

m=0

3.1.2 Function of waves for second inclusion

3.1.2.1 Incident wave

o)

Wz(i)(rz, 0,) = z Em (=)™ (k1) (—cos mycos m6, + sin mysin m6,)

m=0

Em=1 if m=0 and ¢,=2 if m=*0

14
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3.1.2.2 Refracted wave

Wz(r) (1ry,0,) = Z Jm(ky12) (Epcos mO, + F,sin mO,) (3.7)

m=0
3.1.2.3 Scattered wave

(0]

WZ(S) (ry,6,) = Z Hr(,f) (kry)(A,, cosmb, + B,, sinmb,) (3.8)

m=0

3.2 Interactions Between Inclusions and Media in Boundary Discontinuity
3.2.1 Interactions between first inclusion and media

3.2.1.1 Displacement at the boundary of first inclusion
w® = w® (3.9)
3.2.1.2 Displacement in the boundary of media

w® = w® £ W ® 4y ® (3.10)

Subsequently, from (3.11) and (3.12), (3.13) is obtained.

Wl(i) + Wl(s) + WZ(S) = Wl(r) (3.11)

therefore (3.14), is obtained.

Wl(i) (ry,01) + Wl(S)(Tp 01) + Wz(S) (r,6,) — W1(T)(r1' 61) =0 (3.12)

15



3.2.1.3 Stress in the boundary of inclusion

awl(t) B awfr)
MO arl - Ml arl

3.2.2 Interactions between second inclusion and media

3.2.2.1 Displacement at the boundary of second inclusion

Wgt) _ Wgr)

3.2.2.2 Displacement in the boundary of media

® (s)

wz(t) =w,  +w, (=)

+w;
Therefore, from (3.16) and (3.17), (3.18) is obtained.

® (s)

w,” +w, Q)

+w; = Wz(r)

Therefore (3.19) is obtained.

Wz(l)(rz. 6,) + Wz(s) (12,6,) + Wl(s) (r2,6;) — Wzr) (r2,02) =0

3.2.2.3 Stress in the boundary of inclusion

aw,f) B aw,f)
Ho or, = U2 or,

3.2.3 Set a unique polar coordinate

A transformation of the scattered wave in inclusion 2 to (ry, 6,) and inclusion 1
to(r,, 6,)coordinates have been implemented by using the graph Sum Theorem.

16
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P (2kd) = %’” (12, 2kd) + (~)"HP,, (2kd) | (3.22)

[ee]

&
D an R HZ, 2kd) + (~D"HE @kd)]cos mé,

(s) n=0
w00 = Y Jkrp)|",
m=0 +Z bn%"[H,ﬁ?m(de) — (~1)™H®,,(2kd)|sin m8, (3.23)
n=0

3.2.3.2 Changing the coordinate of the second inclusion to (r1,01)

In this part, we changed the scattered wave function from inclusion one, from (1, 6,)
to(ry, 61).

WZ(S) (ry,01) = Z Jm (k1) (A%, cosm@, + By, sinm#,) (3.24)
m=0
Ar, = Z Pt (2kd)A, (3.25)
n=0
B, = Z P (2kd)B, (3.26)
n=0
&
Pin(2kd) = = [H2,, (2kd) £ (=) HZ, (2Kk) | (3.27)
. Z 4, 1P 2kd) + (—1)™HP,,(2kd)|cos m8,
WZ(S)(rl'HI) = Z ]m(krl) n=0°0
d i 2 (3.28)
m=0 +Z B, 2 [HP (2kd) — (~1)"HP, (2kd)]sin m6,
n=0
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4. GENERAL SOLUTION TO THE PROBLEM

4.1 Finding Unknown Coefficients in Wave Functions

4.1.1 Equations related to the first inclusion

The wave Functions contain eight unknown coefficients: am, bm, Cm, Dm, Am, Bm,
Em, and Fm. To determine them, boundary conditions were taken into account, and
four Equations were obtained. In the following section, eight Equations were
obtained by applying mathematical operations, which was sufficient to obtain the

eight unknown coefficients.

4.1.1.1 Displacement

Total displacement on the boundary of media.

