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ABSTRACT

LINEARIZED HARMONIC METHODS FOR UNSTEADY AIRFOIL
SIMULATIONS

Senkardegler, Mert
M.S., Department of Mechanical Engineering
Supervisor: Assist. Prof. Dr. Ozgiir Ugras Baran
Co-Supervisor: Prof. Dr. Ender Cigeroglu

August 2023, pages

Airfoils, subjected to continuous transient motions, encounter cyclical disturbances
such as pitching and plunging motions and mechanical vibrations. Conventional
methods for examining these disturbances rely on computationally demanding tem-
poral domain solvers. These approaches often require multiple runs for fluid-structure

coupling, further amplifying their inefficiency.

This research addresses these issues by reframing the compressible flow equations
into the complex domain, synchronizing them with standard complex variable formu-
lations of the vibration problems in the structural domain. The study retools the har-
monic method—previously used in turbomachinery analyses—to investigate cyclical
disturbances over airfoils. The proposed complex-variable-based method offers a
highly efficient solution, capturing frequency, phase, and amplitude information, thus

facilitating fluid-structure interactions.

By utilizing this advanced approach, solution speeds are accelerated by two to three

orders of magnitude compared to traditional methods. This reduction in computa-



tional time paves the way for more in-depth airfoil performance analysis under var-
ied conditions. The proposed method had been tested on unsteady problems with
NACAO012 and NACA64A010 airfoils where in the case of former, the results matched
with the experimental findings. Further testing is done on the NACAO12 airfoil on
canonical flutter test case. Testing confirms the accuracy of the method, demonstrat-

ing its potential for practical applications in airfoil design and analysis.

Keywords: CFD, Compressible Flow, Harmonic Method, Vibration, Airfoil

vi



0z

HAREKETLI KANAT ANALIZLERI iCiN DOGRUSAL HARMONIK
METODLAR

Senkardegler, Mert
Yiiksek Lisans, Makina Miihendisligi Boliimii

Tez Yoneticisi: Dr. Ogr. Uyesi. Ozgiir Ugras Baran
Ortak Tez Yoneticisi: Prof. Dr. Ender Cigeroglu

Agustos 2023 ,[100| sayfa

Siireklilik gosteren gecici hareketlere maruz kalan kanatlar, salinimli ve dalgalanma
hareketleri ve mekanik titresimler gibi dongiisel hareket davranisi gosterirler. Bu ha-
reketleri incelemek i¢in geleneksel yontemler, hesaplama yogunlugu yiiksek olan za-
mansal ¢oziiciiler kullanmaktadirlar. Bu yaklasimlar genellikle sivi-yap1 baglantisini
saglamak icin birden fazla c¢oziicii iterasyonu gerektirmekte ve bu da gereken islem

giicti miktarin1 daha da artirmaktadir.

Bu aragtirma, bu sorunlar1 ele almak icin sikistirilabilir akis denklemlerini komp-
leks uzaya cevirip orada ¢ozerek ve bunlar1 yapisal titresim metodlarinin standart
kompleks degisken formiilasyonlariyla senkronize ederek ¢oziim bulmaktadir. Ca-
lisma, kanat profilinin iizerindeki dongiisel hareketleri incelemek i¢in turbomakineler
analizinde daha once kullanilan harmonik yontemi, eldeki problem i¢in yeniden uyar-
lamaktadir. Onerilen kompleks uzay tabanli yontem, frekans, faz ve genlik bilgilerini
yakalayan ve boylece sivi-yapi etkilesimlerini kolaylastiran yiiksek derecede verimli

bir ¢oziim sunmaktadir.
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Bu yaklagimi kullanarak, ¢6ziim hizlari, geleneksel yontemlere gore radikal olarak
hizlandirilabilmektedir. Bu verimlilik ve hesap maliyetindeki gelisme, daha ayrintili
kanat profil performans analizlerinin 6niinii agmaktadir. Titiz testler, ¢coziimiin dog-
rulugunu onaylayici niteliktedir ve kanat profil tasarimi ve analizi uygulamalarinda

kullanim i¢in gelecek vaat etmektedir.

Anahtar Kelimeler: HAD, Harmonik, titresim, kanat, Cirpinti
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CHAPTER 1

INTRODUCTION

The aeronautic and aerospace industries heavily rely on Computational Fluid Dy-
namics (CFD) for essential design and analysis tasks. The advances in computational
power making CFD solvers increasingly compelling, there is an ongoing need for

sophisticated computational resources to handle complex, unsteady phenomena.

This work specifically concentrates on unsteady phenomena that exhibit periodic be-
havior in time. By leveraging this periodicity, time-dependent flow equations can be

transformed into time-independent equations within the frequency domain.

The relevance of this approach extends to various industrial applications, including
those involving aerodynamic components like airfoils and aircraft wings. A signif-
icant example is flutter, a destructive vibration arising from the interplay of aerody-
namic, structural, and inertial forces. Flutter is crucial in aircraft wing design and

analysis as it can lead to significant structural damage.

Flutter is a type of fluid-structure interaction (FSI) where the solid domain (the air-
foil) and the fluid domain are intimately interconnected. Such interaction requires an
iterative solution for both domains, as changes in one directly impact the other. In the
flutter context, the airfoil’s unsteady motion necessitates a computationally intensive
unsteady solution, further complicated by the need for multiple solutions correspond-
ing to each updated structure. Thus, accurately simulating flutter through FSI involves

substantial computational demand.

The common way of solving flutter problems is to obtain a unsteady CFD solution, in
time domain, using time accurate time marching CFD methods [4]. Time-accurate

methods in computational fluid dynamics (CFD) employ a semi-discrete form of



equations, where space is discretized while time remains continuous. This approach,
known as the method of lines, captures the entirety of fluid flow linearity and non-
linearity, obtaining accurate, but rather expensive solutions. However, in our case
where the aircraft wing’s motion is periodic, it can be proposed that there must be a
way to use this to reduce computational expense. A similar approach had been pro-
posed, and developed by Arash (2017) [1]], albeit in a different unsteady flow problem

involving turbomachinaries.

By shifting the problem into the frequency domain, computational cost becomes time-
independent, resulting in more efficient numerical solutions. In his work, Arash pro-
posed [1]], converting the problem from the time domain, into frequency domain,
solving it there, and converting back to time domain at the end, would exponentially
decrease the computational expense of the solution. It had also been mentioned by
Mitchell in his PHD thesis [5] that, in unsteady time marching simulations where the
desired phenemona is periodic in behavior, 95% of the total simulation time is spent
on initial transient case before the unsteady solution converges to its final oscillatory
phase, as it is shown in figure[I.1] This initial transient case is irrelevant to our desired

end solution.
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Figure 1.1: Time marching simulation on periodic problem [1]]

It can be suggested that if long initial transient is such a big problem, why not in-
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crease the time step of the time marching solver, so that less iterations are spent there.
However the issue here is that it is desired to capture the final periodic behavior of the
unsteady system, and in order to capture it the time step must be sufficiently small to

detect the periodic unsteadiness of the final system.

Property

one period

————————————————

=
>

time

Figure 1.2: Time steps to get harmonic solution [1]]

As shown in figure[T.2] the timesteps should be sufficiently small to accurately detech
the periodic unsteadyness of the solution, where too large of a timestep would lead to
difficulties in capturing the overal behaviour. This limitation on time step size leads
to the previous findings leading to time marching methods wasting 95 percent of their

time solving the irrelevant parts of the unsteady solution.

Therefore a better method of approaching these problems, where the unsteadiness
is peripodic in time, is to transform the problem from time domain into frequency
domain, and convert the obtained frequency domain solution back into time domain at
the end. The proposed method for this transformation is to linearize the unsteadiness
of the flow, around the mean state of the flow. Solve the steady state and harmonic
perturbation component seperately, combining them at the end. This approach would
directly solve for the desired harmonic unsteady response of the system, not wasting

any compute on the transient part.

Oscilating airfoil problems share similarities with the turbomachinary problems, in

that they are also undergoing harmonic unsteady perturbations, allowing the use of



the mentioned frequency domain solution approach. Given a harmonic oscillation of
a airfoil, or any other component in an external flow problem, it is possible to de-
compose the problem into mean and perturbation parts, and solve for both separately
directly obtaining the desired unsteady harmonic response of the system. The method
also has the advantage that harmonic perturbation solver essentially is a steady state
solver, acting on a larger set of perturbed conserved variables, where the formulation
allows for implicit time marching schemes resulting in substantially faster conver-

gence times.

Overall the motivation behind this paper is to derive and implement a linearized har-
monic solver, showcasing the potential of frequency-domain solutions and modern
computational techniques to analyze computationally expensive unsteady flow phe-

nomena such as flutter.

1.1 Historical Development and Basic Concept of the Linearized Harmonic

Method

The method utilized in this paper, the linearized harmonic method, is developed in
70s by Ni, R. H. and Sisto, F. [6]. The method was originally used on potential flow
solvers. Hall later founded the use of linearized harmonic method on turbomachinary
solutions. [7] The method first implemented on 2d harmonic problems, focusing on

channel and turbomachinery flows.

The Linearized Harmonic (LH) method is premised on the decomposition of unsteady
variables into a steady mean part and a harmonic perturbation. This can be repre-

sented as:

X = Xmecm + Xperturbation

The crux of this approach lies in substituting the mean solution with a steady one,
leading to a system where steady-state and first-order disturbance systems are de-
coupled and can be independently solved. The steady-state system, reliant solely on

steady variables, is solved independently, while the disturbance system, dependent

4



on both steady and disturbance variables, is solved once the steady solution is deter-

mined.

In this method, although the mean solution influences the disturbance solution, the
converse is not true, allowing for separate handling of multiple disturbances and sub-
sequent superposition of solutions. The disturbance solution is solved in the fre-
quency domain, encapsulating all potential flow states in the time domain through
its amplitude, phase, and frequency components. Thus, the LH method systemati-
cally handles and solves unsteady variables by decoupling, independent solving, and

subsequent assembly of steady and perturbed variables.

1.2 Applications and Limitations of the Linearized Harmonic Method

The Linearized Harmonic (LH) method has been significantly applied to flow prob-
lems involving turbomachinery cascades [8]] [9]. In such scenarios, harmonic dis-
turbance arises due to rotor-stator interaction, creating periodic pressure fluctuations
or waves. The frequency of these fluctuations corresponds to a harmonic of the ro-
tor’s rotational frequency and may cause various interference effects, including shock
wave interactions and boundary layer transitions. These disturbances propagate up-
stream and downstream, influencing the entire flow field and potentially inducing

blade flutter, a significant issue for turbomachinery design.

However, the LH method has drawbacks. Notably, it equates the steady flow with the
mean flow, thus neglecting any effects the perturbations might have on the mean state
of the flow. This assumption produces noticeable errors, particularly in the presence

of large flow perturbations.

To address this, Ning and He proposed a Nonlinear Harmonic method [10]. This tech-
nique employs a time-averaged flow field as the basis for the harmonic perturbations,
accommodating the nonlinear effects of unsteadiness on the time-averaged flow. Al-
though more computationally intensive than the LH method (by a factor of 1.6 [10]),
it remains significantly faster than conventional time-marching methods [11] [12],
while keep being accurate in cases where linearized harmonic methods would have

trouble [[13]]. The non-linear harmonic (NLH) method serves as a solution to the lim-



itations seen in the Linearized Harmonic Approach.

1.3 Advancement Towards the Harmonic Balance Technique and Aeroelastic

Applications

In his landmark paper, Hall expanded upon the idea of the Linearized Harmonic
method, introducing the Harmonic Balance technique [14]. This method, designed
for modeling unsteady, nonlinear flows in turbomachinery, employs Fourier series to
represent flow conservation variables that are periodic in time. This concept hinges on
many turbomachinery flows being periodic. By representing unsteady flow variables
as a Fourier series in time, Hall derived a harmonic balance form of the governing

Euler or Navier-Stokes flow equations.

The Harmonic Balance technique differs significantly from previous time-domain and
frequency-domain approaches. The time-domain technique uses Computational Fluid
Dynamics (CFD) to discretize flow equations and march the solution across time lev-
els. Despite being able to model both linear and nonlinear disturbances, this method
requires small time steps for accuracy and stability, leading to extensive computa-
tional times. The frequency-domain or time-linearized technique calculates the time-
averaged (steady) flow first and then linearizes the governing flow equations around

this mean flow. However, this method fails to model dynamic nonlinearities.

Hall’s method merges the strengths of these two techniques, capturing both linear and
nonlinear disturbances like the time-domain method, and achieving computational

efficiency similar to the frequency-domain approach.

While harmonic methods have primarily been used for turbomachinery problems,
they are also suitable for analyzing unsteady flows of airfoil structures, as demon-
strated by Thomas and Dowell [[15]]. Earlier studies involved flutter analysis on 2d
airfoils, later expanded in use to 3d simulations [[16] This approach succesfully mod-
els the unsteady aerodynamic forces caused by airfoil oscillation, allowing aeroelas-
tic (fluid-structure interaction) analysis when combined with an appropriate structural
model. HB provides more accurate results even when compared to Non-Linear har-

monic method, but its computational cost is much higher, making it impractical for

6



anything but validation runs.

One such is can be found where the harmonic balance technique is applied to model
the F-16 fighter aircraft’s limit cycle oscillation behavior [17]. A nonlinear frequency-
domain harmonic method was used to assess the aircraft’s flutter onset Mach number

and subsequent dynamic response.

