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ABSTRACT

EXTREMAL GRAPH THEORY AND APPLYING THE REGULARITY
LEMMA

Ali Farooq Sadeq SADEQ
Master of Science in Mathematics
Advisor: Asst. Prof. Dr. Celalettin KAYA
August 2022

The main source used in the preparation of this study is Diestel’s (2017) "Graph Theory" book.
This thesis mainly consists of studying the seventh chapter of the aforementioned book to under-
stand and explain the subject of “extremal graph theory”. But of course, no part of the mentioned
book has been quoted exactly, a study has been put forward with our own words and our own
sentences; and on the one hand, some very difficult or technical proofs were skipped, on the other
hand, some parts of the book that were left to the reader were explained and the subject was pre-
sented more understandably. In addition to these, the articles listed in the references were also
consulted. To summarize in outline: In the first chapter, basic definitions and theorems of graph
theory, which are the prerequisites for understanding the main subject, are covered by using the
first chapter of the aforementioned book. In the first section of the second chapter, the question of
what edge density is required to force a graph to contain a copy of a given graph is sought; and
in the second section, the same problem is discussed in terms of inclusion as a minor. In the third
section, Hadwiger’s (1943) conjecture and related results; and in the fourth section, the Szemeredi
lemma of regularity and its proof are studied. In the fifth and the last section of the second chap-
ter, a general method of applying the Szemeredi lemma is introduced and as an example of this
method, the theorem of Erdos and Stone (1946) is proved. In the third chapter of the thesis, before
the conclusions and recommendation chapter, a brief literature review on the subject of the thesis

is presented by using the notes section of the seventh chapter of the mentioned book.

2022, 63 pages

Keywords: Subgraphs, Minors, Regularity Lemma



OZET

EKSTREM GRAF TEORI VE REGULERLIK LEMMASININ
UYGULANMASI

Ali Farooq Sadeq SADEQ
Matematik, Yiksek Lisans
Tez Danismani: Dr. Ogr. Uyesi Celalettin KAYA
Agustos 2022

Bu calismanin hazirlanmasinda kullanmilan baglica kaynak, Diestel’in (2017) “Graph Theory”
kitabidir. Bu tez esas itibariyle, “ekstrem graf teori” konusunu anlamak ve anlatmak i¢in, séz
konusu kitabin yedinci boliimiiniin calisiimasindan ibarettir. Fakat tabi ki mevzubabhis kitabin her-
hangi bir kismi aynen alintilanmamis, kendi sozciiklerimiz ve kendi ciimlelerimizle bir calisma
ortaya konulmus ve bir yandan bazi ¢ok zorlu veya teknik ispatlar atlanirken, diger yandan kitabin
okuyucuya birakilan bazi kisimlari serh edilerek konu daha anlagilir bir sekilde sunulmustur. Bun-
lara ek olarak, kaynaklar kisminda listelenmis olan makalelere de bagvurulmustur. Ana hatlartyla
ozetlemek gerekirse: Birinci boliimde, mevzubahis kitabin birinci boliimii kullanilarak, esas ko-
nunun anlagilabilmesi i¢in 6n sart durumunda olan graf teorinin temel tanim ve teoremleri islen-
mistir. Tkinci boliimiin ilk alt boliimiinde, bir grafi, verilen bir grafin kopyasini icermeye zorlamak
icin hangi kenar yogunlugunun gerektigi sorusuna cevap aranmig ve ikinci alt boliimiinde, ayni
problem minér olarak icermek acisindan ele alinmustir. Ugiincii alt boliimiinde, Hadwiger (1943)
kestirimi ve ilgili sonuglar ve dordiincii alt boliimiinde, Szemeredi regiilerlik lemmas1 ve ispati
calisilmigtir. Son besinci ve son alt boliimiinde ise, Szemeredi lemmasinin uygulanmasi ile ilgili
genel bir metot tanitilmig ve bu metodun bir 6rnegi olarak, Erdos and Stone (1946) teoremi ispat
edilmigtir. Tezin iiclincii, sonu¢ ve Oneriler boliimiinden 6nceki son boliimiinde ise, mevzubahis
kitabin yedinci boliimiiniin notlar kismi kullanilarak, tezin konusu ile ilgili kisa bir literatiir tara-

masi1 sunulmustur.
2022, 63 sayfa

Anahtar Kelimeler: Altgraflar, Minorler, Regiilerlik lemmast
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1. BASICS OF GRAPH THEORY

In this chapter, we will introduce basic notions and fundamental theorems in graph theory.

1.1 Basic Definitions

Definition 1.1 A pair (V, E), where E C [V]?, that is, F is a subset of the set of 2-
element subsets of V/, is called a graph. An element of V' (respectively, F) is called a

vertex or node (respectively, edge or line).

From now on, I' = (V, E') always denotes a graph.

A graph is illustrated by using dots and lines in such a way that we draw a dot for each
vertex and we draw a line or a curve between two dots corresponding a, b € V, if {a, b} €
E. How the dots and lines are pictured is not important, the only important matter is to

preserve adjacency and non-adjacency relation between vertices.

Example 1.1 Let V' = {a4, as, a3, a4, a5, ag, a7, ag} and

E = {{al,(lg}, {(lg,ag}, {CL3, CL4}, {CLl,CL4}, {CL5,CL6}7 {a67a7}}. Then it is possible to

draw this graph as in Figure 1.1 below.

%
Qy a3
O
as as ay
(5] a2

Figure 1.1 The graph I = (V, E))

The vertex set (respectively, the edge set) of the graph I is denoted by V' (I") (respectively,
E(T)). And instead of writing a € V(I") and e € E(T"), we simply write a € T'or e € T,

respectively.



Definition 1.2 The order (respectively, the size) of a graph I', denoted by |I"| (respec-
tively, |T'||), is the number of vertices (respectively, the number of edges) in I'.

A graph is called a finite graph, an infinite graph, a countable graph, etc. wrt its order.

Definition 1.3 The graph I' = (0, (}) is called the empty graph.

If the order of a graph is 0 or 1, then it is called a trivial graph.

Definition 1.4 Leta € V ande € FinagraphI' = (V, E).

- If a € e, the a is said to be incident with e.

- If e = {a, b}, then a and b are called end-vertices or ends of e, and it is said that e joins
a and b.

- An edge e = {a, b} can be written as ab or ba.

Definition 1.5 Let A, B C Vinagraph I' = (V, E). If e = ab € E such thata € A and
b € B, then e = abis called an A — B edge.

Notation 1.1 Let K C E,anda,b e V.

- K(A, B) denotes the set of all @ — b edges in K suchthata € Aand b € B.

- The sets K ({a}, B) and K (A, {b}) is simply denoted by K (a, B) and K (A, b), respec-
tively.

- The set of all edges in K incident with a is denoted by K (a).

Definition 1.6 Leta,b e V(T'), f # g € E(I).

- If ab € E(I'), then a, b are called adjacent or neighbours.

- If f and g have a common endpoint, then they are called adjacent.

- If any distinct pair of vertices of I are adjacent, then I is called a complete graph.

- The complete graph on n vertices is denoted by K", and K3 is a triangle.

Definition 1.7 Let ' = (V, E) and Il = (W, F) be two graphs, and let ¢) : V' — W be
a map. If the map v preserves the adjacency relation between vertices, that is:

-If “ab € E = 9(a)(b) € F”, then 1) is called a homomorphism from I to II.



Proposition 1.1 Let ' = (V| E) and 11 = (W, F) be two graphs, and let ) : V — W
be a homomorphism. If y € Im(¢), then v~ (y) = {a € V : ¢(a) = y} C Vis

independent.

Proof. Suppose to the contrary that 1)~ (y) is not independent. Then there are two adja-
cent vertices, ag and a; € ¥~ *(y) such that {ag,a,} € E, and thus {¢)(ao),(a;)} € F.
But since ©(ag) = y = ¥(ay), then {¢(ap),¥(a1)} = {y}, which is not a 2-element
subset of V. m

Definition 1.8 - If the map ) given in the previous definition is a bijection and its inverse
map 1)~ ! is also a homomorphism, then 1) is an isomorphism.

- If ¢ : I' — Il is an isomorphism, then ' and II are called isomorphic graphs, and the
notation I" ~ II is used.

- If ¢/ is an isomorphism and II = T, then %) is called an automorphism of T'.

Proposition 1.2 The map ) : V(I') — V(1) is an isomorphism iff 1) is a bijection,

and:

ab € E(I') <= ¢(a)y(b) € E(II).

Proof.
(=-): v is trivially a bijection, and ab € E(I') <= 9(a)y(b) € E(II):

- =>: Since 1) is a homomorphism, this direction is true by definition.

= 'l € B(TT) —> There are a,b € V() such that ¢’(a) = d’ and $(b) = ¥
= ¢(a)y(b) € E(I)
= ¢ (Y(a) " (¥(b)) € E(I') (¢~ is a homomorphism)
= abe E(I).

(<=): = shows that ¢ is a homamorphism, and <= shows that ¢! is a homamorphism.

Therefore, 1/ is an isomorphism. =



Definition 1.9 Let I' and II be two graphs.

- The union of I' and I1 is the graph I" U IT := (V/(I") U V(II), E(T") U E(II)).

- The intersection of I and Il is the graph I' N I1 := (V(I') N V(II), E(I") N E(II)).
- If I' N IT is the empty graph, then the graphs I" and II are said to be disjoint.

Definition 1.10 LetI' = (V| E) and II = (W, F) be two graphs.

-If W C V and F C E, then the graph II is said to be a subgraph of I', and it is denoted
by I CT.

-If IT C I" and I" # 11, then I1 is said to be a proper subgraph of T".

- If IT C T and if IT contains every edge in I with two of its ends in V' (IT) = W (that is,
if {a,b} € E and a,b € W, then {a, b} € F), then I1 is called an induced subgraph (i.s.)
of I', denoted by II := T'[W], and we say that W induces / spans Il in T

- If IT C T, induced or not, then instead of I'[V/(II)], the notation I'[I1] is used.

- [T is a spanning subgraph (s.s.) of I" if it is a subgraph of ' and W = V.

Example 1.2 Consider the graphs I', I'y, I'; and I'5 in Figure 1.2.
The graphs I'y, I'; and I's are all subgraphs of I'.
-T'yisnotani.s.of I', but T's = I'[{ay, as, ag}] is induced.

- V([y) # V(T'), thus I'; isnotas.s.of I', but '3 isa s.s.of I'.

ay as as as ay as
ISI I—@ I;@ O I
O
aq ag aq as aq (€% aq [¢%)
@r (b) Iy (©)I'y (@) I3

Figure 1.2 The graphs ', I'y, I'; and I'3

Definition 1.11 Let IV be a vertex set, W C V or not, and L C [V]? be an edge set.

- The graph T' — W := T'[V\ W], (i.e., ' — W is the subgraph of T" such that ' — W =
(VN\W,EN{h=ab:ac€ WNVorbe WNVY.

- The graphs I' — L and I + L are defined respectively as follows:

I'—L:=(V,E\L)andT + F := (V, EUL).



- If W = {a}, then instead of I' — {a}, we simply write I' — a. Also, I' — V(II), where II
is any graph, can be denoted by I' — II, and is called the difference of the graphs I and II.
-If L = {l}, instead of I" — {/} and I" + {/} , we simply write I" — [ and I" + /.

Example 1.3 Let I and II be the graphs given in Figure 1.3.

aq ay
az as as
(aTl
ar Qy
a9 Qg
(b) II

Figure 1.3 The graphs " and II

Then the union, intersection and difference of I' and II are given in Figure 1.4.

Gy
ay ay (?2
arz
as 0
ag a O Qy
) as as ’

(@Tull ()T —1I ©I'nII

Figure 1.4 The union, difference and intersection of I" and II

Definition 1.12 If a graph I satisfies a g.p., but there exists no graph IT = (V| L) with

E(T) ;Cé L satisfying the same g.p., then I is called edge-maximal wrt this property.

In general, a graph is called maximal or minimal with a g.p., if it is maximal or minimal

wrt the subgraph relation, unless a particular ordering relation is specified.



Definition 1.13 Let [ and II be disjoint graphs. Then, the join of I' and II, denoted by
I" % II, is defined as follows:
CxII=(V(H)uvI@),ET)UEI)U{h=ab:aecV([),be V(II)}).

Definition 1.14 - The complement graph of T, denoted by T, is the following graph:
= (V(I),[V]? — E(I)).

- The line graph of T', denoted by £(I"), is the following graph:

L) = V(L) =E,ELT)) ={ab:a,be€ E and a, b are adjacent edges in I'}).

Example 1.4 Consider the graph I" and T in Figure 1.5. Note that I’ ~ T.

Q9 as
a1 : : a4
@T
(45} as
aq Qy
T

Figure 1.5 A graph I' and its complement T’

a1
Qy
€ g
f

(05} as

(al
e

AN

()T

Figure 1.6 A graph I" and its line graph £(I")



Example 1.5 Consider the graph I" given in Figure 1.6. Its line graph £(I") is also given

in the same figure.