® (s)

Wl(t) =w,  +w, + WZ(S) (4.1)

Total displacement on the boundary of the inclusion.

Wl(t) — Wl(r) (4.2)
From (4.1), (4.2)
Wl(i) + Wl(s) + Wz(s) = Wl(r) (4.3)

W1(l) (r,01) + Wl(s)(rb 0;) + Wz(s)(rb 01) — Wl(r) (r,6,) =0

4.1.1.2 Stress

6W1(t)
ow” ow” . Ton

= = =
Ho ory f ory Ko 6W1(r)

o ory (4.4)
o ¢1
awl(t) awl(” awl(t) awl(”
oy =G x dary > oy —G X dary =0

19



a[Wl(i)(TL 61) + Wfs) (ry,6,) + Wz(s) (ry, 91)] a[Wfr) (ry, 91)] =0

X
ory G ory
4.1.2 Equations related to the second inclusion
4.1.2.1 Displacement
Wz(t) = Wz(i) + WZ(S) + Wl(s) (4.5)
wi = w (4.6)

. Wz(i) + szs) + wl(s) = WZ(T) 4.7)
Wz(l)(rz; 0;) + Wz(s) (12,03) + Wfs)(rZ: 6;) — Wz(r) (r2,6,) =0
4.1.2.2 Stress
aw,f)
(')Wz(t) (')Wz(r) Us or,
Ho—F— = Uz - —= )
or, or, Ho  dw,
or,
Ha _
Ho 2 (4.8)
ow? y ow” owl y ow" 0
= = — =
ar, & ar, ar, & or,
a[Wz(l) (r2,6,) + WZ(S) (r2,6,) + Wls) (r2, 92)] a[Wz(r) (r2, 92)]
J— X =
ar, 2 ar,

4.1.3 Obtaining eight equations

After the placement incident, scattered and refracted wave functions, four equations
were obtained. If cos(m#8,)][...] + sin(m#8,)[...] = 0, Then the mathematical phrase
in the brackets will be zero. By using the separation of the variable method and
factoring the terms of sin (m6;) and cos (mf,) from displacement and stress
equations of the first inclusion and also, sin (m#,) and cos (m#,) from the
displacement and stress equations of the second inclusion, eight equations were
obtained.

20



4.1.3.1 Equations obtained from the first inclusion’s displacement and stress

after factoring
(em(=D)™Jm(kay)sin my) + (HS (kay)by,)

Em - m
+<7]m(ka1)nzzo By[H?, (2kd) — (—1) H,Sz_)m(de)]) ~(DJmra,)) = 0 (4.9)

(em(=D)™Jm(ka)cos my) + (HP (kay)ay,)

Em - m
+<71m(kal>; An[Him (2kd) + (=1) Hﬁ%(%d)]) ~(CmUera1)) = 0 (4.10)
(em(=D)™m(kay)sin my) + (S (ka,)by,)
O+ (B Im(kay) Tizg BalHim@kd) = (D)™ H 2, (2kd)] ) = G X (Do (K11))
_ (4.11)
da, 0
(em (=)™ (kas)cos my) + (Hy (ka)ay,)
01+ (5 mka) Biimg An[HE (2Kd) + (=)™ H2,2kd)]) = & X (CrJn (kr01))
=0 (412)

da,

4.1.3.2 Functions obtained from second inclusion’s displacement and stress after

factoring

(Em(—D™m(kaz) sinmy) + (H? (kaz) By,

+ (%’”/m(kaz); by [ 21 - (—1)mH£?m(2kd)]) ~ (i (ea) =0 (4.13)
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(Em (=)™ (kaz) (—cos my)) + (HP (kaz) Am)

+ <£7mlm(ka2) Z an[H,ﬁ?m(de) + (—1)mH,§2_)m(2kd)]> — (EnJim(kza)) = 0 (4.14)
n=0

O+ (2 kay) Tz ba[H)n(2kd) + (1) H 2, 2kd)]) = & X (Do (k202))

(em (=)™ (kay)sin my) + (HS (kay)By,) ‘

(4.15)

=0
da,

(em (=)™ (kay)(—cos my) + (HSL (kay)Ap)

