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ABSTRACT

CONSERVED CHARGES IN VARIOUS THEORIES OF GRAVITY

Özşahin, Hikmet

Ph.D., Department of Physics

Supervisor: Prof. Dr. Bayram Tekin

SEPTEMBER 2022, 102 pages

The first law of black hole thermodynamics in the presence of a cosmological constant

Λ can be generalized by introducing a term containing the variation δΛ. Similar to

other terms in the first law, which are variations of some conserved charges like mass,

entropy, angular momentum, electric charge etc and it has been shown in [1] that the

new term has the same structure: Λ is a conserved charge associated with a gauge

symmetry. In this work, first we propose and prove the generalized Smarr relation

in this new paradigm. Then, we reproduce systematically the “effective volume"

of a black hole which has been introduced before in the literature as the conjugate

of pressure. Our construction removes the ambiguity in the definition of volume.

Finally, we apply and investigate this formulation of “Λ as a charge" on a number of

solutions to different models of gravity for different spacetime dimensions. Specially,

we investigate the applicability and validity of the analysis for black branes, whose

enclosed volume is not well-defined in principle

Keywords: Black Holes, thermodynamics of black holes, covariant phase space for-

malism, Wald entropy

v



ÖZ

ÇEŞİTLİ KÜTLEÇEKİM TEORİLERİNDE KORUNUMLU YÜKLER

Özşahin, Hikmet

Doktora, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Bayram Tekin

Eylül 2022 , 102 sayfa

Kara delik termodinamiğinin birinci yasası, kozmolojik sabit Λ’nın mevcut olduğu

durumlarda yeni bir δΛ terimi ile genelleştirilebilir. [1]’de gösterildiği üzere kara de-

lik termodinamiğinin birinci yasasındaki bu yeni terim, diğer terimlerde olduğu gibi

korunumlu bir yükün varyasyonu şeklinde yazılır. Bu formulasyonda Λ ayar simet-

rilerine karşılık gelen korunumlu yük iken, birinci yasadaki rolü elektrik kuvvetiyle

benzerdir. Bu çalışmada, öncelikle genelleştirilmiş Smarr eşitliğini ispatladık ve lita-

ratürde daha önceden tanımlanmış olan "efektif hacim"i yeniden çıkardık. Bu şekilde

yapıldığında hacimin tanımındaki belirsizliklerden kurtulduğunu gösterdik. Son ola-

rak, kozmolojik sabiti korunumlu yük olarak tanımlayan bu formulasyonu çeşitli küt-

leçekim teorilerinin çözümlerine uyguladık.

Anahtar Kelimeler: Karadelikler, karadelik termodinamiği, kovaryant faz uzayı for-

malizmi, Wald entropisi
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Tek, Dr. Deniz Özen, Dr. Deniz Devecioğlu and Özcan Arslan. Their friendship

is what gave me the perseverance i needed to push through all the hardship i have

endured.

I would like to reserve my final words to my lovely wife, Seyhan Çelik Özşahin,
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CHAPTER 1

INTRODUCTION

Einstein introduced the cosmological constant Λ in order to explain, within General

Relativity, the "apparent" staticity nature of the universe [2]. But, after the discovery

of the expansion of the universe in the late 1920s, the idea of a static universe was

essentially put to rest together with the cosmological constant by the majority of the

researchers in the field. However, in a rather ironic piece of scientific history, Λ has

taken center stage in cosmology since the discovery of accelerating expansion of the

universe [3, 4] and the AdS/CFT correspondence [5, 7]. In the Einstein’s method

of introducing cosmological constant, Λ is considered as a constant parameter in the

Lagrangian, i.e. as a part of the definition of the theory. Mathematically, denoting the

Lagrangian byL, Λ is incorporated in the Lagrangian via the shiftL → L− Λ
8πG

where

G is the Newton constant. Alternatively, in a less known route, one can introduce a

new gauge field in the Lagrangian [8, 9] in which makes Λ to be a free parameter

in the solution. This approach was introduced in early 80s, and was studied in more

details in a series of papers by M. Henneaux and C. Teitelboim [10, 11, 12, 14] who

studied Hamiltonian dynamics of this new gauge field and identified its canonical

variables (canonical field and its momentum conjugate), and constants of integration.

Continuing this research-line, it is shown that not only Λ is a constant of integration

in the solution, but also (its square-root) is a conserved charge (denoted by C) associ-

ated with the global part of the gauge symmetry of this gauge field [1]. In addition, its

conjugate chemical potential associated with a black hole horizon (denoted by ΘH)

was introduced for the first time. This formulation brings a new perspective to Λ: it

becomes a conserved charge as a property of the solution; and can naturally contribute

to the first law of black hole thermodynamics just like other conserved charges. This

can also be considered as a continuation of the seminal work by R.M. Wald [15, 16]
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who recognized the entropy in the black hole thermodynamics is a conserved charge.

Consequently, this approach resolves some conceptual, physical and mathematical

issues in regard to the generalization of first law with variation of cosmological con-

stant and the issues with the Smarr formula. We will come back and summarize these

issues later in this section.

For the sake of completeness, in what follows, we briefly review the “Λ as a conserved

charge" approach [1]. We shall use the following conventions: [µ1µ2 . . . µp] will be

used to denote anti-symmetrization over the set of indices within the bracket normal-

ized by the factor 1
p!

. The exterior derivative of a p-form a = 1
p!
aρ1...ρpdx

ρ1∧· · ·∧dxρp

is defined as

da ≡ (p+ 1) ∂[µ1aµ2...µp+1] dx
µ1 ∧ · · · ∧ dxµp+1 .

Considering a gravitational theory described by a Lagrangian Lwithout cosmological

constant in D dimensional spacetime, the action and gravitational equation of motion

can be represented as

I =

∫
dDx
√
−gL, Eµν ≡

δ(
√
−gL)

δgµν
= 0, (1.1)

in which δgµν is variations of the inverse metric. In order to introduce a cosmological

constant, one can add a gauge field Lagrangian (a term similar to the electromagnetic

Lagrangian) to the gravity sector as

L → L∓ 1

8πG
F 2 ⇒ I =

∫
dDx
√
−g
(
L ∓ 1

8πG
F 2
)
, (1.2)

where F 2 ≡ 1
D!
Fµ1...µDF

µ1...µD . F is a top-form (i.e. having D antisymmetric in-

dices), and is the field strength of a gauge field F = dA, i.e.

1

D!
Fµ1...µD = ∂[µ1Aµ2...µD]. (1.3)

We note that the new term in the Lagrangian (1.2) is quite similar to Maxwell La-

grangian, and the only difference is that A and F have D − 1 and D indices (instead

of 1 and 2 indices) respectively. In general, the top-form F can be an arbitrary scalar

function times the volume form, i.e. Fµ1...µD = φ(xµ)
√
−gεµ1...µD , with the conven-

tion ε01...D−1 = +1 for the Levi-Civita tensor density. In another words, the most

generic F is Hodge dual to a scalar field φ. Variation of the action (1.2) with respect

2



to gµν and F ,one finds the following two field equations:

Eµν =
±1

8πG(D − 1)!

(
Fµρ2...ρDFν

ρ2...ρD − (D − 1)!

2
F 2gµν

)
, (1.4)

∇µF
µµ2...µD = 0. (1.5)

The latter equation is easy to solve, and the result is

Fµ1...µD = c
√
−g εµ1...µD (1.6)

for a constant c. We assume 0 ≤ c for later convenience; and c should not be confused

with the speed of light which is set to 1. It is easy to see why (1.6) is the generic

solution for the equation of motion (1.5), because in terms of the Hodge dual field

φ(xµ), (1.5) is simply dφ(xµ) = 0 which admits φ(xµ) = c = constant as its most

generic solution.

The solution (1.6) can be put in the field equation (1.4) in order to reproduce the

standard field equation with a cosmological constant,

Eµν +
1

16πG
Λgµν = 0, Λ = ±c2. (1.7)

To derive the above equation, the identities εµ1...µDε
µ1...µD = −D! and εµρ2...ρDεν

ρ2...ρD =

−(D − 1)!gµν have been used, in which ε01...D−1 = −1. This procedure of introduc-

ing Λ as a parameter of the solution (instead of a constant in the Lagrangian) can be

applied in any gravity theory, i.e. it is independent of the L in the analysis above.

In a U(1) gauge theory with the gauge symmetry Aµ → Aµ+∂µλ(xµ), the conserved

charge (such as the electric charge) is associated with the global part of the symmetry

∂µλ = 0. Similarly, the Lagrangian (1.2) has a gauge symmetry

Aµ1...µD−1
→ Aµ1...µD−1

+ ∂[µ1λµ2...µD−1]. (1.8)

It was shown in [1] that the conserved charge of the global part of this symmetry

∂[µ1λµ2...µD−1] = 0, which we denote it as C, is equal to

C = ±
√
|Λ|

4πG
. (1.9)

The signs correspond to those in the Lagrangian (1.2), and are associated with de

Sitter (upper sign which here is plus) and Anti de Sitter (lower sign which here is

3



minus) sectors. These ± signs (upper/lower signs) and their correspondence with the

dS and AdS sectors will continue to be valid in the rest of this work. We shall call the

conserved charge as cosmological charge in order to distinguish C from Λ (which is

called cosmological constant). Moreover, we shall call the cosmological gauge field

and the cosmological field strength for Aµ1...µD−1
and Fµ1...µD respectively.

Identification of C as the cosmological charge turns out to be very useful in the black

hole thermodynamics. The first law of thermodynamics for an electrically charged

black hole in asymptotic flat spacetimes reads as δM = THδS + ΩHδJ + ΦHδQ [18],

where (M,S, J,Q) are mass/energy, entropy, angular momentum and electric charge

of the black hole respectively. All of these quantities, whose variations appear in the

first law, are conserved charges associated with a symmetry. In addition, these quan-

tities are all extensive thermodynamic quantities. On the other hand, (TH ,ΩH ,ΦH) are

the temperature, angular velocity and the electric potential of the black hole all of

which can be calculated using the metric on the black hole horizon, hence the sub-

script H. These quantities are all intensive quantities. Let us note that the electric

potential is defined with ΦH ≡ 〈ξH , A〉 = ξH · A calculated on the horizon, in which

ξH is horizon-generating null Killing vector field and A is the electromagnetic gauge

field Aµ.

According to the analysis above, C is a new conserved charge for black hole solutions

in asymptotically (A)dS spacetimes, which naturally should appear in the first law in

equal footing with the other charges. This generalization has been elaborated in [1]

and the modified first law reads

δM = THδS + ΩHδJ + ΦHδQ+ ΘHδC, (1.10)

with

ΘH ≡
∮

H
ξH · A, (1.11)

where A is the cosmological gauge field Aµ1...µD−1
, and the integration is taken over

the horizon which is a codimension 2 null hypersurface. In (1.11) one has (ξH ·
A)µ1...µD−2

= ξµHAµµ1...µD−2
. This definition was inspired by the definition of the

electric potential ΦH which was given above. So, it is appropriate to use the name

cosmological potential for ΘH .

The new term ΘHδC in the first law resolves some issues related to the volume-
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pressure term V δP which has been used before in the literature [12, 14](review [19]).

Let us elaborate on this.

• ΘH is a property of the event horizon similar to the other horizon parameters

(TH ,ΩH ,ΦH), in contrast with the volume V which conceptually cannot be a

property of the horizon, if it is considered to be some volume inside the black

hole.

• δC is variation of a charge which is a parameter in the solution similar to

(M,S, J,Q), and in contrast with δP which has been considered to be pro-

portional to δΛ, i.e. variation of a parameter in Lagrangian.

• ΘH and C are intensive and extensive quantities respectively, and they are on

the same foot as other terms in the first law. This is in contrast with V δP where

V and P are extensive and intensive respectively.

• Noting the order of intensive and extensive quantities in ΘHδC, the M in the

first law (1.10) would be the energy/mass, in agreement with being conserved

charge associated with time translation. This resolves the problem of promoting

M to be enthalpy [23, 20] (as a result of the inverse order of extensive/intensiv-

ity of V δP ) which is inconsistent with M as the conserved charge of the time

translation symmetry.

• The conceptual problem with the negative pressure for de-Sitter spacetime is re-

solved, because the chargeC, which is conceptually and mathematically similar

to the electric charge, can be positive or negative.

The layout of this thesis is as follows: In the first two chapter we discuss the covariant

phase space formalism and the black hole thermodynamics. These chapters will serve

as a background information on what follows. In the following chapters, we continue

analysis in [1] in three aspects: Firstly, we revisit Smarr formula in the presence of

the cosmological charge C. Secondly, we show that the definition of ΘH in (1.11) re-

produces successfully an ad-hoc (but successful) volume term introduced in Ref.[23]

called effective volume. And finally, we fix a freedom/ambiguity in the definition of

effective volume in the literature, which will be discussed in details, by fixing the

gauge freedom in the cosmological gauge field A such that mass and other charge

5



variations are reproduces correctly when the solution is perturbed by Λ → Λ + δΛ.

The rest of the paper is devoted to case study of different black hole solutions in dif-

ferent dimensions and theories. Using examples, we examine the reliability of the

ΘHδC as a universal generalization of the first law. Besides, we enhance all black

hole solutions by finding the cosmological gauge field Aµ1...µD−1
for them, and pre-

senting complete solutions as a reference for the interested readers. We will also see

that studying these examples sheds light on the universality of the Smarr formula for

all D ≥ 3 dimensions.
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CHAPTER 2

COVARIANT PHASE SPACE FORMALISM

2.1 Symplectic Structure

In this chapter, an overview of the symplectic structure in the Hamiltonian formula-

tion will be given. We first investigate the symplectic structure in the particle me-

chanics and define basic concepts. Definitions of Symplectic manifold and how it is

related to the phase space of mechanical systems will be studied and properties of

symplectic form will be studied. 1

2.1.1 The Symplectic Manifold

Definition: Let M be a manifold of dimension 2n, with n ≥ 1. A symplectic struc-

ture on M can be defined by giving a closed and non-degenerate 2-form ω ∈ Λ2(M)

dω = 0 (closed),

∀ξ 6= 0,∃ξ : ω(ε, η) 6= 0 (non-degenerate).

The manifold M endowed with this symplectic structure (M,w) is called a symplec-

tic manifold.

The symplectic structure defined in this way has its use in both finding the Hamilto-

nian vector flow (which we will define momentarily) and providing a natural choice

1 This section is based on [80], and we claim no novelty.
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for the volume element in the symplectic manifold. If one considers n times the exte-

rior product of the two-form w, the object obtained this way can provide a 2n- form

on M , that is w ∧ w · · · ≡ wn

Let’s us recall the definition of the cotangent bundle [76] on the manifold as

T ∗M =
⋃
x∈M

T ∗xM,

where T ∗xM denotes the cotangent space at point x. The contangent bundle con-

structed this way is a differential manifold of dimension 2n.

Elements of T ∗M are one-forms on T ∗xM , the tangent space at the point x. If we

choose q = (q1, q2, .., qn) to be the local coordinate of the configuration manifold M ,

then the n components of a such one-form can be given with respect to this choice

of coordinates p = (p1, p2, ..., pn). Recalling that T ∗M is a cotangent bundle, 2n

coordinates (p, q) provides a local coordinate system for this manifold.

An example of the symplectic structure can be given, following the discussion above,

by considering the vector space R2n with coordinates (pi, qi)

w =
N∑
i=1

dpi ∧ dqi.

It is clear that this two-form is both closed and non-degenerate.

The cotangent bundle T ∗M defined above is naturally endowed with a symplectic

structure. In local coordinates, it is given by

w = d~p ∧ d~q, (2.1)

= dp1 ∧ dq1 + . . .+ dpn ∧ dqn. (2.2)

To show this, one needs to observe that on T ∗M , one can always take a one-form of

the following:

Ω = ~p.d~q

8



Then defining the symplectic structure as ω = dΩ guarantees that w is closed and

non-degenerate.

