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ABSTRACT

RADIAL BASIS FUNCTION AND DUAL RECIPROCITY BOUNDARY
ELEMENT SOLUTIONS OF FLUID DYNAMICS PROBLEMS

Giirbiiz, Merve

Ph.D., Department of Mathematics

Supervisor : Prof. Dr. Miinevver Tezer-Sezgin

June 2017, pages

In this thesis, the two-dimensional, laminar steady or unsteady flow of a viscous,
incompressible, electrically conducting fluid is considered in channels of several ge-
ometries under the impact of a uniform magnetic field with different orientations.
Magnetohydrodynamic (MHD) flow governed by the hydrodynamic and electromag-
netic equations is solved numerically with or without Stokes approximation and with
or without magnetic induction due to the large or small values of Reynolds and mag-
netic Reynolds numbers, respectively. The numerical results of these MHD flow prob-
lems are obtained by using the radial basis function (RBF) approximation, the dual
reciprocity boundary element method (DRBEM) and the direct interpolation bound-
ary element method (DIBEM). The computational efficiency and easy implementa-
tion of RBF approximation is made use of to obtain the solutions of the considered
MHD flow problems in terms of all the primitive variables. The MHD Stokes and the
MHD incompressible flows subjected to the magnetic field in the pipe-axis direction
are also studied including electric potential. The RBF approximation is also imposed
to solve the MHD and the MHD Stokes convection flows in cavities. The MHD con-
vection flow affected by both the Lorentz force and the buoyancy force is modeled by
the MHD flow equations coupled with the temperature equation including the viscous
dissipation term. The numerical results for all MHD flow problems are simulated in
terms of streamlines, equivorticity lines, isotherms, pressure and electric potential
contours in different geometries for several values of physical parameters.



The use of radial basis function approximation is also extended to transient Navier-
Stokes, MHD convection flow and full MHD flow equations. Since the explicit Euler
method is used for the time discretization, the numerical stability analysis is per-
formed computationally through the spectral radius of the coefficient matrices in the
RBF discretized systems for the optimal values of the time increment, relaxation pa-
rameters and the non-dimensional physical parameters.

Keywords: RBF approximation, DRBEM, DIBEM, MHD Stokes flow, MHD con-
vection flow, viscous dissipation, stability
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AKISKANLAR MEKANIGI PROBLEMLERININ RADYAL BAZ
FONKSIYONU VE KARSILIKLI SINIR ELEMANLARI YONTEMI iLE
COZUMLERI

Giirbiiz, Merve

Doktora, Matematik Bolumii

Tez Yoneticisi : Prof. Dr. Miinevver Tezer-Sezgin

Haziran 2017 ,[173|sayfa

Bu tezde, viskoz, sikistirllamaz, elektrik ileten, farkli yonlerde uygulanan manyetik
alan etkisindeki sivinin degisik geometrilere sahip kanal i¢indeki iki boyutlu zamana
baglh ya da zamandan bagimsiz akis1 incelenmistir. Hidrodinamik ve elektromanye-
tik denklemler tarafindan yonetilen magnetohidrodinamik (MHD) akis, Stokes yak-
lastirim1 ve manyetik indiiksiyon olup olmamasiyla birlikte Reynolds ve manyetik
Reynolds sayilarinin biiyiik veya kiiciik degerleri i¢in sayisal olarak hesaplanmistir.
MHD akis problemlerinin niimerik sonuglari radyal baz fonksiyonlar1 (RBF) yaklas-
tirimi, kargilikli sinir elemanlart yontemi (DRBEM) ve dogrudan interpolasyon sinir
elemanlar1 yontemi (DIBEM) kullanilarak elde edilmistir. RBF yaklastirrminin he-
saplama verimliligi ve kolay uygulanabilir olmasi, MHD akig problemlerinin biitiin
ilkel degiskenler cinsinden ¢oziimlerini elde etmede kullanilmigtir. Kanal yoniindeki
manyetik alan etkisi altinda kalan MHD Stokes ve MHD sikistirilamaz akislar elekt-
rik potensiyelinin eklenmesiyle birlikte ¢alisilmigtir. RBF yaklagtirimi kesit i¢indeki
MHD ve MHD Stokes konveksiyon akiglarini ¢ozmek i¢in de uygulanmigtir. Lorentz
ve buoyancy kuvvetlerinden etkilenen MHD konveksiyonel akis, viskoz yayilimini da
iceren 151 denklemi ve MHD denklemleri kullanilarak modellenmigtir. Biitiin MHD
akis problemlerinin sayisal ¢oziimleri farkli parametreler icin sivi akimu cizgileri, es
vortisiti ¢izgileri, es 1s1 egrileri, basing ve elektrik potansiyel konturlari cinsinden
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farkli geometrilerde gosterilmistir.

RBF yaklagtiriminin kullanimi zamana bagli Navier-Stokes, MHD konveksiyon akig
ve tam MHD akis denklemleri icin de genisletilmistir. Zaman ayriklastirmasi i¢in
acik Euler yontemi kullanilmasindan dolay: sayisal kararlilik analizi, ayriklastirilmig
RBF sistemlerindeki katsayr matrislerinin spektral yaricaplart dogrultusunda zaman
aralif1, yumusama katsayilar1 ve boyutsal olmayan fiziksel parametrelerin optimal
degerlerine gore yapilmistir.

Anahtar Kelimeler: Radyal baz fonksiyonlar1 yaklastirimi, Kargilikli sinir elemanlari
yontemi, Dogrudan interpolasyon sinir eleman1 yontemi, Magnetohidrodinamik Sto-
kes akis, Magnetohidrodinamik konveksiyon akis, viskoz dagilim, kararlilik
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CHAPTER 1

INTRODUCTION

Fluid dynamics (or Hydrodynamics) is the branch of the physics which is concerned
with the motion of fluids classified as liquids and gases, and the energy exchange in
the fluid. The governing equations of fluid dynamics are based on the global laws of
conservation of mass, conservation of momentum and conservation of energy. When
there exists an external magnetic field around the fluid medium, the Maxwell’s equa-
tions of elecrtomagnetics are combined with the momentum equations through Ohm’s

law.

In this thesis, the steady or unsteady laminar flow of a viscous, incompressible fluid
is considered under the effect of an applied magnetic field. If the motion of the fluid
varies with the time, then the flow is unsteady. Otherwise, it is called steady. Laminar
flow has a smooth motion of the fluid. Viscosity arises from internal friction in the

fluid particle. Fluid is called incompressible if the density of the fluid is constant.

In this Chapter, we first introduce the Navier-Stokes equations in both primitive
(velocity-pressure) and stream function-vorticity formulations. Then, the magnetic
field effect on the Stokes flow is considered and the mathematical formulation of
MHD Stokes flow is given in Section[I.2] Electric potential equation is also derived
for the MHD incompressible flow in Section[[.3] MHD convection flow equations are
included with or without viscous dissipation in Section MHD convection flow
equations are obtained by including the energy equation to the MHD equations. Sec-
tion[I.5|presents the full MHD equations in which the induced magnetic field satisfies
the induction equations added to the momentum equations. Finally, the literature sur-

vey, the plan of the thesis and the contributions in the thesis are given in Sections|I.6]



1.7 and 1.8, respectively.

1.1 The Navier-Stokes Equations

The Navier-Stokes equations are the basic equations of the fluid dynamics. The ap-
plications of the laws of the conservation of mass and momentum (Newton second
law) result in the continuity and momentum equations. These equations are nonlinear
partial differential equations in terms of velocity field and pressure of the fluid. The
nonlinearity due to the convective acceleration makes the equations difficult to solve.
Analytical solutions are available only for some special regions and dimensions with
some simplified physical assumptions. Thus, the solution of Navier-Stokes equations

are usually obtained by using numerical methods.

Many engineering problems are governed by the Navier-Stokes equations such as
ocean currents, motion of stars inside a galaxy, weather movement, the study of blood
flow, fluid flows in channels, the analysis of the effects of pollution and the design of

the cars, aircraft, and power stations, etc.
The two-dimensional, unsteady Navier-Stokes equations are given together with the

continuity equation as [57]]

V-u=0 (1.1)

0
,0(8—1; + (- V)u) = —Vp + prViu (1.2)

in terms of primitive variables (u, p). Here, u = (u, v, 0) is the velocity field and p is
the pressure of the fluid. p and v are the density and kinematic viscosity of the fluid,

respectively.

Now, we introduce the scaled transformations with a characteristic length L and a

characteristic velocity Uy as [61]
x—xlL, t—tL/Uy, wu—uly p— pprU/L (1.3)

and substitute into the equations (1.1)-(1.2) to obtain non-dimensional Navier-Stokes
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equations as

ou  Ou
i I | 1.4
8a:+8y (14)
ou ou ou dp
2 ou ou ~ou, Op
VU_Re(6t+uﬁx+vay)+8:ﬁ (1.5)
ov ov ov dp
2, _ ov ov. ov, Op
vv_Re(@t+u8x+vay)+8y (1.6)

where Re = LUy/v is the Reynolds number which expresses the ratio of inertia
forces to viscous forces. When the viscous forces are dominant (Re < 2100), flow
regime is laminar this means that fluid has a smooth behavior. Otherwise, the flow
is called turbulent. The equations (1.4)-(1.6) in the primitive variables velocity and
pressure have the drawback of missing pressure equation although the pressure is also

an unknown.

The two-dimensional flow allows one to define the stream function ¢ satisfying the

continuity equation as

o o
= . 1.7
U= Gy v o (1.7)
which shows the trajectories of particles in the flow.
The vorticity represents the rotation of the fluid and is defined as
v Ou
= — — — 1.8
YT o Jy (1.8)

which is the non-zero third component of the vorticity field w = V X w.

Substitution the stream function definition (1.7 into the equation (1.8)) gives the

stream function equation as

The vorticity transport equation can be derived by differentiating the momentum
equations (1.6)) and (1.5)) with respect to = and y, respectively, and subtracting from

each other

1, Ow Ow  Ow
V2% = o a4 v 1.1
R@Vw at+”ax+“ay (1.10)

so that pressure terms in the momentum equations are eliminated. This is the main

advantage of stream function-vorticity formulation.

3



Thus, the unsteady Navier-Stokes equations in terms of stream function and vorticity

are given as
V3 = —w (1.11)
1 _, ow ow Ow
— = — — —. 1.12
Revw ot +u8$+7}8y (1.12)

The stream function has Dirichlet type boundary conditions since the stream function
is natural streamline on the walls with a constant value and can be taken as zero.
However, the vorticity boundary conditions are not known physically. The unknown
vorticity boundary values are obtained from the definition of the vorticity with the
help of coordinate matrix F' of RBF

_Ov Ou  OF __, oF __,
w—am Iy = 8xF v 3yF U (1.13)

where the coordinate matrix F' is constructed by radial basis function as F;; = 1+7;;,

r;; being the distance between the points %" and “j’.

Alternatively, the vorticity boundary conditions can be obtained using Taylor series

expansion of the stream function equation (V?1) = —w).
92
In this approach [6]], we first approximate I ¥y, on the boundary point ‘b’ as
n

Yol = aoty + a1s + asthy + azthnp (1.14)

where 9, is the boundary value, 1, is the normal derivative of 1, 1, and 1), are

interior values which are sh and ¢h distances away from the boundary, respectively

(Figure [L.T].

Figure 1.1: 1)}, boundary value 15 and 1), interior values

Then, the Taylor series expansion of v, and 1), around the boundary point ‘0’ are
written and rearranged to obtain

S2h2 q2h2
a1+

2 2 a2)¢nn|b+o(h3)'

(1.15)

Ynlp = (@p+a1+a2)p+ (shay +qhaz+az) s |p+(




Equating the coefficients of the corresponding derivatives gives the undetermined co-
efficients ag, a,, as, as as

—2(s’ — ¢%) —2q

W TR —q) TR (s —q)
25 —2(s +q)
gy = ———— n =
2 h22(s —q)’ ’ hsq
Thus, the boundary values for w can be obtained from
wy = —(aoy + a1 + azthg + aziy|p) (1.16)

when the boundary values v and 1), are known in the problem.

1.2 The MHD Stokes Flow

Magnetohydrodynamics (MHD) is the branch of fluid mechanics that focuses on the
flow of electrically conducting fluids in the presence of magnetic field. Its popularity
comes from the wide range of industrial applications such as MHD pumps, geother-
mal energy extraction, liquid metal productions (mercury, liquid sodium, etc.), plasma
physics and nuclear fusion, etc. The governing coupled MHD equations are the con-
tinuity equation, the Navier-Stokes equations of hydrodynamics and Maxwell’s equa-
tions of electromagnetics through Ohm’s law [35,52]. The analytical solution of
MHD equations is difficult to obtain due to the nonlinear terms and Lorentz force
term. Another difficulty is satisfying the divergence-free conditions on magnetic field

and velocity. Thus, the numerical methods are used to solve MHD equations.

The motion of the fluid satisfies the equation of continuity
V-u=0 (1.17)
and the momentum equations
plu-Vu=—-Vp+pVu+J x B (1.18)

where J x B is the Lorentz force which comes from the interaction between the elec-
trically conducting fluid and uniform magnetic field. © = (u,v,0), B, J and p are
the velocity field, magnetic field, electric current density and pressure, respectively.

p is the density, and v is the kinematic viscosity.
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Since the fluid is electrically conducting, electric current density is induced and given
by Ohm’s law
J=0(E+uxB) (1.19)

with the Ampere’s law J =V x H where B = yH. Here, o and p are the electric

conductivity and magnetic permeability of the fluid.

The electric field is defined as E = —V ¢ where ¢ is the electric potential since the

electric filed is irrotational, this means that V x E = 0.

Introducing dimensionless variables as [61]]
x—xL, u—ul,, H— HH, (1.20)
p—ppvUs/L, ¢ — ¢puLUgHy (1.21)

and substituting into equations (1.17)-(1.19), we obtain the non-dimensional MHD

equations as

V-u=0 (1.22)
Re(u-V)u =-Vp+ Vu+ M*(-Vo+ux H) x H (1.23)
Re,,(-Vé+ux H)=V x H (1.24)

where the non-dimensional parameters are the Reynolds number, the magnetic Reynolds
number and the Hartmann number, and represent physically as [14]

R LU, inertia force
@ g ~J -
v viscous force’

advection

Re,, = LU ~ e,
¢ 0Tk diffusion of B

and

Lorentz force
M = LuHgn/ ~N—_—
Hto 0/py shear force

where L and U are the characteristic length and the characteristic velocity, and Hj is

externally applied magnetic field intensity.

Induced magnetic field is neglected in the equation (1.24)) due to the small magnetic
Reynolds number Re,, << 1 which indicates that externally applied magnetic field

1s dominant.



Stokes flow approximation is the assumption of very small values of Reynolds num-
ber (Re << 1) so that the convective terms (v - V)u in the equation (.23 are
neglected. Hence, the MHD Stokes flow equations in terms of primitive variables

velocity and pressure are from the equations (1.22))-(1.24) as
V-u=0 (1.25)
~Vp+Vu+M*(~Vox H+ux HxH)=0 . (1.26)

When the magnetic field is applied horizontally or vertically, from Ohm’s law
and the conservation of electric current V - J = 0 we obtain the harmonic electric
potential equation V¢ = 0. With the homogeneous boundary conditions the solution
becomes the zero electric potential, ¢ = 0, dropping the gradient of the electric

potential in the equation (I.26), (V¢ = 0).

When the magnetic field is applied in the x—direction, Hg = (1,0, 0), the equations

can be written component-wise
ou Ov

— 4+ —=—=0 1.27
ox p oy (1.27)
2 dp
Vou = — (1.28)
ox
0
V2 = 2L 4 M. (1.29)
dy
Introducing 2D stream function v to satisfy continuity equation and vorticity w as
oY oY ov  Ou . . .
U= —,v=——and w = — — —, we obtain the stream function equation
oy ox or 0Oy

Vi) = —w.

Differentiation of vorticity definition with respect to x and y with the use of continuity
equation gives velocity-vorticity equations as
ow ow
-, Vip=— .
oy ox

Pressure Poisson’s equation is obtained by differentiating equation (1.28)) and equa-

Vu = (1.30)

tion (I.29) with respect to = and y, respectively, and adding

Vip=—-M>*— . (1.31)

Similarly, vorticity Poisson’s equation can be derived from cross-differentiation of

equations (1.28) and (1.29) as
Viw = MQ@ . (1.32)
ox



Thus, the two-dimensional steady MHD Stokes flow under the horizontal magnetic
field is represented with Poisson’s type equations in terms of all fluid variables; ve-

locity components (u, v), stream function 1, vorticity w and pressure p

0w

y=-—=—= 2y =22 1.33

\Y 9y Vv o (1.33)

Vi = —w (1.34)

Viw = MQ@ , Vip = —M2@ . (1.35)
Ox dy

Again, the unknown vorticity boundary values are either taken from vorticity defini-
tion by using coordinate matrix F' or stream function equation by using finite differ-

ence approximation as explained in previous section (Section [L.T)).

The unknown pressure boundary values are computed by a finite difference scheme

for the pressure derivatives and coordinate matrix F' for the space derivatives in the

equations (1.28)-(1.29) as

= pi — Ay(Cv — M?v) for the lower boundary (1.36)
po = pi + AzCu for the right boundary (1.37)
py = pi + Ay(Cv — M?v) for the upper boundary (1.38)
oy = pi — AzClu for the left boundary (1.39)

where p, is the boundary value, p; is the interior value which is Az or Ay distances

oF OF OF oOF
away from the boundary and C = — F '— F '+ — F ' —F~ ',
ox ox oy dy

When the magnetic field is acted in the y—direction, Hy = (0, 1,0), the equations

(1.25)-(1.26) take the form

ou Ov

i T )| 1.40

ox * dy (1.40)

Viu = Op + M?u (1.41)
ox

Vi = op (1.42)
dy

which are put again into Poisson’s equations for the velocity components, stream

8



function, vorticity and pressure

Ow ow
2 e 2 _ -~
V=30, V=3 (1.43)
Vi) = —w (1.44)
V= a2 gy a2? (1.45)
oy ox

The direction of the magnetic field affects the vorticity and pressure Poisson’s equa-

ov ov ou ou
—, —M?— replaced by —M?*—, —M?*—.
Ox By [ paceay oy Ox

tions as M?
The unknown vorticity and pressure boundary conditions are obtained from the stream
function equation by using finite difference method and from the momentum equa-
tions (1.41))-(1.42) using the coordinate matrix for the Laplacian, and finite differ-

ences for the pressure gradients, respectively.

When the external magnetic field is applied in the pipe-axis direction, Hog = (0,0, 1),
the continuity equation (I.25)) and the momentum equations (I1.26) are written in

terms of primitive variables with electric potential as

ou  Ov
P 1.4
Y o 0 (1.46)
op 0¢
2, =B 2 ¥
Viu = o M*( 3 u) (1.47)
op 0¢
2. e 2 A
Vi = 3y M (ax v) . (1.48)

Taking the divergence of Ohm’s law (I.19) and using the conservation of electric

current V - J = 0 give electric potential Poisson’s equation as

ov  Ou
2 — . = — — —
Vo=V - (ux H) or " ay (1.49)

Thus, the contribution of the electric potential can not be neglected in the momentum

equations when the magnetic field applies in the pipe-axis direction.
Now, the harmonic pressure and vorticity equations are obtained by differentiating
equations (1.47)-(1.48)

Vp=0, Viw=0 . (1.50)

Thus, MHD Stokes flow equations in terms of stream function, electrical potential, ve-

locity components, vorticity and pressure are coupled with electric potential through

9



vorticity in the flow as

Ow Ow

2. o 2 _
Viu = 3y Vv o (1.51)
Vi) = —w Vi =w (1.52)
Viw=0, Vip=0 (1.53)

where pressure is affected from electric potential in obtaining its boundary conditions
from equations (1.47)-(1.48)). Boundary conditions for the vorticity are obtained from
. . : : . 0
the stream function equation. For the electric potential both insulated (a_qﬁ = 0) and
n

conducting (¢ = c) wall conditions are considered.

1.3 The MHD incompressible Flow with Electric Potential

MHD Stokes flow equations generating the electric potential is given in the previous
section due to the external magnetic field in the pipe-axis direction. Now, we extend
the problem by adding the convective terms ((u - V)u) in the momentum equations

of MHD Stokes flow with the assumption of large Reynolds number value.

The MHD coupled equations are obtained from the conservation of mass, momentum

and the electric charges with Ohm’s law [35,61].

V-u=0 (1.54)
p(u-V)u=—-Vp+pwViu+Jx puH (1.55)
V-J=0 (1.56)
J=0(-Vé¢+uxuH) (1.57)

where u = (u,v,0), H = (H,, H,, H.), p, J and ¢ are the fluid velocity, magnetic
field, pressure of the fluid, electric current density and electric potential, respectively.
p, v, v and o are the density, the kinematic viscosity, the magnetic permeability and

the electric conductivity of the fluid.

The non-dimensional MHD equations neglecting the induced magnetic field due to

10



the small magnetic Reynolds number can be written as

ou Ov

o+ e 0 (1.58)
1, Ou Ou, 1 9dp 1 o 0p
¥ T8 T Tira TapY Ut ( v a—y) (159
1, Ov dv, 1 dp 1, 0¢
N Ty T iy Ty ”+< U+8x> (160
with the electric potential equation
ov  Ou
2 — . e
Vo=V (uxH) =5 5 (1.61)

In the equations (1.58)-(1.60) the following dimensionless variables are used

x —+xL, u—ul,, H—HH,

p — pprUo/L, ¢ — ¢uLUyH,

where L and U, are the characteristic length and velocity, respectively, and H is
the intensity of the applied magnetic field. The dimensionless parameters are the
Hartmann number M = L/LHO\/W and the Stuart number (or the interaction
parameter) N = M?/Re which is the ratio of the electromagnetic force to the inertia

force.

The two-dimensional MHD flow together with an electric potential can be also given

in terms of velocity components, stream function, electric potential, vorticity and

pressure
Viu = —g—j, Vi = g—: (1.62)
V) = —w, Vip=w (1.63)
1 1
szw = (ug—: + 'UZ—Z) (1.64)
1 _p 2 (0udv Oudv

The harmonic vorticity and pressure equations (I.53) in the MHD Stokes flow equa-

tions convert to the Poisson’s type equations due to the convection terms.

The unknown boundary conditions for the vorticity are obtained from the finite dif-

ference approximation of the stream function equation including interior values of

11



the stream function. Pressure boundary values are computed by using the finite dif-
ference scheme for the gradient of pressure and the coordinate matrix for the space

derivatives of velocity components and electric potential in the momentum equations

(L.59)-(1.60).

1.4 MHD Convection Flow with Viscous Dissipation

MHD convection flow occurs when the temperature variation of the electrically con-
ducting fluid in the presence of the magnetic field and the gravitation force are intro-
duced. Convective heat transfer can be divided into three categories such as natural
(or free), forced and mixed convection. If the fluid motion is produced by the density
differences due to the change in the temperature of the fluid, then the convection is
called natural. Forced convection is characterized by the fluid motion which is the
result of the external force such as blower, pump, wind and lid, etc. When the forced
convection and the natural convection occur at the same time, the process is called

mixed convection.

The analysis of the fluid flow under the influence of a magnetic field and heat trans-
fer in enclosures is one of the most widely studied problems in thermo-fluids area.
It has recently attracted the interest of many researchers because of the wide range
of industrial applications such as crystal growth, cooling of electronic systems, air
conditioning, solar technology, chemical processing equipment, flat-plate solar col-

lectors, geophysical applications etc.

MHD convection flow affected by the both Lorentz force and buoyancy force is mod-
eled by the MHD flow equations given in Section [I.2] with the use of the Boussinesq
approximation coupled with the temperature equations obtained from the first law of
thermodynamics (the conservation of energy). In the Boussinesq approximation, vari-
ations of all fluid properties due to the temperature difference are neglected except for

the density in the buoyancy force term.
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Thus, the governing equations are given in vector from as [35,45]]

V-u=0 (1.66)
plu-Vu=—Vp+pwViu+J x pH — gpB(T — T,o14) (1.67)

pep((uw-V)T) =V - (A\VT) + %Jz + prv® + pQ (1.68)

where u = (u,v), p, H = (H,, H,) and T are the velocity, pressure, the magnetic
field and the temperature of the fluid, respectively. The electric current density J is
defined as J = o(uXpH) in the absence of electric field E. Here v, o, p, p, ¢,
B, A and g are kinematic viscosity, electrical conductivity, magnetic permeability, the
density, specific heat, thermal expansion coefficient, the thermal conductivity of the

fluid and the gravitational acceleration vector, respectively.

