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SUMMARY 

 

 
For given a graph 𝐺, the color-change rule is a graph coloring rule which satisfies 

that if all vertices of 𝐺 are colored black or white and a black vertex 𝑢 of 𝐺 has a 

unique white neighbor 𝑣, then the color of 𝑣 is changed to black. The zero forcing 

number of 𝐺 is the minimum number of black vertices of 𝐺 that must be taken initially 

to color all white vertices of 𝐺 to black. In this thesis, we study the zero forcing 

numbers of some special graphs with together the works in the literature. In particular, 

we focus on finding the zero forcing numbers of the strong product of some special 

graphs using case analysis and induction.  
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ÖZET 

 

 
Verilen bir 𝐺 çizgesi için, renk değiştirme kuralı, 𝐺'nin tüm köşeleri siyah veya 

beyaz renkliyse ve 𝐺'nin siyah bir köşesi olan 𝑢'nun yalnızca bir beyaz komşusu 𝑣 

varsa, 𝑣'nin renginin siyaha değiştirileceğini söyleyen bir çizge renklendirme kuralıdır. 

𝐺'nin sıfır zorlama sayısı, 𝐺'nin tüm beyaz köşelerini siyaha boyamak için başlangıçta 

alınması gereken 𝐺'nin minimum siyah köşe sayısıdır. Bu tezde, bazı özel çizgelerin 

sıfır zorlama sayıları literatürde yer alan çalışmalarla birlikte incelenmiştir. Özellikle, 

durum analizi ve tümevarım kullanarak bazı özel çizgelerin güçlü çarpımlarının sıfır 

zorlama sayılarını bulmaya odaklanıyoruz. 
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1. INTRODUCTION

The foundation of graph theory is based on the solution of a problem in the ar-

ticle “Seven Bridges of Königsberg” published by Swiss mathematician and physicist

Leonhard Euler in 1736. See [1] and [2] for more information on this topic.

Graph theory is a field of study in mathematics that examines relations between

objects with the help of a diagram in which the objects are shown by points and the re-

lations of the objects are shown by lines. Since graphs provide significant convenience

in modeling and solving problems, they are used not only in mathematics but also in

numerous fields such as chemistry, physics, biology, geography, computer science, and

social networks (see for instance, [3], [4], [5], [6], [7], and [8], respectively).

In chapter 2, we will present basic definitions from graph theory, we will mention

the structure of several special graphs and several special graph operations, and we will

give some examples of all of these. All of these definitions will help us throughout this

thesis.

The concept of a zero forcing set of a simple graph that is the main focus of this

thesis was introduced by “AIM Minimum Rank-Special Graphs Work Group (Barioli

et al.)” in [9]. Their main purpose was to find an upper bound for the maximum nullity

of the family of real symmetric matrices whose non-zero entries not on the diagonal

are described by a simple graph. Also, as a graph parameter zero forcing number of

a simple graph that is the minimum cardinality of its zero forcing sets was introduced

again in [9]. Moreover, the zero forcing numbers of several special graphs were found

in this article. See in [10] for more results on the zero forcing numbers of several

special graphs. We will examine most of them.

Zero forcing has attracted a lot of attention from many researchers and has be-

come the topic of their works for almost fifteen years. Zero forcing which is a great

topic of graph theory has wide applications such as quantum physics, power network

monitoring, and logic (see for instance, [11], [12], and [13], respectively). Also, some

bounds for the zero forcing number of a graph have been studied concerning some

other graph parameters such as maximum or minimum vertex degree, girth number,

and path cover number (see for instance, [14], [15] and [16]).
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In chapter 3, firstly we will give a graph coloring rule that is required for a zero

forcing process on a graph G. Subsequently, we will present basic definitions and

examples about zero forcing, and we will elaborate on several known results from [9]

and [10].

There are many results for the zero forcing number of any product of any two

special graphs (see for instance, [9], [17], [18] and [19]). We will mention the upper

or lower bounds and certain results for the zero forcing number of a special product of

any two graphs in the following. For example, Taklimi, in her Ph.D. thesis (see [20]),

found a fact regarding the zero forcing number of the join product of any two connected

graphs. AIM Minimum Rank-Special Graphs Work Group provided an upper bound

for the cartesian product of any two graphs in [9]. Huang et al. provided an upper

bound for the direct product of any two graphs in [17]. Javaid et al. found a fact

regarding the zero forcing number of the corona product of any two connected graphs

in [21]. We will refer to all of them in the later stages of this thesis.

We will mainly work on the zero forcing number of the strong product of any

two special graphs. Some studies that have been done on this topic are the following.

AIM Minimum Rank-Special Graphs Work Group found the zero forcing number of

the strong product of any two path graphs in [9]. Huang et al. provided an upper

bound for the strong product of any two graphs in [17]. They showed that the zero

forcing number of the strong product of two graphs in the set {C3n, P3n−1, Kn+1 : n ≥

1} ∪ P is equal to the upper bound. Moreover, they showed that it holds for the set

{Cn, Pk : n ≥ 5, k ≥ 2}. Brešar et al. introduced a graph parameter called Grundy

domination number of a graph G that is the maximum length of a special sequence in

[22]. We will explain this sequence. After that Brešar et al. obtained a relation between

the Grundy domination number and the zero forcing number of a graphG in [18]. This

connection provided an upper bound for the zero forcing number of any graph without

isolated vertices. Also, they introduced a new graph parameter Z−Grundy domination

number of a graphG in this paper and they presented a connection between Z−Grundy

domination number and zero forcing number of a graph G. This connection explained

the zero forcing number of any graph G without isolated vertices based on Z−Grundy

domination number of G. Also, they found the zero forcing number of the strong

product of a path graph and a cycle graph in [18].
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In chapter 4, we will examine all of the above-mentioned works and we will

present the main contributions of this thesis. Firstly, we will present a lower bound

related to the zero forcing number of the strong product of a complete graph and any

connected graph. We will present an exact result for the zero forcing number of the

strong product of a complete graph and a cycle graph. Subsequently, we will put

forward an upper bound for the zero forcing number of the strong product of a complete

bipartite graph and any connected graph. After that, we will present the exact result

for the zero forcing number of the strong product of a complete graph and a complete

bipartite graph. Finally, based on works in the literature and our results, we will present

the zero forcing number of the strong product of a path graph and a complete graph,

and the zero forcing number of the strong product of a path graph and a complete

bipartite graph as corollaries.
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2. PRELIMINARIES FOR GRAPH THEORY

2.1. Basic Definitions

In this section, the basic concepts of graph theory are mentioned and several

examples are given.

Definition 2.1: [1] A graph, denoted by G or G(V,E), is a diagram comprised of a

vertex set V = V (G), an edge set E = E(G), and a connection that associates with

each edge two vertices (not necessarily distinct).

Also, if there exists an edge between two vertices in a graph G, then the two

vertices are called endpoints of the edge.

Definition 2.2: [1] An edge with the same endpoints in a graph G is called a loop.

Definition 2.3: [1] Edges having the same pair of endpoints in a graph G are called

multiple edges.

Figure 2.1: A graph G with a loop and multiple edges.

Definition 2.4: [1] If a graph G has no loops and multiple edges, then G is called a

simple graph.

From now on, we will consider that each graph G we use in this work is a simple

and finite graph.

Definition 2.5: [23] If there exists an edge between two vertices of a graph G, say u

and v, then these vertices are called neighbors, or we say that u adjacent to v. Then

it is denoted by u ∼ v; otherwise, the vertices u and v are not neighbors or u is not

adjacent to v. Then it is denoted by u � v.

Definition 2.6: [1] The order of a graph is the number of its vertices. For a graph G,

the order of G is denoted by |G| or n(G).
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Definition 2.7: [1] Let v be a vertex of a graph G. The degree of the vertex v is the

number of vertices that is adjacent to v. It is denoted by dG(v).

Also, the maximum degree is denoted by ∆(G) and the minimum degree is de-

noted by δ(G) in a graph G.

Let G be a graph. For representing, V (G) usually equals to the following set

{v1, v2, · · · , vn} or its subset, also E(G) usually equals to the following set {ek :=

{vi, vj} : vi ∼ vj; 1 ≤ i ≤ n; 1 ≤ j ≤ n; k ≤ n(n−1)
2
} or its subset where the order

of the vertices vi and vj is not important.

Now, we will explain these definitions with the help of the following example.

Example 2.1: Let G be a graph as follows.

v1

v2

v3

v4
v5

Figure 2.2: A graph G.

Here, V = V (G) = {v1, v2, v3, v4, v5}, |G| = 5, dG(v4) = dG(v2) = dG(v3) =

2, and dG(v1) = dG(v5) = 1. Then ∆(G) = 2 and δ(G) = 1. Also, E = E(G) =

{e1 = {v1, v2}, e2 = {v2, v3}, e3 = {v3, v4}, e4 = {v4, v5}} since v1 ∼ v2, v2 ∼

v3, v3 ∼ v4, v4 ∼ v5.

Definition 2.8: [1] Let G = G(V (G), E(G)) be a graph. A subgraph H = H(V (H),

E(H)) of G is a graph such that V (H) ⊆ V (G) and E(H) ⊆ E(G). We then write

H ⊆ G.

Definition 2.9: [23] Let G and H be two graphs with the vertex sets V (G) and V (H),

respectively. H is called an induced subgraph of G if H is a subgraph of G and its

edge set consists of the edges whose both endpoints are in V (H). Then H is denoted

by G[V (H)].

Definition 2.10: [23] Two graphs G and H with the vertex sets V (G) and V (H),

respectively are called disjoint if V (G) ∩ V (H) = ∅.

5



Now, we will explain these definitions with the following example.

Example 2.2: Let Gi be a graph in the following, where 1 ≤ i ≤ 4.

Table 2.1: A graph Gi for all 1 ≤ i ≤ 3, respectively.

v1

v2 v3 v4

v1

v2 v3

v5 v6

v7

Clearly, one can easily see thatG2 is a subgraph ofG1 and the reason is V (G2) =

{v1, v2, v3} ⊆ V (G1) = {v1, v2, v3, v4} and E(G2) = {{v1, v2}, {v1, v3}, {v2, v3}} ⊆

E(G1) = {{v1, v2}, {v1, v3}, {v2, v3}, {v3, v4}}.

Also, G2 is an induced subgraph of G1 by V (G2) since G2 ⊆ G1 and the end-

points of each edge of G2 is contained in V (G2).

Moreover, we see that G2 and G3 are disjoint since V (G2) ∩ V (G3) = ∅.

