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Mustafa Emre AYDEMİR in my thesis committee for their time and advice. I would like

to thank my professor Prof. Dr. Ahmet Serdar TüRK for the experiences he provided

me. I would also like to thank my former roommates at Yıldız Technical University,

Dr. Mehmet ÜNAL and Dr. Alper ÇALIŞKAN for their help.
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ABSTRACT

Scattering Analysis of Three Dimensional Objects
above Arbitrarily Rough Surfaces by Current

Decomposition Method

Yunus Emre YAMAÇ

Department of Electronics & Communications Engineering

Doctor of Philosophy Thesis

Supervisor: Prof. Dr. Ahmet KIZILAY

A practical approach called the perturbation or current decomposition method, based

on a decomposition of currents on infinitely long surfaces, is introduced to treat 3-D

scattering problems of targets located above or below any half-space for the first time.

The scattering problem of a PEC object located above or below a flat dielectric or

rough surface is addressed by modifying the surface integral equations (SIEs). The

rough surfaces are modeled as periodic and perfectly conductive, and the periodic

Green’s functions are used to obtain the induced currents for any degree of surface

roughness. A flat dielectric ground is also employed in the implementations of the

proposed approach. The method of moments (MoM) is used to solve the resulting

SIEs, while well-known RWG (Rao-Wilton-Glisson) basis functions are exploited for

discretization.

In this thesis, the perturbation approach is based on the fact that the surface

current densities on the infinitely long interfaces can be decomposed as the induced

current without the object and the perturbation current on a finite partition of

the infinite surface. Moreover, this method assumes that perturbation currents’

amplitude is negligible while far away from the object. Besides, to compare and

prove the achievements of the proposed approach, the image theory, commercial

electromagnetic (EM) solvers, and studies from the literature are utilized. Hence, the

proposed approach and formulations establish considerable accuracy while providing

an undemanding computation without involving a tapered wave illumination or

deriving a half-space Green’s function. Additionally, this method yields a significantly
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superior solution even when using a plane wave rather than a tapered wave approach

for illumination at low-grazing angles.

Keywords: Current decomposition, RCS (Radar Cross Section), scattering, periodic

surface, perturbation method
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ÖZET

Keyfi Engebeye Sahip Yüzeyler Üzerinde Bulunan Üç
Boyutlu Nesnelerin Akım Ayrıştırma Yöntemiyle

Saçılma Analizi

Yunus Emre YAMAÇ

Elektronik & Haberleşme Mühendisliği Anabilim Dalı

Doktora Tezi

Danı̧sman: Prof. Dr. Ahmet KIZILAY

Sonsuz uzun yüzeylerde akımların ayrı̧stırılmasına dayanan pertürbasyon veya

akım ayrı̧stırma yöntemi adı verilen pratik bir yaklaşım, ilk kez herhangi bir yarı

uzayın üstünde veya altında bulunan hedeflerin 3 boyutlu saçılma problemlerini

çözmek için tanıtılmaktadır. Düz dielektrik veya pürüzlü bir yüzeyin üstünde veya

altında bulunan bir PEC cisminin saçılma sorunu, yüzey integral denklemleri (ẎID)

deği̧stirilerek ele alınır. Pürüzlü yüzeyler, periyodik ve mükemmel iletken olarak

modellenmi̧stir ve periyodik Green fonksiyonları, herhangi bir yüzey pürüzlülüğü

derecesi için indüklenen akımları elde etmek için kullanılmaktadır. Önerilen

yaklaşımın uygulamalarında düz bir dielektrik zemin de faydanılmaktadır. Elde edilen

ẎID’leri çözmek için momentler yöntemi kullanılırken, ayrıklaştırma için iyi bilinen

RWG (Rao-Wilton-Glisson) temel fonksiyonlarından yararlanılır.

Bu tezde pertürbasyon yaklaşımı, sonsuz uzunluktaki arayüzlerdeki yüzey akım

yoğunluklarının cisim yokken indüklenen akım ve sonsuz yüzeyin sonlu bir

bölümündeki pertürbasyon akımı olarak ayrı̧stırılabileceğine dayanmaktadır. Ayrıca,

bu yöntem pertürbasyon akımlarının genliğinin nesneden uzaktayken ihmal edilebilir

olduğunu varsaymaktadır. Ayrıca, önerilen yaklaşımın başarılarını karşılaştırmak

ve kanıtlamak için görüntü teorisi, ticari elektromanyetik çözücüler ve literatürdeki

çalı̧smalardan yararlanılmı̧stır. Bu nedenle, önerilen yaklaşım ve formülasyonlar,

bir konik dalga aydınlatması gerektirmeden veya bir yarı-uzay Green fonksiyonu

türetmeden iddiasız bir hesaplama sağlarken önemli ölçüde doğruluk vermektedir.
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Ek olarak, bu yöntem, düşük gelme açılarında aydınlatma için konik bir dalga

yaklaşımı yerine bir düzlem dalga kullanıldığında bile önemli ölçüde üstün bir çözüm

sağlamaktadır.

Anahtar Kelimeler: Akım ayrı̧stırma, RKA (Radar Kesit Alanı), saçılma, periyodik

yüzeyler, pertürbasyon yöntemi

YILDIZ TEKNİK ÜNİVERSİTESİ
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1
INTRODUCTION

1.1 Literature Review

For optics and remote sensing applications, modeling a surface of a medium such

as a sea and ground and calculating electromagnetic scattering from these surfaces

has been an essential subject for researchers from the past to present. However,

most analytic and numerical solutions for this forward bi-static scattering problem

have focused on random or arbitrary rough conductive or dielectric surfaces with

single-or multi-layer to model artificial and natural rough surfaces [1–15]. One of the

well-known classical solutions of this rough surface scattering is the Small Perturbation

Method (SPM), initially derived by Rice in the 1950s [1]. Rice reported that the

sinusoidal and random slightly rough surfaces could be solved analytically with the

first-and second-order SPM. Besides, when the order of the solution increases, the

scattering coefficients become highly complicated in the SPM [9]. This is because an

iterative method should be employed to determine higher-order coefficients in the

SPM. Therefore, increasing the convergence of the related series leads to complexity,

especially in the solution for multi-layer dielectric interfaces [7, 10, 11].

An alternative solution approach called Rayleigh-Fourier or Floquet Mode-Matching

Method (FMMM) based on the Rayleigh hypothesis without using perturbation theory

is also studied in [12, 16]. In this method, the scattering from 1-D sinusoidal

surfaces can be easily calculated with Bessel functions as reported in [12]. However,

these analytical or semi-analytical solutions are based on Lord Rayleigh’s assumption

that the scattered fields consist of the sum of up-and-down-going plane waves.

Nevertheless, it is proved that the roughness of surfaces has restrictions in the Rayleigh

hypothesis [8].

On the order hand, integral equations (IEs) are among the most commonly used

methods to solve any roughness degree of the surface, and several IE approaches

deal with these types of problems. The physical constraints are considered in

determining the approaches, and the solution domain is bounded due to limited
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computer resources and natural antenna radiation patterns. A tapered beam is thereby

exercised as the first approach to avoid edge singularity from a bounded solution

region [14]. This approach’s main drawback is increasing the solution domain and

losing accuracy at large incidence angles concerning the surface normal. Since the

wavefront of the wave radiating from the antenna is assumed to turn into a plane

wave, a far-reaching illumination effect on the rough surface arises at shallow grazing

angles. As a result, unwanted radiations can still occur by the solution domain edges

that have to be physically truncated for near-grazing angle problems in the tapered

beam approach. The solution domain is bounded with a cancellation method of edge

effects as the second approach. In this method, the resistive strips can be added to

boundaries to overcome this problem [15]. As reported in [2], the rough surfaces can

also be modeled as a bounded perturbation with a new formulation. The scattered

fields are conceded as perturbations from local roughness. The incident wave can be

assumed as a plane wave rather than a tapered beam in this near-grazing illumination

approach.

The third IE approach for handling surface roughness is the periodic-surface

moment method [3] or named EFIE-MoM (Electric Field Integral Equation-Method

of Moments) method as given in [13]. The periodic surface EFIE-MoM method is

an alternative solution to obtain the scattering from rough surfaces. Compared to

artificial illumination with a tapered beam as the solution domain grows at small

grazing angles, the periodic surface moment method reduces the computational

burden for these types of problems and avoids singularity at the surface edges [3].
Moreover, this approach selects a surface partition randomly, and the remaining part

is considered periodic with this selected partition [4]. Besides, there are also different

approaches in the literature in order to solve IEs. For example, a closed-form of

classical PGF via using a complex image technique has been obtained for arbitrary

rough surfaces [5], as well as a numerical method based on the calculation of the

Green’s function (GF) of a locally rough interface with and without any periodicity as

perturbation series of internal and external roughness is also reported for direct and

inverse scattering problems [6].

In addition to periodic rough surface scattering, the scattering analyses from an

object above an infinite or finite length rough surfaces and solution methods of

these problems are also one of the principal challenges focused on by researchers

for predicting the electromagnetic characteristic and shape of the scattering object.

Therefore, many studies have been performed for the electromagnetic modeling of

these scattering problems investigating the effect of a rough surface and interactions

between the scattering between the object and the surface. For this purpose, more

accurate and faster solution methods have been continued to study in recent years.
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These methods are generally based on iterative or MoM solutions of IEs. In brief, they

can be divided into five headings: obtaining an approximate or exact GF [17–20],
acquiring an approximate hybrid solution with a numerical solution and analytical

approaches [21–24], operating a tapered wave approach in a general MoM solution

[25–28], employing matrix and domain decomposition and fast solution methods

[29–36], and lastly finding a hybrid solution by combining different and same type

numerical computational methods [37–40]. Moreover, several studies combine some

of these headings [41–46].

We know that obtaining the exact GF for rough surfaces is only sometimes possible.

Thereby, some approximations must be applied, such as by assuming that the rough

interface is locally present to implement a buried object approach [18] or having

a large radius of curvature relative to the wavelength to be valid for the Kirchhoff

approximation (KA) [19] or having a small surface height to apply the SPM [20].
In addition, analytical approximations such as the small slope approximation, the

SPM, and the KA are also used with numerical solutions without obtaining GF

[22, 23]. However, these approximations depend on surface roughness, meaning

they only work correctly for some situations. Besides, as mentioned before, the

infinite solution domain of a half-space scattering problem can be bounded by a

tapered wave approach in a fully MoM solution to neglect edge effects [25–27]. The

main weakness of this approach is the massive increment of the solution domain

for low-grazing angle illuminations [28]. The fourth solution method has handled

large solution domains using decomposition and fast solution methods to increase

solution speed by decreasing computational burden. For this purpose, generalized

forward-backward [30], Adaptive Cross Approximation (ACA) [32], and Multi-Level

Fast Multipole Algorithm (MLFMA) [36] methods are studied by researchers. Some

other numerical techniques in combination with MoM are also employed in recent

years. A disadvantage of these last two approaches is that one must rigorously

truncate and decide practical interaction domain on a rough surface to achieve a

precise solution.

Lastly, researchers have extensively studied the scattering analyses caused by an

arbitrarily shaped object above and below a flat dielectric for a dielectric and flat

half-space case. Wherein analytical and numerical approaches, the IE formulations

for dielectric-dielectric interfaces are also exploited for this purpose in [43, 47–55]. A

perfectly conducting plate is inserted into a dielectric half-space in a general numerical

solution, except for a sphere. This problem is solved by employing EFIE in the spectral

domain [50]. In this thesis, our proposed method for buried objects is validated

by comparing with [50]. However, the other studies mentioned above can also be

employed for comparison.
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1.2 Objective of the Thesis

In this thesis, an EFIE-based periodic MoM solution is obtained after a detailed review

process of available formulations. First of all, the periodic-MoM code is generated for

perfectly conducting surfaces simulated a sea or wet soil. Then the resulting EFIE is

solved to calculate scattering from the surfaces with arbitrary roughness. The infinite

surface is considered periodic to prevent edge effects, and free space-periodic Green’s

function (FS-PGF) is chosen to be the IE’s kernel. Subsequently, the convergence

problem of the FS-PGF is addressed by the acceleration techniques suggested in [56–

63], and the acceleration techniques are compared for frequency, dimensions of the

unit cell, and surface height. Additionally, the modified RWG (Rao-Wilton-Glisson)

basis and testing functions can model the current’s non-zero component on the

boundaries as in [64, 65]. Consequently, the methods employed in the periodic-MoM

formulations consist of the discretization of the periodic surface currents by special

basis and testing functions for inner and boundary edges to provide the continuity of

surface current and the acceleration of the PGF’s double series sum by Kummer’s and

Ewald’s transformations. Finally, in detail, these two primary acceleration techniques

are compared within an MoM code to handle realistic 3-D scattering problems.

Besides, singularities that will arise in these methods are discussed, and the extraction

of near-and far-field equations is also given in this thesis.

Also, the verification and accuracy of the EFIE-MoM solution are benchmarked with

Rayleigh-based solutions and commercial software. For this purpose, a commercial

software package (FEKO) is employed for comparison, validation, and accuracy

achievements. The MoM solution is analytically compared to Rayleigh-based methods

for slightly rough 2-D surfaces. Therefore, the proposed full-wave solution agrees

well with Rayleigh-based methods and achieves higher accuracy than FEKO. Besides,

the EFIE-MoM has no restrictions on the surface’s roughness, and even highly rough

surfaces can be solved by this method, unlike the analytical solutions. Besides, the

formulation of the FMMM can produce a more comfortable solution than SPM. In this

thesis, as a small contribution to the literature, the 2-D periodicity of the surface is

also solved and formulated by the FMMM for any slightly rough surfaces.

This thesis proposes a current decomposition approach in the spatial domain for the

scattering problems of a 3-D object above a 2-D rough surface with an MoM solution.

Unlike the other studies in the literature, this approach allows one to precisely truncate

the solution domain with the desired accuracy by decomposing the perturbed and

induced currents on the rough surface and also has no significant constraint on the

roughness degree due to not comprising any approximation methods as KA, SPM, and

PO. Furthermore, the rough surface is designated to be periodic in order to be able
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to evaluate the induced current on the rough surface without an object present and

avoid edge effects. The scattering problem in low grazing angles can be treated easier

without requiring a tapered wave so that a plane wave can carry out the illumination

through the periodic rough surface and the current decomposition method. Although

a periodic rough surface appears to be a constraint, periodicity length can be increased

with the object’s size.

Moreover, the perturbation method is applied to the scattering problems that insert

an object above or below a flat and infinite dielectric interface. The proposed

method presents an alternative solution to the literature and can also produce

high-accuracy solutions for any scattering scenario in which the object shape

can be chosen arbitrarily. Besides, the infinite ground can be lossless or lossy.

The target object is chosen as PEC for simplification in this scattering scenario.

Despite the earlier calculations, a new perturbed surface current exists on the

dielectric ground surface. The EFIE and MFIE are thereby exploited with the

Poggio–Miller–Chang–Harrington–Wu-Tsai (PMCHWT) formulation [43] to calculate

the equivalent surface currents for the dielectric interface. The induced electric current

on the target is attained by solving the EFIE on the surface. The validations of the

proposed method are realized by comparing commercial software (CST Microwave

Studio) and the literature.

As a result, the proposed solution approach in this thesis offers an alternative to the

literature through all these mentioned features. However, this approach has been

validated for 2-D scattering problems in previous studies that address the scattering

problems from the object above a sinusoidal surface [66–68], from a buried object

below a flat [69, 70] and a periodic surface [71], as well as from the objects partially

buried [72–74]. In this thesis, unlike previous studies, a more realistic solution is

considered for the first time. RWG basis function fulfills the discretization of the

surface currents, and RWG-based special basis and testing functions are employed

for the periodic rough surface to discretize the induced current on the infinity surface

without the object present [75].

In the thesis’s organization, the formulations of the EFIE-MoM solution are

given in detail in Chapter 2. The validations and performance tests of the

periodic-MoM formulations for several cases are carried out with the FMMM,

conventional arbitrary-order SPM, and FEKO software. Furthermore, a helpful general

semi-analytical and a specific analytical solution of the FMMM for arbitrary and

sinusoidal periodic surfaces are also derived. These 2-D FMMM formulations are

derived for the first time through this thesis. The proposed approach is formulated

in Chapter 3, and numerical results are verified and discussed. The image theory is
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used for the validations, in which the MoM solves the obtained EFIE. In Chapter 4, the

effects of various surface roughnesses, size or height of the object, incident angles, and

truncated rough surfaces are assessed in detail by utilizing the findings in Chapter 2. In

Chapter 5, the perturbation method is applied to a scattering problem caused by a PEC

target above a flat, infinite dielectric surface. The PMCHWT formulation is employed

for the dielectric surface, and on the surface of the PEC object, the EFIE is solved with

the MoM. The validations are performed by commercial software. Lastly, in Chapter 6,

the scattering problem from a buried PEC object inside a dielectric ground plane is

addressed by the perturbation method.

1.3 Hypothesis

In this thesis, 3-D scattering problems from a PEC object above or below infinite

rough or flat surfaces are treated using a current decomposition method (or named

perturbation method) based on the separation of equivalent current density on the

infinite interface as induced without the object present and perturbed current with the

object present densities in the spatial domain. The total current on the infinite surface

is the sum of these induced and perturbed currents. Our assumption in this thesis is

that the perturbed current density caused by the object is firmly dominant only in a

limited area on the periodic surface. Therefore, the infinite solution domain is forcibly

bounded, and the perturbed current caused by the object on the infinite surface

is zero except for the perturbation surface. This assumption gives us considerable

accuracy while providing an effortless computation without obtaining a half-space GF

or exploiting a tapered wave illumination. Also, the proposed method can apply any

scattering scenario, and we have derived the sample formulations of some of them.

Moreover, considering illumination at low-grazing angles, our proposed approach may

yield a superior solution than a tapered wave so that the current rapidly converges to

zero on the edges of the truncated perturbation surface, even using a plane wave

illumination in our method.
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2
SCATTERING ANALYSES OF ARBITRARILY ROUGH

PERIODIC SURFACES BY ANALYTICAL APPROACHES

AND MOMENTS METHOD

In this chapter, a periodic-MoM-based code with high accuracy performance is

developed to calculate electromagnetic scattering from a periodic conductive surface

in two dimensions with any degree of roughness. First, the existing separate methods

in the literature are reviewed step by step to composing a periodic EFIE-MoM solution

for 2-D periodic surfaces. Then, the dynamic selection of optimal formulation of the

periodic-MoM solutions created using these existing methods is evaluated to reduce

solution time and obtain high accuracy. In Section 2.2, the performance parameters

of the existing methods are investigated in solving a real 3-D scattering problem by

a periodic MoM for the first time in the literature. Eventually, a commercial EM

solver with a similar numerical approach is employed for comparison, validation, and

accuracy achievements of these different periodic-MoM formulations.

Furthermore, an analytical solution named FMMM (Floquet Mode-Matching Method)

is developed based on the Rayleigh hypothesis for slightly rough surfaces, and the

accuracy of the code is tested using this analytical solution. This study is entirely

compatible with analytical solutions and gives better results than this commercial

EM solver in terms of accuracy. Also, in Section 2.1, the FMMM formulation

derived for comparison provides a more straightforward solution than the SPM

(Small Perturbation Method), a classical solution method, and it is adapted to

two-dimensional surface roughness for the first time in this thesis. However, unlike the

analytical solutions, this full-wave solution has no restriction on surface roughness.

2.1 Formulations

This section focuses on a numerical solution of a scattering problem from

two-dimensional periodic conductive rough surfaces. For this purpose, we first have
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Figure 2.1 Configuration of a scattering problem from a unit cell of a periodic conducting surface
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derived the free-space periodic Green’s function (FS-PGF) for two-dimensional unit

impulse sources as presented in Appendix A. Later, Kummer’s and Ewald’s transform

have also been employed to accelerate the doubly periodic series sum of the FS-PGF.

Additionally, although this section focuses on a numerical solution by moments

method, analytical solutions based on the Rayleigh hypothesis for the scattering

problem from a periodic surface, named SPM and FMMM, have also been introduced

to verify the numerical solution. The proposed full-wave numerical solution agrees

well with the SPM and the FMMM. Also, in our numerical solution, there is no

restriction on the surface roughness compared to the Rayleigh-based methods. As

a result, herein, we initially start by deriving analytical formulations for this section.

Firstly, assume that a plane wave is an incident on a periodic conductive rough surface

{z = s(x , y)} with the incidence angles of θi and φi as depicted in Figure 2.1. As

shown in Figure 2.1, the PEC surface is located on the x − y plane, and the upper

region of this surface is the vacuum. a⃗1 and a⃗2 are the primitive lattice vectors, and

Lx and L y are the dimensions of the unit cell. The rough surface is periodic with

Lx and L y , and the surface function satisfies the condition of the periodicity {z =
s(x , y) = s(x+ Lx , y+ L y)}. The polarization of the incident plane wave is determined

depending on whether it is parallel or perpendicular to the plane of incidence. Under

the assumption of e jωt time dependence, the incident electric field is expressed as

follows

E⃗i = êi E0e− jk⃗i ·⃗r = (θ̂ cosα+ φ̂ sinα)E0e− jβ0k̂i ·⃗r = (v̂i + ĥi)E0e− jβ0k̂i ·⃗r (2.1)

where α is the polarization angle and k⃗i = β0k̂i is the incident vector of the

wave. α = 0◦ and α = 90◦ are θ -polarization (vertical v̂i or TM polarization)

and φ-polarization (horizontal ĥi or TE polarization), respectively. The polarization

unit vectors φ̂ i = x̂ sinφi − ŷ cosφi and θ̂ i = x̂ cosφi cosθi + ŷ sinφi cosθi + ẑ sinθi

are defined according to Figure 2.1. Besides, in (2.1), the incident wave vector

is k⃗i = βx x̂ + βy ŷ − qẑ and the wave number is β0 = ω
p
µ0ε0, where

βx = β0 cosφi sinθi, βy = β0 sinφi sinθi, and q = β0 cosθi.

Moreover, combining with Floquet’s theorem, the general expression of the scattering

field from a periodic surface seen in Figure 2.1 can be written as

E⃗s (x , y, z) = ês

∞
∑

m=−∞

∞
∑

n=−∞

e− jβm x e− jβn y fmn (z) (2.2)

At this point, we can talk about Rayleigh-based methods.
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2.1.1 Rayleigh-Based Methods

Lord Rayleigh’s assumption states that the scattering fields consist of the sum of

up-and-down-going plane waves. Under the assumption of the Rayleigh hypothesis,

subjecting the fields in (2.1) and (2.2) to homogeneous Helmholtz equation, fmn (z)
and its coefficients for each Floquet mode can be found. After invoking the Rayleigh

hypothesis, a general representation of the scattering field can be decomposed as

vertical and horizontal fields

E⃗s (r⃗) =
∞
∑

m=−∞

∞
∑

n=−∞

�

ĥmnAmn + v̂mnBmn

�

e− jk⃗s ·⃗r (2.3)

where, ĥmn and v̂mn is the horizontal and vertical unit vector for each Floquet mode.