More recent research, such as a study by Howison [[18], employs the Harmonic Bal-
ance technique to model unsteady airflow behavior around wind turbines. This work,
the first to use the Harmonic Balance method in a wind turbine aeroelastic model,

contributes a novel approach to the analysis of unsteady wind turbine aerodynamics.

In the general case for aeroelasticity problems concerning airfoils, the most recent
works involve one shot method using Harmonic balance method by Ekici [19] A
Fixed Point Iteration scheme along with harmonic flow solver [20]. In the proposed
fixed point iteration scheme, for a given initial guess, the method computes the aero-
dynamic forces using the harmonic balance flow solver. These forces are then used to
solve the aeroelastic equations with the Newton-Raphson method, yielding updated
aeroelastic states. These updated states are then used as the input for the next itera-
tion of the harmonic balance solver. This loop continues until convergence is reached,
meaning that the aeroelastic states no longer change significantly between iterations.
The methodology has been demonstrated on a benchmark transonic airfoil aeroelastic

configuration, focusing on aeroelastic issues like flutter.



1.4 Current Work

The primary goal of this research is to create an efficient, Fluid-Structure Interaction
(FSI) enabled Linearized Harmonic (LH) Euler solver, ultimately to use it on external
compressible flows with oscillating wings in fixed-wing aircraft, thereby addressing

the need for a practical, cost-effective method to predict flutter speed.

In the current state of art, unsteady harmonic external flow simulations either imple-
ment time-accurate time marching methods in the time domain, or utilize harmonic
balance technique. Former is too computationally expensive, rendering it useless on
anything other than research endeavors. Although the latter is much more efficient
than time-marching methods, it still is orders of magnitudes more expensive than lin-
earized harmonic methods. It had been developed to solve issues in the domain of
turbomachinary, where the method shows its strength, and its trade-offs are justified.
The current proposed work, utilizes the latest works on linearized harmonic methods,

which is done by Arash (2022) [21]].

iyl

!
T
[
|
m

|

L A
|
l

|
il

(a) Turbomachinery Problem Domain (b) Airfoil Problem Domain

[21]

Figure 1.3: Flow Problem Domain Comparison

External flow airfoil problems pose significant advantages for linearized harmonic
methods, differing significantly from turbomachinary problems as shown in figure
[[.3] The flow domain substantially bigger and the disturbances are introduced from
the airfoil surface instead of inlet and outlet boundaries. This leads a flow solution
where the perturbations have significant effect only in regions very close to the airfoil
body, where most of the flow domain is comparable unaltered. This means that, effec-

tive harmonic problem domain, is orders of magnitudes smaller than what the mesh



would suggest. The fact that we are mostly interested in flow results near the airfoil
boundary surfaces further amplifies this effect, overall making harmonic solution sig-
nificantly cheaper than the steady state mean flow solution. The steady state can be
calculated only once, and then be used on multiple harmonic solutions with minimal
cost. This advantage is completely negated when harmonic balance technique is uti-
lized, since its implementation doesn’t decompose unsteady flow into its steady and
perturbing parts. The use of linearized harmonic methods, on external flow problems

such as flutter, is overlooked, necessitating a revisit.

This research includes comprehensive revisit of the CFD theory, derivation, and im-
plementation, later utilizing similar ideas to implement Linearized Harmonic numer-
ical scheme for compressible flow simulations. It will delve into the fundamentals of
compressible Euler equations, their discretization through the finite volume method,
and the use of conserved flow variables. Later introducing complex flow variables
and their conservation relations, and how they are implemented in complex domain
conservative compressible flow governing equations. The work includes open forms
of the underlying governing equations and their revised forms for seamless numerical
implementation. This work, builds on top of the work done by Arash [21] where the
governing equations are implemented used Steger-Warming-based flux vector split-
ting method [22] differing from other work in the literature of harmonic CFD meth-
ods, where use of central schemes such as Lax-Friedrich [23]] are the norm. Formu-
lations and implementation the harmonically oscillating moving wall boundaries are
also provided, where different components in governing equations are discussed in

detail.

The proposed method and boundary conditions are tested and validated, where their
results are compared with experimental and analytical data. The validation test cases
involve, unsteady aerodynamics cases for NACA0O12 and NACA64A010 airfoils where
experimental results are available in literature, NACAQO12 being the defacto airfoil
for flutter testing, with freely available experimental results [24]. After validating the
proposed implementation, it had been used on canonical 2D vibration airfoil flutter
case, where the results are compared with analytical predictions of Theodersen the-
ory. In the flutter simulation runs, efficiency and the accuracy of the proposed method

is successfully showcased.



1.5 The Outline

Chapter 1 - Introduction: This chapter lays the groundwork for the entire thesis by
providing background information, outlining the problem statement, proposing meth-
ods and models to tackle the issue at hand, and presenting the unique contributions

and novelties of this study.

Chapter 2 - Background on Euler Equations: An in-depth review of the Euler equa-
tions is presented, including its tensor and vector notations, and the integral form
of the governing equations. The chapter then transitions into discussing how these
equations are discretized for the Finite Volume Method. Overall purpose is to prop-
erly look through all the procedures in implementing a CFD solver, which will prove

to be useful when we will do the same with implementing harmonic method.

Chapter 3 - Linearized Harmonic Method for Euler Equations: Building on the back-
ground established in the previous chapter, this chapter introduces the theory of the
Linearized Harmonic Method, including the formulation of major perturbed flow vari-
ables. The discretization of harmonic governing equations is discussed, as well as the
theory for boundary conditions. The chapter concludes with an outline of the numeric

implementation of the linearized harmonic method.

Chapter 4 - Flutter Analysis via Harmonic Method: This chapter leverages the con-
cepts from earlier sections to present a comprehensive approach to flutter analysis
using the harmonic method. An iterative solution strategy, in this case, Newton’s
method, is outlined, with a specific focus on its application for a 2-degree of freedom

airfoil.

Chapter 5 - Results and Discussions: The penultimate chapter presents the results and
discussions from the application of methods described in earlier chapters. Various
scenarios, including the pseudo steady state lift predictions, unsteady aerodynamics

for a pitching airfoil, 2D flutter speed predictions, are presented and discussed.

Chapter 6 - Conclusion and Future Work: The final chapter will summarize the find-
ings and contributions of this research. It will also discuss the implications of the

results and suggest future research directions.
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CHAPTER 2

BACKGROUND ON EULER EQUATIONS FOR CFD

The core equations governing a compressible Computational Fluid Dynamics (CFD)

solver encompass the conservation laws of mass, momentum, and energy.

The Continuity Equation, representing the conservation of mass within a fluid, posits
that the rate of density change within a control volume equals the negative divergence

of the mass flux across its boundaries:

dp .
a%—v-(pu)—o (2.1

The Navier-Stokes Equations account for the conservation of momentum in a fluid.
They connect the momentum change rate within a control volume to the pressure

gradient, viscous forces, and any external forces acting on the fluid:

9(pu)
ot

+V-(puu!) = -Vp+V.-74+f (2.2)

The total energy equation represents the conservation of energy within a fluid. It
describes the rate of change of total energy within a control volume as a result of heat

conduction, work done by pressure and viscous forces, and external forces:

I(pE)
ot

+V-(pEFu+pu)=V-(q+7-u)+f-u (2.3)
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For inviscid flow, we consider a fluid with no viscosity, meaning that the viscous
stress tensor 7 and the heat flux vector q are set to zero. This simplification leads to

the Euler equations:
Mass conservation (continuity equation):

dp B
o TV (ow) =0 (2.4)

Momentum conservation (Euler equations):

9(pu)

5 T V- (puu’) = -Vp+f (2.5)

Energy conservation (total energy equation):

d(pE

%-FV-(pEu—f—pu):f-u (2.6)
The Euler Equations portray the behavior of an inviscid, or frictionless, fluid. In this
scenario, we disregard the impacts of viscosity and heat conduction, simplifying the
problem and centering on the primary forces of pressure and external forces, such as
gravity or body forces. These equations are extensively employed in computational

fluid dynamics for modeling issues where viscosity effects are negligible or secondary

compared to pressure and external forces.
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2.1 Conservation-Law Form In Tensor Notation

While working with Cartesian coordinates (X, y, z), expressing the divergence of the
flux tensor as the summation of three vectors, F, G, and H, corresponding to the flux
vectors in the x, y, and z directions respectively, proves convenient. This configura-
tion enables an easier interpretation of the individual components and their interplay

within the conservation law. The governing equation can thus be articulated as:

ou
—=—-V-H+S 2.7
5 2.7)
Here, the divergence of the flux tensor, V - H, signifies the net flow of conserved
variables entering or leaving the control volume. The term S represents a source term
accounting for any additional processes that may alter the conserved variables, such

as mass, momentum, or energy sources or sinks.

For compressible fluid simulations, the conserved variables vector and the flux tensor

are defined as:

p pu
U = pu (2.8) H= pu @ ul + pl (2.9)
pE pEu + pu

In this representation, I denotes the identity matrix. The conserved variables vector
and the flux tensor are expressed in terms of the fluid’s density p, velocity u, pressure

p, and total energy per unit mass F.

When working with Cartesian coordinates (X, y, z), the flux tensor can be explicitly

written as:

pu put+p  puv puw  u(E +p)
H={pw puw p?+p pow v(E+Dp) (2.10)
pw  puw pow  pw*+p w(E+p)

This open-form expression of the flux tensor provides a clear view of the individual
components and their interactions, which is valuable for understanding the underlying

physics and developing numerical methods for solving the governing equations.
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2.2 Conservation-Law form in Vector notation

When working with Cartesian coordinates (x, y, z), it is convenient to express the
divergence of the flux tensor as the sum of three vectors, F', G, and H, which corre-
spond to the flux vectors in the X, y, and z directions, respectively. This form allows
for easier interpretation of the individual components and their interactions within the

conservation law. The governing equation can be written as:

ou oF 0G OH
— ===+ =+ = S 2.11
o (8$+8y+8z)+ @10
Here, the flux vectors F', G, and H are defined as:
[ puU ] P pU | [ pw ]
pu2 +p pUY puw
F = puv 212) G=| p?+p | (213) H= pUW (2.14)
puw pUW pw? +p
(u(E +p)| (v(E+p) |w(E +p)]

These flux vectors offer a clear representation of the conservation law, making it more
straightforward to understand the underlying physics and develop numerical methods
for solving the governing equations. Moreover, this vector notation explicitly shows
the contribution of each spatial direction, providing insights into the conservation of

mass, momentum, and energy in each dimension.
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2.3 Integral Form of the Governing Equations

To apply the finite volume method, we need to convert the governing equations from
their conservative form to integral form. This process involves integrating the govern-
ing equation over a control volume €2, which is bounded by a control surface 9€2. The
integral form provides a more suitable representation for discretization, as it accounts

for the conservation of quantities within the control volume.

First, we integrate both sides of the governing equation over the control volume ():

0 oF 0G OH
— Q=— — +—+—]dQ Q 2.1
825/QUd /§2(8x+8y+82>d +/QSd (2.15)

Next, we apply the divergence theorem to the second term on the right-hand side of
the equation, which states that the volume integral of the divergence of a vector field

is equal to the surface integral of the vector field itself. This results in:

0
—/UdQ:—(f F -ndo + G - ido + H-ﬁda)—i—/SdQ (2.16)
ot Jq o0 o0 o0 Q

Here, 10 is the outward unit normal vector to the control surface 9S2, and do is the

differential surface area of the control surface.
The resulting equation is the integral form of the conservation law:

2/Ud(z:—j:{ (F+G+H)-ﬁda+/SdQ 2.17)
ot Jq o0 Q

We can denote the term inside the surface integral as the net flux leaving through the

surface do, which we define as F = (F+G+H).
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Now we have the integral form of the conservation law expressed in terms of volume

and surface integrals over the control volume €2 and its bounding control surface 0f2:

Q/UdQ:—jI{ F-ﬁda+/§d9 (2.18)
ot Jq o0 Q

In this equation, the left-hand side corresponds to the time rate of change of the con-
served variables U within the control volume 2. The first term on the right-hand side
is the net flux leaving through the control surface 0S2, which is denoted as F. The dot
product between F and the outward unit normal vector fi determines the net amount
of conserved quantities crossing the control surface. The integral over the control sur-
face 0€) sums up the contributions of these fluxes. The second term on the right-hand
side, fQ §dQ, accounts for additional processes, such as sources or sinks, that can

influence the conserved variables within the control volume.
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2.4 Discretization of the Governing Equations for Finite Volume Method

To discretize the integral form of the conservation law for use in a finite volume solver,

the following steps are taken, as they can be found in detail in Blazek’s textbook [25]]:

First, segment the computational domain into a series of distinct control volumes (2;.

Taken together, these control volumes encompass the entirety of the domain.

Next, perform integration on the conservation equation over each individual control

2/ UdQ:_/q{ f@*.ﬁdo—+/ Sdf) (2.19)
ot I 99; Q;

7

volume

Approximate the surface integral by summing the fluxes through each face of the

control volume: N
dU;Q; o ’
j=1

In this equation, U; and Si are the average values of U and S over the control volume
€;, and A€); is the volume of the control volume. Ny is the number of faces in the
control volume, Fij is the net flux through the j-th face, fiij is the outward unit

normal vector to the j-th face, and Acij is the area of the j-th face.

