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ABSTRACT

PHASE FIELD FRACTURE MODELING OF FATIGUE CRACK GROWTH
AND DUCTILE DAMAGE

Waseem, Sarim
M.S., Department of Aerospace Engineering

Supervisor: Assoc. Prof. Dr. Tuncay Yalçınkaya

July 2023, 86 pages

The modeling of fracture is a computationally challenging task due to the inherent

discontinuities involved. The characteristic features of the phase field methodology

circumvent these limitations through a diffuse interface approach to crack growth. In

this thesis, the phase field approach to brittle fracture is expanded to cover both fatigue

and ductile fracture based on the existing methodologies described in the literature,

with some novel features added to simulate more complex behavior.

Two fatigue models are simulated with additional features in both designed to capture

the crack growth retardation phenomenon, which has previously not been studied in

a phase field framework. For one, the fatigue damage accumulation algorithm is al-

tered to include a damage threshold. This is done to simulate crack closure effects

and by extension, crack growth retardation effects due to overload. For the second

model, a temporal fatigue damage accumulation system based on a representative

load is simulated, additionally incorporating a zone based crack retardation mecha-

nism that responds to single cycle overloads. These features allow both models to

more realistically simulate complex variable amplitude loading cases restricted to the

tensile region. The fatigue models are found capable of simulating crack growth re-
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tardation in the wake of applied overloads, with varying levels of success in matching

experimental results.

A third phase field model is used to simulate failure due to plastic deformation. A

classical phenomenological uncoupled damage model is incorporated into a phase

field ductile failure framework to allow it to accurately capture plastic damage evo-

lution in complex stress states as well as allow more precise calibration. A damage

threshold is applied to control the evolution of damage around the critical failure

strain. The model is able to reproduce experimental load-displacement responses,

plastic deformation and crack patterns for the given parameter set for various bench-

mark specimens.

Keywords: Phase Field, Fatigue, Plasticity, Fracture, Overload, Crack retardation,

Crack propagation
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ÖZ

YORULMA ÇATLAK BÜYÜMESİ VE SÜNEK HASARIN FAZ ALAN
KIRILMA METODU İLE MODELLENMESİ

Waseem, Sarim
Yüksek Lisans, Havacılık ve Uzay Mühendisliği Bölümü

Tez Yöneticisi: Doç. Dr. Tuncay Yalçınkaya

Temmuz 2023 , 86 sayfa

Çatlak modellenmesi, doğasında bulunan süreksizlikler nedeniyle hesaplama açısın-

dan zorlu bir görevdir. Faz alanı yönteminin karakteristik özellikleri, çatlak büyüme-

sine yönelik bir yayılma arayüzü yaklaşımıyla bu sınırlamaların üstesinden gelir. Bu

tezde, gevrek kırılma için faz alanı yaklaşımı, literatürde açıklanan mevcut yöntem-

lere dayanarak yorulma ve sünek kırılma konularını kapsayacak şekilde genişletilmiş

ve daha karmaşık davranışları simüle etmek için bazı yeni özellikler eklenmiştir.

İki yorulma modeli, çatlak büyümesi geciktirme fenomenini yakalamak için tasarlan-

mış ek özelliklerle simüle edilmiş ve bu daha önce faz alanı çerçevesinde incelenme-

miştir. Birinci model için, yorulma hasar birikimi algoritması bir hasar eşiği içerecek

şekilde değiştirilmiştir. Bu, çatlak kapanma etkilerini ve dolayısıyla aşırı yük nede-

niyle çatlak büyümesini geciktirme etkilerini simüle etmek için yapılmıştır. İkinci

model için, temsili bir yük temeline dayalı zamansal yorulma hasar birikimi sistemi

simüle edilmiş ve tek çevrim aşırı yüklemelere yanıt olarak hareket eden bir bölge

tabanlı çatlak geciktirme mekanizması da eklenmiştir. Bu özellikler, her iki modelin

de gerçekçi bir şekilde gerilim bölgesine sınırlı karmaşık değişkenli yükleme durum-
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larını simüle etmesine olanak sağlar. Yorulma modellerinin, uygulanan aşırı yükle-

melerin ardından çatlak büyümesini geciktirme yeteneğine sahip olduğu ve deneysel

sonuçlarla farklı düzeylerde başarı oranlarına sahip olduğu bulunmuştur.

Plastik deformasyona bağlı kırılmayı simüle etmek için üçüncü bir faz alanı modeli

kullanılır. Klasik fenomenolojik ayrışmamış hasar modeli, bir faz alanı sünek kırılma

çerçevesine dahil edilerek, karmaşık gerilim durumlarında plastik hasar gelişimini

doğru bir şekilde yakalamasına ve daha hassas kalibrasyon yapmasına olanak tanır.

Hasar eşiği, kritik hasar gerilimi etrafındaki hasarın evrimini kontrol etmek için uy-

gulanır. Model, çeşitli referans örnekler için verilen parametre setine göre deneysel

yük-deplasman tepkimelerini başarılı bir şekilde yeniden üretebilir.

Anahtar Kelimeler: Faz Alanı, Yorgunluk, Plastisite, Kırılma, Çatlak geciktirme, Çat-

lak yayılımı
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CHAPTER 1

INTRODUCTION

A relatively recent computational approach to simulating crack growth is the phase

field method, which is a diffuse interface methodology developed as a computation-

ally advantageous solution scheme for sharp interface problems. It functions through

the introduction of an additional degree of freedom, namely the phase field parameter,

which at different values represents different material phases and facilitates a smooth

transition between them, thereby eliminating discontinuous sharp interfaces and their

associated computational problems. In the context of crack growth, the two phases

that are represented are undamaged material and fully fractured material. Through

this method, various forms of mechanical failure may be simulated.

Fatigue is one of the most common and dangerous forms of mechanical failure. Un-

der the influence of a fluctuating load, fatigue failure can occur at stress states that are

well below even a metal’s elastic limit let alone its ultimate tensile strength. There-

fore, designs that are sufficiently safe against ductile failure may be vulnerable against

fatigue to the point of catastrophic failure. This makes the prediction of fatigue fail-

ure in materials and structures a pivotal cornerstone of engineering design. Due to

the economic connotations, it is not simply enough to be over-conservative with our

estimations of fatigue life, therefore accuracy in predicting fatigue life and fatigue

crack paths is pivotal to balance both safety and financial considerations efficiently.

While fatigue remains the dominant failure mechanism in practical applications, metal

forming and other production processes that involve heavy plastic deformation are

primarily concerned with the evolution of ductile damage under various stress states.

Being able to predict the evolution of damage during plastic deformation is vital in

the production of reliable mechanical components.
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Both damage mechanisms have been explored heavily through experimental data, and

several computational models have been developed based on this data for both fatigue

and ductile failure. However, modeling of fracture through the finite element method

(FEM) has several inherent complications involved in the description of a discrete

crack surface namely due to the involved discontinuities. Methodologies have been

developed to circumvent these issues in modeling crack growth, for example, the ex-

tended finite element method (XFEM) [1], which avoids a need for remeshing through

a local enrichment of the shape functions that solves the discontinuities involved. The

cohesive zone model [2] is another well established methodology, describing the co-

hesive forces involved when crack surface separation occurs at a predefined region.

The phase field methodology provides an excellent alternative to these computational

methods for modeling crack growth. In this thesis, the applicability and versatility

of the phase field method is studied in the context of both fatigue and ductile crack

initiation and subsequent propagation.

This chapter introduces the core ideas around which this thesis is based and is orga-

nized as thus: The following section provides a brief introduction to the development

of the phase field method for brittle failure. The next section covers the development

of formulations for fatigue fracture and its modeling through the phase field method.

Following this, the crack retardation phenomenon is discussed, focusing on its nature

and the methods developed to model it. The subsequent section covers the modeling

of ductile fracture and the advantages of doing so through the phase field methodol-

ogy, while the final section provides an outline for the thesis.

1.1 Phase Field Approach to Fracture

The phase field paradigm was originally developed for dual phase evolution problems

through the introduction of an additional degree of freedom. The two phases are

described through the phase field parameter, with a smooth transition between them

that eliminates the computational complexities of an evolving discrete boundary. In

the context of fracture, the two states are described as intact material and completely

fractured material, with a length scale parameter determining the size of the transition

2



zone between them.

Figure 1.1: Discrete crack (left) vs. phase field crack (right) [3]

The adaptation of the phase field method to fracture is based on the variational ap-

proach to Griffith’s theory of crack propagation (see [4]), developed by Francifort and

Marigo (see [5]) which poses the evolution of cracks as an energy minimization prob-

lem. The heart of phase field fracture is the description of the crack surface over the

domain in terms of an auxiliary variable, termed the phase field parameter. This was

done by Bourdin (see [6]), who defines the crack surface based on Ambrosio and Tor-

torelli’s regularized minimization of a Mumford Shah type functional (see [7], [8]),

smoothening out jump discontinuities, with convergence to the realistic crack surface

acting as a limit case as the length scale parameter tends towards 0. Originally de-

veloped to describe discrete segments in images, the framework has been adapted to

describe the distribution of cracks over the domain, with the length scale acting as a

regularizing parameter. Later, Miehe et al. [9] formalized the approach, as well as in-

troduced some pivotal computational aspects that facilitated the FEM implementation

of the phase field brittle fracture paradigm.

With sharp discontinuities eliminated, the phase field method is able to track crack

growth without the need for any further ad-hoc criteria to determine crack paths as

well as no requirement for element separation, deletion or remeshing. Furthermore,

it is capable of capturing more complex behavior like crack branching.

While it boasts great computational advantages, the phase field method naturally has

its drawbacks with their own computational costs. One of these being that a refined

mesh is required along the crack path. Solutions to this problem have involved the

3



Figure 1.2: Phase field crack branching [10]

introduction of adaptive re-meshing strategies (see [11, 12]). More efficient solution

schemes such as Quasi-Newton schemes [13] and line search methods [14] have also

been utilized.

Quasi-static brittle fracture behavior only applies to specific materials, necessitat-

ing more advanced models to describe more complex material behavior. Using the

brittle crack growth framework as the foundation, the model has been extended to

other modes of material failure such as dynamic fracture [15], fracture in materials

with anisotropic fracture toughness [16], corrosion fracture [17], polcrystaline frac-

ture [18] among several others.

The extension of the framework to both the fatigue and ductile environments is dis-

cussed in the following sections.

1.2 Fatigue Crack Growth

The first studies of the fatigue fracture phenomenon were done by Wöhler [19] to

explain the failure of railway axles, finding that fatigue failures can occur at stress

levels well below the load levels associated with static failures. His experiments led

to the development of S-N curves, which highlight the inverse relationship between

the amplitudes of applied fluctuating stresses and the number of applied loading cy-

cles it took for complete fracture. The micro-mechanical mechanisms of fatigue in

metals were later studied, confirming that even at lower stress levels, micro-cracks
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developed in plastic slip bands. This is due to inevitable stress concentrations causing

plastic localization in the poly-crystalline structure, with slip irreversibility leading

to the micro-cracks eventually growing and evolving into macro-cracks under consis-

tently fluctuating loading conditions [20]. Miner’s rule [21] introduced the concept

of cumulative damage in fatigue, introducing an additive rule to predict the crack life

in cases where loads of varying amplitudes were applied.

