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A MULTI-FIDELITY PREDICTION FRAMEWORK WITH
CONVOLUTIONAL NEURAL NETWORKS
USING HIGH-DIMENSIONAL DATA

SUMMARY

The multi-fidelity analysis is getting more attention day by day and has become a
significant research and application area in both academy and industry, especially in
the computational sciences. The multi-fidelity analysis, as its name reveals, leverages
different fidelity of data. The foremost objective is to attenuate the prohibitive
computational or experimental cost of simulations while keeping the accuracy as
high as possible. A high number of cheap-to-generate low-fidelity data are corrected
by using a low number of expensive-to-generate high-fidelity data. Thus, a notable
efficiency is accomplished in comparison to using high-fidelity data solely. The
literature offers different multi-fidelity methods such as hierarchical or surrogate-based
multi-fidelity schemes. These schemes, in the literature, are classified into three
classes: adaptation, fusion, and filtering. In this thesis, the multi-fidelity artificial
neural networks, surrogate-based multi-fidelity methods using the fusion principle, are
studied for processing high-dimensional data to make multi-fidelity estimations.

Additionally, the multi-fidelity deep neural network was first proposed in 2019.
Literature provides a limited number of research on this method which has limitations
on the usage of problems with high-dimensional inputs. The issues associated
with these limitations occur especially in the case of the usage of high-dimensional
inputs and low-dimensional predictions simultaneously. Therefore, the dimensional
discrepancy impedes the learning of linear and nonlinear correlations between
high-fidelity and low-fidelity data sources. On the other hand, the multi-fidelity deep
neural networks compose fully-connected networks which can only process scalars
or vectors. Thus, 2-dimensional data with locality must be vectorized to make them
suitable for neural network processing. Vectorization brings about a loss of information
due to the dislocation of highly-correlated regions. Two novel multi-fidelity neural
network architectures tailored for high-dimensional inputs are proposed to improve
multi-fidelity predictions on the problems inherited from these conditions. First,
a fully-connected encoder is implemented within the existing multi-fidelity neural
network architecture in the literature. The encoder performs dimensionality reduction
by mapping its input onto a low-dimensional subspace by only extracting the latent
features of a given input vector. Therefore, the dimensional discrepancy is hindered
and the training performance of multi-fidelity deep neural networks is enhanced.
Additionally, convolutional layers are incorporated into the modified multi-fidelity
deep neural networks, named multi-fidelity convolutional neural networks, so as to
preclude vectorization so does the loss of correlation information.
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Besides, one of the obstacles to using flow fields as neural network inputs is that
these spatial domains must be represented in the matrix/tensor notation; thus, a
neural network layer can be capable of processing a given input. In this study,
the interpolation of flow variables on both structured and unstructured grids onto
Cartesian grids is seen as a remedy. A preliminary study investigating the influence
of interpolation schemes and Cartesian grid sizes on a convolutional neural network
prediction accuracy is also presented where further studies are based on the findings.
Moreover, in the multi-fidelity deep neural network, the autoregressive function uses
the weighted approximations of the linear and nonlinear correlation between high-
and low-fidelity datasets. The tuning of correlation weight in training is not explicitly
stated in the literature. This is not surprising since the research on multi-fidelity neural
networks is in rudimentary stages. In this study, a brief investigation of how the initial
correlation weight affects its tuned value and model prediction performance is also
presented.

In the light of the findings, the proposed methods are compared with the multi-fidelity
deep neural networks from the literature using a 2-dimensional flow-varying
supercritical airfoil problem. Mach number, angle of attack, and Reynolds number are
considered flow variables. The main objective of this study is to make a multi-fidelity
prediction of aerodynamic coefficients using pressure coefficient fields around the
airfoil with an acceptable accuracy level and computational cost. Furthermore,
to generate the dataset, a coarsely discretized flow domain around the airfoil is
solved using the SU2 Euler solver for low-fidelity data whereas a relatively finer
grid is utilized for the high-fidelity data to obtain viscous solutions using the
Spallart-Allmaras turbulence model. The difference in the computational cost for
each high-fidelity and low-fidelity computational fluid dynamics analysis is around
31.2 seconds where the high-fidelity solver is costlier more than 19 times relative
to the low-fidelity solver in terms of computation time. In total, the used dataset
contains 200 high-fidelity and 300 low-fidelity simulation results. Each considered
multi-fidelity neural network method is trained with an increasing high-fidelity sample
size using pressure coefficient fields which are interpolated onto 64-by-64 Cartesian
grids. The performance metrics to compare the methods are determined as the test
accuracy, physical training time, and the size of the high-fidelity samples. Results
demonstrate that the proposed multi-fidelity neural network architectures outperform
the multi-fidelity deep neural networks in predictive modeling using high dimensional
inputs by improving the multi-fidelity prediction accuracy up to 78.7%.
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YUKSEK BOYUTLU VERILER iLE COK-DOGRULUKLU
EVRISIMSEL SiNiR AGI TABANLI KESTIiRiM

OZET

Giiniimiizde bilgisayar islemci performanslari, ge¢mise kiyasla ¢ok daha yiiksek
olsa da hesaplamali bilimler alaninda kullanilan ve yiiksek dogrulukta sonuclar
verebilen niimerik analiz yOntemleri hala hesaplama siiresi acisindan oldukca
maliyetlidir. Bu durum havacilik ve uzay alaninda, tasarim uzayinda bir¢ok hesaplama
gerektiren optimizasyon, belirsizlik analizi ve hassasiyet analizi gibi uygulamalarda
yiiksek dogruluk ve hassasiyette sonuclar veren yontemlerin kullanimini ciddi
Olciide kisitlamaktadir. Hesaplamali akiskanlar dinamigi 6zelinde, giiniimiizdeki
uygulamalarda on milyonlarca ¢6ziim agi elemam igeren akis alanlarini sayisal
yontemler ile cozmek gerekmektedir. Bu ¢6ziim aginin bir¢ok islemciye boliistiiriiliip
islemci bagmna diisen yiikiin azaltldigr ve ¢oziim siiresinin hizlandirildig1 paralel
hesaplama ile bile ancak saatler mertebesinde akis c¢oziimii saglanabilmektedir.
Dolayisiyla yiiksek dogrulukta sonuclar iiretebilen ancak hesaplama maliyetleri de
bir o kadar yiiksek olan sonlu elemanlar ve sonlu hacimler yontemleri yerine panel
yontemleri gibi hesaplama ac¢isindan yiik olusturmayan ve daha diisiikk dogruluga
sahip yontemler kullanilmaktadir. Bu noktada farkli fiziksel dogruluk seviyesine
sahip yontemleri birlestiren ¢ok-dogruluklu analiz metotlari, son yillarda tasarim
optimizasyonunda olduk¢a yaygin sekilde kullanilmaktadir.

Cok-dogruluklu analiz yontemleri, hesaplama acisindan verimli olan ¢ok sayida
diisiik-dogruluklu analiz verisi ile az sayida yiiksek-dogruluklu ancak iiretimi pahali
olan veriyi belirli matematiksel metotlarla birlestiren yontemlerdir. Cok-dogruluklu
analiz metotlarinin ana hedefi sadece yiiksek-dogruluklu yontemlerin kullanimina
kiyasla hesaplama maliyetini diisirmek ve ayni zamanda da fiziksel dogrulugu
yliksek-dogruluklu yontem seviyesinde tutmaktir. ~ Bu yoOntemler, sagladiklar
hesaplama verimliligi sayesinde hem akademi hem de endiistride bir¢cok tasarim
optimizasyon c¢alismasinda kullanilmaktir. Literatiirde ¢ok-dogruluklu analiz
yontemleri 3 sinifa ayrilmigtir: adaptasyon, birlesim ve filtreme. Yontemler, her sinif
icerisinde hiyerarsik ve temsili model tabanli olmak iizere iki alt sinifa ayrilabilir.
Bu tez kapsaminda birlesim prensibini kullanan temsili model tabanli ¢cok-dogruluklu
derin 6grenme metotlar1 incelenmektedir.

Derin 6grenme yontemlerinin ana fikri 1960’11 yillara dayanmaktadir. Fakat uygulama
alanlari, artan hesaplama giicii ve veri toplama hizi ile son yillarda artmistir.
Gliniimiizde derin 6grenme uygulamalarina hemen hemen her alanda rastlamak
miimkiindiir. Bu yontemler, havacilik ve uzay alaninda, otonom ugus, hava trafik
yonetimi, optimizasyon ve belirsizlik analizi gibi uygulamalarda kullanilmaktadir.
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Yapay sinir aglarimin en O6nemli avantajlarindan biri klasik makine Ogrenmesi
yontemlerinde kullanilan 6znitelik ¢ikariminin olmamasidir. Oznitelik ¢ikarimi alan
uzmanlig1 gerektirdigi gibi model performansini da yiiksek oranda etkilemektedir.
Derin 6grenmenin diger bir 6nemli getirisi ise bilyiik veri setlerine uygun bir yontem
olmasidir. Klasik makine 6grenmesi yontemleri artan veri miktarina her zaman artan
bir model performansiyla cevap veremez ve bu anlamda doygunluga ulagirken, sinir
aglar1 biiyiik veri setleri ile modelin kestirim giiciinii artirabilmektedir. Cok-dogruluklu
derin sinir aglar1 ise literatiirde paylasilmig olduk¢a yeni bir metottur. Diger
cok-dogruluklu yontemlere benzer sekilde az sayida yiiksek-dogruluklu ve cok sayida
diisiik-dogruluklu verinin kullanildigi bu metot ile ilgili genis bir literatiire rastlamak
miimkiin degildir. Dolayisiyla agik ve giincel bir arastirma konusudur. Cok-dogruluklu
derin sinir aglar1 otoregresif bir model kullanir ve tam baglantili katmanlardan olusan
3 alt agdan olusur. Bu aglardan ilki verilen girdiler ile diisiik-dogruluklu kestirimler
yapar. Ikinci ve iiciincii aglar ise diisiik- ve yiiksek-dogruluklu veriler arasindaki
dogrusal ve dogrusal olmayan korelasyonu modellemek i¢in kullanilir. Literatiirde
az sayida yapilan calismalar, cok-dogruluklu sinir aglarinin analitik ve diisiik boyutlu
vektorel girdi ve c¢iktilarin kullanildigr 2 boyutlu aerodinamik problemlerde etkin
sonuglar verdigini gostermistir. Mevcut ¢alismada, literatiirde heniiz bulunmayan,
yiiksek boyutlu verilerin ¢ok-dogruluklu sinir aglari ile birlikte kullanimi ele alinmustir.
Bu kapsamda 2 boyutlu akis alanlar1 yiiksek boyutlu girdi olarak kullanilmistir.