Definition 2.11: [24] Let G be a graph with the vertex set V (G). For any u ∈ V (G),

the open neighborhood (or just neighborhood) of the vertex u, denoted by NG(u), is

the following set NG(u) = {v ∈ V (G) : u ∼ v}. Also, the closed neighborhood of the

vertex u, denoted by NG[u], is the following set NG[u] = NG(u) ∪ {u}.

Definition 2.12: [25] Let G be a graph with the vertex set V (G) and let u, v ∈ V (G).

The vertices u and v are called false twins if they have the same open neighborhood;

that is, NG(u) = NG(v). Also, the vertices u and v are called true twins if they have

the same closed neighborhood; that is NG[u] = NG[v].

Definition 2.13: [2] An isolated vertex v in a graph G is a vertex with NG(v) = ∅.

Definition 2.14: [26] Let G be a graph with the vertex set V (G). A set S ⊆ V (G)

is called an irredundant set if NG[S − {v}] 6= NG[S] for all v ∈ S. Also, the up-

per irredundance number of G, denoted by IR(G), is the maximum cardinality of an

irredundant set of G.
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Definition 2.15: [1] Let G and H be two graphs with the vertex sets V (G) and V (H),

respectively. We say that G is isomorphic to H if there exists a bijection (onto and one

to one mapping) f from V (G) to V (H) such that for any vertices u, v ∈ V (G), u ∼ v

if and only if f(u) ∼ f(v) for f(u), f(v) ∈ V (H).

Definition 2.16: [24] A graph G is called a regular graph if all of its vertices have the

same degree.

Also, if every vertex of G has degree r, then G is called r−regular.

Now, we will explain these definitions with the following example.

Example 2.3: Let Gi be a graph in the following, where 1 ≤ i ≤ 4.

Table 2.2: A graph Gi for all 1 ≤ i ≤ 4, respectively.

v1 v2

v3v4

u1

w1

w2 w3 w4

z1

z2
z3

z4

One can easily see that G1 is 3−regular graph because of dG1(vj) = 3 for all

1 ≤ j ≤ 4.

Clearly, NG1(vj) = V (G1)\{vj} and NG1 [vj] = V (G1) for all 1 ≤ j ≤ 4.

Since NG1 [vj] = NG1 [vk] for each 1 ≤ j ≤ 4 and 1 ≤ k ≤ 4, all vertices are true

twins each other in G1. Moreover, S = {v1, v2, v3, v4} is an irredundant set with

maximum cardinality of G1 since NG1 [Sj] = V (G1) − {vj} 6= V (G1) = NG1 [S],

where Sj = S − {vj} and 1 ≤ j ≤ 4. Then IR(G1) = 4.

G2 consists of an isolated vertex u1.

In Table 2.2 we also see that G3
∼= G4. The reason of this is the following.

Let a bijection f : V (G3) −→ V (G4) with f(w1) = z2, f(w2) = z1, f(w3) = z3

and f(w4) = z4. Clearly, we know that w1 ∼ w2, w1 ∼ w3, and w1 ∼ w4, also

f(w1) ∼ f(w2), f(w1) ∼ f(w3), and f(w1) ∼ f(w4).

7



2.2. Several Special Graphs

Many graphs are specially named because of their structure or their different

properties. Some of them are introduced and their graphs are given in this section.

Definition 2.17: [2] A null graph is a graph whose each vertex is isolated.

Also, a null graph with n ∈ N+ vertices is denoted by Nn.

v1 v2 v3

Figure 2.3: Graph of N3.

Definition 2.18: [1] A path is a graph whose vertices can be ordered as a list so that

two vertices are neighbors if and only if they are consecutive in the list.

Also, a path with n vertices is denoted by Pn, where n ≥ 2. Moreover, P1 is a

path graph that is isomorphic to N1.

v1 v2 v3 v4

Figure 2.4: Graph of P4.

Definition 2.19: [1] If each pair of vertices in a graph G belongs to a path, then G is

called connected; otherwise, G is called disconnected.

Definition 2.20: [2] A cycle graph is a connected graph such that the degree of each

vertex of the graph is 2.

Also, a cycle with n vertices is denoted by Cn, where n ≥ 3.

v1

v2

v3v4

v5

Figure 2.5: Graph of C5.
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Definition 2.21: [23] A tree is a connected graph that has no cycles.

Definition 2.22: [2] If each pair of distinct vertices is adjacent in a graph G, then G

is called a complete graph.

A complete graph with n vertices is denoted by Kn, where n ≥ 2. Moreover, K1

is a complete graph that is isomorphic to N1.

v1

v2

v3v4

v5

Figure 2.6: Graph of K5.

Definition 2.23: [1] Let G be a graph. If the neighborhood of a vertex v of G induces

a complete graph, then v is called the simplicial vertex.

Definition 2.24: [24] If a graph G with n vertices contains Cn−1 and a vertex u so

that u is adjacent to each vertex of Cn−1, then G is called a wheel graph.

Also, it is denoted by Wn, where n ≥ 4.

v1

v2
v3 v4

Figure 2.7: Graph of W4.

Definition 2.25: [23] Let G be a graph. A set S ⊆ V (G) is called an independent set

if the induced subgraph G[S] of G has no edges.

Definition 2.26: [1] Let G be a graph with the vertex set V (G). If V (G) can be

partitioned into non-empty two disjoint independent sets U1 and U2, then G is called a

bipartite (2−partite) graph. Also, U1 and U2 are called partite sets of G.

9



Definition 2.27: [2] A complete bipartite graph is a bipartite graph which satisfies that

each vertex of the partite set U1 and each vertex of the partite set U2 are neighbors.

If 1 ≤ |U1| = p, |U2| = q, then a complete bipartite graph is denoted by Kp,q,

where p, q ∈ N+.

In particular, the graph K1,n is called a “star graph” and it is denoted by Sn for

n ≥ 3. Also, the star graph S3 is called a “claw graph”. See Figure 2.8.

v1 v2 v3

u1

Figure 2.8: Graph of K1,3.

Definition 2.28: [26] Let G be a graph with the vertex set V (G). If V (G) can be

partitioned into non-empty k−disjoint independent sets U1, U2, · · · , Uk, then G is

called a multipartite (k−partite) graph. Also, U1, U2, · · · , Uk are called partite sets of

G, where k > 2.

Definition 2.29: [24] A complete multipartite graph is a multipartite graph which sat-

isfies that each vertex of the partite set Ui and each vertex of the partite set Uj are

neighbors for all 1 ≤ i ≤ k and 1 ≤ j ≤ k, where i 6= j.

If 1 ≤ |U1| = n1, |U2| = n2, · · · , |Uk| = nk, then a complete multipartite graph

is denoted by Kn1,n2,··· ,nk
, where k > 2.

w1 v1

u2

w2v2

u1

Figure 2.9: Graph of K2,2,2.
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Definition 2.30: [24] If a graph G is a 3−regular graph and G has 10 vertices, then

G is called the Petersen graph. It is denoted by P .

2.3. Basic Graph Operations

In this section, some graph operations are introduced and some special examples

are given.

Definition 2.31: [1] The complement of a graph G = G(V (G), E(G)), denoted by G,

is a graph with the vertex set V (G) equals to V (G) and the edge set E(G) equals to

{{u, v} : {u, v} /∈ E(G);u, v ∈ V (G)}.

v1 v2 v3 v4

Figure 2.10: Graph of P4.

Definition 2.32: [24] Let G = G(V (G), E(G)) and H = H(V (H), E(H)) be two

disjoint graphs. Then the union of G and H , denoted by G + H , is a graph with the

vertex set V = V (G) ∪ V (H) and the edge set E = E(G) ∪ E(H).

Definition 2.33: [24] Let G = G(V (G), E(G)) and H = H(V (H), E(H)) be two

disjoint graphs. Then the join of G and H , denoted by G ∨ H , is a graph with the

vertex set V = V (G) ∪ V (H) and the edge set E = E(G) ∪ E(H) ∪ {{u, v} : u ∈

V (G), v ∈ V (H)}.

Example 2.4: We consider the graph in Figure 2.5 and the null graph N1 with the

vertex set V (N1) = {u}. Then the join of C5 and N1 is the following graph.

v1

v2

v3v4

v5 u

Figure 2.11: Graph of C5 ∨N1
∼= W6.
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Generally, a wheel graph with n vertices is the join of Cn−1 and N1. That is,

Wn
∼= Cn−1 ∨N1.

Definition 2.34: [24] Let G = G(V (G), E(G)) and H = H(V (H), E(H)) be two

disjoint graphs. Then the cartesian product of G and H , denoted by G�H , is a graph

with the vertex set V = V (G) × V (H) and the edge set E = {{(u, v), (x, y)} : [u =

x, v ∼ y] ∨ [v = y, u ∼ x] for all (u, v), (x, y) ∈ V }.

(u1, v1) (u1, v2) (u1, v3)

(u2, v1) (u2, v2) (u2, v3)

Figure 2.12: Graph of P2�P3.

Definition 2.35: [27] Let G = G(V (G), E(G)) and H = H(V (H), E(H)) be two

disjoint graphs. Then the direct product of G and H , denoted by G × H , is a graph

with the vertex set V = V (G) × V (H) and the edge set E = {{(u, v), (x, y)} : [u ∼

x, v ∼ y] for all (u, v), (x, y) ∈ V }.

(u1, v1) (u1, v2) (u1, v3)

(u2, v1) (u2, v2) (u2, v3)

Figure 2.13: Graph of P2 × P3.

Definition 2.36: [27] Let G = G(V (G), E(G)) and H = H(V (H), E(H)) be two

disjoint graphs. Then the strong product of G and H , denoted by G � H , is a graph

with the vertex set V = V (G) × V (H) and the edge set E = {{(u, v), (x, y)} : [u ∼

x, v ∼ y] ∨ [u = x, v ∼ y] ∨ [v = y, u ∼ x] for all (u, v), (x, y) ∈ V }.
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(u1, v1) (u1, v2) (u1, v3)

(u2, v1) (u2, v2) (u2, v3)

Figure 2.14: Graph of P2 � P3.

Definition 2.37: [28] The corona product of two graphs G and H , denoted by G�H ,

is a graph obtained by taking one copy of G and |G| copies of H and joining by an

edge each vertex from the ith copy of H with the ith vertex of G.

Figure 2.15: Graph of C3 � P2.