To describe the stress intensity at the crack tip, Irwin [22] introduced the stress inten-

sity factor concept, which is one of the most dominant methodologies employed in

linear elastic fracture. To avoid the numerical pitfalls of infinite stress singularities at

crack tips, the stress intensity factor at crack tips is described instead,

K = f(a/w)σ
√
πa (1.1)

where f(a/w) is a geometric constant, dependent on the structure being studied and

a is the crack length. σ is the applied stress. This concept was instrumental in the

development of analytical laws to define the crack growth rate.

Fatigue crack life has been described through three distinct phases. These are crack

initiation, stable crack growth and unstable crack growth respectively. The funda-

mental approach to fatigue fracture may be best represented by the prolific Paris and

Erdogarn law [23], linking the growth rate of a crack exposed to a fluctuating load,

to the difference in stress intensity factors at the maximum and minimum load condi-

tions. This formulation applies specifically to the stable crack growth period,

da

dN
= C(Kmax −Kmin)

m (1.2)

where da
dN

is the increase in crack length per cycle and C and m are empirical con-

stants. Several updates to this equation have been proposed such as the NASGRO

equation [24], which incorporates stress ratio effects as well as defines a larger range

of the fatigue crack life.

Experimental studies of the factors governing the crack growth rate have determined

that parameters such as microstructure and mean load are relevant for varying growth

rates (see e.g. [26]). Numerical simulations of fatigue crack growth remain slim.

XFEM has been adapted to a fatigue framework capable of reproducing crack pat-

terns and cycle lifetimes under complex loading (see [27], [28], [29]). Alternative

5



Figure 1.3: Visual depiction of fatigue crack growth life [25]

approaches such as peridynamics have also been adapted to simulate fatigue crack

growth [30].

More recently, phase field models have been adapted to simulate fatigue growth.

The basis of phase field fatigue models is the degradation of the fracture toughness

with consistent variation in the elastic energy through a fatigue degradation function.

Alessi et al. [31] proposes a 1D formulation that does degradation through accumulat-

ing equivalent strain. Carrara et al. [32] proposes a model that introduces the fatigue

damage variable as an additional degree of freedom defined by an accumulative mea-

sure of elastic energy while demonstrating that an accumulating strain framework

displays high mesh dependency at higher dimensions. This framework is demon-

strated to reproduce Paris Law behavior and forms the basis of the models studied in

this thesis. Utilizing this model, Ai et al. [33] simulates fatigue cracking in lithium-

ion battery electrode particles. Simoes et al. [34] proposes a phase field model for

the modeling of fatigue fracture in Shape Memory Alloys. Lo et al. [35] describes a

fatigue model incorporating viscous damage dissipation that takes the Paris behavior

of a material as an input. Loew et al. [36] simulates crack nucleation and growth in

rubber due to fatigue. An alternative approach is proposed in [37], where the crack
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driving force is bolstered with an additional fatigue term while sustaining the mate-

rial toughness. The fatigue framework has also been extended to incorporate ductility

(see e.g. [38], [39]) with such models used primarily to study low cycle fatigue.

In this thesis, two fatigue frameworks confined to high cycle fatigue considerations

are simulated, where plasticity remains highly localized at the crack tip and may

therefore be neglected, as opposed to low cycle fatigue, which would require the in-

clusion of plasticity. Both models are based on the degradation of the fracture tough-

ness based on an accumulating fatigue damage variable. The crack closure model

is based on the work in [32], where each cycle is applied individually through fluc-

tuating boundary conditions. In contrast, the second approach functions through a

representative load, with the fatigue damage variable evolving temporally, similar to

creep boundary conditions.

1.3 Crack Growth Retardation

Figure 1.4: Illustration of how out of plane material flow in the plastic wake causes

crack closure. [40]

In the 1970s, Elber [41] discovered premature surface contact between crack faces

reached before the minimum loading condition, a phenomenon termed as plasticity

induced crack closure. Single cycle overloads were found to cause significant retar-

dation in the crack growth rate for subsequent cycles as a direct consequence of the
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crack closure phenomenon. Since then various alternative sources of crack closure

other than plasticity have been identified, such as roughness induced crack closure

(see [40] for a review of these alternate phenomenon). They are not covered in the

scope of this work.

Schijve [42, 43] considered residual stresses at the crack tip as a key feature respon-

sible for crack growth retardation, acknowledging the difficulty in determining the

individual influences of crack closure and residual stresses on the growth rate. [44]

did not find crack closure to be a significant contributor to the overload effects, con-

sidering strain hardening and residual stresses to be a far more relevant contributor.

Several supplementary micro-mechanical drivers of crack growth retardation have

also been identified (see [45]).

Figure 1.5: Visual representation of crack closure effects on the stress intensity factor

range [46]

Analytical approaches are detailed in the literature to incorporate crack retardation

due to the application of overloads. One style, based on the work of [41] involves the

reduction of the stress intensity factor range, by replacing Kmin with the stress inten-

sity factor at crack opening Kop. Several proposals for calculating Kop are detailed

in the literature (see e.g. [47, 46]), with the load ratio between the maximum and

minimum loads acting as the controlling variable. When an overload is applied, Kop
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is inflated in the region, causing a significant reduction in the stress intensity factor

range which directly correlates to the crack growth rate.

An alternative approach is where the crack growth rate is altered according to the

size of the yield zone around the crack tip. A plastic zone is present at crack tips at

all times due to the high stress concentration. A single cycle overload significantly

inflates this plastic zone. The way these models work is by retarding the crack growth

rate based on the size increase in the plastic zone due to the overload. This retardation

continues until the plastic zone begins to grow once more due to sufficient progression

in the crack length. The Wheeler model [48] and Willenborg model [49] are notable

examples.

The Wheeler model functions through the introduction of a retardation constant Cp,

which reduces the crack growth rate upon the application of an overload, leading to

the following re-interpretation of Paris’ Law:

da

dN
= Cp.C(Kmax −Kmin)

m. (1.3)

Cp is influenced by the plastic zone size at the overload, as well as the crack length.

It is described through the following formulation:

Cp = (
rpi

rpOL + aol − ai
)µ. (1.4)

The variables of this equation are described in Figure 1.6. This equation is applicable

until the current plastic zone size crosses the overload plastic zone. µ is a material

parameter calibrated from experiments.

It is important to not that the models introduced in the literature specifically pertain

to framework based on the relation between the crack growth rate per cycle and the

stress intensity factor. In contrast, the majority of phase field fatigue models are based

on per cycle fatigue damage, hence a direct compatibility is difficult to establish. This

thesis seeks to introduce the plasticity induced crack closure phenomenon and over-

load effects to the phase field paradigm without the explicit introduction of plasticity

to the material model. This is done through the introduction of a novel fatigue dam-
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Figure 1.6: Visual representation of plastic zone evolution upon the application of an

overload [29]

age threshold which evolves based on the loading history, simulating a reduction in

the load range in which fatigue damage accumulates. In the second approach, a novel

crack retardation framework similar to the Wheeler model is integrated into the model

by describing a retardation zone at the crack tip based on the strain energy density dis-

tribution. Both models are designed to produce significant crack retardation upon the

application of an overload, a phenomenon that has as yet not been explored in a phase

field setting.

1.4 Ductile Fracture

It has been observed that ductile fracture in metals is driven by micro-mechanical

mechanisms of void nucleation and growth [51, 52]. Several approaches have been

proposed for the modeling of ductile fracture (see [53] for a review), capable of cap-

turing the influence of factors such as the material temperature and the deformation

rate.

Ductile damage models can be either coupled or uncoupled, with uncoupled mod-

els simply marking regions where a critical value representative of damage has been
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Figure 1.7: Stages of ductile fracture [50]

reached. Coupled models degrade the stiffness and stress carrying capacity of the

material as damage is taken, allowing strain localization before fracture and hence

producing far more realistic fracture behavior. Phase field models facilitate a mecha-

nism for existing ductile damage models to be simulated in a coupled environment.

Furthermore, phase field models also incorporate non-local effects through a gradient

term. Local material models assume that the response of a material depends only

on the local state variables, while non-local models account for long-range interac-

tions and the influence of gradient effects. Local models are known to demonstrate

dependence on the mesh size [54] and utilizing non-local gradient based models al-

lows mesh convergence [55] while also easing computational issues caused by strain

localization [56]. In addition, the phase field model allows an implicit solution to

plasticity, boasting far greater accuracy and advantages compared to a local, uncou-

pled explicitly simulated plastic damage model.

The micromechanical mechanisms of ductile fracture demonstrate a high dependency

on the stress state characterized by stress triaxiality and Lode parameter (see [57],

[58]). Ductile fracture models incorporating both parameters have been applied to

numerical studies of metal forming (e.g. [59], [60]). Damage models such as the

Johnson-Cook model [61] typically incorporate these effects through a cumulative

measure to allow accurate predictions for fracture strains in ductile deformation cases
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involving varying stress states. The Modified Mohr Coulomb (MMC) model is a

ductile fracture model able to capture the evolution of plastic damage over a range of

evolving stress states by considering both stress triaxiality effects and the influence of

the Lode parameter (see [58]). Previous studies have attempted to incorporate stress

dependent phenomenological models in ductile phase field paradigms. Borden et al.

[62] incorporates stress triaxiality through the addition of a section of the Johnson-

Cook damage model to the plastic damage accumulation. Li et al. [63] introduces

a damage threshold that evolves with the MMC model. Vajari et al. [64] introduced

a model that degrades the fracture toughness through the Stress-Weighted Ductile

Fracture Model.

In the context of this thesis, the ductile phase field model’s compatibility with the

MMC damage model is demonstrated. This is done through an approach where the

plastic damage is incrementally scaled through the MMC model. Furthermore, a

plastic damage threshold is introduced to the model to control the onset of degradation

following a critical strain value. While compatibility with the MMC model has been

attempted before in [63], that approach was primarily through evolving the damage

threshold with the MMC model, while this approach is relatively simpler, evolving

the damage due to plastic deformation instead. Several benchmark specimens are

simulated and experimental load-displacement curves are reproduced. The model’s

applicability in metal forming is also explored.

1.5 Aim of the Study

The aim of this study is to demonstrate the performance of the phase field method-

ology in the context of both fatigue fracture and ductile fracture. In terms of fatigue

fracture, the goal is to introduce a phase field fatigue model capable of simulating ex-

perimental crack evolution curves and crack paths. Furthermore, the model should be

able to produce the crack retardation effect when a single cycle overload is applied,

which is an essential feature of fatigue behavior under variable amplitude loading. In

terms of ductile fracture, the goal is to introduce a phase field ductile model that can

reproduce experimental load-displacement responses and crack patterns for various

benchmark specimens through the integration of the MMC model. This would allow

12



the use of existing calibrated MMC parameters within the phase field framework.

The organization of the thesis is as follows. Chapter 2 pertains to the foundations

of the phase field fracture framework and its extension from brittle failure. The im-

plementation of the model is discussed, where a UMAT is utilized through coupled

temperature-displacement elements, where temperature acts as a stand in for the phase

field parameter.

