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ABSTRACT

A NOVEL METHOD FOR THERMAL
CONDUCTIVITY MEASUREMENT OF TWO

DIMENSIONAL MATERIALS

Onur Çakıroğlu
M.S. in Department of Physics
Advisor: Talip Serkan Kasırga

September 2019

Thermal conductivity is a quantity which governs the heat transfer in a mate-
rial. After increasing importance of efficiency in power generation systems and
cooling mechanisms in micro-structures, many measurement methods have been
developed to explore the thermal conductivity in micro and nano-sized materi-
als. However, complexity in experimental setups, difficulties in the fabrication of
devices required for measurements, and lacking exact solutions to thermal equa-
tions limit the usability of the methods to a class of materials. It is particularly
challenging to study atomically thin metallic materials. To tackle this challenge,
we have developed a new thermal conductivity measurement method based on
the temperature dependent electrical resistance change and analyzed our method
analytically and numerically by finite element method. We applied our method
to 2H-TaS2 and found thermal conductivity as 9.55±1.27 W/m.K. Thermal con-
ductivity value of TaS2, a metallic transition metal dichalcogenide was measured
for the first time. This is supported by Wiedemann-Franz law and thermal con-
ductivity of similar materials such as 2H-TaSe2 and 1T-TaS2. The method can be
applied to semiconducting thin materials as well and is superior to other methods
in various ways.

Keywords: thermal conductivity, 2D materials, temperature dependent resistance
change, finite element method, heat equation.
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ÖZET

İKİ BOYUTLU MALZEMELERİN TERMAL
İLETKENLİKLERİNİN ÖLÇÜMÜ İÇİN YENİ

YÖNTEM

Onur Çakıroğlu
Fizik Bölümü, Yüksek Lisans

Tez Danışmanı: Talip Serkan Kasırga
Eylül 2019

Termal iletkenlik, malzemelerde ısı transferini belirleyen bir sabittir. Enerji üre-
tim sistemindeki verimin ve mikro yapılarda soğutma mekanizmasının öneminin
artmasından sonra, mikro ve nano malzemelerde termal iletkenliği bulmak için
birçok ölçüm yöntemi ortaya çıkmıştır. Fakat, deney düzeneğinin kurulumundaki
karmaşıklıklar, önerilen cihazların üretimindeki zorluklar ve ısı denklemlerinin
direk çözümlerinin olmaması bir grup malzemeler için bu yöntemlerin kullanıla-
mamasına neden olmaktadır. Özellikle atom kalınlığındaki metalik malzemeler
üzerinde çalışmak zordur. Bu problemleri çözmek için sıcaklığa bağlı elektriksel
direnç değişimine dayanan yeni bir ölçüm yöntemi geliştirdik ve yöntemimizi anal-
itik ve sonlu elemanlar yöntemiyle sayısal olarak analiz ettik. Yöntemimizi 2H-
TaS2’a uyguladık ve ısı iletkenliğini 9.55±1.27 W/m.K olarak bulduk. TaS2’ın,
metalik bir geçiş metali dikalkogenit olan, termal iletkenliği ilk defa ölçülmüş
oldu. Ölçümler Wiedemann-Franz kanunu ve 2H-TaSe2 ve 1T-TaS 2 gibi ben-
zer malzemelerin termal iletkenliği ile uyumlu bulundu. Yöntem, yarı iletken
ince malzemelere de uygulanabilir ve çeşitli sebeplerle diğer yöntemlerden daha
üstündür.

Anahtar sözcükler : ısıl iletkenlik, 2B malzemeler, sıcaklığa bağlı direnç değişimi,
sonlu eleman metodu, ısı denklemi.
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Chapter 1

Introduction

1.1 Motivation

Discovery of new materials opened a window to the solutions of some engineering
problems, new applications for the daily life, and improvement of existing devices
by features which were non-existent before. Thermal properties of materials is
fascinating and thermal applications can be evaluated in two important titles;
heat dissipation and thermoelectric generators as shown in Figure 1.1.

Efficient heat dissipation is most common and desired application nowadays
because of decreased performance of CPUs and GPUs in computers or cellphones
under heavy heat load, while massive heat flows from electric stove to pots is a
necessary feature in modern kitchens. Thermoelectric generators is much more
related to efficiency of applications. Car engines convert almost 25% of fuel
energy to mechanical energy and the remaining energy is converted to the heat.
Thermoelectric generators move electrons by temperature gradient and convert
thermal energy to electrical energy literally. If system equations are considered,
thermal conductivity (κ is symbol in equations and TC as an abbreviation will
be used in this thesis for it) takes a most important role in these applications as
shown in Equation 1.1 and this makes studies of thermal conductivity essential.
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a) c)

d)b)

CPU

Figure 1.1: Some Applications of Thermal Properties of Materials. All of them
are related to thermal conductivity (κ) values of materials. a-b are examples of
heat dissipation and c-d are thermoelectric generators. a) computer CPU as a
cooling application b) electric stove as a heating application c) car engine as an
application which converts wasted heat to electrical energy [1] d) solar cell as a
system in which increasing of efficiency should be necessary.

Q = κ.∆T and ZT =
Sσ2

κ
T (1.1)

Q, T, ∆T, S and σ are heat per unit volume, temperature, temperature change,
Seebeck coefficient and electrical conductivity respectively. First equation is
known as Fourier’s law and shows conduction of heat in materials. Other is
thermoelectric figure of merit (ZT) and determines the maximum efficiency of a
thermoelectric material. [2]

Moreover, one of the major research subjects in scientific area is two di-
mensional materials since 2004.[10] Most common studies exist on graphene,
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hBN (hexagonal boron nitride), MoS2 (molybdenum disulfide) and bP (black
phosporous). Their structures consist of mainly layers and they are stacked to-
gether by van der Vaals interaction (non-van der Vaals bond plays a role in
stacking was shown newly also [11]). Their fascinating properties make it possi-
ble to study new research areas like valleytronics [12, 13], spintronics [14, 15, 16],
quantum dots[17] and topological insulators [18]. Thermal conductivity of 2D
materials is also explained in this research field. Extreme values for TC can
be found such as 5300 W/m.K [3] in graphene and 0.23 W/mK in SnSe [19].
Therefore, 2D materials allow working over a wide range of thermal conductiv-
ity. Materials having high thermal conductivity values can be used in the heat
dissipation application while ones having low TC values can be implemented into
thermoelectric generators.

a) b)

d)c)

Figure 1.2: Representation of 2D Materials at Different Views a) and b) are top
and side views of hexagonal structures as demonstration of graphene or hBN.
c)side of view for MoS2 and d) for bP.

Measuring thermal conductivity of 2D materials becomes essential since their
TC values are different than the values of their 3D counterparts. There are many
methods (as explained in next section) to measure TC. These methods are used
to measure common materials like graphene or MoS2. Due to the complexity of
the methods or their being not capable to measure other 2D materials, especially
the metallic ones so a new method is needed.
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Recently, we performed scanning photocurrent microscopy(SPCM) measure-
ments on NbS2 to find the local photoresponse on metallic 2D materials at zero
and finite bias. Although photothermal effect is not expected in metallic ma-
terials due to high TC values and low photon absorption in the visible range,
NbS2 crystals show photocurrent generation can be possible by local heating by
the laser excitation. [20] However, TC value of 2D NbS2 crystals is not known
accurately in the monolayer limit as TC values for many other 2D materials and
previous methods used are not proper for the measurement. Therefore, we worked
on developing a new method and we believe that it can fill this measurement gap.

1.2 Overview of Thermal Conductivity

1.2.1 Heat Transfer and Thermal Conductivity

Heat transfer is defined as an energy movement from one place to another. Heat
flows via three modes; conductive, convective and radiative modes. Conductive
mode is heat transfer through a material; for instance, a metal bar whose two
ends are at different temperature carries heat conductively from hot zone to cold
zone. Convective mode is heat transfer via a mass. In the winter, radiator using
in order to get heated to room is a good example for this mode. Radiative mode
is the result of blackbody radiation. Any material at a temperature radiates and
causes energy (or heat) transfer. These three modes can exist at the same time
but generally one of them dominates others. [2]

Moreover, thermal conductivity (TC) is related to conductive mode and an
intrinsic property of material which determines how much heat flows through
the materials.[21] Therefore, knowing TC values of materials helps to improve
and develop heat applications. Furthermore, it is also temperature dependent
so that knowing at which temperature of TC values are taken is also important.
Temperature dependent TC values of some metals are shown in Figure 1.3 in
order to gain familiarity to numerical TC values.
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Figure 1.3: Thermal Conductivity Values of Some Metals and Their Temperature
Dependence. Dash line shows room temperature and TC values at this point. [2]

In this thesis, conductive modes will be mainly focused for two dimensional
materials at room temperature in the atmosphere environment while convective
(especially air cooling) and radiative modes are neglected due to their minor
contribution to their thermal properties and make analysis easier, as the common
attitudes in measuring thermal conductivity in literature [22, 23].

1.2.2 Thermal Conductivity Measurement Techniques

There are many techniques to measure the thermal conductivity of solids but
some of them will be mentioned to facilitate classification and present techniques
easier. They can be categorized into steady-state and transient measurement
techniques. First group requires a thermal stability to perform experiment after
heating while second ones can be applied in a short time without waiting for
steady-state condition. [24]

Before beginning to mention previous methods, it is better to discuss what
the general measurement strategy is. Temperature dependent quantity has to be
measured by changing temperature and then a relation between thermal conduc-
tivity and the quantity has to be set. In the following sections, the temperature

5



dependent quantities and their relations will be discussed. Advantages and dis-
advantages will be discussed as well. Finally, some TC values measured by the
methods discussed will be given to familiarize the reader with TC values of 2D
materials.