We can write this equation as:

dU,;Q;
dt

= —R(U;) (2.21)

where R(Uj) the residual includes complete spatial discretization of fluxes along with

the source term, and is a function of U
By discretizing the conservation law, we can create a system of algebraic equations
that can be solved using numerical techniques. The finite volume method ensures

that the conservation of physical quantities is maintained within each control volume

during the solution process.
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2.4.1 Explicit Temporal Discritization

To discretize the time derivative appearing in the discretized conservation law equa-
tion, an appropriate time integration scheme can be employed. Examples of these
schemes include forward Euler, backward Euler, or more sophisticated methods like

Runge-Kutta.

Focusing initially on the forward Euler method, we can express it as follows:

Uit — U

% = —R(0) (2.23)

where R(U;)" = Zjvzfl ﬁg ;A0 — SPQ;

In this equation, At is the time step size, and the superscripts n and n + 1 denote the
values at the current and next time levels, respectively. The residual R(U;)" is given

by:

Next, we solve the discretized equation for U’?H:

o

= o == o) At =n ~ Qn

Ut = Us -+ ﬁl — E Fz’j . IlijAO'ij + Sz Q; (2.24)
J=1

To compute the net flux, Iﬁ%, across the faces of the control volume, we can adopt
various numerical schemes. Examples of these schemes include central differencing,
upwind schemes. In this work for the steady state solver, the Rieman Solver of Roe
[26]] is utilized where the detailed implementaion can be found in Toro’s textbook

27).

The explicit temporal discretization method, as demonstrated, is simple to implement
but may come with stability limitations. The shortcomings are that it can take very
long to achieve steady state, or in some cases may even exhibit unstable behavior
leading to nonsensical steady solutions.[28] For more robust and efficient solvers,

implicit or semi-implicit time integration schemes must be utilized.
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2.4.2 Implicit Temporal discritization

Implicit temporal discretization schemes, unlike explicit ones, evaluate the residual
at the next time step, ¢ = n + 1. While these schemes can offer increased stability
compared to explicit ones, they typically require more computational resources, but
also their higher stability allows for orders of magnitude larger time steps, overall
leading to much faster convergence times. The following steps detail how to discretize

the temporal derivative using an implicit scheme:

Starting with the spatially discretized conservation equation:
AU;

Ap = ~R(T;)"" (2.25)

Express the residual R(I_J)RJrl in terms of flow variables at the current time step U;".
To do this, one can use the Taylor expansion of the residual R(U"!) around the

current time step "n":

OR

R(U™) =R(U") + ——| AU+ O(AU?)
oU | yn
OR
R(U™™) ~R(U") + —| -AU
(U R RO + 5|
Here, g% is the Jacobian of the residual evaluated at the current time step.

Starting with the equation for the conservation law in the discretized form:

urtt —gn . OR

Q*T_—R(U )—%UH-AU (2.26)
Q OR
AU =— [ J——— -A 2.2
At v R(U) oU |y v (@27

Rearrange the equation by collecting all terms with AU to the left and isolating
R(U") on the right side of the equation:

T+

0, o®
At ou

} AU = —R(U") (2.28)
U’rL
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In this equation, the main challenge when implementing an implicit scheme is the

evaluation of the Jacobian g—% (U™). Using the definition of the residual from equation
OR

2.22| one can evaluate the flux Jacobian JU as:
Nr |9 <F - )
OR j 1
— = — 7| Ao, 2.29
oU | U 7 (2:29)

Assuming that the source term is not a function of flow variables U, plugging equa-

tions [2.22]and [2.29)into eq. [2.28] the overall implicit scheme is obtained as:

Q Nf (‘3(1@ . fl]) Nf B B

J=1 Jj=1

In this equation, we have combined the residual terms and the Jacobian of the residual
terms with respect to the flow variables U. The left-hand side of the equation contains
the linearized system of equations, and the right-hand side has the residual terms and

the source term S.

To solve the system, we need to determine the change in the flow variables AU. This
can be done using various linear solvers [29], such as the Gauss-Seidel method, the
Jacobi method. Once the AU values are obtained, The solution can be updated as

follows:

U™l =U" + AU

The implicit scheme offers increased stability compared to explicit schemes, espe-
cially for problems with large time steps or when the solution exhibits strong gradi-
ents. The trade-off is the need to evaluate and invert the Jacobian matrix, which can
be computationally expensive. However, the additional computational cost can be

justified in many cases due to the improved stability properties of implicit schemes.
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CHAPTER 3

LINEARIZED HARMONIC METHOD FOR EULER EQUATIONS

3.1 The Theory of Linearized Harmonic Method

In this section, the underpinning theory of the Linearized Harmonic Method is elabo-
rated. This method is integral to the solver’s main task, that is, to infuse harmonic dis-
turbances into the computational domain using harmonic boundary conditions (BCs).
The methodology unfolds in several key phases, each of which enhances understand-

ing of its nuanced aspects. Overall scheme and its flowchart can be seen in (3.1

The initial phase entails the transformation of unsteady boundary conditions into har-
monic BCs. This process involves transmuting time-variable boundary conditions
into their harmonic equivalents. This transformation is typically accomplished by
representing these boundary conditions as a collection of sinusoidal functions, often
utilizing the Fourier series. The advantage of this transformation is two-fold: it sim-
plifies the task by allowing operations within the frequency domain and replaces the

need for dealing with time-dependent variables with harmonic variables.

Upon establishment of the harmonic BCs, the resolution of conserved harmonic vari-
ables within the domain proceeds. An implicit scheme, which considers both the
harmonic and the flux terms (derived from the transformed boundary conditions), is
employed to solve for these variables throughout the domain. The resolution of the
linear system of equations thus formed results in the conserved harmonic flow vari-

ables at every point within the domain.

Following the resolution of the linear system, the conserved harmonic flow variables

throughout the domain are attained. These variables embody the perturbations in the
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flow quantities due to the imposed harmonic BCs. However, it’s essential to note that
these variables still exist in the frequency domain, making them unsuitable for direct

application to time-domain analysis.

LUnsteady Boundary Condition X (t)] Lsteady BC conditions X }

Harmonic BC condition X (w)

! Steady CFD

HARMONIC CFD Flux Jacobians

Harmonic Flow Variables Steady Flow Variables

[Oscilating flow variables X(t)}

[Unsteady flow variables X(t)W

J

Figure 3.1: Harmonic Solver Flow Chart

The final phase involves converting the procured harmonic flow variables back into
the time domain. This is achieved through the inverse transformation of the process
applied initially. By translating the harmonic flow variables back into the time do-
main, the desired unsteady flow variables are obtained, enabling their use for further
analysis or simulations. Further sections will provide an in-depth exploration of these

steps, emphasizing their critical role in the Linearized Harmonic Method.
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3.2 Formulations of Perturbed Flow Variables

In the linearized harmonic method, we express unsteady flow variables as the sum of
their mean and unsteady components. This approach allows us to study the behav-
ior of small disturbances around a steady state or a time-averaged mean flow. The
harmonic schemes layout follows the scheme proposed by Arash(2019) [2]. The de-

composition of the primitive flow variables is given by:

plx,y, z) + plx,y, 2,t)
V(z,y,2) + V(z,y,2,1)

T, Y, 2,1

p(z,y,2) +plz,y, 2, 1)

p(

{\7(:1: Y, 2, t
plz,y, z,t
T(

) =
)
)
w0y, 2, t) = T(z,y,2) + T(x,y, z,t)

The primitive variables defined here are the independent flow variables describing the

fluid state. The illustrative representation of the decomposition is also shown in figure

B2

Figure 3.2: Mean and Perturbation Components Decomposition [2]]
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There are also dependent flow variables describing other physical properties of the

fluid, they are derived from the independent primitive variables.

3.2.1 Formulation of Flow Speed Perturbation |‘7|

The flow speed perturbation is a function of steady flow speed ]\7| steady flow velocity

V and perturbed flow velocity V:

— 1 L

= (VT VT)

<

> V.V

V| =-—— 3.1)
14

3.2.2 Formulation of Pressure Perturbation p

Using the ideal gas assumption the pressure perturbations are found to be a function of

steady density p, steady temperature T, perturbed density / and perturbed temperature

T:

p=pRT

p = pRT + pRT (3.2)

3.2.3 Formulation of Momentum Perturbation Mtot
Momentum perturbation is derived as:
Mot = p 1%

My, = pV + pV (3.3)
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3.2.4 Formulation of Total Energy Perturbation Etot

Total energy perturbation is derived as:

kE—1 2
-~ __ [ RT V|
Ei.. = pE}, —_—t —
tot = PLtot + P k;—1+ 9
-~ RT V.V
Et = pE}, ol —— + ———
tot 'Ott+'0<k:—1+2|1/|>
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3.3 Formulation of Harmonic Governing Equations

The governing equations for the conserved unsteady flow variables can be written in

the integral form using the 2.18}

g/ﬁdQ——]{ ﬁ-ﬁda+/§d9
8t Q o0 Q

The conserved unsteady flow variables vector, U, is composed of the mean flow vari-

ables, U, and their unsteady counterparts, U:

U = U+ U (3.5)
_ﬂl_ [ P ] | p ]

U, ou il + pi
Us| = |pv| + | po+op (3.6)
U, oW P+ Wp
| Us | pe| | pe+ép |

In the above equation, the vector U constitutes both the mean flow variables, U,
denoting the time-averaged behavior of the flow, and the unsteady flow variables, ﬁ,
capturing the fluctuations around this mean state. The intention behind the linearized
harmonic method is to examine the flow’s response to minor disturbances, symbolized
by the unsteady variables. This decomposition of flow variables fosters the analysis

of interactions between the mean flow and the disturbances.

To advance further, the unsteady flux vector, f‘, is linearized by expanding it around
the mean flux vector, F, utilizing a Taylor series expansion. This strategy permits the
approximation of the unsteady flux vector’s behavior based on the mean state of the

flow and the unsteady flow variables, U:

. L OF ~ ~ .
F:F+%-U+O(Uz) ~ F+_—-U (3.7)
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By substituting this linearized flux vector into the governing equation, one can obtain:
i} o L OF ~ ~
=] (U+0)a0=-¢ (F+ = U ad Si0 (38
8t/9<+ jgg( +8U )na—i—/g (3.8)

The unsteady flux vector will be denoted as:

~  OF

F=-5 U=[J]U (3.9)

U

Here, [J] is the flux Jacobian matrix obtained from the steady flux terms, leading to

linearized Euler equation:

%/Q(I‘JH?) dQ:—ng(ﬁ+ﬁ)-ﬁda+/(2§dQ (3.10)

It is assumed that the perturbations imposed on the steady flow have a negligible
effect on the mean state of the flow. This key assumption allows decoupling of the

the mean and perturbed terms, making it possible solve them separately:

Q/ﬂdﬂz—jf F-ﬁda+/§d9 Q/ﬁdﬂ:—jf F - fdo
ot Jq o0 Q ot Jq 80

(3.11) (3.12)

The steady flow state, which is assumed to remain unaltered and taken as the mean

flow state, is governed by:

Q/UdQ:—% F-ﬁda+/§d9
ot Jq o0 Q

Using equation[3.9] calculating the harmonic fluxes from the mean state flux Jacobian:

o [ ~ OF
il 0= — el
g fom-f (%

ﬁ) - fdo (3.13)

U
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Now the final simplification is made by modeling the perturbations as solely harmonic
oscillations with a known frequency. Any perturbation X will therefore be modeled
as:

X = Xet (3.14)

where:

X = X’/‘eal +1 Ximag = AXei\Ij

Using the harmonic perturbation assumption, rewriting equation [3.13]as:

0 ~ OF
— UzwtdQ:_ =
at/g ‘ fgﬂ<au

To simplify the equation, differentiating the left-hand side with respect to time using

ﬁeiwt> - fdo (3.15)
U

the chain rule:
o [ ~ . b . OF
—/UdQ et /UdQ iwem:—j{ —
By eliminating the e™* terms from both sides and rearranging the equations:

- o OF
— dQ) = —1 ds) — —
at/QU zw/QU £Q<8U

The right side of the equation forms the harmonic residual vector ﬁ(ﬁ) The har-

fj) fdo et (3.16)
U

ﬁ) - Ado (3.17)
U

monic scheme can therefore be expressed as:

o [ ~ SN
2 /Q 00 = ~R(0) (3.18)
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the harmonic residual vector f{(U) consists of two main components:

N . OF | ~
R(U) = z’w/ U df2 +j{ —| U | - -fhdo (3.19)
Q a0 \ OU | _
U
Upon a closer inspection, the two parts of the RHS vector each carry on a relevant
physical meaning.

The first term shown in eq [3.20]represents the oscillatory nature of the conserved flow
variables due to their harmonic behavior, with w being the frequency of oscillation.

The imaginary unit ¢ signifies that the oscillation is out of phase with the real part.

w / U dQ (3.20)
Q

The second term as shown in eq[3.21|represents the interaction between the perturba-
tions and the mean flow state. It expresses how the flow perturbations are carried in

the flow domain, by the same flux jacobians as the mean flow.

[z
a0 \ OU

Overall, The harmonic scheme described in equation (3.18)) captures the balance be-

G) - fhdo (3.21)

U

tween the time rate of change of the perturbation and the combined effects of the per-
turbation’s oscillation and interaction with the mean flow. This mathematical frame-
work allows for the study of the dynamic behavior of perturbations in a steady flow,

providing solutions for the response of the flow to disturbances.
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3.4 Discretization of harmonic governing equations

In this section, the discretization of the harmonic governing equations is examined,
aimed at obtaining a numerical solution for the perturbation variables. The continuous
equation (3.18]) undergoes transformation into a discrete form, where the spatial and

time discretizations are considered independently.