Chapter 3 concerns the extension of the phase field brittle model to a fatigue frame-

work. Two separate approaches are considered. One approach calculates the fatigue

damage taken per cycle and attempts to model retardation through a crack closure

analogy, where an overload reduces the range of the load over which fatigue damage

accumulates. The other approach accumulates fatigue damage through a representa-

tive load. Retardation is simulated through the integration of a zone-based retardation

model that responds to overloads and scales down the fatigue damage at the crack tip.

Chapter 4 extends the brittle framework to a ductile setting through the introduction of

a plasticity component to the crack driving force. The evolution of the plastic damage

is controlled through a damage threshold and is scaled through the MMC model,

allowing accurate material responses for a variety of stress states. The performance

of the model is tested through various benchmark specimens and its applicability to

forming operations is gauged through the simulation of the Nakajima test.

Chapter 5 summarizes the work covered in this thesis, key findings as well the scope

for future work.
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CHAPTER 2

PHASE FIELD MODELING OF BRITTLE FRACTURE

This chapter pertains to the theory behind phase field brittle fracture and the im-

plementation on Abaqus, with the performance of the model tested through a CT-

specimen. The theory behind the phase field fracture methodology is detailed. Fol-

lowing this, the numerical implementation of the model on Abaqus is described. A

similarity between the steady state heat transfer equation and the phase field strong

form is exploited to allow the use of coupled temperature-displacement elements with

temperature acting as a stand-in for the phase field parameter. The merits of a phase

field pre-crack versus a geometrically induced pre-crack are explored.

2.1 Foundations of Phase Field Fracture

The phase field method functions through the introduction of an additional degree of

freedom ϕ, which in the context of fracture, represents a spectrum ranging of undam-

aged to completely fractured material. It is subject to the following restrictions:

ϕ ∈ [0, 1] ϕ̇ ≥ 0. (2.1)

In the context of this thesis, ϕ = 0, is taken to represent undamaged material, while ϕ

= 1, represents complete fracture.

The foundations of fracture mechanics were laid by Griffith [4] more than 100 years

ago, through the introduction of the following energy balance to describe crack evo-

lution:
∂E

∂A
=
∂ψe

∂A
+
∂Ws

∂A
= 0 (2.2)

where E is the total energy of the system, ψe is the elastic potential energy and Ws
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is the work done to create new surfaces during fracture. ∂A may be considered as

the incremental change in the crack surface area. The term ∂Ws/∂A is a charac-

teristic constant for the material, referred to as the material’s critical energy release

rate. This may also be referred to as the material’s fracture toughness in a phase

field environment. The simplified implications of Griffith’s energy balance are that a

crack propagates when the elastic energy in the region reaches the fracture toughness,

which is when it becomes energetically more favorable for the material to release its

potential energy and form new surfaces.

Griffith’s theory has it’s own shortcomings, requiring the presence of a pre-existing

crack and a well-defined crack path. These constraints are overcome through the

introduction of the variational form of Griffith’s energy balance [5],

E = Es(Γ) + Ee(Γ,uuu) (2.3)

where E is the total energy of the system, Es is the crack surface energy and Ee is

the elastic potential energy. Γ ⊂ Ω represents the crack surface in the domain and

is subject to the irreversibility condition Γ̇ ≥ 0 which ensures that the crack surface

cannot shrink and may only grow. The key assumption here being that the system

evolves in a way to minimize the global energy of the system.

The following subsections cover how the phase field brittle fracture strong form is

derived from the variational form.

2.1.1 Bulk energy and degradation function

The bulk energy Ee is a function of both the displacement field and the phase field.

The displacement field contribution is interpreted through strain, while the phase field

is represented by the parameter ϕ,

Ee =

∫
ψe(ϕ,εεε) dΩ =

∫
g(ϕ)ψ0(εεε) dΩ (2.4)

where, ψ0 is the undegraded elastic energy. A linear elastic approach is applied in the

scope of this thesis, leading to the following definition for ψ0:

ψ0 =
1

2
εεε : C : εεε. (2.5)
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Meanwhile, g(ϕ) represents the degradation function, which serves as the main dam-

age coupling actor in the phase field paradigm. Several options have been proposed

in the literature for the degradation function, all of which are subject to similar con-

straints:

g(0) = 1 g(1) = 0 ġ(ϕ) ≤ 0, ϕ ∈ [0, 1]. (2.6)

The most common degradation function in the literature is given as:

g(ϕ) = (1− ϕ)2 + k (2.7)

where k is a nearly negligible constant (10−7 in our case), introduced to prevent sin-

gularities in the global stiffness matrix.

Since there are no thresholds for damage, ϕ evolves from the onset of loading, leading

to premature degradation which essentially translates a non-linear elastic phase with

steadily degrading stiffness. Several alternative degradation functions are proposed

in the literature to achieve a more linear elastic phase. These include higher order

degradation functions (see e.g. [62]) and parameterized families of functions (see

e.g. [65]). The AT-1 model is an alternative phase field model that also enforces

linear elasticity (see [66]).

2.1.2 Crack surface density function

The following approximation may be made for the crack surface energy:

Es =

∫
Gc dΓ ≈

∫
Gcγ dΩ. (2.8)

Gc is the fracture toughness of the material while γ is referred to as the crack surface

density function, providing a description of the crack surface over the domain. This

function is also responsible for the evolution of the phase field parameter in a way

that produces a diffuse crack description. A geometric derivation of this function is

described in [9] where they begin by considering the simplest 1-D case.

A fully opened crack at x = 0 is assumed with the phase field function ϕ(x) describ-

ing the crack surface. In a discrete crack description, ϕ = 0 everywhere except at

the crack surface where ϕ = 1. In the diffuse crack description, the phase field may

be represented through an exponential function ϕ(x) = e−|x|/l0 . Here l0 is the length
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ϕ(𝑥)

ϕ 𝑥 = 𝑒− 𝑥 /𝑙0

Figure 2.1: Discrete and diffuse crack descriptions in a 1-D case [67]

scale governing the diffuseness of the crack, with the sharp crack definition recovered

as l0 → 0. The discrete and diffuse crack descriptions are visualized in Figure 2.1.

For the boundary conditions ϕ(0) = 1 and ϕ(±∞) = 0 this phase field function is a

direct solution to the following differential equation:

ϕ(x)− l20ϕ
′′(x) = 0. (2.9)

This differential equation, in turn, is the Euler equation of the variational principle,

given a functional I(ϕ, ϕ′, x). In simpler terms, the solution ϕ(x) to the given differ-

ential equation with the given boundary conditions W = {ϕ|ϕ(0) = 1, ϕ(±∞) = 0}
minimizes the functional I ,

ϕ = Arg{ inf
ϕ∈W

I(ϕ)} (2.10)

where

I(ϕ) =
1

2

∫
Ω

(ϕ2 + l20ϕ
′2)dV. (2.11)
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This functional is constructed by integrating a Galerkin type weak form of Eq.2.9.

With dV = Γdx, if the functional I is solved for the given boundary conditions with

the diffuse crack description at x + 0, the result is I(ϕ = e−|x|/l0) = l0Γ. Through

rearrangement the fracture surface may be described as:

Γ(ϕ) =
1

l0
=

1

2l0

∫
Ω

(ϕ2 + l20ϕ
′2)dV =

∫
Ω

γ(ϕ, ϕ′)dV. (2.12)

It is seen that this is simply a scaled version of the functional I therefore the diffuse

crack solution also minimizes this functional. The crack surface energy is essentially

this very functional, with the additionalGc scalar term. Hence when the minimization

problem of the functional is solved, while the bulk energy term drives the evolution

of the phase field parameter, the crack surface energy term is directly responsible for

the development of the diffuse crack distribution of ϕ. Adapted to higher dimensions,

the following relation is found for γ, used in the context of this thesis:

γ =
ϕ2

2l0
+
l0
2
|∇ϕ|2. (2.13)

The length scale parameter was initially introduced solely as a regularization parame-

ter which governs the diffuseness of the crack, where l0 → 0 allows the crack surface

to converge to Γ. Due to its influence on the ultimate tensile strength of a material, l0

is treated as a material parameter akin to the material’s internal length scale [68]. An

alternative higher order formulation for γ is proposed in [69].

The energy functional is given as:

E(ϕ,εεε) =

∫
g(ϕ)ψ0(εεε) dΩ +

∫
Gcγ dΩ. (2.14)

Both the displacement field and the phase field are obtained as solutions to the min-

imization problem of this functional. This functional can be noted to resemble the

format of the potential function for the Ginzburg Landau and Cahn Hilliard evolution

equations, both of which relate to dual phase systems [70]. The functional E displays

non-convexity in terms of both the displacement and phase fields simultaneously, but

is convex with respect to each field individually with the other held constant [71].

By minimizing in terms of both the phase and displacement fields, the strong form of

our problem may now be defined by the following set of equations:

∇ · σ = 0

Gc(
ϕ
l0
− l0∇2ϕ) − 2(1− ϕ)ψ0(εεε) = 0.

(2.15)
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2.1.3 Tensile Compressive Split

There are two major approaches to inhibiting compressive damage in the phase field

paradigm, with both involving a split in the elastic energy. One approach involves the

a volumetric-deviatoric split in the strain tensor, where only the deviatoric component

is coupled with the phase field evolution (see [72]). An alternative approach (see [9])

proposes splitting the strain energy through the spectral decomposition of the strain

tensor. This is the methodology employed in the scope of this thesis. In spectral form,

the strain tensor is stated as thus:

εεε =
∑
i

εi · (ni ⊗ ni) (2.16)

The strain is then decomposed into its positive and negative contributions as follows:

ε+ε+ε+ =
∑
i

1

2
(εi + |εi|) · (ni ⊗ ni) (2.17)

ε−ε−ε− =
∑
i

1

2
(εi − |εi|) · (ni ⊗ ni) (2.18)

The split strain energy contributions are functions of their respective strains ψ+
0 (ε

+)

and ψ−
0 (ε

−). The energy functional is restated as thus:

E(ϕ,εεε) =

∫
(g(ϕ)ψ+

0 + ψ−
0 ) dΩ +

∫
Gcγ dΩ (2.19)

As the negative strain energy contribution is uncoupled from the degradation, it no

longer influences the evolution of the phase field. How the tensile-compressive split

can influence the crack path distribution is visualized in shear conditions sample in

Figure 2.2. The modified strong form now reads:

∇ · σ = 0

Gc(
ϕ
l0
− l0∇2ϕ) − 2(1− ϕ)ψ+

0 (ε
+ε+ε+) = 0

(2.20)

2.1.4 Enforcing Irreversibility

One of the most essential requirements of the fracture model is the inability of the

fracture surface to ’heal’, enforced here by the condition ϕ̇ ≥ 0. This is achieved
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Figure 2.2: Crack path under shear conditions without tensile-compressive split (cen-

ter) and with tensile-compressive split (right)

through the introduction of a local history variable H , based on the approach intro-

duced by [9]. H is defined as follows:

H = max
τ∈[0,t]

ψ+
0 (τ) (2.21)

This represents the maximum tensile elastic energy achieved throughout the loading

history and acts as the central driving force of crack growth, leading to the following

version of the strong form:

Gc(
ϕ

l0
− l0∇2ϕ) − 2(1− ϕ)H = 0 (2.22)

2.2 Numerical Implementation

All numerical simulations are conducted over the Abaqus interface using user mate-

rial (UMAT) subroutines. The inbuilt implicit finite element solver is employed. Due

to there being no pre-defined coupled displacement-phase field elements present in

the system, two options are available. One being the use of a user defined element

(UEL) subroutine, which allows the definition of coupled displacement-phase field

elements (see e.g. [67]). The alternative is to use coupled temperature-displacement

elements with temperature behaving as a stand-in for the phase field parameter, by

exploiting a similarity between the phase field paradigm strong form and the steady

state heat transfer equation (see e.g. [73]). This thesis employs the latter approach.