1.2.2.1 Steady State Techniques

a) Raman Scattering Based Method This technique allows researchers to
measure thermal conductivity by dependence of Raman active modes to the
temperature in Raman spectroscopy (which is obtained by differences between
incident and scattering light from materials and can be defined as a material
fingerprints) [25].

A laser is used to both heat the sample and perform Raman spectroscopy. 2D
crystals are stayed on holes or trenches in the experiment since

• Heat can flow from the crystals to wafer and the measurement depends
on not only thermal conductivity of materials but also TC of substrate
and Thermal Boundary Conductivity (TBC) between substrate and the
materials.

• The substrate absorbs and reflects laser beam so that temperature of the
crystal can be changed by reflection from the substrate.

Laser beam is generally chosen with a Gaussian profile. It creates a temperature
distribution on the crystal along radial direction and Raman signal belongs to part
where temperature variation exists. Thus, an average temperature is assumed and
analysis is made by this assumption.

Raman peak shift for TC was proposed and TC of graphene was measured by
Balandin and his colleagues for the first time. [3] They have used G peak, which
is characteristic peak of graphene in Raman spectroscopy. The peak location
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Figure 1.4: Thermal Conductivity Values from Literature a) TC for suspended
monolayer graphene varies from 1450 to 5300 W/mK. Measurements were per-
formed by Balandin and et. al. [3], Chen and et. al. [4], Ghosh and et. al. [5],
Cai and et. al. [6] respectively. b) TC for suspended monolayer MoS2 varies
from 11.9 to 101 W/mK. Measurements were performed by Yan and et. al. [7],
Zhang and et. al. [8], Bae and et. al. [9] respectively.

changes by temperature change so they set relation between Raman peak shift
and thermal conductivity (κ) as

κ = χ
G

(
L

2hW

)(
δω

δP

)−1

(1.2)

where χ
G
is the slope of temperature dependence in peak shift vs power graph,

L is half length of the suspended piece (material is transferred on a trench), h
is thickness, W is width of crystal, δω is peak shift and δP is change in heating
power (Derivation of the relation can be found in Appendix A). As L, W and h
are known, χ

G
and ratio of δω and δP can be obtained from the measurement, κ

was subtracted easily by Equation 1.2 [3]

Figure 1.4 shows thermal conductivity values of monolayer graphene and MoS2

obtained from literature. However, different research groups have found very
different TC values for these materials by this method. Table 1.1 consists of
some thermal conductivity values which belongs to some 2D materials also.

Major advantage of the Raman-based method is that the measurement is per-
formed as non-contact. Therefore, the materials are not affected by fabrication
of structures and the experiment can be done easier than the other methods.
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Material Number of Layer TC Value (W/mK) Ref
Graphene Few Layer 1300-2800 Ref [23]
MoS2 Few Layer 52 Ref [26]
WS2 Monolayer/Bilayer 32/53 Ref [27]
hBN Few Layer 227-280 Ref [28]
bP Few Layer 10-40 Ref [29]

Table 1.1: In-plane Thermal Conductivity of Some Suspended Materials Mea-
sured by Micro-Raman Method At Room Temperature.

b) Micro-Thermometer Method This method is a miniaturization of ther-
mal conductivity measurement in macro-systems via a thermometer and a heater.
The system consists of a micro heater and a thermal sensor. Thermal sensor is
a resistor whose temperature dependence is known. If the material is electrically
conductive, an insulator layer is deposited in between the material and the con-
tact in order to avoid short-circuit. In this method, researchers use two or four
probes and calculations change depending on the number of probes. Basically,
they heat the crystal from a contact, measure temperature from other in two
probe system and use a heat transfer equation as shown in Equation 1.3

Q = κ.∇T (1.3)

Two probe measurement uses the heat equation itself but there are four cases to
be solved in four probe system since the heat is given from probes one by one
and measure temperature from others so that there are four equations and their
coupled solutions consist of 9 unknown parameters (including thermal boundary
conductance between each contact and the material). Yet, only 3 of them are
independent. One of these 3 parameters is thermal conductivity of the material.
Table 1.2 shows some TC values obtained by micro-thermometer method.

Advantage of this technique is that the measurement concept is similar to its
macroscopic counterpart. Therefore, modeling and configuring can be easier than
other techniques since many of them are already done for measurement in the
macro world.
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Material Number of Layer TC Value (W/mK) Ref
Graphene Monolayer / Bilayer 600 / 490-700 Ref [30]/[31]
MoS2 Few Layer 27-35 Ref [32]
hBN Few Layer 250-360 Ref [33]
bP Few Layer 49-81 (zz)/17-35(ac) Ref [34]

WTe2 Few Layer ∼ 3 Ref [35]

Table 1.2: In-plane Thermal Conductivity of Some Materials Measured by Micro-
Thermometer Method At Room Temperature. ’zz’ and ’ac’ represents TC values
along zigzag and armchair direction.

1.2.2.2 Transient Techniques

a) TDTR and FDTR Time domain thermoreflectance method (TDTR) and
frequency domain thermoreflectance method (FDTR) are based on temperature
dependent reflectance. When a laser hits a material, the laser beam is reflected
or absorbed by it. Reflection and transmission are intrinsic properties and can
change with temperature. Therefore, one of them can be used as a quantity
which help to deduce thermal conductivity value of material. Moreover, TDTR
and FDTR are almost similar techniques except that TDTR uses a time delay
between the pulse and the probe laser (as will be discussed) while the other
method is based on varying frequency of the laser beam at a fixed time delay.
TDTR will only be explained not to repeat many steps in their measurement
techniques.

In TDTR, changing laser beam intensity is measured in time since the in-
tensity is resulted by reflection from the materials. An ultrafast laser (typically
Ti:sapphire laser) is used as a heat source in the optical circuit as shown in Fig-
ure 1.5. Laser beam is split into two parts, pump laser to heat sample and probe
laser to measure the thermoreflectance (Two different laser sources are used in
FDTR).[36] Generally, pulse laser beam reflected also from the sample is blocked
physically to improve probe signal by separating two beams (so that they are 4
mm apart) and putting an obstacle (an iris) on the pulse path before the detector.
Electro-optic modulator is to adjust the modulation frequency of laser beam and
to use that frequency as reference point in lock-in amplifier to cancel any noise
and signal except at that frequency. In this way, any sensitive changes can be
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measured. Lock-in amplifier has two outputs; in-phase (Vin) and out-of-phase
(Vout). Researchers take ratio of them to find thermal conductivity. Time delay
between the probe and the pulse laser beams is utilized to avoid steady-state
constraint so heat equation has a time term with specific heat and density of the
materials. [37]

Laser 
(800 nm)

BS BS

BS

Delay
Stage

Detector

M

Iris

EOM

Objective

Lock-in
Amplifier

Sample

2D Material

Transducer (Al)

SiO2

Si

a) b)

Figure 1.5: Demonstration of Setup and Sample in Time-Domain Thermore-
flectance Method. a) Optic circuit schema. EOM, BS and M are electro-optic
modulator, beam splitter and mirror respectively. Iris is to block pulse beam.
b) Device schema. Thin film or 2D crystals are coated by a transducer in ac-
tual device to obtain linear behavior from the relation between temperature and
reflectance and to increase signal strength.

In the analytical part, time dependent heat transfer equation in cylindrical
coordinate is solved with frequency dependent Gaussian laser beam as shown in
Equation 1.4 in order to obtain T(r, z, t). In the equation, C, ρ, κr and κz are
specific heat capacity, density of material, TC in-plane and TC through plane
respectively. Then, temperature change (∆T ) can be found theoretically. As the
detector in the experiment measures the probe laser beam and its intensity change
is caused by temperature change because of the pulse beam, relation between
theoretical and experimental ∆T can be set. It is not possible to measure the
∆T directly but they use experimental data (Vin/Vout) and apply curve-fit to
find many parameters with thermal conductivity. [38]

Cρ
∂T

∂t
= κr

1

r

∂

∂r

(
r
∂T

∂R

)
+ κz

∂2T

∂z2
+ Q̇(r, ω) (1.4)
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In the sample preparation, there is no need for a trench or a hole under the
sample to remove effect of substrate like in micro-Raman method. However, ev-
ery material has different thermoreflectance response so that a material, whose
thermoreflectance response to temperature change is known and it is linear in a
specific temperature range, should be chosen to perform the experiment. There-
fore, a metal called transducer (generally Aluminum) is deposited on the material
as shown in Figure 1.5-b. [39] This introduces more terms to be determined in the
heat equation. These terms are obtained by a curve fit or used from literature.
Moreover, thermal conductivity through plane (κz) is found first in general to
increase accuracy of TC in-plane (κr) in the second measurement by increasing
laser beam size and making heat equation one dimensional. [40] Some of the
thermal conductivity values obtained by this method can be found in Table 1.3.

Advantage of this method is that fabrication is easier than other methods
since there is no need to suspend the sample on a hole or a trench, no need to
transfer crystal from one wafer to another and contacts are not necessary. Hence,
fabrication steps are less and the measurement can be done after deposition of
metal on the crystals as a transducer.