The last two terms in the momentum equation (I.67)) are Lorentz and buoyancy force
terms, respectively. Buoyancy force is the net force between the movement due to the
heat and gravitation force. In the energy equation (1.68), the viscous dissipation ® is

a transformation of kinetic energy into internal energy and expressed as [435]]

ou v ov  Ou
O =2(—)+2(=)+ (= + =)~
B T2 + 5 T oy
1, 1 P
The terms —J“ = —J - J and () represents the Joule dissipation and other sources of
o o

volumetric energy release like chemical reactions or nuclear radiation, respectively,

[35]. In this thesis, volumetric energy is neglected.

In order to get dimensionless form of the equations (1.66)-(I.68), the non-dimensional

scales are defined as

x > xL, uw—uly,, H—>HH, p—pwly/L, T —T.q— TAT

where Uy, L and H are the characteristic velocity, the characteristic length and exter-
nally applied magnetic field intensity, respectively. Temperature difference between

the hot wall T}, and the cold wall T, is defined as AT = (Thot — Trota)-

Thus, the steady, non-dimensional, MHD convection flow equations neglecting the

induced magnetic field are
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@ Lo ov
or 0Oy
ou ou (9p

=0 (1.69)

el _ 2 2 2
Re(uax +v 8y) 5.+ Viu+ M?*(—uH,” + vH,H,) (1.70)
ov ov Op 9 9 Gr
Re(ua$+ ay)— 8y+Vv+M(uHH vH, )+RT (1.71)
VAT = PTRe(ug—T + vg—T) M?EcPr(uH, — vH,)?
Y
ou ., ov., ,0v  Ou,
EcPr(Q(ax) +2(6y) + (&E + ay) ) (1.72)

where the non-dimensional parameters, Reynolds number Re and Hartmann number
M are defined in Section [I.2] The physical interpretation and the definition of the
Grashof number G'r, the Prandtl number Pr, and the Eckert number Ec are given

as [123}/35]]
9B (Thot — Tooiq) L®  buoyancy force

g V2 . viscous force ’
P POV VISC'OUS 4
A thermal diffusivity
and
Fe— Ug N Kinetic energy
¢p(Thot — Teota)  accumulated enthalpy’
respectively.

Richardson number Ri is defined as Ri = Gr/Re? and determines the convection
types. If Ri << 1, Ri = 1 or Ri >> 1, then the flow is dominated by forced, mixed

or natural convection, respectively.

When the convection flow is subjected to the horizontal magnetic field, Hy = (1, 0),

the equations (1.69)-(1.72) take the form

ou Ov
9z + = oy =0 (1.73)
ou ou 8p

Re(ua—x + v 8y> =5 T Viu (1.74)
Re(ug—z + vg—Z) - g]; V20— M2+ %T (1.75)
VAT = PrRe(ug—T + vg—Z) M?EcPrv?

- EcPr(Z(gZ) + 2(2—;)2 + (gz gZ) ). (1.76)
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Following the similar procedure described in Section|[I.2] equations (1.73)-(1.76) can
be transformed to the equations containing velocity components, stream function,

temperature, vorticity and pressure

Oow Oow
9 _ Ow 2 _ OW
Viu = 9y Vv e (1.77)
Vi) = —w (1.78)
VAT = PTRe(ua—T + va—T) — M?EcPrv?
ox oy
ou ov ov  Ou
— EcPr(2(=—)*+2(=—)2 4+ (—+ =—)2 1.7
PG + 2G50+ (G + 5 (179
Oow Oow ov  GroT
20 = — Y M - 1.
Vi Re(“ax —H}ay) * Or  Re Oz (1.80)
Ovou Ouldv ov GroT
2 ovou oJuov, ., o0V Grol
Vip= 2Re(8x dy Ox 8y> Dy " Re oy (1.81)

In Chapter 4, we will consider the unsteady MHD convection flow equations for
the purpose of the stability analysis as time progress. When the convection flow
is unsteady, time derivatives of temperature and vorticity are included in the tem-
perature equation and the vorticity equation (1.80), respectively. Thus, the
two-dimensional unsteady MHD convection flow equations neglecting the viscous
dissipation and joule heating terms are given in terms of stream function, tempera-

ture, vorticity and pressure as

Vi = —w (1.82)
VAT = PrRe(aa—z + ug—z + U%) (1.83)
Vzw:Re(g—j—l—ug—Z—l—vg—Z)—i—Mz%—%g—z (1.84)
Vip = —QRe(g—;g—z — %g—;) —M2%+%g—§ (1.85)

When the magnetic field is acted on the y-direction, Hy = (0, 1), the Hartmann effect
can be seen in the x-component momentum equations instead of y-component. Also,
Joule heating term MZ2EcPrv? is replaced by the M?FEcPru? in the temperature

equation. Thus, the steady MHD convection flow equations are given in the primitive
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variables form as

ou Ov
£+a—y =0 (1.86)

ou ou op

il S T VI Ve 1.
Re(uax—l—vay) 8x+v u u (1.87)
ov ov Op , Gr
i)=& —T 1.
Re(uax+vay) 8y+v U+Re (1.88)
V2T = PrRe(ua—T + va—T) — M?EcPru?
ox dy
du ov Jv  Ou

— Ecpr(z(%)2 + 2( (1.89)

8y)2 + (% + 8_y)2>

which can be similarly expressed in terms of the all fluid variables (u, v, 1, T, w, p)

Ow ow
2, _ “¥ 2, 7=
Vou = 9y Vv o (1.90)
Vi) = —w (1.91)
VAT = PrRe(ua—T + va—T) — M?EcPru?
ox dy
ou 4 ov., O0v  Ou,
EcPr(Q(ax) + Q(ay) + (833 il ay) ) (1.92)
ow ow ou GroT
2 ow ow, ., 0u Grol
Vi = Re(ugs +vgn) = Mg = 2o (1.93)
Oovou Oudv ou GroT
2p = —2Re(m o — o) = M2 4 = .
vp 2R6(8x dy Ox 8y) ox + Re Oy (1.94)

In both cases, boundary conditions of velocity components, stream function and the
temperature are prescribed in the problem. However, the vorticity boundary condi-
tions are not known physically and evaluated from the stream function equation using
the finite difference method. The pressure boundary conditions are given (with the
physical assumption (’*)_fz = 0) in some cavities [[17]]. If they are not known, we ob-
tain from the momentum equations using the finite difference method for the space
derivatives of pressure and coordinate matrix for the Laplacian and the other space

derivatives.

1.5 Full MHD Flow with Magnetic Potential

Full MHD flow equations are the extension of the MHD flow equations in the sense

that induction equation is included in terms of the induced magnetic field components
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or magnetic potential due to the large values of magnetic Reynolds number.

The unsteady MHD flow is governed by the the Navier-Stokes equations including

Lorentz force [52]]

V-u=0 Continuity equation (1.95)
0
p(a—? +(u-V)u) = =Vp + pvV?*u + J x B Momentum equations  (1.96)
coupled with Maxwell’s equations of electromagnetics through Ohm’s law
0B
VxE= o Faraday’s Law (1.97)
VxB=ud Ampere’s Law (1.98)
V-B=0 Solenoidal nature of B (1.99)
J=0(E+uxB) Ohm’s Law, (1.100)

where p, v, ;1 and o are the density, the kinematic viscosity, the magnetic permeability
and the electric conductivity of the fluid, respectively. u = (u,v,0) is the velocity
field, p is the pressure of the fluid, B = (B,, By, 0) is the magnetic induction, E is

the electric field and J is the electric current density.

Taking the curl of Ohm’s law (I.100) and using the Faraday’s, and Ampere’s laws

with the solenoidal nature of B, we obtain the induction equation

'WB:ud%g—Vx(uxB» (1.101)

Thus, the unsteady full MHD flow equations are given in the non-dimensional form

Vw0 (1.102)
1, ou 1 M

_ = - . i — B B 1.1

Rev U= +(u-V)u+ RQVp ReRem(v x B) x (1.103)
1 _,. 0B

by using the dimensionless variables defined as
x —>xL, t—tL/Uy, wu—ul, B—BBy, p—pprly/L

where By = (B2 + B2)'/2 is the magnitude of the applied magnetic field, L is the
characteristic length and Uy is the characteristic velocity. The dimensionless pa-

rameters are the Reynolds number Re = UyL/v, the magnetic Reynolds number
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Re,, = UyLopu and the Hartmann number LBy+\/c/pv. The physical interpretation
of the magnetic Reynolds number is the ratio of the induced magnetic field to applied

magnetic field.

Using the similar stream function-vorticity formulation explained in Section [I.2] the

full MHD equations can be expressed

T (1.105)
év%z %—c;—l—ug—i—irvg—?

2
Riemv?Bw = 88% +u8£cx +va£“”f - Bw% — Byg—z (1.107)
RimVQBy B 8£y . “aaiy Ha@iy B Bz% _ By% (1.108)

in terms of velocity components, stream function, vorticity and the induced magnetic

field components.

Induction equation (I.104)) can be represented by the magnetic potential A instead
of the induced magnetic field components to reduce the number of equations. The
magnetic potential A is the nonzero third component of the potential vector A =
(0,0, A) defined as [39,52]

B=VxA (1.109)

which is automatically satisfied by the solenoidal nature of B, (V- B = 0). Substitut-

0A 0A
ing B, = 5 and B, = o into the one of the induction equations (1.107)-(1.108)),
Y X

the magnetic potential equation is obtained

1 0A 0A 0A
— VA= — —_— —_—. 1.11
Remv ot +u8x+vﬁy (1.110)

Thus, the non-dimensional MHD full equations are given in terms of stream function
1, vorticity w, induced magnetic field components (B,, B,) and magnetic potential A

as
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Vi) = —w (1.111)

1 _,, O0A 0A 0A
Iy  Ow Ow  Ow
ey YT o T T,

M? 0 0B, OB, 9 0B, 9B,

" ReRe,, [Bx%( ox oy )+ yﬁ_y(% dy )

(1.113)

with the prescribed boundary conditions for the stream function and magnetic po-

tential. The unknown vorticity boundary conditions are obtained from its definition
ov  Ou_ . .

(w = — — —) with the help of coordinate matrix F'.

Or Oy

1.6 Literature Survey

The lid-driven cavity flow governed by the Navier-Stokes equations is a benchmark
problem in the computational fluid dynamics (CFD) for the validation of numerical
methods. The oldest study of the lid-driven cavity problem is given by Ghia et al. [19].
They applied the implicit multigrid (CSI-MG) method to unsteady Navier-Stokes
equations in stream function-vorticity formulation for the high values of Reynolds
number in the range of 100 < Re < 10*. Sahin et al. [47]] solved both the steady and
unsteady Navier-Stokes equations using a novel fully implicit finite volume method.
In this procedure, the momentum equation is multiplied by the unit normal vector and
integrated around the control volume boundary in order to eliminate the pressure term
in the momentum equations. DRBEM is implemented to solve the two-dimensional
unsteady Navier-Stokes equations in terms of primitive variables by Choi et. [12].
The fractional step algorithm and Adam-Bashforth is used for the time discretization
and the non-linear convective term, respectively. In order to obtain stable solution,
the time increment At is taken as 10~ with the use of 10 or 20 boundary elements.
When the Reynolds number increases up to 400, the computations are required small
time increment as At = 10~ for 20 boundary elements or 0.5 x 10~ for 40 boundary
nodes. Yun-Xin et al. [[66] presented the application of the radial basis function (RBF)
approximation to the unsteady Navier-Stokes equations in stream function-vorticity

formulation. They used different RBFs depending on the parameters v and 3 to ob-
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tain the accurate and efficient numerical results. In [53]], the numerical comparison
of least square-based finite difference (LSFD) and radial basis function-based finite
difference (RBFFD) methods are given in terms of accuracy and efficiency. The two-
dimensional incompressible flow in a lid-driven cavity is used for the test problem. In
this study, multiquadratic (MQ) RBF is used by taking the shape parameter ¢ = 0.2
for the uniformly distributed nodes and ¢ = 0.03 for randomly distributed nodes.
They indicated that LSFD method is more efficient in terms of the iteration number,
whereas the RBFFD method gives more accurate results. Sanyasiraju et al. [49] devel-
oped the local RBF to solve Navier-Stokes equations in primitive variables with the
use of fractional step algorithm. This method has been validated with the lid-driven
cavity problem by taking the MQ RBF. The domain is discretized by 41 non-uniform
nodes for Re = 100 and 129 non-uniform or uniform points for Re = 1000. They ob-
served that non-uniform distribution of nodes gives more accurate results compared
to the uniform distribution. Javed et al. [25] presented the numerical solution of two
dimensional Navier-Stokes equations in primitive variables form by using the radial
basis function in a finite difference mode (RBF-FD). They analyzed both the explicit
and implicit RBF-FD schemes with a constant or adaptive shape parameters to make
a comparison. They conclude that implicit RBF-FD gives more accurate results with
low computational cost than the explicit scheme. Also, the use of adaptive shape

parameters gives better results since this scheme leads to use finer nodal points.

Stokes (or creeping) flow refers to fluid motion that is dominated by viscosity and
modeled by Navier-Stokes equations neglecting the convective terms due the small
values of Reynolds number. In the literature, creeping flow has been studied by sev-
eral numerical approaches. Smyrlis et al. [54] have transformed 2D Stokes equa-
tions into the biharmonic equation using the stream function formulation and solved
with the method of fundamental solutions (MFS). Tsai et al. [58] applied MFES to 3D
Stokes flow in velocity-vorticity formulation. The method of fundamental solution
for 2D Stokes flow in cavities have been presented in [4}|11,/62]. Young et al. [|64]
extended MFS solution to 2D irregular geometry and 3D Stokes flows in terms of
all field variables. In these studies the effects of number of source points in MFS
and their locations on the numerical accuracy have been discussed. The behavior of

the Stokes flow in cavities is also analyzed by using the dual reciprocity boundary
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element method (DRBEM) in [|15,(65]]. Eldho et al. [|15]] obtained the numerical re-
sults from the velocity-vorticity formulation of the Navier-Stokes equations by taking
Re = 0 and Re = 1 (Stokes approximation). They used 11 x 11 and 21 x 21 uniform
meshes. In [[65]], the compactly-supported, positive definite radial basis function ap-
proximation is used for the approximation of the non-linear terms. The boundaries of
the lid-driven square cavity and circular cavity were discretized by 40 and 80 bound-
ary nodes related to 21 x 21 and 1600 RBF collocation points, respectively. The RBF
approximation have been applied to Stokes flow equations in the velocity-vorticity
formulation by Young et al. [63]]. They used the multiquadratic RBF for three numer-
ical examples as lid-driven square and circular cavities in 2D, and cubic cavity in 3D.
Kutanaei et al. [55] considered 2D Stokes flow in a circular cavity using the mesh-
free local RBF based differential quadrature (RBF-DQ). In this study, multiquadratic
RBF is taken with the shape parameter ¢ = 0.12. Bustamante et al. [9] utilized the
global method of approximate particular solutions (MAPS) to Stokes flow in a lid-
driven cavity and backward-facing step channel. They observed that the proposed
MAPS provides stable and accurate results for the wide range of shape parameters.
Kolodziej et al. [30] carried the method of fundamental solutions (MFS) and the radial
basis functions for solving creeping flow in a wavy channel. In this method, homo-
geneous solution of stream function-vorticity formulation is obtained by MFS and
particular solution is approximated by the RBF with the use of inverse multiquadar-
ics. The effect of the wavy channel on the Stokes flow behavior was analyzed for

different amplitudes of corrugation by taking Re = 0 in the Navier-Stokes equations.

An externally applied magnetic field affects the flow behavior when the fluid is elec-
trically conducting. Yosinobu et al. [61]] considered the two-dimensional Stokes flow
of an electrically conducting fluid past a cylinder in the presence of uniform magnetic
field. They found the expansion formula for the drag in terms of Hartmann num-
ber. Sellier et al. [50] gave an analytical approach for solving 2D MHD Stokes flow
produced by the rigid body motion of a solid particle.

The magnetic field in the pipe-axis direction produces the electric potential which can
be made use of in fusion blanket and MHD generators. Layton et al. [31] performed
the error and stability analysis of MHD flow with electric potential . In the numerical

computations, they used the software package FreeFEM++ for the Hartman number
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20 and 200. In [28]], three dimensional liquid metal magnetohydrodynamic flow in a
suddenly contracting duct under a uniform magnetic field. The commercial software
CFX code is used to obtain numerical results in terms of velocity, pressure distribu-
tion, electric potential and current by taking the Hartmann number as 300 and 1000
with fixed Reynolds number. It is observed that fluid recirculation occurs with lower
electric potential after the sharp edge of the contraction. Tezer-Sezgin et al. [56]] ap-
plied the DRBEM for solving the MHD flow equations in terms of stream function,
vorticity and electric potential for several values of Hartmann number ranging from
20 < Ha < 200 with fixed Stuart number N = 16. They found that electric potential

has the same behavior of streamlines.

Interaction between the convection flow and the magnetic field has been studied by
many researchers. At most of this studies, induced magnetic field, Joule heating and
viscous dissipation effect are neglected. Rudraiah et al. [46] studied unsteady natural
convection flow in a rectangular cavity heated from the right wall in the presence of
vertical magnetic field. A modified Alternating Direction Implicit (ADI) method and
Successive Line Over Relaxation (SLOR) method have been applied to the stream
function, vorticity and temperature equations for several values of Hartmann num-
ber (0 < Ha < 100) and Grashof number (2 x 10* < Gr < 2 x 10°) with fixed
Prandtl number Pr = 0.733. In [5] the two-dimensional steady natural convection
flow in a horizontal shallow cavity under the effect of a vertical magnetic field is in-
vestigated by using the method of matched asymptotic expansions for the analytical
solution and finite volume technique for the numerical results. They found that an-
alytical results are in well agreement with the numerical results for different values
of Rayleigh, Prandtl and Hartmann numbers. Colago et al. [13]] used the radial ba-
sis function approximation to solve the stream function, temperature equations of the
MHD convection flow in a square cavity under the impact of magnetic field in the
horizontal direction. Computations are carried out for several Hartmann number and
Grashof number at fixed Pr = 0.71 by using multiquadratic RBF. The numerical re-
sults obtained by the RBF approximation and the finite volume method are compared
in terms of computational time. They concluded that RBF approximation gives an ac-
curate result with a low computational cost. The effect of horizontal magnetic field on

the unsteady natural convection flow in a square cavity is analyzed by Alsoy-Akgiin
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et al. [3]]. They imposed the dual reciprocity boundary element (DRBEM) and the dif-
ferential quadrature method to the modified Helmholtz equations transforming from
the vorticity and temperature equations. In this study, flow and temperature behaviors
are presented for 10° < Ra < 10° and 0 < Ha < 300 at fixed Pr = 1. DRBEM and
DQM results are compared in terms od accuracy and computational time. It is ob-
served that DQM requires less computational time, although two methods give same
accuracy. Alchaar et al. [2]] examined the unsteady natural convection in a shallow
cavity under a magnetic field inclined with angle. The finite difference method is used
to solve the governing equations in terms of velocity, stream function, vorticity and
temperature for the wide range of the Hartmann, Rayleigh and Prandtl numbers with
fixed aspect ratio of the cavity A = 6. They showed that the number of convection
rolls increases when the magnetic field is applied in the vertical direction. The in-
crease in the Prandtl number increases the heat transfer. Al-Najem et al. [1]] used the
alternating direction implicit (ADI) scheme to analyze natural convection flow inside
tilted enclosures in the presence of a magnetic field. They observed that the effect of
the magnetic field on the heat transfer is negligible for small inclination angles. Lo
et al. [32] studied MHD free convection flow in a rectangular enclosure. The numer-
ical results are obtained for different values of Hartmann number (0 < Ha < 100),
Grashof number (10* < Gr < 10°), Prandtl number (0.01 < Pr < 10) and the
aspect ratio A = 1 — 3 by using DQM. It is found that Nusselt number increases
as Prandtl number increases. In the above studies, it is concluded that the rate of
the convective heat transfer decreases, when the magnetic field intensity increases or

Grashof number decreases.

The effect of the magnetic field on mixed convection flow is also analyzed by re-
searchers. Kefayati et al. [27] solved MHD mixed convection in a lid-driven cavity
for linearly heated wall using the Lattice Boltzmann method (LBM). Numerical re-
sults are obtained for several values of the Hartman and Richardson numbers varying
from Ha = 0 to 100 and R: = 0.01 to 100, respectively, with fixed Re = 100 and
Pr = 0.71 in the case of applied magnetic field in z- or y-direction. They observed
that the increase in the Richardson number increases the heat transfer. In [48]], the Lat-
tice Boltzmann method is also employed to the mixed convection flow in a two sided

lid-driven cavity under the effect of horizontal magnetic field. The bottom and the top
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wall moves in same direction or opposite direction. In the numerical computations,
the ranges of the non-dimensional parameters are Ha = 0 — 10, R = 0.01 — 100
with fixed Pr = 0.71. It is concluded that when the Hartmann number increases, the

new circulations on the streamlines occur for both cases.

MHD flow and heat transfer from irregular surfaces have attracted the considerable
interest of many researchers due to the engineering applications such as flat-plate
solar collectors, micro-electronic devices, geophysical applications, cooling system
etc. Gajbhiye et al. [17] presented the numerical solution of the MHD flow and heat
transfer in a rectangular constricted enclosure heated from the below by using ANU-
PARAVAHA which is a finite volume solver. The magnetic field is acted in the x- or
y-direction. They investigated the effects of the constriction ratios (0% < C' < 50%)
and Rayleigh number (1500 < C' < 10000) on MHD convection flow for fixed
Pr = 0.01 and the aspect ratio A = 4. It is observed that the velocity is suppressed
as the Hartmann number or constriction ratio increases. The direction of the magnetic
field does not significantly change the flow behavior. In [36], MHD mixed convec-
tion flow in a lid-driven cavity with wavy bottom surface is analyzed. The numerical
results are given for several values of the Hartmann number, Reynolds number and
the number of the undulations of the cavity by using Galerkin finite element method
(FEM). It is found that the average Nusselt number decreases with increasing the
Hartmann number, whereas increases with increasing the number of undulations and
Reynolds number. Galerkin FEM is also applied to MHD convection flow in a tri-
angular wavy channel by Parvin et al. [41]. The numerical solutions are depicted
in terms of streamlines, isotherms and local Nusselt number for several values of
Reynolds, Grashof and Prandtl numbers with fixed Ha = 50. They observed that
streamlines spreads in whole channel with increasing Reynolds number and decreas-

ing Prandtl number.

In the above studies, viscous dissipation term has been neglected in the energy equa-
tion. Viscous dissipation represents a source of heat because of the friction between
the fluid particles. It is characterized by Eckert number. The effect of viscous dis-
sipation was first studied by Gebhart [18] by using a perturbation method. Later,
Hitesh [22] analyzed the heat transfer of the boundary layer flow over stretching plate

with viscous dissipation effect in the presence of magnetic field. The effect of vis-
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cous dissipation has been considered on a natural convection flow along a heated ver-
tical plate by Pantokratoras [40]. The finite difference method (FDM) is applied for
solving the boundary layer equations. They observed that viscous dissipation assists
the upward flow and opposes the downward flow. Kishore et al. [29] and Nyabuto
et al. [38]] have also investigated the effects of viscous dissipation on MHD natural
convection flow by using the FDM. They showed that temperature increases with in-
creasing values of Eckert number. Viscous dissipation in slow flow (creeping flow) is
considered in [26] which indicated the effect of viscous dissipation for highly viscous
fluids having Brinkman number of order unity. Vasudeviah et al. [59] also studied
convective heat transfer for Stokes flow together with viscous dissipation. The per-

turbation method is imposed to the stream function-temperature formulation.

In some MHD flow problems, magnetic induction is taken into consideration by
taking large magnetic Reynolds number. Navarro et al. [37] have used the gener-
alized Peaceman and Rachford alternating-direction implicit (ADI) scheme to solve
the equations in the stream function-vorticity formulation. They presented the behav-
ior of the MHD flow with low Reynolds and magnetic Reynolds numbers. Bozkaya
et al. [7] have applied a dual reciprocity boundary element method (DRBEM) to full
MHD flow equations with the use of an implicit backward time integration scheme
for the time derivatives. The numerical results are obtained for several values of
Reynolds, magnetic Reynolds and Hartmann numbers and shown in terms of stream

function, vorticity, current density and magnetic induction contours.