Literatiirde onerilen ¢cok-dogruluklu sinir aglarinin yiiksek veriler ile kullaniminda iki
onemli eksik gbze carpmakta ve bu ¢alismada, yontemin eksikliklerin iyilestirilmesi
icin iki farkli ¢ok-dogruluklu sinir ag1 mimarisi Onerilmektedir. Bu eksiklerden
birincisi girdi ve cikti arasindaki boyut farkinin yiiksek oldugu durumlarda ortaya
cikar. Daha Once bahsedilen korelasyon aglari, tahminlerin ve girdilerin birlesim
vektoriinden korelasyon kestirimi yapar. Bu iki vektor arasindaki boyut farkinin fazla
oldugu durumlarda, veri setleri arasindaki korelasyonun 6grenilmesi zorlagsmakta ve
cok-dogruluklu kestirimler yapmak miimkiin olmamaktadir. Bu tez ¢alismasinda, s6z
konusu probleme ¢oziim olarak ¢ok-dogruluklu sinir ag1 yapisina dogrusal kodlayici
(encoder) veya kod ¢oziiciiniin (decoder) eklenmesi Onerilmektedir. Kodlayicilar
verilen girdiyi yiiksek-boyutlu uzaydan daha diisikk boyutlu uzaya tasirken kod
coOziiciiler tam tersini yapar. Boylece bu derin 6grenme elemanlari, girdi ve cikti
arasindaki boyut farkimi azaltip ¢ok-dogruluklu kestirim performansini artirmak icin
kullanilabilir. Bu calismada siiperkritik bir kanat profili etrafindaki yiiksek-boyutlu
akis alanlarinin girdi, diisiik boyutlu aerodinamik katsayilarin ¢ikti olarak kullanildig:
bir problem ele alinmistir. Dolayisiyla girdi ve ¢ikti arasindaki boyut farkini azaltmak
icin yiiksek eleman sayisina sahip girdi vektorlerinin kodlayicilar ile ¢ok daha diisiik
boyutlu vektorlere doniistiiriildiigii ag yapilart kullamilmigtir. Bu tez kapsaminda,
bir kodlayict aginin entegre edildigi cok-dogruluklu sinir aglarma, degistirilmis
cok-dogruluklu sinir aglar1 adi verilmistir. Bunlara ek olarak, literatiirdeki mevcut
yontemin ikinci dezavantaji ise kullandig1 tam baglasimli katmanlarin getirdigi skaler
ya da vektorel girdi zorunlulugudur. Dolayisiyla sinir aglarimin egitiminde ve
kestirim i¢in kullanilmasinda, birden fazla boyuta sahip girdilerin vektorlestirilmesi
gerekmektedir.  Fakat, normalde birden fazla boyuta sahip olup vektor haline
getirilen verilerde bilgi kayb1 yasanmakta, sinir ag1 modelinin kestirim performansini
diisiirmektedir. Bu kaybin ana sebebi, yliksek korelasyon igceren bolgelerin vektor
icerisinde birbirinden uzak olacak sekilde konumlanmasindan kaynaklanir. Benzer
bir problem daha 6nce derin 6grenme yontemleri ile goriintii islemede karsilagilmig
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ve evrisimsel sinir aglar1 kullanilarak ¢oziilmiistiir. Akis alanlar1 da birbiri ile yiiksek
korelasyonlu bir¢ok noktadan olusan 2 boyutlu bir yiizey ya da 3 boyutlu bir hacimdir.
Bu caligmada, aerodinamik ¢6ziim alanlarinin, bilgi kayb1 yasanmadan sinir aglari
ile islenebilmesi icin evrisimsel sinir aglari, cok-dogruluklu analiz yapisina entegre
edilmistir.

Uzerinde diisiiniilmesi gereken bir diger konu ise akis alanlarmin nasil matris ya
da tensor notasyonu ile temsil edilebilecegidir. Ciinkii 2 ve daha yiiksek boyutlu
evrisimsel sinir aglari matris/tensor formatinda veri isleyebilmektedir. Bu ¢alismada,
literatiirde daha Once kullanilmig bir yontem olan, akis alanlarinin kartezyen bir
agin iizerine interpolasyonu kullamilmistir.  Interpolasyon hem yapisal hem de
yapisal olmayan ¢6ziim aglarina kolayca uygulanabilir bir yontemdir. Ayrica veri
noktasi sayisini ciddi Olgiide azaltmaktadir. Bu yOntem literatiirde detayli sekilde
irdelenmedi8i icin bu tezde bir 6n calisma olarak, interpolasyon yaklasiminin
bir evrisimsel sinir aginin kestirim performansina olan etkisi incelenmigstir. Bu
uygulamada, farkli kartezyen ag boyutlar1 ve interpolasyon metotlari, akis ve geometri
degisimli bir kanat profiline uygulanmistir. Daha sonra interpole edilmis akis
alanlan kullanilarak, tasima ve siiriikleme katsayilarinin bir evrisimsel sinir ad1 ile
tahmini gerceklestirilmistir. Baska bir on calisma ise ¢ok-dogruluklu otoregresif
modelde kullanilan korelasyon agirligini incelemek icin yapilmistir. Bu calismada
ise korelasyon agirliginin baglangi¢c degerinin optimizasyon sonundaki degerine olan
etkisi, literatiirde bulunan analitik cok-dogruluklu problemler iizerinde irdelenmistir.

Yapilan 6n iki ¢calismanin bulgulari, bu tezin asil uygulama konusu olan siiperkritik
bir kanat profiline ait basing katsayist alanlar1 kullanilarak aerodinamik katsayilarin
cok-dogruluklu kestiriminde kullanilmistir. Bu uygulamada, kestirim dogrulugu ve
egitim siiresi gibi performans oOl¢iileri gdz Oniinde bulundurularak, yeni Onerilen
cok-dogruluklu sinir ag1 mimarilerinin etkinli8i, literatiirdeki ¢ok-dogruluklu sinir
aglar ile kiyaslanmistir. Mach sayisi, hiicum agis1 ve Reynolds sayis1 akis degiskenleri
olarak kabul edilmigtir. Veri seti tiretimi i¢in agik-kaynakli SU2 akis coziiciileri
kullanilmigtir.  Diisiik-dogruluklu veri seti, kaba bir c¢oziim a1 iizerinde Euler
denklemleri ¢oziilerek elde edilmistir. Yiiksek-dogruluklu veri seti ise Reynolds
Ortalamali Navier-Stokes ve Spallart-Allmaras tiirbiilans denklemlerinin daha sik
bir akis ag1 iizerinde ¢oziimii ile iiretilmistir. Benzer yaklasim literatiirde farkl
calismalarda da kullanilmigtir. 36 Intel(R) Xeon(R) Gold 6148 CPU 2.40GHz
islemcinin paralel olarak kullanildig1 veri seti iiretiminde, tek bir yiiksek-dogruluklu
analizin ¢oziimii, diisiik-dogruluklu analiz ¢6ziimiinden yaklasgtk 19 kat daha
uzun bir siirede tamamlandig1 gozlemlenmistir. Uretilen veri seti, toplamda 200
tane yiiksek-dogruluklu ve 300 tane diisiik-dogruluklu analiz sonucu icermektedir.
Kullanilan her bir yontem, kademeli olarak artirilan yiiksek-dogruluklu veri seti ile
test edilmistir. Literatiirdeki ¢ok-dogruluklu yonteme kiyasla, 6nerilen yeni sinir ag1
mimarileri ile elde edilen ¢ok-dogruluklu tahminlerde %78.7’e varan daha yiiksek
dogruluk seviyelerine ulagilmistir.
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1. INTRODUCTION

Artificial neural networks (ANNs) have emerged a new era in computer and
computational sciences. Practical conundrums back then a few decades such as
image, video & audio recognition, and machine translation can now be resolved
with an adequate size of data and neural networks in the tasks of classification,
clustering, and estimation. However, the idea of the neural network is not newly
fashionable, and the concept lies back around the 1960s. Even though this method
has a history nowadays, it has recently become renowned as central processing units
(CPU) and graphics processing units (GPU) offer adequate computing power. Besides,
data accumulation is getting easier and cheaper. Thus, this outstanding data-driven
metamodeling technique has been disseminated over time and become ubiquitous

across different disciplines such as bioinformatics [2—4] and geosciences [5-7].

In fact, data-driven metamodeling is used in computational sciences for a few decades.
In this field, it is mostly known as surrogate or reduced-order modeling. In the
literature, numerous data-driven surrogate modeling methods exploiting different
mathematical approaches such as mapping and regression are available. Principal
component analysis, proper orthogonal decomposition, dynamic mode decomposition,
polynomial chaos expansion, and Kriging can be given as examples of surrogate
modeling techniques that are studied in computational sciences for complex and
expensive-to-solve problems. Recently, ANNs gained a considerable amount of
content in aerospace. Guidance [8, 9], air traffic management [10, 11], optimization,
uncertainty quantification, and inverse design are some of the fields that incorporate
deep learning methods in research. For instance, in computational aerodynamics
and multidisciplinary studies involving aerodynamics, data are scarce due to the
computational expense of high-fidelity computational fluid dynamics simulations and
the high economic cost of experimental test setups. Data acquisition is not an option
the entire time which makes available data precious. Therefore, the main purpose

of the usage of neural networks is to establish a surrogate model using an available



physical solver output or experimental data in design optimization and uncertainty
quantification studies. Some of the research applying ANNs in aerodynamic problems
which are highly nonlinear, costly, complex, and generally black-box can be found in

the literature [12—19].

Moreover, even with increased computational resources, solving highly nonlinear
and involved physical problems with high accuracy does still pose a problem in
engineering applications. In most cases, using a cheaper numerical method yields
results with lower accuracy when compared to more expensive tools. Albeit
the practicality of low-fidelity tools in preliminary conceptual design, detailed
design studies necessitate more accurate and precise frameworks. At this point,
multi-fidelity analysis that leverages the computational efficiency of low-fidelity and
the accuracy of high-fidelity models simultaneously within the same framework is an
outstanding option; accordingly, multi-fidelity methods have been highly appealing
in computational sciences and engineering. Moreover, the multi-fidelity analysis
leverages at least two different fidelity of data where one is superior to the other in
terms of physical accuracy. The main motivation in the application of multi-fidelity
methods is to decrease the computational burden of high-fidelity solvers or the expense
of experimental tests. Since some of the engineering applications such as design
optimization and uncertainty analysis require numerous function evaluations, even up
to several million, it is not viable to use only high-fidelity (HF) partial differential
equation solvers within a design process. On the other hand, designers must sacrifice
a considerable amount of accuracy using only low-fidelity (LF) solvers, especially in
complex problems where low-fidelity tools cannot sufficiently capture the underlying
physics. Multi-fidelity methods combine a small number of HF and a large number
of LF analyses’ data to remarkably reduce the computational expenses while keeping
the accuracy as high as in HF solutions. In the literature, multi-fidelity polynomial
chaos expansion with orthogonal polynomials and co-Kriging (Multi-fidelity Gaussian
regression) that uses maximum likelihood approach are extensively appealing in design

optimization [20-25].

Moreover, a novel multi-fidelity approach with the assistance of deep neural
networks was first proposed in the literature [26] in 2019. This method leveraged

3 fully-connected neural networks to estimate low-fidelity output and linear and



nonlinear correlations between a high-fidelity and a low-fidelity dataset with an
autoregressive scheme. Thus, both low- and high-fidelity predictions could be made
with a single multi-fidelity deep neural network (MFDNN). This approach has been
embraced and applied in the aerospace community. In [27], the computational
efficiency of gradient enhanced MFDNN was compared with the efficiencies of
gradient enhanced neural networks and multi-fidelity neural networks using analytical
functions and an airfoil optimization problem. Authors of [28] investigated the efficacy
of MFDNN in the prediction of aerodynamic coefficients using LF inviscid and HF
viscous airfoil flows and shared a comparison with the results of coKriging. A
comprehensive shape optimization study of an airfoil and a wing-body configuration
in the transonic regime was provided in [29]. A multi-fidelity Bayesian neural network
was presented in [30] that applied to noisy data with different fidelity levels and was

also able to solve inverse problems using partial differential equations.