Material Number of Layer TC Value (W/mK) Ref
Graphene Bulk 1660-2140 Ref [41]
MoS2 Few Layer 58-102 Ref [42]
WS2 Few Layer 120 Ref [42]
hBN Few Layer 263-367 Ref [41]
bP Few Layer 62-86 (zz)/26-34 (ac) Ref [43]
ReS2 Few Layer 52-88 (zz)/37-63 (ac) Ref [44]

Table 1.3: In-plane Thermal Conductivity of Some Supported Materials Measured
by TDTR Method At Room Temperature. ’zz’ and ’ac’ represents TC values
along zigzag and armchair direction.

b) 3ω Method This method is based on the frequency change of AC voltage
due to a measured material while system is heated along a metal line on it by an
AC current. Since source is AC and frequency dependent, temperature of sample
is also varies with a frequency. Researchers set a relation between this frequency
and TC so that they can find TC without need to steady state condition.[45] The
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line between two contact is put on the sample and under the material. If the
sample is conductive, an insulator is deposited on top of the sample. AC current
passing through the line heats both the contacts and the sample. Temperature
of line increases by a power like

P (t) = I2R0 =
1

2
I2

0R0 (1 + cos (2ωt)) (1.5)

where AC current(I) is I0.cos(ωt). t and ω are time and frequency of AC current
in the equation. Power has two component; time-dependent and independent and
they can be called as AC and DC parts of power. Therefore, resistance change
by power becomes

R(t) = R0 (1 + β∆TDC + β|∆TAC |cos (2ωt+ φ)) (1.6)

where β is temperature coefficient, . Then, measurable voltage with AC current
becomes

V = I.R = I0R0

[
(1 + β∆TDC) cos(ωt) +

1

2
β|∆TAC |cos(ωt+ φ)

+
1

2
β|∆TAC |cos(3ωt+ φ)

] (1.7)

The method is called as 3ω due to last term in the equation and voltage mea-
surement in 3ω frequency gives temperature oscillation. [46]

In the analysis part, solving a time-dependent heat transfer equation in semi-
infinite cylindrical system for finite width of the heater is needed. [47] Then, it
is possible to find thermal conductivity of the materials by the voltage.

Advantage of 3ω method is that a simple contact configuration is enough to
perform the experiment. No need to hole or trench makes fabrication easier.

1.3 Challenges

Each method has advantages as already mentioned but they are not perfect.
Their disadvantages make these methods inappropriate for some materials like
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metallic TMDCs (TaS2 or NbS2) and the disadvantages will be discussed one by
one in this section.

Raman based thermal conductivity measurement systems have limitations be-
cause of thermal sensitivity of measurements.[48] Therefore, these techniques
should be modified in order to become major measurement technique in thermal
conductivity but this might make analysis more difficult. For instance, Tianyu
Wang and coworkers tried to eliminate the effect of laser power on Raman shift
by using frequency-resolved Raman spectroscopy while measuring TC. However,
their effort on analysis and experiment increased and they couldn’t find TC value
directly when they could be in ordinary micro-Raman method so that they used
simulation software to find TC. [49] Moreover, every 2D materials does not have a
Raman peak which is strong and has sensitive temperature response. Therefore,
the method cannot be applied on every 2D crystal.

Micro-thermometer system can be easily fabricated for insulator material
measurement but researchers have to deposit insulating layer between metal-
lic/semiconducting materials and contacts. Therefore, fabrication and subtract-
ing TC from heat equation becomes harder. Especially finding TC consists of
more terms (like thermal boundary conductance) in the equation and this de-
creases accuracy because of assumptions or accepting more values from literature.
Thus, such system is not proper for conductive materials.

TDTR methods have a complex analysis because of solution of time dependent
heat transfer equation and increased number of parameters by using a transducer.
These enforce researchers to make much more approximation even if solution of
heat or diffusion equation with time dependence is not easy already. Moreover,
scientists use some parameters from the literature to find TC value but this makes
TC far from the correct value. Researchers who use equipment in optical setup,
especially for ultrafast laser beam, have to have experience in optics. Therefore,
the method is not for general use.

3ω method can be used especially for thin films but it is not suitable to mea-
sure TC value of many 2D crystals since the signal is not enough to detect even
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by a lock-in amplifier system. Moreover, an insulator layer has to be deposited
between material and contacts when measuring metallic materials so that fabri-
cation becomes harder in this system.

As can be seen, a new technique is required for measurement of TC in order
to improve accuracy of measurements, to apply to a wide range of materials and
to make analysis easier in the solution of heat transfer equation. In the next
chapters, such a new method will be discussed in detail, fabrication and analysis
will be shown.
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Chapter 2

Description of the Proposed

Method

Thermal conductivity (TC) is not an independently measurable quantity like volt-
age or crystal thickness as mentioned previously. Therefore, a measurable quan-
tity should be connected to thermal conductivity. This quantity is Raman shift
in Raman-based system and changing thermoreflectance in TDTR by changing
temperature of samples. Temperature dependent resistance is used as the mea-
surable quantity in this new TC measurement method instead of Raman shift
and thermoreflectance.

Every material is affected by temperature differences and some of their proper-
ties change depending on the changing temperature by flowing heat along them.
Resistivity, one of such properties, of metallic and semiconducting materials has
specific response to temperature change as shown in Equation 2.1 [50, 51, 52]

ρ = ρ0 (1 + β (T − Ta)) for metals

ρ = ρ0 exp

(
Eg

2kBT

)
for semiconductors

(2.1)
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Therefore, temperature effect on the resistivity can be used by measuring re-
sistance of crystals. Relation between resistance(R) and TC value couldn’t be
set without flowing heat or creating a temperature gradient. If the heat transfer
equation is written, the situation become more clear

∂

∂x

(
κ
∂T

∂x

)
+

∂

∂y

(
κ
∂T

∂y

)
+

∂

∂z

(
κ
∂T

∂z

)
+ Q̇ = Cρd

∂T

∂t
(2.2)

where κ, Q̇, C, ρd and t are thermal conductivity, heat source (per unit volume
per unit time), specific heat, density of material and time variable.[53] Thus,
if there is no temperature gradient or its changing in time, finding TC value
is not possible. In the measurement, steady-state conditions are provided for
simplicity. That’s the system can reach equilibrium and temperature does not
change anymore. Hence, time contribution in the Equation 2.2 can be canceled
with specific heat and density of the material. Main formula for temperature
distribution with a constant κ value (and for this thesis) becomes

κ
∂2T

∂x2
+ κ

∂2T

∂y2
+ κ

∂2T

∂z2
+ Q̇ = 0 (2.3)

Then, relation between R and TC can be set. If T in the Equation 2.3 is solved
and the solution is put into any of Equation 2.1, a measurable quantity R (by
converting ρ to R) becomes connected to TC and this shows that R can be used to
deduce value of thermal conductivity. However, solution of heat transfer equation
with temperature dependent resistance does not give κ value alone. Therefore,
κ in obtained theoretical formula is adjusted until that model and experimental
data match.

Until now, idea behind the new measurement method was described. It is
better to discuss also fabrication or required device and the actual calculation of
TC since there are some important points to be mentioned in the experimental
and the analysis parts. A heat source is needed to create temperature gradient
so a laser beam with a Gaussian profile is used. Many mechanisms emerge by
laser excitation in 2D materials. Photovoltaic effect is generally considered in
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Figure 2.1: Illustration of the Measurement System. Orange color represents the
2D crystal. Green one is the laser beam. Hole is under it to prevent heating wafer
by the laser. Au contacts are used to measure resistance.

semiconductors since laser can create electron-hole pairs that can be separated
by built in electric fields. However, M. Buscema and his colleagues show that if
energy of laser is less than band gap of the semiconductors or carrier diffusion
length is short, photothermal effect plays major role.[54]

Thickness of 2D crystals measured in this thesis is in the nanometer scale so
they are deposited on a suitable substrate. Si/SiO2 wafer is chosen for that pur-
pose. Substrate under the material removes a great portion of the heat deposited
by the laser. If the laser beam is parked on the crystal, heat can flow through
not only the crystal but also the wafer so thermal conductivity belongs to both
of them. Therefore, a holes or trench should be drilled and the material should
be transferred on them. A demonstration of the system with a hole can be seen
in Figure 2.1

This configuration creates two solutions regions for the heat equation as sus-
pended part of crystal is heated with a source but the supported part is cooled
down by the wafer. A detail explanation will be given in Analysis chapter.

In the experiment, resistance with and without the laser should be measured
to find TC value. Resistance differences (∆R) between laser-on and off state can
be related to TC and two probe method for measurement of resistance become
applicable in the new measurement method. Although, measured R value consists
of contact resistance (Rc) in two probe system, Rc in both laser-on and off state
eliminates each other by subtracting R values as shown in Equation 2.4
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∆R = Ron −Roff = R2 +Rc −R1 −Rc

= R2 −R1

(2.4)

where R1 and R2 are crystal resistances in laser-off and on state. Therefore,
contact resistance in the experiment is not a problem in this experimental model.

Because a laser beam heats the material, temperature gradient exists along
the material. Therefore, resistance change due to temperature is depending on
distance to source center so local resistance change at each point has to be con-
sidered. For that purpose, temperature distribution has to be calculated first.
There are two options; analytical calculation for a specific shape (for instance
rectangular or square crystals) and finite element method (FEM) for any crystal
shape.

In the thesis, temperature distribution is found by FEM and analytical calcu-
lations and they are used also to compare results. This is because, crystals are
obtained by exfoliation and it gives random shaped crystals. Hence, there is no
possibility to find an analytic solution for the crystals. Moreover, there are some
methods to give a desired shape the crystals, such as Inductively Coupled Plasma
and Focus Ion Beam, but they damage the crystals by creating defects on them
and increase fabrication steps [55, 56].