Sharp [51]] has considered the stability analysis of boundary element method (BEM)
for the diffusion equation. It is concluded that the decrease in the time step causes the
quality of the approximation to deteriorate which indicates the state of the instabil-
ity. In [43], the numerical stability of BEM for one-dimensional advection-diffusion
problems is studied by Peratta et al. They observed that as the Courant and Peclet
numbers decrease, the stability characteristics of the method increases. Ramesh et
al. [44]] have performed the stability analysis of the multiple reciprocity method for
transient heat conduction through an eigenvalue decomposition of the system matrix.
They showed that the stability analysis of the direct and indirect boundary integral
formulations are identical, and the multiple reciprocity method is stable only for ap-

propriately taken large time steps.
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In this thesis, the numerical solutions of the MHD Stokes and the MHD incompress-
ible flow equations in terms of all the fluid variables are obtained using RBF ap-
proximation which are not available in the literature. In the above studies, viscous
dissipation effect on both the MHD Stokes and the MHD convection flows is con-
sidered by using the FDM or perturbation techniques without giving the behaviors of
fluid variables. In this thesis, we cover the case of MHD flows of viscous dissipative
fluids by using the RBF approximation. Finally, the numerical stability analysis of
the RBF approximation for the unsteady MHD flow problems is a new study given in

this thesis.

1.7 Plan of the Thesis

In Chapter 2, The three numerical techniques as the radial basis function (RBF) ap-
proximation, the dual reciprocity boundary element method (DRBEM) and the direct
interpolation boundary element method (DIBEM) are explained on the Poisson type
equations. RBF approximation is also imposed to the time dependent equations. For

the time discretization explicit Euler method is used .

Chapter 3 presents the applications of the RBF approximation, the DRBEM and the
DIBEM to some fluid dynamics problems. First of all, these methods are imposed
to solve MHD Stokes in a lid-driven cavity to make a comparison. Then, the other
test problems for the MHD Stokes and the MHD incompressible flows are solved by
using RBF approximation. Finally, the method is applied to the solution of the MHD

convection flow with viscous dissipation.

In Chapter 4, we present the RBF solutions of the unsteady Navier-Stokes equations,
time dependent MHD convection flow and full MHD flow problems and also perform
the stability analysis in terms of the maximum eigenvalues of the coefficient matrices

containing the time increment, relaxation parameters and the problem variables.

In Chapter 5, we summarize the overall important numerical results obtained in the

thesis.
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1.8 Contributions in the Thesis

In the thesis, we first analyze the behavior of the Stokes flow under the impact of the
uniform magnetic field applied in different directions. The MHD Stokes flow equa-
tions in terms of all the fluid variables such as velocity components, stream function,
vorticity and pressure are solved by using the RBF approximation, the DRBEM and
the DIBEM and compared in terms of computational cost. The pressure equation
which is not given physically is derived and its unknown boundary conditions are
obtained from the momentum equations by using the finite difference scheme for the
pressure gradients and the RBF coordinate matrix for the space derivatives. This en-
ables to include the solution the pressure behaviors with respect to the variations of
problem variables. Also, the solution of the MHD flow generating electric potential
due to the magnetic field in the pipe-axis direction is obtained using the RBF approx-
imation although the flow is two-dimensional. The RBF solution of the MHD flow is
given in its complete set of physical unknowns which constitutes one of the original

contribution in the thesis.

In the second part of the thesis, the RBF approximation is generalized to solve the
convection flow with or without Stokes approximation in the presence of a magnetic
field. The effect of viscous dissipation, which is generally neglected in the literature,

is also studied together with the buoyancy force and magnetic field effects.

Finally, the RBF approximation solution of transient full MHD flow equations adopt-
ing magnetic potential is achieved at steady-state as well as at transient levels. Thus,
the stability analysis of the RBF approximation of unsteady MHD flow problems is

carried which is a new contribution to the transient MHD flow in pipes.
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CHAPTER 2

THE RBF APPROXIMATION, THE DRBEM AND THE DIBEM
FORMULATIONS

The radial basis function approximation (RBF) is based on the meshless method and
is an attractive technique for the solution of partial differential equations (PDEs) even
in complex irregular geometries due to the mesh independence and flexibility in pro-
gramming. In this method, particular solution, which is approximated with RBFs
depending on the distance between the points to satisfy both differential equation and
boundary conditions, becomes also the solution of the equation. The choice of radial

basis function is important for the accuracy and convergence in the approximation.

The boundary element method (BEM) is an alternative numerical technique for solv-
ing PDEs. The main idea of this method is to transform the differential equation
defined in the domain into an integral equation defined on the boundary. Thus, the
BEM reduces the dimension of the problem and the computational cost. When this
technique is applied to the inhomogeneous PDE, the integral equation contains the

domain integral. In this case, the advantage of BEM is lost.

The dual reciprocity boundary element method (DRBEM) avoids this domain integral
problem. In this method, all the terms except Laplacian are treated as inhomogeneity
which is approximated by RBFs. These radial basis functions are related to particular
solution of the differential equation through the Laplace operator. Then, the bound-
ary element procedure is applied to both sides of the equation with the fundamental

solution of Laplace equation.

The direct interpolation boundary element method (DIBEM) is another numerical
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technique to transform the domain integral due to the inhomogeneity of the differen-
tial equation into the boundary integral directly. In this method, the complete kernel

of the domain integral is interpolated directly by using radial basis function.

In this Chapter, the basic theories of the radial basis function approximation, the dual
reciprocity boundary element method and the direct interpolation boundary element
method are given. We first derive the RBF formulation for the general boundary
value problem Lu = f in Section 2.1l Then, the method is extended to Poisson type
equation with the inhomogeneity including space derivatives of unknown function in
Section [2.1.1] The application of the RBF to time dependent Poisson type equation
results in a discretized system of ordinary differential equations as explained in Sec-
tion[2.1.2] Then, the Euler method is used for the discretization of the time derivative.

The DRBEM and the DIBEM are explained for Poisson type equations in Sections
[2.2]and [2.3] respectively.

2.1 The Radial Basis Function (RBF) Approximation

In this Section, the radial basis function approximation is going to be described on

the Poisson equation as in [8,|10]. Let us consider a general boundary value problem

Lu(z,y) = f(z,y), (z,y) € Q (2.1)
Bu(z,y) = g(x,y), (z,y) € 02 (2.2)

where L and B are linear partial differential and boundary operators, respectively, f

and g are known functions in the domain €2 and the boundary 0f2, respectively.

In this method, the inhomogeneity in the equation (2.1)) is a function f(z,y) of space

variables and is approximated by a finite series of RBFs {¢;} as

f(xay) = Zajgpj(r)v (x,y) € (23)
j=1

where 7 = ((z — z;)? + (y — y;)?)"/? is the Euclidean distance and n is the number

of unknown coefficients aj’ S.
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Then, we can write the approximate particular solution w, as
up(z,y) = ) a;0,(r) (24)
j=1

where {V;} is obtained by the back substitution through the differential equation
LW, (r) = ¢,(r) and u,, is forced to satisfy the boundary condition in (2.2), i.e,

n

> " a;BY;(r) = g(x,y), (z,y) € 09 . 2.5)

j=1

Since the approximate particular solution wu,, satisfies both the differential equation
and the boundary condition, it also becomes the approximate solution v of the equa-
tion (2.1I). The undetermined coefficients a;’s in the approximation (2.4)) are obtained
from the collocation method. Taking arbitrarily n = N, + N; points (zy, yx) on the
boundary and the interior of the domain, we have two linear systems

n

> " a;BY(ri) = glxr, i), 1<k<N, (2.6)
j=1

and
Zaj%pj(”’k) = f(Tr, i), 1+N, <k<n 2.7
j=1

which are combined to give one linear system

Aa =d (2.8)

for the solution vector a=(a; - - - a,)” .

The coefficient matrix A and the right hand side vector d are given as

BUy(r1)  BUy(ri) -+ BUy,(r) g(x1,91)
A_ Bq]l(TNb) B\P2<TN1>) B\PH(TNb> d— g(beabe>
Prrnn) ealrna) o ealrnn) | | N yve)
| ©1(rn) @2(rn) o palrn) dosn | f(@n, yn) 1,
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The solution a = A~'d of the system (2.8) gives the coefficients aj, 1 < j < n.
Substituting the vector a into the equation (2.4)) we obtain the approximate solution

(particular solution also) as

u=UA"d (2.9)

where Uij =V,(r;), 1<i,j<n.

Several types of RBFs, ¢;(r), j = 1,...,n as polynomial, multiquadratics, inverse
multiquadratics, conical, Gaussian, polyharmonic splines can be used in the approx-
imation of right hand side function as in (2.3)) but the appropriate choice of RBF is
important for obtaining the nonsingular matrix A and for the accuracy of the approx-

imation.

In Chapter 3, all of the system of PDEs contain the Laplace operator as the dom-
inant term. Thus, we apply the RBF approximation to the Poisson’s type equation
V2u = f. Thatis, L = V?is the Laplace operator. The relation between the radial
basis functions (y, V) for the approximation of the function f and the solution u are

obtained as follows.

Let us take a polynomial RBF of degree m as (1) = 1 +7+7% +- - - +r™ satisfying

the equation

V20 = ¢ (2.10)

which can be written in a polar coordinates for the axisymmetric case

10 ov
——(r—)=1+r+r*4+- +rm (2.11)
ror \ Or
Integration backwards gives
2 3 m—+2
v=" 4 r 2.12)

I T T e

The list of different types of RBFs and related approximate solutions for L = V2 are
given in Table [8LTO].
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¥ v
9 r? r? Pt
Polynomial 1 cee | —
y +r+ri+- 4 4+9+ +(m+2)2
1
V2 + ¢ 5(462 + )V +
Multiquadratics . sh . e
c: shape parameter B gl’n(CQ + VT )
Inver.se ‘ VP T —c In(? + V2 + &)
Multiquadratics + 12 + 2
F2m—1 p2m+1
ical A
R m=1,2,3,... @m+ 1)
Polyharmonic 2 r2m+2]n e B p2m+2
Splines 4m+1)2  4(m+1)3
Gaussi —c?r? 1 (22
aussian e e L (c*r?)

In Table Ej is the exponential integral defined by F1(x) = / ert.

Table 2.1: Radial basis functions for V2¥ = ¢.

—1

2.1.1 The RBF Approximation for the Equation V?u = f(z,y, u,, u,)

We consider the two-dimensional Poisson type equation where the right hand side

function includes the space derivatives of the problem variable

Viu = f(x,y,us,u,) in Q
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where
ou Ou

—+ —. 2.14
ox + dy ( )

f(.lf, Y, Uy, uy) =

The boundary condition Bu(z,y) = g(z,y) on 0f2 is also supplied. Approximating
the right hand side function as in (2.3)

f(xayauxauy) :Zaj(pj(r>7 (3773/) € Q (215)
j=1
results in a system

f=Fa (2.16)

where F'is the coordinate matrix constructed by Fj; = ¢;(r;), 1<1i,j < N, + N;

and a contains the undetermined coefficients in the approximation of f.

A similar approximation can be used for the problem variable u

u(w,y) =Y Bie;(r) (2.17)
j=1
giving the system
u=Fp3 (2.18)

where B # a, and B contains the undetermined coefficients b;’s in the approximation

of the solution wu.

Differentiation of the equation (2.18) with respect to = and y gives

du OF -

ou_oF ou_oF ;
or  Ox

— = 2.1
and oy = 0y (2.19)

respectively.

The vector ,é is obtained from (2.18)) by inverting the nonsingular coordinate matrix
F as

B=F'u (2.20)

and substituting into (2.19) to obtain the space derivatives of u as vectors
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ou OF ou OF
— =_—F! — = _—F lu. 2.21
or O v and oy oy v 2.21)

Then, the inhomogeneity function in (2.14) is expressed as a system containing the

unknown vector u

f = 8—FF_1u+ a_F

Flu. 2.22
ox dy v 2.22)

The boundary condition is also discretized as in (2.6)

> " a;BY;(r) = g(n, i), 1<k <N, (2.23)

j=1
and added to the discretized system (2.13)) at the point ry, for 14+ N, < k < n which

is
Z ajp;(ry) = f(xlﬁyk?ux‘(mmyk)’uy‘(rmyk))? 1+ N, <k <n. (2.24)
j=1

Now, the system of equations (2.23) and (2.24) constitute the final system of equations

Aa =d (2.25)

and then
u=UA"1d (2.26)

to be solved for the solution u. Thus, the linear system of equations (2.26]) is solved

iteratively by taking the lower part of the vector d as
d; = fj, Ny <j<Ny+N; (2.27)

since f;’s contain unknown solution values u;’s.

2.1.2 The RBF Approximation for the Equation V?u = f(xz,y,t,1)
Now, the RBF approximation will be extended to the time dependent Poisson type

equations

ot
f(x,y,t,7)

vy = 24 f(z,y) (2.28)
———
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where 1 denotes the time derivative of w.

The application of the RBF to the equation (2.28) gives the discretized system in

matrix-vector form as

u=UA"'d (2.29)

where the vector d = (upe f)T, wpe is the boundary values of the solution vector

u, and the vector f is of length IN; and contains the time derivative of w.

Let us define the coefficient matrix R = UA~! which can be divided into two
submatrices R; of size n X Nj and Ry of size n x N; as R = [R; Ry]. Thus, the

system (2.29) is rearranged as

Upe

u=|R; R _
][
= Riup. + Raof (2.30)

where f is evaluated only at the interior points. To include the contribution from the
boundary points to the vector f, the last term of the system (2.30)) is extended by

using an enlarged matrix K = | ON R, ] and an enlarged vector f = {f;} =
NXNp nxN;

~ 3uz
4 — 5,1 <i< N, + N,
{f —+ ot } <1< Ny +
Thus, the new enlarged system is given as

u=Riuy. + Kf
=gu + K(i + f) (2.3D)

where the vectors g, = Rjup. and @ = {Ju;/0t}, i=1,2,...,N,+ N; are
of the size N, + N;.

The solution of the system (2.31)) will be obtained at transient time levels and at the

steady-state by using the Euler method for the time discretization.

The Euler method is the first order, explicit time integration method and is derived

from Taylor series expansion.
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The Taylor series expansion of u(x,y, t,,11) around t,, = mAt is written as

ou At? 0%
ml — o A — —_— 2.32
B AT T e (232)
where At is the time increment and ‘m’ indicates the time level.
Taking terms of order (At)? we have
ou ™t — m
— = — 4+ O(At 2.33

which is called the Euler method (forward difference for the first order derivative).

Substitution of the first order approximation (2.33) in the equation (2.31) results in a
matrix-vector equation

m+1

We use relaxation parameter «,, for accelerating the convergence for the iterations to

reach steady-state as
u=(1—oa,)u™+au"™ 0<a, <1 (2.35)
This will lead to the system of equations

S1u™t =g — S2u" + Kf (2.36)

1 1
]_ = _ — = 1 — _— .
where  S1 = q,I tK and S2=(1—-—o,)I+ 75K'

Since the Euler method is an explicit method, stability problems are occurred for
large At values. We will consider the stability analysis in Chapter 4 for the solutions
of time dependent MHD problems depending on the choice of At, the relaxation

parameter o, and other problem parameters.

2.2 The Dual Reciprocity Boundary Element Method (DRBEM)

In this Section, boundary integral formulation for Poisson type equations is given,

and then the dual reciprocity boundary element method is explained as in [42]. The
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DRBEM transforms the domain integral due to the inhomogeneity in the BEM equa-

tion into the boundary integral.

Consider the Poisson equation in two-dimensions
Vu = b(z,y), (x,y) € Q (2.37)

with Dirichlet and Neumann boundary conditions (Figure [2.T))

u(z,y) = u(z,y), (z,y) € I (2.38)
0
aey) = 5. =@y, (e €l (2.39)

where n is the unit outward normal to the boundary I' = I'y + I's of the domain (2,

b(x,y), u(x,y) and G(z, y) are given functions.

Iy

Figure 2.1: The geometry of the domain and boundary conditions

The boundary conditions can be defined as

u only onl'
u = , q= (2.40)

onl'y onlI'y

L=}

=41
3|

where @ and ¢ denote unknown values.

Now, the weighted residual statement for the equation (2.37) is obtained by multi-

plying the equation with a weight function v* and integrating over the region () as

/ (V2u — b)u*dQ =0 (2.41)
Q
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1 1
where u* = or In(-) is the fundamental solution of the Laplace equation and satisfies
T T

Vi = —Az — x;) = — A" (2.42)

Here, A’ is the Dirac delta function and defined as

‘ oo ife=ux
A" = (2.43)

0 ifx#uay
and

/f(x)AZdQ = (2.44)
Q 0 if ; ¢ Q

where f(x) is a continuous function at z;.

Applying the Green’s first identity two times to the equation (2.41]) and substituting
the boundary conditions given in (2.40) , we obtain

/uVQU*dQ—/bu*dQ: —/ cju*dFl—/ ﬁu*dfg+/ ﬂq*drri-/ uq*dly
Q Q Iy I» r Iy
(2.45)

*

on

is the normal derivative of u*.

where ¢* =

Using the property (2.44) of Dirac delta function, the equation (2.45]) becomes

ciui—i-/bu*dQ:/ QU*dfl—i-/ Gu*dfg—/ Eq*dfl—/ uq*dl'y  (2.46)
Q I I'a I't Iy

where the subscript ‘2’ denotes the source point and the constant c; is

ifiel

DO | —

(2.47)

C; =

1 ifieQ-T.

The equation (2.46) can be rewritten as

ciui+/uq*df—/qu*df‘ = —/bu*dQ. (2.48)
r r Q
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The domain integral is still occurred in the equation (2.48)) due to the inhomogeneity
function b(x, y). The main aim of the DRBEM is to reduce this domain integral to a

boundary integral.

Now, we approximate the function b(z, y) by a linear combination of the radial basis

functions ¢, as in [42]
Np+N;

b~ Y e, (2.49)
j=1

where «;’s are unknown coefficients, NV, and NV; are the number of boundary and
interior points, respectively. The radial basis function ¢, is connected to the particular

solution #; through the Laplace operator

V2, = ¢, j=1,2,...,Ny+ N;. (2.50)

Thus, the right hand side function b(x,y) is expressed also with the same Laplace

operator applied on the set of particular solutions

Nyp+N;

b(z,y) = > a;V7i,. (2.51)

Jj=1

The substitution of this approximation of b(x, y) from (2.51) into the equation (2.48))

results in
Np+N;
ciu; + / uq dl’ — / qutdl’ = — Z Q; / V2ﬁju*dQ, 1=1,...,N; + N,.
r r , Q
7=1

(2.52)

The application of the Green’s first identity two times again to the Laplacian on the
right hand side reduces the domain integral to the boundary integral for each source
,

Np+N;

ciui—i—/uq*df—/qu*dfz Z &j(ciﬁij—i—/q*ﬁjdf‘—/u*djdf‘),
r r r r

Jj=1

i=1,....,N;+ N, (2.53)
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where ¢; is the normal derivative of #; and defined as

0w dujdr iy dy
%= "9n ~ Bz on oy On’

(2.54)

We use constant boundary elements for the discretization of the boundary I'. That is,
the boundary is divided into N, elements and the nodes are taken in the middle of

these elements shown in Figure 2.2}

n-th boundary element

n-th boundary node

interior nodes

Figure 2.2: Constant boundary element case

The discretization of the boundary to /N, boundary integrals will give the discretized

system of equations

Ne Ne
C;U;+ Z/ q*u dFk - Z/ u*q dFk
k=1"Tk k=1"Tk

Np+N; Ne Ne
= Y aylesiy; + Z/ "t dTy, — Z/ w*g; dly),
j=1 k=1 "Lk k=1 Tk
i=1,...,N;+ N, (2.55)
where N, = N, for the constant element case.
The equation (2.53)) can be rewritten as
Ny Ny Ny+N; Ny Np
CiU; + Z Hipuy, — Z Gk = Z a;(city; + Z Hptiy; — Z Girdr;) (2.56)
k=1 k=1 j=1 k=1 k=1

with entries of the matrices H and G
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_ / gdl'y if 1#k / w dly, if i#k
1 1 o
0 if i=k, —(n—+1) if i=k
2,

where [, is the length of the element.

We take ¢; = 1/2 for the boundary points and obtain the linear system

HBSyBS _ GBS¢BS — (HBSO-BS . GBSQBS) o (2.58)

where BS represents the boundary, and the matrices H?° and GBS with the size
N, x N, are constructed as

. 1
HE® = Hy, + §5¢k7 Gi® = Gy, 1<, E< N, (2.59)

Here, 0 is the Kronecker delta function which is 1 if the variables are equal; otherwise

0.

UPS and QB are formed from #; and ¢; columnwise, respectively. Their size are
Ny x (N; + Ny). The vectors uB9, qP% and «a are of length N,, Ny, N, + Nj,

respectively.

The interior solution is obtained from the discretized system (2.56) with ¢; = 1 (i =

1,2,...,N;) as

Np+N;

Ny Ny Ny Np
U; = — Z Hipuy, + Z Girqr + Z a;(cit; + Z H ity — Z Girdrj) (2.60)
k=1 k=1 j=1 k=1 k=1

which is expressed in matrix-vector form as

Tu!'S = —H'SuBS 4 GIS¢BS 4 (IUIS 4+ HISEBS _ GISQBS> a (2.61)

where IS denotes interior, and the matrices H'S, GIS, US and the identity matrix

I have the size N; x N,, N; X Ny, N; x (N; + N) and N; x N, respectively. The
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distance r in the matrices H and G is measured now from an interior point to the

boundary elements.

Combining the systems (2.58) and (2.61]), we obtain the enlargement system as

HBS 0 ’U,BS GBS 0 qBS
S 1115 |as o 0
HBS 0 UBS GBS o QBS
= . — lo% (2.62)
HIS I UIS GIS 0 0
which is written in a compact form as
Hu — Gq = (HU — GQ)a. (2.63)

The vector « is obtained from the approximation (2.49) which is also expressed in a
matrix-vector form as

b=Fa (2.64)

where F' is constructed by ¢, as columns.

Inverting the equation (2.64)) and substituting into (2.63)), we get

Hu — Gq = (HU — GQ)F™'b. (2.65)

If the right hand side function b includes the space derivatives of the solution u such

0
that b = a_u + a—u, then the coordinate matrix F' is used as explained in the Section
x Yy
and the vector b is computed as
OF oF
b= —F 'u+—F lu. (2.66)
ox oy

In the system (2.63)), the vectors u and g contain both known and unknown u and
q values at the nodes. Shuffling the known and unknown values with the related
columns of the matrices H and GG, we obtain a new system such that Az = d. Here,
the vector & contains only the unknown nodal values on the boundary in the form of
solution or its normal derivative, and the vector d contains only the given boundary
information. Solution of this system gives unknown « and ¢ values on the boundary,

and interior v values.
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2.3 The Direct Interpolation Boundary Element Method (DIBEM)

In this Section, the direct interpolation boundary element method (DIBEM) is going
to be explained for the Poisson type equations. This technique is the combination
of the boundary element method and the radial basis function approximation. The
difference from DRBEM is that the domain integral due to the right hand side function

of Poisson equation is solved by using direct interpolation [33},34].

Let us consider Poisson equation

Viu = z(z,y) in Q (2.67)
with boundary conditions

u=1u on [

g—z =q on I’y (2.68)

where [' = I'; 4 I's is the boundary of the domain ().

Applying the procedure similar to DRBEM to the equation (2.67), we obtain

(©u(©) + [ w0 x)ar - |

(g ar = - / (X (6 X) dO

Q

(2.69)
where £ and X are the source and field points in {2 or I, and u*, ¢* are the fundamental
solution and its normal derivative of Laplace equation, respectively. The coefficient

(&) depends on the position of the source point £ and given as in (2.47)).

In the right hand side domain integral of the equation (2.69), the integrand is directly
interpolated using the linear combination of radial basis functions F*

n

AX)(6X) =) (O F(X5X) (2.70)

i=1
where X and X are the interpolation and field points, respectively. n is the number
of points used in the interpolation. The undetermined coefficients a;(&)’s change for
each source point &, £ = 1, ..., n. Here, n is the total number of boundary and interior
nodes and is equal to the number of interpolation points n, that is n = 7. Since z(X)

is a known function, collocation of the approximation (2.70) with the interpolation
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points X7, j = 1,...,n results in the matrix-vector form
A(€)z = Fa(g) @.71)

where the vectors z = (z1,...,2,)7 and (&) = (a1(€),...,a,(€))T are of the
size n X 1. The diagonal matrix A (&) is constructed by the fundamental solution of

Laplace equation u* for each &

wi(E XY L0
AE) = (2.72)
0 ... uw(&X™)

where the interpolation point X7 is different from the source point £ due to the singu-

larities of the fundamental solution.

In the approximation (2.70) the interpolation radial basis function F* is related to
primitive interpolation function ¥ as  V2W?! = [, j = 1,...,n. Thus, the domain

integral of the source term in the equation (2.69) is also expressed with the set of W*

/Q 2(X)u* (& X)dQ = /Q ;ai(g)v T X X)dD (2.73)

and this domain integral converts to a boundary integral with the application of the
Green’s first identity
/ 2(X)u* (& X)dQY = iai(ﬁ) / VAU (XY X)dS) = i%(ﬁ) / 6’—\Iji()(i;X)ch
Q i1 Q P r on
(2.74)

)

where (X*; X) is the normal derivative of interpolation function U*(X?; X).

n

Substituting the boundary integral relation (2.74) into the domain integral of the

source term in the equation (2.69)), we obtain the boundary integral equation

006 X) 0 = —a©) [ ZL ) ar,

(2.75)

c(€)u(e)+

r

u(X)q (€ x)ar— |

r n
for each sourcenode £, £ =1,...,n.