One of the drawbacks of MFDNN is that it only consists of affine layers and activation
functions which makes it fully-connected neural networks or known as multilayer
perceptrons. Thus, the input of an MFDNN architecture must be provided in a vector
form. However, vectorization of input data may cause loss of information for a certain
type of data due to the dislocation of highly correlated data points. This problem
was experienced in image processing studies in the past. We can elaborate this issue:
each image is a tensor with a combination of pixels. Each pixel has a unique location
on an image such that they form a visual representation of an object by surrounding
each other. Nevertheless, taking each row of pixels and concatenating them side by
side to obtain a vector of pixels deteriorates the quality and meaning of the visual
representation; in other words, it brings about a loss of information on the image. For
computational sciences, 2- and 3-dimensional differentiable physical solution domains
can be thought of as images. A vertex of a grid on a 2- or 3-dimensional spatial domain,
let’s say a flow field, is mostly expected to be highly correlated with the surrounding
vertices. Therefore, the representation of a flow field with a vector notation disarrays
high correlation regions and leads to the loss of gradient information in a quantity
of interest. This issue may engender a reduction in neural network performance due
to the lack of features. In addition, the representation of an involved flow field may

require a large number of matrix/tensor elements; thus, fully-connected networks that



are embedded in MFDNN suffer the curse of dimensionality with the necessity of a
large learnable parameter set to process these high-dimensional vectorized flow fields.
As a result, both memory requirement and training time increase regardless of the loss

of data information.

This thesis addresses the drawbacks of the MFDNN method stated above in the
application of computational flow fields by proposing a multi-fidelity convolutional
neural network (MFCNN). Convolutional neural networks (CNNs) have been vastly
put into practice in image and video processing due to their ability to extract local
features. CNNs are expected to perform well with 2-dimensional flow field data and
incorporated into multi-fidelity analysis with an alike network architecture in MFDNN.
Instead of vectorizing 2-dimensional flow fields, each flow field is processed in a
high-dimensional tensor form by an MFCNN. Therefore, a loss of information is
prevented. Moreover, sparse interactions and parameter sharing of CNNs allow us
to establish deep convolutional neural networks with a small number of learnable
parameters which alleviates the curse of dimensionality so they are preferable for
high-dimensional data such as computational flow fields. Furthermore, an intermediate
form between MFDNN and MFCNN architectures, named modified-MFDNN, is also
proposed and investigated in predictions using flow fields. The modified-MFDNN
leverages the MFDNN architecture with a combination of the dimensionality reduction

feature of MFCNNSs.

In the context of the thesis, a multi-fidelity supercritical airfoil problem is addressed to
evaluate the performances of three different multi-fidelity neural network architectures
using computational flow fields; multi-fidelity deep neural networks presented in
the literature, the modified multi-fidelity deep neural networks, and multi-fidelity
convolutional neural networks. The generated dataset is used to make multi-fidelity
predictions of aerodynamic coefficients. The performance of each method is
evaluated according to their test accuracy and computational needs. The obtained
results prove that the proposed MFCNN architecture outclasses both MFDNN and

modified-MFDNN in the prediction of aerodynamic coefficients using flow fields.

The layout of the thesis is described as follows. In Section 2, deep learning,
deep learning methods exploited in this study, multi-fidelity analysis and different

multi-fidelity neural network architectures are introduced. In Section 3, the dataset



generation of the considered 2-dimensional airfoil problem is presented as well as
the investigation of all three methods on the multi-fidelity prediction of aerodynamic
coefficients. Eventually, Section 4 compares the obtained results of each method and

proposes a future work.






2. METHODOLOGY

2.1 Deep Learning

Deep learning is a set of enhanced machine learning methods. Its main principles
lie on linear algebra, statistics, optimization, and computer sciences. The most
outstanding convenience that it provides is that it eliminates the dependency of
machine learning model performance in feature extraction which requires human
intervention and domain expertise. These features and even more that a human may
not consider are automatically extracted by means of hidden layers. Hence, it offers
end-to-end learning. In addition, the prediction performance of classical machine
learning algorithms saturate at a point even the dataset size is increased. In opposition,
deep learning methods get a part of their strength from big data which means that it
performs better with an increasing data size. This adaptation of deep learning methods
comes from the concept of layers. More layers can be stacked on top of each other to

increase the learning potential of a neural network.

Despite the strong mathematical foundations, deep learning applications ground on
heuristic approaches such as constructing network architecture and hyperparameter
tuning [31]. Due to the stochastic nature of the training process, the artificial
neural networks which use the same dataset, the same network architecture, and
the same training algorithm is expected to yield different model performances for
even consecutive runs. This is mainly caused by the random network initialization
and dataset shuffling. At this point, random network initialization helps to prevent
local minimums and saddle points. Furthermore, deep learning methods are highly
contingent upon datasets. For example, a network that is suitable for a pressure dataset
may not achieve the same performance for the velocity data even the datasets belong
to the same flow field solution. Hence, dataset pre-processing, construction, and
training of CNNs would require user intervention for satisfactory model prediction

performance.



2.1.1 Fully-connected neural networks

Fully-connected neural networks (FCNN) or also known as multilayer perceptrons
(MLP) can be thought of a composition of functions with parameters where an output
of a function is the input of the next function. As any other surrogate modeling methods
such as Kriging, proper orthogonal decomposition, and polynomial chaos expansion,
FCNN s are utilized for data-driven function approximations; besides, they are quite
useful surrogate modeling tools that has been broadly appealed in classification and

prediction tasks in both academic and industrial applications.

To elaborate the mathematical structure, the universal approximation theorem states
that any smooth function on a closed and bounded subset of R” can be approximated
using an FCNN with at least a hidden layer [32]. The approximation is mostly achieved
with gradient-based optimization algorithms by optimizing the parameter set of an
FCNN, which are called learnable parameters, based on the provided dataset. This
process is called training and elucidated in detail under Section 2.1.3. Besides, an
FCNN can involve solely linear functions which may be useful for linear function
approximations. However, in the most of the cases, the inclusion of nonlinear functions

is required due to the nonlinear behaviour of the engineering problems.

In the literature, each function within an FCNN is named layer. Specifically, the very
first function that takes the input provided by the user is called the input layer where
the last function that yields the prediction is known as the output layer. The functions
that are stacked on top of each other between the input and output layers are named
hidden layers. A mathematical representation of an FCNN, f(x), with an input x is

given in equation (2.1).

f(x)=(fuofa—10-:0fr0 f1)(x) 2.1

where f](x) and f,(.) respectively correspond to the input and output layers whereas
the rest are hidden layers. The total number of layers refers to the deepness of
an FCNN. This terminology brings about the name "deep learning" [1]. As it is
aforementioned, FCNNs may consist linear and nonlinear layers. The linear layer

that makes an affine transformation to a given input is mathematically expressed as



in equation (2.2). In this equation, W refers to weight and b is the bias. These

multidimensional arrays are learnable parameters of a linear layer.

f(x)=x"W+b (2.2)

Furthermore, nonlinear layers are called activation layers in the deep learning
terminology. Numerous tailored nonlinear layers are available in the literature.
However, sigmoid function, hyperbolic tangent function, and rectified linear unit
(ReLU) [33] are the most outstanding activation layers. None of these stated activation
functions has learnable parameters; nonetheless, some variations of ReLLU such as
Parametric ReLU (PReLU) [34] possess parameters optimized during a training.
Sigmoid function maps its inputs in the range of (0,1) and is given in equation (2.3).

1

= 14+e*

(2.3

Additionally, hyperbolic tangent function behaves similar to sigmoid function yet it
transforms a given input in the range of (-1,1). Hyperbolic tangent function is provided

with the equation (2.4).

e —e™*

tanh(x) = =

24

Unlike the sigmoid and hyperbolic tangent activation functions, ReLU is a piecewise

function as in equation (2.5).

0, x<0
ReLU(x) = {x 50 (2.5)

In the recent deep learning applications, ReL.U is recommended as default activation
layer [1]. Sigmoid, hyperbolic tangent, and ReL.U functions for input x € [—10, 10] are

depicted in Fig. 2.1.

2.1.2 Convolutional neural networks

Convolutional neural network (CNN) is an adapted deep learning algorithm to process
data that have local correlations [1]. A convolution operation uses at least a weight
matrix known as kernel or filter, k, to extract the features of a given input. The
expression for convolution is given in equation (2.6). In the literature, the symbols

® and * are widely used to indicate convolution operation. These element-wise
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Figure 2.1 : Sigmoid, hyperbolic tangent, ReLU activation layers.

multiplication operators are also known as point-wise multiplication operator or

Hadamard product.

f(x) =x®k (2.6)

In addition, kernels are multidimensional arrays and learnable parameters of a
convolution layer that are adapted during training based on data. In the convolution
operation, kernels stride over an input and are used to compute the weighted
summation of an overlapped submatrix that belongs to the input. The obtained
weighted summation is called the output of a convolution operation or feature map.
For the sake of clarity, the convolution terminology is elucidated with an example

input, x € R3*3, and a kernel, k € R>*3 in Fig. 2.2.

Figure 2.2 : A convolution operation over the input (green) with the kernel (yellow),
and a resulting feature map (blue).

As seen in Fig. 2.2, the kernel moves over the input with a unit pace means that
passes one column or row at a time. The pace of the kernel between two consecutive

convolution operation is called stride. The same demonstration of the convolution is

10



provided in Fig. 2.3 with the stride of 2. Increasing the stride value yields a feature

map with a smaller size.

Figure 2.3 : A demonstration of a convolution operation over the input with the kernel
with the stride of 2.

In addition, a convolution layer maps the input data by using learnable kernels into a
different low-dimensional hyperplane. The input is downsampled based on the layer
parameters such as the kernel size and stride. Thus, CNN is a preferable data-driven
method for especially high-dimensional problems like flow solutions where the number
of grid points may go up to tens of millions. Besides, this method is analogous to
proper orthogonal decomposition (POD) where an input is shrunk by projecting it
onto an optimal lower-dimensional subspace. Moreover, CNNs mostly do not only
consist of convolution layers, yet a certain combination of linear, nonlinear, pooling,

and regularization layers [18,35-37].

To begin with, pooling layers make a neural network (NN) less susceptible to input
variance [1]. Likewise to convolution layer, they use striding kernels to yield statistics
of an overlapping input, such as the mean or the maximum value. Some of the
commonly implemented pooling layers are maximum pooling, average pooling, and
power-average pooling. The maximum pooling results to the maximum value of the

given input as mathematically given below.
f(x) = max(x) (2.7)

The average pooling yields the average of the input with the total number of elements

of N.
1 N
)=+ Y xi (2.8)
N=
Lastly, the power-average pooling is

f) = (/) x 2.9)
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where p denotes the type of norm. Furthermore, regularization layers are used to
improve the performance of network by preventing overfitting and increasing the
generalization capability. In this thesis, batch normalization and dropout are utilized as
regularization layers. Batch normalization is first introduced in [38], and it enables an
NN to learn faster with higher learning rates in optimization and makes less dependent
about weight, kernel, and bias initialization. It also acts as a regularizer which increases
the generalization capability of an NN and prevents overfitting. Correspondingly,
dropout [39] is a regularizer which omits randomly selected learnable parameters
during an optimization iteration by temporarily setting them as 0 based on a probability.
Thus, it improves the generalization capability of an NN. In some cases, using batch
normalization layers eliminates the need for dropout. The batch normalization layer

performs the operation given below.