Remark 2.1: In some sources, the union of G and H is denoted by G ∪H , the join of

G and H is denoted by G+H , the cartesian product of G and H is denoted by G×H ,

the direct product of G and H is denoted by G · H , and the corona product of G and

H is denoted by G ◦H . But throughout this thesis, we use the above notations.
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3. ZERO FORCING SETS

3.1. An Upper Bound for the Maximum Nullity of a Simple Graph

In this section, a graph coloring rule is introduced first. It is required for a zero

forcing process on G. Then, the concept of zero forcing number associated with this

rule is given with some examples. We know that the starting point of the concept of a

zero forcing set of a simple graph was actually to find an upper bound for the maximum

nullity of a family of some special real symmetric matrices (see [9]). To associate the

concept of nullity with a graph, it is necessary to find the matrices corresponding to

a graph G. Likewise, the opposite can also be done. That is, the graph of a matrix

can be found. Several linear algebra concepts have been mentioned to do these. Some

concepts related to the zero forcing process are given and explained with examples and

some important results have been examined from [9]. Finally, an upper bound for the

maximum nullity of a graph is given (see [9]).

Definition 3.1: [9] (Color-Change Rule) Let G be a graph whose each vertex is col-

ored either white or black. If u is a black vertex of G with exactly one white neighbor

is v, then the color of v is changed to black. Then we say that ‘u forces v’ and it is

denoted by u→ v. This rule is called the color-change rule.

Also, the set of all black vertices of a graph G before applying any color chang-

ing process is called an initial set of black vertices of G or briefly an initial set of

G.

Moreover, the rule of color changing process is applied to a graph G until no

possible coloring. This procedure is called a zero forcing process on G.

Now, we will explain this definition with the following table.
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Table 3.1: A zero forcing process of a graph G.

Graph Zero Forcing Process
v1

v2

v3

v4

v5

v6

The graph G with the
initial set {v1, v4}

v1

v2

v3

v4

v5

v6

The graphG after the first
iteration (v1 → v2)

v1

v2

v3

v4

v5

v6

The graphG after the sec-
ond iteration (v2 → v3)

v1

v2

v3

v4

v5

v6

The graph G after the
third iteration (v4 → v5)

v1

v2

v3

v4

v5

v6
The graph G after the
fourth iteration (The final
version of G) (v5 → v6)
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Example 3.1: We consider the graph G with the initial set Z = {v1, v4} in Table 3.1

and we start a zero forcing process on G. In the first iteration, v1 forces v2 since v1

has a unique white neighbor v2. However, v4 can not force any vertex of G since it has

two white neighbors v3 and v5. Now, v2 has a unique white neighbor v3. Then in the

second iteration, v2 forces v3. Also, v4 forces v5 in the following step since v4 has a

unique white neighbor v5. Finally, in the last step, v5 forces v6 since v5 has a unique

white neighbor v6. So, the zero forcing process on G is completed.

As a result, at the end of the zero forcing process applying according to the initial

set Z = {v1, v4}, all white vertices of the graph G are colored black. However, it is

not always all of the white vertices of a graph G are changed to black at the end of a

zero forcing process on G, the condition depends on the taken initial set of G.

Definition 3.2: [9] A zero forcing set of a graph G is an initial set of black vertices of

G which satisfies that after applying a zero forcing process according to the initial set,

all white vertices of G turn to black.

Also, a minimum zero forcing set of a graph G is a zero forcing set of G with the

minimum cardinality.

Definition 3.3: [9] The zero forcing number of a graph G, denoted Z(G), is the num-

ber of vertices of a minimum zero forcing set of G.

Example 3.2: In Example 3.1, Z = {v1, v4} is a zero forcing set of the graph G since

we apply the zero forcing process according to the initial set Z, all white vertices of G

turn to black. Moreover, Z is a minimum zero forcing set of G.

Now, we will examine whether there exists a zero forcing set of G whose cardi-

nality is smaller than 2. Let Z1 = {v2} be an initial set of G. Then the black vertex

v2 has two white neighbors v1 and v3. Then no force occurs. That is, Z1 is not a zero

forcing set of G. Similarly, it holds for Z2 = {v3}, Z3 = {v4}, and Z4 = {v5}.

Now, let Z5 = {v1} be an initial set of G. See Figure 3.1.
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v1

v2

v3

v4

v5

v6

Figure 3.1: The graph G with the initial set Z5.

v1 → v2 in the first iteration and v2 → v3 in the second iteration. However, the

black vertex v3 has two white neighbors v4 and v5 in this step. Then no force occurs.

That is, Z5 is not a zero forcing set of G. See Figure 3.2.

v1

v2

v3

v4

v5

v6

Figure 3.2: The final version of the graph G.

Similarly, it holds for Z6 = {v6}. As a result, there is no such an initial set S

of G such that |S| < |Z|. That is, there is no such a zero forcing set of G with the

cardinality of 1. Thus, Z(G) = 2.

Another minimum zero forcing set of G can be found. For example, the initial set

{v1, v6} also is a minimum zero forcing set of G.

Since we will work with n × n matrices over R for the matrix representation of

a graph G, we have adapted all of the definitions contained in this section accordingly.

Also, the set of n× n matrices over R is denoted by Rn×n.

Definition 3.4: [23]

i) The kernel of a matrix A ∈ Rn×n, denoted by ker(A), is the set of all solutions of

the homogeneous system Ax = 0 where x ∈ Rn×1 = Rn is a vector and 0 ∈ Rn

is a zero vector.
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ii) The kernel of the matrix A is also called the null space of A, and its dimension

(the number of vectors contained in any basis of the null space of A) is called

the nullity of A and it is denoted by null(A). The nullity of A also is called the

corank of A, and it is denoted by corank(A).

iii) The rank of the matrix A, denoted by rank(A), is the number of leading entries

(pivots) in the reduced row echelon form of A.

Also, well-known equality rank(A) + corank(A) = n holds for each matrix

A ∈ Rn×n.

Definition 3.5: [29] The set of n×n symmetric matrices over R, denoted by Symn(R),

is a set of n× n square matrices over R which are equal to their transpose.

That is, if the matrix A = [aij] ∈ Symn(R), then A = [aij] = [aji] = AT .

One can see [29] and [23] for more information on Linear Algebra.

Definition 3.6: [23] For a matrixA = [aij] ∈ Symn(R), the graph ofA is a graph with

the vertex set {v1, v2, · · · , vn} and the edge set {{vi, vj} : aij 6= 0, 1 ≤ i < j ≤ n},

and the graph is denoted by G(A).

We see that the diagonal of A is ignored while determining the graph G(A). If

we do not ignore the diagonal of A, then G(A) may contain loops when all the entries

in the diagonal of A are not zero. However, we do not want this since we are working

with simple graphs.

Example 3.3: Let A be a matrix as follows.

A =


2 3 0 −5

3 −1 9 4

0 9 2 8

−5 4 8 0

 ∈ Sym4(R). (3.1)

The graph corresponding to A is the following.
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v1 v2

v3v4

Figure 3.3: The graph G(A).

For a symmetric matrix A, we can find exactly one corresponding graph G, but

the converse is not true.

Example 3.4: Let G be a graph as follows.

v1 v2

v3

Figure 3.4: A graph G.

There exist infinitely many matrices corresponding to G. Two of them are the

following.

A =


1 2 3

2 0 9

3 9 1

 , B =


3 2 1

2 5 8

1 8 3

 ∈ Sym3(R). (3.2)

Definition 3.7: [23]

i) The set of symmetric matrices of a graph G, denoted by S(G), is a set which

contains all symmetric matrices whose graphs are the same as G.

That is, S(G) = {A ∈ Symn(R) : G(A) = G}.

ii) The minimum rank of a graphG equals to the following set mr(G) = min{rank(A) :

A ∈ S(G)}.
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iii) The maximum nullity (corank) of a graph G equals to the following set M(G) =

max{corank(A) : A ∈ S(G)}.

Let n ∈ N+. Now, we will consider a vector x with n components as follows.

x =


x1

x2
...

xn

 . (3.3)

And we will consider a graph G with n vertices and its vertex set is V (G) =

{v1, v2, · · · , vn}. Let a relation between the component of nth coordinate of x and the

nth vertex of G be the following. If S is an initial set of black vertices of G, then the

components of the coordinates of x corresponding to the vertices in S are zero and the

remaining components of x are non-zero. Subsequently, we will start a zero forcing

process on G. Also, let a component of x change to the following after each forcing.

If the vertex vi of G forces the vertex vj , then the component of the coordinate of x

corresponding to vj is changed to be zero, where 1 ≤ i ≤ n, 1 ≤ j ≤ n, and i 6= j.

This process is completed when the zero forcing process is completed on G. As a

result, this vector is well-matched to the final version of G.

Example 3.5: We consider the graph G with the initial set Z = {v3, v4} in Table 3.2.

Then the vector corresponding to G is x ∈ R5×5 whose the components of 3rd and

4th coordinates are zero and the remaining components are non-zero. We begin a zero

forcing process on G. In the first iteration, if v3 → v1, then the component x1 of the

first coordinate of x becomes 0. Subsequently, v4 → v2 in the second iteration, then

the component x2 of the second coordinate x becomes 0. In the last step, if v1 → v5,

then the component x5 of the fifth coordinate of x becomes 0. As a result, the final

version of x corresponding to the final version of G is a zero vector.
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Table 3.2: Corresponding vectors to a colored graph G.

Graph Corresponding Vector

v1 v2

v4v3

v5

x =


x1
x2
0
0
x5

 ;x1, x2, x5 6= 0

v1 v2

v4v3

v5

x =


0
x2
0
0
x5

 ;x2, x5 6= 0

v1 v2

v4v3

v5

x =


0
0
0
0
x5

 ;x5 6= 0

v1 v2

v4v3

v5

x =


0
0
0
0
0



Definition 3.8: [23] The support of a vector x = [xi] ∈ Rn×n, denoted by supp(x), is

the set of index i for all 1 ≤ i ≤ n such that xi is non-zero.

AIM Minimum Rank-Special Graphs Work Group in [9] established a connec-

tion between the vectors described above and the vectors in the kernel of a symmetric

matrix of a graph G.
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Proposition 3.1: [9] If A ∈ Rn×n and corank(A) > k for k ∈ Z+, then there exists

a non-zero vector x in the kernel of A whose components in any k specified positions

are zero. In other words, if W is a set of k indices, then there exists a non-zero vector

x in the kernel of A such that supp(x) ∩W = ∅.

Proof: Let A ∈ Rn×n and let corank(A) > k for k ∈ Z+. Also, let 1 ≤ i1 < i2 <

· · · < ik ≤ n and let Vk = {x = [xi] ∈ Rn : xi1 = xi2 = · · · = xik = 0}. It is clear

that Vk is the set of all vectors in Rn whose components in specified k−coordinates are

zero.

Claim: There exists a non-zero vector in Vk which contained in the kernel of the

matrix A. That is, ker(A) ∩ Vk 6= {0}.