On the other hand, the magnetic field intensity and the current density on the surface

H⃗s (r⃗) =
k̂s × E⃗s (r⃗)
η0

(2.4)

can also be expressed as a plane wave. Thereby, the electric current density can be

found on the rough surface as follows

J⃗s (r⃗) = n̂×
�

H⃗i (r⃗) + H⃗s (r⃗)
��

�

on S
(2.5)

Here, the unit normal vector of the surface n̂ is

n̂=
∇ [z − s (x , y)]
∥∇ [z − s (x , y)]∥

=
ẑ − x̂ ∂ s(x ,y)

∂ x − ŷ ∂ s(x ,y)
∂ y

Ç

1+ ∂ 2s(x ,y)
∂ x2 + ∂ 2s(x ,y)

∂ y2

=
ẑ− x̂sx − ŷsy
q

1+ s2
x + s2

y

(2.6)

Then, the definitions of the unit vectors for scattered and incident waves are as follows

ĥi =
k⃗i × ẑ




k⃗i × ẑ






(2.7)

v̂i = h⃗i × k̂i (2.8)
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Here, (2.7) and (2.8) are written for incident wave in (2.1), and

ĥmn =
k⃗s × ẑ




k⃗s × ẑ






(2.9)

v̂mn = h⃗mn × k̂s (2.10)

are stated for the scattered wave in (2.3). Also, the scattered wave vector

k̂s = k̂mn = x̂βm + ŷβn + ẑqmn (2.11)

can be defined in which through the Floquet’s theorem

βm = βx + 2πm/Lx (2.12)

βn = βy + 2πn/L y (2.13)

are defined, and also

βmn =
q

β2
m + β2

n (2.14)

can be stated. Hence, the definition of qmn is as follows

qmn =

(
q

β2
0 − ∥βmn∥

2 · · · β0 ≥ ∥βmn∥
2

− j
q

∥βmn∥
2 − β2

0 · · · β0 < ∥βmn∥
2

(2.15)

Furthermore, utilizing (2.9) and (2.10), the unit vectors are

ĥmn =
1
βmn
( x̂βn − ŷβm) (2.16)

v̂mn = −x̂
βmqmn

βmnβ0
− ŷ
βnqmn

βmnβ0
+ ẑ
βmn

β0
(2.17)

Now, after these basic definitions under Rayleigh hypothesis, we are ready to subject

boundary conditions to (2.1) and (2.2)
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�

ẑ− x̂sx − ŷsy

�

×
�

E⃗i + E⃗s
�

�

�

�

z=s(x ,y)
= 0 (2.18)

and substituting (2.1) and (2.2) in (2.18)

(ẑ−∇ts)×
�

êi E0e− jk⃗i ·⃗r
�

= − (ẑ−∇ts)×
∑∞

m,n=−∞

�

ĥmnAmn + v̂mnBmn

�

e− jk⃗s ·⃗r
�

�

�

z=s(x ,y)
(2.19)

is obtained. Finally, employing simplifications

(ẑ−∇ts)×
�

êi E0e jq f
�

= − (ẑ−∇ts)×
∞
∑

m,n=−∞

�

ĥmnAmn + v̂mnBmn

�

e− jqmnse j2π(mx/Lx+ny/L y)
(2.20)

is derived. Here, s= s(x , y), and if s is a periodic function

s (x , y) =
∞
∑

m=−∞

∞
∑

n=−∞

Cmne− j 2πmx
Lx e− j 2πnx

L y (2.21)

can be expanded with the Fourier series. Here, Cmn coefficients are defined as follows

Cmn =
1

Lx L y

∫ Lx

0

∫ L y

0

s (x , y) e j 2πmx
Lx e j 2πnx

L y d xd y (2.22)

(2.20) will be solved in two different analytical approaches in the next subsections.

Expanding the Fourier series of the surface functions will be utilized.

2.1.1.1 Small Perturbation Method

A perturbation approach can be used to treat electromagnetic waves’ dispersion from

a slightly rough surface [1]. It is assumed that the surface fluctuations and rough

surface slopes are much less than the incident wavelength. In order to convert the

transmitted and reflected fields into upward- and downward-moving waves, the SPM

applies the Rayleigh hypothesis. Following that, the boundary conditions are used to

calculate the field amplitudes. In order to solve (2.20), Amn and Bmn can be expanded

12



with perturbation theory

Amn =
∞
∑

M=0

A(M)mn , Bmn =
∞
∑

M=0

B(M)mn (2.23)

and by using the Taylor series for exponential terms

e jqs =
∞
∑

M=0

[ jqs]M

M !
, e− jqmns =

∞
∑

M=0

[− jqmns]
M

M !
(2.24)

can be specified. The perturbation theory is comprised of expanding the exponential

function whose power series assume that qs≪ 1. Now, if (2.20) is rearranged

∇ts× êi E0e jqs +
∞
∑

m,n=−∞

�

∇ts× ĥmnAmn +∇ts× v̂mnBmn

�

e− jqmns

= ẑ× êi E0e jqs +
∞
∑

m,n=−∞

�

ẑ× ĥmnAmn + ẑ× v̂mnBmn

�

e− jqmns

(2.25)

We will use only x and y components to solve Amn and Bmn coefficients, and the unit

vectors products can be rewritten to simplify (2.25)

∇ts× ĥmn = · · · ẑ (2.26)

ẑ × v̂mn =
qmn

β0
ĥmn (2.27)

∇ts× v̂mn = [∇ts× ẑ]
βmn

β0
(2.28)

using (2.26) and (2.27) in (2.25)

∇ts× êi E0e jqs +
∞
∑

m,n=−∞

[∇ts× v̂mnBmn] e
− jqmns

= ẑ× êi E0e jqs +
∞
∑

m,n=−∞

�

ẑ× ĥmnAmn +
qmn

β0
ĥmnBmn

�

e− jqmns

(2.29)

and it is simplified again by using (2.28)
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∞
∑

m,n=−∞

e− j 2πmx
Lx e− j 2πnx

L y e− jqmns

�

ẑ× ĥmnAmn +
qmn

β0
ĥmnBmn

�

= −ẑ× êi E0e jqs

+[∇ts× êi] E0e jqs +
∞
∑

m,n=−∞

e− j 2πmx
Lx e− j 2πnx

L y e− jqmns [∇ts× ẑ]
βmn

β0
Bmn

(2.30)

and lastly applying (2.23) and (2.24), an iterative solution is obtained for

arbitrary-order SPM [7]

∞
∑

m,n=−∞

e− j 2πmx
Lx e− j 2πnx

L y

�

ẑ× ĥmnA(M)mn + ĥmn
qmn

β0
B(M)mn

�

= S(M) (x , y)

= − (ẑ× êi) E0
( jqs)(M)

M !
+ [∇ts× êi] E0

( jqs)(M−1)

(M − 1)!

−
M−1
∑

l=0

(− js)M−l

(M − l)!

� ∞
∑

m,n=−∞

e− j 2πmx
Lx e− j 2πnx

L y

�

ẑ× ĥmnA(l)mnqM−l
mn +

qmn

β0
ĥmnB(l)mnqM−l

mn

�

�

+
M−1
∑

l=0

(− js)M−l−1

(M − l − 1)!

� ∞
∑

m,n=−∞

e− j 2πmx
Lx e− j 2πnx

L y

�

∇ts× ẑ
βmn

β0
B(l)mnqM−l−1

mn

�

�

(2.31)

Eventually, to find Amn and Bmn for order M , an iterative solution is employed as follows

A(M)m′n′ =
�

ẑ× ĥm′n′
�

· F
�

S(M) (x , y)
�

m′n′
(2.32)

qmn

β0
B(M)m′n′ = ĥm′n′ · F

�

S(M) (x , y)
�

m′n′
(2.33)

where, F specifies the Fourier transform. The surface function s should be expanded

to the Fourier series. These coefficients are solved in MATLAB software with Symbolic

Math Toolbox.

2.1.1.2 Floquet Mode-Matching Method

Another analytical approach is the FMMM. Assume that the polarization vector of the

incident wave

êi = x̂ex + ŷey + ẑez (2.34)
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Before applying FMMM to (2.20), some unit vector products should be carried out for

simplification

(ẑ−∇ts)× êi = −x̂
�

sy ez + ey

�

+ ŷ (ex + sx ez) + ẑ
�

sy ex − sx ey

�

(2.35)

(ẑ−∇ts)× ĥmn = x̂
βm

βmn
+ ŷ

βn

βmn
+ ẑ
�

sx
βm

βmn
+ sy

βn

βmn

�

(2.36)

(ẑ−∇ts)× v̂mn =− x̂
�

sy
βmn

β0
−
βnqmn

βmnβ0

�

− ŷ
�

βmqmn

βmnβ0
− sx

βmn

β0

�

+ ẑ
�

sx
βnqmn

βmnβ0
− sy

βmqmn

βmnβ0

� (2.37)

Using (2.20) with (2.35), (2.36), and (2.37), the solution of this linear equation

system can be obtained with only two vector components with Galerkin method, so

the x-component of the system

�

Amn
βm

βmn
+ Bmn

�

βnqmn

βmnβ0
− sy

βmn

β0

��

e− jqmnse j2π[(u−m)x/Lx+(v−n)y/L y]

=
�

sy ez + ey

�

e jqse j2π[ux/Lx+v y/L y]
(2.38)

and y-component of the system

�

Amn
βn

βmn
+ Bmn

�

sx
βmn

β0
−
βmqmn

βmnβ0

��

e− jqmnse j2π[(u−m)x/Lx+(v−n)y/L y]

= − (sx ez + ex ) e
jqse j2π[ux/Lx+v y/L y]

(2.39)

Here, K ∈ Cu×v×m×n×2×2, X ∈ Cm×n×2×1, and L ∈ Cu×v×2×1 are tensors, and they can be

turned a matrix form. Thus, the solution of (2.38) and (2.39) in the form of

KX = L (2.40)

where K matrices

K11 =
1

Lx L y

∫ Lx

0

∫ L y

0

βm

βmn
e− jqmnse j2π[(u−m)x/Lx+(v−n)y/L y]d xd y (2.41)
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K12 =
1

Lx L y

∫ Lx

0

∫ L y

0

�

βnqmn

βmnβ0
− sy

βmn

β0

�

e− jqmnse j2π[(u−m)x/Lx+(v−n)y/L y]d xd y (2.42)

K21 =
1

Lx L y

∫ Lx

0

∫ L y

0

βn

βmn
e− jqmnse j2π[(u−m)x/Lx+(v−n)y/L y]d xd y (2.43)

K22 =
1

Lx L y

∫ Lx

0

∫ L y

0

�

sx
βmn

β0
−
βmqmn

βmnβ0

�

e− jqmnse j2π[(u−m)x/Lx+(v−n)y/L y]d xd y (2.44)

and L matrices

L11 =
1

Lx L y

∫ Lx

0

∫ L y

0

�

sy ez + ey

�

e jqse j2π[ux/Lx+v y/L y]d xd y (2.45)

L21 = −
1

Lx L y

∫ Lx

0

∫ L y

0

(ex + sx ez) e
jqse j2π[ux/Lx+v y/L y]d xd y (2.46)

are derived. Consequently, these matrices are written in the form below, and the

solution is obtained





K11 K12

K21 K22









A
(mn)

B
(mn)



=





L11

L21



 (2.47)

Here, each integrand can be solved numerically. Thus, this linear equation system

presents a semi-analytical solution. However, if the rough surface is chosen as a

sinusoidal function, as follows

z = s (x , y) = −h

�

cos
�

2πx
Lx

�

+ cos

�

2πy
L y

��

(2.48)

The solution of the FMMM can be obtained by utilizing Bessel functions for sinusoidal

surfaces. Here, Bessel identities are employed for this purpose

Jn (x) =
1

2π

∫ 2π

0

e− jnθ e j xsinθdθ (2.49)

J−n (x) = (−1)n Jn (x) (2.50)

Using Bessel’s identities K matrices can be formed as follows
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K11 =
βm

βmn
( j)|u−m| ( j)|v−n| J|u−m| (qmnh) J|v−n| (qmnh) (2.51)

K12 = −
βmn

β0

hπ
L y
( j)|u−m| J|u−m| (qmnh)

�

( j)|v−n| J|v−n+1| (qmnh) + ( j)|v−n| J|v−n−1| (qmnh)
�

+
βnqmn

βmnβ0
( j)|u−m| ( j)|v−n| J|u−m| (qmnh) J|v−n| (qmnh)

(2.52)

K21 =
βn

βmn
( j)|u−m| ( j)|v−n| J|u−m| (qmnh) J|v−n| (qmnh) (2.53)

K22 =
βmn

β0

hπ
LX
( j)|v−n| J|v−n| (qmnh)

�

( j)|u−m| J|u−m+1| (qmnh) + ( j)|u−m| J|u−m−1| (qmnh)
�

−
βmqmn

βmnβ0
( j)|u−m| ( j)|v−n| J|u−m| (qmnh) J|v−n| (qmnh)

(2.54)

and L matrices

L11 =
ezh
L y
(− j)|u| J|u| (qh)
�

(− j)|v| J|v+1| (qh) + (− j)|v| J|v−1| (qh)
�

+ ey (− j)|u| (− j)|v| J|u| (qh) J|v| (qh)
(2.55)

L21 =
ezh
Lx
(− j)|v| J|v| (qh)
�

(− j)|u| J|u+1| (qh) + (− j)|u| J|u−1| (qh)
�

− ex (− j)|u| (− j)|v| J|u| (qh) J|v| (qh)
(2.56)

are derived. Thus, these matrices are written in the form in (2.47), and the solution

is obtained analytically.

2.1.2 EFIE-MoM Solution

The Rayleigh assumption, as mentioned in earlier studies, will not be valid on the

boundary of the surface as the result of the singularity [76]. Hence, the surface

gradient should be smaller than 0.448, and the assumption is only valid for a slightly

rough shallow surface [8]. It should be noted that the field expression given in (2.2) is

not a regular function in all domains, i.e., it cannot differentiate in a classical sense on

the boundary. The solution can be obtained with boundary integrals on the surface,

therefore, using boundary condition on the periodic PEC surface in Figure 2.1
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n̂×
�

E⃗i + E⃗s
�

J⃗U

���

�

on SU
= 0 (2.57)

is obtained. Here, n̂ is the unit normal vector of the surface, and the IE of the scattered

electric field E⃗s
�

J⃗U

�

can be written in dyadic representation

E⃗s
�

J⃗U

�

= − jωµ0

∫

S′U

�

I+
1
β2

0

∇∇
�

Gp

�

r⃗|⃗r′
�

· J⃗U

�

r⃗′
�

dS′U (2.58)

Here, J⃗U denotes the current density on the unit cell of the periodic surface, Gp is

doubly periodic free-space Green’s function, and S′U implies the surface domain in the

unit cell. I = x̂x̂+ ŷŷ+ ẑẑ is the unit dyad. The currents on the periodic surface in

the other unit cells may be written in terms of the current on the center unit cell as

follows

J⃗1

�

x ′ +mLx , y ′ + nL y , z′
�

= e− jβx mLx e− jβy nL y J⃗U

�

x ′, y ′, z′
�

(2.59)

According to (2.59), the currents outside the center unit cell can be found by adding

a phase difference to the current in a unit cell, and the added phase is in proportion

to the size of the lattice, the number m and n represented the (m, n)-th cell and phase

constants in x and y coordinates. Using this current source approach combined with

Floquet’s theorem, the PGF is derived from periodically spreading point charges in

the x − y plane in a lattice. However, the PGF can alternatively be obtained from

free-space Green’s function (spatial form) [60]

Gspatial
p

�

r⃗|⃗r′
�

=
1

4π

∞
∑

m=−∞

∞
∑

n=−∞

e− jβx mLx e− jβy nL y
e− jβ0Rmn

Rmn
(2.60)

and Poisson’s transform is applied to find the spectral form of (2.60) as reported in [59]

Gspect ral
p

�

r⃗|⃗r′
�

= −
j

2Lx L y

∞
∑

m=−∞

∞
∑

n=−∞

e− jβm(x−x ′)e− jβn(y−y ′)e− jqmn|z−z′|

qmn
(2.61)

where Rmn

Rmn =




r⃗− r⃗′mn





=
r

(x − x ′ −mLx)
2 +
�

y − y ′ − nL y

�2
+ (z − z′)2 (2.62)
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Here, r⃗ is the observation point, r⃗′mn is the source point in the (m, n)-th cell. The total

field consists of the reflected field (coherent field) as a specular reflection on a smooth

surface in case of m= 0, n= 0, and the scattering field as an incoherent field from the

surface roughness in case of any other m and n. The coherent field will decrease due

to the roughness leading to the distribution of the scattering field in all directions.

The IE method, in combination with the MoM, is a rigorous and effective treatment

for the scattering problems from rough surfaces. Before applying the MoM, equations

(2.58) and (2.1) are substituted in (2.57), and the EFIE is obtained by using boundary

condition on the tangential electric field as follows

�

êi E0e− jk⃗i .⃗r
�

tan
=

�

jωµ0

∫

S′U

�

I+
1
β2

0

∇∇
�

Gp

�

r⃗|⃗r′
�

· J⃗U

�

r⃗′
�

dS′U

�

tan

(2.63)

Now, the equation (2.63) can be converted into a linear system by employing the MoM

Z(ζψ)I(ψ) = V(ζ) (2.64)

where

Z(ζψ) = jβ0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ (r⃗) · f⃗ψ
�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST±
ψ

dST±
ζ

−
1
β2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ (r⃗)
� �

∇
′

s · f⃗ψ
�

r⃗′
��

Gp

�

r⃗|⃗r′
�

dST±
ψ

dST±
ζ



 (2.65)

and

V(ζ) =

∫

T±
ζ

f⃗ζ (r⃗) · E⃗idST±
ζ

(2.66)

where f⃗ζ (r⃗) and f⃗ψ (r⃗′) are testing and basis functions, respectively. The induced

current density J⃗U =
∑N
ψ=1 Iψf⃗ψ (r⃗′) has expanded a set of basis functions, and

triangular elements are used to discretize the PEC surface. The basis and testing

functions are applied to the edges of triangles on the surface. Considering the unit
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cell of a periodic surface, well-known RWG basis functions are employed [77] and

demonstrated in Figure 2.2 for inner edges. Here, lψ indicates the edge length on

the discretized surface. T+
ψ

and T−
ψ

are the plus and minus triangles intersecting this

common edge. A+
ψ

and A−
ψ

imply the areas of these triangles, respectively. v⃗+
ψ

and v⃗−
ψ

are the free vertices vectors of these triangles and will be used to define the surface

current. As seen in Figure 2.2, the surface current is defined with red-colored arrow

lines. The current direction is r⃗′− v⃗−
ψ

for the T−
ψ

triangle and v⃗+
ψ
− r⃗′ for the T+

ψ
triangle.

It should also be noted that the RWG basis function is a first-order or linear basis

function, and divergence conforming [78].

Additionally, in order to ensure continuity of the current between the boundaries of

unit cells, a special basis and testing functions will be utilized. For this purpose, RWG

basis and testing functions will be modified to be added phase shifts with the lengths

of the lattice for each boundary edge. As a result, three different basis and testing

functions are needed to calculate the surface current accurately. The basis and testing

functions can be given in more detail at this point.

Figure 2.2 Representation of RWG basis function

2.1.2.1 Basis and Testing Functions for a Periodic Unit Cell

The infinite periodic surface can be modeled to be restricted to a unit cell by means

of the PGF so that all calculations are performed within the unit cell, as seen in the
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highlighted area of Figure 2.1. The top view of a sample of the periodic surface’s mesh

structure is given in Figure 2.3 to determine proper edges and triangular element pairs.

The first type of basis and testing functions are based on a conventional RWG basis

for the inner edges [77]

f⃗(1)
ψ
(r⃗′) =



















ρ⃗+
ψ
(r⃗′)

lψ
2A1+
ψ

, r⃗′ ∈ T+1

ρ⃗−
ψ
(r⃗′)

lψ
2A1−
ψ

, r⃗′ ∈ T−1

0, otherwise.

(2.67)

f⃗(1)
ζ
(r⃗) =



















ρ⃗+
ζ
(r⃗)

lζ
2A1+
ζ

, r⃗ ∈ T+1

ρ⃗−
ζ
(r⃗)

lζ
2A1−
ζ

, r⃗ ∈ T−1

0, otherwise.

(2.68)

The second type basis and testing functions are defined for the horizontal boundary

edges [64, 75]

f⃗(2)
ψ
(r⃗ ′) =



















ρ⃗+
ψ
(r⃗′)

lψ
2A2+
ψ

e− jk⃗·a⃗1 , r⃗′ ∈ T+2

ρ⃗−
ψ
(r⃗′)

lψ
2A2−
ψ

, r⃗′ ∈ T−2

0, otherwise.

(2.69)

f⃗(2)
ζ
(r⃗) =



















ρ⃗+
ζ
(r⃗)

lζ
2A2+
ζ

e jk⃗·a⃗1 , r⃗ ∈ T+2

ρ⃗−
ζ
(r⃗)

lζ
2A2−
ζ

, r⃗ ∈ T−2

0, otherwise.

(2.70)

Also, the third type basis and testing functions are defined for the vertical boundary

edges [64, 75]

f⃗(3)
ψ
(r⃗′) =



















ρ⃗+
ψ
(r⃗′)

lψ
2A3+
ψ

e− jk⃗·a⃗2 , r⃗′ ∈ T+3

ρ⃗−
ψ
(r⃗′)

lψ
2A3−
ψ

, r⃗′ ∈ T−3

0, otherwise.

(2.71)

f⃗(3)
ζ
(r⃗) =



















ρ⃗+
ζ
(r⃗)

lζ
2A3+
ζ

e jk⃗·a⃗2 , r⃗ ∈ T+3

ρ⃗−
ζ
(r⃗)

lζ
2A3−
ζ

, r⃗ ∈ T−3

0, otherwise.

(2.72)
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Figure 2.3 Inner and boundary edges forming three different basis and testing
functions

where a⃗(1,2) are the lattice’s translation vectors for the second and third type basis and

testing functions, respectively. The basis and testing functions are defined separately

on the plus and minus triangles of the shared edge. Thus, lψ is the length of the ψ-th

edge, and

ρ⃗+
ψ
= v⃗+

ψ
− r⃗′ (2.73)

ρ⃗−
ψ
= r⃗′ − v⃗−

ψ
(2.74)

are stated. As in Figure 2.2, T+
ψ

and T−
ψ

are the triangles of this common edge. Also,

v⃗±
ψ

are the vectors that indicate free-vertices of the triangles. These expressions can be

written similarly for the testing function. By substituting the findings above in (2.65),

the resulting integrals can be solved by numerical quadrature [78–80]. The unknown

current constants are found for each edge. The edges of boundaries are also periodic;

hence it is sufficient to find the related unknowns on only one side of the boundaries.