Figure 2.2: Calculation of Equivalent Resistance a) Calculation strategy in real
crsytal is to split it into strips and pieces and then collect in serial and in parallel.
b) Demonstration of resistance calculation in an electrical circuit.
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Resistance should be calculated for each local temperature point due to non-
homogeneous temperature distribution. Therefore, the crystal is split into strips
from one contact to another and strips are split into pieces to find equivalent
resistance. Resistance of pieces in each strips are summed in parallel and then
strips are added in series as a typical electrical circuit. Figure 2.2 shows this
similarity.

Analysis by FEM simulation or analytic solution is needed to fit a TC value in
order to find temperature distribution. The strategy is to pick a TC value, analyze
by these methods and find a ∆R. If ∆R is not equal to experimental one, repeat
the same procedure until finding same ∆R in experiment and in the analysis. TC
value, which gives to this final ∆R, becomes actual thermal conductivity of the
crystal.

Figure 2.3: Thermal Conductivity Measurement by Trench System a) An appa-
ratus is used to obtain a homogeneous source from a Gaussion beam laser and it
shines through the crystal suspended on the trench. b) This homogeneous beam
and trench configuration makes heat transfer equation a 1D problem.

Although some crystals have isotropic thermal conductivity through in-plane
like graphene and MoS2, another crystals can behave differently in x and y axis.
Both cases should be carefully evaluated. Circle shape has symmetry in radial di-
rection so holes under the suspended part of crystal can be used only in isotropic
TC. However, trench along a crystal can be proper in anistropic TC. If the Gaus-
sian laser beam is cut almost from its full width half maximum, laser beam turns
into a homogeneous heat source. Then, the beam shines along the material on the
trench heats the sample only through one-direction as shown in Figure 2.3 and
makes possible to measure thermal conductivity along x and y axis separately
only by performing the experiments in both armchair and zigzag direction of the
crystals.
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In the next chapters, the fabrication steps will be discussed in the detail and
then how to find temperature distribution by simulation will be mentioned with
the analytical solution of heat transfer equation in different cases.
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Chapter 3

Device Fabrication

Fabrication of the devices alters the pristine qualities of the 2D materials due
to chemicals involved in the process; therefore, it should be mentioned in order
to give some clues about these standard fabrication steps and clarify their roles
in measurements. It consists of two main techniques; top contact and bottom
contact. We employed both techniques since they have some advantages and
disadvantages. However, we have encountered serious problems in top contact
fabrication so measured devices are produced by bottom contact technique as
will be explained.

3.1 Top Contacted Devices

In this method, main purpose is to avoid largely possible interface problem be-
tween contacts and crystal in any electronic measurements. In our case, this is not
a problem since ∆R is used in the analysis and effect of contact resistance is elim-
inated. However, this contact type is preferred mostly in the literature [57, 58]
so we optimized the fabrication of the top contact device first. Fabrication steps
are shown in Figure 3.1.

First step is to drill holes on wafer. A laser is used as a heater and it can
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Figure 3.1: Fabrication steps of top contact devices a) Pristine Si/SiO2 wafer
with 1000 nm oxide layer b) Drilling hole to prevent the heat flow to SiO2 while
heating crystal at the center of hole by laser c) Crsytal transfer by CAB film d)
Putting gold contacts by coating PMMA, giving custumized shapes to PMMA
by EBL and deposited gold by E-Beam evaporator

increase temperature of wafer also without holes. In that case, analysis of ther-
mal conductivity only for crystal becomes wrong since heat flows through both
wafer and the crystal so that thermal conductivity value belongs to wafer and
crystal coupled system. To avoid such a scenario, holes were drilled on wafers.
Their radii should be large enough such that temperature in the borders of holes
must be ambient temperature with laser-on state. Obviously, the radii should
be larger than radius of laser beam also. After consideration of general thermal
conductivity values of TMDCs and the radius of laser beam (∼1 µm), the radii
were decided as larger than 1 µm.

We tested several methods to obtained holes. First we tried Buffered Oxide
Etch (BOE) on Electron Beam Lithography (EBL) patterned samples. Desired
holes were drawn in KLayout program. 1000 nm Si/SiO2 wafer was coated by 495
PMMA A6 polymer before EBL with a standard spinner recipe (1000 rpm for 5
sec, 3000 rpm for 40 sec with 1000 rpm/sec for both steps).Then coated wafer
was patterned by EBL for holes on wafer and patterned parts of polymer were
removed by developer. Wafer were ready to etch after EBL patterning and parts
of wafer under removed parts of polymer were etched by BOE for 10 minutes to
obtain 750 nm depth. It is an isotropic etchant so edges of holes become not
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vertical but rounded as shown in Figure 3.2.

In the crystal transfer, we have used polycarbonate (PC) as carrier since 2D
material are so thin and transfer can be performed by only such carrier. [59]
First, crystals are exfoliated on an empty wafer, and then this wafer is coated
by PC via spinner after determining a suitable crystal in microscope for TC
measurement. Then, the crystal is transferred on a targeted hole by moving PC
via microcontroller in microscope. Wafer is heated to dry PC and it is dissolved
in chloroform so that the crystal stays on the wafer without any polymer on
it. However, the crystals teared on the holes when crystals were transferred.
Possible explanation for tearing was that crystal might bend on holes too much
due to rounded edge so that it is teared and it looks like we need vertical walls
by anisotropic etch.

a) b)

Figure 3.2: SEM image of a hole and a transferred crystal on it a) An etched
wafer by buffered oxide etchant (BOE) after EBL process b) Failure of crystal
transfer on hole made by BOE. Scale bars are 2 µm.

Therefore, we have changed the etching technique and use Inductively Coupled
Plasma (ICP), which etches wafer by plasma of some aggressive gases, since it can
etch Si anisotropically and we thought that it can etch SiO2 similarly. However,
we couldn’t obtain vertical walls by anisotropic etching in ICP since we couldn’t
stop in-plane etch too much. After many trials, we have resulted in holes shown
in Figure 3.3. It looks like the hole etched by BOE in Figure 3.2-a except a
little anisotropy. Moreover, we couldn’t use Si as wafer since it is conductive and
causes short circuit in electrical measurements.
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Figure 3.3: SEM image of a hole etched by ICP. 13.56 MHz coil and 396 KHz
plate were set to 250 W and 30 W respectively and CH3F and 02 gasses were
given at 100 and 30 sccm rate. ICP chamber was worked at 25 ◦C for 12 min.
Scale bar is 3 µm.

We have been suspicious about transfer method and lithography step. Crystals
were damaged in transfer step due to the side of wall and similarly it can be dam-
aged also in lithography step even if they would be survive in the transfer. This is
because chemical compounds Polymethyl methacrylate (PMMA) for lithography
and a developer after lithography are used. Hence, these treatments would cause
crystals damaging also. Therefore, we have changed fabrication technique with-
out performing next steps as shown in Figure3.1-c and d so produced all devices
by bottom contact method.

3.2 Bottom Contacted Devices

In this method, the main purpose is to preserve the crystals from harm caused
by fabrication processes since they are not on wafer through whole fabrication
process. Fabrication consists of three steps as shown in Figure 3.4.

We have added a more important step to the method. Common attitude for
bottom contact fabrication is to deposit metal contact on top of the wafer after
lithography step. However, this creates a stress on crystal since there is a height
difference between contact and wafer so the material takes a shape of this step-like
structure. Moreover, this can change thermal conductivity by changing thermal
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Figure 3.4: Fabrication steps of bottom contact devices a) Pristine Si/SiO2 wafer
with 1000 nm oxide layer b) Depositing gold contacts after optic lithography
and etching as much as contact height. c) Drilling hole by FIB to prevent the
heat flow to SiO2 while heating crystal at the center of hole by laser d) Crsytal
transfer.

transport through material. Therefore, we etch contact area first and then fill
the gap by gold as shown in Figure 3.4-b. Furthermore, atomic force microscopy
(AFM) proves that height levels of metal contact and wafer are same in Figure
3.5

Drilling holes on wafer was improved also. Focus Ion Beam (FIB) was used to
obtain vertical walls as desired in top contact. It was applicable for top contact
devices but possible damage in lithography led us using bottom contact devices
as mentioned previously. In FIB, Ga ion hits the wafer vertically and removes
atoms from the surface so vertical wall can be achievable. Hence, we have drilled
wafer and obtained such holes as shown in Figure 3.6.

In the transfer steps, we have tried three methods. Firstly, polycarbonate (PC)
was used as transfer film as in top contact fabrication. However, the crystals
couldn’t survive in this transfer method. Secondly, we have tried to coat by
Cellulose Acetate Butyrate (CAB) which is another polymer to use in crystal
transfer. Same procedures are followed again but CAB is dissolved in ethyl acetate
this time. Unfortunately, many trials have ended failures except few cases and
survive ones have been so thick. One of failures by CAB is shown in Figure 3.7

We have passed to another method. This method is called as dry method
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Figure 3.5: AFM Result of Device After Etch and Gold Evaporation a) AFM
scanning was taken from separation between metal contact and Si/SiO2 wafer.
Dash line shows place in which height profile is obtained. b) Height profile shows
clearly that there is no height differences between contact and wafer.

and Polydimethylsiloxane (PDMS) is used as carrier. However, wafers are not
coated by PDMS. It is prepared before transfer and exfoliation is performed on
PDMS. Then, a crystal is selected in microscope and transfer on holes is done by
adjusting with help of micro-manipulator. After heat treatment at 85 ◦C, PDMS
and wafer are separated gently. Crystals are attached to wafer instead of PDMS
due to adhesiveness. Figure 3.8 shows one of successful crystal transfers. Samples
are ready for TC measurement after such a device can be prepared.
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a) b)