Definition 1.15 Let I" be a nonempty graph, and L C V = V().

-Leta € V(I'). The neighbor of a, Nr(a) or simply 91(a), is the collection of all adjacent
vertices of a.

- In general, the set (L) := {a € V'\ L : ab € E for some b € L} is called the neighbor
of L.

Definition 1.16 The degree of a vertex a, denoted by dr(a) or simply d(a), is the number
of edges at a. That is: dr(a) = d(a) = |E(a)| = |M(a)|.

- A degree zero vertex is called an isolated vertex.

- 0(I") =min{d(a) : a € V} is called the minimum degree of I'.

- A(T") =max{d(a) : a € V'} is called the maximum degree of I'.

- If for some j € N, d(a) = j forall @ € V, then I' is called a j-regular graph.

- A 3-regular graph is called a cubic graph.

Definition 1.17 The average degree (a.d.) of I' is the number:
1
da) = > " d(a).
| | acV

Another parameter is given as a function of the number of edges and the number of ver-

tices in a graph is defined as follows:



Proof. Let |V| = n. Assume that a € V is a vertex in V. Then:

5() <d(a) <AT) = Y () <) dla) <Y A

Proposition 1.4 Let 1" be a graph. Then:

Proof. Let | E| be the size of I

> d(a) = 2{E| = |E|= 53 dia) = 51VI7r > dl@

acV acV acV
1
—> |B| = 5|V]a(r)
El 1
o (T

— o) = %d(F).

Proposition 1.5 In a graph, there exists an even number of odd degree vertices.

Proof. Since Z d(a) = 2|FE| is an even integer, the number of odd degree vertices is

acV
even. |

Definition 1.18 A nonempty graph P = (V, E), where V' = {ag, a1,...,a;} and E =
{apay, araq, . .., ar_1ax}, is called a path from ag to ay, (or between ag and ay,).

Note that all the vertices are distinct for a path.



- We say that the end-vertices ag and ay, are connected or linked by P.

- The inner vertices of P are ay, as, ..., ap_1.

- The length of P is the number of edges of PP, and denoted by ¢(PP).

- A j-path is a path of length j, and it is denoted by P/. Note that j = 0 is possible, and
P’ = K!,

Notation 1.2 Let P = ({ag, a1, ..., ar},{aoa1,a1as, ..., a_1a;}) be a path.
- P is denoted by P = aga; . . . ax, and P = aasy ... GQp_1.

- For 0 <1 < j < k, we use the following notations:

Pa; =ag...aq;, ca;P=a;...a;;
-Pai:ao...ai_l, -a,»IP):aiH...ak;
ca;lPa; =a;...a5, -aPa; =a;1...05-1.

- For the cancatenation of paths, a similar intuitive notation is used. For instance, suppose
that the union of the paths P, Q and R is again a path, say Pa U aQb U DR. Then this path
is simply denoted by PaQbR.

Example 1.6 For the graph I" given in Figure 1.7, a path R® in T is given on the right of

T

(a) Graph T (b) A path R®

Figure 1.7 A path R® in the graph T’

Figure 1.8 Paths Q, R and aQbRc



Example 1.7 For the graph I' in Figure 1.8, paths Q and R indicated by dashed and bold
line segments, respectively. On the right side, the path aQbRc is drawn by using dashed

line segments.

Definition 1.19 LetT' = (V| E) and IT be graphs. Let A, B C V,and Q = aq . . . ay.
-fV(Q NA={ag}and V(Q) N B = {ay}, then Q is called an A — B path.

- If the set of inner vertices of two or more paths are pairwise disjoint, then these paths
are called independent.

- If Q intersects I exactly at its end vertices, QQ is called an II-path.

Definition 1.20 Let j > 3 and P = ay...a;_; be a path of length j — 1. The graph
C = P + aj_1ap is called a cycle. The length of a cycle is the number of edges in the

cycle, denoted by £(C), and a k-cycle is a cycle of length k. A k- cycle is denoted by CF.

Notation 1.3 A cycle can be denoted by listing its vertices cyclically. For example, the

cycle C =P + a;_1a¢ can be denoted by C = apa ...a;_;ao.

Definition 1.21 Let " be a graph containing a cycle.
- The girth of T', denoted by o(T"), is the minimum length of a cycle in T".

- The circumference of T', denoted by ¢(I), is the maximum length of a cycle in I'.

Note 1.1 If there is no cycle in I', then the girth of I' is defined as co, and the circumfer-

ence of I' is defined as 0.

Definition 1.22 Let C be a cycle in I'. An edge ab of I is called a chord of C if a,b €
V(C), butab ¢ E(C).

Note 1.2 Assume that C is an induced cycle of the graph I'. Then, since C is an i.s. of I’

and since C is a cycle, C does not have a chord.

Example 1.8 A cycle C7 and induced cycles C? and C° are given in Figure 1.9.

Note that since C” has chord ab, it is not an induced cycle.
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Figure 1.9 A cycle C” with chord ab and induced cycles C? and C°

Proposition 1.6 Suppose that T is a graph such that 5(I') > 2. Then there is a path of
length 6(H) and a cycle of length at least §(T') + 1 in T.

Proof. Let Q = ag ... a; be a path of maximum length in I". Then Mr(ax) C V(Q) by
the maximality of Q.

Therefore, “the length of Q" = k > dr(a;) > o(T).

Now, let i < k be the minimum index such that a;ay € E(I"). Then a;a;41 ...aga; is
a cycle of length at least 6(I") + 1, because “the length of the cycle C = a;...aa;” =
C) >d(ag) +1>6(T) + 1.

The first inequality is true because Mr(ax) € V(Q), and ¢ < k is minimal with a; €
Nr(ax) € V(Q). Also 1 is added for the vertex a.

The second inequality is also true, because d(ax) > 6(I'). m

Definition 1.23 Let s, ¢ € V(I').

- The minimum of the lengths of s —1 paths in I" is called the distance between the vertices
s and t, and it is denoted by dr (s, t) or simply d(s, t).

If there is no path joining the vertices s and ¢, then d(s, t) is defined as oco.

- The diameter of T', denoted by diam(I"), is the maximum of the distances in I', that is:

diam(I") := max{d(s,t) : s,t € V(I") }.

11



The notions girth and diameter are related.

Proposition 1.7 Let I' be a graph containing a cycle. Then:

o(T") < 2diam(T) + 1.

Proof. Let C and Q be a cycle and a path in I, respectively.

Suppose to the contrary that o(I') > 2diam(I") + 1. Then o(I") > 2diam(I") + 2. Now,
assume that the equality ¢(C) = o(I") holds. Then C must have two vertices, say ¢ and d
such that dc(c, d) > diam(T") + 1. (dc(c, d) is the distance in the subgraph C.)

Butin T, dr(c,d) < diam(T"). Therefore, any path Q of length dr(c, d) between ¢ and d
can not be a subgraph of the cycle C. Therefore, there is a C-path aQb.

Now, there are two a — b paths in C. Let R be the shorter of them. Then the cycle aQbRa
has length strictly less that ¢(C):

((aQbRa) = {(shorter of the two a — b paths in C) + ¢(aQb)

— ((C) - 1.

This is a contradicition, which shows that o(I') < 2diam(I") + 1. =

Definition 1.24 The natural number rad(I') = mingcv (rymazpey (rydr(a, b) is called the
radius of I'. A vertex a satisfying rad(I") = maxycy dr(a, b) is called a central vertex,

that 1s, a has the maximum distance from the other vertices of I'.

Proposition 1.8 For a graph I, we have:
rad(l’) < diam(T") < 2rad(T’)
Proof. - rad(I") < diam(I"): This is true from the definitions of radius and diameter.

- diam(T") < 2rad(I"): Let a, b be two vertices such that d(a, b) = diam(I"), and let a be a
central vertex. Then: diam(I")= d(a,b) < d(a, s) + d(s,d) < rad(l") + rad(T’). m
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Definition 1.25 - An alternating sequence ag foa1 fi - . . fr_1ax of vertices and edges in a
graph I', where f; = {a;,a;,1} forall i < k, is called a walk.
- The length of a walk is the number of edges in the walk.

< If ag = a, W is called a closed walk.

Note 1.3 In a walk W, if all the vertices are distinct, then W is also a path.

Proposition 1.9 Let I' be a graph, and let W be a walk between the vertices s and t.

Then, there is a path P C W joining the vertices s and .

Proof. Let P be a minimum length s — ¢ walk in W, that is, P C W and P is a walk
between the vertices s and ¢, and also its length is minimum in such s — ¢ walks.

We claim that P is an s — ¢ path. Say P := s = ajay...a, = t. And, suppose to the
contrary that P is not a path. Then there exists a repeated vertex a; (1 < ¢ < n)in P.
Therefore, P := s = ajay...a; = a;...a, =t for some j > i.

Butthen Q = s = a1as...a;aj41 ...a, = tis also an s — ¢ walk in W and the length of
Q is strictly less than the length of IP. This gives a contradiction.

.. There is no repeated vertex in P. -, Pisan s — ¢ pathin W. m

1.2 Connectivity

Definition 1.26 Let I" be a nonempty graph.
- [' is called connected if there exist a path between any two of its vertices.
-Let Y C V(I'). If I'[Y] is connected, then we say that Y is connected in I".

- If a graph is not connected, it is called disconnected.

Proposition 1.10 Let T" be a connected graph, and let |V (I')| = n. The vertices of T
can be labeled as 01,09, . .., 0, such that foreveryi =1,...n, T; = T'[o1,09,...,04] is

connected.

Proof. Choose a vertex of I, and label it as 0. Then I'; = I'[o4] is trivially connected.

Assume that there is such a labeling for 1 < j < |I'|.
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Now, for j + 1, take a vertex y € I' — I';. Since I is connected, there is a y — o path
R=y=c...co=o0;.

Let 1 < k < [ be the index such that ¢, ¢ I'; but ¢;; € I';. Take ¢, as 0;41. Then 0,44
has a neighbor, namely ¢;; in I';, and thus I'; ;1 = I';[0;44] is connected.

Therefore, by induction on n, I'; is connected for every j. ®

Definition 1.27 Let II be a subgraph of I'.
If IT is connected, and it there is no connected subgraph of I" properly containing II, then

IT is called a component of T'.

Note 1.4 A component of a graph I' is an i.s. Because a component is a maximal con-
nected subgraph of a graph I' by definition. Therefore, if it contains two vertices, say
o,I" e V(I'), and if o' € E(I"), then it must also contain the edge oI

Example 1.9 There is a graph I' with four components is Figure 1.10. A minimal span-

ning connected subgraph of each component is drawn by bold edges. Note also that the

sets of vertices of components partition V'(I).

<_— |

Figure 1.10 A graph [" with 4 components

Definition 1.28 Let I" be a graph, o, 5 € V(I'), A, B C V(I'),S C V(I") U E(I").

- If the intersection of S with each A — B path in I' is nonempty, then it is said that S
separates A and B in I

-If a, 8 ¢ S and if S separates the sets {«}, {$}, then it is said that S separates the
vertices « and [5.

- If S separates two vertices of I', then it is said that S separates I'.

-IfS C V(I'), and if S separates I', then S is called a separator.

14



Note 1.5 If S separates Aand BinI[',then ANB C S:

Let v € A N B. Then there is no trivial A — B path with an endpoint ~.

Suppose not. Then there is a nontrivial A —B path with an endpoint 7. Say Q = ~yc; ... ¢
(or Q = ¢;...cxy) is such a path. Then V(Q) N A = {7y} and V(Q) N B = {v, ¢} (or
V(Q)NA = {c1,7} and V(Q) NB = {~}). This is a contradiction, because V' (Q) N B #
{cr} (or V(Q) N A # {c¢1}). Thus, the only A — B path with an endpoint ~ is the trivial
path Q = ~. Therefore, since S separates Aand Bin[',v € S. Asaresult, ANB C S.

Definition 1.29 If a vertex « separates two vertices in its component, then « is called a

cutvertex. If an edge f separates its end-vertices, then it is called a bridge.

Note 1.6 An edge f is a bridge <= There is no cycle C containing f.
Equivalently, an edge f is not a bridge <= There is a cycle C containing f:
f = af is not a bridge <> There is a path R between « and 3 not containing the edge f

< C =R+ fisacycle.

Example 1.10 For the graph I given in Figure 1.11, a, b, ¢, d, e are cutvertices and h = bc

is a bridge.

P

Figure 1.11 A graph [ with cutvertices a, b, ¢, d, e and bridge h = bc

Definition 1.30 Let A, B C V(I).

- If the union of the vertex sets A and B is V, and if the edge set F(A \ B, B\ A) is empty
(recall that £/(S, T') denotes the collection of S — T  edges in E(I)), then {A, B} is called
a separation of I.

- If both A\ B # () and B \ A # () hold, then {A, B} is called a proper separation.