Initially, the spatial discretization of equation (3.18) is conducted, yielding:

AU Q -
A = —R(U) (3.22)

where the discrete harmonic residual vector is given by:

ﬁi> A0, (3.23)
U

3.4.1 Explicit Temporal Discritization

Subsequently, the time derivative is discretized using a suitable time integration scheme,
such as forward Euler, backward Euler, or a higher-order method like Runge-Kautta.
For instance, utilizing the forward Euler method, the discretized equation is repre-

sented as: N N
Uittt — Uit

%= —R(0)" (3.24)

In this equation, At represents the time step size, while the superscripts n and n + 1
denote the values at the current and next time levels, respectively. The discretized
equation is then solved for IAJZ'”“, yielding:

Ny —

~ N At ~ OF
-n+1 — n = . Q n I
Ui U Q, wQUY + JEZI <8U .

: ﬁZAoZ) ur (3.25)

Explicit time integration schemes, such as the forward Euler method, exhibit straight-
forward implementation and afford a convenient pathway to advance the solution
in time. However, they introduce specific limitations, including the necessity for a
sufficiently small time step to sustain stability. This requirement may amplify com-
putational costs, especially for issues exhibiting high-frequency oscillations or stiff

systems.
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3.4.2 Implicit Temporal Discritization

With an implicit time integration scheme, the residual is evaluated at the subsequent
time step, ¢ = n + 1. This methodology possesses the advantage of unconditional
stability, which allows for larger time steps relative to explicit schemes. Nevertheless,
it demands the resolution of a system of equations at each time step, which may be

computationally intensive.

To discretize the temporal derivative using an implicit scheme, the spatially dis-
cretized conservation equation is formulated as follows:

AU;

QO = —R(U)"*! 2
Ap R(U) (3.26)

The challenge presented by the implementation of an implicit scheme resides in ex-

—
n
1

pressing the residual ﬁ(ﬁ)”“ in terms of flow variables at the current time step, U;".
A Taylor expansion of the residual surrounding the current time step "n" is employed

to approximate this expression:

R(U)""' = R(U)" + g—g AU + O(AU?) (3.27)
Un

~R(U)" + R AT (3.28)
ou |5,

By substituting this expression into the spatially discretized conservation equation

and rearranging the terms, a system of equations is derived:

Plugging the equation [3.28]to equation [3.26| we obtain:

Q= ~ . OR
A0 = RO - %

~

AU (3.29)

Un

To collect all the terms with AU to the left and isolate g—% _ ) on the right side of
unr

the equation

AU = —R(U") (3.30)
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The primary challenge of the implicit scheme implementation is evaluating the Ja-
cobian g—%(U”). This term signifies how the residual changes with respect to the
flow variables U. To compute the Jacobian, it is expanded using the definition of the

residual from equation [3.23}

m_ownty | 25 (],9) 2
U

—~ = (3.31)
ou ou 0
R e+ 3 | g 6
ou —~ J0U|_ '

In the harmonic implicit scheme, we have now combined the expanded Jacobian with
the original implicit scheme equation to form a linear system. The equation [3.33]

represents this linear system, which is a key step in the time-marching process:

A ou

Ny = Ny =
Q 4 oF | . - OF
_t]I + (1w + jE:l U nAc| - AU = —iwQU} — E (— .

~ o\ .
j=1

(3.33)

This equation represents a matrix equation. The left-hand side consists of a linear
combination of the time step At, the identity matrix I, the harmonic term (iwS2), and
the sum of the flux terms that depend on the contributions from each face. The right-
hand side consists of the harmonic term and the sum of the flux terms, both of which

are calculated at the previous time step 7.

The subsequent step involves solving this linear system to obtain the AU values,
representing the changes in the flow variables between consecutive time steps. This
system’s solution can be achieved using various linear algebra techniques, such as di-

rect methods (e.g., LU decomposition) or iterative methods (e.g., conjugate gradient).

Once the AU values are obtained, the solution can be updated to advance in time as

follows:

U =U"+ AU
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3.5 Theory for Boundary Conditions

3.5.1 Moving Wall Boundary Conditions

The moving wall boundary condition is a technique applied to enforce the no-penetration
condition for fluid flow at the surface of a moving object, such as an airfoil. The no-
penetration condition guarantees that there is no mass flow through the surface. The
harmonic implementation follows the same methodology as the one introduced by
Hall [7].

S

17
‘F\

Figure 3.3: Moving Wall Variables

Mathematically, this condition can be expressed as:

5~ OF ~
V.i——-n=0 3.34
"o " (3.34)

As shown in 7" represents the position vector that describes the location of the

airfoil surface, V' is the flow velocity vector, and 77 is the surface unit normal vector.

we first decompose the velocity, position, and normal vectors into their mean and

perturbation components:

V=V+V
P47
A=t



Substituting these decomposed vectors into the no-penetration condition equation, we

obtain:
= = - = aZ‘FN - =
(V+V)-(n+n):%-(n+n) (3.35)
= = = = = /—\7':,_8'15 = 8:1; — 875 >~
n+V-n+V-n+Vn= 7 n+at n+8t n (3.36)
Foair.ao 0 5 R (3.37)
ot 1 '

Our goal is to find the perturbation velocity component V that satisfies this equa-

tion. Rearranging the terms, we arrive at the expression for the perturbation velocity

component:
V-ﬁ:%-ﬁ—\_7-r~7+ t-% (3.38)
B - S or - B = =
V~n~n:(a~n—(V-n)) n (3.39)
~ O (F.A T
F_ ol _n))_(V:n): m (3.40)
=~ o (V-[) -
V=—-_-— . 341
o (i-m) ‘¥

We model perturbations as harmonic oscilations, hence use the expressions 77 = et

V = Ve™!, and ii = nie™!. Substituting these expressions into equation 3.41] we

obtain:

S0

a(}éiwt) - (‘:/’ . eiwt)
ot i - 77)
Taking the time derivative and simplifying, we arrive at the following expression for

(3.42)

S

Vei”t —

—

the complex velocity 1%

o e (V) -
Vet — juwie™t — (: g) . petwt (343)
(71 - 77)
Vowr- V0 5 (3.44)
(7 - 1)

In this expression, w symbolizes the angular frequency of the harmonic perturbation,
i is the imaginary unit, and ™' represents the complex exponential function. The
complex velocity V describes the velocity we wish to impose on the boundary faces

that are undergoing harmonic motion.



The two terms on the right side of the equation have distinct physical interpretations.

The first term which is iw%, accounts for the velocity of the boundary due to its
harmonic movement. This term captures the effect of the boundary face oscillation
impinging on the flow field. This term is also named as the direct velocity component.
~direct 7
T o
the second term which is %g—%) -1, represents the component of the mean flow velocity
1_7 projected onto the perturbation of normal vector. %, representing the effect the

change in face normal has on the flow.

~AF (.3
proen)
(71 - 1)
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CHAPTER 4

LINEARIZED HARMONIC METHOD NUMERICAL IMPLEMENTATION

4.1 Conserved Harmonic Flow Variables

The primitive variable vector, denoted as \7\7, consists of 10 variables. The first half,

Wre, comprises the real part of the primitive variables, while the remaining five,

Wim, contain the imaginary part of these variables.These primitive variables are

defined based on the equation [3.6] with each element having both a real and an imag-

inary part to account for the complex nature of harmonic variables.

p
pu + pu
et = | pv+p
pio + Wp

| pé+ép |

et 4.1)

However, due to their complex nature, these harmonic variables can pose challenges

for numerical computations. Therefore, it’s necessary to decompose them into their

real and imaginary components to ease the process of numerical implementation.

This decomposition allows us to handle these variables in a real-number framework,

simplifying numerical operations and potentially improving computational efficiency.

<
!
&

-671'6(1[ +1q ﬁilmag-
ﬁgeal Ny ﬁ;mag
ﬁgeal +q fj’émag
Gzeal +1q ‘[/jimag

T Treal . TTimag
U +1 Uy |
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For the numerical scheme implementation, the vector of 5 complex variables is con-

verted into a vector of 10 variables as follows:

-~ ! )
rea
Ul
T Treal
U2
T Treal
U3
T real
U4
ﬁreal

o) (4.3)

( Tyimag )
U

-
I

ﬁémag

i{ G

-[/j—imag
4

ryimag
\ Us )

This representation allows us to track the real and imaginary parts of the complex
variables separately throughout the solution process. It simplifies computations and
facilitates the implementation of the harmonic solver scheme. The solver will use this
definition of conserved variables to analyze how the real and imaginary parts of the

complex variables change as the solution evolves.
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4.2 Linearized Harmonic Solution methodology

The harmonic solver is a numerical method used to solve fluid flow problems. It
operates by first obtaining a steady-state solution, which provides the steady flux
Jacobians. These are then used to calculate harmonic intercell fluxes, which represent
the exchange of quantities between neighboring cells in the computational domain.

The flow variables are updated iteratively using one of two temporal schemes: explicit

or implicit.

The structure of the harmonic solver can be visualized in the given figure, which

represents the steps in the solver process.

HARMONIC SOLVER

‘ Harmonic BC ’ ‘ Steady Flux Jacobians

NS

Harmonic Intercell Fluxes

L

N

N

Residual

RHS

[A] System matrix

AU

AN

N\

AU

EXPLICIT SCHEME

~

/

D\’n—i—l

IMPLICIT SCHEME

Figure 4.1: A caption for my figure.
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e Harmonic BC: Boundary conditions are imposed on the computational domain.

e Steady Flux Jacobians: These are derived from the steady-state solution, pro-
viding information about the flow’s sensitivity to changes in the conserved vari-

ables.

e Harmonic Intercell Fluxes: These are computed using the harmonic boundary
conditions and steady flux Jacobians to describe the exchange of quantities be-

tween neighboring cells.

Depending on the chosen temporal scheme, the next steps differ. In explicit schemes:
e Residual: The difference between the harmonic intercell fluxes and the current
flow state is calculated.
e AU: The flow variables are updated directly using the residual, which repre-
sents the rate of change of the conserved variables.
But in implicit schemes:
e RHS: The right-hand side of the linear system of equations is calculated using
the harmonic intercell fluxes.

e [A] System matrix: The harmonic system matrix, representing the linear rela-

tionship between the flow variables and their rates of change, is assembled.

e AU: The linear system is solved iteratively to obtain the changes in the flow

variables.

Finally, the updated flow variables are combined to obtain the new flow state, Untl,
for the next iteration. This process is repeated until convergence is achieved or a

specified number of iterations is reached.

40



4.3 Explicit Scheme Implementation

In this section, the explicit scheme implementation for the harmonic solver is ex-
plained. The explicit scheme updates the flow variables directly based on the current
flow state. The equation for the explicit scheme is given as follows:

~ ~ At ~ ~
Uit = Ui" — ﬁR(U)”

)

Ny —

~ ~ At ~ OF
‘n+1 — n . Q n il
Us Us Q, QU 4 jEZl <8U

U

In this equation, Uz"*!

represents the updated harmonic conserved variables at the
(n + 1)-th time step, while Ui denotes the variables at the n th time step. At is the

time step, and €2; is the cell volume. The Residual term consists of two parts:

The first part as shown in eq accounts for the harmonic oscillation in the flow
variables due to the frequency w.

iwQU? (4.4)

The second part as shown in eq .5 represents the contribution of the harmonic inter-
cell fluxes.

L ( OF
> (5

J=1

Uﬁi”) i Aoi (4.5)

The harmonic conserved variable vector IAJ? is a complex vector with real and imagi-
nary parts as defined in eq The harmonic flux Jacobian, derived from the steady
flux Jacobians, is a 10x10 matrix that can be split into two 5x5 blocks, one for the

real part and another for the imaginary part.

OF
P
5xb

[J acobian] = 4.6)

10210

U

55 R 0

55

L 5x5 4 10210

c
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The implementation of explicit harmonic scheme, from the eq. [3.25] can then be

obtained as follows:

n+41 n _ . n ' n.
Ure } '[/j'.re } Ure Ure
= - % 1w§) :: + |J acobian]
14 ygrm } 1 I/:T“” } 1§ Urm 14 Urm
| _ 4.7 _
n+1 . n _ . n n-
Ure } fj.re } — U;m ure
= i — % ws2 :: +|J acobian]
14 U ( IAJ;'m v | gre v U
_ (4.8) _

This leads us to the solution algorithm for acquiring the harmonic conserved variables

at the subsequent time step.