Using a similar discretization procedure for boundary integrals like DRBEM ex-

plained in Section the equation (2.75]) can be expressed in discretized system
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as

H11u1 4+ 4 Hlnun — G11q1 — e — Glnqn = &1(1)N1 + -4+ an(l)ﬁn
H21u1 + -+ H2nun - G21Q1 - GQnQn - 051(2)N1 + -+ an(Q)Nn
Hnlul + -+ Hnnun - Gn1q1 -t Gnnqn - Oél(ﬂ)wl + - + an(n)wn
(2.76)
Y [ oov
where N, = — Z/ 5 (Xi;Xj)dFj, 1 < ¢ < n. Here, N, is the number of
=1/ In

boundary elements, and X* and X are the interpolation and field points, respectively.
The discretized system can be rewritten in a matrix-vector form as
Hu — Gq= AN (2.77)

where H and G are the DRBEM matrices given in (2.62), the vector N = {N,},
i = 1,...,n. The matrix A is formed from the vector a(¢) as rows, i.e, A =
(a(1),...,a(n))” and the unknown vectors a(§) is obtained from the solution of

the system (2.71)) for each source point &.

The system (2.77) is rearranged as a linear system Ax = b shuffling the known
and unknown boundary informations like DRBEM. Here, x is the vector of unknown
boundary values u or g and unknown interior values of u. The vector b contains only

the known values.

In the next Chapter, the RBF approximation, DRBEM and DIBEM are going to be ap-
plied to the MHD Stokes, MHD incompressible and MHD convection flow problems
which are modeled by the Poisson’s type differential equations. The numerical so-
lution of the MHD Stokes flow in a lid-driven cavity will be obtained by using three
types of methods explained in this chapter. In comparison with the DRBEM and
DIBEM for this problem, the RBF approximation gives more accurate results with
considerably low computational time and cost. Thus, the other MHD flow problems

will be solved by the RBF approximation.
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CHAPTER 3

MHD STOKES, MHD INCOMPRESSIBLE AND MHD
CONVECTION CHANNEL FLOWS

In this Chapter, we are going to present the numerical solution of the two dimensional
steady, laminar flow of incompressible, viscous, electrically conducting fluid under
the effect of uniform magnetic field in channels by using the numerical methods ex-
plained in the previous chapter. First, the RBF approximation will be applied to the
MHD Stokes flow in a lid-driven cavity. Also, the applications of the other numerical
techniques as DRBEM and DIBEM to the same problems will be considered and the
comparison will be carried between these methods in terms of accuracy and the com-
putational cost in Section[3.1] Since RBF approximation gives the solution with quite
less computational expense compared to other numerical methods, we will continue
using the RBF approximation to solve the other MHD Stokes and incompressible
flow problems in the thesis. Sections [3.2]and [3.3| present the RBF approximation of
MHD Stokes flow channels with different geometries. Then, the RBF solutions of
the MHD Stokes and MHD incompressible flow under the magnetic field applied in
the pipe-axis direction generating the electric potential are presented in Section [3.4]
and Section Applications are given in a lid-driven cavity and in a constricted
enclosure with a moving left wall. Finally, the RBF approximation will be extended
to solve the MHD convection flow equations in Section [3.6] with or without the vis-
cous dissipation term in the temperature equation. The MHD convection problem is
also solved by using Stokes approximation to analyze the heat transfer for the slow
flow in different type of cavities. The numerical results for all MHD flow problems
mentioned above are simulated in terms of streamlines, equivorticity lines, pressure

and temperature contours, and the centerline velocities for several values of physical
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parameters.

3.1 The MHD Stokes Flow in a Lid-driven Cavity

The incompressible, highly viscous flow in slow motion is called Stokes flow (or
creeping flow) which has many industrial applications such as lubrication, food-
processing materials, etc. MHD Stokes flow equations are hydrodynamic and elec-
tromagnetic equations neglecting the convection terms due to the small values of
Reynolds number (Re << 1). Induced magnetic filed is also neglected due to the
small magnetic Reynolds number values. In this Section, the numerical results of the
Stokes flow are obtained in cavities (cross-section of channels) under the impact of
a uniform magnetic field in the x-direction by using three numerical methods as the

RBF approximation, the DRBEM or the DIBEM.

MHD Stokes flow in a lid-driven square cavity (cross-section of the square channel
which has a moving top lid shown in Figure [3.1)) is considered. Flow is subjected to

a magnetic field in the horizontal direction.

The non-dimensional governing equations for the two-dimensional, steady MHD

Stokes flow in terms of primitive variables (velocity components (u, v), pressure p)

are given in Chapter 1 (equations (1.27)-(1.29)) as

ou  Ov
D T, 3.1
ox * Jy 0 G-D
in €
Vi = g—i, Vi — M = g_]; (3.2)

which can be rewritten in terms of velocity components (u, v), stream function ),

vorticity w and pressure p

Ow Ow
2, _ _“* 2, . 7~
V2 = 5y \V&S o (3.3)
Vi = —w in QO (34
Vw = M2@ ; Vip = —M2@ (3.5)
ox Jy
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where M = LuHy+/o/pv is the Hartmann number, and Q@ = {(z,y) : 0 < z <

The related boundary conditions are the no-slip condition giving u, v, 1) imposed zero

on the walls except the top wall which has movement with velocity u = 1. Pressure

and vorticity wall conditions are not known.

Hyp

(0,1)

Pv=0
u=>0
v=20

(0,0)

Yv=0u=1v=0
(L1)
=0
u=20
v=20
x
1,0
Yv=0u=0,v=0

Figure 3.1: Problem 3.1} Lid-driven cavity and boundary conditions.

The unknown vorticity boundary conditions are obtained from the stream function

equation (3.4) by using the finite difference scheme which includes also interior 1)

values. Thus, the boundary values for w are explained in Chapter 1, equation (1.16])

wy = —(aop + a1s + agtg + azihnlp) (3.6)

where v, is the boundary value, 1), is the normal derivative of v/, and 1) and 1), are in-

terior values which are sh and gh distances away from the boundary. The coefficients

are defined as

—2(s* — ¢%)
QW =755 3,
h?s%q*(s — q)
2s
Ay = 55—
2T 22 (s —q)

49

U s —q) G7
0= 2o+ 4) (338)
hsq



The unknown pressure boundary values are found by a finite difference scheme for the
pressure derivatives and coordinate matrix F’ for the space derivatives in the equations

(32). Then, we have

= pi — Ay(Cv — M?v) for the lower boundary (3.9)
po = pi + AzCu for the right boundary (3.10)
= pi + Ay(Cv — M?v) for the upper boundary (3.11)
oy = pi — AzCu for the left boundary (3.12)

where p, is the boundary value, p; is the interior value which is Az or Ay distances

oF OF oF oOF
away from the boundary and C = — F '— F '+ — F ' —F '
ox ox oy y

In the next Section, the two-dimensional steady MHD Stokes flow equations are going
to be solved iteratively by using RBF approximation, DRBEM and DIBEM. We make

a comparison of these methods in terms of computational cost and accuracy.

3.1.1 RBF Solution of the MHD Stokes Flow in a Lid-Driven Cavity

The RBF approximation is applied to the two-dimensional steady MHD Stokes
flow equations (3.3)-(3.3) by taking the right hand side functions as

Oow 0w

= —— = — 1
Ju 9y Jo o (3.13)
flp = —Ww, (314)
ov ov
— 2_ = — 2—
fo=M B fp M ay (3.15)

which results in matrix-vector equations with the help of the coordinate matrix F' for

the space derivatives of unknowns

_ oF -1
U= gy K(E)_yF w) (3.16)
_ oF -1
v=g,+ K( o F w) (3.17)
Y=gy + K(—w) (3.18)
w=g,+ MQK(%—FF_lv) (3.19)
X
P=Gp— MQK(%—FF—lv) (3.20)
Y



where the vector g¢, £ denotes u, v, 1, w, p and the matrices K and F' are defined

in Section [2.1.2]

The RBF system of MHD Stokes flow equations (3.16)-(3.20) are solved iteratively.

Now, we shall describe the iterative procedure:

10.

11.

. Solve the stream function equation (3.18)) to obtain 1)

. Solve the vorticity equation (3.19) to obtain w

. Start with initial estimates for vorticity w".

Solve the velocity equations (3.16)-(3.17) to obtain u™ ! and v™ ! with w™.

mH with w™.

Calculate the new vorticity boundary conditions by using finite difference pro-
cedure (3.6).

m+1 m+1

with v
Use a relaxation parameter 0 < «, < 1 to accelerate the convergence

W™t = (1 — a,)w™ + ™.

. Obtain the new pressure boundary conditions from (3.9)-(3.12) by using co-

ordinate matrix F' for the space derivatives of velocities and finite difference

scheme for pressure derivatives.

. Solve the pressure equation (3:20) to obtain p™ ! with v™ "1,

Use a relaxation parameter 0 < «y, < 1 to accelerate the convergence

pt=(1- a,)p™ + appmH-

Check the stopping criteria by using absolute error
Hszrl _zm”OO <€

where z denotes either u, v, ¥, w or p and preassigned tolerance is taken

e=1073.
If the stopping criterion is satisfied, then stop; otherwise go to step 1.
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In the numerical computations, linear polynomial radial basis function ¢ = 1 + r is
used. We take NV, = 60, 60, 80, 80, 120, 140 boundary points and N; = 196, 196, 361,
361, 841, 1156 interior points for the Hartmann number values M = 0, 1, 10, 30, 50, 80,
respectively. The relaxation parameters for vorticity and pressure are given as oy, =
0.01 and o, = 0.001. The numerical results are shown in terms of streamlines, vor-

ticity and pressure contours.

First, the proposed numerical procedure is validated for the Stokes flow problem by
taking M = 0 (absence of external magnetic field) and the numerical results in terms
of stream function, vorticity and pressure are in well agreement with the ones in
[64]]. Figure [3.2]shows the flow symmetry with respect to vertical centerline which is
expected in the Stokes flow. The effect of only the moving top lid is observed on the

Stokes flow. Pressure is naturally concentrated near the upper corners.

In Figure the impact of magnetic field on the Stokes flow is analyzed by taking
several values of Hartmann number. One can observe that as M increases, the main
vortex of the flow shifts through the moving top lid with a decreasing magnitude and
a secondary flow with small magnitude is developed. With a further increase in M
this secondary flow squeezes through the top lid and the rest of the cavity is almost
stagnant. The increase in M develops boundary layers in the direction of magnetic
field (side layers) near the moving lid. These are the well-known characteristics of
the MHD flow (flattening tendency of the flow and the boundary layer formation for

increasing M).

As the intensity of applied magnetic field increases, vorticity profile is distorted ap-
preciably. Boundary layer is developed towards moving boundary, and a secondary
vortex starts to be seen just below the boundary layer. For M > 30 vorticity action is
completely in front of the moving top lid in terms of two opposite direction bunch of

vorticity lines. Again, the lower part of the cavity is stagnant.

When the magnetic field is neglected (M = 0), pressure contours are observed at
the upper corners of the cavity. The increase in the magnetic field intensity extends
the pressure on the flow also to the lower part of the cavity. Thus, there are four
antisymmetric vortices with respect to x = 0.5 line, two of them are separated from

the others close to the moving lid. Hence, it may be regarded as a boundary layer in
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the separation region which is approximately 0.8 < y < 1.0.

Figure [3.4] shows the centerline velocity behaviors for increasing values of Hartmann
number. One can see from the u—centerline velocity that the fluid motion is enforced
through the moving top lid by increasing the Hartmann number. The well known
flattening tendency of MHD flow is observed from the decrease of magnitude of v as
M increases. The centerline velocity profiles for M = 0 (Stokes flow) is the same as

the centerline velocities in Stokes flow obtained by [|64].

)
N

r/ﬁ—‘qﬁ / 01
L 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 06 08 1 0 0.2 0.4 0.6 0.8 1

Figure 3.2: Problem 3.1} RBF solution of the MHD Stokes flow for A/ = 0.
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Figure 3.3: Problem 3.1} RBF solution of the MHD Stokes flow for 1 < M < 80.
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Figure 3.4: Problem [3.1} Centerline velocities for the MHD Stokes flow in a lid-

driven cavity.

The radial basis function approximation of MHD Stokes flow in a lid-driven square
cavity is also carried by taking radial basis functions as quadratic polynomial ¢ =
1 + r + 72, multiquadratics ¢ = +/r2 + ¢ with the shape parameter c is taken as
¢ = 0.01 in [9] and polyharmonic splines ¢ = r?inr. The numerical results are
shown in Figures [3.5}{3.60 The solutions obtained by linear radial basis functions
(in Figures [3.2}{3.3) and by quadratic polynomial, multiquadratics and polyharmonic
spline functions have the same behaviors with little magnitude differences in the flow

only for M = 30.

The computational cost of different radial basis functions and the corresponding it-
eration numbers as well as the 2-norm condition numbers of the coefficient matrices
required for reaching steady-state solution are calculated and shown in Table [3.1] It
is observed that the linear polynomial RBF takes less computational time and number
of iterations for converging to steady-state solution with a small condition number.

Thus, the rest of the computations in thesis is carried with the linear polynomial RBF.
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Figure 3.5: Problem [3.1} RBF solution of the MHD Stokes flow for M = 0 using
o=1+r+7%0p=r2+cand ¢ = rinr.
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Figure 3.6: Problem [3.1} RBF solution of the MHD Stokes flow for M/ = 30 using
= 1+r—|—r2,g0:\/mandg0:r2lnr.

M =0 M =30
RBFs CPU(s) Iteration Condition CPU(s)  Iteration Condition
Number  Number Number  Number
1+r 2425796 6764 4105 x 10* 1669.9183 10954 1762 x 10°
1+r+7r2 2664113 7182 5039 x 10* 1789.9155 11391 2163 x 10°
Vr2+c¢2 281.0303 7408 1639 x 10* 1873.9552 11523 7611 x 10*
r2lnr 371.5490 9500 4732 x 10* 2116.7653 13352 2726 x 10°

Table 3.1: CPU times, iteration numbers and 2-norm condition numbers for M =

0, 30 using different RBFs.
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3.1.2 DRBEM Solution of the MHD Stokes Flow in a Lid-Driven Cavity

The DRBEM is also used as a numerical technique for solving MHD Stokes flow
equations since the governing differential operator is the Laplacian in equations (3.3))-
(3.5). The application of DRBEM to the Poisson type equations (3.3)-(3.5) gives the

discretized system (2.65)) in matrix-vector form as
Hu — Gq = (HU — GQ)F™'b (3.21)

with the non-homogeneous term b denoting

Oow Oow
by = —— b, = — 3.22
dy ox (3-22)
by = —w, (3.23)
ov 5 OV
= M*— = _—M?>—. 24
b ox’ g 8y (3.24)

Using the coordinate matrix F' for the space derivatives of the unknowns, the dis-

cretized form of the equations (3.3)-(3.3)) are written as

Hu — Gq, = (HU — GQ)F~ la Fl(—w) (3.25)
Hv — Gq, = (HU — GQ)F‘laa—ZF_lw (3.26)
Hvy — Gqy = (HU — GQ)F'(—w) (3.27)
Hw — Gq, = (HU — GQ)F~ 1(M2 oF —F- L) (3.28)
Hp — Gq, = (HU — GQ)F~ 1(M28F F~1(—v)) (3.29)

where the matrices F, H, G, ﬁ, Q are given in Section

These system of equations (3.25)-(3.29) are solved iteratively by using N, = 60
constant boundary elements and NV; = 225 interior nodes with preassigned tolerance

¢ = 1073 for the convergence. The numerical results are obtained for M = 0 and

M = 30.

Figure [3.7|presents the Stokes flow and pressure behaviors by taking M = 0 in MHD

Stokes equations and are in well agreement with the ones in [64]].

In Figure[3.8] DRBEM and RBF solutions of MHD Stokes flow equations for // = 30

are given. The same flow and pressure behaviors are captured. It is observed that, the

58



DRBEM

RBF

DRBEM has the weakness to capture the secondary flow in the lower part of the
cavity and some disturbances are occurred in the vorticity profiles near the bottom
wall due to the singularities in the boundary conditions at the corners when constant
elements are used. These inconveniences may be handled by using linear boundary

elements.
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Figure 3.7: Problem 3.1t DRBEM solution of the MHD Stokes flow for M = 0.

o
o ¢
o

o
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Figure 3.8: Problem [3.1} DRBEM and RBF solutions of the MHD Stokes flow for
M = 30.
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3.1.3 DIBEM Solution of the MHD Stokes Flow in a Lid-Driven Cavity
In this Section, we apply the DIBEM to the same lid-driven cavity problem and the
numerical results are compared with the results obtained by RBF and DRBEM.

The application of the DIBEM to the Poisson type equation VZu = 2z is given in
equation (2.77) as
Hu — Gqg = AN (3.30)

where A = (a(1),...,a(n))” and the unknown vectors a(£) is obtained from the

interpolation of right hand side function as explained in Section [2.3]
a(§) = F71A(¢)z (3.31)

for each source point .

Now, we apply the DIBEM to the steady MHD Stokes flow equations (3.3)-(3.5)) by

taking the non-homogeneous terms as

= —— = — . 2

) By B =5 (3.32)
ov ov

= M2Z= = _—M?*— 34

which results in discretized systems

Hu — Gq, = A,N (3.35)
Hv — Ggq, = A,N (3.36)
Hyp — Gqy, = AyN (3.37)
Hw - Gq, = A,N (3.38)
Hp — Gq, = A,N. (3.39)

The matrices A, A,, Ay, A, and A, are constructed by the unknown vectors
oy (§), ay(€), ay(§), o, (§) and ayy(€) as rows and these vectors are obtained from

the interpolation equation (3.31)) with the help of coordinate matrix F' for the space
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derivatives of the unknowns

ona(€) = FIA(E >a F(~w) (3.40)

av(f):F_lA(é)giF 1o (3.41)

ay(§) = F1A(E)(—w) (3.42)
B oF 9

(€)= FTIA(E) 5 F 1 (M) (3.43)

ay(§) = F7TA(¢ )aF (- M?v) (3.44)

for each source point 1 < & < N, + N; = n. Here, the Lagrange interpolation is
used for obtaining the unknown values of w and v at the interpolation points which

are different from the source points.

The DIBEM system of MHD Stokes flow equations (3.35)-(3.39) are solved by the
same iteration process described in with preassigned tolerance ¢ = 1073, We
take NV, = 60 boundary nodes and N; = 225 interior nodes for the Hartmann number
values M = 0, 30. The numerical results are shown in terms of streamlines, vorticity

and pressure contours in Figures 3.913.10]

In Figure [3.9] DIBEM results for M = 0 are in well agreement with the solutions
given in [64].

Figure [3.10| shows the comparison of DIBEM and RBF solutions of MHD Stokes
flow equations for M = 30. The flow and pressure behaviors obtained by DIBEM
show the agreement with the behaviors obtained by RBF.

N

(

: > 0 O
01 0.1 / }\ / 0.1
0 0 » 0

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3.9: Problem 3.1} DIBEM solution of the MHD Stokes flow for A/ = 0.
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Figure 3.10: Problem [3.1} DIBEM and RBF solutions of the MHD Stokes flow for
M = 30.

Table [3.2] shows the computational cost for the RBF, DRBEM and DIBEM solutions
of MHD Stokes flow problem. We observe that DIBEM procedure takes much more
computational time compared to DRBEM and RBF due to the interpolation for the
domain integral. On the other hand, the RBF approximation gives solution of MHD
Stokes flow problem with considerably less computational expense. Hence, we con-
tinue with the RBF approximation method for the rest of the MHD problem solutions

in this thesis.

CPU(s)
M=0 M=30

RBF 242.58 293.83
DRBEM  519.66 720.20
DIBEM 76116.88 99721.87

Table 3.2: CPU times for RBF, DRBEM and DIBEM solutions of MHD Stokes flow.
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3.2 RBF Solution of the MHD Stokes Flow in a Constricted Cavity

We consider in this Section, the steady slow flow of a viscous, incompressible and
electrically conducting fluid in channels with a constriction. The uniform magnetic

field is applied in the z- or y- direction.

When the magnetic field is acted horizontally, that is Hy = (1, 0, 0), the non-dimensional
governing MHD Stokes flow equations which are given in Chapter 1 (equations (1.27)-

(1.29)) as

ou Ov

— — T -4

B + 9 0 (3.45)
Vu = %, Vo — M%y = g_]; . (3.46)

Defining the stream function and vorticity in the 2D cross-section of the channel,
these equations can be represented in terms of velocity components (u,v), stream

function 1), vorticity w and pressure p as

ow ow
2 = ——2 2 = =2 47
V*u 3y Vv o (3.47)
Vi = —w (3.48)
Vi =2 vy e ® (3.49)
ox oy

where the Hartmann number M = LuHy+/o/pv is the non-dimensional parameter.

When the magnetic field is applied vertically, Ho = (0, 1, 0), the steady MHD Stokes
flow equations take the form (Chapter 1, equations (1.40)-(1.42))

ou 0
% + G_Z —0 (3.50)
Viu = % + M?u, V= 2—5 (3.51)

which can be also represented in terms of velocity components (u, v), stream function

63



1, vorticity w and pressure p as

Oow Ow
2 2
e _ 52
Vu=- Vi = 2 (3.52)
Vi) = —w (3.53)
Vo = 22 v = 22 (3.54)
dy ox

The difference is only in the right hand sides of vorticity and pressure Poisson’s equa-
tions. Velocity and stream function equations are not affected with the direction of

magnetic field.

Application of the RBF approximation (2.37)) to the equations (3.47)-(3.49) and (3.52))-

(3.54), and using the coordinate matrix F' for the required space derivatives of the

unknowns, we get the discretized systems of MHD Stokes flow equations when the

magnetic field applies in the x—direction

OF |
U =gy — K(a_yF w) (3.55)
OF _ |
Y=gy + K(—w) (3.57)
W=g,+ M2K(g—1;F—1v) (3.58)
P=g,— MQK(%—SF_IU), (3.59)

and when the magnetic field applies in the y—direction

OF
=gy — K(=—F! :
U= g, (83/ w) (3.60)
_ OF -1
Y=gy + K(—w) (3.62)
w =g, — MQK(%—FF—lu) (3.63)
Y
P=gp— MQK(aa—fF—lu) (3.64)

where the vectors g, g+, g > 9w, gp and the matrices K, F" are derived in the Section
2.1.2

The iterative process starts with an initial estimate for the vorticity, then the veloc-

ity equations ((3.53)-(3.56)) or (3.60)-(3.61) and the stream function equation (3.57) or
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(3.62) are solved. After the unknown vorticity boundary conditions are obtained from
the stream function equation by using the finite difference scheme or vorticity defini-
tion by using coordinate matrix F', the vorticity equation (3.58) or (3.63)) is solved.
In order to accelerate the convergence we use a relaxation parameter oy, 0 < o, < 1
for the vorticity. Then, the unknown pressure boundary values are derived by using
coordinate matrix F' for the Laplacian of v and v, and the finite difference scheme
for the pressure derivatives in or (3.51)). Since the boundary of the constricted
channel is a curved boundary , the Taylor series expansion of the pressure is written
on the boundary points by using the interior points in the perpendicular axis direction.
Finally, the pressure equation or is solved. The relaxation parameter v,
0 < oy, < 11is used for the pressure to accelerate the convergence. The iteration con-

tinues until a preassigned tolerance € is reached between two successive iterations.

The iterative process is applied to solve the MHD Stokes flow in a constricted cav-
ity under the influence of external magnetic field applied horizontally or vertically.
The two-dimensional steady Stokes flow of a viscous, incompressible and electrically
conducting fluid is considered in a constricted square cavity with a moving left wall.
Stokes flow is subjected to the uniform magnetic field in the horizontal or vertical
direction. The middle section of the square cavity is symmetrically constricted using
functions f, and f;, which are the vertical coordinates of the bottom and top walls,

respectively. These functions are given as,

fula) = 3h(1 +cos(2(a = )

2
fi(x) =1 — fi(x)

where 0 < z < 1 and the constriction ratio(C'R) of the cavity is defined as CR =
2h x100. The problem geometry and the boundary conditions are shown in the Figure
B.T1] The vorticity boundary values are obtained from the stream function equation
by using the finite difference method including interior values of stream function.
The unknown pressure boundary values are found by a finite difference scheme for
the pressure derivatives and coordinate matrix for the space derivatives in (3.46) (or

(3.51)) for the applied magnetic field in the y-direction).
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Figure 3.11: Problem [3.2} Schematic of the square cavity with constriction and the

boundary conditions

The numerical results are obtained from the RBF iteration process which is explained
in the previous section by using a linear polynomial radial basis function (p = 1+7).
The tolerance for the stopping criteria is taken as 1073, We use relaxation parameters
a,, = 0.01 and «y, = 0.001 for the vorticity and pressure convergence acceleration.
The boundary of the cavity is discretized by NV, = 96 boundary points. To see the ef-
fects of both magnetic field in the x- or y-direction and the constriction of the channel
on the Stokes flow we take several values of Hartmann number (0 < M < 100) and

the constriction ratio of the cavity (0% < CR < 75%).