Let us consider (M,w) which is assumed to be a connected manifold. The dimension

of this manifold is 2n. Any point of M has an open neignorhood which is the domain

of a chart whose local coordinates, denoted as (p1, p2, ..., pn, qn) are such that the

form w has the expression

ω =
n∑
i=1

dpi ∧ dqi, (2.3)

such a chart is called canonical or Darboux.From this one can infer that in the neigh-

borhood of each point, the symplectic manifold is isomorphic to a cotangent bundle

and two symplectic manifolds of the same dimension are locally isomorphic to each

other.

We have defined the symplectic manifold and the symplectic structure. From the

above discussion, we can see that the cotangent bundle provides a natural setting for

a system evolving along its position and momenta. In order to understand how these

change, however, we will need the generator of these ’evolutions’.

Collection of all possible positions, or configurations, constitute the configuration

space which is a manifold called the configuration manifold.

A trajectory t on this manifold can be defined as a function t : R −→ M . At each

point x on t, velocity is an element of the TxM , the tangent space to M at x. In the

local coordinates, velocity can be expanded in the basis
(

∂
∂x1
, ∂
∂x2
, · · · , ∂

xn

)
. The mo-

mentum, however, is a function of velocity, so it is an element of the cotangent space.

Just as the metric on a spacetime manifold provides an isomorphism between tangent

vectors and one-forms, the symplectic structure ω also provides a similar isomor-

phism. For each tangent vector ξ of a symplectic manifold (M,ω ) at point x, there is

9



an associated one-form ωξ on TMx, which is giving by the formula

wξ(η) = ω(η, ξ) (2.4)

For any η ∈ TxM . In other words, just as one can use the metric tensor to raise

and lower spacetime indices, the symplectic structure can be used to raise and lower

indices in the phase space manifold as well.

We denote the isomorphism provided by the symplectic structure as I : T ∗xM →
TxM . Now, let us consider a differentiable function H : M → R, a one-form dH
on M can be obtained and we can find the associated tangent vector at every point

using the isometry provided by the symplectic structure. Since ω is non-degenerate,

the vector field defined in this way is unique.

I(dH) = XH. (2.5)

The vector field I(dH) is called a Hamiltonian vector field,H is called a Hamiltonian

function. If we wanted to find the H in terms of XH and ω, we integrate from t = 0

to t = 1.

dH(tx)x = w2 (XH(tx), x) ,

from this, we obtain the following

H(x)−H(0) =

∫ 1

0

ω (XH(tx), x) dt. (2.6)

Having defined both the Hamiltonian vector field and symplectic structure, we now

turn our attention to the effect of transformations of these Hamiltonian vector fields.

Consider a symplectic manifold (M,ω) and a functionH : M → R. The vector field

I(dH) = XH corresponding toH gives a group of diffeomorphisms:
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gt : M →M,

d

dt
gt(x) = XH

(
gt(x)

)
,

g0 = idM .

The group gt is called the Hamiltonian phase flow of the Hamiltonian function H.

The generator of this group, the Hamiltonian vector XH , is tangent to the curve gt at

every point. One can write the group element in terms of the generator as

gt = etXH . (2.7)

A Hamiltonian phase flow preserves the symplectic structure.(
gt
)∗
ω = ω,

where (gt)
∗ denotes the pullback of ω under the action of the group element gt. This

means that the ω is independent of the group parameter t.

d

dt

{(
gt
)∗
ω2
}

=
d

dt
ω2 = 0.

This result is a generic case of the Liouville theorem which states that, in the phase

manifold, Hamiltonian flow preserves the volume. Here we can see how this works.

We note again that ω is invariant under the action of the group. So using the sym-

plectic structure, one can construct the invariant volume element by taking n exterior

multiplication of w. In order to show this, we start by the following definition:

Definition: A differential form w of degree k is called invariant under the action of

the group g if the integrals of w on any k-chain and on its image by g are the same.∫
gc

ω =

∫
c

w.

The two-form ω2 giving the symplectic structure is an integral invariant of a Hamil-

tonian phase flow gt. ∫
gtc

ω =

∫
c

(
gt
)∗
ω =

∫
c

ω.
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By the same token, one can show that exterior power of ω, (ω)2 = ω ∧ ω etc, are

also integral invariants of the Hamiltonian phase flow. Therefore, one can obtain an

invariant volume form on M by taking the nth exterior power of ω.

V = (ω)∧n = ω ∧ . . . ∧ ω.

2.2 Covariant Form of the Symplectic Structure

After finishing the summary of the phase space and its symplectic structure in parti-

cle mechanics, we can now turn our attention to the covariant phase space method.

One might notice that our treatment in the previous section is not covariant. Indeed,

looking at the Hamilton’s equations of motion

q̇a =
∂H

∂pa
,

ṗa = −∂H
∂qa

,

one can see that split of coordinates into momentum and spatial coordinates, and

choosing a time frame on the phase space breaks the covariance of the theory. So

reformulation the phase space and its symplectic structure in such a way that no men-

tion of having a preferred time frame or split of the coordinates is desired. Another

aspect of the treatment we gave in the previous section is that it deals with a system

with many-particles. Meaning that this naive formulation would not explain the ge-

ometry of the field theories. Hence, our task in this section is to discuss and construct

the covariant symplectic geometry for field theories.

On the face value, promoting the naively constructed phase space formulation for the

field theories seems trivial. Fields are considered as a continuum limit for many-

particle systems and the value of each field of a given position is interpreted as the

density of particles at that point. So the field theory generalization seems to be a

simple procedure where one takes everything to field limit. However, looking at the

underlying mathematical structures, one sees that this is not a trivial job. For example,

a trajectory q : R→ M for a particle takes a single parameter and maps out position
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on the configuration manifold M . A field, however, takes the spacetime points as

parameters and its output is field values on C. 2

So how one can generalize the phase space method in this desired way while retaining

the manifest covariance? The answer to this is to re-interpret the phase space in

the following way [70]: Phase space of a dynamical system is the set of solutions

to the equations of motion. While traditional definition sees the phase space as a

set of initial conditions (q0s and p0s) on a given time slice, this new definition does

not mention nor require any chosen time. For the initial value problem, these two

definitions of the phase space are in one-to-one correspondence. One thing to note is

that this construction suffers when the theory possesses local continuous symmetries.

For the current discussion, however, we will assume no such symmetry is present and

postpone the discussion about gauge degrees of freedom until section 2.2.1.

After having laid down the basic groundwork, we are now in a position to make the

discussion more concrete. Starting with the following action

S =

∫
M

L(φ, χ) +

∫
∂M

l(φ, χ). (2.8)

Where L is a top-from obtained from the Lagrangian density as L = ∗L. φ denotes all

the dynamical fields whose variations are of interest, while χ denotes the rest of the

non-dynamical parts. A boundary term l, which is a (d− 1)-form over the boundary

∂M , is included for generality. By saying L or l is a form, we note that they transform

as differential forms under the diffeomorphisms which act on both the dynamical and

non-dynamical fields.

The basic principle of the Lagrangian formalism is that the action defined in (2.8)

must be stationary for a set of field configurations φs under arbitrary variations. In

addition to this, one must make the variation principle well defined, so the appropiate

boundary conditions are required.

Boundary of the spacetime manifold M can be decomposed as ∂M = Σ± ∪ Γ where

Σ± are the temporal boundaries while Γ denotes the spatial boundary. We note that

the boundary conditions on Σ± and Γ have different meanings, in which the former
2 For example C = R for a real scalar theory
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determines a state or solution within the theory while the latter is a part of the defi-

nition of the theory. Therefore, imposing boundary conditions on Σ± would be too

much of a restriction while on Γ one needs boundary conditions to specify the theory.

Therefore, the action must be stationary up to boundary conditions at future and past

boundaries Σ±.

δS =

∫
Σ+

ψ −
∫

Σ−

ψ. (2.9)

Where ψ is a local function of field variables φ and χ at Σ±. This is also a good place

to define the configuration space C, which is a set of dynamical field configurations

that obey the boundary conditions at Γ, but not necessarily the equations of motion.

The configuration space C is the domain in which the variational principle works, and

where the path integral quantization of fields takes place.

Considering the variation of the Lagrangian in (2.8), one can always put it in the

following form

δL = Eaδφ
a + dΘ. (2.10)

Where δφa is the variation of the dynamical field in C, Θ is a local functional of fields

and their derivatives, and field variations δφ. The index a runs over the dynamical

fields φa. The boundary term dΘ is a (d − 1) form over the spacetime and it is the

symplectic potential. Then, the variation of (2.8) becomes,

δS =

∫
M

Eaδφ
a +

∫
∂M

{Θ + δl}, (2.11)

where the use of Stokes’ theorem on the second term is understood. For this to obey

the (2.9), we see that the field configurations inside M must obey the equations of

motion

Ea = 0. (2.12)
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Also, for the variation to be stationary up to boundary terms at Σ±, the second term

in the equation (2.11) must only have a contribution from Σ±. It seems that requiring

the term Θ + δl to vanish at Γ might be necessary for this, but it turns out that this

requirement is too strong to begin with. From (2.10) we see that the boundary term

Θ(φ, δφ) has an ambiguity up to a total differential term in which we can redefine as

Θ → Θ + dY . Hence given this freedom of shift in Θ, it is more natural to require

that the second term of (2.11) be equal to a total derivative at Γ

(Θ + δl)Γ = dC, (2.13)

where C is the d − 2 form constructed from both dynamical and background fields,

their variations and derivatives. It is also clear that C has the same shift ambiguity as

Θ. Having found the suitable boundary conditions, we put (2.13) use in (2.11).

δS =

∫
M

Eaδφ
a +

∫
Σ±

(Θ + δl) +

∫
Γ

(Θ + δl) (2.14)

=

∫
M

Eaδφ
a +

∫
Σ±

(Θ + δl) +

∫
∂Γ

C. (2.15)

Although C is defined on the spatial boundary Γ, we can arbitrarily extend it into Σ±

since only the values of C on ∂Σ± contribute. Hence, we can put the action variation

into the form of (2.10)

δS =

∫
M

Eaδφ
a +

∫
Σ±

(Θ + δl − dC), (2.16)

where Ea = 0 and ψ = Θ + δl − dC is understood.

At this point we have a well defined action principle with the stated suitable boundary

conditions. In order to switch to the Hamilton formalism and the symplectic struc-

ture, we now need to define the phase space without breaking the covariance. In

accordance with our previous discussion, we define the phase space P to be the set

of field configurations φ that satisfy the equations of motion. We note that by this
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definition, phase space P is a sub-space of the configuration space C and therefore

has no reference to preferred time slice.

In defining the symplectic form, it will be very useful to first note that there is a

convenient change of notation which allows us to re-interpret quantities like Θ and C

as one-forms on C. The idea is that we view quantities like δφ not like as infinitesimal

transformations, but as like coordinate differentials on C. With this new interpretation

at hand, δ denotes the exterior derivative for differential forms defined over C. The

action of δφa(x) on a vector field is given as

δφa(x)

(∫
ddx′f b (φ, x′)

δ

δφb (x′)

)
= fa(φ, x). (2.17)

With this construction at hand, we are now ready to define the pre-symplectic current

as the pullback of δψ to P

ω ≡ δψ|P = δ(Θ− dC)|P . (2.18)

Where we used δ2 = 0 to eliminate the δl term. ω is bi-closed, meaning that it is

closed both on P and on the spacetime manifold M. The former property is self-

evident from the definition of ω as the variation of Θ on P . For the latter, it is easy to

show

dω = d{δ(Θ− dC)}

= δdΘ

= δ (δL− Eaδφa)

= −δEa ∧ δφa = 0, (2.19)

where we used the fact that the exterior derivatives d and δ commute and δL =

Eaδφ
a + dΘ. In the last line, Ea = 0 since ω is defined on P in which the equations
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of motion are satisfied. We can finally define the symplectic form over P

Ω ≡
∫

Σ

ω, (2.20)

where Σ is a Cauchy surface of M . From (2.18) one can show that Ω defined this

way is independent of choice of the Cauchy surface. To show this, we consider the

difference of two symplectic form, evaluated over two different Cauchy surfaces

∆Ω =

∫
Σ−Σ′

w.

To show this, consider a volume of spacetime M bounded by ∂M = Σ ∪ Σ
′ ∪ Γ. By

the Stokes’ theorem

∫
Σ−Σ′

ω =

∫
M

dω −
∫

Γ

ω. (2.21)

The first integral is zero by (2.19) and the second integral vanishes since w vanishes

on Γ by definition (2.13).

We have now finished the basic definitions of the covariant phase space method. This

formalism is rather useful when the theory in consideration possesses invariance un-

der some continuous group of diffeomorphisms. Let us then consider a variation of a

general tensor field under some diffeomorphism generated by the vector field ξµ

δξφ = Lξφ, (2.22)

δξφ
a(x) = LXξφa(x) = Xξ · δφa(x). (2.23)

More generally, infinitesimal diffeomorphisms of any tensor defined on the configu-

ration space is given by

δξT = LXξT (2.24)
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where in contrast with the notation defined earlier, the vector fieldXξ on configuration

space can be written as

Xξ ≡
∫
ddxLξφa(x)

δ

δφa
. (2.25)

We are now ready to introduce covariant tensors as follows: Consider a tensor T (φ, ξ),

defined on the configuration space C and constucted out of dynamical and non-dynamical

fields. This is said to be covariant under the action of diffeomorphism generated by

the vector field ξ if

δξT = LξT, (2.26)

where the Lie derivative Lξ is performed over the spacetime and needs to be dis-

tinguished from the configuration-space Lie derivative LXξ . The action of the two

operations are different in the sense that Lξ implements diffeomorphisms on dynami-

cal and non-dynamical fields while the configuration-space version do the same only

on the dynamical fields.This distinction is important since the symmetry variations

are only allowed to act upon dynamical fields. So an arbitrary tensor T constructed

out of both dynamical and non-dynamical field must have the correct transformation

rule for it to be covariant.

There are couple of ways for a generic tensor, which is constructed out of dynamical

and non-dynamical fields φ and χ, T (φ, χ) to be covariant under the diffeomorphism

generated by the vector field ξ: The simplest way for this to happen is all the non-

dynamical fields χa to be individually invariant under the said diffeomorphisms. In

the mathematical form, this corresponds to the following

Lξχa = 0, (2.27)

where index a runs over all the non-dynamical fields. Another example of covariance

is the case in which the Lagrangian or the tensor, here T (φ, χ) in this discussion, is

trivially independent of such non-dynamical fields. A detailed example of this case
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will be shown in section (2.2.2.2). More generally, it will be enough for T (φ, χ) to

be invariant if the combination of χas that appear in T (φ, χ) is invariant under ξ.

Now, let’s consider the variation of the action (2.8) under an infinitesimal diffeomor-

phism generated by ξ

δξS =

∫
M

δξL+

∫
∂M

δξl

=

∫
∂M

(ξ · L+ δξl) , (2.28)

where (2.26) and the Cartan’s formula LξL = ξ · dL+ d(ξ · L) and the fact that L is

a top-form is used. Covariance requirement of the Lagrangian dictates that variation

(2.28) be invariant up to a boundary term at Σ±. But this is not sufficient for the

diffeomorphism generated by the ξ to be a symmetry of the theory. The variation

must also respect the boundary conditions, especially at the spatial boundary Γ:

δξS =

∫
Σ±

(ξ · L+ δξl) +

∫
Γ

(ξ.L+ δξl) . (2.29)

The first integral is the allowed contribution at the temporal boundaries Σ± while the

second integral must vanish if ξ is to be a symmetry generator. So we first require that

the normal component of ξ be vanish at Γ. This ensures that the term ξ · L vanishes.

We also require l to be covariant under ξ so that at Γ no contributions present and

boundary rules of the variation are respected. With these constraints imposed, the

variation (2.29) is stationary up to a boundary term at Σ±, just as discussed before.

We are now ready to finally construct the HamiltonianHξ which is the generator of the

flow in the phase space that corresponds to the diffeomorphism symmetry generated

by ξ. We begin by finding a function Hξ on the phase space that satisfies

δHξ = −Xξ. · Ω. (2.30)
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We note that since Ω is non-degenerate we can write

Xξ(f) = Ω−1 (δf, δHξ) , (2.31)

where f is a function over the phase spaceP . Note that this the Hamiltonian equation.