- The order of {A, B} is the number |A N B|, and A, B are called the sides of {A, B}.
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Note 1.7 E(A\ B,B\ A) is empty <= A N B separates A and B:
E(A\B,B\ A) is empty <= Any A — B path in I" has a vertex in the intersection AN B
<= A N B separates A and B.

Definition 1.31 If [I'| > d and I' — S is connected for every vertex set S of order < d,
then I is said to be d-connected. And the maximum d for which I' is d-connected is called

the vertex connectivity of T, and this maximum number is denoted by x(I").

Note 1.8 - Let I be a nonempty graph. Then I' is O-connected, because there is no set
S C V with |[S] < 0.

- Let I" be a nontrivial graph. Then: I is 1-conencted <= I' is connected, because [S| < 1
implies S is empty.

- Moreover, x(I') = 0 <= T is disconnected or I' = K.

- Also, k(I') =n — 1 <= T = K" for every n > 1.

Definition 1.32 Let |I'| > 1. If I" — FF is connected for each edge set F of size < d, then
I" is said to be d-edge-connected. and the maximum d for which I is d-edge-connected is

called the edge connectivity of I', and this maximum number is denoted by A(T").
Note 1.9 Let I' be a nontrivial graph. Then:
- MI') = 0 <= T is disconnected.

- And, \(I') > 1 <= T is connected.

Example 1.11 For the graph given in Figure 1.12, x(I') = 1, A(I') = 2 and (") = 3.

Figure 1.12 A graph I with x(I') = 1, A(I') =2 and §(I') = 3
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Proposition 1.11 Let I' be a nontrivial graph. Then,

(D) < A) < o(1).

Proof. - \(I') < 6(I"): For every a € V, A(I') < dr(«), because all the edges incident
with « separates I'. Therefore, \(I') < min{dr(«) : o € V} = ().

- k(') < A(T'): Let F C FE such that |F| = A(T') and T" — F is disconnected. We know
that there is such a separating set by definition of the edge connectivity.

Now, we prove that x(I') < |F.

Case 1: Suppose that there is a vertex o € V' which is not an end-vertex of any edge in
F. Let us denote the component containing « in I' — £ by C.

Let Z = {f € V(C) : B is an end-vertex of an edge in F'}. Then Z separates o and
r-cC.

On the other hand, for any edge ¢ € F, at most one end of e is in V(C): Suppose to
the contrary that there exists f = v in F with both 3, € V(C). Then F' — f is a set
with A(I") — 1 edges such that I' — (F' — f) is disconnected. But this contradicts with the
Z| <|F|. And so, k(T") < |F|.

minimality of F'. Therefore,
Case 2: Suppose that each vertex is an end-vertex of some edge in F'. Let o« € V(I'). Let
us denote the component containing v in I' — F' by C.

Let Z = {z € Mr(«) : za ¢ F}. Then Z C V(C), because C is a component and
a € C. And again, since for an edge f in F’, two vertices in Z can not be ends of the same
edge in F. Then, dr(a) < |F|. Therefore, since () separates o from I' — N (),
k(I") < |F|, if of course, I' — MNr(«a) # {a}.

On the other hand, if I' — Np(a) = {a}, ie, if {a} N Nr(a) = V(I), since « is
an arbitrary vertex, we can suppose that ' = K", where n = |I'|. But in this case,

k(I") = A(I') = |I'| — 1. That is, the inequalities are again satisfied. m

Note that by the previous proposition, if x(G) (or I'(G)) is great, then 6(G) must be great.

But the converse of this statement need not be true:

Example 1.12 In Figure 1.13, two copies of K* are connected by an edge f with two

end-vertices in two copies of K* respectively. Note that 6(T") = 3, but x(I") = X\(T) = 1.
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Figure 1.13 A graph I obtained by an edge and two copies of K*

Note 1.10 In general, if we connect two vertices of two copies of K" by an edge f, then

we obtain a graph I" such that §(I") = n — 1, but x(I") = A\(T') = 1.

1.3 Trees and Forests

Definition 1.33 An acyclic graph is a graph containing no cycles. A forest is an acyclic
graph. A tree is a connected forest. A vertex of degree 1 of a tree is called leaf. An inner

vertex of a tree is a vertex which is not a leaf.

Note 1.11 - If 7 is a nontrivial tree, then 7 has a leaf:

Let R be a longest path in 7. Then the both ends of R must have degree 1. Otherwise,
we can extend R and this contradicts with the maximality of R. Therefore, 7 has at least
two leaves.

-If t is a leaf of 7, then 7/ = T — t is also a tree:

First, 7 does not contain any cycles, so does 7'. And since ¢ is a leaf of 7T, it has only

one neighbor, and thus 77 is connected. Therefore, 7 is a tree.

Theorem 1.1 Let T be a graph. Then, TFAE:

(1) T is a tree.

(2) There is a unique path in T between any two vertices a and b of T .

(3) T is connected, but for any edge t € E(T), T —t is disconnected.

(4) T does not contain any cycles, but for any two nonadjacent vertices a,b € V(T),

T + ab does contain a cycle.

Proof.
- (1 = 2): First of all, since 7T is a tree, it is connected. Therefore, there is a path Q

between any two vertices ¢ and s of 7. And such a path is unique:
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Suppose not. Then there are two vertices, say ¢y and t; in 7 such that there are two dis-
tinct paths, say Ry =tg = 21...2, =t;and Ry =ty = y; ...y, = t; between ¢y and ;.
Let S = V(Ry) N V(Ry). Then, since ty and t; € S, S # 0; and since R; # Ry,
S & V(R)orS S V(Ry). Say S G V(Ry).

Let z4, 1 be the first vertex (wrt the increasing of indices) in V/(Ry) — V/(S), and z; be the
first vertex after z, in S. Then z,, z, € S, and C = 2,R;2,Ry2, is a cycle in 7. But this
contradicts with the fact that 7 is acyclic. Therefore, such a path must be unique.

- (2 = 3): Since there is a path joining any two vertices of 7, T is connected. Let f = wz
be an edge in 7. Then 7' = T — f is disconnected:

Suppose not. Then there is a path Q in 7’ between the vertices w and z. Then, since
T' CT,Q C T. But R = wz is another path between w and z in 7. This contradicts
with the uniqueness of such path. Therefore, 7' must be disconnected.

- (3 = 4): First, suppose to the contrary that 7 contains a cycle C' = wyws . . . w,w;. Let
f = wywy. Then 7' = T — f is connected:

Let o, f € V(T"). Then, since 7 is connected, there isapathQ = o = y192. .. ym =
between v and S in 7. If f ¢ E(Q),thenQ C 7. If f € E(Q), then f = y,;y;4 for
some 1 < i < m. Then, R = Quy; = wiw,w,—1...ws = y;41Q is a walk between «
and 3 in T". Therefore, there is a path between « and 3 in T, because every o — 3 walk
contains a o — 3 path. And so, since 7' = T — f is connected, this contradicts with the
assumption. Therefore, 7 contains no cycles.

Now, let v and 3 be two non-adjacent vertices in 7. Then 7” = T + «f3 contains a cycle:
Let P be a path between v and 5 in 7. Then Q = P+ af is acycle in T".

- (4 = 1): First of all, by hypothesis, 7 is acyclic. Therefore, we only need to demon-
strate that 7 is connected: Let o, € V(T). If f = af € E(T), then P = af is a path
between cvand 5 in 7. If f = a5 ¢ E(T), then, by hypothesis, 7 + a3 contains a cycle
C'. But since 7 does not contain a cycle, f = a8 € E(C). Then P = C — f is a path in

T between the vertices « and (3. Therefore, T is connected. m

Notation 1.4 For a tree 7, let o, 3 € V(7). Then o7 3 denotes the unique path in 7

between « and f3.

Note 1.12 Any connected graph I' has a s.t.:
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Let 7 be a minimally connected s.s. of I". Then 7 is a tree by part (3) of Theorem 1.1.
Therefore, T is a s.t.

OR: Let 7 be a maximally acyclic subgraph of I'. Then 7 is a tree by part (4) of Theo-
rem 1.1. Also, 7 is a s.s.: Suppose not. Then, there is a vertex v of I" such that o ¢ T.
Now, since 7 C I' and I is connected, there is a vertex y of 7 such that ay € E(I"). Then
T + ay is still acyclic, because 7 is acyclic and « ¢ T. But then, since T ; T+ av,

this contradicts with the maximality of 7.

Example 1.13 The graph given in Figure 1.14 is an example of a tree.

N

Figure 1.14 An example of a tree

Example 1.14 Figure 1.15 shows three s.trees with bold edges of the graph H = K®

ElzaN,

Figure 1.15 K° with three spanning trees

Definition 1.34 Let I" be a graph, and 7 be a s.t. of I. Anedge f € E(I') \ E(T) is
called a chord of T inT.

Corollary 1.1 Let T be a tree with order n. Then the vertices of T can be labeled

wy, . . ., Wy, such that for every i > 2, there is a unique neighbor of w; in {wy, ..., w;_1}.
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Proof. We know that we can label the vertices of 7 as wy,...,w, such that for
every i > 2, T; = Tlws,...,w;] is connected. Therefore, there is a neighbor of w; in
{wy,...,w;_1}. And since 7; is a tree, this neighbor is unique: Suppose not. Then,
w; has two neighbors, say wy and w; with 1 < k < [ < i — 1. Now, since 7;_; is a
tree, it is connected, and thus there is a (unique) path [P connecting w;, and w;. But then
w;wy, + P+ wyw; is a cycle in 7;, which is a contradiction (since 7; is a tree, it is acyclic).

Corollary 1.2 Let I be a connected graph, and |V (I')| = n. Then:

Disatree < |[E(I)| =n — 1.

Proof.

- (=): Proof can be done by induction on the order i.

For i = 1: Since I' is a graph, there is no edge with the same endpoint. Therefore,
|IET)|=1-1=0.

Suppose the assertion is true for ¢ < n.

Now for [ =7 + 1, we can use the previous corollary. I'; has : — 1 edges by the induction
assumption. Therefore, since w;; ha s a unique neighbor in I';, [';,; hasi — 1+ 1 =4
edges.

Therefore, by induction, I' = I';, has n — 1 edges.

- («): Let |[E(T")| = n—1. And let T be as.t.in I". Then, by the first part, | F(T)| = n—1.

Therefore, ' = T ,1.e.,'isatree. m

Corollary 1.3 Let T be a tree, and T be a graph such that 6(T') > |T|—1. Then T C T,
that is, there is a subgraph J of I such that J ~ T.

Proof. We can find a copy of 7 in I" by using the vertex enumeration wy, ws, . . . , w, of T
(given in next to last corollary) by using the induction on the number of vertices n of 7
Assume inductively that wy, ..., w; € T is chosen for some 1 < i < |T| = n. Now,

choose « € T' — {wy,..,w;} as w;;; such that w, € E(T'), where wy, is the unique
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neighbor of & = w1 in 7. Such a vertex « exists, because d(wy) > 6(T") > |T| — 1.

Therefore, by induction, we find an isomorphic copy of 7 in[". m

Definition 1.35 If we consider one vertex of a tree as a distinguished vertex, then this

vertex is called the root of the tree. A tree with a chosen root is called a rooted tree.

Note 1.13 Define a relation on the set of vertices of a rooted tree 7 as follows:

Let 3 be aroot of T, «, v be two vertices of 7. Then:
a<y<=acfTy.

In this case, V' (7) is a partially ordered set wrt the realtion <. That is, the realtion < is a
partial order on V/(7):

- <isreflexive: Let & € V(7). Then a < «, because a € 57 av.

- < is anti-symmetric: Let o,y € V(7). Suppose that « < v and v < a. Then o € T
and v € BT a. Thus, fTa C ST~ and BTy C BT, because there is a unique path
between any two vertices of a tree. (For example, if 57« ¢ (77, then there are at
least two different paths between  and «). Therefore, since STa C 5Ty C (Ta,
BT a = BT. And so, a = 7.

- < s transitive: Let o,y,d € V(7). Suppose that « < and 5 < ~. Then, a € ST~
and v € ST9. Then, since v € 8T, 5T~y C ST9. Therefore, since o € T, a € 5T9.
And so, o < 9.

Definition 1.36 The partial order defined in the previous note is called the tree-order wrt
T and £.

If a < 7, 1i.e., a # =, wrt the tree-order, then « is below v in T.

The sets [0] = {0 | 6 < d} and |0 = {0 | # > 0} are called the down-closure and
up-closure of 9, respectively.

Let Y C V(7). If Y is equal to its down-closure (respectively, up-closure), that is,
Y = [Y] = Uyey[y] (respectively, Y = |Y| = Uyey|y] ), then Y is said to be closed

downwards (respectively, closed upwards), or an down-set (respectively, up-set).
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Note 1.14 - Wrt the t.o., the root of 7 is the minimum element of the collection of ver-
tices, and maximal elements are the leaves of 7.

- In T, the end-vertices of an edge are comparable.