It is clear that dim(Vk) = n − k. Since Vk and ker(A) are subspaces of Rn,

Vk + ker(A) is a subspace of Rn. Then dim(Vk + ker(A)) ≤ dim(Rn) = n. Also, we

know that dim(ker(A)) = corank(A) > k. If we consider these informations and the

equation in (3.4) is known to all, then the following is obtained.

dim(Vk ∩N) = dim(Vk) + dim(ker(A))− dim(Vk + ker(A)) (3.4)

> n− k + k − n = 0. (3.5)

As a result, ker(A) ∩ Vk 6= {0} is obtained.

Lemma 3.1: [9] Let G be a graph with n vertices, vi ∈ V (G) and let A ∈ S(G),

x ∈ Rn. Then ith entry of the matrix Ax is as follows.

(Ax)i = aiixi +
∑
vj∼vi

aijxj. (3.6)

Proof: Let G be a graph with n vertices, vi ∈ V (G) and let A = [aij] ∈ S(G),

x = [xi] ∈ Rn. Since A ∈ S(G), we know that A is symmetric and if vj ∼ vi, then

aij 6= 0, where i 6= j. From all of these and the definition of matrix multiplication, we

obtain the following.

(Ax)i = a1ix1 + a2ix2 + · · ·+ anixn (3.7)

=
n∑

j=1

aijxj (3.8)
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= aiixi +
∑
vj∼vi

aijxj. (3.9)

We know that there is no condition on the entries of the diagonal of A. That is,

the entries in the diagonal of A may be 0 or not. So, the entry aii must be written as

well.

Proposition 3.2: [9] Let Z be a zero forcing set of a graph G with n vertices and let

K = {i : vi ∈ Z, 1 ≤ i ≤ n}, A ∈ S(G). If x ∈ ker(A) and supp(x) ∩K = ∅, then

x = 0. (supp(x) ∩K = ∅ means that x ∈ ker(A) vanishes on K.)

Proof: Let x = [xi] ∈ ker(A) and supp(x) ∩K = ∅.

Case 1: Let Z = V (G). Then K = {1, 2, · · · , n}. Since supp(x) ∩K = ∅, then

supp(x) = ∅ which implies that x = 0.

Case 2: Let Z ⊂ V (G). Since Z is a zero forcing set, there exists a black vertex

vi such that it has a unique white neighbor vj . Then xi = 0, and xj is not yet zero in

the initial vector x.

By Lemma 3.1, the following is obtained.

x ∈ ker(A)⇒ (Ax)i = 0 (3.10)

⇒ aiixi + aijxj = 0 (3.11)

⇒ aii0 + aijxj = 0 (3.12)

⇒ aijxj = 0. (3.13)

Hence, we see that the equation in (3.13) implies that xj = 0 since vi ∼ vj . That

is, vi forces vj which means that vj is colored black and then xj = 0. This process

continues until all components of the coordinates of x corresponding to the elements

in the set supp(x) vanish since Z is a zero forcing set. Then x = 0.

Again, AIM Minimum Rank-Special Graphs Work Group in [9] found the fol-

lowing important result, which is the origin of the concept of a zero forcing set of any

graph G.

Proposition 3.3: [9] LetG be a graph and Z be a zero forcing set ofG. ThenM(G) ≤

|Z|. Moreover, M(G) ≤ Z(G).
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Proof: Assume that M(G) > |Z| and let A ∈ S(G) with corank(A) > |Z|. By

Proposition 3.1, there exists a non-zero vector x in ker(A) such that it vanishes on

K = {i : vi ∈ Z, 1 ≤ i ≤ n}. That is, supp(x) ∩K = ∅. By Proposition 3.2, x = 0

which gives us a contradiction. Then M(G) ≤ |Z|. Since |Z| ≥ Z(G), it is also

obtained that M(G) ≤ Z(G).

3.2. Zero Forcing Numbers of Some Special Graphs

In this section, based on [10], [20], and our works, the zero forcing number of a

null graph, a path graph, a cycle graph, a complete graph, a wheel graph, a complete

bipartite graph, and a complete multipartite graph is given, respectively.

Proposition 3.4: Z(Nn) = n for n ≥ 1.

Proof: Since a null graph has no edges, the initial set of black vertices of the graph

contains all vertices of the graph. Then Z(Nn) = n for n ≥ 1.

Proposition 3.5: [10] Z(Pn) = 1 for n ≥ 2.

Proof: Let V (Pn) = {v1, v2, · · · , vn} and let Z1 = {v1} be an initial set of Pn for n ≥

2. Clearly, after n−1 steps all white vertices of Pn turn to black. Then 0 < Z(Pn) ≤ 1

which implies that Z(Pn) = 1.

Similarly, the initial set Z2 = {vn} is also a minimum zero forcing set of Pn.

However, if we consider a black vertex vi which is not v1 or vn for 1 ≤ i ≤ n, then vi

has 2 white neighbors and no force occurs. That is, the minimum zero forcing sets of

Pn are {v1} and {vn} for n ≥ 2.

Proposition 3.6: [10] Z(Cn) = 2 for n ≥ 3.

Proof: Let V (Cn) = {v1, v2, · · · , vn} and let Z1 = {vi, vi+1} be an initial set of black

vertices of Cn for n ≥ 3, where 1 ≤ i ≤ n − 1. It can be seen that after n − 2

steps all white vertices of Cn turn to black from the definition of a cycle graph. Then

Z(Cn) ≤ 2. Suppose that Z2 = {vi} is an initial set of Cn, where 1 ≤ i ≤ n and

n ≥ 3. Then the vertex vi has 2 white neighbors since Cn is a 2−regular graph. Then

no force occurs so this implies that Z(Cn) > 1. As a result, Z(Cn) = 2.
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Also, if we consider 2 black vertices which are not adjacent as an initial set of Cn

for n > 3, then these vertices have 2 white neighbors and no force occurs still. That

is, the minimum zero forcing sets of Cn are only its pairwise adjacent vertices.

Remark 3.1: If Z is a minimum zero forcing set of a graph G and S ⊃ Z is an initial

set of G, then S is a zero forcing set of G.

Proposition 3.7: [10] Z(Kn) = n− 1 for n ≥ 2.

Proof: Firstly, let n = 2. In this case, K2
∼= P2. We know that Z(P2) = 1 which

implies that Z(K2) = 1. Now let n > 2, V (Kn) = {v1, v2, · · · , vn} and let Z1 =

V (Kn)\{vi} be an initial set of black vertices of Kn, where 1 ≤ i ≤ n. Since each

vertex of Kn has n − 1 neighbors, after one step the white vertex vi turns to black.

Then Z(Kn) ≤ n − 1. Suppose that Z2 = V (Kn)\{vi, vj} is an initial set, where

1 ≤ i ≤ n, 1 ≤ j ≤ n, and i 6= j. Then all black vertices have 2 white neighbors vi

and vj . Then no force occurs so this implies that Z(Kn) > n−2. Therefore, we obtain

that Z(Kn) = n− 1.

Proposition 3.8: [10] Z(Wn) = 3 for n ≥ 4.

Proof: Let V (Wn) = {v1, v2, · · · , vn−1, w} and let Z1 = {vi, vj, w} be an initial set

of black vertices of Wn for n ≥ 4, where 1 ≤ i ≤ n − 1, 1 ≤ j ≤ n − 1, vi ∼ vj ,

and w is adjacent to all vertices of Wn. After n− 3 steps all white vertices of Wn turn

to black since Wn
∼= Cn−1 ∨ N1 and {vi, vj} is the minimum zero forcing set of Cn−1

since vi ∼ vj . Thus, Z(Wn) ≤ 3.

Case 1: Suppose that Z1 = {vi, vj} is an initial set of Wn, where 1 ≤ i ≤ n− 1

and 1 ≤ j ≤ n − 1. It does not matter whether vi ∼ vj or vi � vj here. It can be

seen that vi and vj have at least 2 white neighbors from the definition of a wheel graph.

Then no force occurs so this implies that Z(Wn) > 2. As a result, Z(Wn) = 3.

Case 2: Suppose that Z1 = {vi, w} is an initial set of Wn, where 1 ≤ i ≤ n− 1.

We can observe that w has n − 2 white neighbors and vi has 2 white neighbors from

the definition of a wheel graph. Then no force occurs so this implies that Z(Wn) > 2.

As a result, Z(Wn) = 3.

Lemma 3.2: If there exists a pair of true (false) twins in a graph G, then at least one

of them is contained in all zero forcing sets of G.
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Proof: Let G be a graph that contains true twins, say u and v. Then NG[u] = NG[v]

from the definition of true twins. Let S be a zero forcing set of G. Suppose on the

contrary that let u, v /∈ S.

Case 1: NG[u] = NG[v] = {u, v}. Since G is a simple graph, G ∼= P2. This

gives us a contradiction since u or v must contain in S.

Case 2: Let w ∈ NG[u] = NG[v], where the vertex w is different from u and v.

Then no vertex of G can force u or v. We know that u and v is forced by a vertex

that is adjacent to u and v. Also, w ∼ u if and only if w ∼ v. If w is black vertex of

G, then it has always 2 white neighbors u and v. As a result, u and v are not forced by

any vertex of G with the fact that S is a zero forcing set of G. So u or v must contain

in S.

Similarly, it holds for any pair of false twins of G.

Proposition 3.9: [10] For p = q = 1, Z(Kp,q) = 1; otherwise, Z(Kp,q) = p+ q − 2.

Proof: Let V (Kp,q) = {u1, u2, · · · , up, v1, v2, · · · , vq} and let U1 and U2 be 2−partite

subsets of V (Kp,q) such that these are consisting of the vertices u1, u2, · · · , up and

v1, v2, · · · , vq, respectively. Then |U1| = p, |U2| = q. Let p ≤ q, without loss of the

generality.

i) Let p = 1, q ≥ 1.

Case 1: Let p = q = 1. Then K1,1
∼= P2. We know that Z(P2) = 1 which implies

that Z(K1,1) = 1 by Proposition 3.5.

Case 2: Let p = 1, q = 2. Then K1,2
∼= P3. We know that Z(P3) = 1 which

implies that Z(K1,2) = 1 by Proposition 3.5.

Case 3: Let p = 1, q > 2 and let Z1 = U2\{vj} be an initial set of black vertices

of Kp,q, where 1 ≤ j ≤ q. After 2 steps all white vertices of Kp,q turn to black from the

definition of a complete bipartite graph. Then Z(Kp,q) ≤ q − 1.