Rearranging the strong form of the brittle problem allows a comparison with the heat
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transfer equation,
k∇2T = −r
∇2ϕ = ϕ

l20
− 2(1− ϕ) H

Gcl0

(2.23)

Setting material conductance k to 1, a heat source is introduced in model through the

additional HETVAL subroutine,

r = −(
ϕ

l20
− 2(1− ϕ)

H

Gcl0
) (2.24)

Such a framework is sufficient in simulating brittle fracture with the temperature field

representing the phase field. It allows the use of the inbuilt mechanisms of Abaqus,

rather than reducing it to a solver. Describing a pre-crack through the phase field

rather than a geometric crack may be done through a temperature boundary condition

applied in a step preceding the loading step. The performance of pre-cracks applied

through the phase field rather than geometric features in a brittle environment, has

been explored in preceding studies [74].

Further alterations to the brittle model to incorporate plasticity or fatigue are intro-

duced through the H and Gc terms respectively. Non-linear geometric effects are

incorporated in the ductile simulations due to the high deformations involved. This is

deemed unnecessary for the fatigue simulations.

For the fatigue simulations, a python script is developed to track the evolution of the

crack length over the simulation time. Phase field value at the FE nodes is tracked

throughout the body, with a threshold value of 0.9 confirming that the crack has

reached the co-ordinates of a node.

A staggered solution approach is employed to facilitate easier convergence (see e.g.

[67]). In such a scheme, the displacement field and the phase field are solved for

separately per increment, with the displacement field solution from the previous in-

crement driving the phase field solution in the current increment and the phase field

solution from the previous increment driving the current increment’s displacement

field solution. The downside of this approach is that the framework is not uncondi-

tionally stable. Therefore the increment size must be sufficiently small to confirm

the reliability of the solution. As observed in the results in Figure 2.3, a low number

of increments causes a diffused inaccurate solution, while by decreasing the incre-

ment size within an identical solution time, the phase field distribution converges to
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Figure 2.3: The influence of incrementation on the phase field in a staggered solution

scheme

an accurate result.

A downside of using a UMAT over a UEL, particularly in the context of fatigue, is

that we lose access to quasi-Newton solvers which allow the use of a monolithic so-

lution scheme, removing the conditional stability problem. Quasi-Newton monolithic

solution schemes have been demonstrated to have several scales lower computational

costs than traditionally used staggered schemes (see e.g. [13, 75]). This option is not

available for coupled temperature-displacement problems and hence is only available

with a UEL.

2.3 Geometric vs. Phase Field Pre-Crack

This section concerns the behavior of the model in monotonic loading cases. A 2D

CT model is studied to analyze the effectiveness of the fatigue model. Plane strain

conditions are assumed. The model dimensions are taken from [76]. The model

thickness is taken as 2.5mm. The element type is CPE4T.

A pre-crack is applied to the model of length 10mm. Two methodologies are avail-

able for applying this crack, hence model performance of the geometric pre-crack is

compared to the phase field pre-crack in both fatigue and monotonic loading cases.
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Figure 2.4: Dimensions of the CT specimen

In the case of the geometric pre-crack, its application is done through splitting nodes

through the seam condition in Abaqus. The phase field pre-crack is applied through

a temperature boundary condition, where a temperature of 1 is applied to a set of

elements representing the pre-crack.

Figure 2.5: Geometric pre-crack(left) and phase field pre-crack(right)

The specimen is restricted from the lower hole in the x and y directions, while rotation

is permitted. This is done through a kinematic coupling between the perforation wall

and a centered reference point, to which the boundary conditions are applied. A

similar coupling is performed for the upper hole to a separate reference point to which

the loading is applied. A displacement in the y direction is applied to cause the

model to fracture completely and displacement in the x-direction is restricted. A
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displacement boundary condition is preferred over a traction boundary condition in

the monotonic loading case to be able to observe complete fracture, as in the case

of a traction boundary condition, the model can no longer converge the moment the

model becomes unable to carry the applied loading. The mesh is made finer along the

expected crack path, with a size of 0.1mm. The material parameters are tabulated in

Table 2.1.

E (MPa) Poisson’s Ratio Length Scale(mm) Gc(N/mm)

194,000 0.3 0.5 5

Table 2.1: Material parameters for QSTE340TM steel

The elastic parameters for QSTE340TM steel are taken from [76]. The phase field

parameters are roughly calibrated to produce fracture within the required loading pe-

riod. The fracture toughness is kept low to produce brittle fracture at a reasonable

strain. This value is later inflated for the fatigue simulations.

Figure 2.6: Geometric monotonic loading crack (left), phase field monotonic loading

crack (right)

The crack distribution for both types of pre-cracks is observed to be identical as vi-

sualized in Figure 2.6. However, while both fractures occur at identical strains, the

geometric pre-crack achieves a slightly higher maximum load. This can be observed

in the load-displacement curves for both cases plotted in Figure 2.7. Previous studies

have explored the performance of a geometric pre-crack versus a phase field pre-crack
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(see [74]), where the geometric pre-crack is found to inflate the fracture toughness.

Hence the results are corroborated. Building on this finding, both geometric and

phase field pre-cracks are studied in a fatigue environment in the following chapter.

0 0.1 0.2 0.3 0.4 0.5

0
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Phase Field Pre-crack

Geometric Pre-crack

Figure 2.7: Load-Displacement responses for both geometric and phase field pre-

cracks (static loading)
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CHAPTER 3

PHASE FIELD MODELING OF FATIGUE FRACTURE UNDER VARIABLE

AMPLITUDE LOADING

In this chapter, two distinct approaches to modeling fatigue are explored and simu-

lated. They are corroborated with experimental data to gauge the models’ ability to

capture crack paths as well as crack retardation effects due to overload. Isotropic lin-

ear elastic materials are considered exclusively and crack tip plasticity is neglected.

One approach involves the simulation of crack closure effects through the introduc-

tion of a fatigue damage threshold that evolves with the loading history of the mate-

rial. The second approach evolves the fatigue damage through a representative load

and introduces a zone-based crack growth retardation framework that scales the fa-

tigue damage through a retardation parameter, following the application of an over-

load. FE fatigue simulations are conducted over Abaqus and overload results are

compared to experimental crack evolution data from [76, 77]. Crack path studies are

conducted for both models for an asymmetric 3-point bending test and results are

compared to the experimental data from [78].

3.1 Extension to Fatigue

Following the recommendations of the bulk of the literature, fatigue effects are in-

corporated in the brittle phase field model through the degradation of the fracture

toughness over the course of the loading period. To this end, an additional fatigue

degradation function is introduced to the strong form,

f(α)Gc(
ϕ

l0
− l0∇2ϕ) − 2(1− ϕ)H = 0. (3.1)
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Certain options for fatigue degradation functions are proposed in the literature. Alessi

et al. [31] introduces a logarithmic fatigue degradation function capable of reproduc-

ing Wöhler curves. Carrara et al. [32] demonstrates that their framework naturally

recovers Paris’ Law, which is the fatigue degradation function used in this study, de-

fined as follows:

f(α) =


1 if α ≤ αT(

2αT

α + αT

)n

otherwise
(3.2)

where αT is a the threshold fatigue damage which must be exceeded before degra-

dation to commence. In physical terms it may be said to represent a phase of plastic

instability before the appearance of micro-defects. Meanwhile α is an additional dam-

age parameter representing the accumulation of fatigue damage over the deformation

history. The exponent n of the fatigue degradation function is taken as 2 by [32]

and this value is retained in the thesis unless stated otherwise. This exponent is later

demonstrated to control the concavity of the crack life curve. Two different models

are compared and implemented in this study, with their behavior controlled through

the definition of α and its accompanying boundary conditions. Their respective fea-

tures are highlighted in the following sections.

3.2 Simulating fatigue with crack closure effects

In this approach, crack retardation is simulated through modeling crack closure with-

out the explicit incorporation of plasticity. α is described as:

α̇ =

 gψ̇0 if ψ̇0 ≥ 0

0 otherwise.
(3.3)

Hence fatigue damage only evolves during the loading stage, with no damage taken

at unloading and at the point of complete failure, no further damage accumulates. In

[31], the fatigue damage variable is taken as a measure of accumulating strain, which

would perhaps serve as a better comparison of fatigue damage with classical models

that are governed through the stress intensity factor. However, in [32], it is shown that

a strain based fatigue damage variable demonstrates high mesh dependency, whereas

a deformation energy based fatigue damage variable performs far better. Hence the
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latter approach is preferred in this thesis.

The implementation of this model involves the application of a fluctuating load bound-

ary condition, with each cycle modeled individually. This however, raises the com-

plication of applying cycles in the order of 106. Some scaling in fatigue simulations

through an accumulating damage methodology is inevitable.

The obvious approach to modeling plasticity induced crack closure may at first glance

seem to be the inclusion of plasticity in the fatigue model. There are however, several

reasons why such a model may not perform our required function. Crack closure

stems directly from the interaction between crack surfaces but the diffuse crack model

has no discontinuous surfaces marking the crack region. Furthermore, in the case of

high cycle fatigue, there is highly localized plasticity at the crack tip, functioning at

scales that would only create unnecessary computational headaches.

The alternative approach chosen in this thesis is to have the effects of plasticity felt

without explicitly changing the material model, through the fatigue damage evolution.

This limits the application of this model to high cycle fatigue, where plastic effects

are highly localized at the crack tip and may be neglected. Inspiration is sought

from existing formulations for the incorporation of crack closure effects detailed in

the literature, with the fundamental approach involving inflating the stress intensity

factor at the minimum load.

There are several approaches detailed in the literature to define the effective stress

intensity factor range ∆Keff by replacing Kmin with the stress intensity factor at

crack opening Kop. [79] proposes the following function to define the effective stress

range:

Smax − Sop

Smax − Smin
= 0.5 + 0.4R (3.4)

where R is the stress ratio given by σmin/σmax where these are the min and max load

stresses. In this proposal, a higher stress ratio actually inflates the effective range.