Figure 3.6: Drilling Holes by FIB. a) Hole configuration in bottom contact after
optical lithography, ICP and gold evaporation is shown. Contact configuration is
used for many purpose in lab such as measurement of hall effect so it is not pre-
pared for TC measurement specifically and two of six contacts are eliminated since
they are not applicable for this project. b) Image of a hole in SEM demonstrates
that FIB drills until Si layer of Si/SiO2 wafer. Thickness of SiO2 in the wafer is
1000 nm so desired depth is achieved. Scale bars are 10 and 1 µm respectively.

a) b) c)

Figure 3.7: Crystal Transfer Failure by CAB a) The image shows an almost
prepared TC device. The crystal is MoS2 and red dash line is to make crystal
edge more prominent. contrast demonstrates that crystal is few layered. Inset
image is an exfoliated MoS2 before transfer. Scale bar is 15 µm. b) SEM image
was taken after transfer to find whether the crystal is survive or not. Red dash
line shows crystal edge also. Scale bar is 5 µm. c) SEM image clarifies that the
crystal was ripped. Scale bar is 0.5 µm.
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a) b)

Figure 3.8: Successful Crystal Transfer a) Optical image shows that crystal stays
on the hole and metal contact clearly. Color differences of crystal are caused by
background color since crystal is thin and it is transparent at a ratio. b) SEM
image demonstrates that crystal is not damaged on hole. Scale bars are 10 µm
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Chapter 4

Analysis

Some of crystal properties are related to thermal conductivity (TC) and the value
is detected from this relation. As mentioned before, it is related to changing Ra-
man shift in micro-Raman method or related to changing reflectance of material
surface in time-domain thermoreflectance (TDTR).

The method in this thesis makes thermal conductivity related to changing
resistance by heat. However, some consideration is needed first. Center of laser
beam has the highest temperature as the laser spot has a Gaussian profile. There-
fore, temperature distribution should be found since temperature of each location
on the crystal is different. Then, total changing resistance is calculated by tem-
perature distribution since it is already known relation. For instance, resistivity
of metals changes like

ρ = ρ0 [1 + β(T − Ta)]

Resistivity of each point can be found and equivalent resistance can be extracted
by serial and parallel connection. Moreover, there are two types of thermal con-
ductivity; isotropic and anisotropic TC. If the crystal has same quantity at differ-
ent orientation, it is called as isotropic. However, quantity might be orientation
dependent, that’s TC through x-axis and TC through y-axis might be different.
Then it is called anisotropic.
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Therefore, at least two relations have to be set. Strategy is to find the temper-
ature distribution by the analytical solution in isotropic and anisotropic crystals
separately with different experimental setup configuration. Furthermore, air ef-
fect and radiation in both cases will be neglected. Then, finite element method
will be introduced since geometric constraints in the analytic solution can be
eliminated by the simulation.

4.1 Determination of Temperature Distribution

Analytically

4.1.1 Analytical Solution For Isotropic Materials

Figure 4.1: Device demonstrations and its image a)Side view of bottom con-
tact device b)3D demonstration of the device c)Top view of the device to show
analytic solution regions. Black circle is suspended crystal part and represents
temperature distribution of Equation 4.1. Dotted region is supported part and
represents of Equation 4.2. d) Real image of the device. Black dash line shows
the crystal edges. Scale bar is 5 µm.
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Crystal is transfered on a hole as shown in Figure 4.1. A laser shines on
the center of the hole to become a heat source. Vacuum environment, Gaussian
laser beam and steady-state heat flow are assumed to solve the heat equation
and wafer (SiO2) behaves like a heat sink in the system. There are two general
formula because of two different areas of the crystal; for suspended part (piece on
hole) and supported part (piece on substrate) of crystal and these are; [6, 60, 7]

κ
1

r

d

dr

[
r
dT1(r)

dr

]
+ q(r) = 0 and q(r) =

Iα

t
exp

(
−r

2

r2
0

)
r < R (4.1)

and

κ′
1

r

d

dr

[
r
dT2(r)

dr

]
−G
t

[T2(r)− T0] = 0 r > R (4.2)

where R is hole radius, κ and κ′ are thermal conductivity of suspended and
supported 2D material (for simplicity, relation between them is accepted as linear
εκ = κ′) , T1(r) and T2(r) are temperatures in suspended and supported areas,
q(r) is volumetric Gaussian beam heat, r0 is the Gaussian beam radius, I is
laser power per unit area (P/πr2

0), α is absorbance of crystal, t is thickness of
the crystal, G is thermal transmittance and T0 is ambient temperature. General
solutions of equation 4.1 and 4.2 are;

T1(r) = c1 + c2 ln (r) +
ar2

0

4κ
Ei
(
−r

2

r2
0

)
where a =

αI

t
r < R (4.3)

T2(γ) = c3I0(γ) + c4K0(γ) + T0 where γ = r

[
G

κ′t

]1/2

r > R (4.4)

where I0 and K0 are zero order modified bessel function of first and second kind.
Ei is not a elementary function and it is called as exponential integral. If we
consider boundary conditions, they are

(i) T2(r →∞) = T0

(ii) dT1(r)
dr

∣∣∣∣
r→0

= 0
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(iii) −κ dT1(r)
dr

∣∣∣∣∣
r→R

= −κ′ dT2(γ)
dr

∣∣∣∣∣
r→R

(iv) T1(r)

∣∣∣∣
r→R

= T2(γ)

∣∣∣∣
r→R

First and second boundary conditions suggest that T2(r) and T1(r) should be
finite when r→∞ and r→0 respectively, therefore derivative of T1 should be zero
and T2 become equal to room temperature. Third and last boundary conditions
imply continuity of heat flow at the boundaries. Using these conditions, we need
to find coefficients. If first boundary condition is used, we get;

c3 = 0

since I0(γ) goes to infinity as r goes to infinity. Second boundary condition gives;

dT1(r)

dr
=
c2

r
+
ar2

0

4κ

2e
− r2

r20

r
= 0[

c2

�r
+
ar2

0

2κ�r
e
− r2

r20

]
r→0

= 0

c2 = −ar
2
0

2κ

If we use third boundary condition;

κ

c2

R
+
ar2

0

2κ

e
− r2

r20

R

 = −κ′
[
c4K1(γ

R
)

√
G

κ′t

]

ar2
0

2R

[
1− e

−R2

r20

]
= c4K1(γ

R
)

√
Gκ′

t

c4 =
ar2

0

2RK1(γ
R

)

√
t

Gκ′

[
1− e

−R2

r20

]
and fourth boundary condition gives

c1 + c2ln(R) +
ar2

0

4κ
Ei
(
−R

2

r2
0

)
= c4K0(γ

R
) + T0
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c1 = T0 + c4K0(γ
R

)− c2ln(R)− ar2
0

4κ
Ei
(
−R

2

r2
0

)
(4.5)

where γ
R
is R

√
G
κ′t

. If we substitute c2, c4 and put I into c4, equation 4.5 becomes

c1 = T0 +
αPK0(γ

R
)

2πRtK1(γ
R

)

√
t

Gκ′

[
1− e

−R2

r20

]
+

αP

4πtκ

[
2 ln(R)− Ei

(
−R

2

r2
0

)]

If we use Equation 4.3 and 4.4 to see temperature distribution of system by
inserting coefficients, it becomes as shown in Figure 4.2.

Figure 4.2: Results of Solution of Heat Equations for Isotropic Measurement. a)
Demonstration of Temperature Distribution. Red dash circle shows boundary of
hole on which crystal is suspended. Hole radius (R) is 5 µm, thickness of crystal
(t) is 0.65 nm, thermal conductivity of suspended crystal (κ) is 34.5 W/mK,
ratio of thermal conductivity of supported to suspended ones (ξ) is 0.9, half of
the Gaussian beam width (r0) is 0.5 µm, laser power is 0.1 mW, absorbance (α) is
2.7%, thermal transmittance (G) is 50 MW/m2K and ambient temperature (T0)
is 300 K.b) Temperature Profile. It is obtained through white dash line in a.

4.1.2 Analytical Solution For Anistropic Materials

Modifying the method should be needed in order to measure anisotropic thermal
conductivity (κ) through crystal inplane. Gaussian beam laser heats the crystal

33



circularly. Therefore, heat flows through radial direction as shown in Figure 4.3-
a. If the Gaussian beam laser is applied for anisotropic crystals, κ value becomes
average of κ values of distinct directions. Therefore, we have to change laser
beam type for the anisotropy in such a way that temperature gradient is one
dimensional. Z. Luo and his colleagues have proposed using an apparatus [61] to
dissipate heats through only one direction as represented in Figure 4.3-b and c.

a) b) c)

w

l0

Figure 4.3: Radial heat flow and device representation of anisotropic thermal
conductivity measurement system a) Heat flows equally if the crystal is isotropic
through inplane according to thermal conductivity and Gaussian beam hits the
center of the crystal. b) 3D representation of bottom contact device with the
apparatus c) Top view of bottom contact device. h and l0 are half width of
trench and length of crystal respectively

Vacuum environment, 1D Gaussian beam laser and steady-state heat flow are
assumed for solution of heat equation. Two heat equations for suspended and
supported parts are

κ
d2T1(x)

dx2
+q(x) = 0 where q(x) =

Iα

t
exp

(
− x

2

w2
0

)
x < w (4.6)

κ′
d2T2(x)

dx2
−G
t

(T2(x)−T0) = 0 x > w (4.7)

where w is half width of trench, κ and κ′ are thermal conductivity of suspended
and supported parts of the crystal, T1(r) and T2(r) are temperatures in sus-
pended and supported areas, q(x) is heat source, w0 is full width half maximum
of Gaussian beam, I is laser power per unit area (P/πw2