O+ (5 (kar) Bty @n[HE (2kd) + (1) HZ, (2Kkd)]) = & X (Emfm(kzaz))‘

=0 (4.16)

da,

4.2 Verify the Correctness of The Problem Solution

4.2.1 First case
The displacement of inclusion and displacement of the media on the boundary of
inclusion and media must be equal. These relationships obtained.
®) _ )
w® = w( (4.17)

® (s)

Wl(t) =w,  +w, 7+ WZ(S) (4.18)

By using the Mathematica software, a graph of the function wl(r) is obtained and

illustrated in Fig.4.1.
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Figure 4.1: Graph of the function (4.17).

There is also a graph of the function w + w® + w.* is obtained and illustrated in
Fig.4.1.

Figure 4.2: Graph of the function (4.18).

observed that their graphs are similar. So, it showed the correctness of the solution.
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4.2.2 Second case

In this particular investigation, displacement in two distinct combinations of density

and stiffness as well as the distance between the inclusions were examined.

-03 -0.2 -01 0.1 0.2 0.3

Figure 4.3 : p1=p, p1=H, Mz, p2=0, =2.5, D=3, y=90°.:

0.1 0.2 03

_02f

-03F

Figure 4.4 : u, p1=o, M2, p2=0, N=2.5, D=100, y=90°.
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Graphs have the same result and the same form. In this example, the effect of one
inclusion on another was omitted as the distance between the inclusions increased.
Additionally, the influence of one of the inclusions that are equivalent to medium in

terms of density and stiffness is eliminated.

4.2.3 Third case

In this scenario, the interaction of one of the inclusions is omitted by considering one
of them much smaller and in the other combination, one of them is considered as

similar material with the media.

0.5

Figure 4.5: The influence of one of the inclusions has been omitted since one of the

inclusions has been selected to be much smaller.
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-0:4 05

Figure 4.6: One of the materials has been omitted by the similarity of the material

with media.

Observed that their graphs are similar. So, it showed the correctness of the solution.

4.3 Stress Concentrations Numerical Applications

Some of the many available options have been selected to provide an interpretation of
the dynamic behavior of inclusions. The calculations have been performed using a
variety of different combinations to account for a wide range of circumstances,
including variations in the incidence angles of SH waves, changes in inclusion rigidity
and media rigidity, variations in the dimensionless frequency values of the waves,

variations in the distance between inclusions and variations in inclusion radii.
4.3.1 Stress concentration under the 0° incident wave

4.3.1.1 First set

7=0°
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T

-15 =10 -05

2

Figure 4.7 : D=31=0.25, pa/ p =1/1.5, P/ P=1/2, pal p =1/1.5, Bo/ B=1/2.

-16F

Figure 4.8 : D=3n=1, p1/ p =1/1.5, Ba/ B=1/2, pal p =1/1.5, Pol p=1/2.

27



10k

Figure 4.9 : D=3 n=2.5, p/ p =1/1.5, B/ B=1/2, p2l p =1/1.5, B2/ B=1/2.

In these three different combinations, the incident wave is 0°, and the densities and shear
wave velocities of the inclusions are lower than those of the media. There is no difference

in the size of the inclusions, and the distance between the centers of the inclusions is 3a.

The graphs exhibit a vertical line symmetry, which is indicative of the stress
concentrations. In the scenario in which n = 0.25 and n = 1, the greatest amount of stress
is concentrated on the left and right sides of the graphs. However, when looking at the
high-frequency case with a value of n =2.5, it was discovered that the greatest amount of

stress concentration occurred on the upward and downward sides of the graphs.

4.3.1.2 Second set
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-0.15 -0.10 -0.05+

Z010f

J 015}

Figure 4.10 : D=3, n=0.25, p1/ p =3, B/ B=2, p2/ p =3, B/ p=2.

Figure 4.11 : D=3, n=1, pd/ p =3, B/ B=2, p2/ p =3, B2/ =2.
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-0.10 -0.05 ; 0.15

-0.15}

Figure 4.12 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B/ B=2.