- Let « € T. Then the down-closure of « is a chain: Let v,y € [£]. Then o« <  and
v < B. Thus a € 0T B and v € 0T c. Therefore, a« < v or v < au.

Definition 1.37 The height of a vertex « is the length of the path 67 «.
The set of all height [ vertices is called the [-th level of T .

Definition 1.38 Let I" be a graph and 7 C T be a rooted tree. If for any 7-path P in I"
with end-vertices « and 3, o < (8 or 8 < « holds wrt t.o. of T, then 7T is called normal

inI.

Note 1.15 Let 7 be as.t.in I'. Then:

Tisnormalin' <= [af € E(I') = a < forf < ainT].

First, 7 is a normal tree iff the end-vertices of any 7 -path in [" are comparable wrt t.o. of
T.

Second, T isas.s.of ['iff V(7)) = V(I"). Now:

- (=): Suppose that 7 is normal in I". And let a8 € E(T").

-Case l: If aff € E(T),thena < for f < «

- Case 2: If a8 ¢ E(T), then of is a T-path in ['. Therefore,since 7 is normal in I,
a<porf<a.

- («<): Suppose that if o € E(I'),then « < for f < «vin T. Since 7 spans I', any
T-pathin ' is an edge f € E(I') — E(T). Therefore, to show that 7 is normal, we only
need to show that for any edge f = af € E(I') — E(T), a < for 5 < a. Now, assume
that f € E(I')— E(T), Then, since f = af € E(T'),a < forf < ain T by hypothesis.

Therefore, 7 is normal in I'.

Since the separation properties of 7 is reflected by I', we can understand the structure of

I" by using a normal tree in I'.
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Lemma 1.1 Let I be a graph, and T C I be a tree. Suppose that T is normal in I, and
«, 3 are two arbitrary vertices of T. Then:
- The set o] N [ separates ov and (B in T.
- Let R C V(T). Assume that T is also a s.t., and R is down-closed. Let W = {0 | 0 is
a minimal elements in T — R}. Then the sets |0 |, where 0 € W, span the components of

I' - R

We finish this section with a proposition which guarantees the existence of a normal s.t.

of a connected graph I'.

Proposition 1.12 Let I" be a connected graph, and let [ be a vertex of I'. Then, I" has

normal s.t.T with root f3.

1.4 Bipartite Graphs

Definition 1.39 Let » > 2 be an integer, and let I' = (V, E') be a graph. If there is a
partition of ' containing r classes such that there is no edge between any two vertices in
the same class, that is, the end vertices of an edge belongs to the different classes; then I'
is called an r-partite graph. And every class in the partition is called a partite set.

A 2-partite graph is called bipartite.

Definition 1.40 Let I" be an r-partite graph. If there is an edge between any two vertices
of different partite sets, then I is called a complete r-partite graph, without mentionning

r, ['is called a complete multi-partite graph.

Notation 1.5 K, ,,, ,, denotes the complete r-partite graph K" * ... x K",
Ifn, =...=mn, =t ,thenk,, ,, . isdenoted by K.
Note that if every vertex of a K" is replaced by an independent set, that is, a set of vertices

containing no edges, of size ¢, then we obtain a Kj.

Example 1.15 In Figure 1.16, there are three 3-partite graphs. Note that the last two of

these graphs are two different drawings of the octahedron K.
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Figure 1.16 Three 3-partite graphs

Definition 1.41 A star is a bipartite graph K, ,, for some n € N. The star’s center is the

vertex in the partite set of order one.

Now, we give a proposition which characterize a bipartite graph completely:

Proposition 1.13 Let ' = (V, E) be a graph with at least two vertices. Then:

I' is bipartite <= I" contains no odd cycles, that is, a cycle with odd length.

Proof.

- (=): Suppose that I" is bipartite. Then I" does not contain any odd cycles, because the
adjacent vertices of a cycle must be in different partite sets. Therefore, the length of a
cycle must be even.

- («<=): Suppose that I" does not contain any odd odd cycles. First of all, we can assume
wlog that I' is connected, because I is bipartite iff all the components of I' are bipartite
or trivial.

Let 7 be a rooted s.t. of I', and r be the root of 7. Denote the corresponding t.o. on
V=V({I)by <r.

Now, for each o € V, there is a unique path 7 «, and this path has either odd or even
length.

Let @ = {a € V | the length of rTais odd } and R = {« € V| the length of 7T « is
even }. Then ) and R are nonempty: If « is adjacent to 7, then o € @Q); and r € R. Also,
obviously Q N R = (). We pove that I is bipartite with partite sets () and R.

let f =ap € E(T).
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- Case 1: Suppose that f € T, and sat « <7 (. Then, 7 = rT«af. Therefore, o
and (3 are in different partite sets, because 7« has odd (respectively, even) length <
rTaf = 77T [ has even (respectively, odd) length.

- Case 2: Suppose that f ¢ 7. Then Cy = oT 5 + f is a cycle (of even length by
hypothesis).

Figure 1.17 The graph 7 + f and the cycle C in it

Now, by Case 1, the vertices in the path o7 (3 alternate between the partite sets ) and R.
Therefore, since C is even by hypothesis, o7 3 = C; — f has odd length, thatis , a7 3

has even number of vertices Therefore, o and 3 belong to different partite sets. m

1.5 Contraction and Minor

Let I' be a given fixed graph.

Definition 1.42 - A subdivision of the graph € is a graph gotten from €2 by subdividing
some edges by using new vertices. More precisely, if some edges of the graph () are
replaced with new paths between the end vertices of the corresponding edges such that
these paths do not contain any inner vertex in V' (€2) or any vertex of some other new path,
then the obtained graph is called a subdivision of ). If a graph is a subdivision of €2 , then

it is also said that €2 is a T'CQ2 (where 7" corresponds to the word topological).
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- The vertices of the graph () are called the branch vertices of T€); and the new added

vertices are named as subdividing vertices of T).

Note 1.16 The degree of all subdividing vertices is 2; on the other hand, degr(u) =
degrr(p) for every u € T

Definition 1.43 Let II be a graph. If 7T is a subgraph of II, then I" is said to be a

topological minor (t.m.) of 11.

Definition 1.44 - If some of the vertices 1 € V/(I") are replaced with disjoint and con-
nected graphs ©,,, and the corresponding edges h = puv € E(I') are replaced with
nonempty sets of ©, — ©,, then the obtained graph is called an /T (where I corre-
sponds to the word inflated). More precisely, if the vertex set of a graph © has a partition
{V, | p € V(I')} into connected subsets V,, in such a way that for any two distinct ver-
tices p, v € V(I'), pv € E(I) iff © has a V,, — V,, edge, then the graph © is called an IT".
- The sets V), are called the branch sets of IT.

- If © is an IT', then we say that I is obtained from © by contracting the (disjoint and

connected) subgraphs ©,, C ©, and I' is called as a contraction minor of ©.

Definition 1.45 Let II be a graph. If /T is a subgraph of II, then I is said to be a minor
of II. In this case, /1" is called a model of the graph I" in II, and it is denoted by I' < II.

Note 1.17 Since branch sets can consist of a single vertex, each subgraph of a graph is

also a minor of the graph.

Theorem 1.2 The t.m. and the minor relations are partial order relations on the set of

finite graphs.

Notation 1.6 - If the graph IT is an IT', then by definition £ = {V}, | u € I'} is a partition
of V(II), and the contraction minor I" of II is denoted by I1/L.
- If Y = V, is the only branch set containing more than one vertex, then I' is de-

noted by I1/Y’; in this case, the vertex © € I' to which the set Y contracts is denoted
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by 1y, and the remaining part of the graph II is considered as an i.s. of the graph II.
- The smallest possible case for Y is that Y has precisely two vertices which are adjacent
to each other; that is, Y = {h}, a set containing a single edge. In this case, I' = II/h is

said to be obtained from the graph II by contracting the edge h.

We know that the minor relation < is a partial order relation. Therefore it is transitive.
And so, each sequence of single edge deletions or contractions or single vertex deletions

produces a minor. Conversely, each minor of a finite graph can be gotten with this process:

Corollary 1.4 Let I' and 11 be graphs which are finite. The graph 1" is a minor of the
graph 11 iff there is a sequence of graphs 11y, 11, ... 11, such that 11 = 11y and " = 11,
and every 11,1 is obtained from 11; by deletion of an edge, by contraction of an edge, or

by deletion of a vertex.

Finally, the following relations exist between t.minors and minors:

Theorem 1.3 (1) If a graph 11 is a TT, then it is also an IT. Therefore, each t.m. of a
graph is also a minor of this graph.
(2) If A(T") < 3, then each IT has a TT in it. Therefore, each minor of maximum degree

less than or equal to 3 of a graph is also a t.m. of this graph.
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2. EXTREMAL GRAPH THEORY

In this main chapter of the thesis, we consider effects of global parameters, like the edge
density, a.d. or c.n., to local substructures of a graph. For example, for a graph on n
vertices, how many edges do we need to have to guarantee that the graph contains a
complete graph K*® (for some fixed s) as a subgraph or as a minor? Can the existence
of such substructures be guaranteed by sufficiently large c.n. or a.d.? These types of
questions constitute extremal graph theory, and this the topic of what we study in this

chapter.
Before starting the first section, we give a basic definition:

Definition 2.1 Let I' be a graph.

- If the number of edges ||I'|| of I is about linear wrt its number of vertices |I'|, then I is
called sparse.

- If the number of edges ||T'|| of I is about quadratic wrt its number of vertices |I'|, then I"
is called dense.

L]

- The number —— is called edge-density of I'.

IT|
()
Note that dense and sparse notions do not make sense for individual graphs, these notions
become meaningful for sets of graphs whose number of vertices goes to infinity.

2.1 Subgraphs

Let IT be a given graph, n > |II|, and I" be any graph of order n. How many edges
will be enough to guarantee that [' has a subgraph isomorphic to II? Or, in other words:
What is the highest possible edge number that I' can contain without having a subgraph

isomorphic to II?

Definition 2.2 A graph I having n vertices and not containing (an isomorphic copy of)

IT with the greatest possible edge number is called extremal for 11 and n; and in this case,
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the edge number of I is denoted by ex(n, II).

Note 2.1 Obviously, if a graph I" is extremal for some given II and n, then I' is also
edge-maximal with the property that IT ¢ I". However, the converse statement is not true:
There is an edge-maximal graph I" with the property that IT Z T, but such that I contains
fewer edges than ex(n, IT). (In Figure 2.1, there are two graphs on 4 vertices such that the

left one is edge-maximal with the g.p. that P° ¢ I, but the right one is not extremal wrt

this g.p.)
as as
ay ag
a
as Qy

Qy

Figure 2.1 The left graph is edge-maximal, but the right one is not with P* ¢ T

Consider the problem for the complete graph II = K, where s > 1. For extremality,
trivial candidates are (s — 1)-partite complete graphs which are obviously edge-maximal
in regard to not containing the complete graph K*. The question is the following: Which
of these graphs contain the largest number of edges? We have the restricition that n; +
.-+ + ng, = n, where n; is the number of vertices in the i-th partite set, and we want
to maximize the product nns ...n,. Therefore, we must choose n; values as equal as
possible, that is, for ¢ # j, n; — n; must be less than or equal to 1: If n; — n; > 2 for
some 1 < 7,7 < r, the number of edges can be increased by shifting a vertex from the

corresponding partite set with n; vertices to the corresponding partite set with n; vertices.

Definition 2.3 For each n > s — 1, the (s — 1)-partite complete graph on n vertices in
which the difference between any two partite sets is at most 1 is called Turan graph,

denoted by ©~!(n), and its number of edges is denoted by 6,_;(n) in this thesis.
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Example 2.1 In Figure 2.2, the Turan graph ©3(8) is pictured.

Figure 2.2 The 3-partite Turan graph on 8 vertices.

Note 2.2 Forn < s — 1, we formally use this definition, but now the partite sets may be
empty. Then for eachn < s — 1, ©°71(n) = K™: We simply distribute n vertices to the n

partite sets one by one, and the remaining (s — 1) — n partite sets are empty.

©% !(n) is really extremal for n and the complete graph K*, and in this respect it is

unique; particullary, ex(n, K*) = 6,_1(n):

Theorem 2.1 (Turan 1941) Let s and n be integers with s > 1. If " is a graph on n
vertices and ex(n, K*) edges such that T 2 K*, then T' = ©~!(n).

First proof of Turan’s Theorem. Proof is by induction on the number of vertices n. For
n<s—1,T =K"= 0" as stated in the theorem. Now, let n > s.

First, I" contains K = K*~!, because it is edge-maximal without containing the complete
graph K* as a subgraph. The number of edges of I' — K is at most 6;_;(n — (s — 1)) by
the induction hypothesis, and the number of neighbors in K of each vertex in I' — K is
less than or equal to s — 2 (if there exists a vertex o € I' — K with s — 1 neighbors in K,
then I" contains a K*). Therefore, we have: (To understand the rightmost equality in (x),

study Figure 2.3.)

