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ABSTRACT

A GENERALIZED PHASE-FIELD APPROACH FOR THE FAILURE OF
RUBBER-LIKE MATERIALS

Acikgoz, Kemal
Ph.D., Department of Mechanical Engineering

Supervisor: Assoc. Prof. Dr. Hiisnii Dal

February 2023, pages

Dilatational failure in terms of cavity formation and distortional failure guided by
shear-type deformations are the two main failure modes of rubbery polymers. These
modes correspond to deformations associated with the energetic/volumetric and en-
tropic/shear responses under general loading conditions. This work proposes an
energy-based failure criterion with a unique split of the free-energy function in terms
of the first three invariants. Such an ansatz allows various failure modes under vol-
umetric and shear deformations. The baseline hyperelasticity is described by the ex-
tended eight-chain model. As a novel aspect, we introduce distinct degradation mech-
anisms for shear and dilatational deformations that account for the transition from
quasi-incompressible hyperelastic behavior to a porous compressible solid state prior
to macro-crack formation. Herein, separate forms of a tunable Hermitian polynomial-
based degradation function are applied to the free energy function’s dilatational and
distortional parts. The tunable nature of the Hermitian polynomials allow adjustment
of the degradation of each term separately. Utilizing two distinct degradation func-
tions for the volumetric and the entropic parts, the proposed generalized phase-field

approach is shown to allow such transition and the degradation of the Poisson’s ratio



is captured. Furthermore, the proposed degradation function recovers the quadratic,
cubic, and quadric degradation functions from the literature as its special cases. The
aspects of the proposed energetic failure surface are discussed, and its predictive ca-
pability is demonstrated by comparing it to existing data from the literature. Apart
from separate degradations of the volumetric and entropic parts, a finitely nonlin-
ear viscoelastic theory is utilized to investigate the rate effects to the fracture. An
adjustable contribution of the viscoelastic part to the history field is adopted. Fi-
nally, experimental investigations are performed on unfilled styrene-butadiene rubber
to obtain the base material response, rate effects, and fracture behavior. The fracture
behavior is investigated with special v-shape notched specimens. Various boundary

value problems are solved and the results are compared to the experiments.

Keywords: phase-field fracture, distortional and dilatational failure, rate effects on

the fracture, multi-axial failure surface for rubber-like materials
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KAUCUK TiPI MALZEMELERIN HASARINDA GENELLESTIRILMIS
FAZ-ALANI YAKLASIMI

Acikgoz, Kemal
Doktora, Makina Miihendisligi Boliimii
Tez Yoneticisi: Dog. Dr. Hiisnii Dal

Subat 2023, sayfa

Kavite olusumuna dayali hacimsel hasar ve kesme gerilmeleri sebebiyle olusan sekil
degistirme tipi hasar kaucuk tipi polimerler i¢in ana hasar mekanizmalaridir. Genel
yiikleme kosullarinda bu hasar modlar1 enerjisel/hacim ve entropik/kesme davranis-
lan ile iligkilidir. Bu caligma ilk ii¢ invaryantla iligkilendirilebilir sekilde ayrilmis
serbest-enerji fonksiyonu kullanarak enerji-tabanli bir dayanim kriteri sunmaktadir.
Bu serbest enerji fonksiyonu ayristirma sekli hacimsel ve kesme tipi deformasyon-
larda farkli hasar modlarina izin vermektedir. Burada, temel hiperelastik/mekanik
davranis icin genisletilmis sekiz zincir modeli kullanilmistir. Ozgiin katki olarak,
bu calismada kesme ve hacimsel deformasyonlar icin farkli bozunum fonksiyon-
lar1 kullanilmig olup, bu sayede catlak olusumu Oncesinde sikistirilamaz hiperelas-
tik davranistan bogluklu sikistirilabilir kat1 davranigina geg¢is saglanmistir. Burada,
ayarlanabilir Hermitsel polinom tabanli bozunum fonksiyonlar tiiretilmis olup ser-
best enerji fonksiyonunun hacimsel ve entropik kisimlarina uygulanmistir, boylelikle
onerilen genellestirilmis faz-alan1 yaklasimi Poisson oraninin bozunumunu yakalaya-

bilmektedir. Dahasi, Hermitsel bozunum fonksiyonu literatiirde gecen ikinci derece-
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den, iiciincii dereceden ve dordiincii dereceden bozunum fonksiyonlarina 6zel durum
olarak indirgenebilmektedir. Onerilen enerjisel ve entropik hasar yiizeyi incelenmis
olup, literatiirde varolan verilerle kiyaslanarak modelin tahmin 6zellikleri irdelenmis-
tir. Ayr1 bozunum fonksiyonlarinin diginda, sonlu ve dogrusal olmayan bir viskoelas-
tik model kurama entegre edilmis ve hizin yirtilmaya olan etkisi incelenmistir. Bu-
rada faz-alaninin deformasyon ge¢misine bagli fonksiyonuna viskoz branglarin elas-
tik kismi ayarlanabilir bir sekilde eklenmigtir. Son olarak, dolgusuz styrene-butadiene
kaucguk i¢in baz malzeme ve yirtilma davranigini elde etmek adina deneyler yapilmis-

tir. Farkli sinir deger problemleri ¢oziilerek deneylerle kiyaslanmustir.

Anahtar Kelimeler: faz-alan1 yirtilma modeli, hacimsel ve sekil degistirme tipi hasar,

yirtilmada hiz etkileri, kauguk tipi malzemeler i¢in ¢cok eksenli hasar yiizeyi
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CHAPTER 1

INTRODUCTION, MOTIVATION, AND SCOPE

Hyperelasticity and viscoelasticity: Rubberlike materials exhibit strong rate depen-
dent response that earns rubber excellent mechanical properties highly sought in ap-
plications such as automotive, aerospace and soft robotics, just to name but a few. Vis-
coelasticity improves the fracture toughness and energy absorption capacity rendering
rubber very suitable as shock absorbers and vibration decouplers. The backbone of
finite viscoelastictiy of rubberlike materials is an accurate description of ground state
equilibrium elastic response. In this context, the hyperelastic constitutive models for
rubber can either be represented by (i) phenomenological, or (ii) micromechanically
based free energy functions. The phenomenological models are based on invariant
or principal stretch-based expressions for the free energy function that successfully
fit the experimental stress-strain curves. The invariant based models usually consist
of polynomial combinations [1, 2 13, 4] or more sophisticated mathematical func-
tionals [5) 6] 7 [8, O [10, 11}, [12] [13] [14]] of the first and second invariants of the
right/left Cauchy-Green deformation tensor. Various functional forms of free energy
have been proposed in terms of principal stretches e.g. [15, (16} [17, 18} (19} 20, 21].
Some material models have a mixed mathematical representation in terms of prin-
cipal stretches and invariants e.g. [22 23|]. Micromechanical models, on the other
hand, are physically-based models, considering the material microstructure by link-
ing the macroscopic mechanical behaviour to molecular structure of rubberlike mate-
rials through statistical mechanics. Herein, the force-displacement relation of a single
free-chain is obtained from a distribution function for the end-to-end distance of the
chain by making use of the concept of entropic elasticity. In this context, a Gaus-
sian distribution function for a free chain with infinite length was derived by KUHN