We now need to compute the right-hand side of the Eq. (2.30), but before that if will

be useful to define the Noether current

Jξ ≡ Xξ ·Θ− ξ · L. (2.32)

The Noether current Jξ is a closed (d− 1) form over the spacetime if the Lagrangian

L is covariant under ξ

dJξ = d {Xξ ·Θ− ξ · L} .

Using (2.10), invariance of L and the Cartan’s formula

dJξ = Xξ · (δL− Eaδφ◦)− LξL

= Xξ · δL− LξL+ ξ · dL

= 0. (2.33)

We are now ready to compute the right hand side of (2.30)

Xξ · ω = Xξ · δ(Θ− dC)

= Xξ · {Θ− dδC}. (2.34)

Using the Cartan’s formula LXξΘ = Xξ · δθ + δ (Xξ · θ) on P in the first term
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Xξ · ω = LXξΘ− δ (Xξ ·Θ)− d {Xξ · δC}

= LXξΘ− δ (Xξ ·Θ)− d
{
LXξC − δ (Xξ · C)

}
. (2.35)

Where we again made use of the Cartan’s formula on M . Using the covariance of Θ

and substituting (2.32)

Xξ · ω = LξΘ− δJξ − δ(ξ.L)− d
{
LXξC − δ (Xξ · C)

}

= ξ · dθ + d(ξ ·Θ)− δJξ − ξ · δL− d
{
LXξC − δ (Xξ · C)

}

= −δJξ − d
{
LXξC − δ (Xξ · C)− ξ ·Θ

}
, (2.36)

where we yet again used the Cartan’s formula on M and made use of the fact that on

P equations of motion are satisfied, i.e Ea = 0. We are beginning to see that the right

hand side can be put into the form of variation δ of something. Let us continue with

the computation and use (2.20)

−Xξ · Ω =

∫
Σ

δJξ +

∫
∂Σ

{
−ξ ·Θ + LXξC − δ (Xξ · C)

}

=

∫
Σ

δJξ +

∫
∂Σ

{−ξ · θ + ξ · dC + d(ξ · C)−Xξ · δC}

= δ

∫
Σ

Jξ +

∫
∂Σ

{ξ · (dC −Θ)−Xξ · δC}

= δ

{∫
Σ

Jξ +

∫
∂Σ

(ξ · l −Xξ · C)

}
, (2.37)

where we used the covariance of C on Γ, Cartan’s formula on M and (Θ + δl)|Γ =

dC. Hence, finally we obtain the Hamiltonian in term of the Noether charge with an
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additional boundary term

Hξ =

∫
Σ

Jξ +

∫
∂Σ

(ξ · l −Xξ · C) . (2.38)

2.2.1 Gauge Degrees of Freedom

Phase space constructed in section 2.2 makes use of the one-to-one correspondence

betwen solutions to the equations of motion and the initial values of a physical system.

In the case of gauge freedom, this correspondence breaks down since the phase space

will be degenerate, in the sense that there will be more than a single field configuration

that correspond to the same physical state. Assuming field configurations φ and φ′

describe the same physical state, a vector field V spanning between these two point

in the phase space is said to be a degeneracy direction. Then the Hamiltonian flow

generated by this vector will be unphysical in the following sense

V · Ω = 0. (2.39)

Therefore we see that when there are gauge degrees of freedom, the phase space and

the symplectic manifold have degeneracy. We will refer this initial construction as

the pre-phase space P̂ and every object defined on this space will be denoted by a hat.

Solution to this degeneracy problem comes from the observation that the "zero modes"

of Ω, i.e vectors V ∈ >P that satisfy (2.39) form a Lie algebra which generates a

group of unphsyical degrees of freedom. If X̂ and Ŷ are vectors fields which are

annihilated by Ω̂, then their commutator [X̂, Ŷ ] = LX̂ Ŷ will also be a zero-mode of

Ω̂;

LX̂ Ŷ = LX̂(Ŷ · Ω̂)− Ŷ · LX̂Ω̂

= 0. (2.40)

Hence zero modes of vector fields of Ω̂ will form a Lie algebra.Then, the physical
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phase space P can be obtained by taking the quotient of this group of zero-modes

from the pre-phase space P̂

P ≡ P̂/Ĝ. (2.41)

Thus the action of group of gauge symmetries Ĝ leaves no trace in the actual phase

space P . The work is not done, as we also need a symplectic form Ω. In order to

do this, we proceed as follows: Let π : P̂ → P be a map that sends all points q in

P̂ to its Ĝ orbit. Let us consider a point p in P and vectors X, Y ∈ TP . Then we

can always find a point q in P̂ and a pair of vectors X̂ and Ŷ such that X and Y are

pushforwards of X̂ and Ŷ by the map π. Hence we can define

Ω(X, Y ) = Ω̂(X̂, Ŷ ). (2.42)

For (2.42) to be the true symplectic form, it must be both independent of the choice

of vectors X̂, Ŷ and non-degenerate. We can prove the former by considering two

vectors X̂ and X̂ ′ which map to the same vector X in TP . Then, from (2.39) these

two vectors X̂ and X̂ ′ are connected along the degeneracy direction by another vector

Ẑ, which is annihilated by Ω̂. Thus, this ambiguity has no imprint on the actual

symplectic form (2.42).

For the non-degeneracy of the symplectic form, let us assume that for some p in P ,

there exists a vector X 6= 0 for which X · Ω = 0. Then X must be a pushforward of

a vector X̂ ∈ T P̂ by the map π and by (2.42) we have X̂ · Ω̂. We can then extent X̂

to a vector field that is annihilated by Ω̂. The pushforward of this vector field by the

map π must vanish which contradicts our initial assumption. So the symplectic form

is non-degenerate.
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2.2.2 Examples

2.2.2.1 Maxwell Theory

The first example is the Maxwell theory in which the theory has unphysical degrees of

freedom. Here quotient from pre-phase to phase space is non-trivial. The Lagrangian

of the Maxwell theory, written in the differential form language is

L = −1

2
F ∧ ∗F, (2.43)

where F is the field strength tensor defined as F = dA and A is the one-form poten-

tial. Taking the variation of (2.43)

δL = −1

2
δ{F ∧ ∗F}

= −δA ∧ d ∗ F − d(δA ∧ ∗F ), (2.44)

Here the first term is the obvious equations of motion, while the second term is the

boundary term in (2.11) with l = 0. Hence, we have

Θ = −δA ∧ ∗F. (2.45)

Recalling the stationarity requirement (2.13), it is obvious that fixing the value of the

one-form potential A at the boundary Γ with C = 0 would be sufficient. Then, the

symplectic potential and the pre-symplectic form will be as follows

w = δΘ

= δA ∧ ∗δF, (2.46)

and,

Ω̃ =

∫
Σ

(δA ∧ ∗δF ). (2.47)
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This pre-symplectic form constructed in this way would have zero modes because

of the degrees of freedom the theory possesses. In order to find the quotient, we

need to find the vector field Xλ which generates the flows corresponding to gauge

transformations.

Xλ =

∫
ddx (∂µλ)

δ

δAµ
, (2.48)

and

Xλ · Ω̃ =

∫
Σ

(dλ ∧ ∗δF )

=

∫
Σ

d(λ ∧ ∗δF )

=

∫
∂Σ

λ ∧ ∗δF, (2.49)

where we used dF = 0 in the second line. The boundary condition we imposed, i.e

A is constant at Γ, dictates that dλ be zero at Γ. Therefore λ must be a constant on Γ.

Since ∗F is allowed to vary on Γ, Xλ will be a zero mode of Ω̃ if and only if λ is zero

on Γ. Therefore, in order to construct the true phase space, we must only quotient

those gauge transformations which vanish at the spatial boundary Γ.

2.2.2.2 Gravity

For the next example, we now consider the General Relativity with the following

action

S =

∫
M

L+

∫
∂M

l

=
1

16πG

∫
M

(R− 2Λ)εM +
1

8πG

∫
∂M

Kε∂M (2.50)
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here R is the scalar curvature, Λ is the cosmological constant, K is trace of the ex-

trinsic curvature and ε is the volume form. Using δ
√
−g = 1

2

√
−ggµνδgµν , variations

of volume forms can be written as

δεM =
1

2
gµνδgµνεM ,

δε∂M =
1

2
γµvδgµvε∂M . (2.51)

The other relevant variations are [77]

δΓµαβ =
1

2
gµν {∇αδgβν +∇βδgαν −∇νδgαβ} ,

δR = −Rµνδgµν +∇µ∇νδgµν −∇λ∇λgµvδgµv,

δηµ =
1

2
ηα
(
δβµ − γβµ

)
δgαβ,

δK = −1

2
Kµνδgµν +

1

2
gµνnλ∇λδgµν −

1

2
ηα∇βδgαβ −

1

2
Dµ (γµνηαδgνα) ,

(2.52)

where Dµ is the covariant derivative defined on the hypersurface ∂M . With these, the

action variation can be put into the following form:

δL = Eµνδgµν + dΘ, (2.53)

where Ea and Θ are as follows

Eµν = − 1

16πG

{
Rµv − 1

2
Rgµν − Λgµν

}
EM , (2.54)

and,

Θ = θ · εM , θµ =
1

16πG

{
gµα∇νδgαν − gαβ∇µδgαβ

}
, (2.55)
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with the choice of orientation of the hypersurface ∂M as εM = η ∧ ε∂M we can write

Θ on the hypersurface:

Θ|Γ = θ · εM

= ηµθ
µε∂M . (2.56)

Similarly, for the boundary term l

δl =
1

8πG
δ {Kε∂M} (2.57)

δl =
1

16πG

{
(Kγµν −Kµν) δgµν +

(
gαβηλ∇λ − ηα∇β

)
δgαβ

−Dµ (γµνηαδgνα)} ε∂M (2.58)

Using (2.58) and (2.56), we compute (2.13) as follows:

Θ|Γ + δl =
1

16πG

{
ηα∇νδgαν − gαβηµ∇µδgαβ − (Kγµν −Kµν) δgµν

+gαβηλ∇λδgαβ − nα∇βδgαβ −Dµ (δµνnαδgνα)
}
ε∂M

=
−1

16πG
{(Kγµν −Kµν) δgµv +Dµ (γµνηαδgνα)} ε∂M , (2.59)

which can be written as

Θ|Γ + δl = − 1

16πG
(Kµν −Kγµν) ε∂Mδgµν + dC, (2.60)

where

C = c · ε∂M , cµ = − 1

16πG
γµvnαδgνα. (2.61)
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For (2.60) to satify (2.13), the first term must vanish at the spatial boundary Γ

(Kµν −Kγµν) δgµν |Γ = 0. (2.62)

Then, according to this analyses we have two options: one would be fixing the value

of gµν at Γ. This corresponds to requiring the tangential components of the metric

variation be zero

γαµγ
β
ν δgαβ

∣∣
Γ

= 0. (2.63)

We make note of the (2.63) only restricts the tangential components of the metric

variation, while boundary termC in (2.61) contains variation of the metric with mixed

components. Hence we have non zeroC term. With the choice of (2.63) as a boundary

condition, let us now find the Hamiltonian Hξ. We begin by computing each term

appearing in (2.38)

Using the results of [79], Jξ is a closed form and hence can be written as Jξ = dQξ,

where

Qξ = − 1

16πG
? dξ, (2.64)

here ξ is a one-form over spacetime and ? is the Hodge duality operator. In component

form,

?dξ =
1

2
εµνλσ(dξ)µν

= − 1

16πG
εµνλσ (∇µξν −∇νξµ) . (2.65)

Using yet again εM = η ∧ τ ∧ ε∂M , one has

Qz = − 1

16πG

{
ταηβ − τβηα

}
∇αξβε∂M . (2.66)
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Next, for the term Xξ ·C, we note that the dot · here indicates the inner product in the

phase space P , in contrast with the usual meaning of the term in which it indicates

the contraction with the spacetime index. Using (2.61) and ε∂M = −τ ∧ ε∂Σ

C = c · (−τ ∧ ε∂Σ)

= −cµτµε∂Σ

=
1

16πG
γµνηατµε∂Σδgνα. (2.67)

As per our earlier discussion, the vector field generator of diffeomorphisms Xξ

Xξ = Lξg, (2.68)

or in component form:

Xξ = Lξgµν
δ

δgµν
, (2.69)

then we finally have

Xξ · C = Lξgµν
δ

δgµν
·
(

1

16πG
γµνηατµδgναε∂Σ

)
=

1

16πG
γµνηατµLξgναε∂Σ

=
1

16πG
(τµην + τ νηµ) ε∂Σ∇µξν . (2.70)

And for the last term, one would obtain

ξ · l = − 1

8πG
Kξµτµε∂Σ. (2.71)

Collecting all these we obtain,
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Hξ = − 1

16πG

∫
∂Σ

{(
ταnβ − τβnα

)
∇αξβ + 2ξµτµK +

(
ταnβ + τβnα

)
∇αξβ

}
ε∂Σ

= − 1

8πG

∫
∂Σ

{
ταηβ∇αξβ + ξµτµK

}
ε∂Σ

= − 1

8πG

∫
∂Σ

{
−ταξβ∇αηβ + ξµτµK

}
ε∂Σ.

Hξ = − 1

8πG

∫
∂Σ

ταξβ {−Kαβ + γαβK} ε∂Σ. (2.72)
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CHAPTER 3

BLACK HOLE THERMODYNAMICS

The aim of this chapter is to provide a brief, yet comprehensive overview of the

thermodynamics of black holes. At a first glance, thermodynamics and black hole

mechanics seem to be two subjects that have no particular connection between them.

Thermodynamics is a field of study that describes thermal systems in terms of their

macroscopic properties and investigates how these thermal systems undergo changes

accordingly. The laws of thermodynamics describes the state of such systems in

equilibrium.

The zeroth law of thermodynamics defines a state function called temperature θ and

proposes a transitivity property between thermal systems which are in thermal con-

tact. IfA andB are two thermal systems which are in thermal equilibrium with a third

system C, then this law states that both system A and B are in thermal equilibrium as

well.

The first law of thermodynamics is energy conservation law which describes how the

energy of a system is allowed to change. The change in the energy of the system can

be attributed to different ways of transfer such as heat transfer, thermodynamic work

or matter transfer. In general, for an infinitesimal change in the energy of the system

we have

dE = dW + dQ, (3.1)

where dW is the work done on the system while dQ denotes the heat transfer into the

system.
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The second law of thermodynamics defines the entropy (S) of a system and dictates

the change in the entropy and in turn, direction of heat transfer in various cases.

dQ = TdS. (3.2)

And finally, the third law of thermodynamics states that the entropy of an isolated sys-

tem at equilibrium tends to a constant value as the temperature approaches to absolute

zero.

With this brief reminder, we note that thermodynamic laws are observations rather

than mathematical proofs or derivations from more simple principles. When we talk

about thermodynamics of a system, we often think of the temperature, volume, pres-

sure or various other internal and external properties of the system, which emerge

from the collective motion of its constituents.

Then how, can we apply these laws to the mechanics of black holes or other objects

that appear in the study of gravitation? Indeed, the laws of thermodynamics sum-

marized above consider the thermal system in a fixed spacetime whereas it becomes

much more complex if one takes gravity into account.

In this chapter, we review generalized laws of thermodynamics for Black Holes. We

begin by briefly summarizing black hole solutions and investigate their properties

such as Killing horizons, and some important theorems like no-hair theorem, which

will become important in our understanding of the Black Hole Thermodynamics.

3.1 Review of Black Holes

We begin reviewing black holes by considering the simplest black hole solution,

which is namely the Schwarzschild solution. The metric of the Schwarzschild so-

lution of General Relativity without the cosmological constant is

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2, (3.3)

where Ω is the line element of 2-Sphere and
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f(r) =

(
1− 2M

r

)
.

We immediately note that r = 2M is a singularity where the metric blows up. How-

ever, this is only a coordinate singularity and can be removed by the choice of appro-

priate coordinates.

Let us, for the purpose of this discussion, adopt the Kruskal-Szekeres coordinates [6].