I <0a(n—s+1)+(n—s+1)(s—2)+ (S R 1) =0 a(n). (%)
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Figure 2.3 The equality in (%) forn = 14 and s = 5

Now, I is extremal without having a K* in it and K® ¢ ©%'(n), where ||©°*(n)|| =
0s_1(n). Therefore, instead of <, equality occurs in the equation (*). Thus, the number
of neighbors in K of each vertex in I' — K is axactly s — 2, just as the vertices, say

aq,...,as_1,0f K. Foreachi =1,...,s — 1, define:

Vi={ae V()| an; ¢ ET)}.

Note that V; is the set of vertices such that their s — 2 neighbors in K are the vertices
o # a;. Foreachi =1,...,s — 1, V; is independent, because K*  I". (If o, 8 € V(T')
and a5 € E(I"), then since v and [ are both adjacent to the same s — 2 vertices of K,
these two vertices and K give us a K*.) Also, the vertex sets V; partition V' (I"). Therefore,
['is (s — 1)-partite graph on n vertices with the maximum number of edges. Therefore,

by the extremality of T', i.e., by ||T'|| = 0,_1(n),[ = ©*(n). m

In the second proof of Turan’s theorem, a new operation (vertex dublication) is used:

Definition 2.4 Let o € I' be a vertex. Dublication of o means that adding a new vertex,

say , to I' and joining this new vertex ' to all the neighbors of « (but not to the «).
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Second Proof of Turan’s Theorem. We know that the Turan graphs ©'(n) have the
most possible edges in all the [-partite complete graphs on n vertices. And from the vertex
degrees, it is obvious that ©°~!(n) contains more edges than ©'(n) for every | < s — 1.
Therefore, it is enough to show that I' is a complete multi-partite graph.

Suppose to the contrary that I' is not a complete multi-partite graph. Then non-adjacency
relation on V' (I") is not an equivalence relation. Therefore, there are vertices (1, «, 32 €
V(T") such that 8; and o, « and 5 are not adjacent, but 51 and 3, are adjacent.

Now, d(2) < d(«) and d(51) < d(«): Suppose to the contrary that d(32) > d(«). Then
delete o and dublicate ;. After this operation, we obtain another graph without having
K* as a subgraph, but with having more edges than the graph I'. This contradicts with the
extremality of I". Therefore d((;) < d(a). With exactly the same manner, d(fs) < d(«).
But then delete 3; and dublicate «, and delete (3, and dublicate « again. After these two
operations, we get another graph without having K® as a subgraph, but with having more
edges than the graph I'. Again, this gives us a contradiction.

As aresult, I' must be a complete multipartite graph. m

It can be shown easily that for all » and s , the following inequality is true:

1 ,s—2
0, < —n? :
1(n)_2n s—1

and equality occurs if s — 1 divides n. Therefore, it is striking that, for any given o > 0
and large enough n, on? more edges gives not only K*® as a subgraph (as stated in Turan’s
Theorem), but also K7 as a subgraph for any given 0 < ¢ € N as stated in Erdos and Stone

Theorem:

Theorem 2.2 (Erdos and Stone 1946) Let s > 2 andt > 1 be integers, and let 0 > 0
be a positive real number. Then there is a natual number ng such that every graph I' with

the number of vertices n > ng and the number of edges

IT) 2 6, 1(n) + o

'''''
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The Erdos-Stone theorem is not only a striking result, but it also has a note-worthy corol-

lary. Before stating this corollary, for a graph II and a natural number 7, define:

Tw = ea;(n,H)/(Z).

Note that 7, is the greatest edge density of an n-vertex graph not having a subgraph

isomorphic to II.

Corollary 2.1 Let I be a graph with size > 1. Then:

Tim ex(n, 1 <Z)_l _ %

where x denotes the well-knwon invariant of a graph, namely, the c.n. of a graph.

First, we state a lemma which will be used in the proof of the previous corollary.

n 5—2
L 2.1 lim 65 = .
emma lim 1(n)/ (2) W

Proof of the Previous Corollary. Let s = x(II). Since the c.n. of a graph is the
minimum number of colors needed to color the vertices of a graph properly (properly
means that no two adjacent vertices have the same color), it is not possible to color the
vertices of II with s — 1 colors. Therefore, 11 SZ @5_1(n) for every n € N. Thus, since
ex(n, IT) denotes the maximum number of edges that a graph can have without containing

IT as a subgraph, we have:

0s_1(n) < ex(n,II).

On the other side, since s = x(II), for all sufficiently large ¢ values, IT C K?. Therefore,

for all such ¢ values, we have:
ex(n,1l) < ex(n,K7).

Now, let us take a sufficiently large ¢, and fix it. Then for every ¢ > 0, and for sufficiently
large n, we have:

ex(n,K?) < 0,_1(n) + on?
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by Erdos-Stone Theorem. Therefore, for large enough n values, we have:

bust)/ () < extn1y ()

-2
As aresult, since lim 65 1(n)/ (n> =2 by the previous lemma, we get the require
S —

n\ s—2 x(II)-2
2) s—1 x(I)—1

limit value by the squeezing theorem: lim 6,_4(n)/ (
n—=oo

2.2 Minors

In this section, we try to understand under which conditions a graph contains some other

given graph as a minor or as a t.m.

As a first question, let’s consider the analog of Turan’s theorem: How many edges in a

graph I' on n vertices guarantee to have a K® as a minor or as a t.m. of I'?

Theorem 2.3 Let T be a graph of a.d. d(T') > 2572, Then, for every s € N, T contains a

K* as a minor.

Proof. Proof is by induction on s.

For s < 2, the statement is trivially true. Now, let s > 3. Then since we assume that
d(T) > 252, o(T) (= %d(F)) > 953,

Let IT be a minor of T" such that it is minimal with o (IT) > 2573,

Choose a vertex « € V/(II). The vertex o can not be an isolated vertex, because II is
minimal. Also, if 3 is a neighbor of «, then o and 3 have at least 2°~3 common neighbors:

Suppose to the contrary that there is a neighbor 5 of « such that the number of common
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neighbors of o and 3 is less than 2°73. Contract the edge o5. By this contraction, we
get a smaller minor T’ such that |IT'| = |II| — 1 and |[IT'|| > [|II|| — (2573 + 1), i.e.,
|TT|| > ||TI|| — 25~3. But then:

I =207 o (I =207 20 — 20

_ _ 28—3.
o= =1 -1 = -1

o (1)

That is, o(IT") > 2°73. This contradicts with the minimality of II. Therefore, o and /3
have at least 2°~3 common neighbors. As a result, the minimum degree of the subgraph
of II induced by the neighbors of « is at least 2573, and thus, the a.d. of this subgraph
is at least 2°3. Therefore, by the induction hypothesis, this subgraph contains K*~! as a
minor. This minor and the vertex o produce the sought K* minor of the original graph I'.

To guarantee the existence of K® as a t.m. is a little harder. The branch vertices of K* are
fixed beforehand, and the subdivided edges of K° are constructed inductively; this forces
to begin with an a.d. of at least 2(3). Except for this difference, the main idea of the proof

is the same.

Theorem 2.4 Let I be a graph of a.d. d(I') > 2(3) . Then, for every 2 < s € N, T

contains K% as a t.m.

Proof. For s = 2, the statement is trivially true. Now, let s > 3.
Proof is by inductionon m = s,s+1,..., (3). Let I be a graph with a.d. d(I") > 2. We
prove that I contain a t.m.T" with |'| = s and ||T'|| = m.

Let m = s. Then we know that I' contains a subgraph IT with

5(TT) > o(IT) > o(T) = %d(F) > 951,

and thus, II has a cycle of length
(>0 +1>0)+1>0()+1>2"+1.

Therefore, I" has a cycle of length

0> > 54+ 1.
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As aresult, since I' = C? satisfies the requirement, the statement is true.

Now, let s < m < (;) , and suppose that the theorem is true for smaller m values. Let I’
be a graph with a.d. d(I") > 2™. Therefore, (") = @ > om-1,

First of all, since there is a component C of I with ¢(C) > o(I"), wlog, we may suppose
that I" is itself connected. Let W' C V/(I") be a maximal set such that it is connected in T’
and o(I'/W) > 2™~ (There is such a set W, because for W C V(I') with [W| =1,T
is itself of the form I'/TV.) By the connectivity of I, D¥(TV) # 0.

Let IT = T[DM(W)]. Then every vertex « of IT has degree dj(«) > 2™ ! in II: Suppose
not. Then there is a vertex a € II with d(a) < 2™ ', If the edge aay in T'/W is
contracted, then one vertex and dy; + 1 < 2™~ ! edges are lost. Therefore, if « is added to
W, then the obtained graph has still ¢ > 2™~!. But this contradicts with the maximality
of the vertex set 1. As a result, d(I1) > 6(II) > 2™~!. By the induction hypothesis, the
graph IT has 7T such that [I'| = s and ||T'|| = m — 1. Choose two branch vertices, say
B and +, of this TT such that 8 is not an edge in I'. Since 3,y € W, and since W is
connected in I, there is an  — 7y path in [ whose inner vertices belong to . Finally, add

this path to the 7'T". Then we get the required 7T". =

We can reduce the bound in the previous theorem from exponential to quadratic by us-
ing the following involved Thomas-Wollan theorem. To state that theorem, we need the

following definition:

Definition 2.5 LetI' = (V| E') be a graph, and Z C V/(I').

- If for every distinct vertices aq, ..., (B1,..., 5 in Z, there are disjoint paths, say
Q1,...,Q;in T such that foreachi =1,..., 7, Q); links the vertex «; to the vertex [3; and
(2; does not have any inner vertex in Z, then 7 is called linked in T'.

- If |T'| > 20 and every Z C V(I') with |Z] < 2[is linked in I, then I is called [-linked.

Theorem 2.5 (Thomas and Wollan 2005) Let I" be a graph, and let | € N. Suppose that
[ is 2l-connected and o(I") > 8. Then T is [-linked.
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And, in the proof of the theorem reducing the mentioned bound from exponential to

quadratic, we also need the following theorem of Mader:

Theorem 2.6 (Mader 1972) Let 0 # s € N, and let I be a graph with d(I") > 4s. Then
" contains a (k + 1)-connected subgraph 1 satisfying the inequality o(I") > (") — k.

Now, we can state and prove the theorem reducing the bound given in Theorem 2.4:

Theorem 2.7 There is a constant v € R satisfying the following property: For each

natural number s, every graph T with d(T') > ~s? has K® in it as a t.m.

Proof. We prove the claim by taking v = 10.

Let I be a given graph with d(I") > 10s%. Let [ = s%. Then, Mader theorem, there is a
10s?

subgraph IT of T such that x(IT) > s* and o(II) > o(T") — s* > S

For a t.m. K® in the subgraph I1, choose a set Z C V(1) with | Z| = s, as branch vertices;
and by picking s — 1 vertices for each vertex in the set Z, choose a set A C V/(II) with
|A] = s(s — 1) consisting of neighbors of Z, as initial subdividing vertices. Note that
the chosen number of vertices is s?, and since 6(IT) > x(IT) > s, we can choose these
vertices distinctly.

To finish the proof, the only remaining part is to join the vertices of the set A in pairs, by
disjoint paths in II" = II — Z, and of course these paths correspond to the edges of the
complete graph K®. Such connections is possible if A is linked in IT'. More generally,
in fact, II" is %s(s — 1)-linked, because II" satisfies the hypothesis of Thomas-Wollan
theorem for | = %s(s —1): k(IT') > k(IT) — s > s — s = s(s — 1) = 21, thus the first
hypothesis is satisfied. And since TI" was gotten from II by deleting at most s|II| edges
(also some vertices), simply becasue II" = Il — Z and |Z| = s; the second hypothesis is
also satisfied:

o(Il') > o(Il) — s > 4s* — s = 4s(s — 1) = 8.

As a result, by Thomas-Wollan theorem, I is [-linked. =
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The a.d. required to gaurantee the existence of an arbitrary K*® minor is less than that for

an arbitrary TK® t.m., and this a.d. is known exactly:

Theorem 2.8 (Kostochka 1982) There is a constant v € R satisfying the following prop-
erty: For each natural numebr s, every graph I with d(I") > ~ys+/log s has K® in it as a
minor. Moreover, as a function of s, this lower bound is best possible up to the value of

the constant . (log s = log, s.)