Our preliminary work [80] takes inspiration from the following proposal [81],

Kop

Kmax
= 0.45 + 0.22R + 0.21R2 + 0.12R3. (3.5)
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[82] for zero-based loadings, proposes the following measure:

Kop

Kmax
= 0.557. (3.6)

While noting that Kop would inflate for higher stress ratios. A reduction of the dam-

age range is the key feature of the crack closure approach and these models hint at

the order by which the damage threshold should be defined. The fatigue damage is

defined in energy terms and so a fatigue damage threshold that varies linearly with

the maximum deformation energy history H is introduced,

Hft = kftH (3.7)

where kft ∈ [0, 1]. A direct dependence on the local history variable is established

and the linear co-efficient may be re-calibrated for different material conditions. The

evolution equation for the fatigue damage variable is now defined as the following:

α̇ =

 gψ̇0 if gψ0 ≥ Hft and ψ̇0 ≥ 0

0 otherwise.
(3.8)

Hence, fatigue damage is only taken while the material’s strain energy density ex-

ceeds a threshold defined through the local history variable. In our previous work,

this formulation was found to successfully reproduce crack retardation when over-

loads were applied. The fundamental idea remains the same as that of preceding

literature: a reduction in the range of loading over which fatigue damage is taken.

The algorithm is visualized in Figure 3.1.

3.2.1 Geometric vs. Phase Field Pre-Crack in a fatigue environment

To see if the pre-crack type influences the crack life in a fatigue environment, the

CT specimen from the previous chapter is considered once more. A fluctuating load

of 2 kN is applied to the upper hole reference point with a load ratio of 0.1. All

other boundary conditions are kept identical. The fracture toughness Gc is inflated to

300 N/mm. The fatigue threshold parameter kft is set to 0.6 and the fatigue damage

threshold αT is taken as 30. Both pre-crack types are tested. The results are visualized

through crack length vs. cycles curves in Figure 3.2. It is found that the disparity

in the crack life is minimal, implying that either option is acceptable in a fatigue
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𝐺𝑐,𝑛, 𝐻𝑛 and 𝐻𝑝, 𝑛 are fed to HETVAL 

HETVAL solves for 𝜙𝑛+1 and feeds it to the UMAT 
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Yes

Figure 3.1: Crack closure fatigue model algorithm visualized
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Figure 3.2: Crack life for both geometric and phase field pre-cracks (fatigue loading)

paradigm. This is because the crack life is more strongly governed by the fatigue

threshold αT, so small fluctuations in the fracture toughness are insignificant.

3.2.2 The influence of the fatigue damage threshold on crack life

The influence of Hft on the crack growth rate is explored to see how this additional

feature affects the model. A comparison with the experimental results of [76] is made.

To save computational time, a pre-crack is defined through the phase field, so that only

the relevant crack growth period may be studied.

A higher fatigue threshold constant translates to a lower range over which fatigue

damage is taken, therefore slowing down the crack growth rate, as visualized in Figure

3.3.

The overload capabilities of the model are also tested for various definitions of Hft.

Single cycle overloads are applied when the crack length reached 12mm. Overload

ratios of 1.5 and 2 times the maximum load are tested. The results are visualized in

Figures 3.4, 3.5, 3.6 and 3.7.

A higher linear exponent forHft is found to directly translate to stronger crack growth

retardation for the same applied overload levels. Higher overloads are observed to
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Figure 3.3: Crack length vs. cycles visualized for various fatigue threshold definitions
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Figure 3.4: Crack Evolution for kft = 0.3

produce greater crack retardation effects, which is consistent with the experimental

literature (see e.g. [83]). Furthermore, the model naturally recovers the life gain

comparison between 1.5 and 2 times the overload, with the latter having a far more

significant influence on the crack life. At kft = 0.7 crack arrest occurs. This model

is unable to reproduce experimental levels of life increase due to applied overloads,

which are quite higher. This is a serious limitation for this model and may be ex-

plained by the fact that crack closure has not been deemed to be the sole contributor
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Figure 3.5: Crack Evolution for kft = 0.4
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Figure 3.6: Crack Evolution for kft = 0.5

to crack retardation, with residual stresses at the crack tip also having a significant

role in smothering the damage being taken per cycle. A more effective version of this

model could eventually take this effect into account.

It is found that the crack growth can be scaled to a lower number of cycles by reduc-

ing the fatigue threshold or the fracture toughness. However, it is still recommended

that the number of cycles be kept as high as possible. This is because, each singu-

lar cycle in the scaled simulation represents a batch of experimental cycles. This
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Figure 3.7: Crack Evolution for kft = 0.6

becomes particularly relevant while studying overload, where single cycle overload

experimental results become difficult to reproduce, with the overload cycle having a

very high contribution to the crack growth.

3.2.3 Three point notched bending test with asymmetric perforations

The ability of the model to accurately capture experimental crack paths is tested

through a 3-point bending test with asymmetric perforations. The specimen is vi-

sualized in Figure 3.8. Material properties from the previous subsection are utilized.

Simulated crack paths are compared to the experimental works of [78].

A fluctuating displacement is applied in line with the center line of the specimen.

The point loads at the boundary conditions and loading zone are found to behave as

stress concentrators, attracting crack growth rather than the notch tip. To prevent this,

the phase field model is applied to a restricted region through which the crack was

expected to propagate, with an identical linear elastic model applied to the rest of the

region. The mesh is refined in this region.

Three different crack location and size combinations are studied in cases with perfo-

rations and without. The relevant dimensions particular to these cases are tabulated in

Table 3.1. Type A cases designate the absence of perforations and Type B are cases
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Figure 3.8: 3 point bending specimen

Case 1 Case 2 Case 3

Crack Length ’a’ (mm) 63.5 38.1 25.4

Crack Location ’d’ (mm) 152.4 127 152.4

Table 3.1: Crack size and location for the studied cases

with them present.

3.2.4 Fatigue and brittle cases crack path comparisons for Type A cases

While the primary purpose of this study is to model complex high cycle fatigue be-

havior in ductile materials, a comparison may be drawn with the crack paths for a

brittle framework applied to an identical model with identical boundary conditions as

fatigue and brittle crack paths are known to coincide.

All three cases are implemented in the both the brittle and fatigue fracture models

to study the correlation between crack paths. The results have been visualized in

Figures 3.9 and 3.10. The static cases are conducted over 1000 increments, while

the fatigue cracks are grown over 200 cycles consisting of 1400 increments. The

boundary conditions are applied to ensure that fracture occurs firmly in the latter half

of the simulation.
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Figure 3.9: A-type static(up) and fatigue(down) crack path comparisons

100 150 200

0

50

100

150

200

Figure 3.10: Crack path comparison between experimental and fatigue results

A rather immediate comparison that may be drawn between the fatigue and static

crack results is that while their crack paths correspond, the fatigue phase field distri-

bution is noticeably less diffuse. As noted in our preliminary work, this may attributed
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to the fact that the fatigue damage distribution adds an additional localization, as well

as the fact that in fatigue crack growth, the evolution of the phase field is spread out

more evenly over the increments, in comparison to the static case where crack growth

happens over a very small percentage of increments over the entire deformation. In

essence, the fatigue case may be said to overcome the unconditional instability of the

staggered solution scheme far more effectively, leading, allowing a tentative sugges-

tion that the phase field paradigm is more suited to fatigue failure rather than brittle

failure.

3.2.5 Type B convergence study

Perforations added complications to the simulation, serving as stress concentrators

that draw the crack in. Hence the cases with perforations are considered suitable to

conduct a convergence study.

Three features of the model are studied to determine their influence on crack path

evolution. These are the length scale l0, the number of increments over which the

crack propagates as well as the mesh size. The mesh is refined only in the area through

which the crack is expected to propagate for computational ease. The parameter sets

that are studied are stored in Table 3.2 where the total increments cover the total

growth of the crack. Case 1B is studied and the results visualized in Figure 3.11 are

used as the basis of the convergence study.

The influence of each of the three parameters may now clearly be observed. The

pattern in all three cases is rather predictable, with a smaller length scale, a finer

mesh and a larger number of increments producing a better solution. According to

recommendations, the length scale should be at least twice the size of the mesh to

minimize the influence of the mesh distribution over the crack path [67].

Simulation 8 is uses the most computationally expensive parameter set with no signif-

icant improvement from the Simulation 1 parameter set, therefore it is assumed that

convergence is sufficiently achieved.

It is plain to see the computational complications that would be involved in capturing

the correct crack path in the brittle case where the crack growth occurs over a limited
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Simulation No. Length Scale (mm) Mesh Size (mm) Total Increments

1 1 0.5 10500

2 1 0.5 5000

3 1 0.5 18600

4 1 1 20000

5 1 0.3 9450

6 2 0.5 9800

7 0.8 0.5 9800

8 0.8 0.3 16940

Table 3.2: Parameters of the cases involved in the convergence study

percentage of the total increments. While doable in theory, in practice it is a com-

putational headache, requiring prior knowledge of the time frame during which the

crack propagates to allow heavy increment size refinement.

3.2.6 Fatigue and brittle cases crack path comparisons for Type B cases

When studying the crack paths for cases that include perforations, the difference in

performance of both the brittle and fatigue paradigms becomes far more stark. In each

of the three brittle cases, the crack deviates from experimentally determined paths and

is drawn into the perforations. In contrast, the fatigue paths are found to correspond to

the experimental paths in two of the three cases. The results are visualized in Figures

3.12 and 3.13.

Case 1B and 3B have previously also been captured in a brittle setting [84] but with

a highly refined mesh, small length scale and a very high number of increments, the

computational requirements of which were considered too challenging in the context

of this thesis. In contrast, the fatigue model could capture these results with param-

eters that have a relatively lower computational cost. Case 2B proves to be difficult

to capture even under fatigue conditions. Lowering the length scale and mesh size

does improve the solution, implying that there may be a convergent point where the

phase field fatigue model could capture this crack path. However, the computational
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Figure 3.11: Case 1B crack paths for various parameter sets

requirements put that in question. This case is a rather excellent demonstration of the

limitations of the phase field paradigm.

One of the issues with modeling fatigue fracture by applying each cycle individually,

is that it is not computationally feasible to apply a realistic number of cycles in the
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Figure 3.12: B-type static(up) and fatigue(down) crack path comparisons
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Figure 3.13: Crack path comparison between experimental and fatigue results

orders associated with fatigue failure. The only way then is to have a representative

damage system where a single simulated cycle represents the fatigue damage caused

by a set number of real cycles.

The lack of unconditional stability sets a minimum increment requirement during

loading. However, in the case where the crack growth is spread over a large number
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of cycles (10,000 perhaps), per cycle, the evolution of the phase field is minimal, al-

lowing us to to treat each cycle comfortably as a linear problem, hence loosening the

increment requirement significantly and buying a computational advantage. There-

fore, simulating cycles in the order of 105 is not completely out of reach.