0=y 4B 2.10)

Here, the mean and standard deviation of the given input are respectively symbolized
with py and ox. Besides, ¥ and B are learnable parameters and linearly transform
the normalized input with standard Gaussian distribution. Additionally, the dropout

operation is illustrated in Fig. 2.4.

Figure 2.4 : A demonstration of a dropout with the probabilities of an element to be
zeroed of Pr = 0.2 (top) and Pr = 0.4 (bottom).

Dropout
—>

- .

R

2.1.3 Optimization for training convolutional neural networks

The learning algorithms can be classified as unsupervised learning and supervised

learning. Unsupervised learning refers to a training where the algorithm explores the

12



information within a data without data labels. On the other hand, supervised learning
algorithms performs with not only a data but also a corresponding target set. Therefore,
each input of a neural network has a matching ground truth value, also known as target
value. Training of a neural network with a supervised learning algorithm is achieved
with the minimization of discrepancies between the network prediction and the target
value. In the context of this thesis, only supervised learning is applied to train neural

networks.

Training or learning in deep learning terminology corresponds to optimization
of network parameters with a dataset in a way that the network is capable of
approximating the function to which dataset belongs. Let 0 is a learnable parameter
set including networks weights, W, biases, b, kernels k, and any other learnable
parameters. Then, a neural network can be defined from a domain 2~ to a range
% as f(x;0): 2 — ¥ . Let the target of an input vector x be y and the NN prediction
to a given input vector X be §. Then, an error function that computes the difference
between the NN prediction and the target can be defined as .Z(y,¥) : # — R. The
function .Z(y,¥) is named loss function which (i.e. cost function or objective function
in optimization terminology). Therefore, the training of an NN with a parameter
set 6 can be mathematically expressed as an unconstrained optimization problem
given in equation (2.11). The usage of equation (2.11) is limited due the lack of
constraints; however, this will be explained after the introduction of overfitting term

for the convenience of the reader.

min Z/(y.§) 2.11)

Furthermore, the optimization problem given in equation (2.11) is usually solved with
a gradient-based algorithm (e.g. gradient descent); however, gradient-free optimization
schemes are also employed in some of research [40,41]. Additionally, since each of
layers has an exact analytical derivative expression, numerical gradient computation
schemes such as finite differencing are not needed. The information of gradient
is computed by applying the chain rule of calculus. This method is known as
backpropagation [42]. Consider equation (2.1) as a simple neural network. Let the

prediction of the network, output of each layer except the last layer and the target
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vector be ¥, §; and y, respectively. Then, the loss value of this prediction becomes .
that is the short notation of .Z(y,¥). Thus, the backpropagation of the loss with respect

to the input vector is given as in equation (2.12).

0% 9% 9§ 9.1 99298
ox 0 09,199,299 Ox

(2.12)

Besides, the gradient of weight, bias, and kernel of an arbitrary j® layer can be

respectively expressed as provided in equations (2.13), (2.14) and (2.15).

0L 9L 9y 9§,-1 9§41 99

_ 9L 9Y V-1 OV 2.13
dW; 0§ 0§,-10§,—2  IF; IW; &
07 _ 0L 0y 0¥u1 9§41 0§, (2.14)
db; 93 99,199,293, b, '

0% 9% 0y 09,1 9§11 0§, (2.15)

ok; 0§ 99,109, 2  09; Ok,
As a result, a learnable parameter set is updated with the gradient, g, and a learning

rate (i.e. step size in optimization terminology), €, as provided in equation (2.16).

0« 0—cg (2.16)

Besides, some of the substantial considerations in training are overfitting and
underfitting. Overfitting is a significant problem that reduces the generalization
capability of a neural network. Generalization capability of a network can be evaluated
with the generalization gap which is the difference between training and test errors.
Thus, a neural network with a small training error and a small generalization gap can
be said to be trained well. Furthermore, overfitting can be intuitively thought as the
memorization of a training dataset. Low generalization capability restricts a neural
network to make accurate predictions on data other than the training data. On the
other hand, underfitting happens when a neural network is not capable of learning the
features of a given data, adequately. In that case, the network cannot only perform
accurately on test set but on training set as well. Moreover, model capacity is a crucial

consideration in training to hinder fitting problems. To oversimplify, the capacity of
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a network model is positively commensurate with the number of learnable parameters
which has an impact on the model performance [43]. The selection of functions in
a model has also an influence on the model capacity [1]. A demonstration of model
capacity vs. model error is shared with Fig. 2.5. As it is seen, there is an optimum
spot between the underfitting and overfitting zones. Hence, finding the neural network
architecture with the optimal or near-optimal capacity makes the training process

heuristic.

— - Training error

Underfitting zone| Overfitting zone . .
g% v 8% ——  Generalization error

Error

0 Optimal Capacity
Capacity

Figure 2.5 : Demonstration of underfitting and overfitting with error curves vs. model
capacity [1].

As overfitting is defined, the limitation on equation (2.11) can be elaborated. Since it
is an unconstrained problem, elements of learnable parameters are updated to perfectly
fit on a dataset which makes a neural network prone to overfitting. In order to
impede overfitting, a penalty norm namely parameter regularization is introduced.
In this thesis, L; and L, parameter regularization schemes are utilized. L; and
L, regularization respectively given in equations (2.17) and (2.18) forces learnable
parameters to have elements with small values; thus, a perfect fit is prevented. These
loss functions are also known as mean absolute error (MAE) and mean squared error

(MSE), respectively.

Q(6) = [[W[| +[[bl] +|[k]| (2.17)

Q(0) = |[W|[5+||b||3 + k3 (2.18)
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Then, the optimization problem in equation (2.11) becomes a constrained problem by

adding a penalty term as specified in equation (2.19).

min Z(y.§) +20(6) (2.19)

where A is the regularization strength (i.e. penalty constant). Here, the regularization
strength is a hyperparameter that controls the trade-off between getting low learnable

parameters and fitting on data.

Moreover, several gradient-based algorithms have been being employed in neural
network applications to solve the optimization problem in equation (2.19). However,
Adam [44] first-order stochastic gradient-descent optimization algorithm is the most
appealed among all available methods by far. The reason is that Adam optimizer
requires low computational effort and memory requirement. On top of that,
optimization problems with a high number of parameters and/or data can be effectively

solved by using Adam. The algorithm and mathematical foundations of Adam can be

found in [44].

2.2 Data Pre-processing
This section elucidates the fundamentals of data pre-processing used in the thesis.

2.2.1 Normalization

In order to increase numerical stability during training, data standardization is a crucial
step [45—47]. In this thesis, min-max, one of the most implemented normalization
scheme, is used. Min-max normalization maps a given input, X, to the range of [0,1]

and given with equation (2.20).

g = X Xmin_ (2.20)

Xmax — Xmin

where X is the normalized dataset. Subscripts min and max respectively correspond
to the minimum and the maximum value within the data array. A different variation
of min-max normalization in equation (2.21) can also be used to transform an input

vector to the range of [-1,1].

gR=)p——_Tmin__ (2.21)



For multivariable datasets, each variable in the data and target vectors is normalized in

itself.

2.2.2 Dataset shuffling

Data shuffling is used to reorder a given data and target vectors based on the first
dimension without disordering the data-target pair. There are research that show
shuffling yields a better model performance [48,49]. In [50], it is proved that shuffling
provides convergence guarantee in non-convex optimization problems. Furthermore,
it is stated that it speeds up the training process. The pseudo-code used in this thesis
is provided in Algorithm 1 where N is the total number of data points, and X and §

correspond to shuffled input and target arrays.

Algorithm 1 Data shuffling

Require: Data vector x, Target array y
P+ {l,--- N}
P + permute(P)
X0
y<0
fori< 1toN do

j P

X; — X;

Yi<y;
end for
return X, y

2.2.3 Dataset splitting

Dataset splitting is a standard step in data pre-processing where the entire data is split
into training, validation, and/or test sets with a certain ratio. Further information on
the determination of splitting ratio can be found on [51]. The pseudo-code is provided

in Algorithm 2.
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Algorithm 2 Data splitting

Require: Data array x, Target array y, Training ratio 7,4, € R, Validation ratio r,, €
R where 7;4in + roa < 1
Nirain < round(r¢ygin X N)
Nyar < round(7tygin + rya) X N)
Ntest — N — (Ntrain +Nval)
Xirain < X1, ,Nirain
Xval <= XNyiny+ :Nyai1
Xtest < XN, 41, ,N
Yirain < Y1, Noain
Yval = ¥YNirainy = Nyat
Yeest <~ YNy, N
return Xein, Xval, Xtest, Ytrain, Yval , Ytest

2.2.4 Dataset minibatching

A dataset may contain millions of data points; hence, it is not always to process entire
dataset in a training iteration due to memory limitations. In order to overcome this
impediment, a subset, X}, of a dataset, X, is processed in a training iteration where
Xp C X. Feeding all minibatches to the network during a training is called an epoch.
Then, it is clear that learnable network parameters of a network are optimized with
a small number of data in each training iteration. Thus, each gradient computation
based on a small batch is an estimation of the gradient of the entire dataset. Under
this circumstance, a gradient descent optimization becomes stochastic gradient descent
optimization process. A mathematical representation on gradient estimation is given in
equation (2.22) with a small adjustment to equation (2.12). As it is seen the derivative
of the loss with respect to all dataset (lefthand side of the equation) is computed by
using a small partition of the dataset X;, (righthand side of the equation). It can be
asserted that what percentage of an entire dataset that a single batch of data corresponds
to is an important parameter in gradient computation so does in training. At this
point, batch size which is the number of data points in a batch can be considered
as a hyperparameter. The higher the batch size is, the more accurate gradients are
computed in each iteration yet the more memory is required to process that amount of

data as well.
0. 0% 0§ 99,1 992 9%

OX 0§ 09,10§,2 0§10X, (2.22)

2.2.5 Representation of physical flow fields for neural networks
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A solution field of a flow problem is composed of either node or cell data. These data
points might belong to a structured or an unstructured grid and must be represented
with matrix/tensor form to enable them to be processed by a convolutional neural
network. Regardless of the problem, grid type and shape, solution variables of a
2-dimensional case can be transferred on a Cartesian grid to be represented with the
matrix notation. This approach is used in [19,52]. Each node on the Cartesian grid
can be thought as a matrix element. For instance, a 2-dimensional pressure coefficient
field interpolated on a 2-dimensional 64-by-64 Cartesian grid can be represented with a
matrix, X € R®*%*_ To be specific, it may not be necessary to interpolate an entire flow
field but considering only a substantial part that can be sufficient as provided in Fig.
2.6. In the figure, the bounded interpolated domain is located in a way to encompass

most of the gradient/valuable information as seen.

Figure 2.6 : A bounded interpolation domain around an airfoil.

Furthermore, one of the other advantages of interpolating 2-dimensional outputs is
that it can dramatically reduce the number of data points that constitutes a solution
domain. Thus, tens of thousands of grid data points can be represented with a few
thousands of data that can be thought as a low-fidelity version of the original data.