[24.25]. MOONEY [2] investigated the form of free energy function in a purely math-



ematical context applicable for ideal rubber behaviour. Later on TRELOAR [1]], using
the WALL’s assumptions [26l], and following Kuhn and Griin’s and Mooney’s form,
derived the neo-Hooke model. Note that neo-Hooke model is the simplest constitu-
tive model that extends the concept of linear elasticity to the geometrically nonlinear
setting. Gaussian distribution, lacks the ability to predict stress-strain behaviour at
large deformations, especially around the chain extensibility limit [27]. In order to
circumvent these drawbacks, non-Gaussian distribution functions based on Langevin
statistics are utilized in the sense of KUHN AND GRUN [28]. Within this context,
WANG & GUTH [29] proposed the three-chain model, FLORY & REHNER [30] the
four-chain model, TRELOAR & RIDING [31] the full network model and ARRUDA &
BOYCE [32] the eight-chain model. All these models make use of a fixed relation be-
tween micro-scale and macro-scale deformations. MIEHE ET AL. [33] proposed the
non-affine micro-sphere model which extends the full-network model of TRELOAR
& RIDING [31] by introducing a non-affine average network stretch and an addi-
tional tube-constraint which accounts for the topological constraints. The notion of
tube model or tube-constraints is based on the fact that polymer chains are not free.
In three dimensional network chains not lying in the same plane causes topological
constraints on one another. For this reason, the network models that rely on the free
motion of the chains usually underestimate the stress response under biaxial defor-
mation upto moderately large stretches. The tube and the extended tube model of
KALISKE & HEINRICH [22] 23] 34], the constraint-junction model of FLORY & ER-
MAN [35]136] and the non-affine micro-sphere model of MIEHE ET AL. [33] take
into account the topological constraints on the free motion of the polymer chains by
introducing a tube-like constraint. For an extensive overview of the aforementioned
models, we refer to the review papers [37, 38, 39, 40]. The micro-sphere model
shows an excellent fitting performance to uniaxial and (equi)biaxial tests. However,
its computational cost is considerably higher than classical invariant-based formula-
tions. The eight-chain model succesfully captures the uniaxial tensile behavior but it
lacks the ability of simultanous fitting of uniaxial and (equi)biaxial tests. It is a com-
mon practive to improve the biaxial performance of the first invariant based models
by incorporation of a second invariant term [41]. In this respect, micromechanically
motivated models based on the first invariant can be either improved by a second in-

variant based term [34]] or a principal stretch based term [42, 23| [12]. The extended



tube model of KALISKE & HEINRICH [23] and the review paper of BOYCE & AR-
RUDA [40] utilize a principle stretch based expression as a tube constraint, where
the former uses a Ogden-type term with negative power and the latter uses a con-
straint term proposed by FLORY & ERMAN [36]. Moreover, the second invariant
based models lack the convenient functional form. A rigorous analysis which es-
tablishes the relation between the tube-constraints and the second invariant has not
been treated in the literature yet. In order to resolve this issue, in this contribution,
we propose an extended eight-chain model by reinforcing the free energy function in
terms of a tube constraint part. Within this context, micro-macro transition between
the micro-kinematic tube constraint and the second invariant is established and a sim-
ple yet instrumental second invariant based term for the free energy function, which

significantly improves the biaxial response of the eight-chain model, is derived [43].

Experimental investigations of viscoelasticity in rubberlike materials are reported in,
e.g., references [44) 45,46, 47]. The fundamentals of linear and nonlinear viscoelas-
ticity theory of polymers are reviewed in, e.g., [48,49]]. The early treatment of rubber
viscoelasticity is based on the finite linear viscoelasticity of COLEMAN AND NOLL
[SO] as an extension of linear viscoelasticity. Most theories of finite viscoelasticity
exploit the general axiom of a fading memory introduced by COLEMAN [51]], see also
TRUESDELL & NOLL [52]. Recent models of finite linear viscoelasticity use a stress-
type internal variables [45} 53] 54, 155]. For an excellent review, we refer to HAUPT
& LION [56l]] and MIEHE AND GOKTEPE [47]. Internal variable type formulations of
finite viscoelasticity based on the multiplicative decomposition of deformation gra-
dient are outlined in [57, 58 159, 160} |61]. An alternative kinematic representation
of finite viscoelasticity based on a Lagrangian viscous metric tensor is proposed by
MIEHE AND KECK [46]. The algorithmic implementation of internal variable type
formulations of finite viscoelasticity is shown in REESE AND GOVINDJEE [60] and
DAL & KALISKE [62] in the sense of SIMO & MIEHE [63] (for finite elastoplas-
ticity) and SIMO [64] (for viscoplasticity). Therein, a predictor-corrector algorithm
along with exponential mapping is employed for the integration and solution of the
evolution equation in a time-discrete setting, see [65, 66l]. These approaches use the
unconditionally stable backward Euler scheme for the integration of the evolution

equation in a time-discrete setting. EIDEL ET AL. [67] reported a considerable speed



up in convergence by replacing backward Euler integration scheme with higher order
Runge-Kutta methods. Another approach for finite viscoelasticity of rubberlike mate-
rials is the utilization of the micro-sphere kinematics where the three-dimensional vis-
coelasticity is obtained by integration of one-dimensional rheological constructions
via numerical quadrature over unit sphere. Within this context, MIEHE & GOKTEPE
[477]] proposed a finite viscoelasticity model depending on two micro-kinematic scalar
internal variables on discrete space orientations of the micro-sphere. In fact, two
micro-mechanisms for the relaxation process of polymer chains are introduced: The
relaxation of superimposed entanglements and the release of topological constraints
are taken into account by a spectrum of nonlinear evolution laws in the logarithmic
space of the discrete space orientations. Extension of this approach to the viscoplastic

response of uncured green rubber is achieved by DAL ET AL. [68]].

Two molecular approaches for the description of the time-dependent behavior of poly-
mer chains exist. Transient network theory explains the stress relaxation phenomenon
as a consequence of breakage and reformation of the cross-links continuously. The
theory was firstly proposed by GREEN & TOBOLSKY [69] and further developed
by LODGE [70l], PHAN-THIEN [71] and TANAKA AND EDWARDS (72, [73]]. This
approach was also adopted to the microsphere model by LINDER ET AL. [74].
Reptation-type tube models were developed for the definition of the motion of a single
chain in a polymer gel. The constraints on the free motion of a single chain are qual-
itatively modeled as a tube-like constraint and the motion of the chain is described as
a combination of Brownian motion within and reptational motion along the tube. The
model is proposed by DE GENNES [75] and DOI & EDWARDS [76]]. The reptational
motion is successfully adopted to finite viscoelasticity by BERGSTROM & BOYCE
[S9]. Two drawbacks of their approach can be observed in the evolution equation.
That is, the creep rate function + is singular at the onset of loading leading to an ini-
tial asymptotic behavior in the relaxation curves which is not a characteristic behavior
of the rubberlike viscoelastic behavior. Incorporation of a perturbation parameter to
the kinetic term helps to overcome the singularity in the evolution law. However,
the model becomes very sensitive to the perturbation parameter leading to an extra
material parameter in the evolution equation. Moreover, incorporation of a fictitious

viscous network stretch A to the evolution equation is not physically conceivable and



causes problems in the derivation of the consistent tangent necessary for the finite el-
ement implementation. Recently, a rate and amplitude dependent finite viscoelastic
model based on the dynamic flocculation model for filled rubber has been proposed

by RAGHUNATH ET AL. [77].