Defining

u = t+ r∗,

v = t− r∗. (3.4)

r∗ is the so-called tortoise coordinate defined as

r∗ = r + 2M ln
( r

2M
− 1
)
, dr∗ =

dr

f(r)
. (3.5)

The Kruskal-Szekeres coordinates then are defined as follows:

U = eu/4M =
( r

2m
− 1
)1/2

e(r+t)/4M ,

V = −e−v/4M =
( r

2m
− 1
)1/2

e(r−t)/4M . (3.6)

The metric can be then be written as

ds2 = −32M3

r
e−r/2MdUdV + r2dΩ2, (3.7)

with,

UV = −er∗/2M , or UV = −
(
r − 2M

2M

)
er/2M . (3.8)
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(3.7) is the Schwarzschild metric written in the Kruskal-Szekeres coordinates (U, V, θ, φ).

The coordinate singularity at r = 2M corresponds to UV = 0 and we see that the

metric is no longer singular at r = 2M . The singularity at r = 0, on the other hand

corresponds to UV = 1, which is still a singularity even in these coordinates. One

important property of these coordinates is that they are maximal, in other words all

the geodesics can be extended to infinity or end at the curvature singularity at r = 0.

The black hole solutions are characterized by their one important property which we

will discuss. A black hole is a localized region of spacetime from which nothing can

escape. This implies the notion of a boundary which acts like a one-way membrane,

allowing anything from the exterior of the black hole to pass though but not vice

versa. This boundary, the horizon as it is generally called, must be a hypersurface in

the spacetime. Then the question of what kind of hypersurface would the black hole

horizon be arises. It turns out that the black hole horizon must be a null hypersurface.

Let us then discuss the geometries of null hypersurfaces. We begin by defining the

null hypersurfaces as follows: Let S(x) be a smooth function of space time coordi-

nates xµ. Then, S(x) =constant defines a family of hypersurfaces. We then define

the following vector fields

l = f(x)gµν∂ν
∂

∂xµ
, (3.9)

where f(x) is an arbitrary function [22]. Vector fields l will be, by construction,

normal to the hypersurface. If, for any given hypersurface N the vector l satisfies

l2 = 0 then the hypersurface N is said to be a null hypersurface. Null hypersurfaces

have the strange property that their normal vectors are also tangent to the hypersurface

as well. Consider a vector t tangent to N , which is to say that t · l = 0 is true. Since

l2 = 0 by definition, meaning that l is also the tangent vector for the null hypersurface

and can be written as

lµ =
dxµ

dλ
, (3.10)

where xµ(λ) is an arbitrary null curve in N . Curves xµ(λ) are said to be the genera-

tors of null hypersurface N . In our example of Schwarzschild metric (3.7), the null
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hypersurface is the defined by U = constant and its normal vector (3.9) becomes

l = f(x)gV ν(∂νU)
∂

∂V
,

= f(x)

(
−32M3

r
e−r/2M

)
∂

∂V
. (3.11)

At the event horizon r = 2M :

l = − fe

16M2

∂

∂V
, (3.12)

and choosing the function f(x) = −32M3e−1, we get

l =
∂

∂V
. (3.13)

Here V is the affine parameter of the generator of this null hypersurface. We also note

that it easy to see that at the horizon, l2 = 0 as expected.

A special type of null hypersurfaces, which are called Killing horizons will be special

interest of us; If ξ is Killing vector which is normal to the null hypersurface N , then

the null hypersurface is said to be a Killing Horizon [22]. Vectors normal to the null

hypersurfaces satisfy the geodesics equation

l ·Dlµ = 0, (3.14)

whereD is the covariant derivative defined on the hypersurface and affine parametriza-

tion is assumed. If N is a Killing horizon we can write in general

ξ = fl, (3.15)

where f is an arbitrary function of spacetime coordinates. Substituting this into (3.14)
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ξ ·Dξµ + ξ · (f∂f−1) = 0,

ξ ·Dξµ = κξµ, (3.16)

where we identified κ = ξ · ∂lnf . This is the geodesic equation for the Killing

vector field ξ and is true over the entire horizon N . The quantity κ is called surface

gravity and has a physical meaning that it is the gravitational acceleration, observed

by an observer at infinity, which is required to hold a particle at the horizon. Surface

gravity has also the property of being constant on the orbits of ξ. To show this, we

make use of the following identity

κ2 = −1

2
(Dµξν)(Dµξν). (3.17)

Then, we look at the change of κ2 along the direction of ξ

ξ ·Dκ2 = − (Dµξν) ξλDλDµξν
∣∣
N

= − (Dµξν) ξαξβRµναβ

= 0, (3.18)

where in the last line we usedRµναβ = −Rµνβα. Hence we see that κ does not change

along the orbits generated by the Killing vector ξ. Now let us consider an orbit of ξ on

which the surface gravity κ is non-zero. This orbit covers only a part of the generators

of N . We can see this by choosing a coordinate system on which we have

ξ =
∂

∂α
. (3.19)

In other words, the group parameter α coincides with one of the coordinates. In terms

of the affine parameter λ

ξ =
dλ

dα

d

dλ
. (3.20)
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By comparing with (3.15), identify

f =
dλ

dα
,

l =
d

dλ
. (3.21)

Surface gravity in this context is

κ =
∂

∂α
ln|f |, (3.22)

then we have

d2λ

dα2
= κ

dλ

dα
, (3.23)

and,

dλ

dα
= f0e

κα, (3.24)

with the ambiguity in the choice of origin in α, we can set the f0 = ±κ. Then finally

we have

dλ

dα
= ±κeκα, λ = ±eκα. (3.25)

As it is evident from (3.25), specific orbit of ξ does not cover the generators ofN . As

α varies from −∞ to∞, it covers either of two regions λ < 0 or λ > 0. The point

where λ = 0 corresponds to a special region of spacetime called bifurcation 2-sphere.

After this brief review of the horizon geometry, we can apply the results we have

summarized to the example of (3.7). In the Kruskal-Szekeres coordinates, the Killing

horizon is the union of the two hypersurfaces U = 0 and V = 0

N = {U = 0} ∪ {V = 0}. (3.26)
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Since the (3.7) is a static solution, the Killing vector on the horizon corresponds to

one which generates time translations. To find the form of Killing vector, we consider

t→ t+awhere a is a constant. Under the infinitesimal version of this transformation,

Kruskal-Szekeres coordinates (3.6) transform as

δtU =
( r

2M
− 1
)1/2 εe(r+t)/4M

4M
, δU =

ε

4M
U,

δtV = −
( r

2M
− 1
)1/2 εe(r−t)/4M

4M
, δV =

−ε
4M

V. (3.27)

The Killing vector which generates these transformations

ξ =
1

4M

(
U
∂

∂U
− V ∂

∂V

)
. (3.28)

Again, by comparing with (3.15), we identify

U = 0; ξ = − V

4M

∂

∂V
,

V = 0; ξ =
U

4M

∂

∂U
. (3.29)

The surface gravity κ

κ|U=0 = ξV ∂V ln|f |,

κ|V=0 = ξU∂U ln|f |. (3.30)

Thus we find

κ|U=0 = − 1

4M
,

κ|V=0 =
1

4M
. (3.31)
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And we obtain κ2 = 1/(4M)2 which is indeed constant.

This concludes the brief discussion of the horizon properties of black holes. We see

that the black holes possess a closed region of spacetime called horizons from which

nothing can escape. On horizons, the surface gravity is constant for a stationary black

hole. This gives us the first clue about the thermodynamical properties of black holes.

3.2 Thermodynamics of Black Holes

Properties of a classical black hole have similarities to thermodynamics. The horizon

radius of a black hole is proportional to the mass of the black hole. The Schwarzschild

solution, for example has the radius rH = 2M . The horizon area then

A = 16πM2 (3.32)

For matter falling into the horizon of a black hole, nothing can escape from it and

consequently the mass of the black hole must only increase. Then, by (3.32) horizon

area of a black hole must be a non-decreasing quantity. This property suggests that

black holes can have a notion of entropy.

Existence of an entropy like quantity is not the only similarity between black hole

mechanics and thermodynamics. Indeed, there exists a theorem, called no-hair theo-

rem, stating that stationary black holes can be described only by few parameters such

as mass or angular momenta. This is again in contrast with the thermodynamics of a

system which describes it by its macroscopic quantities.

3.2.1 The Zeroth Law

We saw in section 3.1 that the surface gravity κ is constant over the horizon for a

stationary black hole. A thermal system in equilibrium also possesses constant tem-

perature everywhere. The surface gravity κ can then be thought of a temperature

parameter of the black hole in equilibrium. Also, both temperature and κ are non-

negative parameters. Hence, we can consider the surface gravity defined over the
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horizon as a temperature. Therefore, the zeroth law of black hole thermodynamics

can be stated as follows:

The Zeroth Law: The surface gravity κ is a constant over the horizon of stationary

black holes [18].

3.2.2 The First Law

We already see that the mass of a black hole is proportional to its horizon area. Rela-

tion (3.32) indicates that if a black hole with mass M were to be perturbed and settles

into another black hole with mass M + δM , the horizon area must also change in

proportion to the mass. i,e δM ≈ δA. Then we expect the first law of black hole

thermodynamics to tell us how changes in the parameters of the black hole happens.

To obtain a general relation, consider a stationary black hole with massM and angular

momentum J . By the no-hair theorem [17], we have

M = M(A, J). (3.33)

Both A and J have dimensions of M2 so M(A, J) must be a homogeneous function

of degree 1/2. By the Euler’s theorem

1

2
M = A

∂M

∂A
+ J

∂M

∂J

=
κ

8π
A+ ΩHJ, (3.34)

where we used the Smarr relation [21] in the second line. Thus, we have

A

(
∂M

∂A
− κ

8π

)
+ J

(
∂M

∂J
− ΩH

)
= 0. (3.35)

Since A and J are free parameters of the black hole, we identify

∂M

∂A
=

κ

8π
,
∂M

∂J
= ΩH . (3.36)
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Then, the general form of the first law can be written as:

dM =
κ

8π
dA+ ΩHdJ. (3.37)

3.2.3 The Second Law

We have stated the zeroth and first laws of black hole thermodynamics, but the treat-

ment given is nothing more than making observations and analogies. We observed

the similarities between thermodynamics and black hole mechanics to establish these

but one must be careful to take these proposed laws to literal meaning. Indeed, we

immediately encounter problems if we consider black holes as thermal systems. For

one, black holes must have thermal radiation if black holes really possess tempera-

ture. But this contradicts the notion of a classical black hole from which nothing can

escape. Problems also arises when we assign the horizon area to the entropy, since

their dimensions don’t match. Entropy is a dimensionless quantity while the horizon

area is not.

Solutions to these problems come through by considering the quantum nature of black

holes. Black holes are not isolated objects and made by the interactions of matter,

and matter obeys quantum mechanics on microscopic scale. These considerations

lead to the celebrated area theorem which states that black holes indeed emit thermal

radiation, whose temperature is given as [53]

kβT =
~κ
2π
. (3.38)

In order to derive this we assume a smooth Euclidean spacetime with periodic imagi-

nary time [13]. Temperature is then defined as the inverse of this periodicity β. Taking

tE = it, a generic metric of a stationary black hole becomes

ds2
E = f(r)dt2E +

dr2

f(r)
+ · · · (3.39)
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Near the Horizon r ' rH , the metric above can be expanded as

dS2
Ē = f ′ (rH) (r − rH) dt2E +

dr2

f ′ (rH) (r − rH)
· · · (3.40)

To simplify this, let us introduce a coordinate transform ρ = 2
√

(r−rH)
f ′(rH)

dS2
E = dρ2 + ρ2d

(
f ′ (rH)

2
tE

)2

. (3.41)

In this coordinate the metric takes the form of plane in polar coordinates with the

following identification of period

f ′ (rH)

2
tE = 2π, (3.42)

this leads to

β =
4π

f ′ (rH)
, or T =

f ′ (rH)

4π
, (3.43)

substituting κ = f
′
(rH)
2

would yield (3.38).

The relation (3.38) is clearly a quantum effect since temperature is proportional to ~.

Using this temperature definition we can find an explicit relation between the entropy

and horizon area. From (3.37)

dM =
κ

8π
dA

= T
kβ
4~
dA. (3.44)

Comparing this with dE = TdS, we identify the entropy of a black hole as

S =
A

4~
1

kβ
=

A

4l2pl

1

kβ
, (3.45)

which is the celebrated Hawking-Bekenstein entropy [53].
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3.2.4 The Third Law

In contrast with the mechanic counterpart, which states that the entropy of a systems

goes to a constant as the temperature approaches to zero, third law of black hole

thermodynamics [18] states that it is impossible to reduce the surface gravity κ to

zero by a finite sequence of operations.
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CHAPTER 4

SMARR FORMULA AND THE EFFECTIVE VOLUME

4.1 Smarr formula in the presence of a cosmological charge

The first law of black hole thermodynamics is a universal constraint between the

variations of conserved charges. It is universal, in the sense that it is independent

of the spacetime dimension, theory and the Lagrangian, asymptotic conditions and

the topology of the black hole. There is another constraint in black hole thermody-

namics, a constraint between conserved charges (not their variations) which is called

the Smarr relation [21]. This relation is not a universal one. Specially, it explicitly

depends on the dimensions of spacetime. Here, we show that in the presence of a

cosmological charge, this relation becomes

(D − 3)M = (D − 2)THS + (D − 2)ΩHJ + (D − 3)ΦHQ−ΘHC. (4.1)

In order to obtain this relation, we use the "scaling method" which is well-known way

to derive the Smarr formula (see e.g. [22] or [23]). In this method, M is considered to

be a homogeneous function of other charges (S, J,Q,C). Using the Euler theorem,

for a function f(p1, p2, . . . ) homogeneous in the variables (p1, p2, . . . ), i.e. for a

constant α one has αrf(p1, p2, ...) = f(αq1p1, α
q2p2, . . . ), one can show that

rf(p1, p2, . . . ) =
∑
i

qi

(
∂f

∂pi

)
pi, i = 1, 2, . . . . (4.2)

We can find the degree of homogeneity inM = M(S, J,Q,C) ( i.e. the r and qi in the
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above equation) using dimensional analysis. The Newton’s constant is dimensionful

and hence plays a role in the scaling of charges, but as a convenient convention, we

set G = 1 hereafter. By dimensional analysis, M ∼ lD−3, S ∼ lD−2, J ∼ lD−2,

Q ∼ lD−3, and C ∼ l−1 where l is a length scale. Therefore, after scaling l → αl,

one has

αD−3M(S, J,Q,C) = M
(
αD−2S, αD−2J, αD−3Q,α−1C

)
. (4.3)

Using (4.2) and (4.3), one gets

(D−3)M = (D−2)

(
∂M

∂S

)
S+(D−2)

(
∂M

∂J

)
J+(D−3)

(
∂M

∂Q

)
Q−

(
∂M

∂C

)
C.

(4.4)

Finally, using the first law (1.10), we find the Smarr relation (4.1). Needless to say

that the analysis above is not a rigorous proof but only a heuristic justification. The

Smarr relation may fail in some cases, especially if there are dimensionful quantities

other than the conserved charges, as we shall see in some massive gravity theories

below.

4.2 Reproducing the effective volume

Since the realization of Λ as a pressure term in the first law, it has been a challenge

how to find its thermodynamic conjugate, a “volume" for a black hole. One way to

circumvent this problem in the literature has been defining the volume by the first law

itself, sometimes called “thermodynamic volume." However, in [23] an ad-hoc but

successful (and, importantly, independent from the first law) definition for a viable

black hole volume, called “the effective volume" was proposed. It is defined at the

horizon by the formula

Veff ≡
∮
H

?ω, ∇µω
µν ≡ ξνH . (4.5)

Notice that ω is defined by the latter equation, i.e. ξνH = ∇µω
µν , and is ambiguous;
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one can deform it by ω → ω+ω′ with an arbitrary divergence free term: ∇µω
′µν = 0

(see examples in [24]). ξνH is the Killing vector at the horizon, and the 2-form ωµν is

called “the Killing potential," and its Hodge dual ?ω is a (D−2)-form which appears

in the integrand of (4.5).

Here, we show how the potential ΘH in (1.11) reproduces the Veff via the equation

ΘH = ±
√
|Λ|Veff. (4.6)

To this end, we begin from the definition of ΘH in (1.11), denoting the Hodge dual of

the integrand in it by ω̃, i.e.