) . n . n I
Ure ={Urep — % —wQ Tm 5+ 3—5 Bl Ure
U
/
4.9)
) . n . n N
um — ﬁzm _ % w$ G’re + 2_5 ) . ﬁzAO'z sz
U
J J
(4.10)
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4.4 Implicit Scheme implementation

The implicit scheme implementation aims to overcome the stability limitations of the

explicit scheme by incorporating the time step At into the equation directly. From

equation [3.33}

Q F N ~ F
ALt (W)l + Z g—U 8Ac| AU = —iwQU] - Z (g—U Uy) ;Ao
J=1 U j=1 9]
This can be written as a linear system:
A]- {Afj} = {}?H\S} @.11)
Where system matrix [A] is:
Ny =
Q OF
Al = |1 I —| -nA 4.12
[A] At+(zw)+;aU nAc (4.12)
Right hand side vector is:
L ([ oF
RHS ' = —iwQU" — —| U] f;A0; 4.13
{RHS} 1wQU; ;<8Uﬁ l> n; Ao (4.13)
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4.4.1 Implementation of System Matrix [A]

The discretization of System Matrix A is derived from equation 4.12] Starting with

the left hand side of the equation:

+

J acobian]

+

J acobian]

AU

AU

Afj're

(4.14)

(4.15)

To simplify the implementation, we move the off-diagonal terms to the outside of the

system matrix using values from the previous time step. This decouples the real parts

of the system matrix from the imaginary parts, allows solving two decoupled systems

of size 5x5 instead of one 10x10 system.

al{au}’ = | & +

J acobian]
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Aﬁim

AT

(4.16)



The underlined portion will be moved to the RHS of the equation. What we essen-
tially achieved is a significant reduction in computational times (up to 40 percent)
by solving the real and imaginary 5x5 systems sequentially instead of solving a fully

coupled 10x10 system.

[ Adiagonal } *[ w1 }
(a0} - ()

{ wQ 1] } { Adiagonal }

[ Adiagonal }
{Aﬁ} = {EH\S} + (Simplification Term)

{ Adiagonal }

Hence, the simplified System Matrix A is obtained as:

| Adagonat |

[Asimpti fied] —
[ Adiagonal }
0 [I] [gf] o fliAgZ}
[Asimplified] = A N .
[I] [%‘[—I'ﬁiAUz}
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4.4.2 Implementation of RHS Vector

The discretization of the RHS vector follows the same methods as the discretization
for the explicit method. However, it additionally includes the simplification term from

the system matrix:
[Agimpti fied) - {A[AJ} = {R/PES} + (Simpli fication Term)

The RHS vector includes two components:

e The Residual Term: Same as the one from the Explicit Scheme

e The simplification term: Calculated from the previous solution step, accounting

for the off-diagonal terms moved to the RHS from the system matrix:

n n n—1
— I/_\Ilm fj?”e _ Afjim
{RH S } = wf} .: +|J acobian] :. + w
7 ﬁrc 7 ﬁim 7 Aﬁmz
n ( n n—1
n . OF N -
{RHSreal} = —wS) um™ + % niAal ure —w AU™
. U
\
(4.18)
n n n—1
n _ oF | . - N
{RHSimag} = w) < Ure + 8_U -n; Aoy um 4+ w2 ¢ AU
U

(4.19)

By including the simplification term, it ensures that the decoupled real and imaginary
parts of the system are accounted for, while maintaining computational efficiency.
The separation of the RHS vector into real and imaginary components allows to se-
quentially solving the two decoupled systems, which significantly reduces computa-

tional time.
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4.4.3 Final Decoupled Numerical Scheme

The full system can be represented as follows:

. p 3 ( ( ) )
A'G’Te {RHSreal}
|: Adiagonal i| . .
> =9 )
[ Adiagonal ] 10210 i Aﬁlm 7 {RHSreal}
\ J . ) )
(4.20)

However, to reduce computational complexity and improve efficiency, we decouple
the system into two separate 5x5 systems, one for the real part and another for the

imaginary part:

n n n—1
/‘\ re 7 zm 6IF: i TTre p rTim
Adiqg AU B = _U}Q U + % . niAG'i ure — wf? AUm™
U
5x5
4.21)
n n n—1
TTim = w) Tire aa n: Ao, Tire w) [7im
Adiag AU =w U + % * ;A0 U + w AU
. U

55
(4.22)

By solving these decoupled systems, we can efficiently compute the real and imagi-

nary parts of the fluid state updates, AUTeal and AUma9 , respectively.
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Once updated, they are used to update the real and imaginary parts of the solution at

the next time step, as shown in the following equations:

n+1

n+1

;

\

n

Ure s + <L AU™ (4.23)

n

Um» + ¢ AUm (4.24)

By decoupling the system and solving the smaller 5x5 systems sequentially, we sig-

nificantly reduce the compute time while still accounting for the complex behavior

of the system. This approach is an efficient way to model the dynamics of the fluid,

capturing both the real and imaginary components of the state variables.
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4.5 Oscilating Wall BC Implementation

The solver’s primary aim is the imposition of a harmonic perturbation on the domain
through the harmonic boundary conditions (BC). The initial step involves the repre-
sentation of the unsteady boundary conditions as harmonic boundary conditions. The
following stage is to calculate the conserved harmonic variables for the domain, re-
sulting in the final conserved harmonic flow variables. Finally, these harmonic flow
values are converted back into the time domain, providing the ultimate solution de-

sired.

For the solver, we map the time domain to the frequency domain, referencing every-
thing to a pure sine wave. This means the unsteady flow starts from the mean flow
at time=0. The frequency domain solutions are converted back to the time domain
solution using the sine convention. Following the convention this requires imposing
the harmonic boundaries, referencing to a pure sine wave. The phase of the boundary

condition imposed will be obtained from its difference compared to a pure sine wave.

X = Xe™' = (X % cos(V) + i X * sin(¥))e™!

~ ~

X = Xeiwt = (Xreal +1 Ximag)eth

X - (Xreal +1 Ximag)

The above equations describe the conversion from the time domain to the frequency
domain, represented by the complex phasor notation, where X represents the phasor

and X represents the complex harmonic variables.
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Conserved harmonic variables that will be imposed on the boundary, are defined as:

( (. ) )

cos(W) * ‘(/]\BC)

"
I

SR (4.25)

sin(W) * ’ﬁBc‘

\ \ : VA
Here, the conserved harmonic variables are separated into real and imaginary parts,
with each part multiplied by the cosine and sine of the phase, respectively. This
formulation allows us to impose the oscillating wall boundary conditions in the fre-
quency domain, taking into account both the amplitude and phase of the harmonic

perturbation.

4.5.1 Implementation of 7 and 77 Terms

The perturbed harmonic velocity that will be imposed is given by Equation [3.4T}

= o (Vo) -
Vo= — — —2~.
B0 o)

7 represents the position vector in the frequency domain, considering both the real
and imaginary parts with respect to the phase, W. Similarly, 7 represents the normal
vector in the frequency domain, again considering both real and imaginary parts with

respect to the phase. 7and 77 are defined as follows:

!

F(t) _ T—:ei(wtf‘l/) _ Fefillleiwt _ /r—\»eiwt
F(t) = (7 cos(—W) + i 7 x sin(—))e™!

~ o~

= (Fre(zl +1 ﬂmag)eiwt

Obtaining the harmonic position vector r, decomposed into its real and imaginary
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parts as:

‘
e
7

a

reos(—W)
= (4.26)

i Tsin(—W)

,
o

=0
Il
3

N Y oY < g¥

<

"3

/

,
Ve

The 7 term represents the harmonic change in the normal direction as it is shown in

figure d.2]

”11( rturb

Figure 4.2: Normal Change Term

It is calculated as shown:

ﬁ(t) == _'perturb e—i\I/eiwt

— . — . 'LUJt
) = (Mperturs €08 U — i perpurp sin U)e

30
i~

The perturbed normal vector, 7ipe i, 1s defined as the difference between the final

normal vector which depends on the rotation matrix and the average normal vector:
Nperturb = Nunsteady — T

To find 7perturp, We first calculate the final normal vector, 7,,steqdy, USING a rotation

matrix, R:

ﬁunsteady = [R] ﬁ
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The rotation matrix about the z-axis in 3D is given by:

cos@ —sinf 0

R.(0) = |sinf® cosh 0O
0 0 1

This gives the net perturbed normal vector as:
ﬁperturb - [[R] - H] -1
Here, R represents the rotation matrix that changes the normal direction.

Using the above definitions, one can now express the perturbed normal vector in the
frequency domain:

TR

(t) — ﬁperturb e—i‘lleiwt _ai %eiwt
1(t) = (Mpertury * COS(—Y) + 1 Mperpurs * sin(—W))e™!

( {ﬁperturb COS(—\P)}
7i(t) et 4.27)
i {Fperturs sin(—0)}
( {[[R] — [IH ﬁcos(—\ll)}
7i(t) et (4.28)
K { [[R] — [[H T__ism(—\ll)}
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4.5.2 Harmonic Plunging Motion

In this section, plunging motion of an impermeable wall, as shown in the figure, is

investigated:

<

\ 4

Figure 4.3: plungingMotion

During plunging motion, the normal vector remains unchanged, and only the induced
velocity on the surface due to relative motion is considered. Therefore the phenom-
ena solely involves imposed velocity on the surface. One can express the complex

velocity vector as:

(4.29)

Here, V represents the complex velocity vector, w is the angular velocity of the plung-
ing motion, and 7 is the complex position vector. The second term, which involves
the normal vector, is eliminated as there is no change in the normal direction during

the plunging motion.
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( / ~ 3\ ( (/‘7“
u rre
reos(—W)
o~ “Sre —-re
5 (W ) (7 ]
Ve = S =W b =W (4.30)
im im
u Tz L.
) ) i Tsin(—W)
RETE 14 rm
Y
~im ~im
\ \ y, \ (72
( / ~ 3 ( —~
u"® o
o g .
N —rsin(\)
~ wre ,’r?;m
VBC = . = w = w (431)
um ~re
U re L
‘ i Tcos(W)
RO 1 rre
Yy
~im ~re
\ (W y, \ 2 y,

Here, W represents the phase angle. The complex velocity vector’s real and imaginary

parts are multiplied by the sine and cosine of the phase angle, respectively.

Therefore one can represent the complex velocity vector as a matrix:

Vreal - {FSZTZ(W)}
Vo = = w* (4.32)
Vimag {Fcos(lll)}

This equation describes the complex velocity vector during the plunging motion in
terms of the position vector 7, the angular velocity w, and the phase angle ¥. An-
alyzing this expression can help us understand the relationship between the object’s
motion and the induced velocity on its surface, which is crucial for various applica-

tions, such as fluid-structure interactions and aerodynamics.
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4.5.3 Harmonic Pitching Motion

The underlying physics of the pitching motion is shown in figure 4.4]

(a) Pitching Motion (b) Pitching Induced Velocity

Figure 4.4: Physics of Pitching Motion

The position vector %(t) which represents the pitching motion around the k-axis, is

defined as:

7(t) = (F x k)o(t) (4.33)
Here, 7’is the position vector, k is the rotation axis, and 0(t) is the perturbation, which

is assumed to be a harmonic oscillation with a phase of ®:

7(t) = (F x k)feit=®) (4.34)

Complex velocity to be imposed on the BC can be decomposed into direct and normal

change components:

Vo=V ¥ et (4.35)
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The decomposed components can be dealt with seperately. Starting with the direct
~direct ~

velocity term 1% = o

R
~direct (9?(75) (" x ")Qei(wt—cb)
% = = 4.36
ot ot (4.36)
or(t - B
Ti) = iw(7 x B)fe i@t (4.37)
Ot - |
g(t ) = jw (7 X k)0 - (cos(—®) + isin(—P)) - "
(4.38)
~ (direct) . )
real . ~ {(FX k)} ) SZTL(CI))
) ~direct af(t) )
et =V =5 = wl * et (4.39)
~ (direc =
Vs {7 )} cont@)
~ AR == _
Similarly, the Normal change term V©© = — ((‘ég)) -7 is obtained as:
~ A7 V7)) -
o 5 (4.40)
(7 - 77)
AR ¥ . ! — 7 =3 . o
Vo o=- ( (m(‘ﬁ““i‘;y ")> St e ' et (4.41)
-7
~ A V(R =T-7)\ - .
| ( (E: :)] n)) -1 (cos(—®) + isin(—¢)) ™" (4.42)
n-n
Leading up to:
~AR
Viear | Cosan - {((gi;}?n))} cos(@)]
=V = V.([R—I)-7) e (443)
~ A {( ) = >} sin(P)
V.
imag

~ (direct)

Plugging the values for V'

rear  and V  intol4.35one can obtain the harmonic ve-

locities at the BC faces as:

- {(FX E)} - sin(P) — {(%)} - cos(®)
Ve = wl + (4.44)

{(Fx E)} - cos(P) {(%)} - sin(®)
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4.5.4 Harmonic Variables at the Ghost Cell

After determining the harmonic velocity to be imposed on the wall, it is crucial to
ensure that the necessary flow properties at the moving boundary are maintained. To
achieve this, the boundary conditions are applied using ghost cells [30]. To obtain
ghost cell flow properties for a moving wall boundary in a compressible conservative

CFD solver, the scheme is as follows.

Velocity At BC cell

~ normal

W , Ve

BC FACE

Figure 4.5: Velocity Normal

First the velocity component normal to the boundary V,, as shown in is calculated
as:

Vee =Vpe- it (4.45)

Vr!'om ain
~mnormal
) A ‘ relative

Figure 4.6: Relative Velocity

-~ normal
—

Vge

~mnormal

Next, the BC face relative normal velocity 1%

relatives a8 shown in4.45|1s calculated as:

relative

~normal ~ ~normal
\%4 = <Vd0mam —Vae ) -1 (4.46)

57



o~
—

Vdom.a.in

2X

~ normal

1%

relative

S L L T

Figure 4.7: Velocity at Ghost Cell

The final step is then to Calculate the ghost cell velocity vector, Vghost as:

~ ~ ~normal
~

Vghost = Vdomain - 2‘77’elative (447)

It is assumed that harmonic density and temperature stay the same across the BC,
Hence setting them as:
ﬁghost = //O\domain (448)

A~

Tghost = ,-Z/—\'domain (449)

Using the equation [3.4] and [3.3] one can obtain the conserved Harmonic variables at

ghost cell as:

Pghost
( ~
Pghost

Ughost = 3 Mghost ¢ ( = PV +pV (4.50)

\ﬁEtot + ﬁ (% + 2‘.