The density of the inclusions, as well as their shear wave velocities, are both higher than
those of the media in these combinations, which is different from the previous
combination. In each of these three distinct possible combinations, the incident wave is
0°, the size of the inclusions does not differ in any way, and the distance between the
centers of the inclusions is 3a. When we compare these three combinations with the
previous three, the most important observation is that the level of stress concentration fell

significantly—even one-tenth of some of the previous scenarios.
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4.3.1.3 Third set

15[

210t

A5

Figure 4.13 : D=61=0.25, py/ p =1/1.5, Bs/ B=1/2, pal p =1/1.5, Bal B=1/2.

151

1.0+

-15¢+

Figure 4.14 : D=6 =1, p/ p =1/1.5, By/ B=1/2, pal p =1/1.5, Baf B=1/2.
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0.6}

04+t

-0.6

Figure 4.15 : D=6 1=2.5, p/ p =1/1.5, Ba/ B=1/2, pal p =1/1.5, Bo/ B=1/2.

The influence of an increasing distance between the centers of the inclusions is
investigated through the use of these three different combinations. The only thing that
differentiates this set from the previous one is that the distance between the centers of the
inclusions in this set is 6a, whereas, in the previous set, it was only 3a. The total amount
of stress concentrations will be reduced in all three of these cases, albeit at varying
frequencies. On the other hand, when it was set to n=2.5, the decrease was greater than

when it was set to n=0.25, n=1.
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4.3.1.4 Fourth set

02+

-02F

Figure 4.16 : D=6 n=0.25, p1/ p =3, B/ B=2, p2/ p =3, B2/ p=2.

Figure 4.17 : D=6 n=1, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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0.10

-0.10F

Figure 4.18 : D=6 n=2.5, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.

In this set, the distance between the centers of the inclusions is 6a, whereas, in the second
set that came before this one, the distance was only 3a. in this scenario, the ratio of the
density of the inclusions to the density of the medium, as well as the ratio of the shear
wave velocity of the inclusions to the share wave velocity of the medium increased. There
is no denying that the overall number of stress concentrations will decrease in each of
these three scenarios, albeit varying degrees and at different frequencies. On the other
hand, when it was set to n=2.5, the decrease was larger than when it was set to n=0.25, or
when it was set to n=1. There is a large amount of difference in the amount of stress
concentration that may be caused by the ratio of the density of the inclusions to the density
of the medium, as well as the ratio of the shear wave velocity of the inclusions to the share

wave velocity of the medium.
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4.3.1.5 Fifth set

150

~10}

gt

Figure 4.19 : D=3, 1=0.25, p1/ p =1/1.5, Ba/ B=1/2, p2/ p =1/1.5, B/ B=1/2, a1=2a, ax=a.

Figure 4.20 : D=3, n=2.5, p1/ p =1/1.5, B/ B=1/2, p2/ p =1/1.5, B/ B=1/2, a1=2a, a=a.
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Figure 4.21 : D=3, n=0.25, p1/ p =1/1.5, Bs/ B=1/2, p2/ p =1/1.5, Bo/ p=1/2, a1=a, a2=2a.

1.0

-10}k

Figure 4.22 : D=3, n=2.5, p1/ p =1/1.5, B/ B=1/2, p2l p =1/1.5, B/ B=1/2, a1=a, a,=2a.
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-02F

Figure 4.23 : D=3, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2, a1=2a, a>=a.

-0. -0.10 ~0.05 3 ; 3 15

015}

Figure 4.24 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2, a1=2a, a=a.
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Figure 4.25 : D=3, n=0.25, p1/ p =3, B/ =2, p2/ p =3, B/ =2, a1=a, a,=2a.

Figure 4.26 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2, a1=a, a,=2a.
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The relation between the size of the radii of inclusions and the stress concentration is
investigated using these eight different combinational strategies. It should come as no
surprise that the impact of the inclusion of something that is twice as big or small in

some combinations is very significant.
4.3.2 Stress concentration under the 30%ncident wave

4.3.2.1 Sixth set

v=30°

2

e A

Figure 4.27 : D=3 1=0.25, p1/ p =1/1.5, B4/ B=1/2, pal p =1/1.5, B2/ B=1/2.
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Figure 4.28 : D=3 n=1, p1/ p =1/1.5, B1/ B=1/2, pa/ p =1/1.5, B2/ p=1/2.