First, we consider MHD Stokes flow in a square cavity with 0% constriction and
moving left wall upwards under the effect of horizontally applied magnetic field. The
numerical solution is depicted in terms of streamlines, vorticity and pressure contours
in Figure for increasing values of Hartmann number. Figure [3.12| shows the
effect of magnetic field on the Stokes flow in a non-constricted cavity. In the absence
of the magnetic field, Stokes flow is concentrated in front of the left moving wall with
a similar profile as obtained in a cavity with moving top lid [64]. Pressure profiles
are antisymmetric with respect to y = 0.5 line. As the intensity of the magnetic field
increases, fluid flows in almost all parts of the cavity. Also, the main vortex of the flow
shifts through the center of the cavity with an increasing magnitude. Further increase

in M causes side layers to be formed on the walls parallel to the applied magnetic
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field and also Hartmann layers on the vertical walls especially pronounced on the left
wall with the effect of its movement upwards. The vorticity has the expected behavior
due to the movement of the left wall when M is small. But, it forms the boundary
layers leaving the central part of the cavity almost stagnant as M increases. Pressure
is uniformly distributed with an increasing value between the top and the bottom walls

as M increases.

In Figure we fix the constriction ratio to CR = 25% and increase Hartmann
number to analyze the impact of the horizontal magnetic field on the Stokes flow in a
constricted cavity. When the channel is constricted, pressure tends to be increased at
the right corners, the behavior of the flow does not change significantly, but the flow
is mostly concentrated near the left moving wall and in the constricted area leaving
the parts close to the right corners stagnant. Horizontally applied magnetic field with
an increasing intensity retards the effect of moving left wall as in the case of non-

constricted cavity (Figure [3.12) extending the flow to the whole cavity.

The effect of the constriction ratio on the MHD Stokes flow under the effect of
horizontal magnetic field is depicted in Figure for a fixed Hartmann number
M = 10. When the constriction is further increased, the fluid completely flows in the
left constricted part and the rest of the cavity is stagnant. Constriction deteriorates the
uniform distribution of pressure. Pressure contours are anti-symmetrically squeezed

through the corners of the cavity with respect to y = 0.5 line.
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Figure 3.12: Problem 3.2} MHD Stokes flow with CR = 0%, Ho = (1,0,0).
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Figure 3.14: Problem 3.2} MHD Stokes flow with M = 10, Hy = (1,0,0).

69



The impact of the vertical magnetic field on the Stokes flow in the constricted cavity

is also analyzed in Figures (3.15]

The influence of the vertical magnetic field on the creeping flow in the non-constricted
cavity with a moving left lid is shown in Figure [3.15] The behaviors of the flow and
pressure are completely different from the ones obtained with horizontally applied
magnetic field which can be seen by comparing the results given in Figure [3.12] and
Figure[3.15] As M increases, the flow is completely concentrated through the moving
left wall forming boundary side layer. This is due to the direction of magnetic field
which is the same with the moving left wall. Further increase in M, secondary flow
with a small magnitude occurs and the rest of the cavity is stagnant. As the strength of
the vertical magnetic field increases, pressure is distributed anti-symmetrically with
respect to horizontal centerline of the cavity in terms of two loops mostly concentrated

near the left moving wall.

Figure [3.16]shows that constricted cavity with the ratio C R = 25% causes secondary
flow and pressure appearance near the right corners when the magnetic field effect is
absent. As M increases, secondary flow near the right wall enlarges first due to the
constriction, but a further increase in M again pushes the flow through the moving left
wall contrary to the effect of horizontally applied magnetic field. It was observed in
Figure that magnetic field acted in the z—direction retards the effect of moving

lid and causes the fluid to flow in the whole cavity.

In Figure we see the influence of further constrictions of the cavity on the MHD
Stokes flow when the Hartmann number is fixed as M = 10. Secondary flow in front
of the right wall enlarges first when the cavity is constricted. Then, 75% constriction
and moving left wall effects weaken this secondary flow and move the fluid through
the left wall. The vorticity and pressure concentrate in front of the left moving lid as
in the case of magnetic field acted in z—direction (Figure [3.14). Pressure appears at
the right corners with an increasing value due to increase in the constriction showing

the anti-symmetric profile again with respect to y = 0.5.

As aresult, we conclude that horizontal magnetic field causes the flow to be spreaded
to the whole channel, but this effect is weakened when the cavity is further constricted

in the sense that flow is completely squeezed through the moving left wall. On the
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other hand, vertical magnetic field forces the flow to concentrate in front of the mov-
ing left wall, and the constriction leads to flow to the right part of the constricted

channel.

M =50

100

o o o

Figure 3.15: Problem 3.2} MHD Stokes flow with CR = 0%, Ho = (0, 1,0).
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Figure 3.17: Problem 3.2} MHD Stokes flow with M = 10, Ho = (0, 1,0).
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3.3 RBF Solution of the MHD Stokes Flow in a Backward-Facing Step Channel

In this Section, we analyze Stokes flow over backward-facing step channel under the
effect of a horizontally or vertically applied magnetic field. The problem configura-
tion and boundary values are shown in Figure [3.18] At the inlet, a parabolic velocity

0 0
profile is prescribed so that vorticity varies linearly (w = 9@ —u). No-slip bound-

ary conditions for v and v are imposed on the channel wflfs. Aét??ihe exit, Neumann
boundary conditions are imposed for u, w and 1) with the assumption of fully devel-
oped flow. Pressure reduces to zero and the v velocity component is obviously zero at
the exit. The unknown vorticity boundary conditions are obtained from the vorticity
definition by using the coordinate matrix F' which gives better results than obtained
from the stream function equation by using finite difference scheme. The unknown
pressure boundary values are obtained from equations (3.46) (or (3.51)) for magnetic

field in the y-direction) by using coordinate matrix F' for the space derivatives and

the finite difference scheme for the pressure gradients.

(-1,1) u=0, v=0, ¢= (6-71)
b0 | u=24(1-y)(y—05) .
=8y 18y — 12y + 2 “ou
u=0 on
1,0,0 =0e 20 2
- (L0 v (0,0) u=0, v=0 =0 6,0 8%_

‘HO =(0,1,0)

Figure 3.18: Problem [3.3} Backward-Facing step channel and boundary conditions

Numerical solutions are obtained by taking stopping criteria as 10~ for fixed relax-
ation parameters of vorticity and pressure as «,, = 0.01 and a;, = 0.5. In the case
of horizontally applied magnetic field we take N, = 224 boundary and N; = 1163

interior points for the several values of Hartmann numbers.

Figure [3.19]is in well agreement with the ones in [9], since A/ = 0 for Re << 1
corresponds to the Stokes flow over a backward-facing step. Streamlines starts the
channel with a negative value. Effect of the step is small at A/ = 0 due to the slow

motion of the fluid. In front of the step the same direction recirculated flow appears
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(drops), but a secondary opposite direction flow is developed in the upper part of
the channel starting around the step. Centerline velocities for M = 0 are presented
in Figure [3.20] One can observe that parabolic profile of « velocity is maintained
through the channel which is in well agreement with the Stokes step channel flow

centerline velocities obtained by [9].

In Figures[3.21H3.23] we see that, as the horizontal magnetic field intensity increases,
the recirculation flow in front of the step enlarges. The secondary flow developed
in front of the channel is squeezed through the upper wall and through the entrance.
As M is increased further (M = 90), the same direction flow in front of the step
which is small in magnitude tends to reach fully-developed profile through the exit of
the channel. This shows the effect of external magnetic field which is applied in the
direction of the flow. The main flow gets fully developed in a much shorter length of

the channel as can be seen from Figure [3.23]

From the u—velocity figures we also notice the drop of the fluid in front of the step
from its parabolic profile. It reaches fully developed profile through the exit. A further
increase in M leaves a small stagnant region in front of the step and then overwhelms

the effect of the step pushing the fluid above the bottom plate (Figure [3.23).

It can be concluded that the MHD flow in a step channel is subjected to the following
variations. Fluid enters the channel with a constant pressure (p = 48). The step
causes small disturbance at the corner even at M = 0, and then, pressure diminishes
smoothly (p = 0) through the exit in Figure Pressure of the fluid increases as
M increases, and the disturbance due to the step is more pronounced in the narrow
entrance region and around the step. This is the expected behavior of the pressure in

a channel containing a step.
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Streamlines

Figure 3.19: Problem 3.3} MHD Stokes flow with M = 0, Ho = (1,0,0).
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Figure 3.20: Problem 3.3} Centerline velocities for M = 0, Ho = (1,0,0).
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Figure 3.21: Problem 3.3} MHD Stokes flow with M/ = 10, Ho = (1,0,0).
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Figure 3.22: Problem 3.3} MHD Stokes flow with M = 30, Ho = (1,0,0).

76



Streamlines

Fressure

i

8]

T
1 2 3 4 5 o

Figure 3.23: Problem 3.3} MHD Stokes flow with M = 90, Ho = (1,0,0).

The behavior of Stokes flow over the step channel under the effect of vertical magnetic
field is simulated by taking N, = 200 boundary and N; = 1463 interior points for
M = 0,10,30. When the Harmann number increases up to 50, more discretization

points (N, = 224, N; = 1649) are taken to obtain smooth results.

In Figure 3.24] we again present M = ( case which is the Stokes flow as in Figure
The entrance (main) flow drops in front of the step, a secondary flow close to
the upper plate extends through the channel. As M increases, secondary flow covers
almost whole channel after the step. Meantime, the main flow in front of the step is

getting smaller as M gets larger, as can be seen from Figures 3.27

From the u—velocity profiles we deduce that as Hartmann number increases, fluid
is pushed through the entrance and the flow is concentrated in front of the entrance

region. Thus, the flow is retarded with decreasing magnitude throughout the channel.

Pressure shows the same behavior as in the case of horizontal magnetic field. The
increase in the intensity of the vertical magnetic field increases pressure values due
to square of Hartmann number in front of the non-homogeneous term of pressure

equation.
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Figure 3.24: Problem 3.3} MHD Stokes flow with M/ = 0, Ho = (0, 1, 0).

Streamlines

Fressure

SELSITITTITTAN -
D T

-1 0 1 2 3 4 5

Figure 3.25: Problem 3.3} MHD Stokes flow with M/ = 10, Ho = (0, 1,0).
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Figure 3.26: Problem [3.3} MHD Stokes flow with M = 30, Hy = (0, 1,0).
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Figure 3.27: Problem 3.3} MHD Stokes flow with M = 50, Ho = (0, 1,0).

79



3.4 RBF Solution of the MHD Stokes flow with Electric Potential

Finally, the effect of the external magnetic field applied in the pipe-axis direction is
analyzed on the Stokes flow in a lid-driven cavity. This problem differs from the
Stokes flow only with the generation of electric potential due to the application of the

magnetic field in the z—direction.

The steady slow flow of a viscous, incompressible and electrically conducting fluid
is considered in a lid-driven square cavity under the influence of a uniform magnetic

field in the pipe-axis direction (Figure [3.28).

()
Yv=0u=1v=0

(0,1) (1,1)
w_ HO_(O7071) w_o
u=20 U=
v=_0 v=0

X

(0,0) 1,0

Yv=0u=0,v=0
Figure 3.28: Problem Lid-driven cavity with electric potential and boundary

conditions.

The non-dimensional governing equations of MHD Stokes flow in terms of velocity

components (u,v), pressure p and electric potential ¢ are given in Chapter 1 (equa-

tions (1.46)-(1.48)) as
ou  Ov

op d¢p
P 20 T
Viu = o= — M2( 3 ) (3.66)
op ¢
2, _ & 2077
V2 = 3 M2 (o~ ) (3.67)
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which can be written in all fluid variables u, v, 1, ¢, w and p

Oow Oow

2, _ ¥ 2, Y%
Viu = oy Vv o (3.68)
V3 =—w , Vip=w (3.69)
Viw=0 , Vp = 0. (3.70)

Since the Hartmann number is disappeared in this formulation, the increase in the

magnetic field intensity can not affect the flow behavior.

The boundary conditions for the velocity and stream function are shown in the Figure
The unknown boundary conditions for the vorticity are obtained from the finite
difference approximation of the stream function equation including interior values of
stream function. Pressure boundary values are computed by using the finite difference
scheme for the gradient of pressure and the coordinate matrix for the space derivatives
i% ;he momentum equations (3.66)-(3.67). For the electric potential both insulated

(8_ = 0) and conducting (¢ = 0) wall conditions are considered.
n

The application of the RBF approximation (2.31) to MHD Stokes flow equations
with electric potential (3.68)-(3.70) with the help of coordinate matrix F' for space

derivatives of w gives the matrix system

U= Gy — K(%—jF‘lw) (3.71)
v =g, + K(%—iF‘lw) (3.72)
Y=gy + K(—w) (3.73)
¢ =9+ Kw (3.74)
w = g, (3.75)
P=9p (3.76)

where the vectors g¢ = R1&p., € denotes u, v, ¥, ¢, w, p, and the matrices K, R,
and F' are given in the Section[2.1.2]

The iteration starts with an initial estimate for the vorticity to solve the velocity equa-
tions (3.71)-(3.72). Then, the stream function and the electric potential equations are
solved. After the vorticity boundary values are computed from the stream function

equation by using finite difference scheme, vorticity equation (3.73]) is solved. Then,
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pressure boundary conditions are obtained from the momentum equations (3.60))-
(3.67). With these boundary values pressure equation is solved. The iteration

continues until the stopping criteria in terms of maximum error
[z — 2| < € (3.77)

is satisfied where z denotes u, v, ¥, ¢, w and p. Preassigned tolerance is taken

€ = 1072 to reach steady solutions.

In the computations, we use linear polynomial RBF (¢ = 1 4 7). The domain is
discretized by N, = 60 boundary points and N; = 196 interior points for several
values of Hartmann numbers M = 0,30, 50. The numerical results are depicted in

terms of streamlines, equvorticity, electric equipotential lines and pressure contours.

Figures present the flow behavior for conducting or insulating wall condi-
tions in the absence of the magnetic field (M = 0). In Figure [3.29] the numerical
results show the flow symmetry expected in the Stokes flow in the case of electrically
conducting walls (¢ = 0). Streamlines and electric equipotential lines have the same
magnitude with opposite sign since V2¢ = w, V21 = —w. When the top and bottom
walls are conducting and the parallel walls are insulated, the electric potential obeys

the boundary condition leaving the same behavior of the flow (Figure3.30).

We deduce that the effect of magnetic field applied in the pipe-axis direction which
enables to generate the electric potential with the interaction of electrically conduct-
ing fluid even in the Stokes flow. However, the flow and pressure behaviors stay the

same due to the Lorentz force terms canceling each other in vorticity equation.

In Figure 3.31 we demonstrate the flow, electric potential and pressure profiles for
increasing values of Hartmann number. One can see that the flow, electric potential
and pressure are not affected from the variation of M since the Hartmann number is
diminished in the construction of the equations containing velocity components, vor-
ticity, stream function, electric potential and pressure. This is an expected situation.
Because the equations (3.66)-(3.67) containing Lorentz force terms vanish which are
multiplied by Hartmann number. This problem case (application of the external mag-
netic field in the pipe-axis direction) is considered for the reason of generating electric

potential in the Stokes flow. It is seen that electric potential is in the same behavior of
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streamlines with opposite magnitude.

Figure 3.30: Problem Stokes flow with electric potential (% |l2=0,1, ®|y=01 = 0),
M =0.
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Figure 3.31: Problem MHD Stokes flow with electric potential (¢|pa; = 0).
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3.5 MHD Incompressible Flow with Electric Potential

In this Section, the steady, laminar fully-developed flow of an incompressible, vis-
cous, electrically conducting fluid in the cross-section of a long pipe (enclosure) is
considered. A uniform magnetic field is applied in the pipe-axis direction which gen-
erates the electric potential. This problem is an extension of the MHD Stokes flow
with electric potential given in Section [3.4]in the sense that convection terms are in-
cluded in the MHD Stokes momentum equations due to the large values of Reynolds
number. Only the RBF approximation procedure is going to be used for the MHD

incompressible flow problems in the rest of this chapter.

The non-dimensional governing equations of MHD flow in terms of velocity com-
ponent (u,v), pressure p and electric potential ¢ are given in Chapter 1 (equations
(L.58)-(L.60)) as

1 ou ou.  19p 1 _, 06
N(u8x+vay)_ M28x+M2vu+(u ay) (3.78)

1 0v dv, 1 dp . ¢
N(u3x+vay)_ M23y+M2V v+ ( v+ax). (3.79)

where N is the Stuart number given by N = M?/ Re as the ratio of Hartmann number

square to Reynolds number.

The equations of Ohm’s law J = o(—V¢+u x pnH ), and the conservation of charge
V - J = 0 are combined to obtain the electric potential Poisson’s equation V2¢ = w

by using the vorticity definition.

Thus, the two-dimensional MHD flow together with an electric potential is governed

by the equations

ow ow
2, YW 2, %
Vou = 9y Vv g (3.80)
V) = —w, Vi =w (3.81)
1y 1, 0w Ow
1 o 2, 0udv  Judv (3.83)

Y P~ N Gzay ~ ayon’
under the effect of a magnetic field applied perpendicular to the enclosure.
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The RBF approximation (2.31)) is applied to the equations (3.80)-(3.83)) by evaluating
the space derivatives in the inhomogeneities with the help of coordinate matrix F'.
We obtain the discretized matrix-vector systems for the MHD equations in terms
of vectors of velocity components, stream function, electric potential, vorticity and

pressure as

oF _ |
U= gy — K(a_yF w) (3.84)
_ OF 4
v=g,+ K( e F'w) (3.85)
Y =gy + K(—w) (3.86)
¢ =g+ Kw (3.87)
M? oF _ | oF _ |
. oM*_OF _, OF _, OF__, OF
p=gp+ — K(5-F [U]da—yF w 8_yF [ulaz—F~'v)  (3.89)

where the diagonal matrices [u]4, [v]q are constructed with the diagonal elements of
u, v and the matrices K, F', and the vectors g,, gv, g, 94> 9w, gp are defined as
in Section Vorticity and pressure equations differ from the MHD Stokes flow

equations (3.73), due to the convection terms.

The iterative process starts with an initial estimate for the vorticity to solve the ve-
locity equations (3.84)-(3.85), the stream function equation (3.86) and the electric
potential equation (3.87). Then, the unknown vorticity boundary values are obtained
from the stream function equation by using finite difference scheme. The vorticity
equation (3.88)) is solved with these boundary values and then we use a relaxation
parameter «,, for the vorticity to accelerate the convergence. After pressure boundary
values are computed by using the finite difference scheme for the gradient of pres-
sure and the coordinate matrix for the space derivatives in the momentum equations
(3-78)-(3.79), pressure equation (3.89)) is solved. We use again a relaxation parameter
v, for pressure. The iteration is stopped when the preassigned tolerance ¢ is reached

between two successive iterations for reaching the steady solutions.

The present iterative process is applied to two test problems: MHD flow in a lid-

driven cavity and MHD flow in a constricted cavity with a moving left wall.
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3.5.1 MHD Flow in a Lid-Driven Cavity with Electric Potential

The two-dimensional square cavity with moving top lid shown in Figure[3.32]is filled
with a viscous, electrically conducting fluid. Flow is subjected to the external mag-
netic field in the z-direction generating the electric potential. Dirichlet boundary
conditions are imposed for the velocity components, stream function and electric po-
tential. The unknown vorticity and pressure boundary conditions are computed from

the stream function and momentum equations, respectively.

Y =0
Yv=0u=1v=0
(0,1) (1,1)
wz H0:<07071> w_g
h— U =
X
V= —
¢ = ¢ =0
X
(0,0) (1,07
Y=0u=0v=

Figure 3.32: Problem [3.5.1} Lid-driven cavity and boundary conditions.

Numerical calculations are carried by using linear polynomial radial basis functions
(o = 1+ r) with the preassigned tolerance ¢ = 1072. We take N, = 80 boundary
nodes and NV; = 361 interior points. For fixed Stuart number N = 16 we use sev-
eral Hartman number values as M = 20, 40, 100 corresponding to Reynolds number

values Re = 25,100, 625, respectively, since Re = M? /N.

Figure [3.33| shows the effect of the increase of Hartmann number on the flow, electric
potential and pressure behaviors. One can observe that as M increases, the main flow
shifts through the center of the cavity with an increasing magnitude. With a further
increase in M secondary flow occurs at the bottom right corner. The vorticity moves
away from the center towards the walls which indicates the strong vorticity gradients

as M increases. Electric potential has the same behavior of streamlines with opposite
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direction, since V) = —w, V2¢ = w with zero boundary conditions. These results
are in good agreement with the ones in [56]. When it is compared with the MHD
Stokes flow case (Figure [3.31)), both the effects of magnetic field applying in the

pipe-axis direction and the moving top lid accelerate the flow and electric potential

through the right upper corner of the cavity.

Figure 3.33: Problem MHD flow with electric potential, Hy = (0,0, 1).
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3.5.2 MHD Flow in a Constricted Cavity with Electric Potential

In this Section, we discuss the MHD flow in a square cavity with moving left wall in
the presence of the pipe- axis direction magnetic field. The bottom and top walls are
constricted by using the functions f, and f; defined as

fle) = gh(1+cosene =), o) = 1= o)

where z € [0, 1], and the constriction ratio(C'R) of the enclosure is defined as CR =

2h x 100. Figure [3.34 shows the configuration of the cavity and boundary conditions.

(1,1)

=0
u=2~0
v=>0
=0

0.0y —0,u=0v=0 10
$=0

Figure 3.34: Problem [3.5.2} Constricted cavity and boundary conditions.

In the numerical computations, we use linear radial basis functions ¢ = 1 + r. The
boundary is discretized by taking N, = 120 boundary points for several values of
constriction ratios. The relaxation parameters for the vorticity and pressure are taken
as o, = a,, = 0.01 with the preassigned tolerance ¢ = 1073, We fix the Stuart number
as N = 16 and take the Hartmann number values M = 20 and 40 with corresponding
Reynolds numbers Re = 25 and 100. From the obtained numerical results, the flow,

electric potential and pressure are simulated in Figures [3.35

In Figure [3.35] the effects of perpendicularly applied magnetic field (z-direction)
on the flow, electric potential and pressure are analyzed in a non-constricted cav-
ity (CR = 0%). As Hartmann number increases, streamlines and equivorticity lines

move through the moving left wall forming boundary layer and the rest of the cavity
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is stagnant. The electric potential has the same behavior and magnitude of stream
function. This is an expected behavior since V29 = —w, V?¢ = w and both v/ and
¢ vanish on the boundary. This behavior is the result of strong magnetic field applied
perpendicular to the cross-section (cavity) of the pipe. Increase in the strength of the
magnetic field increases the pressure values, but decreases magnitudes of stream func-
tion and electric potential. Pressure is unevenly distributed in the cavity and highly

concentrated at the moving left corner of the cavity as M increases.

Figure 3.377|show the effect of constriction on the incompressible MHD flow for
fixed M = 20 and M = 40. It is observed that an increase in the constriction ratio
of the cavity leads to the development of secondary vortex in the right part of the
enclosure for the flow and the electric potential. When the pipe is constricted further,
this secondary vortex moves through the constricted area with the effect of moving
left wall. Pressure is pronounced completely in the left part with descending values

when the constriction of the cavity is increased.