In summary, interpolation approach is applicable for a wide range of problems and
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it offers dimensionality reduction which might be quite useful for high-dimensional
datasets. To illustrate, interpolation of a flow field on a Cartesian grid is given in
Fig. 2.7. As it can be seen on the figure, it embodies apparent pressure gradients
such as at the stagnation point on the leading edge, and supersonic region over the
upper surface. However, the geometry gets obscure after the interpolation. In fact, it
is expected not to be an issue to lose geometrical features as gradients on a flow field
are directly associated with geometries; thus, they are some kind of representations of

shapes within a flow field.
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Figure 2.7 : An interpolated pressure coefficients field around a supercritical airfoil.

Additionally, a pre-processing tool is developed in Python environment to make
2-dimensional solver outputs suitable for training and test of convolutional neural
networks. It is intended to extract, read, and convert data from solution files using
open-source ParaView [53] post-processing tool in the data extraction part. This
is achieved with a combination of different functions. The process of flow field

representation with the developed tool is depicted in Fig. 2.8.

Firstly, a set of .csv files, each corresponds to a certain solution file, and contains
solution variables and x,y,z coordinates, are created using ParaView. Then, a
Python module reads variables and coordinates from .csv files, and interpolates on
a user-defined Cartesian grid using one of the interpolation schemes which are nearest
neighbour, linear, and cubic spline. In addition, dataset normalization with min-max,

z-score, and decimal normalization schemes are also available within the tool. Besides,

20



Physics Solver (.vtu files) Dataset

Y

an G2t QG
= ay  ap - amy
B : . :

L Interpolation Linear ,
= » Nearest > X
Cubic

ParaView .* Python
»

Y

Figure 2.8 : The flow of the dataset preparation.

dataset arrangement algorithms, shuffling, splitting, and minibatching, are embedded
in a different Python class. Lastly, a visualization class is developed to visualize the
data during pre-processing so as to prevent any numerical errors before the training.
Hence, the developed tool offers end-to-end pre-processing for representation of

2-dimensional solver outputs.

The efficacy of interpolated 2-dimensional physical solver outputs in use of
convolutional neural networks is investigated with a parameter-varying 2-dimensional
flow problem using the developed pre-processing tool as is presented in the following

section.

2.2.5.1 The investigation of interpolated flow fields in convolutional neural

networks

An informative preliminary study is performed to investigate the effects of different
interpolation methods and grid sizes on a CNN prediction performance. This study
focuses on a geometry and flow dependent airfoil problem where the objective is
to predict drag and lift coefficients of airfoils using flow fields. The considered
problem is 8-dimensional where 6 of them define an airfoil geometry as given in
Fig. 2.9 and the rest are flow parameters, namely, Mach number and angle of attack.
The flow parameters are respectively taken as M € [0.4,0.7] and a € [8°,16°]. 4
equidistant Mach numbers and 3 equidistant angle of attack values are sampled.
Thus, in total, 12 different flow conditions are determined. Moreover, an in-house
parametric airfoil generation tool developed in AeroMDO Multidisciplinary Design
Optimization Laboratory is employed to obtain 64 unique airfoils. SU?2 is utilized

to solve Reynolds-Averaged-Navier-Stokes (RANS) equations with Spallart-Allmaras
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Figure 2.9 : Airfoil defining parameters for upper and lower surfaces.
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Figure 2.10 : Normalized C, distributions of the same flow field obtained with
different interpolation methods.

(SA) turbulence model. Each airfoil is analyzed under all 12 flow conditions which
yields 768 viscous flow solutions. 85%-15% ratio is used to split the flow solutions
as training and test sets. Furthermore, Cartesian grid sizes of 64 x 64, 128 x 128,
and 256 x 256 are considered with 3 different interpolation methods and min-max
data and target normalization. Normalization results with all considered interpolation
methods on a 64-by-64 Cartesian grid of a randomly selected airfoil within the dataset
is depicted in Fig. 2.10. It is experienced that the computational cost of each method
in an increasing order is the nearest neighbour, linear, and cubic interpolation where

the interpolation times of a single flow field are respectively 0.03, 1, and 1.9 seconds.

The established neural network architecture consists of 4 convolution blocks where
each block involves a convolution layer, ReLU, and batch normalization. A dense

block with output size of 2 is used in order to obtain Cp and Cy, values. The convolution

22



blocks and the dense block are connected with an average pooling layer. The detailed

network architecture for 64 x 64 input size is tabulated in Table 2.1.

Table 2.1 : The CNN architecture for input data with the size of 64 x 64.

Layer Filter/Kernel/Stride

Conv. - ReLLU - Batch Norm. 4/4/1

Conv. - ReLLU - Batch Norm. 8/4/2

Conv. - ReLU - Batch Norm. 16/4/2

Conv. - ReLU - Batch Norm. 32/4/3

Average Pooling -/4/3

Output Layer Input dimension/Output dimension
Linear - ReLLU - Linear (32/8), -, (8/2)

For training, Adam optimizer is implemented with L; loss function. A constant
learning rate of 107> is used for total 5000 epochs. The network is optimized
on Nvidia Quadro P4000 8GB GPU. The model performances in terms of mean
absolute error (MAE) for all training conditions are listed in 2.2. Test results show
that acceptable drag and lift coefficient predictions obtained for all cases although
the grid size of 128 x 128 gives the best results for all interpolation methods. It
can be concluded that the usage interpolated 2-dimensional flow fields can produce
satisfactory results in CNN-based predictive modeling. In addition, increasing the flow
field resolution does not affect the model performance positively for all cases. Lastly,
the linear interpolation is the least variant with changing grid size where test losses are

comparable.

Table 2.2 : Training and test loss values of different datasets.
Interpolation Method Grid Size Training MAE Test MAE

64 x 64 0.0067 0.0148

Linear 128 x 128 0.0073
256 x 256 0.0070 0.0152
64 x 64 0.0065 0.0345
Nearest 128 x 128 0.0060 0.0196
256 x 256 0.0123 0.0287
64 x 64 0.0087 0.0330
Cubic 128 x 128 0.0051 0.0196
256 x 256 0.0068 0.0230

64-by-64 grid size with linear interpolation is found accurate enough and utilized for

the further parts of the study presented in this thesis.
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2.3 Multi-fidelity Analysis

Multi-fidelity analysis methods are mostly adopted to diminish the computational
burden of a set of high-fidelity simulations. These methods fuse a low number of
expensive and physically more accurate data with a high number of cheap and less
accurate data. In [54], multi-fidelity methods are categorized as adaptation, fusion
and filtering. In the context of the thesis, fusion-based multi-fidelity approach is
discussed. Fusion principle requires firstly to obtain low-fidelity and high-fidelity
data. Afterwards, data with different fidelity levels are fused with a scheme such
as co-Kriging, multi-fidelity polynomial chaos expansion, and multi-fidelity neural
networks. A general expression for multi-fidelity comprehensive correction model is

given with equation (2.23).

yu (¥) = p(x)yr(x) + 6 (x) (2.23)

where yy and yy, respectively correspond to exact HF and LF data points. p(x) and d(x)
respectively denote the surrogate models for multiplicative and additive corrections. It
should be noted that this approach can merely handle linearly correlated HF and LF

data. A further information on multi-fidelity methods can be found in [55].

2.3.1 Multi-fidelity deep neural networks

Multi-fidelity deep neural networks (MFDNN) have been recently developed
data-driven predictive modeling method and first introduced in [26]. In this paper,
a generalized autoregressive method for multi-fidelity analysis using scalar input and

output is proposed as in equation (2.24).

yua(x,yr) = Z1(x,y1) + Fu(x,y1) (2.24)

where .%;(x,yr) and .%,;(x,yL) are respectively the linear and nonlinear correlation
networks. To the best of the author’s knowledge, weighting these correlation networks

is first proposed in [43]. The weighted autoregressive scheme is as in equation (2.25).

YH<x,yL) = w‘gl(xayl‘) + (1 - w)ynl(.X,YL) (2'25)
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where @ is the linear correlation weight. In general, the type and strength of a
correlation between two arbitrary engineering dataset may not be known beforehand.

Thus, @ is a hyperparameter to be tuned.

The proposed MFDNN architecture in [43] is illustrated in Fig. 2.11. It has 3 distinct

NN

H1
Py

Figure 2.11 : A generic multi-fidelity deep neural network architecture.

neural networks which are low-fidelity deep neural network (LFDNN), NNy, linear
correlation network, NNp,, and nonlinear correlation network, NNy,. To clarify,
NNp is used to approximate low-fidelity outputs with a given set of low-fidelity
input. In addition, NNy, and NNy, are implemented to estimate the correlation
between low-fidelity and high-fidelity datasets. These correlation networks accept
a combination of high-fidelity inputs and low-fidelity outputs as an input. Let a
high-fidelity input be xg € R"# and low-fidelity prediction be §1, € R”». Then the
input of correlation networks becomes x¢ € R"# ™ Hence, high-fidelity inputs and
low-fidelity predictions should be in a proper shape to be concatenated and feed to

correlation networks.

In the literature, MFDNNs are constructed with only linear layers and hyperbolic
tangent functions respectively given with equations (2.2) and (2.4) [26-28,43,56]. NN
and NNy, have similar composition including linear layers and activation functions
while NNy, only consists of linear layers due to the fact that it is supposed to catch the

linear correlation between high- and low-fidelity datasets.
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The training of MFDNN is based on the both low-fidelity and high-fidelity predictions.

The loss function to be minimized is computed as in equation (2.26).

D%(yL?yH?)/}L?),}H?e) :g(Yva’D"‘g(YH;f’H)‘f’;LQ(Q) (2'26)

For numerical predictions discussed through this section, mean squared error loss
function is useful to evaluate the prediction error. Then, equation (2.26) becomes the
expression in (2.27) where m,, is the number of predicted data points, §; € R™» and
S’H € R,

1

L (veoym, 51, 90,0) = — (|lyz. = 1| 3+ lym —§nll3) +212(6) (2.27)
p

For this thesis, an MFDNN code is developed in Python environment using PyTorch
deep learning and optimization libraries [57]. So as to validate the developed code and
explore the method, analytical multi-fidelity Forrester, Borehole, and Branin functions
are taken into account and elaborated in the following sections. In all of the examples
10 HF, 50 LF equidistantly spaced samples are used where both input and target sets

are normalized to the range of [-1,1].

2.3.1.1 Application: forrester function

The multi-fidelity Forrester function [58] is a univariate set of functions given in

equation (2.28).

fr(x) = (6x—2)?sin(12x — 4)
(2.28)
fo(x) =Afg(x)+B(x—0.5)-C
where fy and f7 refer to high-fidelity and low-fidelity functions, and A = 0.5, B = 10,
C = -5, and x € [0,1]. The created MFDNN architecture is tabulated in Table 2.3
where Tanh is the shorthand notation of hyperbolic tangent activation layer and width

of a layer weight is given with number of features. The results are shared with Fig.

2.12.
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Table 2.3 : The MFDNN architecture used to predict MF Forrester function.

Network Layer Number of Features
Linear-Tanh 20
Linear-Tanh 20
NNL Linear-Tanh 20
Linear 20
Linear 10
NN, Linear 10
Linear-Tanh 20
Linear-Tanh 20
NNg, Linear-Tanh 20
Linear 20
15{ —— LFDNN o,
----- MFDNN "
o LF
o HF 5
10
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Figure 2.12 : The comparison of MFDNN prediction of MF Forrester function with
the exact functions.

Results show that the MFDNN can accurately make low-fidelity and multi-fidelity

predictions.