)
|

S‘|<>

N——
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CHAPTER 5

FLUTTER ANALYSIS WITH HARMONIC METHODS

5.1 Vibrating Airfoil Governing Equations

The Model being analyzed represents a two-dimensional airfoil placed in a horizontal
airflow with a steady speed, in horizontal direction, illustrated in Figure 5.1} This
airfoil’s movement is characterized by two distinct degrees of freedom: the vertical
movement, termed "plunge” (denoted by h and positive downwards), and its rotation,
referred to as "pitch" (represented by 6). To describe its structural behavior, we use
linear bending and torsional springs located at the airfoil’s elastic axis. These springs
mimic the counteracting forces exerted by the rest of the structure on the airfoil. Many

aeroelasticity textbooks provide the motion equations for such an airfoil. [31]]

h
Elastic axis
N S —
'EB\
v b | ba 5 bxy 5 Center of
,| l mass
Midchord

Figure 5.1: Airfoil Vibration Model [3]
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In the model, the distance between the pitch axis and the center of mass will be
expressed as variable e = z, * b where b is the half chord of the airfoil. Sum of all the
unsteady aerodynamic forces in the vertical direction will be expressed as the ’Lift’
variable and the net moment of the unsteady aerodynamic forces will be denoted with
"Moment’ term. Using this convention following governing equations of the system

can be formulated as:

m  —me h K 0 h Lift
+ = 5.1
—me I a0 0 Kt a Moment

In the represented system, lift and moment forces depend on the motion of the airfoil,
while the airfoil motion itself depends on the lift and moment forces. Thereby cre-
ating the fluid-structure interaction problem, where the fluid and structure domains
are coupled. The following formulation, utilizes methods proposed by Gunes(2023)

[32]], to obtain solutions for the coupled system.

The unsteady of position and Forcing vectors will be modeled as harmonic oscil-
lations with dissipation or dispersion term, thereby encapsulating the harmonic and

dissipative nature of systems response.

Lift Lift

— I e(iw-i—D)t (52)
Moment Moment
h — h e(iw-i-D)t (53)
o a
. 2 /}; (iw+D)t
= (zw + D) e (5.4)
o a
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Depending on the value of the damping term D, the solution will exhibit following

oscillatory, dissipative, or dispersive behaviors:

= Damping = 0 — Negative Damping —— Positive Damping

VAV Sy

Figure 5.2: Harmonic Solution Behavior with Different Damping Values

For the problem of flutter spesifically, solution space will exhibit oscillatory or dis-
persive behavior, as these would imply instability. This can cause even infinitesimally

small disturbances to lead to large displacements in the structure.

Using the definition from equation 5.1 the governing equation is obtained as:

m —me h K 0 h ) Lift )
(D? —w? + iw) APy LU+ /f\ LB
—me I o 0 Kt o Moment

] —me K 0 h L/i?t
(D2 —w? 4 zwD) + = T 5.5)
—me I 0 Kt a Moment

The equation [5.5] relates the amplitudes and the phases unsteady Moment/Lift re-

sponses, with the harmonic disturbance in plunge and pitch of the airfoil.

The difficulty in obtaining a solution for this system is that, for a given Complex

Lift and Moment forcing, we are interested in obtaining the corresponding Damping

h
D, frequency w, and harmonic displacements { 5, meaning that Lift and Moment

&)
forcings are not a linear function of desired unknown variables.
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To obtain a solution for this non-linear system, we can represent system [5.5]in a

simplified form which is a simple linear relation in the form Ax=b, where:

_ K 0
A= |(D?—w?+iwD) | T & —[A(w,D)]  (5.6)
—me I 0 Kt
h -
{#} = — #(h,@,w, D) (5.7)
a
S Lift R
{b} _ /Zf\ = b(h, &, w, Us) (5.8)
Moment

To obtain our non-linear system involving the variables we seek to solve for, We
express the governing system|[5.5]as a functional F, where F=Ax-b and F=0. Leading

to:

{F} = [A@w, D)) #(h, G, w, D) — B(h,@, 0, Use) = 0 (59

{F} — F(h,a,w,D,Us.) =0 (5.10)

Hence, utilizing the method proposed by Gunes [32]], the solution domain is de-
fined by the vector ¥ = {ﬁ, a,w,D, Uoo}, which satisfies the nonlinear function
F(ﬁ, a,w, D, Us) = 0. All possible states of the system reside in this defined solu-

tion space, which is expressed as:

. 9 5 . m  —me K 0 n L/z?t
{F(@)} = |(D? - w?+iwD) + -9 =0 (5.11)
—me 1 0 Kt a Moment
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5.2 Flutter Harmonic Method Implementation

In the numeric implementation, complex variables are decomposed into their real and

imaginary parts.

hreal
/}; Qpreq,
- : (5.12)
a himag
L Mimag )
( )
Lreal
Llft _ Mreal (5 13)
Moment Limag
L Mimag )

Using this formulation, the governing functional F of the system described in eq.

is equalavent to:

2 2 m —me K 0 m —me h’re re
(D _w) —me I :|+ |:0 Kt:| _wd |:'me I :|
Qre B M.
I 0 hlm Lzm
m —me 2 2 m —me
wd |:—me I :| (D —w ) |:—m,e I :l + |:0 Kt:| Qim, Mlm
(5.14)

In simpler terms, one can write;

F(hre7 Qe Pim s Qim, w, D, Uoo) = [A(w7 D)] f(hrw Qres him, ai7rL) - g(hre7 Qrey Nim s Qim s Uoo)
(5.15)

where;

F(hTEaaT’&himaaimawaD,Uoo) =0

The nonlinear functional F, representing the governing equations of the oscillating
airfoil problem, has 7 variables and 4 independent equations where the 4 independent
equations describe the airfoil’s motion, fluid forces, and dynamic structural response.
This function captures the coupling between fluid and structural domains. For any
given state of 3 variables, there is a unique solution for the system, which allows us

to determine critical conditions for flutter-induced instability.
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5.3 Iterative Solution Strategy - Newton Method

The nonlinear function ﬁ(f), where ' = {he, e, Rim, Qim, w, D, Uy }. The goal is
to find a solution for # such that F () = 0. Newton-Raphson method provides an

iterative approach to converge to a suitable 1.

-1
oF

{fnew} = {f} - o7 {F(f)} (5.16)

The main task in this method is to compute the partial derivatives of the system with

respect to our unknowns. The Jacobian matrix is obtained as follows:

oF

7 = oF oF OF (5.17)
or

- R oz ( ") oz»

The Newton-Raphson scheme, starts with an initial guess and iterate towards the so-
lution. Similar schemes for obtaining flutter solutions for airfoils problems had been
in the literature [33]]. For this problem, initial values for the frequency w and the
flow speed U, are straightforward, as the flow speed is often given, and a good initial
guess for the frequency w is available from the natural frequency of the system. The
remaining initial values are chosen by the user, with various strategies available for

selection, which will be discussed later.

5.4 Scheme Implementation - Flutter Onset for a 2 Degree of Freedom Airfoil

In the oscillating airfoil problem, a system with a damping value smaller than zero
(D < 0) exhibits dissipating oscillatory behavior. For the flutter problem, we are
interested in the opposite case, where D > (0. When the damping is exactly equal
to zero (D = 0), the system is on the brink of divergent behavior, meaning any
infinitesimally small disturbances could lead to large oscillations. The flutter onset
point corresponds to the condition where D = 0. This idea, along with other insights

are utilized in Gunes’s proposed method for finding flutter onset point [32].

Therefore for the flutter onset problem, damping value for the desired solution space

is already known leading to:
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(5.18)

8

Il
L
3

We can set the phase of the perturbation o to zero and use it as a reference for the
phases of all other perturbations in the flow domain, such as plunging oscillations h.

With the phase ® for & as the reference, we have:
a = |a|(cos(P) + isin(P)) = rear + 1Qimag

Where the imaginary term is zero, since our reference harmonic input is chosen as a

sine wave.

Uimag = 0

Lastly, we set one of the deflection perturbations to an infinitesimally small value.
This is valid for the flutter problem because we seek a point where the system enters
a non-dissipative oscillatory state, where any small perturbation leads to unending

oscillations.

O = Qreqr = 0.1 degrees (5.19)

With these final steps, our solution space becomes:

(5.20)

11

Il
R
3

I
(e}




The system, consisting of 4 independent equations, is governed by the functional

F(x)=0

as defined in Eq. [5.11}

As it is proposed by Gunes [32], using insights from the problem definition, we have 4
unknowns remaining, which we can solve using the system of 4 equations we already

had to obtain a unique solution, which corresponds to the desired flutter onset point.

5.4.1 Flutter Onset Problem - Solution Scheme

The harmonic flow solver is designed to accept inputs of phase and amplitude of the
complex plunge variable h, phase and amplitude of the pitch «, frequency w, and
flow velocity U, and produce outputs of the harmonic lift and moment acting on the

airfoil.

LI FT . ........

Figure 5.3: Flutter Solver Inputs and Outputs

Solving the nonlinear system defined in Eq. [5.1T]involves the calculation of Jacobians
for each perturbed solution variable. To obtain the Jacobians and, consequently, the
solution, the harmonic CFD solver is called multiple times. The flutter onset point is

found using the Gunes’s scheme [32] as shown in the figure [5.4}
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Figure 5.4: Flutter Solver Scheme Flow Chart

The solver starts with an initial guess, using the free vibration modes of the unaltered
system. Upon obtaining the flow solution using these initial values, the flow state is
slightly perturbed using harmonic variations to derive the system’s Jacobian matrix,
as shown in equation The process involves multiple calls to the harmonic CFD
solver to obtain a Jacobian. Then, the flutter solution progresses one step, deriving
a new point for flutter prediction (as per equation [5.16), and this iterative process
continues until convergence. Along the way, the scheme updates structural aspects
like frequency, mode phases, and the flutter flow speed. Hallmark of Gunes’s method
[32] for finding flutter onset point is that, by treating the flow speed as a free variable,
the solver identifies the nearest flutter point in the solution space, with improved

convergence behavior.
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CHAPTER 6

VALIDATION OF LINEARIZED HARMONIC METHOD

This chapter unfolds in a series of sections, each one spotlighting distinct aspects
of the testing process. The initial segment is devoted to verification tests inspecting
what will be called as the ’pseudo steady state’. The term means that the unsteady
motions of the airfoil are slow enough that the entirety of the flow field is at sync
with the current state of the airfoil. To understand this concept better, it must first be
understood that changes in flow variables propagate in the domain at a certain finite
speed. This means that any unsteadiness introduced to a fluid domain, would not
be felt by the entire domain all at once. For a periodic unsteadiness introduced to a
domain, this would mean that perturbations in flow variables in different places of the

domain will have differences in phase.

Figure 6.1: Pressure perturbation Unsteady Phase Plot
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This phenomenon is shown in figure[6.1], where harmonic pitching oscillations of the
airfoil create pressure perturbations in the domain and phases of those pressure per-
turbations with respect to the source are plotted. Having phase of zero indicates that
the unsteadiness is in sync with the airfoil oscillations. Phases of pressure perturba-
tions depend on their locations with respect to the source. It is also possible to see
that unsteadiness in the domain travel at different speeds, with respect to the airfoil,

which is an expected finding.

Returning back to the *pseudo steady state’ term. it was shown that the phase dif-
ferences in the domain depend on the rate at which information travels in the fluid
domain. Inverting this idea, it can be shown that as we get closer to oscillation fre-
quencies of 0 Hz, changes are introduced to the domain at such a low rate that the

entire flow field essentially updates to the new pitch angle of the airfoil.

Figure 6.2: Pressure Perturbations Pseudo-steady Phase Plot

Figure [6.2] showcases one such configuration where the frequency of oscillation is
0.005 Hz. In its unsteady flow response, phase differences of the unsteady pressure in
every cell in the domain are, either O or 7. In the figure [6.2] it can be that pressure
perturbations in the lower side of the airfoil is perfectly in sync with the pitching
oscillation of the foil. The upper side of the airfoil is also in perfect sync, with no
phase delay, as indicated by the phase m and — except that the perturbation direction

is opposite to the pitching direction. In other words, as airfoil pitches in the positive
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direction increasing its angle of attack, the pressure increases in the lower portion of
the domain and decreases in the upper portion, all of it being in perfect sync with the

airfoil motion.

These types of flows, where the entire domain is in sync with the airfoil oscillations,
are termed as “pseudo-steady flows’. Although the problem involves unsteady os-
cillations of an airfoil, if the oscillation frequency is sufficiently slow, the flow field
at any time of that unsteady motion will behave as if the airfoil is stationary at that
instant, essentially acting like a steady state solution for that airfoil pitching angle.
This idea proves to be powerful in the testing schemes, where linearized harmonic
method can be used in pseudo-steady flows to make predictions on lift coefficients at
different angles of attack, where under ideal circumstances, the results should align

with recognized steady-state solutions for that angle of attack.

This unique verification approach allows us to generate a multitude of test cases for
the harmonic method implementation, providing a robust means of establishing its

validity.