Furthermore, ∇s is the surface del operator, and

∇s · ρ⃗
+
ζ
(r⃗) = −

lζ
A+
ζ

(2.75)
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Figure 2.4 Demonstration of RWG basis and testing function for testing and basis
edges

∇s · ρ⃗
−
ζ
(r⃗) =

lζ
A−
ζ

(2.76)

also,

∇′s · ρ⃗
+
ψ
(r⃗) = −

lψ
A+
ψ

(2.77)

∇′s · ρ⃗
−
ψ
(r⃗′) =

lψ
A−
ψ

(2.78)

are found. Moreover, the derivation of (2.65) will not give in this thesis, so it has been

discussed in detail in [78, 80]. However, it would be helpful for a reader to share a

short representation for the calculation of a general Z(ζψ) as given in (2.65). As seen

in Figure 2.4, the total Z(ζψ) should be the sum of the calculation of the integrals on

the minus and plus triangles for the testing and basis edges

Zζψ = Z−−
ζψ
+ Z+−

ζψ
+ Z−+

ζψ
+ Z++

ζψ
(2.79)

The superscripts (+) and (−) indicate the plus and minus triangles, respectively. These

terms can be written on the plus and minus triangles in 2.79. Now, substituting (2.67),

(2.68), (2.76), and (2.78) in (2.80) for the inner edges, Z−−
ζψ

term can be stated as

follows
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Z−−
ζψ
= jβ0η0





lζlψ
4A−

ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ

−
1
β2

0

lζlψ
A−
ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ



 (2.80)

with a similar way

Z+−
ζψ
= jβ0η0





lζlψ
4A+

ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ

+
1
β2

0

lζlψ
A+
ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ



 (2.81)

Z−+
ζψ
= jβ0η0





lζlψ
4A−

ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ

+
1
β2

0

lζlψ
A−
ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ



 (2.82)

Z++
ζψ
= jβ0η0





lζlψ
4A+

ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ

−
1
β2

0

lζlψ
A+
ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ



 (2.83)

are found. Additionally, for a vertical boundary testing edge with an inner basis edge
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Z−−
ζψ
= jβ0η0





lζlψ
4A−

ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ

−
1
β2

0

lζlψ
A−
ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ



 (2.84)

Z+−
ζψ
= jβ0η0

�

e jk⃗·a⃗2

�





lζlψ
4A+

ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ

+
1
β2

0

lζlψ
A+
ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ



 (2.85)

Z−+
ζψ
= jβ0η0





lζlψ
4A−

ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ

+
1
β2

0

lζlψ
A−
ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ



 (2.86)

Z++
ζψ
= jβ0η0

�

e jk⃗·a⃗2

�





lζlψ
4A+

ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ

−
1
β2

0

lζlψ
A+
ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ



 (2.87)

and for a vertical boundary basis edge with an inner testing edge
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Z−−
ζψ
= jβ0η0





lζlψ
4A−

ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ

−
1
β2

0

lζlψ
A−
ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ



 (2.88)

Z+−
ζψ
= jβ0η0





lζlψ
4A+

ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ

+
1
β2

0

lζlψ
A+
ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ



 (2.89)

Z−+
ζψ
= jβ0η0

�

e− jk⃗·a⃗2

�





lζlψ
4A−

ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ

+
1
β2

0

lζlψ
A−
ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ



 (2.90)

Z++
ζψ
= jβ0η0

�

e− jk⃗·a⃗2

�





lζlψ
4A+

ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ

−
1
β2

0

lζlψ
A+
ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ



 (2.91)

and for a horizontal boundary testing edge with an inner basis edge
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Z−−
ζψ
= jβ0η0





lζlψ
4A−

ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ

−
1
β2

0

lζlψ
A−
ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ



 (2.92)

Z+−
ζψ
= jβ0η0

�

e jk⃗·a⃗1

�





lζlψ
4A+

ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ

+
1
β2

0

lζlψ
A+
ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ



 (2.93)

Z−+
ζψ
= jβ0η0





lζlψ
4A−

ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ

+
1
β2

0

lζlψ
A−
ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ



 (2.94)

Z++
ζψ
= jβ0η0

�

e jk⃗·a⃗1

�





lζlψ
4A+

ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ

−
1
β2

0

lζlψ
A+
ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ



 (2.95)

and for a horizontal boundary basis edge with an inner testing edge
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Z−−
ζψ
= jβ0η0





lζlψ
4A−

ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ

−
1
β2

0

lζlψ
A−
ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ



 (2.96)

Z+−
ζψ
= jβ0η0





lζlψ
4A+

ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ

+
1
β2

0

lζlψ
A+
ζ
A−
ψ

∫

T+
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ



 (2.97)

Z−+
ζψ
= jβ0η0

�

e− jk⃗·a⃗1

�





lζlψ
4A−

ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ

+
1
β2

0

lζlψ
A−
ζ
A+
ψ

∫

T−
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST−
ζ



 (2.98)

Z++
ζψ
= jβ0η0

�

e− jk⃗·a⃗1

�





lζlψ
4A+

ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

ρ⃗+
ζ
(r⃗) · ρ⃗+

ψ

�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ

−
1
β2

0

lζlψ
A+
ζ
A+
ψ

∫

T+
ζ

∫

T+
ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ



 (2.99)

are found. On the other hand, for a vertical basis edge and a horizontal testing edge

on the boundaries

28



Z−−
ζψ
= jβ0η0





lζlψ
4A−

ζ
A−
ψ

∫

T−
ζ

∫

T−
ψ

ρ⃗−
ζ
(r⃗) · ρ⃗−

ψ

�

r⃗′
�

Gp

�
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dST−
ψ

dST−
ζ

−
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ζ
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ψ

∫

T−
ζ

∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST−
ζ



 (2.100)

Z+−
ζψ
= jβ0η0

�

e jk⃗·a⃗1

�





lζlψ
4A+

ζ
A−
ψ

∫
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∫
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ψ

ρ⃗+
ζ
(r⃗) · ρ⃗−
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r⃗′
�
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ζ

+
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ζ
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ψ

∫
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∫

T−
ψ

Gp

�

r⃗|⃗r′
�

dST−
ψ

dST+
ζ



 (2.101)

Z−+
ζψ
= jβ0η0

�

e− jk⃗·a⃗2
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
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∫
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dST+
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ζ



 (2.102)

Z++
ζψ
= jβ0η0
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lζlψ
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−
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ψ

Gp

�

r⃗|⃗r′
�

dST+
ψ

dST+
ζ



 (2.103)

and for a vertical testing edge and a horizontal basis edge
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Z−−
ζψ
= jβ0η0


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lζlψ
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∫
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∫
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

 (2.104)

Z+−
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

 (2.105)

Z−+
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

 (2.106)
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∫
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Gp

�
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�
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are derived. Then, a vertical testing edge with a vertical testing edge on the vertical

boundary
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and lastly, a horizontal testing edge with a horizontal testing edge on the horizontal

boundary
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are obtained. Here,
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can be written.

2.1.2.2 Scattered Near-and Far-Field Equations

After finding the surface current density on the periodic conductive surface, the

scattered field in a near-or-far-field region may be needed to evaluate it concerning

the position of the observation point. Consequently, for upper half-space; i.e., (z >

(s)max), thus, |z − z′| → (z − z′) and the scattering E-field
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(2.120)

One can write (2.120) as
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 (2.121)

In order to calculate near-fields, the double gradient of the PGF shall be derived. If

the spectral form of the PGF is employed

∇∇Gspect ral
p

�

r⃗|⃗r′
�

= −Gspect ral
p

�

r⃗|⃗r′
�

k⃗mnk⃗mn = Gspect ral
p

�

r⃗|⃗r′
�

k⃗mn ⊗ k⃗mn (2.122)

where ⊗ sign denotes the tensor product. Although the spectral form PGF provides

eliminates the solution’s complexity, the slowing convergence will begin a small

problem at points very close to the surface. However, the convergence will not be

a constraint in the far-field region. On the other hand, the near-field expression
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in (2.122) for observation points just above the surface (z ≤ (s)max)
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



(2.123)

is the double gradient of (2.61).

2.1.2.3 Acceleration Techniques

The periodicity is embedded in the kernel of the EFIE in (2.58) with a linear

progressive phase shift resulting from Floquet’s theorem. The rough surface is

modeled by dividing with periodic lattices, thus, reducing the infinite surface to

a single unit cell. However, the solution of the EFIE suffers from the numerical

computation of the FS-PGF owing to the relevant series converging very slowly.

Accelerating the doubly periodic series is vital in obtaining numerical calculations

effectively. The convergence problem arises when the surface height is low so that the

observation point will be somewhat close to the surface, especially for the spectral form

of PGF. The spectral PGF will converge rapidly as the observation point moves away

from the surface since the spectral representation is the Fourier transform of its spatial

form. In order to speed up the convergence, some decomposition techniques are

fortunately reported in several studies for 1-D and 2-D periodicity of the surface [56–

63].

PGF with Kummer’s transformation [60] is given as

Gp
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�
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p

�
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�

(2.124)
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∑
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e−uRmn

Rmn

(2.125)

where u is the smoothing parameter, and umn
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u2
mn =




β⃗mn







2
+ u2 (2.126)

Then, if u2 is added and subtracted in (2.15) yields

qmn = − j
r





β⃗mn







2
+ u2 − (k2 + u2)

= − j
q

u2
mn − (k2 + u2)

(2.127)

The choice of the smoothing parameter u affects the convergence of spatial and

spectral sums, so a reasonable choice of u is recommended as half the size of the

maximum reciprocal lattice vector [60]. For an orthogonal 2-D lattice seen in Figure

2.1, these vectors are k⃗1 = (2π/Lx)x̂ and k⃗2 = (2π/L y)ŷ. Thus, the smoothing

parameter is u= π/min(Lx , L y).

Ewald’s method is one of the most effective ways to accelerate the FS-PGF

computation. The method is based on the identity as follows

e− jβ0R

R
=

2
p
π

∫ ∞

0

e− jR2s2+
β2

0
4s2 (2.128)

The PGF is decomposed into spatial and spectral forms
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where decomposed functions are obtained as follows
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In (2.130) and (2.131),
∑

± denotes the sum of the related terms with + and − signs.

The derivation of the equations (2.130) and (2.131) will not be given in detail in

this thesis. In addition, the choice of the optimal value of E is essential to minimize

the number of terms required to reach the desired error value for convergence. The

optimum value of E has been discussed in [62], but, in this thesis, the optimum E

parameter is chosen as follows

Eopt =
√

√ π

2Lx L y
(2.132)

This choice results in better convergence time over a more comprehensive frequency

range. For high frequencies or large periodic spacings, a complete condition on E must

be determined to avoid loss of accuracy as in [61]

E =max
�

Eopt ,
β0

2H

�

(2.133)

where H is the maximum number to be permitted exp(H2) in order to avoid

cancellation errors.

2.1.2.4 Extraction of Singular Terms

In the MoM matrix calculation in (2.65), the self-terms should be appropriately

handled to overcome 1/R singularities of the spatial GFs in accelerating the

evaluations of IEs. The cancellation of potential GFs’ singularity is conventionally

treated by singularity subtraction, and regularization approaches [81–84]. In this

thesis, the singularity subtraction approach is employed as follows

∫

S′
f⃗
�

r⃗′
�

Gp

�

r⃗|⃗r′
�

dS′ =

∫

S′
f⃗
�

r⃗′
�

�

Gp

�

r⃗|⃗r′
�

− Gas ymptotic
p

�

r⃗→ r⃗′ |⃗r′
�

�

dS′

︸ ︷︷ ︸

Integrated Numerically

+

∫

S′
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�
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�
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p

�

r⃗→ r⃗′ |⃗r′
�

dS′
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(2.134)

where f⃗ (r⃗′) represents the basis function. After applying this subtraction for the central

cell (m= n= 0), the first term of the right-hand side of (2.134) becomes regular. The
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second term of the equation is singular and analytically evaluated for linear basis

functions. It should be noted that all other terms except the central cell have a finite

value, and numerical quadrature methods can directly evaluate the regular terms. If

(2.134) is applied to Kummer’s transform in the central cell, the decomposition for

the spatial term can be written as

Gspatial(0,0)
Kummer =

1
4π

�

e−uR − 1
R

�

+
1

4πR
(2.135)

and the spatial term of Ewald’s transformation is found similarly

Gspatial(0,0)
Ewald =

1
8π

�

∑

±

e± jβ0R

R
erfc (RE ± jβ0/2E)−

2
R

�

+
1

4πR
(2.136)

Here, the first terms are integrated numerically, or the limit values of them are

obtained for electrically very small triangles reported as [85]—the second term of

(2.135) and (2.136) are integrated analytically [84]. Although a more general

approach based on purely numerical quadrature schemes is reported in [86, 87], the

singularity subtraction method given above still works well for this thesis’s problems.

2.2 Numerical Results

Many researchers have only focused on acceleration techniques to speed up

convergence. We will discuss whether fast convergence is the main factor in

determining the performance of the numerical code in a complete MoM solution

for realistic scattering problems. In combination with two primary acceleration

techniques, the height of the surface, mesh sizes, unit cell dimension and frequency,

and quality of the numerical integration are discussed in detail to assess the

performance of periodic EFIE-MoM formulations. For this purpose, the MoM

formulations are compared for periodic flat, 1-D and 2-D sinusoidal, and arbitrary

rough surfaces in this section. Herein, the performance analyses of numerical

techniques in previous sections are performed, and the most appropriate solution

approach for different scattering cases is explored.

However, before numerical calculations are carried out, it can be useful to mention the

cutoff phenomena for scattering fields from an infinite periodic structure. Condition

to propagate Floquet modes is ∥βmn∥ < k, otherwise evanescent waves will be occur

(∥βmn∥ > k). Hence, cutoff frequencies for each Floquet mode can be estimated

as given in (2.138), and this formula will be employed in finding analytical values
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for scattering fields from various periodic surface samples. Besides, all numerical

calculations are conducted by Ryzen 3900x processor (24 cores) with 128 RAM, and

MATLAB software is used in this thesis.

2.2.1 Performance analyses of periodic EFIE-MoM formulations

In this subsection, the performance analyses of the periodic EFIE-MoM formulations

alluded to in the previous sections start with a flat surface case since a flat surface can

be considered a periodic surface. Also, one can easily find the analytical solution to this

problem, and the flat surfaces in the z-axis complicate the achievement of acceleration

techniques. For these reasons, Table 2.1 is first prepared for the numerical approaches’

performance test in the periodic EFIE-MoM formulations. For this purpose, dimensions

and types of surfaces, singularity extraction, and acceleration technique are changed,

and relative errors of solutions and solution times are evaluated. Here, the definition

of the relative error is given in (2.137). In the numerical simulations used in the

preparation of Table 2.1, the incident angle of the plane wave is selected as θ i = 60◦

and φ i = 0◦, the polarization is horizontal, and triangles discretize the flat surface

with an edge length of about 0.1λ. Finally, the results are analytically compared in the

far-field region (r⃗= ẑ101 m) for the total scattered E-field that is the sum of all Floquet

modes. Also, henceforth, the amplitude of the incident plane wave is determined as

a unit in all simulations, i.e., E0 = 1 V/m. Unless otherwise stated in this chapter,

the free space wavelength is denoted as λ in all scattering examples and numerical

results.

Commercial software with a similar periodic-MoM approach with linear basis

functions is also employed to compare the periodic-MoM formulations [88] better. For

this purpose, FEKO software was used for comparison for various scattering cases in

Table 2.1. Thus, as seen from Table 2.1, the solution time is worse than FEKO, while

the accuracy of our formulations is much better. However, this shortcoming can be

remedied, as discussed in the following sections. In this thesis, the exact value of PGF

was calculated for each point in the triangle facets. Also, the quality of the numerical

quadrature used in this thesis is very high to achieve desired accuracy levels compared

to analytical solutions. This high-quality numerical integration increases numerical

quadrature points and improves the overall computation time in calculating the PGF

values for all source and observation triangles. Besides, pre-calculated PGF values

for several sample points can even be utilized to create a look-up table [63], and

an interpolation algorithm estimates any other points outside these sample points.

The accuracy and solution speed will depend on the efficiency and ability of this

interpolation algorithm. FEKO may use a look-table and an interpolation algorithm
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Table 2.1 Comparison of periodic EFIE-MoM solutions on flat surfaces

Frequency
(MHz)

Lx
(λ)

L y
(λ)

This work FEKO
Singular

Integration
PGF
Error

Acceleration
Technique

Relative
Error

Solution
Time (s)

Relative
Error

Solution
Time (s)

3

0.1 0.1

Khayat [86]

10−3

Ewald 8.22× 10−7 3.50
5.31× 10−4 0.012

Kummer 7.33× 10−7 2.00

300
Ewald 8.16× 10−7 3.60

8.8× 10−3 0.176
Kummer 7.27× 10−7 2.38

300000
Ewald 8.16× 10−7 3.51

8.8× 10−3 0.175
Kummer 7.27× 10−7 1.95

300 0.5 0.5

10−1

Ewald
8.21× 10−7 262

9.9× 10−3 0.443

10−3 8.20× 10−7 328
10−4 8.21× 10−7 348
10−1

Kummer
1.30× 10−4 124

10−3 7.38× 10−7 277
10−4 8.23× 10−7 908

Singularity
Subtraction

10−1

Ewald
8.62× 10−7 257

10−3 8.61× 10−7 319
10−4 8.62× 10−7 343

1500

1.5 1.5 Khayat [86] 10−3

Ewald 1.29× 10−5 3085
8.9× 10−3 5.636

Kummer 5.82× 10−6 3271

3000
Ewald 1.48× 10−5 2811

8.7× 10−3 5.646
Kummer 7.52× 10−6 2809

30000
Ewald 3.90× 10−5 899

8.8× 10−3 5.646
Kummer 3.86× 10−5 997
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to reduce the solution time. Since our interpolation algorithm is not fast and efficient

enough for large matrices, this technique is not added to the table.

Moreover, one can easily see from Table 2.1 the solution’s accuracy does not

change significantly with the choice of the acceleration technique. Regardless of the

acceleration technique, the convergence error of the PGF may have little effect on the

accuracy of the solution. On the other hand, the solution time is highly dependent

on the chosen acceleration technique, frequency, size of the unit cell, and the total

number of unknowns. As can be seen from Table 2.1, Kummer’s transform can yield

faster results at lower frequencies. Still, it should be noted that Ewald’s transform

becomes faster than Kummer’s decomposition for large unit cell sizes. Similarly, if the

convergence error of PGF is reduced by 10−3, Kummer’s transform gives prolonged

results compared to Ewald’s decomposition.

Relative Error=

�

�

�








E⃗s
anal y t ical(r⃗)







−




E⃗s
numerical(r⃗)






�

�

�








E⃗s
anal y t ical(r⃗)









(2.137)

2.2.1.1 Effect of mesh size and cutoff phenomena for periodic surfaces

Comparing the effect of mesh size is also performed in Table 2.2 to assess the solution’s

accuracy. The incident angle stays the same as the previous calculations. A sinusoidal

surface whose function is s(x) = −h cos (2πx/Lx) is employed, where h = 0.1 m and

Lx = L y = 0.5 m. The solution frequency is determined as 300 MHz to stay outside

the cutoff frequency range as reported in [13, 16]. Thus, the cutoff frequencies will

have emerged for each Floquet mode, and if ∥βmn∥= k, the minimum cutoff frequency

can be obtained. If this equation is rearranged in order to obtain the minimum cutoff

frequency ( fc) as follows

�

�

�

�

�

sin 2θi + 2 sinθi

�

mc
fc Lx

cosφi +
nc

fc L y
sinφi

�

+
�

mc
fc Lx

�2

+

�

nc
fc L y

�2
�

�

�

�

�

= 1 (2.138)

where c is the velocity of light in free space. For θ i = 60◦, φ i = 0◦, Lx = L y = 0.5

m and m = −1, n = 0, the cutoff frequency ( fc) is found as 321.5 GHz from (2.138).

Thus, the scattered E-field aroused from this sinusoidal surface will behave like a flat

surface for 300 MHz. It should be noted that the cutoff frequency is dependent on

the incident angles and the dimensions of the unit cell, not the surface height. As
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seen from Table 2.2, the solution’s accuracy increases depending on the mesh size.

Here, PGF’s convergence error is constant, and the acceleration technique is Kummer’s

transform, while Khayat’s formulation is used for singularity extraction. The definition

of the relative error is as given in (2.137). Besides, the same surface is also solved by

FEKO software with the RWG (linear and first-order) basis functions for different mesh

lengths to obtain a reasonable comparison. As seen from Table 2.2, although FEKO

is faster when comparing our formulations, the relative error results do not converge

as desired, even using a fairly dense mesh in contrast to our study. As a result, the

formulations used in FEKO do not achieve high accuracy, and the solution time is also

longer when it uses dense mesh in order to improve accuracy.

Table 2.2 Comparison of EFIE-MoM solutions for several mesh sizes

This work FEKO
Mesh

Length
PGF
Error

Acceleration
Technique

Relative
Error

Solution
Time (s)

Mesh
Length

Relative
Error

Solution
Time (s)

λ/10

10−3 Kummer

3.07× 10−5 249
λ/10 0.0223 0.355
λ/20 0.0143 0.549

λ/20 6.63× 10−7 2442.9
λ/30 0.0115 1.148
λ/50 0.0088 10.68

λ/30 4.40× 10−7 10832.9
λ/100 0.0063 242.9
λ/200 0.0048 9465.7

2.2.1.2 Effect of surface height

In order to compare the effects of acceleration techniques on the surface height, a

1-D sinusoidal surface is defined with a function s(x) = −h cos (2πx/Lx). Here, the

lengths of the unit cell are Lx = L y = 0.5 m, and the h parameter is changed with

h = 0.001 m, h = 0.01 m, h = 0.1 m, and h = 0.2 m. The performance results of

the Kummer’s and Ewald’s transformations with 10−1 and 10−3 convergence errors

are given in Figures 2.5, 2.6, respectively. The incident angle of the plane wave is

selected as θ i = 30◦ and φ i = 0◦, the polarization is horizontal, and the flat surface

is discretized by triangles with an edge length of about 0.1λ. The solution frequency

is selected as 300 MHz, and the minimum cutoff frequency ( fc) is found as 400 MHz

from (2.138). As seen from Figure 2.5, Kummer’s transformation is always faster than

Ewald’s decomposition for high convergence error 10−1, and, on the other hand, the

accuracy for Ewald’s transformation is always better.