Figure 4.29 : D=31=2.5, p1/ p =1/1.5, By/ B=1/2, pal p =1/1.5, Bo/ B=1/2.

In these combinations, the incident wave in each of these three distinct possible
combinations is 30, the size of the inclusions is the same, and the distance between the

inclusions' centers is 3a. When comparing these three combinations to the previous three,
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the most important finding is that increasing the frequency results in a greater increase in

stress concentration.

4.3.2.2 Seventh set

02f

0.05 0.10 0.4

02}

Figure 4.30 : D=3, 1=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.

Figure 4.31 : D=3, n=1, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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Figure 4.32 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, P2/ p=2.

The density of the inclusions, as well as their shear wave velocities, are both higher than
those of the media in these combinations, which is different from the previous
combination. In each of these three distinct possible combinations, the incident wave is
30°, the size of the inclusions does not differ in any way, and the distance between the
centers of the inclusions is 3a.
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4.3.2.3 eighth set

15}

~15}

Figure 4.34 : D=6, n=1, p1/ p =1/1.5, Bs/ B=1/2, po/ p =1/1.5, B2/ p=1/2.

43



05

Figure 4.35 : D=6, n=2.5, p1/ p =1/1.5, 1/ B=1/2, p2/ p =1/15, B2/ p=1/2.

Using three distinct combinations, the influence of an increasing distance between the
inclusions' centers is investigated. The only difference between this set and the preceding
set is that the distance between the centers of the inclusions in this set is 6a as opposed to
3a in the preceding set. In all three cases, it is evident that the total number of stress
concentrations will be reduced, albeit at varying frequencies. In contrast, when n =2.5 was

applied, the decrease was greater than when =0.25, =1 was applied.
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4.3.2.4 ninth set
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Figure 4.36 : D=6, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.

06}

Figure 4.37 : D=6, n=1, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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Figure 4.38 : D=6, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, P2/ p=2.

The distance between the centers of the inclusions is 6a, whereas, in the seventh set that
came before this one, the distance was only 3a. in this scenario, the ratio of the density of
the inclusions to the density of the medium, as well as the ratio of the shear wave velocity
of the inclusions to the share wave velocity of the medium increased. There is no denying
that the overall number of stress concentrations will decrease in each of these three
scenarios, albeit to varying degrees and at different frequencies. On the other hand, when
it was set to n=2.5, the decrease was larger than when it was set to n=0.25, or when it was
set to n=1. There is a large amount of difference in the amount of stress concentration that
may be caused by the ratio of the density of the inclusions to the density of the medium,
as well as the ratio of the shear wave velocity of the inclusions to the share wave velocity

of the medium.

4.3.3 Stress concentration under the 60%ncident wave

4.3.3.1 10th set

v=60°
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Figure 4.39 : D=31=0.25, py/ p =1/1.5, Bs/ B=1/2, pal p =1/1.5, Bal B=1/2.
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Figure 4.40 : D=3 n=1, pa/ p =1/1.5, P/ P=1/2, pal p =1/1.5, Ba/ B=1/2.

47



o
(521
T

Figure 4.41 : D=3 n=2.5, p1/ p =1/1.5, Ba/ B=1/2, paf p =1/1.5, B2/ p=1/2.

In these three different combinations, the incident wave is 60°, and the densities and shear
wave velocities of the inclusions are lower than those of the media. There is no difference
in the size of the inclusions, and the distance between the centers of the inclusions is 3a.
It has been observed that the quantity of stress concentration has decreased as a result of

an increase in the dimensionless frequency.
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4.3.3.2 11th set

0.2F

-02F

Figure 4.42 : D=3, n=0.25, p1/ p =3, B/ B=2, p2/ p =3, B/ p=2.
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Figure 4.43 : D=3, n=1, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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Figure 4.44 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, P2/ p=2.