0), α is absorbance of crys-
tal, t is thickness of the crystal, G is thermal transmittance and T0 is ambient
temperature. General solutions of equation 4.6 and 4.7 are;

T1(x) = C1 + C2x−
a
√
πw0

2κ

(
exp

(
− x

2

w2
0

)
w0√
π

+ erf(
x

w0

)x

)
(4.8)
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T2(x) = T0 + C3 exp

(
x

√
G

tκ′

)
+ C4 exp

(
−x
√

G

tκ′

)
(4.9)

where erf is error function. If we consider boundary conditions in order to find
C1,C2,C3 and C4 they are

(i) T2(x→∞) = T0

(ii) dT1(x)
dx

∣∣∣∣
x→0

= 0

(iii) −κ dT1(x)
dx

∣∣∣∣∣
x→w

= −κ′ dT2(x)
dx

∣∣∣∣∣
x→w

(iv) T1(x)

∣∣∣∣
x→w

= T2(x)

∣∣∣∣
x→w

First and second boundary conditions suggest that T2(x) and T1(x) should be
finite when x→ ∞ and x→0 respectively. Third and last boundary conditions
imply continuity of heat flow at the boundaries. Using these conditions, we can
find unknown coefficients. If first boundary condition is used, we get;

C3 = 0 (4.10)

since second term in right side of equation 4.9 goes to infinity as x goes to infinity.
Second boundary condition gives;

dT1(x)

dx

∣∣∣∣
x→0

= C2 −
a
√
πw0

2κ

(
�����������

− 2x

w0

√
π

exp

(
− x

2

w2
0

)
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(
x

w0

)
+
����������2x

w0

√
π

exp

(
− x

2

w2
0

)) ∣∣∣∣
x→0

= 0

dT1(x)

dx

∣∣∣∣
x→0

= C2 −
a
√
πw0

2κ

(
���

���
erf
(
x

w0

)) ∣∣∣∣
x→0

= 0

C2 = 0 (4.11)
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If we use third boundary condition;

−�κ
a
√
πw0

2�κ
erf
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w

w0

)
= −κ′C4

√
G

tκ′
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C4 =
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and fourth boundary condition gives

C1 −
a
√
πw0

2κ
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−w
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)
w0√
π

+ erf(
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w0

)w

)
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tκ′
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+
a
√
πw0
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(
exp

(
−w

2

w2
0
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w0√
π

+ erf(
w

w0

)w

)
(4.13)

If we use Equation 4.6 and 4.7 to see temperature distribution of system by
inserting coefficients, it becomes as shown in Figure 4.4.

4.2 Determination of Temperature Distribution

by FEM

Analytic solution of heat transfer equation exists only for specific shapes (rect-
angle, cylinder or etc.) due to differential equation. However, exfoliated crystals
have random shapes and there is no solution for this random geometries analyti-
cally. We have to apply a numerical method. There are finite difference method
or finite integration method but well known and most common one of numerical
methods for random geometries is Finite Element Method(FEM).
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a) b)

Figure 4.4: Results of Solution of Heat Equations for Anisotropic Measurement
a) Demonstration of Temperature Distribution. Red dash line shows boundary of
hole on which crystal is suspended. Trench size (2w) is 2 µm, crystal length and
width (l0) are 6 µm, thickness of crystal (t) is 0.65 nm, thermal conductivity of
suspended crystal (κ) is 34.5 W/mK, ratio of thermal conductivity of supported
to suspended ones (ξ) is 0.9, half of the Gaussian beam width (r0) is 0.5 µm,
laser power is 0.5 mW, absorbance (α) is 2.7%, thermal transmittance (G) is 50
MW/m2K and ambient temperature (T0) is 300 K.b) Temperature Profile. It is
obtained from a line through vertical direction in a.

Temperature distribution for three different cases will be found in next three
subsections. Although, FEM for the isotropic measurement will be discussed in
first part again, some concepts of FEM will also mention first to be more clear.
Then, anisotropic measurement will be covered.

4.2.1 FEM For Isotropic Materials

Finite element method can be easily explained by that all domain is divided by
small pieces, in which an approximation function is assigned and connected to
domain, and a solution of differential equation as number is found by boundary
condition. However, it is needed more and systematic explanation to understand
mechanism of FEM. Four steps can be defined [62];

• Mesh Domain to Create Subdomains

• Assign An Approximation Function to Subdomains by Mesh Shape
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• Assembling all subdomains in the domain

• Solving the equation of system

Although whole domain doesn’t give a solution in a complex shape, small
specific shapes can give by good approximation and all subdomains can be as-
sembled to obtain total results. There are many shapes for subdomains in 2D
FEM simulation like triangular, rectangular or quadrilateral. Triangular shape
will be focused in remaining part of the thesis.
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Figure 4.5: Demostration of Triangular Mesh Algorithm by MeshPy. a) It assigns
numbers to the corners of triangles counterclockwise in each triangle. b) It assigns
numbers to each corner and each triangle globally for assemble step. Black, blue
and red numbers show corner number in a triangle, triangle number in domain
and corner number in domain respectively. Three assigned numbers and each
coordinates are stored as lists separately and produced by MeshPy as output of
a function automatically.

First, we have to divide our system into subdomains and we need some extra
operations to solve the equation of system. Each corner of triangle should be
labeled by number to add effect of each point to triangle. Moreover, numbers
should also be assigned to triangle to distinguish each one and connect them to
total region. In this way, points contribute to triangles, triangles contribute to
global or solution region. An open source python library (MeshPy) is used to
mesh whole solution region by triangles and it deals with these labeling problems
by distinguish outer points to apply boundary condition as shown in Figure 4.5.
Another essential thing for FEM simulation is to link two regions of crystals, part
on hole and part on substrate; however, the library links two region but does not
distinguish their points and triangles. The source code of MeshPy was modified
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and it can separate two regions according to points and triangles. A result of
crystal mesh after applying MeshPy library to the crystal is shown in Figure 4.6.

a) b)

Figure 4.6: Mesh A Transfered Crystal by MeshPy a) Red line shows transfered
crystal boundary on bottom contact devices b) Result is obtained by MeshPy.
Green area shows pieces of crystal on hole while blue area represents pieces on
substrate.

Next step is to determine approximation function. It is decided by what kind
of shape used in mesh system is and the function gives a solution for subdo-
main approximately. The shape, we use in the thesis, is triangle and the linear
approximation function for triangle can be written as [62, 63];

T (x, y) = a+ bx+ cy (4.14)

The function can be written in higher orders like quadratic or cubic orders as
written in Equations 4.15 and 4.16 (where a,b,c,d,e are coefficient and x,y are
coordinate variables) but this makes calculation for the equation of system harder
in the next steps. Therefore, linear form is preferred.

T (x, y) = a+ bx2 + cy2 + dxy Quadratic Form (4.15)

T (x, y) = a+ bx3 + cx2y + dxy2 + ey3 Cubic Form (4.16)

So far nothing has been done about the heat flow equation but they were all
related to geometry or structure. Relation between structure and the equation
is constructed by energy term. In order to calculate temperature distribution
numerically, energy functional of system instead of Equation 4.1 on suspended
part of crystal can be written as;

W ′ =
1

2

∫∫
S

[
κ∇T 2 − 2Q.T

]
dS (4.17)
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and on supported part instead of Equation 4.2 as;

W ′′ =
1

2

∫∫
S

[
κ∇T 2 − G

t
(T − Ta)2

]
dS (4.18)

W′ and T′ in Equation 4.17 represents energy functional and temperature for sus-
pended part while W′′ and T′′ in Equation 4.18 are for supported part.[64] κ, Q, G,
t and Ta are thermal conductivity, heat source, thermal boundary conductance,
thickness of crystal and ambient temperature respectively. Energy functional is
used to apply calculus of variation for heat flow equation and minimized equation
is found in this way to get a solution from complex geometrical system. [63]

Therefore, third step in FEM simulation begins with these energy functional.
Before beginning, terms in the functional have to be changed since each term
should be redefined in each subdomain. Thus, general formulas become

W ′
e =

1

2

∫∫
S

[
κ∇T 2

e − 2Qe.Te
]
dS (4.19)

and on supported part as [64];

W ′′
e =

1

2

∫∫
S

[
κ∇T 2

e −
G

t
(Te − Tae)2

]
dS (4.20)

Each triangle in domain is called as element in FEM terminologically. There-
fore, subscript ’e’ in We, Te, Qe and Ta,e represents elements in domain since
every elements is connected to domain one by one in next step. In addition to
redefining of functional, unknown coefficients in determined approximation func-
tion have to be determined and then elements can link to domain. Approximation
function can be written in elements as

Te,i = a+ bxi + cyi (4.21)

where subscript e and i are for an element (or a triangle) in domain and one of
three points in this element. If Equation 4.21 can be written in matrix form in
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an element, 
Te,1

Te,2

Te,3

 =


1 x1 y1

1 x2 y2

1 x3 y3



a

b

c

 (4.22)

If first matrix in right side is made inverse and put to left side, unknown values
of a,b and c can be found. These values are substituted into Equation 4.21 for
each point in the element and total temperature relation in the element can be
written as

Te =
3∑
i=1

αi(x, y)Te,i (4.23)

where

α1 =
1

2A
[(x2y3 − x3y2) + (y2 − y3)x+ (x3 − x2)y]

α2 =
1

2A
[(x3y1 − x1y3) + (y3 − y1)x+ (x1 − x3)y]

α3 =
1

2A
[(x1y2 − x2y1) + (y1 − y2)x+ (x2 − x1)y]

A is defined as area of each triangle (or element) in domain and can be found by

A =
1

2
[(x2 − x1)(y3 − y1)− (x3 − x1)(y2 − y1)] (4.25)