Historical remarks, path to phase-field approach, and the state of the art: The
design and reliability of rubber components heavily depend on the prediction of fail-
ure in such materials. The crack initiation as well as propagation have to be incor-
porated as computational models into the design process. The historical development
of the classical treatment of brittle fracture starts with the works of GRIFFITH [78]]
and IRWIN [79]. The kickstarting idea was to define a crack propagation criterion
based on the energy release rate. That is, the decrease of the potential energy has
to be spent on the formation of new crack surfaces, linking the existence of cracks
to surface energy. Later on, the theory has been solidified by LIEBOWITZ AND STH
[80]. This particular approach fails to determine curvilinear crack paths, angles of
crack branching, and other complex propogation patterns. Especially, the idea has a
dramatic failure on predicting the crack initiation. There has to be an already present
crack for this approach to work [81, 82]. The field of fracture mechanics later on
flourished and literature expanded exponentially. During the late 90s, a variational
take on of the problem has been studied by FRANCFORT AND MARIGO [83]] to mit-
igate the shortcomings of the classical theory. This idea, based on the energy mini-
mization, effectively allows prediction of crack initiation. Following I'-convergence
argument for a free discontinuity problem in image segmentation context from MUM-
FORD & SHAH [84], BOURDIN ET AL. [85]86] came up with a regularization for
the variational approach of [83]]. The resulting regularization diffuses the sharp crack
topologies with the use of an auxiliary variable. This variable can be termed phase-
field, takes on continuous values within [0, 1] range, and describes a state of fracture
between the fully intact to fully broken ranges. Later on MIEHE ET AL. [81]] casted
this approach to a thermodynamically consistent framework, and presented a two-
field (rate-independent) and three-field (rate-dependent with an additional dual driv-
ing force field) implementations that take only the tensile part of the energies to drive
the crack. The resulting field equations ushered a new era in fracture mechanics where

the phase-field approach becomes a solid alternative path. Furthermore, MIEHE ET



AL. [87] implemented an operator-split based staggered algorithm with an additional
field, coined as history field. It provides a compact staggered scheme for modular ap-
plications as we also pursued in this study. The advantage of the phase-field approach
is its obvious circumvention of the necessity to track the newly formed crack sur-
faces. Instead of dealing with sharp crack discontinuities, phase-field approach casts
everything into continuously defined field PDEs, which makes it extremely easy to
implement in a finite element setting. It introduces a length-scale parameter reminis-
cent of the gradient-type materials or materials with microstructure, see [88]. Apart
from the classical treatment of phase-field approach, the implementation for rubber-
like materials came later by SCHANZEL ET AL. [89,90], MIEHE & SCHANZEL [91],
and SCHANZEL [92]]. The mostly rate-independent theories so far provide a transi-
tion from classical treatment of fracture and the implementability of the phase-field
approach. However, artificially viscous (or rate-dependent) settings also appear in
[81, 89, 91, 90]. The introduced viscous regularizations merely provide numerical

stability after crack initiation.

Rate-effects on fracture and rate-dependent theories regarding phase-field ap-
proach: Rubber-like materials are strongly rate-dependent in both their mechanical
response and fracture properties. The most fundamental characteristics, relevant to
the phase-field theory, is the fracture toughness or the critical energy release rate G..,
as a material parameter. Therefore, one can, naturally, start with a phenomenological
expression for a rate dependent critical energy release rate. In [93], YIN ET AL pro-
posed a rate-dependent fracture toughness with a degradation characteristic given in
the context of phase-field fracture in terms of small-strain rates. This is an excellent
modification for the critical energy release rate G, for varying strain-rates. However,
the theory is in small-strains setting and focuses on the evolution of fracture. Re-
sulting behavior observed on simulations where increased loads appears on fracture
for simulated load-displacement curves. [93] attributed this to the difference in chain
strength and strength of entanglements and cross-links. For the loads applied in high
strain-rates, the relaxation kinetics transfers the loads towards equilibrium, however
the chains’ relaxation is not infinitely fast and the chains become the main carriers of
the load, which require more energy to break. This theory does not require tracking

the crack propagation velocity a (as in the case of [94]), since it utilizes a phase-



field framework. LOEW ET AL. [95] directly extended the numerical stabilization
parameter (also present in our theory) of MIEHE & SCHAENZEL [96] and gave a vis-
coelastic response to the bulk, and obtained the first finite theory. The damage growth
is regularized and a rate-dependent driving force expression is obtained. This theory
incorporates the finite strains linearly viscous theory of HOLZAPFEL [97] and avoids
local history field (of [81]) altoghether. With the history variable expression, they ob-
served an unbounded growth of phase-field even though  stays constant. Therefore,
they used an active set method to stop the growth of d. The provided experiments
on EPDM rubber for SENT as well as DENT specimens validates their theory. Since
the degradation functions are an integral part of the phase-field approach, they dis-
cussed the several known degradation functions and their effects as well. Also, the
calibration of the phase-field length scale parameter [ through DIC renders physi-
cally accurate results. In [98]], YIN & KALISKE proposed another approach, where
they tracked the intact total free energy consisting of the summation of equilibrium
and non-equilibrium responses as the history variable in the phase-field expressions.
Their viscoelastic expressions are based on REESE & GOVINDJEE’s nonlinearly vis-
cous theory [60], and utilize neo-Hookean Maxwell branches for equilibrium as well
as non-equilibrium responses. This theory correctly captures the increase in reaction
force at fracture on a load-displacement curve at increasing rates for the SENT (sin-
gle edge notched) and DENT (double edge notched) experiments on EPDM rubber of
LOEW ET AL. [95]. SHEN ET AL. [99] used another approach to take rate-dependent
effects into the fracture process by incorporating a portion of the dissipated energy
into the dissipation inequality expression and derived the rate-dependent PDEs of the
multi-field problem. The amount of contribution is controlled with a parameter. The
postulation regards the Fig. [[.1] as mental picture where an inner highly non-linear
region (region //7) and a mainly viscous driven dissipative region (region //) con-
stitute the fracture process zone. In our work, the region /11 is also of main concern,
where we obtained a degrading incompressibility of the bulk. However, SHEN ET
AL. considered region /] as the main effect that ties the phase-field fracture and
viscous response at the bulk. Accordingly, this dissipative region is a source of self
heating which promotes the nucleation as well as propagation (altering the evolution
of crack growth rate) of fracture. Although the temperature increase is evident, a fur-

ther study is needed to quantify this increase with a thermo-mechanical coupling in



the phase-field approach. Finally, note that the theory [99] is linear in elastic as well

as viscous branches.

Figure 1.1: A representative schematic view of the process zone around the crack
tip [99]]. I denotes the uneffected (and undamaged) region, /[ represents the region
where viscoelastic dissipative effects take place, finally, /71 shows the region where
nonlinear inelastic and irreversible processes occur, these can be counted as cavity

formation, bond or cross-link rupture.

Cavity formation, multi-axial failure surface for rubber-like materials, and the
loss of incompressibility: GENT & LINDLEY [100]]’s experiments on a pancake-type
arrangement (also known as poker-chip experiments, see Fig.[[.2) showed rather un-
expected behavior of rubber-like materials, where under sufficiently large volumetric
tensile deformations cavitation occurs. This instability-like failure mode observed to
be intrinsically tied to the shear modulus, where a critical load in pancake-type experi-
ments appear to be a function of the shear modulus only. A new and elaborate analysis
of GENT & LINDLEY [100]]’s poker-chip experiments appear in the work of KUMAR
& LOPEZ-PAMIES [101]], where a careful discussion is put forth on whether it can
be considered as an elastic-instability or a fracture process. The elastic-instability
is mathematically shown to be the case by BALL [[102] for the initiation of the cav-
ities, whereas continuum damage based theories considered it as a fracture process
[103} [104] and there appeared successful computational implementations for both
initiation and growth, see DAL ET AL. [68]. Under multi-axial deformations, the
failure surface for rubber-like materials must also predict the initiation of the cavities.

This mode of failure is named as dilatational in this thesis. The failure mode related



to shear-type deformations is called distortional. The failure surfaces for solids are
generalized over the years, phenomenologically, and there appears quite successful
mathematical forms within this context. In metals and other energetic solids, stress-
driven failure surfaces (see KOLUPAEV [105] for an excellent review) sufficely define
the behavior. However, the rubber-like or other entropic materials favor energy based

failure surfaces, see GULTEKIN ET AL. [106].

P P
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Figure 1.2: Poker-chip experiments (or pancake-type loading) of GENT & LINDLEY
[100]. Due to the aspect ratio of the cylindrical specimen, the deformation in the

load-application direction changes the volume of the cylinder, causing cavitation.