2.3.1.2 Application: branin function

The multi-fidelity Branin function [59] is a bivariate set of functions given in equation

(2.29).
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x> 5x 2 1
_ 1 1
f(xl,)Cz)—lo—l— x2—5.lxm+7—6} —|—10COS(X1) {1—§

fr(x1,x) = f(x1,%) —22.5x, (2.29)
fr(x1,x2) = £(0.7x1,0.7x3) — 15.75x7 +20(0.9 + x;)* — 50
where f, fg and f7 respectively refer to base, high-fidelity, and low-fidelity functions.
The input domain of the Branin function is x; € [—5,10] and x; € [0, 15]. The MFDNN
architecture used in prediction of MF Branin function is tabulated in Table 2.4. Fig.
2.13 shows the results. Circle and square markers correspond to exact low-fidelity and

high-fidelity functions.

Table 2.4 : The MFDNN architecture used to predict MF Branin function.

Network Layer Number of Features
Linear-Tanh 40
Linear-Tanh 40

NNL Linear 40

Linear 10

NN, Linear 10
Linear-Tanh 10
Linear-Tanh 10

NNg, Linear-Tanh 10

Linear 10

The MFDNN is capable of predicting both fidelity levels of the Branin function.

2.3.1.3 Application: borehole function

The multi-fidelity Borehole function [60], is an 8-dimensional function with a strong

linear correlation. High- and low-fidelity Borehole functions are given in equations

(2.30) and (2.31), respectively.

27T, (H,— H
fu(x) = 7T ( 5 LTMZ ) T (2.30)
tn{r/ru) (1 i/ 2K T E)
5T, (H, — H,
fr(x) = ( 5 L’T)u T (2.31)
In(r/ry) (1.5 + Y ) rvszw + 71)

The domains of input variables are provided in Table 2.5. The comparison of MFDNN

predictions with the exact functions are illustrated in Fig. 2.14.
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Figure 2.13 : The comparison of MFDNN prediction of MF Branin function with the

exact functions.
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Table 2.5 : The lower and upper bounds of input variables.

Variable Domain

T [0.05, 0.15]

r [100, 5000]
T, [3700, 115600]
H, [990, 1100]
T; [63.1, 116]
H, [700, 820]

L [1120, 1680]
K, [9855, 12045]

As a result, the MFDNN proves its efficacy on a relatively higher-dimensional

problems in comparison of the previous problems.

2.3.1.4 The investigation of the correlation weight

The correlation weight given in equation (2.25) is an optimization parameter that need
to be tuned as the correlation between the high- and low-fidelity datasets may not
be known in advance. The correlation weight, @, is not broadly investigated in the

literature. Authors of [26-28, 43, 56] did not clearly state the tuning of correlation

weight.
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Figure 2.14 : The comparison of MFDNN prediction of MF Borehole function with
the exact functions.

Moreover, the learning of correlation weight may be fallacious since training of a
multi-fidelity neural network may not guarantee to learn the linear and nonlinear
correlation functions of a multi-fidelity dataset and their weights separately. Contrarily,
they would be trained such that they try to yield the minimum loss function in a
coupled way. In this study, the optimization of correlation weight is investigated
with with the same analytical multi-fidelity functions considered before: Forrester
function, Borehole function, and Branin function. To be clear, the dependency of
the optimized correlation weight to the initial correlation weight is investigated similar
to a grid search strategy. The correlation weight is defined as a network parameter
like network weights, biases, and kernels where it is optimized simultaneously with
the other network parameters. Furthermore, this study requires each multi-fidelity
network, and their training process to be the same including dataset, hyperparameters,
loss function, and optimization scheme as well as the initial model state (the initial
weight and biases of networks). Therefore, the variation in the training process is

reduced to the initial correlation weight, only.

The set of initial correlation weight taken into account is @y = {0,0.2,0.4,0.6,0.8,1}.

So, there are 5 different initial correlation weight values which corresponds to
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5 MFDNN trainings with aforementioned multi-fidelity analytical functions. For
multi-fidelity Forrester, Borehole, and Branin functions, the employed MFDNN
architectures are respectively as given in Section 2.3.1.1, 2.3.1.2, and 2.3.1.3. In
addition to the architectures, the same hyperparameter set, loss function, and optimizer
stated in these sections are utilized. The trainings are considered converged when the
total RMSE of predictions is lower than 10~*. If the convergence criterion could not
be satisfied in 3500 epochs, the training stops and the results obtained at the end are

used.

The predicted and exact yz, vs. ¥y curves of all functions for the set of initial correlation
weights are depicted in Fig. 2.15, 2.16, 2.17 where @y denotes the optimized

correlation weight.
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Figure 2.15 : The correlation curves of the multi-fidelity Forrester function.

Interestingly, all of the MFDNNs can make quite robust predictions of both low- and
high-fidelity functions excluding the case of @y = 1 for Branin function. Nonetheless,
the optimized value of the correlation weight is contingent upon the initial correlation
weight and changes dramatically across the trainings especially for the Borehole and
Branin functions. The most obvious case is the predictions of Borehole function which

has a linear correlation between the high-fidelity and low-fidelity functions as is seen
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Figure 2.16 : The correlation curves of the multi-fidelity Borehole function.
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Figure 2.17 : The correlation curves of the multi-fidelity Branin function.

on Fig. 2.16. As o is the strength of linear correlation, it is expected to have a value

closer to 1 if the network approximates the correlation weight accurately. However,

32



the tuned correlation weight, @y, in the case of Borehole function varies between the
lower bound of 0.11 and upper bound of 0.99. Therefore, it does not converge to a

value near 1.

As a consequence, it can be asserted that, for the considered cases, the optimization of
the correlation weight does not make the network to learn the exact correlation weights
which are not known in advance. Hence, the correlation weight and the correlator
networks are jointly trained to make accurate multi-fidelity predictions instead of
training the correlation functions and the correlation weight, separately. Based on
the findings, the correlation weight which has no explicit positive effect on learning
is omitted from the autoregressive function given in equation (2.25) and the form

provided in equation (2.24) is used for the rest of the study.

2.3.2 The modified multi-fidelity deep neural networks

As it 1s explained in Section 2.3.1, high-fidelity inputs and low-fidelity predictions
should have suitable shapes to be stacked on top of each other so they can be given
to the correlation networks. This condition restricts the usage of high-dimensional
high-fidelity inputs and low-dimensional low-fidelity predictions. To the best of
author’s knowledge, research articulating the proper vector sizes for concatenation
does not exist in the literature. Mathematically, let a high-fidelity input be xg € R"*#
and a low-fidelity prediction be §y, € R™» where m, << ny. It is experienced and
presented in the Section 3 that the correlation networks cannot learn the relation
between the high-fidelity input and low-fidelity prediction as ng is a quite higher value

than m,. The main reason of this issue is out of scope of this thesis study.

A workaround for the considered problem, a fully-connected encoder is incorporated
into the MFDNN architecture. As it is discussed, the main purpose of the encoder
is to map a high-dimensional high-fidelity input to a lower-dimensional subspace
such that the original size of the input becomes closer to the size of low-fidelity
predictions. The architecture of the modified-MFDNN is given in Fig. 2.18. The
only difference of the modified-MFDNN from the MFDNN is a sub-network named
NNE. NNg is a fully-connected encoder to transform xg € R to an encoded vector
xpg € R"™% where ny g ~ m, << ny. Thus, the input of correlation networks

becomes x¢ € R™E4"p instead of x¢c € R™ ™™, As a result, the training and test
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experiments presented under Section 3 show that the modified-MFDNN performs

better than MFDNN.
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Figure 2.18 : A generic architecture of the modified-MFDNN.

Moreover, the size of the transformed high-fidelity input ny g is a hyperparameter.
An appropriate size should be selected to extract the latent features of a given
high-dimensional high-fidelity input without the loss of information. The influence

of latent vector size on the modified-MFDNN performance is given under Section 3.

2.3.3 Multi-fidelity convolutional neural networks

As it is mentioned before, the MFDNN uses input data in a scalar or vector form
which may not be suitable for processing data with more than 1-dimension. As higher
dimensional data must be vectorized to obtain a 1-dimensional data array. This process
gives rise to the loss of information on the input data so does on the neural network
performance. An illustration of the vectorization of a flow field around an airfoil is
given in Fig. 2.19. As seen on the figure, highly correlated regions over the upper
surface are bifurcated and placed far away from each other which disrupts the locality

of the flow field.
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l Vectorization

.

Separated high correlation regions

Figure 2.19 : A representation of the vectorization of a flow field around an airfoil.

To address this drawback, a coalescence of existing methods, MFDNN and CNN,
is proposed in this thesis specifically for multi-fidelity predictive modeling of

2-dimensional flow fields.

The autoregressive model defined in equation (2.25) is valid for this method as well.
The multi-fidelity convolutional neural network architecture proposed in this thesis
is demonstrated in Fig. 2.20. In the MFDNN, multi-fidelity predictions require the
high-fidelity inputs and low-fidelity predictions. Since both inputs and predictions
are either a scalar or a vector, they can be concatenated. Thus, these two arrays are
stacked and given to the correlation networks to estimate high-fidelity results. On
the other hand, a new requirement arises with the usage of 2-dimensional numerical
data in MFCNN. Unlike MFDNN, as it is discussed in Section 2.3.2 high-fidelity
inputs of MFCNN are flow fields represented with 4-dimensional tensors (including
batch, channel, height, and width) and cannot be directly stacked with any arbitrary
low-fidelity predictions unless inputs and predictions have the same dimensions and
sizes. Thus, high-fidelity inputs should be either downsampled by an encoder or

upsampled by a decoder, accordingly.

Alike MFDNN, MFCNN comprises low-fidelity estimator, NNy, linear correlator,
NNy, and nonlinear correlator, NNy,. Instead of the combination of affine and
activation layers, NN; of MFCNN is concatenation of convolution and activation
layers. On top of that, MFCNN brings an additional sub-network, namely, NNg. NNg

is either an encoder with convolution layers or a decoder with transpose convolution
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Figure 2.20 : A generic multi-fidelity convolutional neural network architecture.

layers. It aims to extract features of a high-fidelity input and represent them in a
different dimension. In this thesis, quantities that are predicted have lower dimensions
in comparison of high-fidelity inputs. Considering the data dimensions, an encoder
version of NN is studied. Briefly, it performs dimensionality reduction for a given
high-fidelity input into proper size such that resulting array can be concatenated with

the low-fidelity predictions similar to the discussion in the modified-MFDNN.
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3. APPLICATION

In the context of the thesis, a multi-fidelity supercritical airfoil problem is
considered to evaluate the performances of three different multi-fidelity neural network
architectures: multi-fidelity deep neural networks presented in the literature, the
modified multi-fidelity deep neural networks, and multi-fidelity convolutional neural
networks. The performance of each method is evaluated according to the test accuracy

and computational needs.

3.1 Dataset Generation for Flow Around a Supercritical Airfoil

The open-source SU2 multiphysics suite [61] is integrated into this thesis project to
generate flow field datasets. RAE2822 airfoil problem with varying flow parameters
is studied for multi-fidelity dataset generation. For high-fidelity data, RANS equations
are solved employing SA turbulence equation whereas inviscid Euler simulations are

run for low-fidelity data generation as in [62, 63].

The generated flow domain around the airfoil has roughly 50 chord length radius.
O-grid is used for both type of simulations. y* value is set less than 1 over the surface
of airfoil for viscous simulations. The discretized flow domains are depicted in Fig.