We have to find also Qe and Ta,e like Te. Their approximation function also simi-
lar to Te (Q=a

Q
+b

Q
x+c

Q
y and Ta=a

Ta
+b

Ta
x+c

Ta
y) so that their total functions

for an element from points become

Qe =
3∑
i=1

αi(x, y)Qe,i (4.26a)

Tae =
3∑
i=1

αi(x, y)Tae,i (4.26b)

Terms in energy functional were calculated for each elements until now so
Equation 4.23 and Equation 4.26 can be inserted into Equation 4.19 and Equation
4.20 and the functionals become;
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W ′
e =

1

2

3∑
i=1

3∑
j=1

κTe,i

[∫∫
S

∇αi∇αjdS
]
Te,j −

3∑
i=1

3∑
j=1

Te,i

[∫∫
S

αiαjdS

]
Qe,j

(4.27)
and

W ′′
e =

1

2

3∑
i=1

3∑
j=1

{
κTe,i

[∫∫
S

∇αi∇αjdS
]
Te,j +

G

t
Te,i

[∫∫
S

αiαjdS

]
Te,j

−2
G

t
Te,i

[∫∫
S

αiαjdS

]
Tae,j

G

t
Tae,i

[∫∫
S

dS

]
Tae,j

} (4.28)

The integrals can be defined as

Ce
ij =

∫∫
S

∇αi∇αjdS and De
ij =

∫∫
S

αiαjdS (4.29)

In this way, Equation 4.27 and Equation 4.28 can be written, to help write
code especially, in matrix form as

W ′
e =

1

2
κ[Te]

t[Ce][Te]− [Te]
t[De][Qe] (4.30a)

W ′′
e =

1

2
κ[Te]

t[Ce][Te] +
G

2t
[Te]

t[De][Te]−
G

t
[Te]

t[De][Tae] +
G

2t
[Tae]

t[De][Tae]

(4.30b)

If what have been done so far are summarized, the domain was meshed, ap-
proximation function in subdomain was determined by meshing geometry, the
energy functionals were written for two heat flow equations in order to deter-
mine governed equations in FEM simulation by minimum energy principles and
total approximation functions in elements were substituted into the funtionals.
Therefore, first two steps and half of third step mentioned in beginning of section
were done. Remaining part is so crucial to write code and to figure out operation
of FEM simulation. Relations in Equation 4.29 will be determined for elements
first and then they will be assembled in domain (or all solution area). Ce

ij, (and
similarly De

ij,) can be written in matrix as[62]

[Ce] =


Ce

11 Ce
12 Ce

13

Ce
21 Ce

22 Ce
23

Ce
31 Ce

32 Ce
33


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and each term can be calculated by each triangle (or element). For instance, Ce
23

is calculated as

Ce
23 =

∫∫
S

∇α2∇α3dS

=
1

4A2
[(y3 − y1)(y1 − y2) + (x1 − x3)(x2 − x1)]

∫∫
S

dS

=
1

4A
[(y3 − y1)(y1 − y2) + (x1 − x3)(x2 − x1)]

or C22 as

Ce
22 =

∫∫
S

∇α2∇α2dS

=
1

4A2
[(y3 − y1)2 + (x3 − x1)2]

∫∫
S

dS

=
1

4A
[(y3 − y1)2 + (x3 − x1)2]

Therefore, Ce
ij can be generalized as

Ce
ij =

1

4A
(PiPj +QiQj) (4.31)

if P and Q are defined as [62]

Pi = (yj − yk) , Qi = (xk − xj) (4.32)

The number i,j and k is determined by an order in Equation 4.32. If i is 1,
j and k become 2 and 3. If i is 3, j and k become 1 and 2 respectively. This
generalization helps to calculate Cij matrix easily in code. Finding a generalized
expression for De

ij is not easy so it is better to give expression directly [62]

De
ij =

A/12, i 6= j

A/6, i = j
(4.33)

All mesh pieces can now be put together. Assembling is done by corner number
in domain and other assigned numbers help to determine links between corners.
Two triangles in a domain will be used, as shown in Figure 4.7, to facilitate
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Figure 4.7: Example of A Simple Domain which Consists of Two Triangle. Black,
blue and red numbers show corner number in a triangle, triangle number in
domain and corner number in domain respectively.

explaining and understanding assemble. [C] matrix can be written as

[C] =


C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44


and each Cij can be found by link between i and j corner in domain. For instance,
C24 represents a link between 2 and 4 in domain (red numbers). C42 represents
also same link so they must have a same value. Moreover, link consists of corner
2-3 in first triangle and corner 1-3 in second triangle (black number). C1

23 and
C2

13 are found in triangle 1 and 2 (superscript shows triangle number in domain)
by Equation 4.31 and C24 (and C42) can be found as

C24 = C42 = C1
23 + C2

13

C11 and C44 represent corner 1 (not a link) of first triangle and third corner of
both triangles. Therefore,they can be found as

C11 = C1
11, C44 = C1

33 + C2
33

However, there is no connection between corner 1 and corner 3 in domain (red
numbers) so

C13 = C31 = 0

Remaining parts is found as below

C12 = C21 = C1
12, C32 = C2

12, C33 = C2
22

C22 = C1
22 + C2

11, C41 = C1
13, C43 = C2

23
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a) b)

Figure 4.8: FEM Results for Isotropic Measurement a)Temperature distribution
of FEM result. Parameters of simulation and analytic results are as follows;
radius of hole is 2 µm thickness of crystal (t) is 0.65 nm, thermal conductivity of
suspended crystal (κ) is 34.5 W/mK, ratio of thermal conductivity of supported
to suspended ones (ξ) is 0.9, half of the Gaussian beam width (r0) is 0.5 µm,
laser power is 0.5 mW, absorbance (α) is 2.7%, thermal transmittance (G) is 50
MW/m2K and ambient temperature (T0) is 300 K. b) Comparison of Analytical
Solution and FEM Result. Temperature profiles are obtained by data through
white dash line in a.

Last duty in FEM is to solve general functions in Equation 4.27 and 4.28 and
find a temperature expression (Te) for each triangle corner. If energy functionals
are minimized by considering calculus of variation, Te can be found. First find-
ing expression for T1 and generalizing the results makes the calculation easier.
Therefore, minimized energy functional in suspended part for T1 is

∂W

∂T1

=
∂

∂T1

(
n∑
e=1

W e

)
=
∂W 1

∂T1

=
∂

∂T1

[κ (T1C11T1 + T1C12T2 + T1C13T3

+T1C14T4)− (T1D11Q1 + T1D12Q2 + T1D13Q3

+T1D14Q4 + T2D21Q1....)] = 0

and this gives

T1 = − 1

Ckk
(C12T2 + C13T3 + C14T4) +

1

κC11

(D11Q1 +D12Q2 +D13Q3 +D14Q4)

so if it is generalized, solution of T for suspended part becomes

Tk = − 1

Ckk

n∑
i=1,i 6=k

TiCki +
1

κCkk

n∑
i=1

QiDki (4.34)
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In the same way, T in supported part by Equation 4.28 becomes

Tk = − 1

Ckk + G
tκ′
Dkk

n∑
i=1,i 6=k

CikTi −
1

tκ′

G
Ckk +Dkk

n∑
i=1,i 6=k

DikTi

+
1

tκ′

G
Ckk +Dkk

n∑
i=1

DikTa,i

(4.35)

If we use same parameters which are used in analytic analysis with same crystal
structures and assume laser beam is Gaussian shape and parked in the center of
suspended part of crystal (or on the center of hole) again, FEM gives result as
similar as what analytic solution gives as shown in Figure 4.8.

4.2.2 FEM For Anisotropic Materials

So far, suspended part of the crystal stays on a predrilled circular hole in FEM
calculations. However, the crystal is on a trench in the anisotropic measurements.
Although analytic problem is different for isotropic and anisotropic cases, same
energy functional in Equation 4.18 and 4.17 can be used in FEM calculation in
anistropic situation. Only change exists in source formula. Radial direction was
used for Gaussian beam but x (y) direction for vertical (horizontal) trench is used
here since problem converts a 1D problem. After implementing new source into
FEM equation, simulation results become as shown in Figure 4.9
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a) b)

Figure 4.9: FEM Results for Anisotropic Measurement a)Temperature distribu-
tion of FEM result. Parameters of simulation and analytic results are as follows;
trench width (2w) is 2 µm, thickness of crystal (t) is 0.65 nm, length of crystal
(l0) is 6 µm, thermal conductivity of suspended crystal (κ) is 34.5 W/mK, ratio
of thermal conductivity of supported to suspended ones (ξ) is 0.9, half of the
Gaussian beam width (r0) is 0.5 µm, laser power is 0.5 mW, absorbance (α) is
2.7%, thermal transmittance (G) is 50 MW/m2K and ambient temperature (T0)
is 300 K. b) Comparison of Analytical Solution and FEM Result. Temperature
profiles are obtained from vertical direction in a.
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Chapter 5

Result and Discussion

In the previous chapters, we have discussed how the new method works, how de-
vices are produced for the measurement, and how resistance can give the thermal
conductivity (TC) values of materials after showing solutions needed in the anal-
ysis for two configuration. However, we also have to specify whether the method
gives a unique solution or not before yielding results since a resistance change
might be obtained by more than one κ values in solutions. Therefore, the simula-
tion with analytic counterpart was run for κ values from 1 to 100 W/mK (others
are same with ones in previous chapter) and results are in Figure 5.1. Resistance
differences (∆R) between laser on and off states changes when TC changes and
TC values give only one ∆R. The reason is that TC changes temperature dis-
tribution such that temperature of each point in hole decreases (increases) when
TC is chosen as larger (smaller) than previous value as demonstrated in Figure
5.1-b. Therefore, finding ∆R by adjusting TC gives the actual TC value of the
material.