Within the context of multi-axial failure surfaces for rubber-like materials, ROSENDAHL
ET AL. [107] recently put forward an equivalent strain based failure criterion. Within
this excellent work, we can see direct equivalent-strain based counterparts of the
classical equivalent-stress failure surface definitions, e.g., von-Mises, Tresca, and
more advanced ones as in Podgorski-Bigoni-Piccolroaz. The idea of equivalent-strain
based failure criterion allows the definition of complex failure criteria for rubber-like
materials. On the other hand, direct energy based failure criterion (the energy-limiters
approach) of VOLOKH [[108]], depending on the complexity of the underlying hyper-
elastic model, could predict the failure under biaxial as well as the hydrostatic loads.
However, this theory follows a separate path apart from phase-field approach for the
failure. A separate considerations of free-chain response and the constraint response

would allow prediction of biaxial failure more precisely. In this regard, the extended

9



eight-chain model of DAL ET AL. [43], can be considered superior as it microme-
chanically quantify free-chain, and constraint part responses, as functions of Iy, I5.
Therefore, we pursued a failure surface definition considering these separate terms in

this thesis.

Motivation of the thesis and the problem definition: The understanding of the pro-
cess zone for the fracture of rubber-like materials stands equally important to the met-
als. Albeit, a complete picture of the process zone is lacking, also the understanding
of the formation and propagation of cracks in rubber-like materials stay incomplete.
Much efforts have been devoted in literature to the separate investigations regarding
hyperelasticity, finite viscoelasticity, fracture, and cavity formation throughout the
years. Considering the current understanding of the process zone, depicted in Fig.[L.1]
an experimentally evident (see LE CAM ET AL. [109]) phenomenon takes place, that
yet to be modeled. This phenomenon can be described as follows. For the Mode-I
type fracture depicted in Fig.[[L1l in region 111, small cavities appear just before the
propagation at the notch tip, or on the crack front. In Fig.[L.3] the process of forma-
tion of cavities and the onset of propagation of crack is portrayed. Note that, for all
intensive purposes, rubbery materials are considered incompressible or at least quasi
incompressible. However, this phenomenon suggests the loss of the incompressibility
of the base rubber specimen. In this work, we tackled the problem of degradation of
incompressibility and its adaptation within the phase-field fracture formulation. To
this end, ANG ET AL. [110] and L1 & BOUKLAS [111]] proposed separate degra-
dation of volumetric and isochoric parts in their associated element formulations for
stability purposes. Here, in this thesis, the extended eight-chain model provides a
stronger split called the volumetric-entropic separation, and its micro-mechanically
motivated terms can be extended to provide a multi-axial failure surface as well as a

physically motivated degradation of the incompressibility.

Furthermore, a lack of definitive micro-mechanically motivated multi-axial failure
surface for rubber-like materials hinders painting a complete picture of fracture. Fur-
thermore, regarding zone /1 in Fig. [L1l rate effects are needed to be considered for
a complete picture as well. In this context, incorporation of a finite viscoelasticity
theory within the phase-field framework for the rate effects is still not mature in lit-

erature. In summary, a nonlinear inelastic (due to cavity formation at the crack tip),
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'
Figure 1.3: Snapshots of deformation around a notch tip (by LE CAM ET AL. [109])

portraying the formation of cavities as precursor to the propagation of cracks.

and the nonlinear rate-effects play crucial roles in the fracture process. The goals of

the thesis are as follows,

e definition of a failure surface for rubber-like materials that can take into account

(equi)biaxial or fully multi-axial loadings,

e derivation of a phase-field formulation that can presently allow multiple degra-

dation functions for the modeling of the crack tip incompressibility loss,

e incorporation of a finite viscoelasticity theory with a nonlinear evolution law

into the phase-field formalism,

e experimental validation of the theory.

Scope of the thesis: We have investigated the aforementioned aspects of failure in
rubber-like materials. The ongoing state of mind during the development up to the
finish of this work was to incorporate these aspects as consistently as possible. We
restricted ourselves to single type of material, that is, the unfilled SBR, for exper-
imental validation. The stochastic nature of the fracture of rubber-like materials is
disregarded altogether to be able to confine ourselves to the investigation of the pos-
sibilities of the current study. In the results section, we restricted ourselves to entropic

failure and kept the implied aspects of the volumetric failure to the future studies.
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Outline of the thesis: The overall structure of the thesis is as follows: In Chapter[2l we
expressed the prerequisites in terms of notation and theory, and briefly summarized
the continuum mechanics. Next, a nonlinearly viscous theory based on the extended
eight-chain model is introduced in Chapter [3l The multiphysics problem is described
in Chapter 4 where the phase-field approach, tunable degradation functions based
on Hermitian polynomials, and the degradation of incompressibility are formalized.
Based on a special transformation, in Chapter 5] generalized phase-field model’s im-
plied failure criteria is investigated, comparison with equivalent strain failure criteria
and experimental data is pursued. Next, in Chapter [6] the nonlinearly viscous theory
is incorporated into the generalized phase-field formulation in a modular sense, its
merits and comparison to literature are reported. Later on, the procedures and the
results of the experimental work on unfilled SBR are given in Chapter [/l Finally, the
results of the theory are presented on several boundary value problems in Chapter [§]
and compared to both literature and in-house experimental work. Finally, the overall

conclusions on this work are given in Chapter 9]
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CHAPTER 2

FUNDAMENTALS OF CONTINUUM MECHANICS

In this chapter we briefly outline the continuum concepts and the notation related
to this work. The finite deformation requires kinematical definitions of several de-
formation measures, such as the right Cauchy-Green tensor. The concept of stress
and Cauchy’s stress theorem then explained. Next, we discussed the principles of
balance of mass, balance of linear and angular momentum, and balance of energy.
The second law of thermodynamics, the Clasius-Duhem inequality and the concept
of Coleman-Noll procedure are then explained. The chapter closes with a discussion

of hyperelasticity and constitutive equations.

In this part, we kept the definitions as compact as possible, thus, of course we re-
fer the interested reader to the monumental works of MARSDEN & HUGHES [112],

MALVERN [113]], TRUESDELL & NOLL [52], HAUPT [114]], and HOLZAPFEL [115]].

2.1 Kinematics

Let B denote a continuum body at time ¢ with particles P € B. Consider an Eu-
clidean resolution of the coordinates of the particles, where a reference right-handed
rectangular coordinate system at origin O with orthonormal basis vectors {e,} =
{e1, es, e3} can be introduced. As the body moves across time, the occupied region
in space changes. Let an occupied region of space at time ¢ be called a configuration
X:- The overall motion of the body defines a continuous set of configurations xg...x-
With this notion at hand, one can define y, as an undeformed configuration at ¢ = 0,
or the reference configuration (it doesn’t have to be undeformed). The configuration

at t = 0 is called the initial configuration, and we assume reference and initial con-
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figurations coincide. A point in the body P € B can be represented by X in the
reference configuration. We can define a separate coordinate system for the refer-
ence configuration with bases { E 4 }, however, here, we take this coordinate system
coincident with {e,}. A configuration at any time ¢ other than ¢ = 0, is called the
current or deformed configuration. The position of the point P at ¢ can be identified
with . We refer the coordinates X and x as material (reference) and spatial (cur-
rent) coordinates of the material particle P. Let a one-to-one mapping of the particles
to the coordinates in reference frame be denoted by X = x(P). Furthermore, let
x = X (P, 1) denote a one-to-one mapping of particles to their position in the current

configuration. Then, we can define

x=x[x'(X,1)] =x(X,1) 2.1)

where x denotes the vector field for the motion of the body B. Its inverse (the inverse
motion) is assumed to be defined uniquely, X = x~!(x, ). Note that we adopt the
Einsteins’s summation convention, where a vector can be represented by a = a;e;
fori =1,2,3. A second order tensor, then can be represented by A = A;;e; ® e; for
i=1{1,2,3}and j = {1, 2, 3}, where ® is the dyadic product and A,; are components
of the tensor A in the right-handed orthonormal bases {e, }. We can denote A as A;;

in indicial notation, as shorthand. Next we outline some basic definitions,

displacement:

UX,t)=z(X,t)— X and wu(x,t)=x— X(x,1) (2.2)
velocity:

V(X,t)=0,x(X,t) and wv(x,t)=V[x 'z,t),1] (2.3)
acceleration:

A(X,t)=0*x(X,t) and a(zx,t) = A[lx '(x,1),1] (2.4)

in material and spatial coordinates, respectively.

material and spatial derivatives: Material time derivative (or the total derivative)
of a material field W (X ), is the derivative of W with respect to time, keeping X
constant. It is shown by W (X,t) = D(W(X,t)/Dt. Similarly, the material time
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derivative of a spatial field w(x, t) is the time derivative of w while keeping X fixed.