In the rest of the section, we study another remarkable condition which again guaran-
tees the existence of minors: By increasing the girth of a graph (but not solely subdi-
viding edges), the existence of a K* minor can be guaranteed: If the girth, say o, of a
graph I' is big, then the ball around a vertex « with radius | /2|, namely, S = {3 |
d(B,a) < |o/2]} induces a tree (since for every 3,0 € S, d(f,a) < (8,a) + d(a, ) <
lo/2] + |o/2] = o, S does not contain any cycles; and thus, the graph induced by S is a
tree) and this tree has many leaves. In I', only one of the incident edges of such a leave
belongs to the tree, the other edges are away from the tree. Therefore, by contracting
enough numbers of disjoint trees, we can expect to get a minor with a large a.d., which
successively give a complete minor with a large a.d. This idea is realised by the following

lemma:

Lemma 2.2 Let j and | be natural numbers with 7 > 3. Let I' be a graph with the
minimum degree 6(I') > j and the girth o(I") > 81 + 3. Then there is a minor I" of T with

oT) = j(j — 1)~

This lemma and the previous theorem give the following result:

Theorem 2.9 (Thomassen 1983) There is a function v : N — N such that for all
s € N the following is satisfied: If a graph U has the minimum degree §(I') > 3 and the

grith o(T') > 1(s), then I contains a K* minor.

Proof. We show that 1/(s) = 8log(s) +4log(log(s)) + -, for some real constant -, is one

of the the desired functions, that is, this function ¢ satisfies the required condition:
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Let [ = I(s) be a minimal natural number satisfying the inequality 32! > ~'s+/log(s),
where 7/ € R is the constant mentioned in the previous theorem. (At this stage, we just

choose a minimal [ satisfying 32! > ~/sy/log(s).) Then since [ is minimal, we have:

1
32! > 4'sy/log(s) == log(3) + (s — 1) < log(7') + log(s) + 5 log(log(s)).
1
— Since log3 —1> 0,1 < log(v') + log(vy) + 5 log(log(s)).
= 81+ 3 < 8log(s) + 4log(log(s)) + (8log(vy') + 3).

— 81+ 3 < 8log(s) + 4log(log(s)) + 7,7 = 8log(y') + 3.

Now, since o(I') > 1 (s) > 80 + 3, and since (") > 3, the graph I" contains a minor II
with 6(IT) > 3(3 — 1)! = 32!, by the previous lemma.

Then, since d(I1) > §(IT) > 32 > ~'sy/log(s), II contains a minor K*, by the previous
theorem. As a result, since K® is a minor of II and II is a minor of I', K* is a minor of I

Big girth value can also be employed to guarantee a t.m. K®. For this, as branch vertices,
some vertices of degree > s — 1 are needed. By assuming a minimum degree > s—,
the existence of such vertices can be ensured. But even in this case, a girth bound not

depending on s is needed to guarantee a t.m. K*.

Theorem 2.10 (Kiithn and Osthus 2002) There is some constant  such that every graph

L with 0(T') > s — 1 and o(T") > £ contains TK® for all natural numbers s.

2.3 Hadwiger’s Conjecture

In the previous section, we proved that a.d. > yslog(s) is enough to guarantee a graph to
contain a minor K*, and a.d. > vs? is enough to guarantee a graph to contain a t.m. K*. If
c.n. puts in place of a.d., then, with nearly the same constants, these two statements hold

true, because a graph I" with y(I') = [ contains a subgraph II with d(IT) > [ — 1:

Lemma 2.3 Let " be a graph with x(I') = I. Then T has a subgraph 11 with d(11) > [—1.
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Proof. Let IT C T' be a minimal subgraph such that x(IT) = [. Then §(II) > | — 1:
Suppose not. Then there is a vertex o € V' with dpj(«) < [ — 2. But then, since II — « is
(I — 1)-colorable, by extending such a coloring, we obtain a (I — 1)-coloring of IT which

contradicts by the choice of II. m

With the hypothesis on a.d., given on the related theorems, both functions, ys4/log(s)
and vs2, (up to a constant) are best possible. Are they still best possible if c.n. is used
instead of a.d.? Do some slower-growing functions guarantee the same conclusions? An
answer of this question is not known for general or t.minors. However, for general minors,

Hadwiger proposes an affirmative answer with the following conjecture:

Conjecture 2.1 (Hadwiger Conjecture 1943) For every graph " and every natural num-

ber s > 1, the following statement holds:

x(I') >s=T =K.
Hadwiger’s conjecture is obviously true for s > 2, it is easy to see that it also holds for
s =3 and s = 4. For s = 5 and s = 6, the four color theorem and Hadwiger’s conjecture
are equivalent. For s > 7, the conjecture holds for line graphs and for graphs with large
girth value, but it is still open for arbitrary graphs. Generally, if the conjecture is true for

s + 1, then it is true for s.

For any fixed s € N, the Hadwiger’s conjecture is equivalent to the statement that if a
graph does not contain a K* minor, then it is (s — 1)-colorable. With this reformulation, it
is reasonable to ask the following question: Can we characterize the graphs not containing
a K* minor?

For example, for s = 3, the graphs not containing a K minor are exactly the forests,
because such graph does not contain any cycles. Thus, since a forest is a bipartite graph,
such graphs are really 2-colorable.

For s = 4, there exists as well a modest characterization for the graphs not containing K*

minor. First, we need a definition:
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Definition 2.6 Let I be a graph, and let I';,I'; and 7" be i.subgraphs of ' such that
I'=T1Ul'yand T = I'y N I'5. In this case, it is said that I" results from I'; and 'y by

pasting them along 7T'.

Theorem 2.11 Let I" be a graph with |I'| > 3. Then: T is edge-maximal not containing

a K* minor <= It can be obtained from triangles by pasting along K? s recursively.

One of the corollaries of the previous theorem is the following:

Corollary 2.2 Let I' be an edge-maximal graph not containing a K* minor. Then the
number of edges of T is 2|T'| — 3. Therefore, every such graph T has the same order, and

thus they are extremal.

Proof. Proof is by induction on the number of vertices of I'. m

Corollary 2.3 For s = 4, Hadwiger’s conjecture is true.

Proof. We prove the contrapositive of Hadwiger’s conjecture, that is: If I" does not have
a K* minor, then x(T") < 4, i.e., " is 3-colorable.

Suppose first that " results from I['; and I'; by pasting along K" for some n € N. Then
x(I') = maz{x(I'1), x(I'2}:

D CDT CT — () < (D), x(T) < x(T) = max{x(Ty), v(T2)} < x(I)
Let v; : V(I';) — {1,2,...,x(I';)} be a coloring of I'; for ¢ = 1,2. Then, these
two colorings can be united to obtain a coloring of I with max{x(I'1), x(I's} colors.
(If it is needed, the colors of one of I'; or I'y can be permuted.) Therefore, x(I') <
max{x(I'1), x(I'2}. As aresult, x(I') = max{x(I'1), x(I'2) }.

Now, let I" be any edge-maximal graph not containing a K* minor. Then by the previous
theorem, I" can be obtained recursively from K? s by pasting along K? s. Therefore, by
induction on the number of vertices of I', since x(I') = max{x(I'1), x(I'2)} < {3,3},
x(I') < 3. As aresult, y(I') < 4. (Since this is true for edge-maximal graphs, it is true

for all graphs.) m
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To prove Hadwiger’s conjecture for s = 5, we need the following theorem for graphs not

containing a K® minor:

Theorem 2.12 (Wagner 1937) Let I' be a graph such that it is edge-maximal and it does
not contain a K® minor. Suppose that || > 4. Then T can be built recursively, by pasting
along K3 s and K? s, from the copies of the Wager graph W (see Figure 2.4) and from the

plane triangulations.
as

as Qy

aq as

as Qg

ar

Figure 2.4 A representation of he Wagner graph W

The numbers of edges of extremal graphs not containing a K® minor, built as in the pre-

vious theorem, is less than or equal to those of the maximal planar graphs:

Corollary 2.4 Let T' be a graph not containing a K° minor with n vertices. Then the

number of edges of I is less than or equal to 3n — 6.

Now, since x (W) = 3, by the previous theorem and the 4-color theorem (namely, for a

planar graph I, x(I") < 4), we get Hadwiger’s conjecture for the next s value:

Corollary 2.5 Hadwiger’s conjecture is true for s = 5.

For s = 6, the proof of Hadwiger’s conjecture is considerably difficult than the previous

s values, and the proof again relies upon the 4-color theorem:
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Theorem 2.13 (Robertson et al. 1993) Hadwiger’s conjecture is true for s = 6.

In the last theorem of the previous section, we saw that with the additional assumption of
large girth, the hypothesis §(I"') > s — 1 guarantees the existence of a t.m. 7 K?. In fact, a
weaker additional supposition is sufficient:

“For any given natural number ¢ and for all sufficiently big 7 values which depend only
on t; the graphs I' not containing the complete bipartite graph K, ; with a.d. d(I") > j
contains K* minors for s values which are substantially bigger than ;.”

For Hadwiger’s conjecture, as a result of this statement, we obtain:

Theorem 2.14 (Kiihn and Osthus 2005) For eacht € N, there exists s; € N satisfying
the following property: For each graph ' not containing the complete bipartite graph

K., and for all s > s,, the Hadwiger’s conjecture is true.

The strengthening version of Hadwiger’s conjecture is the following conjecture:

Conjecture 2.2 (Hajos Conjecture 1961) For every graph I" and every natural number
s > 1, the following statement holds:

X(I') > s = T contains K* as a t.m.

Generally, Hajos’s conjecture is not true, however from the last theorem of the previous

section, it is true for graphs with large girth values:

Corollary 2.6 There exist some constant & such that for all graphs T with o(T") > &, the
following implication is true:

X(I') > 1 =T D TK? for all natural numbers s.

Proof. By the last theorem of the previous section, there is some constant £ such that for
any graph I with 6(I") > s — 1 and o(I") > &, I" contains K* as a topological minor. Now,
consider the same constant £. Since x(I') > s by hypothesis, we know that there is a

subgraph IT of T such that §(IT) > s — 1.
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On the other hand , since o(I1) > o(I") > &, again the last theorem of the previous section
implies that [T O T'K?®. Therefore, since ' D I, I' O TK®. m

2.4 Szemeredi’s Regularity Lemma

LetI' = (V, ) be a graph.

Definition 2.7 Let C, D C V be two disjoint vertex sets. ||C, D|| denotes the total num-

ber of C' — D edges in I', and
1C, D
|ClID]

is called the density of (C, D). (Note that d(C, D) € [0, 1].)

d(C, D) =

Definition 2.8 Let X, Z C V be two disjoint vertex sets, and let ¢ > 0 be a given fixed
positive real number. (X, 7) is called o-regular pair if for all C C X and D C Z
satisfying

ClzolX] and  |D|>0lZ|

the following inequality holds:

d(C, D) — d(X, Z)| < o

Definition 2.9 Let {I'y,I";,...,I',} be a partition of V. From this partition, discriminate
one set ['y, and call it as an exceptional set (e.s.). (The e.s.need not be non-empty.) If this
partition satisfies the following conditions:

(i) To| < a|V;

(id) T4 = ... = T ;

(#ii) For 1 < i < j <, excpet for at most ol? pairs (I';, I';), almost all such pairs (I';, ;)
are o-regular;

then it is called o-regular partition (o-r.p.) of the graph I'.

Note that the e.s. 'y enables to satisfy that the orders of the remaining partition sets are

equal. Also, since condition (7i7) is related to I'y, ..., T, the vertices of I'y are ignored
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when the regularity of some partition is measured; but by condition (7), there are only a

small number of vertices in the e.s. I'y.

Theorem 2.15 (Regularity Lemma) Let 0 > 0 be a given positive real number and
v > 1 be a given natural number. Then there is a natural number ' such that if I is a

graph of order > v, then I accepts an o-rp.{T'o,T'1, ..., '} satisfying v <1 < 7T.

Therefore, the Regularity Lemma states that, for any given ¢ > 0, each graph has got
an o-r.p. such that the number of sets in this partition is bounded. The upper bound T
guarantees that for large graphs, the sets in the partition is also large. Note that if the
partition sets contain a single vertex, then o-regularity is trivially satisfied; but if partition
sets are large, then o-regularity is a strong property. The Regularity Lemma also gives us
a lower bound v for the number of sets in the partition. The lower bound v can be used to
raise the ratio of edges between different sets in the partition (that is, the edges controlled
by the Regularity Lemma) and edges within partition sets (about these edges we do not

know anything).

The rest of this section is dedicated to the proof of the Regularity Lemma.
First, we need the following inequality: Let v4,...,1, > 0 and fi,..., f; > 0 be real

numbers. Then:

fE o O f)?
Z%’Z Z%’

The proof of this inequality can be obtained by using the Cauchy-Schwarz inequality:

>>a2fB? > (3 ouf3;)? by substituting o = \/7; and 3; = f;/\/v;.

Now, let I' = (V, E) be a graph with the number of vertices n, and let P, R C V be

disjoint vertex sets. Define:

PR 1P, R
o(p,R) = [PIAI r‘LL L #(P.R) = —|’P||R|T’L2.

Let P (respectively, R) be a partition of P (respectively, R), and let O = {v1,...,1;} be

a partition of V. Define:

((P,R) = Z C(P’,R,), C(O) = Zg(yivyj)'

P eP,RFER 1<j
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On the other hand, if O = {v, 11, ..., }, where 1 is an e.s., is a partition of the vertex

set V' of I, then we behave v as a family of sets containing single vertices, and define:

where O = {v1,.... U {{a} | @ € n}.