3.1.

Jameson-Schmidt-Turkel (JST) flux differencing scheme, Flexible Generalized
Minimum Residual (FGMRES) linear solver, and weighted least squares gradient
computation are employed with adaptive CFL number. The convergence field is set as
RMSE of density and convergence criterion of 1078 is used. Firstly, a validation study
is performed at Mach 0.729, Reynolds number of 6.5 x 10%, and a constant normal
force coefficient, Cy, of 0.743. The distinguishing parameters and computation costs
experienced in validation study using 36 Intel(R) Xeon(R) Gold 6148 CPU 2.40GHz

cores for HF and LF simulations are provided in Table 3.1.
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Figure 3.1 : The discretized flow domains: high-fidelity (top), low-fidelity (bottom)

Table 3.1 : Numerical differences of high-fidelity and low-fidelity simulations.

Fidelity Solver =~ Number of cells Cost (second/analysis)
High-fidelity RANS-SA 32k 329
Low-fidelity Euler 10k 1.7

Pressure coefficients over the airfoil obtained with both HF and LF simulations are
compared with experimental results [64] shared by NASA. The comparison is depicted
in Fig. 3.2. As it is seen, HF pressure coefficient agrees well with the experimental
results; however, a remarkable difference occurs in low-fidelity flow field especially at
the end of the shock wave on the upper surface of the airfoil. Therefore, the impact
of fidelity level is obvious in favor of high-fidelity solutions which comes with a high
computational burden. Mach contours of validated solutions are represented in Fig.

3.3.

For dataset generation, Mach number, M, angle of attack, o, and Reynolds number, Re,
are considered varying. A broad range is determined for each flow variable to allow
complex flow phenomena occur such as flow separation and different shock waves.

The lower and upper bounds of the considered variables are given in Table 3.2.
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Figure 3.2 : The validation results for RAE2822.

Figure 3.3 : The comparison of Mach field for high-fidelity (top) and low-fidelity
(bottom) RAE2822 flow solutions.

Table 3.2 : The lower and upper bounds of flow parameters.

Parameter LB UB
Mach 04 0.8
o (°) 4 8

Re(x10% 5 75




Furthermore, Halton quasi-random sampling [65] is employed to obtain high- and
low-fidelity samples. Halton sampling uses a deterministic approach to generate
sample points in a unit hypercube that seem randomly distributed using coprime
numbers and is appealed widely in multi-fidelity analysis. For this application, the
dataset contains 200 high-fidelity and 300 low-fidelity simulation results in total
are generated. The number of high-fidelity samples are determined heuristically
and more than it is needed for the application considered in this thesis. The main
purpose of choosing high number of high-fidelity data is to investigate the influence
of high-fidelity sample size on the performance of a multi-fidelity neural network by

gradually increasing the number of high-fidelity samples.

In order to improve and expedite the heuristic neural network training approach,
the inspection of data has a crucial aspect. Especially, the correlation between the
low-fidelity and high-fidelity datasets unveils the main concepts of employable neural
networks. The correlation charts of drag and lift coefficients are depicted in Fig. 3.4.

As it 1s seen, the viscous effects included in RANS simulations are quite blatant.
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Figure 3.4 : The correlation of drag and lift coefficients of the parameter-varying
RAE2822 airfoil dataset.

In addition, high lift conditions create a distinct discrepancy between the inviscid
low-fidelity and viscous high-fidelity solutions due to flow separation over the airfoil
where low-fidelity solver overestimates the lift coefficients, Cy. A similar effect can
also be observed on the drag coefficient, Cp. For transonic regime with high angle

of attack values, Euler solutions cannot capture the shock waves accurately under the
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given analysis conditions causing high drag coefficient estimations. Furthermore, lift
coefficient have a mostly linear relation as it is expected in the lower Cy, values. High
lift conditions occur at high angle of attack values where flow separation over the airfoil
can only be seen in viscous high-fidelity solutions. On the other hand, drag coefficient
has a slight nonlinear behaviour. At first sight, shallow linear and nonlinear correlation
networks seem to be enough to predict the given aerodynamic coefficient datasets with

a low number of high-fidelity data accurately since the correlation is not complex.

Eventually, the dataset is pre-processed to make it suitable for neural network training
according to the utilized method. Pressure coefficient fields of the entire simulations
are interpolated on a 64-by-64 Cartesian grid with linear interpolation which was
found adequate for a 2-dimensional airfoil application as presented under Section
2.2.5.1. In addition, the low- and high-fidelity interpolated flow domains and targets
are normalized with the min-max normalization scheme given in equation (2.20) to
the range of [0,1] to improve the numerical stability of training. The entire dataset is
shuffled without disordering the input-target pairs, and then split into training and test
sets with the ratio of 85% — 15%. Finally, the constant batch size of 32 is used for

partitioning the dataset to shrink the memory requirement during training and test.

3.2 Aerodynamic Prediction From Flow Fields Using Multi-fidelity Neural

Networks

In this section, the considered multi-fidelity neural network architectures are evaluated
using the generated multi-fidelity supercritical airfoil dataset. For the MFDNN and
the modified-MFDNN, three similar architectures with varying learnable parameter
set sizes are investigated. Besides, the high-fidelity sample size is gradually increased
for each model to observe the effect of the number of high-fidelity data points. The
performance metrics for the evaluation of methods are determined as test accuracy in
terms of root mean squared error, training time, and the utilized high-fidelity dataset

size with a given fixed low-fidelity sample size.

3.2.1 Aerodynamic prediction using multi-fidelity deep neural networks

The generated supercritical airfoil dataset is first used to predict aerodynamic lift

and drag coefficients of RAE2822 airfoil under varied flow conditions using the
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]R3OO x 64 x64

MFDNN. The low-fidelity pressure coefficient input dataset x; € and

the high-fidelity pressure coefficient input dataset xy € R200x64x64

are respectively
vectorized into X; € R300%40% and %5 € R200%49%6 gych that they can be processed
using affine layers given in equation (2.2). The constructed MFDNN architectures are
elaborated in Table 3.3 and 3.4 where ng is the total number of learnable parameters
that each multi-fidelity neural network possesses. All of the MFDNNs uses the

same linear, NNy, , and nonlinear correlation, NNp,, networks but varying low-fidelity

estimators, NNj..

Table 3.3 : Detailed MFDNN low-fidelity estimator architectures used to predict
aerodynamic coefficients.

ng Sub-network Layers Out Features
Linear-ReLLU 512
Linear-ReLLU 128
6
24x10 NN Linear-ReL.U 16
Linear-ReLU 2
Linear-ReLU 1024
Linear-ReLLU 128
6
4.6 x 10 NNy Linear-ReLU 16
Linear-ReLLU 2
Linear-ReLLU 2048
Linear-ReLLU 1024
6
10.9%x10°  NNg Linear-ReLU 128
Linear-ReLLU 2

Table 3.4 : Detailed MFDNN correlator network architectures used to predict
aerodynamic coefficients.

Sub-network Layers Out Features
Linear 32
NNm Linear 2
Linear-ReLU 32
NNy, Linear-ReLLU 32
Linear-ReLLU 2

As Table 3.3 reveals, MFDNNs with 3 different learnable parameter sizes are used. All
the models have the same correlation networks NNy, and NNy,. The parameter size
changes with the alteration of the low-fidelity estimator NNz. The initial learnable

parameters are uniformly sampled where the bounds are determined as given in
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equation (3.1).

1
bound = — 3.1)
Az

where W € R">W2 is a layer weight tensor. Thus, any model parameter in the
MFDNN is initialized with the samples from W ~ % (—bound,bound) and b ~

% (—bound, bound) where b is the bias array of a layer.

Two convergence criteria are set for training the networks. Training continues if the
total number of epochs is less than 3500 or training MSE loss is more than 1074,
These criteria are determined after a couple of training trials. In general, convergence
criterion is observed over the test loss; nevertheless, training and test losses follow
a similar pattern during the training in this application. Thus, the observation of
convergence using the training loss can be seen as the same that is done using the test
loss. In addition, a single Nvidia Quadro P4000 GPU is used to speed up trainings. A
constant learning rate of 10~* and weight decay of 107> are used to update the model
parameters using Adam stochastic optimization method. The same training setup is
used for 5 cases of increasing high-fidelity sample size and fixed low-fidelity sample
size of 300 to investigate the effect of the number of high-fidelity data. The RMSE
of low-fidelity and multi-fidelity predictions of aerodynamic coefficients are tabulated
in Table 3.5. The average physical training time of MFDNNs is approximately 150
seconds. The results show that MFDNN does not provide acceptable multi-fidelity
predictions of aerodynamic coefficients due to incapability of learning the correlation.
This is because a high-fidelity input xg € R**°® has much more higher data points when
compared to a low-fidelity prediction, §1, € R?. Intuitively, the input is the dominant
information in the concatenated vector that is given to correlator networks which brings
about the neural network to ignore low-fidelity predictions. Therefore, a remedy for

this issue is addressed with the modified-MFDNN.
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Table 3.5 : The prediction results of the aerodynamic coefficients using MFDNN.

ng NSy LF-RMSE MF-RMSE
10 0.0177 0.0458
2.4 % 100 50 0.0177 0.0483
100 0.0177 0.0477
150 0.0177 0.0296
200 0.0177 0.0473
10 0.0142 0.0447
4.6 x 10° 50 0.0142 0.0481
100 0.0142 0.0475
150 0.0142 0.0330
200 0.0142 0.0480
10 0.0177 0.0449
10.9 x 10° 50 0.0177 0.0484
100 0.0177 0.0484
150 0.0177 0.0322
200 0.0177 0.0486

3.2.2 Aerodynamic prediction using the modified multi-fidelity deep neural

networks

The modified-MFDNN is an enhanced version of the MFDNN for processing
high-dimensional inputs. It brings an additional sub-network to transform a
high-fidelity input to a different dimension; hence, it does not dominate low-fidelity
predictions in correlation computations. Similar to the MFDNN application, the
low-fidelity pressure coefficient input dataset x; € R300%64x64 anq the high-fidelity

pressure coefficient input dataset xy € R200%64x64

are respectively vectorized into
Xy € R300x409 and %5 € R200%x409 e investigated the transformed high-fidelity
input sizes of 4, 8, and 16 to observe the effect of extracted feature sizes on the
multi-fidelity predictions. As a low-fidelity prediction is in shape of §1, € R?, the
concatenated high-fidelity input and low-fidelity prediction vector that is given to
the correlator networks has shapes of x¢c € R®, xc € R'9, and xc € R'®. When

compared to the MFDNN application where the concatenated vector is x¢ € R*0%,

we
could represent the information of high-fidelity input and low-fidelity predictions more
uniformly. As itis seen in Table 3.5, models with different parameter sizes give similar
outcomes in terms of MF-RMSE. Thus, we used the same NN, NNy,, and NNy, of
the model with ng = 2.4 x 10° in the modified-MFDNN to save computation time. The

employed NNg peculiar to the modified-MFDNN architecture is elaborated on Table
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3.6. At the end of the day, the modified-MFDNN models have approximately 6.6 x 10°
learnable parameters. Thus, NNg brings an additional computation cost where the
modified-MFDNN has roughly 2.75 times higher number of learnable parameters in

comparison to the MFDNN with the identical architecture except the NNg.