It can be written as

D(w(zx,t)) _ ow(x,t)
Dt ot

w(x, t) = + grad(w(zx,t)) - v (2.5)

where, grad(e) = 0(e)/Ox is the spatial gradient operator, the first part of the equa-
tion is the local time derivative of the spatial field w, while the second part is the

convective rate of change of w.

deformation gradient: As the body 5 moves, the position of a particle P € B defines
a trajectory. The tangent in material coordinates to this trajectory at any point define a
local deformation measure, called the deformation gradient, which we intensely use,

that is,
ox(X,t)

FX0="9%—

= Gradz (X, t) (2.6)

where Grad(e) = 0(e)/0X is the material gradient operator. The deformation gra-
dient defines a mapping between infinitesimal line elements dX and dx. For the
parameterization of the trajectories of the particles P € B and a more elaborate defi-

nition of the deformation gradient, see HAUPT [114]] and HOLZAPFEL [115].

Nanson’s formula, area map, and volume map: The volume map, between material

volume (dV) and spatial volume (dv) elements can be defined as
dv = JdV (2.7)

where J(X,t) = det F/(X,t). Let the area dS in reference configuration with unit
vector IN be mapped to ds in current configuration with unit vector n during the

motion. The infinitesimal volume element in current configuration can be written as,
dv=ds-dx =JdS -dX = JdV (2.8)

from where we can use dr = F'd X, and obtain,
ds - FdX = JdS-dX = ds=JF "dS (2.9)

which relates the vectorial areas dS and ds. This relationship is known as Nanson’s

formula.
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2.1.1 Deformation measures

Mapping a unit vector A in reference configuration to a in current configuration can

be defined as
a=FA (2.10)

From this definition, we can define A = |a| as the stretch of the vector A due to the

deformation. Let us take the square of the stretch,
MNM=a-a=FA - FA=A -FTFA=A.CA (2.11)

where C = FTF is called the right Cauchy-Green tensor. It is a second order
symmetric positive definite tensor and extremely common measure of deformation
in material coordinates. Its counterpart in spatial coordinates, b, is called the Finger
tensor or the left Cauchy-Green tensor, comes from the definition of A\ =2, square of

the inverse stretch, that is,
AN2=A - A=F'a-Fla=a-FTF'la=a bla. (2.12)

b = FF7 is also symmetric and positive definite. If no deformation occurs, we can
see that F' = I implyingb = I and C' = I , here I = 0;;e; ® e, is the second order
identity tensor, with Kronecker delta 6;; = 1 for ¢ = j and d,; = 0 for 7 # j.

rotation and stretch: The polar decomposition of the deformation gradient F' reads
F = RU =vR. (2.13)

This relationship defines a decomposition of F' into a pure rotation and pure stretch
parts. U and v are right- and left-stretch tensors, respectively, and have the following

properties,
U?=UU =C, and v?>=vv=>b. (2.14)
The tensor R is a proper orthogonal tensor (det R = 1), and measures the local

rotation. Furthermore, detU = detv = J > 0.
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2.1.1.1 Spectral decomposition, eigenvalues, and eigenvectors of deformation

measures

The right stretch tensor U has the relationship
UN,=MN,, where |[N,=1and a=1,23. (2.15)

The set {IN,} defines the eigenvectors of U, while ), are the eigenvalues. From

214
CN,=U>N,= )N, a=1,2,3. (2.16)

Since both U and C are purely Lagrangian measures, their eigenvectors are the same,
which are called the principal axes. A similar relationship can be obtained for b using
Le.,

bn, = v’n, = \’n, (2.17)

where n, = RN, for a = 1,2, 3. This relationship shows the fact that v and b are
colinear in spatial coordinates. For A\; # Ay # A3, the symmetric tensors U, v, C, b
can be written in their so called spectral decomposition forms

3

U? = C= Z MN,® N,, (2.18)
a=1

a

3
v’ = b=) A\n,dn, (2.19)

a=1
Finally, the deformation gradient can also be written as

3
F=) \n,® N, (2.20)

a=1
which is a two-point tensor. Since F' may not be symmetric \,s cannot be considered
as the eigenvalues of F directly. Similarly, R = Zizl n, ® N, is also a two-point

tensor.

Since both C and b are symmetric and positive definite, they admit 3 uniquely defined

invariants. The scalar invariants of C' can be summarized as,

L(C) = M+ X+, (2.21)
L(C) = MM+ AN+ A, (2.22)
L(C) = MM\ =J> (2.23)
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2.1.1.2 Rates of the deformation measures

The spatial velocity gradient,

t
tz,t) = 2@ oo, 1) (2.24)
ox
and the material velocity gradient,
F(x,t) = Grad(V (X, 1)) (2.25)

are two major deformation rate measures. I has the property,
| = grad(v(z,t)) = FF!, (2.26)
Other valueable deformation metrics

d= (1 —1") = skew(gl) (2.27)

(1+1") =sym(gl), and w = %

| —

are the rate of deformation and spin tensors, respectively. They are the symmetric and

skew-symmetric parts of the [.

2.1.1.3 Push-forward, pull-back, and Lie time derivative

If we assume separate reference frames for the reference and current configurations,
the vectorial and tensorial quantities can be resolved in one of them, by choice. Trans-
formation between material and spatial coordinates is achieved by push-forward and
pull-back operations. These are denoted as x, () and x*(e), respectively. We define

the push-forward of covariant (.)b and contravariant (.)ﬁ objects

X, (8 =F T (e F~' and x, (¢)" = F (¢)' F'. (2.28)
Similarly, the pull-back of covariant (o)|7 and contravariant (.)ﬁ objects read

x () =FT (6 F and x* (o) =F (e FT. (2.29)

Lie derivative of an Eulerian object is the push-forward of the material time derivative
of the corresponding Lagrangian object, i.e., L(e®) := x, (X* (o)), which is utilized

to obtain objective time derivatives of Eulerian objects.
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2.2 Concept of stress

t=t(x,n)

oS

oB oS
B 3, 0

Figure 2.1: Removal of a slice S from the body B, illustrating the tractions and the

normals for the slice S and the remaining part S.