Suppose that Z2 = U2\{vi, vj} is an initial set of Kp,q, where 1 ≤ i ≤ q,

1 ≤ j ≤ q, and i 6= j. Then after one step u1 turns to black. And then u1 has 2 white
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neighbors vi and vj . Then no force occurs so this implies that Z(Kp,q) > q − 2. As a

result, Z(Kp,q) = q − 1.

Suppose that Z3 = U1 ∪ (U2\{vi, vj, vk}) is an initial set of Kp,q, where 1 ≤ i ≤

q, 1 ≤ j ≤ q, 1 ≤ k ≤ q, and they are not the same vertices. Then the vertex u1 has 3

white neighbors and no force occurs so this implies that Z(Kp,q) > q − 2. As a result,

Z(Kp,q) = q − 1.

ii) Let p ≥ 2, q ≥ 2.

Let Z1 = (U1\{ui})∪ (U2\{vj}) be an initial set of black vertices ofKp,q, where

1 ≤ i ≤ p, 1 ≤ j ≤ q. Clearly, after 2 steps all white vertices of Kp,q turn to black

from the definition of a complete bipartite. Then Z(Kp,q) ≤ p+ q − 2.

By Lemma 3.2, a zero forcing set of Kp,q must contain at least p − 1 vertices

from U1 and at least q − 1 vertices from U2 since the vertices in U1 are false twins

to each other and the vertices in U2 are false twins to each other. Then Z(Kp,q) ≥

(p− 1) + (q − 1) = p+ q − 2. As a result, Z(Kp,q) = p+ q − 2.

Proposition 3.10: [20] Let k > 2. If ni = 1, then Z(Kn1,n2,··· ,nk
) = k − 1 for all

1 ≤ i ≤ k; otherwise, Z(Kn1,n2,··· ,nk
) = (n1 + n2 + · · ·+ nk)− 2.

Proof: Without loss of the generality, let n1 ≥ n2 ≥ · · · ≥ nk ≥ 1 and let k > 2.

Let V (Kn1,n2,··· ,nk
) =

⋃k
i=1 Ui, where Ui for each 1 ≤ i ≤ k be k−partite subsets of

vertices of Kn1,n2,··· ,nk
. Then |Ui| = ni for each 1 ≤ i ≤ k.

i) Let at least one of ni be 1 for 1 ≤ i ≤ k.

Case 1: Let n1 = n2 = · · · = nk = 1. Then K1,1,··· ,1 ∼= Kk. We know that

Z(Kk) = k − 1 by Proposition 3.18.

Case 2: Let at least one of nj be not 1 for 1 ≤ j ≤ k. Let Z1 =
(⋃k

i=1 Ui

)
\{v,

w} be an initial set of Kn1,n2,··· ,nk
such that the vertex v is contained in any k−partite

set of V (Kn1,n2,··· ,nk
) with the cardinality of 1, say Ua, and the vertex w is contained

in any k−partite set of V (Kn1,n2,··· ,nk
) with the cardinality of not 1, say Ub, where

1 ≤ a ≤ k and 1 ≤ b ≤ k. From the definition of a complete multipartite graph, any

black vertex in Ub has a unique white neighbor w and forces it. Subsequently, w has a

unique white neighbor v and forces it. Then the following is obtained.

Z(G) ≤ (n1 + n2 + · · ·+ nk)− 2. (3.14)
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Suppose that Z2 =
(⋃k

i=1 Ui

)
\{u, v, w} is an initial set of Kn1,n2,··· ,nk

.

If nl > 2 for some l, then the vertices u, v and w can be taken from the same

partite set Ul, where 1 ≤ l ≤ k. Then, except Ul, all black vertices in other partite sets

have 3 white neighbors u, v and w and no force occurs.

Let u ∈ Ui, v ∈ Uj , and w ∈ Ul, where 1 ≤ i ≤ k, 1 ≤ j ≤ k, 1 ≤ l ≤ k, and

i 6= j 6= l. Then each black vertex of Kn1,n2,··· ,nk
has at least 2 white neighbors and no

force occurs from the definition of a complete multipartite graph.

We know that there is an m such that nm > 1, then the vertices u, v can be taken

from the same partite set Um and w can be taken from another partite set. Then each

black vertex of Kn1,n2,··· ,nk
has at least 2 white neighbors and no force occurs from the

definition of a complete multipartite graph.

As a result, Z2 is not a zero forcing set of Kn1,n2,··· ,nk
. Then we have the follow-

ing.

Z(G) ≥ (n1 + n2 + · · ·+ nk)− 2. (3.15)

By the inequalities in (3.14) and (3.15), we obtain Z(G) = (n1 + n2 + · · · +

nk)− 2.

ii) Let all ni > 1 for 1 ≤ i ≤ k.

Let Z1 =
(⋃k

i=1 Ui

)
\{v, w} be an initial set of Kn1,n2,··· ,nk

such that the vertex

v ∈ Ui and the vertex w ∈ Uj for any 1 ≤ i ≤ k and 1 ≤ j ≤ k, where i 6= j. From the

definition of a complete multipartite graph, any black vertex in Ui has a unique white

neighbor w and forces it.

Similarly, any black vertex in Uj has a unique white neighbor v and forces it.

Then the following is obtained.

Z(G) ≤ (n1 + n2 + · · ·+ nk)− 2. (3.16)

We know that from the definition of a complete multipartite graph and by Lemma

3.2, a zero forcing set of Kn1,n2,··· ,nk
must contain at least n1 − 1 vertices from U1,

at least n2 − 1 vertices from U2, · · · , and at least nk − 1 vertices from Uk since the

vertices in Ui are false twin vertices of Kn1,n2,··· ,nk
for each 1 ≤ i ≤ k. Then a zero
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forcing set of Kn1,n2,··· ,nk
contains at least (n1 +n2 + · · ·+nk)− k vertices. However,

every black vertex has k − 1 white neighbors and k > 2. As a result, for any forcing,

at least k − 2 more vertices must be added in a zero forcing set of Kn1,n2,··· ,nk
.

Then the following is obtained.

Z(G) ≥ (n1 + n2 + · · ·+ nk)− k + k − 2 (3.17)

= (n1 + n2 + · · ·+ nk)− 2. (3.18)

By the inequalities in (3.16) and (3.18), Z(Kn1,n2,··· ,nk
) = (n1 +n2 + · · ·+nk)−

2.

Figure 3.5: The graph K4,3,2,2,2 with an initial set of black vertices.

In Figure 3.5 each thick line between two partite sets says that each of the vertex

of the first partite set is adjacent to each of the vertex of the second partite set.

We will use this representation from now on.

Observation 3.1: Let G be a graph, and let H and S be its subgraph and its minimum

zero forcing set, respectively. Then S ∩ V (H) does not have to be a minimum zero

forcing set of H .

Example 3.6: We consider the following graph G with a minimum zero forcing set

S = {v1, v2} and we consider its subgraph H as follows.
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Table 3.3: An example for Observation 3.1.

Graph G Graph H
v1

v2

v3v4

v1

v2

v3

One can easily see that S ∩ V (H) = S is not a minimum zero forcing set of the

graph H . The reason is that H ∼= P3 and we know that Z(P3) = 1 by Proposition 3.5

even though |S| = 2.
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4. ZERO FORCING NUMBERS OF PRODUCT
GRAPHS

4.1. Grundy and Z-Grundy Domination Number

In this section, the concepts of Grundy domination number andZ−Grundy dom-

ination number of a graphG have been introduced and the Grundy domination numbers

of several special graphs have been found. These concepts will help us to find the zero

forcing numbers of some graphs.

Let G be a graph. A vertex v of G “dominates” a vertex u of G if u ∈ NG[v].

Then also we say that the vertex u is “dominated” by the vertex v.

Definition 4.1: [22] Let k ≥ 1. Let S = (v1, v2, · · · , vk) be an ordered sequence of

distinct vertices of a graph G with n ≥ k vertices and Ŝk = {v1, v2, · · · , vk} be an

ordered set of vertices in S. Then S is called a legal (closed) dominating sequence in

G if for each 2 ≤ i ≤ k, we have the following.

NG[vi]\
i−1⋃
j=1

NG[vj] = NG[vi]\NG[Ŝi−1] 6= ∅. (4.1)

That is, every vertex vi in the sequence S dominates at least one vertex that is not

dominated by any vertex preceding it for each 2 ≤ i ≤ k.

The Grundy domination number of G, denoted by γgr(G), is the length of the

longest legal dominating sequence in G. The corresponding sequence is called a

Grundy dominating sequence in G.

Example 4.1: Let G be a graph as follows.

v1 v2 v3 v4

Figure 4.1: The graph G ∼= P4.
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In this example, the sequence S = (v1, v2, v3) is a legal dominating sequence in

G since NG[v2]\NG[Ŝ1] = {v3} 6= ∅ and NG[v3]\NG[Ŝ2] = {v4} 6= ∅. Also, S has the

maximum length in G. Hence, we can see that γgr(P4) = 3.

Definition 4.2: [18] Let k ≥ 1. Let G be a graph without isolated vertices, let S =

(v1, v2, · · · , vk) be an ordered sequence of distinct vertices of G with n ≥ k vertices

and let Ŝk = {v1, v2, · · · , vk} be an ordered set of vertices in S. Then S is called a

legal Z−sequence in G if for each 2 ≤ i ≤ k, we have the following.

NG(vi)\
i−1⋃
j=1

NG[vj] = NG(vi)\NG[Ŝi−1] 6= ∅. (4.2)

The Z−Grundy domination number of G, denoted by γZgr(G), is the length of

the longest legal Z−sequence in G.

Example 4.2: Let G be a graph as follows.

v1 v2

v3v4

Figure 4.2: The graph G ∼= C4.

The sequence S = (v1, v2) is a legal Z−sequence in G since NG(v2)\NG[Ŝ1] =

{v3} 6= ∅. Also, S has the maximum length in G. Then γZgr(C4) = 2.

The following substantial Theorem was presented at [22] by Brešar et al. It is the

origin of the concept of the Grundy domination number of a graph G that is a graph

parameter.

Theorem 4.1: [22]

i) For any arbitrary graph G, γgr(G) ≤ |V (G)| − δ(G).

ii) For any arbitrary graph G, γgr(G) ≥ IR(G).
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The following important Theorem was presented at [18] by Brešar et al. The-

orem 4.2 which provides a connection among the zero forcing number, the Grundy

domination number, and the Z−Grundy domination number of a graph G that has no

any isolated vertices, which will help us next works.

Theorem 4.2: [18]

i) If G is a graph without isolated vertices, then γgr(G) + Z(G) ≥ |V (G)|. In

particular, G has a Grundy dominating sequence that is also Z−sequence, then

γgr(G) + Z(G) = |V (G)|.

ii) If G is a graph without isolated vertices, then γZgr(G) + Z(G) = |V (G)|.