3.3 Simulating fatigue through a representative load and a zone-based retar-

dation approach

Figure 3.14: Representative load visualized

Models like [32] apply each individual load, accumulating damage to fatigue the

material. This is computationally an almost impossible task, because the number of

cycles that need to be applied to match experimental HCF data are in the order of

106. Some studies solve this through the application of a representative load, where

the damage accumulated within a given unit of time represents a certain number of

cycles (see [37]). This model applies a similar approach to applying fatigue loading

conditions, as visualized in Figure 3.14. The maximum load is held constant, while

the fracture toughness degrades over time, similar to creep boundary conditions. The

fracture toughness degrades per time increment. Inspired partly by the work in [85]

α:

∆α =

 ∆tg((1−R)ψ0 − ψth) if ψ0 − ψth ≥ 0

0 otherwise
(3.9)

where ψth is an energy threshold below which no fatigue damage is accumulated. In a

physical sense, it may be interpreted as the endurance limit. The ∆t term ensures that

42



the increment size does not seriously influence fatigue damage evolution. The applied

load may be varied through changing the maximum load and R through different

time frames. A linear relation between the total time taken for fracture and the total

cycles required for fracture is established for calibration. Hence every second of time

represents a certain number of applied cycles.

A crack retardation model is designed for this particular framework through the de-

scription of a region in which fatigue damage accumulation is reduced when an over-

load is applied. This region is described in energy terms by a limit Hlim where the

region consists of the area where this energy density limit is exceeded upon the appli-

cation of the overload. Higher overloads translate to a larger retardation region. The

equations proposed for this model have been selected based on their influence on the

crack evolution following an overload, through a system of trial and error.

The overload itself is characterized by the ratio between the energy densities of con-

secutive increments ψn/ψn+1. When this ratio significantly exceeds 1, an overload is

said to have been applied. This ensures that the overload is characterized by a drop

back to the regular load level, rather than the increase to the overload.

Upon application of the overload, the incremental fatigue damage within the retarda-

tion region is reduced through a retardation factor η. This factor is set to 0, and is

proposed to evolve as follows during the overload increment:

η = C(1− 1.5

1.5H/Hlim
) (3.10)

where C has been found to control the growth rate of the crack directly following the

overload. An exponential relation is proposed as it ensures that retardation is highest

at the crack tip and then gradually reduces to 0 at the border of the retardation zone

defined by Hlim. This is preferred over a uniform value of η in the retardation zone, as

when the crack reaches the zone border, nucleation can be triggered outside the zone,

leading to uneven crack growth.

The distribution of η is set in the overload increment, implying that there is no further

evolution during the rest of the crack life unless another overload is applied. C is

proposed to have a direct dependency on the overload ratio and after trial and error,

is described as thus:
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Figure 3.15: η distribution ahead of the crack tip following the overload

C = arctan(a1(
ψn

ψn+1

− 1)a2)(
2

π
) (3.11)

where a1 and a2 are parameters to be calibrated to the experimental overload results.

The choice of this particular function fulfills several requirements. It establishes an

asymptotic upper limit of 1 for η and when no overload is applied, η = 0. η is not

allowed to reach a value of 1 to prevent crack arrest where no further fatigue damage

accumulation occurs. C scales non-linearly, based on the severity of the overload.

At higher overloads, this function translates to slower crack evolution at the crack

tip. The value of C determines the slope of the crack evolution curve following

the overload cycle, hence greatly influencing the gain in fatigue life following the

overload cycle. Alternative descriptions of C with alternative features may also be

considered.

The fatigue damage variable evolution may now be defined as thus:

∆α =

 ∆tg((1−R)ψ0 − ψth).(1− η) if ψ0 − ψth ≥ 0

0 otherwise.
(3.12)

The algorithm is visualized in Figure 3.16. In the following section, the capability

of the described framework in simulating crack retardation under applied overloads is

tested. A comparison with experimental results for crack evolution curves is made for

two simulated specimens. Furthermore, the Type B 3-point bending test crack path

studies are also simulated.
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Figure 3.16: Representative load algorithm visualized

45



3.3.1 CT specimen

E (MPa) Poisson’s Ratio Length Scale(mm) Hlim(J)

194,000 0.3 0.5 0.55

Gc (N/mm) αT(J) ψth(J)

100 10 1

Table 3.3: Material parameters for QSTE340TM steel

The CT specimen described in the previous chapter is once more simulated. The sim-

ulation parameters are described in Table 3.3. A fixed representative load is applied

to the upper hole reference point, differing from the previous chapter. An increment

size convergence study is performed to circumvent the unconditional stability of the

staggered solution scheme as well as ensure that the increment size’s influence on the

fatigue damage variable remains minimal. Sufficient convergence is found at an in-

crement size of 0.01 as shown in Figure 3.17, with negligible variation in the fatigue

life at a smaller increment size.
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Figure 3.17: Time step convergence study results, step size vs. total step time required

for 5 mm crack growth.

A comparison with the experimental results of [76] is made. The exponent n of the

fatigue degradation function, Eq. 3.2 is taken as 3. The function for the retardation
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factor η is calibrated to the experimental results for 1.5 and 2 times overload levels.

The calibration is performed as follows. First Hlim is determined by matching the

retardation zone size. This is found from a vs N curves by evaluating how far the

crack grows before the original crack growth rate is recovered. A value of 0.55 MPa

is found to be sufficient for Hlim considering the experimental evidence. Then, C

values in Eq. 3.10 are found for each overload level by comparing the initial slope

following the overload and matching the total life. Using these C values, a1 and a2

in Eq. 3.11 are calibrated. a1 and a2 are fit to values of 1.152 and 2.389, respectively,

for the given experimental results. An additional result for 1.7 overload level is found

to demonstrate the performance of the calibrated model.
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Figure 3.18: Comparison of experimental and phase field simulation results of crack

length evolution for the CT specimen with single cycle overloads. Crack length, a,

vs. total number of cycles N . Experiments are from [76].

The simulation results are plotted in Figures 3.18 and 3.19. The model is found

capable of producing both the increase in fatigue life and crack evolution curves that

match the experimental findings in [76]. Furthermore, experimental and numerical

crack growth rate vs. stress intensity factor range results are shown in Figure 3.19.

Crack growth rate is calculated from simulation results using da/dN = ∆a/∆N

and ∆K is obtained following [76]. The simulation results correspond closely to

the experimental trends without the overload. The model is able to capture Paris-

Erdogan law, producing a linear relation between the logarithmic crack growth rate
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Figure 3.19: Comparison of experimental and phase field simulation results of crack

length evolution for the CT specimen with single cycle overloads. da/dN vs. ∆K.

Experiments are from [76].

and the logarithmic stress intensity factor range with the given parameter set. After a

single cycle overload, the model is demonstrated to accurately capture the reduction

in the crack growth rate. For both overload cases, the crack growth rate recovers to

its original level after the crack has crossed the retardation region. It is observed that

the model overestimates the growth rate at higher crack lengths. This may be due to

crack growth occurring over a relatively small number of increments in that section

of fatigue life leading to possible stability issues. Or it may be due to the choice of n,

whose influence is demonstrated in the next section. From experimental crack growth

rate vs. ∆K data, an initial estimate for the parameters of Eq. 3.10 can be obtained

by using the ratio of crack growth rate before and after overload. Moreover, Hlim can

be approximated through the range of crack length where the original crack growth

rate recovers after the application of an overload.

The distribution of the retardation factor η following the overload describes both the

retardation zone size and the intensity of the growth rate retardation. In Figure 3.20,

the η distribution for 5 different load and overload cases is visualized. It is apparent

that higher overload levels translate to a larger retardation zone as well as higher

values for η, leading to significantly stronger gains in fatigue life. For larger applied
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Figure 3.20: η distributions in the crack retardation zone for various overload levels.

loads, the retardation zone size is consequently larger having a direct dependence on

the strain energy density around the crack tip. However, the maximum value of η

remains the same. It should be noted that while the zone size is influenced by both

the load level and the overload amount, in this model, the intensity of η is solely

dependent on the overload ratio. A comparison with existing retardation models such

as the Wheeler model [48], suggests that the retardation parameter should also have

a load level dependence, establishing a closer correlation between the zone size and

the retardation parameter.

The influence of the parameter Hlim which describes the size of the retardation zone

is also demonstrated. Higher values of Hlim describe smaller zone sizes which are

observed to translate to lower crack life gains when an overload is applied. This

effect is far more noticeable at a higher overload. An interesting effect of lowering

the zone size is that a sudden jump in the crack length is observed when the crack

is exiting the zone. This is due to the distribution of η, whose function is tailored to
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Figure 3.21: Influence of Hlim on overload crack life gains

suit Hlim. Eq. 3.10 must facilitate sufficient smoothness or damage accumulation at

the outskirts of the retardation zone can lead to uneven crack evolution in that region.

This implies that this function must be re-calibrated for larger values of Hlim. Later

iterations of the model could eventually establish a closer relation between the zone

size and the η distribution, eliminating the need for excessive calibration.

3.3.2 CCT specimen

𝑢𝑥 = 0

𝑢𝑦 = 0

Figure 3.22: CCT symmetric model
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This part covers the simulations results of the fatigue crack growth results with a sin-

gle cycle overload applied at different intensities for a center-cracked tension panel

(CCT) specimen. The simulation results are compared to the experimental data pre-

sented in [77]. The material properties of AM60B magnesium alloy are utilized as

shown in Table 3.4. Half of the model is simulated through a symmetry boundary

condition with a 3 mm geometric pre-crack as depicted in Figure 3.22. A constant

load of 45 MPa is applied to the right face, while the opposite face’s movement is

restricted in the y-direction. Deformation in the x-direction is restricted for the sym-

metry face. Similar to the previous example, 2D plane stress elements (CPS4T) are

utilized with a 0.15 mm minimum element size along the expected crack path.

E(MPa) Poisson’s Ratio Length Scale(mm) Hlim(J)

40,000 0.3 0.5 0.18

Gc(N/mm) αT(J) ψth(J)

70 3 0.2

Table 3.4: Material parameters for AM60B magnesium
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Figure 3.23: Effect of n on the crack growth rate. Crack length, a, vs. normalized

cycles, N/Ntotal.

The influence of the exponent of the fatigue degradation function is explored with the

CCT specimen as shown in Figures 3.23 and 3.24. The normalized crack evolution
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Figure 3.24: Effect of n on the crack growth rate. da/dN vs. ∆K

curve and the crack growth rate vs. crack length in a logarithmic scale are plotted

for various values of the exponent n with the crack growth. For higher values of n,

the crack growth is found to be faster during the earlier phase of life, while growing

relatively slower during the later phase, leading to what may be described as less steep

evolution curve. n seems to controls the slope of the Paris-Erdogan law behavior with

higher values of n translating to a less steep slope. In this way n could be considered

a material parameter for the current model.
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Figure 3.25: Crack evolution comparison for experimental and simulation results
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Through calibration of both Hlim and η, the responses for different overload levels

could be recreated. As in the previous section, an arc-tangent function is used to

describe η, with calibration performed using the 1.5 and 2 times overload results.

The performance of the function is then checked for 1.75 times overload. The re-

sults overestimate the life gain for 1.75 times the overload, implying that perhaps an

arc-tangent function is not perfectly suited to describe the retardation coefficient’s re-

lationship with the overload level. Comparisons with further experimental data could

facilitate better formulations to describe η, incorporating effects such as crack arrest.