However, when |z − z′| → 0, Ewald’s transform may converge faster than Kummer’s

for convergence errors less than 10−3.
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Figure 2.5 Relative error and solution time results for a sinusoidal surface with
various h values at 300 MHz (PGF error 10−1)

2.2.1.3 Effect of unit cell size

The size of a unit cell of a periodic surface can affect the performance of the

acceleration techniques. For this analysis, a 1-D sinusoidal surface is utilized with

a function s(x) = −h cos (2πx/Lx), where h = 0.01 m, Lx = L y = 0.0852 m. The

incident angle of the plane wave is chosen as θ i = 10◦, φ i = 0◦, and the mesh

average length is about 0.00852 m. Therefore, the minimum cutoff frequency is

adjusted to 3000 MHz for easier relative error comparison. The solution frequency

is altered between 300-2900 MHz with 200 MHz intervals. This provides that the

unit cell dimensions are electrically changing between about 0.0852λ and 0.8λ. For

the 300 – 2900 MHz range, the relative errors and solution times are demonstrated

in Figures 2.7 and 2.8. Herein, Kummer’s and Ewald’s transformations with 10−1

and 10−3 convergence errors are compared in Figures 2.7 and 2.8, respectively. For

high convergence errors, Kummer’s transformation is always faster than Ewald’s

with similar accuracy values. Besides, as seen from previous and present results,

lower convergence errors are not necessary to achieve the desired accuracy. When

comparing solution times, Kummer’s transform with 10−1 convergence error is always

shorter. However, for larger unit cell dimensions, Ewald’s transform can be faster for

lower convergence errors than 10−3.
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Figure 2.6 Relative error and solution time results for a sinusoidal surface with
various h values at 300 MHz (PGF error 10−3)

2.2.1.4 Effect of numerical integration

The quality of numerical integration is also vitally important. In order to achieve

high accuracy, the points used in numerical quadrature were initially used in high

numbers. In addition, the number of these points changes dynamically according to

the distance between the observation and source triangle facets. Hence, the total

number of points in numerical integration in this study changes between 36, 169,

361, 729, and 3318 for near and far triangles facets. These values are considered

a reference to assure high accuracy. In Figures 2.9 and 2.10, these point numbers

are reduced as a percentage, and the results are analyzed in terms of accuracy and

solution time. The surface function is selected again s(x) = −h cos (2πx/Lx), where

h = 0.01 m, Lx = L y = 0.0852 m. The solution frequency is selected as 1500 MHz,

the incident angle of the plane wave is θ i = 10◦, φ i = 0◦, and for the mesh size,

the length of one side of the triangles is about 0.00852 m. Kummer’s and Ewald’s

transformations with 10−1 and 10−3 convergence errors are also depicted in Figures

2.9 and 2.10, respectively. As seen from this figure, the solution time can be increased

excessively by decreasing the quality of numerical integration if one releases the desire

for high accuracy. However, if high accuracy is entailed, adjusting PGF convergence

error, reducing points of numerical quadrature, and determining an intelligent choice

of the acceleration technique for some instances make the speed of the numerical code
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Figure 2.7 Relative error and solution time results of a sinusoidal surface with
Lx = L y = 0.0852 m and h= 0.01 m for various operating frequencies

(PGF error 10−1)

faster while maintaining considerable accuracy.

2.2.2 Comparison of the proposed EFIE-MoM formulations with analytical re-

sults for various slightly rough surfaces

Herein, the accuracy test of the periodic-MoM solution is conducted for various

periodic rough surface problems. To perform this validation, the rough surface

height is chosen to be small compared to the wavelength. In this way, the solution

region, wherein Rayleigh’s assumption is valid, is preserved, and the analytical and

semi-analytical equations can be obtained as shared in Section 2.1.1.

2.2.2.1 Comparative results for a 2-D sinusoidal surface

The periodic rough surface is assumed as a simple well-known sinusoidal that avoids

the complexity of the IE method’s validation with the Rayleigh-based methods.

Selecting sinusoidal functions as a surface model facilitates calculating Rayleigh-based

methods’ coefficients analytically (see Section 2.1.1). Thus, the surface function is

considered as z = s(x , y) = −h
�

cos (2πx/Lx) + cos
�

2πy/L y

��

, where h= 0.0016 m,

Lx = L y = 0.1016 m. The incident wave is horizontal polarization and is about at a
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Figure 2.8 Relative error and solution time results of a sinusoidal surface with
Lx = L y = 0.0852 m and h= 0.01 m for various operating frequencies

(PGF error 10−3)

low-grazing angle of 85◦. As seen in Figures 2.11, 2.11, and 2.13, the surface current

densities are demonstrated by calculating the FMMM, the periodic-MoM, and FEKO,

respectively. The numerical surface current in this work agrees well with the analytic

one.

The total scattered fields are also calculated for several frequencies in Figure 2.14,

where the observation point is at x = y = 0 m and z = 100 m. In this

figure, the EFIE-MoM solution’s validation is ensured in a proper frequency region

for the SPM and FMMM. The derivation of the FMMM is given to calculate the

unknown coefficients of (2.3) using numerical integration for any surface function

in Section 2.1.1.2. An analytical formulation is also derived for this sinusoidal surface

with Bessel identity in this section. The arbitrary-order SPM solution is acquired by

an iterative solution [7, 10]. Consequently, FMMM offers a more straightforward

formulation than higher-order SPM, and the solution time is slower in the SPM. These

two Rayleigh based-methods are also compared within themselves for this surface (see

Figure 2.14). Furthermore, for several observation points at x-and z-directions, the

scattered fields are also compared with the analytical solution given in Section 2.1.1.2.

The magnitudes of scattered E-fields are compared for observation points at z-direction

by starting from the locations where they are very close to the surface in Figure 2.15.
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Figure 2.9 Relative error and solution time results for a sinusoidal surface with
various numerical quadrature points as percentages(PGF error 10−1)

The scattered E-fields are also evaluated for x-direction in Figure 2.16. Here, FEKO

results are also given in the figures for comparison. In Figure 2.14, the averaged edge

lengths of triangles in the meshed structure are about 0.01 m in the EFIE-MoM solution

and 0.0025 m in the FEKO simulation to obtain the expected accuracy. On the other

hand, for the solutions of several observation points at 1500 MHz, the mesh structure

used in the EFIE-MoM and FEKO solutions is the same as depicted in Figure 2.16,

where the averaged triangle edge length corresponds to about λ/20. As a result, as

seen from the figures, all the numerical results of the EFIE-MoM formulation are very

satisfactory.

2.2.2.2 Comparative results for an arbitrarily rough periodic surface

A random surface is also generated by a Gaussian correlation function with an RMS

height of h = 0.0032 m and a correlation length of l = 0.09 m to compare the

semi-analytical formulation in Section 2.1.1.2 with the periodic-MoM solution. The

lengths of the unit cell are Lx = L y = 0.1016 m and computed scattering E-fields are

shown in Figures 2.17and 2.18. Here, the incident wave is horizontally polarized and

at a low grazing angle of approximately 85◦. The results agree well with EFIE-MoM

solutions. A numerical quadrature with 25 points is used in calculating integrals of
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Figure 2.10 Relative error and solution time results for a sinusoidal surface with
various numerical quadrature points as percentages (PGF error 10−3)

in (2.41)–(2.46), and the total solution time of the FMMM takes 8.6 seconds. The

numerical derivative is also employed in this semi-analytical solution. Compared

to the EFIE-MoM solution in terms of solution time, the full-wave solution takes

about 8523 seconds. The results are shown that the full-wave periodic-MoM solution

provides enough accuracy. In contrast, the solution time of this full-wave method can

be reduced, as well as the semi-analytical solution can be employed for any rough

surface having a small height and slope. Besides, the results from FEKO are also

given in Figures 2.17and 2.18 for a mesh size with an average triangle edge length of

λ/20, where the RWG basis function is also employed in obtaining numerical results.

The unit cell with its mesh structure utilized in the EFIE-MoM and FEKO solutions is

depicted in Figure 2.18.

2.2.3 Comparison of the proposed EFIE-MoM formulations with FEKO results

for highly rough surfaces

In this subsection, the degree of roughness of the periodic surface is increased to a

level where the Rayleigh hypothesis is not valid. As shown in Figures 2.19 and 2.20,

a pyramidal surface Lx = L y = 0.499 m is chosen in this context. This rough surface

is singular, and its height is 0.499 m. The observation points and the incident angle
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Figure 2.11 Induced surface current densities on one period of an infinite,
conductive sinusoidal surface at 1.5 GHz (FMMM)

of the plane wave are similar to the previous simulations, and the solution frequency

is 600 MHz. Figures 2.19 and 2.20 show the total scattered E-fields in the z-direction

and the x-direction, respectively. In the first EFIE-MoM solution, the number of

points used in the numerical integration is reduced by 50%, and Kummer’s transform

is employed with a convergence error of 10−1. Secondly, the convergence error is

reduced to 10−3 without decreasing numerical integration points. In addition, to

compare the EFIE-MoM results, FEKO software is used with several mesh types and

sizes. The first comparison uses the RWG basis functions with the same mesh structure

as the EFIE-MoM solution. Then, a higher-order basis function (HOBF) with the same

mesh size and a very dense mesh (λ/80) with the RWG basis functions are employed

respectively to provide higher accuracy. The unit cell, the mesh structure, and the

elapsed times for the computations are also demonstrated in Figure 2.19. It should be

noted that for the same mesh type and size, the accuracy of the present work for this

example is better than the FEKO simulation results, as can be seen from Figures 2.19

and 2.20 (the red-colored dotted line). On the other hand, as discussed in detail in

Section 2.2.1, the solution time is considerably shorter for Kummer’s transform with

a 10−1 high error level.
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Figure 2.12 Induced surface current densities on one period of an infinite,
conductive sinusoidal surface at 1.5 GHz (This work/EFIE-MoM)

Figure 2.13 Induced surface current densities on one period of an infinite,
conductive sinusoidal surface at 1.5 GHz (FEKO)
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Figure 2.14 Magnitude of total scattered E-field from infinite, conducting sinusoidal
surface as a function of frequency for TE polarization
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Figure 2.15 Total scattered E-field with respect to several observation points for a
sinusoidal surface (Along z-axis)
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Figure 2.16 Total scattered E-field with respect to several observation points for a
sinusoidal surface (Along x-axis)
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Figure 2.17 Total scattered E-field concerning several observation points for a
random surface (Along z-axis)
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Figure 2.18 Total scattered E-field with respect to several observation points for a
random surface (Along x-axis)

1 2 3 4 5
0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Sc
at

t. 
E-

Fi
el

d 
(M

ag
ni

tu
de

)

z-position (m)

f=600 MHz
x=y=1 m

 Kummer (err. 10 -1&50% num. int.) 
 Kummer (err. 10 -3&100% num. int.)
 FEKO (l/10)(RWG)
 FEKO (l/10)(HOBF)
 FEKO (l/80)(RWG)

Unit Cell
(l/10)Solution Time

 495 s 
 2406 s
 8.5 s
 196 s
 24978 s

Figure 2.19 Total scattered E-field with respect to several observation points for a
rough pyramidal surface (Along z-axis)
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3
MOM SOLUTIONS OF SCATTERING PROBLEMS FROM

CONDUCTING OBJECTS ABOVE CONDUCTING FLAT

HALF-SPACE: IMAGE METHOD AND PERTURBATION

APPROACH

Based on the current decomposition on the ground surface, a practical solution

approach, named the perturbation method, is introduced to handle several scattering

problems from targets placed on any half-space. In this chapter, the scattering problem

of an inserted PEC object above a flat and infinite PEC interface is addressed by this

method. In this solution, the surface current on the infinite surface is decomposed

as induced current without the object present and perturbed current caused by the

object on a limited area of the infinite surface. The perturbed current is dominant only

limited area on the infinite surface, decaying rapidly on the ground surface while far

away from the object. It is assumed that the perturbed current density is zero except

for the perturbation surface. However, the image theory is employed to compare

and prove the achievements of the proposed approach. Hence, our method achieves

considerable accuracy while providing an effortless computation without entailing to

attain a half-space Green’s function or exercise a tapered wave illumination. Also,

in contrast to a tapered wave approach for illumination at low-grazing angles, this

method provides a significantly superior solution even when using a plane wave.

A general scattering scenario is depicted in Figure 3.1, where the object shape can

be arbitrary, and the half-space is selected as flat. As seen from the figure, the object

is PEC and inserted with a h m above from the infinite flat surface. Next, EFIEs of

unknown surface currents are solved using the MoM. Finally, the unknown surface

currents are discretized using RWG basis functions and Galerkin-type testing.
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Figure 3.1 Configuration of a scattering problem from a PEC object above an infinite, flat, and PEC surface
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3.1 Formulations

For a scattering example, if it is assumed that a plane wave is an incident on an infinite,

flat, and PEC surface with an incidence angle of θi andφi as represented in Figure 3.1,

the incident electric field is expressed as follows:

E⃗i = êi E0e− jk⃗i ·⃗r = (θ̂ cosα+ φ̂ sinα)E0e− jβ0k̂i ·⃗r = (v̂i + ĥi)E0e− jβ0k̂i ·⃗r (3.1)

As shown in Figure 3.1, as well as a PEC target is placed on the infinite plane, and the

upper half-space is the vacuum. Here, α is the polarization angle and k⃗i = β0k̂i is the

incident vector of the wave. α = 0◦ is θ -polarization (vertical v̂i or TM polarization),

and α= 90◦ is φ-polarization (horizontal ĥi or TE polarization). In (3.1), the incident

wave vector is k⃗i = βx x̂ + βy ŷ − βz ẑ, and the incident wave number is ki = β0 =
ω
p
µ0ε0, where βx = β0 sinθi cosφi, βy = β0 sinθi sinφi, and βz = β0 cosθi. Besides,

the scattered electric fields from the surface current densities can be written as given in

(2.58). At this point, this scattering problem is solved by the image and perturbation

method. The formulations for these methods are given, and the results are compared

to each other.

3.1.1 Image Method

Using the image theory, the GF (Green’s Function) of the scattering problem is found,

as given in Figure 3.1. This method is straightforward, effective, and conventional

for these scattering scenarios. It is the fastest solution because the mirrored image of

the target is assumed to be located below the surface. The unknown surface currents

originate only from the object and its sub-surface image. The tangential components

of the generated electric fields on the infinite surface must be continuous, as shown

in Figure 3.2. In dyadic form, the derived GF after applied image theory is given as

follows [89]

Ge(r⃗|⃗r′) =
�

I−
1
β2

0

∇∇′
�

�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

+ 2ẑẑG0(r⃗|⃗r′i) (3.2)

where G0(r⃗|⃗r′) is the free-space scalar GF, and I is the unit dyad. r⃗′i = x x̂+ y ẑ− zẑ is

the position vector that extends from the coordinate origin to a point on the object,

indicating the source.

Furthermore, in the image domain scalar GF in (3.2)
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Figure 3.2 Diagram of the image theory adoption for an object above a flat, infinite,
and PEC surface

G0(r⃗|⃗r′i) =
e− jk∥r⃗−r⃗′i∥

4π




r⃗− r⃗′i






(3.3)

with





r⃗− r⃗′i




=
Æ

(x − x ′)2 + (y − y ′)2 + (z + z′)2 (3.4)

is defined. Similarly, the wave vector in the image domain is

k⃗image = βx x̂+ βy ẑ+ βz ẑ (3.5)

and, as seen in Figure 3.2, the horizontal components of the electric field change

direction, while the vertical components in the z-direction remain the same. After

utilizing the image theory, if the boundary conditions are subjected on S2:

n̂2 ×
�

E⃗i + E⃗i
image + E⃗s
�

J⃗2

�

�

�

�

�

on S2

= 0⃗ (3.6)
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is obtained. t̂ is the unit tangent vector of the surface S2, and the IE of the scattered

electric field E⃗s
�

J⃗2

�

can be written in dyadic representation

E⃗s (r⃗) = − jωµ0

∫

S′2

Ge · J⃗2

�

r⃗′
�

dS′2 (3.7)

Here, it should be noted that the unknown surface current is only on S2 surface by

means of employing the GF in (3.2). The current density J⃗2 on S2 surface has expanded

to a set of basis function:

J⃗2(r⃗
′) =

N
∑

ψ=1

Iψf⃗ψ(r⃗
′) (3.8)

where, f⃗ψ(r⃗′) is RWG basis function and given in (2.67). Equation (3.6) can be written

with a set of linear equations as follows

Z(ζψ)I(ψ) = V(ζ) (3.9)

and each Zζψ term

Zζψ = jβ0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

dS′T±
ψ

dST±
ζ

−
1
β2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� �

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

dS′T±
ψ

dST±
ζ

+2

∫

T±
ζ

∫

T±
ψ

�

f⃗ζ(r⃗) · ẑ
� �

f⃗ψ(r⃗
′) · ẑ
�

G0(r⃗|⃗r′i)dS′T±
ψ

dST±
ζ





(3.10)

It should be noted here that each Zζψ term is created for a test and a basis function

and is calculated by summing four different triangular surface integrals

Zζψ = Z−−
ζψ
+ Z+−

ζψ
+ Z−+

ζψ
+ Z++

ζψ
(3.11)

T±
ζ

and T±
ψ

represent the test and basis functions’ plus and minus triangles for the
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adjacent edges on the discretized surface S2. Also, each edge on the S2 surface is

discretized with the test function in creating V array:

Vζ =

∫

T±
ζ

f⃗ζ(r⃗) ·
�

E⃗i + E⃗i
image

�

dST±
ζ

(3.12)

where

E⃗i + E⃗i
image = 2E0e− j(βx x+βy y) �(ĥi + v̂i × ẑ) j sin (cosθiβ0z)

+ẑ cosθi cos (cosθiβ0z)] (3.13)

After obtaining the unknown current density coefficients in (3.9), the scattered electric

field expression for the far field region can be specified as:

E⃗s
far-field (r⃗) = jβ0η

e− jβ0r

4πr

�∫

S′
r̂×
�

r̂× J⃗(r⃗′)
� �

e jβ0 r⃗′·r̂ − e jβ0 r⃗′i ·r̂
�

dS′

+ẑ2

∫

S′
Jz(r⃗
′)e jβ0 r⃗′i ·r̂dS′
�

(3.14)

In addition to these, the detailed acquisitions of (3.10) and (3.14) are presented in

Appendix B.

3.1.2 Perturbation Method

In this section, a 3-D scattering example, as described in Figure 3.1, is handled by

employing a current decomposition approach named the perturbation method. This

method allows the equivalent current density of the infinite surface to be separated

as induced (without the object present) and perturbed (with the object present)

current densities. Also, with a simple assumption, the perturbed current density is

strongly dominant in just a small ground surface region, and its intensity will rapidly

decrease above the infinite surface. The perturbation method thereby assumes that

the perturbed current density is zero except for the limited area of the infinite surface.

As a result of this helpful assumption, the infinite solution domain can be restricted.

This restricted perturbation domain is an area on the infinite ground surface where

the object is closest to this ground surface, as shown in Figure 3.1. Finally, in the
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numerical solution, the RWG basis function discretizes these surface currents, and the

MoM is exploited to solve the resulting surface EFIEs.

As seen in Figure 3.1, WP and LP are the dimensions of the restricted perturbation

surface in x̂ and ŷ directions, respectively. Also, in this scattering scenario, the object

is a cube, and d is the length of one side of it. Furthermore, J⃗P represents the perturbed

current density on the SP restricted surface called perturbation surface. J⃗1 is the total

current density on S1 infinite, flat, and PEC surface. J⃗I specifies the induced current

density on the S1 surface without the object is present. The surface current density J⃗1,

defined on the surface S1, can now be decomposed

lim
Wp ,Lp→∞

J⃗1 = J⃗I + J⃗P (3.15)

and with our assumption for a finite perturbation region

J⃗1 ≈ J⃗I + J⃗P (3.16)

At this point, our assumption should be reminded again that J⃗P is defined for only a

finite SP surface and is zero for others. Indeed, this perturbed current density does

not entirely disappear on S1 ground surface as given (3.15). However, the intensity of

its distribution is minimal except for Sp and can be therefore considered nonexistent.

To summarize, (3.16) is an approximation and is more convergent if the perturbation

region is carefully determined. Now, if the boundary condition on the ground plane

is applied while the object is present, then

n̂1 ×
�

E⃗i + E⃗s
�

J⃗1

�

+ E⃗s
�

J⃗2

���

�

on S1
= 0⃗ (3.17)

and without the object above the ground plane

n̂1 ×
�

E⃗i + E⃗s
�

J⃗I

���

�

on S1
= 0⃗ (3.18)

This equation is also valid for Sp surface

n̂P ×
�

E⃗i + E⃗s
�

J⃗I

���

�

on Sp
= 0⃗ (3.19)
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where, n̂P is unit normal vector of the SP surface. If (3.16) is substituted in (3.17), on

Sp

n̂P ×
�

E⃗i + E⃗s
�

J⃗I

�

+ E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on SP
= 0⃗ (3.20)

Then, if we employ (3.19) in (3.16) for Sp surface

n̂P ×
�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on SP
= 0⃗ (3.21)

The boundary condition on S2

n̂2 ×
�

E⃗i + E⃗s
�

J⃗I

�

+ E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on S2
= 0⃗ (3.22)

and, if it is rearranged

n̂2 ×
�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on S2
= −n̂2 ×
�

E⃗i + E⃗s
�

J⃗I

���

�

on S2
(3.23)

Here, E⃗s
�

J⃗I

�

can be calculated analytically. This is the electric field of the reflected

plane wave for a flat PEC surface. Therefore, just as in (3.13), the total electric field

on S2 can be found for both polarization

E⃗i + E⃗r = 2E0e− j(βx x+βy y) �(ĥi + v̂i × ẑ) j sin (cosθiβ0z)

+ẑ cosθi cos (cosθiβ0z)] (3.24)

(3.21) and (3.23) are utilized to solve the unknown surface currents on Sp and S2

surfaces. The right side of the equations shows the known, while the left side consists

of the unknowns. With this vector identity n̂×
�

n̂× J⃗
�

= −
�

J⃗
�

tan
, these equations can

be re-expressed

�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

��

tan
= 0⃗ on SP (3.25)

�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

��

tan
= −
�

E⃗i + E⃗r
�

tan
on S2 (3.26)
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We can now apply the MoM solution to (3.25) and (3.26). Therefore, if these currents

are expanded with RWG basis functions and exploiting Galerkin-type testing functions,

they will yield a matrix system as in (3.9)





Z
(J⃗P )

11 Z
(J⃗2)

12

Z
(J⃗P )

21 Z
(J⃗2)

12









I
(P)

ψ11

I
(2)

ψ21



=





V
(P)

ζ11

V
(2)

ζ21



 (3.27)

where, a general statement of any edge of Z matrices for plus or minus and testing or

basis triangle surfaces on Sp and S2

Zζψ = jβ0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)G0(r⃗|⃗r′)dS′T±
ψ

dST±
ζ

−
1
β2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
�

G0(r⃗|⃗r′)dS′T±
ψ

dST±
ζ



 (3.28)

Similarly, if these general expressions for V arrays on Sp and S2 surfaces

V (P)
ζ11 = 0 (3.29)

V (2)
ζ11 =

∫

S(2)
T±
ζ

f⃗ζ(r⃗) ·
�

E⃗i + E⃗r
�

dS(2)
T±
ζ

(3.30)

is written. After solving this linear equation system, the unknown current coefficients

will be acquired. Hence, the scattering electric field in the far field region can be stated

for J⃗P and J⃗2 on SP and S2 surfaces, respectively:

E⃗s
far-field (r⃗) = jβ0η

e− jβ0r

4πr

�∫

S′
r̂×
�

r̂× J⃗(r⃗′)
� �

e jβ0 r⃗′·r̂
�

dS′
�

(3.31)

It should be noted that (3.31) is a general expression based on the current densities

under the far-field condition. The total electric field at a position in the far-field region

is calculated by the current densities on the surfaces, and finally, the surface effect on

the the radar echo of the object can be observed. The Radar Cross Section (RCS) of

an object is thereby defined as follows
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RCS= lim
r→∞

4πr2








E⃗s
far-field










2





E⃗i






2 (3.32)

where E⃗s
far-field is the total electrical field at an observation point in the far-field region

caused by J⃗P and J⃗2 current densities. E⃗i is the incident plane-wave defined in (3.1).