When this study is compared with the MHD Stokes flow in a constricted channel un-
der the z- or y-directed magnetic field given in Section we deduce that the effect
of magnetic field in the pipe-axis direction on the flow is similar to the effect of the
vertical magnetic field. That is, the flow moves through the moving lid as magnetic
field intensity increases, but the uniform distribution of the pressure profiles is de-
stroyed comparing with the Figures [3.15] Magnetic field in the z-direction prevents
the formation of the secondary flow in front of the right part of the cavity which is
observed in the case of the both y-directed and z-directed magnetic fields due to the
constriction when we compare the results with the ones given in Figures
and However, further constriction forces the flow to squeeze through the

left wall regardless of the direction of the magnetic field.
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Figure 3.35: Problem MHD flow with electric potential for CR = 0%, Hg =
(0,0, 1).
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Figure 3.36: Problem [3.5.2y MHD flow with electric potential for M = 20, Hy =
(0,0,1).
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CR ="T75%

Figure 3.37: Problem [3.5.2} MHD flow with electric potential for M = 40, Hy =
(0,0,1).
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3.6 MHD Convection Flow with Viscous Dissipation

In this Section, MHD convection flow for an incompressible dissipative fluid is con-
sidered in cavities when the temperature of the fluid is subjected to variations in the
channel due to the wall temperature differences. A uniform magnetic field is applied
in the x- or y-direction. The continuity equation and the equations of motion are
combined for the MHD flow including buoyancy and Lorentz forces together with
the energy equation containing Joule heating and viscous dissipation terms for an

incompressible dissipative viscous fluid [35,/45]].

When the external magnetic field is applied in the x-direction, the two-dimensional,
steady MHD convection flow is represented with Poisson’s type equations in terms of

velocity components, stream function, temperature, vorticity and pressure (Chapter

1, equations (1.77)-(T.81))

ow ow
2, _ “* Py —
Vou = y Vv 9 (3.90)
Vi = —w (3.91)
VT :PrRe(ua—T + ’Ua—T) — M?EcPrv®
ox dy
ou ov ov Ou
—EcPr(2(=—)? +2(=)*+ (=— + =—)* 92
cPr(2(5-)" + (6y)+(8as+3y)) (3.92)
Ow Oow ov  GrdT
2 htad il 277 _ 2 27
Viw = Re(uaz + vay) + M 5 T By (3.93)
Vip = _236(@@ _ @@) _ MQaU + ga—T (3.94)

Oxrdy Ox 0y (9_y Re Oy
where the non-dimensional parameters are the Reynolds number Re = LU,/v, the
Hartmann number M = LuH, \/W, the Eckert number Ec = U /(cy(Thot — Trold))
which can be interpreted as the ratio of kinetic energy to the accumulated enthalpy,
the Grashof number Gr = gB(Thos — Teoia)L® /> which is the ratio of buoyancy

force to viscous force and the Prandtl number Pr = pc,v/\.
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When the magnetic field is acted in the y-direction, the steady MHD convection flow
equations take the form (Chapter 1, equations (1.90)-(1.94)). The differences are

only in the second terms of energy, vorticity and pressure equations as v?, a—v and ?
x Y
replaced by u?, @ and @, respectively.
dy ox
ow Ow
2, _ Y 2, 7~
Viu = by V<u o (3.95)
V3 = —w (3.96)
T T
VAT = PrRe(ua— + va—) — M?EcPru?
ox dy
ou v Jdv  Ou
— EcPr2(=)+2(2=) + (= + =)’ 3.97
cPr2(5 P + 250"+ (5 + 5 (3.97)
ow ow ou GroT
2 IR - _ _MQ___— 398
Viw e(uam —i—vay) 9y e oz (3.98)
Ovou  Ouldv ou GroT
2y = WORe(—— A8V )12 R 48 3.99
VP 6(81’834 89583/) 8x+Re oy ( )

The second and third terms in the energy equation (3.92), are due to the mag-

netic field and viscous dissipation. Similarly, in the vorticity and pressure equations
(3:93)- (3.94) and (3.98)-(3.99) the last two terms are the magnetic force and buoy-

ancy force terms, respectively.

RBF application to the MHD convection equations (3.90)-(3.94) with the help of the

coordinate matrix F' for the space derivatives of unknowns results in the matrix-vector

equations

u =g, — K(Dyw) (3.100)
v =g, + K(Dyw) (3.101)
Y =gy + K(—w) (3.102)
T = gr + PrReKr([u]¢D.T + [v]aD,T) — M*EcPrKpv?

— EcPrKr(2((Dgyu)? + (Dyv)?) + (Dyv + Dyu)?) (3.103)
w = g, + ReK ([u]4D,w + [v]4Dyw) + M>*K D,v

- %KDmT (3.104)
P = gp — 2ReKp(Dy[v]aDylula) + 2ReKp(Dy[u]aDy[v]a)

— M*K,D,v + %KprT (3.105)
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OF OF
where D, = 8_F_1 and D,, = — F !, and the diagonal matrices [u]q, [v]q4 are
T

Oy
constructed with the diagonal elements w, v matrices, respectively. The matrices K,

Kr, K, F and the vectors g, gv, gy, 94> 9w gp are defined as given in Section
2.1.2

When the magnetic field is in the y-direction, RBF discretized system of equations

for (3.95)-(3.99) take the form

u =g, — K(Dyw) (3.106)
v=g,+ K(D,w) (3.107)
Y=gy + K(—w) (3.108)

T = gr + PrReKr([u]gD,T + [v]4D,T) — M?EcPrKru?
— EcPrKr(2((Dgu)? + (Dyv)?) + (Dyv + Dyu)?) (3.109)
w = g, + ReK ([u]4Dyw + [v]g4Dyw) — M*KD,u
Gr

-—KD,T 3.110
e ( )

P = gp — 2ReK,(D,[v]aDy[ula) + 2Re K, (D, [u]aDy[v]a)

G
— M?K,D,u + R—ZKprT. (3.111)

Now, we shall describe the iterative procedure for both set of equations resulting with

z-directed and y-directed magnetic field:

1. Start with initial estimates for vorticity w® and temperature T°.

2. Solve the velocity equations (3.100)-(3.101) or (3.106)-(3.107) to obtain u™+!

m+41

and v with w™.

3. Solve the stream function equation (3.102) or (3.108) to obtain ¥»™ " with w™.

4. Solve the temperature equation (3.103) or (3.109) to obtain T using T,
m+1

and v,

and u
5. Use a relaxation parameter 0 < ar < 1 to accelerate the convergence

T'm—i_1 = (1 — OéT)Tm + CYTTm+1.
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10.

11.

12.

13.

Calculate the new vorticity boundary conditions from the stream function equa-

tion by using finite difference procedure.

. Solve the vorticity equation (3.104) or (3.110) to obtain w™*"!,

Use a relaxation parameter 0 < ¢, < 1 to accelerate the convergence

W = (1 — ay,)w™ + auw™ .

. Obtain the unknown pressure boundary conditions from the equations

ou ou Op 9 9 9

- —)=—-=— M*(—uH H.H
uax—i-vay) ax+Vu+ (—uH,” +vH,H,)
Ov Ov Op 9 9 o . Gr
u0x+7}8y) 8y+vv+ (uH. Hy = x)+Re

Re(

Re(

by using the finite difference scheme for the gradient of pressure and the coor-
dinate matrix for the space derivatives. Here, H = (H,, H,) is the magnetic

field.

Solve the pressure equation (3.103) or (3.111)) to obtain p™+!.

Use a relaxation parameter 0 < «;, < 1 for correcting pressure values

P = (1—ap)p™ + app™

Check the maximum error

m+1 _Zm”oo <e€

1

where z denotes either u, v, ¥, T', w or p.

When the stopping criterion is satisfied, the solution is obtained.

0
If the pressure boundary conditions are given (with the physical assumption a_p =0),
n

pressure equation is solved after the iteration is terminated.

The present iterative RBF approximation procedure will be applied to the MHD con-

vection Stokes and incompressible flows in cavities.
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3.6.1 MHD Convection Stokes Flow in a Square Cavity

First, the iterative procedure described in the previous section is applied to solve
MHD convection equations by taking small Reynolds number (Re << 1) to analyze
the heat transfer for the Stokes flow under the impact of a magnetic field. The effects
of the magnetic field, buoyancy force and viscous dissipation on the slow flow in a
square cavity with or without moving top lid are analyzed for several values of the

Hartmann number, Grashof number and Eckert number.

In this problem, the RBF solution of MHD convection Stokes flow in a square cav-
ity in the presence of horizontally applied magnetic field is presented. The cavity is
heated from the left, and the right wall is kept cooled, while the other walls are adia-
batic (Figure [3.38). Normal derivative of pressure is taken as zero on the walls of the
cavity which is a physically expected behavior of the pressure as given in [[17]. The
unknown vorticity conditions are obtained from the stream function equation with the

use of finite difference scheme.

oT op
U,—O,’U—O,%—O,% 0
(0,1) (1,1)
U= lg U=
HO V= v =
T: T:
dp dp
87170 8n70
(0,0) (1,0)
T
u:O,vzo,a—:(),@:O
on on

Figure 3.38: Problem [3.6.1} Square cavity and boundary conditions.

In the numerical computations, Reynolds number is taken as 0.6 for the Stokes ap-
proximation and the boundary is discretized by /N, = 80 points. We use relaxation
parameters o, = 0.01 and a7 = 0.1 for the obtained vorticity and temperature values,

respectively, with the convergence tolerance ¢ = 1073. Flow, temperature and pres-
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sure behaviors are visualized for several values of M, Gr, Ec by keeping Pr = 0.71

fixed.

We first show in Figure [3.39] that the effect of the increase in Gr (buoyancy force
dominance) on the Stokes flow and the temperature whether the fluid is viscous dis-
sipative (E/c = 1) or not (Ec = 0) in the absence of magnetic field (M = 0). The
flow circulates at the center of the cavity, isotherms are uniformly distributed from
the hot to the cold wall. Pressure extends throughout the cavity and reaches its min-
imum value at the center. The viscous dissipation effect on the Stokes flow can be
noticed when G is reached to a value about 90. As G7 increases, dissipative vis-
cous fluid (Ec = 1) moves to the cold right wall. When we look at the isotherms,
the heat spreads through the center of the cavity with an increase in the magnitude,
and splits symmetrically through the top and bottom walls in the left part of the cav-
ity. Then, the temperature value decreases and concentrates through the right cold
wall forming thick layer. Pressure profiles are symmetrically distributed in front of
the walls obeying the imposed boundary conditions when Gr = 90. Thus, one can
observe that viscous dissipation causes a significant change on isotherms forming a
thermal boundary layer near the cold wall due the transformation of kinetic energy

into internal energy.

Figure depicts the effect of applied magnetic field on the flow when the viscous
dissipation is present. As M increases, center vortex of the streamlines converts to
elliptic shape with a decrease in magnitude. Further increase in M forces vorticity
to be divided into two vortices in front of the bottom and top walls (adiabatic walls).
Boundary layers on the flow are formed near the heated and cooled walls as can be
seen in the streamlines and the equivorticity curves for M > 30. The magnetic field
reduces the effect of the buoyancy force and when M reaches to the value of 50, the
temperature resumes completely the uniform distribution between the vertical walls.
Moreover, an increase in M leads to four symmetric pressure distributions emanating
from the cavity corners. Pressure value decreases when the intensity of the magnetic

field increases.
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Figure 3.39: Problem [3.6.1} MHD convection Stokes flow for A/ = 0.
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Figure 3.40: Problem [3.6.1f MHD convection Stokes flow for Gr = 90, Ec = 1.
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3.6.2 MHD Convection Stokes Flow in a Lid-Driven Cavity

We consider again the MHD convection Stokes flow in a square cavity whose top lid
has a movement with a constant velocity v = 1 as shown in Figure[3.41] The effects
of the movement of the lid, the z-directed applied magnetic field, buoyancy force and

the dissipation of the fluid are considered together.

oT op
U—l,’U—O,a—n—O,%—O
(0,1) (1,1)
u=20 lg u=20
HO v=20 v=20
T=1 T=0
op _ op _
%_0 871_0
(0,0) (1,0)
T
u:o,u:o,a—zo,@zo
on on

Figure 3.41: Problem [3.6.2} Lid-driven cavity and boundary conditions.

The boundary and domain of the problem are discretized by /N, = 80 boundary and
N; = 361 interior points, respectively. The RBF discretized equations (3.100)-(3.105)
are solved iteratively with the preassigned tolerance ¢ = 10~3. The numerical inves-

tigation is carried for different values of Gr, M for fixed Re = 0.6 and Pr = 0.71.

First, the numerical results for the Stokes flow in the lid-driven cavity are validated
for non-dissipative fluid exposed to small magnetic field effect by taking M = 1,
Re = Ec = Gr = 0. The flow behavior is in well agreement with the MHD Stokes

flow behavior given in [21]].

Figure [3.42] depicts the effects of buoyancy force and viscous dissipation on the
Stokes flow when the upper lid of the cavity is moving to the right. When we ne-
glect the viscous dissipation (£c = 0), boundary layer formation for the flow is

observed near the moving top lid. As Gr increases, the main vortex of the flow shifts
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through the center of the cavity with an increase in the magnitude which indicates
that the effect of the moving lid on the flow is reduced. The vorticity and pressure
behaviors are significantly changed. Pressure takes its minimum value at the center
of the cavity. When the viscous dissipation is present (E'c = 1), buoyancy force is
more pronounced especially in isotherms and in the flow behaviors for Gr =~ 90. The
moving lid accelerates the heat transfer from the hot wall to the cold wall. Although
the viscous dissipation effect can be seen in the square cavity for Gr > 90 (Figure
@), it is observed even for lower values of Gr > 10 in the lid-driven cavity. On
the other hand, as in the square cavity case the viscous dissipation causes the flow
and the temperature to concentrate through the cold wall forming a thin boundary
layer which can be observed from the vorticity and the temperature lines. Pressure is
almost evenly distributed between the hot and cold walls taking its maximum value

near the bottom wall.

The effect of the magnetic field for the dissipative fluid in a lid-driven cavity is pre-
sented for fixed Gr = 90 in Figure [3.43] The increase in the magnetic field intensity
shows a different behavior in the flow and the fluid temperature when it is compared
with the square cavity case in Figure[3.40] The flow concentrates near the upper wall
forming a boundary layer with the effect of both moving lid and the increasing inten-
sity of the magnetic field acting in the same direction. Further increase in M causes
secondary flow development through the center of the cavity. Pressure in the cavity
increases with an increase in /. As Hartmann number increases, buoyancy force is
still dominant causing the heat transfer from the hot wall to the cold wall unlike the

square cavity case. Also, the temperature of the fluid is high near the top moving lid.
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Figure 3.42: Problem [3.6.2} MHD convection Stokes flow for A/
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Figure 3.43: Problem [3.6.2} MHD convection Stokes flow for Gr = 90, Ec = 1.
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3.6.3 MHD Convection Incompressible Flow in a Square Cavity

In this Section, the 2D steady, laminar MHD flow of an incompressible, electrically
conducting, dissipative viscous fluid and the heat transfer are considered in the cross-
section of channels. Flow is subjected to the uniform magnetic field in the z- or y-
direction. The impacts of the magnetic field, buoyancy force and viscous dissipation
are discussed for the MHD flow in a square cavity and in a lid-driven cavity. Heat

transfer for the MHD flow in the constricted channel is also included.

RBF approximation is implemented to the steady convection flow in a square cavity
under the effect of horizontally applied magnetic field. The problem domain and the
boundary conditions are given in the Figure [3.44] Dirichlet boundary conditions for
u, v and ¢ are imposed on the walls. The left wall is hot and the right wall is cold,
whereas the other walls are adiabatic. The unknown vorticity boundary conditions

are obtained from the stream function equation.

r o Op
u—O,v—O,an—O,an—O
(0,1) (1,1)
H, v=20 v =
dp dp
on Y on Y
(0,0) (1,0)
u:O,U:0,a—T:0,@:0
on on

Figure 3.44: Problem [3.6.3} Square cavity and boundary conditions.

Numerical results are obtained by N, = 80 boundary points with the preassigned
tolerance ¢ = 1073. The relaxation parameters for the vorticity and temperature are
taken as a, = 0.01 and ap = 0.1. The behaviors of the flow, isotherms and pressure
are depicted for several values of Gr (10° < Gr < 10°) and M (0 < M < 50) with
fixed Re = 100, Pr = 0.71.
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In Figure [3.45] we show convection flow and temperature behaviors in the same
square cavity for increasing values of Gr neglecting applied magnetic field and vis-
cous dissipation which are in good agreement with the results in [1]. As G'r increases,
the magnitude of stream function also increases and center vortex is divided into two
vortices. Similarly, vorticity tends to be divided at the center of the cavity forming
vortices and boundary layers near the left and right walls. Isotherms variation is more
pronounced with an increase in Grashof number due to dominance of buoyancy effect.

Pressure values also increase.

Figure [3.46] indicates the effect of the magnetic field on the flow, temperature and
pressure profiles for fixed Re = 100, Gr = 10* and Ec = 0. Results are in well
agreement with the ones obtained in [|1,/13]]. Hartmann number effect on the flow is
the boundary layer formation near the walls which are perpendicular to the applied
magnetic field (Hartmann layers). External magnetic field impact is most pronounced
on isotherms. It reduces the dominance of convective heat transfer from the left wall
to the right wall (which was observed for large G number). When M reaches to
the value of 50, the temperature comes back to the uniform distribution between the
vertical walls which indicates that heat conduction becomes dominant. When uniform
external magnetic field is present, pressure in the channel is divided symmetrically

into four pieces emanating from the corners.

When we add viscous dissipation term in the energy equation by taking Fc = 1, flow
characteristics are shown in Figures with respect to Gr increase and M
increase. Main vortex of the streamlines moves to the right bottom corner forming
boundary layer with an increase in Gr up to 10°. Secondary flow occurs in the upper
left corner. Similarly, pressure concentrates near the right bottom corner. As Grashof
number is taken up to 10°, both vorticity and isotherms are altered loosing the sym-
metry and they form boundary layers near the cold wall. Temperature values increase
through the center of the cavity, but decrease through the right cold wall showing heat
transfer from the left wall through upper adiabatic wall and sharp decrease to the cold
wall. This means that the thermal convection is completely changed for dissipative
viscous fluid only when Gr is reached to 10° which can be seen from the second

column of Figure with the first column of Figure [3.46]
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In Figure [3.48] the impacts of both the magnetic field and the buoyancy force are
searched on the solution for dissipative viscous fluid. For Gr = 10* the magnetic
field effect on the dissipative flow is the same as in the case of E'c = 0. When Gr
reaches to 10° viscous dissipation effect starts to be observed. Streamlines, isotherms
and equivorticity lines all concentrate near the right bottom corner and form boundary
layer near the cold right wall. Values of pressure increase from the right bottom to

the left top corner of the cavity with an increase in M.

As a result, it is concluded that viscous dissipation causes significant change on the
flow and temperature of the fluid for Gr > 10*. A dramatic change is observed when
both Gr and M values are large in the sense that the flow and isotherms are pushed

through the cold right wall.
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Figure 3.45: Problem [3.6.3} MHD convection flow for M = 0, Ec = 0.
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Figure 3.46: Problem 3.6.3; MHD convection flow for Gr = 10*, Ec = 0.
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Figure 3.47: Problem [3.6.3} MHD convection flow for M = 0, Ec = 1.
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Figure 3.48: Problem MHD convection flow for Ec = 1, Gr = 10* and
Gr = 10°.
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3.6.4 MHD Convection Incompressible Flow in a Lid-Driven Cavity

In this problem, MHD convection flow is studied in a lid-driven cavity under the
impact of a magnetic field applied in the z-direction. The bottom and top walls are
kept at different temperatures, but the left and right walls are insulated. We have
stationary boundary conditions for the velocity components except for the top lid
which moves from the left to the right as can be seen in Figure [3.49] The vorticity
and pressure boundary values are computed from the stream function and momentum

equations, respectively.

(0,1) (1,1)

u=0 lg u =0

HO U:O UZO
oT oT

on 0 Bn "
(0,0) (1,0)

Figure 3.49: Problem [3.6.4} Lid-driven cavity and boundary conditions.

In the numerical computations, we take preassigned tolerance ¢ = 1072 and relaxation
parameters for the vorticity, temperature, and pressure as «,, = 0.01, ap = 0.1, and
a, = 0.001, respectively. The boundary is discretized by N, = 80 points. The
numerical results are obtained for Hartmann number values in the range (0 — 80) and
Grashof number is taken up to 10* (10 < Gr < 10%) for fixed Re = 100 and Pr =
0.71. The solution is depicted in terms of streamlines, vorticity, pressure contours and

isotherms.

In Figure [3.50] the increase in the Grashof number is considered on the flow, temper-
ature and pressure behaviors in the absence of the magnetic field and viscous dissipa-

tion effects. These results are in well agreement with the ones obtained in [60]], since
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Ec = 0 corresponds to the heat transfer without viscous dissipation. As Gr increases,
central vortex of stream function moves through the center of the cavity with an in-
creasing magnitude. Lid-driven effect can be seen in the flow. Isotherms bend through
the center and concentrate near the hot bottom wall since buoyancy force dominates
the flow (G contains thermal expansion coefficient and thermal conductivity of the
fluid). It can be seen in pressure profiles that pressure values also increase due to the

high G'r number, and it extends through the hot wall.

Figure presents the variation of the Hartmann number for fixed Gr = 10% and
Ec = 0. It is observed that as the magnetic field intensity increases, the main flow
shifts through the moving top lid with a decrease in the magnitude. With a further
increase in M flow concentrates in front of the moving lid and forming a side layer
which is an expected behavior of MHD flow. For larger M even secondary flow
with small magnitude starts to develop and the rest of the cavity is almost stagnant.
Magnetic field effect on isotherms is opposite to the effect of Gr. This means that
further increase in M causes the convection to be suppressed as in the case of a small
Gr. Pressure is increased everywhere in the channel and concentrates in front of the

lid when M increases.

The effect of viscous dissipation on the MHD convection flow can be seen in Figures
by taking Ec = 1. Figure depicts the variations of Gr on the flow
and temperature when Fc = 1. One can see that boundary layer is developed near
the moving top lid when G is increased, and the increase in Gr causes the extension
of circulation of the fluid through the center of the cavity as in the case of Ec = 0.
Thus, viscous dissipation does not cause a significant change on the flow when we
compare to Figure [3.50] On the other hand, isotherms tend to bend inside the cavity
between adiabatic walls with the effects of moving lid, and an increase in Gr. Viscous
dissipation effect together with the buoyancy force cause the temperature values to
drop suddenly near the upper lid forming boundary layer instead of concentrating
through the hot wall as in the case of Ec = 0 (Figure [3.50). As the buoyancy force

increases, pressure is extended throughout the cavity.

The effects of both magnetic field and viscous dissipation can be seen in Figure [3.53

The flow behavior is the same as in the case Fc = 0 (Figure @) However, viscous
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Gr =103 Gr = 102

Gr = 10*

dissipation impact is most pronounced on the temperature contours. Magnetic field
has a cooling effect on isotherms pushing the heat through the moving lid and forming

a boundary layer near the cold wall. It is seen that pressure profiles do not change
significantly when we compare with the Figure [3.51]

Figure 3.50: Problem [3.6.4f MHD convection flow for M = 0, Ec = 0.
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Figure 3.51: Problem [3.6.4: MHD convection flow for Gr = 103, Ec = 0.
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Figure 3.53: Problem MHD convection flow for Gr = 103, Ec = 1.
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3.6.5 MHD Convection Incompressible Flow in a Constricted Channel

Finally, the MHD convection flow is studied in a constricted rectangular cavity under
the effect of a uniform x- or y-directed magnetic field. The middle section of the
cavity is symmetrically constricted using functions f, and f; which are the vertical
coordinates of the bottom and top walls, respectively (Figure [3.54). These functions

are given as,

fo(z) = %h(l + cos(2n(z — L/2)/L)), fz) = 1— f(z), z€0,L]

where L is the horizontal length of the channel. The constriction ratio(C' R) of the
enclosure is computed as CR = 2h x 100. The vertical walls of the channel are
adiabatic while the bottom wall is heated and the top wall is kept cold. Fluid velocity
has no-slip condition on the boundary of the cavity and the homogeneous Neumann
type boundary condition is given for the pressure (a—i = (). The unknown vorticity

values are again obtained from the stream function equation by using finite difference

scheme.

Figure 3.54: Problem[3.6.5} Schematic of the rectangular cavity with constriction and

the boundary conditions

The numerical results are obtained for several values of the Hartmann number (M)
and the constriction ratios (C'R) to see the effects on the flow and isotherms for fixed

Re = 100 and Pr = 0.71. Also we use different values of Grashof number (Gr) to
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analyze the behavior of the forced, mixed and natural convection flows since the flow
is dominated by the forced, mixed or natural convection if the Richardson number

(Ri = Gr/Re?) is less than 1, equal to 1 or greater than 1, respectively.

In all numerical computations, we neglect the joule heating and viscous dissipation
terms in the energy equation by taking Fc = 0. The convergence tolerance is gener-
ally e = 1077 and € = 10! for large values of the parameters Gr and M. Number

of boundary points lie in the range 70 < N, < 100.

The proposed numerical procedure is validated first for the natural convection flow in
non-constricted rectangular enclosure by taking L. = 4, Gr = 25 X 10*, M = 0 and
Pr = 0.01. The flow and temperature behaviors are in well agreement with the ones

in [17].