The chapter subsequently unveils actual unsteady solutions, where the results undergo

validation against two distinct test cases with experimental results.

In the concluding segment of the chapter, attention is drawn towards the results
gleaned from the implemented flutter solver utilizing the linearized harmonic method.
The results are compared against foundational analytical approximations. This mul-
tilayered approach to verification and validation warrants a meticulous and rigorous

assessment of the method.
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6.1 Pseudo-Steady Testing for NACA0012 at 2.89 Degrees Angle of Attack

Parameters for this test case are detailed in table [6.1] The test’s objective is to obtain
a harmonic solution for an oscillating pitch sinusoidal motion of 1.89 degrees, where
the mean angle of attack is 1 degree. Oscillation frequency of 0.005 Hz is used. At Ll;
of the period, it should be that the solution to be equivalent to a steady state solution
for a 2.89 degree angle of attack. This hypothesis had been tested using steady state
CFD solver. Similarly, the solution near the % period should correspond to a steady

state solution for a -0.89 degrees angle of attack, as indicated in figure[6.3]

Steady Parameters Value

Airfoil Steady State Pitch (degree) | 1

Pressure, p (Pa) 101325
Temperature, 7' (K) 300.0
Mach number, M 0.6
Harmonic Parameters Value
Harmonic frequency, Hz 0.005

Airfoil pitch perturbations (degree) | 1.89

Table 6.1: NACAOO12 Pseudo-steady test case

Pitch(Degree) vs Time(Period)
2.89 Degree Pitch

3.0 1

2.5

2.0 9

1.5

Mean Pitch = 1

Pitch (Degree)

-0.89 Degr

0.00 0.25 0.50 0.75 1.00
Period

Figure 6.3: NACAO0012 Airfoil Angle of Attack Profile
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The resulting harmonic solution is transformed into time domain solutions that cor-
respond to distinct periodic times. Figure [6.4] shows the results from the harmonic
method and compares them with the pressure profile for a 2.89-degree pitch airfoil,
obtained through steady-state CFD solver. The harmonic method’s result at i Pe-
riod, corresponding to the pseudo-steady prediction for 2.89 degree angle of attack is
provided and compared with it’s corresponding steady-state CFD solver solution. As
shown in figure [6.4] the harmonic method aligns well with both of the steady-state
CFD solutions for 2.89-degree positive pitch and -0.89 degree negative pitch states.

Cp vsx/c

- -Euler Solution at 2.89 degree
—Harmonic Solution a=2.89'

0 005 01 075 02 025 03 035 0.4 045 05 055 06 065 07 075 08 085 09 095 |

Cp vsx/c

—Harmonic Solution a=-0.89"
- -Euler Solution at 2.89 degree
-« Euler Solution at a=-0.89

(b) Harmonic Solution at -0.89 Degree Pitch at 3/4 Period

Figure 6.4: Harmonic Method Pressure Profiles between -0.89 and 2.89 Degrees
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Figure 6.5: NACA0012 Harmonic Method result vs Steady state CFD result

A more detailed inspection of this verification case can be seen in figure [6.5] The
linearized harmonic methods predictions succesfully matches with the expected pres-
sure profile provided by the already verified CFD solver. Slight discrepencies are
observed in the suction side of the leading edge. This is where the small perturba-
tion assumption made in the linearization process shows its effect, the accuracy of the

method suffers only in locations where large deviations in flow variables are present.
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6.2 Pseudo-Steady Case for Transonic NACA64A10 at 1 Degree Angle of At-
tack

This section delves into the transonic test case for a NACA64A 10 airfoil, aimed at ex-
amining the efficacy of Harmonic Methods in shock-involved scenarios. The unique
challenge posed in this case stems from the presence of shocks on both sides of the
airfoil when the angle of attack is zero, serving as the mean state of flow. The exis-

tence of these shocks is evident in figure [6.6a]

(a) 0 Degree Pitch (b) 1 Degree Pitch

Figure 6.6: Transonic NACA64A10 at 0 and 1 Degree Pitch CFD results

At a 1 degree angle of attack, the pressure side shock is absent and the suction side
shock has moved significantly towards the tail of the airfoil (as seen in figure [6.6b).
The displacement of the shock is the primary cause of the changes in fluid proper-
ties, with the downstream of the shock remaining unaffected and changes limited to
upstream flow variables only. This case is chosen to highlight the most significant
limitations of the Linearized Harmonic Method, such as the neglect of changes in

mean flow due to introduced perturbations.
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In the first instance, a 0-degree angle of attack solution is utilized as the mean state. A
harmonic solution is calculated around this state for a 1-degree oscillating pitch, thus
obtaining the solution for the airfoil in the range of 0-1 degree pitch. The parameters

for the simulation, presented in a table format, can be found in table @

Steady Parameters Value Harmonic Parameters Value
Airfoil Steady State Pitch (degree) | 0 Pitch Perturbation (degree) | 1.0
Pressure, p (Pa) 101325 || Harmonic Frequency (Hz) | 0.005
Temperature, 7' (K) 300.0

Mach number, M 0.8

Table 6.2: NACAO0012 Pseudo-steady test case

The pressure profiles at 0-degree pitch and 1-degree pitch from steady CFD results
are illustrated in figure displaying clear discontinuities due to the presence of
shocks. The absence of the lower shock and the considerable shift of the upper shock
towards the tail of the wing at a 1-degree angle of attack can be observed again in
figure [6.6b] The pressure profiles for these cases, marked by distinct discontinuities

due to shocks, are also demonstrated in figure[6.7]

Cpvsx/c
11 | - -Euler Solution 1 Degree Pitch
'] | Harmonic Solution 0 Degree Pitch

.....
.....

0 005 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 085 09 095
x/c

Figure 6.7: NACA64A10 Steady State O vs 1 Degree Pitch
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The harmonic solution is transformed into time domain solutions at various periodic
intervals. These results are presented in figure The harmonic results at % period
and }1 period are provided for comparison with the steady state CFD result corre-

sponding to a 1-degree positive angle of attack.

Cp vs x/c

- -Euler Solution 1 Degree Pitch
—Harmonic Solution 0 Degree Pitch

6 0D5 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 085 09 095 |
x/c

(a) Harmonic Solution at 0 Degree Pitch

Cp vsx/c

- -Euler Solution 1 Degree Pitch
—Harmonic Solution 0.5 Degree Pitch

0 005 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 085 09 095 1
x/c

Cp vs x/c

—Harmonic Solution 1 Degree Pitch
- -Euler Solution 1 Degree Pitch

6 005 01 015 02 025 03 035 04 045 05 055 06 085 07 075 08 085 09 095 1
x/c

(c) Harmonic Solution at 1 Degree Pitch at 1/4 Period

Figure 6.8: NACA64A10 Pressure Profiles between 0 and 1 Degrees
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Figure [6.9] exhibits the pressure profile garnered from the harmonic solver for a 1-
degree pitch. The results reveal the fundamental limitation of the Linearized Har-
monic Method: the absolute disregard for the effects of perturbation on mean flow
during the linearization process. Normally, with the presence of a shock at the mean
state used in a harmonic solution, the shock should also be displaced as perturbations
are introduced. However, the Linearized Harmonic Method overlooks this by keep-
ing the shock in the mean state at a fixed location when calculating the changes in
flow values. Consequently, the governing harmonic conservation equations generate

non-physical peaks at the shock locations.

Cp vsx/c

Harmonic Solutfion 1 Degree Pitch
- -Euler Solution 1 Degree Pitch

"
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0 0.050.10.15 02 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0:6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
x/c

Figure 6.9: NACA64A10 Steady 1 Degree Pitch Harmonic ve Steady Euler Results

Despite this limitation, the harmonic results align impeccably with conventional CFD
results in the regions upstream and downstream of the shock. Another critical ob-
servation is that despite the solution exhibiting unrealistic peaks, the lift coefficient
obtained from the Linearized Harmonic method upon integrating the pressure distri-

bution over the wing, surprisingly agrees with the expected CFD results.

Future research that concentrates exclusively on capturing the placement of the shock
in the mean flow is required. Upon successful implementation of such work, Lin-
earized Harmonic Methods would promise to deliver accurate results even in flows

with shocks.
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6.3 Unsteady Testing of Pitching Airfoils

The Linearized Harmonic Method has demonstrated promising results in the analysis
of pseudo-state external flows. However, the primary interest lies in obtaining un-
steady aerodynamic results for external flows, where the results are compared with

alternative methods and with the experimental findings.

Pressure perturbation phase plot for a harmonically pitching airfoil is depicted in Fig-
ure [6.10] where the phase differences in pressure perturbations experienced by the
NACAO0012 airfoil at different locations is shown. Figure [6.10a] shows the amplitude
of the pressure perturbations due to harmonic pitching of the foil, whereas Figure
[6.10b] shows the phases of those pressure perturbations with respect to airfoils os-
cillation. It can be seen that pressure perturbations along the faces of the airfoil,
continuously vary in phase. This phase difference governs the proportions of real and
imaginary components of the frequency domain solution, which in turn dictates por-
tion of the perturbation amplitude that will be ultimately be transformed back into the

temporal domain at the desired time instances.

(a) Pressure Perturbation Amplitude (b) Pressure Perturbation Phase

Figure 6.10: Effect of Pitchin Frequency on Flow Perturbation Amplitude
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/ —— Input Disturbances

—— Output Flow Perturbations

Figure 6.11: Solution Phase Difference

The variation in phase of the pressure perturbations implies that the unsteady forces
experienced by the airfoil will also have phase difference relative to the actual har-
monic motion the airfoil, as illustrated in Figure [6.11] This is one of the key behav-
iors for unsteady aerodynamics, separating it from the previously discussed ’pseudo
steady’ flows. When the frequency of the oscillations are sufficiently high, the fact
that changes in flow properties in a fluid propagate at a finite speed and don’t effect
everywhere all at once, results in a phase difference between response of the flow

field and the source of disturbances.
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6.4 Effect of Pitching Frequency on Unsteady Lift Behavior

The overall unsteady behavior of the solution is significantly influenced by the fre-

quency of introduced perturbations, thereby warranting a dedicated investigation into

the effects of varying frequencies on harmonic perturbations with same amplitudes.

This means that variations in lift experienced by an airfoil, oscilating between +2.89

degrees at 1 Hz, will differ in amplitude when same pitching oscillations are with a

frequency of 3Hz. Test cases are setup to investigate this phenomenon. The variables

for test setups are provided in[6.3] Here, both the steady-state values and the harmonic

perturbation amplitudes remain constant, while only the harmonic perturbation fre-

quencies vary between the runs, ranging from 0.1Hz to 3Hz.

Steady Parameters Value Harmonic Parameters Value
Airfoil Steady Pitch (degree) | 2.89 Pitch Perturbation (degree) 2.41
Pressure, p (Pa) 101325 || Harmonic Frequency Case 1(Hz) | 0.1
Temperature, 7' (K) 300.0 Harmonic Frequency Case 2(Hz) | 1
Mach number, M 0.6 Harmonic Frequency Case 3(Hz) | 3

Table 6.3: NACAO0O12 Pitch Oscilation Frequency Sweep Cases

The Fluid Domain, depicted in Figure [6.13] spans 110 meters in width, while the

chord length of the airfoil measures 1 meter. This configuration ensures a thorough

examination of the phase behavior of the wake flow, and will be used throughout all

the studies.

Figure 6.12: NACA0012 2.89x2.41 53 Hz
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The solution for the 0.1 Hz pseudo-steady case demonstrates the anticipated behav-
ior where the entire domain is in sync with the airfoil oscillations. During pitching
oscillations, as depicted in Figure [6.14a the pressure and suction surfaces of the air-
foil undergo harmonic perturbations with a phase difference of 7, suggesting that the

changes instigated in the domain have opposing signs.

— -3.1e+00

(a) NACAO0012 Phase Plot at 0.1 Hz Oscilating Frequency

— 3.1e+00

(b) NACAO0012 Phase Plot at 3 Hz Oscilating Frequency

Figure 6.13: NACAO0012 Unsteady Solution Phase Results

Pressure perturbation amplitudes for the test case is shown in Figure [6.14] Notably,
an increase in oscillation frequency corresponds to a significant decrease in the per-
turbation amplitudes of the flow variables. This suggests that at higher frequencies,
the fluid domain becomes less responsive to the perturbations introduced by the os-

cillating airfoil.

(a) 0.1 Hz Pitching Frequency (b) 3 Hz Pitching Frequency

Figure 6.14: Effect of Pitchin Frequency on Flow Perturbation Amplitude
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A quantitative analysis on the oscillation frequency’s impact on the unsteady Lift
experienced by the airfoil is shown in Figure [6.15] Lift values with respect to the cor-
responding pitch of the airfoil are plotted, where each point correspond to a unique
time instance as the airfoil undergoes a single cycle of its harmonic motion. The un-
steady lift values for the NACAO0012 airfoil, as it undergoes pitching oscillation from
0.48 to 5.3 degrees, are plotted at different pitching frequencies. The frequency as a
oscilation parameter, is shown to have two key effects on the unsteady lift character-
1stics.

Lift Coefficient (CL) vs Pitch (Degrees)

= ~( Hz Pseudo Steady State
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Figure 6.15: NACAO0012 Pitch oscillations at 0Hz, 1Hz and 3Hz

First, as the oscillation frequency increases, the amplitude of the lift perturbations
begins to decrease, indicating that the flow becomes less responsive to the airfoil’s

motion.