Besides, the RCS of the object can be calculated by employing the total scattered

electric field as given in (3.14) with the image method mentioned in the previous

subsection. The image method will be used to prove the accuracy performance of the

perturbation method.

3.2 Numerical Results

In order to compare the precision of the proposed perturbation approach and

determine the right perturbation domain for various scattering circumstances, this

section examines the numerical results of the formulations. The RCS results to be

obtained using image theorem and perturbation methods are illustrated, and the

impact of the chosen area for the perturbation region is carefully evaluated. In order

to assess solution correctness and limitations, the object’s height, size, and incidence

angles are also considered. Following these projections, a proper empirical formula

for choosing the perturbation region is offered.

3.2.1 Determination of Perturbation Region

In order to present the proposed perturbation method with acceptable accuracy, the

size of the perturbation surface area needs to be determined intelligently. Examining

the perturbed current distribution on the infinite ground plane may be helpful. For

this purpose, as demonstrated in Figures 3.3,3.4,3.5,3.6,3.7, and 3.8 several scattering

scenarios with a selection perturbation area of 12.5λ×12.5λ are performed to evaluate

the perturbed current distribution on this truncated surface. Initially, a PEC cube with

a side length of 0.3λ (d = 0.3λ) is placed above the surface at a distance of 0.1λ

(h= 0.1λ), where the incidence angle is 0◦. Secondly, the incidence angle is changed

to 85◦, and the current density result on the surface is depicted in Figure 3.4. For the

third simulation, as shown in Figure 3.5, the h parameter is increased to 0.2λ, where

the incidence angle is set to 0◦ again. Also, in the fourth scenario, the d parameter is

altered to 0.6λ when the angle of incidence is 0◦. Here the h parameter is 0.1λ again.

So far, all simulations are illuminated by a linearly polarized plane wave in the negative

y-direction (θi = 0◦, φi = 0◦, and αi = 90◦). In Figure 3.7, the polarization of the

plane wave is shifted to the positive x-direction for the fifth example (θi = 0◦, φi = 0◦,
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and αi = 0◦), while other parameters remain the same. In Figure 3.8, the horizontal

polarization in the second example is converted vertically. The average mesh length

of a triangle for the surface is 0.2λ. The cube is discretized with triangles of 0.1λ

average length. The distributions of each current density on this truncated surface

are given in Figure 3.4 for these five cases, respectively. Unless otherwise stated in

this chapter, the free space wavelength is denoted as λ in all scattering examples and

numerical results.

Figure 3.3 Perturbed electric current density for a limited region on the infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

As can be easily seen from Figures 3.3,3.4,3.5,3.6,3.7, and 3.8, the perturbation

current distributions predominate only in a limited region where the objects are

closest to the infinite surface. These perturbed currents spread on the infinite surface

depending on object size, distance from the surface, incidence angle, and polarization.

As in our experiments, the spreading region of the perturbation current increases

dramatically with the object’s distance from the surface and the object’s dimension. In

contrast, the maximum amplitude of the current equally decreases. Furthermore, as

expected, the distribution of the perturbation current density is also dependent on the

polarization of the incident wave, as demonstrated in Figures 3.4,3.5,3.6,3.7, and 3.8.

The vertical polarization distributes the current more than the horizontal polarization

along the infinite surface, which is expected to increase the effect of perturbation

current in the total scattering electric field.

Moreover, in these experiments, the normalized current densities are also shared
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Figure 3.4 Perturbed electric current density for a limited region on the infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 90◦)

Figure 3.5 Perturbed electric current density for a limited region on the infinite
ground plane (d = 0.3 m, h= 0.2 m, θi = 0◦, φi = 0◦, αi = 90◦)
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Figure 3.6 Perturbed electric current density for a limited region on the infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 3.7 Perturbed electric current density for a limited region on the infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 0◦)
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Figure 3.8 Perturbed electric current density for a limited region on the infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 90◦)

in Figures 3.3,3.4,3.5,3.6,3.7, and 3.8. Here, a 1% value of the maximum current

density is accepted as a reference to ensure a reliable solution when truncating the

solution region. Also, an important observation is obtained such that the oblique

incidence to the surface reduces the dominant region of the current density while

the normal incidence increases significantly. Accordingly, an appropriate empirical

formula for which the mentioned parameters should be included can be derived in

order to estimate the minimum length of the perturbation region in the x-direction

Wp ≥ 4.3π 4

√

√

√

√

16h3
(λ)d(λ) + h(λ)d

3
(λ)

�

θ
(rad)
i

�4
(|êi · x̂|) + 6.41π4 × 10−4

(|êi · (x̂+ 3ẑ)|+ 1) (3.33)

and this formula in the y-direction is as follows

Lp ≥ 4.3π 4

√

√

√

√

16h3
(λ)d(λ) + h(λ)d

3
(λ)

�

θ
(rad)
i

�4
(|êi · ŷ|) + 6.41π4 × 10−4

(|êi · (ŷ+ 3ẑ)|+ 1) (3.34)

Since the perturbed current distribution on the surface appears pretty similar to a

Dirac delta distribution, the above equations in (3.33) and (3.34) are experimentally

derived based on a resonance function representing the Dirac delta distribution. It
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should be noticed that the calculated lengths of the perturbation region determine the

current error level, which must be carefully decided—also, (3.33) and (3.34) should

be tested for several scattering examples.

3.2.2 Validation of Perturbation Approach

A validation of the proposed method with a selection of perturbation domain is

required by utilizing (3.33) and (3.34) to evaluate approximate lengths. For this

purpose, the RCS and relative error results of scattering electric fields are initially

discussed for different object sizes and distances from the surface. Here, the definition

of the relative error is specified as follows

ϵ (θs,φs) =








E⃗s
image (θs,φs)− E⃗s

per tur bation (θs,φs)
















E⃗s
image (θs,φs)









(3.35)

In order to verify the perturbation method whose region size was discussed above,

the RCS and relative error results for the x − z and y − z planes are depicted in

Figures 3.9–3.12 and 3.13–3.16 for various h (0.1λ, 0.2λ, 0.4λ, and 0.6λ) and d

(0.3λ, 0.6λ, and 0.9λ) values. All scattering examples after this point are illuminated

to a cube object above a flat plane with an incident angle of θi = 85◦,φi = 30◦, and

αi = 90◦. The lengths of the perturbation area are determined as 18λ × 18λ for

h = 0.6λ, d = 0.3λ by using (3.33) and (3.34). The dimension of the perturbation

region remains the same in all simulations.

As shown in Figures 3.9 and 3.10, the perturbed current exists dominantly only within

the selected perturbation region. This selection enables the scattered electric field to

be highly compatible with the solution found by the image theorem. The parameter d

is constant with 0.3λ, and h is altered as 0.2λ, 0.4λ, and 0.6λ. The compatibility of the

object’s RCS results with the image theorem in both the x−z and y−z planes is highly

satisfactory except for scattering angles near the surface, as seen in Figures 3.9 and

3.10, respectively. In Figures 3.11 and 3.12, the relative error graphs of the electric

fields scattered by the decomposition and image theorem are plotted depending on

the angle in the x−z and y−z planes. Thanks to the selected perturbation region, by

using (3.33) and (3.34), high accuracy is achieved at a wide scattering angle range.

In Figures 3.13–3.16, h is fixed at 0.1λ, and d is replaced 0.3λ, 0.6λ, and 0.9λ to

plot the graphs of the RCS and relative error results. Despite the perturbed current

widely spreading over the infinite surface, the results are entirely satisfactory in these

experiments.
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Figure 3.9 RCS result of the perturbation method with image theorem for various h
values in φ = 0◦ plane

Figure 3.10 RCS result of the perturbation method with image theorem for various h
values in φ = 90◦ plane
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Figure 3.11 Relative error result of the perturbation method with image theorem for
various h values in φ = 0◦ plane

Figure 3.12 Relative error result of the perturbation method with image theorem for
various h values in φ = 90◦ plane
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Figure 3.13 RCS result of perturbation method with image theorem for various d
values in φ = 0◦ plane

Figure 3.14 RCS result of perturbation method with image theorem for various d
values in φ = 90◦ plane
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Figure 3.15 Relative error result of the perturbation method with image theorem for
various d values in φ = 0◦ plane

Figure 3.16 Relative error result of perturbation method with image theorem for
various dvalues in φ = 90◦ plane
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4
EFIE ANALYSES FOR PEC OBJECT SCATTERING ABOVE

ARBITRARILY ROUGH CONDUCTIVE PERIODIC

SURFACES WITH PERTURBATION APPROACH

In this chapter, a three-dimensional scattering problem from a PEC object above a

periodic conductive rough surface is addressed using a current decomposition method

(perturbation method) based on the separation of equivalent current density on the

periodic surface as induced and perturbed current densities. The infinite solution

domain is bounded so that the perturbed current density caused by the object is firmly

dominant only in a limited area on the periodic surface. Besides, the RWG basis

function is utilized to discretize currents. The MoM solves the resulting EFIE equations

for these currents on the surface of the object and the bounded domain for the periodic

surface. In addition, the induced current on the periodic surface in the absence of the

object was found as described in Chapter 2.

In contrast to the previous chapter, this induced current with the absence of the

object on half-space will be calculated fully numerically. Again, as mentioned in the

previous Chapter 2, although there are analytical solutions, it is not valid for all surface

roughness. For these reasons, the proposed solution method offers a unique approach

to calculating the RCS of an object placed on an arbitrarily rough surface. Since this

rough surface and object interact electromagnetically, significant changes will occur in

the RCS of the object. Nevertheless, the proposed approach handles this challenging

and crucial scattering problem with sufficient accuracy.

4.1 Formulation

The infinite PEC surface is modeled as periodic to solve the half-space problem as

represented in Figure 4.1. The total induced current without the object present is

found through this model as discussed in Chapter 2. The rough surface is periodic

with Lx and L y , and the surface function satisfies the condition of the periodicity
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Figure 4.1 Configuration of a scattering problem from a PEC object above a periodic, arbitrarily rough, and PEC surface
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{z = s(x , y) = f (x + Lx , y + L y)}. Similar to previous chapters, here, assume that a

plane wave is an incident on a periodic conductive rough surface {z = s(x , y)} with

the incidence angles of θi and φi. The PEC surface is located on the x– y plane, and

the upper region of this surface is the vacuum, as shown in Figure 4.1. a⃗1 and a⃗2 are

the primitive lattice vectors, and Lx and Ly are the dimensions of the unit cell.

As seen in Figure 4.1, WP and LP are the dimensions of the bounded perturbation

surface. J⃗U shows the periodic induced current density defined on the SU surface

from the illumination with a plane wave without the object present. J⃗P specifies

the perturbed current density on the rough surface with the object’s presence. It is

assumed that this current density is dominant in only the SP truncated domain and is

zero on the remaining rough surface. J⃗2 is the total induced current density defined

on the S2 surface. The polarization of the incident plane wave can be determined

according to the transverse to incident plane. Again, the incident electric field can be

written as

E⃗i = êi E0e− jk⃗i ·⃗r = (θ̂ cosα+ φ̂ sinα)E0e− jβ0k̂i ·⃗r = (v̂i + ĥi)E0e− jβ0k̂i ·⃗r (4.1)

where α is the polarization angle and k⃗i = β0k̂i is the incident vector of the wave.

α= 0◦ is θ -polarization (vertical v̂i or TM polarization), and α= 90◦ isφ-polarization

(horizontal ĥi or TE polarization). In (4.1), the incident wave vector is k⃗i = βx x̂ +
βy ŷ − qẑ, and the wave number is k = β0 = ω

p
µ0ε0, where βx = β0 sinθi cosφi,

βy = β0 sinθi sinφi, and q = β0 cosθi. At this point, the derivation of the current

decomposition approach is pretty similar to the previous chapter. The total surface

current density on the S1 surface is defined as J⃗1, and it can be decomposed as

lim
Wp ,Lp→∞

J⃗1 = J⃗U + J⃗P (4.2)

where J⃗U is periodic throughout the infinite ground, and it should satisfy (2.59). Then,

if our assumption is applied

J⃗1 ≈ J⃗U + J⃗P (4.3)

on S1. Now, if the boundary condition on the ground plane is applied while the object

is present, then
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n̂1 ×
�

E⃗i + E⃗s
�

J⃗1

�

+ E⃗s
�

J⃗2

���

�

on S1
= 0⃗ (4.4)

and without the object above the ground plane

n̂1 ×
�

E⃗i + E⃗s
�

J⃗U

���

�

on S1
= 0⃗ (4.5)

This equation is also valid on Sp

n̂P ×
�

E⃗i + E⃗s
�

J⃗U

���

�

on Sp
= 0⃗ (4.6)

where, n̂P is unit normal vector of the SP surface. If (4.3) is substituted in (4.4), on

Sp

n̂P ×
�

E⃗i + E⃗s
�

J⃗U

�

+ E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on SP
= 0⃗ (4.7)

Then, one exploits (4.6) in (4.7)

n̂P ×
�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on SP
= 0⃗ (4.8)

is finally found for the Sp surface. Also, the boundary condition on S2

n̂2 ×
�

E⃗i + E⃗s
�

J⃗U

�

+ E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on S2
= 0⃗ (4.9)

and, rearranging the equation

n̂2 ×
�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

���

�

on S2
= −n̂2 ×
�

E⃗i + E⃗s
�

J⃗U

���

�

on S2
(4.10)

is eventually found on S2. These equations are similar to the previous chapter since

only the right-hand side of (4.10) changes with induction in the case of no object.

Besides, a flat surface can also be modeled periodically. (4.8) and (4.10) can be also

written as follows
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�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

��

tan
= 0⃗ on SP (4.11)

�

E⃗s
�

J⃗P

�

+ E⃗s
�

J⃗2

��

tan
= −
�

E⃗i + E⃗s
�

J⃗U

��

tan
on S2 (4.12)

Moreover, the unknown surface current density J⃗U will firstly resolve without the

object present, as discussed in Chapter 2. J⃗U can be calculated semi-analytical or

purely numerically according to the degree of surface roughness. In this thesis, we

want to address any degree of roughness, so from now on, we will only use the

numerical solution of it. After calculating J⃗U without the object present, the scattered

electric field on S2 resulting from the current density J⃗U is expressed as follows

E⃗s
�

J⃗U

��

�

on S2
= − jωµ0

∫

S′U

�

I+
1
β2

0

∇∇
�

Gp

�

r⃗|⃗r′
�

· J⃗U

�

r⃗′
�

dS′U (4.13)

where Gp is the FS-PGF. To find this scattered electric field, we will utilize the spectral

form of it as given in (A.45) after calculating the induced periodic current density J⃗U

on SU . The MoM solution is applied to (4.11) and (4.12). Expanding the currents with

RWG basis functions and exploiting Galerkin-type testing functions, a matrix system





Z
(J⃗P )

11 Z
(J⃗2)

12

Z
(J⃗P )

21 Z
(J⃗2)

12









I
(P)

ψ11

I
(2)

ψ21



=





V
(P)

ζ11

V
(2)

ζ21



 (4.14)

is produced. Then, a general expression of any edge of Z matrices for plus or minus

and testing or basis triangle surfaces on Sp and S2

Zζψ = jβ0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)G0(r⃗|⃗r′)dS′T±
ψ

dST±
ζ

−
1
β2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
�

G0(r⃗|⃗r′)dS′T±
ψ

dST±
ζ



 (4.15)

are obtained. Then, V arrays on Sp and S2 surfaces, respectively

V (P)
ζ11 = 0 (4.16)
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V (2)
ζ21 =

∫

S(2)
T±
ζ

f⃗ζ(r⃗) ·
�

E⃗i + E⃗s
�

J⃗U

��

dS(2)
T±
ζ

(4.17)

are defined. Here, if the current density vector J⃗U is discretized with basis functions

J⃗U(r⃗
′) =

NU
∑

ψ=1

I (JU )
ψ

f⃗ψ(r⃗
′) (4.18)

and

V (2)
ζ21 =

∫

S(2)
T±
ζ

f⃗ζ(r⃗) · E⃗idS(2)
T±
ζ

− jωµ0

NU
∑

ψ=1

I (JU )
ψ

∫

S(2)
T±
ζ

f⃗ζ(r⃗) ·
∫

S(U)
T±
ψ

�

I+
1
β2

0

∇∇
�

Gp

�

r⃗|⃗r′
�

· f⃗ψ(r⃗′)dS(U)
T±
ψ

dS(2)
T±
ζ

(4.19)

Since the object is always above the rough surface, the double sum of the spectral

form of GF can converge

Gp

�

r⃗|⃗r′
�

=
− j

2Lx L y

+∞
∑

m=−∞

+∞
∑

n=−∞

e− jβm(x−x ′)e− jβn(y−y ′)e− jqmn(z−z′)

qmn
(4.20)

and

∇∇Gp

�

r⃗|⃗r′
�

= −Gp

�

r⃗|⃗r′
�

k⃗mn ⊗ k⃗mn (4.21)

The detailed information is given in Chapter 2. Furthermore, the unknown current

coefficients will be found after solving the linear equation system. Eventually, the total

scattered electric field in the far field region
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E⃗s
far-field (r⃗) = jβ0η

e− jβ0r

4πr

�

∫

S′P

r̂×
�

r̂× J⃗P(r⃗
′)
� �

e jβ0 r⃗′·r̂
�

dS′P

+

∫

S′2

r̂×
�

r̂× J⃗2(r⃗
′)
� �

e jβ0 r⃗′·r̂
�

dS′2

�

(4.22)

can be written. With the RWG basis function for any edge

J⃗P(r⃗
′) =

N1
∑

ψ=1

I (JP )
ψ

f⃗ψ(r⃗
′) (4.23)

J⃗2(r⃗
′) =

N2
∑

ψ=1

I (J2)
ψ

f⃗ψ(r⃗
′) (4.24)

thereby

E⃗s
far-field (r⃗) = jβ0η

e− jβ0r

4πr





N1
∑

ψ=1

I (JP )
ψ

∫

dS(P)
T±
ψ

r̂×
�

r̂× f⃗ψ(r⃗
′)
� �

e jβ0 r⃗′·r̂
�

dS(P)
T±
ψ

+
N2
∑

ψ=1

I (J2)
ψ

∫

dS(2)
T±
ψ

r̂×
�

r̂× f⃗ψ(r⃗
′)
� �

e jβ0 r⃗′·r̂
�

dS(2)
T±
ψ



 (4.25)

Also, the RCS of the object

RCS= lim
r→∞

4πr2








E⃗s
far-field










2





E⃗i






2 (4.26)

is similarly defined.

4.2 Numerical Results

After the preliminary validations of the proposed perturbation approach in

Chapter (3), a rough ground surface example can be realized through a pre-calculated

periodic surface current by the periodic-MoM formulation as discussed in detail in
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Chapter (2). For this purpose, the surface function of the unit cell of the ground plane

is simply chosen as a sinusoidal function

z = s(x , y) = −hs

�

cos
�

2πx
WU

�

+ cos
�

2πy
LU

��

(4.27)

where hs is the height of the rough surface, and this surface is periodic with WU and

LU .

Similar to the flat surface case, a converge test should be performed to determine a

reasonable choice of the perturbation region before investigating the effects of the

rough surface on the scattering from the object. Additionally, the RAM requirement

in the MoM solution can be extremely high due to employing highly dense mesh at

some rough surface examples to model surface slopes correctly. Therefore, the surface

parameters of the unit cell are determined as hs = 0.15λ, WU = LU = 1.5λ. The

dimensions of the perturbation region are changed with 4λ×4λ, 8λ×8λ, 16λ×16λ,

and 24λ× 24λ. Finally, the object with d = 0.3λ is inserted at the height of h= 0.1λ

above the top of the rough surface. Unless otherwise stated in this chapter, the free

space wavelength is denoted as λ in all scattering examples and numerical results.

The RCS results of these four perturbation region selections in the x−z and y−z planes

are demonstrated in Figures 4.2 and 4.3, respectively. According to these results, a

perturbation surface of 8λ×8λwas chosen because there was no significant difference

except for small fluctuations. Also, this choice allows for employing smaller mesh

sizes for the perturbation surface. On the other hand, the accuracy can be increased

by extending the perturbation region when higher accuracy is desired. Furthermore,

considering the solution region, the proposed method is still advantageous compared

to the tapered wave approach for near-grazing angle illumination [28].

In Figures 4.4– 4.7, a cube object with d = 0.3λ is employed to observe the effects of a

rough surface defining in (4.27). Here, the object is again positioned at the height of

h= 0.1λ above the surface top, and perturbation region size is 8λ×8λ as determined

in the preceding scattering scenario. The effect of the surface height is discussed in

the x − z and y − z planes for several surface heights of the sinusoidal surface in

Figure 4.4 and 4.5. As seen from the figures, when the surface height is decreased,

the RCS of the object is converged to the flat case. In contrast, the RCS is subject to

change as the perturbation current density spreads over the surface when the surface

height increases. Under the same conditions, the effect of the surface gradient is

demonstrated by changing the unit cell dimensions in Figures 4.6 and 4.7. Significant

changes occur when the surface gradient becomes comparable to the object’s size. In
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other cases, the surface current is concentrated on the rough top of the surface.

Moreover, the last experiments are carried out on the effects of rough surface shape in

Figures 4.8 and 4.9. In these experiments, the unit cell dimension is 1.5λ×1.5λ, and

other parameters remain the same as the previous two scattering examples except for

the surface roughness. Here, for these four test cases, as seen in Figures 4.8 and 4.9,

the surface roughnesses are randomly obtained a Gaussian correlation function with

the surface height hs = 0.1λ and a correlation length 0.3λ. The distribution of the

perturbed current on the ground surface changes concerning the surface variation.

Consequently, the roughness can considerably modify the RCS results of the object.

Figure 4.2 Changes on the RCS of the object according to the size of the
perturbation region in φ = 0◦ plane
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Figure 4.3 Changes on the RCS of the object according to the size of the
perturbation region in φ = 90◦ plane

Figure 4.4 Effect of surface height on the RCS of the object in φ = 0◦ plane
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Figure 4.5 Effect of surface height on the RCS of the object in φ = 90◦ plane

Figure 4.6 Effect of unit cell dimension on the RCS of the object in φ = 0◦ plane
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Figure 4.7 Effect of unit cell dimension on the RCS of the object in φ = 90◦ plane

Figure 4.8 Effect of rough surface shape on the RCS of the object in φ = 0◦ plane
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Figure 4.9 Effect of rough surface shape on the RCS of the object in φ = 90◦ plane
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5
SCATTERING ANALYSES OF A PEC OBJECT ABOVE A

DIELECTRIC FLAT HALF-SPACE

In this chapter, as depicted in Figure 5.1, an electromagnetic scattering problem

from an arbitrary-shaped PEC object above lossy or lossless dielectric flat half-spaces

is treated by using the same perturbation approach as represented in the former

chapters. Despite the earlier calculations, a new perturbed surface current occurs

on the dielectric ground surface. The EFIE and MFIE are thereby exploited with the

PMCHWT formulation to calculate the equivalent surface currents for the dielectric

interface. The object is chosen as PEC for simplification, and the induced electric

current is attained by solving the EFIE on the surface. Lastly, the validation of the

proposed method is realized by commercial software.