However, ∆R differences between analytic and FEM results can be seen also.
Variation is caused by ∆R calculation in FEM simulation. Triangles was used to
mesh solution domain in FEM as shown in Figure 5.2-a. After finding temperature
distribution and temperature dependent resistivity, equivalent resistance along
the crystal have to be calculated in order to find ∆R. For that, the solution
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Figure 5.1: Proofs of Unique Solution by Analytic Solution and FEM Results
a) The graphic shows that each TC value corresponds to only one ∆R so the
solution is unique. b) Temperature profile for different TC values (κ) gives the
reason of uniqueness as temperature distribution in each point decreases when
TC increases. Pink area is from supported parts of crystal and yellow area is the
part on hole.

area is divided by strips (black solid line in Figure 5.2-a), triangle corners in
each strip are determined, distances between corners are calculated, resistivity is
converted resistance by finding cross section area and accepting length as strip
length. Finally equivalent resistance is found by the method of calculating the
circuits equivalent resistance in mixed resistor circuits, mentioned previously,
and the value is subtracted to the crystal initial resistance in order to find ∆R.
Although accuracy in these calculations depends on higher number of triangles
and strips; triangulation, calculation of parameters needed in each point and
iteration of matrix in FEM simulation make running it with high number of points
impossible with a limits of a computer memory. Highest number of elements
(triangles) is ∼ 11000. If the same number of strips and lower in analytic solution
were used, analytic ∆R changed also since probably number of strips was not
enough to accurately find temperature distribution and resistance differences.
This gives us maximum error margin as 17 % around 8 W/mK. This error can be
eliminated by using more powerful computer system. Furthermore, if temperature
distribution is checked in same TC range, FEM and analytic solution give same
results as shown in Figure 5.2-b so that there is no need to suspect temperature
distribution variation for the differences in ∆R.

Therefore, we have to change analysis method to obtain more reliable results.
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Figure 5.2: Mesh and Strip in FEM and Comparison of Tmax a) A mesh-strip
mechanism shows how to mesh a domain and divide by strips in FEM in order
to calculate equivalent resistance after finding temperature distribution. Black
line is for strip and blue shows triangles. b) TC values from 1 to 100 W/mK
give same results in FEM and analytic solution so that FEM can be used in wide
range of TC to find temperature distribution exactly.

If temperature distribution in hole area is considered, the reliability problem can
be solved. Temperatures on supported parts of crystals (pieces on wafer) are equal
to ambient temperature for different parameter configuration simply as shown in
Figure 5.1-b. Different laser power, absorbance or crystal thickness also give the
same result. Hence, temperature of supported parts can be assumed as ambient
temperature directly and analytic solution for suspended parts can be used since
there is a solution of heat equation for hole area by symmetry. This strategy
makes calculation faster but a new meshing method is needed to utilize symmetry
for resistance calculation also. Therefore, all domain is divided by square via a
code written by ourselves in python. A length of squares is determined as equal to
thickness of crystals so that they are divided by cubic structure in 3D. This makes
temperature dependent resistance calculation possible without resistivity since
length and width are same so that they are canceled each other in calculation.
Moreover, number of elements can be ∼190000 and does not create not-enough-
memory error so the problem about the number was be solved in this way.

∆R ' IpcR
2

Vbias
(5.1)
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a) b)

c) d)

Figure 5.3: Photocurrent Measurement with Crystal Image a) The image shows
a TaS2 crystal used in SPCM. Scale bar is 5 µm. b) Reflection map is taken
in SPCM to comment on photocurrent result easily. c) A photocurrent map by
applying 50 mV bias to the crystal shows variation along the crystal and helps to
obtain ∆R value from center of hole. d) Photocurrent profile is taken from red
dash line in photocurrent map.

In the measurement, we have found resistance differences from scanning pho-
tocurrent microscopy (SPCM) to increase accuracy experimentally. SPCM makes
the measurement easier due to three purposes. Firstly, it can give ∆R directly as
shown in Equation 5.1 where Ipc and Vbias are photocurrent and applied voltage
to the crystal. (Derivation of equation can be found in Appendix B) Secondly,
SPCM is a scanning technique so it collects data from each point. If any damage
or ripple exists on the crystal, SPCM shows it so that crystal quality can be de-
termined. Thirdly, we can ensure that laser is parked in the center of hole due to
SPCM since the experiment has to be performed in that place in order to obtain
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equal radial temperature distribution due to radial symmetry. Many photocur-
rent values with reflection map by moving laser spot are collected in SPCM and
∆R value (from photocurrent) in the center is taken to calculate TC from these
data set.

Figure 5.3 demonstrates such SPCM measurement as an example. The crystal
is TaS2 and was transferred on hole after exfoliation. Figure 5.3-c shows that
higher resistance around contacts and holes as expected. Moreover, figure 5.3-d
proves radial symmetry experimentally. Photocurrent values around center of
hole are same and decreases at the edge of hole and then becomes almost zero
due to cooling role of SiO2 as heat sink as we found in the simulations.

After performing the experiments on 2H-TaS2 devices whose thicknesses are
around 30 nm, some parameters were needed to run analytic solution. Absorbance
value of TaS2 at that thickness, laser power, Gaussian beam radius for each mea-
surement (since it might change because of laser focus) and thermal transmittance
between SiO2 and 2D materials have to be known in order to find temperature
distribution. Absorbance was found as 33 % via our optical setup and laser
power values were recorded during experiments as from 40 µW to 225 µW. Gaus-
sian radii were found by curve fitting of numerical derivative data of reflection
and determined from 0.7 µm to 0.9 µm. Thermal transmittance was deduced
as 50 MW/m2K by literature review.[8, 7] 2H-TaS2 is a metallic material so we
should determine ∆R by temperature dependency relation of resistance in metals.
Thus, temperature coefficient is required and found in the literature as ∼0.00303
K1 .[65, 66]

Then, TC value of TaS2 was determined as 9.55±1.27 W/mK for the first time.
Figure 5.4 shows one of these crystals. Gaussian beam radius is taken as average
of two different values since radius changes with laser focus and average radius
value is estimated as radius on the center of hole. TC value of the sample is found
as 9.39 W/mK. These values are expected since TC of 1T-TaS2 and 2H-TaSe2

are 5 W/mK and 15 W/mK at room temperature.[67] If Wiedemann-Franz law is
applied to 2H-TaS2 at room temperature, κ can be estimated as ∼6.5-8.5 W/mK.
These values support also our findings. Therefore, the results suggest that the
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resistance based TC measurement method is promising for 2D materials.

As future work, air cooling effect can be added to calculations in order to
increase accuracy also. Moreover, we hope that this new method will pave the
way for thermal conductivity measurement on many 2D materials so that new
thermoelectric materials and heat dissipation applications can be designed.
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Figure 5.4: Thermal Conductivity Measurement Results a) Crystal image in
electron microscope. Red line shows crystal edge. Scale bar is 10 µm. b) Finding
Gaussian beam radius. A horizontal data, passing through contact and wafer, was
taken from reflection map and it was differentiated numerically. Then Gaussian
equation was used for curve fit. r0 values in legend show values of Gaussian beam
radius. c) Thermal conductivity fitting. TC values corresponding to measured
∆R are found by running codes in a TC value range.
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Appendix A

Relation Between κ and Raman

Shift

The thermal conductivity, κ, of a material is the property of its ability to con-
duct heat and is usually introduced through Fourier’s law for heat conduction.
Fourier’s law is written as:

~q = −κ ~∇T

q =
Q

A t

(A.1)

where q is local heat flux (amount of energy that flows through a unit area per
unit time), κ is thermal conductivity, ∇T is local temperature gradient, A is area
and t is elapsed time for measurement. If this equation is written in differential
form;

∂Q

∂t
= −κ

∮
∇T.dS (A.2)

If thermal conductivity is taken to the left side, the expression becomes;

κ =
1

A

∂Q/∂t

∂T
=

L

2A

∆P

∆T
(A.3)
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In the denominator, 2 comes from conversion of radial heat wave to planer heat
wave since calculation was done radially first, as said in Balandin et al. paper
[23]. We want to measure temperature dependent Raman peak. Therefore, we
need changing peak position depending on temperature and it is;

ω = ω0 + χT .T ⇒ ∆T = ∆ω/χT (A.4)

If we insert that result into Equation A.3, the relation becomes;

κ = χT
L

2hW

∂P

∂ω
(A.5)

where L, h, W are length, thickness and width of the crystal respectively.
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Appendix B

Relation Between Ipc and ∆R

Photocurrent(Ipc) is created by excitation of laser beam and it can be defined as
current created by photon interaction. It is equal to current differences between
laser on and off state like

Ipc = Ion − Ioff (B.1)

If the currents are written in a voltage-resistance form due to Ohms law

Ipc =
Vbias

R + ∆R
− Vbias

R
(B.2)

where R is crystal resistance in laser-off state, Vbias is applied voltage and ∆R is
resistance change due to laser heating. We need to ∆R in order to find thermal
conductivity value (κ) of the crystals. Therefore, the equation becomes

Ipc =
Vbias∆R

R(R + ∆R)
(B.3)

If R inside the parenthesis in denominator is brought outside, it becomes
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Ipc =
Vbias∆R

R2
(

1 +
�
�∆R
R

) (B.4)

since ∆R is very smaller than R, it can be canceled in denominator. Then, ∆R
can be found as

∆R ' IpcR
2

Vbias
(B.5)
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