Let the body B have some boundary conditions over 93 and body forces acting on it.
Assume a slice of OS has been carved out as shown in Fig. The slice S is then
subjected to the traction ¢ and body force b in current configuration. The net forces

on slice S of body B and the remaining part S are as follows

F, = /bdv—i—/ t(xz,n)ds, (2.30)
s oS

Fy = /bdv—i—/ t(x, —m)ds. (2.31)
S 8S

The net force acting on the body is F = F + F», and note that [, bdv = [, bdv +
fg bdv. These relationships yield the important equality,

oS

/ t(w,n)ds—i—/ t(x,—m)ds =0 (2.32)
aS
which can be rewritten in local form as

t(x,n) = —t(x,—n). (2.33)

This relation is known as the Cauchy’s fundamental lemma, and corresponds to the
Newton’s third law of motion. If we define a tensorial quantity o on a point, then the

traction ¢ at that point can be stated as
t=0o-n (2.34)
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where 1 is the normal to the cut surface. This relationship is known as the Cauchy’s
stress theorem. And the tensor o is also called the Cauchy stress. Using the Nanson’s

formula[2.9] we may arrive to an important alternative stress measure,
P=JoF T=1F" (2.35)

where P is the first Piola-Kirchhoff stress and 7 = .J& is the Kirchhoff stress tensors.
The symmetric second Piola-Kirchhoff stress (.5) is defined as the semi-pull-back of
the first Piola-Kirchhoff stress

S=F'P=F'7F " (2.36)

2.3 Balance laws

The motion or the state of a body is not arbitrary and must obey the rules of physics.
These rules can be stated as concise balance laws, where at the end, we can come
up with field equations (or governing equations). We will briefly touch the basic

definitions of the balance laws.

2.3.1 Balance of mass

For a closed system, as in the body 5, the mass per unit volume is a fundamental quan-
tity which measures the amount of material within the system. Let py(X) denote the
mass density in reference configuration, while p(x, t) denote its spatial counterpart.

Furthermore, let the total mass of the body be defined as,

M:/p(w,t)dv:/ po(X)dV (2.37)
Q Qo

where )y and () denote the region of space occupied by the body B in reference
and current configurations, respectively. The conservation of mass states that over
the time, for a closed system, the total mass stays constant, that is, the material time

derivative of the total mass

M=0 = p=0. (2.38)
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This simple equation represents the balance of mass in Lagrangian description. On

equation 2.37] from the volume map, we can see,
po(X) = J(X, t)pla, 1 (2.39)

One can apply equation to also using and observe the property,

D D(Jp)
M= xX)av = [ 22y —o. 2.4
Dt BO'OO( Jav 5, Dt V=0 (2.40)

The last part of this equation, when localized, boils down to

D(Jp)
Dt

—TJp=0. (2.41)

We can resolve the last part as,

Tp=Jdp+Jp=0. (2.42)

One can derive J = det F = Jdiv v. Using this relationship,

Jp+ pJdivo =0 = [p+ pdive =0 (2.43)

is obtained. Which states the balance of mass in spatial (Eulerian) description. p = 0
implies an important kinematical constraint on the motion, that is divo = 0. This
type of motion is called isochoric, or volume-preserving, and has intrinsic ties to the
history of the hyperelasticity for rubber-like materials, which are considered quasi-

incompressible.
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2.3.2 Balance of linear momentum

0B,

By

Figure 2.2: Deformation as felt by a slice of region cut from the body, the traction ¢,

and body force b are shown as reference for the text.

Let the body B have some boundary conditions over 9B and body forces acting on
it. Assume a slice of OS has been carved out as shown in Fig. The slice S is
then subjected to the traction ¢ and body force b in current configuration. Let the total

force acting on the slice be represented by JF, that is

F_ / bdv + / tds. (2.44)
S oS

The linear momentum Z = f s pvdv of the slice S is conserved, that can be written

mathematically as

D) _
- = (2.45)

which states that the rate of change of the linear momentum is equal to the net force

acting on the slice. We can apply the Cauchy’s theorem t = o - n, thus, equation [2.44]
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can be rewritten in Lagrangian setting as

o / bdv + / . (2.46)
S oS

We can apply the Gauss theorem to convert the area integral on tractions to volume

/ tds — / div (o) dv = / Div (15) dv (2.47)
oS So

Using V' = V[ X, t] and the conservation of mass statement py = Jp, the rate of the

integral,

linear momentum can be written in Lagrangian configuration,

DT .
I = /pvdv = / pVdV — L = / poVdVv (2.48)
s S0 Dt So
Now, the balance of linear momentum can be written as,
/ VAV = / bodV + / Div (13) % (2.49)
So So So

where by is the body forces in the Lagrangian configuration. When the global form

2.49is localized as Sy — dV/, one obtains
20V = Div (P) + by (2.50)
In Eulerian coordinates, with the Piola identity and Reynold’s transport theorem,
pv =div(o) + b (2.51)

1s obtained.

2.3.3 Balance of angular momentum

@)

Figure 2.3: Deformation as felt by a slice of region cut from the body, the traction ¢,

and body force b, as well as the moment arm « are shown for reference.
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Consider the slice in Fig. be zoomed in and shown in Fig. The angular
momentum of the slice S can be defined as Do = | s & X pvdv, with respect to a
fixed point O. And let Mo = [, s @ X tds + [sx X bdv be the net moment acting
on the slice S. The balance of angular momentum reads

D(Do)
Dt

= Mo (2.52)

which states that the rate of change of the angular momentum with respect to O must
be equal to the net moment acting on the slice S with respect to O. Using the local

form of the mass balance py = Jp, and the volume transformation dv = JdV/,

D(D D :
(DtO) A pudv = /S:r, X poVdV (2.53)

can be written. The moments can be transformed to the fixed domain S, through the
Cauchy’s theorem t = o - n, Gauss theorem, the definition of the cross-product, and

the Piola identity as
_ 1
Mo = / z x Div (P) av + / e (0 — ) JdV + / x X bodV. (2.54)
So So So

The conservation of angular momentum statement can be rewritten with the above

transformations in the form,

/S  x [pOV ~ Div (13) - bo] dv = /S %ezjk (0ji —oy) JAV.  (2.55)
:

0

Notice that the left hand side of this equation becomes 0 from the conversation of

linear momentum equation Which yields,

Oji = 05 = ol =0 (2.56)

that is, the Cauchy stress is symmetric. With some simple manipulations, we can

show that the second Piola-Kirchhoff stress is also symmetric,
sT=8. (2.57)

However, we can not make the same statement, in general, for P = FS,ie., FS #

SF7” in general.
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2.3.4 Balance of energy

Figure 2.4: Deformation as felt by a slice of region cut from the body, the heat flux h,

and the local thermodynamical state e and r are illustrated for reference.

The heat flux h(x, t; n) describes the thermal influence of the rest of the body to the

slice S as shown in Fig. 2.4l It can be phenomenologically written as,
hx,t;n) =q(x,t) - n (2.58)

using the Eulerian heat flux vector g(x, t). In the Lagrangian configuration, the heat

flux vector reads

Q=JqF ' (2.59)

The first axiom of the thermodynamics, also known as the balance of energy, de-
scribes the evolution of internal energy in a system, measuring the capacity to do
work. This balance law states that the conservation of energy is achieved by equli-
brating the rate of total energy to the sum of external mechanical and thermal power.

The total energy is the sum of kinetic energy X and internal energy &,
T=K+¢& (2.60)

where,
1
K:/—pv-gvdv, and Ez/edv (2.61)
s 2 S

in the specific form. In these definitions, e = e(x,t) denotes the internal energy

density per unit volume with the material representation e[ X , ¢]. The Eulerian metric
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g is necessary to be able to multiply two vs in tangent space. The external mechanical

and thermal powers are

P:/b-gvdv+/ t-gvds, and Q:/rdv—/ gnds (2.62)
S 88 S 88

respectively. In these definitions, similarly metric tensor g is utilized. Note that
r = r(a,t) is a given heat source per unit volume. Then, the balance of energy

statement reads

DIK + €]

Di =P+ Q. (2.63)

The surface integral in [2.62] can be rewritten using the spatial velocity gradient I =

Vv and Cauchy’s theorem and reads

/ t-gvds = / div (o) - gvdv + / o :gldv. (2.64)
oS S S

Utilizing volume map .J, the Piola identity and Jo : gl = JoF ™! : gF = gP -
F = P : F we can convert the Eulerian representation given in to the La-

grangian representation
/ t. guds = / Div (15) gVdv + | P:Fav (2.65)
S So So
Substitution to the balance of energy statement[2.63] yields
éo=P: F +ry—Div(Q) (2.66)

where g = 19[X,t] is the material representation of the local heat source. The

Eulerian counterpart of the balance of energy reads

é=o:gl+r—div(q). (2.67)
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2.3.5 Second law of thermodynamics

So
0S8y

Figure 2.5: Deformation as felt by a slice of region cut from the body, the heat flux £,

and the local thermodynamical state 6 and 7 are illustrated for reference.