When the magnetic field is applied vertically, Hy = (0, 1), MHD convection flow
equations (3.106)-(3.1T1) are solved iteratively. We take Grashof number in between
5 x 10> < Gr < 5 x 10*, Hartmann number ranging in 0 < M < 25 and the
constriction ratio 0% < C'R < 40%. The influence of the horizontal length of the

channel is also analyzed by testing with L = 0, 2, 4.

Figure[3.55|shows the effect of Grashof number increase in the non-constricted square
channel (C'R = 0) neglecting magnetic field (M = 0). As G'r increases, magnitude
of the flow and pressure increases. When Gr > 10?, the flow (¢, w) is separated into
two loops symmetrically with respect to x = 0.5. Convection dominance is observed
but isotherms show symmetry with respect to x = 0.5 as the flow bending at the
center of the cavity for Gr > 10* since the forced convection turns out to be natural

convection (Ri >> 1).

We show the influence of magnetic field on the flow, temperature and pressure be-
haviors for fixed Gr = 10* in Figure As the intensity of the magnetic field
increases, flow is flattened which is an expected behavior for MHD flow. Further
increase in M results in the retardation of the convection dominance which can be
observed in isotherms as becoming straight lines parallel to the hot and cold walls.

Similarly, pressure behavior is uniformly distributed in the channel.
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Gr =5 x 103

Gr = 10*

Gr =5 x 10*

Figure 3.55: Problem [3.6.5] The effect of Gr on the flow, temperature and pressure
for M =0and L =1, Hy = (0, 1).
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Figure 3.56: Problem [3.6.5} The effect of M on the flow, temperature and pressure
for Gr = 10*and L = 1, Hy = (0,1).

Figures depict the effect of magnetic field for an electrically conducting
fluid in a non-constricted rectangular channel for the increase of its horizontal length
L = 2,4. When the length of the channel increases, the number of convection rolls
increases which can be seen from the first row of Figure and Figure The
same effect of increasing M on the flow and temperature is observed as in the square
channel (Figure [3.56). An increase in M causes Hartmann layers near to the top and
bottom walls and side layers parallel to the applied magnetic field leaving the central
part stagnant. When the Hartmann number value is reached to 15, the number of rolls

in the stream function and vorticity also increases for L = 4 as can be seen in Figure

3.38]
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M =15 M =10

M =20

Figure 3.57: Problem [3.6.5} The effect of M on the flow, temperature and pressure
for Gr = 10*and L = 2, Hy = (0,1).
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Figure 3.58: Problem [3.6.5; The effect of M on the flow, temperature and pressure
for Gr = 10" and L = 4, Hy = (0, 1).
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The effect of the constriction ratio on the convection flow under the effect of verti-
cal magnetic field is shown in Figures [3.5913.60] There is a symmetry in the flow,
temperature and pressure with respect to vertical centerline. As the constriction ra-
tio increases, flow vortices in the constriction area are started to be weakened and
the fluid becomes almost stagnant at the middle of the channel. Fluid concentrates
through the adiabatic walls due to the constriction. This causes the retardation of
the convection in the constriction area. Similarly, the magnitude of the pressure is

increased through the side walls.

For a fixed C R = 40%, we increase the Hartmann number to see the impact of mag-
netic field on MHD convection flow in a constricted channel with the length L = 2, 4.
In Figures(3.61 as M increases the magnitude of the flow decreases but the pres-
sure increases as in the non-constricted channel shown in Figures The
increase in the magnitude of applied magnetic field first weakens and then increases
the number of the center vortices in the flow (M < 10). In the constricted chan-
nel, the division of the flow into symmetric vortices and Hartmann layer formation
start for a smaller value of M/ > 10 when we compare with the rectangular channel
case. For M > 15 the flow vortices are symmetrically located with respect to the
vertical and horizontal centerlines. The number of the vortices does not change with
the length of the constricted channel contrary to non-constricted channel. Isolines
become completely diffusion dominated and are distributed uniformly between the

horizontal walls.
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Figure 3.59: Problem [3.6.5} The effect of C'R on the flow, temperature and pressure
for Gr = 10%, M =4 and L = 4, Hy = (0, 1).
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Figure 3.60: Problem [3.6.5; The effect of C'R on the flow, temperature and pressure
for Gr = 10", M = 10and L = 4, Hy = (0, 1).
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M =15
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Figure 3.61: Problem [3.6.5} The effect of M on the flow, temperature and pressure
for Gr = 10*, CR =40% and L = 2, Hy = (0, 1).
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Figure 3.62: Problem [3.6.5} The effect of M on the flow, temperature and pressure
for Gr = 10*, CR =40% and L = 4, Hy = (0, 1).
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In Figure we fix CR = 40% and increase Gr for M = 10 and M = 20 to
analyze the effect of magnetic field on the convection flow in a constricted channel.
For a small intensity of magnetic field (M = 10) the passage from forced convection
to natural convection destroys the symmetrically located four loops into two loops
symmetric with respect to x = 1 in the flow. As M increases, magnetic field forces the
mixed convection of the fluid to behave as if forced convection. Due to the increase
in both the constriction and buoyancy force the appearance of the new vortices is
observed symmetrically at the center (constriction area) of the cavity. Gr increase

results in bending in isotherms.
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Figure 3.63: Problem[3.6.5} The effect of magnetic field on convection flow for CR =
40% and L = 2, Hy = (0, 1).

Now, the heat transfer on the MHD flow is considered in the constricted channel
under the influence of horizontally applied magnetic field. Equations (3.100)-(3.103)

are solved for different Hartmann number values for fixed CR = 40%, Gr = 10*
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10 M=0

M

20 M =15

M =

and L. = 2,4. The numerical results are depicted in terms of v, w, T, p in Figures
3.64}{3.63] 1t is observed that the effect of horizontal magnetic field is nearly the same
as the effect of magnetic field in the y-direction comparing with the results in Figures
B.61}3.62] Boundary layers on the top and bottom walls as )M increases are not
pronounced much as in the case of vertically applied magnetic field since now these
walls are parallel to the magnetic field. However, the fluid flows in terms of equally
placed symmetric vortices with respect to axes in horizontally applied magnetic field.

Isotherms and pressure are not affected with the direction of applied magnetic field.

v

Figure 3.64: Problem [3.6.5} The effect of M on the flow, temperature and pressure
for Gr = 10*, CR = 40% and L = 2, Ho = (1,0).
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Figure 3.65: Problem [3.6.5} The effect of M on the flow, temperature and pressure
for Gr = 10*, CR = 40% and L = 4, Hy = (1,0).
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In this Chapter, we first apply the RBF approximation for solving the MHD Stokes
flow in square cavities, in a lid-driven cavity, in a constricted cavity with a moving
left wall and in a backward-facing step channel. Stokes flow is subjected to different
orientations of external magnetic field. When the magnetic field direction is paral-
lel to the moving lid, the Stokes flow is completely squeezed through the moving
wall forming boundary layer. However, this effect is overwhelmed by the horizon-
tal magnetic field (perpendicular to the lid). Secondary flow is developed due to the
magnetic field having a same direction with the moving wall or the constriction of the
enclosure. Magnetic field in the pipe axis-direction generates the electric potential.
It 1s observed that electric potential has the same behavior of the flow, but it does
not show a significant alteration when the intensity of the magnetic field increases,
contrary to MHD incompressible flow problem. Secondly, the RBF approximation is
implemented to MHD convection Stokes flow and MHD convection incompressible
flow by taking Re = 0.6 and Re = 100, respectively, for fixed Pr = 0.71. When the
viscous dissipation is present, isotherms concentrate through the cold wall forming
a boundary layer in both cases. The increase in the constriction ratio of the channel
or the magnetic field intensity causes the retardation of the convection dominance

opposing to buoyancy force effect.
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CHAPTER 4

STABILITY ANALYSIS FOR THE RBF SOLUTION OF THE
UNSTEADY MHD EQUATIONS

In this Chapter, we are going to explain first the stability of the general initial value
problem Z—? = f(t,u), and then extend the analysis for unsteady Navier-Stokes equa-
tions, time dependent MHD convection flow and full MHD problems. Since the appli-
cation of radial basis function approximation to these time dependent flow problems
gives the systems of ordinary differential equations in time, the stability character-
istics of these fluid flow problems are similar to the stability of general initial value
problem. In each system of RBF approximation of the above mentioned problems,
the explicit Euler method is used for the discretization of the time derivatives, and
the stability analysis is performed in terms of the maximum eigenvalues of the coeffi-
cient matrices containing the time increment, relaxation parameters and the problem
variables. The optimal choices of the time increment and relaxation parameters are
given computationally in terms of tables for considered problem parameters. Also,
for the range of parameters guaranteeing the stability, the solutions of the considered
MHD problems are presented in terms of streamlines, equal vorticity lines, isotherms,

pressure and magnetic potential contours.

4.1 Stability Analysis of the System of Initial Value Problems

In this Section, the stability analysis of a single step method applied to the system of

ordinary differential equations will be explained.
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Let us consider a system of first order differential equations

Cfl—? = f(t,u) 4.1)
with initial boundary condition
u(to) = uo (4.2)
where
[ Uy | [ filt,ug, ... un,+nN;) | I U1 1
y— Usg f(tw) = fa(t,ur, ..., un,+N;) R Us 0
| UN,+N; | | fnpen (Eun, N )| | UN,+N;,0 ]

We assume that the right hand side functions f; (¢, w)’s have continuous partial deriva-

a 1 t, . . . .
tives % = ¢j, 1 < 14,57 < Ny + N; and construct the Jacobian matrix
Uj
C = [cj]. Then, the linearized form of the equation (4.1) is given by
du
— =C1 4.3
7 u (4.3)

and the stability characteristics of the equations (#.1]) and (#.3)) are similar.

The matrix C' usually depends on the variables ¢ and u, but we consider simple case
of the matrix C to estimate the behavior of the solution of equation (@.3). If C
is a constant matrix with distinct eigenvalues, then the analytic solution u(t) of the

equation (4.3) with the initial approximation ug is given by [24]]

a(t) = e Ct) g, (4.4)
where e( Ct) is defined as a matrix function
Cct)?2 (Ct)?
e<Ct):I+Ct+(2|) +(3,) ¥ (4.5)

and I is the identity matrix.
If C is diagonalizable, then there exist a matrix P such that
P 'cP=D (4.6)

where D is the diagonal matrix and constructed by the eigenvalues \; of the matrix

C as
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D = . 4.7)

0 )\Nb+Ni_

The transformation P also diagonalizes e( Ct) with the relation [24]]

where e( Dt is diagonal matrix such that
[ Mt . 0 |
e(Dt) _ . 4.9)
0 . e Nt

Here, the eigenvalues \; are assumed to be distinct or possibly complex with negative

real parts.

Using the relation C = PDP~! from the equation (4.6), the initial value problem
(4.3) can be written as

Ji
d—;" — Ci= PDP'q (4.10)
Multiplying both sides by P~! and defining v = P '@ , we obtain the equation
dv
— =D 4.11
with initial condition
Vo = Pil'vg. (412)

Thus, the analytic solution v(t) of the equation (4.T1) is
v(t) = e Py, (4.13)

Now, the application of the single step method to the equation (#.3) for the vector @

gives the numerical values of the function w(t) at the time level £,,
U1 = E(CAOG,,, m=0,..., Ny+ N; — 1 (4.14)
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where the growth factor matrix E(C At) is defined as

2 q
E(CAt)=I+CAt+%+---+ (C;A,t)

(4.15)
if the method is g-th order.

Similarly, imposing the single step method to the equation (4.11)) for the vector v, we

can compute v at the time level m + 1 as
Vi1 = E(DAt)v,, (4.16)

where E(DAt) is the diagonal matrix with diagonal elements E;(\;At) which is the
approximation to the diagonal elements e, i = 1,..., N, + N; of the matrix
eDAL) Thus, the stability analysis of the single step method applied to the system
of initial value problems (4.1)) can be discussed by applying the method to the scalar

equation [24]
du
dt

where \; are the eigenvalues of C.

= Nii, i=1,...,Ny+ N, 4.17)

Thus, the single step method is absolutely stable if
where the eigenvalues have negative real parts.

In the next sections, the stability condition (maximum eigenvalue is less than one)
will be checked for the system of equations obtained by the RBF applications to the
unsteady Navier-Stokes, MHD Convection flow and full MHD flow problems. This
stability condition depends on the choice of time increment, relaxation parameters

and other problem parameters.

4.2 Stability Analysis of the Transient Navier-Stokes Equations

The two-dimensional, laminar, unsteady flow of a viscous, incompressible fluid is
governed by the Navier-Stokes equations [16]]. The non-dimensional governing equa-
tions in stream function-vorticity formulation are given in Chapter 1, equations (I.TT))-

(1.12)
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Vi) = —w (4.19)

1 ow ow ow
— V="t U +v— 4.20
e YT o T Ty (4.20)
. oY oY .
where velocity components u = e andv = o are the coefficients of the convec-
Y x

LU
tive terms in the vorticity transport equation, and the Reynolds number Re = s

v

the non-dimensional parameter.

The application of the radial basis function approximation to the Poisson type equa-

tion V2u = f gives the discretized system in matrix-vector form (equation (2.31)) as

u=g,+Kf (4.21)

where g, = Rjupe, Upe 1S the vector containing boundary values of the solution

vector u. The right hand side functions of the equations (4.19)-(4.20)) are

f=—-w (4.22)
and
ow ow ow
f= RB(E + U + va—y), (4.23)
respectively.

Thus, the RBF approximation explained in Section [2.1.2]is applied to the unsteady
Navier-Stokes equations (4.19)-(4.20) by using the coordinate matrix F' for the space

derivatives of unknowns (equation (2.21)))

Y =gy + K(—w) (4.24)
0 OF OF
w=g,+ ReK(a—L: + [u]d%F_lw - ['v]da—yF_lw) (4.25)
, , oF _ |
where [u]g, [v]q are the diagonal matrices formed by the vectors u :8_F P
OF
and v = —%F_lv,b. The matrices R;, K, F are derived in Chapter(equa—

tions (2.30)-(2.31)).
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For the simplicity of the notation the equation (4.23) is rearranged as

Sw = g, + ReK2? (4.26)
ot
OF OF
where S =1 — ReK’([u]d%F_1 + [v]da—yF_l).

Since the vorticity equation can be expressed as a first order system of differ-

ential equations in time

ow L. .

1 . o .

and the known vector R_K ~1g., does not contribute to the stability analysis, the
e

stability characteristic of the vorticity equation (4.27) is similar to the system of the

ordinary differential equation (4.3)).

Using the explicit Euler method for the time derivative of the vorticity and relaxation
parameter «, explained in Section[2.1.2] we obtain

m

) (4.28)

m+1_w

S((1— ay)w™ + auw™ ) = g, + ReK( At

which is rearranged to collect the (m + 1) and m time levels in the left and right hand

sides, respectively

C,w™ =g, — L,w™ (4.29)

i—jK and L, =(1-a,)S+ %K

h C,=0a,5— .
where a A7

Thus, the final discretized system of unsteady Navier-Stokes equations in terms of

unknown vectors ), w is given as

P =gy — Kw™ (4.30)
C,w™ =g, — L,w™. (4.31)
In the discretized vorticity equation (#.31), the matrix C 'L, can be assumed
to be constant and the known vector C'g,™ does not contribute to the stability

analysis. Thus, the stability characteristic of (4.31) is similar to the equation (4.14])
(Upi1 = E(CAY)@,).
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Therefore, the stability analysis of RBF approximation for unsteady Navier-Stokes

equations is reduced to check the condition, [20}44]
p(Co'L,,) <1 (4.32)

where p(C'L,,) is the spectral radius (the largest eigenvalues in magnitude) of the
matrix C;le. Since this coefficient matrix contains time increment /At, relaxation
parameter ¢, and Reynolds number Re, the stability condition (4.32) depends on the

choice of these parameters.

In the next Section, the numerical stability analysis of RBF approximation of Navier-
Stokes equations applied to the lid-driven cavity flow is going to be performed and

the values of At, a,, Re will be tabulated for achieving stability.

4.2.1 Stability of the Solution of Lid-Driven Cavity Flow

We consider the unsteady, laminar flow of a viscous, incompressible fluid in a square
cavity with a moving top lid. The problem configuration and the boundary conditions

are shown in Figure

u = u=20
v=20 v=0
T

(0,0) (1,07

Yv=0,u=0,v=0
Figure 4.1: Problem [4.2.1} Lid-driven cavity and boundary conditions.

The time discretized system of equations (4.30)-(4.31T)) of RBF approximation to the

Navier-Stokes equations in terms of stream function vector ) and vorticity vector w
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were
Pt =gy — K™ (4.33)
C,w™ =g, — L,w™. (4.34)

O Then, the stream

The iteration process starts with a initial value of vorticity w
function equation (4.33) is solved by using m-th time level values of vorticity. After
vorticity boundary conditions are obtained from the definition by using coordinate
matrix F', the vorticity equation (4.34)) is solved at (m+1)-th time level. The iteration

continues until the stopping criteria in terms of maximum error
2" — 2| <€ (4.35)

is satisfied where 2z denotes either v or w. Preassigned tolerance is taken ¢ = 1076

to reach the steady-state solutions.

In the numerical computations, we use linear radial basis functions ¢ = 1 + r.
The boundary is discretized by taking N, = 80,96 and 120 boundary points for
the Reynolds numbers 100, 500 and 1000 with corresponding time increments At =
0.8,0.5 and 0.1, respectively. In order to obtain smooth numerical solutions more
number of points are taken as Re increases. The numerical results are shown in Fig-
ure [4.2]in terms of streamlines and vorticity contours for fixed relaxation parameter

o, = 0.6.

Figure 4.2 shows the effect of the increase in Reynolds number on the flow (¢, w).
It is observed from the streamlines that for fixed Re = 100, the primary vortex of the
flow moves towards the upper right corner due the movement of the upper wall and
secondary small vortex appears at the right lower corner of the cavity. As Reynolds
number increases, the primary vortex shifts through the center of the cavity with a
decreasing magnitude. The secondary vortex in the lower right corner enlarges and
another vortex occurs at the lower left corner. With a further increase in Reynolds
number (Re = 1000) these secondary vortices grow in bottom corners. Vorticity
contours are slightly symmetric with respect to x = 0.5 for Re = 100. However, they
move away from the center towards the walls as Re increases and the center of the
cavity is almost stagnant. This indicates that the vorticity gradients are very strong at
the walls, especially x = 1 wall. The fluid rotates with a constant angular velocity.

These numerical results are in well agreement with the ones in [47].
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Re =100

Re = 500

Re = 1000

0.4

03

0.2

0.1

0 n !
0 0.2 E . . . . 06 08 1

Figure 4.2: Problem 4.2.1: Flow behaviors for Re = 100,500, 1000 using At =
0.8,0.5,0.1, respectively.
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Now, we carry the stability analysis computationally for the explicit Euler method
applied to the RBF discretized systems (4.33))-(.34) of Navier-Stokes equations for
the lid-driven cavity flow. The stability condition @-32) (p(C'L,,) < 1) is checked
for several values of time increments At, relaxation parameters o, and Reynolds
number Re. The maximum eigenvalues are presented in Tables [4.TH4.2] by using

N, = 80 boundary points.

In Table the spectral radii of the coefficient matrix C* L, of the vorticity equa-
tion are obtained for different values of time increments and relaxation parame-
ters when Re = 100. As the relaxation parameter decreases, the maximum eigenvalue
also decreases but for the choice of «, < 0.5 the method becomes unstable. Since
the smaller eigenvalue is obtained for the choice of «,, = 0.6, we use this value for
the rest of the computations. We also observe that although the time discretization
scheme is explicit (Euler method), quite large time increment like At = 0.8 can be

used to obtain stable numerical solution.

Table 4.2] shows the variation of the maximum eigenvalues with respect to time in-
crement and relaxation parameter together with the number of iterations required for
steady-state solution. An increase in the Reynolds number as Re = 500, 1000 in-
creases the spectral radius of the coefficient matrix. As the time increment decreases,
both the number of iterations and maximum eigenvalues increase. We deduce that the

system (4.34) is stable for the choice of At < 0.9 with o, = 0.6.

Thus, the RBF approximation for the unsteady Navier-Stokes equations (4.33))-(d.34))
is stable for appropriately taken time increment At, relaxation parameter «, for the
required Reynolds number Re. In general, for Re = 100, 500 and 1000 with N, = 80,
o, = 0.6 1s computationally found suitable for achieving stability by using quite large

time increments with an explicit scheme.
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p(C Ly)

w

o7

At =0.1

At =0.3

At =0.6

At =0.8

1
0.9
0.8
0.7
0.6

-0.97231106
-0.97223418
-0.97215687
-0.97207913
-0.97200096

0.5 1
0.4 -

-0.92129202

-0.92066761

-0.92003322

-0.91938860

-0.91873350
1

-0.85407002

-0.85190893

-0.84968288

-0.84738887

-0.84502376
1

-0.81445236

-0.81094447

-0.80730141

-0.80351517

-0.79957717
1

Table 4.1: Spectral radius p for Re = 100, N, = 80, ¢ = 1075,

Re = 500 Re = 1000
At p(C;'L,,) Iteration Number p(C_'L,) Iteration Number
0.9 -0.95750884 101 -0.97990757 215
0.8 -0.96212279 104 -0.98211611 228
0.7 -0.96676302 98 -0.98433058 227
0.6 -0.97142971 124 -0.98655098 235
0.5 -0.97612320 154 -0.98877739 299
0.4 -0.98084367 194 -0.99100980 375
0.3 -0.98559134 257 -0.99324824 493
0.2 -0.99036645 3717 -0.99549273 717
0.1 -0.99516925 715 -0.99774330 1342

Table 4.2: Spectral radius p for o, = 0.6, N, = 80, ¢ = 1076,
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4.3 Stability Analysis of the Unsteady MHD Convection Flow

In this Section, radial basis function approximation is extended to the transient nat-
ural convection flow under a horizontally applied magnetic field. Then, the stability

analysis is performed for the vorticity transport and the temperature equations.

The governing equations are Navier-Stokes equations including buoyancy and Lorentz
forces and energy equation. Induced magnetic field, Joule heating and viscous dis-
sipation are neglected. Thus, the two-dimensional unsteady MHD convection flow

equations are given in terms of stream function, temperature, vorticity and pressure

as (Chapter 1, equations (1.82)-(1.83)))
V) = —w (4.36)

oT orT oT
V2T =PrRe("— + u" + v 4.37
rRe(at +u0x+vay) (4.37)

ow Oow Ow ov GroT
Vi = — — Y+ M*P— - — 4,
w Re(at+“ax+“ay)+ (4.38)

dvdu  Judv 2OV +ﬂ8_T (4.39)

5’x8y_%8y)_ 8_3/ Re Oy

where the non-dimensional parameters are the Reynolds number Re = LU, /v, Hart-
mann number M = LuHy+/c/pv, Grashof number Gr = gB(Thot — Teora) L3 /V?
and the Prandtl number Pr = pc,v/\.

The RBF approximation (2.31) is applied to the unsteady MHD convection equations
(#.36)-(4.39) by taking the right hand side functions as

— (4.40)
= Prie( 4l ug—z) (4.41)
f:Re<%—j+ug—§+vg—z>+M22—z—%g—z (4.42)
;= _236%% - %%) —MQZ—Z+%‘Z—§ (4.43)

which results in matrix-vector equations with the help of the coordinate matrix F' for

the space derivatives of unknowns
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Y =gy + K(—w) (4.44)

B oT OF __, OF .
T = gr + PrieKe(7- + [ulam—F 7T + [v]a 5 F~1T) (4.45)
_ Ow oF _ | oF _ |
w_gw+R6Kw( ot +[U]d 8ZUF w + [’U]d 8yF w)
+ M2Kwa—FF_1v — @Kwa—FF_lT (4.46)
ox Re ox
OF oF
P=9p— 2R€K((%F_1[U]d)(a—yf’_l[U]d))
oF _ | oF __, ) A
+ 2Re K ( o F~1u]q)( oy F1v]q) - M"K 9 Flp
Gr _ OF
— K——F~'T 44
- Re 0Oy (4.47)

where the matrices K and K, are similarly obtained as the matrix K given in
Section page 36, equation (2.31)), but it contains the boundary conditions of
this problem. The vector ge, £ denotes v, T, w, p and the matrices K and F' are
defined in Section Again, [u]4 and [v]4 are the diagonal matrices whose entries

are computed as u :F_l'gb and v = ——— F 14, respectively.
Jy ox

The simplified form of the equations (d.43)-#.47) are

T
StT = gr + PrReKT%—t (4.48)

Sow =g, + ReKw%—(;) + I;w (4.49)
p=b, (4.50)

where

oF oF
ST =1 - PT’R@KT([U]d%F_l + [’U]da—yF_l),
OF oF
Sw =71 — R@Kw([U]d%F_l + [U]da—yF_]'),
~ OF Gr oF
_ 2 - -1, = iy nE !
bw_MKwaxF v ReKwﬁxF T
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and

- OF oF
b, = gp — QReK((%F_l[U]d)(a—yF_l[u]d))
oF oF oF
2ReK(—F~1 — F1 — M*K—F—!
+2Re (8x [u]a)( 3y [v]a) dy v
Gr_ OF _ |

The discretization of the time derivatives in the temperature and vorticity equations
(4.48)-(@.49) using the Euler method and the relaxation parameters a and «, (Sec-
tion [2.1.2)) gives

CrT™"' = gr™ — LyT™ (4.51)

Cow™ = g™ — Lyw™ + b, 4.52)

where the matrices Cr, Lr, C, and L, are given by

PrRe PrRe

CT = OéTST = TKT, LT = (1 - OéT)ST + Al KT (453)
Re Re

C,=ao,S, — EKM L,=(1-a«a,)S,+ EKQ,. 4.54)

Thus, the RBF discretized system for unsteady MHD convection equations can be

written as
Pt =gy — Kw™ (4.55)
CrT™ = gr™ — LyT™ (4.56)
Cow™ = g™ — Lyw™ +b," " (4.57)
pt=b," " (4.58)

Here, C ! gr™ and C’;l a.", C’;lf)wmﬂ are the known vectors in the temper-
ature equation (4.56) and vorticity equation (4.57), respectively. Since these vectors
do not contribute to the stability analysis, the stability characteristics of (4.56) and
are similar to the stability of general initial value problem.