?ω̃ ≡ ξH · A. (4.7)

By taking an exterior derivative of both sides,

d ? ω̃ = d(ξH · A) (4.8)

= LξHA− ξH · dA (4.9)

= −ξH · dA. (4.10)

In the first equation, we used the Cartan identity Lξa = ξ · da + d(ξ · a) which is

correct for any differential form a and any vector field ξ. In the second equation, the

isometry/Killing relation LξHA = 0 was used. Using F = dA, the on-shell relation

(1.6), and definition of the Hodge duality, we find from (4.10)

d ? ω̃ = ±
√
|Λ|(?ξH). (4.11)

Applying the Hodge duality to both sides, and using the identities (?d ? ω̃)ν =

(−1)D∇µω̃
µν and ?2ξH = (−1)DξH (see (A.19) and (A.29) in the Appendix A of

[25]), then

∇µω̃
µν = ±

√
|Λ|ξνH . (4.12)
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Comparing this result with the “Killing potential" ξνH = ∇µω
µν in [23], one finds

ω̃µν = ±
√
|Λ|ωµν ⇒

∮
H
?ω̃ = ±

√
|Λ|
∮

H
?ω. (4.13)

From this result, and using (1.11), (4.5) and (4.7), one arrives at the desired result:

ΘH = ±
√
|Λ|Veff.

An astute reader might wonder about the extra factor ±
√
|Λ| appearing in the equa-

tion above. This factor is not unexpected because the chargeC and Λ are quadratically

related in (1.9), so

δC =
±δΛ

8π
√
|Λ|

. (4.14)

By the relation δΛ
8π
≡ δP , we realize that δC = ±δP√

|Λ|
. So, the extra factor ±

√
|Λ| in

ΘH = ±
√
|Λ|Veff is cancelled with the extra factor ±1√

|Λ|
in δC, yielding same final

result, i.e. ΘHδC = VeffδP .

4.3 Fixing the gauge freedom

As was mentioned in the previous section, the effective volume has an ambiguity: a

divergence-free 2-form can be added to the Killing potential

ωµν → ωµν + ω′µν , ∇µω
′µν = 0. (4.15)

Using the ω̃ to relate the equations (4.7) and (4.13), it is easy to see that this ambiguity

is related to the gauge freedom in A→ A+ dλ as

ω′ = ?

(
ξH · dλ
±Λ

)
. (4.16)

As a result, one can fix λ in the “charge formulation of Λ" in order to remove the ω′
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ambiguity in the definition effective volume. To this end, we notice that the cosmo-

logical gauge field and its variations appear explicitly in the covariant formulation of

charges (see Appendix A.1). In order to reproduce the variations of mass, angular

momentum and other conserved charges with respect to δΛ, the gauge fixing plays an

important role, as we will clarify this issue with different examples.

Summarizing this section, we generalized the Smarr relation to include the contri-

bution from the cosmological conserved charge ΘHC. Moreover, it was shown how

ΘHδC in the cosmological charge formulation reproduces VeffδP , while resolving its

conceptual and computational problems, as well as removing its ambiguity by gauge

fixing. In particular, the ΘH reproduces the Veff as the potential associated with the

gauge field A on the horizon. In the rest of the paper, we examine the power of this

formulation by studying different examples explicitly. Importantly, we provide the

cosmological gauge field Aµ1...µD−1
and the corresponding black hole cosmological

potential ΘH for all of these black hole/brane solutions, and check the first law and

the Smarr relation for all of them.
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CHAPTER 5

EXAMPLES: SOLUTIONS IN 3 DIMENSIONS

We start our analysis of explicit solutions in 3 + 1 dimensions with the simplest ex-

ample, the BTZ black hole [26]. We give the details of the calculations for the BTZ

black hole, but we will only give the results of the computations for other examples

to avoid repetition.

5.1 BTZ black hole in the cosmological Einstein gravity

Theory: Einstein-Λ theory in 3-dim

L =
1

16π
(R− 2Λ). (5.1)

Solution: The metric in the coordinates xµ = (t, r, ϕ) is [26]

ds2 = −∆dt2 +
dr2

∆
+ r2(dϕ− ωdt)2, ∆ ≡ −m+

r2

`2
+

j2

4r2
, ω ≡ j

2r2
,

(5.2)

where Λ =
−1

`2
. The outer and inner horizons are located at 2r2

± = `2(m±
√
m2 − j2

`2
).

The cosmological gauge field for this black hole solution can be found to be (see Ap-

pendix A for more details)

A = −r
2

2`
dt ∧ dϕ. (5.3)

Notice that one can add a term f(m, j, `)dt∧ dϕ to A, which clearly does not change
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the field strength F = dA if f is not a function of space-time coordinates. This is a

simple example of the gauge freedom that we have discussed before. Nonetheless, the

A and its variations with respect to m, j, ` appear explicitly in the charge calculations

(mass, angular momentum and cosmological charge). To see this, the Appendix-A.1

is provided.. Requesting the charges to be reproduced correctly in the new paradigm

(in comparison to the usual paradigm of Λ being a constant in Lagrangian) fixes the

gauge freedom for our example to be what it is already in Eq.(5.3).

Properties:

M =
m

8
, J =

j

8
, Ω± =

r∓
`r±

, T± =
r2
± − r2

∓

2π`2r±
, S± =

πr±
2
. (5.4)

The horizon Killing vectors are ξ± = ∂t+Ω±∂ϕ. Using A from (5.3) in the definition

of ΘH in (1.11), we get

Θ± =

∫
r±

(∂t + Ω±∂φ) ·
(
−r2

2`
dt ∧ dφ

)

=

∫
r±

−r2

2`
dϕ−

∫
r±

Ω±
−r2

2`
dt. (5.5)

However, the last integral vanishes because the pull-back of the dt to the surface of in-

tegration (which is the bifurcation point of the horizon parametrized by the coordinate

ϕ) vanishes. So,

Θ± =

∫
r±

−r2

2`
dϕ = −

πr2
±

`
. (5.6)

The cosmological charge C can be read from (1.9) with the lower sign (which is the

one for negative Λ) to be

C = − 1

4π`
. (5.7)

The first law and the Smarr formula:

The generalized first law and the Smarr formula for the BTZ black hole read
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δM = T±δS± + Ω±δJ + Θ±δC, (5.8)

0 = T±S± + Ω±J −Θ±C (5.9)

respectively. One can check the validity of these two relations explicitly which we do

next. Let us check the Smarr formula first. Substituting (5.4) and (5.6) to (5.9) one

has

0 =
r2
± − r2

∓

2π`2r±

πr±
2

+
r∓
`r±

j

8
−
−πr2

±

`

−1

4π`
⇒ 0 = r∓

(
−r∓
4`2

+
j

8`r±

)
,

(5.10)

which is satisfied for 2r2
± = `2

(
m±

√
m2 − j2

`2

)
. Hence, the Smarr formula holds.

Now, let us look at the validity of the first law of black hole thermodynamics (5.8).

This solution has three independent parameters m, j, `. Notice that ` is a free param-

eter of the solution, if the Lagrangian (1.2) is the Lagrangian describing the theory

of gravity. In other words, ` is related to Λ by Λ = −1
`2

, and Λ is related to c in (1.6)

(which is a free parameter of the solution), by the relation (1.7). We calculate vari-

ations to nearby black hole solutions with respect to each of these three parameters.

This method of variation can be called parametric variations [27]. We can begin with

variation in m parameter

δmM =
δm

8
, δmS± =

π

2
δmr±, δmJ = 0, δmC = 0, (5.11)

where δmr± reads as follows

δmr± =
∂r±
∂m

δm = ±

√
2`3(m`±

√
m2`2 − j2)

4
√
m2`2 − j2

δm. (5.12)

Substituting (5.11), (5.12) in the first law (5.8), one finds

53



δm

8
=

(
r2
± − r2

∓

2π`2r±

)±π
2

√
2`3(m`±

√
m2`2 − j2)

4
√
m2`2 − j2

δm

 (5.13)

⇒ r±
r2
± − r2

∓
= ±

√
`2

2
(m±

√
m2 − j2

`2
)

`2

√
m2 − j2

`2

, (5.14)

which is satisfied by r±. Similarly, for the variation of j

δjM = 0, δmS± =
π

2
δjr±, δjJ =

δj

8
, δjC = 0, (5.15)

in which

δjr± = ∓
√

2` jδj

4
√
m2`2 − j2(m`−

√
m2`2 − j2)

. (5.16)

Inserting in the first law (5.8), we find

0 =

(
r2
± − r2

∓

2π`2r±

)(
∓π

2

√
2` jδj

4
√
m2`2 − j2(m`±

√
m2`2 − j2)

)
+

r∓
`r±

δj

8
,

⇒ r∓
r2
± − r2

∓
= ±

√
2` j

4`(
√
m2`2 − j2)

√
m`±

√
m2`2 − j2

. (5.17)

Using the relations±`
√
m2`2 − j2 = (r2

±−r2
∓) and `

√
m±

√
m2 − j2/`2 =

√
2r±

in the denominator of the right hand side, the result in (5.17) simplifies to 4r±r∓ =

2`j which is the correct equation, admitting the first law to be satisfied.

We should also check the first law for the variation with respect to `. To this end we

have

δ`M = 0, δ`S± =
π

2
δ`r±, δ`J = 0, δ`C =

δ`

4π`2
, (5.18)
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in which

δ`r± = ± (2m2`2 − j2 ± 2m`
√
m2`2 − j2)δ`

4
√

`
2
(m2`2 − j2)(m`±

√
m2`2 − j2)

. (5.19)

Putting these in the first law (5.8), it follows that

0 = (
r2
± − r2

∓

2π`2r±
)

±π
2

(2m2`2 − j2 ± 2m`
√
m2`2 − j2)δ`

4
√

`
2
(m2`2 − j2)(m`±

√
m2`2 − j2)

+ (−
πr2
±

`
)(

δ`

4π`2
),

⇒
r3
±

r2
± − r2

∓
= ± `(2m2`2 − j2 ± 2m`

√
m2`2 − j2)

4
√

`
2
(m2`2 − j2)(m`±

√
m2`2 − j2)

. (5.20)

Using the relations±`
√
m2`2 − j2 = (r2

±−r2
∓) and `

√
m±

√
m2 − j2/`2 =

√
2r±

in the denominator of the right hand side, it reduces to 4r4
± = `2(2m2`2 − j2 ±

2m`
√
m2`2 − j2), which is the correct equation.

According to the analysis above, we deduce that the generalized first law in (5.8) and

the Smarr formula in (5.9), which include the new term ΘHδC and ΘHC, are correct

relations for this example and confirm the results of the analysis in this paper.

5.2 Charged static BTZ black hole

Theory: Einstein-Maxwell-Λ theory in 2 + 1 dimensions

L =
1

16π
(R− 2Λ− FµνF µν). (5.21)

Solution: The metric and the Maxwell gauge field in the coordinates xµ = (t, r, ϕ)

are [28]
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ds2 = −∆dt2 +
dr2

∆
+ r2dϕ2, ∆ ≡ −m+

r2

`2
− q2

2
log

r

`
, (5.22)

A = −q
2

log(
r

`
) dt, (5.23)

with Λ =
−1

`2
. Horizons are at ∆ = 0. For this solution, the cosmological gauge

field A (denoted bold in order to be distinguished from the Maxwell field Aµ) in an

appropriate gauge is (see Appendix A)

A = −(
4r2 − q2`2

8`
)dt ∧ dϕ. (5.24)

The gauge freedom ofA is fixed such that it reproduces the variation of the mass and

the other charges with respect to ` correctly. To see this, one can use the covariant

phase space formulation of charges. The details of the formulation are described in

[29, 30, 1]. However, for the sake of completeness, we have added Appendix-A.1

which provides the final formula to perform such charge calculations.

Properties: Horizon Killing vectors are ξH = ∂t. Using A from (5.24) in the defini-

tion of ΘH in (1.11), we get

ΘH =

∫
rH

(∂t) ·
(
−(4r2 − q2`2)

8`
dt ∧ dϕ

)

=

∫
rH

(
−(4r2 − q2`2)

8`
)dϕ

= −π(4r2
H − q2`2)

4`
. (5.25)

For the other properties, including C from (1.9), we find
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M =
m

8
, Q =

q

4
, C = − 1

4π`
, ΘH = −π(4r2

H − q2`2)

4`

ΦH = −q
2

log
rH
`
, TH =

4r2
H − q2`2

8πrH`2
, SH =

πrH
2
. (5.26)

The generator of the entropy as a conserved charge is ηH = 1
TH
{∂t,−ΦH} [29, 30].

The first law and the Smarr formula:

The generalized first law and the Smarr formula for this solution are

δM = THδSH + ΦHδQ+ ΘHδC, (5.27)

0 = THSH −ΘHC (5.28)

respectively. The Smarr relation can be checked easily using (5.26). To check the first

law, notice that the solution has three free parameters m,q and `. Using the relations

δmrH =
2`2rHδm

4r2
H − q2`2

, δqrH =
2q`2rH log( rH

`
)δq

4r2
H − q2`2

, δ`rH =
rH
`
δ`, (5.29)

and following the same steps as in the example 3.1, the first law can also be checked.

The result is affirmative, and the first law holds for the charged static BTZ black hole.

5.3 Lifshitz z = 3 black hole

Theory: New Massive Gravity (NMG) theory in 2 + 1 dimensions [31]

L =
1

16π

(
R− 2Λ +

1

m2
(RµνR

µν − 3

8
R2)

)
. (5.30)
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Solution: The metric in the coordinates xµ = (t, r, ϕ) is [32, 33]

ds2 = −(
r

`
)2z(1− m`2

r2
) dt2 +

dr2

r2

`2
(1− m`2

r2
)

+ r2dϕ2 (5.31)

for z = 3, one has Λ = − 13
2`2

and m2 = 1
2`2

. Notice that m and m are different

parameters: the former is a parameter in the Lagrangian, and the latter is a parameter

of the solution. The event horizon is at rH =
√
m`2. The Cosmological gauge field

in an appropriate gauge for this solution is (see appendix A)

A =
√
|Λ|
(

3m2

8Λ
− r4

4`2

)
dt ∧ dϕ. (5.32)

Properties:

For this black hole, one can find [34, 35, 36, 37, 30]

M =
m2

4
, C = −

√
13

2

1

4π`
, TH =

r3
H

2π`4
, SH = 2πrH . (5.33)

Using the horizon Killing vector ξH = ∂t and A from (5.32) in (1.11), we find

ΘH =

∫
rH

(∂t) ·
(√
|Λ|(3m2

8Λ
− r4

4`2
)dt ∧ dϕ

)

=

∫
rH

√
|Λ|(3m2

8Λ
− r4

4`2
)dϕ

= −
√

2

13
4πm2`, (5.34)

where, in the last equality, we used Λ = − 13
2`2

and rH =
√
m`2.

The First law and the Smarr formula:

This solution has two free parameters m and `. The horizon radius in terms of these
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two parameters is rH =
√
m`2, which makes the calculations very simple. Using

(5.33) and (5.34), the generalized first law and Smarr formula for this solution

δM = THδSH + ΘHδC, (5.35)

0 = THSH −ΘHC (5.36)

can be checked easily for variations with respect to m and `. Hence, for this example

the first law and Smarr formula hold.

5.4 BTZ black hole in the New Massive Gravity

Theory: The theory is again the NMG theory in 3 dimensions [31]

L =
1

16π

(
R− 2Λ +

1

m2
(RµνR

µν − 3

8
R2)

)
. (5.37)

Solution: The solution is exactly the same BTZ solution reviewed in Example 5.1,

i.e. in coordinates xµ = (t, r, ϕ) the metric is [26, 38]

ds2 = −∆dt2 +
dr2

∆
+ r2(dϕ− ωdt)2, ∆ ≡ −m+

r2

`2
+

j2

4r2
, ω ≡ j

2r2
, (5.38)

but for Λ = −1
`2

+ 1
4`4m2 and we assume also Λ < 0. Horizons are at 2r2

± = `2(m ±√
m2 − j2

`2
). Cosmological gauge field for this black hole solution can be found to be

(see appendix A)

A = −
√
|Λ|
(
r2

2
− m`2

2(1− 2m2`2)

)
dt ∧ dϕ. (5.39)

The gauge freedom (i.e. the second term in the parenthesis) is fixed such that using the
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covariant phase space formulation of charges (see Appendix-A.1), or other methods

such as the ADT formulation [39, 40, 41], yields correct mass variations with respect

to ` as well as other solution parameters.