Now, based on previous studies that are shown above, we will examine the

Grundy domination numbers of the graphs that will be useful to us. Also, these re-

sults have already been known.

Lemma 4.1: γgr (Kn) = 1 for n ≥ 2.

Proof: Let n ≥ 2. We know that γgr (Kn) + Z (Kn) ≥ |V (Kn)| from Theorem 4.2.

Then by Proposition 3.7, the following is obtained.

γgr (Kn) ≥ 1. (4.3)

We know that γgr(Kn) ≤ |V (Kn)| − δ(Kn) from Theorem 4.1. Also, since

δ(Kn) = n− 1, the following is obtained.

γgr (Kn) ≤ 1. (4.4)

As a result, we get γgr (Kn) = 1 by (4.3) and (4.4).

Lemma 4.2: γgr (Pn) = n− 1 for n ≥ 2.

Proof: We know that γgr (Pn)+Z (Pn) ≥ |V (Pn)| from Theorem 4.2. Then by Propo-

sition 3.5, the following is obtained.

γgr (Pn) ≥ n− 1. (4.5)
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We know that γgr(Pn) ≤ |V (Pn)|−δ(Pn) from Theorem 4.1. Also, since δ(Pn) =

1, the following is obtained.

γgr (Pn) ≤ n− 1. (4.6)

As a result, we get γgr (Pn) = n− 1 by (4.5) and (4.6).

Lemma 4.3: γgr (Kp,q) = q for q ≥ p ≥ 1.

Proof: We know that by Theorem 4.1, γgr (Kp,q) ≤ |V (Kp,q)| − δ (Kp,q). Also, since

δ (Kp,q) = p from the definition of a complete bipartite graph, the following is ob-

tained.

γgr (Kp,q) ≤ q. (4.7)

Also, we know that IR (Kp,q) = q. Then by Theorem 4.1, the following is ob-

tained.

γgr (Kp,q) ≥ q. (4.8)

As a result, we get γgr (Kp,q) = q by (4.7) and (4.8).

4.2. Some Results on Graph Products

In this section, several important results regarding the zero forcing numbers of

some graph products have been examined, which exist in the literature.

Firstly, we will present an observation.

Observation 4.1: Let G and H be two distinct graphs with the zero forcing numbers

k and m, respectively. Since the graphs are not joined by any vertex, Z(G + H) =

Z(G) + Z(H) = k +m.

The following Theorem related to the zero forcing number of a join product

graph was presented at [20] by Taklimi.

Theorem 4.3: [20] If G and H are any two connected graphs, then Z(G ∨ H) =

min{|H|+ Z(G), |G|+ Z(H)}.
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The following Proposition was presented at [9] to provide an upper bound for

the zero forcing number of a cartesian product graph by AIM Minimum Rank-Special

Graphs Work Group.

Proposition 4.1: [9] If G andH are any two graphs, thenZ(G�H) ≤ min{|H|Z(G),

|G|Z(H)}.

Huang et al. found an upper bound for the zero forcing number of a direct prod-

uct graph in [17]. This result is given in the following.

Lemma 4.4: [17] IfG andH are any two graphs, Z(G×H) ≤ |G|Z(H)+Z(G)|H|−

Z(G)Z(H).

The following Theorem was presented at [21] by Javaid et al., which gives us the

zero forcing number of a corona product graph.

Theorem 4.4: [21] If G and H are two connected graphs, then Z(G�H) = Z(G) +

|G|Z(H).

For more results on this topic, one can also see [31] and [32].

4.3. Strong Product Graph

In this section with the main lines, some results regarding the zero forcing num-

bers of strong product graphs are given from the literature. Then, a lower bound related

to the zero forcing number of the strong product of a complete graph and any connected

graph has been presented. An upper bound has been shown for the zero forcing num-

ber of the strong product of a complete bipartite graph and any connected graph. Later,

by combining these results, we study the zero forcing number of the strong product of

a complete graph and a cycle graph, the zero forcing number of the strong product of a

path graph and a complete bipartite graph, the zero forcing number of the strong prod-

uct of a path graph and a complete graph, and the zero forcing number of the strong

product of a complete graph and a complete bipartite graph. Moreover, we examine

several corollaries.
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The following Proposition was presented at [9] by AIM Minimum Rank-Special

Graphs Work Group, which gives us the zero forcing number of the strong product of

two path graphs.

Proposition 4.2: [9] If s ≥ 2 and t ≥ 2, then Z(Ps � Pt) = s+ t− 1.

The following important Theorem was shown by Huang et al. in [17]. They

found an upper bound for the zero forcing number of the strong product of any two

graphs. Also, they showed that the zero forcing number of the strong product of any

two graphs equals to the upper bound in some special cases.

Theorem 4.5: [17]

i) If G and H are any two graphs and s = |G|Z(H) + Z(G)|H| − Z(G)Z(H),

then Z(G�H) ≤ s.

ii) Let graphs G and H be isomorphic to one of the graphs in the set K = {C3n,

P3n−1, Kn+1 : n ≥ 1}∪P , where P is the Petersen graph and let s = |G|Z(H)+

Z(G)|H|−Z(G)Z(H). ThenZ(G�H) = s. Also, the equality holds the graphs

in the set {Cn, Pk : n ≥ 5, k ≥ 2}.

Observation 4.2: There exist two graphs G and H such that the zero forcing number

of G�H is not equal to s = |G|Z(H) + Z(G)|H| − Z(G)Z(H).

(ui, w1) (ui, w2)

(vk, w1) (vk, w2)

Figure 4.3: The graph K2,3 � P2 with the zero forcing set S.
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We consider the graph K2,3 � P2. See Figure 4.3. The zero forcing number of

K2,3 � P2 was found as Z(K2,3 � P2) = 7 by use of Sage zero forcing software [30];

that is, Z(K2,3 � P2) 6= 8.

Let V (K2,3) = {u1, u2, v1, v2, v3} and V (P2) = {w1, w2}. Then a zero forcing

set ofK2,3�P2 is S = {(u1, w1), (u2, w1), (u1, w2), (u2, w2), (v1, w1), (v2, w1), (v3, w1)}.

We obtain that Z(K2,3 � P2) ≤ 7, but by Proposition 3.5 and Proposition 3.9,

we obtain the following.

s = |K2,3|Z(P2) + Z(K2,3)|P2| − Z(K2,3)Z(P2) (4.9)

= 5 · 1 + 3 · 2− 3 · 1 = 8. (4.10)

The following Proposition was presented at [18] by Brešar et al.

Proposition 4.3: [18] If s ≥ 3, t ≥ 2, then Z(Cs � Pt) = 2t+ s− 2.

Corollary 4.1: Let H be a connected graph with k vertices. Then k(n−1) ≤ Z(Kn�

H) ≤ k(n− 1) + Z(H) for n ≥ 2, k ≥ 2.

Proof: Let V (Kn) = {u1, u2, · · · , un} and V (H) = {v1, v2, · · · , vk}, where n ≥ 2

and k ≥ 2. Then V (Kn � H) = V (Kn) × V (H). One can easily see that each pair

of vertices in the set {(ui, vj) : 1 ≤ i ≤ n} for all j ∈ {1, 2, · · · , k} is true twins

because of NKn�H [(ui, v1)] = NKn�H [(uj, v1)], NKn�H [(ui, v2)] = NKn�H [(uj, v2)],

· · · , NKn�H [(ui, vk)] = NKn�H [(uj, vk)] from the definitions of strong product and

complete graph, where 1 ≤ i ≤ n and 1 ≤ j ≤ n. From Lemma 3.2, every zero

forcing set of Kn�H must contain n− 1 vertices from each set {(ui, vj) : 1 ≤ i ≤ n}

for all j ∈ {1, 2, · · · , k}. Therefore, we have the following.

Z(Kn �H) ≥ k(n− 1). (4.11)

Also, the following is obtained by Theorem 4.5 and Proposition 3.7.

Z(Kn �H) ≤ |Kn|Z(H) + Z(Kn)|H| − Z(Kn)Z(H) (4.12)

= nZ(H) + (n− 1)k − (n− 1)Z(H) (4.13)

= k(n− 1) + Z(H). (4.14)
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By (4.11) and (4.14), we get k(n− 1) ≤ Z(Kn �H) ≤ k(n− 1) + Z(H).

Proposition 4.4: Z(Kn � Ck) = k(n− 1) + 2 for n ≥ 2, k ≥ 3.

Proof: Let n ≥ 2, k ≥ 3. Let V (Kn) = {u1, u2, · · · , un} and V (Ck) = {v1, v2, · · · , vk}.

Then V (Kn � Ck) = V (Kn)× V (Ck).

By Corollary 4.1 and Proposition 3.6, the following is obtained.

Z(Kn � Ck) ≤ k(n− 1) + Z(Ck) (4.15)

= k(n− 1) + 2. (4.16)

Assume that Z(Kn �Ck) ≤ k(n− 1) + 1. Then there exists a zero forcing set S

of Kn � Ck such that S has k(n− 1) + 1 vertices.

For convenience, we arrange the vertices of Kn � Ck to form k columns and n

rows. For instance, see Figure 4.4. We know that each pair of the vertices of Kn � Ck

on the same column is true twins. Then S must contain n−1 vertices from each column

by Lemma 3.2. Without loss of generality, let S contain the first n− 1 vertices of each

column.

Let S =
(⋃n−1

i=1 Si

)
∪ {w}, where Si = {(ui, vj) : 1 ≤ j ≤ k} for 1 ≤ i ≤ n− 1

and w ∈ A = {(un, vj) : 1 ≤ j ≤ k}. Clearly, A − {w} contains all white vertices

of Kn � Ck. By the definition of strong product, A induces a subgraph of Kn � Ck

which is isomorphic to Ck. Hence, the black vertex w cannot force any white vertex of

Kn � Ck. Can any black vertex in
⋃n−1

i=1 Si force any white vertex of Kn � Ck? It is

sufficient to examine the black vertices in any set Si because of definition of true twins,

where 1 ≤ i ≤ n− 1. The reason is that black true twins either both can force a white

vertex or neither can. Then for l ∈ 1 ≤ i ≤ n− 1, we will examine the black vertices

in the set Sl = {(ul, vj) : 1 ≤ j ≤ k}.

Case 1: j = 1. In this case, the black vertex (ul, v1) is adjacent to the vertices

(ul, v2), (ul, vk), and (un, v1) in A. Even if the black vertex w is one of these vertices,

(ul, v1) will have still 2 white neighbors. Then it can not force any white vertex.