3.3.3 Three point notched bending test with asymmetric perforations
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Figure 3.26: Crack path comparison between experimental and fatigue results

Following on the model from the previous section, fatigue simulations are conducted

for the notched bending test with a fixed displacement applied symmetrically at the

top hole reference point. The results are visualized in Figure 3.26. It can be observed

that this model is also capable of capturing the crack paths with great accuracy, with

Case 2B being the notable exception once more. In fact for Case 3B, the result with

the representative load model seems more accurate when a comparison is drawn with

the crack closure model. With only slight variation, the close correspondence be-

tween the crack path results for both models is an expected result, as while the fatigue

damage accumulation mechanisms differ, the driving force remains the strain energy

density, with the crack growing in a direction where this term is maximum.
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CHAPTER 4

PHASE FIELD MODELING OF DUCTILE FRACTURE THROUGH THE

MMC MODEL

This chapter pertains to the extension of the brittle phase field model to a ductile set-

ting, where a non-linear J2 plasticity model is coupled with the phase field paradigm.

The theory behind the extension to ductility involves the introduction of a plastic

component to the crack driving force. The extension of the brittle paradigm to a duc-

tile phase field framework has been done in a number of ways in the literature. The

coupling mechanism between the phase field and the evolution of plasticity is the

defining feature of such models.

Duda et al. [86] opts to not couple the plastic damage, leading to a model described

as brittle fracture in an elasto-plastic solid, with limited plastic deformation at the

crack tip before failure. Ambati et al. [87] couples their model by introducing a cou-

pling term that acts through the degradation function. Borden et al. [62] couples the

model by introducing a plastic component to the crack driving force and degrading it

as the phase field evolves. In an approach mimicking some phase field fatigue frame-

works, Yin et al. [88] introduces a model that degrades the fracture toughness through

the accumulating plastic strain, ensuring that the crack driving force remains elastic.

Dittman et al. [89] simulate a porous ductile phase field model where the plastic con-

tribution to the crack driving force is driven by the Gurson–Tvergaard–Needleman

(GTN) model. The ductile phase field framework has also been adapted to fracture in

shell structures (see [90]).

In this study, the coupling is performed through the introduction of a plastic degra-

dation function to the plastic component of the crack driving force. The evolution

of plastic damage is controlled through the introduction of a threshold. Both plastic
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strain thresholds (see [91]) and energy thresholds (see [62]) have been employed in

the literature. This study employs the latter. The Modified Mohr Coulomb (MMC)

model [58] is integrated in the framework through scaling the plastic damage evolu-

tion. The model performance is gauged through various benchmark specimen simu-

lations by attempting to match the experimental load-displacement curves from [92]

and [93] while using their respective material and damage parameters. The Naka-

jima test is also simulated for specimens of varying width and the crack paths and

major-minor strain evolution curve are visualized.

4.1 Extension to Plasticity

The incorporation of plasticity in the brittle framework is facilitated through the in-

troduction of an additional plastic energy term to the total energy functional,

E = Es + Ee + Ep (4.1)

where Ep is defined as thus:

Ep = gp(ϕ)Wp(εεεp) (4.2)

where gp is the plastic degradation function, taken identical to the elastic degradation

function in the context of this thesis for computational simplicity. The degradation

function has great control over the evolution of the flow stress. It is important to

choose a function that prevents premature degradation, to ensure that existing hard-

ening rules can be efficiently coupled with the phase field paradigm without under-

stating the flow curve. To this end, the following degradation function [65] is chosen:

g =
(1− ϕ)2

(k − (k − 1)(1− ϕ)2)
+ k (4.3)

where, k is taken as 0.01, a far larger constant in comparison to the fatigue case. This

is because far larger deformations are involved, leading to mesh distortion and hence

convergence issues, necessitating that the mesh be allowed to retain some structural

integrity even at complete failure. Wp is taken as a scaled version of the plastic

dissipation and its evolution is described as thus:

Ẇp =
σflowε̇

p
eq

εf
(4.4)
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where εf is introduced as a scaling parameter of sorts which controls the evolution of

plastic damage according to the stress state. It is retrieved from the MMC model as

follows:

εf =

{
K

Ĉ2

[
Ĉ3 +

√
3

2−
√
3

(
Ĉ∗

4 − Ĉ3

)(
sec

(
−Lπ
6

)
− 1

)]
×[√

1 + Ĉ2
1

3
cos

(
−Lπ
6

)
+ Ĉ1

(
T +

1

3
sin

(
−Lπ
6

))]}−1/n (4.5)

Ĉ∗
4 =

 1 −1 ≤ L ≤ 0

Ĉ4 0 < L ≤ 1
(4.6)

where T and L are the stress triaxiality and Lode parameter respectively, calculated

as follows:

T =
σh

σeq
(4.7)

L =
2σ1 − σ2 − σ3

σ1 − σ3
(4.8)

where σ1, σ2 and σ3 are principal stresses and σh and σeq are the hydrostatic and von

Mises stresses respectively, found as follows:

σh =
σ11 + σ22 + σ33

3
(4.9)

σeq =

√
(σ11 − σ22)2 + (σ22 − σ33)2 + (σ11 − σ33)2 + 6(σ2

12 + σ2
23 + σ2

31)

2
(4.10)

The classical application of the MMC model is done through a damage variable de-

fined as thus:

D =

∫
ε̇p

eq

εf
dt (4.11)

where the material is considered to have completely failed when the value of D has

reached 1. A further computational measure is necessitated by the nature of duc-

tile phase field models. Ductile materials feature fracture toughness values that are

several scales higher than those for brittle materials. Furthermore, the evolution of

plastic damage is relatively slower than elastic damage would be at similar strains.

This leads us to slow evolution of the phase field where the stress peaks early and

then gradually degrades over a large amount of strain; a completely unrealistic mate-

rial response. This is solved through the introduction of a plastic damage threshold.

Both plastic strain thresholds (e.g. [91]) and energy thresholds (e.g. [62]) have been
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employed in literature. An energy threshold is utilized in this study, by replacing Wp

with the following:

⟨Wp −W c
p ⟩. (4.12)

Plastic damage hence does not evolve until a certain critical threshold is exceeded.

This significantly change the role of existing parameters, whereGc no longer controls

the fracture toughness, with this role passing to W c
p . Instead, it controls the rate at

which degradation happens after failure. The length scale is also demoted to a similar

role. The strong form may be described as follows:

Gc(
ϕ

l0
− l0∇2ϕ) − 2(1− ϕ)(H + ⟨Wp −W c

p ⟩) = 0. (4.13)

An extended Voce hardening rule is utilized to describe the isotropic hardening of the

material,

σy = σ0 +
3∑

i=1

Qi(1− exp(−Ciε
p
eq)). (4.14)

4.2 6016-T4 Aluminum Alloy Study

Several benchmark specimens are simulated with the ductile phase field model to ob-

serve its ability to capture both the crack path and the material response. 4 specimen

geometries, namely notched tension (NT3, NT10), plane strain tension (PST) and in

plane shear (ISS), are solved using the proposed phase field formulation for 6016-T4

aluminum alloy. The material, phase field and MMC properties (retrieved from [92])

are recorded in Tables 4.1, 4.2 and 4.3.

E(MPa) ν l0(mm) Gc(N/mm) W c
p (N.mm)

70000 0.3 1 50 275

Table 4.1: Elastic and phase field parameters

All simulations are performed with the implicit finite element solver Abaqus. Models

are meshed with a fully integrated 3D (hexahedral) temperature-displacement coupled

element (C3D8T in Abaqus) as shown in Fig 4.1. The average element size in the

gauge section is 0.05 mm with 5 elements in the thickness direction in all FE models.
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σ0(MPa) Q1 C1 Q2 C2 Q3 C3

135 19.04 87.05 142.22 10.06 75 3.08

Table 4.2: Voce hardening parameters

K Ĉ1 Ĉ2 Ĉ3 Ĉ4 n

0.9969 0.01 0.5075 0.8820 1.0056 0.01122

Table 4.3: MMC damage parameters

Solutions are performed using automatic step size control with a maximum step size

of 0.001 s and a total time of 1 s which is found to be an efficient value in terms of

solution time and convergence. NT3, NT10 and ISS are pulled from the center of the

top pin and held from the center of the bottom pin while allowing for rotation around

the pins. Pin centers are connected to the specimen with the MPC beam constraint.

For the PST specimen, the clamped regions are assumed to be rigid and modeled as

rigid bodies in FE as shown in Fig. 1. The PST specimen is pulled upwards from the

top rigid section and held fixed from the bottom rigid section. Only the middle portion

of the ISS specimen is modeled for FE simulations to save computational time. In

order to apply boundary conditions, top and bottom pin centers are connected to the

FE mesh with the MPC beam constraint as shown in Figure 4.1 with black lines.

W c
p is calibrated to the material response, to achieve complete failure at the appro-

priate displacement and match experimental data. The influence of the threshold can

be better visualized in Figure 4.2 where, in the absence of the a threshold, the load

carrying capacity of the material reduces very gradually once the critical strain point

has been reached. The addition of the threshold solves this problem and simulates a

more immediate loss of structural integrity which is realistic. Gc is altered in order

to control the stress drop at the point of total failure. This value is kept low, but not

low enough to cause convergence issues or inflate the contribution of elasticity to the

total damage. The load-displacement responses and crack patterns are visualized in

Figures 4.3, 4.4, 4.5 and 4.6.
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Figure 4.1: Mesh and dimensions for ductile specimens (mm)

It is found that the MMC based model is able to capture the material responses for var-

ious specimens with great accuracy. The only notable exception seems to be the ISS

specimen. However, this is a feature of the MMC fit (see [92]), with the phase field

MMC model reproducing the material response with a great deal of accuracy. The

role of the plastic energy threshold is explored as shown in Figure 4.7. As expected,

W c
p now controls the fracture toughness of the material, with fracture occurring at

lower strains for lower W c
p values.
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Figure 4.2: The effect of the threshold W c
p on the load displacement behavior

Figure 4.3: Phase Field and Load Displacement curve for NT3 specimen

The effect of varying length scale is also demonstrated with the results visualized in

Figure 4.8. It is found that the diffuseness of the crack reduces at lower length scales

as expected but the material response shows very light variation. This result may be

treated as a good argument in favor of using a damage threshold. The length scale has

been demonstrated to influence the fracture toughness, implying that a characteristic

fracture toughness is difficult to establish for a material, requiring re-calibration at
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Figure 4.4: Phase Field and Load Displacement curve for NT10 specimen

Figure 4.5: Phase Field and Load Displacement curve for PST specimen

problems of various scales. However, the threshold eliminates this influence, thereby

allowing the damage threshold W c
p to be associated with a material in problems of

any scale.

While the phase field fracture framework performs very well in brittle and fatigue
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Figure 4.6: Phase Field and Load Displacement curve for ISS specimen

Figure 4.7: Load Displacement curves for different threshold values

conditions, its functionality as a damage model for ductile materials should be closely

scrutinized. Rather than crack propagation, crack nucleation tends to be a more crit-

ical phenomenon in the applications of ductile fracture models. In this context, the

phase field parameter can not be treated as a damage variable, as it only evolves

rapidly at the point of fracture. Hence it can not be used to track how close to fracture

our material is. That role can be better served by Wp where it may be compared to
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Figure 4.8: Load Displacement curves for different length scales

W c
p to get a sense of how close to fracture the material is.