Properties: Although this black hole is exactly the same as the BTZ black hole in

Example 3.1, it is solution to a different theory which affects the charges M , J , and

S [38, 42]

M = (1 +
1

2`2m2
)
m

8
, J = (1 +

1

2`2m2
)
j

8
,

Ω± =
r∓
`r±

, T± =
r2
± − r2

∓

2π`2r±
, S± = (1 +

1

2`2m2
)
πr±

2
. (5.40)

Horizon Killing vectors are ξ± = ∂t + Ω±∂ϕ. Cosmological charge and horizon

potential for this solution are

C = −
√
|Λ|

4π
, Θ± = −π

√
|Λ|
(
r2
± −

m`2

1− 2m2`2

)
. (5.41)

First law and Smarr formula:

The generalized first law for this solution is

δM = T±δS± + Ω±δJ + Θ±δC, (5.42)

which can be checked to be a correct relation by using variations with respect to three

free parameters of this solution m, j and `. On the other hand, the generalized Smarr

formula is not satisfied for this solution. To satisfy the Smarr formula one needs to

take into account the dimensionful quantity m in a suitable way which we have not

been able to do so far.
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5.5 Horndeski BTZ-like black hole

Theory: A Horndeski gravity in 3 dimensions [44] has the Lagrangian

L =
1

16π

(
R− 2Λ− 2(αgµν − γGµν)∇µφ∇νφ

)
, (5.43)

where Gµν = Rµν − 1
2
Rgµν is the Einstein tensor.

Solution: The metric in the coordinates xµ = (t, r, ϕ) is [45]

ds2 = −fdt2 +
dr2

f
+ r2(dϕ2 − j

r2
dt),

f = −m+
αr2

γ
+
j2

r2
, dφ =

√
−(α + γΛ)

2αγf
dr (5.44)

where γ < 0 and (m, j) are free parameters of the solution. The cosmological gauge

field for this solution can be found to be (see appendix A)

A = −
√
|Λ|
(
r2

2
− γm

4α

)
dt ∧ dϕ. (5.45)

The gauge is fixed such that the covariant formulation of conserved charges (see Ap-

pendix A.1) produces correct mass variation with respect to Λ, i.e. the δΛM .

Properties: For this solution, the charges and the chemical potentials are computed

to be [46]

M =
(α− Λγ)m

16α
, J =

(α− Λγ)j

8α
, r2

± =
γm∓

√
γ2m2 − 4γαj2

2α
,

Ω± =
j

r2
±
, κ± =

α(r2
+ − r2

−)

γr±
, T± =

(
α− Λγ

4πα

)
κ±, S± =

πr±
2
. (5.46)
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Notice that α < 0 in order to have finite and positive horizon radii. Note also that the

temperature is different from the usual κ
2π

(i.e. the standard Hawking temperature)

by a factor α−Λγ
4πα

which is a result of the fact that in Horndeski gravities, the effective

speed of the graviton can be (as in our example here) different from 1 [46]. The

cosmological charge and the horizon potential, using (1.11) and (5.45), are

C = −
√
|Λ|

4π
, Θ± = −π

√
|Λ|(r2

± −
γm

2α
). (5.47)

First law and Smarr formula:

This solution has three free parameters m, j and Λ. The generalized first law for this

solution is

δM = T±δS± + Ω±δJ + Θ±δC, (5.48)

which can be checked to be a correct relation by using variations with respect to three

free parameters of this solution. For this solution, the generalized Smarr formula is

not satisfied as in the previous example. So one should find the correct formula taking

into account all the dimensionful parameters in the theory.

62



CHAPTER 6

SOLUTIONS IN 4 DIMENSIONS

6.1 (A)dS-Kerr-Newman black hole

Theory: Einstein-Maxwell-Λ theory in 4 dimensions [47, 48, 49, 50, 51, 52]

L =
1

16π
(R− 2Λ− FµνF µν). (6.1)

Solution: The metric in the coordinates xµ = (t, r, θ, ϕ) is

ds2 = −∆θ(
1− Λr2

3

Ξ
−∆θf)dt2 +

ρ2

∆r

dr2 +
ρ2

∆θ

dθ2 − 2∆θfa sin2 θ dtdϕ

+

(
r2 + a2

Ξ
+ fa2 sin2 θ

)
sin2 θ dϕ2 , (6.2)

where

ρ2 ≡ r2 + a2 cos2 θ , ∆r ≡ (r2 + a2)(1− Λr2

3
)− 2mr + q2 ,

∆θ ≡ 1 +
Λa2

3
cos2 θ , Ξ ≡ 1 +

Λa2

3
, f ≡ 2mr − q2

ρ2Ξ2
.

In these coordinates, the Maxwell gauge field is

A =
qr

ρ2Ξ
(∆θdt− a sin2 θ dϕ) . (6.3)
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For positive and negative signs of Λ, the solution is de Sitter or Anti de Sitter Kerr-

Newman black hole respectively. The analysis here is independent of this sign, and

we leave it to be either positive or negative. We denote the cosmological gauge field

by A, in order to distinguish it from the Maxwell gauge field A. For this solution, A

can be found to be (see appendix A)

A = −
√
|Λ|(r3 + 3ra2 cos2 θ + ma2

Ξ
) sin θ

3Ξ
dt ∧ dθ ∧ dϕ. (6.4)

Similar to the other solutions described above, the gauge is fixed if one demands that

the mass, angular momentum and other charges to be reproduced correctly by the

covariant formulation of charges.

Properties: One can find the thermodynamic variables for this solution irrespective

of the sign of Λ as [54, 55]

M =
m

Ξ2
, J =

ma

Ξ2
, Q =

q

Ξ
, ΦH =

qrH
r2
H + a2

,

ΩH =
a(1− Λr2

H

3
)

r2
H

+ a2
, TH =

r
H
(1− Λa2

3
− Λr2

H
− a2

r2
H

)

4π(r2
H

+ a2)
, S

H
=
π(r2

H
+ a2)

Ξ
, (6.5)

in which r
H

is the radius of the considered horizon. The cosmological charge and

potential can also be found by the equations (1.9) and (1.11)

C = ±
√
|Λ|

4π
, ΘH = −

√
|Λ|4π(r3

H + rHa
2 + ma2

Ξ
)

3Ξ
. (6.6)

The upper and lower signs are for de Sitter and Anti de Sitter black holes respectively.

First law and Smarr formula:

This solution has four free parameters (m, a, q,Λ). Using (6.5) and (6.6), the gener-

alized first law and Smarr formula for this solution
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δM = THδSH + ΩHδJ + ΦHδQ+ ΘHδC, (6.7)

M = 2THSH + 2ΩHJ + ΦHQ−ΘHC, (6.8)

can be checked for variations with respect to the parameters pi ∈ {m, a, q,Λ}. Hence,

for this example the generalized first law and Smarr formula hold. In appendix A.2

the method of checking the first law and Smarr formula are described, if the horizon

radii cannot be found explicitly in terms of the parameters pi of the solution.

6.2 A black hole in Horndeski gravity

Theory: The Lagrangian of the theory is [44]

L =
1

16π

(
(1 + β

√
−X)R− 2Λ + ηX − β

2
√
−X

[(�φ)2 − (∇µ∇νφ)2]
)

(6.9)

β, η are constants. A black hole solution for this theory is introduced in [56] with the

metric

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2(dθ2 + sin2 θdϕ2), (6.10)

and

f = 1− 2m

r
− β2

2ηr2
− Λr2

3
, dφ =

√
2β

ηr2
√
f
dr. (6.11)

The cosmological gauge field for this solution is (see appendix A)

A = −
√
|Λ|
3

r3 sin θ dt ∧ dθ ∧ dϕ, (6.12)
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which is fixed in a gauge such that it reproduces the mass correctly using the covariant

formulation of charges in appendix A.1.

Properties: The mass, temperature and entropy for this solution are [46]

M = m, TH =
β2 + 2η(r2

H
− Λr4

H
)

8πηr3
H

, S = πr2
H
, (6.13)

and the cosmological charge and potential are

C = −
√
|Λ|

4π
, ΘH = −

√
|Λ|4πr3

H

3
. (6.14)

First law and Smarr formula:

This solution has two free parametersm, Λ. The generalized first law for this solution

is

δM = THδSH + ΘHδC, (6.15)

which can be checked to be a correct relation by using variations with respect to the

two free parameters of this solution. For this solution, the generalized Smarr formula

is not satisfied as in some of the examples above.

6.3 A black brane in Horndeski gravity

Theory: The Lagrangian of the theory is [44]

L =
1

16π

(
R− 2Λ− FµνF µν − 2(αgµν − γGµν)∇µφ∇νφ

)
(6.16)

in which Gµν = Rµν − 1
2
Rgµν is the Einstein tensor.
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Solution: The metric in the coordinates xµ = (t, r, x, y) is

ds2 = −h(r)dt2 +
dr2

f(r)
+ r2(dx2 + dy2), (6.17)

h =
r2

`2
− m

r
+

4q2

(4 + β)r2
− 4q4`2

15(4 + β)2r6
,

f =
(4 + β)2r8h(

2q2`2

3
− (4 + β)r4

)2 ,

dφ =

√
β − 2q2`2

3r4

4γf
dr, A =

(q
r
− 2q3`2

15(4 + β)r5

)
dt. (6.18)

with [57]

Λ = −
3(1 + β

2
)

`2
, α =

3γ

`2
. (6.19)

It is easy to see that in order to vary Λ while keeping the α fixed, one can simply

take variations with respect to β. So, in order to check the first law we will use

variations with respect to β which appears explicitly in the solution, instead of the Λ.

The cosmological gauge field for this solution is (see appendix A

A = −
√
|Λ|
(
r3

3
+

2q2`2

3r(4 + β)
− m`2

6

)
dt ∧ dθ ∧ dϕ. (6.20)

The first two terms in the parenthesis are determined by the equation F = dA and

Eq.(1.6), while the last term in the parenthesis is a gauge fixing term, i.e. it does not

contribute to F by the equation F = dA. This gauge fixing term is determined by

putting theA and its variations into the covariant formulation of charges to reproduce

mass correctly.

Properties: The mass, electric charge, and entropy “densities" for this solution are
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[46]

M =
(4 + β)m

32π
, Q =

q

4π
, S =

r2
H

4
. (6.21)

By densities it is understood that the charges are calculated without performing the in-

tegration over the x and y coordinates. Besides, surface gravity and electric potential

on the horizon are

κ =
3rH

2`2
− q2

(4 + β)r3
H

, ΦH =
q

rH

− 2q3`2

15(4 + β)r5
H

. (6.22)

This example is a very special example in this work, because the standard (as well

as the generalized) first law and Smarr formula do not hold if one uses the Hawking

temperature T0 = κ
2π

as the temperature of the black brane. However, in the Ref.[46]

it is shown that this a generic feature in Horndeski gravity (and any model of gravity

in which the speed of graviton differs from c = 1). The physical temperature in

Hawking radiation is dominated by the gravitons, and it is related to the Hawking

temperature by an overall factor which is a function of the parameters of the solution.

The interested reader is invited to study the original paper [46] for the details. Here,

we only report the final result for the example under considerations. The physical

temperature is related to the T0 by

TH =

(
3(4 + β)r4

H − 2q2`2

12r4
H

)
T0. (6.23)

The cosmological charge and potential for this solution are

C = −
√
|Λ|

4π
, ΘH = −

√
|Λ|
(
r3
H

3
+

2q2`2

3rH(4 + β)
− m`2

6

)
. (6.24)

First law and Smarr formula:

This solution has three free parameters m, q, and β. This latter parameter is represen-

tative of the Λ in the solution. The generalized first law for this solution is
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δM = THδSH + ΦHδQ+ ΘHδC, (6.25)

which can be checked to be a correct relation by using variations with respect to the

three free parameters of this solution. For this solution, the generalized Smarr formula

is not satisfied as like as some of the previous examples.

6.4 MTZ black hole

Theory: The Lagrangian has the metric gµν , a scalar field φ, and the Maxwell gauge

field Aµ as dynamical fields [58, 60]

L =
1

16π

(
R− 2Λ− FµνF µν − 2∇µφ∇µφ− 1

3
Rφ2 − αφ4

)
. (6.26)

Solution: The dynamical fields in the coordinates xµ = (t, r, θ, ϕ) are [58, 60]

ds2 = −fdt2 +
dr2

f
+ r2(dθ2 + sin2 θdϕ2), f = (1− m

r
)2 − r2

`2
,

A =
q

r
, φ =

√
3(m2 − q2)

r −m
, (6.27)

where

Λ =
3

`2
, q2 = m2(1 +

2Λ

9α
). (6.28)

Horizon radii are at r± = `
2
(±1 ∓

√
1∓ 4m

`
), and cosmological horizon is at rc =

`
2
(1 +

√
1− 4m

`
). It is clear that in order to have black holes, the conditions 0 < m <

`
4

and α < −2Λ
9

should be satisfied. Moreover, 0 < Λ to have de Sitter asymptotics

for this solution. In our analysis, we will focus on rH = r+, i.e. the black hole

event horizon. However, the analysis applies to the other horizons by inserting an
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appropriate sign for the temperature. The cosmological gauge field A in a gauge

which is fixed similar to the other examples mentioned above, can be found to be (see

appendix A)

A = −
√

Λr3

3
dt ∧ dθ ∧ dϕ. (6.29)

Properties: The mass, electric charge and horizon potential, temperature and entropy

of MTZ black hole can be found respectively as [58, 59, 60]

M = m, Q = q, ΦH =
q

rH
,

TH =
m(rH −m)

2πr3
H

− ΛrH
6π

, SH = πr2
H

(
1− m2 − q2

(rH −m)2

)
. (6.30)

We notice that the temperature is the standard Hawking temperature which can be

found by the relation TH = 1
4π

df
dr

on the horizon, while the entropy is the Bekenstein-

Hawking entropy AH
4

multiplied by the factor of scalar curvatureR in the Lagrangian,

i.e. 1− φ2

3
. The cosmological charge and potential are

C =

√
Λ

4π
, ΘH = −

√
Λ4πr3

H

3
. (6.31)

First law and Smarr formula:

This solution has three parameters m, q, and `, but q is not an independent parameter,

and is related to the other two parameters by the relation (6.28). The generalized first

law for this solution is

δM = THδSH + ΦHδQ+ ΘHδC, (6.32)
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which can be checked to be a correct relation by using variations with respect to the

two free parameters of this solution. For this solution, the generalized Smarr formula

is not satisfied.
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CHAPTER 7

SOLUTIONS IN 5 AND HIGHER DIMENSIONS

7.1 (A)dS-Myers-Perry black hole

The (A)dS-Myers-Perry black hole solution is generalization of (A)dS-Kerr black

hole to 5 (and higher dimensions) [61].

Theory: Einstein-Λ gravity in 5 dimension

L =
1

16π
(R− 2Λ). (7.1)

Solution: The metric in the coordinates xµ = (t, r, θ, ϕ, ψ) with θ ∈ [0, π
2
] and

ϕ, ψ ∈ [0, 2π] is

ds2 = −
∆θ(1− Λr2

6
)dt2

ΞaΞb

+
2m

ρ2
(
∆θdt

ΞaΞb

− a2 sin2 θ
dϕ

Ξa

− b2 cos2 θ
dψ

Ξb

)2

+
ρ2dr2

∆r

+
ρ2dθ2

∆θ

+
r2 + a2

Ξa

sin2 θdϕ2 +
r2 + b2

Ξb

cos2 θdψ2, (7.2)

where

∆r =
(r2 + a2)(r2 + b2)(1− Λr2

6
)

r2
− 2m, ∆θ = 1 +

a2Λ

6
cos2 θ +

b2Λ

6
sin2 θ,

ρ2 = r2 + a2 cos2 θ + b2 sin2 θ, Ξa = 1 +
a2Λ

6
, Ξb = 1 +

b2Λ

6
. (7.3)

Horizons of Myers-Perry black hole are situated at rH which are the roots of ∆r = 0.