Case 2: j = k. In this case, the black vertex (ul, vk) is adjacent to the vertices

(ul, vk−1), (ul, v1), and (un, vk) inA. Even if the black vertexw is one of these vertices,

(ul, vk) will have still 2 white neighbors. Then it can not force any white vertex.
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Case 3: 1 < j = m < k. In this case, the black vertex (ul, vm) is adjacent to

the vertices (ul, vm−1), (ul, vm+1), and (un, vm) inA. Even if the black vertex w is one

of these vertices, (ul, vm) will have still 2 white neighbors. Then it can not force any

white vertex.

Since none of the white vertices of Kn � Ck are forced, it contradicts with the

fact that S is a zero forcing set of Kn � Ck. Then the following is obtained.

Z(Kn � Ck) ≥ k(n− 1) + 2. (4.17)

Thus, we obtain Z(Kn � Ck) = k(n− 1) + 2 by (4.16) and (4.17).

(u1, v1) (u1, v2) (u1, v3) (u1, v4)

(u2, v1)
(u2, v2) (u2, v3)

(u2, v4)

(u3, v1) (u3, v2) (u3, v3) (u3, v4)

Figure 4.4: The graph K3 � C4 with an initial set S.

Theorem 4.6: Let H be a connected graph with n vertices. Then Z(Kp,q � H) ≤

np+ qZ(H) for q ≥ p ≥ 1 and n ≥ 2.

Proof: For q ≥ p ≥ 1 and |H| = n ≥ 2, let V (Kp,q) = {u1, u2, · · · , up, v1, v2, · · · , vq}

and V (H) = {w1, w2, · · · , wn}.

From the definition of strong product, we know that V (Kp,q �H) = V (Kp,q)×

V (H) and E (Kp,q �H) = {{(u, v), (x, y)} : i) [u ∼ x, v ∼ y] ∨ ii) [u = x, v ∼ y] ∨

iii) [u ∼ x, v = y] for all (u, v), (x, y) ∈ V (Kp,q)× V (H)}.
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After that let Ai = {(ui, wj) : 1 ≤ j ≤ n} for all i ∈ {1, 2, · · · , p} and Bk =

{(vk, wj) : 1 ≤ j ≤ n} for all k ∈ {1, 2, · · · , q}. Clearly, V (Kp,q �H) =
(⋃

1≤i≤pAi

)
∪
(⋃

1≤k≤q Bk

)
.

Suppose that we arrange the vertices of Kp,q � H to form p + q rows. Let the

vertices of the set Ai be on the ith row and the vertices of the set Bk be on the (p+k)th

row, where 1 ≤ i ≤ p, 1 ≤ k ≤ q. Then clearly n columns appear. See Figure 4.5.

There exists a graph in each row that is isomorphic to H from ii), and there

exists a graph in each column that is isomorphic to Kp,q from iii), which is a subgraph

of Kp,q �H . Different subgraphs will appear depending on the graph H from i).

Let S = (
⋃p

i=1Ai) ∪ (
⋃q

k=1 Zk) be an initial set of black vertices of Kp,q � H ,

where Zk is a minimum zero forcing set of the subgraph ofKp,q�H in the (p+k)th row

for each 1 ≤ k ≤ q. We know that every row induces H . From the definitions of strong

product and complete bipartite graph, and choosing S, each black vertex of the induced

subgraph (Kp,q�H) [Bk] in (p+k)th row has no white neighbors from the other rows,

where 1 ≤ k ≤ q. Since Zk is a minimum zero forcing set for each induced subgraph

(Kp,q �H) [Bk], all white vertices on each row turn to black, where 1 ≤ k ≤ q. Then

S is a zero forcing set of Kp,q �H . Then Z (Kp,q �H) ≤ |S| = np+ qZ(H).

(ui, w1) (ui, w2) (ui, w3)

(vk, w1) (vk, w2) (vk, w3)

Figure 4.5: The graph K2,3 � C3 with an initial set S.

Observation 4.3: There exists any connected graph H with n vertices such that zero

forcing number of Kp,q �H is not equal to s = np+ qZ(H) for q ≥ p ≥ 1 and n ≥ 2.
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We consider the graph K2,3 � P2. See Figure 4.6. The zero forcing number of

K2,3 � S3 was found as Z(K2,3 � S3) = 11 by use of the Sage zero forcing software

[30]; that is, Z(K2,3 � P2) 6= 14.

Let V (K2,3) = {u1, u2, v1, v2, v3} and V (S3) = {w1, w2, w3, w4}. A zero forc-

ing set ofK2,3�S3 equals to the following set S = {(u1, w1), (u2, w1), (u1, w2), (u2, w2),

(u2, w3), (u2, w4), (v1, w1), (v2, w1), (v3, w1), (v1, w3), (v2, w4)}.

We obtain that Z(K2,3 � S3) ≤ 11, but by Proposition 3.9, the following is

obtained.

s = np+ qZ(S3) (4.18)

= np+ qZ(K1,3) (4.19)

= 4 · 2 + 3 · 2 = 14. (4.20)

Also, (v1, w1)→ (v1, w2), (v2, w1)→ (v2, w2), (v3, w1)→ (v3, w2), (v1, w3)→

(u1, w3), (v2, w4) → (u1, w4), (v2, w2) → (v2, w3), (u2, w3) → (v3, w3), (v1, w2) →

(v1, w4), (v3, w2)→ (v3, w4) are the forces in which they are performed in the order.

(ui, w1) (ui, w2) (ui, w3) (ui, w4)

(vk, w1) (vk, w2) (vk, w3) (vk, w4)

Figure 4.6: The graph K2,3 � S3 with the initial set S.
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Proposition 4.5: Z(Kn �Kp,q) = (p+ q)(n− 1) + p for q ≥ p ≥ 1 and n ≥ 2.

Proof: Let q ≥ p ≥ 1 and n ≥ 2. Let V (Kn) = {u1, u2, · · · , un} and V (Kp,q) =

{v1, v2, · · · , vp, w1, w2, · · · , wq}. Then V (Kn �Kp,q) = V (Kn)× V (Kp,q).

From Theorem 4.6 and Proposition 3.7, the following is obtained.

Z(Kn �Kp,q) ≤ np+ qZ(Kn) (4.21)

= np+ q(n− 1) (4.22)

= (p+ q)(n− 1) + p. (4.23)

Assume that Z(Kn �Kp,q) ≤ (p + q)(n − 1) + p − 1. Then there exists a zero

forcing set S of Kn �Kp,q such that S has (p+ q)(n− 1) + p− 1 vertices.

For convenience, we arrange the vertices of Kn � Kp,q to form p + q columns

and n rows. For instance, see Figure 4.7. We know that each pair of the vertices of

Kn �Kp,q in the same column is true twins. Without loss of generality, let S contain

the first n− 1 vertices of each column.

Let S =
(⋃n−1

i=1 (Si ∪Ki)
)
∪ ((A ∪ B) − {x1, x2, · · · , xq+1}), where Si =

{(ui, vj) : 1 ≤ j ≤ p} for 1 ≤ i ≤ n − 1, Ki = {(ui, wl) : 1 ≤ l ≤ q} for

1 ≤ i ≤ n − 1, A = {(un, vj) : 1 ≤ j ≤ p}, B = {(un, wl) : 1 ≤ l ≤ q},

and x1, x2, · · · , xq+1 ∈ A ∪ B. Clearly, {x1, x2, · · · , xq+1} is the set of all white ver-

tices of Kn �Kp,q. By the definition of strong product, A ∪ B induces a subgraph of

Kn � Kp,q which is isomorphic to Kp,q. Hence, if there exists, the black vertices in

(A ∪ B) − {x1, x2, · · · , xq+1} can not force any white vertex of Kn �Kp,q. Can any

black vertex in
⋃n−1

i=1 (Si ∪Ki) force any white vertex of Kn �Kp,q? It is sufficient to

examine the black vertices in any Si ∪ Ki because of definition of true twins, where

1 ≤ i ≤ n− 1. Then for m ∈ 1 ≤ i ≤ n− 1, we will examine the black vertices in the

set Sm ∪Km = {(um, vj) : 1 ≤ j ≤ p} ∪ {(um, wl) : 1 ≤ l ≤ q}.

Case 1: For the black vertices in Sm, any black vertex (um, vj) has q + 1 neigh-

bors from the set A ∪ B by the definition of strong product. Even if the p − 1 black

vertices in the set (A∪B)−{x1, x2, · · · , xq+1} is some of these q+1 vertices, (um, vj)

will have at least q + 1 − (p − 1) = q − p + 2 ≥ 2 white neighbors. Then it can not

force any white vertex of Kn �Kp,q.
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Case 2: For the black vertices in Km, any black vertex (um, wl) has p+ 1 neigh-

bors from the set A ∪ B by the definition of strong product. Even if the p − 1 black

vertices in the set (A∪B)−{x1, x2, · · · , xq+1} is some of these p+1 vertices, (um, wl)

will have at least p+ 1− (p− 1) = 2 white neighbors. Then it can not force any white

vertex of Kn �Kp,q.

Since none of the white vertices of Kn � Kp,q are forced, it gives us a contra-

diction with the fact that S is a zero forcing set of Kn � Kp,q. Then the following is

obtained.

Z(Kn �Kp,q) ≥ (p+ q)(n− 1) + p. (4.24)

Thus, we obtain that Z(Kn �Kp,q) = (p + q)(n− 1) + p by the inequalities in

(4.23) and (4.24).

(u1, vj)

(u2, vj)

(u3, vj)

(u4, vj)

(u1, wl)

(u2, wl)

(u3, wl)

(u4, wl)

Figure 4.7: The graph K4 �K2,3 with an initial set S.

Lemma 4.5: Z(Kp,q � P2) = 2p+ q for q ≥ p ≥ 1.

Proof: Let q ≥ p ≥ 1. By Theorem 4.6 and Proposition 3.5, we obtain the following

inequality.

Z(Kp,q � P2) ≤ 2p+ q. (4.25)
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Let V (Kp,q) = {u1, u2, · · · , up, v1, v2, · · · , vq} and V (Pn) = {w1, w2}.

Let C1 = {(ui, w1) : 1 ≤ i ≤ p}, C2 = {(ui, w2) : 1 ≤ i ≤ p} and let

D1 = {(vk, w1) : 1 ≤ k ≤ q}, D2 = {(vk, w2) : 1 ≤ k ≤ q}, say p−sets and q−sets,

respectively. Clearly, V (Kp,q � P2) = (C1 ∪ C2) ∪ (D1 ∪ D2). For convenience, we

will array all vertices of V (Kp,q � P2) as in proof of Theorem 4.6.