Before starting the formulation, it will be useful to give the general expressions of the

scattered electric and magnetic fields from electric J⃗ and magnetic M⃗ current densities

in the integral form

E⃗s(r⃗) = − jkη

∫

S′

�

1+
1
k2
∇∇·
�

J⃗(r⃗′)G(r⃗, r⃗′)dS′ −∇×
∫

S′
M⃗(r⃗′)G(r⃗, r⃗′)dS′ (5.1)

H⃗s(r⃗) = − j
k
η

∫

S′

�

1+
1
k2
∇∇·
�

M⃗(r⃗′)G(r⃗, r⃗′)dS′ +∇×
∫

S′
J⃗(r⃗′)G(r⃗, r⃗′)dS′ (5.2)

and, these equations can be represented plainly in the form of integral operators

E⃗s = − jkηL[J⃗]−K[M⃗] (5.3)

H⃗s = − j
k
η
L[M⃗] +K[J⃗] (5.4)

where, J⃗ and M⃗ are electric and magnetic current densities on the dielectric interface.
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Figure 5.1 Configuration of a scattering problem from a PEC object above an infinite, flat, and dielectric surface
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5.1 Formulation

As shown in Figure 5.1, an object is inserted above a flat dielectric surface, and a

plane wave illuminates it. Here, the dielectric ground can be lossy or lossless, and

the PEC object can be selected as any arbitrary shape. The plane wave definition is

as (3.1) in the former chapter. In Figure 5.1, since the perturbed surface current on

the dielectric interface aroused from the object is only dominant in a limited surface

region, the perturbation region should be therefore determined carefully. Once more,

under this assumption, we must use the formulations with and without the target,

as in the earlier chapters. Subsequently, we will utilize inner and outer equivalence

theorems for the dielectric interface.

5.1.1 Formulations without Target

Initially, the case without the target is formulated. After applying the outer equivalence

to the ground interface in which the target is not present:

n̂1 ×
�

E⃗1

�

�

�

�

S+1
= −M⃗I , and n̂1 ×

�

H⃗1

�

�

�

�

S+1
= J⃗I (5.5)

is written through the boundary conditions. Here, J⃗I and M⃗I represent the electric

and magnetic currents induced on the ground plane in the absence of the object. n̂1

is the unit normal vector of the ground surface. E⃗1 and H⃗1 are the total electric and

magnetic fields in the free-space region, respectively. Therefore, the total electric field

is in the free-space region (in Region 1)

E⃗1 = E⃗s
1(J⃗I , M⃗I) + E⃗i (5.6)

where the superscript s indicates the scattered field, as well as the total magnetic field

in Region 1 is

H⃗1 = H⃗s
1(J⃗I , M⃗I) + H⃗i (5.7)

Also, as depicted in the fields and regions in Figure 5.1, utilizing the extinction

theorem, the total electric and magnetic fields in Region 2

E⃗2 = H⃗2 = 0⃗ (5.8)
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will simply become. Now, (5.6) are substituted in (5.5)

n̂1 ×
�

E⃗s
1(J⃗I , M⃗I) + E⃗i
�

�

�

�

S+1
= −M⃗I (5.9)

and, it is rearranged on S+1

�

E⃗s
1(J⃗I , M⃗I) + E⃗i
�

tan
− n̂1 × M⃗I = 0⃗ on S+1 (5.10)

Furthermore, (5.7) are substituted in (5.5)

n̂1 ×
�

H⃗s
1(J⃗I , M⃗I) + H⃗i
�

�

�

�

S+1
= J⃗I (5.11)

and, it is again rearranged on S+1

�

H⃗s
1(J⃗I , M⃗I) + H⃗i
�

tan
+ n̂1 × J⃗I = 0⃗ on S+1 (5.12)

is obtained. On the other hand, we can now employ the inner equivalence theorem to

the dielectric interface in a similar way. The boundary conditions on S−1 as follows

−n̂1 ×
�

E⃗2

�

�

�

�

S−1
= M⃗I , and −n̂1 ×

�

H⃗2

�

�

�

�

S−1
= −J⃗I (5.13)

where, the total electric and magnetic fields in the second region

E⃗2 = E⃗s
2(−J⃗I ,−M⃗I) (5.14)

H⃗2 = H⃗s
2(−J⃗I ,−M⃗I) (5.15)

and, the total electric and magnetic fields in the first region

E⃗1 = H⃗1 = 0⃗ (5.16)

Here, it should be noted that the constitutive parameters of the first region are

considered the same as the second region in the inner equivalence. On the contrary,

this situation is the opposite of the outer equivalence theorem. In addition, if (5.14)
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and (5.15) are substituted in (5.13)

−n̂1 ×
�

E⃗s
2(−J⃗I ,−M⃗I)
�

�

�

�

S−1
= M⃗I (5.17)

and

−n̂1 ×
�

H⃗s
2(−J⃗I ,−M⃗I)
�

�

�

�

S−1
= −J⃗I (5.18)

If they can be expressed on S−1 as follows

�

E⃗s
2(−J⃗I ,−M⃗I)
�

tan
− n̂1 × M⃗I = 0⃗ on S−1 (5.19)

as well as

�

H⃗s
2(−J⃗I ,−M⃗I)
�

tan
+ n̂1 × J⃗I = 0⃗ on S−1 (5.20)

(5.10), (5.12) on S+1 and (5.19), (5.20) on S−1 will be employed in the derivation of

the perturbation approach for the problem shown in Figure (5.1).

5.1.2 Analytical Solution without Target

The reflected and transmitted fields can be obtained analytically for a flat dielectric

interface. For this purpose, the incident electric field should be decomposed to the

vertical and horizontal components as follows

E⃗i
1 = (E⃗

i
1 · v̂i)v̂i + (E⃗

i
1 · ĥ)ĥ= E i

1,vv̂i + E i
1,hĥ (5.21)

Therefore, the reflected and transmitted fields from the infinite dielectric surface will

be comprised of vertical and horizontal components

E⃗r
1 = R∥E

i
1,vv̂r + R⊥E i

1,hĥ (5.22)

E⃗t
2 = T∥E

i
1,vv̂t + T⊥E i

1,hĥ (5.23)

Here, subscripts 1 and 2 imply the regions, respectively. Also,⊥ and ∥ show horizontal
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and vertical polarizations, and R and T mean reflection and transmission, respectively.

Consequently, if the reflection and transmission coefficients are written for both

polarization

R⊥ =
η1 cosθ i −η0 cosθ t

η1 cosθ i +η0 cosθ t
(5.24)

R∥ =
η1 cosθ t −η0 cosθ i

η1 cosθ t +η0 cosθ i
(5.25)

T⊥ =
2η1 cosθ i

η1 cosθ i +η0 cosθ t
(5.26)

T∥ =
2η1 cosθ i

η0 cosθ i +η1 cosθ t
(5.27)

Here, the intrinsic impedances of these two mediums

η0 =
√

√µ0

ε0
, and η1 =
√

√µ1

ε1
(5.28)

Then, if we define the scattered and transmitted fields in terms of the surface current

densities

E⃗r
1 = E⃗1(J⃗I , M⃗I), and H⃗r

1 = H⃗1(J⃗I , M⃗I) (5.29)

E⃗t
2 = E⃗2(−J⃗I ,−M⃗I), and H⃗t

2 = H⃗2(−J⃗I ,−M⃗I) (5.30)

it will be helpful for the subsequent formulations.

5.1.3 Current Decomposition Solution

A PEC cube is placed h m above the ground surface as the target. For the problem

represented in Figure 5.1, the total induced current on the ground surface is J⃗1 and

M⃗1. In addition, J⃗2 indicates the induced electric current density on the PEC target.

The currents on the ground surface can be decomposed as follows

lim
Wp ,Lp→∞

J⃗1 = J⃗I + J⃗P (5.31)

and
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lim
Wp ,Lp→∞

M⃗1 = M⃗I + M⃗P (5.32)

where J⃗P and M⃗P are the perturbed electric and magnetic current density vectors,

respectively. Besides, as we know from the former chapters, we can forcibly restrict

the perturbation surface since the perturbation currents strongly exist for a limited

area on the infinite surface. Hence, this assumption gives us a sufficiently accurate

approximate solution:

J⃗1 ≈ J⃗I + J⃗P (5.33)

M⃗1 ≈ M⃗I + M⃗P (5.34)

Here, it assumes that J⃗P and M⃗P are defined only in the perturbation region. At this

point, the outer and inner equivalence theorems will be employed once more on the

infinite ground surface for the currents J⃗1 and M⃗1. Through the inner equivalence

theorem, the electric and magnetic fields inside each region

E⃗1 = E⃗s
1(J⃗1, M⃗1) + E⃗s

1(J⃗2) + E⃗i, and E⃗2 = 0⃗ (5.35)

H⃗1 = H⃗s
1(J⃗1, M⃗1) + H⃗s

1(J⃗2) + H⃗i, and H⃗2 = 0⃗ (5.36)

is given. Using the boundary conditions with the outer equivalence,

n̂1 ×
�

E⃗s
1(J⃗1, M⃗1) + E⃗s

1(J⃗2) + E⃗i
�

�

�

�

S+1
= −M⃗1 (5.37)

and

n̂1 ×
�

H⃗s
1(J⃗1, M⃗1) + H⃗s

1(J⃗2) + H⃗i
�

�

�

�

S+1
= J⃗1 (5.38)

are written. (5.34) is substituted in (5.37) for S+P

n̂1 ×
�

E⃗s
1(J⃗I , M⃗I) + E⃗s

1(J⃗P , M⃗P) + E⃗s
1(J⃗2) + E⃗i
�

�

�

�

S+P
= −M⃗I − M⃗P (5.39)

and if it is rearranged
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�

E⃗s
1(J⃗I , M⃗I) + E⃗s

1(J⃗P , M⃗P) + E⃗s
1(J⃗2) + E⃗i
�

tan
− n̂1 × M⃗I − n̂1 × M⃗P = 0⃗ on S+P (5.40)

Also, (5.33) is substituted in (5.38) for S+P

n̂1 ×
�

H⃗s
1(J⃗I , M⃗I) + H⃗s

1(J⃗P , M⃗P) + H⃗s
1(J⃗2) + H⃗i
�

�

�

�

S+P
= J⃗I + J⃗P (5.41)

by rearranging this

�

H⃗s
1(J⃗I , M⃗I) + H⃗s

1(J⃗P , M⃗P) + H⃗s
1(J⃗2) + H⃗i
�

tan
+ n̂1 × J⃗I + n̂1 × J⃗P = 0⃗ on S+P (5.42)

can be written. Finally, employing (5.10) with (5.40) on S+p surface

�

E⃗s
1(J⃗P , M⃗P) + E⃗s

1(J⃗2)
�

tan
− n̂1 × M⃗P = 0⃗ on S+P (5.43)

also, employing (5.12) with (5.42) on S+p

�

H⃗s
1(J⃗P , M⃗P) + H⃗s

1(J⃗2)
�

tan
+ n̂1 × J⃗P = 0⃗ on S+P (5.44)

are found. Utilizing from inner equivalence theorem, the electric and magnetic fields

inside each region

E⃗2 = E⃗s
2(−J⃗1,−M⃗1), and E⃗1 = 0⃗ (5.45)

H⃗2 = H⃗s
2(−J⃗1,−M⃗1), and H⃗1 = 0⃗ (5.46)

is expressed, and employing the boundary conditions on S−1

(−n̂1)×
�

E⃗s
2(−J⃗1,−M⃗1)
�

�

�

�

S−1
= M⃗1 (5.47)

(−n̂1)×
�

H⃗s
2(−J⃗1,−M⃗1)
�

�

�

�

S−1
= −J⃗1 (5.48)
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can be written. (5.34) in (5.47) and (5.33) in (5.48) are substituted on S−P

(−n̂1)×
�

E⃗s
2(−J⃗I ,−M⃗I) + E⃗s

2(−J⃗P ,−M⃗P)
�

�

�

�

S−P
= M⃗I + M⃗P (5.49)

(−n̂1)×
�

H⃗s
2(−J⃗I ,−M⃗I) + H⃗s

2(−J⃗P ,−M⃗P)
�

�

�

�

S−P
= −J⃗I − J⃗P (5.50)

Eventually, in a similar way, if we apply (5.19) and (5.20) in (5.49) and (5.50),

respectively

�

E⃗s
2(−J⃗P ,−M⃗P)
�

tan
− n̂1 × M⃗P = 0⃗ on S−P (5.51)

�

H⃗s
2(−J⃗P ,−M⃗P)
�

tan
+ n̂1 × J⃗P = 0⃗ on S−P (5.52)

will be obtained. Therefore, the EFIEs and MFIEs can be used together with the

PMCHWT formulation by adding them to the dielectric interface. As a result, the

electric fields

�

E⃗s
1(J⃗P , M⃗P) + E⃗s

1(J⃗2) + E⃗s
2(J⃗P , M⃗P)
�

tan
= 0⃗ on SP (5.53)

as well as magnetic fields

�

H⃗s
1(J⃗P , M⃗P) + H⃗s

1(J⃗2) + H⃗s
2(J⃗P , M⃗P)
�

tan
= 0⃗ on SP (5.54)

are found on SP surface. Lastly, we will employ the EFIE for the target surface.

Thereby, the electric fields caused by the surface currents on S2 surface

�

E⃗s
1(J⃗P , M⃗P) + E⃗s

1(J⃗2) + E⃗s
1(J⃗I , M⃗I) + E⃗i
�

tan
= 0⃗ on S2 (5.55)

rearranging this by using (5.29)

�

E⃗s
1(J⃗P , M⃗P) + E⃗s

1(J⃗2)
�

tan
= −
�

E⃗r + E⃗i
�

tan
on S2 (5.56)

is finally obtained. Here, E⃗r is considered analytically solvable and precomputed. As

a result, if we substitute (5.3) and (5.4) in (5.53), (5.54), and (5.56):
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�

jωµ0L
(1)[J⃗P] + jωµ1L

(2)[J⃗P]

+K(1)[M⃗P] +K(2)[M⃗P] + jωµ1L
(2)[J⃗2]
	

tan
= 0⃗ on SP (5.57)

�

− jωε0L
(1)[M⃗P]− jωε1L

(2)[M⃗P] +K(1)[J⃗P]

+K(2)[J⃗P] +K(2)[J⃗2]
	

tan
= 0⃗ on SP (5.58)

�

jωµ1L
(2)[J⃗P] +K(2)[M⃗P] + jωµ1L

(2)[J⃗2]
	

tan
=
�

E⃗r + E⃗i
�

tan
on S2 (5.59)

will be found. Here, the superscripts (1) and (2) show the regions, and ε1 and µ1 can

be complex and dependent on frequency. The principal value theorem was applied to

the K operator as in [78]

lim
r⃗→r⃗′

�

n̂×K[X⃗]
�

=
1
2

X⃗ (5.60)

and

lim
r⃗→r⃗′

�

K[X⃗]
�

tan
= −

1
2

n̂× X⃗ (5.61)

thus, K operator can be written as

K[X⃗]tan = KP.V.[X⃗]tan −
1
2

n̂× X⃗ (5.62)

Finally, using (5.62) in (5.57), (5.58), and (5.59)

�

jωµ0L
(1)[J⃗P] + jωµ1L

(2)[J⃗P]

+K(1)P.V.[M⃗P] +K
(2)
P.V.[M⃗P] + jωµ1L

(2)[J⃗2]
	

tan
= 0⃗ on SP (5.63)

�

− jωε0L
(1)[M⃗P]− jωε1L

(2)[M⃗P] +K
(1)
P.V.[J⃗P]

+K(2)P.V.[J⃗P] +K(2)[J⃗2]
	

tan
= 0⃗ on SP (5.64)

�

jωµ1L
(2)[J⃗P] +K(2)[M⃗P] + jωµ1L

(2)[J⃗2]
	

tan
=
�

E⃗r + E⃗i
�

tan
on S2 (5.65)
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are found. Moreover, if the unknown currents are expanded with RWG basis functions

J⃗P(r⃗
′) =

NP
∑

ψ=1

I (JP )
ψ

f⃗ψ(r⃗
′) (5.66)

M⃗P(r⃗
′) =

NP
∑

ψ=1

I (MP )
ψ

g⃗ψ(r⃗
′) (5.67)

J⃗2(r⃗
′) =

N2
∑

ψ=1

I (J2)
ψ

f⃗ψ(r⃗
′) (5.68)

where, g⃗ψ(r⃗′) is the magnetic basis function. Actually, the RWG basis function is

divergence-conforming but not curl-conforming. However, it is the same as f⃗ψ(r⃗′)
since the PMCHWT formulation can be handled without applying the curl operator.

Furthermore, exploiting Galerkin-type testing functions, a matrix system











Z
(J⃗P )

11 Z
(M⃗P )

12 Z
(J⃗2)

13

Z
(J⃗P )

21 Z
(M⃗P )

22 Z
(J⃗2)

23

Z
(J⃗P )

31 Z
(M⃗P )

32 Z
(J⃗2)

33



















I
(J⃗P )

ψ11

I
(M⃗P )

ψ21

I
(J⃗2)

ψ31









=









V
(J⃗P )

ζ11

V
(M⃗P )

ζ21

V
(J⃗2)

ζ31









(5.69)

are produced. At this point, we use g⃗ψ(r⃗′) = η0f⃗ψ(r⃗′) for basis and g⃗ζ(r⃗) = η0f⃗ζ(r⃗) for

testing to obtain the diagonal Z matrix. Here, the general expressions for L and K

L[X⃗] =





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jkl∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′T±

ψ

dST±
ζ

−
1
k2

l

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jkl∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′T±

ψ

dST±
ζ



 (5.70)

and

K[X⃗] = −
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
� 1+ jkl ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jkl∥r⃗−r⃗′∥dS′T±
ψ

dST±
ζ

(5.71)
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can be given. Here, kl indicates the wave number for a region. As a result, it can be

helpful for the reader to give detailed expressions each Z component for any edge

Z (ζψ)11 = jk0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ





jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ



 on SP (5.72)

Z (ζψ)12 = −
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
� 1+ jk0 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk0∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

−
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
� 1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

on SP

(5.73)

Z (ζψ)13 = jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(P)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(P)
T±
ζ



 on SP (5.74)

Z (ζψ)21 = −
1

4π

∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× f⃗ψ(r⃗
′)
� 1+ jk0 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk0∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

−
1

4π

∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× f⃗ψ(r⃗
′)
� 1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

on SP

(5.75)
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Z (ζψ)22 = − j
k0

η0





∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) · g⃗ψ(r⃗′)
e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · g⃗ζ(r⃗)
� �

∇′s · g⃗ψ(r⃗
′)
� e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ





− j
k1

η1





∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) · g⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · g⃗ζ(r⃗)
� �

∇′s · g⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ



 on SP (5.76)

Z (ζψ)23 = −
1

4π

∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× f⃗ψ(r⃗
′)
�

1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(2)
T±
ψ

dS(P)
T±
ζ

on SP (5.77)

Z (ζψ)31 = jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(2)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(2)
T±
ζ



 on S2 (5.78)

Z (ζψ)32 = −
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
�

1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(2)
T±
ζ

on S2 (5.79)

Z (ζψ)33 = jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(2)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(2)
T±
ζ



 on S2 (5.80)
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where, supercripts (P) and (2) imply the surfaces. In addition, V array components

V (P)
ζ11 = 0 on SP (5.81)

V (P)
ζ21 = 0 on SP (5.82)

V (2)
ζ31 =

∫

S(2)
T±
ζ

f⃗ζ(r⃗) ·
�

E⃗i + E⃗r
�

dS(2)
T±
ζ

on S2 (5.83)

After the representation of the Z matrix, the far-field expression inside Region 1 can

be no more given here as follows

E⃗s
far-field(r⃗) = E⃗s

1(J⃗P , M⃗P) + E⃗s
1(J⃗2) (5.84)

Thus, for SP

E⃗s
1(J⃗P , M⃗P) = − jk0

e− jk0r

4πr

∫

S′P

�

M⃗P(r⃗
′)× r⃗
�

e jk0 r⃗′ ·⃗rdS′P

+ jk0η0
e− jk0r

4πr

∫

S′P

r̂×
�

r̂× J⃗P(r⃗
′)
� �

e jk0 r⃗′·r̂
�

dS′P (5.85)

and for S2

E⃗s
1(J⃗2) = jk0η0

e− jk0r

4πr

∫

S′2

r̂×
�

r̂× J⃗2(r⃗
′)
� �

e jk0 r⃗′·r̂
�

dS′2 (5.86)

can be written. Finally, utilizing (5.66), (5.67), and (5.68)

E⃗s
1(J⃗P , M⃗P) = − jk0

e− jk0r

4πr





NP
∑

ψ=1

I (MP )
ψ

∫

S′(P)
T±
ψ

�

g⃗ψ(r⃗
′)× r⃗
� �

e jk0 r⃗′·r̂
�

dS′(P)
T±
ψ





+ jk0η0
e− jk0r

4πr





NP
∑

ψ=1

I (JP )
ψ

∫

S′(P)
T±
ψ

r̂×
�

r̂× f⃗ψ(r⃗
′)
� �

e jk0 r⃗′·r̂
�

dS′(P)
T±
ψ



 (5.87)
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E⃗s
1(J⃗2) = jk0η0

e− jk0r

4πr





N2
∑

ψ=1

I (J2)
ψ

∫

S′(2)
T±
ψ

r̂×
�

r̂× f⃗ψ(r⃗
′)
� �

e jk0 r⃗′·r̂
�

dS′(2)
T±
ψ



 (5.88)

are expressed for any edge on the surfaces. Lastly, the RCS

RCS= lim
r→∞

4πr2








E⃗s
far-field










2





E⃗i






2 (5.89)

is defined.

5.2 Numerical Results

As discussed in the previous chapters, we know that the size of the perturbation

surface must be carefully selected to obtain the proposed method with acceptable

accuracy. Therefore, starting by discussing the perturbation current distribution may

be helpful. As demonstrated in Figures 5.2–5.13, several scattering scenarios with a

selection perturbation area of 12.5×12.5 m2 are conducted to evaluate the perturbed

current distribution on this truncated surface. Here, the dielectric constant of the

ground is selected as 4, and it has a conductivity of 0.1 S/m. In the first scattering

example, a PEC cube with a side length of 0.3 m (d = 0.3 m) is initially placed above

the surface at a distance of 0.1 m (h = 0.1 m) in which the incidence angle is 0◦.

The perturbed currents on the perturbation surface are demonstrated in Figures 5.2

and 5.3. Subsequently, the incidence angle is set to 85◦, and the current density results

on the surface are presented in Figures 5.4 and 5.5. As illustrated in Figures 5.6

and 5.7 for the third simulation, h is increased to 0.2 m, where the incidence angle

is once more fixed to 0◦. Additionally, the d parameter is revised to 0.6 m while the

incidence angle is 0◦ as the fourth case shared in Figures 5.8 and 5.9. Here, h is 0.1 m

again. So far, all simulations are illuminated by a linearly polarized plane wave in

the negative y-direction (θi = 0◦, φi = 0◦, and αi = 90◦). In Figures 5.10 and 5.11,

the polarization of the plane wave is shifted to the positive x-direction for the fifth

example (θi = 0◦, φi = 0◦, and αi = 0◦), while other parameters remain the same. In

Figures 5.12 and 5.13, the horizontal polarization in the second example is converted

vertically. As seen from the figures, the current distribution behaves similarly to a PEC

ground and continues to satisfy our assumption.