Secondly, as the frequency increases, the unsteady lift begins to exhibit hysteresis
where for each angle of attack there are two different lift values depending on where
the airfoil is in its periodic motion. The lift not only depends on the current angle of

attack of the airfoil but also on the current direction of the pitching motion.
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6.5 NACAO0012 Unsteady Aerodynamics Test Case

The results obtained from the implemented Linearized Harmonic Solver are com-
pared with the experimental findings obtained by R. H. Landon [34], the details of
which are also available in the AGARD REPORT 702 [35]]. The results are also
compared with the Non-Linear Frequency domain methods [36]], [37], [38]] cover-
ing the more computationally expensive methods. The experimental setup, in non-

dimensionalized properties, is presented in Table [6.4]

Airfoil NACAO0012
Mean Pitch angle (°) 2.89

Pitch angle variation (°) | 2.41
Mach 0.6
Reduced Frequency k 0.08008

Table 6.4: Landon experiment parameters

The reduced frequency £ is defined as:

wce
= 1
k= (6.1)

where w denotes the oscillation frequency in radians per second, c¢ represents the

chord length, and U corresponds to the free-stream velocity.

For this case setup, the chord of the airfoil is 1 meter in length, which results in a
harmonic excitation frequency of 5.293 Hz. The complete list of parameters used in

the Harmonic Solver is provided in Table[6.5]

Steady Parameters Value Harmonic Parameters Value
Airfoil Steady Pitch (degree) | 2.89 Pitch Perturbation (degree) 2.41
Pressure, p (Pa) 101325 || Harmonic Frequency Case (Hz) | 5.293
Temperature, 1" (K) 300.0

Mach number, M 0.6

Table 6.5: NACAO0012 Pitch Oscilation Frequency Sweep Cases
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Lift Coefficient (CL) vs Pitch (Degrees)
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Figure 6.16: NACAO0O012 Linearized Harmonic vs Experimental Results

The Unsteady Lift results obtained by the Linearized Harmonic Solver for the NACA0012
case are displayed in Figure [6.16] The results are plotted alongisde the experimental
findings, and McMullens Non-Linear Frequency Domain method [38] in both of its

viscous and inviscid formulation.

One limitation of the Linearized Harmonic Method that becomes apparent is that it
relies on inviscid Euler equations for the steady-state results, which it subsequently
uses as the mean state. Consequently, the errors incurred by eliminating viscous
effects from the steady results are directly transferred to the unsteady solution. This
is particularly apparent upon inspecting the mean Lift coefficient, where the inviscid
steady state solution overestimates the lift. Essentially, this overestimation shifts the
lift estimations for the entire solution regime by a constant error. The McMullens
inviscid method [38] also contains the same error, which lead him to developing a

viscous formulation, eliminating the error.
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This error is solely caused by the steady state solution scheme, which is not the scope
of this work. Upon inspecting only the unsteady part of the solution this error can be
eliminated, enabling better inspection of the scheme. The unsteady results actaully
showcase near perfect prediction for the amplitude of the Unsteady lift. The results
of unsteady lift variations for the same harmonically pitching airfoil is given in figure
The linearized harmonic method, successfully captures the target unsteady lift
phenomena, and matches the accuracy of the more expensive Non-linear frequency

domain method.
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Figure 6.17: NACAO12 Landon Case Unsteady Lift Variations

Inspecting oscilating airfoil at its mean pitch value at 2.89 degrees(0 degree varia-
tion), the solution exhibits hysterisis behavior as expected, where there are 2 different
corresponding lift coefficient, depending on the pitching direction of the airfoil at
its current state. The harmonic methods, shown to be overestimating the hysterisis,
where they are more sensitive to the pitching rate, then experimental results indicate.

Elimination of this error necessisates further work on frequency domain methods.
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6.6 NACA64A10 Unsteady Aerodynamics Test Case

The findings from the Linearized Harmonic Solver for the NACA60A10 airfoil, are

compared with experimental data obtained by S. S. Davis [39]. The findings of [38]

also included, showcasing the differences between linear and non-linear frequency

domain methods. The case presents a unique challenge due to being transonic, which

is expected to bring out the shortcomings of the linearized harmonic method.

The non-dimensionalized properties of the experimental setup is presented in Table

6.4]

Airfoil

NACAG64A10

Mean Pitch angle (°) 0

Pitch angle variation (°) | 1.01

Mach

0.796

Reduced Frequency k 0.202

Table 6.6: Davis experiment parameters

For this simulation case, the chord length measures 1 meter, which results in a har-

monic excitation frequency of 17.6435 Hz. The complete set of parameters utilized

in the Harmonic Solver is outlined in Table

Steady Parameters Value Harmonic Parameters Value
Airfoil Steady Pitch (degree) | O Pitch Perturbation (degree) 1.01
Pressure, p (Pa) 101325 || Harmonic Frequency Case 1(Hz) | 17.65
Temperature, 7' (K) 300.0

Mach number, M 0.796

Table 6.7: NACA64A10 Pitch Oscilation Frequency Sweep Cases
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The NACA64A10 case incorporates transonic flow, where the flow around the air-
foil includes shocks. Large flow gradients and shocks posing a significant challenge
to Linearized Harmonic Methods, the unsteady lift predictions of the linearized har-
monic method showcases poor accuracy, having 10 percent error, which is quite large,
in its prediction of unsteady lift amplitude along with poor predictions on hysteresis
behavior of the unsteady Lift. The Non-linear frequency domain approach [38] on
the other hand, showcases good accuracy on obtaining unsteady lift amplitude along

with acceptable predictions on hysteresis behavior.
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Figure 6.18: NACA64A10 Linearized Harmonic vs Experimental Results
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6.7 2 DOF Airfoil Flutter Analysis

The proposed linearized harmonic method was ultimately developed as a tool to target
aeroelasticity problems specifically those concerning flutter, where the need efficient
flow solvers is significant. In this section, the proposed linearized harmonic method is
applied to a canonical 2D oscillating airfoil scenario for which established analytical

solutions exist.

Theodorsen’s theory [40], which serves as the benchmark for our comparison, is a
seminal work in aeroelasticity, where it’s results had been validated in the literature
one such being the work of Halfman [41]]. Originally formulated to predict the un-
steady aerodynamic loads on an oscillating think flat plates, it provides a robust foun-
dation for analyzing the flutter phenomenon in thin airfoils. The theory is especially
usefull for its treatment of airfoil motions, encompassing both pitching and plunging
degrees of freedom. However, it’s worth noting its inherent limitations: Theodorsen’s

theory primarily caters to thin airfoils under subsonic flow conditions.

Given the symmetrical and relatively thin nature of the NACAO0012 airfoil, Theodorsen’s
theory emerges as a particularly appropriate analytical solution against which our lin-
earized harmonic model can be juxtaposed. The symmetry of the NACAO0012 airfoil
simplifies the analysis by reducing the complications arising from camber effects,
thereby falling more neatly within the purview of Theodorsen’s assumptions. For the
Simulations, the same domain is used across all simulations, where the details are

already provided in earlier sections.

6.7.1 Flutter Speed Prediction

To validate the code’s robustness across various simulation parameters, a test setup
has been established. the detailed description of the tested scheme is provided in
section [5.4] The Theodorsen method in its formulation deals with the pitch center
location as a free variable. 10 different theoretical flutter test cases had been setup,
by altering the location of the elastic axis with respect to the midchord. Subsequently
comparing the flutter frequency and flow velocity outcomes from the linearized har-

monic solver to those predicted by Theodorsen’s theory.
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Variable Value
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Zq 0.4
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(a) Structural Parameters (b) Elastic axis with respect to mid chord

Figure 6.19: Testing setup

The structural parameters are depicted in figure [6.19a] emphasizing the variable o,
which corresponds to the elastic axis location across the foil’s chord. For this test, the
flow parameters are standardized to atmospheric conditions: 300 Kelvin temperature

and 101.3 kPa pressure.
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Figure 6.20: Flutter Solution Progressions for a=-0.5

Upon examining the linearized harmonic flow solver’s performance, it’s evident that

even with initial guesses far away from the anticipated flutter point, convergence is
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achieved within roughly five outer iterations (as illustrated in figure [6.20). Within
these iterations, each new flutter computation necessitates four distinct CED solution

calls from the structural solver to ascertain the requisite Jacobians.

A significant advantage of the proposed method is its efficiency, each linearized har-
monic solver solution is approximately ten times faster than its steady-state counter-
part. With a total of 200 separate simulations needed for sweeping over ten pitch cen-
ter locations, the entire process, on an 32 core consumer desktop PC with a 200,000-

cell mesh, is completed in approximately 10 hours.
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Figure 6.21: Flutter characteristics with different pitching Center Locations

The results in figure align well with those from Theodorsen’s theory. However,
as a reminder to the reader, Theodorsen’s theory primarily targets flat plates. Thus,
the observed discrepancies can be attributed to the inherent differences between an

airfoil and a flat plate—even for a slender one like NACAO0012.

Overall, the linearized harmonic method succesfully captures the anticipated flutter

behavior of the airfoil.
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6.7.2 Modal Characteristics of NACA0012 at Near Flutter Speeds

A deeper examination into the flutter behavior of the NACAO0012 airfoil is provided in
figure [6.22] Here, the pitch axis is maintained at « = -0.4, while the other parameters
mirror those shown in figure Rather than setting the damping value to zero for
discerning the flutter onset speeds, this analysis opted for fixed velocities, solving in-
stead for the corresponding damping and frequency values for each vibrational mode.
The sheer number of Computational Fluid Dynamics (CFD) calls, exceeding 500 in

total, showcasing the true utility of the proposed linearized harmonic method.
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Figure 6.22: NACAO0OO012 Flutter at a = -0.4

The results presented in figure [6.22] accentuate the system’s natural vibration modes:

pitching and plunging.

Unsteady airflow over the airfoil generates a force that serves a structurally dissipa-
tive role, essentially functioning as a damper. This phenomenon can be represented
in governing equations as a damping term; a negative value denotes energy dissipa-
tion by the force. Intriguingly, as highlighted in figure [6.22] this damping term isn’t
perpetually negative.
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When the damping values turn positive, it indicates that the unsteady aerodynamic
forces are in fact augmenting themselves. Even an infinitesimal displacement of the
airfoil at specific free-stream velocities can initiate a flow field. This flow, in turn,
harmonically intensifies its unsteady displacement, culminating in an even larger un-

steady aerodynamic force, thereby setting off a self-reinforcing loop.

Contrary to initial beliefs, flutter isn’t triggered purely by aerodynamic forces. As ev-
idenced, it emerges as a structural phenomenon where the fluid domain is intricately
intertwined with the structure. Upon reaching the flutter onset point, the system de-
scends into instability. At this juncture, even the slightest disturbance could catalyze

deleterious outcomes.

A key observation from figure [6.22]is the system’s vulnerability post reaching free-
stream velocities exceeding 84 m/s. Beyond this point, the pitching mode destabilizes,
marking the flutter onset. Hence, any flow rate at or surpassing this velocity threshold

poses a tangible risk to the system’s structural integrity.
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CHAPTER 7

CONCLUSION

The present work offered an in-depth investigation into the performance of Linearized
Harmonic Solver in the context of unsteady aerodynamics and flutter problems. It’s
accuracy had been tested in two aerodynamic cases: NACAO0012 and NACA64A10,
and the method proved to be accurate in subsonic problems, and shown to be promis-
ing in transonic cases where future work is needed. For the NACAOO12 case, the
method accurately predicted the amplitude of Unsteady lift oscillations, with de-
viations primarily stemming from the steady-state solution scheme rather than the
harmonic analysis. In the case of NACA64A10, due the challenges posed by the
transonic flow and the presence of shocks, linear harmonic methods unsteady lift pre-

dictions poorly matches with experimental data.

Nonetheless, the study revealed certain limitations inherent to the Linearized Har-
monic Method. The reliance on inviscid Euler equations for steady-state solutions
led to an overestimation of lift, a constant error that permeated the unsteady results.
Additionally, the method exhibited shortcomings when dealing with large flow gradi-
ents and shocks. Despite that, in the domain of subsonic unsteady flow problems, the

approach is shown to be accurate.

The true utility of linearized harmonic methods emerges when applied to flutter prob-
lems. Flutter problems and fluid-structure interaction problems in general, require
multiple flow solutions during their operation, where a single simulation involve hun-
dreds of flow solver calls, which leads to demand for an substantially efficient, task
specific fluid solver. Given the method’s inherent efficiency, it stands out as an opti-
mal choice for aeroelastic FSI problems, flutter being a prime example. When com-

pared against analytical models, the method is demonstrably accurate. its efficiency
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renders it an exceptional tool for detailed explorations into airfoil behavior near the

flutter onset, elevating the caliber of research in this domain.

7.1 Future Work

To enhance the Linearized Harmonic method, future studies should be conducted to
mitigate the overestimation of lift introduced by the inviscid Euler equations. Imple-
menting a viscous correction factor or integrating viscous effects into the steady-state

solution could potentially provide more accurate base states for unsteady analysis.

The method’s limitations in handling large flow gradients and shocks, present a sig-
nificant area for future research. Modifications or adaptations to the method that can
better accommodate these challenging conditions would constitute a major advance-

ment.

Continued research and development of the Linearized Harmonic method holds sig-
nificant promise. By addressing its current limitations and discovering new applica-
tions, this method could serve as a powerful tool for the accurate and efficient analysis

of Unsteady aerodynamic problems.
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