4.3 Inconel 718 study

An additional study is performed to assess the utility of incorporating the MMC

model in a ductile phase field framework. Benchmark specimens are simulated to ob-

serve gage the model’s performance both with and without the . With the dimensions

and boundary conditions taken from [93], 4 specimen geometries, namely smooth

tension (ST), notched tension (NT), plane strain tension (PST) and in plane shear

(ISS), are solved using the proposed phase field formulation for Inconel 718. Quarter

models are simulated for the ST, NT and PST specimens for faster simulation time,

with displacement in the x direction restricted on the y-z symmetry plane and dis-

placement in the z direction restricted on the x-y symmetry plane. The element size is

0.1mm in the gauge section. The material, phase field and MMC properties (retrieved
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from [93]) are recorded in Tables 4.4, 4.5 and 4.6.

The Voce hardening rule used in this section is altered to match the one in [93]. It is

given as thus:

σy = σ0 +
2∑

i=1

qi(1− ci exp(−biεp
eq)). (4.15)

The MMC model is also altered to match the one in [93] to allow the use of their

calibration parameters, where the Lode Parameter L is replace by the negative Lode

angle parameter −θ̄. It may be calculated as follows:

θ̄ = 1− 6θL
π
. (4.16)

cos(3θL) =
J3
2

(
3

J2

) 3
2

(4.17)

where J2 and J3 are the second and third deviatoric stress invariants.

E(MPa) ν l0(mm) Gc(N/mm) W c
p (N.mm)

200000 0.294 1 70 1000

Table 4.4: Elastic and phase field parameters

σ0(MPa) q1 q2 b1 b2 c1 c2

789 499.6 499.6 106.7 4.351 0.1731 1.761

Table 4.5: Voce hardening parameters

K Ĉ1 Ĉ2 Ĉ3 Ĉ4 n

1946 10.39 14420 4.517 1.0 2.216

Table 4.6: MMC damage parameters
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The utility of adding the MMC model to a ductile phase field model is arguable.

The addition of the MMC model allows far more precise calibration whereas without

it, the only calibration parameter is W c
p which would alter the material response for

the other specimens if calibration was attempted for this specimen. With the MMC

parameters, however, calibration may be performed for all the specimens. Hence this

is the advantage of incorporating the MMC model into a ductile phase field model.
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Figure 4.9: Phase Field and Load Displacement curves for ST specimen
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Figure 4.10: Phase Field and Load Displacement curves for NT specimen

To demonstrate the influence of incorporating the MMC model, the specimens are

first solved without the scaling parameter sourced from the MMC equation, hence εf
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Figure 4.11: Phase Field and Load Displacement curves for PST specimen while

varying Gc for the MMC and no MMC curves
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Figure 4.12: Phase Field and Load Displacement curves for ISS specimen while vary-

ing Gc for the MMC and no MMC curves

is fixed as 1. The threshold W c
p is then calibrated using the mechanical response for

the ST specimen. A value of 1000 N.mm is considered to sufficiently calibrate the

response. The remaining three specimens are then simulated while employing this

threshold. Following this, the MMC inclusive response is simulated, which requires

re-calibration of the threshold as the MMC contribution εf scales the damage. Once

more, the ST specimen is used to perform the calibration, with a value of 1250 N.mm
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found to capture the material response with sufficient accuracy. The results are visu-

alized in Figures 4.9, 4.10, 4.11 and 4.12. The specimens and crack development are

visualized in Figure 4.13.

Figure 4.13: Specimens and crack evolution

When W c
p is calibrated for the ST specimen in the case without the MMC model, it

directly leads to an overestimation in the failure strain for the other three specimens.

This behavior is noted in [93] to be similar to the Cockcroft-Latham damage model

[94] which is also calibrated through a single parameter. The MMC model however,

successfully reproduces the material response for the following three specimens while

employing only the ST specimen for calibrating W c
p . Hence the compatibility of the

MMC model with the phase field framework is once more demonstrated.

The simulation results are observed to be understated slightly, compared to the exper-

imental curves. This may possibly be attributed to premature degradation associated

with the elastic contribution to the crack driving force. A better choice of degradation

function could improve this response. For the ISS and PST specimens, a slight dis-

parity between the flow curves for the MMC and non-MMC results may be observed.

This is because Gc is inflated (from 70 to 100) for the MMC results for these two

specimens, to confirm whether the elastic contribution to the crack driving force is

responsible for the premature degradation. At a higher value of Gc, the flow curve is

less degraded, as the elastic contribution is now relatively smaller in comparison to

Gc.
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4.4 Nakazima test simulations

The Nakazima test was developed to determine the formability of materials for deep

drawing operations. It involves several sheet metal specimens restrained by a die and

deformed through a punch. The punch is pushed vertically until the specimen expe-

riences crack initiation and subsequent crack growth. Both the punch and the die are

taken as rigid bodies and the test sample is meshed with fully integrated 3D (hexa-

hedral) temperature-displacement coupled elements. Frictionless contact is assumed

between all interacting surfaces.

Punch

Nakazima 

sample

Die

Figure 4.14: Simulation set up for the Nakazima test

The punch is modeled as a cylindrical surface transitioning into a hemispherical cap.

The diameter is taken as 101.6 mm. The die and specimen dimensions are described

in Figure 4.15. Specimen thickness is taken as 1 mm.

The Nakajima test demonstrates the phase field framework’s ability to capture slanted

crack paths, as demonstrated by the first two specimens. For these narrow specimens,

the crack initiates horizontally at the center followed by slanted crack growth which is

a pattern that can be observed experimentally [95, 96]. Horizontal crack development

is obtained for wider specimens in agreement with the experimental observations. As

for the radially symmetric specimen (w = 175) a cross crack pattern nucleates whose
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Figure 4.15: Specimen and die dimensions
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Figure 4.16: Crack paths for Nakazima specimens

orientation is most likely controlled by the mesh refinement employed. All cracks ini-

tiate at the outer surface rather than the surface in contact with the punch. For the case

where w = 125, it can be observed that some damage plastic damage accumulates

at the corners of the rim where deformation is not restricted. This is a phenomenon

solely restricted to this case, occurring possibly due to stress concentrations caused

by an insufficiently fine mesh in that region and is not found to distort the final result.
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Figure 4.17: Fracture locus at major/minor strains for Nakazima specimens

A forming failure limit curve (FFLC) is plotted by taking the major and minor strain

histories at the center point of each specimen. This is preferred over a forming limit

curve (FLC), which takes its end points before the onset of plastic localization, which

does not serve as an effective demonstration of the efficacy of a fracture model. Frac-

ture points are selected just before the initiation of the crack. While the trend in

fracture behavior for different specimens is captured accurately, the strain values are

overstated in comparison to experimental forming limit curves for this material, with

some slight divergence in the major/minor strain curves as well. The latter is sus-

pected to occur due to the inherent anisotropy of sheet metals. The study in [96]

compares the performance of an anisotropic yield function vs. an isotropic one and

concludes that the anisotropic yield function is found to be more successful at repro-

ducing major-minor strain history curves. As for the over-stated fracture strain levels,

one possible source of error could be the point at which the material is considered to

have failed by preceding studies, where the failure point is chosen relatively earlier

than the onset of crack nucleation.
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CHAPTER 5

CONCLUSION

This thesis covers the implementation of two fatigue fracture models (crack closure

model and representative load model) adopting a diffuse crack methodology to study

crack propagation under a fluctuating load. Furthermore, a demonstration is made of

the compatibility of phase field modeling of ductile fracture with a phenomenological

failure criteria, facilitating a coupled framework while utilizing existing calibrated

material parameters.

The crack closure model is based on the work in [32], where the fracture toughness is

degraded through an accumulating fatigue damage variable based on fluctuations in

the strain energy density. Through an alteration in the fatigue damage accumulation

function, crack closure and consequently crack retardation due to overload effects

are incorporated. This model is found able to demonstrate crack retardation when an

overload is applied. At higher overload levels, greater crack retardation is observed,

with the model naturally reproducing the ratio between life gains at higher and lower

overload levels. However, this model is found unable to match the high level of

life gains observed in experiments when overloads were applied. This may be due

to the fact that crack closure is not the sole contributor to crack retardation, with

residual stresses at the crack tip also playing a relevant role. Hence future iterations

of this model should involve further alterations to the fatigue damage accumulation

algorithm to incorporate the influence of crack tip residual stresses.

A study with mixed mode crack propagation is also performed for the crack closure

model using a 3-point bending test. It is found that the crack path prediction capabil-

ities of the phase field paradigm have their limitations, particularly in the presence of

stop holes. While the results of this thesis seem to suggest that such limitations are
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purely computational, it can not be conclusively confirmed.

The representative load model similarly also degrades the fracture toughness and in-

volves a damage accumulation system that involves the application of a representative

load, with a temporal accumulation of fatigue damage. In this sense, the boundary

conditions are similar to the creep phenomenon. This model incorporates a zone

based crack retardation model, slowing down crack growth based on the overload

level applied.

This approach is able to successfully reproduce experimental crack life results for

overload applications, with the caveat being that a larger number of parameters are

required to be calibrated. In this sense, the representative load model may be judged

to have performed better than the crack closure model. A relative downside of this

model, however, is that the ratio between life gains at various overload levels is not an

inherent feature, unlike the crack closure model. Hence several overload cases have

to be used for calibration to design an effective retardation model. Furthermore, the

models that inspired this one establish a close relationship between the retardation

zone size and the retardation co-efficient but that is not featured in the current model.

The retardation co-efficient is currently only a function of the overload level. Future

work with this model should involve the establishment of such a connection between

the zone size and the retardation co-efficient, easing some of the calibration require-

ment and allowing better performance. Furthermore, this model does not capture the

effects of load ratio on the retardation behavior. This influence as well should be

incorporated in a future study.

Relative to the crack closure model, the representative load model allows more control

over the fatigue response and future works could introduce additional parameters that

would allow a more comprehensive simulation of a material’s fatigue behavior over a

far wider range of loads and load ratios.

The ductile phase field model introduces a plastic component to the crack driving

force and is able to incorporate the MMC model into its plastic damage accumu-

lation system, using calibrated MMC parameters to reproduce experimental load-

displacement curves for various specimens. Through the addition of a damage thresh-

old, the calibration process of the model is greatly streamlined. The Nakajima test is
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simulated to observe the model’s efficacy in forming applications and the results are

able to reproduce experimental crack patterns as well as an FFLC curve whose trend

matches experimentally observed data. This model demonstrates the efficacy of the

phase field paradigm for facilitating a non-local, coupled simulation solution for plas-

tic damage models. Future studies involving phase field ductile fracture could explore

a variety of alternative ductile damage models, with the model very capable of taking

on further complexities with ease.

This thesis has sought to demonstrate the versatility of the phase field paradigm

through the imposition of relatively simple numerical controls on the damage ac-

cumulation in the context of both fatigue and plasticity.
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