Furthermore, in these simulations, the average mesh length of a triangle for the

ground surface is 0.2λ0. The cube is discretized with triangles of 0.1λ0 average
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length. The distributions of each current density on this truncated surface are given

in Figures 5.2–5.13 for these six cases, respectively. Also, the incident plane wave

frequency was 300 MHz in all simulations.

Figure 5.2 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 5.3 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)
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Figure 5.4 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 90◦)

Figure 5.5 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 90◦)

102



Figure 5.6 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.2 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 5.7 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.2 m, θi = 0◦, φi = 0◦, αi = 90◦)
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Figure 5.8 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 5.9 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)
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Figure 5.10 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 0◦)

Figure 5.11 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 0◦)
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Figure 5.12 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 0◦)

Figure 5.13 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 0◦)
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Now, the perturbation region is increased for validation. After this point, a plane wave

illuminates all scattering examples with an incident angle of θi=85°, φi=30°, αi=90°.

Figures 5.14 and 5.15 demonstrate the RCS results for φ = 0◦ and φ = 90◦ planes

while increasing the the perturbation surface. The frequency of the incident plane

wave is 300 MHz again, and after this point, the frequency will not be changed unless

otherwise stated. In addition, unless otherwise stated, the dielectric constant of the

ground is 4, and the ground has a conductivity of 0.1 S/m. Also, in these simulations,

the parameters are h= 0.1 m and d = 0.3 m. As seen from Figures 5.14 and 5.15, the

selected perturbation area is adequate to calculate the RCSs of the object with high

accuracy, and it seems that there is not a significant change in the RCS results while

increasing the region. It should be noticed that minor changes in the RCS patterns are

only in the scattering angles close to grazing. Besides, the current distributions are

also shared on the perturbation region for WP = LP = 24 m. As can be seen from the

figures, the perturbed current is diminished exponentially, and the magnetic current

density on the perturbation surface is dominant.

Subsequently, the effect of the d and h parameters on the RCS of the object is given in

Figures 5.16–5.19. The incident direction and polarization of the wave are the same

as in the previous examples. However, the image theorem can be used for these kinds

of scattering problems by finding the exact GF. Herein, the results were also compared

with CST Microwave Studio for validation. The integral solver is employed with the

MoM solution for this purpose. As seen from Figures 5.16–5.19, all results are very

consistent. Also, since the incident wave definition is different from CST, θ angles are

flipped in the results from CST.

Furthermore, as seen from the results, the proposed perturbation approach also is valid

for a dielectric half-space. Therefore, even if the problem type becomes more complex,

our proposed method will continue to produce high-accuracy solutions. Besides these,

although the perturbed magnetic currents are more dominant on the surface, the RCS

results are similar to the PEC ground case. Besides, the changes in the RCS are also

observed while increasing the incident angle in Figures 5.20 and 5.21 for φ = 0◦ and

φ = 90◦ planes, respectively.

Then, simulations are continued for different dielectric and conductivity values. The

results are given in Figure 5.22 - 5.25. Here, as the dielectric constant and conductivity

increase, the results converge to the PEC ground case. Unlike the previous chapters,

the effects of object shapes on the RCSs are given in Figures 5.26 and 5.27. Here, the

objects are 0.1 m above the surface, and the width of the objects is approximately 0.6

m. As seen from these figures, the object’s shape also significantly affects the RCS.
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Figure 5.14 RCS results for the plane φ = 0◦ while increasing the perturbation
region

Figure 5.15 RCS results for the plane φ = 90◦ while increasing the perturbation
region
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Figure 5.16 RCS results in the φ = 0◦ plane while increasing the height of the
object from the ground surface

Figure 5.17 RCS results in the φ = 90◦ plane while increasing the height of the
object from the ground surface
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Figure 5.18 RCS results in the φ = 0◦ plane while increasing the size of the object

Figure 5.19 RCS results in the φ = 90◦ plane while increasing the size of the object
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Figure 5.20 RCS results in the φ = 0◦ plane while increasing the incident angle

Figure 5.21 RCS results in the φ = 90◦ plane while increasing the incident angle
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Figure 5.22 RCS results in the φ = 0◦ plane while increasing the dielectric constant
of the dielectric medium

Figure 5.23 RCS results in the φ = 90◦ plane while increasing the dielectric
constant of the dielectric medium
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Figure 5.24 RCS results in the φ = 0◦ plane while increasing the conductivity of the
dielectric medium

Figure 5.25 RCS results in the φ = 90◦ plane while increasing the conductivity of
the dielectric medium
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Figure 5.26 RCS results for different objects with approximately the same
dimensions in the plane φ = 0◦.

Figure 5.27 RCS results for different objects with approximately the same
dimensions in the plane φ = 90◦.

114



6
SCATTERING ANALYSES OF A BURIED PEC TARGET

INSIDE A LOSSY HALF-SPACE

This chapter handles an electromagnetic scattering problem from an arbitrary-shaped

PEC object buried lossy or lossless dielectric flat half-spaces as depicted in Figure

6.1. The perturbation method is again employed for this purpose by decomposing

the surface currents on the ground plane. The PMCHWT formulation solves these

equivalent surface currents for the dielectric interface, which are discretized with RWG

basis functions. In addition, for the buried PEC object, the induced electric current on

it is calculated by solving the EFIE. The buried object is again chosen as PEC for an

effortless calculation as well as an accessible validation with the literature.

6.1 Formulation

Since the case without the target was formulated in Chapter 5, we only discuss the

perturbation method for the buried target case in this chapter. As seen in Figure 6.1,

an object is placed below a flat dielectric surface when a plane wave illuminates it.

The plane wave definition is the same as (3.1). The dielectric ground can be lossy or

lossless, and the PEC object can be selected as any arbitrary shape.

A PEC cube is placed h m below the ground surface as the target. For the problem

represented in Figure 6.1, the total induced current on the ground surface is J⃗1 and

M⃗1. In addition, J⃗2 indicates the induced electric current density on the PEC target.

The currents on the ground surface can be decomposed as follows

lim
Wp ,Lp→∞

J⃗1 = J⃗I + J⃗P (6.1)

and
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Figure 6.1 Configuration of a scattering problem from a PEC buried below an infinite, flat, and dielectric surface
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lim
Wp ,Lp→∞

M⃗1 = M⃗I + M⃗P (6.2)

where Wp and Lp are lengths of the perturbation area, and the currents can be

approximately written as follows

J⃗1 ≈ J⃗I + J⃗P (6.3)

M⃗1 ≈ M⃗I + M⃗P (6.4)

Here, J⃗P and M⃗P are defined only on the perturbation surface and zero elsewhere.

Now, we can utilize from outer equivalence theorem for the dielectric interface. The

boundary conditions on it is as follows

n̂1 ×
�

E⃗1

�

�

�

�

S+1
= −M⃗1, and n̂1 ×

�

H⃗1

�

�

�

�

S+1
= J⃗1 (6.5)

Here, the total electric and magnetic fields in Region 1 are

E⃗1 = E⃗s
1(J⃗1, M⃗1) + E⃗i, H⃗1 = H⃗s

1(J⃗1, M⃗1) + H⃗i (6.6)

and, in Region 2

E⃗2 = H⃗2 = 0⃗ (6.7)

This produces

n̂1 ×
�

E⃗s
1(J⃗1, M⃗1) + E⃗i
�

�

�

�

S+1
= −M⃗1 (6.8)

by rearranging on S+1

�

E⃗s
1(J⃗1, M⃗1)
�

tan
= −
�

E⃗i
�

tan
+ n̂1 × M⃗1 on S+1 (6.9)

In addition, (6.6) is substituted in (6.5) for the magnetic fields as follows
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n̂1 ×
�

H⃗s
1(J⃗1, M⃗1) + H⃗i
�

�

�

�

S+1
= J⃗1 (6.10)

−
�

H⃗s
1(J⃗1, M⃗1)
�

tan
=
�

H⃗i
�

tan
+ n̂1 × J⃗1 on S+1 (6.11)

Then, through the inner equivalence theorem, the total fields

E⃗1 = H⃗1 = 0⃗ (6.12)

E⃗2 = E⃗s
2(−J⃗1,−M⃗1) + E⃗s

2(J⃗2), H⃗2 = H⃗s
2(−J⃗1,−M⃗1) + H⃗s

2(J⃗2) (6.13)

can be written for each region. Subjecting to the boundary conditions

−n̂1 ×
�

E⃗s
2(−J⃗1,−M⃗1) + E⃗s

2(J⃗2)
�

�

�

�

S−1
= M⃗1 (6.14)

�

E⃗s
2(−J⃗1,−M⃗1) + E⃗s

2(J⃗2)
�

tan
= n̂1 × M⃗1 on S−1 (6.15)

and

−n̂1 ×
�

H⃗s
2(−J⃗1,−M⃗1) + H⃗s

2(J⃗2)
�

�

�

�

S−1
= −J⃗1 (6.16)

−
�

H⃗s
2(−J⃗1,−M⃗1) + H⃗s

2(J⃗2)
�

tan
= n̂1 × J⃗1 on S−1 (6.17)

are found on S−1 surface.

n̂2 ×
�

E⃗s
2(−J⃗1,−M⃗1) + E⃗s

2(J⃗2)
�

�

�

�

S+2
= 0⃗ (6.18)

Also, subjecting to the boundary condition on S+2 surface

�

E⃗s
2(−J⃗1,−M⃗1) + E⃗s

2(J⃗2)
�

tan
= 0⃗ on S+2 (6.19)

will be obtained for the inner equivalence. Therefore, the scattered electric field

aroused from the induced J⃗1 and M⃗1 surface current densities

E⃗s
1(J⃗1, M⃗1) = E⃗s

1(J⃗P , M⃗P) + E⃗s
1(J⃗I , M⃗I) (6.20)
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can be decomposed. In a similar way, the scattered magnetic field caused by surface

currents in Region 1 can also be decomposed as follows

H⃗s
1(J⃗1, M⃗1) = H⃗s

1(J⃗P , M⃗P) + H⃗s
1(J⃗I , M⃗I) (6.21)

Also, in Region 2, these fields are decomposed as

E⃗s
2(−J⃗1,−M⃗1) = E⃗s

2(−J⃗P ,−M⃗P) + E⃗s
2(−J⃗I ,−M⃗I) (6.22)

H⃗s
2(−J⃗1,−M⃗1) = H⃗s

2(−J⃗P ,−M⃗P) + H⃗s
2(−J⃗I ,−M⃗I) (6.23)

It should be noted here that the perturbed current densities are assumed to exist only

on the perturbation surface and are zero for the remaining surface. Now, substituting

(6.20) in (6.9), and using (5.10) on S+P

�

E⃗s
1(J⃗P , M⃗P)
�

tan
− n̂1 × M⃗P = 0⃗ on S+P (6.24)

will be derived. Then, substituting (6.22) in (6.15), and using (5.19) on S−P

�

E⃗s
2(−J⃗P ,−M⃗P) + E⃗s

2(J⃗2)
�

tan
− n̂1 × M⃗P = 0⃗ on S−P (6.25)

and, substituting (6.21) in (6.11), and using (5.12) on S+P

�

H⃗s
1(J⃗P , M⃗P)
�

tan
+ n̂1 × J⃗P = 0⃗ on S+P (6.26)

as well as substituting (6.23) in (6.17), and using (5.20) on S−P

�

H⃗s
2(−J⃗P ,−M⃗P) + H⃗s

2(J⃗2)
�

tan
+ n̂1 × J⃗P = 0⃗ on S−P (6.27)

will be derived. Finally, employing (6.24) and (6.25), the electric fields on SP surface

�

E⃗s
1(J⃗P , M⃗P)
�

tan
+
�

E⃗s
2(J⃗P , M⃗P)
�

tan
−
�

E⃗s
2(J⃗2)
�

tan
= 0⃗ on SP (6.28)

are obtained. In addition, the magnetic fields in (6.26) and (6.27) are arranged on SP
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surface as follows

�

H⃗s
1(J⃗P , M⃗P)
�

tan
+
�

H⃗s
2(J⃗P , M⃗P)
�

tan
−
�

H⃗s
2(J⃗2)
�

tan
= 0⃗ on SP (6.29)

Moreover, if (6.19) is rearranged similarly for S2

−
�

E⃗s
2(J⃗P , M⃗P)
�

tan
+
�

E⃗s
2(J⃗2)
�

tan
=
�

E⃗t
�

tan
on S2 (6.30)

will be found. Here, (6.28) and (6.29) are PMCHWT formulations for dielectric

interface, and (6.30) is EFIE equation for PEC surface. (6.28), (6.29), and (6.30)

can be rewritten by subjecting (5.3) and (5.4) with L and K operators

�

− jωµ0L
(1)[J⃗P]− jωµ1L

(2)[J⃗P]

−K(1)[M⃗P]−K(2)[M⃗P] + jωµ1L
(2)[J⃗2]
	

tan
= 0⃗ on SP (6.31)

�

− jωε0L
(1)[M⃗P]− jωε1L

(2)[M⃗P] +K(1)[J⃗P]

+K(2)[J⃗P]−K(2)[J⃗2]
	

tan
= 0⃗ on SP (6.32)

�

jωµ1L
(2)[J⃗P] +K(2)[M⃗P]− jωµ1L

(2)[J⃗2]
	

tan
=
�

E⃗t
�

tan
on S2 (6.33)

As a result, utilizing (5.62) in (6.31), (6.32), and (6.33)

�

− jωµ0L
(1)[J⃗P]− jωµ1L

(2)[J⃗P]

−K(1)P.V.[M⃗P]−K
(2)
P.V.[M⃗P] + jωµ1L

(2)[J⃗2]
	

tan
= 0⃗ on SP (6.34)

�

− jωε0L
(1)[M⃗P]− jωε1L

(2)[M⃗P] +K
(1)
P.V.[J⃗P]

+K(2)P.V.[J⃗P]−K(2)[J⃗2]
	

tan
= 0⃗ on SP (6.35)

�

jωµ1L
(2)[J⃗P] +K(2)[M⃗P]− jωµ1L

(2)[J⃗2]
	

tan
=
�

E⃗t
�

tan
on S2 (6.36)

are found. Moreover, if the unknown currents are expanded with RWG basis functions
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J⃗P(r⃗
′) =

NP
∑

ψ=1

I (JP )
ψ

f⃗ψ(r⃗
′) (6.37)

M⃗P(r⃗
′) =

NP
∑

ψ=1

I (MP )
ψ

g⃗ψ(r⃗
′) (6.38)

J⃗2(r⃗
′) =

N2
∑

ψ=1

I (J2)
ψ

f⃗ψ(r⃗
′) (6.39)

where, g⃗ψ(r⃗′) is the magnetic basis function and the same as f⃗ψ(r⃗′) since the PMCHWT

formulation can be handled without applying the curl operator. Furthermore,

exploiting Galerkin-type testing functions, a matrix system











Z
(J⃗P )

11 Z
(M⃗P )

12 Z
(J⃗2)

13

Z
(J⃗P )

21 Z
(M⃗P )

22 Z
(J⃗2)

23

Z
(J⃗P )

31 Z
(M⃗P )

32 Z
(J⃗2)

33



















I
(J⃗P )

ψ11

I
(M⃗P )

ψ21

I
(J⃗2)

ψ31









=









V
(J⃗P )

ζ11

V
(M⃗P )

ζ21

V
(J⃗2)

ζ31









(6.40)

are produced. Again, we use g⃗ψ(r⃗′) = η0f⃗ψ(r⃗′) for basis and g⃗ζ(r⃗) = η0f⃗ζ(r⃗) for testing

to obtain the diagonal Z matrix. The general expressions for L and K are given in

(5.70) and (5.71). If we give detailed expressions each Z component for any edge, it

will be helpful

Z (ζψ)11 = − jk0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ





− jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ



 on SP (6.41)
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Z (ζψ)12 =
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
� 1+ jk0 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk0∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

+
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
� 1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

on SP

(6.42)

Z (ζψ)13 = jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(P)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(P)
T±
ζ



 on SP (6.43)

Z (ζψ)21 = −
1

4π

∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× f⃗ψ(r⃗
′)
� 1+ jk0 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk0∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

−
1

4π

∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× f⃗ψ(r⃗
′)
� 1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(P)
T±
ζ

on SP

(6.44)

Z (ζψ)22 = − j
k0

η0





∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) · g⃗ψ(r⃗′)
e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · g⃗ζ(r⃗)
� �

∇′s · g⃗ψ(r⃗
′)
� e− jk0∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ





− j
k1

η1





∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) · g⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · g⃗ζ(r⃗)
� �

∇′s · g⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(P)
T±
ζ



 on SP (6.45)

Z (ζψ)23 =
1

4π

∫

T±
ζ

∫

T±
ψ

g⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× f⃗ψ(r⃗
′)
�

1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(2)
T±
ψ

dS(P)
T±
ζ

on SP (6.46)
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Z (ζψ)31 = jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(2)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(P)

T±
ψ

dS(2)
T±
ζ



 on S2 (6.47)

Z (ζψ)32 = −
1

4π

∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) ·
��

r⃗− r⃗′
�

× g⃗ψ(r⃗
′)
�

1+ jk1 ∥r⃗− r⃗′∥
∥r⃗− r⃗′∥3

e− jk1∥r⃗−r⃗′∥dS′(P)
T±
ψ

dS(2)
T±
ζ

on S2 (6.48)

Z (ζψ)33 = − jk1η1





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(2)
T±
ζ

−
1
k2

1

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� e− jk1∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
dS′(2)

T±
ψ

dS(2)
T±
ζ



 on S2 (6.49)

where, supercripts (P) and (2) imply the surfaces. In addition, V array components

V (P)
ζ11 = 0 on SP (6.50)

V (P)
ζ21 = 0 on SP (6.51)

V (2)
ζ31 =

∫

S(2)
T±
ζ

f⃗ζ(r⃗) ·
�

E⃗t
�

dS(2)
T±
ζ

on S2 (6.52)

After the representation of the Z matrix, the far-field expression inside Region 1 can

be given here as follows

E⃗s
far-field(r⃗) = E⃗s

1(J⃗P , M⃗P) (6.53)

Hence, on SP surface
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E⃗s
1(J⃗P , M⃗P) = − jk0

e− jk0r

4πr

∫

S′P

�

M⃗P(r⃗
′)× r⃗
�

e jk0 r⃗′ ·⃗rdS′P

+ jk0η0
e− jk0r

4πr

∫

S′P

r̂×
�

r̂× J⃗P(r⃗
′)
� �

e jk0 r⃗′·r̂
�

dS′P (6.54)

can be written. Finally, utilizing (6.37), and (6.38)

E⃗s
1(J⃗P , M⃗P) = − jk0

e− jk0r

4πr





NP
∑

ψ=1

I (MP )
ψ

∫

S′(P)
T±
ψ

�

g⃗ψ(r⃗
′)× r⃗
� �

e jk0 r⃗′·r̂
�

dS′(P)
T±
ψ





+ jk0η0
e− jk0r

4πr





NP
∑

ψ=1

I (JP )
ψ

∫

S′(P)
T±
ψ

r̂×
�

r̂× f⃗ψ(r⃗
′)
� �

e jk0 r⃗′·r̂
�

dS′(P)
T±
ψ



 (6.55)

are expressed for any edge on the surface, and the RCS definition is given in (5.89).

6.2 Numerical Results

As in the previous chapters, we are starting by discussing the perturbation current

distributions will help understand the scattering behavior of the buried object. Then,

as demonstrated in Figures 6.2–6.13, several scattering examples with a selection

perturbation area of 12.5 × 12.5 m2 are carried out to assess the perturbed current

distributions on this bounded surface. Here, as in Chapter 5, the ground has a

dielectric constant of 4 and a conductivity of 0.1 S/m. Now, for the first scattering

example, a PEC cube with a side length of 0.3 m (d = 0.3 m) is initially placed

below the surface at a distance of 0.1 m (h= 0.1 m), where the incidence angle is 0◦.

The perturbed currents on the perturbation surface are demonstrated in Figures 6.2

and 6.3. Then, the incidence angle is changed to 85◦, and the current density results

on the surface are depicted in Figures 6.4 and 6.5. For the third simulation, as shown

in Figures 6.6 and 6.7, the h parameter is increased to 0.2 m, where the incidence

angle is set to 0◦ again. Also, in the fourth scenario given in Figures 6.8 and 6.9, the

d parameter is changed to 0.6 m when the angle of incidence is 0◦. Here, h is 0.1

m again. So far, all simulations are illuminated by a linearly polarized plane wave in

the negative y-direction (θi = 0◦, φi = 0◦, and αi = 90◦). In Figures 6.10 and 6.11,

the polarization of the plane wave is shifted to the positive x-direction for the fifth
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example (θi = 0◦, φi = 0◦, and αi = 0◦), while other parameters remain the same. In

Figures 6.12 and 6.13, the horizontal polarization in the second example is converted

vertically.

Furthermore, in these simulations, the average mesh length of a triangle for the

ground surface is 0.2λ0. The cube is discretized with triangles of 0.2λd average

length. The distributions of each current density on this truncated surface are given

in Figures 6.2–6.13 for these six cases, respectively. Also, the incident plane wave

frequency was 300 MHz in all simulations.

A sample scattering problem is utilized from a reference work as given in [50] to

validate our proposed formulation. In this example, a plate buried with a depth of

0.5 m in a lossy dielectric half-space. The electrical properties of this flat ground

plane are ε = 4− j0.01, and µ = 1. A plane wave whose amplitude is one is normal

incidence to the surface. The frequency of the wave is f = 100 MHz. Plate dimension

is 3.750×3.750 m2. Figures 6.14 and 6.15 show the obtained results with literature

comparisons. As shown from these figures, our results are very satisfactory.

Now, the perturbation region is increased for validation. After this point, a plane

wave illuminates all scattering examples with an incident angle of θi=85°, φi=30°,

αi=90°. Figures 6.16 and 6.17 are the RCS results for φ = 0◦ and φ = 90◦ planes

while increasing the the perturbation surface. The frequency of the incident plane

wave is 300 MHz again, and after this point, the frequency will not be changed unless

otherwise stated. In addition, unless otherwise stated, the dielectric constant of the

ground is 4, and the ground has a conductivity of 0.1 S/m. Also, in these simulations,

the parameters is as h= 0.1 m and d = 0.3 m.

As seen from Figures 6.16 and 6.17, the selected perturbation area is adequate to

calculate the RCSs of the object with high accuracy, and it seems that there is no

significant change in the RCS results while increasing the region. It should be noticed

that minor changes in the RCS patterns are only in the scattering angles close to

grazing. Besides, the current distributions are also shared on the perturbation region

for WP = LP = 24 m. As can be seen from the figures, the perturbed current

is diminished exponentially, and the magnetic current density on the perturbation

surface is dominant.