Table 3.6 : Employed NNg architecture used in the modified-MFDNN application.

Sub-network Layers Out Features

Linear 1024
Linear 256
NNE Linear 64

Linear 4/8/16

The same hyperparameter set is used as in the MFDNN application. The average
physical training time is 240 seconds. The 60% increment in the computational cost,
when compared to MFDNN, is caused by the additional learnable parameters brought
by NNg. The RMSE results of the prediction of normalized aerodynamic coefficients
and the comparison of MF-RMSE obtained with MFDNN are listed in Table 3.7. The
given RMSE values are obtained almost the same for different high-fidelity sample
sizes. The table reveals that the modified-MFDNN ameliorates MF-RMSE results
up to 66% compared to the MFDNN for predictions using flow fields. However,
increasing the high-fidelity sample size does not affect the multi-fidelity predictions;
therefore, we conclude that latent vectors, lower-dimensional representations of the
high-fidelity inputs, cause loss of information during downsampling. Therefore, the

learning of the correlation function is impeded.

Table 3.7 : The prediction results of the aerodynamic coefficients using the
modified-MFDNN.

nH E NSH LF-RMSE MF-RMSE MF-RMSE Improvement (%)

4 [10,200] 0.0155 0.0162 66.0
&  [10,200] 0.0208 0.0215 50.8
16  [10,200] 0.0170 0.0240 45.1

3.2.3 Aerodynamic prediction using multi-fidelity convolutional neural networks

Lastly, the proposed multi-fidelity framework, MFCNN, is employed in the prediction

of multi-fidelity aerodynamic coefficients. The low-fidelity pressure coefficient input

R300 x 64 x64

dataset of x7 € and the high-fidelity pressure coefficient input dataset of
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Xy € RZOOX 64x64

are used. The linear and nonlinear correlator networks, NNy, ,NNy,,
are used in the MFCNN model as given in Table 3.4. The low-fidelity estimator,
NNy, is constructed with the combination of 2-dimensional convolution layers and
ReL.U activation functions where the layer parameters are shared in Table 3.8 with the
architecture NNg. Moreover, NNg is a convolutional encoder and does not consist of
activation functions. Therefore, it is a linear function from the input domain to a latent
range f : R!'*64%64 _ RI6 where the latent vector size of 16 is used. Eventually,
the MFCNN architecture composes of 5143 learnable parameters. The number of

learnable parameters diminishes by about %99.8 when compared to MFDNN by
employing CNN instead of FCNN.

Table 3.8 : Employed NN and NNg architecture used in the MFCNN application.

Sub-network Layers Filter/Kernel/Stride

Conv2d-ReLLU 2/4/2

NN, Conv2d-ReLU 4/4/2
Conv2d-ReLU 8/3/2

Conv2d-ReLU 16/3/2

Linear-ReLLU-Linear 16*/-12*
Conv2d 1/4/4
NN Conv2d 1/4/4

* The number of output features

In order to investigate the efficacy of the multi-fidelity convolutional neural network
architecture, the same learning rate and weight decay as in the previous applications are
employed with the L; loss function which is minimized with the Adam optimizer. The
average physical training time of MFCNN is 235 seconds for the considered problem.
The obtained RMSE values are provided in Table 3.9. In this table, the improvements
of MF-RMSE obtained by using MFCNN are also given for MFDNN vs. MFCNN and
the modified-MFDNN vs. MFCNN.

Table 3.9 : The prediction results of the aerodynamic coefficients using the MFCNN
architecture.

MF-RMSE Improvement (%)
NSy LF-RMSE MF-RMSE MFDNN vs. MFCNN Modified-MFDNN vs. MFCNN

10 0.0075 0.0225 50.9 -42.4
50 0.0059 0.0113 76.5 30.0
100 0.0060 0.0105 77.9 35.0
150 0.0065 0.0100 66.2 38.3
200 0.0075 0.0101 78.7 37.7
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As a result, MFCNN architecture outperforms both the MFDNN and the
modified-MFDNN in data-driven predictive modeling using flow fields as inputs.
Additionally, unlike MFDNN and the modified-MFDNN, increasing the high-fidelity
sample size enhances the multi-fidelity predictions. Hence, it can be asserted that

MEFCNN learns the correlation better than the previously presented methods.
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4. RESULTS and DISCUSSION

Firstly, an overall comparison of the presented methods for predictive modeling using

flow fields is provided in this section. The best neural network model of each method

in terms of MF-RMSE is considered for comparison and visualization of the results.

In addition, a comprehensive discussion on the proposed methods and future work are

presented.

4.1 Results and Discussion

To begin with, the learning curves

of each method with respect to the high-fidelity

sample sizes are illustrated in Fig. 4.1. As the figure shows, the fastest learning method

10V
—— MFDNN —— Modified-MFDNN ~ —— MFCNN
' T ]\TSH =10 —— NSH =10 — 1VSH =10
N—=— NSy =50 —=— NSy =50 —s— NSy =50
N —— NSyp=100 —— NSy=100 —— NSy =100
—— NSy =150 —— NSy =150 —— NSy =150
107 —— NSy =200  —— NSy =200 —e— NSy =200
N N “\ﬁ AN
X\ /\_,_:/\"\‘ 5 B
N (YO
= YN\ .\
~107 L GR
ﬁ | \u'
\
1073 RN

10~

0 200 1000

1500 2000 2500 3000 3500
Epoch

Figure 4.1 : Learning curves of multi-fidelity neural networks with respect to the
high-fidelity sample size.

is the MFCNN with a steeper learning pattern based on the first 500 epochs. In 3500

epochs, the minimum training loss is

achieved with the MFCNN models. Furthermore,

49



increasing the number of high-fidelity samples within the training dataset improves the
training losses of the modified-MFDNN. However, it has not that much influence on

the MFDNN and MFCNN.

The test performances of each method are compared in Fig. 4.2 with low-fidelity and
multi-fidelity RMSE values. The impact of training performances is seen on the RMSE
values where the MFCNN yields more accurate predictions in both low-fidelity and
high-fidelity test datasets. On the multi-fidelity prediction side with the given results, a
higher number of high-fidelity sample size only improves the multi-fidelity predictions
obtained with the MFCNN which can be interpreted as a higher correlation learning
capability. Thus, other methods are not able to distinguish the differences of add on
high-fidelity samples. Even though the training performance of the modified-MFDNN
is better with the increasing number of high-fidelity samples, the same behavior is not
seen in the test accuracy. This is a sign of overfitting and low generalization capability
which may be improved with a higher value of weight decay or early stopping.

107! 107!
—— MFDNN
—— Modified-MFDNN
—s— MFCNN

—

LF-RMSE
MF-RMSE

1072 1072

\_—\/

10 50 100 150 200 10 50 100 150 200
High-fidelity sample size High-fidelity sample size

Figure 4.2 : Low-fidelity and multi-fidelity RMSE values of each method obtained
using test dataset.

On top of that, the predictions of drag and lift coefficients for all 3 methods are
demonstrated in Fig. 4.3 to provide a better visual understanding. It is conspicuous that
the MFDNN, prevailing in the literature, is not capable of dealing with the combination
of high dimensional inputs and low dimensional predictions. On the other hand,
processing high-dimensional inputs to represent them with lower-dimensional latent

vectors significantly enhances the multi-fidelity prediction performances. Besides,
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since flow fields are composed of highly correlated spatial variables, the MFCNN
outperforms the modified-MFDNN, a combination fully-connected neural networks,

due to the prevention of vectorized flow fields so does the loss of information.

Finally, the computational savings using the modified-MFDNN and the MFCNN for
different high-fidelity sample sizes are given in Table 4.1. The percentage savings are
computed with the equations (4.1) and (4.2).

Tinp =1 X NS+ 1, X NSy

4.1)

Thy =ty X (NSL+NSq)
Here, T is the total computation time needed, and subscripts mf and hf respectively
correspond to multi-fidelity and high-fidelity. The computational time of each
low-fidelity and high-fidelity simulations is given with #; and #;, respectively. For the
presented supercritical airfoil application computational simulation times are #; = 1.7
and 7, = 32.9 seconds as given in Table 3.1. To remind, NSy is the number of
low-fidelity analyses and NSy is the number of high-fidelity analyses.

Tur—T,
Saving% = — 2" 100 4.2)
Thf

Table 4.1 : The computational savings using the modified-MFDNN and MFCNN.

NSy Savings (%)

10 91.8
50 81.3
100 71.1
150 63.2
200 56.7

As concluding remarks, two novel multi-fidelity neural network architectures in
predictive modeling using high-dimensional inputs are proposed. In total, 3 different
neural network models are compared: the multi-fidelity deep neural network, the
modified multi-fidelity deep neural network, and the multi-fidelity convolutional
neural network. In order to get a better understanding, interpolation of flow fields
onto a Cartesian grid and the optimization of the correlation weight defined in the
autoregressive scheme are scrutinized where the results are presented. The findings
of these preliminary investigations are leveraged within the following parts of the

study. Furthermore, a multi-fidelity 2-dimensional aerodynamic problem is taken into
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Figure 4.3 : Multi-fidelity aerodynamic predictions of the MFDNN,

modified-MFDNN, and the MFCNN using pressure coefficient fields.
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account. RAE2822 supercritical airfoil is analyzed using a low-fidelity Euler solver
with a coarse grid and a high-fidelity RANS solver using the SA turbulence model
with a relatively finer grid. Different flow conditions with varying Mach number,
angle of attack, and Reynolds number are used to obtain flow fields around the airfoil.
The main objective is determined as the prediction of drag and lift coefficients under
varying flow conditions using pressure coefficient fields around the airfoil. Halton
sampling is utilized to generate varying flow parameters; in addition, 200 high-fidelity
and 300 low-fidelity simulations are performed using the SU2 flow solver. The
obtained flow fields are pre-processed to transform them into a suitable form for neural
network training and testing. Furthermore, 3 different MFDNN models with different
learnable parameter sizes are investigated. Likewise, for the modified-MFDNN, 3
different latent vector sizes are analyzed. In addition, training of all cases is run on
the Python environment using PyTorch deep learning and optimization libraries. For
the prediction of lift and drag coefficients, L; known as the mean absolute error loss
function is employed with the renowned Adam stochastic gradient optimizer. The
same hyperparameter set is used for all cases. Test accuracy, physical training time,
and the computational savings are evaluated to quantify the performances of each
method. The results obtained with the 2-dimensional airfoil problem reveal that the
multi-fidelity deep neural network is not capable predicting aerodynamic coefficients
using pressure coefficient fields where the modified-MFDNN substantially ameliorates
the multi-fidelity prediction; besides, the multi-fidelity convolutional neural network
outclasses the modified multi-fidelity deep neural network in terms of prediction

accuracy on test dataset with a given high-fidelity sample size except for a case.

The results presented in this thesis are preliminary outcomes of ongoing research.
A set of hyperparameters, loss function, and optimizer are considered only for the
entire investigated cases. Since heuristic approaches are essential for deep learning
methods, there may be room for improvement in all of the results. In future works,
the two proposed multi-fidelity neural network architectures, the modified-MFDNN,
and MFCNN should be scrutinized using not only flow fields but any high dimensional
input with low dimensional predictions as well. On top of that, the correlation between

the low- and high-fidelity cases in the presented application is mostly linear and
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slightly nonlinear. The prediction performances of the considered architectures should

be analyzed with more complex cases where the correlation is highly nonlinear.
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