The cosmological gauge field can be found to be (see appendix A)
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A = −
√
|Λ| sin θ cos θ

ΞaΞb

{
r4 + 2r2(a2 cos2 θ + b2 sin2 θ)

4
+ α0

}
dt ∧ dθ ∧ dϕ ∧ dψ,

(7.4)

where

α0 =
a2b2

4
+
m(a2 + b2 + a2b2Λ

3
)

6ΞaΞb

.

The constant α0, which is a gauge fixing term, is determined by the covariant formu-

lation of charges in the appendix A.1.

Properties: Denoting the angular momenta associated with the axial symmetries of

the coordinates ϕ and ψ by Jϕ and Jψ:

M =
πm(2Ξa + 2Ξb − ΞaΞb)

4Ξ2
aΞ

2
b

, Jϕ =
πam

2Ξ2
aΞb

, Jψ =
πbm

2ΞaΞ2
b

,

Ωϕ
H =

a(1− Λr2H
6

)

(r2
H + a2)

, Ωψ
H =

b(1− Λr2H
6

)

(r2
H + b2)

,

TH =
r4
H [1− Λ

6
(2r2

H + a2 + b2)]− a2b2

2πrH [(r2
H + a2)(r2

H + b2)]
, SH =

π2[(r2
H + a2)(r2

H + b2)]

2ΞaΞbrH
. (7.5)

The cosmological charge and potential can be read from (1.9) and (1.11):

C = ±
√
|Λ|

4π
, (7.6)

ΘH = −
√
|Λ|π2

ΞaΞb

(
(r2
H + a2)(r2

H + b2)

2
+
m(a2 + b2 + Λa2b2

3
)

3ΞaΞb

)
, (7.7)

with the positive and negative C for the solutions with dS and AdS asymptotics.

First law and Smarr formula:

This solution has four free parameters (m, a, b,Λ). Using (7.5) and (7.7), the gener-
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alized first law and Smarr formula for this solution

δM = THδSH + Ωϕ
HδJϕ + Ωψ

HδJψ + ΘHδC, (7.8)

2M = 3THSH + 3Ωϕ
HJϕ + 3Ωψ

HJψ −ΘHC, (7.9)

can be checked for variations with respect to the parameters pi ∈ {m, a, b,Λ}. Hence,

for this example the generalized first law and Smarr formula hold. For the solutions

whose horizon may not be found analytically in terms of the parameters of the solu-

tion (like Myers-Perry solutions), we refer the reader to the appendix A.2, in order to

find how to check the first law and Smarr formula easily.

7.2 (A)dS-Reisner-Nordström-Tangherlini black hole

This family of black holes is generalization of the (A)dS-Reisner-Nordström black

hole to higher D dimensions, which are spherically symmetric solutions with electric

charges.

Theory: With the dynamical fields as the metric gµν and Maxwell gauge field Aµ, the

theory is described by the Lagrangian of Einstein-Maxwell-Λ gravity in D dimen-

sions, the metric reads

L =
1

16π
(R− 2Λ− FµνF µν), (7.10)

where Fµν = ∂µAν − ∂νAµ is the field strength.

Solution: Denoting the time and radius coordinates by t and r, for these black holes

in D dimensions

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

D−2
, A =

√
(D − 2)

2(D − 3)

q

rD−3
dt,

f = 1− 2m

rD−3
+

q2

r2(D−3)
− 2Λr2

(D − 1)(D − 2)
, Ω

D−2
=

2π
D−1
2

Γ(D−1
2

)
, (7.11)

where Ω
D−2

is the area of the D − 2 dimensional unit sphere, and Γ is the gamma

function. Horizons are situated at the radii which can be found as roots of f(rH) = 0.
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The cosmological gauge field for this family of solutions is (see appendix A)

A = −
√
|Λ|

D − 1
rD−1 dt ∧ dΩ

D−2
. (7.12)

Properties: For these black holes, mass, electric charge and potential, temperature

and entropy are

M =
(D − 2)Ω

D−2
m

8π
, Q =

√
(D−2)(D−3)

2
Ω
D−2

q

4π
,

TH =
1

4π

(
2(D − 3)m

rD−2
H

− 2(D − 3)q2

r
2(D−3)+1
H

− 4ΛrH
(D − 1)(D − 2)

)
,

ΦH =

√
D − 2

2(D − 3)

q

rD−3
H

, SH =
rD−2
H Ω

D−2

4
. (7.13)

The temperature is the standard Hawking temperature which can be found by the

relation TH = 1
4π

df
dr

on the horizon, while the entropy is the Bekenstein-Hawking

entropy AH
4

. Using (1.9) and (1.11), the cosmological charge and potential are found

as:

C = ±
√
|Λ|

4π
, ΘH = −

√
|Λ|

D − 1
rD−1
H Ω

D−2
, (7.14)

with the positive and negative C for the solutions with dS and AdS asymptotics.

First law and Smarr formula:

The RNT black holes have three free parameters (m, q,Λ). Using (7.13) and (7.14),

and variations with respect to three parameters, the generalized first law and Smarr

formula for this family of solutions are satisfied as

δM = THδSH + ΦHδQ+ ΘHδC, (7.15)

(D − 3)M = (D − 2)THSH + (D − 3)ΦHQ−ΘHC. (7.16)

For these solutions the horizon radii may not be found analytically in terms of the

parameters of the solution. We refer the reader to the appendix A.2, in order to find

how to check the first law and Smarr formula without having the explicit form of rH .
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7.3 Charged rotating black hole in minimal gauged supergravity

Theory: Lagrangian of the minimal gauged supergravity in 5 dimensions is

L =
1

16π
(R− 2Λ− FµνF µν +

2

3
√

3
εµ1µ2...µ5Fµ1µ2Fµ3µ4Aµ5), (7.17)

where εµ1µ2...µ5 is the 5 dimensional Levi-Civita symbol with components +1 or −1.

The last term in the Lagrangian above is the Chern-Simons term.

Solution: The metric in the coordinates xµ = (t, r, θ, ϕ, ψ) with θ ∈ [0, π
2
] and

ϕ, ψ ∈ [0, 2π] is [62]

ds2 = −
∆θ[(1− Λr2

6
)ρ2dt+ 2qν]dt

ΞaΞbρ2
+

2qνω

ρ2
+
f

ρ4
(
∆θdt

ΞaΞb

− ω)2 +
ρ2dr2

∆r

+
ρ2dθ2

∆θ

+
r2 + a2

Ξa

sin2 θdϕ2 +
r2 + b2

Ξb

cos2 θdψ2, (7.18)

where

ν = b sin2 θdϕ+ a cos2 θdψ, ω = a sin2 θ
dϕ

Ξa

+ b cos2 θ
dψ

Ξb

,

∆r =
(r2 + a2)(r2 + b2)(1− Λr2

6
) + q2 + 2abq

r2
− 2m,

ρ2 = r2 + a2 cos2 θ + b2 sin2 θ, Ξa = 1 +
a2Λ

6
, Ξb = 1 +

b2Λ

6
,

f = 2mρ2 − q2 − Λ

3
abqρ2, ∆θ = 1 +

a2Λ

6
cos2 θ +

b2Λ

6
sin2 θ. (7.19)

The Maxwell gauge field in this solution is

A =

√
3q

2ρ2
(
∆θdt

ΞaΞb

− ω). (7.20)

In the special cases of q = 0 and a = b = 0, one recovers the (A)dS-Myers-Perry and

the (A)dS-Reisner-Nordström-Tangherlini black holes in 5 dimensions. However,

in its general form, it is not a solution to Einstein-Maxwell-Λ theory. Instead, it is

a solution to a theory which is supersymmetric, and has a Chern-Simons term in it.
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Having in mind that conserved charges depend on the Lagrangian, it is worth studying

this solution separately. The horizon radii are

r2
± = m− a2 + b2

2
±
√

(m− (a− b)2

2
+ q)(m− (a+ b)2

2
− q). (7.21)

The cosmological gauge field can be found to be (see appendix A)

A = −
√
|Λ| sin θ cos θ

ΞaΞb

(
r4 + 2r2(a2 cos2 θ + b2 sin2 θ)

4
+ σ0

)
dt ∧ dθ ∧ dϕ ∧ dψ,

(7.22)

σ0 =
a2b2

4
+
m(a2 + b2 + a2b2Λ

3
)

6ΞaΞb

+
abq(Ξa + Ξb)

3ΞaΞb

.

The constant α0, which is a gauge fixing term, is determined by the covariant formu-

lation of charges in the appendix A.1.

Properties:[62]

M =
πm(2Ξa + 2Ξb − ΞaΞb)− 2πabqΛ

6
(Ξa + Ξb)

4Ξ2
aΞ

2
b

, Q =

√
3πq

2ΞaΞb

,

Jϕ =
π(2am+ qb(1− a2Λ

6
))

4Ξ2
aΞb

, Jψ =
π(2bm+ qa(1− b2Λ

6
))

4ΞaΞ2
b

,

Ωϕ
H =

a(r2
H + b2)(1− Λr2H

6
) + bq

σ
, Ωψ

H =
b(r2

H + a2)(1− Λr2H
6

) + aq

σ
,

TH =
r4
H [1− Λ

6
(2r2

H + a2 + b2)]− (ab+ q)2

2πrHσ
, SH =

π2σ

2ΞaΞbrH
,

ΦH =

√
3qr2

H

2σ
. (7.23)

and σ = (r2
H + a2)(r2

H + b2) + abq. The cosmological charge and potential by the

equations (1.9) and (1.11) are:

C = ±
√
|Λ|

4π
,

ΘH = −
√
|Λ|π2

ΞaΞb

(
(r2
H + a2)(r2

H + b2)

2
+
m(a2 + b2 + Λa2b2

3
) + 2abq(Ξa + Ξb)

3ΞaΞb

)
,

(7.24)

with the positive and negative C for the solutions with dS and AdS asymptotics.
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First law and Smarr formula:

This solution has five free parameters (m, a, b, q,Λ). Using (7.23) and (7.24), the

generalized first law and Smarr formula for this solution

δM = THδSH + Ωϕ
HδJϕ + Ωψ

HδJψ + ΦHδQ+ ΘHδC, (7.25)

2M = 3THSH + 3Ωϕ
HJϕ + 3Ωψ

HJψ + 2ΦHQ−ΘHC, (7.26)

can be checked for variations with respect to the parameters pi ∈ {m, a, b, q,Λ}.
Hence, for this example the generalized first law and Smarr formula hold.

7.4 Lifshitz z = 2 black brane

Theory: The Lagrangian contains second order terms in curvature as follows:

L =
1

16π

(
R− 2Λ + αR2 + βRµνR

µν + γ(R2 − 4RµνR
µν +RµνσρR

µνσρ)
)
.

(7.27)

The last term is the Gauss-Bonnet term, and the coupling constants are

Λ = − 2197

551`2
, α = −16`2

725
, β =

1584`2

13775
, γ =

2211`2

11020
. (7.28)

Solution: The metric in the coordinates xµ = (t, r, x, y, z) is [33, 36]

ds2 = −(
r

`
)2z(1− m`

5
2

r
5
2

) dt2 +
dr2

r2

`2
(1− m`

5
2

r
5
2

)
+ r2(dx2 + dy2 + dz2) (7.29)

for z = 2. The horizon is a brane located at rH = m
2
5 `. The cosmological gauge field

for this solution is (see appendix A)

A = −
√
|Λ|(r

5

5`
− 13121m2`4

87880
) dt ∧ dx ∧ dy ∧ dz. (7.30)

The last term is a gauge fixing term which is fixed by using the covariant charge

method of charges (see appendix A.1) to reproduce the δ`M correctly.

Properties: Using the solution phase space method in [29, 30] or other methods

[34, 35, 36, 37] we find

M =
297m2`2

17632π
, TH =

5m
4
5

8π`
, SH =

99m
6
5 `3

2204
. (7.31)
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M and SH denote mass and entropy densities of the black brane. Using the equations

(1.9) and (1.11), the cosmological charge and potential are:

C = −
√
−Λ

4π
, ΘH = −

√
|Λ|(r

5
H

5`
− 13121m2`4

87880
). (7.32)

First law and Smarr formula:

This solution has two free parameters m, `. The generalized first law and Smarr

formula for this solution are

δM = THδSH + ΘHδC, (7.33)

2M = 3THSH −ΘHC, (7.34)

which can be checked to be a correct relation by using variations with respect to the

two free parameters of this solution. We note that the couplings (α, β, γ) are not

independent from the Λ. So, we could expect to have the Smarr formula without

contributions from these parameters.

7.5 AdS-Schwarzschild black holes in higher curvature gravity

Theory: The Lagrangian which we consider as the last example in this work is the

Einstein-Λ gravity with higher curvature terms in arbitrary D > 2 dimensions

L =
1

16π

(
R− 2Λ + αR2 + βRµνR

µν
)
, (7.35)

in which α and β are arbitrary constants.

Solution: The metric is simply generalization of AdS-Schwarzschild black hole to D

dimensions, which is

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

D−2
, f = 1− 2m

rD−3
+
r2

`2
, (7.36)

where ` satisfies Λ = −`2(D2−3D+2)+(αD+β)(D−4)(D−1)2

2`4
. The cosmological gauge field

for this family of solutions is (see appendix A)

A = −
√
|Λ|
(
rD−1

D − 1
+ σ0

)
dt ∧ dΩ

D−2
,

σ0 =
4m`2(αD + β)

2(D − 1)(D − 4)(αD + β)− (D − 2)`2
. (7.37)
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The σ0 is a gauge fixing term which can be fixed by covariant formulation of charges

which is described in the appendix A.1.

Properties: Conserved charges, such as the mass and entropy, depend on the solution

as well as the theory. As a result, although these black holes are simply the AdS-

Schwarzschild solutions, but the theory differs from the Einstein-Λ theory. The new

charges associated with these solutions are different, and can be found to be [30]

M = X ×
(D − 2)Ω

D−2

8π
m, TH =

(D − 1)rD−2
H

+ (D − 3)`2 rD−4
H

4π`2 rD−3
H

,

SH = X ×
rD−2

H
Ω
D−2

4
. (7.38)

in which

X =
`2 − 2D(D − 1)α− 2(D − 1)β

`2
, Ω

D−2
=

2π
D−1
2

Γ(D−1
2

)
, (7.39)

and horizons are determined by the equation rD−1
H

+ `2rD−3
H
− 2m`2 = 0. By the

equations (1.9) and (1.11), the cosmological charge and potential are:

C = −
√
−Λ

4π
, ΘH = −

√
|Λ|( r

D−1
H

D − 1
+ σ0)Ω

D−2
. (7.40)

First law and Smarr formula:

This family of solutions have two free parameters in the solution, (m, `). These pa-

rameters should not be confused with the (α, β) which are free parameters/couplings

in the Lagrangian. In case of α = β = 0, we recover the AdS-Schwarzschild black

holes in Einstein-Λ theory which we have already studied in the example 7.2 (by set-

ting q = 0). So, in this case, we have already shown that the generalized first law and

Smarr formula hold. If at least one of the α or β is non-zero, one can check that the

first law is still satisfied, using (7.39) and (7.40) and the method which is described

in the appendix A.2 as

δM = THδSH + ΘHδC. (7.41)

However, the Smarr formula fails to be satisfied which is to be expected as one needs

to incorporate the other dimensionful parameters α and/or β which is an outstanding

problem at this stage.
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CHAPTER 8

UNIVERSALITY OF THE SMARR FORMULA

In the black hole physics literature, the Smarr formula is not considered as a universal

relation. Clearly, it does depend on the dimension of space-time D. However, one

can still inquire if the Smarr relation (4.1) is a generic relation. In spite of the fact

that in some of the examples that we have analyzed, this relation fails, one can see a

suggestive pattern in it: this relation only fails for the Lagrangians which contain at

least one free dimensionful parameter/coupling constant (in addition to the Λ). This

observation suggests that this generalized Smarr formula should be extended such that

it contains the contributions from those dimensionful parameters. In this regard, and

based on our case-by-case study and the proof in 4.1, we would like to put forward

the following conjecture.