The function ¢(QO) not only plays a role in the Regularity Lemma’s proof, but also ¢(O)
assesses the regularity of the partition O: If there are lots of pairs (P, R) which are irreg-
ular, then the subsets S and 7" of the pairs (S, T"), which violates the regularity of (P, R),
maybe taken and made partition sets. As we will see, this process refines the partition O
into a new partition Q such that ¢(Q) is ‘considerably’ greater than ¢(O) (‘considerably’
means that the increment of ¢(Q) is bounded from below by a constant which depends

only on o). On the other hand, we have:

(©) = Xetur) =3 VAL ) < Sl <1
Therefore, since the increment of ¢(Q) is bounded (from below) by a constant, the num-
ber of refinements of O is also bounded (from above) by a constant, that is, after some
bounded number of (i.e., finitely many) refinements, the partition will become o-regular.
Thus, to finish the Regularity Lemma’s proof, we only need to determine the upper bound
T stated in the theorem; in other words, if one starts with a partition containing v ele-

ments, then we have to decide the number of partition sets in the last partition.

All these will be made explicit. Let us begin by proving that if a partition is refined, then

the ¢ value does not decrease:

Lemma 2.4 (1) Let P, R be disjoint vertex sets. Let P (respectively R) be a partition of
P (respectively, R). Then, c(P,R) > <(P, R).

(2) Let O be a refinement of O, where O and O’ are both partitions of the vertex set of
[. Then c(O') > ¢(O).
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Proof. (1) Let P = {vy,...,v,} and R = {ny, ..., }. Then, we have:

Vi, 1
§(P, R) Z V“ ,r]] — n2 Z H ]H
2,7 )

[villn;|

(Zi,j v, mi)?

2 2 vl
12, *

2 (2 D25 Ingl)

>

=<(P,R).

3|,_\ 3|»—

(2) Let O = {vy,...,1;} be a partition of V; and for each i = 1,...,1, let P; be the
partition of v; consisiting of partition sets in (O’, which are subsets of v;. Then, we have:

¢(0) = Z s(vi, vj) <Z (P, Pj) <<(O).

1<J 1<J

The last inequality is true due to the fact that ¢(O’) = Z )+ Z q(Pi, Pj)

% 1<j

Next, we prove that of one refines a partition by just subpartitionning a single irregulaar
pair of sets in the partition, then the increase in the value of ¢ is very small, and less than

any given constant.

Lemma 2.5 Let 0 > 0 be given, and let P, R be disjoint vertex sets of I'. Suppose that
the pair (P, R) is not o-regular. Then there exists partition P = {v1, 15} (respectively,
R = {m,n2}) of P (respectively, R) such that

[PI[RI

s(P,R) ><(P,R) + o' 3
Proof. First, since (P, R) is not o-regular, there exists sets P, C P and Ry C R
such that: |Py| > o|P| and |R;| > o|R| satisfying the following strict inequality for
§=d(P, Ry) — d(P, R):

€| > o.
Let P, = P\ P, (respectively, Ry = R\ Ry), and P = {P, P»} (respectively,
R ={R1, Ry}).

Now, we prove that P and R fulfill the requirement of the lemma.
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Letp; = |P)|, m; = |Ril, fi; = | P, Ri||, and p = |P|, r = |R|, f = || P, R||. Then like in
the proof of the previous lemma, we have:

(PR =53 S Q(f11 + ) iy

n i pirj n= piri Z+j>2pz'7‘j

i( fll (f fll) )

n? p1r1 pr—pimn

d
Furthermore, by the definitions of £, fi; = adif + ncydy, therefore we have:
mrif 2 1 pr—piri
n’¢(P,R) > ( +E&piry)” + f=&pire)?
pire pr pr—pim pr
rif? 2 T T — piT 2 r 2p2r2
:p121]20 X f£p11+52p17’1+p 2]721 1f2_ ffp11+ i
p°r pr p°r pr pr—pim

2 f2
> + Epiry > = +a'pr.
pr pr

The last inequality is true due to the choice of P, and Ry: p; > coandry > or. &

Finally, we prove that if there are enough number of irregular pairs of sets in a partition,

then subpartitioning all these irregular pairs leads to an increment of ¢ by some constant:

Lemma 2.6 Let o € (0,1/4]. Let O = {Py, Py, ..., P,} be a partition of the vertex set

V, where Py is the e.s. with |Py| < on (n = |V|)and |P,| = ... = |P,| = p. Suppose
that O is not o-regular. Then there exists a partition O' = { P}, P|, ..., P|} of the vertex
set V, where Pj is the e.s. with |P}| < |Py| +n/2" and |P|| = ... = |P/|, also where

v <1 <14 such that either O’ is o-regular or ¢(O0') > ¢(O) + o5 /2.

Proof. For each i, j satisfying 1 < ¢ < j < ¢, define a partition P;; (respectively, P;;) of
P; (respectively, P;) as the following:

- If (P, P;) is o-regular, then P;; = {P;} and P;; = {P;}.

- If (P, P;) is not o-regular, then, by the previous lemma, there exist partitions P;; of P,

and Pj; of P; such that |P;;| = |P;;| = 2, and

PP _ o'p?
Pij) = <(B;, P; 4‘ b, P; :
s(Pij) = <l ;) + n2 s( i) + 2
Now, for every ¢ = 1,...,, define an equivalence ~ on P; as follows: Let o, 3 € P,.

Then o ~ 3 iff they belong to the same set of the partition P;; for every ¢ # j. Let P;
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be the set of equivalence classes of this equivalence relation on P;. Then P; is the unique
partition of the set P; such that it is minimal in the sense that P; refines every partition
P;; for j # i. Therefore, |P;| < 2=1 (For each 1 < i < ¢ — 1, the number of j s with
1 <@t <3<t is <¢— 1. Thus, since every P;; contains exactly two elements,

|P;| < 2¢71). Now, let
P={R}ulJP
=1

be the partition of the vertex set V', where F is an e.s. Then P refines the partition O and
[P\ {Py}| <1271, Therefore:

L < |P| <2

(Foreachi = 1,...,¢, P; is nonempty, i.e., it contains at least one element. Thus, |P| > «.

L

. 1 3 .
On the other hand, since |Py| < on < Zn, ’UPZ| 4 Z |P;| > Zn Therefore, since

=1 =1

XL: |P| <271, 0207 > Zn —n< §L2L1 < 2%, Thus, |P| =n < 12%)

ff:lt Po = {{a}} | @ € Fy}. Now, if the partition P = {Fy, Py, ..., P} is not o-regular,
since |FPp| < on and |P| = ... = |P,|, the third condition of being o-regular must be
violated. That is, more than o2 pairs (P;, Pj) with 1 <4 < j < ¢ are not o-regular, i.e.,
by the definition of P;;, more than o1? partitions P;; are non-trivial. (Let Z be a non-
empty set. Then both partitions P = {Z} and P = {{S}} | § € Z}, that is, the partition
with only one partition set and the partition in which all the partition sets are singletons,
are called trivial partitions.) Therefore, since the definition of ¢ for P = { Py, P1,..., P}
containing an e.s. Py is ¢(P) = ¢(P), where P = {P1,.... B} U {{a}} | a € R}, by
part (1) of the next to last lemma, we have:

S(P)= > (PP + Y <(Po,P)+ > _<(Pi)

1<i<y 1<e 0<s

> > <Py, Pii) + ) <(Po. {P}) +<(Po)

1<i<j 1<i

> 3 PP + 0T £ Y (PR + 5(P)

1<i<j 1<i

= <(P) +0"(L)? 2 <(P) + 072

) .. 1 . ) 3
(The last inequality is true, because |Py| < on < Zn implies that tp > Zn.)

To transform P into the desired partition (O, the only remaining thing is to cut up the
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partition sets of P into sets of same fixed common size; and this fixed common size should
be small enough so that the residual vertices can be put into the e.s. without making it too
big.

Case 1. If p < 4*, then let P} = P, and for each o € V' \ P, the singletons {«;} be P/
fori =1,...,p. Then, [ = p,and ¢« <[ = 1p < 14". Thus, ¢+ <[ < 14" as required.

Case 2. Now, assume that p > 4‘. Let P, P;, ..., P/ be a maximal family of disjoint
sets with size d = |p/4‘| > 1 such that P/ is subset of some P € P \ {F,} for each

!

i=1,2,...,l,and let Pj = V\UR’. Then, O’ = {P;, P|,..., P/} is a partition of V.
i=1

Furthermore, O’ refines P. Therefore, by part (2) of the next to last lemma, we have:
S(0) = 5(P) 25(0) +0°/2.

Moreover, for each i = 1,2,...,l, P/ # P} is subset of one of the sets Py, ..., P,; but

since for each ¢ and j, |P/| = d and | P;| = p, the number of sets P/ contained in the same

P; is less than or equal to p/d, and by the choice of d, p/d < 4+

]_7 _ D < p - t+1
d [p/4] ~ p/att
(It can be shown easily by induction on p that % — % > 1 for all p > 4*. Therefore,

L%J > ﬁ-) Thus, ¢ < < 14"+ as desired. (Each P; contains at most 2 < 4! P for
each j = 1,2, ..., Therefore, [ < LS <4t

Finally, the partition sets P{, PQ/, e Pl/ do not use at most d (in fact, at most d — 1,
because P,, Py, ..., Pl' is a maximal family of disjoint sets with size d such that every Pi'
is a subset of some P € P\ Fy) vertices from every partition set P # P, of P. Therefore,
we have:

’ L
Byl < |Rol +dIP| < [Pl + o2 = |Rol + 5 < [Pol + 5

Now, the proof of the Regularity Lemma can done by applying the previous lemma recur-

rently.
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Proof of the Regularity Lemma. Let 0 > 0 be a given positive real number, and v > 1
be a given natural number. Wlog, we can assume that 0 < 1/4. Lett = 2/ o°. Note that
t is an upper bound for the iteration number of the previous lemma, that is, a partition
turns into a o-r.p. after applying the previous lemma at most ¢-times. (Note that for any
partition P, ¢(P) < 1.)

To apply the previous lemma to a partition P = {Fy, P,..., B} with |P| = ... = |B],
| Py| must be less than or equal to on. However, with each application of the lemma, this
size can increase by up to the value n/2'. (More explicitly, | Fy| can increase by up to the
value n/2', where ¢ is the number of sets other than the e.s. in the present partition. But
we know from the previous lemma that [ > . Therefore, n/2* is an upper bound for the
increment.) Therefore, we want the starting value of ¢ to be large enough so that even if
the lemma is applied ¢ times, the total increment of | P,| is at most %an; and we also want

the number of vertices n to be large enough to guarantee that for any starting value of

1
|Py| <ty |P| < 507 (If the starting partition P consists of + non-exceptional partition
sets P, P, ..., P, then to satisfy the condition |P;| = ... = |P,|, the initial size of P,
should be allowed up to the value ¢.)
t t
Therefore, let © > v be such that 22=! > —. Then — < g, and so, if L < z, i.e., if
o 2t 2 n 2
20
n > —, we have:
o
n t <q o < o n o (*>
t+=—n<i+-n<-n+—-—n=on.
2t 2 2 2

Now, let us choose Y. We know that T is an upper bound for the number of non-
exceptional partition sets in a o-r.p. obtained at most ¢ applications of the previous lemma.
In each application, the number of non-exceptional partition sets can increase from its
present value s up to s4**1. Therefore, let ¢» : N — N be the function defined by
y — y4¥*!, and choose T = max{v’(1), %} (Note that the second term in the maxi-
mum guarantees that any n > T is sufficiently large to satisfy inequality (x).)

Finally, we must prove that every graph I' = (V E) of order greater than or equal to v
has a partition { Py, P, ..., P;} such that it is o-regular and v < [ < T. Thus, let I" be a
given graph, and let n be the order of I', i.e., n = |T|.

Case 1. If n < Y, choose Py = () and partition the graph I" into [ = n sets Py, P, ..., P,

such that |P;| = ... = | F)| = 1. This partition is trivially o-regular.
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Case 2. Now assume that n > Y. Let 5y € V be a minimal vertex set such that the
former ¢ divides |V \ Fp|, and take [ = «. Then take any partition { P, P, ..., P} of the
vertex set V' \ P, into sets such that |P;| = ... = |B|. Then |P,| < [ (since Py is minimal
wrt the property that [ | [P\ Fy|, 0 < |P| < 1), and so |Py| < on by the inequality (x).)
Now, start with Py, P, ..., P, and apply the previous lemma repeatedly, until to obtain
a o-r.p. of the graph I'; this will take place after at most ¢ applications of the previous
lemma. Note that in each step of the applications, the number of elements in the current
e.s. s less than or equal to on by the inequality (x). Therefore, the lemma is certainly be
applied up to ¢ times which we know is the maximum value of the number of times the

previous lemma should apply to obtain an o-r.p. of the graph I'. =

2.5 Applying the Regularity Lemma

The aim of this section is to demonstrate the usage of the Regularity Lemma in the ex-

tremal graph theory.