Let S be a minimum zero forcing set of Kp,q � P2. From the definition of strong

product, the vertices that are on the same row in the p−sets are true twins to each

other. Similarly, this situation holds for the q−sets. We know that at least one of the

true twins must be contained in all zero forcing sets of Kp,q � P2 by Lemma 3.2. Then

at least p vertices from p−sets and at least q vertices from q sets are contained in the

set S. Then S has at least p+ q vertices (see Figure 4.8).

...
...

...
...

...

...

(ui, w1) (ui, w2)

(vk, w1) (vk, w2)

Figure 4.8: Representing graph for 1 ≤ i ≤ p, 1 ≤ k ≤ q.

However, at least another p vertices must be contained in S to do any forcing.

The reason is that when we consider any black vertex that has the least number of

white neighbors (black vertices in q-sets), we see that it has p+ 1 white neighbors. So,

we have the following.

Z(Kp,q � P2) ≥ 2p+ q. (4.26)
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As a result, we obtain that Z(Kp,q � P2) = 2p + q by the inequalities in (4.25)

and (4.26).

The following significant proposition was presented at [33] by Brešar et al. It

will help us next works.

Proposition 4.6: [33]

i) For any graphs G and H , γgr(G�H) ≥ γgr(G)γgr(H).

ii) Let G and H be arbitrary graphs. If v is a simplicial vertex in G, then γgr(G�

H) ≤ γgr(H) + γgr((G− {v}) �H).

The following pretty important Theorem was shown in [34] by Bell et al.

Theorem 4.7: [34] For any tree G and graph H , γgr(G�H) = γgr(G)γgr(H).

Now, we will prove a special case of the above theorem.

Corollary 4.2: [34] γgr (Kp,q � Pn) = q(n− 1) for q ≥ p ≥ 1, n ≥ 2.

Proof: Let q ≥ p ≥ 1 and n ≥ 2. By Proposition 4.6, Lemma 4.2, and Lemma 4.3, the

following is obtained.

γgr(Kp,q � Pn) ≥ γgr(Kp,q)γgr(Pn) = q(n− 1). (4.27)

Now, we will show that γgr (Kp,q � Pn) ≤ γgr (Kp,q) γgr (Pn) = q(n − 1). We

prove this inequality by the induction on n.

Basis step: n = 2.

Let V (Kp,q) = {u1, u2, · · · , up, v1, v2, · · · , vq} and V (P2) = {w1, w2}. Clearly,

the ordered sequence S = ((vk, w1) : 1 ≤ k ≤ q) is a Grundy dominating se-

quence that is also a legal Z−sequence in the graph Kp,q � P2. Then by Theorem 4.2,

γgr(Kp,q�P2)+Z(Kp,q�P2) = |V (Kp,q�P2)|. We know that Z(Kp,q�P2) = 2p+q

by Lemma 4.5. So, we obtain γgr(Kp,q � P2) = 2p+ 2q − 2p− q = q ≤ q.

Induction step: For n − 1, let our assumption be straight. Then by Lemma 4.2

and Lemma 4.3, the following is obtained.

Ygr (Kp,q � Pn−1) ≤ γgr (Kp,q) γgr (Pn−1) = q(n− 2). (4.28)
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Now, let V (Pn) = {w1, w2, · · · , wn}. We know that w1 and wn are simplicial

vertices in Pn since Pn[{w2}] ∼= Pn[{wn−1}] ∼= K1.

Also, we know that Kp,q � Pn
∼= Pn � Kp,q. Then by Proposition 4.6 and the

inequality in (4.28), the following is obtained.

γgr(Pn �Kp,q) ≤ γgr(Kp,q) + γgr((Pn − {w1}) �Kp,q) (4.29)

= γgr(Kp,q) + γgr(Pn−1 �Kp,q) (4.30)

≤ q + q(n− 2). (4.31)

So, the following is obtained.

γgr(Kp,q � Pn) ≤ q(n− 1). (4.32)

As a result, we obtain that γgr(Kp,q�Pn) = q(n−1) by the inequalities in (4.27)

and (4.32).

Corollary 4.3: Z(Kp,q � Pn) = np+ q for q ≥ p ≥ 1 and n ≥ 2.

Proof: Let q ≥ p ≥ 1 and n ≥ 2. The following inequality holds from Theorem 4.6.

Z(Kp,q � Pn) ≤ np+ q. (4.33)

Also, the following is obtained by Theorem 4.2 and Corollary 4.2.

Z (Kp,q � Pn) ≥ |V (Kp,q � Pn)| − γgr (Kp,q � Pn) (4.34)

= np+ nq − nq + q (4.35)

= np+ q. (4.36)

As a result, we get Z(Kp,q � Pn) = np + q by the inequalities in (4.33) and

(4.36).

Corollary 4.4: Let H be a connected graph with k vertices. Then Z(Pn � H) ≥

nk − (n− 1)γgr (H) for n ≥ 2.

Proof: Let n ≥ 2 and H be a connected graph with k vertices. We know that every

path graph is a tree.
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By Theorem 4.7 and Lemma 4.2, the following is obtained.

γgr(Pn �H) = γgr(Pn)γgr(H) (4.37)

= (n− 1)γgr(H). (4.38)

Also, the following is obtained from Theorem 4.2 and the equation in (4.38).

Z(Pn �H) ≥ |V (Pn �H)| − γgr(Pn �H) (4.39)

= nk − (n− 1)γgr(H). (4.40)

The proof is completed.

Corollary 4.5: Z(Kn � Pk) = k(n− 1) + 1 for n ≥ 2, k ≥ 2.

Proof: Let n ≥ 2, k ≥ 2. By Corollary 4.1 and Proposition 3.5, the following is

obtained.

Z(Kn � Pk) ≤ k(n− 1) + Z(Pk) (4.41)

= k(n− 1) + 1. (4.42)

Also, the following is obtained from Theorem 4.7, Lemma 4.1, and Lemma 4.2.

γgr(Kn � Pk) = γgr(Kn)γgr(Pk) (4.43)

= k − 1. (4.44)

Again by the equality (4.44) and Theorem 4.2, we get the following.

Z (Kn � Pk) ≥ |V (Kn � Pk)| − γgr (Kn � Pk) (4.45)

= nk − k + 1 (4.46)

= k(n− 1) + 1. (4.47)

As a result, we get Z(Kn � Pk) = k(n− 1) + 1 by the inequalities in (4.42) and

(4.47).
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Corollary 4.6: Let H be a connected graph with n vertices. Then γZgr(Kp,q � H) ≥

q(n− Z(H)) for q ≥ p ≥ 1 and n ≥ 2.

Proof: Let q ≥ p ≥ 1 and n ≥ 2.

The following is obtained from Theorems 4.6 and 4.2 .

γZgr(Kp,q �H) = V (Kp,q �H)− Z(Kp,q �H) (4.48)

≥ n(p+ q)− np− qZ(H) (4.49)

= q(n− Z(H)). (4.50)

The proof is completed.

Corollary 4.7: γZgr(Kn � Ck) = k − 2 for n ≥ 2 and k ≥ 2.

Proof: Let n ≥ 2 and k ≥ 2. The following is obtained from Theorem 4.2 and Propo-

sition 4.4 .

γZgr(Kn � Ck) = V (Kn � Ck)− Z(Kn � Ck) (4.51)

= nk − nk + k − 2 (4.52)

= k − 2. (4.53)

The proof is completed.

Corollary 4.8: γZgr(Kn � Pk) = k − 1 for n ≥ 2 and k ≥ 2.

Proof: Let n ≥ 2 and k ≥ 2. The following is obtained from Theorem 4.2 and Corol-

lary 4.5.

γZgr(Kn � Pk) = V (Kn � Pk)− Z(Kn � Pk) (4.54)

= nk − nk + k − 1 (4.55)

= k − 1. (4.56)

The proof is completed.
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Corollary 4.9: γZgr(Kn �Kp,q) = q for q ≥ p ≥ 1 and n ≥ 2.

Proof: Let q ≥ p ≥ 1 and n ≥ 2. The following is obtained from Theorem 4.2 and

Proposition 4.5.

γZgr(Kn �Kp,q) = V (Kn �Kp,q)− Z(Kn �Kp,q) (4.57)

= n(p+ q)− (n− 1)(p+ q)− p (4.58)

= q. (4.59)

The proof is completed.
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5. CONCLUSION

In this thesis, we have worked on the zero forcing number of some special graphs

such as a path graph, a cycle graph, a complete graph, etc. Especially, as we expressed

in the introduction section, we have focused on finding the zero forcing number of the

strong product of any two special graphs. We have considered the zero forcing number

of the strong product of a complete bipartite graph and any special graph; namely, a

complete graph and a cycle graph or a complete graph and a path graph. Moreover, we

considered the zero forcing number of the strong product of a complete bipartite graph

and any special graph; namely, a complete bipartite graph and a complete graph or a

complete bipartite graph and a path graph. To obtain these studies, we have used the

works in the literature, and Lemma 3.2 and Theorem 4.6 that we have proved.

50



REFERENCES

[1] West D. B., (2001), “Introduction to Graph Theory”, 2nd Edition, Prentice Hall.

[2] Wilson R. J., (2010), “Introduction to Graph Theory”, 5th Edition, Pearson.

[3] Balaban A. T., (1985), “Applications of graph theory in chemistry”, Journal of
Chemical Information and Computer Sciences, 25 (3), 334-343.

[4] Kozuch S., (2015), “Steady state kinetics of any catalytic network: graph theory,
the energy span model, the analogy between catalysis and electrical circuits, and
the meaning of “mechanism””, ACS Catalysis, 5 (9), 5242-5255.

[5] Eghdami H., Darehmiraki M., (2012), “Application of DNA computing in graph
theory”, Artificial Intelligence Review, 38 (3), 223-235.

[6] Mackaness W. A., Beard K. M., (1993), “Use of graph theory to support map
generalization”, Cartography and Geographic Information Systems, 20 (4), 210-
221.

[7] Harary F., Gupta G., (1997), “Dynamic graph models”, Mathematical and Com-
puter Modelling, 25 (7), 79-87.

[8] Kossinets G., (2006), “Effects of missing data in social networks”, Social Net-
works, 28 (3), 247-268.

[9] Work A. M. R. S. G., (2008), “Zero forcing sets and the minimum rank of
graphs”, Linear Algebra and its Applications, 428 (7), 1628-1648.

[10] Web 4, (2022), http://aimath.org/pastworkshops/catalog2.html, (Erişim Tarihi:
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