If a thermodynamical system is perturbed, the second law of thermodynamics pro-
vides a direction of energy transfer by setting a major restriction on the constitutive
equations governing the material behavior. Let & = |, s Pydv be the entropy pro-
duction for the slice S, where 7 is the local entropy production per unit current vol-
ume. The total entropy of the system is S = [ s Mdv, where 1) is the local entropy
per unit current volume. The received quantity of heat H per unit temperature is
H = [, %dv — [,s zqnds. The second law of thermodynamics restricts the entropy
production to be positive,
D
&:=—S-H>0. 2.68
Dt - (2.68)

Utilizing 7o = vo[X, ], and 9 = no[ X, t] as the Lagrangian counterparts of  and
7, and the volume map J, the Lagrangian and Eulerian representations of the second

axiom of thermodynamics become

1 1
and
1 1
py=1—7(r—div(q)) - -3qgrad(0) 2 0 (2.70)

respectively. These two local forms restricts the direction of heat transfer from higher
to lower temperature. These inequalities are known as the Clasius-Duhem inequali-

ties in Lagrangian and Eulerian representations, respectively. Noting 6 in these equa-
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tions are non-negative (measured in Kelvin), we can show an alternative more restric-
tive forms,

Die =P : F —éy+ 019 >0 (2.71)

and

Dip=0:gl—e+0n>0 (2.72)
in Lagrangian and Eulerian representations, where D;,,; is the internal dissipation or
the local production of entropy. These stronger forms of the second axiom of ther-
modynamics are known as Clasius-Planck inequalities in Lagrangian and Eulerian
representations. Utilizing the Legendre transformation ¥ = ey — 61y, where U is
the free energy per unit reference volume, then the Clasius-Planck inequality in La-

grangian representation reads
Dip = P F — U — 10 > 0. (2.73)
For a purely mechanical process where ¢ and 7 are omitted,
Dipy =P F — ¥ > 0. (2.74)

For a perfectly elastic process (where no local entropy production happens) or a at
local equilibrium, D;,,; = 0, we can find @/} =P F, which leads to the Coleman-

Noll procedure [116] as will be explained in hyperelasticity section.

2.4 Hyperelasticity and constitutive relations

A hyperelastic material assumes the existence of a Helmholtz free-energy function W.
It is also known as strain-energy density if ¥ = W(F), i.e., it is only a function of

deformation F'. If we take the rate of W,

D .
T Y(F) = 0pV(F) : F (2.75)

is obtained. Using 2. 74] here, for a perfectly elastic material (D;,,; = 0),

PP OV(F)\
Dmt_P.F—\If_<P—87F).F_O, (2.76)

is found. From this relationship, P = OW(F')/OF can be obtained. This set of

manipulations is known as the Coleman-Noll procedure.
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Rubber-like materials are modeled with a Helmholtz free-energy function, in gen-
eral. The underlying theories of the rubber elasticity come from the thermodynamical
considerations and the statistical mechanics. We can see three types of constitutive
relations for rubber-like materials in literature, namely the micro-mechanical, phe-
nomenological, and hybrid models. These has been reviewed in one of our studies
[37] and 44 hyperelastic models are compared. Among established models from lit-
erature, a specific form has been proposed in [43], which is called the compressible
extended eight-chain model. This model will be explained in detail in Chapter 3] and
the micro-mechanical derivations are provided for the second invariant term. For de-
tails of the hyperelasticty, we refer the interested reader to DAL ET AL. [37], HAUPT
[114], and HOLZAPFEL [115]].
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CHAPTER 3

FINITE VISCOELASTICITY AND THE EXTENDED EIGHT-CHAIN
MODEL

Elastomers or rubber-like materials demonstrate strong rate dependent effects in their
mechanical behavior. The basic hyperelasticity (and thus, existence of a Helmholtz
free energy function) assumes fully recoverable deformations, i.e. purely elastic de-
formations. This enables working with large (or finite) deformations possible in the-
ory and simulations. However, rubber-like materials and polymers in general, ex-
hibit strong inelastic/dissipative behavior as well. This corresponds to perturbations
around thermodynamic equilibrium, the intensity of which dictate the small or finite
viscoelastic considerations, i.e., linear or non-linear evolution equations. Here, we
consider a naming convention from REESE & GOVINDIJEE [60] for the class of theo-

ries in the literature,

e linear viscoelasticity: linear elastic + small perturbations away from thermo-

dynamic equilibrium,

e hyper viscoelasticity: hyperelastic + small perturbations away from thermo-

dynamic equilibrium,

o finite viscoelasticity: hyperelastic + large perturbations away from thermody-

namic equilibrium.

The last type of formalism listed above is of concern in this thesis, i.e. the theory pre-
sented in this thesis is applicable to large strain rates and encompasses a non-linear
evolution law. The layout of this part is as follows, first we will introduce a multi-
plicative decomposition and its geometrical implications for deformation gradient and

define a fictitious intermediate configuration. Next a generalized Maxwell-Wiechert
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model, consistent with the multiplicative split is given for the rheology of the material.
A physically based evolution form for the relaxation kinetics of a single chain is de-
rived and linked to the network average stretch of eight chain model. The algorithmic
treatment based on elastic predictor and inelastic corrector steps for the calculation of
elastic left Cauchy-Green tensor are then established. Finally, the spatial consistent

tangent moduli is derived explicitly.

3.1 A multiplicative decomposition for deformation gradient and its geometri-

cal implications

The internal variable formulations for finite viscoelasticity concern with the definition
of internal state variables to distinguish viscous deformations and focus primarily on
the evolution equations related to these variables. A particularly successfuly approach
is to decompose the total deformation gradient F' multiplicatively into viscous (F™)

and elastic (F'“) parts in the sense of KRONER [[117] and LEE [118], i.e.,
F = F°F" (3.1

Such a decomposition defines a two step transformation between reference and cur-
rent configurations. In the first step the viscous part brings the undeformed configu-
ration to a fictitious intermediate configuration. Then, in the second step, the elastic
part transforms the intermediate configuration to the current configuration. The de-
composition requires the definition of the fictitious tangent TX%’ and co-tangent T;%
spaces. These two spaces are connected by the fictitious metric G with the definition
G : TX% — T;%’. The associated transformations between Lagrangian and Eule-
rian manifolds are summarized in Figure [3.1]in terms of pull-back and push-forward
relationships for the intermediate configuration. By the help of the intermediate con-
figuration we can define elastic right Cauchy Green tensor and elastic inverse left

Cauchy Green tensor
C°=F"gF° and ¢ =FTGF! (3.2)

as the pull-back of the metric tensor g into intermediate configuration and push-

forward of the intermediate metric G to the current configuration, respectively. More-
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over, it can be shown that the viscous metric C” = F”¢c°F is the pull-back of the

inverse of left Cauchy-Green tensor to the reference configuration.

F F
— | = |
F? F* F? F*
C C° g C? é ct — be—l

v—T — e—T v=T = e=T
Y g T o g TiRE LT F L 1ep
> >
(a) FT (b) FT

Figure 3.1: Push-forward and pull-back relations of the current and intermediate met-
ric tensors. (a) Pull-back of the current metric g to the Lagrangian C = F* gF and
the intermediate C° = F°" gF*° configurations. (b) Pull-back of the intermediate
metric G to the Lagrangian C* = F'"GF" and its push-forward to the Eulerian

configuration ¢¢ = F*TGF .