Let I" and II be given graphs, and suppose that there exists a o-r.p. of the graph I'. Now,
assume that we want to show that a specific edge density of I' is enough to guarantee
the existence of an isomorphic copy of II in I'. First of all, for almost all the partition
sets pairs (P, P;), the edges between the pairs are distributed quite uniformly; however,
the density of these edges may depend upon the pair. But this density can not be so
small for lots of pairs, that is, sizable ratio of the pairs have at least a specific positive
density, because I' contains many edges. Furthermore, if I is large, then the pairs are also
large, because the number of partite sets is bounded, and each partite set have the same
number of vertices. But any sufficiently large bipartite graph with partite sets of equal
size, with a specific positive edge density, and with a uniform edge distribution contains
an isomorphic copy of any given bipartite graph; below, we will explain this precisely.
Expressing II as a union of its bipartite subgraphs, for example, consider a proper vertex
coloring of 11, and take the corresponding bipartite subgraph induced by pairs of color

classes, then we obtain an isomorphic copy of Il in I as required.
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This approach is formalized by the lemma after the next lemma. Then, by using that
lemma and the Regularity Lemma, we give a proof of the Erdos-Stone theorem stated in

the first section of this chapter.

First, we state and prove a simple consequence of being o-regular for a pair (Y, 7). Let
B C Z, and suppose that B is not so small. Then, most of the vertices in Y have more or

less the expected number of neighbors in B:

Lemma 2.7 Let (Y, Z) be a o-regular pair, and let B C Z be such that |B| > ol|Z|.
Suppose that the density of (Y, Z) is d. Then, except for at most o|Y | vertices of Y, the

number of neighbors in B of (almost) each of the vertices of Y is at least (d — o)|B).

Proof. Let A C Z be the vertex set such that each vertex 1 € A have less than (d — 0)|B]

neighbors in B. Then, the number of A — B edges satisfies the following inequalities:
14, Bl < [Al(d — )| BI.

Therefore, we have:

14, B
Al B]

d(A,B) = <d-o=d(Y,Z)—o = d(Y,Z) —d(A,B) > 0o

— |d(A,B) — d(Y,Z)| > o

Therefore, since (Y, Z) is o-regular and |B| > o|Z|, |A| < o|Y|. (By the definition of
o-regularity, for each pair A C Z and B C Y with |A| > o|Y| and | B| > ¢|Z|, we have:
|d(A, B) — d(Y, Z)| < o. Therefore, since |B| > oY

, | A| must be less than 0| Z].) =

Definition 2.10 Let I" be a graph, and let { Py, P, ..., P,} be an o-r.p.of V, where P is
an exceptionnal set and |P;| = |P;| = ... = |P,| = I. Let d € [0, 1] be a given fixed real
number, and let R be the graph on { P}, ..., P,} such that there exists an edge between
the vertices P; and P; iff P, and P; form a o-regular pair in I' with density > d. Then R

is called a regularity graph of T', and its parameters are o, [, d.

Now, let r be a given natural number, and replace each vertex set P; of the graph R by

a vertex set, denoted by P, containing r vertices; and replace each edge between P; and
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P; by a complete bipartite graph between ;" and P;. Denote the resulting graph by R...
(For example, if R = K*, then R, = K}.)

The next lemma states that if the density d > 0, o is sufficiently small, and P; s are
sufficiently large, then we can also find subgraphs of the graph R, in the graph I'. In fact,
the required values of ¢ and [ depend upon only (the density d and) the maximum degree

of the considered subgraph:

Lemma 2.8 Letd € (0, 1] be a given real number and A > 1 be a given natural number.
Then, there is an oy > 0 satisfying the following property: Let I' and 11 be any two
given graphs such that A(I1) < A, and let r be a given natural number. Also let R be
2
a regularity graph of the graph 1" such that the parameters of R satisfy o < oy, | > d—i

and d. Then we have:

ICR, =IICI.

Now, we have ready to show the Erdos-Stone theorem. First, let us state the theorem once

again:

Theorem 2.16 (Erdos and Stone 1946) Let s > 2 and t > 1 be integers, and let 0 > 0
be a positive real number. Then there is a natual number ng such that every graph 1" with

the number of vertices n > ngy and the number of edges
IT)| = 0s-1(n) + on

contains a copy of Ki =K, = KK, *...%xK, (s copies ofK).

Proof of Erdos-Stone Theorem. First, for ¢ = 1, the statement is true by Turan’s
Theorem. Therefore, we suppose that ¢ > 2.
Let p > 0 be a given real number; p plays the role of ¢ given in the statement of the

theorem. Let I" be a graph with order |T'| = n. Then if I" contains

ITll > O-1(n) + pn*
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edges, then p < 1. We want to prove that I contains K if n is sufficiently large.

To prove the theorem, our strategy is the following: First, we use the Regularity Lemma
to prove that I' contains a regularity graph ‘R such that 'R is sufficiently dense to have a
K*® by Turan’s theorem. Second, since R, has a K, we may use the previous lemma to
conclude that I' does contain a K.

Step 1. [By using the Regularity Lemma, we prove that I" contains a sufficiently dense
regularity graph R.] For d = p and A = A(K?), let oy be a corresponding positive real
number determined by the previous lemma. To use the Regularity Lemma, let v > 1 be

P
a natural number, and choose o > 0 sufficiently small such that o < oy,

P
< =<1
o 5 ,

and
1
(=2p—0*—4d0—d——>0.
v

1 1 1 1
Note that this is possible, because 2p—d—— > 0. 2p—d—— =2p—p—— = p——; and
v v v v

1
since v > —, — < p. Also, 0 < 0y 1s chosen sufficiently small so that the last inequality
p v

1
is satisfied and 2p — d — — — 02 — 40 > 0.)
v
Now, for this ¢ and v, the Regularity Lemma gives us an integer T such that each graph

of order > v has an o-r.p.{ Py, P, ..., P,} withv < ¢ < Y. And suppose that

S 21r
n —_—
—d*(1-o0)
20r
Th te that —— > v:
en note tha A0 = o) > v
27r 20r A4Yr
—— > —— = >  4ATr > AT > 4v >w.
d2(1 — o) (p/2<1-0) dPp/2 (p=d) dAH1  (d=p<1) ’ (r>2) ==y
Therefore, since n > v, the Regularity Lemma ensures the existence of a o-r.p.{ Py, P1, ..., P}
of the graph I' (we know that v < ¢ < T). Let |P,| = |P;| = ... = |P,| = . Then, we
have :
n > n=|V|=|P|+ ]
and
n — | P n—on l—0o 2r
j=—2 > —n > =
L (IPo|<o|V)) T T (n>—2Xr_) d

=dA(1-0)
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Now, let R be the regularity graph of I' such that the parameters of R are o, 1, d corre-
sponding to the partition { Py, P, ..., P,} of I'. Andif K* C R, then K® C R,. Therefore,
by the previous lemma, if K* C ‘R, then K} C I" as required.

Step 2. [By using Turan’s Theorem, we prove the following: The graph R found in the
previous step contains an isomorphic copy of K®.] Since we want to prove that K® C R
by using Turan’s Theorem, we must prove that R contains sufficient number of edges,
that is, that sufficient number of o-regular pairs (P, P;) have density > d. This should be
concluded from the hypothesis that the number of edges of R is > 0,_;(n) + pn?, that s,

-2
an edge density of around 8—1 +2p:
8 JR—

T 0, 2 1n2s5=2 4 ,n2 _9
The edge density of I' = ”FH > 1(n) + pn ~ 2 sl PR _ s + 2p.
(‘2‘) n{n — 1)/2 T s—1

-2
But note that an edge density of around 8—1 + 2p lies considerably above the edge
8 J—

-2
density of the Turan graph ©°~!(,), which is approximately 8—1 (The edge density of
8 J—

O 1(1) = O] = fsa(n) < %g -) And therefore, considerably above
(E@) ~ (®0ON = n(n—1)/2 ’ Y

any density that I" can arise out of 6;_;(¢) dense pairs alone, even if each of these pairs

does have density 1.

Now, let us estimate || R || more exactly.

How many edges of I' does not lie inside any o-regular pairs?

First of all, the number of edges lying inside the e.s. F is < (lP;O'), and by condition (1)

1
given in the definition of a o-r.p. of I, this number is < 5(071)2:

By mentioned condition (1), || < o|V| = on. Therefore, since this number < ('I;O‘), it
[ Fol (17| — 1) < | Pol| Fol comon _ 1 (om)2.

2 2 2
Secondly, the number of edges between Py and other partition sets is < |Vp|ul < o|V |l =

is <

on(il) < onn = on?.

Thirdly, by condition (3) in the definition of a o-r.p. of T', there are at most o/ pairs
(P;, P;) which are not o-regular, and the number of edges between each such pairs is
< 2. Therefore, the total number of such edges is < o122

Fourtly, the number of edges between the o-regular pairs having inadequate density,
that is, having density < d, is < dl®. Therefore, the total number of such edges is

—1) 1
< L 2 = —L(L 2 < — 2 2_
< (Y)dl s dl < Sl
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I(r—1 l.1
Finally, the number of edges inside each of the partition sets is < (é) = ( 5 ) < 5 =
2 1

3 Therefore, the total number of such edges is < L(é) < §Z2L.

Each of the other edges of I' lies between o-regular pairs with density > d, and therefore,
each such edge adds an edge to the regularity graph R of I'. And for each edge of R, the
number of corresponding edges in I' is < [2. Therefore, the number of such correspond-
ing edges in " is < || R |12

As a result, the total number of edges in I is :
Ly oy 2 22, Loo 1o 2
1T < F0 " +on® +ou l + 5 dl +§l L+ | R

Therefore, for all large enough n values, we have :

1T — -U —on? — a2 — Lq.22 — L2
e ( e
1, (IITl| = 30%n* — on?® 1
:§L ( 1L2l2 _2U_d—z
1 9 —+ n 1 2n2 - n2 1
> _LQ( () P o —20—d—_)
(IT|>0s—1(n)+pn2) 2 (d) L
1 6 —|— n 1 2n2 _ n 1
2 _L2< 1) pl z” ? —20—d——)
(n>ul) 2 In2 ;
1 2 0571( )
2" <n2/2 +2p—o” _2‘7_20_61—2

s—2 (C s—2
> =2 B 0, 1(1).
‘ <5—1+2> s—17 (1)
[The first inequality of the last line is due to the fact lim,, o, f5_1(n) (72‘)_1 = =2 Itis
obvious that lim,, . 0,_1(n) (g)_l(l — ) =22=2 - 10,.4(n) (g)_l(l =i

. 05—1(”)(3)71(1 _ %) 52 2 _¢ <

As aresult, as required, K* C R by Turan’s Theorem. m

58



3. LITERATURE REVIEW

The classical textbook for extremal graph theory is Bollobas (2004). A survey about this

area is given by Simonovits (2013).

Turan’s theorem is the most influential result in extremal graph theory. The original proof

of this theorem is fundamentally the first proof given in the thesis.

Theorem 2.7 was first demonstrated by Bollobas and Thomason (1998), and severally by
Komlos and Szemeredi (1996).

For more information about Theorem 2.9, Mader (1998) can be consulted. The girth
assumption of 8k+3 has been cut down to about 4k by Kiihn and Osthus (2003), and it is

conjectured that this lower bound is the best possible.

Hadwiger (1943) has demonstrated his conjecture for the » = 4 case. Proof of the r = 5
case is given in Bollobas (2004), where this case is proved as a corollary of Wagner’s

Theorem. Robertson et al. (1993) proved the » = 6 case.

Thomassen (2007) proved Hajos’s conjecture for line graphs and for graphs of large girth.
It was demonstrated by Erdos and Fajtlowicz that Hajos’s conjecture is false for ‘almost
all’ graphs, on the other hand It was demonstrated by Bollobas, Catlin and Erdos that

Hadwiger’s conjecture is true for ‘almost all graphs’.

Szemeredi (1976) proved the regularity lemma. There is a survey about this famous

lemma and its applications in Komlos and Simonovits (1996).
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4. CONCLUSIONS AND RECOMMENDATION

The extremal graph theory is one of the important and fundamental topics in graph theory,
and there are still lots of open problems related to this area. Thus, it is one of the active

research areas in mathematics.

In this thesis, since we introduced the basic notions and theorems about the extremal graph
theory, and since we surveyed some of the recent results about this area; on one side this
thesis is an introduction source related to this area, but on the other side it presents some

of the recent results and developments in this area in a very compact form.

The purpose of this thesis is to introduce this rich and active research area at a basic level,
and our purpose is not to solve an open problem in this area or not to obtain an original
result about this area. But we aim to present a survey or a review/tutorial source about the
extremal graph theory for non-experts in this area. Therefore, we hope this thesis will be
useful for students and researchers who want to learn the basics of this influential area of

mathematics.
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