Conjecture: The Smarr formula in (4.1) can always be generalized to include con-

tributions from dimensionful coupling constants in the Lagrangian.

In order to do this generalization, one may probably use a similar method as the one

used for Λ. However, this is a subject of research beyond the scope of this paper and

needs more investigations. Some guidelines for such an approach could be: 1) if the

dimensionful parameter is a parameter in the Lagrangian, it should be promoted to be

a parameter in the solution (not in the Lagrangian), probably as a conserved charge,

2) its conjugate chemical potential in the first law should be a (well)-defined property

of the horizon, i.e. it could be found using only the information in the vicinity of the

horizon.

Let us assume that such an analysis has been successfully done, yielding new con-

served charges Ki with dimensionality Ki ∼ lk
(i) and their associated chemical po-
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tentials Ψi
H , with the following contribution to the first law:

δM = THδS + ΩHδJ + ΦHδQ+ ΘHδC + Ψi
HδKi. (8.1)

Following the steps in section 4.1 verbatim, after scaling l→ αl, one has

αD−3M(S, J,Q,C,Ki) = M
(
αD−2S, αD−2J, αD−3Q,α−1C, αk

(i)

Ki

)
. (8.2)

Using the Euler relation (4.2) and the equation (8.2), one gets

(D − 3)M =(D − 2)

(
∂M

∂S

)
S + (D − 2)

(
∂M

∂J

)
J

+ (D − 3)

(
∂M

∂Q

)
Q−

(
∂M

∂C

)
C + k(i)

(
∂M

∂Ki

)
Ki (8.3)

in which the sum over i is understood. At the end, using the generalized first law

(8.1), we find the generalized Smarr relation

(D − 3)M = (D − 2)THS + (D − 2)ΩHJ + (D − 3)ΦHQ−ΘHC + k(i)Ψi
HKi.

(8.4)

Having the general structure of the generalized Smarr formula, one may be interested

to investigate and find Ψi and Ki for the examples which failed to satisfy the non-

generalized Smarr relation 4.1. This is a very interesting subject for research in the

future, and is beyond the scope of this paper. Nonetheless it is important to emphasize,

in order to find the correct contributions from dimensionful parameters to the Smarr

relation, one needs to find a systematic and a precise description of these parameters

as conserved charges (or at least as parameters of the solution); this is because:

• variation of a Lagrangian coupling constant in the first law is conceptually prob-

lematic,

• the dimensional analysis may not determine Ki uniquely. As an example, we

remind the reader the difference of pressure P in VeffδP compared to C in

ΘHδC. The pressure (which is proportional to Λ) has dimension l−2, while C

(which is proportional to
√

Λ) is of dimension l−1. Nonetheless, both of VeffδP

and ΘHδC are allowed by the dimensional analysis,

• in the absence of a precise definition for the Ψi
H , the first law (and consequently,

the Smarr relation) could act only as a definition for it. Therefore, such relations

would be trivially satisfied.

84



Accordingly, generalization of the first law and the Smarr relation for the problematic

examples in this paper (without systematic notion of charges and chemical poten-

tials) can yield misleading outcomes, and thus we postpone their full study to later

investigations.
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CHAPTER 9

CONCLUSIONS

The cosmological constant Λ can be considered as a conserved charge C associated

with the gauge symmetry of a gauge field A. The conserved charge C is analogous

to electric charge: 1) it is a parameter of the solution, 2) it is extensive, and 3) can be

positive or negative. Besides, its conjugate ΘH is a property of the horizon. These

properties resolve problems with the V δP formulation of Λ in the first law of black

hole thermodynamics. In this paper, we generalized the Smarr formula to include a

contribution from the ΘHC term, and provided a proof for it. However, the proof

which is based on dimensional analysis, does not capture the free dimensionful pa-

rameters in the Lagrangian. We analyzed a handful number of examples to study this

issue case-by-case.

In addition, we showed that the ΘH reproduces the “effective volume" successfully.

Besides, we showed how the ambiguity of the effective volume can be removed by the

role of gauge fixing in determination of ΘH . Studying different examples in this paper

collects a fair number of black holes with non-zero Λ, and can provide a reference for

the readers about the cosmological gauge field A as a part of the black hole solutions.

The successful generalization of the first law for all of the examples, not only sup-

ports the ΘHδC formulation of Λ, but also it confirms the “modified temperature" for

Horndeski gravities which has been recently proposed in [46].
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APPENDIX A

HOW TO FIND THE COSMOLOGICAL GAUGE FIELD

In this section, we present a heuristic method to find the cosmological gauge field.

Let us denote the coordinates by (t, r, x1, . . . , xD−2) for the time, radius, and some

other coordinates xi. For black hole solutions which are stationary, components of

the metric gµν can be chosen to be independent of t. So, the determinant of the metric

g, could be a function of coordinates (r, xi). According to the equation (1.6), the

cosmological gauge field strength is equal to

F =
√
|Λ|
√
−g dt ∧ dr ∧ dx1 ∧ · · · ∧ dxD−2. (A.1)

The question is how to find a gauge field A such that F = dA. Up to a gauge

transformation, the cosmological gauge field A can be suggested to be

A = −
√
|Λ|g̃ dt ∧ dx1 ∧ · · · ∧ dxD−2, g̃ =

∫
dr
√
−g. (A.2)

It can be easily checked that F = dA is satisfied. Besides, the constant of integration

in g̃, which can be a function of parameters of the solutions as well as all coordinates

except the r, is a part of the gauge freedom. This gauge freedom can be fixed by the

covariant method of charges which is described in the next section.

One could ask about other components for A, which are in general a linear com-

bination of terms dt ∧ dr ∧ dx1 ∧ · · · ∧ dxD−2 with a missed dxi, and the term

dr ∧ dx1 ∧ · · · ∧ dxD−2. The short answer is that such a component does not con-

tribute to the ΘH defined in equation (1.11), because pull back of such a term in the

expression ξH ·A to the horizon vanishes, because such a term inevitably misses either

a direction along dt to be contracted by ξH , or one of dxi to be integrated over the

horizon.
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A.1 Covariant calculation of charges

In gravity theories, there are different methods for calculating conserved charges.

Amongst the methods, one can mention some of the well-established methods like

the ADM formulation [63, 64, 65] continued by Regge-Teitelboim [66], Brown-York

formulation [67], and ADT formulation of charges [39, 40, 41]. In this paper, we

have used a method which is called “covariant formulation of charges" and has been

introduced in the late 80s - early 90s [70, 68, 69, 71, 15, 16, 72]. Interested reader

can find reviews on this method in e.g. [25, 73, 74, 75]. In this appendix, we briefly

review the basics of this method, and provide the final formula by which the charges

are calculated.

Phase space is a manifold with a 2-form, which is called symplectic form and is

donoted by Ω. The covariant phase space formulation of charges is based on a phase

space which is built covariantly; instead of fields and their momentum conjugates in

a time slice, the phase space is built by the fields over all of the spacetime which we

denote them collectively by Φ(xµ). So, we do not need to consider their momentum

conjugates in the phase space. The symplectic 2-form of such a phase space is built

as follows. Given a Lagrangian density L, the surface term Θ can be read by the

variation of the Lagrangian dual L

dL = (E.o.M)δΦ + dΘ(δΦ,Φ), (A.3)

in which E.o.M denotes the equations of motions. Having the Θ as a 1-form on the

space of fields, and a D − 1-form on space time, the symplectic current ω is defined

by

ω(δ1Φ, δ2Φ,Φ) = δ1Θ(δ2Φ,Φ)− δ2Θ(δ1Φ,Φ) , (A.4)

which is just the exterior derivative of Θ on the field configuration space. The the

symplectic 2-form which makes the field configuration space a phase space is

Ω(δ1Φ, δ2Φ,Φ) ≡
∫

Σ

ω(δ1Φ, δ2Φ,Φ) (A.5)

where Σ is a Cauchy surface. It can be shown that using appropriate boundary condi-

tions, the result would not depend on the choice of this hypersurface.

On the covariant phase space which is built by the procedure above, one can asso-

ciate a charge variation δHε to a generator ε. The generator can be a combination of

96



diffeomorphisms and gauge transformations ε ≡ {ξµ, λ,λ}. The diffeomorphism is

xµ → xµ−ξµ, whileA→ A+dλ andA→ A+dλ are gauge transformations of the

Maxwell field and cosmological gauge field respectively. Using standard definition

of charge variations in a phase space which is δHε ≡ δεΦ · Ω,

δHε(Φ) ≡
∫

Σ

(
δ[Φ]Θ(δεΦ,Φ)− δεΘ(δΦ,Φ)

)
=

∫
Σ

dkε(δΦ,Φ) =

∮
∂Σ

kε(δΦ,Φ) .

(A.6)

In the equations above, the first equation is a result of dω = 0 (on-shell and for

linearized perturbations), and the Poincare Lemma which admits ω = dk for some

k. The last equation is the Stokes’ theorem. The last equation is practically the

most useful term for charge calculation in covariant formulation: for any solution

Φ(xµ) in any given theory L, and for any generator ε and linearized perturbation δΦ,

the kε(Φ, δΦ) can be found. Then,
∮
∂Σ
kε(δΦ,Φ) gives the δHε(Φ) as the charge

variation inside the hypersurface Σ. If ∂Σ is chosen to be the asymptotics, then δHε

would be the charge variation associated with the whole geometry.

The charge variation δHε in (A.6) may or may not be integrable, conserved, and finite.

These conditions are fully discussed in the literature (e.g. see [29]). Here we report

only the kε for the Lagrangian densities we studied in this paper, which is the most

important tensor for performing the calculations. The details can be found in [30].

Let us consider the following Lagrangian density as the theory under considerations.

L =
1

16π

(
f(R, φ)+ aRµνR

µν+ bRµναβR
µναβ
)

− 1

16π

(
cabF

a
µνF

b µν+2d
IJ
∇µφI∇µφ

J ∓ 2F 2
)
. (A.7)

In this Lagrangian, Rµ
ναβ , Rµν , and R are Riemann tensor, Ricci tensor, and Ricci

scalar, respectively. F a = dAa are some Maxwell fields labeled by index a. The φI

are some scalar fields labeled by I , and F is the cosmological field strength. The co-

efficients a(φ), b(φ), cab(φ), and d
IJ

(φ) can be arbitrary functions of φI . For clarity,

let us give a name for each one of the six parts in the Lagrangian respectively as:

L = Lf + La + Lb + Lc + Ld + LF . (A.8)

Using the notation kε = ?kε, then kε has a contribution from each one of these parts:

kµνε = kµνεf + kµνεa + kµνεb + kµνεc + kµνεd + kµνεF , (A.9)
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where can be calculated to be found as

kµνf ε(δΦ,Φ) =
1

16π

[(
hµα∇αξν −∇µhναξα −

1

2
h∇µξν

)
f ′ + 2

(
Rµα∇αh−∇αRhµα

−�∇µh+∇α∇µ∇βhαβ −∇µ(Rαβh
αβ) +

1

2
∇µRh

)
ξνf ′′

+2(∇µδφI−hµα∇αφI +
1

2
h∇µφI)ξν∂f

′

∂φI
− δφI∇µξν ∂f

′

∂φI

+
(
Rαβh

αβ −∇α∇βhαβ + �h
)

(∇µξνf ′′ − 2∇µRξνf ′′′ − 2∇µφI ξν ∂f
′′

∂φI
)

+ 2δφI∇µφJ ξν ∂2f ′

∂φI∂φJ
+ 2δφI∇µRξν ∂f

′′

∂φI

−
(
f ′(∇αhµα −∇µh)−∇αf ′hµα +∇µf ′h

)
ξν
]
− [µ↔ ν], (A.10)

kµνa ε (δΦ,Φ) =
a

16π

[(
∇αR µ

α h−∇αRhµα−∇µ(Rαβh
αβ) +∇µ∇α∇βhαβ −∇µ�h

)
ξν

− 2Rµβ∇βhνα − 2∇µRαβhνβ −∇µ(∇α∇νh−∇β∇αhνβ + �hνα −∇β∇νhαβ)

+∇µRναh+ 2Rµβ∇νhαβ
)
ξα +

(
∇α∇µh−∇β∇αhµβ −∇β∇µhαβ + �hµα

+ 2(Rαβh
µβ +Rµβhαβ)−Rµαh

)
∇αξν+

2

a
(
∇µRναξα −∇αRναξµ

) ∂a
∂φI

δφI

−
(
2Rαβ∇αhβµ−Rµα∇αh+∇αRµαh−Rαβ∇µhαβ+∇µRαβhαβ

)
ξν
]

− [µ↔ ν], (A.11)

kµνb ε (δΦ,Φ) =
b

8π

[(
2(Rµαβγ−R

µ
βαγ)hνγ+Rµ ν

α βh−R
µ ν
α γh

γ
β −∇

µ∇αhνβ+∇µ∇βhνα
)
∇βξα

+
(
Rµβ(∇αhνβ −∇βhνα) +Rµ ν

β γ∇
γh β

α +
1

2
Rµναγ(∇βhβγ −∇γh)

+ 2(∇βRµα −∇µRαβ)hνβ +∇µ∇β∇αhνβ −∇µ�hνα +∇µRναh+∇µRνβh β
α

−∇µ(Rνβαγh
βγ)
)

2ξα +
2

b
(
∇αRµναβ ξ

β −Rµανβ∇αξβ
) ∂b
∂φI

δφI

− 2
(
∇νRµανβh

αβ −Rµανβ∇
νhαβ

)
ξν
]
− [µ↔ ν], (A.12)

kµνc ε (δΦ,Φ) =
1

8π

[(−h
2

cab F
aµν+2 cab F

aµσh ν
σ − cab δF

aµν− ∂ cab
∂φI

F aµνδφI
)
(ξαAbα + λb)−

cab F
aµνξαδAbα − 2 cab F

aαµξνδAbα

]
− [µ↔ ν] , (A.13)

kµνd ε (δΦ,Φ) =
1

4π

[
ξν d

IJ
∇µφI δφJ

]
− [µ↔ ν] (A.14)

kµνF ε =
±1

8π(D − 2)!

[(−hαα
2
F µνρ3...ρD + 2hµβF β

νρ3...ρD − δF µνρ3...ρD
)
(ξσAσρ3...ρD + λρ3...ρD )

− F µνρ3...ρDξσδAσρ3...ρD + (D − 2)hαβF α
µνρ4...ρD (ξσAσβρ4...ρD + λβρ4...ρD )

+
2

D − 1
F µρ2...ρDξνδAρ2...ρD

]
− [µ↔ ν], (A.15)
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with the notation hµν = δgµν ≡ gµαgνβδgαβ , δF ρ1...ρD≡gρ1µ1 . . . gρDµDδF µ1...µD and

δF µν ≡ gµαgνβδFαβ for the metric, cosmological and Maxwell field strength varia-

tions respectively. Besides, the notations h ≡ hµµ abd f ′ ≡ ∂f
∂R

have been used. We

notice that the cosmological gauge field appears explicitly in (A.15) and its gauge

fixing is important for calculation of charges like mass.

A.2 How to check first law and Smarr formula if rH is not known

Whenever the rH is not known in terms of the parameters of the solution pi, one

may find checking the Smarr formula and the first law to be difficult, because the

entropy is usually an explicit function of rH . Here, we describe how to check these

equations, for black hole solutions whose rH is not explicitly known in terms of the

free parameters pi of the solution. The horizon radii are the roots of the equation

∆r ≡ grr = 0. In order to check the Smarr formula, instead of solving ∆r = 0

to find rH as a function of pi, one can solve this equation to find the parameter m

as a function of the {rH , p̃i}, which is simpler to be solved. By the p̃i we mean all

parameters pi except the m. Then in the Smarr formula, the parameter m is replaced

by its dependency on {rH , p̃i}, and the formula can be checked to hold or not. In

order to check the first law, in addition to this procedure, one need to know variations

of rH w.r.t the parameters pi, i.e. the δpirH . This can also be found easily by the

relation δpi∆r = 0 (at the horizon), which provides δpirH = −∂∆r

∂pi
/∂∆r

∂r
calculated

on the horizon (so r will be replaced eventually by rH).
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