In contrast to the previous combination, the density of the inclusions and their shear wave
velocities are both greater than those of the media in these combinations. In each of these
three separate potential combinations, the incident wave is 60, the inclusions' sizes are
identical, and the distance between the inclusions' centers is 3a. The most noticeable
difference between these three combinations and the tenth set of combinations is that the

amount of stress concentration decreased dramatically.
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4.3.3.3 12th set

-15

Figure 4.45 : D=6, 1=0.25, py/ p =1/1.5, Bs/ B=1/2, pal p =1/1.5, Bal B=1/2.
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Figure 4.46 : D=6, n=1, p1/ p =1/1.5, Bs/ B=1/2, po/ p =1/1.5, B2/ p=1/2.
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Figure 4.47 : D=6, 1=2.5, py/ p =1/1.5, Bs/ B=1/2, pal p =1/1.5, Ba! B=1/2.

4.3.3.4 13th set

0.2}

-02F

Figure 4.48 : D=6, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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Figure 4.49 : D=6, n=1, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.

- -010f

Figure 4.50 : D=6, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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4.3.4 Stress concentration under the 90%ncident wave

7=90°

4.3.4.1 14th set

Figure 4.51 : D=3 1=0.25, p1/ p =1/1.5, B1/ B=1/2, p2/ p =1/1.5, B2/ p=1/2.
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Figure 4.52 : D=3 n=1, p1/ p =1/1.5, B1/ B=1/2, p2/ p =1/1.5, B2/ p=1/2.
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Figure 4.53 : D=3 1=2.5, p1/ p =1/1.5, B/ B=1/2, pal p =1/1.5, Bo/ B=1/2.

4.3.4.2 15th set
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Figure 4.54 : D=3, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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Figure 4.55 : D=3, n=1, p1/ p =3, B1/ B=2, p2/ p =3, B2/ B=2.

Figure 4.56 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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4.3.4.3 16th set

-15

Figure 4.57 : D=6 1=0.25, p1/ p =1/1.5, Bs/ B=1/2, pal p =1/1.5, P2/ p=1/2.
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Figure 4.58 : D=6 =1, p/ p =1/1.5, By/ B=1/2, pal p =1/1.5, Ba/ B=1/2.
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Figure 4.59 : D=6 n=2.5, p1/ p =1/1.5, Ba/ B=1/2, pa/ p =1/1.5, B2/ p=1/2.

4.3.4.4 17th set

-015 . =090  -0.05»

Figure 4.60 : D=6, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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Figure 4.61 : D=6, n=0.25, p1/ p =3, B/ B=2, p2/ p =3, B/ p=2.

Figure 4.62 : D=6, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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4.3.4.5 18th set

Figure 4.63 : D=3, 1=0.25, p1/ p =1/1.5, B/ B=1/2, p2o/ p =1/1.5, B2/ B=1/2, a1=2a, ar=a.

Figure 4.64 : D=3, n=2.5, p1/ p =1/1.5, B/ B=1/2, p2/ p =1/1.5, B/ B=1/2, a1=2a, a=a.



-15 125

Figure 4.65 : D=3, n=0.25, p1/ p =1/1.5, B1/ B=1/2, po/ p =1/1.5, Bo/ p=1/2, a1=a, a2=2a.

05

Figure 4.66 : D=3, n=2.5, p1/ p =1/1.5, B/ B=1/2, p2/ p =1/1.5, B/ B=1/2, a1=a, a,=2a.
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Figure 4.67 : D=3, n=0.25, p1/ p =3, B/ B=2, p2/ p =3, B/ =2, a1=2a, a-=a.

Figure 4.68 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ p=2, a1=2a, ax=a.
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Figure 4.69 : D=3, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ =2, a1=a, ax=2a.

Figure 4.70 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2, a1=a, a,=2a.
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4.3 Displacement Amplitudes Numerical Application

In this section, calculations have been performed using a variety of different
combinations for a wide range of conditions, such as variations in the incidence angles
of SH waves, changes in inclusion rigidity and media rigidity, and variations in the

dimensionless frequency values of the waves.