3.1.1 Rates of deformation and stress measures

Based on the aforementioned setting and using the notation V x and V,, for gradients
with respect to reference and spatial coordinates, we can establish the material and

spatial velocity gradients as
F=Vxz and [|=V,&=FF", (3.3)
respectively. The multiplicative decomposition (3.1)) renders us the ability to define
elastic: 1°= F F° ", (3.42)
viscous: Y= F F'! (3.4b)

spatial gradient parts. The total spatial velocity gradient (I) can be stated in an additive
format

l=1°41, using 1 :=Fl'F " (3.5)

Moreover, the spatial velocity gradient I can also be decomposed into two covariant

tensors

l =d+ w, where d = sym(gl) and w = skew(gl) (3.6)
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Figure 3.2: The generalized Maxwell-Wiechert viscoelastic solid with n elements in
total for k € {1...n} represented in a geometrically nonlinear setting. The nonlinear
spring W accounts for the ground state elastic response, while the nonlinear spring
;¢ and the dashpot with the associated creep rate 7, in each Maxwell element reflect

the non-equilibrium (viscous) response of the material considered.

are rate of deformation and vorticity tensors, respectively. Much like the approach in

(3.3)), the rate of deformation tensor can also be written as
d=d°+d, where d :=sym(l'). (3.7)

Next, we emphasize the push-forward of covariant (o)|7 and contravariant (o)jj objects

X, (8 =F T (e F' and x,(¢)"=F (s)'F". (3.8)
Similarly, the pull-back of covariant (e)’ and contravariant (e)* objects read

x (8) =FT (6 F and x* (o) =F (e FT. (3.9)
Lie derivative of an Eulerian object is the push-forward of the material time derivative
of the corresponding Lagrangian object, i.e., L(e®) := X, (W) Accordingly, the
objective Lie derivative of the Kirchhoff stress reads

Lo =7—1lr—7I7, (3.10)

where T is the material time derivative of the Kirchhoff stress tensor.
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3.2 A compressible finite viscoelastic constitutive model for rubberlike materi-

als

The emphasis is placed upon the formulation of constitutive relations with regard
to the equilibrium and non-equilibrium response of rubberlike materials in the sense
of generalized Maxwell-Wiechert model under finite deformations. Besides, a new
evolution equation for the creep/relaxation rate based on the relaxation kinetics of a
single polymer chain is the subject matter of this section. Unlike the classical treat-
ment for rubberlike materials, where volumetric and isochoric response are strictly

decoupled, in what follows, we adopt a specific form of free energy density function
U(g, F,F°) =V¢g,F)+ V"(g, F°) = ¥*(C) + ¥"°(C°) , (3.11)

which reflects the standard viscoelastic solid, i.e. Maxwell elements are established
parallel to the non-linear spring characterizing the ground state elastic response. Hence,
the non-equilibrium part of the free energy in (3.11)) follows from the rheological
structure presented in Fig.[3.2]that describes the generalized Maxwell-Wiechert model

with n elements,
Ue(g, F€) = Zz/; (g, F$) or W"e(C®) Zz/; (3.12)

where the index £ indicates nothing but the Maxwell elements, i.e. % € {1...n}
incorporated into the system. Recalling (3.1)), the multiplicative split of the deforma-
tion gradient for the non-equilibrium part now assumes distinct deformation process,

thereby being recast in the following form
F=F.F]. (3.13)

Accordingly, the total Kirchhoff and second Piola-Kirchhoff stress experienced by

the viscoelastic material are given by
T:=20,V(g, F,F°)=1°+71" and S:=20,¥(C,C")=S8°+8", (3.14)

with the Kirchhoff stress terms 7¢ and 7" characterizing the equilibrium (elastic) and
the non-equilibrium (viscous) stresses, respectively. By the same token, the second
Piola-Kirchhoff stress terms S° and S™¢ indicate the equilibrium (elastic) and the

non-equilibrium (viscous) stresses, respectively.
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3.2.1 Equilibrium part of the constitutive model: Extended eight-chain model

In view of (3.14)), the equilibrium part of the constitutive response can be defined as

follows

T¢:=29,0°(g,F) and S§°:=29,¥%(C). (3.15)

In the following sub-section, we will elaborate on the specific form of the constitutive

response in the sense of Kirchhoff stress 7°.

3.2.1.1 Micro-molecular motivation for the extended eight-chain model

The entropy describes the available conformations of a single polymer chain. Follow-
ing MIEHE ET AL. [33]], the joint probability density of a single chain in a tube-like
constraint environment can be multiplicatively split into two independent events, i.e.
p(A, v) = pr(X)pe(v), where py and p, represent the probability densities due to free
chain response and tube-constraint parts, respectively. The entropic elasticity postu-

lates

YA v) ==\, v) with n=kglnp(A\,v) ~ A v)=nA)+n(v),
(3.16)
where ¢ and 7 stand for the temperature and the entropy, respectively, while kg de-
notes the Boltzmann constant. The entropy in (3.16) additively decomposes into free
and constraint parts, i.e. 7y = kg Inp; and . = kg In p, respectively. Consequently,

the free energy function of a single chain in a tube-like constraint environment reads

P\ V) = r(\) + (V). (3.17)

The non-Gaussian probability density function for the free chain response by KUHN

& GROUN [28]] reads

£0)

A) = ~N (ALY In —————— 1
pr) =mesp |8 (L0 s B Gay
where £71(),) is the inverse Langevin function of the relative stretch )\, = ﬁ €

[0, 1) normalized with respect to the extensibility limit /N characterized by the num-

ber of segments /NV. The probability density function for the tube-like constraint in the
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sense of [33,/76] is given as

2

pe(V) = poexp [—a (Q) 1/_1] , (3.19)
do

where g = v/Nl is the mean end-to-end distance of the chain, dp 1s the tube diameter,

« is a shape constant and ! = (d/d)? is the tube areal contraction and v = (d/d)?

is the tube areal stretch. Incorporation of (3.18) and (3.19) into (3.16) leads to the free

energy functions corresponding to the free-chain

L7(\)
_ -1 r
Q/}f()\) = Nkgb ()\r[, (\) +In e ﬁl(%)) + g (3.20)
and the tube-like constraint
1\ 2
Ye(v) = akgN (d—) vt by, (3.21)
0

respectively. The key issue in the modeling of macroscopic response of a polymer net-
work lies in the non-affine mean-kinematic variables with the affine macro-kinematic
variables. Within this context, the macroscopic free energy functions can be addi-
tively split into

V(g F) = V5(g, F) + Vi(g, F) (3.22)

the free-chain and tube constraint parts read
U5(g,F) = (m)r(\)) and Ti(g, F) = (nte(r7")) with (3.23)

with
1
()= 57 [ wav. (.24
71 )y
where n is the volume-specific chain density and the X and 7~! are the micro-stretch
and the micro-tube areal contraction, respectively. The homogenized response of the

free energy of the macro-continuum can be assumed to have the following simple

form
(np(N)) = npp(An) and  (nape(v7 1)) = nipe(vn) (3.25)

in terms of the average kinematic quantities \,, and v,,, see Fig.[3.3l At this point, the

average network stretch and the tube areal stretch are assumed as

ZQWIW% and VHZSW:W%. (3.26)
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Herein, the network stretch is the mean-square root average of the principal stretches
A; in the sense of [32]. The mean non-affine tube areal contraction v,, of the poly-
mer network in constraint environment is linked to the macroscopic areal stretches
in terms of (3.26),. As a result, the free-chain and the tube-constraint part of the

macroscopic free energy function for the extended eight-chain model read

B LY\
e 1 r
@AQF)__MN<N£ Qg+hﬁEﬂzja§),md (3.27)

Vi(g, F) = pe(v,—1), (3.28)

where A\, = \,,/ VN represents the relative average network stretch. The shear mod-
ulus ;1 = nkpf is asso