Subsequently, the effect of the d and h parameters on the RCS of the object is given in

Figures 6.18–6.21. Besides, the changes in the RCS are also observed while increasing

the incident angle in Figures 6.22 and 6.23 for φ = 0◦ and φ = 90◦ planes,

respectively.
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Then, simulations are continued for different dielectric and conductivity values. The

results are given in Figure 6.24 - 6.27. Here, as the dielectric constant and conductivity

increase, the results converge to the PEC ground case. Unlike the previous chapters,

the effects of object shapes on the RCSs are given in Figures 6.28 and 6.29. Here, the

objects are 0.1 m above the surface, and the width of the objects is approximately 0.6

m. As seen from these figures, the object’s shape also significantly affects the RCS.

Figure 6.2 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)
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Figure 6.3 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 6.4 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 90◦)
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Figure 6.5 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 90◦)

Figure 6.6 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.2 m, θi = 0◦, φi = 0◦, αi = 90◦)
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Figure 6.7 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.2 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 6.8 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

129



Figure 6.9 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 90◦)

Figure 6.10 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 0◦)
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Figure 6.11 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.6 m, h= 0.1 m, θi = 0◦, φi = 0◦, αi = 0◦)

Figure 6.12 Perturbed electric current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 0◦)
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Figure 6.13 Perturbed magnetic current density for a limited region on an infinite
ground plane (d = 0.3 m, h= 0.1 m, θi = 85◦, φi = 0◦, αi = 0◦)

Figure 6.14 Comparative results of a buried plate inside a lossy ground for the
vertical polarized scattered electric field. Plate dimension 3.750×3.750 m2, f = 100

MHz, x-polarized incident plane wave.
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Figure 6.15 Comparative results of a buried plate inside a lossy ground for the
horizontal polarized scattered electric field. Plate dimension 3.750×3.750 m2,

f = 100 MHz, x-polarized incident plane wave.

Figure 6.16 RCS results for the plane φ = 0◦ while increasing the perturbation
region
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Figure 6.17 RCS results for the plane φ = 90◦ while increasing the perturbation
region

Figure 6.18 RCS results in the plane φ = 0◦ while increasing the depth of the object
to the surface
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Figure 6.19 RCS results in the plane φ = 90◦ while increasing the depth of the
object to the surface

Figure 6.20 RCS results in the φ = 0◦ plane while increasing the size of the object
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Figure 6.21 RCS results in the φ = 90◦ plane while increasing the size of the object

Figure 6.22 RCS results in the φ = 0◦ plane while increasing the incident angle
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Figure 6.23 RCS results in the φ = 90◦ plane while increasing the incident angle

Figure 6.24 RCS results in the φ = 0◦ plane while increasing the dielectric constant
of the dielectric medium
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Figure 6.25 RCS results in the φ = 90◦ plane while increasing the dielectric
constant of the dielectric medium

Figure 6.26 RCS results in the φ = 0◦ plane while increasing the conductivity of the
dielectric medium
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Figure 6.27 RCS results in the φ = 90◦ plane while increasing the conductivity of
the dielectric medium

Figure 6.28 RCS results for different objects with approximately the same
dimensions in the plane φ = 0◦
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Figure 6.29 RCS results for different objects with approximately the same
dimensions in the plane φ = 90◦
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7
DISCUSSION AND FUTURE WORK

Since the interactions between the object and the surface will change the RCS of

the object, this object cannot be truly recognized by a radar device. Examples of

these objects are cruise missiles, helicopters flying near the surface, ships over the

sea, or armed drones flying near the sea or ground surface. In addition, in GPR

(Ground Penetrating Radar) applications for detecting buried objects, the targets

usually interact strongly with the soil surface as well. In this thesis, the modifications

in the RCS of the object due to the interactions from an infinite surface have been

discussed by examining the surface currents in detail. Finally, a realistic approach to

handling this critical issue has been presented.

A spatial domain solution method in which it was based on the decomposition of the

surface current on an infinite ground plane has been introduced to handle any 3-D

scattering problems caused by targets placed above or below several half-spaces. In

this method, the surface current density on the interface is decomposed as induced

current without the object and perturbed current caused by the object on a limited

area of the infinite surface. This yields a solution without obtaining the GF of the

problem or employing a tapered wave approach to eliminate edge effects. Although

the method used is based on a simple logic based on modifying the SIE formulations,

the problems that the proposed method can solve are pretty complex. Also, divergence

conforming linear RWG basis function has been utilized, preventing the complexity of

formulations in all scattering problems.

In this thesis, the rough half-space was chosen periodically, and the MoM could

resolve an arbitrary roughness. When examining the examples in the literature,

periodic selection of the rough surface is a critical approach to suppress unwanted

edge currents. This thesis used this approach for the first time in the 3-D scattering

problem. By periodic selection of the surface in two dimensions, the surface currents

induced by the incident wave when the object is absent were found. Furthermore,

by using these surface currents, the perturbed surface currents formed on the infinite

surface, originating from an object placed on the infinite surface, could be separated.
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The image theory, commercial EM solvers such as FEKO and CST, and the literature

studies have been exploited for validation and comparison. Thus, the proposed

approach and formulations accomplish noticeable accuracy while giving an effortless

computation without deriving a half-space Green’s function or utilizing a tapered wave

illumination. Additionally, our method yields a significantly superior solution even

when using a plane wave rather than a tapered wave approach for illumination at

low-grazing angles.

On the other hand, considering future research, fast solution methods instead of MoM

can be used to calculate perturbed current on the surface. In finding the perturbation

current, high-impedance regions can be defined as the edges of the perturbation

surface. Similarly, in rough surface problems, Monte Carlo simulations can be used

to solve the surface roughness that should be randomly distributed. In addition,

the minimum lengths at which the periodic surface must be increased to calculate

the induced current on the surface accurately can be discussed for a given surface

roughness.

Furthermore, it should also be noted that this method can be easily adapted and used

for many radiation and scattering problems for the reasons mentioned above. This

thesis’s proposed formulations and method can be adapted to buried dielectric bodies,

a rough dielectric interface, artificial surfaces, and objects buried under or between

layered rough surfaces.
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A
DERIVATION OF FREE-SPACE GREEN’S FUNCTION FOR

2-D PERIODIC STRUCTURES

For a 2-D periodic source, the general form of the wave equation will be as follows

(∇2 + k2)ϕ(x , y, z) = − f (x ′, y ′, z′) (A.1)

Here, ϕ(x , y, z) and f (x ′, y ′, z′) are both periodic in x and y directions. Also, Lx and
L y are the periodicities, and βx and βy are phases constant in free space for these
directions, respectively.

If we utilize Floquet-Bloch’s theorem, these periodic functions must satisfy these

ϕ(x +mLx , y, z)
ϕ(x + (m− 1)Lx , y, z)

=
f (x ′ +mLx , y ′, z′)

f (x ′ + (m− 1)Lx , y ′, z′)
= e− jβx Lx = const (A.2)

ϕ(x , y + nL y , z)

ϕ(x , y + (n− 1)L y , z)
=

f (x ′, y ′ + nL y , z′)

f (x ′+, y ′ + (n− 1)L y , z′)
= e− jβy L y = const (A.3)

then,

ϕ(x +mLx , y + nL y , z)

ϕ(x + (m− 1)Lx , y + (n− 1)L y , z)
= e− j(βx Lx )e− j(βy L y ) (A.4)

therefore, for any mth and nth cell

ϕ(x +mLx , y + nL y) = e− j(βx mLX+βy nL y )ϕ(x , y) (A.5)

f (x ′ +mLx , y ′ + nL y) = e− j(βx mLX+βy nL y ) f (x ′, y ′) (A.6)

and, if we can write a periodic function to satisfy that

W (x , y) = e j(βx x+βy y)ϕ(x , y) (A.7)
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where, the function W (x , y) is again periodic with Lx and L y

W (x + Lx , y + L y) = e j[βx (x+Lx )+βy (y+L y )]ϕ(x + Lx , y + L y)

= e j(βx x+βy y)e j(βx Lx+βy L y )e− j(βx Lx+βy L y )ϕ(x , y)
=W (x , y)

(A.8)

As a result, ϕ(x , y) can be stated as follows

ϕ(x , y) = e− j(βx x+βy y)W (x , y) (A.9)

Here, W (x , y) can be expanded in a Fourier series

W (x , y) =
+∞
∑

m=−∞

+∞
∑

n=−∞

Amne− j2mπ x
Lx e− j2nπ y

L y (A.10)

and the coefficients Amn

Amn =
1

Lx L y

Lx
∫

0

L y
∫

0

W (x , y)e j2mπ x
Lx e j2nπ y

L y d xd y (A.11)

Consequently, employing (A.9) in (A.11)

ϕ(x , y) =
+∞
∑

m=−∞

+∞
∑

n=−∞

Amne− j(βx+2mπ x
Lx
)e− j(βy+2nπ y

L y
)

=
+∞
∑

m=−∞

+∞
∑

n=−∞

Amne− jβm x e− jβn y

(A.12)

This is the Floquet-mode representation of the wave function ϕ(x , y), where Amn are
the Floquet-mode amplitudes, and the phase terms

βm = βx +
2mπ

Lx
(A.13)

βn = βy +
2nπ
L y

(A.14)

is defined. If a scattering problem having periodic impulse point sources, as given in
Figure A.1 is considered, the wave equation is
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Figure A.1 Lattice representation of 2-D periodic impulse point sources

(∇2 + k2)Gp(x , y, z | x ′, y ′, z′) = − f̃ (x , y, z | x ′, y ′, z′) (A.15)

where

f̃ (x , y, z | x ′, y ′, z′) =
+∞
∑

m=−∞

+∞
∑

n=−∞

e− jβx mLx e− jβy nL yδ[x − (x ′ +mLx)]

δ[y − (y ′ + nL y)]δ(z − z′) (A.16)

is the periodic impulse point sources, and Gp must be the same as in (A.12)

Gp(x +mLx , y + nL y) = e− jβx mLx e− jβy nL y Gp(x , y) (A.17)

Also, it can be stated by exploiting Floquet’s theorem as follows

Gp(x , y, z | x ′, y ′, z′) =
+∞
∑

m=−∞

+∞
∑

n=−∞

gmn(x
′, y ′, z | z′)e− jβm x e− jβn y (A.18)

Here, gmn is the coefficients of the Floquet-mode amplitudes in obtaining the transfer
function Gp, and it is sufficient to find the coefficients within the first period (m= n=
0, 0≤ x ≤ Lx , 0≤ y ≤ L y). Therefore, Gp satisfy
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(∇2 + k2)Gp(x , y, z | x ′, y ′, z′) = −δ(x − x ′)δ(y − y ′)δ(z − z′) (A.19)

then

�

∂ 2

∂ x2
+
∂ 2

∂ y2
+
∂ 2

∂ z2
+ k2
� +∞
∑

m=−∞

+∞
∑

n=−∞

gmn(x
′, y ′, z | z′)e− jβm x e− jβn y

= −δ(x − x ′)δ(y − y ′)δ(z − z′) (A.20)

as well as taking the partial derivatives for x and y

+∞
∑

m=−∞

+∞
∑

n=−∞

�

∂ 2

∂ z2
+
�

k2 − β2
m − β

2
n

�

�

gmn(x
′, y ′, z | z′)e− jβm x e− jβn y

= −δ(x − x ′)δ(y − y ′)δ(z − z′) (A.21)

To put it more succinctly, hmn can be defined by

hmn(x
′, y ′, z | z′) = gmn(x

′, y ′, z | z′)
�

∂ 2

∂ z2
+ q2

mn

�

(A.22)

with the wavenumber qmn

q2
mn = k2 − β2

m − β
2
n (A.23)

Consequently, if we substitute it in (A.21)

+∞
∑

m=−∞

+∞
∑

n=−∞

hmn(x
′, y ′, z | z′)e− jβm x e− jβn y = −δ(x − x ′)δ(y − y ′)δ(z − z′) (A.24)

is obtained. At this point, we utilize the orthogonality property of the Floquet modes

Lx
∫

0

e− jβm x e− jβk x =
§

0 · · · for m ̸= k
Lx · · · for m= k

= Lxδmk

(A.25)
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and

L y
∫

0

e− jβn y e− jβl y =
§

0 · · · for n ̸= l
L y · · · for n= l

= L yδnl

(A.26)

Substituting these

+∞
∑

m=−∞

+∞
∑

n=−∞

hmn Lxδmk L yδnl = −δ(z − z′)

Lx
∫

0

δ(x − x ′)e jβk x d x

L y
∫

0

δ(y − y ′)e jβl y d y

(A.27)

yields

hmn = −δ(z − z′)
e jβm x ′

Lx

e jβn y ′

L y
(A.28)

and, thus

�

∂ 2

∂ z2
+ q2

mn

�

gmn(x
′, y ′, z | z′) = −δ(z − z′)

e jβm x ′

Lx

e jβn y ′

L y
(A.29)

is found. To solve this, the spectral form of gmn can be exploited. Let

g̃mn(x
′, y ′, s | z′) =

+∞
∫

−∞

gmn(x
′, y ′, z | z′)e− jszdz (A.30)

gmn(x
′, y ′, z | z′) =

1
2π

+∞
∫

−∞

g̃mn(x
′, y ′, s | z′)e jszds (A.31)

i.e, F {gmn(x ′, y ′, z | z′)} = g̃mn(x ′, y ′, s | z′). Here, F implies Fourier transform, and
using in (A.29) leads to
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−(s2 − q2
mn) g̃mn = −e− jsz′ e

jβm x ′

Lx

e jβn y ′

L y
(A.32)

g̃mn =
e− jsz′

(s2 − q2
mn)

e jβm x ′

Lx

e jβn y ′

L y
(A.33)

Then, employing inverse transform F−1 {gmn(x ′, y ′, s | z′)} to solve gmn(x ′, y ′, z | z′)

gmn(x
′, y ′, z | z′) =

e jβm x ′e jβn y ′

Lx L y

1
2π

+∞
∫

−∞

e js(z−z′)

(s− qmn)(s+ qmn)
ds (A.34)

If we decompose the poles

e js(z−z′) = e−si(z−z′) + e jsr (z−z′) (A.35)

As seen from (A.35), the poles in real axis is non-convergent. To insure the
convergence of the poles, these two case must be provided:

Case #1: z > z′→ si > 0

Let

s = εe jψ − qmn (A.36)

ds = jεe jψdψ (A.37)

Here, qmn as in (2.15), which is defined in the lower half space. For upper half clossure,
Cauchy’s thereom yields

qmn(x
′, y ′, z | z′) =

e jβm x ′e jβn y ′

2πLx L y

∫

C+R

e js(z−z′)

(s− qmn)(s+ qmn)
ds (A.38)

where C+R is the infinitesimal integral circle. Therefore, this gives
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F(z − z′) =

∫

C+R

e js(z−z′)

(s− qmn)(s+ qmn)
ds

= lim
ε→0

+π
∫

−π

e jε(z−z′)e jψ
e− jqmn(z−z′)

(εe jψ − 2qmn)(εe jψ)
jεe jψdψ=

je− jqmn(z−z′)

−2qmn

+π
∫

−π

dψ

= − j2π

�

e− jqmn(z−z′)

2qmn

�

(A.39)

substituting (A.39) in (A.38)

gmn(x
′, y ′, z | z′) = − j

e jβm x ′e jβn y ′

2Lx L yqmn
e− jqmn(z−z′) (A.40)

Case #2: z < z′→ si < 0

Similarly, let

s = εe jψ + qmn (A.41)

ds = jεe jψdψ (A.42)

Using Cauchy’s thereom in the lower half clossure for C−R the infinitesimal integral
circle yields

gmn(x
′, y ′, z | z′) = − j

e jβm x ′e jβn y ′

2Lx L yqmn
e− jqmn(z′−z) (A.43)

Consequently, a general expression can be formulated as

gmn(x
′, y ′, z | z′) = − j

e jβm x ′e jβn y ′

2Lx L yqmn
e− jqmn|z′−z| (A.44)

and, the FS-PGF is finally derived as follows

G(x , y, z | x ′, y ′, z′) =
+∞
∑

m=−∞

+∞
∑

n=−∞

gmn(x
′, y ′, z | z′)e− jβm x e− jβn y

=
− j

2Lx L y

+∞
∑

m=−∞

+∞
∑

n=−∞

e− jβm(x−x ′)e− jβn(y−y ′)e− jqmn|z−z′|

qmn

(A.45)
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B
DERIVATION OF IMAGE METHOD FORMULATIONS

In the filling the Z matrix

Zζψ = jβ0η0





∫

T±
ζ

f⃗ζ(r⃗) ·
∫

T±
ψ

Ge · f⃗ψ(r⃗′)dS′T±
ψ

dST±
ζ



 (B.1)

and

Zζψ = jβ0η0





∫

T±
ζ

f⃗ζ(r⃗) ·
∫

T±
ψ

��

I−
1
β2

0

∇∇′
�

�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

+ 2ẑẑG0(r⃗|⃗r′i)
�

·⃗fψ(r⃗′)dS′T±
ψ

dST±
ζ

i

(B.2)

finally

Zζψ = jβ0η0





∫

T±
ζ

f⃗ζ(r⃗) ·
∫

T±
ψ

f⃗ψ(r⃗
′)
�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

dS′T±
ψ

dST±
ζ

−
1
β2

0

∫

T±
ζ

f⃗ζ(r⃗) ·



∇
∫

T±
ψ

∇′
�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

· f⃗ψ(r⃗′)dS′T±
ψ



 dST±
ζ

+2

∫

T±
ζ

f⃗ζ(r⃗) ·
∫

T±
ψ

ẑẑ · f⃗ψ(r⃗′)G0(r⃗|⃗r′i)dS′T±
ψ

dST±
ζ





(B.3)

are derived. Then, in conjunction with the vector identities, in the arrangement of the
second term on the right-hand side of (B.3), with G(R⃗) =

�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

, if the
following equation is considered
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I⃗1(R⃗) = −∇S(R⃗) (B.4)

where

S(R⃗) =

∫

T±
ψ

∇′G(R⃗) · f⃗ψ(r⃗′)dS′T±
ψ

(B.5)

Now, employing divergence theorem

∇′ ·
�

G(R⃗)⃗fψ(r⃗
′)
�

=∇′G(R⃗) · f⃗ψ(r⃗′) + G(R⃗)∇′ · f⃗ψ(r⃗′) (B.6)

thus

S(R⃗) =

∫

T±
ψ

∇′ ·
�

G(R⃗)⃗fψ(r⃗
′)
�

dS′T±
ψ

−
∫

T±
ψ

G(R⃗)∇′ · f⃗ψ(r⃗′)dS′T±
ψ

(B.7)

is obtained. Here, the divergence theorem leads to a contour integral around triangle

∫

T±
ψ

∇′ ·
�

G(R⃗)⃗fψ(r⃗
′)
�

dS′T±
ψ

=

∮

l

G(R⃗)⃗fψ(r⃗
′) · d l⃗ (B.8)

and, since d l⃗ is perpendicular to the triangular surface

f⃗ψ(r⃗
′) · d l⃗= 0 (B.9)

Hence,

I⃗1(R⃗) =∇
∫

T±
ψ

G(R⃗)∇′ · f⃗ψ(r⃗′)dS′T±
ψ

(B.10)

and substituting (B.10) in (B.3), we have
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Zζψ = jβ0η0





∫

T±
ζ

f⃗ζ(r⃗) ·
∫

T±
ψ

f⃗ψ(r⃗
′)
�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

dS′T±
ψ

dST±
ζ

+
1
β2

0

∫

T±
ζ

f⃗ζ(r⃗) ·



∇
∫

T±
ψ

�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

∇′ · f⃗ψ(r⃗′)dS′T±
ψ



 dST±
ζ

+2

∫

T±
ζ

f⃗ζ(r⃗) ·
∫

T±
ψ

ẑẑ · f⃗ψ(r⃗′)G0(r⃗|⃗r′i)dS′T±
ψ

dST±
ζ





(B.11)

Here, again through the divergence theorem

f⃗ζ(r⃗) · P(R⃗) =∇ ·
�

P(R⃗)⃗fζ(r⃗)
�

−∇ · f⃗ζ(r⃗)P(R⃗) (B.12)

Similarly in (B.8)

f⃗ζ(r⃗) · P(R⃗) = −∇ · f⃗ζ(r⃗)P(R⃗) (B.13)

Substituting this, eventually

Zζψ = jβ0η0





∫

T±
ζ

∫

T±
ψ

f⃗ζ(r⃗) · f⃗ψ(r⃗′)
�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

dS′T±
ψ

dST±
ζ

−
1
β2

0

∫

T±
ζ

∫

T±
ψ

�

∇s · f⃗ζ(r⃗)
� �

∇′s · f⃗ψ(r⃗
′)
� �

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

dS′T±
ψ

dST±
ζ

+2

∫

T±
ζ

∫

T±
ψ

�

f⃗ζ(r⃗) · ẑ
� �

f⃗ψ(r⃗
′) · ẑ
�

G0(r⃗|⃗r′i)dS′T±
ψ

dST±
ζ





(B.14)

is found.

Moreover, if we are considered the fields in far-field region, an approximation for R⃗
can be used in the amplitude and phase terms of GF

r =




R⃗




=

¨

r − r⃗′ · r̂, for phase

r, for amplitude
(B.15)

Therefore, in the far-field region, G0(r⃗|⃗r′)− G0(r⃗|⃗r′i) is
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e− jk∥r⃗−r⃗′∥

4π∥r⃗− r⃗′∥
−

e− jk∥r⃗−r⃗′i∥

4π




r⃗− r⃗′i






=
e− jkr

4πr

�

e jkr⃗′·r̂ − e jkr⃗′i ·r̂
�

(B.16)

and the scattered E-field

E⃗s
�

J⃗
�

= − jωµ0

∫

S′
Ge(r⃗|⃗r′) · J⃗
�

r⃗′
�

dS′ (B.17)

E⃗s
�

J⃗
�

= − jωµ0

∫

S′

��

I−
1
β2

0

∇∇′
�

�

G0(r⃗|⃗r′)− G0(r⃗|⃗r′i)
�

+ 2ẑẑG0(r⃗|⃗r′i)
�

· J⃗
�

r⃗′
�

dS′

(B.18)

can be stated. After applied ∇∇′ operator,

E⃗s
�

J⃗
�

= − jωµ0

∫

S′

e− jkr

4πr

�

e jkr⃗′·r̂ − e jkr⃗′i ·r̂
� �

J⃗
�

r⃗′
�

− R̂R̂ · J⃗
�

r⃗′
��

dS′

− jωµ02ẑẑ

∫

S′
J⃗
�

r⃗′
� e− jkr

4πr
e jkr⃗′i ·r̂dS′ (B.19)

where

r̂×
�

r̂× J⃗
�

r⃗′
��

= r̂Jr

�

r⃗′
�

− J⃗
�

r⃗′
�

= −J⃗
�

r⃗′
�

tan
(B.20)

Thus, the scattered electric field

E⃗s
�

J⃗
�

= jωµ0

∫

S′

e− jkr

4πr

�

e jkr⃗′·r̂ − e jkr⃗′i ·r̂
�

r̂×
�

r̂× J⃗
�

r⃗′
��

dS′

− jωµ02ẑẑ

∫

S′
J⃗
�

r⃗′
� e− jkr

4πr
e jkr⃗′i ·r̂dS′ (B.21)

can be written.
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