y=0°

Figure 4.71 : D=31=0.25, p/ p =1/1.5, By/ B=1/2, pal p =1/1.5, Bo/ B=1/2.
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Figure 4.72 : D=3 n=1, p1/ p =1/1.5, B4/ B=1/2, p2/ p =1/1.5, B/ B=1/2.
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Figure 4.73 : D=3 n=2.5, p1/ p =1/1.5, Bs/ B=1/2, po/ p =1/1.5, B2/ p=1/2.
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It has been obvious that the quantity of maximum displacement has reduced as a result of
an increase in the dimensionless frequency. This was observed when the recent three

combinations figure was observed with an increase in the dimensionless frequency to 2.5.
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Figure 4.74 : D=3, n=0.25, p1/ p =3, B/ B=2, p2/ p =3, B2/ p=2.
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Figure 4.75 : D=3, n=1, p1/ p =3, 1/ B=2, p2/ p =3, B2/ B=2.
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Figure 4.76 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, P2/ p=2.

The maximum amount of displacement has significantly decreased due to an increase in
the ratio of the density of inclusions to the density of the ground, as well as an increase in
the ratio of the shear wave velocity of inclusions to the share wave velocity of the medium.
This is especially true in the case where the dimensionless frequency is equal to 2.5
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Figure 4.77 : D=31=0.25, p1/ p =1/1.5, By/ B=1/2, pal p =1/1.5, Bof B=1/2.
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Figure 4.78 : D=3 n=1, p1/ p =1/1.5, B1/ B=1/2, p2/ p =1/1.5, B2/ p=1/2.
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Figure 4.79 : D=3 n=2.5, p1/ p =1/1.5, Ba/ B=1/2, paf p =1/1.5, B2/ p=1/2.
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Figure 4.80 : D=3, 1=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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Figure 4.81 : D=3, n=1, p1/ p =3, B1/ B=2, p2/ p =3, B2/ B=2.
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Figure 0.82 : D=3n=2.5, p1/ p =3, B/ P=2, p2/ p =3, B2/ B=2.
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Figure 4.83 : D=3 1=0.25, p1/ p =1/1.5, B1/ B=1/2, p2/ p =1/1.5, B2/ p=1/2.
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Figure 4.84 : D=3 n=1, p1/ p =1/1.5, B1/ B=1/2, p2/ p =1/1.5, B2/ p=1/2.
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Figure 4.85 : D=3 1=2.5, p1/ p =1/1.5, By/ B=1/2, pal p =1/1.5, Bo/ B=1/2.
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Figure 4.86 : D=3, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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Figure 4.87 : D=3, n=1, p1/ p =3, B/ B=2, p2/ p =3, B2/ =2.
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Figure 4.88 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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Figure 4.89 : =3 n=0.25, p1/ p =1/1.5, B/ B=1/2, p2/ p =1/1.5, B2/ B=1/2.
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Figure 4.90 : D=3 n=1, py/ p =1/1.5, P/ P=1/2, pal p =1/1.5, P/ B=1/2.
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Figure 4.91 : D=3 n=2.5, p1/ p =1/1.5, Ba/ B=1/2, p2/ p =1/1.5, Bo/ P=1/2.
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Figure 4.92 : D=3, n=0.25, p1/ p =3, B1/ B=2, p2/ p =3, B2/ p=2.
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Figure 0.93 : D=3, n=1, p1/ p =3, 1/ B=2, p2/ p =3, B/ p=2.
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Figure 0.94 : D=3, n=2.5, p1/ p =3, B/ B=2, p2/ p =3, B2/ B=2.
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5. CONCLUSIONS

In this thesis, two circular inclusions are considered in infinite media excited by SH
waves. Numerical results show that when the inclusions are close to each other, the
results fluctuate seriously, so the interaction of two inclusions should be considered.
If one of the inclusions is much smaller or far away, the results approach single
inclusions’ results. As the dimensionless frequency increases, the patterns of stress
concentration become more complex in all cases, and the level of stress concentration
may increase or decrease in some scenarios. Another major discovery is that the ratio
of the density of inclusions to the density of the ground, as well as the ratio of shear
wave velocity of inclusions to share wave velocity of the medium, have a significant

effect on the amount of stress concentration.

For further studies, the number of inclusion or/and irregular cross-sections can be
chosen for numerical studies, so the composite structure having many different
inclusions with different material properties can be analyzed under anti-plane dynamic

effects.
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