Thus, the numerical stability conditions for RBF approximation to the MHD convec-
tion equations are [20,[44]
p(Cr Ly) < 1 (4.59)
p(C-L,) < 1 (4.60)



where p(Cr'Ly) and p(C;L,,) are the maximum eigenvalues of the matrices

C7 'Ly and C;'L,,, respectively.

In order to show that RBF discretized system gives the stable solution, we are going to

analyze the MHD convection flow in a square cavity in the next Section. The spectral

radii of the coefficient matrices of the temperature and vorticity equations are given

for different values of time increment At, Grashof number G and Hartmann number

M.

4.3.1 Stability of the Solution of MHD Convection Flow in the Square Cavity

The convection flow in a square cavity under the impact of horizontally magnetic field

is considered. The left wall is heated and the right wall is kept cooled, while the other

walls are adiabatic (Figure 4.3)).

oT op
U—O,U—O,% ,%—
(0,1)
u=>0 lg
v=20
T=1
dp
8_71_0
(0,0)
w=00v=02L 0o
on

e
Figure 4.3: Problem .31} Square cavity and boundary conditions.

The discretized system of MHD convection equations (4.55))-(@.58)

¢m+1 — g¢m — Kw™

CTTm+1 _ ng _ LTTm

~ m+1

C,w™ =g, — L,w™+ b,

~ m+1
bp

m+1
D =

(4.61)
(4.62)
(4.63)
(4.64)

are solved iteratively. First, ¢p™ ! is obtained from the stream function equation

(#.61)) with an initial value of vorticity w®. After the velocity components are com-
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puted, the temperature equation (#.62) is solved with an initial temperature T°. The
vorticity boundary conditions are obtained from the vorticity definition with the help
of the coordinate matrix F'. Then, we solve vorticity equation (4.63). The iteration
process is stopped when the preassigned tolerance ¢ is reached between two time
levels for reaching steady-state. Then, the pressure equation (4.64) is solved with

steady-state values of temperature and vorticity components.

The steady-state solutions are obtained by taking stopping criteria as 10~ for fixed
relaxation parameters of vorticity and temperature as o, = ar = 0.6. The boundary
of the problem is discretized with 80 points. We use several values of Hartmann
number as M = 0, 30, 50 and 100 with At = 0.1, 0.1, 0.05and 0.01, respectively,
for fixed Re = 100 and Pr = 0.71. The numerical results are presented in terms of

streamlines, vorticity contours, isotherms and pressure contours.

In Figure the effect of the Hartmann number is analyzed for fixed Gr = 10*. Itis
observed that as Hartmann number increases, the main vortex of the flow is enlarged
vertically and tends to be divided into two pieces with a decreasing magnitude. In-
crease in M causes the Hartmann and side layers near to the vertical and horizontal
wall, respectively. With a further increase in M isotherms are distributed uniformly
from the left hot wall to the right cold wall which indicates that magnetic field re-
duces the convection dominance. When external magnetic field is applied, pressure
contours are divided into four symmetric vortices with respect to vertical and hori-
zontal centerlines. These results are in well agreement with the ones obtained in [13]].

Also, we have similar behaviors as in the case of steady MHD convection flow (Figure

3.46 in Chapter 3).
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In order to show that the numerical results of MHD convection flow obtained from
RBF discretized systems (4.61)-(d.64)) are stable, computations are carried for a varia-
tion of At, Gr and M with fixed Re = 100 and Pr = 0.71. The spectral radius of the
coefficient matrices C;'L,, and Cr. ! L+ of the vorticity and temperature equations

are given in Tables [4.3}{4.5|for fixed o, = ap = 0.6.

Table 4.3] shows the effects of Grashof number G and the time increment At on the
maximum eigenvalues of vorticity and temperature for fixed M = 0 and € = 107,
It is observed that, the maximum eigenvalues of vorticity and temperature discretized
equations coefficient matrices decrease with an increase in either At or Gr. We obtain
stable solutions for the choice of At < 0.8 with an increase in Gr. However, when
Grashof number increases up to 10°, we need to take small time increments such as

At < 0.3 due to the convection dominance.

In Tables the spectral radius of the coefficient matrices C' 1L, and Cr 'Lr
are presented for several values of M and At for fixed Gr = 10* and € = 1075, As
Hartmann number increases, the maximum eigenvalues of vorticity and temperature
coefficient matrices increase, but these values do not exceed one. We can also deduce
that when the magnetic field is absent (M = 0), the solution is stable for At < 0.8
(Table @.3). Also, as M increases, small time increment is needed for the stable

results.

Hence, with relaxation parameters «,, = ap = 0.6 the suitable choice of time in-
crement gives stable solutions for fixed Grashof number and Hartmann number. Al-
though large time increment can be used, the increase in Gr and M need smaller At
compared to small values of Gr and M. Thus, the stability of RBF discretized system
of the MHD convection flow equations (@.61))-(4.64) is achieved by choosing suitably
large time increment and relaxation parameters for each Gr and M values considered

in MHD convection flow.
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Gr =103 Gr = 10* Gr =10°

At p(CS'L.) p(Cz'Ly)  p(CS'L,)  p(Cr'Lr)  p(CS'L.)  p(Cr'Ly)

0.8 -0.8554 -0.8950 -0.8535 -0.8648 - -
0.7 -0.8721 -0.9074 -0.8704 -0.8804 - -
0.6 -0.8891 -0.9200 -0.8877 -0.8965 - -
0.5 -0.9066 -0.9328 -0.9053 -0.9128 - -
04 -0.9244 -0.9458 -0.9234 -0.9295 - -
0.3 -0.9427 -0.9590 -0.9419 -0.9466 -0.9316 -0.9215
02 -0.9613 -0.9724 -0.9608 -0.9640 -0.95374 -0.9468
0.1 -0.9804 -0.9861 -0.9802 -0.9818 -0.9765 -0.9730

Table 4.3: Spectral radius p for o, = ap = 0.6, N, = 80, Pr = 0.71, M = 0
e =103

M=0 M =30

At p(Co'L,) p(Cp'Ly)  p(C;'L,)  p(Cyp'Lr)

0.3 -0.94188105 -0.94657340

0.2 -0.96079836 -0.96399757 -0.96129412 -0.97188658
0.1 -0.98016592 -0.98180224 -0.98041970 -0.98582373
0.05 -0.99002360 -0.99085117 -0.99015200 -0.99288159
0.01 -0.99799512 -0.99816216 -0.99802104 -0.99857143

Table 4.4: Spectral radius p for o, = ar = 0.6, N, = 80, Pr = 0.71, Gr = 104,
e=1075.

M =50 M =100

At p(Co'L,) p(Cp'Ly)  p(C;'L,)  p(Cp'Lr)

0.05 -0.99015788 -0.99311783 - -
0.01 -0.99802223 -0.99861900 -0.99802296 -0.99863028

Table 4.5: Spectral radius p for oo, = a7 = 0.6, N, = 80, Pr = 0.71, Gr = 104,
e=10"°.
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4.4 Stability Analysis of the Unsteady Full MHD Flow Equations

This Section extends the numerical stability of radial basis function approximation to
the full MHD flow equations which results from the addition of the magnetic potential
equation to the MHD equations since induced magnetic field is not neglected (large

values of magnetic Reynolds number is taken).

We consider the two-dimensional, unsteady, laminar MHD flow of an incompress-
ible, electrically conducting fluid including magnetic potential. The non-dimensional

governing equations in terms of stream function v, vorticity w and magnetic potential

A are given in Chapter 1 (equations (I.TTT)-(I.113)) as

V) = —w (4.65)
1. 0A 0A 0A
A=— — — 4.66
Re Y AT T T 0%y (4.66)
1, Ow Ow  Ow
— — . — r 4.67
ReV YT o T TG, (4.67)
M? 0 (0B, 0B J (0B, 0B
——&Fp A Y _ ad B — [ =¥ _ il
ReRe,, { Ox ( ox oy ) i YOy < Ox oy )]
0] 0A . .
where B, = — and B, = ——— are the induced magnetic field components. u =
dy ox
g—w and v = _g_¢ are the velocity components. Reynolds number Re = LU,/v,
Yy x

magnetic Reynolds number Re,, = LUyop and Hartmann number M = LBy\/o/vp

are the dimensionless parameters.

For the RBF approximation explained in Section [2.1.2] we take the right hand side
functions of full MHD equations (4.65)-(4.67) as

= —w (4.68)
0A 0A 0A
ow ow ow

M?> 0 (0B 0B, 0 (0B 0B,
- B,— Y — + By— Y — .
Re,, Oxr \ Ox dy Jy \ Ox dy
Using the coordinate matrix F' for evaluating the space derivatives in non-homogeneous

term f and applying RBF approximation to equations (#.63)-(@.67)), we obtain the ma-

152



trix system of the full MHD equations in terms of vectors of stream function, velocity
components, magnetic potential, induced magnetic field components and the vorticity

as

P =gy + K(—w) “4.71)
w2y v— g1y 4.72)
y ox
0A oOF oOF
A= K(— —F 1A —F 1A 4.
ga + Rem ( ot + [u]d O + [’U]d ay ) ( 73)
OF OF
B,=—F1'A B,=—F 1A 4.74
Ow OF OF
w =g, —+ RQK(E —+ [U]d%F_lw + [’U]da—yF_l(.d)
M? OF OF
— K(|B,lgq—F1! B,lg—F1! 4.
Re,. ([ m]d P dwy + [ y]d ay dwy) (4.75)
where the vector d,, is defined as d,, = é)FF_lBy — a—FF_le. The diagonal

Oz dy

matrices[u]q, [V]4, [Bz]q and [B,]q are constructed with the diagonal elements u, v,
B, and B,, respectively. Matrices K, F' and the vectors g, ga, g., are similarly
defined as in Section 2.1.2

For the simplicity of notations , the equations (.73)-(.75) can be rewritten as

SaA=gs+ RemK%—’? (4.76)
Sow = gu + ReK%—j + b, (4.77)

where the matrices S 4, S,, and the vector l;w are defined as

oOF OF
SA =1 — RGmK([U,]d%F_l + ['U]dg—yF_l),

oF oF
Sw =71 — ReK([u]d%F_l + [’U]da—yF_l),

~ M? OF OF
o = — K([Bglq—F~d, B,la—F'd,,).
b Rem ([ ]d ax d Yy + [ y]d ay d '.'J)

Using the explicit Euler method for the time derivatives in the equations (4.76)-(@.77)

and relaxation parameters a4 and «y,, for magnetic potential and vorticity, respectively
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explained in the Section [2.1.2] we obtain

CAA™ = g™ — L, A™ (4.78)
Cow™! = g™ — Lyw™ + b, 4.79)
where
Re Re
Chr=a48S)— 2K Lsa=(1- S K
A= QA04 Nt a=( a4)Sa+ AL
Re Re
Cw—awa—EK, Lw—(l—aw)Sw+A—tK.

Thus, the final discretized system for the unsteady full MHD equations can be given

as

P " — K™ (4.80)

W = %_5 Flymil oL — _%_1; Flgpmt! (4.81)

CaA™ ! = g™ — LA™ (4.82)

Byt~ Epagmn gt __OF p g (4.83)
dy ox

Cow™ = g™ — Lyw™ + b, (4.84)

In the magnetic potential and vorticity transport equations (4.82)-(4.84)), the vectors

ga™, g, and meH are known and do not contribute to the stability analysis.
Thus, the stability conditions for the RBF discretized system of full MHD equations

are [20,44]

p(Ci'La) <1 (4.85)
p(CSL,) < 1 (4.86)

where p(Cy" L 4) and p(C*L,,) are the spectral radii of the matrices C;' L 4 and
C 'L, respectively.

In the next Section, the stability conditions (4.85)-(#.86) will be checked for the MHD

flow in a lid-driven cavity to obtain stable results.
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4.4.1 Stability of the Solution of MHD Flow in a Lid-Driven Cavity

The unsteady, laminar flow of an incompressible, viscous, electrically conducting
fluid in a square cavity with a moving top wall is considered. The external magnetic

field is applied in the y-direction. The problem configuration is given in Figure

y A= -—x
Yv=0,u=1v=0

(1,1)

v =0 b=

u_O u =
By v= V=
A=0 A=-1
x
(0,0) (1,07
Yv=0,u=0,v=0
A=—x

Figure 4.5: Problemd.4.1} Lid-driven cavity and boundary conditions.

The RBF discretized system of full MHD equations (4.80)-(4.84)) in terms of stream
function 1) , velocity components (u, v), magnetic potential A, induced magnetic

field components (B, B,) and vorticity w vectors are given as

¢m+1 =gy — Kw™ (4.87)

u™tl — %_SF_1¢m+l’ o™t — _g_ip—l¢m+1 (4.88)

CpAA™ T = g™ — L, A™ (4.89)

B = Mpoige poeio I poigm )
dy ox

Cow™ =g, — Lyw™ +b," " 4.91)

The iterative process starts with initial vorticity w° and magnetic potential A°. The
stream function equation is solved. Then, the velocity components are ob-
tained from the equation (4.88). After g4™ ! is found by using the equation (#.89),

the induced magnetic field components are computed from the equation (4.90). The

155



unknown vorticity boundary conditions are obtained from vorticity definition by us-
ing the coordinate matrix F'. With these boundary conditions vorticity equation (4.91])

is solved. The iteration continues until the absolute error
[z — 2| < € (4.92)

is satisfied where z denotes 1, A or w. ¢ = 10~* is the preassigned tolerance to

obtain steady-state solution.

The numerical results are obtained for several values of Reynolds number, magnetic
Reynolds number and Hartmann number with fixed relaxation parameters oy = o, =
0.6. We use N, = 100 boundary points for the variation of Re and Re,,, but more
boundary points N, = 160 are taken for increasing Hartmann number values M =
50, 100. We present the flow behavior and magnetic potential profile in Figures 4.6}
4.8]

We first show in Figure [4.6] that the effect of the increase in Re on the flow and
magnetic potential behaviors for fixed M/ = 10 and Re,, = 100. For Re = 100
the main vortex of the flow is close to the upper wall due to its movement. As Re
increases, the main vortex moves through the center of the cavity with decreasing
magnitude and the secondary vortex is formed in the right bottom corner. Increase
in Re causes the circulation of the equivorticity lines. However, not much alteration

occurs in magnetic potential lines.

In Figure the variation in Re,, is presented for fixed Re = 100, M = 10. It
is observed that increase in Re,, does not cause a significant change on the flow.
Magnetic potential lines circulate inside the cavity since the convection terms become

dominant in the magnetic potential equation as Re,, increases.

We analyze the influence of the magnetic field on the flow and magnetic potential
behaviors for fixed Re = Re,, = 100 in Figure §.8] We use N, = 100, 160, 160
boundary points for M = 10, 50, 100 with At = 0.2,0.1, 0.05, respectively. One can
observe that increase in M causes the Hartmann layer formation near the moving top
lid. As magnetic field intensity increases, vorticity contours squeeze through the top
wall with the effect of the moving lid and the rest of the cavity is stagnant. As M

increases, magnetic potential lines are distributed uniformly due to the decrease in
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Re =100

Re =500

Re = 1000

the magnitude of velocity in convection terms of magnetic equation.

Figure 4.6: Problem 4.4.1: Streamlines, vorticity contours, magnetic potential lines

for Re = 100, 500, 1000 using At = 0.2, M = 10, Re,, = 100.
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100

Re,,

500

Re,,

Figure 4.7: Problem 4.4.1: Streamlines, vorticity contours, magnetic potential lines

for Re,, = 100, 500 using At = 0.2, Re = 100, M = 10.

Figure 4.8: Problem 4.4.1: Streamlines, vorticity contours, magnetic potential lines

for M = 10, 50, 100 using At = 0.2, 0.1, 0.05, respectively, Re = Re,, = 100.
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Now, we perform the stability analysis of RBF approximation of full transient MHD
equations (#.80)-@84). The maximum eigenvalues of coefficient matrices Cy " L 4
and C'L,, are given in Tables for several values of relaxation parameters
a4, @y, time increment At, Reynolds number Re, magnetic Reynolds number Re,,

and Hartmann number M.

Table [.6] presents the spectral radii for the variation in Re and At with fixed ay =
o, = 0.6, Re,,, = 100 and M = 10. We observe that when Re = 100 maximum
eigenvalues of CZIL 4 equal to maximum eigenvalues of CJ'L,, since the coeffi-
cient matrices are the same for Re,, = Re and vy = «,. Although we increase the
Reynolds number, it is even possible to use larger time increment At as 0.7 to obtain

stable results since maximum eigenvalues stay almost the same.

In Table maximum eigenvalues are obtained for different values of Re,, and
At with fixed Re = 100, ay = «, = 0.6. Increase in Re,, affects maximum
eigenvalues of magnetic potential more than maximum eigenvalues of vorticity due
to the dominance of convection terms of magnetic potential equation. Stable results

are obtained for At < 0.5.

Tables [4.8}{4.9] indicate the variation of spectral radius with respect to Hartmann
number, time increment and relaxation parameters. When M = 50 stable solu-
tion is obtained for At = 0.2 and At < 0.1 with 0.8 < a4 = a, < 0.9 and
0.6 < ayg = a, < 0.9, respectively. As M increases up to 100, the stability condi-
tions are satisfied for At = 0.1, At = 0.09 and At < 0.05 with oy = o, = 0.9,
0.8 <ap=a, <09and 0.6 < ay = a, < 0.9, respectively. This shows that
increase in Hartmann number requires smaller time increment for the range of relax-
ation parameters, due to the square of Hartmann number in front of the reaction term

of vorticity equation.

Thus, we can obtain stable solution of RBF discretized system of the full MHD equa-
tions (4.80)-(4.84) for some appropriately taken relaxation parameters a4, «,, time
increment At, Reynolds number Re, magnetic Reynolds number Re,,, and Hartmann

number M.
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Re =100 Re =500 Re = 1000

At p(Cx'La) p(Co'Lw) p(Cx'La) p(CL'Lu) p(Cx'La) p(Co'Lu)

0.7 - - -0.8526  -0.96323  -0.8642 -0.9832
0.5 -0.8637 -0.8637 -0.8920 -0.9736 -0.9007 -0.9879
0.2 -0.9427 -0.9427 -0.9550 -0.9893 -0.9588 -0.9952
0.1 -0.9708 -0.9708 -0.9772 -0.9946 -0.9791 -0.9976

Table 4.6: Spectral radius p for o, = a4 = 0.6, N, = 100, M = 10, Re,, = 100,
e =104

Re,, =100 Re,, = 500

At p(Cx'La)  p(CS'L,)  p(CR'La)  p(CS'Ly)

0.5 -0.86374857 -0.86374857 -0.96666555 -0.86538498
0.2 -0.94266304 -0.94266304 -0.98649340 -0.94338326
0.1 -0.97081716 -0.97081716 -0.99321397 -0.97118835

Table 4.7: Spectral radius p for o, = ay = 0.6, N, = 100, M = 10, Re = 100
e=10""%

At =0.2 At =0.1

aa =0, p(Cx'La)=p(C;'Ly,) p(Cx"La)=p(C;Ly,)

0.9 -0.96066846 -0.97997568
0.8 -0.96052058 -0.97993550
0.7 - -0.97989513
0.6 - -0.97985766
0.5 - -

Table 4.8: Spectral radius p for N, = 120, M = 50, Re = Re,, = 100, € = 1074,
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At =0.1 At = 0.09 At = 0.05

as=a, p(Ci'La)=p(C;'L,) p(Cx'La)=p(C;'L,) p(Cx'La)=p(C;'Ly)

0.9 -0.98051159 -0.98242813 -0.99016804
0.8 - -0.98239725 -0.99015837
0.7 - - -0.99014866
0.6 - - -0.99013959
0.5 - - -

Table 4.9: Spectral radius p for N, = 120, M = 100, Re = Re,,, = 100, ¢ = 107%.

In this Chapter, we perform the numerical stability analysis of unsteady Navier-Stokes
equations, transient MHD convection flow and transient full MHD problems. We do
not find the region of absolute stability, but find the optimum values of the time in-
crement and problem variables satisfying the stability condition computationally by
looking at the spectral radii of the related coefficient matrices. We conclude that al-
though the explicit Euler method is used for the time discretization in the RBF approx-
imation, one can use quite large time increments in the computations for achieving

stable numerical solutions.
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CHAPTER 5

CONCLUSION

This thesis deals with the numerical solutions of two-dimensional, laminar, steady or
unsteady flow of an incompressible, viscous, electrically conducting fluid in the pres-
ence of magnetic field. The hydrodynamic and magnetohydrodynamic equations are
combined for the modeling of the MHD flow. The primary focus is on the application
of the RBF approximation for solving MHD flow equations, although the DRBEM

and the DIBEM implementations are also presented.

In the first part of the thesis, the effect of the magnetic field with different orientations
on Stokes flow is analyzed. Three test problems are considered for different physical
domains which are the lid-driven cavity, constricted square cavity with moving left
wall and horizontal channel with backward-facing step. The uniform magnetic field,
which is perpendicular to the moving wall, causes Stokes flow to extend the whole
cavity, contrary to magnetic field in the same direction with the movement of the
wall. In this case, creeping flow moves through the moving wall forming a boundary
layer and secondary flow is developed near the opposite wall which is also observed
when the cavity is constricted. Constriction of the cavity causes the magnitude of
the flow to decrease regardless of the direction of the magnetic field. The increase
in the intensity of the magnetic field in the pipe-axis direction generating the electric
potential does not affect the Stokes flow behavior. However, the effect is observed on
the MHD incompressible flow behavior due to the convective terms in the momentum

equations.

The RBF solutions of the MHD convection Stokes and MHD convection incompress-

ible flows with or without viscous dissipation are presented by taking Re = 0.6 and
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Re = 100, respectively in the second part of the thesis. Viscous dissipation causes
a significant change on isotherms forming a thermal layer near the cold wall in both
cases. However, this effect on the Stokes flow can be observed for the small values
of Grashof number (G > 90), contrary to MHD convection incompressible flow. In
addition, the RBF approximation is applied to MHD convection flow in a constricted
enclosure to examine the impacts of the constriction on the heat transfer. It is con-
cluded that convection is suppressed when the constriction ratio of the cavity or the
magnetic field intensity increases. However, it is dominated when Grashof number

increases.

In the final part of the thesis, the RBF approximation is extended to solve the unsteady
flow problems with the use of explicit Euler method for the time discretization. The
stability analysis for RBF solutions of the transient Navier-Stokes, unsteady MHD
convection and unsteady full MHD flow equations is also carried in terms of spec-
tral radius of related coefficient matrices in the RBF discretized system. The opti-
mal choices of the time increment, relaxation parameters and physical parameters are
found for achieving stable solutions. It is observed that the maximum eigenvalue de-
creases as the relaxation parameter decreases, but the time increment increases. The
numerical solutions are unstable when the relaxation parameter is less than or equal
to 0.5. Although, the time derivative is discretized using explicit Euler method, one

does not need to use small time increment for obtaining stable solutions.

The radial basis function approximation makes it possible to solve numerically MHD
flow and MHD convection flow equations containing nonlinearities with an easy im-

plementation and considerably small computational cost.
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